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Abstract

I develop a new and simple method, the discretization filter, for approximating the
likelihood of nonlinear, non-Gaussian state space models. I show that these models can be
well approximated by a discrete-state Markov process and the likelihood evaluated using
techniques developed in Hamilton (1989). I establish strong consistency and asymptotic
normality of my proposed maximum likelihood estimator using results from the literature
on uniformly ergodic Markov chains. Through Monte Carlo simulations, I demonstrate that
the discretization filter outperforms popular existing methods both in terms of accuracy
and computational efficiency for empirically relevant sample sizes. As a result, it can be
used to study the quantitative implications of economic models for which existing methods
are either intractable or inadequate. I use the discretization filter to estimate two popular
nonlinear economic models, a term structure model with a zero lower bound, and the long
run risks model of asset pricing. I show that small differences in parameter estimates implied

by different methods translate into significant economic effects.
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1 Introduction

Many economic models include important nonlinearities. Examples include the zero lower
bound on interest rates (ZLB), stochastic volatility, Poisson jumps, non-convex adjustment
costs, Markov-switching dynamics, and sovereign default. Models which include these features
can often be represented as nonlinear state space models. These models are difficult to estimate
because, in general, no closed form solution exists for the recursive updating of the filtering
density. As a consequence, the evaluation of the likelihood requires the computation of an
intractable d x T-dimensional integral, where d is the dimension of the state space, and T is
the sample size.

I propose a new method, the discretization filter, for estimating nonlinear, non-Gaussian
state space models. The discretization filter works by constructing an approximation to a
state space model where the state variables are assumed to be finite-valued. The resulting
approximate system is a finite-state Markov-switching model of the kind studied in Hamilton
(1989), for which simple closed form forecasting and updating equations exist, just like the
Kalman filter for linear models.

I examine the asymptotic properties of the maximum likelihood estimator of the approximate
model, as both the number of discrete points m and the sample size T go to infinity jointly.
Building on the work of Douc et al. (2004)! and the literature on uniformly ergodic Markov
chains, I establish two theoretical results.

First, the maximum likelihood estimator is strongly consistent, and this result does not
depend on the rate at which the number of points m grows. Second, the maximum likelihood
estimator is asymptotically normal at the usual rate T/2, as long as the number of discrete
points m grows quickly enough as a function of the sample size. I show that discretizing the
likelihood introduces a bias that is directly related to the discrepancy between the ergodic
distributions of the approximate and original Markov chains. Under mild assumptions, this
bias decreases to zero as the number of points grows.”

After establishing these theoretical results, I provide Monte Carlo evidence that the dis-
cretization filter outperforms simulation based methods like the particle filter while maintaining
the computational tractability of sequential local approximation methods like the extended or
unscented Kalman filters.

I then employ the discretization filter to estimate two nonlinear economic models: the ZLB

term structure model proposed by Wu and Xia (2015), and the long run risks model of asset

1Other papers which examine the asymptotic properties of the likelihood in nonlinear state space models are
Douc et al. (2011)

2However, the rate at which m needs to grow to ensure asymptotic normality depends on exactly how the
state space is discretized. I show that if the discretization is constructed as in Farmer and Toda (2015), m®/¢
must grow faster than the sample size T'. That is, for low dimensional state spaces, m need only grow linearly
with or slower than 7. However, as d gets large, m must grow increasingly quickly.



pricing first proposed in Bansal and Yaron (2004). I obtain significantly different estimates for
the shadow rate of Wu and Xia (2015). In particular, I show that the shadow rate was as much
as 2.2 percentage points lower in July 2012 than the estimate obtained by Wu and Xia (2015)
when I use the discretization filter instead of the extended Kalman filter to estimate the model.
My findings have important implications for policy makers who use the Wu-Xia shadow rate
as an input to determining the effectiveness of unconventional monetary policy.

The paper is organized as follows. Section 3 introduces notation and provides a brief
overview of nonlinear, non-Gaussian state space models. Section 4 explains how to approx-
imate any nonlinear state space model with a finite-state Markov-switching model. Section
5 shows how to use the approximate model to construct a maximum likelihood estimator for
the parameters of the original model. Section 6 presents the two main theoretical results re-
garding the asymptotic theory of my proposed estimator. Section 7 provides some practical
implementation advice for applied researchers. Section 8 provides some suggestive Monte Carlo
evidence in the case of a stochastic volatility model. Section 9 re-examines the Wu and Xia
(2015) shadow rate term structure model. In section 10, I estimate the long run risks model.

Section 11 concludes.

2 Literature Review

To be completed.

3 The Setting

In this section I introduce the notation used in the remainder of the paper and provide a brief
overview of nonlinear state space models.

I restrict attention to the analysis of Hidden Markov Models (HMMs). A HMM is a special
type of nonlinear state space model where the observables in any given time period are a
function only of the state variables in that time period. However, the results can be generalized
to the case when the observation equation additionally depends on some finite number of lags
of the observables. Much of the exposition and notation follows Douc et al. (2004).

Let X; denote the vector of hidden state variables of the state space system at time ¢. 1
assume that {X;};°, is a homogeneous Markov chain and lies in a separable, compact set X 3,
equipped with a metrizable topology and associated Borel o-field B (X'). Let Qg (z, A), where
x € X, A€ B(X), be the transition kernel of the Markov chain. I further assume that for
all 0 € © and x € X, each conditonal probability measure Qy (z,-) has a density g (- |z) with

3Compactness of X’ simplifies much of the notation and proofs, however many of the results can be generalized
to the noncompact case using techniques developped in Douc et al. (2011)



respect to a common finite dominating measure p on X.*

I assume that the observable sequence {Y;};°, takes values in a set Y that is separable and
metrizable by a complete metric. I assume that for t > 1, Y; is conditionally independent of
{Ys}z;ll and {X s}i;ll given X;. This is the hidden Markov assumption. I also assume that the
observations have a density gy (y|X;) with respect to a o-finite measure v on the Borel o-field
B ().

Define the joint process {Z:};2, = {(X,Y;)}op on 2 = X x ) which has transition kernel
IIy given by

Mo f (z,y) = / @) s (2 |2) g0 (o |2') p (da') v (dy)

Xx)Y
for any bounded measurable function f on Z.
I am interested in conducting estimation and inference on the finite dimensional parameter
0 € © by maximum likelihood. © is assumed to be a compact subset of RP. Denote the true
parameter as 6*.

A HMM is characterized by the following two equations:

X | Xe—1 ~ g (X¢ | Xi—1) (1)
Yi | Xt ~ g0 (Yi|Xt) (2)

Equation 1 is the state equation, and it characterizes the distribution of the state next period
conditional on the current state. Equation 2 is the observation, or measurement equation, and
it characterizes the distribution of the observables conditional on the current state.

Given a sample {yt}thl, the goal is to obtain estimates of the parameter vector 6 and the
unobserved states {xt}thl, which I will denote by 1 and {i:t|t}tT:1 respectively.” In order to

do this, one must obtain an expression for the likelihood of the data:
Ly (0, m0) = po (Y7 | Xo = m0) (3)

where YT = (Y7, ..., Yr), and X refers to the initial value of the state vector. In the subsequent
section, I show how to approximate equation (1) by a finite-valued Markov chain.® In section
5, I show how to use this approximate model to obtain an expression for the likelihood. Finally
in section 6, I present my main results on the asymptotic theory of this approximate maximum

likelihood estimator.

“For two measures p and v, p is said to dominate v if for all A, p (A) = 0 implies v (A) = 0.

5The notation Z4; denotes the estimate of x; conditional only on information through time ¢. Sometimes
smoothed estimates of the unobserved state 2,7, incorporating all of the data, might be of interest.

51 also provide overviews of two of the more popular methods for approximating the likelihood of nonlinear
state space models, the extended Kalman filter and the bootstrap particle filter with adaptive resampling, in
appendices 7?7 and 77 respectively.



4 Approximating the State Dynamics

The idea of discretization to alleviate computational problems in economics is not new. One of
the first instances of this is Tauchen (1986). He proposes a simple way of approximating any
Gaussian VAR with a first-order, discrete-valued Markov chain, and shows that this approxima-
tion does a good job of matching unconditional and conditional moments for relatively coarse
discretizations. His paper, along with several more recent suggestions, have been widely used
in solving DSGE models where the ability to approximate the solutions to integral equations is
of key importance.”

