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Abstract

We study a dynamic principal-agent relationship with adverse selection and lim-
ited commitment. We show that when the relationship is subject to productivity
shocks, the principal may be able to improve her value over time by progressively
learning the agent’s private information. She may even achieve her first best payoff
in the long-run. Moreover, the relationship can exhibit path dependence, with early
shock realizations determining the principal’s long-run value. These findings con-
trast sharply with the results of the ratchet effect literature in which the principal
persistently obtains low payoffs, giving up substantial informational rents to the
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1 Introduction

Consider a long-term relationship between an agent who has persistent private information
and a principal who cannot commit to long-term contracts. If the parties are sufficiently
forward-looking, then the relationship is subject to the ratchet effect: the agent is un-
willing to disclose his private information, fearing that the principal will then update the
terms of their contract. This limits the principal’s ability to learn the agent’s private
information, and reduces her value from their relationship.

This insight from the ratchet effect literature has shed light on many applications
including planning problems (Freixas et al., 1985), labor contracting (Gibbons, 1987; De-
watripont, 1989), the economics of regulation (Laffont and Tirole, 1988), optimal taxation
(Dillen and Lundholm, 1996), repeated buyer-seller relationships (Hart and Tirole, 1988;
Schmidt, 1993), and relational contracting (Halac, 2012; Malcomson, 2015).

A natural feature in virtually all of these applications is that productivity shocks to the
economy have the potential to change the incentive environment over time. In this paper,
we show that the classic ratchet effect results fail to hold when the relationship between
the principal and the agent is subject to time-varying productivity shocks. In particular,
the principal may gradually learn the agent’s private information, which increases the
value that she obtains from the relationship over time. The principal may even achieve
her first-best payoff in the long run.

We study a stochastic game played between a principal and an agent. At each period,
the principal offers the agent a transfer in exchange for taking an action that benefits
her. The principal is able to observe the agent’s action, but the agent’s cost of taking the
action is his private information and is constant over time. The principal has short-term,
but not long-term, commitment power: she can credibly promise to pay a transfer in
the current period if the agent takes the action, but she cannot commit to any future
transfers. The realization of a productivity shock affects the size of the benefit that the
principal obtains from having the agent take the action. The realization of the current
period shock is publicly observed by both the principal and the agent at the start of the
period, and the shock evolves over time as a Markov process.

Hart and Tirole (1988) and Schmidt (1993) study a special case of our model in
which productivity is constant over time. We find that the equilibrium of our model with
productivity shocks differs qualitatively in three ways from the equilibrium of the same
model without the shocks.



First, we find that in the presence of productivity shocks the equilibrium may be
persistently inefficient. This contrasts with the equilibrium of the model without the
shocks, which is efficient.

Second, productivity shocks give the principal the opportunity to progressively learn
the agent’s private information over time. As a result, the principal’s value from the re-
lationship gradually improves. We show that under natural assumptions, the principal is
only able to induce the agent to reveal his private information at times at which produc-
tivity is low. That is, learning takes place in “bad times.” We also derive conditions under
which the principal ends up fully learning the agent’s private information and therefore
attains her first-best payoffs in the long-run. These findings also contrast with the key
finding of the ratchet effect literature that the principal is unable to induce the agent to
reveal his private information.

Third, we show that learning by the principal may be path dependent: the degree
to which the principal learns the agent’s private information may depend critically on
the order in which productivity shocks were realized early on in the relationship. This
is true even when the process governing the evolution of productivity is ergodic and the
equilibrium is stationary. As a result, early shocks can have a lasting impact on the
principal’s value from the relationship.

The key feature of our model that drives these three results is that the agent’s incentive
to conceal his private information changes over time. When current productivity is low
and the future looks dim, the rents that low cost agents expect to earn by mimicking a
higher cost type are small. When these rents are small, it is cheap for the principal to get
a low cost agent to reveal his private information. These changes in the cost of inducing
information disclosure allow the principal to progressively screen the different types of

agents, giving rise to our equilibrium dynamics.

Related Literature. Our work relates to prior papers that have suggested different
ways of mitigating the ratchet effect. For example, Kanemoto and MacLeod (1992) show
that competition for second-hand workers can alleviate the ratchet effect and allow firms
to achieve efficient outcomes. Carmichael and MacLeod (2000) show that, in an infinite
repeated game, the threat of future punishment may incentivize the principal not to use
the information that the agent discloses to her advantage, thus mitigating the ratchet
effect. Fiocco and Strausz (2015) show that the principal can induce information revela-
tion when contracting is strategically delegated to an independent third party. Our paper

differs from these studies in that we do not introduce external sources of contract enforce-



ment, nor do we (effectively) reintroduce commitment by allowing for non-Markovian
strategies.
Instead, we focus on the role that shocks play in ameliorating the principal’s com-

mitment problem.!

Our approach is to exploit the non-stationarity of the environment
created by changes in productivity. In this sense, our work relates to Blume (1998), who
also studies the ratchet effect in a non-stationary environment where the agent’s private
information (his valuation) rather than the level of productivity, changes over time. While
our results contrast with the results of the ratchet effect literature, Blume’s (1988) results
generalize the main findings in the literature to a different setting.

Our model is also related to Kennan (2001), who studies a bilateral bargaining game
in which a long-run seller faces a long-run buyer. The buyer is privately informed about
her valuation, which evolves over time as a Markov chain. Kennan (2001) shows that
time-varying private information gives rise to cycles in which the seller’s offer depends on
the buyer’s past purchasing decisions.

Our path-dependence result relates our paper to a series of recent studies in organi-
zation economics that attempt to explain the persistent performance differences among
seemingly identical firms (Gibbons and Henderson, 2012). For example, Chassang (2010)
shows that path-dependence may arise when a principal must learn how to effectively
monitor the agent. i and Matouschek (2013) study relational contracting environments
in which the principal has i.i.d. private information about her opportunity cost of paying
the agent and show that this private information may give rise to cycles. Callander and
Matouschek (2014) show that persistent performance differences may arise when man-
agers engage in trial and error experimentation. Halac and Prat (2015) show that path-
dependence arises due to the agent’s changing beliefs about the principal’s monitoring
ability.

Finally, our paper relates to a broader literature on dynamic games with private infor-
mation (Hart, 1985; Sorin, 1999; Wiseman, 2005; Peski, 2008, 2014). Within that litera-
ture our paper relates closely to work by Watson (1999, 2002), who studies a partnership
game between privately informed players and shows that the value of the partnership
increases over time as the players gradually increase the stakes of their relationship to

screen out bad types.

!The idea that time-varying shocks can ameliorate a player’s lack of commitment also appears in
Ortner (2016), who studies the problem of a durable goods monopolist with time-varying production
costs. He shows that in contrast to the classic Coase conjecture results in Gul et al. (1986) and Fudenberg
et al. (1985), a monopolist with time-varying costs may extract rents from consumers.
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2 Model

2.1 Setup

We study a repeated interaction between a principal and an agent. Time is discrete and
indexed by t = 0,1, 2, ...,00. At the start of each period ¢, a state b, is drawn from a finite
set of states B, and is publicly revealed. The evolution of b; is governed by a Markov
process with transition matrix [Qpp]prens. After observing b, € B, the principal decides
how much transfer 7; > 0 to offer the agent in exchange for taking a productive action.
The agent then decides whether or not to take the action. We denote the agent’s choice
by a; € {0,1}, where a; = 1 means that the agent takes the action at period ¢. The action
provides the principal a benefit equal to b;.

The agent incurs a cost a X ¢ > 0 when choosing action a € {0,1}. The agent’s cost ¢
is his private information, and it is fixed throughout the game. Cost ¢ may take one of K
possible values from the set C = {¢y, ..., ¢k }. The principal’s prior belief about the agent’s
cost is denoted py € A(C), which we assume has full support. At the end of each period
the principal observes the agent’s action and updates her beliefs about the agent’s cost.
The players receive their payoffs and the game moves to the next period.? The payoffs to

the principal and an agent of cost ¢ = ¢, at the end of period t are, respectively,

U(bt, T, at) = a [bt - Tt] )
Uk:(bta T, at) = a [Tt - Ck] .

Both players are risk-neutral expected utility maximizers and share a common discount
factor 6 < 1.3

We assume, without loss of generality, that the agent’s possible costs are ordered so
that 0 < ¢; < g < ... < cx. To avoid having to deal with knife-edge cases, we further
assume that b # ¢ for all b € B and ¢; € C. Then, it is socially optimal (efficient) for an
agent with cost ¢ to take action a = 1 at state b € B if and only if b — ¢, > 0. Let the

set of states at which it is socially optimal for an agent with cost ¢, to take the action be

EkZ:{bGBZb>Ck}.

2As in Hart and Tirole (1988) and Schmidt (1993), the principal can commit to paying the transfer
within the current period, but cannot commit to a schedule of transfers in future periods.
30ur results remain qualitatively unchanged if the principal and agent have different discount factors.



We refer to Ej. as the efficiency set for type c¢,. Note that by our assumptions on the
ordering of types, the efficiency sets are nested, i.e. By C E), for all &/ > k.
We assume that process {b;} is persistent and that players are moderately patient. To

formalize this, first define the following function: for any b € B and B C B, let

> 8 L penylbo = b] :

t=1

X(b,B) :=E

where E[|by = b] denotes the expectation operator with respect to the Markov process
{b:}, given that the period 0 state is b. Thus X (b, B) is the expected discounted amount

of time that the realized state is in B in the future, given that the current state is b.
Assumption 1 (discounting/persistence) X (b, {b}) > 1 for all b € B.

When there are no shocks (i.e., the state is fully persistent) the above assumption holds
when § > 1/2. In general, for any ergodic process {b;}, the assumption holds whenever
J is above a cutoff § > 1/2. Conversely, for any § > 1/2, the assumption holds whenever
the process {b;} is sufficiently persistent; that is, whenever ), = Prob(bi+1 = b|b, = b)
is sufficiently large for all b € B.

2.2 Histories, Strategies and Equilibrium Concept

A history hy = ((bo, To, ag), ..., (by—1, Ti—1,a;,—1)) records the states, transfers and agent’s
action choices that have been realized from the beginning of the game until the start of
period t. For any two histories hy and h; with t' > ¢, we write hy > h; if the first ¢ period
entries of hy are the same as the ¢ period entries of h;. As usual, we let H; denote the
set of period ¢ histories and H = |J,», H; the set of all histories. A pure strategy for
the principal is a function 7 : H x B ;> R, , which maps histories and the current state
to transfer offers T. A pure strategy for the agent is a collection of mappings {az}< ,,
ar : H x B xR, — {0,1}, each of which maps the current history, current state and
current transfer offer to the action choice a € {0, 1} for a particular type c.

A pure strategy perfect Bayesian equilibrium (PBE) is a strategy profile o and poste-
rior beliefs i for the principal such that the strategies form a Bayesian Nash equilibrium in
every continuation game given the posterior beliefs, and beliefs are consistent with Bayes
rule whenever possible. Thus, pure strategy PBE can be denoted by the pair (o, u). For
any pure strategy PBE (o, 1), we denote the principal’s belief about the agent’s cost after
history h; by p[hs]. For any pure strategy PBE (o, i), the continuation payoffs of the
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principal and an agent with cost ¢, after history h; and shock realization b, are denoted
U@ [hy, by and V" [hy, by, respectively.

