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Abstract

Good economic mechanisms depend on the preferences of participants in the mechanism.
For example, the revenue-optimal auction for selling an item is parameterized by a reserve
price, and the appropriate reserve price depends on how much the bidders are willing to pay.
A mechanism designer can potentially learn about the participants’ preferences by observing
historical data from the mechanism; the designer could then update the mechanism in response
to learned preferences to improve its performance. The challenge of such an approach is that
the data corresponds to the actions of the participants and not their preferences. Preferences
can potentially be inferred from actions but the degree of inference possible depends on the
mechanism. In the optimal auction example, it is impossible to learn anything about preferences
of bidders who are not willing to pay the reserve price. These bidders will not cast bids in the
auction and, from historical bid data, the auctioneer could never learn that lowering the reserve
price would give a higher revenue (even if it would). To address this impossibility, the auctioneer
could sacrifice revenue optimality in the initial auction to obtain better inference properties so
that the auction’s parameters can be adapted to changing preferences in the future. This paper
develops the theory for optimal mechanism design subject to good inferability.

1 Introduction

This paper develops non-parametric methods for revenue management of an auctioneer. The clas-
sical revenue optimal auction is parametric, i.e., requiring knowledge of the distribution over values
of the bidders (cf. [Myerson, 1981). We study a paradigmatic parameterized family of auctions
and develop a method for counter-factual inference that allows the revenue of one auction in the
family to be non-parametrically estimated from bids in another. One application of this method is
a framework for A /B testing of auctions, a.k.a., randomized controlled trials, wherein an auctioneer
can compare the revenue of auctions A and B. Another application is in instrumented optimization
where we identify sufficient properties of an auction so that the revenue of any counter-factual
auction can be estimated and then optimize revenue over auctions with these properties.

The main technical contribution of this paper is a method for counter-factual revenue estimation:
given two auctions we define an estimator for the revenue of one from equilibrium bids of the
other. Our estimator has a number of appealing properties in contrast to the standard econometric
approach to inference in auctions. In the standard approach, first the value distribution is inferred

*University of Wisconsin - Madison
TNorthwestern University
HUniversity of Virginia



from bids of the first auction using equilibrium analysis, and then the estimated value distribution
may be used to calculate the expected revenue of the second auction. In contrast, our method
estimates revenue directly from the bids. To infer the value distribution, the standard approach
employs estimates of the derivative of the bid function, e.g., via a parameterized estimator that
requires assumptions on the bid distribution. Our method, on the other hand, is non-parametric and
robust. In contrast to the standard approach, our method is statistically efficient with estimation
error proportional to one over the square root of the number of observed bids.

Our work applies to first-price and all-pay position auctions, a model popularized by studies of
auctions for advertising on Internet search engines (cf. [Varian, 2007, and [Edelman et al., 2007)E|
A position auction is defined by a decreasing sequence of weights which correspond to allocation
probabilities, bidders are assigned to weights assortatively by bid, and pay their bid if allocated
(first-price) or always (all-pay). The configurable parameters in this family of auctions are the
weights of the positions. Given two position auctions A and B, each defined by positions weights,
and N samples from the Bayes-Nash equilibrium bid distribution from A, our estimator for the
revenue of B is a weighted order statistic. We apply a formula to the position weights in A and B
to get a weight for each order statistic of the NV bids, and then the estimator is the weighted sum
of the order statistics. The error bounds for this estimator are proportional to y/1/N and a term
derived from the position weights of A and B.

The first application of this revenue estimator is to A /B testing of auctions. A/B testing, other-
wise known as randomized controlled trials, is an industry standard method for evaluation, tuning,
and optimizing Internet services and e-commerce systems. This form of online experimentation is
happening all the time and the participants of the experiments are almost always unaware that the
experiment is being conducted. Our framework for A/B testing of auctions is as follows. Bidders
bid and then the experimenter selects and runs control auction A or treatment auction B on the
bids. Even though the bidders may be unaware of the experiment, the bids are assumed to be
in its Bayes-Nash equilibrium, i.e., for the convex combination of auctions A and B which is a
distinct auction C. The task of A/B testing of auctions is thus to compare estimates of revenue of
A and B given bids in CE| Note, a convex combination of position auctions is a position auctions
with position weights given by the convex combination. Suppose the A/B test auction C runs the
control auction A with probability 1 — e and the treatment auction B with probability e. Our main
result for A/B testing is that the revenue from B can be estimated from bids in C with error that
depends on € as log1/e. This error bound contrasts starkly with the dependence of \/m that
would be obtained by ideal A/B testing, i.e., where bids in A or B are respectively in Bayes-Nash

!First-price and all-pay position auctions generalize classical single-item and multi-unit auction models and are
important auction form for theoretical study, see e.g., |Chawla and Hartline| (2013). Unfortunately, our methods
cannot be directly applied to position auctions with the so-called “generalized second price” payment rule of Google’s
AdWords platform.

2 An alternative to this framework for A/B testing is to partition auctions into distinct markets with little overlap
and to randomly assign markets to the control group (with auction A) or treatment group (with auction B). This
approach can be used to test global configurations auction where all markets will eventually run auction A or auction
B. It could be, however, that A is better for some markets and B is better for other markets. In contrast to this
global A/B test, our framework can compare the performance of A and B locally in each market and thus allows
for local optimization of the auction. Importantly, the revenue optimal auction depends on local properties of the
market, e.g., supply and demand; it would not be optimal to optimize a single global auction. For example, |Ostrovsky
and Schwarz| (2011) employed the global approach in the study of reserve prices in the advertisement auction on the
search engine of Yahoo! Importantly, they first used structural inference in each market to determine good reserve
prices and then ran a global A/B test to determine whether switching to use these new reserve prices globally would
improve revenue over the original reserve prices.



equilibrium for A or B.

The second application of our revenue estimator is to instrumented optimization. Note that
classical revenue optimization in auctions, e.g., by reserve prices and ironing (Myerson, 1981)), is
at odds with classical structural inference. Reserve pricing and ironing pool bidders with distinct
values and, thereafter, no procedure for structural inference can distinguish them. The position
auctions (with neither ironing nor reserve prices) of our study do not exhibit this stark behavior;
nonetheless, the error in our revenue estimate for auction B from the bids in auction C does depends
on auction C. (In particular on a relationship between the position weights in C and B, e.g., the
position weights are related by € in the A /B testing application, above.) Our first result shows that
there is universal treatment B such that in the A/B test mechanism C, the revenue of any other
position auction can be estimated. A solution, then, to the instrumented optimization problem is to
run the A/B test mechanism C that corresponds to the revenue optimal position auction A and this
universal treatment B. Our second result incorporates a bound on the desired rate of estimation into
the revenue optimization problem and derives the revenue optimal auction subject to good revenue
inference. Our analysis gives a tradeoff between revenue bounds (relative to the optimal position
auction) and the desired rate of inference. Finally, we show that the revenue optimal position
auction (without reserve prices or ironing) approximates the revenue-optimal auction (with reserve
prices and ironing).

Results and organization Our results are as follows.

e In Section[2]we show how to estimate the bid distribution from a finite sample of observed bids.
Then we provide a general principle for inferring values from the estimated distribution of bids
and its derivative for a non-truthful mechanism. We illustrate this principle in application to
a first price and an all-pay mechanism.

e We prove in Section [f] that rank based auctions are close to optimal for revenue: for every
value distribution and every symmetric auction facing a position feasibility constraintﬂ there
exists a rank based auction satisfying the same constraint that achieves a 4-approximation
(and in most cases, a close-to-1 approximation). Further, we prove that optimizing for revenue
over the class of rank based auctions requires knowing n parameters of the value distribution
that we call the multi-unit revenues. These multi-unit revenues are a discrete analog to the
revenue curve, the derivative of which defines virtual values for revenue-optimal auctions.

e We show how to estimate the multi-unit revenues from samples drawn from the bid distribu-
tion of a mechanism in Section [3] We give bounds on the error in estimation in terms of the
allocation rule of the mechanism, and the number of bid samples. We show that the error
decreases as the inverse square root of the number of bid samples.

e Also in Section [3] we show that rank based auctions achieve a good revenue versus inference
tradeoff: for every e > 0, there exists a rank based auction that obtains a (1 — €) fraction of
the optimal rank based revenue, and achieves error in inferring the multi-unit revenues that

scales as O(l/e)ﬁ

3For irregular value distributions, we need the assumption that the auction does not iron over the values corre-
sponding to the highest 1/n quantiles.

4Note that this scaling in error can be offset by obtaining a large number of bid samples, and by reducing
measurement error in bids.



e We show how to estimate the revenue curve for the underlying value distribution from samples
drawn from the bid distribution of a mechanism in Section ??7. We give bounds on the error
in estimation in terms of the allocation rule of the mechanism, the number of bid samples,
and the measurement error in bids. These bounds require the allocation function to have a
minimum and a maximum slope at all quantiles. An implication is that the revenue-optimal
auction (with a mostly “flat” allocation rule) is generally poor at inference and requires
substantially larger samples to achieve the inference qualtify of the iron by rank auctions.

We show that the dependence of the estimation error on the aforementioned parameters is
polynomially worse in this setting as compared to those for the problem of learning just the
multi-unit revenues.

Related Work In the mechanism design literature, the problem of designing mechanisms to
enable learning the parameters of a market has not been considered from a theoretical perspective
previously. Several works have considered the problem of learning optimal pricing schemes in an
online setting (e.g., Babaioff et al. (2012)). However, these works assume non-strategic behavior
on part of the agents, which makes the inference much simpler. Other works consider the problem
of learning click-through-rates in the context of a sponsored search auction (a generalization of
the position environment we study) while simultaneously obtaining good revenue (e.g., Devanur
and Kakade| (2009)); Babaioff et al.| (2009)); Gatti et al.| (2012))), however, they restrict attention to
truthful mechanisms, and again do not require inference.

Several works have considered the problem of empirically optimizing the reserve price of an
auction in an online repeated auction setting (e.g., Reiley| (2006); Brown and Morgan (2009));
Ostrovsky and Schwarz (2011)). The most notable of these is the work of |Ostrovsky and Schwarz
(2011)). |Ostrovsky and Schwarz| (2011)) adapt their mechanism over time to respond to empirical
data by determining the optimal reserve price for the empirically observed distribution, and then
setting a reserve price that is slightly smaller. This allows for inference around the optimal reserve
price and ensures that the mechanism quickly adapts to changes in the distribution.

