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Abstract

We develop a tractable methodology for incorporating higher-order belief dynamics in a large
class of DSGE models. This helps us accommodate a a new type of volatility, which we interpret
as variation in “confidence” and as symptom of imperfect coordination. We next quantify the
role of this volatility in US business cycles under the lenses of both RBC and NK models. We
find that it helps match various salient features of the data, from moments and wedges to VAR
evidence regarding the sources of the business cycle; it accounts for a significant fraction of
the overall volatility in estimated versions of these models that allow for multiple competing
structural shocks; and it operationalizes the notion that recessions are periods of weak aggregate

demand without the usual reliance on nominal rigidities and policy frictions.
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1 Introduction

Recessions are often described as periods of “low confidence” and “weak aggregate demand”. But
what exactly do these words mean? Are they just buzz words, or do they have a precise and
useful meaning within formal models? And how important are changes in fundamentals, such
as technology, or nominal rigidities, such as sticky prices, in understanding these notions and in
explaining the observed fluctuations?

Macroeconomists have long disagreed on the answers to these questions and on their policy
implications. Nonetheless, macroeconomists have reached a certain consensus with regard to the
methodological framework they use in order to interpret the data and address these questions. A
central feature of this framework, from which we wish to depart in this paper, is that the economy
is modeled, in effect, as a complete-information game in which players face no strategic uncertainty
and no frictions in coordinating their beliefs and actions.

What explains the ubiquity of this modeling feature is its convenience, not its plausibility.
The notion that the millions of firms and households whose interaction determines macroeconomic
outcomes can coordinate their beliefs and actions as flawlessly as in representative-agent settings
is obviously a gross abstraction. Macroeconomists are accustomed to this abstraction because they
appreciate the tractability and the versatility of the models that they can build with its help, as
well as because they lack evidence of the quantitative value of departing from it.

By contrast, theorists have sought to operationalize the notion that coordination is imperfect by
introducing incomplete information and higher-order uncertainty. The basic insight is that higher-
order uncertainty precludes the players from reaching common belief about one another’s choices,
thus also inhibiting coordinationﬂ In so doing, theorists have also formalized a distinct form of
volatility—one that can be interpreted as the symptom of frictions in coordination and of shifts in
the expectations that agents form regarding one another’s choices for given fundamentals (payoffs).

This suggests that the introduction of higher-order uncertainty in macroeconomic models may
offer a novel structural interpretation of business-cycle phenomena, along with a certain formal-
ization of the slippery notion of “confidence”. The objective of this paper is to elaborate this
structural interpretation; to evaluate its quantitative content; and to uncover its implications for
the questions mentioned in the top of this page.

Empirical backdrop. Complementing the preceding theoretical motivation, we offer evidence
that points towards a different type of volatility in the data than those formalized in macro models.
We use a VAR-based strategy that helps us encapsulate the bulk of the observed fluctuations into
a single empirical shock, without imposing any structural interpretation of it. The observable
properties of this shock are unlike those of the structural shocks that are prominent in the macro
literature. An integral part of our contribution in then to show how higher-order uncertainty offers

a parsimonious yet potent explanation of this and other salient features of the data.

' A complementary approach is to consider weaker solution concepts, such as correlated equilibrium and rational-

izability. These two approaches turn out to be equivalent in the sense formalized by Weinstein and Yildiz (2007).



Methodological contribution. Our paper is not the first to consider higher-order beliefs in a
macro context. Important precedents include Morris and Shin (2002), who study how higher-order
uncertainty matters for the social value of information, and Woodford (2002), who show how higher-
order uncertainty can induce inertia in the response of prices to monetary shocks. More recently,
Angeletos and La’0O (2013) argue that higher-order uncertainty also allows unique-equilibrium
models to accommodate “animal spirits”, paving the way for what we do in this paperﬂ

Despite these theoretical advances, progress has been limited on the quantitative front. This is
because the introduction of informational frictions and higher-order uncertainty in DSGE models
raises two technical difficulties—Kalman filtering and infinite state spaces —that hinder the solu-
tion and estimation of these models. The broader methodological contribution of our paper rests
on bypassing these difficulties: we propose a heterogeneous-prior formulation that permits us to
accommodate rich yet tractable higher-order belief dynamics within a large class of DSGE.

In particular, we first characterize the equilibrium as a fixed-point problem between perceived
and actual aggregate policy rules. We then obtain the log-linearized solution of the belief-augmented
model as a simple transformation of the log-linearized solution of the original model.

To illustrate, consider the baseline RBC model. As well known, the linearized policy rule
for the capital stock takes the form l%t+1 = Fklj.:t + I'ya¢, where l;t is the capital stock and a; is
the technology shock. In general, adding incomplete information causes the state space of the
model to explode, because of the “forecasting-the-forecasts-of-others” problem. By contrast, our
heterogeneous-prior specification guarantees that the state space expands only by one dimension:
the policy rule becomes lj.:t+1 = FkIth + Taar + T'e&y, where & is an exogenous state variable that
conveniently summarizes any difference between first- and higher-order beliefs.

Applied contribution. The variable & introduces variation in the expectations that firms
and consumers form about one another’s choices, for given preferences, technologies, and other
fundamentals. We interpret this as variation in “confidence” (accordingly, we henceforth refer to
& as the “confidence shock”) and proceed to evaluate its quantitative importance.

In the first part of the paper, we quantify this kind of confidence-driven fluctuations within a
calibrated RBC model. We allow for monopolistic competition in order to link higher-order beliefs
to expectations of aggregate demand, but assume flexible prices in order to guarantee that the
notion of aggregate demand we accommodate is of a non-monetary nature.

In spite of its parsimony, the model has no difficulty in matching standard business-cycle mo-
ments, including: the co-movement of hours, output, investment, and consumption; the high rel-
ative volatility of hours; and the nearly zero, if not negative, correlation between hours and labor
productivity. This success is not trivial: if we replace the confidence shock with a news shock,
a discount-factor shock, an investment-specific technology shock, or certain proxies of financial
shocks, the empirical fit of the model is compromised. What explains the success is the distinct

way in which confidence shocks impact on expectations, incentives, and thereby on allocations.

2See also Bergemman and Morris (2013) and Bergemman, Heumann and Morris (2014) for a systematic investi-

gation of how incomplete information expands the predictions of a class of static games that have a macro flavor.



When a negative confidence shock hits, firms expect aggregate output and hence the demand
for their product to be low, which motivates them to hire less labor, to rent less capital, and
to decrease utilization. This leads to an actual reduction in output and income, which in turn
motivates consumers to cut down on both consumption and saving. All in all, variation in confidence
therefore causes employment, output, consumption, and investment to move in the same direction,
without a corresponding co-movement in TFP or labor productivity.

Essentially for the same reasons, the confidence shock is a look-alike of the aforementioned
empirical shock that encapsulates most of the business cycle in the data. In addition, it tracks
empirical measures of confidence such as the University of Michigan Index of Consumer Sentiment.
We interpret these facts as additional validations of our approach.

Under the lenses of business-cycle accounting (Chari, Kehoe, McGrattan, 2005), variation in
confidence registers as variation in the labor and Euler wedges: a negative confidence shock shows
up as a “tax” on both employment and savings. Our approach therefore provides also a simple
explanation of the cyclicality and the co-movement of the measured Wedgesﬂ

All in all, the first part of the paper shows that variation in confidence, modeled as higher-order
uncertainty, helps account for a number of salient features of the data even within the context
of a plain-vanilla RBC model. The second part of the paper elaborates on the robustness of this
permanence as one moves form the RBC to the NK framework and on the quantitative importance
of confidence within richer, estimated, models that accommodate multiple business-cycle forces.