Our equilibrium concept is pure strategy PBE that are Markovian with respect to the
shock variable and principal’s beliefs, and optimal for the principal after every history
among such equilibria. More precisely, we use “equilibrium” to refer to pure strategy
PBE that satisfy the two conditions below, where we identify 7(h:,-) : B — Ry and
ag(hg, -, +) : Bx Ry — {0,1} with the continuation strategies of the principal and agent

with cost cg, given history h;.
R1. (Markovian) For all histories hy and hy, if plhi] = plhy] then
7(he, ) = T(hy, ) and oy (hy, -, ) = ag(hy,-,-) for allk =1,..., K.

R2. (best for principal) There is no history hy, shock b, € B and pure strateqy PBE (o', ii')
that also satisfies the Markovian condition, R1, for which

U hy, by] > UCP by, by

We impose these restrictions to rule out indirect sources of commitment for the principal.
Condition R1 rules out equilibria in which the threat of future punishment enforces high
continuation payoffs for the agent. Condition R2 rules out Markovian equilibria in which
off path beliefs are constructed in ways that make the principal give the agent extra
rents.* Without restrictions R1 and R2, the principal could use the promise of a high
continuation payoff to induce the agent to reveal his private information. As we show in
Lemma 0 below, the main implications of these restrictions is that the highest cost type
in the support of the principal’s belief has a zero continuation payoff at every history, and
the agent’s local incentive constraints always hold with equality.

We end this section by noting that our equilibrium refinement facilitates a direct
comparison with prior papers on the ratchet effect; for instance, Hart and Tirole (1988)
and Schmidt (1993).5 As we will show below, this refinement selects a unique equilibrium
that naturally generalizes the equilibrium studied in these papers. Indeed, when there
are no productivity shocks (i.e., when B is a singleton), our equilibrium coincides with

the equilibrium in Hart and Tirole (1988) and Schmidt (1993).

4Markovian equilibria in which the principal offers high transfers can be constructed by specifying
off path beliefs that “punish” an agent who accepts low transfers. Such beliefs incentivize the agent to
reject low transfers, and by doing this they also incentivize the principal to offer high transfers.

®Hart and Tirole (1988) and Schmidt (1993) study games with long but finite time horizons, while
Gerardi and Maestri (2015) assume that the time horizon is infinite. We take the latter approach, and
focus on pure strategy PBE that satisfy R1 and R2.
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3 Equilibrium Analysis

3.1 Incentive Constraints

Fix an equilibrium (o, ) = ((7, {ax}), ). Recall that for any h, € H, pu[hs] denotes the
principal’s beliefs after history h;. We will use C[h;] C C to denote the support of p[h],
and k[h;] := max{k : ¢, € C[hs]} to denote the highest index of types in the support of
the principal’s beliefs. Since ¢; < ..., ¢k, Crin, 1s the highest cost in the support of plhy].
Finally, we let a;, be the random variable indicating the action in {0, 1} that an agent of
type ¢ takes in period t.

For any history h;, any pair ¢;, ¢; € C[h], and any realized level of productivity b € B,
let

VT Ry, b] = B Zat ay j(Ty — ¢;)|he, by = b
be the expected discounted payoff that an agent with cost ¢; would obtain after his-
tory hy; when b, = b from following the equilibrium strategy of an agent with cost c;.
Here, E(®#[-|h;, b, = b] denotes the expectation over future play under equilibrium (o, u),
conditional on history h; being reached and on the shock at time ¢ being b. For any
cx € Cfhy], the continuation value of an agent with cost ¢; at history h; is simply

Vi(a,u) [ht, b] — V [ht> b]. Note that

’L—)l

[e.e]

25t ta,t/ ( )’h‘tabt =D

t'=t

V [ht, b] = ]E(U,M) Z 5t/_tat’,j(7_;f’ _ Cj)|ht7 bt —b| + ]E(U,u)

z~>j
t'=t

= V7" [hy,b] + (¢j — ¢i) A [hy, U] (1)

J

where Vj(g’“ ) [ht, b] is type ¢;’s continuation value at history-shock pair (h,b), and

AT Ry, b] = B

Z 5t/_tat/7j|ht, bt == b]

t'=t

is the expected discounted number of times that type ¢; takes the action after (h;, b) under
equilibrium (o, ). Equation (1) says that type ¢;’s payoff from deviating to ¢;’s strategy
can be decomposed into two parts: type c¢;’s continuation value, and an informational

rent (c; — cl)A o) [he, b], which depends on how frequently c¢; is expected to take the



action in the future. In any equilibrium (u, o),

Vi (e, b) 2 VP e, b V(ha bi), Vei ¢ € Clh] @

1—]

We then have the following lemma, which follows from conditions R1 and R2. Part (¢) says
that the highest cost type in the support of the principal’s beliefs obtains a continuation
payoff equal to zero, while part (i7) says that “local” incentive constraints bind. All proofs

that don’t appear in the main text are in the Appendix.

Lemma 0. Fiz an equilibrium (o, 1) and a history hy, and if necessary renumber the types

so that Clhy] = {c1, ¢, ...,CEM} with ¢; < ¢ < ... < cgp,- Then, for allb € B,
: (o) _
(1) VEM [he,b] = 0.

(i1) If |Che]| > 2, V" (e, b] = VT, (e, b) for all ¢; € Clha]\{cp, }-

3.2 Equilibrium Characterization

We now describe the (essentially) unique equilibrium of the game. Recall that ¢z, is the
highest cost in the support of the principal’s beliefs at history h;, and E} is the set of

states at which it is socially optimal for type ¢, € C to take the action.

Theorem 1. The set of equilibria is non-empty. In any equilibrium (u,o), for every

history hy and every by € B, we have:

(1) If by € Efpn,» the principal offers transfer T, = cgy,,, and all types in Clhy| take

action a = 1.
(¢) If b ¢ Egy,y and X (by, Egyp,,p) > 1, all types in Clhy] take action a = 0.

(¢2) If by & Egp,) and X(by, Egp,,;) < 1, there is a threshold type cx € Clhy] such
that types in C~ = {c, € Clh] : cx < ¢} take action a = 1, while types in
Ct :={c, € Clhy] : cx > e} take action a = 0. If C~ is non-empty, the transfer
that the principal offers (which is accepted by types in C'~ ) satisfies

Ty = cjo + VT4 e, b, (%)

where ¢j» = maxC'~.



Theorem 1 describes the (essentially) unique equilibrium. At states (pu[he], b;) satisfying
the conditions in parts (i) or (ii), all the agent types that the principal believes are possible
take the same action. Hence, the principal learns nothing about the agent’s type at such
states. The proof of Theorem 1 shows that, when the state (ulh¢,b;) satisfies these
conditions, an agent with cost ¢; < Crin,) 8€tS large rents by mimicking an agent with cost
Chih]- At the same time, low cost agents anticipate that the principal would leave them
with no rents in the future if they were to reveal their private information. As a result, at
these states the principal is unable to induce information revelation by low cost agents.

Equilibrium behavior is, however, quite different at states satisfying the conditions in
parts (i) and (ii). When b, € Egy,, there is an efficient ratchet effect at play. At these
states the agent takes the socially efficient action a = 1, but the principal compensates
him as if he was the highest cost type, replicating the main finding in the literature. For
example, Hart and Tirole (1988) and Schmidt (1993) consider a special case of our model
in which the benefit from taking the action is constant over time and strictly larger than
the highest cost (i.e., for all times t, by = b > cg). Thus, part (i) of Theorem 1 applies:
the principal offers a transfer 7' = cx that all agent types accept at every periods, and
she never learns anything about the agent’s type.5

Part (ii), in contrast, characterizes states (u[h],b;) at which an inefficient ratchet
effect is at play. At such states, low cost types pool with high cost types and don’t take
the productive action even if the principal is willing to fully compensate their costs. To
see why, recall that for any b € B and any B C B, X (b, B) measures how often the process
{b:} visits states in B, conditional on the current state being b. When X (b;, Ey,,;) > 1,
low cost agents expect to obtain large rents by mimicking an agent with cost ¢z, ), making
it impossible for the principal to induce them to reveal their type.

Part (iii) characterizes states (u[he], b;) at which learning may take place. Specifically,
the principal learns about the agent’s type when a subset of the types take the action
(i.e., when the set C~ is nonempty). In contrast to states in part (ii), the rents that
agents with type ¢; < Crin, 86t from mimicking an agent with the highest cost CRin,) 8T€
small when X (b, EE[ht]) < 1. As a result, the principal is able to induce low cost agents
to reveal their private information. In Appendix B.3 we provide a characterization of the

threshold cost ¢+ in part (iii) as the solution to a finite maximization problem. Building

SHart and Tirole (1988) and Schmidt (1993) consider games with a finite deadline. In such games,
the principal is only able to induce information revelation at the very last periods prior to the deadline.
As the deadline grows to infinity, there is no learning by the principal along the equilibrium path.
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on this, we also characterize the principal’s equilibrium payoffs as the fixed point of a

contraction mapping.

3.3 Examples

We now present two examples that illustrate some of the main equilibrium features of
our model. The first example highlights the fact that equilibrium outcome in our model
can be inefficient. This contrasts with the results in Hart and Tirole (1988) and Schmidt

(1993), where the equilibrium is always socially optimal.

Example 1 (inefficient ratchet effect) Suppose that there are two states, B = {br, by},
with 0 < b, < by, and two types, C = {c1,ce} (recall our assumption that ca > ¢).
Assume further that £y = {b., by}, Es = {bg}, and X (b, {by}) > 1.

Consider a history h; such that C[h;] = {c1,c2}. Theorem 1(i) implies that, at such
a history, both types take the action if b; = by, receiving a transfer equal to c. On the
other hand, Theorem 1(i7) implies that neither type takes the action if b; = by. Indeed,
when X (br,{bg}) > 1 the benefit that a ¢;-agent obtains by pooling with a co-agent is so
large that there does not exist an offer that a c;-agent would accept but a cp-agent would
reject. As a result, the principal never learns the agent’s type. Inefficiencies arise in all
periods ¢ in which b; = by: an agent with cost c; never takes the action when the state is

by, even though it is socially optimal for him to do so. O

The next example illustrates a situation in which the principal learns the agent’s type, and
the equilibrium outcome is efficient. This too contrasts with earlier work on the ratchet

effect in which there is no learning by the principal.

Example 2 (efficiency and learning) The environment is the same as in Example 1, with
the only difference that X (br,{by}) < 1. Consider a history h; such that Clh;| = {c1, c2}.
As in Example 1, both types take the action in period t if by = by. The difference is that,
if b, = by, the principal offers a transfer T; that a co-agent rejects, but a ¢;-agent accepts.
To see why, note first that by Theorem 1, an agent of type ¢y does not take the action at
time t if by = by. Suppose by contradiction that type ¢; does not take the action when
by = by, either. Since the equilibrium is Markovian, this implies that the principal never
learns the agent’s type, and her payoff at time ¢ when b, = by is U = X (by, {bn})[by — c2].