Finally, the theory that we develop for optimizing revenue over the class of iron by rank auctions
is isomorphic to the theory of envy-free optimal pricing developed by |[Hartline and Yan| (2011]).

Our approach to data-driven mechanism design is based on evaluation of mechanisms using
the data directly thus bypassing the computation of equilibrium best responses of agents under the
new mechanism. That comes in contrtast with the approach frequently deployed for counterfactual
inference in Industrial Organization. The traditional approach to counterfactual analysis (see Athey
and Haile| (2007), Doraszelski and Pakes (2007)) and |Paarsch and Hong (2006)) involves, first, using
the observational data to infer the underlying preference parameters (such as valuations of bidders
in auctions). Second, the inferred structural parameters are used as an input in the computation
of the equilibrium outcome of the new proposed mechanism.

The traditional approach requires good properties from the first stage inference procedure given
that the outcomes of this procedure is used as an input for counterfactual prediction for the new
mechanism. Rich literature in Econometrics including |[Newey| (1994), |Ai and Chen| (2003)), Blundell
and Powell| (2004), |Chernozhukov et al. (2013), and |Chen and Pouzo| (2012) require a careful control
over the properties of the object estimated in the first stage to ensure good statistical properties
of the object of interest (such as the counterfactual prediction). For instance, in case of first-
price auctions in (Guerre et al.| (2000) such a control requires the balanced choice of the smoothing
beandwidth for estimation of the distribution of bids which depends on the smoothness of the true



(infeasible) distribution of bids.

Our approach is based on using the bids observed in the data directly to make inferences
regarding the counterfactual mechanisms. This allows us to do inference without relying on assumed
theoretical properties of the underlying distribution of valuations of players. Moreover, that also
allows us to consider cases where teh object of interest is not a smooth functional of the distribution
of the data without imposing additional constraints on the model or the data generating process.

2 Preliminaries

2.1 Auction Theory

A standard auction design problem is defined by a set [n] = {1,...,n} of n > 2 agents, each with a
private value v; for receiving a service. The values are bounded: v; € [0, 1]; They are independently
and identically distributed according to a continuous distribution F'. If z; indicates the probability
of service and p; the expected payment required, agent ¢ has linear utility u; = v;x; — p;. An
auction elicits bids b = (b1, ...,by,) from the agents and maps the vector b of bids to an allocation
Z(b) = (Z1(b),...,T,(b)), specifying the probability with which each agent is served, and prices
p(b) = (Z1(b),...,Tn(b)), specifying the expected amount that each agent is required to pay.
An auction is denoted by (Z,p). We focus on symmetric auctions, namely those for which the
allocation and payment functions, x; and p;, do not depend on the identities of the agents. That
is, Z;(b) = Z(b) and p;(b) = p(b) for all agents 7, all bids b and some functions Z and p.

Standard payment formats In this paper we study two standard payment formats. In a first-
price format, each agent pays his bid upon winning, that is, p;(b) = b; Z;(b). In an all-pay format,
each agent pays his bid regardless of whether or not he wins, that is, p;(b) = b;.

Bayes-Nash equilibrium The values are independently and identically distributed according
to a continuous distribution F'. This distribution is common knowledge to the agents. A strategy
s; for agent ¢ is a function that maps the value of the agent to a bid. The distribution of values
F and a profile of strategies s = (s1,--- ,$,) induces interim allocation and payment rules (as a
function of bids) as follows for agent 7 with bid b;.

.fl(bz) = E’u,in[ii(biy s_i(v_i))] and

pi(bi) = Ey_,~p[Pi(bi, s—i(v-i))].

Agents have linear utility which can be expressed in the interm as:
i (vi, b;) = v i (b;) — Pi(bi).

The strategy profile forms a Bayes-Nash equilibrium (BNE) if for all agents 4, values v;, and al-
ternative bids b;, bidding s;(v;) according to the strategy profile is at least as good as bidding b;.
Le.,

@i (vi, 5i(vi)) > @i (vi, by). (1)

A symmetric equilibrium is one where all agents bid by the same strategy, i.e., s statisfies s; = s
for all ¢ and some s. For a symmetric equilibrium of a symmetric auction, the interim allocation



and payment rules are also symmetric, i.e., Z; = & and s; = s for all ¢. For implicit distribution
F and symmetric equilibrium given by stratey s, a mechanism can be described by the pair (Z,p).
Chawla and Hartline| (2013]) show that the equilibrium of every auction in the class we consider is
unique and symmetric.

The strategy profile allows the mechanism’s outcome rules to be expressed in terms of the
agents’ values instead of their bids; the distribution of values allows them to be expressed in terms
of the agents’ values relative to the distribution. This latter representation exposes the geometry
of the mechanism. Define the quantile ¢ of an agent with value v to be the probability that v is
larger than a random draw from the distribution F', i.e., ¢ = F'(v). Denote the agent’s value as a
function of quantile as v(¢) = F~'(q), and his bid as a function of quantile as b(q) = s(v(q)). The
outcome rule of the mechanism in quantile space is the pair (z(q),p(q)) = (Z(b(q)),p(b(q)))-

Revenue curves and auction revenue Myerson| (1981) characterized Bayes-Nash equilibria
and this characteriation enables writing the revenue of a mechanism as a weighted sum of revenues
of single-agent posted pricings. Formally, the revenue curve R(q) for a given value distribution
specifies the revenue of the single-agent mechanism that serves an agent with value drawn from
that distribution if and only if the agent’s quantile exceeds q: R(q) = v(q) (1 — ¢). R(0) and R(1)
are defined as 0. Myerson’s characterization of BNE then implies that the expected revenue of a
mechanism at BNE from an agent facing an allocation rule z(q) can be written as follows:

P, = E¢[R(q)2'(q)] = —E¢[R'(¢)z(q)] (2)

where 2/ and R’ denote the derivative of # and R with respect to ¢, respectively.
The expected revenue of an auction is the sum over the agents of its per-agent expected revenue;
for auctions with symmetric equilibrium allocation rule x this revenue is n P,.

Position environments and rank-based auctions A position environment expresses the fea-
sibility constraint of the auction designer in terms of position weights w satisfying 1 > wy > wo >
<o >y > 0. A position auction assigns agents (potentially randomly) to positions 1 through n,
and an agent assigned to position ¢ gets allocated with probability w;. The rank-by-bid position
auction orders the agents by their bids, with ties broken randomly, and assigns agent 4, with the
ith largest bid, to position i, with allocation probability w;. Multi-unit environments are a special
case and are defined for k units as w; = 1 for j € {1,...,k} and w; =0 for j € {k+1,...,n}. The
highest-k-bids-win multi-unit auction is the special case of the rank-by-bid position auction for the
k-unit environment.

In our model with agent values drawn i.i.d. from a continuous distribution, rank-by-bid position
auctions with either all-pay or first-price payment semantics have a unique Bayes-Nash equilibrium
and this equilibrium is symmetric and efficient, i.e., in equilibrium, the agents’ bids and values are
in the same order (Chawla and Hartline, 2013).

Rank-by-bid position auctions can be viewed as convex combinations of highest-bids-win multi-
unit auctions. The marginal weights of a position environment are w' = (wf,...,w;,) with wj, =
wg — Wi+1. Define w) = 1 — w; and note that the marginal weights w’ can be interpreted as a
probability distribution over {0,...,n}. As rank-by-bid position auctions are efficient, the rank-by-
bid position auction with weights w has the exact same allocation rule as the mechanism that draws
a number of units & from the distribution given by w’ and runs the highest-k-bids-win auction.



Denote the highest-k-bids-win allocation rule as z(¥™) and its revenue as P, = P xn) =
E,[-R/(q) w(k:”)(q)]. This allocation rule is precisely the probability an agent with quantile ¢
has one of the highest k quantiles of n agents, or at most & — 1 of the n — 1 remaining agents have
quantiles greater than g. Formulaically,

k—

x(k’n) <q) _ Z (n;l)qnflfi(l _ Q)i.

1=0

—_

Importantly, the allocation rule of a rank-by-bid position auction does not depend on the distribu-
tion at all. The allocation rule x of the rank-by-bid position auction with weights w is:

() =), wpz"(q).

By revenue equivalence (Myerson, 1981)), the per-agent revenue of the rank-by-bid position auction
with weights w is:

P, = Zk wh, Py.

Of course, Py = P,, = 0 as always serving or never serving the agents gives zero revenue.

A rank-based auction is one where the probability that an agent is served is a function only of the
rank of the agent’s bid among the other bids and not the magnitudes of the bids. Any rank-based
auction induces a position environment where w; denotes the probability that the agent with the
kth ranked bid is served. This auction is equivalent to the rank-by-bid position auction with these
weights w. In a position auction with weights w, the following lemma characterizes the weights w
that are induced by rank-based auctions.

Lemma 2.1 (e.g., Devanur et al., 2013)). There is a rank-based auction with induced position
weights w for a position environment with weights w if and only if their cumulative weights satisfy

Z?:o w; < Z?:o wj for all k.

2.2 Inference

As we discussed this above, the traditional structural inference in the auction settings is based
on inferring distribution of values, which is unobserved, can be inferred from the distribution of
bids, which is observed. Omnce the value distribution is inferred, other properties of the value
distribution such as its corresponding revenue curve, which is fundamental for optimizing revenue,
can be obtained. In this section we briefly overview this approach.

The key idea behind the inference of the value distribution from the bid distribution is that
the strategy which maps values to bids is a best response, by equation , to the distribution of
bids. As the distribution of bids is observed, and given suitable continuity assumptions, this best
response function can be inverted.

The value distribution can be equivalently specified by distribution function F'(-) or value func-
tion v(+); the bid distribution can similarly be specified by the bid function b(-). For rank-based
auctions (as considered by this paper) the allocation rule z(-) in quantile space is known pre-
cisely (i.e. it does not depend on the value function v(-)). Assume these functions are monotone,
continuously differentiable, and invertible.



Inference for first-price auctions Consider a first-price rank-based auction with a symmetric

bid function b(g) and allocation rule z(g) in BNE. To invert the bid function we solve for the bid

that the agent with any quantile would make. Continuity of this bid function implies that its

inverse is well defined. Applying this inverse to the bid distribution gives the value distribution.
The utility of an agent with quantile ¢ as a function of his bid z is

ul(g, z) = (v(q) — 2) 2(b~"(2)). 3)
Differentiating with respect to z we get:
(g, z) = =207 (2)) + (v(g) — 2) 2’ (071 (2)) b~ ().

