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Abstract

Forward guidance relies on shifting expectations of income and inflation. These expectations matter
through general-equilibrium mechanisms, including two known as the deflationary spiral and the income
multiplier. Recasting these expectations and these mechanisms in terms of higher-order beliefs reveals
how the predictions of the New-Keynesian model—and some of its anomalies—hinge of the combina-
tion of a strong equilibrium concept with strong informational assumptions. Relaxing these assumptions
anchors the expectations and attenuates the mechanisms. This attenuation increases with the horizon at
which forward guidance operates, as well as with the degree of price flexibility. We thus lessen, not only
the forward-guidance puzzle, but also the paradox of flexibility. We also operationalize the notion that
policy makers may find it hard to shift expectations of income and inflation even if they can easily shift

expectations of policy.
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1 Introduction

In the New-Keynesian (NK) model, forward guidance—the promise to move future interest rates—has sizable
effects on economic activity, especially when the economy is in a “liquidity trap”. To be concrete, suppose
that the zero-lower-bound (ZLB) binds up to a future date 7' — 1, making it impossible for the monetary
authority to stimulate aggregate demand by reducing interest rates now. The same goal can be achieved
by a credible promise to keep interest rates below the “natural rate” right after the ZLB has ceased to bind
(t > T). According to the NK model, not only is the effect of such a promise quantitatively significant, but
it also increases without bound as 7" increases: the longer the liquidity trap and the further into the future
forward guidance operates, the stronger is its effect.

Policy makers and macroeconomists alike find these predictions to be counterintuitive, which is why
the issue is known as the “forward guidance puzzle”.! Can we fix this “anomaly” without dismantling the
foundations of the model?

This paper offers a positive answer to this question by highlighting how the puzzle hinges on the as-
sumption that consumer and firms can reach common knowledge, not only of the policy itself, but also of
one another’s responses to it. This assumption arms the policy maker with considerable control over the
market’s expectations of inflation and income. Once a plausible “friction” is introduced by relaxing the
common-knowledge requirements of the theory, the policy maker’s tight grip on the market’s expectations
of inflation and income is loosened, even if we hold constant his grip on the market’s expectations of interest
rates. As a result, the power of forward guidance is attenuated and the puzzle is diminished.

Preview. The backbone of our analysis is the textbook NK model. We assume that there exists a T' > 2
such that the interest rate is pegged between t = 0 and t = T — 1 (say, because the ZLB binds) and that
flexible-price outcomes obtain from ¢ = 7'+ 1 and on. We thus identify forward guidance with a shift in the
expectations that agents hold at ¢ = 0 of the interest rate that will obtain at ¢ = T". Accordingly, we identify
T with both the duration of the liquidity trap and the horizon at which forward guidance operates.?

We take as given the policy maker’s ability to shift the aforementioned expectations® and investigate
how the economy responds to such a shift. Before tackling this issue, however, it is useful to consider
the following simpler question: how does an individual consumer responds to news of a future interest-rate
change that applies only to herself, as opposed to the entire economy? Answering this question helps isolate
the partial-equilibrium (PE) effect of forward guidance from its general-equilibrium (GE) effects.

Because agents discount the future, the PE effect diminishes with the horizon, T, and becomes van-
ishingly small as 7" — oo. This elementary observation, which is essentially a corollary for the Permanent

Income Hypothesis, underscores that the forward-guidance puzzle is exclusively about GE mechanisms.

'The term was coined by Del Negro, Giannoni, and Patterson (2012); see also Eggertsson and Woodford (2003), Carlstrom,
Fuerst, and Paustian (2012), and McKay, Nakamura, and Steinsson (2015).

*We can readily extend the results to the case in which the interest rate is lowered for t € {T, ..., T + A}, for some finite A. We
let A = 0 only to simplify the exposition.

3Throughout/ we abstract from the commitment problems discussed in, inter alia, Bassetto (2015) and Woodford (2012). Nev-
ertheless, the friction we accommodate could also reflect lack of common knowledge about policy maker’s commitment.



What are these GE mechanisms? The most crucial one is the feedback loop between aggregate demand
and inflation. Reducing the nominal interest rate at t = T causes inflation at t = 7. Because the nominal
interest rate is pegged prior to 7', this translates to a low real interest rate between T'—1 and T'. This stimulates
demand at 7' — 1, contributing to even higher inflation at T'— 1, which in turn feeds to even higher demand
at T'— 2, and so on. Clearly, the cumulative effect at ¢ = 0 increases with T', which explains why the power
of forward guidance also increases with T.

The aforementioned feedback loop is the flip-side of the “deflationary spiral” that helps the NK model
generate a sizable recession during a liquidity trap: the initial trigger is different, and the sign is reversed,
but the GE mechanism is the same. In the standard model, this mechanism is captured by the interaction
of the Euler condition with the New-Keynesian Philips Curve (NKPC).* But there are two additional GE
mechanisms, buried underneath these equations. The one has to do with the feedback from future inflation
to current inflation: for given real marginal costs, the individual firm is more willing to raise its nominal price
today if she expects other firms to do the same in the future. The other is a modern, and dynamic, variant
of what was known as the “income multiplier” in the I1S-LM model: when the individual consumer expects
other consumers to spend more in the future, she is encouraged to spend more herself today, because her
own income increases with aggregate consumption.

Our main result is that lack of common knowledge attenuates all the aforementioned GE effects by
anchoring expectations of income and inflation. An integral step to this result is the development of a
game-theoretic representation of the NK model, which helps unearth the role of higher-order beliefs.

Once we depart from the common-knowledge benchmark, the demand block of the NK model (the
Euler condition) becomes a dynamic beauty contest among the consumers, whereas its supply block (the
NKPC) becomes a dynamic beauty contest among the firms.”> Each beauty contest alone captures the GE
interaction—equivalently, the strategic complementarity—that operates within the corresponding block of
the model. That is, the one beauty contest captures the strategic complementarity in the spending decisions
of the consumers, while the other captures the strategic complementarity in the pricing decisions of the
firms. The feedback loop between aggregate spending and inflation can then be recast as a higher-layer
beauty contest that is played between the two groups of agents.

Under these lenses, it becomes abundantly clear how the predictions of the theory depend, not only on
the assumed micro-foundations,® but also—and indeed quite crucially—on an additional sets of assumptions
that help pin down higher-order beliefs (beliefs about the beliefs of others).

Some of these assumptions are embedded in the solution concept: similar to Perfect Bayesian Equilib-

rium (PBE), Rational-Expectations Equilibrium (REE) imposes common knowledge of rationality as well as

*For the NK version of the liquidity trap and the operation of the aforementioned mechanism under common knowledge, see,
inter alia, Krugman (1998), Eggertsson and Woodford (2003), and Werning (2012).

5Like Morris and Shin (2002), Angeletos and Pavan (2007), Bergemann and Morris (2013), and others, by “beauty contests” we
refer to a class of linear-quadratic games that feature strategic complementarity and incomplete information.

®Throughout, we use the term “micro-foundations” to refer to the specification of preferences, technologies, idiosyncratic risks
(if any), financial frictions (if any), and anything else that affects the agents’ constraints and incentives—or, equivalently, their best
responses. This leaves out the solution concept and, relatedly, the specification of beliefs about the actions of others.



common knowledge of the strategies played by all agents. The rest come in the form of a strong informa-
tional assumption: all agents are assumed to share the same information at all times, and this property is
itself assumed to be common knowledge. In general, this set of assumptions imposes that the agents are
able to perfectly coordinate the adjustment of their beliefs and of their actions to any exogenous change in
the environment. In our context, it boils down to maximizing the capacity of the policy maker to control the
agents” expectations of inflation and income, in a sense that we make precise in due course.

In our view, the puzzle is squarely about this kind of control. Unlike other recent work the topic, we
do not alter the model’s micro-foundations. Instead, we loosen the policy maker’s grip on the expectations
that consumers and firms form about future income and future inflation.

We achieve this by relaxing the informational assumptions of the NK model, while maintaining the stan-
dard solution concept. In this regard, we build on a growing literature that uses incomplete information as a
modeling device for accommodating a realistic friction in the formation and the coordination of equilibrium
beliefs; see, e.g., Morris and Shin (1998, 2002), Woodford (2003a), Angeletos and La’O (2013), Bergemann
and Morris (2013). In line with Angeletos and Lian (2016a,b), however, this friction can also be viewed as
a substitute to relaxing the rational-expectations solution concept.

Once we depart from the common-knowledge benchmark, higher-order beliefs move less so than lower-
order beliefs in response to news about future monetary policy. This means that expectations of inflation
and income can be anchored even if expectations of interest rates are not. By the same token, all the
aforementioned GE effects are attenuated—and so does the power of forward guidance. What is more,
because longer horizons raise the relative importance of beliefs of higher order, the anchoring of expectations
is stronger, and the attenuation effect is bigger, when forward guidance operates further into the future.

We develop the key ideas under fairly general specifications of the information structure, allowing, inter
alia, for endogenous learning through market signals.” This helps clarify the robustness of our insights, but
risks obscuring the take-home message. We thus also illustrate the crux of our ideas with a particularly
stark information structure, which kills learning and parameterizes the degree of common knowledge and
the policy maker’s control over expectations of income and inflation by a scalar A € (0,1]. When A =1,
common knowledge obtains and the standard model is nested. As soon as A < 1, common knowledge is
removed. The lower X is, the larger the departure from common knowledge.

Under this specification, we can measure the power of forward guidance by the absolute value of the
elasticity of aggregate output at t = 0 (“now”) with respect to the period-0 market expectation of the interest
rate that will obtain at t = T (“right after the liquidity trap has ended”). Let ¢ = ¢(\,T) denote the value
of this elasticity as a function of the degree of common knowledge and of the horizon. The standard model
corresponds to ¢* = ¢(1,T); the puzzle relates to the property that ¢* increases with T" and explodes as
T — oco. We show that, for any A < 1, ¢ is strictly lower than ¢*, and the more so the lower A is; that is,

the power of forward guidance is attenuated. We further show that the attenuation effect gets stronger as

7In general, such signals can play an important role in the level and the dynamics of higher-order uncertainty. See, e.g., Amador
and Weill (2010), Angeletos and La’O (2013), Benhabib, Wang, and Wen (2015), Charhour and Gabbalo (2016), Hellwig and
Venkateswaran (2009), Huo and Takayama (2015), and Veldkamp (2011). They are, however, inessential for our own purposes.



forward guidance operates further into the future: for any A < 1, the ratio ¢/¢* decreases with 7" and, in
fact, vanishes as ' — oco. As noted earlier on, this is because longer horizons raise the relative importance
of higher-order beliefs, which translates to stronger anchoring of the expectations of inflation and income.

We complement these findings with a result that relates to the “paradox of flexibility.” This paradox
refers to the prediction that greater price flexibility amplifies the recession that takes place during a liquidity
trap—or, more generally, when interest rates are pegged—Dby intensifying the deflationary pressures in the
economy.® The flip-side of this prediction is that forward guidance becomes more potent when there is less
nominal rigidity. Our own result is that the aforementioned attenuation effect is itself stronger when prices
are more flexible. This is because the same GE mechanisms that underlie the forward-guidance puzzle also
underlie the paradox of flexibility. By anchoring expectations of inflation and income, lack of common
knowledge helps contain both “anomalies”.

We conclude the paper with an “as if” result that helps recast the lack of common knowledge as a certain
kind of distortion in the Euler condition and the NKPC of the otherwise-standard, representative-agent, NK
model. This illustrates that the assumed friction can be re-interpreted as a relaxation of solution concept,
echoing the observations made in Angeletos and Lian (2016a,b) and complementing the results of Garcia-
Schmidt and Woodford (2015) and Farhi and Werning (2016). It also builds an intriguing connection to
recent work on “discounted Euler conditions”, which we discuss in the sequel.

Related literature. Our analysis builds heavily on the macroeconomic literature on incomplete informa-
tion and beauty contests; see, e.g., Morris and Shin (2002), Woodford (2003a), Angeletos and Pavan (2007),
Nimark (2008), Angeletos and La’O (2009, 2013), Lorenzoni (2009), and Bergemann and Morris (2013).”
Our marginal contribution rests on three components. First, on the representation of the two blocks of the
NK model as beauty contests, which is novel to the literature. Second, on the particular dynamic nature of
these games, which requires the development of new formal arguments. And third, on the specific lessons
we deliver for the application of interest.

As noted above, we offer an “as if” result that maps our economy to a representative-agent model with a
discounted Euler condition and a similarly distorted NKPC. This resembles results from McKay, Nakamura
and Steinsson (2016), Werning (2015) and Gabaix (2016). In contrast to these papers, however, the distor-
tion of the equilibrium conditions at the aggregate level does not originate from a distortion of the optimality
conditions at the individual level (or, equivalently, of the structure of best responses). This is because our
paper holds constant the micro-foundations and, instead, uses lack of common knowledge to anchor equi-
librium expectations and to attenuate the given GE interactions. The assumed friction is therefore distinct,
not only conceptually, but also empirically. Furthermore, it appears to be consistent with the evidence on
inflation expectations documented in Coibion and Gorodnichenko (2012, 201 5).10

The idea that lack of common knowledge attenuates GE effects is not limited to the context of this pa-

8See, inter alia, Krugman and Eggertsson (2012), Werning (2012), and Kocherlakota (2016).

See Angeletos and Lian (2016b) for a survey and additional references.

9By recasting the NK model as a beauty contest and introducing a friction in the formation of the beliefs of the actions of others,
we also connect to the experimental literature on beauty contests (e.g., Nagel, 1995, Duffy and Nagel, 1997), which has also
emphasized the relevance of departing from the common-knowledge, fully-rational, benchmark.

4



per. In Angeletos and Lian (2016a), we have formalized this idea within a more abstract framework by
establishing two closely related results: an observational equivalence between the introduction of incom-
plete information and certain relaxations of the solution concept, including Tatonnement and the reflective-
equilibrium concept of Garcia-Schmidt and Woodford (2015); and a result that bridges the gap between
micro and macro elasticities. The present paper can be seen as an application of this broader idea. In
addition to the specific lessons we deliver for the context of interest, a novelty in the present paper is the
emphasis given to forward-looking expectations. "

The two works that are closest to the application we study in this paper—and that have been indepen-
dently developed—are Farhi and Werning (2016) and Wiederholt (2016). Farhi and Werning (2016) share
our objective of attenuating the feedback loop between individual and aggregate spending, but attain the
desired effect by replacing the standard equilibrium concept with level-k reasoning, as opposed to introduc-
ing incomplete information. They also abstract from the feedback loop between aggregate spending and
inflation. Wiederholt (2016), on the other hand, shares our insight that informational frictions help attenuate
the second mechanism, but abstracts from the first mechanism. Finally, neither of these works contains our
specific findings about the effects of the horizon and about the paradox of flexibility.!?

The feedback from aggregate to individual consumption plays a prominent role also in Werning (2015)
and Angeletos and Lian (2016c¢), although in manners that are orthogonal to the contribution of the present
paper. Werning (2015) uses this feedback within the context of the NK model to explain why liquidity
constraints may increase the GE response of aggregate consumption to interest rates, in contrast to the case
made by McKay, Nakamura and Steinsson (2015, 2016). In a similar vein, Gali et al. (2007) and Farhi
and Werning (2012) use the same mechanism to increase the GE effects of fiscal stimuli in the presence
of liquidity-constrained, or “hand-to-mouth”, consumers. Angeletos and Lian (2016c), on the other hand,
combine this feedback with rational confusion to augment an otherwise standard RBC model with effects
that resemble the Keynesian multiplier.

Layout. The remainder of the paper is organized as follows. Section 2 introduces our framework. Section
3 reviews the standard version of the forward-guidance puzzle. Section 4 removes common knowledge,
develops our beauty-contest representation, and reveals the role of higher-order beliefs. Section 5 uses
a stark example to illustrate how the assumed friction anchors expectations of income and inflation and
attenuates the GE effects of forward guidance. Sections 6 and 7 elaborate on the robustness of our insights
and on the property that the attenuation effect increases with longer horizons. Section 8 touches on the
paradox of flexibility; it also provides our “as if” result regarding the discounted Euler condition and the

discounted NKPC. Section 9 concludes. The Appendix contains the proofs.

MRelated in this respect are also Allen, Morris and Shin (2006), Bachetta and Wincoop (2006), and Morris and Shin (2006),
who emphasize how incomplete information induces inertia in the response of forward-looking expectations to innovations in
fundamentals in asset-pricing models.

'?Somewhat related are also the works of Andrade et al. (2015), who study how agents with different prior information can give
different interpretations to the same forward-guidance announcement; Gaballo (2016), who studies the social value of news about
future policy; and Kiley (2016), who argues that some of the paradoxical predictions of the NK model are not shared by variant
models that attribute the nominal rigidity to informational frictions.



2  Framework

In this section, we set up our framework. This is the same as the textbook NK model (Woodford, 2003b;
Gali, 2008), except that we remain more flexible about the formation of expectations.
Consumers. There is a measure-one continuum of ex-ante identical, infinitely-lived, households, or

consumers, in the economy, indexed by i € [0, 1]. The preferences of consumer i are given by

+o00
Uy =" 8" (logeis — thenlfe). (1)
t=0
where ¢; ; and n;; denotes her consumption and labor supply at period ¢, 8 = ﬁ € (0,1) is the discount
factor, p > 0 is the discount rate, and € > 0 is the inverse of the Frisch elasticity.'> The budget constraint in
period ¢ is given, in real terms, by the following:

_ 14+Ry
Cip + Qi1 = T, Qi+ Wignig + €. 2)

where a; ; denotes the consumer’s saving from the previous period, R;_; is the nominal interest rate between

t—landt, m = P —1is the corresponding inflation rate, p; is the aggregate price level at ¢, and w;; and
ei+ are the real wage and the real dividends received by the consumer.
Firms. The final good is produced by a competitive sector, using a continuum of intermediate-good

varieties, indexed by j € [0, 1], and a constant returns to scale CES technology with elasticity o. Aggregate

yt—</01(y§)tldj>;1, (3)

where y; ; is the intermediate-good input from variety j. Each variety j is in turn produced by a monopolistic

output is therefore given by

firm (also indexed by j), using labor under a linear technology:
w =1, 4)

where  is the labor input of monopolist j.