Consider an alternative equilibrium in which at such a history the principal makes an

offer T that only an agent with cost ¢; accepts. Suppose that the principal’s offer exactly

11



compensates type ¢; for revealing his type; i.e. T —c¢; = X (b, {bx})(c2 —c1).” Note that
X (br,{br}) < 1 implies that T < ¢y, so an agent with cost ¢, rejects offer T'. Conditional

on the agent’s cost being ¢y, the principal’s payoff from making offer 7" when b, = b, is

Uled] = b = T+ X(br, {b.})[br — a1] + X (br, {br})[br — 1]
= [1+ X(br, {br})][br — 1] + X (b, {bu})[brr — 2],

where the first equality follows since, under the proposed equilibrium, the principal would
learn at time ¢ that the agent’s type is ¢;. On the other hand, conditional on the agent’s
type being ¢y, the agent would reject the offer and the principal’s payoff would be Ulcy] =
X(br,{bu})[br — c2] = U. Under this equilibrium, the principal’s expected payoff at
history h; with Clh¢] = {c1, ca} when b; = by, is po[er]Ulcr] + poca]Ulca] > U, where pug]c]
is the prior probability that the agent’s cost is ¢;. The inequality follows since Ule)) =U
and since Ule;] > U. Therefore, in any Markovian PBE satisfying R2, type c; takes the
action in state by, when C[hy] = {c1, c2}.

Finally, note that the principal learns the agent’s type at time ¢ = min{¢ : b; = by},
and the equilibrium outcome is efficient from time ¢ + 1 onwards: type ¢; takes the action
at time ¢’ > t if and only if by € E;. Moreover, Lemma 0(i) guarantees that the principal
extracts all of the surplus from time ¢ + 1 onwards, paying the agent a transfer equal to
his cost. O

Example 2 has three notable features. First, despite of her lack of commitment the
principal learns the agent’s type. Learning takes place the first time the relationship hits
the low productivity state. In the next subsection we present conditions under which this
result generalizes.

Second, the principal’s value increases over time, since the surplus she extracts from
the agent increases as she learns the agent’s type. In Section 4 we characterize general
conditions under which the principal obtains her first-best payoff in the long-run.

Third, the equilibrium exhibits a form of path-dependence: equilibrium play at time ¢
depends on the entire history of shocks up to period t. Before state by, is reached for the
first time, the principal pays a transfer equal to the agent’s highest cost ¢y to get both
types to take the action. After state by, is visited, if the principal finds that the agent has

low cost, then she pays a transfer equal to ¢;. Note, however, that the path dependence in

"The payoff a low cost agent obtains by accepting offer T'is T — ¢; 4+ & x 0, since the principal learns
that the agent’s cost is ¢;. On the other hand, the payoff such an agent obtains from rejecting the offer
and mimicking a high cost agent is X (br, {bg})(ca — c1).
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this example is short-lived: after state by is visited for the first time, the principal learns
the agent’s type and the equilibrium outcome from that point onwards is independent
of the prior history of shocks. It turns out, however, that this is not a general property
of our model. In Section 4 we show by example that the equilibrium may also display

long-run path dependence.

3.4 Learning in Bad Times

We now show that, under natural conditions on the process {b;} that governs the evolution
of the stochastic shock, the principal learns about the agent’s type only in “bad times,”
i.e., only when the benefit b, is small. Recall that u[h;] denotes the principal’s beliefs
about the agent’s type after history h;. Then, we have:

Proposition 1. (learning in bad times) Suppose that for all ¢, € C, X (b, Ey) < X (V, E})
for all b,/ € B with b < b'. Then, in any equilibrium and for every history h; there exists
a state blhy| € B such that p[hey1] # plhe] only if by < blhy].

Proof. By Theorem 1, p[hi11] # p[h] only if the shock b; is such that X (b, Egp,)) < 1.
By the assumption that for all types cx, b < &' implies X (b, Ey) < X (V/, Ey), there exists
a state b[h;] € B such that X (b;, Fyy,,) < 1if and only if b, < b[h,].* O

Proposition 1 provides conditions under which the principal only updates her beliefs about
the agent’s type at states at which the benefits from taking the productive action are
sufficiently small. Intuitively, under the conditions in Proposition 1, the future expected
discounted surplus of the relationship is decreasing in the current shock b;. This implies
that the informational rent that agents with type ¢; < Crin, &€t from mimicking an agent
with the highest cost Chiny] 18 also decreasing in b;. As a result, the principal is only able

to learn about the agent’s type at times at which the benefit b, is low.

4 Long Run Properties

In this section, we study the long run properties of the equilibrium. Before stating our
results, we introduce some additional notation and make a preliminary observation.
An equilibrium outcome can be written as an infinite sequence ho, = (b, Ty, 1),

or equivalently as an infinite sequence of equilibrium histories ho, = {h:};2, such that

8When b[h;] = min B, X (b, E},) > 1 for all b € B. In this case, the principal’s beliefs remain unchanged
after history h;.
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hiy1 = hy for all t. Because we focus on pure strategy Markovian equilibria and because
the sets of types and states are finite, for any equilibrium outcome h., there exists a
time t*[hoo] such that plhi] = plhep.)] for all hy = by ). That is, given an equilibrium
outcome, learning always stops after some time t*[hy,]. Therefore, given an equilibrium
outcome h, in every period after t*[hy] the principal’s continuation payoff depends only
on the realization of the current period shock. Formally, given any equilibrium outcome
heo = {ht}52,, the principal’s equilibrium continuation value at time ¢ > t*[ho] can
be written as U g}ft )(bt\ht*[hm}). We use this fact in the next two subsections to study

properties of the principal’s long run value.

4.1 The Principal’s Long Run Value

We start by studying the extent to which the principal can learn the agent’s type, and
how the efficiency of the relationship might improve over time.

For all b € B and all ¢;, € C, the principal’s first best payoffs conditional on the current
shock being b and the agent’s type being ¢ = ¢, are given by

U*(blck) = E Z 5t,7t(bt/ — Ck)l{bt/GEk} ’ bt = b] .
t'=t

Thus, under the first best outcome the agent takes the action whenever it is socially

optimal and the principal always compensates the agent his exact cost. We then say that

an equilibrium (o, p) is long run first best if for all ¢, € C, under this equilibrium the set

of outcomes ho, such that
U (bl hepng) = U*(biler) V> t¥[ha] and Vb, € B,

has probability 1 when the agent’s type is ¢ = ¢;. This says that no matter what the
agent’s true type is, once learning has stopped the principal achieves her first best payoff at
every subsequent realization of the shock with probability one. The following proposition

reports a sufficient condition for the equilibrium to be long run first best.

Proposition 2. (long run first best) Suppose that {b;} is ergodic and that for all ¢, €
C\{ck} there exists b € Ex\Exy1 such that X (b, Ex,1) < 1. Then, the equilibrium is long

run first best.
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The condition in the statement of Proposition 2 guarantees that, for any history h; such
that |C[h:]| > 2, there exists at least one state b € B at which the principal finds it
optimal to make an offer that only a strict subset of types accept. So if the process {b;}
is ergodic, then it is certain that the principal will eventually learn the agent’s type, and
from that point onwards she gets her first best payoffs.

If an equilibrium is long run first best then it is also long run efficient, i.e. for all
cx € C, with probability one an agent with cost ¢, takes the action at time t > t*[hy] if
and only if b, € E}y. However, the converse of this statement is not true. Because of this,
it is easy to find weaker sufficient conditions under which long run efficiency holds. One
such condition is that {b;} is ergodic and for all ¢, € C such that Ej # FEf, there exists
b € Ei\E) such that X (b, E) < 1, where kK = min{j > k : E; # E;}. This condition
guarantees that the principal’s beliefs will eventually place all the mass on the set of types
that share the same efficiency set with the agent’s true type. After this happens, even if
the principal does not achieve her first best payoff by further learning the agent’s type,
the agent takes the action if and only if it is socially optimal to do so.?

The next and final result of this subsection provides a partial counterpart to Propo-
sition 2 by presenting conditions under which the equilibrium is not long run first best,

and conditions under which it is not long run efficient.

Proposition 3. (no long run first best; no long run efficiency) Let h; be an equilibrium
history such that |Clh]| > 2 and X (b, Eg,, ) > 1 for allb € B. Then plhy] = plhy] for all
histories hy = hy (and thus |Clhy]| > 2), so the equilibrium is not long run first best. If,
in addition, there ezists ¢; € Clhy| such that E; # Egng» then the equilibrium is not long

run efficient either.

Proof. Follows from Theorem 1. [J

4.2 Path Dependence

In the examples of Section 3.3 the principal always learns the same amount of information
about the agent’s type in the long run. As a result, even if equilibrium play may exhibit
path dependence in the short-run, as in Example 2, the principal’s long run value from the
relationship, conditional on the agent’s type, is independent of the history of play. In this

section we show that this is not a general property of the equilibrium of our model. We

9The proof of this result is similar to the proof of Proposition 2.
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show here that the learning process, and hence the principal’s value from the relationship,
may be exhibit path dependence even in the long run.

We say that an equilibrium (o, 1) exhibits long run path dependence if for some type
of the agent ¢ = ¢, € C there exists U; : B — R and Us : B — R, U; # U,, such that
conditional on the agent’s type being ¢, the set of outcomes h,, with U g;f )(-\ht*[hm}) =
U;(+) has positive probability for i = 1,2. That is, the equilibrium exhibits long run path
dependence if, with positive probability, the principal’s long run payoffs may take more
than one value conditional on the agent’s type.

In this section, we show by example that equilibrium may exhibit long-run path de-
pendence even when process {b;} is ergodic. A simpler example in Appendix D shows
that long run path dependence can arise when process {b;} is not ergodic.

Let B ={br, by, by, br}, with by < by, < by < by and C = {¢y, ¢2, ¢3}. Assume
that the efficiency sets are Fy = Ey = {byp, by, by} and E3 = {by}. Thus, in the most
productive state, it is socially optimal for all types to take the productive action; in the
next two most productive states, it is socially optimal for only the two lowest cost types
to take the productive action; and in the least productive state it is not socially optimal

for any type to take the productive action.

Lemma 1. Suppose that the transition matriz [Quy| satisfies:

(a) Qpy > 0 for all b,V € B;

(b) X(bMH7 {bH}) > 1 and X(bML, {bH}) <1
Then, there exists e > 0,e2 > 0,A; > 0 and Ay > 0 such that, if Qpp, < €1 for all
be B\{bL} and Qup,,, < €2 for allb € B\{byr}, and if |br, —c1| < Ay and |by, —ca| > Ao,
the unique equilibrium satisfies:

(i) For histories hy such that Clhy] = {c1,ca}, plhe] = ulhs] for all hy = hy (i.e., there

is mo more learning by the principal from time t onwards);

(ii) For histories hy such that Clhy] = {ca,c3}: if by = b or by = by, types ¢ and cs
take action a = 0; if by = by, type co takes action a = 1 and type c3 takes action

a=0; and if by = by, types cs and c3 take action a = 1;

(1ii) For histories hy such that C[hy] = {c1,ca,c3}: if by = by, type ¢1 takes action a =1
while types co and c3 take action a = 0; if by = by, types ¢1 and ¢y take action
a =1 and type c3 takes action a = 0; if by = byrp, all agent types take action a = 0;

and if by = by, all agent types take action a = 1.
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Properties (i)-(iii) in Lemma 1 imply that the equilibrium exhibits long-run path
dependence. Suppose that the agent’s type is ¢;. Then, properties (i)-(iii) imply that the
principal eventually learns the agent’s type if and only if ¢(by) := min{t > 0: b, = b} <
t(barr) := min{t > 0: b, = by} (iee., if state by, is visited before state bysr). Indeed, if
by, is visited before byr,, at time ¢(by,) the principal will learn that the agent’s type is ¢;
(see property (iii)). From that point onwards, the agent will take the productive action
at all periods t > ¢(by,) such that b, € E; at cost ¢; for the principal.