More specifically, we estimate, with Bayesian Maximum Likelihood in the frequency domain,
both flexible- and sticky-price specifications of an extended model that lets the confidence shock
compete with up to ten other types of shocks: permanent and transitory TFP shocks; permanent
and transitory investment-specific shocks; news shocks regarding the two types of technology; fiscal
and monetary shocks; a markup shock; and a discount-rate shockﬁ

Despite these competing forces, variation in confidence accounts for a significant component of
the business cycle: depending on which specification we consider, the estimated confidence shock
explains 39% to 55% of the volatility in GDP, and up to 69% of the volatility in hours.

This result is not driven by the choice of Bayesian priors in the estimation: at the priors, the
confidence shock explains less than 5% of GDP volatility. Rather, what drives the result is that the
confidence shock acts as an “aggregate demand force” in a way that is unmatched by other shocks.

By the same token, the estimated confidence shock continues to be a look-alike of the empirical
shock that, according to the aforementioned VAR evidence, captures most of the business-cycle
movements in the data. It also continues tracks empirical measures of confidence.

We conclude the paper by revisiting the role of nominal rigidity. In the absence of confidence

shocks, nominal rigidity significantly improves the fit of the model vis-a-vis the real quantities in the

3By contrast, models that emphasize labor-market frictions generate a pro-cyclical labor wedge, but fail to generate
an Euler wedge. The same failure is shared by an important class of models featuring firm heterogeneity and financial

frictions; see Buera and Moll (2014).
4Note that some of these shocks are often used in the literature as proxies of financial shocks.



data. Furthermore, the model predicts that the observed recessions would be drastically different,
perhaps even turn to booms, if prices were flexible. We find the second prediction to be unappealing.
We show that both predictions are overturned once confidence shocks are introduced in the model:
nominal rigidity is no more essential for fitting the real data, the structural interpretation of the
observed recessions is not so heavily dependent on the presumed degree of nominal rigidity.

We interpret these findings, in conjunction with our earlier results, as follows. The data favor
models that give rise to “aggregate demand fluctuations”, by which we mean the kind of empirical
regularities documented in Section 2 of our paper and in prior work such as Blanchard and Quah
(1989). In the pertinent NK literature, the assumption of significant nominal rigidity, along with ad-
ditional modeling ingredients such as large investment-adjustment costs, has proved to be essential
for obtaining fluctuations of this short. Furthermore, these modeling ingredients induce some key
structural shocks—such as investment-specific, discount-factor, and news or noise shocks—to work
drastically different than in the RBC framework. By contrast, variation in confidence, modeled as
higher-order uncertainty, provides a micro-foundation of “aggregate demand fluctuations” that is
at once more parsimonious, robust across RBC and NK settings, and quantitatively superior.

Related literature. By enriching the structure of beliefs in macroeconomic models, our
paper adds to a literature that seeks to relax the “straight jacket” of the rational-expectations
equilibrium concept. This includes work on robustness (Hansen and Sargent, 2007), learning (Evans
and Honkapohja, 2001), and ambiguity (Ilut and Schneider, 2013); see also Woodford (2013) and
the references therein. What distinguishes our contribution is the focus on higher-order uncertainty,
the particular quantitative exercises we conduct, and the particular lessons we deliver.

Our paper adds to the growing literature on informational frictions (Mankiw and Reis, 2001,
Sims, 2001, Woodford, 2002, Mackowiac and Wiederholt, 2009), but differentiates from it three
ways. First, we propose a modeling trick that bypasses the technical difficulties that have hindered
quantitative progress in this literature. Second, whereas some of this literature, especially that on
rational inattention, focuses on payoff uncertainty, we isolate the role of higher-order (or strategic)
uncertainty. Finally, we quantify the importance of this kind of uncertainty—and in that sense of
“confidence” —in explaining the observed business cycles.

Our paper also connects to the literature that uses heterogeneous priors to explain asset-price
phenomena such as speculation, bubbles, and leverage (Harrison and Kreps, 1992; Allen, Morris,
and Postelwaite, 1993; Scheinkman and Xiong, 2003; Geanakoplos, 2010). One obvious difference is
that we instead focus on business-cycle phenomena. Another difference is the particular modeling
strategy we develop in order to engineer rich yet tractable higher-order belief dynamics. Whether
this strategy can find a fruitful application in finance is an open question for future research.

Above all, our paper builds heavily on insights from game theory. The ideas of using heteroge-
neous priors as a tool to engineer rich higher-order uncertainty and of using the latter, in turn, as a
tool to relax coordination have a long history in game theory. Our contribution rests on developing
a particular formulation of these ideas that can be embedded in macroeconomic models without

any loss of tractability and, most importantly, on confronting the theory with the data.



2 An Empirical Backdrop

In this section we identify some empirical regularities against which we confront, first, existing
formalizations of the business cycle and, later on, our own approach.

We frame our investigation of the data by posing the following question. Suppose the macroe-
conomist seeks to capture the bulk of the business-cycle variation in the data as the response of a
model economy to a single shock. What should the observable properties of this shock be?

To answer this question, we adopt the following strategyﬂ We run a VAR on eight key macroe-
conomic variables over the 1960-2007 period: GDP, consumption, hours, investment, the relative
price of investment, inflation, the FFR, and government spending. (Here and throughout the paper,
we leave out the post-2007 data, because we wish to abstract from the kind of financial phenomena
that appear to have played a distinct role in the recent recession.) We assume there are two perma-
nent components, those that drive the long-run movements in labor productivity and the price of
investment. We filter out them from the data, thus obtaining six residual transitory components.
We finally identify the wanted shock by taking the linear combination of these six components that
maximizes the volatility of hours and investment at frequencies of 6 to 32 quartersﬁ

The rational behind this empirical strategy is as follows. We run a “big” VAR in order to
extract information from multiple series. We filter out the aforementioned permanent components
because they have familiar counterparts in models, as neutral and investment-specific technology
shocks; because prior work (Blanchard and Quah, 1989) and our own results (see below) indicate
that most business cycles are driven by transitory forces; and finally because we simply wish to
focus on such transitory forces. At this point, one can envision two modeling strategies: consider
models in which the business cycle is explained by the combination of eight structural shocks (as
many as the residuals in the VAR); or consider models in which a single structural shock drives the
bulk of the transitory movements in output, hours, and investment. Our empirical strategy seeks
to guide the latter modeling strategy: the shock we identify is meant to be an empirical counterpart
for the “main shock” in any model that aspires to offer a parsimonious theory of the business cycle.

Putting aside this rational, what we do is merely to construct a particular filter of the data. By
design, this filter helps detect whether most of the variation in hours and investment at the business-
cycle frequency—which is what our identified shock picks up—comes together with systematic
co-movement in other variables, whether at business-cycle or other frequencies.

The solid lines in Figure [1| report the estimated IRFs to the aforementioned shock. The top
two rows in Table[I]report the variance contribution of this shock along with the joint contribution
of all the transitory components. Inspecting these results reveals the following properties.

First, and as anticipated, the transitory components explain the bulk (more than 75%) of the

business-cycle volatility in output, hours, and investment.

5See the Appendix for a detailed description of the empirical strategy and the data, and our companion paper

(Angeletos, Collard, and Dellas, 2014) for various sensitivity checks and other complementary evidence.
SWe obtain similar results if we identify the wanted shock by maximizing the business-cycle volatility of output.



Second, our identified shock captures more than two-thirds of the joint contribution of all the
transitory components in output, hours, and investment. It also triggers a visible business cycle,
with consumption and the aforementioned variables all moving in tandem.

Third, the shock is associated with modest to insignificant movements in labor productivity
and the price of investment; with modest pro-cyclical movements in inflation; and with pro-cyclical
movements in both the nominal and the real interest rate.