We introduce nominal rigidity in the usual, Calvo-like, fashion: in each period, a randomly selected
fraction 6 € (0, 1] of the firms must keep their prices unchanged, while the rest can reset them. In addition,
we assume that each resetting firm faces a firm-specific markup shock, which we denote by 1. The latter
is i.i.d. over time but correlated across j. The aggregate markup shock is denoted by ;. Its modeling role is
to limit the information that agents can extract from observed inflation.' Finally, we let each firm pay out
all the profits it earns in each period, €/, as dividends to the consumers.

Idiosyncratic Shocks. To limit the aggregation of information through market signals, we introduce

3To economize on notation, we have set the elasticity of intertemporal substitution to one.
"t is possible to extend the model so as to micro-found the markup shocks in terms of preference shocks that shift the elasticity
of the demand faced by each monopolist; see Angeletos, La’O and lovino (2016) for an example.



idiosyncratic shocks to wages and dividends. The real wage paid by firm j at t is w) = wyul, where w; is
the average wage in the economy and u/ is i.i.d. across j and t. The real wage received by consumer i at ¢
is w;r = wi&it, Where &; 1 is i.i.d across 7 and t. Finally, the dividend received by consumer i is e; + = e;(; 4,
where e; denotes aggregate profits and ; ; is i.i.d across i and ¢.13

Log-linearization. To keep the analysis tractable, we work with the log-linearized conditions of the
model. We let a tilde over a variable denote the log-deviation of this variable from its unconditional mean;
this is with the exemption of the nominal interest rate, in which case we let R, = R, — p. We also let the
means of the (logs of the) idiosyncratic shocks be zero.

Equilibrium, Information, and Common Knowledge. With the exception of Proposition 2, which de-
velops the more general beauty-contest representation of the NK model, we employ the standard solution
concept, namely rational-expectations equilibrium (REE). We nevertheless depart from standard practice by
relaxing the information structure. Let Z;; and ij’t denote the information set of, respectively, consumer ¢
and firm j in period t. Next, let Z; = (U;Z; ;) U (UjIj].it) denote the union of the information sets of all agents.
The standard model assumes complete information, or common knowledge, in the sense thatZ; ; = Ij]-jt =7
for all 4, j, ¢ and all states of Nature. We will instead allow for incomplete information, or lack of common
knowledge, in the sense that the aforementioned equalities cease to hold (in a non-trivial manner, which
will be made precise in due course).

Auxiliary assumptions. To sharpen the exposition, we assume the following: at every ¢, the current values
of Ry and of (p{)je[o,l] are commonly known (and therefore so is the current price level); each consumer
i has knowledge of the current values of (w;,e;+); and each monopolist j has knowledge of the current
values of (w?, zi). These assumptions could be relaxed without affecting the essence of our results. They
are nevertheless useful, not only because they simplify the exposition, but also because they help clarify
that that our results do not require that the agents be inattentive to, or unaware of, their current economic
condition. Instead, it suffices that they are uncertain about the future. We finally assume that the shocks to
markups, wages, and endowments are unpredictable on the basis of past information.

Monetary Policy. With the exemption, once again, of Proposition 2, we assume the following.

Assumption 1 (Monetary Policy) There exists a known T' > 2 such that: (i) Atany t < T —1, the interest rate
is pegged at Ry = R, where R > 0 is known. (ii) At any t > T + 1, monetary policy replicates flexible-price

outcomes. (iii) The common prior about Ryt is a Normal distribution with mean p and variance 012% > 0.

This assumption restricts monetary policy at all dates other than T', thus letting us identify forward guid-

ance with expectations of Rp. Part (i) is automatically satisfied in a liquidity-trap context: a binding ZLB

>The aforementioned shocks can be justified in a similar manner as in Lucas (1972) and Lorenzoni (2009). Suppose that each
household contains one worker and let 7; ; be a shock to her labor disutility. Suppose further that, at each ¢, the economy is split in
a large set of decentralized labor markets (“islands”). Workers and firms are randomly allocated in these markets, in such a manner
that the these markets differ from one another only in terms of the average preference shock: the “average” worker in market m
has taste shock equal to 7", where 7;" washes out once we aggregate across all markets but is non-zero within the typical market.
Then, it is possible to show the equilibrium wage in market m is given by w, 7", which in turn pins down the wage shock of any
given firm or any given consumer by the shock 77;" of the market to which this agent have been allocated. One way or another, the
sole modeling role of these shocks is to limit the extraction of information through market signals.



constraint is nested by letting R = 0. Because we focus on the log-linearized version of the model, however,
it makes no difference whether R is 0 or an arbitrary peg. To simplify the expression, we set R = p.'® Part
(ii), on the other hand, is mostly for convenience: the results extend if we assume that monetary policy starts
replicating flexible-price allocations at any known date 7" > T + 1. By restricting 7" = T + 1, we simply
identify forward guidance with the interest rate Ry that the monetary authority is expected to set right after
the ZLB has ceased to bind. Finally, part (iii) allows Rz to be uncertain, so that we can accommodate
variation in expectations of it.

How can the policy maker influence expectations of Rp? We bypass this question and, instead, focus
on understanding the extent to which the policy maker can influence expectations of income and inflation,
taking as given the extent to which she can shift expectations of policy. To be concrete, however, it is useful
to think of the policy maker as making an announcement at ¢ = 0 that is informative about the likely value
of Rr. We can then obtain the crux of our results by varying the degree of common knowledge about this
announcement. This anticipates the exercise we conduct in Section 5. Before doing this, however, we

review the forward-guidance puzzle in the context of the standard NK model.

3 The Standard Model and the Puzzle

The standard version of the NK model is nested in our framework by imposing the following assumption.

Assumption 2 (Complete Information) A/l consumers and all firms share the same information at all dates

and all states of Nature: T;; = I}it =T for all i, j,t and all states of Nature.

This assumption allows the agents to be uncertain about future monetary policy and future economic
outcomes. In combination with the REE concept, however, it rules out all kinds of higher-order uncertainty:
all agents always share the same expectations, not only of future interest rates, but also of future income and
future inflation, plus this fact is itself common knowledge. It is this kind of “perfection” in the coordination
of beliefs that we find unrealistic and that we seek to relax in the sequel. For the time being, however, we

can use this property to reach the following.!”

Lemma 1 Under Assumption 2, equilibrium output and inflation solve the following system:
it = Bt [fre1] — Re + Ey [mya] (5)

e = BEy [Te1] + KO + Kk, (6)

where k = w

> 0 and where E; denotes the rational expectation conditional on ;.

'®We can readily introduce a discount-rate shock that forces the ZLB to bind for all t < T and accordingly let R = 0. All the
results then continue to hold, subject to re-interpreting g and 7, for all ¢ < T, as the gaps from the liquidity-trap path rather than
from the steady state.

"To economize notation, we henceforth rescale the markup shock by (1 + €).



Condition (5) is the standard Euler condition. Condition (6) is the standard New-Keynesian Philips curve.
Itis well known how to derive these conditions in the representative-agent version of the NK model. Lemma
1 establishes that, as long as information is complete, the same conditions characterize the log-linearized
equilibrium of our model despite the presence of idiosyncratic risk.'8

To study the predictions of the model for forward guidance, we bring in Assumption 1. From part (ii) of
this assumption, Er[gry1| = Er[fr4+1] = 0. From part (i), R, =0forall t <T. Using these facts, iterating

19

(5) and (6) backwards from ¢t = T" to ¢ = 0, and using the Law of lterated Expectations,'” we can obtain the

following characterization of equilibrium spending at ¢t = 0.

Lemma 2 There exists a function ¢* : N — R such that, under Assumptions 1 and 2, equilibrium spending
att =0 is given by
jo = —¢" (T) - Eo[Rr].

This result permits us to identify the “power of forward guidance” by the scalar ¢*(7'): this scalar mea-
sures how much the policy maker can stimulate economic activity at ¢ = 0 by shifting expectations of the
interest rate at t = T. As noted earlier, we can think of the policy maker influencing Ey[Rr] through a policy
announcement. By defining the power of forward guidance in terms of the elasticity of gy with respect to
Eo[R7], as opposed to its elasticity with respect to the announcement itself, we sidestep the question of how
credible or noisy that announcement might be. While this is an important question on its own right, it is not
the question of interest for us. Instead, the question of interest is how much influence the policy maker has
on economic activity conditional on her influence on expectations of interest rates. In the standard model,
the answer to this question is given by ¢*.2°

With this in mind, we can now formulate the “forward-guidance puzzle” as follows.

Proposition 1 (Benchmark) The scalar ¢*(T'), which measures the power of forward guidance under com-
mon knowledge, satisfies the following:

(i) If K = 0 (equivalently, 6 = 1), then ¢*(T) = 1 for all T.

(i) If & > 0 (equivalently, 0 < 1), then ¢*(T) is strictly higher than 1 for all T, is strictly increasing in T,

and explodes to infinity as T — oc.

8This clarifies, first, that the sole modeling role of this risk is to limit the revelation of information and, second, that the benchmark
of comparison is indeed the textbook, representative-agent, model, with its familiar equations.

"9 At the individual level, this law applies always. At the aggregate level, it applies only under complete information.

2070 shed further light on the meaning of ¢*, drop Assumption 1 and consider, instead, the following exercise. Starting from an
arbitrary equilibrium path, consider a variation in monetary policy that changes expectations of interest rates at t < 7', but not after
T, for an arbitrary T' > 1. Then, forall ¢t < T,

T—t

A == ¢" (1) AE[Riy],

7=0

where AE;[R; -] is the aforementioned change in expectations of interest rates, A¢, is the resulting change in equilibrium spending,
and ¢* is the same function as the one in Lemma 1. Therefore, even if we move outside the liquidity-trap context, we can still
interpret ¢* (1) as the partial elasticity of equilibrium spending with respect to the expected interest rate 7 periods ahead, where
“partial” means holding expectations of other interest rates constant.



Part (i) considers the pedagogically useful case in which prices are infinitely sticky (i.e., 8 = 1), so that
inflation is completely unresponsive to aggregate demand (i.e., k = 0). In this case, the power of forward
guidance is the same regardless of the horizon at which it operates. Part (ii) considers the more relevant case
in which inflation is responsive (i.e., x > 0). In this case, the power of forward guidance increases without
bound as the time of action is pushed further and further into the future.

To understand part (i), it suffices to inspect the Euler condition alone. When prices are totally sticky

(0 = 1), inflation is fixed at zero. lterating the Euler condition between ¢t = 0 and t = T" gives

T

yo=—Ro—Y_ Eo[Ri] + Eoljrs1].
=1

This reveals an important property: if we fix expectations of inflation, the marginal effect of expected future

t.21 Part (i) is a direct

interest-rate movements is the same, regardless of how far in the future we look a
implication of this property along with the fact that Assumption 1 pegs the interest rate before 7" and kills
the output gap at 7' + 1.

Part (ii) rests on the interaction of the Euler equation and the NKPC, that is, on the feedback loop between
aggregate spending and inflation. Reducing the interest rate at ¢ = T" causes inflation at ¢ = T". Because the
nominal interest rate is pegged prior to T\ this translates to a low real interest rate between 7' — 1 and T
This stimulates demand at 7" — 1, contributing to even higher inflation at 7' — 1, which in turn feeds to even
higher demand at 7' — 2, and so on. Clearly, the cumulative effect at t = 0 increases with 7', which explains
why the power of forward guidance also increases with 7.

We henceforth refer to this dynamic feedback loop as the “inflationary spiral” caused by the promise of
lax monetary policy in the future. As the term suggests, this is the flip-side of the “deflationary spiral” that
helps the model generate a large recession out of a small exogenous drop in aggregate demand (such as
an exogenous discount factor shock). The trigger is different, and the sign is reversed, but the mechanism
is the same. By the same token, the insights we develop in the sequel regarding the attenuation of this
mechanism apply, not only to forward guidance, but also to any aggregate demand shock whose magnitude
or persistence is not common knowledge.

In the standard model, the aforementioned spiral causes the power of forward guidance to increase
without bound as T" increases—which is what part (ii) of Proposition 1 states. The “forward-guidance puzzle”
pertains to this theoretical prediction and to its quantitative counterparts: plausible calibrations of the model
deliver a quantitatively large ¢*(T') even if T is relatively small.??

This completes our review of the standard NK model. In the sequel, we show how relaxing the common-
knowledge requirements of the model reduces the ferocity of the inflationary spiral and, in so doing, helps

diminish the puzzle. But this is only one part of the story. Even if we shut down this spiral by brute force

21This marginal effect is 1 here because we have fixed the elasticity of intertemporal substitution to 1. Allowing the latter to be
o # 1 is completely inconsequential for our purposes: it merely scales ¢*(T") by o for all T'.

22See, inter alia, Carlstrom, Fuerst, and Paustian (2012), Del Negro, Giannoni, and Patterson (2012), and McKay, Nakamura and
Steinsson (2015).
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(i.e., by setting k = 0 and forcing inflation to be unresponsive), we still get an attenuation effect relative
to the standard model: part (i) of Proposition 1 ceases to hold. As we explain, this is because there is
another important GE mechanism at work, which is hidden underneath the Euler condition and which is
also attenuated once information is incomplete; this mechanism is the modern reincarnation of what was

known as the “income multiplier” in the IS-LM model.

4 Deconstructing the NK Model into Two Beauty Contests

In this section, we develop a game-theoretic representation of the NK model, which clarifies the relevant
general-equilibrium interactions and unearths the role of higher-order beliefs. To this goal, we momentarily
drop, not only the assumption of complete information, but also the REE solution concept. This permits
us to characterize the optimal behavior of the consumers and the firms as functions of their subjective
expectations of future income and inflation or, equivalently, of the future actions of other agents. Once this
is accomplished, it becomes evident how the predictions of the standard model hinge on presuming a certain
“perfection” in the adjustment of this kind of expectations to any exogenous change in the environment—
and, conversely, how the friction we accommodate in this paper rationalizes a smaller adjustment in this

kind of expectations, thereby attenuating the GE effects of forward guidance.

Expectations and Beauty Contests

We start by characterizing the optimal behavior of the consumers and of the firms, while allowing them to
hold arbitrary subjective beliefs of future income and future inflation. This leads to our first key result: we
represent the NK model as a pair of beauty contests, one for the demand block and another for the supply
block of the model. This result is instrumental for the subsequent analysis, but it is also interesting on its
own right: its applicability extends well beyond the context of forward guidance.

Consumers. Consider an arbitrary consumer . As usual, the following intertemporal budget constraint

holds in all periods and all states of Nature:?

“+o00
—1 -1
k 1+Reyj1 _ (1+Ri 1+Rey 1
E {szl (W Cipk ( =\ Tom ) @it T g H Trmee; (Wit kMt + itk
k=0

(7)

Taking the log-linear approximation of the above around the steady state,>* we get the following:

+oo
Z B¥Ei 1k = (115; 1) ait + Z B (Wi gy + Tripr) + (1 — Q) Epn} s (8)

k=0

23For now, one should think of the state of Nature as a realization the exogenous payoff relevant shocks along with the entire
cross-sectional distribution of subjective beliefs in the population. Once we impose the REE concept, the latter can be replaced
with the cross-sectional distribution of the exogenous signals (information) received by the agents.
24 . _ . ~ — a5t * 5 .
In a symmetric steady state, a;x = 0. For this reason, we let a;; = —=*, where c* is steady-state consumption.
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where 2 is the ratio of labor income to total income in steady state. The consumer’s optimality conditions,

on the other hand, can be expressed as follows:

_ 1, _
Mip = = (Wit — Cit), 9)

it = FEiyt |Girr1 — Re + e, (10)

where E; ; is the expectation of consumer ¢ in period ¢. The first condition describes optimal labor supply;
the second is the individual-level Euler condition, which describes optimal consumption and saving.

At this point, it is worth emphasizing that our analysis preserves the standard Euler condition at the
individual level. This contrasts with McKay, Nakamura and Steinsson (2015, 2016) and Werning (2015),
where liquidity constraints cause this condition to be violated for some agents, as well as with Gabaix
(2016), where a cognitive friction causes this condition to be violated for every agent. We revisit this point
in Section 8, when we show that our analysis rationalizes a discounted Euler condition at the aggregate
level, in spite of the preservation of the standard condition at the individual level.

Combining conditions (8), (9) and (10), we obtain the optimal expenditure of consumer i in period ¢ as

a function of the current and the expected future values of wages, dividends, and real interest rates:

—+00
G = U () i = D0 8" (Bt |Revkr — 7 ) (11)
f—1
+o0
+(1-8) [(E:;_lg)zgwi,t + 6(61;8) éi,t:| + (1 - 5) Z B*E; {(E:S%Qwi,wk + e(;r;Qméi,tJrk ,
=1

This condition is merely a variant of the consumption function obtained in textbook treatments of the Per-
manent Income Hypothesis.?> Two properties are worth noting. First, all future variables—whether wages,
dividends or real interest rates—are discounted, and the more so the further into the future these variables
live. Second, consumption depends on the present value of income, which itself ultimately depends on the
spending decisions of other consumers. These properties anticipate two important points, which we revisit
later on: that the partial-equilibrium effect of forward guidance diminishes with the horizon at which interest
rates are changed; and that the dependance of individual consumption on the expected future consumption
of others represents a dynamic strategic complementarity that is the modern reincarnation what was know
as the “income multiplier” in the 1S-LM framework.