In contrast, if by, is visited before by, at time (b)) the principal will learn that the
agent’s type is in {c1, o} (see property (iii)). From that point onwards there will be no
more learning (property (i)). As a consequence, the agent will take the productive action
at all periods ¢ > t(byr) such that b, € Ey = E; at cost ¢y for the principal (this follows
from Theorem 1(i)). We then have the following result.

Proposition 4. (long run path dependence) Under the conditions in Lemma 1, the equi-

librium exhibits long-run path dependence.

Proof. Follows from Lemma 1. [

Proposition 4 shows that, even when the process {b;} is ergodic, the information that
the principal learns about the agent’s type in the long run might be influenced by the
history of productivity shocks early on in the relationship.

The intuition behind this result is as follows. The information rents that a c;-agent
gets by mimicking a cs-agent depend on how often the co-agent is expected to take the
productive action in the future (see equation (1)). In turn, how often a cy-agent takes
the productive action depends on the principal’s beliefs. If the principal learns along the
path of play that the agent’s type is not cs, from that time onwards a co-agent will take
the action whenever the state is in Ey = {bysr, byrm, b} (see Theorem 1(i)).

In contrast, at histories h; at which the principal assigns positive probability to types
¢ and c3 (i.e., histories h; such that cp,c3 € Clhy)), a co-agent will not take the action
at time ¢ if by = byry. Indeed, since X (byry, E1) > 1, by Theorem 1(ii) the agent does
not take the action time ¢ if b; = byrg whenever h; is such that ¢y, c3 € C[hy]. Moreover,
by Lemma 1, at such histories h; a co-agent is expected to take action a = 1 at periods
t' >t with by = byrgr only if ¢/ > t(bysr) = min{t : by = by} Since Qpyp,,, < €2 for all

b € B\{bn1}, time t(bysr) is large in expectation. Therefore, a co-agent is expected to take

10At all periods ¢ < t(barr) with by = by, a co-agent takes action a = 0 (by Lemma 1).
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the action significantly less frequently in the future at a history h, with Clhy| = {c1, ¢z, c3}
than at a history h; with C[h}] = {c1, c2}.

As a consequence of this, the cost of inducing a c;-agent to reveal his private infor-
mation depends on the principal’s beliefs. In particular, inducing a c;-agent to reveal
his private information is cheaper at histories (hy, by = by) with C[h] = {c1, 2, c3} than
at histories (h},b; = by) with C[h}] = {c1,c2}. As the proof of Lemma 1 shows, this
difference makes it optimal for the principal to induce a c¢;-agent to reveal his type when
Clhi] = {e1, 2,3} and by, = b, and at the same time makes it suboptimal to induce this
agent to reveal his type at histories h; such that C[h;] = {c1, 2} and b, = by.

Finally, by Lemma 1(iii), at histories (h¢, b)) with C[h:] = {c1, 2,3} and by = byp,
the principal finds it optimal to make an offer that only types in {¢1, ca} accept, and type
c3 rejects. The principal stops learning after making this offer, and her long run value is
not first best when the agent’s type is ¢;. At such a history, the principal has the option
of waiting until shock by, is realized, and at that point make an offer that only an agent
with type ¢; accepts. By doing so, the principal would obtain first best payoffs in the long
run. However, our assumption that @, is small for all b € B\{b;} makes this deviation
unprofitable for the principal: under this assumption, the forgone surplus until state by,

is reached outweighs the long run gains for the principal.

5 Conclusion

Productivity shocks are a natural feature of most economic environments, and the in-
centives that economic agents face in completely stationary environments can be very
different than the incentives they face in environments subject to these shocks. Our re-
sults show that this is true of the traditional ratchet effect literature. A takeaway from
this literature is that outside institutions that provide contract enforcement can help im-
prove the principal’s welfare. Our results show that even without such institutions, a
strategic principal can use productivity shocks to her advantage to gradually learn the
agent’s private information and improve her own welfare. In addition, a relationship that
was initially highly inefficient may become efficient over time. Finally, whether or not the
relationship ever becomes efficient, and how profitable it becomes for the principal, may

be path dependent.
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Appendix

A. Proof of Lemma 0O

Proof of part (i). The proof is by strong induction on the cardinality of the support
of the principal’s beliefs, C[h;]. Fix an equilibrium (o, i), and note that the claim is true
for all histories h; such that |C[h]| = 1.'' Suppose next that the claim is true for all
histories h; with |C[h;]] < n — 1, and consider a history h, with |C[h]| = n.

Suppose by contradiction that ‘/E([(Z:f ) [ht, 0] > 0. Then, there must exist a state by and
history hy = h; that arises on the path of play with positive probability at which the
principal offers a transfer T, > Crin,) that type ¢y, accepts. Note first that, since type
cglhi] accepts offer Ty, all types in the support of C[hy] must also accept it. Indeed, if
this were not true, then there would be a highest type ¢, € Clhy] that rejects the offer.
By the induction hypothesis, the equilibrium payoff that this type obtains at history hy
is Vk(g’“ ) [hyr, by] = 0, since this type would be the highest cost of in the support of the
principal’s beliefs following a rejection. But this cannot be, since type ¢, can get a payoff
of at least Ty — ¢, > 0 by accepting the principal’s offer at time ¢'.

We now construct an alternative strategy profile 6 that is otherwise identical to o
except that at state (by, pulhy]) the agent is offered a transfer T € (g Tv)- Specify
the principal’s beliefs at state (by, u[hy]) as follows: regardless of the agent’s action, the
principal’s beliefs at the end of the period are the same as her beliefs at the beginning of
the period. At all other states, the principal’s actions and beliefs are the same as in the
original equilibrium. Note that, given these beliefs, at history hy all agent types in C[hy]
find it strictly optimal to accept the principal’s offer T and take the action. Thus, the
principal’s payoff at history hy is larger than her payoff under the original equilibrium,
which contradicts R2. O

Proof of part (ii). The proof is by induction of the cardinality of C[h;]. Consider first
a history h; such that |C[h]| = 2. Without loss of generality, let C[h;] = {c1,c2}, with
¢1 < ¢g. There are two cases to consider: (i) for all histories hy = hy, plhy] = ulhy, ie.,
there is no more learning; and (ii) there exists a history hy > h; such that u[hy| # plhy].

Consider first case (i). Since u[hy| = plhy) for all hy = hy, both types of agents take
the productive action at the same times. This implies that Agf’” ) [he, b = Ag"”‘ ) [he, by ).

Hindeed, if Clhs] = {c;}, then in any PBE satisfying R1 and R2 the agent takes action a = 1 at time
t’ >t if and only if by € E;, and the principal pays the agent a transfer equal to ¢; every time the agent
takes the action.
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Moreover, by Lemma 0(i), the transfer that the principal pays when the productive ac-
tion is taken is equal to cy. Hence, Vl(a’“) [he, by] = RO >, 6Ty — c)ap|h] =
‘/'2(0’” ke, be] + A" Ry, b](cs — ¢1), where we have used the facts that ‘/'2(0’“ '[he,b)] = 0
and Ty = o for all ¢ such that ay ; = ap 2 = 1 (both of these facts follow from part (i) of
the Lemma).

Consider next case (ii), and let ¢t = min{t’ > ¢ : ay; # ay2}. Hence, at time ¢ only
one type of agent in {c1, o} takes the action. Note that an agent of type ¢; must take
the action at time t. To see why, suppose that it is only the agent of type ¢y that takes
the action. By part (i) of the Lemma, the transfer 7; that the principal pays the agent
must be equal to c;. The payoff that an agent with type c¢; gets by accepting the offer T}
is bounded below by ¢ — ¢; > 0. In contrast, by part (i) of the Lemma, an agent of type
c1 would obtain a continuation payoff of zero by rejecting this offer. Hence, it must be
that only an agent with type c; takes the action at time ¢.

Note that, by part (i) of the Lemma, the total payoff that an agent with type ¢; gets
from time ¢ onwards is equal to V" [h,,b] = T, — ¢;. Note further that T, — ¢; >
vom) [he, be] + Al [he, be)(c2 — c1), since an agent of type ¢; can get a payoff equal to the
right-hand side by mimicking an agent with type c¢y. Since we focus on stationary PBE
that are optimal for the principal, the transfer that the principal offers the agent at time
t must be T} = ¢; + ‘/2(0’“) [he, be] + Ag”") [he, be](ca — 1), and so

Vi Ty, b = Va7 The, be] + AT The, b (s — ¢1) = AT [hy, b (e2 — 1), (3)

where the last equality follows from part (i) of the Lemma.

Note next that, for all ¢’ € {t,...,t — 1}, ay1 = av 2, i.e., both types of agents take the
same action. Moreover, by part (i) of the Lemma, T} = ¢o whenever ay; = ay o = 1, i.e.,
the principal pays a transfer equal to co whenever the high cost agent takes the action.

Therefore,

o
Vi hy, by = E®@ |37 6Ty — er)ap + 05V hy by | b, bt]

Lt'=t

o
=E) 16" (er — er)ap o + 6 AT [y, byl (2 — e) | e, bt]

Lt'=t

= AT hy, 0] (2 — e1) = Va7 Thy, b] + AT Thy, b (2 — 1),
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where we have used (3), and the fact that VQ(J’“ ) [ht,be] = 0. Therefore, the lemma holds
for all h; such that |C[h]| = 2.

Suppose next that the result holds for all h; such that |C[h;]| < n — 1, and consider
a history h; such that |C[h]| = n. Consider two “adjacent” types ¢;, c;y1 € Clhy]. We
have two possible cases: (i) with probability 1, types ¢; and ¢;41 take the same action at
all histories hy = hy; (ii) there exists a history hy = h; at which types ¢; and ¢; 41 take

different actions. Under case (i),

V[, 0] = BO |7 6Ty — e)ap |, bt]

| t/=t

— Elow Z 5t’*t(Tt, — Cit1)ay iv1|he, by

| t/'=t

= V;+1 e, be) + AT [he, b (copr — ).

o
Z 5t/7t(0z‘+1 - Ci)at’,i+1|hta by

t'=t

+ E(O’,,u,)

For case (ii), let ¢ = min{t’ > t : ap;11 # av;} be the first time after ¢ at which
types ¢; and ¢;41 take different actions. Let ¢, € C[hy be the highest cost type that
takes the action at time ¢. The transfer 7, that the principal offers at time ¢ must
satisfy V(J’“) [he, b =T, — ¢, + 0 = Vk+1 [he, by] + Ak+1 [he, b](cry1 — cx).'? Note further
that Vk+ [ht, b)) > T — k11, since an agent with cost ¢y can guarantee T, — cxiq by
taking the action at time ¢ and then not taking the action in all future periods. Since
T, —cp = Vk+1 [he, be] + Ak+1 [he, bg](Cry1 — cx), it follows that A/,chl [Py, by < 1.