Finally, we obtain similar results if we retain the permanent components of the data when
identifying the wanted shock: see Table [2] and the dashed lines in Figure[I] This indicates that the
“main business-cycle shock” is transitory by nature of the data, not by assumption. Importantly,
although the shock is now allowed to encapsulate both transitory and permanent movements in
labor productivity and the price of investment, it ends up explaining only a relatively small fraction
of the volatility of these variables at all frequencies: see the second row in Table [2|

All in all, the picture that emerges appears to pose a challenge for existing structural interpre-
tations of the observed macroeconomic fluctuations.

Clearly, our identified shock is unlike the kind of exogenous technology shocks, whether neu-
tral or investment-specific, that play a prominent role in RBC and NK models alike. It is also
inconsistent with models that emphasize either “news” or “noise shocks”: in these models, the
business-cycle movements in output, employment, and investment are correlated with future move-
ments in labor productivity or the price of investment—a prediction contradicted by our evidencem

The evidence is also at odds with any model in which the business cycle is tied to endogenous
movements in aggregate TFP and labor productivity. This is true whether these movements are
themselves triggered by uncertainty shocks (Bloom et al, 2012), financial shocks (Kahn and Thomas,
2012, Buera and Mall, 2014), or even sunspots (Benhabib and Farmer, 1992).

Following Blanchard and Quah (1989), one may wish to interpret our identified shock as some
kind of “aggregate demand shock”. However, existing formalizations of this notion in the NK
framework do not fit the picture that well. First, monetary shocks are associated with counter-
cyclical movements in interest rates, which is the opposite of what we see in Figure Second,
the quantitative importance of either monetary or monetary shocks in estimated models is much
smaller than that of our identified shock. Finally, discount-rate preference shocks and other micro-
founded shocks that have a “demand flavor” have difficulty in generating the kind of co-movement
between consumption and investment seen in Figure (1| (see Section ?7 for more on this claim).

Like any other evidence, the evidence presented above does not pinpoint to a unique “right”
theory. It could also be consistent with models that feature a rich combination of structural shocks.
Notwithstanding these qualifications, in the sequel we show that variation in confidence—modeled
as variation in higher-order beliefs—offers a parsimonious explanation of this evidence, along with

other salient features of the data.

"This finding contradicts Beaudry and Portier (2005), but is consistent with Barsky and Sims (2010) and Barsky,
Basu and Lee (2014). See our companion paper (Angeletos, Collard, and Dellas, 2014) for more on this topic.



Figure 1: IRFs to “Main Business-Cycle Shock”
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3 An RBC Model with Fluctuations in Confidence

In this section we set up our baseline framework: a variant of the RBC model, augmented with a
tractable form of higher-order belief dynamics. We first describe the physical environment, which
is standard. We then specify the belief structure, which is where the only novelty rests.

Geography, markets, and timing. There is a continuum of islands, indexed by 4, and
a mainland. On each of the islands, there is a firm that produces a differentiated good, and a
household that consists of a consumer, a worker, and a shopper. Workers can work only in the
local firm and, similarly, capital is specific to the island. On the mainland, there is a final-good
sector where the intermediate goods are combined to produce the final good, which in turn is
used for consumption and investment. The final-good producers are competitive, whereas the
intermediate-good producers are monopolists. Prices are flexible, ruling out nominal rigidities.

Time is indexed by t € {0,1,...} and each period contains two stages. In stage 1, the local
labor and capital markets operate on each island, the local worker decides how much to work, and
the local intermediate-good firm decides how much labor to hire and how much capital to utilize.
Importantly, these choices are made under imperfect knowledge of the concurrent level of economic
activity on other islands. In stage 2, the intermediate-good producer and the shopper of each island
visit the mainland. At this point, the final-good sector purchases the intermediate goods, producse
the final good, and sells it to the shoppers, which in turn take it back to their home island so that
it can be consumed and/or invested in the local ﬁrmﬁ

Households. Consider household on island . Its preferences are given by
Z ﬂtU(Cit, Nit)
t=0

where 5 € (0,1) is the discount factor, ¢;; denotes consumption, n; denotes employment (hours

worked), and U is the per-period utility function. The latter takes the form

n1+V

=1 —
U(e,n) =loge T

where v > 0 is the inverse of the Frisch elasticity of labor supply. The household’s period-by-period
budget constraint is given by

Cit + 1t = WitMyt + Tigkis + Tt

where i;; is investment, w;; is the local wage, r;; is the local rent on capital, and m;; is the profit of

the local firm. Finally, the law of motion for capital is given by
Kitv1 = (1 — )k + i

where 0 is the depreciation rate.

8We abstract from centralized financial markets; such markets can easily be incorporated in stage 2, when infor-

mation has been revealed.



Intermediate-good producers. The output of the firm on island ¢ is given by
Yir = Ar(ni) 0 (kiuir)?

where A; is the aggregate TFP level, k;; is the local capital stock, and wu;; is capital utilization. Its
profit is given by

Tit = Pit¥it — WigNit — Tickir — W (wie) kir.

where p;; is the price of the good and W(u; ki = ¢ouﬁ k;; is the resource cost of utilization, with
10,7 > 0 and ¢ € (0,1). The firm is a price-taker in the local labor and capital markets, but a
monopolistic competitor in the mainland commodity market.

Final-good retailers. The final-good sector is competitive. Its output is given by the following

CES aggregator of the intermediate goods:

1
1 s
Y = </ yi”) with p € (0,1).
0

Profits (which are zero in equilibrium because of CRS) are given by Y; — f pityiedi. It follows that

the demand faced by the intermediate-good firm of island ¢ takes the following familiar form:
pit =Yy °. (1)

(Note that we have normalized the aggregate price level to 1.)

Technology shocks. TFP follows a random walk with drift: log Ay = v+ log A;—1 + v¢, where
~ > 0 pins down the long-run growth of the economy and v, is the period t innovation. The latter
is drawn from a Normal distribution with mean 0 and variance ai.

Higher-order uncertainty and confidence shocks. In the standard RBC model, the re-
alization of A; is assumed to be common knowledge, ruling out higher-order uncertainty. Under
the standard rational-expectations equilibrium concept, this also rules out strategic uncertainty
and ultimately imposes that the only source of volatility in equilibrium beliefs and outcomes is the
technology shock. We instead open the door to higher-order uncertainty by relaxing the assumption
that A; is commonly known. We then engineer rich yet tractable dynamics in higher-order beliefs
by adopting a particular heterogeneous-prior specification of the information structure.

First, we let each island i observe the following private (local) signal:
zi = log Ay + €it,

where € is an island-specific noise term. Next, we assume that each island believes that its own
signal is unbiased, whereas the signal of others is biased, and let & denote the bias that each island
perceives to exist in the information of other islands. Formally, for every 4, the prior of island i is (i)
that the noise g;; in its own signal is drawn from a Normal distribution with mean 0 and variance
o2 and (ii) that the average noise in the rest of the economy is drawn from a Normal distribution

with the same variance and mean equal to &. The latter is a random variable, independent of A;,
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and commonly observed in the beginning of period ¢. Finally, we assume that the actual signals are
unbiased (so that agents are wrong to think that others are biased) and take the limit as o — OE|

These modeling choices are admittedly exotic, yet they strike a delicate balance between the
desire for tractability and the desire for accommodating rich higher-order belief dynamics. By
taking the limit as o — 0, we force all agents to behave as if they were perfectly informed and to
take the same action in equilibrium. We thus bypass the technical challenges that have hindered
quantitative work in models with informational frictions and guarantee a minimal increase in the
state space of the model. At the same time, by introducing heterogeneous priors, we make sure
that higher-order beliefs do not collapse to first-order beliefs even in that limit. Finally, we control
higher-order beliefs by specifying an appropriate stochastic process for &;.