For the time being, if we aggregate condition (11) across 7 and use the facts that assets average to zero and

that future idiosyncratic shocks are unpredictable, we can obtain the following characterization of aggregate

»3To see this more clearly, suppose that initial assets are zero; suppose further that the real interest rate is expected to equal
the subjective discount rate at all periods, so that consumption smoothing applies; and finally let labor supply be fixed (e —
00). Condition (11) then reduces to &,; = (1 — ) [Qi,e + (1 — Q) &i¢] + (1 — B) 725 B Eie (i e4k + (1 — Q) &,v4%] , which
means that optimal consumption equals “permanent income” (the annuity value of current and future income). Relative to this
benchmark, condition (11) adjusts for three factors: for the endogeneity of labor supply, which explains the different weights on
wages and dividends; for initial assets, which explains the first term in condition (11); and for the potential gap between the real
interest rate and the subjective discount rate, which explains the second term.
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spending in period ¢:

+oo
- Z B E, [Rtﬂcfl — 7Tt+k} +(1-5) [(6;1829@ + E(EIH?) Nt} (12)
k=1
ZﬁkE { e+1 6(61—‘:8) ét+k]

where E; [-] henceforth denotes the average expectation of the consumers in period t.
Firms. Consider a firm j that gets the chance to reset its price during period ¢. The optimal reset price,

denoted by p/*, is given by the following:2°
~]* - - ~J
(1 59) {(wt —l—pt +Z ﬂ(g [ Wy, +pt+k}} +(1+6) (1 ﬂ@) JIe (13)

where E]ft denotes the firm’s expectations in period ¢ and i/ is the corresponding markup shock. Because

the past price level is known, we can rewrite the above as follows:

ﬁ{*—ﬁt—l = (1_60){7Tt+wt +Z 59 wt+k +Z ﬂe 7Tt+k]} +(1+¢)(1-50)4

k=1 k=1

Aggregating, and using the fact that m; = (1 — 0) (p; — pi—1), where pj = fﬁ{*dj, we obtain the following

characterization of inflation in period t:

—+00
= (1—6’)(91—59) 1-/50) Z B0V B [iy41] + + 50 Z (B9 E] [me4] + wiue, (14)
ki

where Ef [-] henceforth denotes the average expectation of the firms. The latter may or may not be the same
as the average expectation of the consumers.

Market Clearing, Wages, and Profits. Because the final-good sector is competitive and the technology
satisfies (3) and (4), we have that p; = fﬁ{dj and §; = fgj{dj = ffjdj The latter, together with market

clearing in the labor market, gives g, = 1, = [ 7;di. Market clearing in the market for the final good, on

Yt = Ct E/Ei,tdi.

" "

the other hand, gives

In what follows, we thus use the terms “aggregate income”, “aggregate spending”, and “aggregate con-

sumption” mterchangeably Finally, note that the real profit of monopolist j at period ¢ is given by e/ =
(’;i wt> y! . Log-linearizing and aggregating the latter gives &, = — 2510, + §¢. Combining all these facts
with (9), the optimality condition for labor supply, we arrive at the following characterization of the aggre-

26To economize notation, we rescale the markup shocks: we replace 7 and fi; with (1 + €)iZ and (1 + €)fie

13



gate wages and the profits:

B=(e+ g and & =[1- 4D g (15)

Beauty Contests. Condition (12), which follows merely from consumer optimality, pins down aggregate
spending as a function of the average subjective beliefs of wages, profits, interest rates, and inflation. If a
consumer knows that markets clear and that other consumers are rational, she can infer that (15) holds, which
means that her subjective beliefs of wages and profits are pinned down by her subjective beliefs of aggregate
spending according to (15). Aggregate spending can then be expressed as a function of the consumers’
average beliefs of interest rates, of inflation, and of aggregate spending itself. Similarly, combining (14) and
(15), we can express aggregate inflation as a function of the firms” average beliefs of aggregate spending and

of inflation itself. We therefore reach the following result.

Proposition 2 (Beauty Contests) Suppose that agents have (first-order) knowledge of the structure of the

economy and of the rationality of other agents. Then, aggregate spending satisties

+o0 I
U = — Z,Bkil {E_t[Rkal] —E [7Tt+k]} +(1-0) {Z B 1E, wtﬂc]} ) (16)
k=1 k=1

where E; denotes the average expectation of the consumers. Inflation, on the other hand, satisfies

+o0 oo
mo=kge+ i > (B0 B [Gesr] + 152> (80)" B [mesu] + ki, (17)
k=1 k=1

where EJ denotes the average expectation of the firms.

This result, which has been obtained without the use of either the equilibrium concept or any particular
information structure, permits us to interpret the NK model as the interaction of two dynamic beauty contests,
one for the “demand block” of the model and another for the “supply block”.?”

Condition (16) defines a dynamic beauty contest among the consumers. In this game, expectations
of inflation shape expectations of real interest rates. Conditional on the latter, the optimal spending of a
consumer increases with current aggregate spending as well as with her expectations of future aggregate
spending, because the spending of other consumers determines her own income. Condition (16) there-
fore isolates the strategic complementarity that operates within the demand block—or, equivalently, the GE

mechanism that we interpret as the “income multiplier”.

?’The dynamic beauty contests we have obtained in Proposition 2 are reminiscent of those found in the literature on incomplete-
information asset-pricing models, such as Singleton (1987), Allen, Morris and Shin (2006), and Bacchetta and Van Wincoop (2006),
as well as those found in Morris and Shin (2006) and Nimark (2011). There is, however, a certain difference. In the aforementioned
papers, outcomes in period ¢ depend merely on expectations of outcomes in period ¢ + 1. In our setting, by contrast, expectations
of all periods after ¢ matter. This explains the additional complexity in the structure of the hierarchy of beliefs that is relevant in our

paper.
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Condition (17) defines a dynamic beauty contest among the firms. In this game, expectations of aggregate
spending shape expectations of real marginal costs. Conditional on these expectations, the optimal reset
price of a firm depends, not only on past inflation, but also on her expectation of future inflation, because
the latter shapes the firm’s nominal marginal costs in the future. Condition (17) therefore isolates the strategic
complementarity that operates within the supply block.

To the best of our knowledge, our interpretation of the demand block of the economy can as a “consump-
tion beauty contest” is novel to the literature. This perspective is instrumental for the subsequent analysis.
Its usefulness, however, extends beyond the scope of this paper: by recasting the income multiplier that is
hidden behind the representative-agent Euler condition as a form of strategic complementarity, we indicate
more generally how lack of common knowledge among the consumers can attenuate the GE effects of all
kinds of policy or other shocks.?8

The “inflation beauty contest” in condition (17), on the other hand, builds a bridge between our work
and that of Woodford (2003a). Similarly to that paper, the fact that higher-order beliefs are anchored helps
rationalize inertia in the response of inflation to changes in aggregate demand. Unlike that paper, however,
the change in aggregate demand is itself the product of the endogenous behavior of the consumers, a property
that adds an extra layer of higher-order beliefs. Furthermore, in contrast to Woodford (2003a), the firms in
our framework face no uncertainty about current marginal costs. Instead, they only face uncertainty about
future marginal costs. This uncertainty matters because the Calvo friction makes the firms’ pricing-setting
behavior to be forward-looking, an property that is absent in Woodford (2003a). By the same token, the
complementarity captured in condition (17) is distinct from the one emphasized in Woodford (2003a): ours
has nothing to do with “real rigidities” and with the slope of real marginal costs to aggregate income; instead,
it is merely the game-theoretic analogue of the forward-looking aspect of the NKPC and is pinned down by
discount rate of the firms and the degree of price stickiness.??

Each of the two beauty contests in Proposition 2 describes the behavior of one group of agents (i.e.,
the consumers or the firms) taking as given this group’s expectations of the other group’s behavior. The
interaction of the two groups is itself a higher-layer beauty contest, one that captures the model’s the feedback
loop between aggregate spending and inflation—or, equivalently, the GE mechanism that we interpret as

the “inflationary/deflationary spiral”.3°

28 A already explained, condition (17) follows from, essentially, the Permanent Income Hypothesis along with the fact that output
equals consumption. The novelty rests on the proposed perspective and its implications, not the mathematical condition itself. The
same perspective is offered, in independent parallel work, by Farhi and Werning (2016). A related beauty contest appears also in
Angeletos and Lian (2016c), within the context of a model that abstracts from nominal rigidity. Finally, Wiederholt (2016) contains a
different beauty-contest representation, one that concerns the feedback loop between inflation and aggregate demand, as opposed
to the strategic complementarity that operates within the demand block itself.

9By letting firms face both incomplete information and a Calvo friction, Nimark (2008) also touches on the role of forward-
looking higher-order beliefs in price-setting behavior, although for different purposes than our paper.

30A simple representation of this higher-layer beauty contest is obtained in Lemma 6 in the sequel, for a version of our model
that focuses on the lack of common knowledge among the consumers. See also Wiederholt (2016) for a related result in a model
that maintains the standard Euler condition by allowing consumers to share the same present-value income (thanks to appropriate
insurance arrangements), even though they do not share the same expectations.
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Higher-Order Beliefs and Equilibrium Expectations

The preceding analysis used the rationality of the agents to obtain aggregate outcomes as functions of sub-
jective expectations of future nominal interest rates, future inflation, and future income. Throughout our
analysis, the expectations of nominal interest rates are treated as exogenous. The expectations of inflation
and income, instead, are crucial endogenous objects. To pin down this kind of expectations, the theorist
must specify the solution concept and the information structure. This is a delicate choice, which the standard
NK model resolves in rather lighthearted manner.

For the rest of the paper, we bring back the REE concept as well as Assumption 1.3! We nevertheless
refrain from imposing Assumption 2, that is, we allow for the possibility that information is incomplete. We
thus show how the standard models imposes a certain restriction on the response of expectations of income
and inflation to forward guidance—and, conversely, how the friction we accommodate in this paper helps
modify this response in an empirically plausible manner.

Whatever the information structure may happen to be, once we have imposed the REE concept, we can
express the relevant expectations of future income and inflation as a function of the higher-order beliefs of
Ry. To see this more clearly, suppose momentarily that prices are infinitely sticky (§ = 1 and, equivalently,
k = 0), which kills inflation and let us concentrate on the demand side.

Since prices cannot change, inflation expectations satisfy E; [r,] = 0 for all (¢, 7). By Assumption 1, on
the other hand, income expectations satisfy E; [§,] = 0 for all (¢,7) such thatt < T < 7, whereas interest-
rate expectations satisfy F;[R,] = 0 for all (t,7) such thatt < 7 < T.. It follows that, for any ¢ < T, condition

(16) reduces to the following:
i = =BT E[Rr] + (1 - B) {Z B E; [§t+k]}
k=1

This is a simplified version of our “consumption beauty contest”, where inflation expectations have dropped
out, leaving the “income multiplier” among the consumers as the only relevant GE mechanism.
Now, pick any (¢, 7) such that 7 < ¢ < T and take the period-7 average expectation of both sides of the

above condition to obtain the following representation of E.[f] :
B[] = —B"'E;Ey[Ry] + (1 - B) {Z BYE B, [§t+k]} :
k=1

This gives the consumers’ first-order beliefs (i.e., the expectations) of future income as a function of their
second-order beliefs of interest rates and income. Next, provided that 7 > 1, for any s < 7 we can take
the period-s average expectation of both sides of the above to obtain EsE;[f], the second-order beliefs of

income, as a function of third-order beliefs of interest rates and income. Using this argument iteratively,

31n fact, for our purposes it suffices to employ the weaker solution concept of Rationalizability: once we have imposed Assump-
tion 1, the results we obtain in the rest of this section follow directly from iterating conditions (16) and (17), that is, from assuming
common knowledge of rationality.
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we can ultimately express the consumers expectations’ of income at any given period as a function of their
hierarchy of beliefs of future interest rates (i.e., of k-order beliefs for k = 1,2, 3,...).

It is worth noting that this iterative procedure assumes higher and higher orders of knowledge of the
rationality of others. Furthermore, any such order is implied by common knowledge of rationality, which is
itself imposed by the REE concept. This explains why this procedure helps, not only characterize, but also
dissect the expectations that obtain under the REE concept.

The same basic logic applies if we let k > 0, except for two differences. First, higher-order beliefs pin
down, not only expectations of income, but also expectations of inflation. Second, the relevant higher-
order beliefs get richer, because they involve, not only what consumers think about other consumers, but
also what firms think about other firms, as well as what consumers think about the firms and vice versa. The
consumers’ beliefs about other consumers matter through the income multiplier; the firms’ beliefs about
other firms matter through the pricing complementarity; and the beliefs of the one group for the other matter
through the inflationary spiral.?

We summarize these observations in the following.

Corollary 1 Regardless of the information structure, the equilibrium expectations of future income and fu-

ture inflation are pinned down by the hierarchy of beliefs about Ry

For our purposes, higher-order beliefs of Ry are therefore synonymous to expectations of future income
and inflation and are directly tied to the GE effects of forward guidance. It is then important to recognize
how different informational assumptions map to different restrictions on these objects.

By imposing complete information along with the REE concept, the standard version of the NK imposes
that all kinds of higher-order beliefs collapse to first-order beliefs. Although this makes it impossible to detect
the role of higher-order beliefs, this does not mean that higher-order beliefs don’t matter. It only means that
higher-order beliefs have been “swept under the carpet”.

From this perspective, the added value of Proposition 2 is to “open up” the two fundamental equations
of the NK model and to reveal the higher-order beliefs that operate both within and across the two blocks
of the model. The next step is to show how incomplete information helps anchors all these higher-order
beliefs and, in so doing, also anchors the equilibrium expectations that consumers and firms form about

future economic outcomes. We complete this step in the next sections.

PE vs GE, and Relaxing Rational Expectations

We conclude the present section with few additional points regarding the crucial distinction between GE
and PE effects and the possible interpretation of the friction we introduce in this paper.
Inspecting condition (16) reveals the following basic point: if we were to hold constant expectations of

inflation and aggregate spending, a one-unit reduction in E; Ry would have raised §; by 87~*. This effect

2In principle, expectations depend not on higher-order beliefs, not only of Rz, but also of the markup shocks. By assuming that
markup shocks are unpredictable on the basis of past information, we have pinned down the consumers’ expectations of future
income and inflation in terms of merely their higher-order beliefs of Rr.
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can be interpreted as the PE effect of forward guidance.?? Clearly, this effect is bounded, decreases with
the distance between ¢ and T', and vanishes as this distance goes to infinity. This clarifies that the puzzle
is exclusively about the GE effects of forward guidance. But now note the following: any mechanism that
anchors expectations of future inflation and income also attenuates the relevant GE effects. This facilitates
the following complementary interpretation of what we do in the sequel: by accommodating incomplete
information, we operationalize the notion that GE effects operate in “less-than maximum capacity”.
Another complementary interpretation is the following. As noted before, conditions (16) and (17) are
valid for arbitrary subjective expectations of future income and future income. Imposing the REE concept
along with complete information—which is the standard practice—restricts these expectations in a very
specific manner, ultimately leading to the predictions we reviewed in the previous section. Relative to
this benchmark, relaxing either the REE concept or the assumption of complete information help “free up”
expectations. This explains the sense in which incomplete information can be seen as a substitute for
relaxing rational expectations. That said, it is not the case that “anything goes” once we allow for incomplete
information. Rather, we obtain a structured, or “disciplined”, departure from the standard model. The

precise structure is made clear in the rest of the paper.3*

5 Revisiting the Power of Forward Guidance

In the previous section, we represented the NK model as a pair of beauty contests and used this representation
to recast the equilibrium expectations of income and inflation, and the relevant GE effects, in terms of higher-
order beliefs. To complete our contribution, we need to show how lack of common knowledge anchors this
kind of expectations and, in so doing, also attenuates the GE effects of forward guidance. In this section,
we illustrate this point with the help of a stark specification of the information structure, namely under the

following assumption.

Assumption 3 (i) Monetary policy is specified as in Assumption 1 and the period-0 policy announcement
is given by z ~ N'(Rp,02)

(ii) Each consumer and each firm receives a private signal of z att = 0. This signal is given by x; = z +v;
for consumer i and by a7 = z + v for firm j, where v; ~ N(0,0°) and v/ ~ N(0,0%) are independent of
each other, independent of Ry, and i.i.d. across, respectively, i and j.

(iii) No other information arrives exogenously at any t < T.

(iv) The volatilities of the aggregate markup shock and of all the idiosyncratic shocks are infinite.

3 Going back to condition (11), we see that the elasticity of individual consumption with respect to the individual’s own ex-
pectation of Rr, holding constant her expectations of future income and inflation, as well as her current income, is 87 ~**1. The
difference between this number and the one reported in the main text is due to the fact that (11) has already incorporated the GE
effect on contemporaneous income. This difference, however, is an artifact of the discrete-time specification of the model: as the
length of the time interval shrinks to zero, the effect of contemporaneous income on spending becomes vanishingly small. This
justifies the interpretation given in the main text.

34This discussion echoes the related broader observations we have made in Angeletos and Lian (2016a,b). It also highlights the
complementarity between the approach taken in this paper and the one taken in Farhi and Werning (2016), which capture bounded
rationality with a weaker solution concept, namely, level-k reasoning.
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Part (i) facilitates a concrete interpretation of how forward guidance is conducted: through the announce-
ment z. Accordingly, o2 can be interpreted as (the inverse of) the precision, or the “trustworthiness”, of the
policy announcement.

Part (ii) removes common knowledge of the policy announcement: agents observe z with idiosyncratic
noise. It is possible to micro-found this noise as the product of costly information processing, as in Sims
(2003) or Myatt and Wallace (2012). We have also considered a variant (available upon request) that allows
the agents to become gradually aware of the policy announcement, as in Mankiw and Reis (2002), and
have found that this delivers similar results as the simple case considered here. With this in mind, one may
interpret o as a measure of how “inattentive” consumers are, and similarly ¢/ as the corresponding measure
for the firms. That said, as it will be clear in the sequel, the key is that ¢ > 0 and ¢/ > 0 introduce higher-
order uncertainty about the policy announcement (i.e., uncertainty about the beliefs of others, the beliefs
of the beliefs of others, etc). Accordingly, it is best to interpret o and o/ as measures of the departure from
common knowledge.