We now show that all types below ¢, also take the action at time ¢. That is, we show
that all agents in the support of Ch:] with cost weakly lower than ¢ take the action at ¢,
and all agents with cost weakly greater than c;,; do not take the action. Note that this
implies that ¢; = ¢, (since types ¢; and ¢; 41 take different actions at time t). Suppose for
the sake of contradiction that this is not true, and let ¢; be the highest cost type below
¢, that takes does not take the action The payoff that this agent gets from not taking
the action is V; H’,’:J)rl[ht, by = [ht, be] + Ak i [ht, bi](ck41 — ¢;), which follows since at
time ¢ types ¢; and ci41 do not take the action and since, by the induction hypothesis,
from time ¢ 4 1 onwards the payoff that an agent with cost ¢; gets is equal to what this

agent would get by mimicking an agent with cost cgi1. On the other hand, the payoff

12The first equality follows since, after time ¢, type c; is the highest type in the support of the
principal’s beliefs if the agent takes action a = 1 at time ¢. The second equality follows since we focus on
stationary PBE that are optimal for the principal, so the transfer T; leaves a ci-agent indifferent between
accepting and rejecting.
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that agent c; obtains by taking the action and mimicking type c;, is

V;(j/g) [y, 0] = Vk(mu) [, bg] + Az(:’u) (M, by (e — ¢;)
=Ty — ¢ + A7 b, bl (e — ¢;)
= Vi hy, 0] + A (e, bi) (e — i) + AP [y, bi) (e — ¢5)
> VAT e, b + A e, bl (e — ),

where the inequality follows since A,(;i”f) [he, b <1< A,(f’” ) [h, by].13 Hence, type j strictly
prefers to take the action, a contradiction. Therefore, all types below ¢ take the action
at time t, and so ¢; = ¢;.
By the arguments above, the payoff that type ¢; = ¢, obtains at time ¢ is
Vi lhe b = Th = e+ 0 = Vi [y, br) + AT (e b (ci1 = ),

(3

since transfer that the principal offers at time ¢ is 7} = C¢+V;(fi“) [ht, O] +A§i’f ) [he, O] (Civ1—

¢;). Moreover,

Vi(Uvu) [ht7 bt] — RO

t—1
> 0Ty = ei)aw + 6V [hy, by e, bt]

t'=t

t—1

= Z 5tl_t ((Tt’ - Ci+1)at’,i+1 + (Ci-',-l - Ci)at/,i—H) \hn bt]
t'=t

+ Bl |5t <Vi(+aiu) [, O] + Aiif : [, b (i1 — Ci)) |t bt]

= V;(fi’“”) [, be] + Az('if) [P, ] (cigr — i),

where the second equality follows since ay; = ap ;41 for all ' € {t,...,t — 1}. Hence, the
result also holds for histories h; with |C[h]| = n. O

B. Proof of Theorem 1

The proof proceeds in three steps. First we analyze the case where b; € Eging» establishing

part (i) of the theorem. Then we analyze the case where b; ¢ Ey, ), establishing (ii) and

13Recall that, for all (hy,b), A,(:’”) [he, be] = B[S0 6 tay k|bs, hy]. By assumption, an agent
with type ¢ takes action a = 1 at time ¢, so a; = 1. Moreover, it is easy to show that an agent with

cost ¢ will take action a = 1 with positive probability at some date t > t. Therefore, Agj’“ ) [he, be] > 1.
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(77i). Finally, we show that equilibrium exists and has unique payoffs. In doing so, we

also characterize the threshold type ¢« defined in part (éi).

B.1. Proof of part (i) (the case of b; € Eg,))

We prove part (i) of the theorem by strong induction on the cardinality of C'[h]. If C[h]
is a singleton {c;}, the statement of part (i) holds: by R1-R2, the principal offers the
agent a transfer Ty = ¢, at all times ¢ > ¢ such that by € Ej, and the agent accepts,
and she offers some transfer T < ¢ at all times ¢’ > t such that by ¢ Ej, and the agent
rejects.

Suppose next that the claim is true for all histories hy such that |Clhy]| < n — 1.
Let h; be a history such that [C[h]| = n, and let b, € Eyy,;. We show that, at such a
history/shock pair (hy,b;), the principal makes an offer T, = Chihe] that all agent types
accept.

Note first that, in a PBE that satisfies R1-R2, it cannot be that at (h¢, b;) the principal
makes an offer that no type in Clh;| accepts. Indeed, suppose that no type in C[h,] takes
the action. Consider an alternative Markovian PBE which is identical to the original
PBE, except that when the principal’s beliefs are u[h;] and the shock is by, the principal
makes an offer T" = cg,,), and all agent types in C [hi] accept any offer weakly larger
than T = ¢z, The principal’s beliefs after this period are equal to u[h] regardless of
the agent’s action. Since T' = Criny)» 1t 18 optimal for all agent types to accept this offer.
Moreover, it is optimal for the principal to make offer T'. Finally, since b; € Expp,p» the
payoff that the principal gets from this PBE is larger than her payoff under the original
PBE. But this cannot be, since the original PBE satisfies R1-R2. Hence, if b; € EE[hm at
least a subset of types in C[hy] take the action at time ¢ if b, € Eg,,).

We now show that, in a PBE that satisfies R1-R2, it cannot be that at (h¢,b;) the
principal makes an offer 7; that only a strict subset C' C C[h] of types accept. Towards
a contradiction, suppose that a strict subset C' C C[hy] of types accept T3, and let ¢; =
max C. There are two possible cases: (i) ¢; = cgp,;, and (ii) ¢; < cgp,;. Consider
case (i). By Lemma 0, the continuation payoff of an agent with cost Crin, 18 zero at all
histories. This implies that T, = cg,,;. Let ¢; = max C[h]\C' (note that C[h]\C' is non-
empty). Since ¢; rejects the offer today and becomes the highest cost in the support of
the principal’s beliefs tomorrow, Lemma 0 implies that V;(U’“ ) [ht, b;] = 0. But this cannot
be, since this agent can guarantee a payoff of at least T} —¢; = Crny) —Ci > 0 by accepting

the offer. Hence, if only a strict subset C' C C[h¢] of types accept, ¢; = maxC < Chih]-
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Consider next case (ii). By Lemma 0, the payoff of type ¢; from taking the productive
action at time t is Ty — ¢; + 0. Indeed, at period t + 1, ¢; will be the highest cost in the
support of the principal’s beliefs if he takes the action at ¢. Since an agent with cost ¢;
can mimic the strategy of type Crin,)» Incentive compatibility implies that

T, —c; > vk[h] [, be] + (g )A,g[;f]) (e, by
> (g — )X (bes Egpyy) > g — ¢ (4)

The first inequality follows from equation (2) in the main text. The second inequality
follows from Lemma 0 and the fact that A;Th“ | [he, be] > X (b, Egp,p)- To see why this
last inequality holds, note that Chihe] ¢ C, so at most n — 1 types accept the principal’s
offer. Thus, the inductive hypothesis implies that if the agent rejects the offer, then at all
periods ¢’ > t the principal will get all the remaining types to take the action whenever
be € Egyp,,)» and so A](;[fh“ ) (e, bi] > X (by, Egp,,p)- The last inequality in equation (4) follows
from the fact X(be, Egp,,p) = X (b, {bt}) > 1 where the first inequality holds because
b, € B, and the second follows by Assumption 1.

On the other hand, because Lemma 0 implies that an agent with type Chih] has a
continuation value of zero, the transfer 7; that the principal offers must be weakly smaller
than CRih); otherwise, if T, > CRin,» a0 agent with type CRi] could guarantee himself a
strictly positive payoff by accepting the offer. But this contradicts (4). Hence, it cannot
be that only a strict subset of types in C[hy| accept the principal’s offer at (hy, b;).

By the arguments above, all agents in C'[h,] take action a = 1 at (hy, b;) with b, € Erpn,-
Since an agent with cost Chih] obtains a payoff of zero after every history (Lemma 0), the

transfer that the principal offers at time ¢ is T} = g, O

B.2. Proof of parts (ii) & (iii) (the case of b, ¢ Ly,,)

In both parts (ii) and (iii) of the theorem, the highest cost type in the principal’s support
Crn, does not take the productive action when by ¢ Egy,,,. We prove this in Lemma 2

below, and use the lemma to prove parts (i¢) and (7iz) separately.

Lemma 2. Fiz any equilibrium (o, p) and history hy. If by & Efpp,s then an agent with

cost Cgpp,) does not take the productive action.

Proof. Suppose for the sake of contradiction that an agent with type ¢y, does take
the action at time ¢ if b, ¢ Eing- Since, by Lemma 0, this type’s payoff must equal

zero at all histories, it must be that the offer that is accepted is Ty = cgp,,;. We now
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show that if the principal makes such an offer, then all agent types will accept the offer
and take the productive action. To see this, suppose some types reject the offer. Let
c; be the highest cost type that rejects the offer. By Lemma 0, type c¢;’s continuation
payoft is zero, because this type becomes the highest cost in the support of the principal’s
beliefs following a rejection. However, this type can guarantee himself a payoff of at least
Ty — ¢ = cppy — ¢ >0 by accepting the current offer. Hence, it cannot be that some
agents reject the offer T; = cg,,) when an agent with type ¢z, accepts the offer.

It then follows that if type cgy, accepts the offer, then the principal will not learn
anything about the agent’s type. Since b; ¢ EE[,“], her flow payoff from making the
offer is by — cgp,,) < 0. Consider an alternative Markovian PBE which is identical to the
original PBE, except that when the principal’s beliefs are pu[h;| and the shock is b; ¢ Bt
the principal makes an offer ' = 0, and all agent types in C[h;] reject this offer. The
principal’s beliefs after this period are equal to p[h,] regardless of the agent’s action. Note
that it is optimal for all types to reject this offer. Moreover, since b, ¢ Expp,)» the payoft
that the principal gets from this PBE is larger than her payoff under the original PBE.
But this cannot be, since the original PBE satisfies R1-R2. Hence, if b; ¢ EEUu]? an agent
with type cgp,,; does take the action at time ¢. O

Proof of part (ii). Fix a history h; and let b, € B\ Ey,,) be such that X (b, Eg,,;) > 1.
By Lemma 2, type CRih] doesn’t take the productive action at time ¢ if b; ¢ Eg[ht]. Suppose,
for the sake of contradiction, that there is a nonempty set of types C' C C[h;] that do
take the productive action. Let ¢; = maxC. By Lemma 0 type ¢; obtains a continuation
payoff of zero starting in period ¢ 4 1. Hence, type c; receives a payoft T; — ¢; + 0 from
taking the productive action in period ¢. Since this payoff must be weakly larger than
the payoff the agent would obtain by not taking the action and mimicking the strategy
of agent cgp,,; In all future periods, it follows that
Ty —cj 2 Vg(f;:f) [, be] + (CRppy — cj)A%f,;’j]) [P, i)
> (Crpny — €)X (bes Egpy) > gy — € (5)

where the first line follows from incentive compatibility, the second line follows from the
fact that a, gy, = 1 for all times ¢' > ¢ such that by € Epy,, (by the result of part
(¢) proven above), and the third line follows since X (b, Exp,,)) > 1 by assumption. The
inequalities in (5) imply that 7; > Crjp,)- But then by Lemma 0, it would be strictly
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optimal for type Crjn,) to deviate by accepting the transfer and taking the productive

action, a contradiction. So it must be that all agent types in C[h;| take action a; = 0. O

Proof of part (ii7). Fix a history h, and let b, € B\Ey,,) be such that X (b, Egp,,;) < 1.
We start by showing that the set of types that accept the offer has the form C~ = {¢; €
Clhe) ¢ < ¢p+} for some g € C[hy]. The result is clearly true if no agent type takes the
action, in which case set ¢= = min C[h]; or if only an agent with type min C[h,] takes
the action, in which case set ¢+ equal to the second lowest cost in C'[h].