Let us expand on the modeling role of &. When a positive innovation in & occurs, neither
the true fundamentals nor any agent’s perception of them changes. Yet, every agent believes that
the agents in all other islands are optimistic about the productivity, and the beliefs, of others.
Conversely, a negative innovation in & triggers a negative movement in higher-order beliefs. At
this point, it is not obvious how exactly these higher-order belief movements impact on equilibrium
outcomes; to figure this out, we need to solve for the equilibrium strategies, which we do in the
next section. Nonetheless, we can safely guess that, one way or another, the & shock will cause
equilibrium beliefs and outcomes to fluctuate away from and around the outcomes predicted by
the standard, common-knowledge, RBC benchmark. From this perspective, variation in & opera-
tionalizes the notion that coordination is imperfect: the resulting fluctuations can be interpreted
as the symptom of “coordination mistakes”. As it turns out, these fluctuations are also associated
with co-movemement in the equilibrium expectations that firms form about consumer demand and
profitability, on the one hand, and consumers form about employment and income, on the other
hand. With this in mind, we henceforth interpret the variation in & as variation in “confidence”.

In our framework, these fluctuations are hard-wired in biased priors. However, Angeletos and
La’O (2013) obtain similar fluctuations in a common-prior, rational-expectations setting by allowing
for sufficiently rich informational frictions. Furthermore, following Bergemman and Morris (2013)
and Bergemman, Heumann, and Morris (2013), one can show that this kind of fluctuations is generic
to the incompleteness of information. Finally, if we were to focus on static settings, which is what
these papers did, we could establish an exact observational equivalence between the higher-order
belief variation we engineer here and the one obtained in those papers under the common-prior
restriction. This is because the empirical content of higher-order uncertainty does not rest on the
precise details of the underlying information structure. With these points in mind, we invite the
reader to interpret our heterogeneous-prior formulation as a convenient proxy for informational
frictions as opposed to taking it too literally.

This interpretation also implies that & oughts to be transitory. If the agents share the same

9In practice, we simply set o = 0. In principle, however, we have in mind a sequence of incomplete-information
economies in which the noise in first-order beliefs is vanishing, yet the variation in higher-order beliefs remains

bounded away from zero.
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prior and keep learning (or communicating) over time, their beliefs are likely to converge, at least
insofar as there are no exogenous innovations in their information. This means that the belief
fluctuations we seek to capture in this paper are inherently short-lived. To capture this property

in our setting, we assume that & follows an AR(1) process:

&t = 0& + G,

with ¢ € (0,1). One can then think of ¢ as a proxy for the speed in which beliefs converge to their

common-knowledge counterparts, and of (; as the exogenous innovations in informationm

4 Equilibrium characterization and solution method

To solve the model, we proceed in three steps. First, we introduce a fictitious local planner, whose
choices replicate the equilibrium allocations of an island for given aggregate outcomes. Next, we
study the fixed point between the policy rules of the local planners of all the islands, which gives
us the general equilibrium of the economy. We conclude by obtaining the log-linear approximation

of the equilibrium—and by discussing how our method extends to a large class of DSGE models.

A fictitious planner

To simplify the exposition, we momentarily abstract from utilization. Because the local labor and
capital markets are competitive, the local equilibrium outcomes of any given island coincide with

the solution to the following planning problem:

max E; Gt <log cip — —H4 )
= 1+v

subject to
Cit +lit = Ytgyilt_g (2)
kigr1 = (1 —0)kiu +iu (3)
yit = Ar(ngg)' " (kir)’ (4)

10 Apart from guaranteeing that our belief fluctuations are transitory, the AR(1) specification is in line with con-
ventional specifications of shock processes in the DSGE literature, which is useful for comparison purposes. Note,
however, that the belief fluctuations we are after may naturally feature hump-shaped dynamics, because of contagion
effects; see Angeletos and La’O (2013) for a concrete illustration. Hump-shaped belief dynamics also obtain in epi-
demiological models of belief formation, such as Carroll (2001) and Burnside, Eichenbaum, and Rebelo (2011). To
capture this possibility, we have experimented with an AR(2) specification for &, and have found that this actually
improves the empirical performance of our models. Finally, note that our approach presumes that the confidence
shock is correlated across agents. As noted by Angeletos and La’O (2013), such correlation may emerge endoge-
nously from communication: when agents talk to one another, learn from one another’s actions, or observe the same

economic statistics, their beliefs become correlated.
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The above conditions are familiar: condition is the local resource constraint, which is obtained
by combining the household’s budget with the firm’s profit and replacing p;; from ; condition
is the law of motion for local capital; and condition is the local production function. It is
only worth noting that the resources that are available in any given period for consumption and
investment depend, not only on the island’s own output, but also on the aggregate output of the
economy. This captures the aggregate demand externality that is present in modern DSGE models
and identifies the precise channel through which higher-order beliefs matter in our setting: &; affects
equilibrium outcomes because, and only because, it triggers extrinsic variation in expectations of

“aggregate demand”.

Recursive equilibrium

Recall that we are interested in the limit as ¢ — 0. In this limit, every island’s posterior belief
of A; during stage 1 converges to a Dirac distribution centered around the island’s private signal,
which in turn converges in distribution to the true shock A;. Furthermore, each island recognizes
that its own signal converges in distribution to A;, but believes that the signals of other islands
converge to A; +&. By the same token, the first-order beliefs of all islands collapse to A, but their
higher-order beliefs remain displaced away from a A; by a factor that is proportional to &. These
observations suggest that, relative to the common-knowledge RBC benchmark, the state space of
the model has been extended only by the introduction of one additional state variable, namely the

& shock. We thus propose that the equilibrium dynamics of aggregate capital satisfy
Kt+1 = F(At7 €t7 Kt)v

for some function I', and that the equilibrium levels of aggregate output, consumption, investment,
and hours can similarly be expressed as functions of (A, &, Kt).

When characterizing the equilibrium, we nevertheless need to keep track of the difference be-
tween the realized level of aggregate output and the belief that the agents hold about it during
stage 1 of each period. To this goal, let us denote with Z; the average signal in the population and

let us express aggregate aggregate output as
Ye = V(Ar, Ty, &, Kt),

for some function ). This notation distinguishes the direct effect that TFP has on aggregate output
for given capital and labor, from the effect that the average signal of TFP has on the labor decisions
of the islands. Of course, the actual realization of Z; coincides with A;, which means that the actual

level of aggregate output is ultimately given by
}/t - y(At) Ata é-t) Kt)

Yet, when the islands make their employment and production choices during state 1 of period ¢,

they believe that the average signal Z; in the rest of the population is biased away from the actual
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TFP. In particular, when an island receives a signal x, it believes with probability one that A; = x;

and that Z; = x; + &, which means that its perceived level of aggregate output is given by
Y, = Vg, 20 + &, &, Ky).

With these points in mind, we now proceed to develop a recursive representation of the planning
problem that each island faces. Let Vi and V5 denote the value functions corresponding to stages
1 and 2 of each period. Consider now stage 1, at which point any given island must choose its
employment and production before observing the level of economic activity in other islands and
before trading selling its intermediate good in the mainland. For any given values (k, z) of the local
capital stock and the local signal, the island solves the following problem:

Vi(k,2;6, K) = max, Va(miz,& K)— gzn't (5)
st. m=Ye)l e+ (1-0)k
5= ank 0

A

Y =Y(x, 2+ K)

In the above, § and Y stand for the island’s perceptions of the local and aggregate levels of output,
while 7 stands for the resources (the quantity of the final good) that the island expects to collect
in stage 2 from the sale of its intermediate good. Consider next stage 2, at which point any given
island makes its consumption and investment choices after having collected its share of the final
good (and having also observed the realized values of all the relevant economic variables). For any

given value m of resources, the island solves the following problem:

‘/Q(vaaévK) = mMnaX(ck) U(C)+ﬁ/Vi(k/,AlaglaK,)df(A/7§,|Aa€) (6)
s.t. c+k =m
K'=T(4,¢ K)

where f stands for c.d.f. of the (exogenous) joint distribution of the technology and confidence
shocks.