Finally, part (iii) shuts down any other exogenous source of information, while part (iv) shuts down
endogenous learning from all kinds of market outcomes. These are stark assumptions, which we relax in
the next section.?> Here, we employ them in order to guarantee a tractable belief hierarchy and to deliver
a sharp illustration of the more general insights of our paper.

Remark. As noted earlier, we abstract from the commitment issues emphasized, inter alia, in Bassetto
(2015) and Andrade et al. (2015). That said, one can interpret the combination of parts (i) and (ii) as higher-
order uncertainty about the commitment of the policy maker: if all agents hear the same announcement but
different agents give it different interpretations, and if these differential interpretations are not themselves
common knowledge, then ultimately we have higher-order uncertainty about Rz. One way or another, the

key to our results is the presence of such higher-order uncertainty.

Higher Order Beliefs

Recall from Section 4 that aggregate spending at any date ¢t < T" depends on expectations of future income
and inflation, which in turn can be expressed as functions of higher-order beliefs. With this in mind, we
now explain how Assumption 3 pins down the relevant higher-order beliefs.

To simplify the exposition, we momentarily shut down the friction among the firms (¢/ = 0) and focus
on the friction among the consumers (o > 0). First, note that the information set of a consumer remains the
same for all t € {0, ..., — 1}. This means, not only that a consumer’s belief of Ry stays constant over time,
but also that her beliefs of the future beliefs of other consumers collapse to her beliefs of the current beliefs
oz

2 . .
= =3 € (0,1) and, since z contains

of other consumers.>® Second, note that E[Ry|z] = 0z, where § = —
R

3That said, part (iv) is not necessarily as unrealistic as it may appear at first glance: first, idiosyncratic shocks are at least an order
of magnitude bigger than aggregate shocks; and second, estimated DSGE models and VAR-based empirical work alike attribute
most of the variation in inflation to markup shocks, or other residuals, which are orthogonal to identified monetary shocks and
contribute very little to the observed variation in aggregate employment and output.

3%1n terms of average beliefs, this means the following: for any variable X (including Rr), we have not only that E; [X] = Ey [X]
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more information about Ry than the information of any individual consumer, Eiyt[RT] = Ei,t[E[Rﬂz]] =
dE; 4 [2] and therefore Et[Z:ZT] = §E; [z]. Finally, note that E;; [2] = Az;, where x; is i’s signal about z and
—2

A= W e (0,1), and therefore E; [z] = Az. It follows that the average first-order belief of Ry is
o~ oztogk
given by

Ei[Ry] = Eo[Rr] = \oz. (18)

Iterating the above then gives the following expression for higher-order beliefs:
Ey [Eﬁ [ETk [RT} H = A5z = M B[Ry (19)

forall k > 1andall {ry,...7x}suchthat 0 <7 < ... <7, <T —1.

For any realization of z, the scalar ¢, which relates to the precision, or the “trustworthiness”, of the policy
announcement, has the same proportional effect on beliefs of all orders. By contrast, the scalar A, which
parameterizes the lack of common knowledge among the consumers, has a differential effect across the
belief hierarchy. In particular, for any A < 1, higher-order beliefs vary less than lower-order beliefs with any
given variation in z. Furthermore, the larger the departure from common knowledge is (i.e., the smaller X is),
the faster higher-order beliefs converge to the common prior, whose mean is zero, as k — oo. Finally, even
when the departure from common knowledge is arbitrarily small, beliefs of sufficiently high order remain
arbitrarily anchored to the common prior: the average k-th order belief of Ry converges to 0 as k — oo
regardless of how close A isto 1.

In a moment we will see how these properties rationalize why the consumers’ expectations of income
and inflation can be anchored and, in so doing, also attenuate the power of forward guidance. For now, we
would like to emphasize that these properties are not unduly sensitive to the stark informational assumptions
we have made. The property that higher-order beliefs are anchored to the common prior is true for generic
information structures®” and is indeed the hallmark of lack of common knowledge.

We finally note that, once we allow for a similar friction on the firm side (¢ > 0), we obtain similar
properties not only about the higher-order beliefs that operate within the group of firms, but also about those
that transcend the two groups. By the former we refer to beliefs of the form Eth‘f this kind of belief satisfy
(19) with £/ in place of E, and M = Uf2+(:§ja%)_l € (0,1) in place of A. By the latter we refer to beliefs
of the form E,EL or ELE, : this kind of belief satisfy a similar condition like (19), except that now A and
A matter jointly.?® Notwithstanding this additional complexity, the essence remains the same: whether we
look at the consumers or the firms, lack of common knowledge anchors higher-order beliefs and therefore

also anchors expectations of income and inflation.

for all t € {0,...,T — 1}, but also that Ey [E-, [...En, [X]...]] = E§™" [X] forall k > 1 and all {r1,...7+} such that 0 < 7 <
.. <1 < T — 1. Itis then as if the agents play a static beauty contest in each period, with an important twist: the degree of
complementarity in this “as if” static game is increasing in 7.

7See Samet (1998) for a formalization of this point.

8For example, E:[EL[E./[Rr]]] = A E[Rr).
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The Power of Forward Guidance

The preceding analysis explained why X and \f measure the departure from common knowledge or, equiv-
alently, the degree to which higher-oder beliefs are anchored.?® The standard model, which we reviewed
in Section 3, is nested by letting A\ = A/ = 1. We now extend the results of that section to the case where A

and/or A are less than one, that is, to the case without common knowledge.

Lemma 3 Under Assumption 3, there exists a function ¢ : (0,1]2> x N — R such that
go=—6 (M, T) - EolRrl,

where A € (0,1] and M € (0, 1] parameterize the information friction of, respectively, the consumers and

the firms.

This lemma generalizes Lemma 2 from the standard model. To see why this lemma is true, recall first
that, regardless of the information structure, Proposition 2 permits us to express that aggregate income—
and inflation as well—as a linear function of higher-order beliefs of Ry. Next, note that, under the assumed
information structure, higher-order beliefs are co-linear to first-order beliefs. It follows that we can express
aggregate income as a linear function of Ey[Rr], with a slope coefficient ¢ that itself depends on the pair
(A, M), on the horizon T, and, of course, on the underlying preference and technologies parameters.*°

Just as Lemma 2 permitted us to study the power of forward guidance in the standard, common-knowledge
benchmark by studying the function ¢*, the new lemma permits us to study the power of forward guidance
away from that benchmark by studying the function ¢. This is done in the next proposition, which extends

Proposition 1 from that benchmark.

Proposition 3 (Attenuation) The scalar ¢ = ¢(\, M, T), which measures that power of forward guidance
under Assumption 3, satisfies the following properties.

(i) When k = 0, ¢ is strictly increasing in X but invariant in \/. Furthermore, whenever \ < 1, ¢ is strictly
less than 1, is strictly decreasing in T, and converges to 0 as T' — oc.

(ii) When instead r > 0, ¢ is strictly increasing in both A\ and M. Furthermore, whenever \ < 1 and/or
M < 1, the ratio ¢/ ¢* is strictly less than 1, is strictly decreasing in T, and converges to 0 as T — oco. Finally,

when X is sufficiently low, ¢ also converges to 0 as T' — oo.

To interpret this result, keep in mind that ¢(1,1,7) = ¢*(T'), where ¢* is the function obtained in
Proposition 1. This simply means that the common-knowledge benchmark is nested with A = \f = 1.
Part (i) sets K = 0 and shuts down the inflation response, thus concentrating on the demand block of

the model. Recall from Proposition 1 that, in this case, the standard model predicts that ¢* = 1, regardless

39By varying o, o, and o at the same time, we can vary X and A’ while keeping Var(Eo[Rr]) constant. It follows that we can
indeed interpret A and A\ as scalars that parameterize how anchored higher-order beliefs are, while holding constant the variation
in first-order beliefs.

“*To simplify the notation, we suppress the dependence of ¢ on the aforementioned parameters. See, however, Section 8 for an
analysis of how ¢ depends on the degree of price flexibility.
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Figure 1: The attenuation effect at different horizons.

of how far in the future forward guidance operates. Here, instead, as long as the consumers lack common
knowledge (A < 1), we have that ¢ < 1, it decreases with the horizon 7', and it vanishes as T gets larger
and larger. In short, the qualitative effect resembles the PE effect of forward guidance. As we explain further
in the next section, this is because lack of common knowledge attenuates the income multiplier (which is
the only relevant GE effect when k = 0).

Part (ii) considers the more general case in which x > 0 and inflation is responsive, so that the demand
and supply blocks interact with each other. In this case, the standard model predicts that ¢* increases
monotonically with T" and explodes to infinity as 7" — oo, due to the feedback loop between aggregate
spending and inflation. Relative to this benchmark, lack of common knowledge reduces, not only the level
of ¢, but also its slope with respect to T That is, not only is the power of forward guidance attenuated, but
also the attenuation is stronger the longer the horizon. What is more, the attenuation effect itself explodes
with T, in the sense that ¢ becomes vanishingly small relative its common-benchmark counterpart. Finally,
if X is small enough, ¢ becomes vanishingly small, not only in relative to ¢*, but also in absolute magnitude.

In the next section, we elaborate on the robustness of these findings and on the channels through which
lack of common knowledge operates. For now, we wish to point out that the result stated in the Introduction
of the paper is a corollary of part (ii) of the above proposition, obtained by restricting A/ = X. By allowing
M = X\, we have clarified that it is not necessary to anchor the expectations of both the consumers and the
firms: anchoring the consumer side is always sufficient by itself, and anchoring the firm side is also sufficient
by itself provided that x > 0. We elaborate on the intuition in the next section. That said, it is also worth
noting that, as long as x > 0, the cross-partial derivative of ¢ with respect to X and A is strictly positive: the
friction on the demand side and the friction on the supply side reinforce the marginal effects of each other.
Finally, although we have documented the attenuation effect only it terms of aggregate spending, a similar

result applies to inflation as well.
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Figure 1 provides a numerical illustration of the aforementioned findings for a plausible parameterization
of the model. We interpret the period as a quarter and set the discount factor, 3, to 0.986, targeting an 2%
annual interest rate in steady state; the Frisch elasticity to 1; and the price revision rate, 1 — 6, to 0.15,
following Christiano, Eichenbaum, and Rebelo (2011) and McKay, Nakamura and Steinsson (2015). We
also set A to 0.75, which we wish to interpret as a relatively modest degree of higher-order uncertainty
among the consumers. Figure 1 plots the attenuation effect, as measured by the ratio ¢/¢*, against the
horizon, T. We consider two values for \/: either A/ = X (red line in the figure), which means that the firms
face the same degree of higher-order uncertainty as the consumers; or \f = 1 (blue line), which shuts down
the friction in the supply-side and isolates the friction in the demand-side. As expected, the attenuation
effect is largest in the first case. In both cases, however, the effect increases (i.e., the ratio ¢/¢* falls) with T’

at a considerable speed.

Expectations of Policy vs Expectations of Income and Inflation

Similar to what we did in the common-knowledge case (Section 3), the preceding analysis has treated the
ability of the policy maker to shift the expectations of Ry as given. As noted before, this is because we wish
to disentangle expectations of income and inflation from expectations of interest rates—a disentangling that
becomes meaningful only once we have departed from common knowledge. In line with this, we now state
the following result, which helps recast the scalars A and A/ as measures of the policy maker’s capacity to

shift expectations of income and inflation.*'

Proposition 4 (Income and Inflation Expectations) Under Assumption 3, there exist vectors (57)L_, and
(67)L_,, which are functions of (\, \), such that, for all t € {1,...,T},

Eo[ﬂt] = —(5% . Eo[RT] and E()[Wt] = —(5? . Eo[RT]

Furthermore, for any t < T, 6] and 6T are strictly increasing in X and, as long as k > 0, they are also strictly

increasing in A7

To interpret this result, note that the vectors (67)Z_; and (67)._; measure the shift in the “term structure”
of expectations of, respectively, future income and future inflation caused by a one-unit shift in expectations
of Ry. In simple words, a larger departure from common knowledge decreases the shift in this kind of
expectations for any given shift in expectations of future monetary policy.

This also formalizes the following notion, which we put forward in the Introduction.

Corollary 2 The standard model “maximizes” the ability of the policy maker to control expectations of
future income and future inflation in the following sense: the standard model is nested by A\ = M = 1,

which maximizes the values of 5} and 87 for every t < T.

“TProposition 4 follows from the same arguments as Proposition 3, yet it offers a new perspective.
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By the same token, one can interpret the exercise conducted in this paper as a method for operationalizing
the notion that the policy maker may face significant difficulty in managing expectations of income and
inflation, even if she can easily move expectations of interest rates.

This pegs the following question: can the policy maker influence the values of A and A/ by the manner
in which she talks and communicates her intensions about future monetary policy? While this question is
beyond the scope of this paper, we wish to highlight the following possibility: it may be that the policy maker
faces a trade off between the precision and the transparency of her communications.*> By “precision” we
have in mind how informative the communicated signals are about future policy; and by “transparency”
we have in mind the degree to which the agents in the economy can reach a common understanding and
a common interpretation of the communicated signals. In the present context, the former maps to the
reciprocal of 2, the latter maps to A and A/. A corollary of our results is then that longer horizons raise the

value of transparency relative to that of precision.

6 GE Attenuation

In the previous section we presented the crux of our ideas under a stark specification of the information
structure. We now examine the robustness of our insights to friction to decrease with time, as the product
of learning via either the endogenous market signals or the arrival of new exogenous information. Most
importantly, we elaborate on the intuition behind our results, including how lack of common knowledge

attenuates the GE mechanisms discussed earlier on.

Information and Higher-Order Beliefs

For the purposes of this section, we replace Assumption 3 with the following.

Assumption 4 (i) Monetary policy is specified as in Assumption 1 and the policy announcement is given by
z ~ N(Rr,a?).

(ii) In each period t < T — 1, each consumer receives a new private signal of the policy announcement
2, given by xy = z + vy, where vy ~ N(0,02) is i.i.d. across i and t and oy > 0. In addition, consumers
learn from market signals available to them, that is, from prices, p; wages, w;; and dividends é;;.

(iii) The firms have complete information: I}it =17, for all j,t and all states of Nature.

Part (i) maintains the dual interpretation of z as the policy instrument through which the policy maker
attempts to shift expectations of future monetary policy, and as the random variable about which agents lack

common knowledge.** Part (ii) allows the lack of common knowledge to ease over time, as the consumers

“2This possibility has been emphasized before by Angeletos and Pavan (2007), Morris and Shin (2007), and Charhour (2014),
although not in the context we study here.

Note, in particular, that E[Rr|Z;] = E[Rr|z] forall t € {1,...,T—1} : if agents had been able to share information, they would,
not only reach common knowledge of z, but also use z as the only signal for predicting Rr. This property limits the complexity of
the hierarchy of beliefs, but is not strictly needed.
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can now accumulate more information about z over time both exogenously and through the observation of
(non-trivial) market signals. Part (iii) shuts down the informational friction on the firm side. Although this
shuts down part of the attenuation effects, it sharpens the exposition by letting us reduce the equilibrium of
the economy to a single beauty contest among the consumers even when we incorporate the response of
inflation (see Lemma 6 in the sequel).

Because of the endogeneity of the information contained in the market signals and also because of the
continuous arrival of exogenous information, the characterization of the hierarchy of beliefs is significantly
more complicated than in the previous section. We can nevertheless make progress by noting the follow-
ing. Let hy = {po,...p+} and note that this is a sufficient statistic of the public information in period ¢. For

convenience, let also h_; = @. The following is true.**

Lemma 4 Under Assumption 4, for allt <T — 1, g is a linear function of (z, h;) and p; is a linear function

of (z, hy—1, fir).

Since hy is publicly known, this lemma implies that, conditional on h;, the observation of w;; and é;; is
equivalent to the observation of two private signals about z; and conditional on h;_1, the observation of p,
is equivalent to the observation of a public signal about z. We conclude that it is as if the consumers play a
dynamic beauty-contest game in which they receive an exogenous sequence of private and public signals
about z. The fact that the precisions of these signals are actually endogenous to the equilibrium does not
matter for the properties we document below.*?

This equivalence helps characterize the belief hierarchy. Forany ¢t < T —1and any k € {1,...,T — t},

we henceforth let Bf collect all the relevant k-order beliefs, as of period ¢ :

BF = {m © 3ty te, o tr), Witht =t <ty < ... <t <T — 1, such that x = Ey, [Ey,|[--- By, [Rr] - - -]]}
For convenience, we also let BY = { Rp}. We can then show the following.
Lemma 5 Under Assumption 4, Var(z) < Var(Ey[Ry)) forall z € BF, k€ {2,...,.T —t},t <T — 2.

Corollary 3 Pick anyt <T —2,any k € {2,...,T —t}, and any x € BYF, and consider the coefficient of the
projection of x on E;[Rr]. This coefficient is strictly less than one under Assumption 4, whereas it is equal

to one under complete information.

*The intuition for Lemma 4 is as follows. At any ¢, the information set of consumer i is given by
Tit = Lit—1 U {@it, Wir, €it, pt } = {Ti0..., Tit, Wio, ... Wit, €i0, -..€i¢ } U hy.

Since an individual’s consumption is measurable in h; and her private signals, aggregate consumption—and hence §; as well—is
measurable in h; and in the cross-sectional averages of the private signals. The cross-sectional average of x;, the exogenous private
signals, is given by z, whereas the cross-sectional averages of w;; and &;;, the endogenous private signals, are pinned down by g;. It
follows that the variation in aggregate income is necessarily spanned by (z, h¢). By the NKPC, we can then show that the variation
in m¢, and hence also the one in py, is spanned by (z, he—1, fit).