Therefore, suppose that an agent with type larger than min C[h;] takes the action,
and let ¢;«+ € C[h] be the highest cost agent that takes the action. Since b, ¢ Egngs
by Lemma 2 it must be that ¢« < c¢g,,;. By Lemma 0, type c;+’s payoft is T, — ¢;«,
since from date t + 1 onwards this type will be the largest cost in the support of the
principal’s beliefs if the principal observes that the agent took the action at time ¢. Let

cp» = min{cg € Clhy] : ¢ > ¢j+}. By incentive compatibility, it must be that
T, — cjo > V7P [hy b)) + (e — ) AT [hy, by, (6)

since type ¢;+ can obtain the right-hand side of (6) by mimicking type ¢;+. Furthermore,
type ¢+ can guarantee himself a payoff of T}, — ci« by taking the action at time ¢ and never

taking the action again. Therefore, it must be that

VT he,b] > Ty — cpe > ¢jr — e + VTP [hyy b)) + (03 — ) AT [hy, by
= 1 Z Ag:’u) [ht, bt] (7)

where the second inequality in the first line follows from (6).

We now show that all types ¢; € C[h,] with ¢; < ¢;« also take the action at time ¢.
Suppose for the sake of contradiction that this is not true, and let ¢;» € C[h] be the
highest cost type lower than c;« that does not take the action. The payoff that this type

would get by taking the action at time ¢ and then mimicking type c;- is

‘/igil})* [ht, bt] = Tt — Cyx + (Cj* — Ci*)A‘gg"u) [ht, bt]
> (cj0 — cio)[1+ X by, B )] + Vi [he, be] + (e — ) AT [he 0] (8)

where the first line follows from the fact that type c;« is the highest type in the support

of the principal’s beliefs in period t 4 1, so he receives a payoff of 0 from ¢ + 1 onwards;
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the second follows from part () and Lemma 2, which imply that type c;- takes the action
in periods ¢’ > ¢ + 1 if and only if by € E;« (note that type ¢;» also takes the action at
time t); and the third inequality follows from (6).

On the other hand, by Lemma 0(ii), the payoff that type ¢;+ gets by rejecting the offer
at time t is equal to the payoff she would get by mimicking type cg«, since the principal
will believe for sure that the agent does not have type in {cp1,...,¢;+} € C[h] after

observing a rejection. That is, type ¢;+’s payoft is

VA7 By, by) = VPR The b] = VTP [he, 0] + (cre — 40 ) AT [y, ) (9)

* okt

From equations (8) and (9), it follows that
Vi e, b = VL e, b < (ege = o) [AZ e, b = (14 X (b Bp)]] <0,

where the strict inequality follows after using (7). Hence, type ¢ strictly prefers to mimic
type c;- and take the action at time ¢ than to not take it, a contradiction. Hence, all
types ¢; € Clh] with ¢; < ¢+ take the action at ¢, and so the set of types taking the
action takes the form C~ = {¢; € C[h] : ¢; < ¢+ }.

Finally, it is clear that in equilibrium, the transfer that the principal will pay at time
t if all agents with type ¢; € C~ take the action is given by (k). The payoff that an
agent with type c¢;« = max(C™ gets by accepting the offer is 7; — ¢+, while her payoff
from rejecting the offer and mimicking type cx- = min C[h,\C~ is Vi7" [hy, b)) + (cpe —
cj*)Agi’“) [hi, b]. Hence, the lowest offer that a c;«-agent accepts is T; = ¢; + VM by, by +
(cre — ¢ ) AT [y, by). O

B.3. Proof of Existence and Uniqueness

For each history h; and each ¢; € Clhy, let Cjilhe = {¢; € Clh] @ ¢ > ¢;}. For
each history h; and state b € B, let (hy,b;) denote the concatenation of history h; =
(by, Ty, at/>t/ together with state realization b,. Let

A 7#) [ht, bt] =K (1) Z 5t,_tat/7j|(ht, bt) and C[ht+1] = C]+[ht]

t'=t+1
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That is, Agi” ) [ht, b] is the expected discounted fraction of time that an agent with type
c; takes the action after history (h,b;) if the beliefs of the principal at time ¢ + 1 have
support Cj1[hi]. We then have:

Lemma 3. Fiz any equilibrium (o, 1) and history-state pair (hy, b;). Then, there exists an
offer T'> 0 such that types ¢; € C[hy], ¢; < ¢;, accept at time t and types ¢; € Clhy), ¢; > ¢;,

reject if and only if Agi’”) [he, b < 1.

Proof. First, suppose such an offer T exists, and let ¢, be the highest type in C[h]
that accepts T. Let ¢; be the lowest type in C[h;] that rejects the offer, and note that
¢t < ¢j. By Lemma 0, the expected discounted payoff that an agent with type c; gets
from accepting the offer is T'— ¢ + 0. The payoff that type ¢, obtains by rejecting the
offer and mimicking type ¢; from time ¢+ 1 onwards is Vj(a’“) [he, be] + (cj — ck,)Ag-i’“) (A, by
Therefore, the offer T" that the principal makes must satisfy

T —cp > V" [hy, b) + (¢ — ci) A [y, by). (10)

Note that an agent with type ¢; can guarantee herself a payoft of T' — ¢; by taking the

action in period ¢t and then never taking it again; therefore, incentive compatibility implies

VOl bi) > T — ¢ 2 VI he, b + (¢ — c) [AG e, b) — 1]
— 1> A%y, b

where the second inequality in the first line follows after substituting 7" from (10).

Suppose next that Agi’“ ) [ht, 0] < 1, and suppose the principal makes offer T = ¢, +
Vj(a’“) [he, by] + (¢ — ck)Aﬁ’”) [ht, by], which only agents with type ¢, € Clh],c; < ¢ are
supposed to accept. The payoff that an agent with cost ¢; obtains by accepting the offer
is T — ¢, which is exactly what he would obtain by rejecting the offer and mimicking
type ¢;. Hence, type ¢; has an incentive to accept such an offer. Similarly, one can check
that all types ¢, € Clhy),c, < ¢ also have an incentive to accept the offer. If the agent
accepts such an offer and takes the action in period ¢, the principal will be believe that
the agent’s type lies in {¢, € Clh¢] : ¢, < ¢;}. Note that, in all periods t' > ¢, the principal
will never offer Ty > ¢;,.

Consider the incentives of an agent with type ¢; > ¢; > ¢; at time ¢. The payoff that
this agent gets from accepting the offer is T' — ¢;, since from ¢ + 1 onwards the agent will

never accept any equilibrium offer. This is because all subsequent offers will be lower than
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cr < ¢j < ¢;. On the other hand, the agent’s payoff from rejecting the offer is

‘/Z.(U#) [hta bt] V(Uu [ht, bt] - ‘/}(0#) [hta bt] + ( i CZ)A #) [hta bt]

1—]

>T —c=c,—c+ V}(U’“) [he, be] + (cj — ¢ )A [hn by,

where the second inequality follows since Aﬁ’“ J[he,b] < 1. O

The proof of existence and uniqueness relies on Lemma 3 and uses strong induction on
the cardinality of C[h;]. Clearly, equilibrium exists and equilibrium payoffs are unique at
histories h; such that C[h] is a singleton {c,}: in this case, the principal offers the agent
a transfer Ty = ¢, (which the agent accepts) at times ¢ > ¢ such that by € Ejy and offers
some transfer T, < ¢, (which the agent rejects) at times ¢ > t such that by ¢ FEj.

Suppose next that equilibrium exists and equilibrium payoffs are unique for all histories
h; such that |C[hg]| < n—1, and let h; be a history such that |C[h]| = n. Fix a candidate
for equilibrium (o, 1), and let U@ [b,, u[h,]] denote the principal’s equilibrium payoffs
when her beliefs are plhy] and the shock is b;. We now show that, when the principal’s
beliefs are p[h], equilibrium payoffs are also unique.

If by € Eg,), then by part (i) it must be that all agent types in C[h,] take the action

in period ¢ and Ty = cgpp,); hence, at such states
U [by, b)) = b = cgppy + SE[U T by, ]| br]

Ifb, ¢ By, and X (b, By ) > 1, then by part (i7), all agent types in C[h;] don’t take the
action (in thls case, the prmmpal makes an offer 7" small enough that all agents reject);

hence, at such states
UM [by, p[hy]] = O [U @) [by 1, [7a]][b4]

In either case, the principal doesn’t learn anything about the agent’s type, since all types
of agents in C[h; take the same action, so her beliefs don’t change.

Finally, consider states b, ¢ B,y with X (by, EE[ht}) < 1. Two things can happen at
such a state: (i) all types of agents in C[h;] don’t take the action, or (ii) a strict subset
of types in C[h;] don’t take the action and the rest do.'* In case (i), the beliefs of the

principal at time ¢+ 1 would be the same as the beliefs of the principal at time ¢, and her

1By Lemma 2, in equilibrium an agent with cost Rl doesn’t take the action.
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payoffs are
UMby, ulhy]] = O [U(a’“) [be11, u[ht]]lbt}

In case (ii), the types of the agent not taking the action has the form Cj [h] = {¢; €
Clhe] = ¢; > ¢;} for some ¢; € C[hy]. Soin case (ii) the support of the beliefs of the principal
at time t + 1 would be Cj [h] if the agent doesn’t take the action, and Clh]\C}y[h] if
he does.

By Lemma 3, there exists an offer that types Cj;[h] reject and types Clh\Cjt[h]
accept if and only if Aﬁ’” ) [he, b] < 1. Note that, by the induction hypothesis, Aﬁ“ ) [he, O]
is uniquely determined.'® Let C*[hs, b = {c; € C[hy] : Agi’”’ )[hy, b] < 1}. Without loss of
generality, renumber the types in C[h] so that Cly] = {c1, ..., ¢z, }» with o1 < ... < cgp,-
For each ¢; € C*[hy, by, let

thiﬂ =Ci—1+ Vi(g’“) [P, by] + Aﬁi’“) [he, be](ci — ciz)

be the offer that leaves an agent with type ¢;_; indifferent between accepting and rejecting
when all types in C;[h] reject the offer and all types in C[h]\Ci [h:] accept. Note that
T};_, is the best offer for a principal who wants to get all agents with types in C[h]\Ci; [h]
to take the action and all agents with types in types in C;; [h] to not take the action.
Let T = {T7;_1 : & € C*[hy,by]}. At states by ¢ Egy,,; with X (by, Eyp,,;) < 1, the
principal must choose optimally whether to make an offer in 7 or to make a low offer
(for example, T; = 0) that all agents reject: an offer T; = T}, | would be accepted by
types in C[h\Ciy[hi] and rejected by types in Cji[h], while an offer T; = 0 will be
rejected by everyone. For each offer T, | € T, let p(T};_;) be the probability that offer
T}, is accepted; i.e., the probability that the agent has cost weakly smaller than ¢;_;.
Let U@ by, plhy), T;;_y, a0 = 1] and UMby, plhy], T7; 1, a, = 0] denote the principal’s
expected continuation payoffs if the offer T}, ; € T is accepted and rejected, respectively,
at state (u[h], b;). Note that these payoffs are uniquely pinned down by the induction hy-
pothesis: after observing whether the agent accepted or rejected the offer, the cardinality

of the support of the principal’s beliefs will be weakly lower than n — 1. For all b € B, let

U (b, plhu]) = max {p(T)(b =T + U, ulhy], T, 1)) + (1 = p(T)) U [b, ulhy), T, 0}}

15A§i_’” ) [ht, by] is determined in equilibrium when the principal has beliefs with support Cj[h¢], and
the induction hypothesis states that the continuation equilibrium is unique when the cardinality of the
support of principal’s beliefs is less than n.