In solving the above two problems, each island takes the functions ) and I' as given: these func-
tions summarize the beliefs the island holds regarding the strategies of other island, or equivalently
the statistical model it has in its mind regarding the evolution of aggregate economic outcomes. In
equilibrium, these functions must in turn be consistent with the policy rules that obtain from the
solution of these two problems. Thus let us denote with n(k,z;¢§, K) the policy rule for employ-
ment, which obtains from the stage-1 problem, and with g(m; A, ¢, K) the policy rule for capital,
which obtains from the stage-2 problem. When all islands follow these rules, aggregate output is
given Y; = Ayn(Ky, 743 &, Ky) and aggregate capital evolves according to Ky41 = g(My; Ay, &, Ky),
where M; = Y; + (1 — §) K. It follows that, in equilibrium, the functions ) and I' must satisfy

y(AafafaK):An(Kai‘;f’K)a (7)
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for all (A,z,¢, K), and
F(AaévK):g(y(AaA7§7K)+(175)KlAt7§t7Kt)7 (8)

for all (4,¢, K).
Putting the above points together, we conclude that an equilibrium is a fixed point between the
Bellman problems in —@ and the aggregation conditions —.

Definition 1 An equilibrium is given by a combination of individual and aggregate policy rules,
(n,g) and (Y,T), such that: (i) the individual rules (n,g) solve the problems in (5) and (6) taking
the aggregate rules as given; and (ii) the aggregate rules (Y,T') are obtained from the individual
ones according to (@ and (@

Log-linear solution

The basic idea behind the equilibrium characterization in the previous section was to look for a
fixed point between the perceived and the actual laws of motion. In principle, one can use this
approach to obtain the non-linear solution of the model numerically. In Appendix A, however, we
show how the same basic idea delivers a tractable, closed-form solution once implemented on the
log-linear approximation of the equilibrium. In particular, we show that the log-linear policy rules

of our model take the following form:

Yy, Ci, Ity Ny) = T1K; + oAy + A&
K1 = DK +TyA; + Avgy

where the tilde (~) over a variable indicates the log-deviation of that variable from its steady-
state value. The same solution applies to the standard RBC model, except that in that case
A1 = Ay = 0. Therefore, if we put aside the underlying economics and focus on the technical
aspects, all we have done at the end the day is to introduce a single additional state variable,
namely &;. This state variable summarizes the role of higher-order beliefs, and is conveniently
modeled here as an exogenous stochastic process.

In Appendix A, we explain how these properties generalize to a large class of DSGE models.
We first show how a generic DSGE model can be augmented with the type of higher-order belief
dynamics we are proposing in this paper. We then develop a simple algorithm that obtains the
solution of the belief-augmented model as a simple transformation of the solution of the original
model. This facilitates the simulation, calibration, and estimation of the belief-augmented model, as
if it were a standard DSGE model. The results we develop in Appendix A are therefore instrumental
to the broader methodological contribution of our paper: researchers can readily use these results
to embed higher-order belief dynamics in their preferred model, so as to study how imperfect

coordination and higher-order uncertainty matter for the questions of their interest.
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5 Quantitative evaluation

This section explores the qualitative and quantitative properties of our baseline model. We fix the
preference and technology parameters to conventional values; we next calibrate the two shocks to
match the volatility of output and hours; we then explore the fit of the model vis-a-vis a number
of salient features of the data. This strategy helps reveal in what dimensions, and by how much,

variation in “confidence” improves the empirical performance of the prototype RBC model.

Calibration

Table [3 reports the (conventional) values we pick for the preference and technology parameters of
model. The discount factor, 3, is set to 0.99, meaning an annual discount rate of 4%. The Firsch
elasticity of labor supply, 1/v, is set to 2. The capital share in production, «, is set to 0.3. The
elasticity of the utilization resource cost, 1/1, is set to 0.2; this is in line with values traditionally
considered in the RBC and DSGE literatures (e.g., King and Rebelo, 1999). Finally, the parameter

p, which governs the degree of strategic complementarity across islands, is set to 0.80.

Table 3: Parameters

Parameter Role Value
154 Discount Rate 0.99
v Inverse Elasticity of Labor Supply 0.50
« Capital Share in Production 0.30
P Inverse Elastiticity of Utilization Cost  0.50
1) Complementarities 0.80
Oa St.Dev. of Technology Shock 0.60
o¢ St.Dev. of Confidence Shock 0.75
0 Persistence of Confidence Shock 0.89

Since the technology shock follows a random walk, three parameters remain to be set: the
standard deviations of the two shocks and the persistence of the confidence shock. For the latter, we
target a half-life of 6 quarters, which gives ¢ = 0.89. This choice is motivated by two considerations:
first, that higher-order uncertainty can only be moderately persistent, because learning guarantees
convergence of beliefs over time; and second, that the empirical shock documented in Section 2 has
as a half-life of a similar magnitude. Finally, as already mentioned, the standard deviations of the
two shocks are set so as to match the standard deviations of output and employment. This gives
04 = 0.60 for the technology shock and o¢ = 0.75 for the confidence shockB

HThese values for o, and o¢ mean that the higher-order uncertainty we assume is rather modest compare to the

underlying payoff uncertainty. See footnote 77 for a detailed explanation.
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Impulse Responses

To understand better the nature of our confidence-driven fluctuations, we start by studying the
impulse response functions (IRFs) to the confidence shock. The impulse responses to the technology
shock are the same as in the standard RBC model and are thus omitted.

Figure [2|shows that a positive innovation in & causes a transitory boom in output, consumption,
hours, and investment. At the same time, labor productivity stays nearly constant, falling a bit in
the beginning and increasing a bit later on. At least qualitatively, the confidence shock therefore
looks like the empirical shock that we documented in Section 2 and that has traditionally been
interpreted as an “aggregate demand shock”. We elaborate on the quantitative content of this
finding, and on its position in the literature, in the sequel. But before we do that, we want to

explain the economic forces that operate behind these IRFs.

Figure 2: Impulse responses to a positive confidence shock
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In general, the effects of higher-order uncertainty on incentives and equilibrium outcomes hinge
on the details of the model under consideration. In our model, higher-order beliefs matter only
through expectations of aggregate capital and aggregate outputB In particular, a positive innova-
tion in & causes, in equilibrium, any given island to update upwards its expectations of the output,
consumption, and investment in all other islands, relative to what these expectations would have
been under perfect coordination (i.e., in the absence of higher-order variation, or, equivalently, in
the standard RBC model). It is in this sense that higher-order beliefs in our model are tied to
expectations of “aggregate demand”.

Furthermore, because capital adjusts and in addition the shock to higher-order beliefs is itself
moderately persistent, aggregate demand is expected to boom, not only in the current period,
but also for the next few quarters. As a result, the firms in each island find it optimal to raise
their demand for both labor and capital, which in turn tends to raise both wages and capital
returns, for few quarters. Other things equal, this motivates the household to supply more labor
as well as to save more, because of the familiar static and intertemporal substitution effects. A

countervailing wealth effect is also at work, because the households expect (and experience) a

12This should be evident from the recursive representation we developed in the previous section: the problem faced
by the local planner of an island depends on the strategies of other islands only through the policy rules for aggregate

capital and aggregate output.
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boom in their income. However, because the boom is transitory, the wealth effect is weak, while
the intertemporal substitution effect is strong. This guarantees that households find it optimal to
increase their labor supply, as well as to split the increase in their income between consumption
and saving. Finally, because TFP is fixed and production exhibits diminishing returns in labor,
the increase in employment contributes towards lower labor productivity in the beginning, while
the accumulation of capital helps increase it later on; and because utilization is variable, the labor-
productivity effects are modest.