*3By the same token, even if there happen to exist multiple equilibria due to the endogeneity of the information, the results that
follow are valid for any equilibrium, provided at least that we rule out sunspots.
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These results verify that the kind of forward-looking higher-order beliefs that matter in our setting are
less volatile than the corresponding first-order beliefs in two complementary senses: their total variance is
lower; and their “slope” with respect to first-order beliefs, as measured by the aforementioned projection
coefficient, is less than one. This is similar to what we had in the previous section, except that now higher-
order belief need not be perfectly collinear with first-order beliefs, due to correlated noise introduced by
the markup shock.

The results in the rest of this section use only the property that higher-order beliefs move less than one-to-
one with first-order beliefs. It is well known in the literature that this property holds for arbitrary information
structures as long as one restrict attention to static beauty contests or, equivalently, to within-period higher-
order beliefs of the form E; [E; [--- E; [[] - - - ]] .*® Unfortunately, a similar result is not readily available for
dynamic beauty contests and for the type of forward-looking beliefs we are interested in. In fact, we can
engineer “pathological” examples that violate this property.*” This explains, not only why the result stated
above does not follow from existing results in the literature, but also why we could not have accommodated
an entirely arbitrary specification of the information structure. That said, Assumption 4 is far from necessary

for the desired property to hold.

Special case with x = 0 : Attenuating the Income Multiplier

We are now ready to elaborate on how the property that higher-order beliefs are anchored, in the sense
of Corollary 3, translates to attenuation of the GE effects of forward guidance. To develop insight, we start
with the special case in which prices are infinitely sticky; that is, we set § = 1 and, equivalently, x = 0. By
shutting down the response of inflation, this case isolates the GE mechanism (or, equivalently, the strategic
complementarity) that operates within the demand block of the economy.

In this case, the “consumption beauty contest” obtained in condition (16) reduces to the following:

Tt
o= —B" B[R] + (1 - 8) Y B Eulijisa). (20)
k=1

Expectations of inflation have disappeared simply because x = 0 implies 7, = 0 for all ¢. By the same token,
two of the relevant GE effects, namely the inflationary spiral and the strategic complementarity in the firms’
price-setting decisions, have been shut down. Expectations of Rr and Ut+k, on the other hand, continue
to appear. The first capture the PE effects of forward guidance; and latter capture the remaining GE effect,
namely the strategic complementarity in the spending decisions of the consumers.

As noted before, we treat E;[Ry], the expectations of future monetary policy, as exogenous. By con-

trast, E; [§r11], the expectations of future income, are endogenously determined as an integral part of the

46Gee, e.g., Morris and Shin (2002) and Bergemann and Morris (2013).

*Suppose that there are two periods, ¢ = 0 and ¢ = 1, and two types of consumers, type A and type B. Suppose type A gets
asignal x4 = z + ua att = 1 and no other information either at ¢ = 0 or at t = 1. Suppose further that type B gets a signal
o = ua +up att = 0 and no other information either at ¢ = 0 or at t = 1. Then, clearly Var(Eo[Rr]) = 0, because no agent
has any information about Ry at t = 0, and yet Var(Eo[E1[Rr]]) > 0, because type-A consumers have information at t = 0 of the
error that type-B consumer will make at ¢ = 1.
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equilibrium—and this is where higher-order beliefs come into the picture.

When information is complete, higher-order beliefs of Ry collapse to first-order beliefs, implying that
expectations of income move one to one with expectations of monetary policy. This is the key to understand-
ing part (i) of Proposition 2. As evident in (20), an increase in the horizon shifts weight from expectations of
Ry to expectations of future income. Under complete information, expectations of future income move one
to one with expectations of Ry. It follows that shifting weight from the one to the other has no consequence
for the overall effect on aggregate spending.

By contrast, once information is incomplete, the aforementioned tight relation between expectations of
income and expectations of monetary policy is broken: Corollary 3 means, in effect, that incomplete infor-
mation reduces the “slope” of the expectations of future income with respect the expectations of monetary

policy. By the same token, the following is true.

Proposition 5 (Attenuating the Income Multiplier) Let ¢, denote the absolute value of the coefficient of the
projection of §j; on E[Ry], for any t < T — 1, and suppose that that Assumption 4 holds and that x = 0.
Then, ¢y < 1forallt <T — 1.

This result generalizes part (i) of Proposition 3. There, §; was proportional to Ey[Rr], because first- and
higher-order beliefs were perfectly collinear. Now, we have §j; = —¢;Eq [RT] + residualy, where residual;
is a random variable that captures the combined variation in higher-order beliefs that is orthogonal to the
variation in first-order beliefs.*8 Notwithstanding this change, the following key lesson remains: whereas
complete information imposes that ¢; = 1 when x = 0, we have ¢; < 1 under incomplete information. As
already explained, this is because lack of common knowledge among the consumers attenuates the income

multiplier (which is the only GE mechanism at work when x = 0).

General case with x > 0: Attenuating also the Inflation Spiral

Whenever x > 0, aggregate demand and inflation are codetermined by the interaction of two beauty contests
in Proposition 2. However, insofar as firms have complete information, we can reduce this interaction to a
single “meta-game” that combines the income multiplier and the inflationary spiral.

To see why, recall that the standard NKPC applies once the firms have complete information. For any

t < T, the period-t inflation can thus be expressed as follows:

T—t

> B

k=0

T = /iEt + H[Lt, (21)

where E; is the expectation condition on Z;, the entire information in the economy. Furthermore, because

T is a subset of Z; for all consumers and all ¢, we have that E,E; = E; for all t. Using these facts with (16),

*8Under Assumption 4, this residual can be expressed as a linear combination of the current and the past values of the markup
shock. More generally, this residual may capture any kind of noise in information that happens to be correlated across agents, such
as the one resulting from communication or “sentiment shocks” (Angeletos and La’O, 2013).
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we reach the following result, which, as anticipated, permits us to represent the entire equilibrium as the

solution to a single beauty contest among the consumers.

Lemma 6 When firms have complete information and monetary policy satisfies Assumption 1, equilibrium

income is given by the solution to the following beauty contest:

!

—t
ge = —BT By Rr] + ) (1= B+ kk) B Elgesl. (22)
1

i

By comparing condition (22) to (20), we see that the feedback between inflation and aggregate demand
increases the effective degree of strategic complementarity between the consumers: the sensitivity of current
spending to expectations of spending k periods latter has increased from (1 — 3)3*~! to (1 — B + kr)BF1;
the term kx captures the cumulative effect that expectations of future spending have on current spending
through inflation and real interest rates. Notwithstanding this point, the nature of the beauty contest remains
the same. It is thus evident that removing common knowledge from the demand block of the economy
alone helps attenuate, not only the income multiplier, but also the inflationary spiral. Indeed, from the
perspective of condition (22), the two channels are indistinguishable: what mattes is only the overall strategic
complementarity, as measured by the coefficients (1 — 3+ kx)3*~!, not its decomposition between the two
GE mechanisms.

We can therefore reach the following result, which generalizes part (ii) of Proposition 3.

Proposition 6 (Attenuating also the Inflationary Spiral) Let ¢: denote the absolute value of the coefficient
of the projection of §j; on E;[Rr], for any t < T — 1. Under Assumption 4, we have ¢; < ¢; forallt < T —1,

where ¢7 = ¢*(T — t) is the complete-information counterpart.

The logic can be summarized as follows. Regardless of the information structure, the inflationary pres-
sures triggered by the anticipation of lax future monetary policy raise the value of ¢, that obtains when x > 0
relative to the one that obtains when x = 0. These pressures, however, are attenuated when consumers lack
common knowledge. Importantly, the attenuation is self-fulfilling in the following sense: when consumers
“fail” to adjust their inflation expectations as predicted by the standard model, they also “fail” to spend as
much as predicted by the standard model, which in turn justifies a lower inflation response in the supply
block of the economy.

Remarks. Throughout this section, we allowed for higher-order uncertainty among the consumers but
not among the firms. This highlights that removing common knowledge from the one block of the model
attenuates, not only the strategic complementarity that operates within that block, but also the one that
operates across the two blocks. Not surprisingly, allowing the friction to be present in both blocks at once

can have a reinforcing effect, as illustrated in the previous section.*’

“Indeed, not only was ¢ increasing in both A and A under Assumption 3, but also the cross partial was positive: adding the
friction in the one block of the model increase the marginal attenuation effect of the friction that is present in the other block.
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Also, although we documented the robustness of our insights to exogenous and endogenous learning,
we did not study the marginal effect of such learning. We have explored this question and have shown the
following result: holding constant the amount of information in period 0, the anticipation of more learning in
the future increases the power of forward guidance in the present. The intuition is simple. Holding constant
the level of information in period 0, the within-period higher-order beliefs are invariant to the degree of
learning that may or may not take place in the future. However, this is not the type of higher-order beliefs
that matter in our context. Instead, the relevant higher-order beliefs are forward-looking, a property that

makes the attenuation effects at ¢ = 0 sensitive to the anticipation of future learning.

7 Horizons and HOB

In the previous section, we explained why lack of common knowledge attenuates the GE mechanisms of
forward guidance, but did not investigate how this attenuation depends on the horizon at which forward
guidance operates. We now show that longer horizons increase the relative importance of higher-order
beliefs, contributing towards more attenuation. To illustrate the generality of this insight, we allow for an
arbitrary information structure.®® We only bound the level of higher-order uncertainty away from zero, in a
manner that we formalize momentarily. To simplify the exposition, we also assume that firms are completely
informed, which let us focus on the beliefs of the consumers.”!

Fixany ¢ <T — 1 and let 7 = T — t. Following our earlier results, the equilibrium value of output (and
also of inflation) in period ¢ can can be expressed as a linear function of beliefs of order up to 7. The weights
on these beliefs depend on 7, the length of the time that remains till the “moment of action”, but not on ¢ per
se. This is due to the recursive structure of the economy. For any k € {1,...,7}, let x; - > 0 be the absolute
value of the total weight of g, on beliefs of order equal to k; and let s, » = z,lle Xr,r be the total weight on

beliefs of order up to, and including, k.

Proposition 7 For any k > 1 and any 7 > k, let s, be defined as above. The ratio sy /s, which
measures the relative contribution of the first k orders of beliefs to aggregate spending, strictly decreases

with the horizon T and converges to 0 as T — oc.

In simple words, longer horizons amplify the importance of higher-order uncertainty, because longer
horizons map, in effect, to stronger complementarity. This is an elementary but important observation,
whose implications may extend beyond the context of our paper. For instance, it could help reduce the

indeterminacy problems of the NK model, for these problems are tied to expectations at very long horizons.

*URelative to Assumption 4, this means, not only that we allow an arbitrary correlation structure in the noise (both across agents
and across time), but also that we also do not need to think of the signals being centered around the initial policy announcement.
For instance, it could be that the policy maker makes new announcements over time, or that the agents receive signals that are
independent of the policy announcement but are otherwise informative about Rr.

*"We have proved Propositions 7 and 8 also for the case where firms have incomplete information (the proof is available upon re-
quest). In this case, the relative importance of higher-order beliefs is actually increased: by letting firms have complete information,
we have effectively collapsed certain beliefs of higher orders to beliefs of lower orders.
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In a nutshell, we suggest that one should trust less the predictions of the standard model—or, equivalently,
worry less about its anomalies—when these regard the cumulation of GE effects over long horizons than
when these regard mechanisms that operate in the short run.

Combining the above result with the fact that higher-order beliefs are more anchored than lower-beliefs
suggests that the attenuation we have documented increases without bound as the horizon goes to co. We

verify this intuition in next proposition, under the following assumption.

Assumption 5 (Non-Vanishing Higher-Order Uncertainty) There exists an € > 0 such that:

(i) For all T and all t € {0, ....,T — 2}, there exists at least a mass e of consumers such that
Var (Ey[x]|Zy) > eVar (B [x])

forallz € B¥, r € {t+1,..,T —1},and k € {0,1,...,T — 7}.
(i) Var (EO[RT]) > e

To interpret this assumption, note that complete information imposes that E; [z] is known to every
agent, and therefore that Var (E; [z]]|Ziz) = 0, regardless of how volatile E; [z] itself is. By contrast, let-
ting Var (Ey [x] |Z;+) > 0 whenever Var (E; [x]) > 0 is tautological to assuming that agents have incomplete
information or, equivalently, that they face higher-order uncertainty. Relative to this tautology, part (i) intro-
duces an arbitrarily small bound on the level of higher-order uncertainty. This bound is needed in order to
guarantee that the higher-order uncertainty does not vanish as we let T' go to infinity. Part (ii), on the other
hand, means simply that there is non-vanishing variation in first-order beliefs in the first place. The next

result then follows directly from Proposition 7.

Proposition 8 (Horizon) Allow r > 0, let ¢ denote the absolute value of the coefficient of the projection of

o on Ey [RT]. Under Assumption 5, the ratio ¢/¢* converges to zero as T' — .

This result generalizes the lesson from the previous section that the attenuation effect tends to increase
with the horizon.>? The intuition is as follows. Regardless of the horizon, aggregate spending in any given
period depends primarily on expectations of income and inflation in the short- to medium run: expectations
in the far future do not matter much because of discounting. Next, note that it is precisely the former kind
of expectations that depend more heavily on higher-order beliefs.>> Finally, note that raising T' does not
affect the property that aggregate income (and inflation) in any period is driven primarily by expectations
of income and inflation in the next few periods, but it raises the importance of higher-order beliefs in the

determination of these expectations.

>2One caveat is that, due to the level of generality we have sought to accommodate in this section, there is no guarantee that
¢/¢" decreases monotonically with T

>3That is, for any triplet (¢, 71, 72) such that ¢t < 71 < 72, we have that E:[f,] involves beliefs of order up to k1 = T — 71 + 1,
whereas E.[j-,] involves beliefs of order only up to k2 = T'— 72 + 1 < k1. Furthermore, although beliefs of order k < k2 show
up in both E¢[§-,] and E¢[§x,], they enter with smaller relative weight in the former than in the latter. (This is an implication of
Proposition 7.)
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This insight seems relevant, not only for the forward-guidance puzzle, but also for any other prediction
for which the horizon of expectations is important. For instance, consider the neo-Fisherian prediction that
low interest rates can, perhaps paradoxically, contribute to disinflation (Cochrane, 2016a). This prediction
appears to depend on iterating beliefs over many periods and may thus be sensitive to relaxations of common
knowledge. We leave this conjecture, which seems complementary to the point made by Garcia-Schmidt

and Woodford (2015), open for future research.

8 Additional Results

We conclude the paper with two additions results. The first one touches upon the “paradox of flexibil-
ity” and offers another example of the broader applicability of our insights. The second result recasts our
mechanism—the anchoring of equilibrium expectations—in terms of a discounted Euler condition and a
discounted NKPC. This in turn highlight an intriguing connection to, but also a crucial difference from, the
existing literature. Both of these results utilize the stark information structure introduced in Section 5, but

the insights are more general.

On the Paradox of Flexibility

We now turn attention to another implication of our analysis. In the standard model, the effect of forward
guidance increases with the degree of price flexibility: ¢* increases with x.>* As noted in the Introduction,
this property is directly related to the “paradox of flexibility” (Eggerstsson and Krugman, 2013). The next

result proves, in effect, that the mechanism identified in this paper helps diminish this paradox as well.

Proposition 9 (Price Flexibility) Let ¢ be the scalar characterized in Proposition 3 and set \f = 1. We have
% > 0and a% (%) > 0. That is, the power of forward guidance increases with the degree of price flexibility,

but at a rate that is slower the greater the departure from common knowledge.

Note that we have proved the above result only under the restriction A/ = 1, which means that only the
consumers lack common knowledge. Whenever A/ < 1, there is a conflicting effect, which is that higher
price flexibility reduces the strategic complementarity that operates within the supply block, thereby also
reducing the role of A/ itself. Numerical explorations, however, suggest that the overall effect of higher price
flexibility is the qualitatively the same whether A/ =1 or A/ = \.

We illustrate this in Figure 1 under the same parameter values as those used in Figure 1. In particular,
we now plot the relation between the ratio ¢/¢* and the horizon T" under two values for 6. The red line is
the same as in Figure 1. The blue line corresponds to a lower value for 6, that is, to a higher degree of price
flexibility. As evident in the figure, a higher degree of price flexibility maps, not only to a lower ratio ¢/¢*

(i.e., stronger attenuation) for any given T, but also to a more rapid decay in that ratio as we increase 7.

**Whenever we vary &, we vary 8 while keeping the Frisch elasticity constant, which means that variation in x maps one-to-one
to variation in the degree of price flexibility.
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Figure 2: Varying the degree of price flexibility.

This finding is an example of how lack of common knowledge reduces the paradox of flexibility more
generally. In the standard model, a higher degree of price flexibility raises the GE effects of all kinds
of demand shocks—whether these come in the form of forward guidance, discount rates, or borrowing
constraints—because it intensifies the feedback loop between aggregate spending and inflation. By intensi-
fying this kind of macroeconomic complementarity, however, a higher degree of price flexibility also raises
the relative importance of higher-order beliefs, which in turn contributes to stronger attenuation effects once
we depart from common knowledge. In a nutshell, the same mechanism that creates the paradox of flexi-

bility in the first place also explains its partial remedy once we depart from common knowledge.

Discounted Euler Equation and Discounted NKPC

Let E; [z] denote the rational expectation of variable = conditional on Z;, the union of the information sets
in the economy. This is the same expectation operator as the one that shows up in Lemma 1, that is, in
the Euler condition and the NKPC of the standard model. With this in mind, we now provide the following

representation of the equilibrium that obtains under the information structure we introduced in Section 5.