30



and let T'(b) be a maximizer of this expression.

Partition the states B as follows:

B1 — EE[ht]
B2 - {b € B\Bl . X(bt7 EE[[‘LJ) > 1}
Bg - {b € B\Bl . X(bt, EE[ht}) S 1}

By our arguments above, the principal’s payoff U#)[b, u[h]] satisfies:

b — cgppy + SE[UH by, ulha]]|be = 0] if b€ B
U, ulhe]] = { SE[U by, ulhe]]|be = b] ifbe B,  (11)
max{U* (b, u[he]), SE[U M [byyr, pulhy]]|by = b]} if b € By

Let F be the set of functions from B to R and let ® : 7 — F be the operator such that,
for every f € F,

b — ey + OE[f [besa]lbe = 1] ithe B
D(F)(b) = TELf[busa]lbr = ] if b€ B,
max{U* (b, fu[h]), SE[f[bisa]|b, = b]} if b € By

One can check that ® is a contraction of modulus § < 1, and therefore has a unique
fixed point. Moreover, by (11), the principal’s equilibrium payoffs U@*[b, u[h,]] are a
fixed point of ®. These two observations together imply that the principal’s equilibrium
payoffs U@H[b, u[h;]] are unique. Finally, the equilibrium strategies at (hs,b;) can be
immediately derived from (11). O

C. Proof of Proposition 2

Fix a history h; such that |C[h:]| > 2 and without loss of generality renumber the types so
that Clh] = {1, ..., cgp b With e < ... < gy, We start by showing that for every such
history, there exists a shock realization b € B with the property that at state (u[h:],b)
the principal makes an offer that a strict subset of the types in C[hy]| accepts.

Suppose for the sake of contradiction that this is not true. Note that this implies that
wlhy| = plhy] for every hy = hy. By Theorem 1, this further implies that after history hy,

the agent only takes the action when the shock is in B and receives a transfer equal
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to cgp,)- Therefore, the principal’s payoff after history (he, b) is

o

U(UHN) [h/ty b] — E Z (St 7t(bt/ — CE[ht])l{btleEE[ht]}’bt = b .
t'=t
Let b € By, - be such that X (b, Egp,,) < 1. The conditions in the statement of Proposi-

tion 2 guarantee that such a shock b exists. Suppose that the shock at time ¢ after history
h: is b, and let € > 0 be small enough such that

T = cgp-1 + X O, Egp)(Chng — Cripg—1) + € < Chpy- (12)

Note that at state (u[h],b), an offer equal to T" is accepted by all types with cost strictly
lower than ¢, ,, and is rejected by type CEM.M The principal’s payoff from making an
offer T" conditional on the agent’s type being Chiny 18 Ulom [he,b]. On the other hand,
when the agent’s type is lower than cgy, . the principal obtains b — T" at period ¢ if she
offers transfer 7', and learns that the agent’s type is not ¢z, ). From period ¢ 41 onwards,
the principal’s payoff is bounded below by what she could obtain if at all periods ¢ > t
she offers Ty = ¢y, Whenever by € Egy;,;_ (an offer which is accepted by all types),
and offers T, = 0 otherwise (which is rejected by all types). The payoff that the principal

obtains from following this strategy when the agent’s cost is lower than CRihy) 18

U=b-T+E

Z 't (ber — cE[ht]fl)]'{bt’GEE[ht]*l}|bt = b]

=t+1
Z5t/ bt’_ )l{bt/eE ]}|bt ]

=b—cpp —€+E

=t+1

FE| D 0" br = ) Loperg, B o=
t'=t+1

- U(U7N) [ht, b] + b — CE[ht}—l — €

t'— —
+E Z 6" bw — R N L
—t+1 |

16Indeed, by accepting offer T', an agent with cost ¢; < Rl obtains a payoff of at least T — ¢; + 0 X
0. This payoff is strictly larger than the payoff of X (b, EE[ht])(CE[ht] — ¢;) he obtains by rejecting and
continuing playing the equilibrium.
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where the second line follows from substituting (12). Since b € Egp,,,_,, from the third
line it follows that if € > 0 is small enough then U is strictly larger than U [hy, b].
But this cannot be, since the proposed strategy profile was an equilibrium. Therefore, for
all histories h; such that |C[h]| > 2, there exists b € B with the property that at state
(u[he], b) the principal makes an offer that a strict subset of the types in C[h;] accept.

We now use this result to establish the proposition. Note first that this result, together
with the assumption that process {b;} is ergodic, implies that there is long run learning
in equilibrium. Indeed, as long as C[h;] has two or more elements, there will be some
shock realization at which the principal makes an offer that only a strict subset of types
in C[h;] accepts. Since there are finitely many types and {b;} is ergodic, with probability
1 the principal will end up learning the agent’s type.

Finally, fix a history h; such that C[h;] = {¢;}. Then, from time ¢ onwards the
principal’s payoff is U*[hy, b = E [Y 57, 6" by — ¢;) 1, emylbe = b] = Ur(ble = ¢;),
which is the first best payoff. This and the previous arguments imply that the equilibrium

is long run first best. O

D. Path Dependence when Shocks are not Ergodic

Here we give an example of how path dependence may arise when the process governing
the evolution of shocks is not ergodic.

Let C = {c1,¢c}, and B = {by, by, by}, with by, < by < by. Suppose that E; =
{b,brr, by} and Ey = {by, by }. Suppose further that the process [Qpy] satisfies: (i)
X(br, Ey) <1, and (ii) Qpypy = 1 and Qpy € (0,1) for all (b,0') # (by,by) (recall that
Qb denotes the probability of transitioning to state b’ from state b.) Thus, state by is
absorbing. By Theorem 1, if b; = by, then from period ¢ onwards the principal makes an
offer equal to ¢z, and all agent types in C[h,] accept.

Consider a history h; with Clhy] = {c1,co}. By Theorem 1, if b, = by, the principal
makes an offer T, = ¢, that both types of agents accept. If by = by, by arguments
similar to those in Example 2, the principal finds it optimal to make an offer T, =
c1 + X(br, Es)(ca — 1) € (c1,c2) that an agent with cost ¢; accepts and that an agent

with cost ¢y rejects. Therefore, the principal learns the agent’s type.
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Suppose that the agent’s true type is ¢ = ¢;, and consider the following two histories,
h; and ﬁt:

h't - <(bt/ = bM?E' = C2,aQp = ]')i’_:ll)?
Bt = ((by = bu, Ty = 2, a0 = 1);_:21, (b1 =01, T11 = T, a1 = 1)).

Under history hy, by = by for all t' < t—1, so the principal’s beliefs after h; is realized are
equal to her prior. Under history &, the principal learns that the agent’s type is ¢; at time
t — 1. Suppose that b; = by, so that by = by for all t’ > t. Under history h;, the principal
doesn’t know the agent’s type at ¢, and therefore offers a transfer Ty, = ¢, for all ¢/ > ¢,
which both agent types accept. Instead, under history A, the principal knows that the
agent’s type is ¢1, and therefore offers transfer T, = ¢; for all ¢’ > ¢, and the agent accepts
it. Therefore, when the agent’s type is ¢;, the principal’s continuation payoff at history
(he, by = by) is 1%(S(bH — ¢3), while her payoff at history (iLt, by = by) is 1%(S(ZJH —c). O

E. Proof of Lemma 1

Proof of Property (i). Note first that, by Theorem 1, after such a history the principal
makes a pooling offer T = ¢, that both types accept if by € Ey = {buyp, byrm, b} To
establish the result, we show that if b, = by, types ¢; and ¢y take action a = 0 after
history h,. If the principal makes a separating offer that only a ¢; agent accepts, she pays
a transfer T; = ¢; + X (by, Es)(c2 — ¢1) that compensates the low cost agent for revealing
his type. The principal’s payoff from making such an offer, conditional on the agent being

type cq, is

USC[C1] == bL - j—vt + E Z(gtlitlbteEl (bt’ - Cl)|bt = bL

t'>t

=b,—c + > X(b bHb - o).

be{barr,bara,bE}

Her payoff from making that offer conditional on the agent’s type being ¢, is U o] =
D b fbnrrbnrm by X (0L, {0})[b—co]. 1f she doesn’t make a separating offer when b; = by, she
never learns the agent’s type and gets a payoft U"** =%, ., .+ X(br,{0})[b— ca].
Since by, — ¢; < 0 by assumption, U™ > pulh][c1]U*[c1] + plhe][c2]U*[c2], and therefore

the principal does not to make a separating offer. O
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Proof of Property (ii). Theorem 1 implies that, after such a history, the principal
makes a pooling offer 7' = ¢3 that both types accept if b, € F3 = {by}. Theorem 1 also
implies that, if b, = by, then after such a history the principal makes an offer that both
types reject (since X (barp, {bm}) > 1 by assumption). So it remains to show that, after
history h;, the principal makes an offer that a ¢, agent accepts and a c3 agent rejects if
b; = by, and that the principal makes an offer that both types reject if by = by,.
Suppose by = bysr. Let Ulg;] be the principal’s value at history (hy, by = bysr) condi-
tional on the agent’s type being ¢; € {cq, c3}, and let V; be the value of an agent of type ¢; at
history (A, by = barr). Note that Ulea] +Va < bar — 243 ey, X (barr, {01 [0 —

9], since the right-hand side of this equation corresponds to the efficient total payoff

brrer,bm}

when the agent is of type cs (i.e., the agent taking the action if and only if the state is in
E,.) Note also that incentive compatibility implies Vo > X (byr, {br})(ca — ¢3), since a
co-agent can mimic a cz-agent forever and obtain X (bysr,, {bn})(c2 — c3). It thus follows
that Ulco] < barr, — 2 + X (bnrr, {0 Hbr — cs] + X ociny barmy X (Oaer, {03) [0 — ca.

If when b; = by, the principal makes an offer that only a ¢y agent accepts, the offer
must satisfy T = ¢o + X (b, {br})(cs — c2) < ¢3. The principal’s payoff from making

such an offer when the agent’s type is ¢y is

U[CQ] =byr —Ti + Z X (b, {0})[b — ¢

be{bnrr,barm bm}

= bML—CQ—I—X(bML,{bH})[bH —63] + Z X(bML,{b})[b—CQ], (13)

be{brr,barm}

which, from the arguments in the previous paragraph, is the highest payoff that the
principal can ever get from a ¢y agent after history (hy,b; = basr). Hence, it is optimal
for the principal to make such a separating offer.!”