Together, the above arguments explain why confidence shocks cause the equilibrium levels of
employment, investment, output, and consumption to move in tandem, along with no variation in
the underlying TFP or other payoff-relevant fundamentals and with only small variation in measured
labor productivity. It follows that the confidence shock in the model mimics the empirical shock
we documented in Section 2.

The finding that confidence shocks trigger co-movement in employment, investment, output,
and consumption stands in sharp contrast to many other structural shocks considered in the lit-
erature. Consider, in particular, the recent work on news and noise shocks. Because these shocks
affect expectations of future permanent movements in TFP, they entail strong wealth effects and
delayed substitution effects. As a result, these shocks fail to generate the right co-movement with
the standard RBC model: positive news or noise shocks raise consumption but reduce hours, out-
put, and investment. Moving to the NK framework can correct this failure, but only insofar as one
combines sticky prices with significant adjustment costs to investment and a sufficiently accom-
modative monetary policy, by which we mean a policy that expands the economy relative to the
underlying-flexible price allocation. A similar point applies to investment-specific shocks, discount-
factor shocks, and certain financial shocks: these shocks fail to generate the right co-movement in
baseline calibrations of either the RBC or the NK framework. (For a detailed explanation of these
claims, we refer the reader to the Appendix.) We conclude that the ability of confidence shocks
to generate the “right” macroeconomic co-movement is neither trivial nor easily matched by other

structural shocks considered in the literature.

Business-Cycle Moments

Now that we have studied the basic mechanism through which higher-order uncertainty operates in
the model, we start the evaluation of its quantitative performance by looking at its ability to match
standard business-cycle moments. Table [4] reports various volatilities and correlations implied by
the model, and compares them to those found in the data. All moments are computed on Bandpass-
filtered seriesF—_B] For comparison purposes, we also study two variant specifications of the model. In

the one, we shut down the confidence shock, in which case our model reduces to the standard RBC

3 Throughout the paper, we use the Bandpass filter on frequencies 6-32 quarters. This is considered optimal in the
empirical business-cycle literature, because it removes, not only low-frequency movements, but also high-frequency

noise. We nevertheless obtain nearly identical results if we use the HP filter.
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model. In the other, we shut down the technology shock, which helps isolate the role of confidence
shocks. Together, these two variants help identify the distinct ways through each of the two shocks
contributes towards the overall empirical performance of the model.

As evident from the first two columns of Table [ the model does a good job in matching the
relevant volatilities and correlations. Furthermore, this success owes to a delicate balance between
the contribution of the two shocks: as shown in the last two columns of the table, the specifications
that shut down either shock fail in different dimensions, but the combination of the shocks gets

multiple things right at the same time.

Table 4: Band—passed Filtered Moments

Data Baseline Technology Confidence

oy 1.46 1.46 1.46 1.46
on/oy 1.17 1.17 0.32 1.43
0.0y, 0.59 0.43 0.70 0.15
oi/oy 3.95 3.77 2.11 441
aymloy  0.68 0.52 0.86 0.12
Oar] oy 0.86 0.63 0.95 0.34
Pey 0.86 0.68 1.00 0.54
piy 0.94 0.95 1.00 0.99
Phy 0.88 0.89 0.99 0.99
Pulhy 0.52 0.46 1.00 -0.76
Py 0.07 0.00 0.98 -0.82

In particular, consider the specification of the model that shuts down the confidence shock. In
this case, once the standard deviation of the TFP shock is calibrated to match the volatility of
output, the generates a very low volatility in hours; conversely, if the model were calibrated to
match the volatility of hours, then the model would generate counterfactually levels of volatility in
output, as well as all other variables. This reflects the well-known failure of the baseline RBC model
to match the relative volatility of hours unless it assumes an implausibly high value for the Frisch
elasticity of labor supply. The model also tends to generate too much volatility in consumption
and too little volatility in investment. Most crucially, the model predicts a nearly perfect positive
correlation between labor productivity and either output or hours, whereas the data feature only
a modest correlation between labor productivity and output and a zero correlation between labor
productivity and hours. This fact is closely connected to the fact we documented in Section 2,
namely that the bulk of the business cycle movements in hours, as well as in investment, appear to
be disconnected from movements in technology.

Now consider the specification of the model that shuts down the technology shock, thus isolating
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the role of confidence-driven fluctuations. Once calibrated to match the volatility of output, the
model predicts a counterfactually high volatility in hours. This is because because diminishing
returns impose that output fluctuates less than employment for given capital, and capital in turn
moves only very slowly. Furthermore, the model predicts a rather low volatility in consumption
and a rather high volatility in investment. This is because the confidence shock is quite transitory.
Finally, the model predicts a strongly negative correlation between labor productivity and either
output or hours. As already discussed, this is because diminishing returns causes labor productivity
to fall in response to an expansionary confidence shock.

Note then that, in all the moments that the technology shock fails to match in one way, the
confidence shock happens to contribute in exactly the opposite way. This helps explains why the
model that combines the two shocks has a better chance of matching all the moments at the same
time. That the match turns out to be nearly perfect—especially with regard to the correlations
between output, hours, investment and labor productivity—was a welcome surprise in our eyes.

This performance is not merely the result of adding a second structural shock to the baseline
RBC model: other shocks that have been considered in the literature could not have delivered
the same performance. We illustrate this point in Table |5 by running a horse-race between our
model and five competing models that replace the confidence shock with one of the following, more
conventional, structural shocks: (i) an investment-specific shock, which could be interpreted either
as a technological shock or as a financial shock affecting the firms’ shadow cost of investment; (ii)
a discount-rate shock, which could be interpreted either as preference shock or as a financial shock
affecting the households’ shadow cost of consumption; (iii) a shock to government spending; (iv)
a news shock, that is, a shock to expectations of future permanent TPF movements; and (v) a
markup shock, that is, a shock to the monopoly power of the firms.

As evident in Table [5 the only competing model that replicates the empirical performance
of our model is the one featuring the markup shock. The main reason behind the failure of the
other four competing models is that the corresponding structural shocks are unable to generate
positive co-movement between output, employment, consumption, and investment@ By contrast,
the last model matches the empirical performance of our model because the markup shock and the
confidence shock have similar effects on real allocations: a temporary reduction in monopoly power
has a similar stimulating effect on input and output choices as optimistic beliefs about demand.
The two shocks, however, tend to have different implications for inflation: a reduction in monopoly
power induces firms to reduce prices, whereas optimistic beliefs about demand motivates them to
raise priceSE The evidence presented in Section [2| therefore appears to favor confidence shocks

over markup shocks—and so does an estimation we conduct later on.

14 These properties are evident from the corresponding IRFs, which we report in the Appendix. One can also see
there that the real implications of markup and confidence shocks are nearly, but not exactly, the same.