In this paper I apply this method to the estimation of nonlinear, non-Gaussian state space
models. More specifically, I construct a finite-valued, first-order Markov process {Xt,m}toil,
whose dynamics mimic those of the original continuous-valued process {X;};,. This allows me
to summarize the dynamics of the unobserved state by a finite-dimensional transition matrix
Qo.m-° Note that this is fundamentally different from forecasting the next period’s state by
taking a local approximation around the current estimate as is done in the extended Kalman
filter. My approximation method is global yet does not rely on simulation techniques.

m

Define a finite set of m points in X, X, = {zim}; ,,

and define a transition matrix Qg p,

such that the ij** element:
Qom (1,9) = Po (Xem = Tjm | Xe—1,m = Tiym) (4)

corresponds to the probability of transitioning from point x;,, to point x;,, between time ¢t —1
and ¢t. The matrix Qg , is assumed to be the same for all ¢, and thus X ,, follows a first-order,
time homogeneous, m-state Markov chain.

Note that each row of the matrix Qg ,, can be interpreted as a conditional distribution.
Specifically, row 7 correponds to the distribution of X;,, conditional on being at point x;,,. It
is critical that these conditional distributions be good approximations to the true conditional
distributions g (X¢ | Xt—1,m = Tim ).

Define s; ,,, to be the state of the approximate system at time ¢. In particular, I will say that
the system is in state s;,, = ¢ and let (;,, = e; when X;,, = ;,,, where ¢; is the it" column

of the (m x m) identity matrix. The system outlined above is characterized by the equations:

Ct,m = Qg:mCt—l,m + 'F)t,m (5)
Vi [ Xt ~ g0 (Ye | Xem) (6)

"See e.g. Tauchen and Hussey (1991), Rouwenhorst (1995), Adda and Cooper (2003), Flodén (2008), Tanaka
and Toda (2013), Gospodinov and Lkhagvasuren (2013), and Farmer and Toda (2015).

8This is similar to the idea proposed in Tauchen and Hussey (1991). However, there the primary focus was
on computing conditional expectations: here it is approximating the dynamics of a state space model.



where 0ty = G — E [Gem [Gi—1,m ] and Q9T7m is the transpose of the matrix Qg ,,,. Equations (5)
and (6) are the state and observation equations of the new approximate model. The sequence
{Y;} has the same distribution, conditional on the state X;,,, as the sequence {Y;} generated
by the original model. However, in the approximate model, the X; ,, have been restricted to

live on a finite grid.

5 Evaluating the Likelihood

In the previous section, I showed how to approximate any HMM by replacing the state equation,
Equation (1), with a finite-state Markov chain, Equation (5). In this section, I apply the results
of Hamilton (1989) to construct an approximation to the likelihood function of the HMM.
Hamilton (1989) shows that when the state dynamics of a HMM are characterized by a finite-
state Markov chain, simple prediction and updating equations exist that are analogous to the
Kalman filter in the linear case. I review these results here and show how they can be used to
develop a maximum likelihood estimator for 6.

Let ét,m\t =E [Ct,m ‘Yf] be the econometrician’s best inference about the discretized state
Ct,m conditional on time ¢ information. Inuitively, CAtm‘t will be an (m x 1) vector of probabilities
which represent the likelihood of being at a particular point in the state space. The forecast of

the approximate state today given the previous period’s information is given by:

CAt,m\t—l =E [(m |V ] = Qg:mét—l,mﬁ—l (7)

Also define
ge (Yt ‘Xt - xl,m)

Mtym = : (8)
go (yt ’Xt = xm,m)
The i-th element of 7 ., is the likelihood of having observed Y; conditional on being in state ¢,
ie. Sg;m =1.

Note that the conditional likelihood of Y; given Ylt_1 is then simply given by:

Pom (1Y) =1 (01 © G 1) (9)

where © is element by element multiplication of conformable matrices and 1 is an (m x 1)

vector of ones. The updated inference about the state at time ¢ is:

2 Ntm © CAt,m\t—l Ntm © CAt7m|t_1
Ct’mlt - 2 = Y, Yt—l (10)
v <77t,m © Ct,m\tfl) pom (Ye|Y{™")




By iterating these equations from period 1 to the sample size T, one can obtain estimates of
T

the filtering distribution {étm} . and the parameters (9AT7m by maximizing the log likelihood
t—=
of the discretized system

T
g, (6) = }; log o (¥ [¥") ()
Alternatively, given a prior distribution for the paramter vector 6, Bayesian methods can be
used to sample from the posterior using MCMC methods.

Note that the parameter estimates éT,m and the log-likelihood function ¢7,, (§) are indexed
by the number of discrete points m in addition to the sample size T" to indicate that the estimates
will depend on exactly how the space is discretized. I have omitted the explicit dependence of
the likelihood function on the distribution of the initial state Xg ,,. As part of the results in
section 6, I will show why this initial condition is irrelevant for the asymptotic properties of
07 .-

Section 6 proves the consistency and the asymptotic normality of the discretization filter.
Those who are interested in applications of the discretization filter may wish to skip ahead to

section 7.

6 Asymptotic Properties of the Maximum Likelihood Estima-

tor

In this section I establish strong consistency and asymptotic normality of my proposed estima-
tor. I consider joint asymptotics in both the sample size T' and the number of discrete points
m. 1 show that the accuracy of my approximation is governed to first order by the proximity
of the ergodic distributions of the approximate and true chains. The distance between these
distributions is governed by a number proportional to m®/¢ where d is the dimension of the
state space and m is the number of points. Asymptotic normality requires that this number
goes to infinity faster than the sample size T

The assumptions and intermediate results leading to strong consistency follow the exposition
and techniques in Douc et al. (2004). I require some additional assumptions that allow me to
establish convergence uniformly over the number of discrete points used in the approximation.
A key new theoretical contribution of my paper is to establish a rate of convergence of the
ergodic distribution of the approximate discrete chain to the true ergodic distribution. This
result represents a new contribution to the literature on discrete approximations of Markov

chains with continuous valued states. All proofs can be found in Appendix A.



6.1 Preliminaries and Assumptions

I now list my basic assumptions. Assumptions labeled A are assumptions that overlap with
Douc et al. (2004) and those labeled B are additional assumptions I make for my particular

setting.

(A1) (a) 0<o_ =infpcoinfy ex qo (7,2") and o4 = suppeg SUP, prex 4o (,2") < 0.

(b) For ally € Y, 0 < infgeo [, g0 (v |) 1 (dx) and supgee [, 90 (v |2) p (dz) < oo.

infgco inf1<i j<m Qo,m(4,9)
SUPgeco SUP1<i j<m @o,m (i,

(B1) 0 < Q1 =sup,,ez+ y < L.

Assumption (Al)(a) implies that there is a positive probability that the state variable can
move from any part of the state space to any other part of the state space. This means that
the state space X' of the Markov chain {X;} is what’s known as 1-small, or petite. This further
implies that for all # € ©, {X;} has a unique invariant measure 775( and is uniformly ergodic
(see Meyn and Tweedie (1993) for a proof).

Assumption (B1) guarantees that the discrete process has a unique invariant distribution
and is uniformly ergodic for every value m < oco. Additionally it is needed so that the bound

on the mixing rate of Xy ,, is independent of m.

(A2) For all 8 € O, the transition kernel @y is positive Harris recurrent and aperiodic with

invariant distribution 7y.

(B2) For all # € ©, the transition kernel Qg ~ is positive recurrent and aperiodic with invariant

distribution g .

These assumptions guarantee that the original joint Markov process {Z;} and the limiting
Markov chain with countably infinite state space {Z; o } are themselves uniformly ergodic. Note
that assumption (B2) is needed in addition to assumption (B1) to account for the limiting case
of the chain. Strict positivity of every entry of Qg ~ is not enough to guarantee that an ergodic
distribution exists in the countably infinite case.

Assumption (A2) implies that for any initial measure A,

. t _
i T = ], = 0 (12)
where || - |7y is the total variation norm, defined for any two probability measures p; and po

as

1 — pellpy = Sup |1 (A) — p2 (A)]

In words, for any initial measure of the joint process {Z;}, the probability of being in any

measurable set A € B(Z) approaches the ergodic probability of being in that set uniformly



over all measurable sets A. This convergence is also independent of the initial measure A\. An
analogous property holds for the process {Z; oo} by assumption (B2). Developing a bound on

this rate of convergence will be critical for the coming developments.

(A3) by = supgeg sup,, , g0 (y1 |z) < oo and Eg- ([logb— (y1)]) < co, where
b (y1) = infoeo [y 9o (y1|2) p (da).

(B3) Eg- ([logc— (y1)) < 00, where c_ (y1) = infpee infyezt Qp,, 2oiti 9o (1 [Tim ), and Q. =
inf; j Qo.m (4,7)

Assumptions (A3) and (B3) are additional regularity conditions. Additional assumptions

will be introduced and explained as needed.

6.2 Consistency

Following Douc et al. (2004), I first establish that the conditional chain, X; ,, given a history of
observations Y,®, is itself a uniformly ergodic (inhomogeneous) Markov chain with minorizing
constant independent of the parameter § € © and the number of discrete points m € Z*. This

is the analogous result to Lemma 1 in their paper.

Lemma 1. Assume (A1) and (B1). Let s,r € Z, with s < r, § € O, and m € Z*. Under
Py, conditionally on Y,?, {Xt;m}ys>, 18 an inhomogeneous Markov chain, and for all t > r there

exists a function ., (y7, A) such that:
(1) for any A € B(Xy), y; — pem (Yi, A) is a Borel function;

(i1) for any y;, pm (Yi,-) is a probability measure on B (X,,). In addition, for all y; it holds
that pum (Y3, ) < fe,m (where piem is counting measure on Xy,) and for all Y,?,

:rIEI}Yf PQ (Xt,m €A |Xt—1,m =z, Y;«S) > Q-T-/J/Lm (ns’ A)

The major difference between this Lemma and the one established in Douc et al. (2004) is
that for the following results, it will be crucial that the minorizing constant be the same for
all m, in order to establish uniform convergence over m € Z* of the approximate likelihood
function. Note that although the minorizing measure, pm, (Y;’,-), does depend on both the
number of points, m, and the observations the chain is conditioned on, Y,®, it doesn’t affect
the mixing rate. The previous lemma leads to the following corollary, using standard results

for uniformly minorized Markov chains.



Corollary 1. Assume (A1) and (B1). Let r,s € Z withr < s, 0 € ©, and m € Z*. Then for
all t > r, all probability measures py and po on B (X,,), and all Y,?,

H/ Py (Xem €| Xom =2, Y,7) iy (dz) — / Py (Xem € | Xom =2, Y7 ) o (dz) < pt_r

m

where p=1— Q7.

This corollary establishes that the Markov chain “uniformly forgets” its history at an expo-
nential rate. That is, no matter where the chain is started, it converges to its ergodic distribution
exponentially fast. This is analogous to ¢-mixing, and the fact that the bound is deterministic
will be important for establishing strong consistency.

The next step consists of showing that the approximate likelihood function 47, (6, z0m)
with an arbitrary initial condition xg,, stays within a deterministic bound of ¢7,, () where

Xo,m is drawn from its ergodic distribution.

Lemma 2. Assume (A1)-(A2) and (B1)-(B2). Then, for all xy € X and m € 7™,

Sug 7m0, 20) — brm ()] <1/ (1= p)?, Ppe-a.s.
€

Next I show that T_IET,m (6) can be approximated by the sample mean of a Py«-stationary
ergodic sequence of bounded random variables which has a well defined limit. To this end I
first define the quantities:

At,r,x,m (0) = long,m (Y;f ‘Y_tgla X—s,m = .%')

At rm (0) = log po,m (Y} ‘Y_tgl) = /logp(%m (Y} ‘Y_tgl, X sm= a;) Py (da?_sym \Yj;l)
Consider the thought experiment of fixing the number of points m, but letting T" — oco. Define

the limiting object as
U, (0) = Epr [A0,00,m (0)]

I will show that such a limiting object is well-defined and that the sample analogue converges to
this limit almost-surely. In particular, I will show that {A¢,m},~o and {A¢rme}, converge

uniformly w.r.t. # € © Py«-a.s. by showing they are uniform Cauchy sequences.

Lemma 3. Assume (A1)-(A3) and (B1)-(B3). Then for allt > 1, r,r' > 0, and m € Z™*,

10



F@*—@.S.,

sup sup_ [Aram (6) = Arrrn (0)] < pTOITL (1 - p), (13)
€O z,x’'eX

sup SUp [ Aty (0) = Apran (0)] < o777/ (1= p), (14)
0O zcX

supsup sup | Ay, (0)] < max (|logb|,|loge— (Y)]) (15)
0€0 r>0 zeX

Lemma 3 shows that {A¢;ma},~q is @ uniform Cauchy sequence w.r.t. ¢ € © and thus
converges Pg--a.s. to a limit which does not depend on the initial value x. I label this limit

A¢ o,m and intuitively this can be thought of as log pg (Yt ’Y_t;})
Corollary 2. Assume (A1)-(A2) and (B1)-(B2). Then

T

sup sup |A¢o.m (0) = Ajoom| <2/ (1—p)*, Pg-a.s.
=] mEL+ €O

Corollary 2 shows that T~ {7, (f) can be approximated by the sample mean of a uniformly
ergodic sequence. The next step is to prove that the ergodic distribution of the approximate
discrete Markov chain converges weakly to that of the original continuous Markov chain. Propo-
sition 1 establishes this convergence and provides a bound on the difference between the two

distributions as a function of the number of points m.

Proposition 1. Assume (A1)-(A3) and (B1)-(B3). Without loss of generality, assume that
the state variable X; takes values in the dx-dimensional unit cube, [0, 1]dX. Define J to be the

set of dx -dimensional boxes of the form

dx

) = o i <
il:Il[O,az) {xGRX 0<=z <a}

where 0 < a; < 1. Further assume that the approrimation of the transition kernel satisfies

sup sup sup |Qp,m (z, A) — Qg (x, A)| = o (h (m))
0eO© xzeX AcJ
Then it follows that

Sup sup ‘ﬂgfm (A) — ﬂg( (A)‘ =o0(h(m))
0cO AcJ

where the function h (m) depends on the underlying formula used to construct the discretization.
If the transition kernel is approximated as proposed in Farmer and Toda (2015), the rate of

convergence is directly related to the underlying quadrature formula. For example, if the class

11



of Newton-Coates quadrature rules is used, the error will be at most of order

1

h(m) = m(3-3)/d

for 6 > 0.

Note that even faster rates can be achieved through clever choice of the quadrature formula
and the assumptions one is willing to make about the smoothness of the likelihood function. ?
Combining proposition 1, corollary 2, and lemma 2 leads to the following pointwise conver-

gence result

Corollary 3. Assume (A1)-(A8) and (B1)-(B3). Then for all sequences of initial points {xom }
and 0 € O,
lim T Y7, (0,20m) =£(0), Po-as. and in L' (Po+)

m,T— o0

The final step before I can state the strong consistency result involves showing that ¢, (6) is

continuous w.r.t. 6 for all m € Z*. Note that by (15) and the dominated convergence theorem,

U (0) = Eg- | lim Mgy (9)} = lim B [Agme (0)]

T—00 r—00

It suffices to show that Ag ;. (0) is continuous w.r.t 6, since {Agrmz (0)},5, is a uniform
Cauchy sequence Pg«-a.s. which is uniformly bounded in L! (]?’9*).

The following additional assumptions are needed to establish continuity
(A4) For all z,2’ € X and all y € Y, 6 — qp (x,2') and 0 — gy (v |) are continuous.
(B4) For all m € Z* and i,j = 1,...,m, 0 — Qg.m (4,7) is continuous.

Lemma 4. Assume (A1)-(A4), then

I
o

lim Eg« | sup sup |At,oo7m (0') — Atcom (0)‘
6=0 mezLt |0'—0|<5

Corollary 4. Assume (A1)-(A3), then

lim sup |6, (0) —£(0)|=0

m—0o0 0cO

9There has been much research in the field of Quasi Monte-Carlo integration methods, which seek deterministic
sequences to approximate high dimensional integrals which break the curse of dimensionality. These are referred
to as low discrepancy sequences and their accuracy for numerical integration has been shown to depend only
polynomially on the dimension d rather than exponentially. The use of these sequences to approximate the
dynamics of high dimensional state processes is a promising area of study which I investigate in ongoing research.
Further, there are no known convergence rates for the Tauchen or point mass filter approximations to the
transition kernel and I leave this for future work.

12



Corollaries 2 and 4 allow me to establish almost-sure convergence of the average approximate

sample likelihood.

Proposition 2. Assume (A1)-(A4) and (B1)-(B4). Then

lim sup sup ‘T_IET,m 0, z0m) — 6(9)} =0, Pp-a.s.
m’T_)OO 969 xO,mGXm
The last assumption needed to establish consistency is an identification assumption guar-

anteeing that * is a unique maximizer of the likelihood function

(A5) 0 = 6~ if and only if

— po~ (YY)
Eg+ [log ————=~
e (YY)

] =0 for all ¢t > 1. (16)

This is a high level assumption about the identification of the model. In general this is
a difficult condition to verify because it relies on the ergodic distribution of the joint Markov
chain {Z;}. For a more thorough discussion on when this assumption is satisfied in the context
of HMM, see Douc et al. (2011). Under the additional assumption (A5), I am ready to state

my first main result, strong consistency of the maximum likelihood estimator

Theorem 1. Assume (A1)-(A5) and (B1)-(B4). Then, for any sequence of initial points
To,m € Xm, OATM@OM — 0, Pg«-a.s. as T — 0o and m — oo.

This is a powerful result. It states that the maximum likelihood estimator is not only
consistent, but strongly consistent. In addition, this consistency is independent of the rate at
which the number of points m grows.

Next I turn to the asymptotic distribution of the maximum likelihood estimator. In order
to establish asymptotic normality I will need additional assumptions regarding the smoothness
and boundedness of first and second derivatives of the likelihood function.

Let Vg and Vz be the gradient and the Hessian operator with respect to the parameter 6
respectively. Assume there exists a positive real ¢ such that on G = {0 € © : |6 — 0*| < J}, the

following assumptions hold

(A6) For all z,2' € X and y € ), the functions 6 — gy (z,2’) and 6 — gg (v |2') are twice

continuously differentiable on G.

(A7) (a) supgeq SUp, 4 |Volog g (z,2")|| < oo and supye SUp, 4 Vg log qg (a;,a:’)H < 00

(b) Egy- [supgeG sup, ||Vglog gg (Y1 |2)|*| < oo and Eg- [supgeq sup,, || V3 log go (Y1 |2)||] <

(0.¢]
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(A8) (a) For v-almost all y/ € Y there exists a function f, : X — RT € L' (u) such that
supgec 90 (y'|2) < fy ().
(b) For p-almost all X € X, there exist functions fl : Y — R and f2:Y — R in
Lt (v) such that [[Vags (s [2)]| < f2 (¢/) and V390 (3' |2)]] < 2 (/) for all 0 € G

Instead of re-establishing asymptotic normality of my proposed estimator using the tech-
niques in Douc et al. (2004), I use Theorem 7 from their paper. I reproduce the theorem here

for completeness.

Theorem 2 (Theorem 7 from Douc et al. (2004)). Assume that éT,wo is an estimator satisfying
by <0~T7x0,x0) > supyee {1 (0, 20) — Ry and assumptions (A1)-(A8) hold. Then the following
are true:

(i) If Ry = 0, (T) (with P = Py ), then Or 4, is consistent.

(i) If Ry = O, (1), then T*/? <§T7x0 - 0*) = Oy (1), that is the sequence {éT,xo} is TY? — consistent
under Pg-.

141 T =0, (1), then 01 w0 — 0% ) = 0, )7, Py —weakly as T — oc.
If Ry = o, hen T2 (074, — 6 N(0,1(6%)7"), P kly as T

I derive an explicit expression for Rp as a function of m and T and provide conditions
under which my proposed estimator satisfies condition (iii) of Theorem 2, which corresponds
to asymptotic normality. Note that the bounds I have derived to establish consistency are not
sufficient to establish asymptotic normality of my proposed estimator. I can only establish that
condition (ii) of Theorem 3 is satisfied using the deterministic bounds applied thus far. To
establish conditions under which (iii) is also satisfied, I leverage an Azuma-Hoeffding inequality
derived in Douc et al. (2011). Using this new bound, I am able to state my second main result,

asymptotic normality.

Theorem 3. Assume (A1)-(A8), (B1)-(B4), and that I (6*) is positive definite. Then for any

sequence of initial points xom € X,
VT (O, = 07) = N (0,1(677")
Py« -weakly as T — oo, m — oo, and Th (m) — 0.

7 Recommendations for Applied Researchers

In this section I provide recommendations for how to construct the transition matrix and select

the grid points of the approximate finite-state Markov chain for the discretization filter.
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7.1 Constructing the Transition Matrix

There is no unique way to construct the transition matrix for the discretization filter. I propose
two possible ways of doing so.'’

First, I outline a way to extend the original method proposed by Tauchen (1986) to the
nonlinear, non-Gaussian case. Create a partition of the state space {A4;};",, where each A,
is associated with discretization point x;,, for all ¢ = 1,...,m (think of intervals in the one

dimensional case). Then define:

Qoo 1:3) = [ a0 (& Xims = i) () (1)
j

Intuitively, there are two layers of approximation in this expression. First, I am assuming that

if X;_1 is in region A; it is close to the point z; ;, in the sense that the conditional distribution

qo (X¢ | X¢—1) can be well approximated by gy (X; |X;—1 = @i m ). Second, I am assuming that

the probability of transitioning to region A; from point x; ,, is similar to the conditional density

g0 (Xt = zjm | Xi—1 = xim ) over the set A;.

A limitation of this approach is the ability to evaluate the integrals needed to construct
the transition matrix. In general, this method will only work well in practice when the A;
are hyperrectangles, and the transition density is easy to evaluate. Furthermore, there are no
known results on the rate of weak convergence of the ergodic distribution of the approximate
Markov chain to the that of the underlying continuous process. Since this rate is critical to
obtaining asymptotic normality, researchers should be cautious about standard errors when
using this approach with a small number of points.

An alternative approach is construct the transition matrix as in Farmer and Toda (2015).
They provide a general way of constructing finite-state Markov chain approximations to stochas-
tic processes. Their method finds the discrete distribution which is “closest” to the original
distribution from some prior distribution in terms of Kullback-Leibler distance, while matching
a set of conditional moments of the underlying continuous distribution.

If the prior distribution is a valid quadrature formula for evaluating integrals with resp-
sect to the original conditional density, the discrete approximation is guaranteed to converge
weakly to the continuous distribution. Moreover, the rate of convergence is given by the rate

of convergence of the selected quadrature formula.'!

10T addition to these two approaches, several others have been proposed in the literature: Tauchen and
Hussey (1991), Rouwenhorst (1995), Adda and Cooper (2003), Flodén (2008), and Gospodinov and Lkhagvasuren
(2013). However, all of these with the exception of Tauchen and Hussey (1991) only apply to linear autoregressive
processes.

1A special case of the discretization filter, known as the point mass filter, has been discussed at length in
the computer science literature. The elements of the transition matrix are chosen to be proportional to the
one-step ahead density evaluated at the discretization points, i.e. Qo,m (%,7) ~ p (s,m |T;j,m ). However, since the
primary aim in the computer science literature is to filter the states, the grid is chosen to be very fine. Tensor grid
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My Monte Carlo results in section 8 demonstrate that when the primary aim is estimation
of the parameters, very coarse discretizations are adequate. This is in line with my theoretical
results which show that the estimates are consistent independently of the rate at which m
grows. The discretization filter has the potential to scale to higher dimensional problems by
exploiting sparse grid quadrature methods (e.g. Smolyak grids), quasi-Monte Carlo methods,
or the more recently proposed e-distinguishable set method in Judd et al. (2012).

7.2 Selecting the Grid Points

When establishing my theoretical results, I assumed that the state space is compact. In general,
practitioners specify state space models that take values in unbounded spaces. In this section, 1
address how to choose the support of the discretized probability measure when the state space
is unbounded, how many discretization points (m) to use, and how they should be spaced.

First, consider the case where the number of discretization points, m, has been fixed and
the goal is to choose the support of the distribution. In order for the discretized system to be
a good approximation to the original model, the boundary points should be chosen to bracket
the underlying state vector with high probability. This is analogous to picking boundary points
from the tails of its ergodic distribution.

When the state follows a Gaussian VAR(1), a closed form expression for the ergodic dis-
tribution is available. Gospodinov and Lkhagvasuren (2013) provide a method to discretize
Gaussian VAR(1)s that is robust to high levels of persistence. They use mixtures of Rouwen-
horst (1995) approximations to match conditional moments as closely as possible. I rely on
this method in section 9 for my empirical application. However, for more general time series
models, no such expression exists.

Even when no expression for the unconditional distribution exists, it is often possible to com-
pute the unconditional mean and standard deviation of the process. In this case, I recommend
choosing a grid centered at the unconditional mean covering some number of unconditional stan-
dard deviations of the process. v/m — 1 seems to work well in practice, which is the number
employed in the Rouwenhorst (1995) approximation.

If the computation of unconditional moments is infeasible, I propose simulating a path of
the state and discarding a fixed fraction from the beginning as burn in. If the sample and
burn in periods are sufficiently large, the remaining points can be treated as representative
draws from the ergodic distribution. An appealing choice is to use empirical quantiles as the
discretization points.

Consider the case when r = 1, that is, the state vector is one-dimensional. Suppose one

simulates S points from the state equation with Sp; used as burn in. Denote this simulated path

product approximations quickly become intractable in higher dimensions, and for this reason the point-mass filter
is infrequently used. A comprehensive survey article on the properties and applications of filtering techniques is
Chen (2003).
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as {xS}SS:l. Then, if one wants the state to lie in the grid with approximately 1 — « probability,

select:
Tim=Qs($+5L(1—a)) Vi=1,...,m

where Qg : (0,1) — R is the empirical quantile function of the sample {J:S}SS: s,;+ defined as

S
Qs(p): infoR:pgs_lsbi Z 1{zs <z}

S:Sbi

Selecting the points in this way has the desirable property that one expects roughly the same
number of realizations of the state to fall between each point.'? By choosing « arbitrarily close
to 1, it is possible to ensure that one has covered the ergodic set with any desired degree of
confidence.'® This method is also robust to skewness and fat tails in the stationary distribution.

While the simulation procedure outlined above is capable of handling very general models,
it will introduce simulation error and increase the computational burden of the estimation.
It is desirable to use prior knowledge of the particular model to help inform the choice of

discretization.™*

8 Monte Carlo Evidence

This section presents some Monte Carlo results comparing the performance of the discretization
filter with the extended Kalman filter (EKF from now on) and bootstrap paticle filter (PF from

now on). I consider the case of a basic stochastic volatility model.

8.1 Stochastic Volatility

The standard discrete time stochastic volatility model, as formulated in Taylor (1982), is given
by

Xi=p+p(1—p) Xiq + v vy ~1iid. N(0,07) (18)
Y, = Xt/ 2w, wy ~ iid. N(0,1) (19)

12There is no unique way to define quantile functions in the multivariate case. However, one simple way to
achieve the same goal is to take the univariate empirical quantiles covering 1 — & probability for each dimension.

130f course a smaller o will require a larger number of data points for the same level of confidence in the
approximation.

14 Another possibility is to construct an e-distinguishable set as proposed by Judd et al. (2012), although this
is subject to the same criticisms about introducing simulation.
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Note that the measurement equation can be equivalently rewritten as:
log () = X; + log (w7) (20)

which leads to an additively separable state equation.'® This simplification only applies to the
most basic versions of the stochastic volatility model. I focus on results from the parameteriza-
tion u = —8.940, p = 0.9890, and ¢ = 0.1150, which are empirical estimates of the parameters
of the stochastic volatility model on daily returns data from the DAX in Hautsch and Ou (2008).

My results are not sensitive to this parameterization.

8.2 Parameter Estimation

I simulate data for T' = 100, 500, and 1,000 periods, and compute the likelihood of the model
five different ways. The first three ways are with my method, labeled as DF for “discretization
filter,” using 5, 9, and 13 discretization points respectively, the fourth is the EKF, and the fifth
is the PF with adaptive resampling using 1,000 particles. Each specification is simulated 1,000
times and estimation is performed via maximum likelihood where optimization is done using
MATLAB’s genetic algorithm in the global optimization toolbox.'

Figures 1-3 display the sampling distributions of the maximum likelihood estimators. The
rows of each figure correspond to a particular model parameter and the columns correspond
to a particular method of approximating the likelihood. A vertical line is displayed at the
point of the true parameter value. All estimation using the DF uses the Rouwenhorst (1995)
discretization scheme.!”

Consider figures 1 through 3. Note that for small sample sizes, T = 100, there is a con-
siderable downward bias in the estimation of p and ¢. That is, the optimization algorithm is
picking values of p and o extremely close to 0. This bias is most severe in the EKF estimates,
especially for o. However, this is not particularly surprising because the EKF is estimating a
misspecified model, where it is treating the residual in the observation equation as a normal
random variable, even though it has a log (X%) distribution.

This bias vanishes for both the DF and PF in the larger sample simulations and the DF
appears to produce tighter estimates of all 3 parameters, especially p. This is due, at least in
part, to the fact that the accuracy of the Rouwenhorst approximation is independent of the

persistence of the AR(1) process.

15This is the specification of the observation equation I use in the EKF estimation. This can also be thought
of as a misspecified Kalman filter where the measurement error is incorrectly assumed to be Gaussian.

6Note that traditional gradient based optimization methods are inapplicable to the PF because the likelihood
function is simulated, which makes it non-differentiable. See Flury and Shephard (2011) for a more detailed
discussion.

"Estimation was also performed using the Tauchen method and the point-mass filter. The Rouwenhorst
method does the best though the relative gains of the DF are similar for all discretization methods.
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I also compute the root mean squared error (RMSE), the mean absolute error (MAE), and
the bias of the parameter estimates, approximating the population expectation with an average

across simulations. In particular, for the i-th component of the parameter vector, I compute:

RMSE (9) =\/E [(9 - ai)z] (21)
MAE (6;) = E | } (22)

Bias (9) —E[g;] -0 (23)

0; — 0,

and report the results in tables 1, 2, and 3. The results for the DF and PF are similar for
T = 100, however the DF unambiguously outperforms both the PF and EKF for the larger
sample sizes. It is also interesting to note that the EKF outperforms the PF for the largest
sample size, which seems to be evidence of sample thinning, a well known problem in importance
sampling methods.

Given computational constraints, I do not have results for the PF with different numbers
of particles. However one would expect the particle filter to improve as the number of particles
increases. Given that my method runs so much faster than this specification of the PF, it may
be informative to compare it to the PF with a smaller number of particles, or to increase the

number of discretization points used for my method. I leave these comparisons for future work.

8.3 Computational Complexity

This subsection presents some results on the computational complexity of the three methods.
My code is written entirely in MATLAB and simulations were performed on an Intel Xeon CPU
E31225, 3.10 GHz processor with 8 GB of RAM.

Table 4 displays the average simulation times for all 5 specifications. The differences in
computational time are stark. With 5 discretization points, the EKF is 4 times faster than my
method for small sample sizes and 12 times faster for large ones. However the PF is 32 times
slower for small sample sizes and 293 times slower for large ones. These results suggest that my
method is closer to the EKF in terms of computational burden than the PF. To give the reader
a rough idea, all of the simulations for my method and the EKF ran in a matter of minutes
whereas the most computationally burdensome PF specification (T = 1,000) took almost five

days to run operating in parallel on four cores.

8.4 Filtered States

Another important dimension for comparison is the accuracy of the filtered states, {ﬁcﬂt}tT:l. In

this subsection, I provide results on the root mean square error (RMSE) and the mean absolute
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error (MAE) of all the methods. For a given model specification and method, these are defined

as:

T 1/2
RMSE = <T > (g - a:t)Z) (24)

t=1

T
1 R
MAE = — ;:1 |2y — 4 (25)

I define the average RMSE (ARMSE) and average MAE (AMAE) to be the average of the
RMSE and the MAE across simulations for a given method. Tables 5 and 6 display the ARMSE
and AMAE of each method, where the filtering is done using the corresponding maximum
likelihood estimates of the parameters for a given sample.

The DF and PF perform roughly the same for small samples and the DF seems to perform
marginally better than the PF in the large samples. It appears as though the misspecification

of the EKF is translating into poor estimates of the unobserved state.

9 A Term Structure Model with a Zero Lower Bound

In this section, I re-estimate the term structure model proposed in Wu and Xia (2015), and
provide an updated estimate of their shadow rate series with data through January 2014.
Using the discretization filter I am able to replicate most of their parameter estimates. While
my filtered series and the Wu and Xia estimates match closely over most of the sample, they
diverge after the onset of the zero lower bound in January 2009. My estimates indicate that
the shadow rate was roughly 2.2 percentage points lower in July 2012 than the Wu and Xia
estimates would indicate. I conjecture that the estimates differ because the DF provides a more
accurate approximation than the EKF to nonlinearities in the state space when the zero lower
bound is in effect. Furthermore, the EKF estimator is in general not consistent, while the DF
estimator is.

I omit details of the derivation of their shadow rate model. What is key for my purposes
is that under the presence of a zero lower bound on short term interest rates, they are able
to derive an approximate nonlinear state space model characterizing movements of the yield

curve:

Xe=p+pXi 1+ Sy vy ~1id. N (0,]3) (26)
Q <an + b/nXt -r

Yn,n+1,t =r+4+o,9 Q
On

) + wy wy ~1id. N (0,w) (27)

where Y, ,41,+ corresponds to the forward rate at time ¢ for a loan starting at ¢+n and maturing
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at t+n+1, and X; is a (3 x 1) vector of latent factors which explain movements in the yield
curve. For a derivation of the expressions for a,, b,, and 09 , I refer the reader to Wu and Xia
(2015).

Using their data on the 3 and 6 month, 1, 2, 5, 7, and 10 year forward rates, one has 7
observation equations, one for each observed yield maturity. They further assume that each
forward rate is observed with normally distributed measurement error with the same variance
w. B is a (22 x 1) vector of structural parameters.'®
Table 7 reports maximum likelhood estimates of the parameters from the model with QMLE

19 using the DF with 9 discretization points along each dimension (i.e.

robust standard errors
93 = 729 total discretization points). I use the Gospodinov and Lkhagvasuren (2013) method
to discretize the VAR state dynamics, which generalizes the method of Rouwenhorst (1995) to
VAR(1) systems. I also include the estimates from Wu and Xia (2015) for comparison.
Though the parameter estimates obtained using the DF are similar, they produce a dras-
tically different shadow rate series in the zero lower bound period (from about January 2009

20, These differences are illustrated in figure 4. I include 95% standard error bands

onward).
for the shadow rate series estimated with the DF (where the randomness is coming from un-
certainty about the state, not the parameters). This emphasizes the fact that the method used
to estimate a nonlinear dynamic model can have important economic implications.

One appealing aspect of the discretization filter is that filtering directly outputs a full
probability distribution over the unobserved state for each time period in the sample along with
the transition matrix Qg ,. It is then straightforward to compute any moments or forecasts of
the unobserved state one wishes, and also use (., to compute its stationary distribution. I
demonstrate one of many potential uses of this information in figure 5, which plots the analogous
picture to figure 10 in Wu and Xia (2015).

The blue dots and red squares, in figure 5, represent market expectations of when the
economy will exit the zero lower bound, computed in two different ways. The blue dots are
computed using the DF introduced in this paper, and the red squares are computed using the
EKF, as explained in Wu and Xia (2015). The green vertical lines represent the dates of Fed
announcements which explicitly mention a liftoff date.

The expected liftoff date is defined as the first period when the implied value of the shadow
rate is greater than r. Notice that the two methods lead to some significant differences in

expected liftoff dates, and the DF indicates a generally more pessimistic market outlook over

8Tt has been pointed out that the results may be sensitive to the arbitrary choice of 7 = 0.25, see Bauer and
Rudebusch (2013). As a robustness check I also estimate r as a free parameter and find that it has little effect
on subsequent analysis.

198ee Hamilton (1994) for details.

2ONote that once the parameter vector is estimated, I use the DF with 33 discretization points along each
dimension to produce more smoothly varying filtered series. However, the qualitative difference remains even for
coarser discretizations.
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most of the period.

10 An Empirical Evaluation of the Long Run Risks Model

To be completed.

11 Conclusion

In this paper, I develop a new method, the discretization filter, for estimating nonlinear, non-
Gaussian state space models. I establish that the maximum likelihood estimator associated
with the discretization filter is strongly consistent and asymptotically normal.

Existing methods like the particle filter, on the one hand, are accurate, but too computa-
tionally intensive to be used for complex problems. On the other hand, the extended Kalman
filter is fast, but incapable of capturing interesting nonlinearities. The discretization filter re-
tains the best features of both. As a result, it can be used to study the quantitative implications
of economic models for which existing methods are either intractable or inadequate.

I demonstrate that the filtering method used to estimate nonlinear models has sizeable effects
on the accuracy of the estimated parameters and the accuracy of the filtered states. I show
that these estimation differences translate into quantitatively significant economic differences
using the Wu and Xia (2015) shadow rate model as an example. My estimation procedure
leads one to conclude that the shadow rate was 2.2 percentage points lower in July 2012 than
the estimates from their paper would indicate. My findings have important implications for
policy makers who use the Wu-Xia shadow rate as an input to determining the effectiveness of
unconventional monetary policy.

Each method has its advantages and disadvantages, but the discretization filter alleviates
some of the more serious disadvantages of existing methods. I hope that economists working
with nonlinear economic models will consider the discretization filter as a valuable addition to
their toolkit.
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A Proofs

Proof of Lemma 1. Note that by the Markov property, for » <t < s,

Py (Xem € A[X750.Y,") =By (Xin € A|Xim1m, Y20 )

r,mo

Define the set of indices corresponding to the set A as Iy = {j|zjm € A}. First consider the

case where ¢t > s.

Py (Xemm € A|X[ 0 Y*) =Py (Xem € A[Xy1m =) = Y Qom (i, 7)

JE€Ia
Next consider the case where t < s,

P@ (Xt,m €A ’Xt—l,m =z, X«S)
-1

m
= Z QG,m (iaj)p&m (1/;5 |Xt,m = xj,m) X Z Q@,m (iaj)pO,m (}fts |Xt,m = xj,m)

J€la Jj=1

Define Q,,. = inf; ; Qg and Qg‘m = sup; ; Qg,m- Since Qy, < Qom (1,]) < Qg‘m for all
i,7=1,...,m, it follows that

_ Qy. _
PO (Xt,m €A ‘thl,m =z, 1/;58_1) > #Ht,m (1/;587 A) > QJrHt,m (}/;587 A)

6,m

where
-1
m
Ht,m (l,;s’ A) = Z Do,m (Y;‘/S |Xt,m = mj,m) X Zﬁ@,m (Y;S ‘Xt,m = xj,m)
J€la J=1
In the case t > s, it suffices to set pym (Y}, A) = piem (A). O

Proof of Lemma 2. . Conditioning on a particular starting value xq,, € X, is just a partic-
ular starting probability measure where probability 1 is assigned to that value. By Corollary
1, it follows that

[P0 (s € [¥5 Ko = 20) — By (X € [%) [y < '
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Thus, for t > 1,
o (0 %5710 = 0) = B (%7

m m
=1 Qo (1,5) 90 (Vi |2jm) X (Po (Xe-1m = 2im |¥g ™, Xogm = 20) = Po (Xi—1m = zim | Y7 ))
i=1 j=1

m
< P sup Y Qo (i) go (Y |2jm)
(3 le

m
< 07'Qp Y 90 (Vi lajm)
j=1

In addition it holds that

m m
pom (Vi |¥g ™ Xo=20) =YY 90 (Vi l2jm) Qo (i) Po (Xi1m = im [¥5 ™, Xom = 20)
=1 j=1

| V

m m
Zzge Y;‘/ |x]m Py (Xt 1,m = Tim ‘}f(]tilaXO,m = :L'O)
i=1 j=1

m
=Q5,mZ (Ye [jm )
=1

The same inequality also holds for pg y, (Yt ‘th_l). It follows from the identity |logx — logy| <
|z — y| / min (z,y) that

pt—l

1—p

|log po,m (Yi Yy, Xom = xo) —log Po,m (Y2 [Y;")] <

By summing up the expression from t =1,...,T, we get

T -1 T+1
p 1—p 1

MT,m (9, :I:O) - ET,m (0)’ é E = S
il (I—P)2 (1_P)2

Since this bound holds independently of 8 and m, this concludes the proof. ]
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Proof of Lemma 3. Consider the first expression and let ' > r.

p m (Y;f ‘Y_trlaX—rm = .’L‘) _f)Qm (Y ‘Yt_l X—r’m = .73/)

0

m m m B

ZZZQG YZM%m)QGm(Jv )P(Xt lm—xjm‘Yt X—r,m:xi,m)]l{xi,mzw}
i=1 j=1 k=1

m m m B
Z ZZQO Y;f |$k,m) Q@,m (.77 k) P (thl,m LTjm ‘Ytﬂ 7Xfrm wi,m)

g 7=1 k=1

;@i

(X—rm—xzm‘Yt ! X m:-xl)

r’

Thus, by Corollary 1
{pﬁ,m (Y;t ‘Yi;l’ Xfrm = ,I) — Po.m (Y’t |YE;/17X_r/,m _ x/)}

< QL Z 90 (V¢ |Zpm)
k=1

Similary, I can obtain a lower bound on both expressions as in the proof of Lemma 2,
[

Po,m (Y;‘/ ‘Yt ! X_pm = l’)

m m
= Z ZQB (Yt ‘$j7m) Q@,m (Zvj) P (Xt—l,m = Tim ‘Y_trle—nm = 33)
=1 j—1

> Q;ngo (Ve [2jm)

=1

Using the same inequality for logs applied in the proof of Lemma 2 we obtain the desired result.
An analogous expression is obtained if » < r. The second expression of the theorem follows
from setting r» = 7’ and integrating with respect to Py (dx,nm ‘Yf;l).

Note that by Assumption (A3),

- (Y;f) < ﬁ@,m (Y;f ‘Y_t:laX—r,m = 1') < b+

Taking logs concludes the proof.

Proof of Proposition 1. I proceed by providing a bound on the integration error
[€m (0) — £(0)]

which is independent of 6 € ©.

The Koksma-Hlawka inequality states that for any function f with bounded variation in
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the sense of Hardy and Krause, then for any sequence {xl} _, with z; € [0, 1)%x

N

1
@)= [ f@ds

[Ol]dx SV(f)Dj\[(l'l,,xN)
i=1 )

where an analogous version can be shown to hold for weighted integrals. D3, denotes the

star-discrepancy and V (-) denotes the total variation.

Since ngm can be thought of as an approximation of the true measure ﬂg( , using the Koksma-

Hlawka inequality:

[l (0) = £(0)] <V () Dy, (75m)

where discrepancy in this instance is defined as

Dy () = sup |75 m (A) — 75 (A)]

where J is the set of dx-dimensional boxes of the form
dx
H[O,ai) = {xERdX 0<x; < a,}

=1

where 0 < a; < 1. Note that I originally defined ﬂg(m using counting measure as the reference
measure. To talk about the appropriate notion of convergence here I define the operation

ﬂ'gfm (A) where A € B(X)

I similarly extend the definition of Qg , to sets A € B(X') and points z € X as

Qom (z, A) ZZQ@m (1,7)1{z € Ajm} L{xjm € A}

i=1 j=1
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Applying the triangle inequality twice to the expression of interest

sup |75, (A) — 75 (A)| = sup sup |5, (A) — 75 (A))
Aed TeX AeJ

= sup sup |3, (A) = Qf (2, A) + Qf 1, (w1, A) — Qf (x, A) + Q (z, A) — w3 (A)|
zeEX AeJ

<supsup}7ram A) — Qam x, A) ‘—l—supsup‘ng z,A) — QF (x,A) ‘—i—supsup‘wg — Q7 (x, A)‘
zEX A€ X AcJ AeJ
< pi —i—supsup‘Q@m z,A) — QF (x,A) ‘+p2
zeX Aed
< 2p} + sup sup | Q. (z, A) — Qf (z, A)|
zeX AeJ

where p; and ps are the uniform minorizing constants (with respect to 8 and m) for the Markov
chains Ilp and Iy ., respectively, and py = max (p1, p2).
It remains to bound the second term. Through applications of the triangle inequality and

the Cauchy-Schwarz inequality, we get that

sup sup |Qf , (z, A) — Qg (z, 4)]

rzeX AeJ
= sup sup [Qo.n Q3! (2, 4) = QonQf " (2, 4) + Qon@) ! (w,4) ~ Qo (. 4)
S (S
= sup sup [ Qo (QF ! (2.4) = QF ™ (2, 4)) = (Qon — Qo) QF " (2, 4)|
rzeX AeJ
< supsup | Qo (QF ) (2,4) = QF (2, 4) )| + sup sup |( Qo — Q) QF ~* (x, 4)
zeX AcJ reX AcJ
< sup sup |Qg,m (x, A)| sup sup ‘Qem x,A) — QQT 1 (z, A)‘
X Acd TE€EX ACJ
+ sup sup | Qo m (2, A) — Qg (z, A)| sup sup ‘Qe — (x, A)‘
T€X AcJ X ACT
< sup sup ‘ngr_nl (l‘, A) - Qg_l ($, A)’ =+ sup sup |Q0,m (l‘, A) - Q@ ($, A)|
zeX AeJ TEX AcJ

Applying this inequality recursively it is easy to see that

sup sup Qb (2, A) — Qg (z,A)| < T sup sup |Qgm (. 4) — Qp (. 4)|
As long as the Lebesgue measure of the discrete sets sup; A (Aim) — 0 as m — oo, the set
of discrete points {z; , } will become dense in X'. That is, for any z € X and € > 0, 3m > 0 and
1 <i<msdt. ||z —zim| <e. Thus the error in the expression above is bounded by the quality
of approximation of the marginal distributions Qg (x,-). Note that the specific rate achieved
for the second term will depend on exactly how the Markov chain is discretized. As an example

of the types of rates one might expect, consider the discretization method proposed in Farmer
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and Toda (2015). In Tanaka and Toda (2015), it is shown that the discrete approximation will
converge at a rate proportional to the underlying quadrature formula.

A simple example of quadrature formula is the trapezoidal rule, which is known to have
integration error which is O (#) The above expression can be thought of as a dx-dimensional
integral (d-dimensional state space), and thus if a simple product integration rule is used, we

get

T
X X T
jlg [Tom (A) =5 (A)] <205 +O (m3/d>

This is equivalent to saying that IM < oo and 3¢y, with |¢,,| < M for all m such that

T
sup ‘ﬂgfm (A) — 7 (A4)] < 2p£’” + cm%
AeJd m

Let € > 0 and consider the sequence T}, = m®/®. Then

2plm —m
P F Cm
u ms/d
T m AT

e/

. ms/d
_2p+ + Cmim(?,fe)/d

It is clear that the second term dominates asymptotically because it declines polynomially in

m whereas the first term declines exponentially in m. This shows that

1
sup [ (4) = (4)] =0 (-5t )
AEB} 0, ( ) 0 ( )‘ mB—e)/d

This implies that for any § > ¢

X Xy - L
i‘ég‘ﬂ-@,m (A) —m (A)| _O<m(3—5)/d

However since the choice of € was arbitrary, we have that the above holds for any § > 0.

For a general discretization method I will assume that a result of the form

X X
sup |7, (4) =15 (A)] = o (h(m))
AeJd
can be established, which will again be independent of T" for sensible discretization procedures.
Note that the order of convergence of this integration error also does not depend on the value

of the parameter § € ©, which concludes the proof.
O
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Proof of Corollary 4. Note that by Fubini’s theorem:
log g (Yo |Y oh) = 10g/zpe (Yo [z—1) 7o (dz—1)
=108 [ ([ 2030 12m0) 00 (0o o) s ) (o)
and

log Po.m (Yo [ Y1) = log / Doum (Yo |7 1m) o (d21.m)

m

m
=log» ( /y Poam (Yo [y—1,2-1 = Zim ) go (y—1 |%i,m ) dy_1> T (1)
=1

Thus, by the continuous mapping theorem, the dominated convergence theorem, and Proposi-

tion 1,
lim sup |6y, (0) —£(0)] =0, Pp-aus.
m—o0 0cO
0

Proof of Lemma 4. To be completed. O
Proof of Proposition 2. Using the triangle inequality,

sup sup [T~ 01 (6,0) — £ (9)] = sup sup [T~z (8,30) — b (6) + b (6) — £ (6)]

€O xoeX 0€O xogeX

< sup sup | T rm (0, 20) — b (0)| + sup [, (6) — £(0)]

0€O xpeX 0co

The second term limits to 0 by Corollary 4. For the second term, note that by Lemma 77

it is sufficient to prove that

lim sup sup sup ‘TﬁlﬁT,m (0) — lm (0)] =0, Ppe-as.
T—co €0 meZ+

Furthermore, since © is compact, this further reduces to proving that for all 8 € O,

lim limsup sup sup |T_1£T,m (9') — Al (0)‘ =0, Pg--as.
=0 Tooo |0/—0|<5 meZ*
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This term can be further decomposed as
limsuplimsup sup sup ‘TﬁléT,m (0’) — b (9)‘
0—=0  T—oo |0/—0|<dmeZt

=limsuplimsup sup sup ‘T_lﬁT,m (9’)—T_1€T7m (9)|
§—0  T—soo |0/—0|<5 meZ+

<A+B+C

where

T
A =limsuplimsup sup sup T} Z ‘At,O,m (6?/) — Atsom (9’)} ,
0—0 T—oo |0/—0|<dmeZ+ —1

T
B = limsuplimsup sup sup 77! Z ‘Atmm (9') — At oom (0)
50 T—oo |0/—6|<6 meZ+ p

)

T
C =limsup sup T |Apsem (6) = Arom (6)]

T—oo mezZt =1

Terms A and C' are zero by Corollary 2, and by Lemma 4 and the ergodic theorem,

T

B < limsup limsup 7* Z sup  sup ‘Atm,m (9’) — At oom (9)}
§—0 T—oo 1—1 16/ —0|<é meZ+

= lim sup Ey- [ sup  sup }Auoo,m (0’) — At oom (9)‘
550 |6"—9|<6 meZ+

=0, Py--as.

O

Proof of Theorem 3. . In order to establish asymptotic normality of my proposed estimator,

it is sufficient to show that ¢ <0AT710,:L‘0) — U7 (éT,m,mO,ﬂfo) = op (1) by Theorem 7 of Douc
et al. (2004). Rewriting this term

lr (éT,xo,H?o) — 7 (éT,m,:co, 960)
=lr (éT,xmeo) — A7 (éT,m,zm xo) +lrm <éT,x0,$o> —lrm (éT,xo,fCo)

<{r (éT,xmwo) —lrm (éT,q;O, iL‘o) +Llrm <éT,m,$m 960) — Ly (éT,m,xme)

Note that it is thus sufficient to show that for any 6 € ©, Py (|7, (6, zo,m) — b1 (0, 20)| > €) —

0 as T'— oo, m — oo at appropriate rates. It is possible to decompose this probability as fol-
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lows:

Py (|1 m (0, 70,m) — L1 (0,20)| > €)
=Py (‘ET,m (07 xO,m) — ( ) + 1 (9> —T¢ (0) + Ty, (9) — Tl (6)‘ 2 5)

< Py (l6r (6,20) = TC(0)] > <) + o (|6rm (0.200m) = Tl (0)] = =) +Bo (T 16 (6) — £(9)] = £ )

97'7:0
9,.%'0

Theorem 14 from Douc et al. (2011) states that for any Vy-uniformly ergodic state process
with transition kernel Qg, f : Y**1 with || f||, < oo, there exists a constant K < oo such that

P ( ) > 5> < Kv (V)exp [—[1( <min (’3;@»]

T
> AF () —EBe- [ (YD)}
t=1
for any initial probability measure v and € > 0. Both the original chain @)y and each discrete

chain Qg ,, are uniformly ergodic and thus Vg-uniformly ergodic for Vy = 1.

Note that the first two terms are of the form considered in Theorem 14 from Douc et al.
(2011). T explicity show the bound for the first term and the second term is analogous due to
the uniform minorization of the sequence of discrete Markov chains for all m € Z* with the

same minorizing constant

P, (wT (6, z0) — TE(8)] > g)

1 . (e ¢ . =
< Kexp [_K (mln (9T’ 3))} =op(l) with P =Py~

It follows from proposition 2 that

T

> {logpy (Vi [Yy ™, Xo = w0) — £(6)}
t=1

>

Wl m

[l (0) = £(0)] = o (h(m))

and thus
T |l () = £(0)| = o (Th (m))

Returning to the original expression of interest

Py« (‘ET (éT,xml‘o) — L7 (éT,m,wga xo)’ > €>

< Py~ <‘5T (éT,xoa Io) —Llrm (éT,xo,xo) +lrm (éT,m,zmﬂSo) — {7 (éT,m,xoa 900)‘ > 5)
< Py (‘ET,m (éT,xoaxO,m> — {7 (éT,zoaxO)’ > g) + Pp« (‘£T7m (éT,m,mO,CCo,m> — {7 (éT,m,xme)‘ > g) —0
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for T'— oo, m — oo, Th (m) — 0. This ensures that my proposed estimator satisfies condition
(iii) of Theorem 7 from Douc et al. (2004). O

B Figures and Tables

DF5 DF9 DF 13 PF 1000 EKF
T = 100 | 0.4469 0.4539 0.4423 0.4877  0.5211
u T = 500 | 0.4256 0.4164 0.3795 0.5735 0.4446
T = 1,000 | 0.3472 0.3492 0.3564 0.6139 0.3359
T = 100 | 0.5882 0.5910 0.5981 0.5721 0.7269
p T = 500 | 0.1082 0.0987 0.1147 0.1079 0.3042
T = 1,000 | 0.0189 0.0218 0.0191 0.0420 0.1260
T =100 | 0.2345 0.2318 0.2344 0.2439 0.6214
o T = 500 | 0.0770 0.0667 0.0704 0.1114 0.2933
T = 1,000 | 0.0433 0.0381 0.0398 0.0761 0.1629

Table 1: RMSE of parameter estimates

DF5 DF9 DF 13 PF 1000 EKF
T =100 | 0.3575 0.3578 0.3539 0.3846 0.4126
u T = 500 | 0.3263 0.3148 0.2949 0.3841 0.3395
T = 1,000 | 0.26563 0.2516 0.2404 0.3597 0.2607
T = 100 | 0.4432 0.4466 0.4513 0.4418 0.6171
P T = 500 | 0.0373 0.0340 0.0376 0.0497 0.1371
T = 1,000 | 0.0117 0.0115 0.0108 0.0193 0.0350
T =100 | 0.1725 0.1702 0.1717 0.1781 0.4292
o T = 500 | 0.0500 0.0431 0.0431 0.0711 0.1948
T = 1,000 | 0.0306 0.0263 0.0251 0.0453 0.1260

Table 2: MAE of parameter estimates
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DF5 DF9 DF13 PF 1000 EKF
T =100 | -0.0348 -0.0245 -0.0306  -0.0278 0.0046
n T = 500 |-0.0124 -0.0169 -0.0070 0.0028 -0.0013

T = 1,000 | 0.0137

-0.0002  0.0030 0.0163 0.0196

T = 100 | -0.4428
p T = 500 | -0.0362
T = 1,000 | -0.0108

-0.4458 -0.4504  -0.4417  -0.6170
-0.0316 -0.0351  -0.0484  -0.1359
-0.0093 -0.0085  -0.0172  -0.0335

T =100 | 0.1155
o T = 500 | 0.0390
T = 1,000 | 0.0220

0.1099 0.1133 0.1338 0.3402
0.0307  0.0305 0.0620 0.1860
0.0153  0.0135 0.0354 0.1250

Table 3: Bias of parameter estimates

DF5 DF9 DF 13 PF 1000 EKF

T =100 | 0.62
T =500 | 2.01
T = 1,000 | 3.71

0.72
2.12
3.92

0.83 19.65
2.29 269.75
421  1,088.52

0.17
0.22
0.30

Table 4: Average time of one maximum likelihood estimation (in seconds)

DF5 DF9 DF 13 PF 1000 EKF
T =100 | 0.3753 0.3753 0.3728 0.3742 0.4977
T = 500 | 0.3788 0.3759 0.3751 0.3830 0.4652
T = 1,000 | 0.3797 0.3769 0.3762 0.3828 0.4518

Table 5: ARMSE of filtered state estimates at éM LE

DF5 DF9 DF 13 PF 1000 EKF
T =100 | 0.3070 0.3073 0.3054 0.3065 0.3900
T = 500 | 0.3027 0.3002 0.3000 0.3062 0.3715
T = 1,000 | 0.3032 0.3008 0.3003 0.3054 0.3610

Table 6: AMAE of filtered state estimates at LE
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Discretization Filter

Extended Kalman Filter

1200 -0.2251 -0.2061 0.0256 | -0.3035 -0.2381  0.0253
(0.0767) (1.3693)  (0.0318) | (0.1885) (0.1815) (0.0160)
p 0.9648 0.0056 04541 | 0.9638 -0.0026  0.3445
(0.0100) (0.0212)  (1.5863) | (0.0199) (0.0183) (0.4821)
-0.0234 0.9626 0.8170 | -0.0226  0.9420  1.0152
(0.1809) (0.0762)  (5.2167) | (0.0202) (0.0212) (0.5111)
0.0046 0.0035 0.7750 | 0.0033  0.0028  0.8869
(0.0023) (0.0067)  (0.1050) | (0.0018) (0.0019) (0.0385)
eig(p) | 0.9765+0.006i 0.9765-0.006i 0.7513 | 0.9832  0.9642  0.8452
o 0.9983 0 0 0.9978 0 0
(0.0026) (0.0003)
0 0.9608 1 0 0.9502 1
(0.0121) (0.0012)
0 0 0.9608 0 0 0.9502
(0.0121) (0.0012)
12005, 13.2418 13.3750
(2.3324) (1.0551)
12008 0.2511 0.4160
(0.3467) (0.0390)
-0.0535 0.2541 -0.3999  0.2445
(0.3483) (0.1978) (0.0369)  (0.0233)
-0.0002 0.0026 0.0338 | -0.0110  0.0033  0.0390
(0.0026) (0.0058)  (0.0095) | (0.0069) (0.0034) (0.0030)
12001/w 0.1638 0.0893
(0.0403) (0.0027)

Table 7: Maximum likelihood parameter estimates (QMLE standard errors in parantheses)
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Figure 3: T = 1,000 MLE sampling distributions

0.4 0.6

0.8

150

100

50

600

500

250

200

150

100

50

N,

0.1 02

0.3

04 05

0.2

0.4

0.6

0.8

6¢



Percentage points

95% confidence bands ||

——DF shadow rate
-—--EKF shadow rate
——-ZLB

-2

41—

1990 1992 1994 1996 1998 2000 2002 2004 2006 2008
Time

Figure 4: Shadow rates

2010 2012

2014

0¥



2017

I
® DF market anticipation
= EKF market antipication .
2016 — —
[ ]
2015 — ' —
2014 (— o
° [ ]
[ ]
-
2013 — - —
| |
° n
2012— N L — —_
[ ]
[ ]
°
2011 — o Pt le —
° [] - -
o o o -
- -
[ ] L]
2010 ¢ . Pt - —
-
° . [ ] - -
- - -
a
20098=" ‘ | ‘
2009 2010 2011 2012 2013 2014
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