Suppose next that b, = by. If the principal makes an offer that a co-agent accepts and
a cg-agent rejects, she pays a transfer T; = ¢y + X (b, E3)(c3 — ¢2). Thus, the principal’s

payoff from making such an offer, conditional on the agent being type cs, is

U[cy] = by, — Ty + > X(b b} — o

be{bnrrr,barm b}

=by— o X(bp {bu})brr —cs] + D> X(br, {b})[b— 2.

be{brnr,brrm}

I"Indeed, the principal’s payoff from making an offer equal to T, when the agent’s type is c3 is
X(2,{4})[b(4) — ¢3], which is also the most that she can extract from an agent of type cs.
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If the principal makes an offer that both types reject when b; = by, then by the arguments
above she learns the agent’s type the first time at which shock by, is reached. Let £ be
the random variable that indicates the next date at which shock by, is realized. Then,
conditional on the agent’s type being co, the principal’s payoff from making an offer that

both types reject when b, = by, is

i—1
Unsc[CQ] =K Z 5t/_t1bt,:bH(bH — Cg)‘bt = by,

| t/=t+1

HE|6 b =T+ Y X, DDl eo] | b = be

be{brrr,brrrr,bu}

The offer T} that the principal makes at time f satisfies Ty = ¢y + X (bysr, {bu})(cs — ¢2).

Using this in the equation above,

0™[cy] = X (bp, {bar}) b —csl+ X (br, {bars })[barr—cal +E[57|by = br] X (barr, {bars })[barsr—cs).
Then, we have

075 ey]—U*[ca] = —[br—ca]— [X(bL, {bar}) — E[67* b, = by X (bare, {bMH})] [bars—cs)].

Since by, < ¢y by assumption, there exists A} > 0 such that, if c; —by, > AJ, the expression
above is positive. Since the principal’s payoff conditional on the agent’s type being cs is
the same regardless of whether she makes a separating offer or not when b, = by, (i.e.,
in either case the principal earns X (by, {bg})(bg — ¢3)), when this condition holds the

principal chooses not to make an offer that ¢, accepts and c3 rejects when b, = by,. O

Proof of Property (iii). Suppose C[h;] = {c1, 2, c3}. Theorem 1 implies that all agent
types take action a = 1 if b, = by, and all agent types take action a = 0 if b, = by (this
last claim follows since X (byrm, {br}) > 1).

Suppose next that C[h;] = {c1, c2,c3} and by = by Note that, by Lemma 2, an agent
with type c3 takes action a = 0 if by = by, ¢ FE3 = {by}. We first claim that if the
principal makes an offer that only a subset of types accept at state by;r, then this offer
must be such that types in {c¢;, ¢y} take action a = 1 and type ¢z takes action a = 0. To
see this, suppose that she instead makes an offer that only an agent with type c¢; accepts,

and that agents with types in {cq, c3} reject. The offer that she makes in this case satisfies
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Ti—c = VQ(J’”) [he, by + Agf’“) [he, bi](ca — ¢1). By property (ii) above, under this proposed
equilibrium a cy-agent will from period t+1 onwards take the action at all times ¢’ > ¢ such
that by = byrr.'® Therefore, Aég’“) [he, b)) > X (barr, {bar}) > 1, where the last inequality
follows from Assumption 1. The payoff that an agent of type ¢, obtains by accepting offer
T, at time ¢ is bounded below by T, — ¢3 = ¢1 — ca + Vi7" [y, b] + A [hy, b (ca — 1) >
V37" Ry, b], where the inequality follows since AY*[h,,b;] > 1. Thus, type ¢y strictly
prefers to accept the offer, a contradiction. Therefore, when Clhy] = {c1,c2,¢3} and
by = byrp, either the principal makes an offer that only types in {¢1, 2} accept, or she
makes an offer that all types reject.?

We now show that, under the conditions in the Lemma, the principal makes an offer
that types in {c1, ca} accept and type c3 rejects when b, = by, and Clhy] = {c1, 2, c3}. If
she makes an offer that agents with cost in {¢1, o} accept and a cz-agent rejects, then she
pays a transfer T; = co + X (barr, {bm})(cs — ¢2). Note then that, by property (i) above,
when the agent’s cost is in {¢, c2}, the principal stops learning: for all times ¢’ > ¢ the
principal makes an offer Ty = ¢y that both types accept when by € FEs, and she makes
a low offer T,y = 0 that both types reject when by ¢ FE,. Therefore, conditional on the
agent’s type being either c¢; or ¢y, the principal’s payoff from making at time ¢ an offer T;

that agents with cost in {c1, c2} accept and a cz-agent rejects is

Uev,) =bar =T+ Y, X(bar, {b})b— ]

be{barr,bara,bE Y}

= by — o+ X(bar, {buPlow — sl + > X(bar, {b})[b— 2]

be{brr.bvm}

On the other hand, if she does not make an offer that a subset of types accept when
by = by, then the principal’s payoffs conditional on the agent being of type ¢; € {c1, ¢}
is bounded above by

i—1
U] =B [ Y 6" "1y, (b — e3) + 6> X(br, {b})(b— ¢;)[br = barr
t'=t beE;

18Under the proposed equilibrium, if the offer is rejected the principal learns that the agent’s type is
in {co,c3}. By property (ii), if the agent’s type is ¢, the principal will learn the agent’s type the time
the shock is bysr, (because at that time type co takes the action, while type ¢z doesn’t), and from that
point onwards the agent will take the action when the shock is in Eo = {barr, barg, b}

YNote that, by Lemma 2, an agent with cost c3 takes action a = 0 when C[h;] = {c1,¢c2,c3} and
by = bur, ¢ Es.
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where ¢ denotes the next period that state by, is realized.?’ Note that there exists €; > 0
small such that, if Q,,, < € for all b # by, then U*[{c1,¢2}] > U™[¢] for i = 1,2.
Finally, note that the payoff that principal obtains from an agent of type c3 at history h;,
when b, = by, is X (bar, {bu})(by — ¢3), regardless of the principal’s offer. Therefore, if
Qup, < € for all b # by, when C[hy] = {c1, ca,c3} and by = by, the principal makes an
offer T; that only types in {c1, c2} accept.

Finally, we show that when C[h;] = {c1, ¢, c3} and b, = by, the principal makes an
offer that only type ¢; accepts. Let £ be the random variable that indicates the next date
at which state by;p is realized. If the principal makes an offer 7; that only a c;-agent

accepts, this offer satisfies

T, — c1 = Vi [hy, bi) + AV [y, br) (ca — 1)

= X (br, {bu})(es — 1) + [X (b, {bare}) + E[6" by = br] X (basr, {baru})] (2 — 1)
(14)

where the second equality follows since ‘/2(0’“) [he, br] = AV [hy, br(c3—ca) = X (by, {by })(c5—
¢2) and since, by property (ii), when the support of the principal’s beliefs is {cs, c3} and
the agent’s type is ¢, the principal learns the agent’s type at time £.2! Therefore, con-
ditional on the agent’s type being c;, the principal’s equilibrium payoff from making an

offer that only an agent with cost ¢; accepts at state by, is

U*[er] = b, — Ty + > X(be {b})[b— ci]

be{brrr,brrm b}
= b, — 1+ X (b, {bu})[br — c3] + X (b, {bars }) barer — ci]
+ X(bL, {bML})[bML — Cg] — ]E[(Stv_qbt = bL]X(bML, {bMH})(CQ — Cl)

20To see why, note that if no type of agent takes the productive action when C[hs] = {c1, ca,c3} and
bs = basr, then the principal can only learn the agent’s type when state by, is realized (i.e., at time ¢). At
times before ¢, all agent types take the action if the shock is by (and the principal pays transfer T = c¢3),
and no agent type takes the action at states basz, or byszr. After time ¢, the payoff that the principal gets
from type c; is bounded above by her first-best payoff ), X (b, {b})(b — c:).

21The fact that the principal learns the agent’s type at time f implies that

i—1 e’}

Agcr,#) [hth} = Z(St/_tlbt/:bH + 6f—t Z(St/_flbt/GEzwt _ bL

t'=t t'=t

=X (br, {br}) + X (br, (b)) +E [5f—fX(bML, (bars V) by = bL] .
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where the second line follows from substituting the transfer in (14). On the other hand,
the principal’s payoff from making such an offer at state by, conditional on the agent’s

type being cs, is

t'=t

i—1
U*[cy] = E Z 8"y, =y, (b — c3)|by = bL]

+ B |6 (barr — 2 — X (basz, {b})(cs — c2)) + Z 6t/7t1bt/€E2(bf/ —c)lbe = by

t/=t4+1

:X<bL, {bH})(bH — Cg) + X(bL, {bML})(bML — C2) + E |:5£7tX(bML, {bMH})|bt = bL (bMH — Cg),

where we used the fact that, when the support of her beliefs is {co, ¢35}, the principal makes
an offer that only a ce-agent accepts when the state is by, (the offer that she makes at
that point is T' = ¢o + X (basp, {bu})(cs — c2)).

Alternatively, suppose the principal makes an offer that both ¢; and ¢y accept but c3
rejects. Then she pays a transfer T; = ¢y + X (b, {bn})(c3 — ¢2); thus, her payoff from

learning that the agent’s type is in {c1, co} in state by, is

Ueneoll =bo=Tit Y X(be, (b0~ c2)

be{brrr brrrrbu}
=br — co + X(br, {bu})[br — c3]
+ X (b, {byr}) [bar — 2] + X (br, {bryu }) [barn — o,

where we used the fact that the principal never learns anything more about the agent’s
type when the support of her beliefs is {c1, c2} (see property (i) above). Note that there
exists e, > 0 and A2 > 0 such that, if Qpy,,, < € for all b # by, and if g — by, > Ay =
max{Al A2} then

Usler] — U*[{cr, e0}] = [1 4 X (br, {barr}) — E[65 b, = b1] X (bar, {bMH})]] (cs — 1) > 0 and

U<[ea] — U*[{c1, 0}] = [E [&HX(bML, (bara})|be = br| — X (br, {bMH})} (barsr — ) — (br, — ) > 0.

Therefore, under these conditions, at state by the principal strictly prefers to make an
offer that a cj-agent accepts and agents with cost ¢ € {cs, c3} reject than to make an offer

that agents with cost in {c1, co} accept and a c3-agent rejects.
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However, the principal may choose to make an offer that all agent types reject when
by = b, and C|hy] = {c1, o, c3}. In this case, by the arguments above, the next time the
state is equal to bysy the principal will make an offer that only types in {c1, c2} accept.
The offer that she makes in this case is such that T'— co = X (bysr, {bu})(c3 — c2). Then,
from that point onwards, she will never learn more (by property (i) above). In this case,

the principal’s payoff conditional on the agent’s type being {ci, c2} is

-1
075 < |3 12 (b — )l = b
T=t
+E |67 (b — T) + Z X (barr, {0}) (b — c2)|by = bL]
be k>

= X (br, {bu})[br — c3] + X (br, {bar})[bar — 2] + E[5i_t|bt = br| X (bmr, {baw })[brm — 2,

where f be the random variable that indicates the next date at which state by, is realized.
Note that there exists e > 0 and A; > 0 such that, if Qpp,,, < €2 for all b # by, and if
by, — ¢ > —Aq, then,

USC[Cl] — Unsc = bL — C1 + [X(bL, {bMH}) — E[(Siit‘bt = bL]X<bML, {bMH}> [bMH - Cl] >0 and
0%[es] — U™ = 0.

Therefore, under these conditions, the principal makes an offer that type c¢; accepts and

types in {cs, c3} reject when Clhy] = {c1, 2,3} and by = by. O
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