Here 2’ is the derivative of z with respect to the quantile q. Because b(+) is in BNE, the derivative
d%u(q, z) is 0 at z = b(q). Rarranging, we obtain:

v(g) = blg) + 2812 (4)

Inference for all-pay auctions We repeat the calculation above for rank-based all-pay auctions;
the starting equation is replaced with the analogous equation for all-pay auctions:

u(g, 2) = v(q) 2(b~"(2)) — 2. ()

Differentiating with respect to z we obtain:

v(q) = 49 (6)

Known and observed quantities Recall that the functions z(g) and 2/(¢q) are known precisely:
these are determined by the rank-based auction definition. The functions b(q) and b'(q) are ob-
served. The calculations above hold in the limit as the number of samples from the bid distribution
goes to infinity, at which point these obserations are precise.

2.3 Statistical Model and Methods

Our framework for counterfactual predictions is based on directly using the distribution of bids for
inference. The main error in estimation of the bid distribution is the sampling error due to drawing
only a finite number of samples from the bid distribution.

The analyst obtains N samples from the bid distribution. Each sample is the corresponding
agent’s best response to the true bid distribution. We assume that the number of samples NV is
roughly polynomial in n, the number of agents in a single auction.

We can estimate the quantile function of the equilibrium bid distribution b(q) as follows. Let

I; bN denote the NV samples drawn from the bid distribution. Sort the bids so that bl < bg
- < bN and define the estimated bid distribution b(-) as
b(q) = b; Vie N,q€li—1,i)/N (7)



Definition 1. For function b(-) and estimator b(-), the uniform mean absolute error is defined as

E; [supq |b(q) — E(q)ﬂ :

The main object that will arise in our further analysis will be the weighted quantile function of
the bid distribution where the weights are determined by the allocation rule of the auction under
consideration. Our statistical results stem from the previous work on the uniform convergence of
quantile processes and weighted quantile processes in |(Csorgo and Revesz (1978]), |(Csorgo| (1983),
Cheng and Parzen (1997). It turns out that the our main object of interest for inference is the
weighted quantile function of the bid distribution. The weight is proportional to the inverse deriva-
tive of the allocation rule. This feature leads to highly desirable proprties of the v/ N-normalized
mean absolute error, making it bounded by a universal constant.

Lemma 2.2. The uniform mean absolute error of the empirical quantile function l;() weighted by
its derivative is bounded as N — oo

B [sup, [V ®'(0)~ 0(a) — b(a)) ] < 5

The derivative of the quantile function of the bid distribution is determined by the derivative of the
allocation rule and the quantile function of the value distribution. Recalling that v(q) < 1 for all
quantiles q, we obtain the following expressions for weighted uniform absolute error in terms of the
allocation function.

(i) In the first-price auction the allocation rule-weighted uniform absolute error in the quantile

function of bids bids can be evaluated as E[supq ‘\/Nj,(é)) (b(q) — B(q)) ” < %

(ii) In the all-pay auction the allocation rule-weighted uniform absolute error in the quantile func-
tion of bids can be evaluated as E[supq }\/N(x’(q))_l (b(q) - i)(q)) ’] <3

Equations and @ enable the value function, or equivalently, the value distribution, to be
estimated from the estimated bid function and an estimator for the derivative of the bid function,
or equivalently, the density of the bid distribution. Estimation of densities is standard; however, it
requires assumptions on the distribution, e.g., continuity, and the convergence rates in most cases
will be slower. Our main results do not take this standard approach.

3 Inference methodology and error bounds for all-pay auctions

We will now develop a methodology and error bounds for estimating the revenue of one rank-based
auction using bids from another rank-based auction. There are two reasons behind our assumption
that the auction that we run (that generates the observed bids) is a rank-based auction. First,
the allocation rule (in quantile space) of a rank based auction is independent of the bid and value
distribion; therefore, it is known and does not need to be estimated. Second, the allocation rules
that result from rank-based auctions are well behaved, in particular their slopes are bounded, and
our error analysis makes use of this property.

Recall from Section [2.1] that the revenue of any rank-based auction can be expressed as a linear
combination of the multi-unit revenues Py, ..., P, with P equal to the per-agent revenue of the



highest-k-bids-win auction. Therefore, in order to estimate the revenue of a rank-based auction, it
suffices to estimate the Pgs accurately.

In the following section we describe a function mapping the observed bids to the revenue es-
timate. In Sections and we develop error bounds on our estimate for the revenue of a
multi-unit auction and a general position auction respectively.

3.1 Inference equation

Consider estimating the revenue of an auction with allocation rule y from the bids of an all-pay
position auction. The per-agent revenue of the allocation rule y is given by:

P, =Eq [y (9)R(q)] = E¢[y'(9)v(9)(1 — )]

Let x denote the allocation rule of the auction that we run, and b denote the bid distribution in
BNE of this auction. Recall that for an all-pay auction format, we can convert the bid distribution
into the value distribution as follows: v(q) = V'(q)/2'(¢). Substituting this into the expression for
P, above we get

Py =Eq|y(9)(1—q) =E,[Zy(q)V (q)]

where Z,(q) = (1 — q) gjgg;

This expression allows us to derive the revenue using the empirical bid distribution. However,
it leads to a large error because the derivative of the bid distribution, ¥'(-), cannot be estimated
with a good convergence rate. We get around this issue by modifying the expression so it becomes
a simple weighted average of the empirical bid distribution.

Specifically, writing the expectation as an integral and integrating by parts we obtain the

following lemma. Here we note that 5(0) = 0 and Zx(1) = 0.

Lemma 3.1. The per-agent revenue of a rank-based auction with allocation rule y can be written
as a linear combination of the bids in an all-pay auction:

Py =E, [_Z{;(Q)b(Q)]

where Zy(q) = (1—q) g:gg% depends on the allocation rule x of the mechanism and is known precisely.

This formulation allows us to estimate P, directly as a weighted average of the observed bids.
Specifically, recalling that b(-) denotes the estimated bid distribution, we can write the estimate of
P, as:

P, = E,|~Z,(a)b(q) (8)

and, using that bis a step function,

N A A~
= Zybi 9)
i=1

10



where 132 is the 7th smallest of the N bids obtained from auction x, and,

= (-3) 2~ (-5

N

A consequence of @ is that our estimator for P, is linear in ¢/, which, if y is a position
auction, in turn depends linearly on the position weights. Therefore a relative error in estimating
the position weights in y translates into the same relative error in estimating P,, in addition to the
error bounds given below.

3.2 Error bound for the multi-unit revenues

We will now develop an error bound for the estimator for Lemma for the case of the multi-unit
revenues. In the following, denote the allocation rule of the highest-k-bids-win auction as xy (for
an implicit number n of agents), and let Z, = Z,, . We can therefore express the error in the
estimation of P in terms of the error in estimating the bid distribution.

Pe= Pl = |By[~Zi (@)~ b(@))]| (10)

A weak upper bound on the error. We first give a simple but weak analysis of the error. The
following inequality separates the error bound into two components, each of which we can bound
separately.

~

Be= P = [By[~Zia)Bla) — b(@)] | < By [1Z4(@)]] sup[bB(a) - b(a)]
q
So, the mean absolute error in P can be written as:
B[R~ Al] < By(Za)] By suplite) - o)

Lemma [2.2) gives the following bound on the mean absolute error for the bid function with the
second inequality following from the fact that b’ (q) = v(¢)2'(¢) and v(q) < 1:

sup, U'(q) _ supy 2'(q)

V2N~ V2N

We now proceed to bound Eg4[|Z} (¢q)|]. We recall that z is a convex combination over the allocation
rules of the multi-unit highest-bids-win auctions, and use this to prove that Z; has a single local
maximum (see the appendix for a proof).

E; [Stqlp 1b(q) — b(q)} <

Lemma 3.2. Let z, denote the allocation function of the k-highest-bids-win auction and x be any
convex combination over the allocation functions of the multi-unit auctions. Then the function

Zi(q) = (1 —q) Z;f((;])) achieves a single local mazimum for q € [0, 1].

Let Z}; = sup, Zx(q). Then, we can bound E,[|Z}(¢)|] by 2Z;;. We get the following theorem:
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Proposition 3.3. Let xp denote the allocation function of the k-highest-bids-win auction and x
be the allocation function of any rank-based auction. Then for all k, the mean absolute error in
estimating Py from N samples from the bid distribution for an all-pay auction with allocation rule

x 18 bounded by:
. 2 2. (q)
E;||P. — Pi|| </ — ! k
b[' F ’“'] VN Sﬁp{x @} S%p{:v’(q)}

To understand this error bound, we note that the maximum slope of the multi-unit allocation
rules zj, and therefore also that of any rank-based auction, is always bounded by n, the number
of agents in the auction (summarized as Fact below). This bounds the sup, z'(¢) term.

Fact 3.4. The mazimum slope of the allocation rule x of any n-agent position auction is bounded by
n: sup, 2'(q) < n. The mazimum slope of the allocation rule xy for the n-agent highest-k-bids-win
auction is bounded by

, 1 1 n—1 B n
SI;pﬂi'k(Q) € [\/ﬂ’ﬁ] \/min{k —1,n—k} =0 ( min{k,n — k}) '

The quantity sup, {?7((3)) } on the other hand may be rather large, even unbounded, if 2/(-) is

near zero at some g. In Section [5.1] we take the approach of explicitly designing x with position
weight wj, > € (i.e., to mix zy, into x) to ensure this latter term is bounded.

A stronger bound on the error. We will now develop a stronger bound on the error in Py

with better dependence on the quantity sup, {Z’f((g)) } We start with Equation and partition

the expectation on the right hand side of the equation as follows for some « > 0:

P= Pl = [Ey[-Zi@)0(0) ~ (@)
(log(1 + Z())* s Zk(q) 2
< Eq{ Zn(0) Zk(q)!] Sl;p‘(log(lJer(q)))a(b(Q) —b(q))

An appropriate choice of « gives us the following theorem. We defer the proof to the appendix.

Theorem 3.5. Let x;. denote the allocation function of the k-highest-bids-win auction and x be the
allocation function of any rank-based auction. Then for all k, the mean absolute error in estimating
Py from N samples from the bid distribution for an all-pay auction with allocation rule x is bounded

by:

. 20 2'(q)  p(q)
By[1P— Aul] < 2 sup(ah(@)) logmax{ sup A9 qup TS
b |: i| v N q b q:x?@(q)Zl x;g(q) q xl(Q)

Invoking Fact [3.4] we note that the error in P, given by Theorem [3.5] can be bounded by

. n 1 z'(q) z3,(q)
E;||P. — P|| =0 log max su ,su .
|17 A ( min{k,n—k})sﬁN : {qu?xx;(q) L2 (g)

To understand the above error bound better, we make the following observations:

12



e When x = x, we get an error bound of O(sup, z7,(¢)/v INV), which is the same (within constant
factors) as the statistical error in bids.

e We also get a good error bound when x and z; are close enough without being identical:
when ez}, < 2’ < ), /e, we get a bound of O(log(1/e) sup, z},(q)/VN).

e Finally, as long as 2/ > ex}, that is, the highest-k-bids-win auction is mixed in with e prob-
ability into z, we observe via Fact that supg..s )>1 ©'(q)/x},(q) < sup,2'(q) < n, and

obtain an error bound of O(log(n/¢) sup, z}.(q)/VN).

3.3 Error bound for arbitrary rank-based revenues

We now develop an error bound for our estimator for the revenue, P,, of an arbitrary position
auction with allocation rule y from the bids of another position auction x. Let us write y as a
position auction with weights w:

?J:kakwk
Pyzzkwfka

Accordingly, the error in P, is bounded by a weighted sum of the error in Pj:
B, |15, - Pl <3 wi By [1B - Pl
applying Theorem

= = Z wy, sup{z},(q)} <10gn + log i/ + log sup yj(q)>
\/N k q wk q T (q)

_(nlogn y'(q)
‘O< VN 1°gs‘2px'<q>> =

Unfortunately, the above bound can be quite loose, as the following simple example demonstrates.
Suppose that © = y and w;, = 1/n for all k. Then the above approach (via a tighter bound on
the sum over k) leads to an error bound of O(y/nlogn/v/N), whereas, the true error bound should
be O(1/v/N), arising due to the statistical error in bids. Furthermore, it is desirable to obtain an
error bound that depends directly on sup,y'(¢), rather than on the constituent sup,z}(¢); The
latter can be much larger than the former. Below, we analyze the error in P, directly, leading to a
slightly tighter bound.

Theorem 3.6. The expected absolute error in estimating the revenue of a position auction with
allocation rule y using N samples from the bid distribution for an all-pay position auction with
allocation rule x is bounded as below; Here n is the number of positions in the two position auctions.

. 20 “(q) y'(0)
E;||P, — P)|| < —=+/nlogn sup{y'(q)} log max sup , sup
b |:| v y|] v N q { ( )} qy'(q)>1 y/(Q) q l’/(q)

0(1) / y'(q)
B {20
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Note that the first term in the error bound in Theorem [3.6] dominates, and this term is identical
to the bound in Theorem (3.5 except for an extra v/nlogn term Moreover, when sup, y'(q) < v/n,
Theorem (3 - 3.6| gives us a tlghter error bound than Equation (11)). We will now prove the theorem.
Here we provide an outline for the proof; The complete argument can be found in the appendix.

PROOF SKETCH: As for the multi-unit revenues,
1By = Pyl = |Eq[2,(0)F (@) - V(0)]| = B4 [Zy@) Bla) - b(a))]|

In order to simplify our analysis of the error in P, we will break up the error into two compo-
nents: the bias in the estimator P, and the deviation of P, from its mean.

<[, fs] < [g[2] -2}
= [B[ 2, (0)b(a) — b(@)] | + [B[ 2 (0)(Ba) — b0@))] | (12)
Here, b is a step function that equals the expectation of the empirical bid function b:
b(a) = E[b(q)]

The bias of the estimator P (i.e. the second term in ) is easy to bound. We prove in the
appendix that b(q) — b(q) is at most O(1)/N times sup,{2'(¢)}. This implies the following lemma.

Lemma 3.7. With b defined as above,

‘E[ﬁ} P, ‘ ‘E {Z/ (q)(b ” = sup{a:/(q)} sup{y/(Q) }

7' (q)

We now focus on the first term in (12)), namely the integral over the quantile axis of Z;(q)(g(q) -
B(q)) The approach of Section does not provide a good upper bound on this quantity, because
a counterpart of Lemma fails to hold for Z,. Instead, we will express the integral as a sum over
several independent terms, and show that it is small in expectation.

To this end, we first identify the set of quantiles at which the function b “crosses” the function b
from below. This set is defined inductively. Define ig = 0. Then, inductively, let i, be the smallest

integer strictly greater than 7,_1 such that
1 ~( iy ~ ([ 1y
dbl = bl —= ).
) = (5) -0 (%)

~(ig =1\ _ = (i~
<
()= (5

Let i1 be the last integer so defined, and let iy, = N. Let I denote the set of indices {ig, - ,ir}.
Let T; ; denote the following integral:

q=j/N - -
T, - / Z(q)(b(q) — b()) dg

q=i/N
Then, our goal is to bound the quantity E;[|To x|] where To y can be written as the sum:

l=k—1

Ton = Y, Tiigs,-
/=0

14



We now claim that conditioned on I and the maximum bid error, this is a sum over independent
random variables. In the following, let G denote the bid distribution, and G the empirical bid
distribution.

Lemma 3.8. Conditioned on the set of indices I and A = sup, |G(b(q)) — G(b(q))|, over the

randomness in the bid sample, the random variables T, ;,, , are mutually independent.

Then we apply Chernoff-Hoeffding bounds, coupled with the approach from Section to
bound each individual T to obtain a bound on the proability that E;[|To || I, A] exceeds
some value a > 0.

10,8041

Lemma 3.9. With I = {ig, - ,ix} and T;; defined as above, for any a > 0,

Pr(|Ton| > al|l,A] < exp <—a2> where C' = sup{y’(q)} logmax < sup (q) sup A
’ - ’ - n(40AC)2 ’ q ¢y’ (g)>1 y,<q)7 q l',(q

Combining this lemma with an absolute bound on | Ty x|, and removing the conditioning on
and A, we obtain the Theorem O

4 Simulation evidence

We now present some simulation evidence to support our theoretical results. Our focus will be the
inference for the revenues from an auction with a particular allocation rule y(+) from the observations
of bidding in an auction with another allocation rule z(-) which is constructed as mixture of the
auction with the allocation rule y(-) with weight 0 < € < 1 and another allocation rule with weight
1 — epsilon. We consider the following three designs.

e Design 1: y(q) = ¢ (uniform allocation rule), z(q) = (1 — €) ¢" ! + €q (a mixture of the 1
unit auction and the uniform allocation rule).

e Design 2: y(¢) = ¢" ! (1 unit auction allocation rule), z(q) = (1 — €)g + e¢" ! (a mixture
of the 1 unit auction and the uniform allocation rule).

e Design 3: y(q) = ¢" ! (1 unit auction allocation rule), z(q) = (1—¢) (1—(1—¢)" ) +eq" !
(a mixture of the 1 unit auction and the (n — 1)-unit auction allocation rule).

Our focus in this exercise is the inference for P, for the allocation rule defined by each of th e
three designs. The simulation is designed in the following way. We consider the grid over quantiles
with the cell size A such that for each grid point p q,) = Ap. For a given number of players
n we compute the allocation functions for each allocation rule z(-) and y(-) on the grid yielding
T(p) = 2(q(p)) and Y, = y(q(p)) for each grid point.

The derivatives of allocation rules z(-) and y(-) are computed analytically. Function Z,(-) and
its first derivative are approximated on the same grid as

_ Zyr1) — Zy-1)
2A '

y/
Zy(p) =(1- Ap)x—]/J and Z;(p)
P

We take the distribution of values to be the beta distribution with parameters a = g = 2. This
distribution of values is supported on [0, 1], it is unimodal with the mode and the mean at 1/2 and
it is symmetric about the mean.
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To compute the equilibrium distribution of bids, we compute the quantile function of the value
distribution on the grid as

V(p) = v(Ap).
Then for the all-pay auction with the allocation rule z(-) we compute the approximated quantile
function of the bid distribution b(-) as

Ap ,
by = 3 vy (2 — 1) /0 o(@)2'(¢) dq.

I<p

Using the same grid summation technique we compute the “true” revenue from the k-unit auction
of interest as

P, = Z(l — Ap)v(p)y;.

To perform simulations, at each simulation round, we generate a sample of bids from the
equilibrium distribution of bids by drawing uniformly a vector of N integers between 1 and [1/A]
and for each such integer s the corresponding simulated draw of the bid is b(y). In each N-sample
{b;}¥, we order the bids and then compute the estimator for P, as

N

P 1 ZZ/ p(i:N)

YT N y(2) :
i=1

For each choice of the number of players n and the size of the sample used N we re-sample the bids
from the bid distribution Ns; = 1000 times and then compute the average mean absolute deviation
of the estimated ]3y from the computed P, across simulations.

The simulation results for various choices of the number of players and the number of auctions
are presented in Table |4] for different designs.

The values in Table are normalized by the factor V/N that reflects the dependence of the mean
absolute error in the estimation of P, from the overall sample size. From the table we note that
for a given row (corresponding to a fixed number of bidders in the auction n) the normalized mean
absolute deviation does not significantly vary across different numbers of samples N. However,
there is a visible dependence of the normalized mean absolute deviation from the number of players
n. For the design where the auction of interest is the uniform allocation rule demonstrates an initial
increase in the normalized mean squared error which then stabilizes to a constant for large n. The
designs where the allocation rule is the 1-unit n-player auction allocation rule, the normalized mean
absolute error decreases with n reflecting the convergence of the revenue from that allocation rule
to the upper boundary of support of the distribution of values.

5 Applications to A/B testing

We now discuss applications of the inference approach we developed in Section

5.1 Estimating revenues of novel mechanisms

Let us consider the setup described in the introduction where an auction house running auction A
would like to determine the revenue of a novel mechanism B. The typical approach for doing so is
to run the auction B with some probability € > 0 and A with the remaining probability. Ideally,
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Table 1: Mean absolute deviation for ]3y across Monte-Carlo simulations normalized by v N

y(@) =q, 2(qg) = (1 -z (q) + ey(q)

n = N =
102 10° 10? 10°
22 [0.3655 0.3693 0.3738 0.3559
23 1 0.5107 0.5245 0.4909 0.5188
24 104302 0.3834 0.404 0.4093
25 1 0.2688 0.287 0.2869 0.289
261 0.1863 0.1965 0.1863 0.1906
27 1 0.1626 0.1397 0.1453 0.1451
28 1 0.1472 0.1259 0.1271 0.1179
29 1 0.1462 0.1158 0.1138 0.1195
210 1 0.1425 0.1211 0.1174 0.112
211 10.1488 0.1157 0.1087 0.1083
y(q) =2 (q), x(e)=(1—€q+eylq
N =
102 10° 10% 10°
22 [ 0.1153 0.1031 0.1056 0.1068
23 1 0.2233  0.2428 0.2154 0.2362
24 1 0.1141 0.1065 0.0992 0.1069
2° | 0.1054 0.1041 0.1001 0.0994
261 0.0834 0.082 0.0803 0.0833
27 1 0.0588 0.0644 0.062 0.0702
28 1 0.0476 0.0463 0.0462 0.0416
29 10.0369 0.0326 0.0319 0.0337
210 10.0196 0.0237 0.0234 0.0261
2111 0.0107 0.0189 0.0162 0.0145
y(q) =21 (g), x(q) =1 -z (g) +eylq)
N =
102 103 10% 10°
22 [0.2699 0.2586 0.2639 0.258
23 10.2699 0.2871 0.2574 0.2984
24 1 0.2616 0.2449 0.2579 0.2539
25 | 0.2427 0.1852 0.1906 0.1815
261 0.1913 0.1453 0.1372 0.1397
27 10.1604 0.0916 0.1013 0.1006
28 1 0.1115 0.0709 0.0654 0.0629
29 10.0752 0.0472 0.0461 0.0456
2101 0.054 0.028 0.0299 0.0317
21 10.0633 0.0194 0.0187 0.0196
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if in doing so, the auction house obtains e/N bids in response to the auction B out of a total of NV
bids, the revenue of B can be estimated within an error bound of

where xp denotes the allocation rule corresponding to B.

In practice, however, instead of obtaining bids in response to B alone, the seller obtains bids
in response to the aggregate mechanism C' = (1 — €)A + eB. We can then use @ to estimate
the revenue of B. As a consequence of Theorem [3.6, and noting that for positions auctions with
n positions, x},(¢) < n and 2'5(q)/x;-(¢) < 1/e for all quantiles ¢, we obtain the following error
bound

Corollary 5.1. The revenue of a rank based mechanism B can be estimated from N bids of a
rank-based mechanism C = (1 — €)A + €B with absolute error bounded by

/
O(1)y/nlognlog(n/e) w. (14)
VN
Relative to the ideal situation described above, our error bound has a better dependence on €
and a worse dependence on n. Note that when € is very small, our error bound may be smaller
than the ideal bound in . This is not surprising: the ideal bound ignores information that we
can learn about the revenue of B from the (1 — €) N bids obtained when B is not run.
When B is a multi-unit auction, we obtain a better error bound which is closer to the ideal
bound in (13).

Corollary 5.2. The revenue of the highest-k-bids-win mechanism B can be estimated from N bids
of a rank-based mechanism C = (1 — €)A + eB with absolute error bounded by

sup, {3(¢)}
N

Finally, we note that we can simultaneously infer the revenues of all positions auctions by
learning the revenues of the multi-unit auctions.

O(1) log(n/€) (15)

Corollary 5.3. N bids from a mechanism C with ¢ = (1 — €)xa + > _; <z} can be used to si-
multaneously estimate all of the multi-unit revenues, and consequently all position auction revenues
with absolute error bounded by
O(l)nlog(n/e)'
vN

5.2 Comparing revenues

We have considered the case where the empirical task was to recover the revenues for one mechanism
(y) using the sample of bids responding to another mechanism (x). In many practical situations the
empirical task is simply the verification of whether the revenue from a given mechanism is higher
than the revenue from another mechanism. Or, equivalently, the task could be to verify whether
one mechanism provides revenue which is a certain percentage above that of another mechanism.
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We now demonstrate that this is a much easier empirical task in terms of accuracy than the task
of inferring the revenue.

Suppose that we want to compare the revenues of mechanisms B and By by mixing them in to
an incumbent mechanism A, and running the composite mechanism M = eBj + By + (1 — 2¢) A.
Specifically, we would like to determine whether Pg, > aPp, for some o > 0. Consider a binary
classifier ¥ which is equal to 1 when Pp, > aPp, and 0 otherwise. Let v = 1{Pp, — a Pp, > 0} be
the corresponding “ideal” classifier for the case where the distribution of bids from mechanism M
is known precisely. To evaluate the accuracy of the classifier, we need to evaluate the probability
Pr(¥ = 1|y = 0), and likewise, Pr(§ = 0|y = 1). The classifier will give the wrong output if the
sampling noise in estimating Pg, — o Pp, is greater than |Pp, — a Pg,|.

Our main result of this section says that keeping «, the difference | Pg, —a Pp,|, and the number
of positions n constant, the probability of incorrect output decreases exponentially with the number
of bids N.

Theorem 5.4. Suppose that N bids from a mechanism M = eBy + €Bo + (1 — 2¢) A for arbitrary
rank-based mechanisms By, Ba, and A, are used to estimate the classifier v = 1{Pp, — a P, > 0}
that establishes whether the revenue of mechanism Bi exceeds a times the revenue of mechanism
By. Then the error rate of the binary classifier is bounded from above by

exp (‘O <a2n3];£>§(n/e)>> 7

where a = |Pg, — a Pp,|. In other words, once the number of samples is polynomially large in n,
the error rate decreases exponentially with the number of samples.

Proof. We need to bound the probability that the error in estimating PBl — apB2 is greater than
|Pp, — a Pp,|. This error can in turn be decomposed into the error in estimating Pp, and that in
estimating Pp,. Denote a = |Pg, — a Pp,| > 0. Then,

Pr(I(Ps, — aPy,) — (Pp, — a Pg,)| > a) < Pr(|Ps, = Py,| > a/2) + Pr (|Ps, — Pp,| > a/2a).

Let x denote the allocation rule of the mechanism M that we are running, and let b be the
corresponding bid function. Now, recall that for

A= Sgp ‘a(b(Q)) —G(b(q))], and C = Slép{x/Bl (¢)} log max sup 2'(q) sup )

q::I:’B1 (g)>1 :LJBI (Q) q xl(Q) 7

Equation (12), Lemma and Lemma together imply that (conditional on A)

Pr (1Poy — Pl > 0/2) < 20 (— s (5-0 () )

Now recall that C' < nlog(n/e), and A < constant/y/N with high probability (Lemma [2.2). As a
result, we establish that for a = w(n/eN),

Pr (|1331 — Pp,| > a/2> < exp (—o <7%>> .
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Likewise,

=~ 2
Pr (|Ps, — Pr,| > a/20) < exp (—o <Na>) |

a2n3log(n/e)
O

We obtain a similar error bound when our goal is to estimate which of r different novel mecha-
nisms obtains the most revenue, for any r > 1:

Corollary 5.5. Suppose that our goal is to determine which of r position auctions, By, By, -+, B,
obtains the most revenue while running incumbent mechanism A, by running each of the novel mech-
anisms with probability e/r. Then the error probability of the corresponding classifier constructed
using N bids from composite mechanism M =3";_ | €¢/rB; + (1 —€)A is bounded from above by

e (-0 (samstara))

where a is the absolute difference between the revenue obtained by the best two of the r mechanisms.

6 Applications to optimization

In the last three sections we showed that rank-based auctions have good econometric properties
— the revenue of a rank-based auction can be estimated with small error using bids from another
rank-based auction. In this section we will show that rank-based auctions are desirable even from
a revenue optimization perspective. In Section we develop a theory for optimizing revenue over
the class of all rank-based auctions, given the multi-unit revenues Py, that resembles Myerson’s
theory for optimal auction design. Where Myerson’s theory employs ironing by value and value
reserves, our approach analogously employs ironing by rank and rank reserves. To implement this
approach, in Section we extend the approach of Section [3| to develop a “universal B-test” that
can be used to estimate all of the multi-unit revenues P, simultaneously. Finally, in Section [6.3] we
show that the revenue of an optimal rank-based auction approximates the revenue of the optimal
auction. Putting these together gives a simple uniform procedure for revenue optimization subject
to inference.

We begin by recalling our framework for position environments and rank-based auctions. In a
rank-based auction the allocation to an agent depends solely on the rank of his bid among other
agents’ bids, and not on the actual bid. For a position environment, a rank-based auction assigns
agents (potentially randomly) to positions based on their ranks. Consider a position environment
given by non-increasing weights w = (w1, ..., w,). For notational convenience, define w,+; = 0.
Define the cumulative position weights W = (Wy,...,W,) as W}, = Z§=1 wj, and Wy = 0. We
can view the cumulative weights as defining a piece-wise linear, monotone, concave function given
by connecting the point set (0, W), ..., (n, Wy,).

A random assignment of agents to positions based on their ranks induces an expected weight to
which agents of each rank are assigned, e.g., wy for the kth ranked agent. These expected weights
can be interpreted as a position auction environment themselves with weights w. As for the original
weights, we can define the cumulative position weights W as W), = 2?21 wj;. An important issue
for optimization of rank-based auctions is to characterize the inducible class of position weights.
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Lemma 6.1 (e.g., Devanur et al., 2013)). There is a rank-based auction with induced position
weights w for position environment with weights w if and only if their cumulative weights satisfy
Wi < Wy, for all k, denoted W < W.

Any feasible weights w can be constructed from a sequence of the following two operations.

rank reserve For a given rank k, all agents with ranks between k 4+ 1 and n are rejected. The
resulting weights w are equal to w except wy = 0 for &' > k.

iron by rank Given ranks k' < k”, the ironing-by-rank operation corresponds to, when agents
are ranked, assigning the agents ranked in an interval {£’,...,k”} uniformly at random to
these same positions. The ironed position weights w are equal to w except the weights on
the ironed interval of positions are averaged. The cumulative ironed position weights W are
equal to W (viewed as a concave function) except that a straight line connects (k' —1, Wy/_1)
to (k”,Wy). Notice that concavity of W (as a function) and this perspective of the ironing
procedure as replacing an interval with a line segment connecting the endpoints of the interval
implies that W > W coordinate-wise, i.e., Wj, > W, for all k.

Multi-unit highest-bids-win auctions form a basis for position auctions. Consider the marginal
position weights w’ = (wf],...,w;,) defined by w} = wj — wig4+1. The allocation rule induced
by the position auction with weights w is identical to the allocation rule induced by the convex
combination of multi-unit auctions where the k-unit auction is run with probability wy.

6.1 Optimal rank-based auctions

In this section we describe how to optimize for expected revenue over the class of rank-based
auctions. Recall that rank-based auctions are linear combinations over k-unit auctions. The char-
acterization of Bayes-Nash equilibrium, cf. equation , shows that revenue is a linear function of
the allocation rule. Therefore, the revenue of a position auction can be calculated as the convex
combination of the revenues from the k-highest-bids-win auctions.

Given these multi-unit revenues, P = (P, ..., P,), the problem of designing the optimal rank-
based auction is well defined: given a position environment with weights w, find the weights w for
an rank-based auction with cummulative weights W < W maximizing the sum Y, (w0 — Wg11) Py
This optimization problem is isomorphic to the theory of envy-free optimal pricing developed by
Hartline and Yan (2011). We summarize this theory below; a complete derivation can be found in
Appendix [A]

Define the multi-unit revenue curve as the piece-wise linear function connecting the points
(0, Ry), ..., (n, P,). This function may or may not be concave. Define the ironed multi-unit revenues
as P = (Py,...,P,) according to the smallest concave function that upper bounds the multi-unit
revenue curve. Define the multi-unit marginal revenues, P’ = P},..., P, and P' = P|,..., P,
as the left slope of the multi-unit and ironed multi-unit revenue curves, respectively. I.e., P| =
Pk — Pk,1 and Pl = Pk — Pkfl.

Theorem 6.2. Given a position environment with weights w, the revenue-optimal rank-based auc-
tion is defined by position weights w that are equal to w, except ironed on the same intervals as P
is ironed to obtain P, and positions k for which P}, is negative are discarded (by setting wy = 0).

As is evident from this description of the optimal rank-based auction, the only quantities that
need to be ascertained to run this auction is the multi-unit revenue curve defined by P. Therefore,
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an econometric analysis for optimizing rank-based auctions need not estimate the entire value
distribution; estimation of the multi-unit revenues is sufficient.

Optimal rank-based auctions with strict monotonicity

Position auctions, by definition, have non-increasing position weights w. The ironing in the iron-
by-rank optimization of the preceding section was to convert the problem of optimizing multi-unit
marginal revenue subject to non-increasing position weight, to a simpler problem of optimizing
multi-unit marginal revenue without any constraints. In this section, we describe the optimization
of rank-based auctions (i.e., ones for which position weights can be shifted only downwards or
discarded) subject to strictly decreasing position weights. This strictness is needed for insuring
good inference properties, the details of which are formalized in Sections and (see, e.g.,
Corollaries [5.3] and [6.6])).

As described by Lemma [6.1], position weights w are feasible as a rank-based auction in position
environment w if the cumulative position weights satisfy W, > W, for all k. Suppose we would like
to optimize w subject to strict monotonicity constraints: “72; = Wy — Wiy1 > € for all k, for some
given €1, - , € > 0. As non-trivial ironing by rank always results in consecutive positions with the
same weight, i.e., @), = 0 for some k, the optimal rank-based mechanism will require overlapping
ironed intervals.

To our knowledge, performance optimization subject to a strict monotonicity constraint has
not previously been considered in the literature. At a high level our approach is the following.
We start with w which induces the cumulative position weights W which constrain the resulting
position weights w (via its cumulative W) of any feasible rank-based auction. We view w as the
combination of two position auctions. The first has weakly monotone weights y = (91,...,9n);
the second has strictly monotone weights (E1, Es, ..., E,), where E; = iji €j for 1 <7 < n and
E, = 0; and the combination has weights wy = g, + Ei for all k. The revenue of the combined
position auction is the sum of the revenues of the two component position auctions. Since the
second auction has fixed position weights, its revenue is fixed. Since the first position auction is
weakly monotone and the second is strictly, the combined position auction is strictly monotone and
satisfies the constraint that wj > ¢ for all k.

This construction focuses attention on optimization of g subject to the induced constraint
imposed by w and after the removal of the e-strictly-monotone allocation rule. I.e., w must be
feasible for w. The suggested feasibility constraint for optimization of g is given by position weights
y defined as y; = wi — Fk. Notice that, in this definition of y, a lesser amount is subtracted from
successive positions. Consequently, monotonicity of w does not imply monotonicity of y.

To obtain gy from y we may need to iron for two reasons, (a) to make y monotone and (b)
to make the multi-unit revenue curve monotone. In fact, both of these ironings are good for
revenue. The ironing construction for monotonizing y constructs the concave hull of the cumulative
position weights Y. This concave hull is strictly higher than the curve given by Y (i.e., connecting
(0,Yp),...,(n,Yy)). Similarly the ironed multi-unit revenue curve given by P is the concave hull
of the multi-unit revenue curve given by P. The correct order in which to apply these ironing
procedures is to first (a) iron the position weights y to make it monotone, and second (b) iron
the multi-unit revenue curve P to make it concave. This order is important as the revenue of the
position auction with weights 4 is only given by the ironed revenue curve P when the 4’ = 0 on
the ironed intervals of P.
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Theorem 6.3. The optimal e-strictly-monotone rank-based auction for position weights w has
position weights w constructed by

1. defining y by yr = wr — Ex for all k, where E; = iji € for1 <i<n.

2. averaging position weights of y on intervals where y should be ironed to be monotone.

3. averaging the resulting position weights on intervals where P should be ironed to be concave
to get y

4. setting w as wy = Y + E.
Proof. The proof of this theorem follows directly by the construction and its correctness. O

The rank-based auction given by w in position environment given by w can be implemented
by a sequence of iron-by-rank and rank-reserve operations. Such a sequence of operations can be
found, e.g., via an approach of |Alaei et al. (2012) or Hardy et al.| (1929)).

6.2 Universal B test

We now consider the problem of estimating all of the multi-unit revenues P simultaneously from
the bids of a single auction. Corollary in Section [5.1] gives one way of doing this: by mixing
in every k-unit auction with a sufficiently large weight into the incumbent auction. This process
appears to be wasteful, however. One might ask, for example: given that the (k+1)-unit and k-unit
auctions for some k have very similar allocation rules, if the bids from an auction C' can be used to
obtain a good estimate of Py1, do they also provide a good estimate of P,? In other words, if C
already has the (k + 1)-unit auction mixed in with some weight, is it necessary to also mix-in the
k-unit auction to obtain a good estimate of P.? We give a positive and a negative answer to this
question. First, we show that the bids from the (k + 1)-unit auction cannot be used to estimate P
accurately in the absence of any assumptions about the underlying value distribution. On the other
hand, we show that in order to estimate P, accurately, it suffices to mix in a multi-unit auction
with no more than k£ units, and another one with no less than £k units. This gives us a universal B
test for simultaneously inferring all of the multi-unit revenues (see Corollary .

Theorem 6.4. Given a bid sample from the (k + 1)-unit auction, without assumptions on the
underlying value distribution, the revenue Py cannot be estimated within any finite error bound.

Proof. We prove this by example, with £ = 1 and n = 3. Let H > 1 be a sufficiently large number.
Let Fy be the Unif[0,1/H] value distribution, and F5 be the distribution (1 — ¢)Unif[0,1/H] +
dUnif[1-1/H, 1] for some § > 0. Both the distributions are bounded and have no point masses. Note
that the 1-unit revenue P; is bounded by 1/H when values are drawn from the first distribution,
but is at least 62 when values are drawn from the second distribution. We choose § = H™%, so
that in order to estimate P; accurately within an error independent of § or H, we must distinguish
between whether the values are drawn from Fj or Fj.

Now consider obtaining N bid samples from the 2-unit auction in this setting. We note that the
value functions v(g) corresponding to the two distributions are within a factor of 1—4¢ at all quantiles
except for the top d quantiles. Accordingly, the bid function (as computed by Equation @) is also
within a factor of 1 — ¢ at all quantiles except for the top 0 quantiles. When § << 1/N, samples
of N bids from the two bid distributions are indistinguishable with high probability. Therefore, we
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cannot obtain an accurate estimate of P; (with error independent of § or H) from bids drawn from
the 2-unit auction. O

Lemma 6.5. The revenue of the highest-k-bids-win mechanism B can be estimated from N bids
of a rank-based all-pay auction C = (1 — 2¢)A + e€By + eBy where A is an arbitrary rank-based
auction, and By and By are the highest-ki-bids-win and highest-ko-bids-win auctions respectively,
with k1 < k < ko. The absolute error of the estimate is bounded by

sup, {a5(0)}

20(n + log(1/e)) JN

(16)

Proof. We begin by noting that for any j and k, k < j,

7},(q) (i:i))( q )’“

) (n—1-Fk _
vi(@) (02 \1—a

When k < j and ¢ > 1/2, this ratio is less than 2" for ¢ > 1/2. Likewise, we can show that when

k > jand g < 1/2, the ratio igfgg)) is less than 2". Therefore, for any ¢, and C' = (1—2¢)A+eB1+€eBs
J

where B; and Bs are the highest-ki-bids-win and highest-ko-bids-win auctions respectively, with
k1 < k < kg, we have

2@ _ 1on
g) ~ ¢
Next we note that sup, z(q) < n, and therefore, SUDg./ (¢)>1 xx,c—((qq)) < n. Putting these quantities
- k

together with Theorem we get that the absolute error in estimating Pi from bids drawn from
C' is at most

B,[18 - Al < j% sup(ri (@)} (n+ log 1/9)

O

Corollary 6.6. Given N bids of an all-pay auction C' = (1 — 2¢)A + €By + €B,,_1 where A is an
arbitrary rank-based auction, and By and B,,—1 are the highest-bid-wins and highest-(n—1)-bids-win

auctions respectively, we can estimate the revenue of any rank-based auction with absolute error
bounded by

20n(n + log(1/€))
Wi .

(17)

6.3 Approximation via rank-based auctions

In this section we show that the revenue of optimal rank-based auction approximates the optimal
revenue (over all auctions) for position environments. Instead of making this performance directly
we will instead identify a simple non-optimal rank-based auction that approximates the optimal
auction. Of course the optimal rank-based auction of Theorem has revenue at least that of this
simple rank-based auction, thus its revenue also satisfies the same approximation bound.

Our approach is as follows. Just as arbitrary rank-based mechanisms can be written as convex
combinations over k-highest-bids-win auctions, the optimal auction can be written as a convex
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combination over optimal k-unit auctions. We begin by showing that the revenue of optimal k-unit
auctions can be approximated by multi-unit highest-bids-win auctions when the agents’ values are
distributed according to a regular distribution (Lemma below). In the irregular case, on the
other hand, rank-based auctions cannot compete against arbitrary optimal auctions. For example,
if the agents’ value distribution contains a very high value with probability o(1/n), then an optimal
auction may exploit that high value by setting a reserve price equal to that value; On the other hand,
a rank-based mechanism cannot distinguish very well between values correspond to quantiles above
1 —1/n. We show that rank-based mechanisms can approximate the revenue of any mechanism
that does not iron the quantile interval [1 —1/n, 1] (but may arbitrarily optimize over the remaining
quantiles). Theorem presents the precise statement.

Lemma 6.7. For reqular k-unit n-agent environments, there exists a k' <k such that the highest-
bid-wins auction that restricts supply to k' units (i.e., a rank reserve) obtains at least half the
revenue of the optimal auction.

Proof. This lemma follows easily from a result of |Bulow and Klemperer (1996)) that states that

for agents with values drawn i.i.d. from a regular distribution the revenue of the k’-unit n-agent

highest-bid-wins auction is at least the revenue of the k’-unit (n — k’)-agent optimal auction. To

apply this theorem to our setting, let us use OPT(k,n) to denote the revenue of an optimal k-unit

n-agent auction, and recall that nPj is the revenue of a k-unit n-agent highest-bids-win auction.
When k < n/2, we pick k¥’ = k. Then,

.y 1
nPp > OPT(hn— k) > "= F 0Pk, n) > SOPT(k,n),
n

and we obtain the lemma. Here the first inequality follows from Bulow and Klemperer/s theorem
and the third from the assumption that & < n/2. The second inequality follows via by lower

bounding OPT(k,n — k) by the following auction which has revenue exactly @OPT(I{:,TL):
simulate the optimal k-unit n-agent on the n — k real agents and k fake agents with values drawn
independently from the distribution. Winners of the simulation that are real agents contribute to
revenue and the probability that an agent is real is (n — k) /n.

When k > n/2, we pick k' = n/2. As before we have:

1 1
nP,/; > OPT(n/2,n/2) = iOPT(n,n) > —OPT(k,n). O

O |

Lemma 6.8. In any n-agent setting with an arbitrary (possibly irregular) value distribution with
revenue curve R(-), and quantile ¢ < 1 — 1/n, there exists an integer k < (1 — q)n such that the
revenue of the k-highest-bids-win auction is at least a quarter of nR(q), the revenue from posting a

price of v(q).

Proof. First we get a lower bound on P for any k. For any value z, the total expected revenue of
the k-highest-bids-win auction is at least zk times the probability that at least £ + 1 agents have
value at least z. The median of a binomial random variable corresponding to n Bernoulli trials
with with success probability (k+1)/n is k+ 1. Thus, the probability that this binomial is at least
k+ 1 is at least 1/2. Combining these observations by choosing z = v(1 — (k + 1)/n) we have,

nPy>v(l—(k+1)/n)k/2.
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Choosing k = |(1 — ¢)n] — 1, for which v(1 — (k+1)/n) > v(q), the bound simplifies to,

n Py > v(q) k/2.

The ratio of P and R(q) = (1 — q) v(q) is therefore at least k/2(1 — ¢)n > k/2(k + 2), which for
qg<1-3/n (or, k> 2)is at least 1/4.

For ¢ € (1 —3/n,1 —1/n], we pick k = 1. Then, P; is at least 1/n times v(q) times the
probability that at least two agents have a value greater than or equal to v(q). We can verify for
n > 2 that

p > US) (1-¢"—n(l—qq" ") >

(1-q)v(g).

=

O]

Theorem 6.9. For reqular value distributions and position environments, the optimal rank-based
auction obtains at least half the revenue of the optimal auction. For any value distribution (possibly
irregular) and position environments, the optimal rank-based auction obtains at least a quarter of
the revenue of the optimal auction that does not iron or set a reserve price on the quantile interval
[1—1/n,1].

Proof. In the regular setting, the theorem follows from Lemma by noting that the optimal
auction (that irons by value and uses a value reserve) in a position environment is a convex combi-
nation of optimal k-unit auctions: since the revenue of each of the latter can be approximated by
that of a k’-unit highest-bids-win auction with &’ < k, the revenue of the convex combination can
be approximated by that of the same convex combination over k’-unit highest-bids-win auctions;
the resulting convex combination over k’-unit auctions satisfies the same position constraint as the
optimal auction.

In the irregular setting, once again, any auction in a position environment is a convex combi-
nation of optimal k-unit auctions. The expected revenue of any k-unit auction is bounded from
above by the expected revenue of the optimal auction that sells at most k£ items in expectation.
The per-agent revenue of such an auction is bounded by R(1 — k/n), the revenue of the optimal
allocation rule with ex ante probability of sale k/n. Here R(-) is the ironed revenue curve (that
does not iron on quantiles in [1 — 1/n,1]). R(1 — k/n) is the convex combination of at most two
points on the revenue curve R(a) and R(b), a < 1—k/n < b < 1-1/n. Now, we can use Lemma6.§]
to obtain an integer k, < n(l — a) such that Py, is at least a quarter of R(a), likewise k; for b.
Taking the appropriate convex combination of these multi-unit auctions gives us a 4-approximation
to the optimal auction k-unit auction (that does not iron over the quantile interval [1 — 1/n,1]).
Finally, the convex combination of the multi-unit auctions with &, and k; corresponds to a position
auction with that is feasible for a k unit auction (with respect to serving the top k positions with
probability one, service probability is only shifted to lower positions). O

7 Inference methodology and error bounds for first-price auctions

While most of our analysis so far has focused on the case of all-pay auctions, our methodology and
results extend as-is to first-price auctions as well. Here we sketch the differences between the two
cases.
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Recall that in a first-price auction, we can obtain the value distribution from the bid distribution
as follows: v(q) = b(q) + z(q)b'(q)/2'(¢q). Substituting this into the expression for P, we get:

(1 —q)y'(9)z(q)V'(q)
z'(q)

Py =E, [(1 —q)y'(q)b(q) + } =E,[(1 - )y (9)b(q) + Zy(q)z(q)V (q)]

where, as before, Z,(q) = %

Integrating the second expression by parts, we get
1 1
/ Zy(@x(@b'(@)dg = Zy(9)z(0)b(a)lo —/ (Zy(@)(q) + Zy(q)2'(2))b(q) dg
0 0

1 1
= [ Ze@mardn- [ -0y @ha da
0 0

When we put this back in the expression for P, two of the terms cancel, and we get the following
lemma.

Lemma 7.1. The per-agent revenue of an auction with allocation rule y can be written as a linear
combination of the bids in a first-pay auction:

Py =E,[—x(q)Z,(q)b(q)]

where Z,(q) = (1 — Q)g:% and x(q) are known precisely.

As in the case of the all-pay auction format, we can write the error in P, as:

P, - Py = E, H—x(q)Z;(q)(B(q) - b(q))H
(log(1+Zy (@) 1 1] s | Z,(q) o
= F [ Z,(q) |Zy((J)|} |09 o3 2, @) O b(‘]))‘

With an appropriate choice of o we obtain the following theorem.

Theorem 7.2. The expected absolute error in estimating the revenue of a position auction with
allocation rule y using N samples from the bid distribution for a first-pay position auction with
allocation rule x is bounded as below; Here n is the number of positions in the two position auctions.

1P, — 20 nlogn sup{y 0g max su (9) su AC)
Eb[|Py Pyl] < WW 1p{y'(g)} log {q:y,(ql)gl () P x/(q)}
0O(1)

+ = sup{a'(9)} i {zig } '

When y is the highest-k-bids-win allocation rule, the error improves to:

. 20 ' (q) 23,(q)
E;||P; — Pi|| < —= sup{z}(q)} logmax sup , sup .
b |: } vN ¢ F gz (q)>1 l‘;g(Q) q x/(Q)

Because the error bounds in Theorem are identical to those in Theorems and
Lemma Corollaries and Theorem [5.4] continue to hold when bids are drawn

from a first-price auction.
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8 Discussion and Conclusions

We conclude with some observations and discussion.

e Good inference requires careful design of the mechanism. Perfect inference and perfect opti-
mality cannot be achieved together.

e We cannot achieve good accuracy in infering the revenue of an arbitrary mechanism, or in
infering the entire revenue curve. In contrast, the multi-unit revenues P are special functions
that depend linearly on the bid distribution (and not, for example, on bid density). This
property enables them to be learned accurately.

e Rank based mechanisms achieve a good tradeoff between revenue optimality and quality of
inference in position environments: (1) They are close to optimal regardless of the value dis-
tribution; (2) Optimizing over this class for revenue requires estimating only n parameters
Py that, by our observation above, are “easy” to estimate accurately; (3) Rank based mech-
anisms satisfy the necessary conditions on the slope of the allocation function that enable
good inference.
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A Finding the optimal iron by rank auction

Recall that iron by rank auctions are weighted sums of multi-unit auctions. Therefore, their revenue
can be expressed as a weighted sum over the revenues Py of k-unit auctions. We consider a position
environment given by non-increasing weights w = (w1, ..., wy), with wg = 0, w; = 1, and w41 = 0.
Define the cumulative position weights W = (Wy,... . W,,) as Wy, = ngi wj.

Define the multi-unit revenue curve as the piece-wise constant function connecting the points
(0, Py, ..., (n, P,). This function may or may not be concave. Define the ironed multi-unit revenue
curve as P = (Py, ..., P,) the smallest concave function that upper bounds the multi-unit revenue
curve. Define the multi-unit marginal revenues as P’ = PJ,..., P, and P' = P|,..., P! as the left
slope of the multi-unit and ironed multi-unit revenue curves, respectively. Le., P, = P, — P,_; and
Pl =P Py

We now see how the revenue of any position auction can be expressed in terms of the multi-unit
revenue curves and marginal revenues.

n n
E[revenue] = Z Prwy, = Z Pl wy
k=0 k=0
n n
< Zpkw;c = Zpéwk
k=0 k=0

The first equality follows from viewing the position auction with weights w as a convex combina-
tion of multi-unit auctions (where its revenue is the convex combination of the multi-unit auction
revenues). The second and final inequality follow from rearranging the sum (an equivalent ma-
nipulation to integration by parts). The inequality follows from the fact that P is defined as the
smallest concave function that upper bounds P and, therefore, satisfies P, > P, for all k. Of course
the inequality is an equality if and only if w), = 0 for every k such that P > Pj.

We now characterize the optimal ironing-by-rank position auction. Given a position auction
weights w we would like the ironing-by-rank which produces w (with cumulative weights satisfying
W > W) with optimal revenue. By the above discussion, revenue is accounted for by marginal
revenues, and upper bounded by ironed marginal revenues. If we optimize for ironed marginal
revenues and the condition for equality holds then this is the optimal revenue. Notice that ironed
revenues are concave in k, so ironed marginal revenues are monotone (weakly) decreasing in k.
The position weights are also monotone (weakly) decreasing. The assignment between ranks and
positions that optimizes ironed marginal revenue is greedy with positions corresponding to ranks
with negative ironed marginal revenue discarded. Tentatively assign the kth rank agent to slot
k (discarding agents that correspond to discarded positions). This assignment indeed maximizes
ironed marginal revenue for the given position weights but may not satisfy the condition for equality
of revenue with ironed marginal revenue. To meet this condition with equality we can randomly

30



permute (a.k.a., iron by rank) the positions that corresponds to intervals where the revenue curve
is ironed. This does not change the surplus of ironed marginal revenue as the ironed marginal
revenues on this interval are the same, and the resulting position weights w satisfy the condition
for equality of revenue and ironed marginal revenue.

B Proofs for Section [2

PROOF OF LEMMA . Consider estimation of the bid function using the sorted bids () > p(2) >
> b®). Then the bid function is estimated as

~

b(q) = bUaND|

where [-] is the floor integer. Let G(-) be the population cdf of the distribution of bids and CA}() =
%Z?:l 1{- < b;} be its empirical analog. Note that the derivative of the quantile function of the
distribution of bids '(+) is the inverse of the bid density. We now impose the restriction on the
population distribution of bids ensuring its desirable smoothness.

Assumption 1. For any b1,bs € [0, 1] such that |ba — bi| < 6

|G (b2) — G(b1) = b/ (b7 (b1)) (b2 — b1)| = 0(d).

~ o~

Then, we have by definition G(b(¢)) = ¢ = G(b(q)),where G(-) is the cdf of bids and G(-) is the
empirical cdf. R
Now we decompose G(b(q)) — G(b(q)) as

~ o~ A~ o~ ~

0 =G(b(g)) - G(b(q)) = G(b()) — G(b(q)) + G(b(g)) — G(b(q))- (18)

We can bound the first term on the right as follows. By the Donsker theorem vN(G(t) — G(t))
converges to a tight mean zero stochastic process G(t) over ¢ with covariance function such that
H(t,t) = G(t)(1 — G(t)). Note that

B~ =

sup [H (t,1)| <
t

This means that )
E H\/Nsup(@(t) - G(t))H <3
t
Next, we can relate the second term on the right hand side of to the error in the bid estimator.
Consider the following expansion:

G(b(g)) — G(b(q)) = g(b(@))(b(q) — b(q)) + o([b(q) — b(q)[*).

Combining this result together with the decomposition above and recalling that b/(¢) = 1/g(b(q)),
we write

~

VN(b(g) — b(q)) = = (¢)VN(G(b(q)) — G(b(q))) + 0p(1).

Then we write

B ||V sup(dta) ~ )| <swv@n [V s @ - co)||.
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This means that the mean absolute error in bids is bounded by

sup, b'(q) 1

2 VN’
Then, recalling that v(¢) < 1 and v(q) —b(q) < 1, we can replace the upper bound on ¥'(q) by z’(q)
for an all-pay auction and by 2'(q)/x(q) for the first-price auction. O

C Proofs for Section [3l

PROOF OF LEMMA . Consider the function A(q) = 1/Z(q) = 2'(¢)/(1 — q)x}(q). 2'(q) is a
weighted sum over 2(g) for j € {1,---,n —1}. So, A(g) is a weighted sum over terms 2’ (q)/(1 —
q)x}.(q). Let us look at these terms closely.

o =

where ay, ; is independent of ¢g. The functions "7 (1 —q) are convex. This implies that A(q)
which is a weighted sum of convex functions is also convex. Consequently, it has a unique minimum.
Therefore, Zi(q) = 1/A(q) has a unique maximum. O

j—k—1

PrROOF OF THEOREM @ Recall that for o > 0 we can Writeﬁ

(log(1 + Zx(9)))" Zi(q)
Zr(q) (log(1 + Zk(q)))®

We start by considering the first term. Lemma shows that Z;(-) changes sign only once.
Consider the region where the sign of Z} () is constant and make the change of variable t = Zj(q).
Recall that Z;; = sup, Zx(¢q) and we note that inf, Z(¢g) > 0. Then we can evaluate the first term

as
log(1+ Z @ Zk (log (1 + 1))~
Zr(q) 0 t
Note that for any ¢ > 0, log(1 +¢) < ¢. Thus,

/5 (log (1 ) . _0*

0 t (6]

(b(q) — b(q))

Po— P <F [ |Z,z<q>|] sup
q

Now split the integral into two pieces as

Zk (log (1 +1))* Y log (1 41t)™ Zk (log (1 +1t))™
A —t dt:/(; —t dt—l—/l —t dt

We just proved that the first piece is at most 1/a. Now we upper bound the second piece and
consider the integrand at ¢ > 1. First, note that

1.\* 1\
(log (1 +1))* = <log t+log(1+ t)> < <log t+ t) < (log t +1)*.

5In this entire proof the logarithms are natural logarithms.
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Thus, the integral behaves as

zr zr
1 14+1))¢ log (t 1)« 1
JR Iy U
1 t 1 t 1+Oé

Thus, we just showed that

(log(1 + Zx(q)))
b [ Z1(q)

which is at most 2(1 + e)/a for o < 1/log Z;.
Now consider the term
Zr(q)
sup

« B q) — b q
P Gogt + zelay "~ M)
Note that log(1 4 ¢) > min{1,¢}/2. So the first term can be bounded from above as

Zk(q) N -
o1 1 Zog)® = 2 max {Zu(0), (Ze(@)) ™"}

The second term behaves as
(b(q) — b(q)) = —2'(q)v(q)(G(b(q)) — G(b(q)))

where G and G are the real and empirical bid distributions, respectively. We recall that E [supq ‘é (b(q)) — G(b(q)) H

1
m. ThuS

E [Sup
q

(log Zj; +1)'*,

@ 2
Z <=
Zil <2+ 2

Z1(q)
(log(1 + Zi(9)))”

(0) = o) || < 2 sup (max {0, ) @ ))) 5 o

«

< 2%sup (xz(q)) max [ 1, sup ©(q) !
N q 7q:xfc(q)21 ‘/B;q(q) 2\/N

= A

Now we combine the two evaluations together and pick @ = min{1/log A,1/log Z}'}, with A
defined as above, to obtain

2(1+e)

B||P— Bil| < = 2ta = sup (a(0))
< j?v sgp{x%(q)} max {log A, logsgp {?fés)) }}

PROOF OF LEMMA (3.7, We can write the function b(i/N) as

(L) Nt i—11 _ N—i
b <N> =GN =) /G(t) (1-G(t)" g(t)tdt
N!

_ i~1/1 _ \N—i
_(i_l)!(N_i)!/t (1 — N =ib(t) dt
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Note that
N!

(1 —DUN —1)!
is the density of the beta-distribution with parameters o = 7 and 8 = N —i+1. Denote this density

f(t;a, B). Then we can write
: 1
- (1
() = [ vosas

Now let g € [i/N, (i + 1)/N], and consider an expansion of b(t) at ¢ such that

b(t) = blq) + V' (q)(t — q) + O((t — 9)°)

Now we substitute this expansion into the formula for b(-) above to get

tl 1(1 _ t)N—Z

_ , ! ' ! .
b (N> —b0)+ V(@) | (- )f(ta,5)dt+0( /O (t = 0)*f(t; 0, B) dit)

0

The mean of the beta distribution is o/(a + 3) and the variance is a8/((a + 3)?(a+ 3 +1)). This

means that . _ )
(1) = —y Lo —
i (3) ~ 00 =v@ (557 -9) +0 (32)-
Thus
sup ’5<i>—b(q)’<supb'( )2 —|—O< L >
gefi/Ni+1)/N] | \ IV T N N2
Therefore, the expectation ‘Py - E[Py} ‘ is at most O(1)/N sup,{z'(q)} sup, Z,(q)- O

PROOF OF LEMMA . Fix I and ¢, and note that the function b is fixed (that is, it does not
depend on the empirical bid sample). Then, the sum T;,;, , depends only on the empirical bid
values b(q) for quantiles in the interval lie/N,igr1/N). By the definition of I, we know that the
smallest iy bids in the sample are all smaller than b((zz —1)/N) < b(ig/N), and the largest N —ip4
bids in the sample are all larger than b(zzH/N) > b((z@rl —1)/N). On the other hand, the empirical
bids b(q) for q € [ig/N,igs1/N) lie within [b(ig/N),b((igs1 — 1)/N)]. Therefore, conditioned on i

and 4441, the latter set of empirical bids is independent of the former set of empirical bids. O
PROOF OF LEMMA AND THEOREM [3.6] We will use Chernoff-Hoeffding bounds to bound the
expectation of Tg y over the bid sample, conditioned on I and A = supyco17|G(b(q)) — G(b(q))l-

We first note that T y has mean zero because for any integer i € [0, N, Egamples [B(Z/N)} = b(i/N).
Next we note that the T; ;’s are bounded random variables. Specifically, let () be an interval

of quantiles over which the difference g(q) — b(q) does not change sign. Then, following the proof
of Theorem we can bound

Tql = \/Z CORTOEY

< 20A sup{y'(¢)} logmax sup ,
g W@} ey (@>1Y(@) ¢ 7'(q)

=C
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Likewise, over an interval () where Z?’j does not change sign, we again get |Tg| < 20AC with C
defined as above. Moreover, for an interval () over which Zé changes sign at most ¢ times, we have

/Q 12! (a)(B(a) — B(q))| dg < ¢ - 20AC.

Finally, noting that Z, is a weighted sum over the n functions Zj, defined for the k-unit auctions,
and that by Lemma each Z; has a unique maximum, we note that ZZ/J changes sign at most 2n
times.

We now apply Chernoff-Hoeffding bounds to bound the probability that the sum Zgilg*l Tiyigin
exceeds some constant a. With 7, denoting the upper bound on |T;,;, |, this probability is at

most
exp| ——=—= 1.
20 752

By our observations above, for all ¢, 7, < 40AC, and ), 7y < fol |ZZ’/(q)(Z(q) —b(q))|dg < 40nAC.
Therefore, >, 77 < n(40AC)2. We can now choose a = /nlogn40AC to make the above proba-
bility at most 1/n.

Putting everything together, we get that conditioned on I and A, the expected value of |Tg y|
over the bid sample is at most a+1/n-40nAC = O(1)y/nlognAC. Since this bound is independent
of I, the same bound holds when we remove the conditioning on I. The theorem now follows by
plugging in the expected value of A from Lemma [2.2 O
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