Proposition 10 (Discounted Euler Equation and NKPC) Under Assumption 3, the equilibrium dynamics for
aggregate spending and inflation solve the following system, for all t < T — 1:

g = B+ A =B)A) - E[Jrar] + A By [meq] (23)
Tt = ,8 (6 + (1 — 9) )\f> . Et [7Tt+1] + K- (ﬂt — ,80(1 — )\f)Et [§t+1]> + /i/],t (24)

This is an “as if” result that maps our heterogeneous-agent, incomplete-information model to a fictitious
representative-agent, complete-information, model in which the equilibrium dynamics happen to solve con-
ditions (23) and (24).
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Condition (23) reduces to the standard Euler equation when A = 1, and similarly condition (24) reduces
to the standard NKPC when A/ = 1. Once we remove common knowledge among the consumers (A < 1), it
is as if the representative agent discounts her expectations of next period’s aggregate income and inflation by,
respectively, B+(1 — ) A < 1and A < 1. Accordingly, we can interpret (23) as a discounted Euler equation.
A similar property holds in the supply-side of the economy: condition (24) represents a discounted NKPC
in the sense that inflation responds less to the rational expectation of inflation tomorrow, as well as less to
the innovations in aggregate spending.”®

These forms of discounting must reflect the property that equilibrium expectations (equivalently, higher-
order beliefs) are anchored, for this is the only friction relative to the standard model. To shed further light
on why the friction manifests as discounting in the fundamental equations of the NK model, let us first
concentrate on condition (23).

Recall that, because we have abstracted from borrowing constraints and have rested on the familiar

log-linearizations, the standard Euler equation holds at the individual level:
it = FEit[Gisr1] + R — By [feg1] Vit

Note that R; shows up without an expectations operator in front of it, because R; is known in the beginning
of t. By contrast, ¢ ++1 and ;11 are still uncertain. Integrating the above over i gives the following condition

at the aggregate level:

1
Ct = / Eiy[Cit1]di+ Ry — By [meya] - 25)
0

Note here a delicate point: what shows up in the right-hand side is the average of the individuals” forecasts
of their own consumption, not of aggregate consumption. Assumption 1 pegs R; = 0 for all t < T'. To reach
condition (23), we therefore need to relate fol Ei ¢ [é441] with By [6,11] and Ey[e1] with Ey[7e41].5° Itis at
this point that lack of common knowledge manifests as a form of discounting.

Let us elaborate. Due to the uninsurable idiosyncratic risk, ¢;; need not equal ¢, regardless of the
information structure. Nevertheless, as long as information is complete, E;; [x] = E; [r] = E;[z] for any
random variable x. Furthermore, fol E; (¢ 441) di = Ey [¢141], because é; 411 is the sum of é&1 and of a purely
idiosyncratic component. It follows that complete information guarantees both fol E;t[Cig+1] di = Ey [¢41]
and By [my41] = E¢ [me41] , which in turn imply that the standard Euler condition continues to hold, not only
at the individual level, but also at the aggregate level.

Once information is incomplete, however, the aforementioned equalities break down. The property
that higher-order beliefs vary less that lower-order beliefs implies both that fol E; ¢t [€i4+1] di varies less than

E; [¢141] and that E; [ry41] varies less than E; [r41] . This indicates that of form of discounting is present at

*>To be precise, a sufficient condition for this interpretation to be valid is that FE; [¢;,+1] varies in the same direction as, and no
more than, ¢. This is true along the complete-information equilibrium is a corollary of Proposition 1; it continues to hold under
incomplete information as a corollary of Proposition 3.

*®Keep in mind that & = §; in equilibrium.
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the aggregate level, regardless of the specifics of the information structure. With the particular one we have
assumed here, this discounting takes the stark form seen in condition (23).>” The same logic explains the
discounted NKPC obtained in that proposition: by dampening the response of beliefs about future marginal
costs and future inflation, higher-order uncertainty gives rise to a form of discounting in the NKPC.

Similar forms of discounting can be found in McKay, Nakamura and Steinsson (2015, 2016) and Gabaix
(2016). Yet, the underlying mechanism is completely different, and so are some of the testable implications
of the theory. As already noted, these works obtain a discounted Euler condition at the aggregate level only
by distorting to a commensurate degree the consumption-saving behavior at the individual level. McKay,
Nakamura and Steinsson (2015, 2016) do so by letting some agents be liquidity-constrained, Gabaix (2016)
by letting all agents apply a form of cognitive discount on feature variables. In either case, the distortion
that obtains in macro time series is tied to the one that can be detected in micro data. By contrast, our
approach obtains the same “as if” discounting at the aggregate level, even in the absence of cognitive
discounting or any other distortion at the individual level. Importantly, the mechanism that underlies this
form of “as if” discounting seems to be consistent with the evidence on expectations provided in Coibion
and Gorodnichenko (2012, 2015).

The same points distinguish our contribution from Werning (2015). That paper provides a thorough
analysis of how liquidity constraints impact the aggregate-level Euler condition under common knowledge.
It points out that, while the consumption of liquidity-constrained agents is less sensitive to interest rates, it
is also more sensitive to income, which itself reacts in general equilibrium to interest rates. In an important
benchmark, these two effects offset each other in such a manner that the aggregate-level Euler condition
remains the same as the one in the representative-agent model. This underscores that the result of McKay,
Nakamura and Steinsson (2015, 2016) is special. In fact, Werning argues that the empirically relevant case
is the opposite than the one advocated by McKay et al. While this debate is interesting on its own right,
it is orthogonal to our contribution: we shift the focus from liquidity constraints or any other aspects of
the micro-foundations to the equilibrium adjustment in expectations and identify a mechanism that applies
regardless of the underlying micro-foundations.

Notwithstanding these observations, the result obtained in Proposition 10 complements all the aforemen-
tioned works in that it provides an additional motivation for augmenting DSGE models with a discounted
Euler equation and a discounted NKPC: the discounting can be a proxy for a variety of realistic frictions,
whether these relate to liquidity constraints, cognitive limitations, or the type of anchored equilibrium expec-
tations we have accommodated in this paper. Qualitatively, all these forms of frictions appear to contribute

in the same direction; their combined quantitative importance remains an open question.

*”We have considered an extension (available upon request) that allows for the information friction to diminish with time. This
results to a generalized discounted Euler condition, in which the discounting itself reduces with time. This illustrates the robustness
of the insight, but also clarifies that the stark form of discounting obtained in (23) rests on the stationarity of the friction.

34



9 Conclusion

Modern macroeconomic models assign a crucial role to forward-looking expectations, such as consumer
expectations of future income or firm expectations of future marginal costs. This property seems both de-
sirable and realistic. However, by assuming complete information along with the rational-expectations
solution concept, these models hardwire a certain kind of perfection in the ability of economic agents to
coordinate their expectations and to synchronize their responses to any exogenous impulse. In this sense,
they also maximize the capacity of policy makers to manage these expectations and to steer the economy.

In this paper, we have formalized these ideas by showing how a departure from common knowledge
helps anchor income and inflation expectations in the context of the NK model. More specifically, we
assumed that the economy is in a liquidity trap, so that the zero-lower bound on interest rates is currently
binding, and that the policy maker tries to stimulate the economy by managing expectations of the monetary
policy to be conducted after the economy has exited the trap. We then showed how lack of common
knowledge helps attenuate the GE effects of such policy commitments, thereby also offering a resolution to
the forward-guidance puzzle.

The insights we have developed in this paper may find additional applications. We offered an example
in the context the paradox of flexibility. Another application could be in the context of the determinacy
issues and the “neo-Fisherian” effects emphasized by Cochrane (2016a,b). Yet another application could be
in the context of fiscal policy during a liquidity trap. The standard NK model predicts that, in the presence
of a binding ZLB constraint, fiscal stimuli are more effective when they last longer or when they are back-
loaded.® The magnitude of the predicted effects hinge on the same GE mechanisms and the same kind of
expectations as those that determine the power of forward guidance; they therefore appear to be equally
sensitive to relaxing the common-knowledge assumption.>?

We conclude by iterating that the friction we have introduced in this paper does not have to be taken
too literally. Lack of common knowledge attenuates GE effects while maintaining the rational-expectations
hypothesis. But it can also be seen a structured way for relaxing that hypothesis. Whether this represents a
competitor or a complement to behavioral approaches is for the reader to decide. One way or another, the
key feature of our approach is that expectations become anchored relative to what is presumed in standard

macroeconomic models, a property that seems both theoretically appealing and empirically relevant.

58See Christiano, Eichenbaum, and Rebelo (2011), Woodford (2011), and Werning (2012).
*?This indicates more broadly the value of investigating how lack of common knowledge affects the fiscal multiplier, not only in
the NK framework, but also in the RBC framework. We are exploring this topic in ongoing work (Angeletos and Lian, 2016c).
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Appendix: Proofs

Proof of Lemma 1. It follows directly from Proposition 2, imposing complete information and equilibrium.

Proof of Lemma 2. We prove the following stronger result: there exists functions ¢*, @w* : N — R such

that, whenever Assumptions 1 and 2 hold, equilibrium spending and inflation at any ¢ < T" are given by
g = —¢" (T —t) - B[Ry, (26)

ﬁt:/i/]t—w* (T—t>'Et[RT]. (27)

We prove this result by induction, starting with ¢ = 7" and proceeding backwards.
When ¢t = T, we have g = —Ry and mp = KT + Kjr = Ky — xRy from Lemma 1. (Recall that
yr = mr = 0 Y7 > T by Assumption 1.) This verifies (26) and (27) for t = T, with ¢* (0) = 1 and @w* (0) = k.
Now suppose that the result holds for arbitrary ¢t = 7 € {1,...,T} and let’s prove that it also holds for
t = 7 — 1. By the assumption that (26) and (27) hold at ¢ = 7 along with the Law of Iterated Expectations

and the assumption that future markup shocks are unpredictable, we have
Eralys] = —¢" (T' = 7) - Er1[Rr],

Byl = —=" (T 7) - By [Ry),

Using the above together with Lemma 1 verifies that (26) and (27) hold also for t = 7 — 1, with
O (T—r+1)=¢"(T—7)+ o (T —7),

W(T—-74+1)=k¢"(T—7)+(k+8)w" (T —71).

This completes the proof and gives a recursive formula that can be used to compute ¢*(T').

Proof of Proposition 1. (i) If prices are infinitely sticky (6 = 1 or, equivalently, x = 0), from Lemma 1 we

have m; = 0 Vt and
T

jo=—Ro— Y Eo[Rr] + Eo[éri1].
=1

By Assumption 1 then,

Qo = _EO [RT]a

which proves that ¢*(T") = 1.

(i) From the proof of Lemma 2, we have that
¢*(0) =1 and w* (0) = &,
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and, for every T' > 0,
¢" (T+1) = ¢"(T) + =" (T) (28)

W (T +1) = k" (T) + (ks + B) =" (T) (29)

From condition (29), we know, when k > 0, @* (T') > 0 VT' > 0. Then, from equation (28), we have
¢*(T) > 1VT > 1, and ¢*(T) is strictly increasing in T
Now we prove that ¢* (T') explodes to infinity as ' — oo. To this goal, we first prove the following

equality: ~T1)
¢* (T)

From condition (28), we have, for all T' > 1,

¢ (T-1)
¢*(T)

+8 =14+8+kK VI >1. (30)
B (T) = Bo™ (T'— 1) + B (T' - 1).

Together with conditions (28) and (29), we arrive at condition (30).%°

Second, we prove that, when x > 0,

¢* (T)

———~—2 _js strictly increasing in T' > 1. (31)
o (T=1) ! i

From conditions (28) and (29), we have
0" (1) =14k and ¢* (2) = (1 + r)? + KB.

As a result, when x > 0,

@ w8
s TP T e o)

Now we proceed by induction. Suppose that, for " > 1, we have

o (T+1) ¢ (D)
o1 s T-1)

From condition (30), we know

¢" (T +2)
o (T+1)

¢* (T)
¢ (T+1)

+ 8 =1+8+k VT >1.

Together with condition (32) we have
»*(T+2) _ ¢o"(T'+1)
¢ (T+1) "~ ¢*(T)

%Note that equality (30) also holds for x = 0, because conditions (28) and (29) also hold for x = 0. This will be used later in the
paper.
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This proves (31) when k > 0.

¢*(T) ¢*(T)

Finally, from condition (30), we know =D 1S bounded above. Together with (31), F =1 Must
converge to I'* > 0, as T — oc. From condition (30) again, we know I'* satisfy®!
|
F+ﬂﬁ:1+5+/€. (33)

As a result, I'™* > 1 whenever k > 0. Therefore, ¢* (T") explodes to infinity as 7" — oo whenever x > 0. This

completes the proof of Proposition 1.

Proof of Proposition 2. Substituting condition (15) into condition (12) gives condition (16), the consump-
tion beauty contest. Substituting condition (15) into condition (14) gives condition (17), the inflation beauty

contest.

Proof of Lemma 3. We will use the discounted Euler Equation and NKPC in Proposition 10, which is
proved independently without Lemma 3.

For any T, from condition (16), (17), and Assumption 1, we have gr = —Rr As a result, we can write
gr = —¢ (A\,M,0) - Er[Ry], with ¢ (A, \,0) = 1.

For any t < T — 1, we now prove the following result: under Assumption 3, there exists functions
¢,w : (0,1] x (0,1] x N — R such that equilibrium spending and inflation at period ¢ satisfy the following:
given by

G = —gb()\,)\f,T—t)-Et[RT]:—AgZ)()\,Af,T—t)-RT, (34)
M — Kl = ngjt—w()\,/\f,T—t>-Ef[RT] (35)
— —mb(A,Af,T—t)-RT—Afw<A,Af,T—t)-RT.

We proceed by induction on k =T —t. When t =T — 1, from conditions (16), (17) and Assumption 1, we

have:
Jr—1 = —BEr_1 [Rr] + Ep_1 [rr] + (1 — B) Er_1 [§r] = —(1 + &) Er_1[Ry),

Tr—1 — Kilp—1 = KY7—1 + ﬁﬁeE{ﬂq [gr] + (1 —0) ﬁqu:_l (77| = Kyr—1 — ﬁﬁEzj:_ﬂRT]-

As a result, we have

MM 1) =14k YO< AN <1, (36)
wMM, 1) =kB YO< AN <1 37)
®"Note that equality (33) also holds for x = 0, because, when x = 0, ¢f T(T)l) =1V T > 1. This will be used later in the paper.
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If, for given k=T —t > 2, we have, forall 0 < T —7 <k —1,
Br == (MNLT —7) - Blfir] = =26 (AN, T = 1) - Br,
Ry — Kjir = Ky — @ ()\,/\f,T—T> ES[Ry) = kjr — Nw (z\,)\f,T—T> Ry,
we now prove that there exists ¢ (A, A/, T —t) and @ (A, A/, T — ), such that
G = =6 (AN, T —t) - EilRy)
Foo — Kjiy = Ky — @ ()\,)\f,T—t> - E{[Ry).
From condition (23), we have, fort < T — 2,

Gt = (B+ (1 = B) A) B [Jr41] + AEy [me41]
_—(ﬁ—l-(l—6+/{))\)¢<)\,)\f,T—t—1) )\RT—Afu—J()\,)\f,T—t—l) ARy
_—(ﬂ+(1—B+f<c))\)¢</\,)\f,T—t—1) ERr) - M@ (A,)\f,T—t—l) B[Ry,

where E; [x] denote the rational expectation of variable x conditional on the union of the information sets

of the agents in the economy, Z;.°2 As a result, we have, fort < T — 2,
qﬁ()\,)\f,T—t) - (5+(1—ﬁ+n))\)q§()\,/\f,T—t— 1) M@ (/\,)\f,T—t— 1). (38)
Similarly, from (24), we have, fort < T — 2,

ﬁt—fagt—mt:ﬁ[wu—a)v} By [re1] — #9 (I—Af> (1]
=-Nglo+(1-0N| @ (MM T—t=1) Rr+ 8 (0+ 1 -0)N —0(1-N)) B[]
= Mg o+ (1 -0N| @ (AN T =1 =1) Ry — s8N (AN, T =t 1) Ry

w
:—ﬂ[9+ 1-0 )\f}w( )\f,T—t—l) t[RT]—mﬁAd)()\,)\f,T—t—l)Ef[RT].
As a result, we have, fort <T — 2,
w(A,Af,T—t):nm(;b(A,Af,T—t—l)+5[9+(1—9)Af}w(A,Af,T—t—1>. (39)

This completes the proof, while also providing us with a recursive formula for computing ¢(\, A/, T), for

every \, \/, and T.

2For t < T — 1, under Assumption 3, we have E;[Rr] = Ry and E; [fit+1] = 0.
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Proof of Proposition 3. To simplify notation, we use ¢ and 1 as shortcuts for, respectively, ¢ ()\, M\, T)
and @ (A, M, T), the latter defined as in the proof of Lemma 3. Similarly, we use ¢. as a shortcut for ¢* (T'),
the latter be defined as in Lemma 2.

(i) When s = 0, from condition (36), (37), (38) and (39), we have

wr=0 VI >1,
dr=B+1-N"1 v >1.

As a result, for T > 2,%% ¢r is strictly increasing in A but invariant in A\f. Moreover, for T > 2, whenever
A < 1, ¢ is strictly less than 1. Finally, ¢ is strictly decreasing in T" and converges to 0 as 7' — .

(ii) When k > 0, from condition (36), (37), (38) and (39), we know that ¢, > 0 for all T > 1.

We will first prove, for T > 2, g7 = ¢ (A, A, T') is strictly increasing in both A and M. We will proceed
by induction on T'. For T = 2, from (36), (37), (38) and (39), we have ¢2 and w3 is strictly increasing in
both A and M. Suppose for T' > 2, ¢r, wr is strictly increasing in both X and A/. From condition (38) and
(39), we know ¢, 1, w41 is strictly increasing in both X and A, where we use the fact that ¢, wr > 0.
This proves that, for T > 2, ¢ = ¢ ()\, )\f,T) is strictly increasing in both A and \/. Because of the strict
monotonicity, we also have, for T' > 2, i—; = ‘z;g?l”’\lf’TT))

We now prove that, whenever A < 1 and/or A/ < 1, the ratio i—f =
T

T > 1. We start by noticing, from the proof of Proposition 1, we have

< 1, whenever A < 1 and/or \f < 1.

rTy L .
‘b(;\;)(‘T’)T) is strictly decreasing in

‘fT +5¢f{‘2 =1+B8+K VI >3. (40)
Pr1 91
Now we prove that ¢ satisfies an inequality with a similar form as (40):

T )
b1 * B¢T—1

<1+ B+rA<1+B+r VI >3 41)
From condition (38), we have, for T' > 3,

or = (B+ (1= B) ) pr—1 + kAdr—1 + M wp_1,

B B Bk N3
m@fq = Bor—2+ m¢T—2 + mwT—Q-
From the previous two conditions, we have, for T > 3,
_ B ! B By MB
dr+Bor—2 = (B+ (1= B)X) pr_1+KApT_1+A wrat g B)Aqml 51 a _B)Aqu BT 1-F)

(42)

837 > 2 is assumed in Assumption 1
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wr—9.



Note that, for T > 3 and X\, \ € (0, 1], from condition (39), we have

g
— <
B+a-pN+mrt s or < 08+ m o,
and
Mor 1 — ¢¢ _ /\f—ﬂw
BN e AT
_\/ _o)\ __ Bex __MB
A (H5A¢T—2 + 8 [9 +(1—-0)A } WT—2> Br- ﬁ))\¢T—2 BT a—B)r"T
1 1
kA (N - ———— Vo o+ BN 0+ (1 -OON — —————
7 ( /3+<1—5>A> e td { MR Fa e b K
<0.
Together with condition (42), we reach at condition (41).
Now we can prove that is strictly decreasing in T', whenever A < 1 and/or A/ < 1. We already prove
ﬁQ <1l= 21 We proceed by induction on T. If ¢T < ¢T . for T > 2, we have ¢£ > ¢£: . From (40)
2 T

and (41), we have "5;;1 < (b;TS;T“ and thus iTi < gT Thls flmshes the proof that ‘b is strictly decreasing in
T > 1, whenever A < 1 and/or M/ < 1.

Now we prove that, whenever A < 1 and/or A < 1, 2 ¢* converges to 0 as 7" — oo. Because ﬁf >0
is strictly decreasing in T" > 1, there exists I' € [0,1) such that i—; — I'as T — oo. We next prove by
contradiction that I = 0.

Suppose first that A < 1. If I" > 0, we have iT zT - — lasT — oo. Because dff*T — I'*, we have
T-1

j’f — I'™ and ¢T72 — r* as T — oo. From condition (33), we have ¢T +B§;:f —1+p8+KkasT — 0.

However, this is inconsistent with (41) when A < 1 and x > 0. As a result, I' =0when \ < 1.

Suppose next that A = 1 but Ay < 1. We prove a stronger version of (41):

¢ﬁT1+(1+“<1_/\f))52;jél—i—/ﬁ—kﬁ VT > 3. (43)

From conditions (38) and (39), we have, for T' > 3,

or =1 +r)pr_1+ Mwr_y,

Bér_1 = Bor—2 + Brpr_o9 + BN wr_s,

w11 = Ko 2 + B [0+ (1 - 0) M | wr o,
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As a result, for T > 3,

o+ Bor—2 = (1 + K+ B) dr_1 + Mwr_1 — Brdr_s — BN wr_s
S(A+x+8)pr—1+ ()\f - 1) KBOT_o.

This proves (43).

Now, if I" > 0, similarly, we have i{ zT — 1 as T — oo. Because f} , we have q;iT — I
T—1
and i; 2 & as T — oco. From condition (33), we have ¢¢T + (1+f<c(1—/\f))5¢T 2= 1+ B+ K+

(1 — Af) Bﬁ as T' — oo. However, this is inconsistent with equation (41) when M < 1. Asaresult, T =0
when A =1, but A < 1.
Finally, we prove that, when X is sufficiently low, ¢(\, A, T') converges to zero as T — oo. The eigen-

values of the dynamical system (¢7, wr) based on conditions (38) and (39) are

(B+0-pA+mA+A[0-0)N +6]) /(B4 (1-B+mA-BI0-B)M +6)* +48MMs
mi = B

(ﬁ+(1*5))\+/€)\+5[(1—0))\f+9])+\/(,6’+(1—5+fs))\—ﬂ[(1—9))\f+9])2+4ﬁ)\f)\/s y
meo = 5 mi

Note that limy_,gmg = 5 < 1. As a result, when X is sufficiently low, both eigenvalues are below 1, which

means that ¢(\, A/, T') converges to zero as T' — oco.

Proof of Proposition 4. For ¢t =T > 0, from conditions (16), (17) and Assumption 1, we have g, = —Ryp
and m; = —k Ry + kjir . As aresult, 8% (A\, M) = 1 and 67 (\, M) = & for all A, A € (0, 1].
For 0 <t < T — 1, from condition (34), Assumption 3 and the proof of Proposition 3, we have

Eolé] = — By [qs ()\, N, t) Et[RT]} — 2o ()\, N, t) EolRr).

As a result,
8¢ (A Af) = Aé </\, AT - t) . (44)

Similarly, for 0 < ¢ <T — 1, from condition (35) and Assumption 3, we have

Eolm] = —Eq [mqﬁ (A,)\f,T—t> Rr+Mw ()\,/\f,T—t) -RT]

. (mqs ()\,Af,T—t) T (/\,)\f,T—t>) Eo[Rr.

As a result,
5T (A Af) = KO ()\,)\f,T—t>+)\fw ()\,)\f,T—t). (45)

Finally, the monotonicity of §7 and 67 with respect to A and A/ follow directly from Proposition 3.
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Proof of Lemma 4. Under Assumption 4, the new information each consumer i receives at period ¢ €

{0,...,T" — 1} consists of the exogenous private signals s;;, price level p;, his own wage and dividend w; ;
Q(eJrl)} -

1-0
have E; [Rr] and E; [j14x] Y1 < k < T —t are linear functions of 2, {fs}'_, and {ps}'_,-** From condition

and dividend é; ;. Because [ s;:di = z, [W;di = Wy = (e 4+ 1) Gy, and [ &;di = &, = [1 — U, we
(22), we have g is a linear function of z, {gs}i;%) and {ps}izo. Iterating, we have
gt is a linear function of z and {ps}’._, . (46)
Now, we prove by backward induction that, for ¢t € {0,...,7 — 1},

p¢ is a linear function of z, iz, and {ps}'_} . (47)
To prove (47), one only need to prove that

m¢ is a linear function of z, fi;, and {ps}i;%). (48)
When firms have complete information, m; can be expressed

T = kG + BE; [m1] + ki VE ST — 1, (49)

where E; denote the rational expectation conditional on all available information in the economy up to
period t, Z; ®°. Note that 7 = —kRyp, 2= Ep_4 [Rr], and yr_1 is a linear function of z and {ps}z:ol. From
condition (6), mpr_1 is a linear function of z, i1 and {ps}ST:_02. Now suppose, for some 0 < ¢t < T — 2,
7e+1 is a linear function of z, fi;+1 and {ps}zzo. Together with the fact that g, is a linear combination of z

and {ps}';zo, we have 7, is a linear function of z, ji; and {ps}i;%. This finishes the proof of (47).

Proof of Lemma 5. To simplify notation, in this proof we let
E’thtzf" 2tk H = Etl [Etz [ ’ 'Etk HH .

Following Lemma 4 and the discussion after it, we know that the information structure assumed in Assump-

tion 4 is equivalent to the following information structure.

Assumption 6 in each periodt € {0,1,--- ,T — 1}, a consumer observes a public signal of the form

wy = 2+ N, (50)

®*Even if there happen to exist multiple equilibria due to the endogeneity of the information, the above statements are valid for
any equilibrium, provided at least that we rule out sunspots.
%In this case, it contains z and {fis}._,.
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where n; ~ N (0, m;%) is uncorrelated with z, and a private signal of the form
Sit = 2+ €it, (51)

where €+ ~ N (0, K,E_tl) is i.i.d. across consumers and uncorrelated with both z and n;. Moreover, both

noises are uncorrelated over time and unpredictable on the basis of past information.

We require 0 < k¢ < +o00. That is, at period 0, each agent receives a nontrivial but not totally informative
private signal about z. This is required for agents to have incomplete information about z, and thus also
about Ry, in period 0. For1 < ¢ < T —1, welet 0 < k.t < +oo. That is, the private information in
subsequent periods can be totally uninformative (as in Section 5), but cannot reveal z completely (otherwise
agents would attain complete information about Ry). Similarly, we let 0 < K, < 400, VO <t <T — 1.

Note that under Assumption 4, for any t < T' — 1, z is a summary statistics of Ry based on period #'s
information set Z;. We have E;[Ry] = 0E; [2], where § = g;zngi;? € (0,1). Asaresult, forany t <T—1,1 <
k<T—t and x = Ey,.. s, [Rr] € BF, we have

&= By 1o [R7] = 0B 4y, 1, [2] -

As a result, to prove Lemma 5, we only need to prove that, under Assumption 6, for any ¢t < T' — 2,
2§k§T—t,andt:t1 <ty < ...<tk§T—1,wehave

Var (Epgy,... 1), [2]) < Var (E¢[2]). (52)

We first introduce a few new notations and properties that will be useful for the proof. For any 0 <
t <ty < T — 1, under the information structure assumed in Assumption 6, we can use S;++, = 2 + €t
to denote the sufficient statistic of all the new private signals consumer i receives between period ¢ and t3

about z. In other words,

Ket Ret+1 Ke,ta
Sitts = <t Sit T =, Sigrl T =gy Site
ZS:t K/E,S ZS:t EG,S Zs:t HE,S
As a result,
Ket Ret+1 Re to -1
Citito = 2 : €it + t27 €it+1 + - 2 ’ €ito ™ N (07 ’%e,t,tg) )
ZS:t K/E,S ZS:t ,{'675 ZS:t K/E,S

where K¢+, = Z?:t Ke,s denotes the precision of si,t7t2.66 Similarly, we can use wj ¢+, = z+ n:+, to denote

the sufficient statistic of all the new public signals between period ¢t and t; about z. In other words,

Ret Ret+1 Reto
wt + Wil + -

Ylifes Dy Fes Y e

®81f ke 1, = 0, we can simply define s; 11, = 2 + €144, Where €44, ~ N (0,4-00). That is, consumer i effectively receives a
totally uninformed private signal between period ¢ and t;.

wt’tg = wt2 .
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As a result,

K.t Knt+1 Kt -
uB uB 7,12 1
n: + M1+ =g ~ N (0,5, 44,) 5

Z?:t Kn,s ZtsQ:t Kn,s Doty K

where Ky 14, = Z?:t kn,s denotes the precision of wt7t2.67 Because ¢; ; and 7, are uncorrelated across time,

T’tatQ =

forall0 <s <t <ty <T—1, we have
Eis[sitt,) = Eis[z], (53)

Ei,s [wt,tg] = Ei,s [Z} . (54)

Now, we provide an explicit formula about each consumer i’s belief about z at period 0 < ¢t < T — 1,
E; ¢ [2] . It depends on his prior about z, z ~ N (0, x;1),%® private signals he receives between period 0 and

t about z, and public signals he receives between period 0 and ¢ about z. As a result,

Eit 2] = agsior + Bewot, (55)

Ke,0,t

. . .. . . Kn,0,t .
FFReoror © (0, 1) is the relative precision of private signals, 8; = ——2>——— € [0,1) is

where a; = KzFhe,0,tF6n,0,t

the relative precision of public signal.®? Also, the precision of each consumer i’s posterior about z at period

tis ke = Kz + Keoy + kipog O Aggregating over i, we have
Et [Z] = Otz -+ Btwoyt. (56)

From condition (56) and the fact that each consumer i has uncertainty about z at period 0 <t < T — 1, the

consumer also faces uncertainty about E [2]:
Var (E¢[2]|Lix) >0 Viand0 <t <T -1,
where I; ; is consumer i's information set at period t. Using the law of total variance, we have
Var (Eit [E¢[2]]) < Var (E¢[2]).

Similarly, note that for any random variable X, and any information set I, according to the law of total

variance, we have
Var (E[X|I]) < Var(X).

Using the fact that E;[] = E[E;[]|Q], where Q; is the cross-sectional distribution of consumers’

71f ki 1,65 = 0, we can simply define wy 1, = 2 + 1.1, Where 1; 4, ~ N (0, +00). That is, consumers effectively receive a totally
uninformed public signal between period ¢ and .

80 < k' =0% 4+ 02 < +00.

%9We also have o + 8; < 1.

"We use k_1 = , to denote the precision of each consumer 4’s prior about z.
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information sets, Z;;, at time ¢,
Var (B¢ [E;[2]]) < Var (Eig [E;[2]]) < Var (Eq[2]) . (57)
Similarly, for all h > 2, we have
Var (Egl [z]) < Var (E,? [z]) < Var (B [2]), (58)

where E}' [z] = [ E;4 [Ef’l [z]} di denote consumers’ average h-th order belief of z at period .

Now, for all 0 <t <ty < T — 1, consider the relationship between consumer belief about z at period ¢
and his belief at period t5. Specifically, consumer i’s information about z in period t, can be decomposed
into three parts: his information about z at period ¢, new private signals he receives between period t + 1

and t2 about z, and new public signals he receives between period ¢ + 1 and t2 about z. As a result,

Eity [2] = (1 = anty = Brty) Bt [2] + ity 8i 1,80 + Brta Wit

Re,t+1,ty Kn,t+1,to

where a4, =

€ [0, 1) is the relative precision of signal s; + 11+, and ¢+, =

KttKe t+1,tg THn,t4+1,t9
[0,1) is the relative precision of signal 1,41 +,. Aggregating over i, we have

KttKe t+1,tg THn,t4+1,t9

By, 2] = (1 — oty — Bro) B 2] + oty 2 4 Brtawis o (59)

Finally, for 0 < s <t <ty < T — 1, we consider E; ; [ws,] and E; [ws+,] . Note that the public signals
between period s and t5 about z has two components: the public signals between period s and ¢ about z and
the public signals between period t+1 and t3 about 2. As a result, there exists 0 < v, 44, = ——2thl2 <]

K'r],s,t“rﬁr],t-!—l,tg -
such that”!

Bs—1,t2Ws ts = Bs—1ta (1 — Ys,t,t0) Ws t + Bs—1,t0 Vst toWit1,to - (60)

Using condition (54), we have
Bs—1,t2 Bt (W ts) = Bs—1,ta (1 = Vst t0) Wt + Bs—1,t2Vs .0 Ft [2] - 61)
Now we prove that, under Assumption 6, forany £k > 2and 0 <t =1t; <t < ... <t <T —1, we have
Var (Et,tQ..‘ i [z]) < Var (Et [z]) ,
We proceed by induction on k. When k = 2, we only need to prove that, forany 0 <t =1t¢; <t2 <7 —1,

Var (Egg, [2]) < Var (Et[z]) . (62)

Kn,s,toy
Ks—1FKe,s,tothn,s, tg

"YU K st + Ko t+1,69 = K, s,t, = 0, condition (60) is automatically true for any 7s 1.+, because Bs_1,:, =
0.
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From conditions (54) and (59), we have
E;y [Etz [ZH =(1— o, — Bit,) Eiy [Et [Z]] + (vt + Bin) Eiy 2],

By, (2] = (1 — auy — Bis,) Ex [Et [ZH + (s + Bris) Er [2] .- (63)

Ke,t+1,tg THn,t+1,t9

KttEKe, t+1,t9 THn,t+1,to < 1’ we have

Together with (57) and the fact that 0 < a4, + Brs, =

2

Var (Et,tg [Z]) < <(1 — Oty — Bt}b) \/V(IT’ (Et [Et [ZH) + (Oét’tQ + Bt,tg) Var (Et [Z])) < Var (Et [Z]) s
(64)

where we used the fact that, for any random variable X,Y and scalars a,b > 0, the following inequality is

true:

Var(aX +bY) = a*Var(X)+2abCov (X,Y) + b*Var (V)

< a®Var(X) + 2ab\/Var (X) Var (Y) + b*Var (Y)
- (a\/Var (X) +b\/Var (Y))2 . (65)

This finishes the proof of condition (62).
Now suppose for k > 2, we have, forany 1 <[ <k,and0<t=t; <ta <..<t; <T -1,

Var (Et7t27... 4 [Z]) < Var (Et [Z]) s (66)
We prove, forany 0 <t =1; <ty < ... < tp41 <T —1, that
Var (Eity,.. ty. [2]) < Var (E;[2]), (67)

Using condition (59), we have

Etk+1 [z] = (1 — Ot T /Bt,thrl) Ey [Z] + Q2T 5t7tk+1wt+1,tk+1'

Together with condition (61), we have

Byt 121 = (1= vy = Brtesr) Bt [2] + av o By, 2] + Brty By (Wit 1, ]

= (L= sy — Brtesr) Bt 2] + (s + Briw Ve Litwstiss) By (214 Brtery (1= YedLitptigs) Wit

As a result,

Bty trar 121 = (1= vty = Brtesr) Bt it [2] + (Qtr + Bty Ve Lt tisr) Bty [2]

+ Bt (1= Yertitptorn) Bty Wi, -
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lterating Bt ¢, ., Bt 1, [wi+1,4,) by condition (61), we have

Bttty sty 12] = (L= @ty = Brinr) Bt it 21+ (Qtiss + Brtisr Yer Lttiss) Bt 1y, [2] (68)

k—1 k
+ Britr Y { [ IT (- %+17ts,ts+1)] Ve Lt Bt [Z]}

=1 s=Il+1
k —
+ Btotrss H (1 - ’Yt+1,ts,ts+1) Ey (2]
s=1
Using (66), we have
Var (Et to,e by 12 }) < Var( [z]) 1<I<k. (69)

Now we prove
Var (Ei.. 4,4 [2]) < Var (E;[2]) . (70)

From condition (56) and the fact that each consumer i has uncertainty about z at period ¢, each consumer

also faces uncertainty about E; [2] at period t. Similar as (57), we have,
Var (Etk,t [z]) <Var (E’t [z]) .
Similarly to (58), we have
Var (Ey,... 4.t 2]) < Var (Ey, 4 [2]) < Var (E;[2]).
This proves (70). From conditions (65), (68), (69) and (70), we have
Var (B gy 1,4 [2])) < Var (E¢[2]) .
This proves (67), thus also proving (52) and completing the proof of Lemma 5.