15A caveat with this argument is that it is based on partial-equilibrium reasoning: in general equilibrium, the
response of inflation to any shock hinges on the response of monetary policy. The argument therefore carries over

insofar as monetary policy is accommodative of (does not overturn) the underlying price pressures.
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Table 5: A Horserace

Data Conf Invt News Disc Mkup

standard deviations

oy 146 146 1.46 146 146 1.46
on/oy 117 1.17 117 087 117 1.17
oc/oy 0.59 0.43 093 027 092 043
oifoy 395 3.77 6.73 509 6.74 3.78
oym/oy 0.68 052 059 039 058 0.51
Osr /0y 0.86 0.63 0.61 0.66 0.60 0.63

correlations

Peyy 0.86 0.68 -0.37 -0.33 -0.38 0.68
Piy 094 095 088 098 0.89 0.95
Ph.y 0.88 0.89 0.8 099 0.87 0.89

pymy 052 046 028 088 027 046
pymn 007 000 -023 079 -023 001
Pe,h 087 028 -0.78 -048 -0.79 0.28
Pei 0.77 043 -0.76 -050 -0.76 0.43

Mistakes and Wedges

Higher-order uncertainty lets the equilibrium beliefs of the incomplete-information specification of
a model to fluctuate away from, and around, the equilibrium beliefs of its complete-information
counterpart. This is similar to introducing a random “wedge” to any condition of the complete-
information model that features an expectation operator. In our model, expectations of aggregate
output enter the optimality conditions for hours and savings. It follows that variation in confidence
registers as variation in the labor and capital wedges.

Thus let 77 and 7} denote the labor and capital wedges in our model, defined by the following:

VI(N) = UG — a)~t
Ny
A Y;
U/(Ct) = ﬁTtkEt |:U/(Ct+1) (1 -0 + « s >:|
Ky

where E; denotes the objective expectations operator. In the appendix we show that, up to log-
linearization, these wedges are increasing functions of the & shock alone: the incentive effects of a
negative confidence shock are akin to these of a joint tax on labor and capital. Our model therefore
predicts that the two wedges are pro-cyclical, as well as positively correlated with each other.

To appreciate the bite of these predictions, consider the alternative scenario in which the agents

have completely irrational beliefs. In this case, their expectations of the returns to labor and capital
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need not be consistent with each other, nor with their expectations of other economic outcomes,
and therefore the wedges would not have to be positively correlated either with each other or
with output. The same is true if we allow for arbitrary “trembles” in consumption, saving, and
employment choices, unless these trembles happen to be tied together in a specific fashion—which is
effectively what our model imposes. Finally, consider Benhabib and Farmer (1992), which seeks to
accommodate “animal spirits” in the RBC context by introducing increasing returns and multiple
equilibria. In that model, both wedges are zero: animal spirits drive business cycles only by driving
the Solow residual. These points underscore that our model’s predictions about the wedges are

neither trivial nor shared by alternative formalizations of extrinsic uncertainty.

Table 6: Wedges

Corr(yy, Tthﬂ) =2 1 0 41 t2
data 0.30 0.51 0.69 0.80 0.81
model 0.49 0.72 080 0.70 0.46
Corr(yq, Tfﬂ) =2 4 0 +1 +2
data 0.25 034 040 0.42 0.39
model 0.49 0.72 080 0.70 0.46
Corr(th, Tt’f‘_j) =2 4 0 +1 +2
data 0.63 0.69 0.67 0.56 0.39
model 0.59 089 1.00 0.89 0.59

Importantly, these predictions are in line with the data. This is illustrated in Table [6] which
compares the cyclical properties of the wedges in our model to those measured in US data under
standard business-cycle accounting (Chari, Kehoe and McGrattan, 2005). Evidently, our model
captures quite well, not only the procycicality of the two wedges with output at various leads
and lags, but also their co-movement. The only caveat is that our model over-estimates these
correlations, and under-estimates the standard deviations of the wedges. This need not be surprising
since we have ruled out other shocks or frictions that could add independent variation in the wedges.

Figure[3|further illustrates the quantitative fit of our model by considering the following exercise.
We first find the series of the two shocks that minimize the distance of the model’s predicted series
for output, employment, and investment from the corresponding ones in the data; we next feed the
confidence shock alone in the model to derive the model’s predicted time series of two wedges; we
finally plot these series against those obtained from the data. As is evident from this figure, the

confidence-driven wedges in the model track quite well the actual wedges in the data.
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Figure 3: Wedges
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Empirical counterparts to structural shocks in the model

We have seen that our model matches quite well a variety of empirical regularities regarding the joint
dynamics of output, employment, investment and consumption. However, it is unclear whether the
technology and confidence shocks in the model are closely connected to, respectively, production
possibilities and “market psychology” in the real world. This is an important consideration that
extends well beyond our exercise: the inability to directly measure the structural shocks featured

in modern DSGE models limits their empirical appeal and often gives them a black-box flavor.

Figure 4: Shocks vs Empirical Counterparts
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We seek to mitigate this concern by investigating the connection between the shocks in our model
and some plausible real-world counterparts. In particular, we first recover the series of the two
structural shocks that minimize the distance between the model’s predicted series of output, hours,
and investment, and the corresponding series in the data. We then contrast the recovered series of
the shocks with the series of Fernald’s utilization-adjusted TFP measure (a proxy for technology)
and the University of Michigan Consumer Sentiment Index (a proxy for market sentiment).

Figure EI reports the findings of this exercise (the left panel for the technology shock, the right
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panel for the confidence shock). Even though we did not use any information on Fernald’s TFP
measure and the Sentiment Index either when we calibrated the model or when were recovered the
structural shocks, the latter turn to be highly correlated with their empirical counterparts. The
same property holds if we replace the Michigan Sentiment Index with either of the Conference
Board’s Indices of Consumer or Producer Confidence (all these indices are highly correlated at
business-cycle frequencies), as well as if we replace the confidence shock with a plausible theoretical
analogue of these indiceSE Notwithstanding the inherent difficulty in interpreting these indices and
in mapping them to the model, we see this finding as an additional validation of our interpretation

of the two structural shocks and of the usefulness of the model.

6 Extension and Estimation

The preceding analysis has shown that the introduction of higher-order uncertainty within a simple,
calibrated version of the RBC model offers a parsimonious yet potent explanation of a number of
key business-cycle facts. In this section, we expand on the quantitative role of “confidence” within
richer, estimated, models of both the RBC and the NK variety.

The exercises we conduct are centered around the following questions: (i) Does variation in
confidence account for a significant fraction of the observed business-cycle volatility once other
plausible structural shocks are allowed to drive the business cycle? (ii) Does the estimated con-
fidence shock track the empirical shock we identified in the data? (iii) Does the introduction of
confidence shocks improve the empirical performance of both RBC and NK models? (iv) Are nom-
inal rigidities essential for capturing the observed business cycles and the apparent deficiency in
demand during recessions?

To address these questions, we extend the analysis to two estimated variants of our baseline
model that allow for multiple structural shocks in addition to our confidence shocks. The two
variants differ with regard to whether prices are flexible, as in our baseline model, or sticky, as in
the NK paradigm. In the flexible-price/RBC model, we allow for two permanent technology shocks,
one on neutral TFP and another on investment-specific technology; for two transitory technology
shocks; for two news shocks on the two types of technological change; and for a shock to government
spending. In the sticky-price/NK model, we also add a monetary shock.

The choice of these shocks is motivated by multiple considerations. First, we rule out ad-hoc
shocks to the labor and Euler wedges and, instead, allow for shocks that, in our eyes, have a plausible
structural interpretation. Second, some researchers have argued that investment-specific technology
shocks are more important than neutral, TFP shocks in driving business cycles. Third, news

shocks are obvious competitors to our confidence shocks insofar as expectation-driven fluctuations

18Tn particular, we use the model to create time series of the typical agent’s expectation of the level of output
in the next quarter, the next year, and the next five years. We take an average of them and interpret this as the
model-based analogue of the Michigan Sentiment Index. Using this measure instead of the confidence shock gives a

somewhat better fit than the one seen in Figure E}
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are concerned, and have also been on center stage in recent business-cycle research. Fourth, when
prices are sticky, monetary, fiscal shocks, and news shocks can operate as aggregate demand shocks,
thus directly competing with the mechanics of our confidence shocks. Finally, the introduction of
transitory technology and policy shocks maximizes the chance that shocks other than our confidence
shocks pick up the transitory fluctuations in the data once the model is estimated. (With the last
point in mind, in the end of this section we consider a further extension that adds a markup shock
as well certain proxies of financial shocks.)

In addition to these shocks, we allow for investment adjustment costs (IAC) as in Christiano,
Eichenbaum and Evans (2005). This modeling feature has played a dual role in the literature: as
a source of inertia and persistence in the response of macroeconomic quantities to the underlying
shocks; and as a mechanism that helps transform various shocks, such as news, investment-specific,
and discount-rate shocks, into something that looks like an aggregate demand shock.

We are suspicious about both roles. First, like Sims (2001), we suspect that much of the apparent
inertia in the response of macroeconomic quantities to various shocks originates from informational
frictions rather than adjustment costs. Second, we do not believe that the notion of “aggregate
demand shocks” has to depend critically on this modeling feature. (We revisit this point in the
next section.) Last but not least, we have not seen any compelling micro-level evidence indicating
the presence of this kind of adjustment costs at the levels required by the existing DSGE literature.
Despite these concerns, we opt to incorporate this modeling feature in order to keep our exercise
close to DSGE practice and to give a better chance to the aforementioned shocks to pick up the
observed fluctuations. Shutting down this feature only reinforces the results we present below.

What comes out of all this? Confidence shocks persevere. (i) They remain the main driver of
business cycles in our estimated RBC and NK models, despite the presence of the aforementioned
competing shocks. (ii) They mirror the empirical shock we identified in Section 2. (iii) They
improve the empirical fit of both our RBC and NK models, but more so in the RBC case. (iv)
They displace the essential role that nominal rigidities play in helping the NK model match the

observed fluctuations and the apparent deficiency in aggregate demand during recessions.

Estimation

The two models under consideration are estimated by a Bayesian maximum likelihood method in the
frequency domain, as in Christiano and Vigfusson (2002) and Sala (2013). The details are spelled
out in the appendix. The benefit of this approach, relative to estimation in the time domain, is that
it allows us to guide the estimation of the model from its performance at business-cycle frequencies
(i.e., between 6 and 32 quarters). We find this a priori desirable, because we are interested in the
ability of RBC and NK models to capture business-cycle phenomena—not phenomena working at

very low frequencies, such as demographics and trend growthm

"By the same token, we avoid having to introduce ad hoc modeling features, such as slow-moving shocks in the
disutility of labor or in monetary policy, which DSGE exercises such as Smets and Wouters (2007) typically require
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The dataset comprises information about GDP, consumption, investment, hours worked, the
relative price of investment, the inflation rate, and the federal fund rate for the period 1960Q1 to
2007Q4. The first 5 variables are evaluated in logarithm; they are also de-trended, as our model
abstracts from long-run growth. Note that we exclude the Great Recession from our dataset. We
do so because the RBC and NK models we consider in this paper abstract from financial frictions,
and are therefore less suited for studying this particular episode.

Our NK model is estimated on the basis of all the aforementioned seven variables. By contrast,
our RBC model is estimated on the basis of real quantities only (GDP, consumption, investment,
hours worked, and the relative price of investment), because this kind of model is not meant to
capture the nominal side of the economy. For comparison purposes, however, we find it useful to ob-
tain that model’s predictions for interest rates and inflation. We thus augment our estimated RBC
model with a Taylor rule for monetary policy and, in what follows, report the model’s predictions
for both real and nominal variables[™]

The priors we assume for the preference and technology parameters are in line with our earlier
calibration exercise, as well as with the pertinent literature. The priors for the nominal side of
the model (the Calvo probability of resetting prices and the specification of the Taylor rule) are
also drawn from the literature. These priors are reported in Table in the Appendix. Finally,
the priors for the shocks are reported in Table and are guided by two principles. First, we
do not a priori favor either the belief shock or any other shock. And second, we impose a tight
prior only on the persistence of the transitory shocks, in order to assist the estimation disentangle
them from the permanent shocks. Accordingly, the standard deviations of the innovations to all
shocks are assumed to follow uninformative inverse Gamma distributions centered at 1, while the
autocorrelation parameters of the AR(1) shocks to technology, government spending, and beliefs
are assumed to be Beta distributed around 0.5 with standard deviation 0.1.

Posterior distributions are obtained relying on the MCMC algorithm. We generated 2 chains of
100,000 observations each. The posterior estimates of the parameters are reported in the last two
columns of Tables [[3] and 14l

As seen in Table the posterior estimates of the Frisch elasticity of labor supply, the cap-
ital share, and the degree of complementarity are similar across the two versions of the model.
By contrast, the two models require different utilization and investment-adjustment margins. In
particular, the elasticity of utilization is lower in the sticky price version of the model than in the
flexible price version@ Perhaps more interestingly, the flexible-price model validates the level of
IAC estimated by Eberly, Rebelo and Vincent (2012) on firm-level data, and the sticky-price ver-

in order accommodate the medium-run dynamics in hours and inflation.

18Note that the familiar neoclassical dichotomy applies: once we fix the real side of the model, the specification
of the Taylor rule matters only for nominal variables, not for real quantities. Accordingly, we first estimate the real
side of the model on real quantities alone, and then estimate the Taylor rule on interest rates and inflation.

9Note that the log-linearized version of the utilization decision is given by 7 = lf—;za, where 7¥ denotes the rental
rate of capital and 2 the utilization rate (both in log-deviations from steady state). It follows that the elasticity of

utilization with respect to the rental rate of capital is given by (1 —0.)/0.
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sion turns out to require even lower adjustment costs (0.11 vs 0.28). This contrasts existing DSGE
exercises, which typically require much larger TAC costs. We revisit this point in the sequel.

Finally, two points are worth noting regarding the posteriors of the shock parameters, which
are reported in Table [[4 First, the estimated persistence of the transitory shocks is quite low.
This is driven partly by of our choice of priors, but it also in line with the evidence we provided
in Section [2| according to which most of the business-cycle movements in the data appear to be
driven by transitory forces. Second, the estimated size of the higher-order uncertainty in the model
(the confidence shock) is sizable, but not implausibly large relatively to the estimated size of the
payoff uncertainty (the shocks to TFP and other fundamentals)m

IRFs

Figure [5| depicts the IRFs of our estimated flexible-price and sticky-price models to a positive
confidence shock. As far as real variables are concerned, the IRFs are similar between the two
models (and are also in line with those in our baseline model). Where the two models differ is
in the responses of nominal variables: the flexible-price model features a strongly countercyclical
response in inflation and the nominal interest rate, whereas the sticky-price model predicts a modest
pro-cyclical response. Therefore, if we interpret the confidence shock as a formal counterpart of
the empirical shock we documented in Section 2, both models do a good job in capturing the real
dimension of the data, but only the sticky-price model does a good job in the nominal dimension.

The IRF's for the other, more conventional, shocks are reported in the Appendix. They are all in
line with those found in the literature. What we nevertheless find noteworthy is that the IRFs (and
also the variance contributions) of some of these shocks are distinctly different between the flexible-
and the sticky-price model. This underscores a point we anticipated earlier, namely that some of
these conventional shocks operate very differently under RBC and NK models. Furthermore, this
difference increases with the presumed level of IAC. Given that we do not have a strong prior about
what the “right” model is, we view it as an advantage of our approach that the dynamics effects of

confidence shocks on real quantities turn out to be robust across the two classes of models.

29Because of persistence of the shocks and the forward-looking aspects of our model, it is not appropriate to
measure the relative magnitude of different shocks by simply comparing the standard deviations of the corresponding
innovations. Instead, some kind of present-value metric seems desirable. Thus let F{I denote the typical agent’s first-
order belief of the present value of TFP from period ