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Abstract

In this paper, we study portfolio choice when asset returns satisfy the arbi-
trage pricing theory (APT), which allows for the possibility of model misspec-
ification and mispricing. We show that, under the APT, the mean-variance
portfolio can be decomposed into two components: a portfolio that depends on
only pricing errors and a portfolio that depends on only factor risk premia (and
their loadings). We demonstrate that these two portfolio components are or-
thogonal to each other and the squares of their Sharpe ratios sum to the square
of the Sharpe ratio of the mean-variance portfolio. When number of assets is
asymptotically large, the portfolio weights in the component that depends on
pricing errors typically dominate the weights in the component that depends on
the risk premia. However, the asymptotic return on the mean-variance port-
folio is not dominated by either component. Analogously, we show that the
global-minimum-variance portfolio can be decomposed into two components: a
portfolio that depends on only the residual covariance matrix and a portfolio
that depends on only the factor covariance matrix. We show that these two
components are orthogonal to each other and that the sum of the squares of
the Sharpe ratios of the two component portfolios is less than or equal to the
square of the Sharpe ratio of the global-minimum-variance portfolio. When the
number of assets is asymptotically large, then the portfolio weights associated
with the residual covariance matrix dominate the weights associated with the
factor covariance matrix. In the remainder of the paper, we (will) investigate
a variety of theoretical and empirical applications of these properties of the
mean-variance and global-minimum-variance portfolios.

JEL classification: G11, G12, C58, C53.
Keywords: Factor models, pricing errors, estimation error, robust estimation,
mean-variance portfolio, global-minimum-variance portfolio.



1 Introduction

How should one choose optimal portfolios when asset returns have pricing errors? How

does the impact of pricing errors on portfolio weights vary depending on whether the

pricing errors are a consequence of missing or latent factors versus pricing errors that

are unrelated to factors. What is the relative contribution of the pricing error and the

risk premia to portfolio weights, portfolio returns, and their Sharpe ratios? How can

one improve the estimation of mean-variance and global-minimum-variance portfolios

in the presence of pricing errors. How do the answers to the above questions change

as we increase the number of assets in the portfolio?

To address these questions, we study portfolio choice when asset returns sat-

isfy the Arbitrage Pricing Theory (APT), while allowing for the possibility of model

misspecification and mispricing. The APT is a very general model that can accom-

modate a variety of factors. The factors could be statistical, for example, based on a

principal-component decomposition of returns; macroeconomic, for example, shocks

to inflation, interest rates, and exchange rates; and, characteristic-based, for instance,

industry, country, size, value, return momentum, and liquidity.1 The factor model for

returns that we consider is general enough also to allow for correlated residual errors,

missing and latent factors, and pure pricing errors that are unrelated to factors. We

also show how to extend the traditional APT to the case of unbounded residual vari-

ation; that is, we do not limit ourselves to the traditional case of residual errors that

are mildly correlated across assets.

In our analysis, we study both the mean-variance and the global-minimum-variance

portfolios. Our main results are the following. We show that, under the APT, the

mean-variance portfolio can be decomposed into two components: a portfolio that

depends only on pricing errors and a portfolio that depends only on factor risk pre-

mia (and their loadings). We demonstrate that these two portfolio components are

orthogonal to each other and that the squares of the Sharpe ratios of the returns on

these two component portfolios sum to the square of the Sharpe ratio of the mean-

variance portfolio. For the case in which the number of assets is asymptotically large,

1For further details of the variety of applications of the APT, see Connor, Goldberg, and Kora-
jczyk (2010, Ch. 4–6).
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the portfolio weights in the component that depends on pricing errors typically dom-

inate the portfolio weights in the component that depends on the factor risk premia.

However, for the asymptotic return on the mean-variance portfolio neither component

dominates. We also relate our results to the “orthogonal portfolios” studied in Roll

(1980), MacKinlay (1995), and MacKinlay and Pástor (2000).

Similarly, we show that the global-minimum-variance portfolio can be decomposed

into two components: a portfolio that depends on only the residual covariance matrix

and a portfolio that depends on only the factor covariance matrix. We show that

these two components are orthogonal to each other and that the sum of the squares

of the Sharpe ratios of the returns on these two component portfolios is less than or

equal to the square of the Sharpe ratio of the global-minimum-variance portfolio. If

the number of assets is asymptotically large, then the portfolio weights associated

with the residual covariance matrix dominate the weights associated with the factor

covariance matrix.

After developing these theoretical results, in the second part of the paper we (will)

investigate a variety of theoretical and empirical applications of these properties of

the mean-variance and global-minimum-variance portfolios.

We conclude this introduction by providing a short summary of the literature on

the APT. Ross (1976, 1977) shows that if asset returns have a strict factor structure,

then the mean returns are approximately linear functions of factor loadings. He

obtains this result by showing that in a market with an infinite number of assets,

there are sufficiently many riskless portfolios such that prices of assets are determined

by a no-arbitrage condition. Huberman (1982) formalizes the argument proposed for

linear factor pricing in Ross. He also shows that the arbitrage portfolios used to prove

the APT need not be well diversified (that is, these portfolios could have idiosyncratic

risk); instead, they need to satisfy only two conditions: they are zero-cost portfolios

and their weights are orthogonal to factor loadings (which implies that they have zero

factor risk).

Chamberlain (1983), Chamberlain and Rothschild (1983), and Ingersoll (1984) ex-

tend the results of Ross (1976, 1977) and Huberman (1982) to a setting where returns
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need to satisfy only an approximate factor structure; that is, the idiosyncratic com-

ponents of returns are allowed to be correlated across assets. Chamberlain also shows

that arbitrage pricing is exact if and only if there is a risky, well-diversified portfolio

on the mean-variance frontier. Moreover, if all mean-variance efficient portfolios are

well-diversified, then the well-diversified portfolios provide mutual-fund separation.

Chamberlain and Rothschild (1983) also show that if the covariance matrix of the

asset returns has only K unbounded eigenvalues, then there is an approximate factor

structure and it is unique.

The rest of the paper is organized as follows. In Section 2, we specify the linear

factor model for asset returns, summarize the APT, and describe the various portfolio

strategies we will study. In Section 3, we derive the properties of mean-variance and

global-minimum-variance portfolios when the number of assets is finite; Section 4

extends this analysis to the setting where the number of assets is asymptotically large.

Applications of our these results are (to be) reported in Section 5. We conclude in

Section 6. Proofs for all our results are reported in the appendix.

2 Notation, Factor Model for Returns, and APT

2.1 Notation

Throughout the paper, we will refer to returns in excess of the risk-free return. Let the

N -dimensional vector rt = (r1t, r2t, ..., rNt)
′ denote the vector of asset excess returns.

Given an arbitrary portfolio strategy a with weights wa of N assets, we define the

associated portfolio excess return as

rat = r′tw
a,

with conditional mean, standard deviation, and Sharpe ratio indicated by

µa = E(rat ),

σa =
√

var(rat ),

SRa = µa/σa.
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2.2 Linear factor model for asset returns

Assumption 2.1 (Linear factor model). We assume the N-dimensional vector rt of

asset returns can be characterized by the following linear factor model

rt = µ+ B zt + εt,

where zt = (z1t, z2t, ..., zKt)
′ is the K × 1 vector of common factors, assumed to be

with zero (conditional) mean, without loss of generality, as explained below; B =

(β1, β2, . . . , βN)′ is an N × K full-rank matrix of factor loadings with ith row β′i;

εt = (ε1t, ε2t, ..., εNt)
′ is an N×1 vector of residuals, and the N×1 vector µ represents

the mean of the vector of excess returns, rt.
2

At any time t

zt ∼ (0,Ω),

εt ∼ (0,Σ),

where the K ×K covariance matrix Ω and N ×N covariance matrix Σ are positive

definite; that is, Ω > 0 and Σ > 0. Moreover, εt and zt are uncorrelated; that is,

E(εtz
′
t) = 0.

Assumption 2.1 implies that the conditional variance-covariance matrix for asset-

returns is:

E [(rt − µ)(rt − µ)′] = V = BΩB′ + Σ. (1)

Note that, just as in Chamberlain (1983), Chamberlain and Rothschild (1983),

and Ingersoll (1984), we too do not restrict Σ to be diagonal; that is, we allow for

correlated error terms. Moreover, do not restrict the maximum eigenvalues of Σ to be

bounded, in contrast to Chamberlain (1983) and Chamberlain and Rothschild (1983).

2Throughout the paper, it will be assumed that K < N .
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2.3 Arbitrage Pricing Theory (APT)

Definition 2.1 (Asymptotic arbitrage). A sequence of portfolios is said to generate

an asymptotic arbitrage opportunity if along some subsequence N ′:

var(r′tw
a)→ 0 as N ′ →∞

µ′wa ≥ δ > 0 for all N ′,

where δ represents some positive scalar.

Assumption 2.2 (No asymptotic arbitrage). There are no asymptotic arbitrage op-

portunities.

Theorem 2.1 (APT (Huberman, 1982; Ingersoll, 1984)). Assumptions 2.1 and 2.2

imply that for all N there exists a positive number δ such that the weighted sum of

the squared pricing errors is uniformly bounded:

α̂′Σ−1α̂ ≤ δ <∞,

where,

α̂ = µ−Bλ̂, (2)

and

λ̂ =
(
B′Σ−1B

)−1
B′Σ−1µ. (3)

Remark 2.1.1. Observe that λ̂ is the projection coefficient when projecting µ on B

and α̂ is the projection residual that satisfies

B′Σ−1α̂ = 0. (4)

Remark 2.1.2. Observe that the projection residual α̂ can be interpreted as a “pric-

ing error.” For instance, Roll (1980) points out that such a pricing error could arise

in the Black (1972) linear model of returns if the index with respect to which risk

(beta) is measured is not mean-variance efficient. This could happen if the theory

was correct but the true value-weighted market portfolio was measured with error.

But, the pricing error could arise also if the index was measured without error but the

theory was incorrect. These pricing errors would also be present if the asset-pricing

model had missing factors (MacKinlay and Pástor, 2000) or if some of the factors

were latent (Connor and Korajczyk, 1986; Lehmann and Modest, 1988).
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2.4 Portfolio strategies

We now consider several portfolio strategies and establish a useful correspondence

between their weights and associated portfolio returns.

The first portfolio strategy we investigate is the mean-variance portfolio, defined

by the solution to the following optimization problem:

wmv = argmaxw

(
w′µ− γ

2
w′Vw

)
,

where 0 < γ < ∞ is the coefficient of risk aversion; wmv = (wmv1 , . . . , wmvN )′ is the

vector of portfolio weights in the N risky assets; and, the investment in the risk-free

asset is given by 1− e′wmv.

The solution to the above optimization problem is

wmv =
1

γ
V−1µ.

By standard arguments, its associated portfolio return has conditional mean, standard

deviation, and Sharpe ratio given by the following three expressions:

µmv = γ−1
(
µ′V−1µ

)
, (5)

σmv = γ−1
(
µ′V−1µ

)1/2
, (6)

SRmv =
(
µ′V−1µ

)1/2
. (7)

The next trading strategy we consider is the global minimum-variance portfolio.

This is a special case of the mean-variance portfolio, where the expected returns for

all the assets are identical and all wealth is invested in only risky assets.3 It is given

by:

wgmv =
V−1e

e′V−1e
.

3Observe that the mean-variance portfolio with investments in only risky assets, can then be
written as:

wmv

e′wmv
=

V−1µ

e′V−1µ
.
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In addition to the two standard portfolio strategies considered above, we also

consider two new portfolios. The first is a portfolio that is often used to prove the

APT (see, for example, Ingersoll (1984, Theorem 1)). We label this portfolio wα̂

because it depends on the pricing errors but not the factor premia. This portfolio

can be expressed as

wα̂ =
1

γ
V−1α̂, (8)

or, in terms of normalized portfolio weights:

V−1α̂

e′V−1α̂
,

where α̂ is defined in equation (2). The portfolio wα̂ can be interpreted as one that

is “factor neutral;” that is, it is the portfolio whose return is not exposed to the risks

arising from the common factors:

r′tw
α̂ = (µ+ Bzt + εt)

′ 1

γ
V−1α̂

= (α̂+ Bλ̂+ Bzt + εt)
′ 1

γ
V−1α̂

= (α̂+ εt)
′ 1

γ
V−1α̂

= (α̂+ εt)
′ 1

γ
Σ−1α̂,

where the last two equalities are obtained using the result in (4).

The portfolio wα̂ in (8) has four equivalent representations, which we will use in

the next section to gain insights for the portfolio weights when the number of assets

is large. These four representations are:

wα̂ =
1

γ
V−1α̂

=
1

γ
Σ−1α̂

=
1

γ
V̆α̂

=
1

γ
V̆µ. (9)
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The first equality is the definition of the wα̂ portfolio in (8) ; the second equality

follows from the orthogonality of the projection in (4); the third and fourth equalities

follow from the definition of V in (1), the definition of V̆ below,

V̆ =
[
Σ−1 −Σ−1B(B′Σ−1B)−1B′Σ−1

]
. (10)

and the fact that

V̆B = 0. (11)

To see the relation between V−1 and V̆, note that the Sherman-Morrison-Woodbury

formula implies:

V−1 =
[
Σ−1 −Σ−1B(Ω−1 + B′Σ−1B)−1B′Σ−1

]
.

Setting Ω−1 = 0 in the expression above then leads to the expression for V̆ in (10). To

understand the intuition for this, observe that mean-variance optimization penalizes

assets with large variances. Therefore, as the elements of Ω become arbitrarily large,

the only way to obtain a mean-variance portfolio, which is the portfolio maximizing

the Sharpe ratio, is to set Ω−1 = 0 in the expression of V−1, which leads to V̆, which

then guarantees that the condition in (11) is satisfied.

Finally, we define the portfolio strategy, wλ̂, which in contrast to wα̂, depends on

the risk premia but not on the pricing errors:

wλ̂ =
1

γ
V−1(Bλ̂).

The scaling factor, γ, does not affect our main results and without loss of generality

will be set as γ = 1 in the rest of the paper.
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3 Results for finite number of assets

3.1 Results for mean-variance portfolios

The following theorem, which is valid for any finite N > K, establishes the relations

that exist across the mean-variance portfolio, wmv, and the two portfolios that depend

on only the pricing error, wα̂, and the portfolio that depends only on factor risk, wλ̂.

Theorem 3.1 (Weights of mean-variance portfolios). Suppose that the vector of asset

returns, rt, satisfies Assumptions 2.1 and 2.2. Then for any finite N > K, the mean-

variance portfolio weights satisfies the following decomposition:

wmv = wα̂ + wλ̂,

and portfolios wα̂ and wλ̂ satisfy the orthogonality condition:

wα̂′Vwλ̂ = wα̂′Σwλ̂ = 0. (12)

Remark 3.1.1. Note that the portfolio wα̂, defined in (9), does not depend on either

the risk premia or the factor-covariance matrix.

Remark 3.1.2. The orthogonality condition in (12) above says that the two portfolios

wα̂ and wλ̂ are uncorrelated to the factors, both conditional on the factors and also

unconditionally.

Theorem 3.2 (Returns of mean-variance portfolios). Suppose that the vector of asset

returns, rt, satisfies Assumptions 2.1 and 2.2. Then for any finite N > K, the returns

on the portfolios wα̂ and wλ̂ have mean, volatility (standard deviation), and Sharpe

ratio that have the same functional form as the corresponding expressions for wmv

given in equations (5), (6), and (7). Moreover, these three quantities are functions of

the same quadratic form, and satisfy, respectively:

µα̂ = α̂′Σ−1α̂; µλ̂ = λ̂′B′V−1Bλ̂; (13)

σα̂ = (α̂′Σ−1α̂)
1
2 ; σλ̂ = (λ̂′B′V−1Bλ̂)

1
2 ; (14)

SRα̂ = (α̂′Σ−1α̂)
1
2 ; SRλ̂ = (λ̂′B′V−1Bλ̂)

1
2 .
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Moreover, the levels of the Sharpe ratios satisfy the following bounds:

0 ≤ SRα̂ <∞ and 0 ≤ SRλ̂ <∞,

and their squares satisfy

(SRmv)2 = (SRα̂)2 + (SRλ̂)2.

Remark 3.2.1. Observe that the return on the portfolio wα̂ is independent of the

distribution of the factors.

Note that the Sharpe ratios for the wα̂ and wλ̂ portfolios are positive because

both portfolios earn a positive expected return, which follows from quadratic forms

for the expressions for the respective means, µα̂ and µλ̂.

3.2 Results for global-minimum-variance portfolios

Theorem 3.3 (Weights of global minimum-variance portfolios). Suppose that the

vector of asset returns, rt, satisfies Assumptions 2.1 and 2.2. Then for any finite

N > K, the minimum-variance portfolio weights satisfies the following decomposition:

wgmv = wΣ + wΩ,

where

wΣ =
V̆e

e′V−1e
,

wΩ =
(V−1 − V̆)e

e′V−1e
,

and portfolios wΣ and wΩ satisfy the orthogonality condition:

wΣ′VwΩ = wΣ′ΣwΩ = 0.

Theorem 3.4 (Returns of global minimum-variance portfolios). Suppose that the

vector of asset returns, rt, satisfies Assumptions 2.1 and 2.2. Then for any finite
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N > K: the returns on the portfolios wΣ and wΩ have mean, volatility (standard

deviation), and Sharpe ratio given by the following expressions,

µΣ =
e′V̆α̂

e′V−1e
; µΩ =

e′(V−1 − V̆)Bλ̂

e′V−1e
;

σΣ =
(e′V̆e)

1
2

e′V−1e
; σΩ =

(
e′(V−1 − V̆)e

) 1
2

e′V−1e
;

SRΣ =
e′V̆α̂

(e′V̆e)
1
2

; SRΩ =
e′(V−1 − V̆)Bλ̂

(e′(V−1 − V̆)e)
1
2

.

And, these Sharpe ratios satisfy the following bounds:∣∣SRΣ
∣∣ <∞ and

∣∣SRΩ
∣∣ <∞, and

(SRgmv)2 ≤ (SRΣ)2 + (SRΩ)2.

Remark 3.4.1. Observe that the return on the portfolio wΣ depends on factor distri-

bution only through Ω. As we will see below, this dependence on Ω becomes weaker

as the number of assets increases. However, even for a finite number of assets, the

Sharpe ratio of the portfolio wΣ is independent of Ω.

Remark 3.4.2. Unlike the case for the mean-variance portfolio wmv and its com-

ponents, for the global minimum-variance portfolio and its components there is no

guarantee that their Sharpe ratios will be positive.

4 Results for asymptotically large number of as-

sets

In this section, we study the case where the number of assets is asymptotically large,

that is, N →∞. For this reason, we index all quantities that depend on the number

of assets by the subscript N . As we did in the section above, we will analyze the

behavior of the two portfolios, wα̂
N and the wλ̂

N separately.

Just like in Chamberlain and Rothschild (1983) and Ingersoll (1984), we study a

market with an infinite number of assets. That is, instead of considering a sequence of
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distinct economies, we consider a fixed infinite economy in which we study a sequence

of nested subsets of assets. That is, for the N th step, one new asset is added to the

first N−1 assets whose parameters do not change with the addition of the new assets.

These unchanging parameters can be interpreted as the parameters one would get in

the limit as the number of assets becomes asymptotically large.

4.1 Assumptions for case of asymptotically large number of
assets

We adopt the following notation. Consider a symmetric M × M matrix A. Let

giM(A) denote the i-th eigenvalue of A in decreasing order for 1 ≤ i ≤M . Thus, the

maximum eigenvalue is g1M(A) and the minimum eigenvalue is gMM(A).

Recall that in the section above, where we study the case of a finite number of

risky assets, we had started out by defining λ̂ and α̂. We now study the limiting

behavior of these two quantities as the number of assets increases.

We start with the definition of a “regular” factor economy.

Definition 4.1 (Regular factor economy (Ingersoll, 1984, p. 1028 and footnote 10)).

A factor economy is regular if the maximum eigenvalue g1K(B′NΣ−1
N BN)−1 → 0 as

N → ∞. If the limit is positive instead of zero, then the factor representation is

irregular.

We now introduce the limit of λ̂ as N → ∞, which we label λ∞ = λ, and the

associated vector of pricing errors, αN = (µN −BNλ). Under Assumptions 2.1 and

2.2, and the regularity assumption above, Ingersoll (1984, Theorem 3 and ftn. 10)

shows that λ is unique and prices assets with bounded squared error:

α′NΣ−1
N αN ≤ δ <∞, (15)

where δ represents some positive scalar. Observe that, as discussed in Ingersoll (1984,

footnote 10), the weighting of the squared pricing error uses Σ−1
N . The intuition for

why the squared error bound in (15) is weighted by the (inverse of the) the matrix

of residual variances, Σ, is that an asset’s usefulness in arbitrages is limited by its
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residual variance. As Ingersoll (1984) explains: “Roughly speaking, the smaller an

asset’s residual variance, the more extreme its weighting can be in a portfolio, while

maintaining diversification, and the more extreme is its weighting, the bigger is its

effect on the portfolio’s expected return. Thus, an asset with a small residual variance

can have a major impact on a diversified portfolio’s expected return, and to prevent

arbitrage its own expected return must be more nearly in line with the prediction

of the APT. Assets with larger residual variances can only have small effects on a

diversified portfolio’s expected return, so their own expected returns need not be as

closely in line with the prediction.”

To understand the condition in (15), note that from (2) and (3) we have:

α̂N = µN −BN λ̂

= (IN −BN(B′NΣ−1
N BN)−1B′NΣ−1

N )(αN + BNλ)

= (IN −BN(B′NΣ−1
N BN)−1B′NΣ−1

N )αN .

Because

Σ−1
N α̂N = Σ−1

N (IN −BN(B′NΣ−1
N BN)−1B′NΣ−1

N )αN = V̆NαN ,

it follows that

α̂′NΣ−1
N α̂N = α̂′NΣ−1

N ΣNΣ−1
N α̂N

= α′NV̆NΣNV̆NαN

= α′NV̆NαN . (16)

Therefore, the condition in (17) below,

α̂′NΣ−1
N α̂N ≤ δ <∞, (17)

which is the central result of the APT (see, for instance, Ingersoll (1984, Theorem 1),

Huberman (1982, Theorem 1), and Chamberlain and Rothschild (1983, Theorem 3’)),

implies from (16) that

α′NV̆NαN = α′NΣ−1
N αN −α

′
NΣ−1

N BN(B′NΣ−1
N BN)−1B′NΣ−1

N αN ≤ δ <∞. (18)

Furthermore, because α′NV̆NαN ≥ 0, therefore (18) implies that

0 ≤ α′NΣ−1
N BN(B′NΣ−1

N BN)−1B′NΣ−1
N αN ≤ α

′
NΣ−1

N αN ≤ δ <∞,

implying that (15), as well as the equation below, hold by no-arbitrage.

α′NΣ−1
N BN(B′NΣ−1

N BN)−1B′NΣ−1
N αN ≤ δ <∞

15



4.2 Conditions imposed on pricing errors and residual co-

variance matrix by no arbitrage

The condition in (15), reproduced below,

α′NΣ−1
N αN ≤ δ <∞,

which is a consequence of asymptotic no arbitrage, links the pricing error αN and

the idiosyncratic covariance matrix, ΣN . There are two possible, complementary,

cases for ΣN as N →∞. In the first case, for large N all the eigenvalues of ΣN are

bounded, and in the second case, at least one of the eigenvalues is unbounded. The

existing literature has focused on studying the case in which all the eigenvalues of

ΣN are bounded, which is summarized in the theorem below, the proof for which is

provided in Huberman (1982) and Ingersoll (1984).

Theorem 4.1 (Constraint imposed on αN by no arbitrage; Huberman (1982); Inger-

soll (1984)). If ΣN has bounded eigenvalues for large N , then the condition in (15)

requires the elements of the pricing-error vector αN to become small for large N in

the following sense:

α′NαN ≤ g1N(ΣN)(α′NΣ−1
N αN) ≤ δ <∞,

but without αN being tied down to ΣN .

The assumption that the covariance matrix for the residuals of returns, ΣN , has

bounded eigenvalues for large N implies that the return of any well-diversified portfo-

lio (sometimes referred to a “well-spread” portfolio) has zero residual risk in the limit.

The above theorem then says that the squared sum of the pricing errors is bounded,

which is equivalent to saying that the squared pricing errors, αN , get smaller as the

number of assets increases.

In contrast to the existing literature, we also consider the case where, for large N ,

all the eigenvalues of ΣN are not bounded.

Theorem 4.2 (Constraint imposed on ΣN and αN by no arbitrage). Suppose that

the vector of asset returns, rt, satisfies Assumptions 2.1 and 2.2. Suppose that for
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some finite 1 ≤ p < N the following three conditions hold: (i) supN gpN(ΣN) = ∞;

(ii) supN gp+1N(ΣN) ≤ δ < ∞; and, (iii) infN gNN(ΣN) ≥ δ > 0. Then, the APT

condition in equation (15) is satisfied by the pricing error αN , represented as

αN = ANm + aN , (19)

where AN is a N × p matrix whose jth column equals g
1
2
jN(ΣN)vjN(ΣN), where 1 ≤

j ≤ p, vjN(ΣN) is the eigenvector of ΣN associated with the eigenvalue gjN(ΣN), m

is some p× 1 vector, and aN is some non-zero N × 1 vector that satisfies

a′NaN ≤ δ <∞.

As we will explain in greater detail below, one can interpret the two components

of αN in (19) in a variety of ways. The first term, ANm, could be associated with p

latent or missing pervasive factors, where AN are the factor loadings and m are the

risk premia for the missing factors. The second term, aN , is the idiosyncratic part of

the pricing error αN ; for instance, aN could be interpreted as representing managerial

skill.

More importantly, Theorem 4.2 shows that the common perception that the pric-

ing errors in αN need to be small in the APT is not completely accurate. In particular,

if the maximum eigenvalue of the residual covariance matrix is not bounded, then the

pricing errors can also be large without violating the no-arbitrage condition given in

(15). Recall our earlier comment that, if the covariance matrix for the residuals of re-

turns, ΣN , has bounded eigenvalues for large N , then the return of any well-diversified

portfolio has zero residual risk in the limit. What Theorem 4.2 states is that if the

maximum eigenvalue of ΣN is unbounded, then the contribution of the pricing error

to the portfolio return could be large, but for this to satisfy the no-arbitrage condi-

tion, any portfolio earning this high return would not be well diversified. To see this,

observe that by Chamberlain and Rothschild (1983, Theorem 4), under the assump-

tions made for deriving Theorem 4.2, the covariance matrix of residuals, ΣN , has the

following approximate p-factor structure:

ΣN = ANA′N + CN ,
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where CN is a N ×N positive semi-definite matrix with bounded eigenvalues. There-

fore, the residual variance of the return on any portfolio weights wN is given by

w′NΣNwN = w′NANA′NwN + w′NCNwN .

Whereas the second term, w′NCNwN , goes to zero for well-spread portfolios (that is,

for portfolios with w′NwN → 0), there is no guarantee that the same occurs for the

first term, w′NANA′NwN .

4.3 Results for mean-variance portfolios

In contrast to the definition of “regularity” given above (see Definition 4.1), an al-

ternative is to consider “pervasive factors.” Whereas regularity implies only that all

the eigenvalues of B′NΣ−1
N BN diverge as N → ∞, we use a stronger definition of

pervasiveness, in which all the rates of divergence of the eigenvalues are identical.

We wish to extend the definition of a regular economy in two different dimensions.

The earlier definition of regularity was applied to BN and ΣN . We extend the defi-

nition to any arbitrary matrix of dimension N × p and an arbitrary positive definite

matrix N ×N . Second, we impose that the eigenvalues are diverging at precisely the

same rate.

Definition 4.2 (CN-Regularity). The definition of regularity requires that there ex-

ists an increasing function of N , f(N), such that for any 1 ≤ j ≤ K, the eigenvalues

gjK( 1
f(N)

D′NC−1
N DN)→ δj > 0, where δj is some finite positive constant.

A special case of the above definition is the notion of pervasive factors defined in

Connor and Korajczyk (1986, Assumption 6) and Connor, Goldberg, and Korajczyk

(2010, p. 85). Both papers use f(N) = N , but Connor and Korajczyk require all the

eigenvalues to diverge at least at that rate, whereas Connor, Goldberg, and Korajczyk

is similar to our definition in the sense that it requires all eigenvalues to diverge

precisely at the same rate.

The above definition also nests as a special case the notion of a well-spread port-

folio, where a well-spread portfolio w is defined to be one where w′ΣNw → 0 as

N →∞, implying that w is Σ−1
N -regular.
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Below, we will present results for the two cases considered in Theorems 4.1 and

4.2. Ingersoll (1984, p. 1026) defines the first setting as one with “bounded residual

variation;” we label the second setting as one with “unbounded residual variation.”

Theorem 4.3 (Weights of mean-variance portfolio for large N with bounded residual

variation). Suppose that the vector of asset returns, rt, satisfies Assumptions 2.1 and

2.2, and the loadings BN are ΣN -regular. Then, as N → ∞, the absolute value of

the components of the mean-variance portfolio vectors, wα̂
N and wλ̂

N , decrease at most

at the rate:

|wα̂i | = O

(
|e′iΣ−1

N αN |+
‖e′iΣ−1

N BN‖

g
1
2
KK(B′NΣ−1

N BN)

)
; (20)

|wλ̂i | = O
(
‖e′iΣ−1

N BN‖
gKK(B′NΣ−1

N BN)

)
. (21)

From equations (20) and (21), we see that wα̂i can dominate wλ̂i as the number

of assets increases. In particular, wα̂i dominates wλ̂i when the pricing-error term,

|e′iΣ−1
N αN |, goes to zero slowly as the number of assets increases. Recall that the

APT bounds the pricing error from above; that is, α′NΣ−1
N αN ≤ δ < ∞. But, the

APT is silent about whether α′NΣ−1
N αN is bounded away from zero. When this

expression is bounded away zero, then one can show that the ratio wλ̂i /w
α̂
i always

decreases at the rate that is equal or faster than 1/g
1
2
KK(B′NΣ−1

N BN). In the corollary

below, we look at a special case to get a better understanding of this result.

Corollary 4.1 (Weights of mean-variance portfolios for large N with bounded resid-

ual variation and f(N) = N). Suppose that the vector of asset returns, rt, satisfies

Assumptions 2.1 and 2.2, and the loadings BN are ΣN -regular with f(N) = N . Then,

as N →∞, the absolute value of the components of the mean-variance portfolio vec-

tors, wα̂
N and wλ̂

N , decrease at the rate:

|wα̂i | = O
(
|e′iΣ−1

N αN |+
‖e′iΣ−1

N BN‖
N

1
2

)
; (22)

|wλ̂i | = O
(
‖e′iΣ−1

N BN‖
N

)
. (23)
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Moreover, if in addition, the rows of BN and Σ−1
N , are uniformly bounded:

sup
i
‖e′iBN‖ ≤ δ <∞, sup

i
‖e′iΣ−1

N ‖ ≤ δ <∞,

then

|wα̂i | = O
(

max
{
|e′iΣ−1

N αN |,
1

N
1
2

})
; (24)

|wλ̂i | = O
(

1

N

)
. (25)

Comparing (24) and (25), we see that wλ̂i will always go to zero at a slower rate

than wα̂i . The expression in (25) represents the rate at which the mean-variance port-

folio weights decay to zero as we increase the number of assets under the traditional

setting of exact pricing where the pricing error αN is zero. The expression in (26) for

wα̂i shows how the pricing error impacts portfolio weights for large N . The asymptotic

no-arbitrage condition of the APT in (15) allows us to say only that e′iΣ
−1
N αN decays

to zero, without restricting the rate. On the other hand, mathematically speaking,

e′iΣ
−1
N αN cannot decay slower than 1

N
1
2−ε

, for any small ε > 0.

Comparing the set of equations in (26) and (25) with those in equations (22)

and (23), we see that the only additional term is ‖e′iΣ−1
N BN‖. If this term were not

restricted to be uniformly bounded, then one can show that it is not increasing at a

rate g
1
2
KK(B′NΣ−1

N BN) or faster.

We now study the case of unbounded residual variation, that is, the case where

ΣN satisfies the conditions listed in Theorem 4.2, which implies that

ΣN = ANA′N + CN .

As discussed before, the following specification of αN is consistent with no arbitrage:

αN = ANm + aN .

Theorem 4.4 (Weights of mean-variance portfolios for large N with unbounded

residual variation). Suppose that the assumptions of Theorem 4.2 are satisfied. Sup-

pose also that AN and BN are CN -regular with the same scaling factor f(N) and AN
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and BN are not asymptotically collinear. Then, as N →∞, the absolute value of the

components of the mean-variance portfolio vectors, wα̂
N and wλ̂

N , decrease at most at

the rate:

|wα̂i | = O

(
|e′iC−1

N aN |+ ‖aN‖
‖e′iC−1

N BN‖

g
1
2
KK(B′NC−1

N BN)
+ ‖m‖ ‖e

′
iC
−1
N AN‖

gpp(A′NC−1
N AN)

)
;

|wλ̂i | = O
(
‖e′iC−1

N BN‖
gKK(B′NC−1

N BN)

)
.

Corollary 4.2 (Weights of mean-variance portfolios for large N with unbounded

residual variation and f(N) = N). Suppose that the assumptions of Theorem 4.2

are satisfied. Suppose also that AN and BN are CN -regular with the same scaling

factor f(N) = N . Then, as N → ∞, the absolute value of the components of the

mean-variance portfolio vectors, wα̂
N and wλ̂

N , decrease at most at the rate:

|wα̂i | = O
(
|e′iC−1

N aN |+ ‖aN‖
‖e′iC−1

N BN‖
N

1
2

+ ‖m‖‖e
′
iC
−1
N AN‖
N

)
;

|wλ̂i | = O
(
‖e′iC−1

N BN‖
N

)
.

Moreover, if in addition, the rows of AN ,BN and C−1
N are uniformly bounded:

sup
i
‖e′iAN‖ ≤ δ <∞, sup

i
‖e′iBN‖ ≤ δ <∞, sup

i
‖e′iC−1

N ‖ ≤ δ <∞,

then

|wα̂i | = O
(

max
{
|e′iC−1

N aN |,
‖aN‖
N

1
2

+
‖m‖
N

})
; (26)

|wλ̂i | = O
(

1

N

)
.

We now study the properties of the returns of the mean-variance portfolio for the

case in which the number of assets is large.
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Theorem 4.5 (Returns of mean-variance portfolio for large N). Suppose that the

vector of asset returns, rt, satisfies Assumptions 2.1 and 2.2 but ruling out exact

pricing. Then, for portfolio weights wα̂ and wλ̂ that satisfy either the assumptions of

Theorem 4.3 for the case of bounded residual variation, or the assumptions of The-

orem 4.4 for the case of unbounded residual variation, we have the following results.

For N →∞, the asymptotic means of the excess returns on the portfolios wα̂ and wλ̂

defined by the expressions below:

µα̂∞ = lim
N→∞

µα̂N = lim
N→∞

α′NV̆NαN , µλ̂∞ = lim
N→∞

µλ̂N = λ′Ω−1λ,

satisfy the following bounds:

0 < µα̂∞ <∞ and 0 < µλ̂∞ <∞.

Furthermore, the asymptotic variances and squared Sharpe ratios of the returns on

the portfolios wα̂ and wλ̂ are given by the same expressions as the means and satisfy

the same properties.

Remark 4.5.1. The above theorem states that µα̂∞ > 0. We now interpret this

inequality in terms of the asymptotic variance of the portfolio. Recall that µα̂∞ rep-

resents not just the asymptotic mean return but also the asymptotic variance of the

portfolio, which is equal to the limit of the idiosyncratic variance of the portfolio

because for any N

var(r′tw
α̂
N) = var(ε′tw

α̂
N) = α′NV̆NαN .

We will have exact equality, µα̂∞ = 0 in two cases. One, where each element of αN is

zero; that is, the case of exact pricing (see Chamberlain (1983, Corollary 1)). Two,

where αN is asymptotically collinear with BN ; that is, αN = BNδK + δN for some

nonzero constant vector δK and δN so that the squared sum of the elements of the

residual vector, δ′NδN , decays to zero.

Observe that the two portfolios, wα̂ and wλ̂, generate portfolio returns with

bounded Sharpe ratios. These Sharpe ratios are, in general, of the same order of

magnitude even for large N . This is in sharp contrast to the portfolio weights them-

selves, where wα̂ asymptotically dominates the wλ̂, in general. For instance, focusing

on the case of bounded residual variation, the wλ̂ portfolio decays to zero at a fast
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rate equal to 1/N (see Corollary 4.2) whereas wα̂ portfolio decays to zero at a rate to

1/N
1
2 at most. The reason for this contrast is that, for finite N , the portfolio return

associated with wα̂ is

rα̂t = r′tw
α̂ = (α̂′N + ε′t)w

α̂ = (α′N + ε′t)w
α̂

and whose mean and variance are given in equations (13) and (14), which are bounded

by no arbitrage asymptotically. Note that the BN is absent in the expression for the

portfolio return because of orthogonality of the αN and BN ; if they were not orthog-

onal, then their product would have generated an explosive term in the expression

for the return on portfolio wα̂, in which case the return of portfolio wα̂ would dom-

inate the return on the mean-variance portfolio. Note that the contribution of the

idiosyncratic component to the return on the wα̂ portfolio, ε′tw
α̂, will not necessarily

be diversified away by arbitrage. The reason for this is that the mean of the return

on the wα̂ portfolio, which from Theorem 3.2 is α′Nwα̂ = α′NV̆NαN , cannot be zero

unless the variance is also zero because the variance of r′tw
α̂ is also α′NV̆NαN .

In contrast, the return on the portfolio wλ̂ is

rλ̂t = r′tw
λ̂

= (λ̂′ + z′t)B
′
Nwλ̂ + (α̂′N + ε′t)w

λ̂

= (λ̂′ + z′t)B
′
Nwλ̂ + ε′tw

λ̂,

and whose mean and variance are given in equations (13) and (14), which are bounded

by no arbitrage asymptotically. Again by orthogonality, α̂N is absent in the last

expression.4 Moreover, the contribution of εt in the expression for rλ̂t will vanish

for well-spread (diversified) portfolios, in contrast to its contribution to rα̂t , where it

does not vanish in general, as explained in Remark 4.5.1. Observe that, because zt is

random, the return rλ̂t is random even if the variance of the idiosyncratic component

of the return, ε′tw
λ̂, is diversified away, and hence, the mean of rλ̂t is not constrained

to go to zero with diversification.

For well-spread portfolios, under the conditions of Theorem 4.1 the variance of the

term ε′tw
λ̂
N is of order O(g−1

KK(B′NΣ−1
N BN)), which decays to zero if BN is ΣN -regular.

4Observe that if we had expressed the return rλ̂t in terms of α instead of α̂N , then α would be
eliminated by no arbitrage only asymptotically.
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4.4 Results for global-minimum-variance portfolios

Just as in the case of the mean-variance portfolio, for the global-minimum-variance

portfolio of the two components, wΩ
N and wΣ

N , the latter dominates. However, in

contrast to the case of the mean-variance portfolio, here the wΣ
N component dominates

for any form of the pricing error, αN . Below, we show that wΣ
N decays to zero at the

rate O(1/N), whereas wΩ
N decays at the rate O(1/N2).

Theorem 4.6 (Weights of global-minimum-variance portfolio for largeN with bounded

residual variation). Suppose that the vector of asset returns, rt, satisfies Assump-

tions 2.1 and 2.2, and the loadings BN and eN are ΣN -regular. Moreover, BN and

eN are not asymptotically collinear. Then, as N → ∞, the absolute value of the

components of the global-minimum-variance portfolio vectors, wΣ
N and wΩ

N , decrease

at most at the rate:

|wΣ
i | = O

( |e′iΣ−1
N eN |
N

+
‖e′iΣ−1

N BN‖

N
1
2 g

1
2
KK(B′NΣ−1

N BN)

)
,

|wΩ
i | = O

( ‖e′iΣ−1
N BN‖

N
1
2 g

3
2
KK(B′NΣ−1

N BN)

)
.

Corollary 4.3 (Weights of global-minimum-variance portfolio for largeN with bounded

residual variation and f(N) = N). Suppose that the vector of asset returns, rt, sat-

isfies Assumptions 2.1 and 2.2, and the loadings BN and eN are ΣN -regular with

f(N) = N . Moreover, BN and eN are not asymptotically collinear. Then, as N →∞,

the absolute value of the components of the global-minimum-variance portfolio vectors,

wΣ
N and wΩ

N , decrease at most at the rate:

|wΣ
i | = O

( |e′iΣ−1
N eN |
N

+
‖e′iΣ−1

N BN‖
N

)
,

|wΩ
i | = O

(‖e′iΣ−1
N BN‖
N2

)
.

Moreover, if in addition, the rows of BN and Σ−1
N , are uniformly bounded:

sup
i
‖e′iBN‖ ≤ δ <∞, sup

i
‖e′iΣ−1

N ‖ ≤ δ <∞,
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then

|wΣ
i | = O

(
1

N

)
,

|wΩ
i | = O

(
1

N2

)
.

Theorem 4.7 (Weights of global-minimum-variance portfolio for large N with un-

bounded residual variation). Suppose that the assumptions of Theorem 4.2 are sat-

isfied. Suppose also that AN , BN , eN are CN -regular with the same scaling factor

f(N). Moreover, neither BN nor eN are asymptotically collinear with AN . Then,

as N → ∞, the absolute value of the components of the global-minimum-variance

portfolio vectors, wΣ
N and wΩ

N , decrease at most at the rate:

|wΣ
i | = O

( |e′iC−1
N eN |
N

+
‖e′iC−1

N AN‖

N
1
2 g

1
2
KK(B′NC−1

N BN)

)
,

|wΩ
i | = O

(‖e′iC−1
N BN‖+ ‖e′iC−1

N AN‖

N
1
2 g

3
2
KK(B′NC−1

N BN)

)
.

Corollary 4.4 (Weights of global-minimum-variance portfolio for large N with un-

bounded residual variation and f(N) = N). Suppose that the assumptions of Theo-

rem 4.2 are satisfied. Suppose also that AN , BN , eN are CN -regular with the same

scaling factor f(N) = N . Moreover, neither BN nor eN are asymptotically collinear

with AN . Then, as N → ∞, the absolute value of the components of the global-

minimum-variance portfolio vectors, wΣ
N and wΩ

N , decrease at most at the rate:

|wΣ
i | = O

( |e′iC−1
N eN |
N

+
‖e′iC−1

N AN‖
N

)
,

|wΩ
i | = O

(‖e′iC−1
N BN‖+ ‖e′iC−1

N AN‖
N2

)
.

Moreover, if in addition, the rows of AN , BN , and Σ−1
N , are uniformly bounded:

sup
i
‖e′iAN‖ ≤ δ <∞, sup

i
‖e′iBN‖ ≤ δ <∞, sup

i
‖e′iΣ−1

N ‖ ≤ δ <∞,

then

|wΣ
i | = O

(
1

N

)
,
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|wΩ
i | = O

(
1

N2

)
.

Theorem 4.8 (Returns of minimum-variance portfolio for large N). Suppose that

the vector of asset returns, rt, satisfies Assumptions 2.1 and 2.2 but ruling out exact

pricing. Then, for portfolio weights wΣ and wΩ that satisfy either the assumptions of

Theorem 4.3 for the case of bounded residual variation, or the assumptions of The-

orem 4.4 for the case of unbounded residual variation, we have the following results.

For N →∞, the excess returns on the portfolios wΣ and wΩ have asymptotic means

given by the expressions below:

µΣ
∞ = lim

N→∞
µΣ
N = 0; µΩ

∞ = lim
N→∞

µΩ
N = 0.

Furthermore, the asymptotic variances of the excess returns on the portfolios wΣ and

wΩ also converge to zero. The Sharpe ratios

SRΣ
∞ = lim

N→∞
SRΣ

N = lim
N→∞

e′V̆α̂

(e′V−1e)
1
2

and SRΩ
∞ = lim

N→∞
SRΩ

N = lim
N→∞

e′(V−1 − V̆)Bλ̂

(e′(V−1 − V̆)e)
1
2

satisfy the following bounds:∣∣SRΣ
∞
∣∣ <∞ and

∣∣SRΩ
∞
∣∣ <∞.

Remark 4.8.1. As the number of assets increases, the expected excess return and

the volatility of return on the global-minimum-variance portfolio go to zero. This

implies that the return on the global-minimum-variance portfolio will converge to the

risk-free rate of return. However, the excess return and the volatility of return on the

global-minimum-variance portfolio decay at the same rate, O(1/(e′V−1e)
1
2 ), implying

that the absolute Sharpe ratio is bounded. Observe that we have stated the above

boundedness condition in terms of the absolute value of the Sharpe ratio because the

expression for the mean excess return is not a quadratic form, and hence, it is not

guaranteed to be positive.

5 Applications of the Theoretical Results

To be added.
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6 Conclusion

In this paper, we have investigated the properties of mean-variance portfolios and

global-minimum-variance portfolios when asset returns satisfy the Arbitrage Pricing

Theory, while allowing for the possibility of model misspecification and mispricing.

We have shown that the mean-variance portfolio can be decomposed into two compo-

nents: a portfolio that depends on only pricing errors and a portfolio that depends on

only factor risk premia (and their loadings). We demonstrated that these two port-

folio components are orthogonal to each other and the squares of their Sharpe ratios

sum to the square of the Sharpe ratio of the mean-variance portfolio. When number

of assets is asymptotically large, the portfolio weights in the component that depends

on pricing errors typically dominate the weights in the component that depends on

the risk premia. However, the asymptotic return on the mean-variance portfolio is

not dominated by either component.

Analogously, we have shown that the global-minimum-variance portfolio can be

decomposed into two components: a portfolio that depends on only the residual co-

variance matrix and a portfolio that depends on only the factor covariance matrix.

We have shown that these two components are also orthogonal to each other but the

sum of the squares of the Sharpe ratios of the two component portfolios is less than

or equal to the square of the Sharpe ratio of the global-minimum-variance portfolio.

When the number of assets is asymptotically large, then the portfolio weights asso-

ciated with the residual covariance matrix dominate the weights associated with the

factor covariance matrix.
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A Appendix with proofs

Proof of Theorem 3.1

Given that µ = α̂+ Bλ̂

wmv = V−1µ

= V−1α̂+ V−1Bλ̂

= V̆α̂+ V−1Bλ̂

= wα̂ + wλ̂.

Moreover

wα̂′Vwλ̂ = wα̂′VV−1Bλ̂

= wα̂′Bλ̂

= α̂′V̆Bλ̂

= 0,

because V̆ is orthogonal to B. Similarly,

wα̂′Σwλ̂ = wα̂′ΣV−1Bλ̂

= wα̂′B(IK − (Ω−1 + B′Σ−1B)−1B‘Σ−1B)λ̂

= α̂′V̆B(IK − (Ω−1 + B′Σ−1B)−1B‘Σ−1B)λ̂

= 0.

Proof of Theorem 3.2

Because V̆VV̆ = V̆ΣV̆ = V̆, it follows that

µα̂ = wα̂′µ = α̂′V̆(α̂+ Bλ̂) = α̂′V̆α̂,

(σα̂)2 = wα̂′Vwα̂ = α̂′V̆VV̆α̂ = α̂′V̆α̂.

Then use α̂′V̆α̂ = α̂′Σ−1α̂.
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Because B′Σ−1α̂ = 0 implies B′V−1α̂ = 0, one gets

µλ̂ = wλ̂
′
µ = λ̂′B′V−1(α̂+ Bλ̂) = λ̂′B′V−1Bλ̂,

(σλ̂)2 = wλ̂
′
Vwλ̂ = λ̂′B′V−1VV−1Bλ̂ = λ̂′B′V−1Bλ̂.

The boundedness of α̂′V̆α̂ = α̂′Σ−1α̂ follows from By Theorem 2.1 (APT). Next,

B′V−1B = B′(Σ−1 −Σ−1B(Ω−1 + B′Σ−1B)−1B′Σ−1)B

= B′Σ−1B(Ω−1 + B′Σ−1B)−1Ω−1,

= (B′Σ−1B + Ω−1 −Ω−1)(Ω−1 + B′Σ−1B)−1Ω−1

= Ω−1 −Ω−1(Ω−1 + B′Σ−1B)−1Ω−1.

Therefore the positive definite matrix B′V−1B is bounded above by the constant

matrix Ω−1, implying boundedness of the former. Premultiplying and postmultiplying

the above expression by λ̂ yields (REF).

Finally,

(SRmv)2 = µ′V−1µ

= (α̂+ Bλ̂)′V−1(α̂+ Bλ̂)

= α̂′V−1α̂+ λ̂′B′V−1Bλ̂

= α̂′V−1α̂+ λ̂′B′V−1Bλ̂

= α̂′Σ−1α̂+ λ̂′B′V−1Bλ̂

= (SRα̂)2 + (SRλ̂)2,

where the third equality follows by the orthogonality.

Proof of Theorem 3.3

wgmv =
V−1e

e′V−1e
=

V̆e

e′V−1e
+

(V−1 − V̆)e

e′V−1e
= wΣ + wΩ.

Moreover

wΣ′VwΩ =
1

(e′V−1e)2
e′V̆V(V−1 − V̆)e
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=
1

(e′V−1e)2
e′(V̆ − V̆VV̆)e

= 0,

because of the identity V̆VV̆ = V̆.

A.1 Lemma on Sharpe-ratio Decomposition

Lemma A.1. Consider the portfolio weights w = w1 + w2 such that

w′1V w2 = 0.

Then, setting SRi = w′iµ/(w
′
iVwi)

1/2,

SR2 =
(w′µ)2

w′Vw
≤ (SR1)2 + (SR2)2.

Finally, equality holds if and only if:

w′1µ

w′1V w1

=
w′2µ

w′2V w2

Proof. Setting for simplicity

µi = w′iµ, σ
2
i = w′iVwi,

SR2 =
(w′1µ)2

w′Vw
+

(w′2µ)2

w′Vw
+ 2

(w′1µ)(w′2µ)

w′Vw

=
µ2

1

σ2
1

σ2
1

w′Vw
+
µ2

2

σ2
2

σ2
2

w′Vw
+ 2

µ1µ2

w′Vw

=
µ2

1

σ2
1

+
µ2

2

σ2
2

+

[
µ2

1

σ2
1

(
− 1 +

σ2
1

w′Vw

)
+
µ2

2

σ2
2

(
− 1 +

σ2
2

w′Vw

)
+ 2

µ1µ2

w′Vw

]
.

Recalling that w′Vw = w′1Vw1+w′2Vw2, the term in square-brackets can we rewritten

as

−µ
2
1

σ2
1

σ2
2

w′Vw
− µ2

2

σ2
2

σ2
1

w′Vw
+ 2

µ1µ2

w′Vw
=

1

w′Vw

(
− µ2

1

σ2
2

σ2
1

− µ2
2

σ2
1

σ2
2

+ 2µ1
σ2

σ1

µ2
σ1

σ2

)
= − 1

w′Vw

(
µ1
σ2

σ1

− µ2
σ1

σ2

)2

.
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Hence,

SR2 =
µ2

1

σ2
1

+
µ2

2

σ2
2

− 1

w′Vw
(µ1

σ2

σ1

− µ2
σ1

σ2

)2 ≤ µ2
1

σ2
1

+
µ2

2

σ2
2

= (SR1)2 + (SR2)2.

Equality holds if and only if

(
µ1
σ2

σ1

− µ2
σ1

σ2

)2

= 0,

which, in turn, can be rearranged as

µ1

σ2
1

=
µ2

σ2
2

.

Proof of Theorem 3.4

µΣ = wΣ′µ =
1

e′V−1e
e′V̆(α̂+ Bλ̂) =

e′V̆α̂

e′V−1e
,

(σΣ)2 = wΣ′VwΣ =
e′V̆VV̆e

(e′V−1e)2
=

e′V̆e

(e′V−1e)2
.

and

µΩ = wΩ′µ =
1

e′V−1e
e′(V−1 − V̆)(α̂+ Bλ̂) =

e′(V−1 − V̆)Bλ̂

e′V−1e
,

(σΩ)2 = wΩ′VwΩ =
e′(V−1 − V̆)V(V−1 − V̆)e

(e′V−1e)2
=

e′(V−1 − V̆)e

(e′V−1e)2
,

because V−1α̂ = V̆α̂ = Σ−1α̂ and (V−1 − V̆)V(V−1 − V̆) = V−1 − V̆.

Next, because

|SRΣ| = |e′V̆α̂|
(e′V̆e)

1
2

≤ (e′V̆e)
1
2 (α̂V̆α̂)

1
2

(e′V̆e)
1
2

= (α̂V̆α̂)
1
2

boundedness follow from Theorem 2.1 (APT). Regarding boundeness of |SRΩ|, be-

cause the matrix (V−1 − V̆) is positive semi-definite, one gets

|SRΩ| = |e
′(V−1 − V̆)Bλ̂|

(e′(V−1 − V̆)e)
1
2

≤ (e′(V−1 − V̆)e)
1
2 (λ̂′B′(V−1 − V̆)Bλ̂)

1
2

(e′(V−1 − V̆)e)
1
2
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= (λ̂′B′(V−1 − V̆)Bλ̂)
1
2 = (λ̂′B′V−1Bλ̂)

1
2

and boundedness of B′V−1B follows directly from the proof of Theorem 3.2.

Finally, by Lemma A.1,

(SRgmv)2 ≤ (SRΣ)2 + (SRΩ)2.

Proof of Theorem 4.2

By Chamberlain and Rothschild (1983, Theorem 4) the residual covariance matrix

satisfies

ΣN = ANA′N + CN

where CN is a positive definite matrix with eigenvalues uniformly bounded by gp+1N(ΣN).

By the Sherman decomposition

Σ−1
N = C−1

N −C−1
N AN(Ip + A′NC−1

N AN)−1A′NC−1
N .

Therefore, by substitution,

α′NΣ−1
N αN = α′NC−1

N αN −α
′
NC−1

N AN(Ip + A′NC−1
N AN)−1A′NC−1

N αN

= (ANm + aN)′C−1
N (ANm + aN)

− (ANm + aN)′C−1
N AN(Ip + A′NC−1

N AN)−1A′NC−1
N (ANm + aN)

= m′A′NC−1
N ANm−m′A′NC−1

N AN(Ip + A′NC−1
N AN)−1A′NC−1

N ANm

a′NC−1
N aN − a′NC−1

N AN(Ip + A′NC−1
N AN)−1A′NC−1

N aN

+ 2a′NC−1
N ANm− a′NC−1

N AN(Ip + A′NC−1
N AN)−1A′NC−1

N ANm.

We now show that α′NΣ−1
N αN is bounded even as N diverges. We look each of the

term on the right hand side of the last equality sign, one by one. Thus:

m′A′NC−1
N ANm−m′A′NC−1

N AN(Ip + A′NC−1
N AN)−1A′NC−1

N ANm

= m′(IN −A′NC−1
N AN(Ip + A′NC−1

N AN)−1)A′NC−1
N ANm

= m′(Ip + A′NC−1
N AN)−1A′NC−1

N ANm ≤m′m,

since Ip−(Ip+A′NC−1
N AN)−1A′NC−1

N AN is positive semi definite. Next, for the second

term

a′NC−1
N aN ≤ a′NaNg

−1
NN(CN).

32



Now, the jth element of a′NC−1
N AN , obtained by considering the jth column of AN ,

for every 1 ≤ j ≤ p, satisfies

|a′NC−1
N g

1
2
jNvjN | ≤ g

1
2
jN(a′NC−1

N aN)
1
2 (v′jNC−1

N vjN)
1
2 ,

where for simplicity we set vjN = vjN(ΣN), gjN = gjN(ΣN). Since

a′NC−1
N AN(Ip + A′NC−1

N AN)−1A′NC−1
N aN

≤ g1p((Ip + A′NC−1
N AN)−1)(a′NC−1

N AN)(A′NC−1
N aN)

≤ g1p((A
′
NC−1

N AN)−1)(a′NC−1
N AN)(A′NC−1

N aN)

= g−1
pp (A′NC−1

N AN)(a′NC−1
N AN)(A′NC−1

N aN) ≤ δ <∞.

since the (i, j)th element, for every 1 ≤ i, j ≤ p, of (A′NC−1
N AN) is equal to g

1
2
iNg

1
2
jNv′iNC−1

N vjN .

Concerning the third term, it turns out that it will converges to zero. In fact:

|2a′NC−1
N ANm− 2a′NC−1

N AN(Ip + A′NC−1
N AN)−1A′NC−1

N ANm|

= 2|a′NC−1
N AN(Ip + A′NC−1

N AN)−1m|

≤ (a′NC−1
N AN(Ip + A′NC−1

N AN)−1A′NC−1
N aN)

1
2 (m′(Ip + A′NC−1

N AN)−1m)
1
2 ≤ δg

− 1
2

pN → 0.

Proof of Theorem 4.3

Proof of Theorem 4.4

Proof of Theorem 4.5

Proof of Theorem 4.6

Proof of Theorem 4.7

Proof of Theorem 4.8
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