Proof of Corollary 3. Foranyt <T-2,2<k<t-Tandz € B, Let§, = COZT( ) denote the coeffi-

E:[R
cient of the projection of 2 on E;[R7]. Under Assumption 4, (ac EyR \/ () Var Et[RT]) <

Var (Et[RTD from Lemma 5. As a result, 3, < 1. Moreover, we have

Cov (x, Et[RTD

|ﬁx| = < 1. (71)

Var (Et [RT])

Proof of Proposition 5. This is a special case of Proposition 6.
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Proof of Lemma 6. Under Assumption 1, aggregate spending in equation (22) can be written as

T—t T—t
g = =BT E[Ry] + Zﬂk_l {E; k] } + (1= B) Zﬁk_lEt [Gr+k] - (72)
k=1 k=1

Substituting condition (21) into the above condition and use the fact that fi; is i.i.d. over time, we have

o T—t ~ T—t—k T—t ~
i =BT B[Ry + 1Y B {Et > Birkir } + (1= B)> B Ey [fr44]
k=1 =0 k=1

—t
= BT Ey[Ry] + (1— B+ kr) B" LBy (1] -
—1

~

o

Proof of Proposition 6. Fort < T — 1, under Assumption 4, using condition (20), we can write ; as a

linear function of elements in Bf 1<k<T-%):

je = — > XoT (73)

1<k<T—t and zer

where xy, > 0forallz € Bfand 1 <k < T —t.
Note that, under complete information (Assumption 2), z = Et[RT], forall z € B(’f and 1 <k <T. We

have
> Xo = 6" (T —1) (74)
1<k<T—t and z€BF
from the proof of Lemma 2.
Let ¢; denote the absolute value of coefficient of the projection of §; on E;[Rr]. Using (73), (74) and
(71), we know that ¢; < ¢f = ¢* (T —t).”?

Proof of Proposition 7. As mentioned in the main text, we maintain the fact that firms have complete
information, ZJJ; = 7. Extending the definition in the main text, for all 7,k > 0, we use xy, ; to denote the
(absolute value of) influence of k-order average belief of Ry on spending §r_,.”3 Also, for all k,7 > 0, we
let 5., = S5, x1.» denote the combined (absolute value of) effect of beliefs of order up to k on spending
Y1 —7-

From condition (22), the effect of k-order average belief on spending, xi -, can be characterized as

X0,0 = 1,

"2\We use the fact that, when t < T' — 1, (73) contains some terms € BF with k > 2. We also use that, from Corollary 3, the
coefficient of the projection of such = on E;[Rr] is strictly less than 1.

We have x1,» = 0 Vk > 7 > 0, that is, when the order of belief k is higher than horizon 7 = T' — t, k-th order belief does
not matter for spending gr—-. This can be seen from iterating conditions (22) once we impose Assumption 1. Also, as one can see
from iterating conditions (22), the influence of k-order belief on consumption and inflation only depends on the distance between
tand T, T = T — t. That is why we can use notations x,- and ¢ .. Finally, note that we assume firms are completely informed.
Higher order beliefs here only involve consumer’s belief of consumer’s belief of - - - .
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X1, = (14 7kK) 57_1 V1 >1,

(75)
T—k+1
Xkr = Z (1—B+1k) ey 1, Ve>2andT >k, (76)
=1

Xbr =0 Vk>T.

We can then characterize the combined effect of beliefs of order up to & on spending, s, -, as
80,0 =1,

s0 =0 Vr>1,

Ske=B"+Y_ (1=B+1r) B sp_1,— VE>1andT > 0. (77)
=1
Let d; = s, . denote the combined effect of beliefs of all different orders on spending. It coincides with

the spending response under complete information defined in Proposition 1, d. = ¢*(7). This is because,

under Assumption 2, all different orders of beliefs about Ry at period ¢ are E;[Ry] itself. Following the proof
of Proposition 1, we have

do =1,
d1 =1+ K,

d dr—
T+BT2:1+B+K v7'22 (78)

dT—l d‘r—l

Now we prove sy, ; satisfies an inequality with a similar form as condition (78):
Sk L BZRT2 e L84k Vr>2and k> 1. (79)
Sk,r—1 Sk,r—1
From condition (77), we have

Bskr—1 ="+ Z 1=+ (1-1)k) Bl_lsk,lﬁ,l Vk>1landT>1.
1=2

As a result, we can write sy, - in a recursive form:

Sk = Bskr—1+ (1 —B) sp—17-1 + ﬁZﬁl_ISk—LT—z VE>1land T >1,
=1

i
Bskro1 = B%skr—2+ B (1 —B) sk—1,r—2 + FLZﬁFlSk—LT—z Vk>1land T > 2.
1—2
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Using the previous two conditions, we have, forall £ > 1 and 7 > 2,
Sk + B%8kr—a + B (1 — B) Sk—1,r—2 = 288 r—1 + (1 = B+ K) Sk—1,7—1,

Sk, + /Bsk,T—Q = (]- + /B + "Q) Sk,r—1 + ﬁ (1 - /B) Xk, 7—2 — (1 - /8 + ﬁ) Xk, 7—1- (80)

To prove (79), we only need to prove:
B(L=PB)xXkr—2<(1—=p+K)Tt,r—1 Yk>1andT > 2. (81)
In fact, we prove the following stronger result:
BXkr—2 < Tpr1 VE>1land T > 2. (82)

From condition (75), we know that (82) is true for £k = 1 and 7 > 2. From condition (76), we know that

T—k
Xeao1 =BT+ (1= B+1k) " ap1 1 VE>2andT—1 >k, (83)
=1

T—k

BXkyr—2 =BT+ Z (1=B+(1-1)K) B ap1,-1 Ye>2andT—2> k.
1—2

This proves Bxi r—2 < -1 for k > 2 and 7 — 2 > k. Together with the fact that, x4 .2 =0Vk > 7 —1,
we prove (82) and thus (81). This finishes the proof of (79).
Based on (78) and (79), we can then establish Proposition (7). That is, for any given k > 1 and 7 > k,

the relative contribution of the first & orders, Z’” = sc’l”,

. . _ Sk.k Sk k41
First, note that, for any given &k > 1,1 = el el because 441 ,+1 > 0. Then, we can proceed by
induction on 7 > k, for any fixed k > 1. If we have %= > *krtl for some 7 > k, we have —kr > _dr_,
dr d7'+1 Sk,7+1 dT+1

i Sk, 742 dry2 Sk,r+1 Sk, 42 .
Using (78) and (79), we have e < do and thus T > i, - This completes the proof that, for any

strictly decreases with 7.

k> 1and any 7 > k, the ratio kit strictly decreases with the horizon 7.

St,T

Finally, we prove that, for any k£ > 1,

Ski—)O, as T — 00. (84)

St,r
In other words, we want to prove the relative contribution of the first k& orders of beliefs to aggregate spending
converges to zero when the horizon 7 goes to infinity. We consider two cases, depending on whether x = 0
orx > 0.
(i) Suppose k = 0. From the proof of Proposition 1, we have s, = ¢*(7) = 1, V= > 0. From
condition (75), x1+ = s1, = 87 *. This proves (84) for k = 1. If there exists k > 2 such that (84) does
not hold, we let £* > 2 denote the smallest of such k. Then, (84) holds for 1 < k < k* — 1. Because we
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Sp*

already prove that si« , = === > 0 is decreasing with the horizon 7, there exists 0 < I' < 1 such that

Sk r = ' 3T as 7 — oo. Note that Skr = Sk—1,7 + Xk,r» Vk,7 > 1, we have

St,1

Xk*,r:m =T asT— oo, (85)
and
Xer =2 L0, VI<k<E —1 ast— oo (86)
St

Now we prove that, when k =0, forall k > 2and 7> k + 1,
=Bk + (1= B) Xp-1,7-1- (87)
This comes from conditions (76) and (83). From (85) and (86), we have
Xeer =T and Bxpsr+ (1 —B) xpr—1, = BT as T — .

This contradicts condition (87) when I > 0. As a result, we have proved (84) when x = 0.

(i) Now let & > 0. First note that, from condition (77), we have s1 , = (1 + 7x) 871 — 0, as 7 — +oo.
From the proof of Proposition 1, we know s, = d, = ¢* (1) > 1. As a result, (84) is true for k = 1.

If there exists k > 2 such that (84) does not hold, we let £* > 2 denote the smallest of such k. Then, (84)

holds for 1 < k < k* — 1. Because we already prove that S’“ﬁ > 0 is decreasing with the horizon 7, there

exists 0 < I" < 1 such that SS’“:; = ;’“( 7 = Tas 7 — oo As a result, S’“(TT) ‘ikﬁ _) — 1 as 7 — oo. Because
: ’ ¢* (1) *
we already prove that, in the proof of 1, Fon LT we have
Sk* 1 * Sk* r—2 1
—— =TI and ——— > o, asT — 00, (88)
81{5*7771 Sk’*,‘l’*l F
Note that s ; = Sp=— 1T+Xk*7andb—>0asr—>oo we have X = ;’j’(‘ ) —T as T — 00. As
a result
Xko1 _ X*k*J ¢ (7) —1 asT — o0. (89)
Sk*,r Qb (T) Sk*,r
Now we prove a stronger version of (79)
Sk, —i—ﬂsk’T_Z +/€Xk’7_1 <1+B8+4+k Vr>2andk>1. (90)
Sk,r—1 Sk,r—1 Sk,r—1
This comes from the fact that (82) can be written as
B (1 - /6) Xk,7—2 + KXk,r—1 < (1 - /B + K/) Tk r—1 VT > 2and k > 1. (91)
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Using (33), (88) and (89), we have

*
Sk Sk* 7—2 Xk, r—1 1
T +B T + K *,‘r —)F*+BT+’£:1+B+2K as T — OQ.
Sk*,7—1 Sk*,r—1 Skr—1 T

This contradicts (90) and proves (84).

Proof of Proposition 8. We first prove that, under Assumption (5),
Var(2) < (1= ) Var (fr). 92)

forany x = E4Ey,...Ey, [Rr] € BF.
To simplify notation, lety = Ey,...Ey, [Rr] for k > 3,y = Ey,[Rr] for k = 2, and y = Ry for k = 1. From

Assumption 5, there is at least a mass € of consumers such that
Var (E: [y] |Zit) > eVar (E: [y]) .

As a result,
E [Var (E; [y] [Zut) 4] > €Var (E; [y])

where € is the cross-sectional distribution of consumer i’s information set Z;; at period t. Using the law of

total variance, we have
EVar (E[y] [Zu) [$0] + Var (E[E¢ [y] |Zu]) = E[Var (B¢ [y] |Zi) |%] + Var (E'[y|Zu]) = Var (B¢ [y]) -
As a result, we have’*

Var(z) = Var (EtEtQ...Etk [RT]) = Var (B [y)) < Var (E[y|Ta)) < (1— €2) Var (E [y))

< (1- 62) Var (y) = (1 - 62) Var (EtQ...Etk [Rﬂ) .

Iterating the previous condition proves (92).

Let ¢ denote the absolute value of the coefficient of the projection of gy on Eo [Rr] . Together with (65)

74We use the fact that for any random variable X, and any information set I, Var (E [X|I]) < Var (X). We also use the fact
that E; [[]| = E [E |- |Zit]] |©%], where £ is the cross sectional distribution of Z;; at time ¢,
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and the fact that ¢*(T') = s77”°, we have

>

k=1

<¢>2 _ ( Cov (yg,Eo [RT]) ) Var (go) < <SkT B 62 & Var (
¢ ¢*(I)Var (Eo[Rr]) ) ™ [4%(T))2Var (EO [RT]) Var (EO [Rr] ) ST.T

T 2 R
Z <5kT _62 S) Var (RT)
— \ST,T
762 e .
1<) r < g. From Proposition 7, there exists T* € N such

Var (ED [RT])
For any 9 > 0, there exists h € N such that 1((1)

h
2

that, for all T > T, ZZ i j;; < g As a result, for all T > T*,
T h—1 T P
s k k 9 1—¢€%)2
Z lc,T(l_ez)QS Sk,T+Z(1_€2)2 §§+ ( ) ;Sﬁ'
=1 °TT = °TT o 1—(1—¢€?)>

This proves
L N
Z(” (1—62)2> —0asT — +oo.
o \sTT
Together with (93) and the fact that Var (Eg [Rﬂ) > ¢, the proof of Proposition (8) is completed.

Proof of Proposition 9.  For notation simplicity, we will use ¢ and wr to denote ¢ (A, 1,T) and w (A, 1,T),
defined in the proof of Lemma 3. Similarly, we will use ¢%. to denote ¢* (T') defined in Lemma 2. From

conditions (36) and (37), we have

dp1  09(A,1,1) Jwy  Jdw(A 1,1)
Ok Ok =1>0and ok Ok

=p>0. (94)
When A\ = 1, conditions (38) and (39) become
¢r =B+ (1= B+K)A) ¢r—1+wr1 VT > 2,

wr = kPApr_1 + fwr—1 VT > 2.

As a result, for all T > 2, we have

dor 0odr—1 Owr_1
rr B+A—=B+rK)N) o +Aor—1 + P (95)
O _ BA‘%T Lt BAdro1 + ﬂawT ! (96)

Ok

From conditions (94), (95) and (96), %LHT and % are strictly positive for T > 1 by induction. Moreover,

75This is pointed out in the proof of Proposition 7.
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from conditions (36), (37) and (94), we have that % and 88% are strictly increasing in A. Then, based on

conditions (95), (96) and the fact that ¢r itself is strictly increasing in A for T' > 2, we have 85%7’ and 85”,3

are strictly increasing in A for ' > 2 by induction.

Proof of Proposition 10. (i) Euler condition at individual level still holds, as condition (10) shows. Imposing

Assumption 1 and aggregating equation (10), we have, for0 <t < T — 2:
1 —
G = = / Eiy [Cigt1] di + By [m44],
0

which is condition (25) in the main text. Now we try to link fol Ei ¢ [Git+1) di to Ey [§:11] and to link Ey [my41]
to Ey [me+1]. As a result, we can derive a version of discounted Euler condition characterizing the dynamics

of aggregate consumption. From condition (11) and (16), we have, for 0 <t <T —2:

1 _ T—t ~ T—t ~
/ Eig[Gpn]di = =BT EoRe] + Y B B [mipa] + (1= 8) Y B Er [fesal (97)
0 k=2 k=1
T ) T—t i
Biir1 = =B Ep[Rr] + Y B Bt [mk] + D (1= B8) B B [Ge4s] - (98)
= p

Under Assumption 3, for ¢t < T — 2, each consumer has the same information about Rr and z at period

t and period t + 1. As a result,

Ei[R7]) = Er11[Rr] = AE[Rp|z] = Moz Vit < T —2. (99)

Ei[2]=E1 2] =X Vt<T -2, (100)

Iterating conditions (16) and (17), together with Assumption 3, and the fact that aggregate markup shock
fir is i.i.d., we have, fort < T —1, g, and 7; — kfi; are only a function of z. Using condition (100), we have,
forall0 <t <T -2,

By [G41) = A1 = AE [Ge41] (101)
By [miq1) = Mg — Kjug1) = AE; [me], (102)
By [Gt+k]) = Erg1 [Ger]  and Ei[mpr]) = gt [mgn] V2<k<T—t (103)

Together with conditions (97) and (98), we have, for 0 <¢ <T —2,

1
Bt + (1 = B) B¢ [G141] = /0 Eit[Cip41) di.
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Substituting the previous condition into condition (25), we have, for 0 <¢ < T — 2,
Ut = Bl + (1= B) By [Je1] + By [m41] .-
Using conditions (101) and (102), we arrive at discounted Euler equation:
G = (B+ (1= B)N) By [Jer1] + AEy [mig1] VO<t<T—2.

(ii) From condition (17), we have, for0 < ¢ <T — 2:

T—t T—t
—0
/-;Z £0) Ef {Gta1} ~|— 7 (59) Ef {mear} + KO + K, (104)
k=1 k=1
Tt
Tit1 = KZ B0 Bl {5144} L0 0 > Bo)t Bl {mian} + K + wligr. (105)
k=1

Under Assumption 3, for t < T — 2, each firm has the same information about Ry and z at period ¢ and

period t + 1. As a result,

E/[Ry] = Ef,\[Rr] = N E[Ry|z] = Moz vt <T 2. (106)
El)=E/ [[]=Mz vt<T -2 (107)
Similarly to conditions (101), (102) and (103), we also have, forall 0 <t < T — 2,

Bl [Ge11) = M1 = ME [Ge44]

B [res1] = M (w1 — #fier1) = M By [ma],
Ef [miii) = EL | [megn] and EY [Giik] = EL | [Gean]) V2<k<T —t
t [Tt+k t+1 [Tt+k t Ytk i+1 Yt+k SKS .

Together with conditions (104) and (104), we have

T = kG + B [(1 — 0) By {ms1} + 0 (g1 — Kfieg1)] + BOK (B {Ge1} — Geg1) + Kfie
=Kyt + f [(1 -ON + 9} (Tt41 — Kilt1) + B0k ()\f - 1) U1 + Kfie

=p [‘9 +(1-10) )\f} By [ma] + 5 {Qt — po (1 - )\f) E; [ﬂt+1]} + Kfit,

which completes the proof.
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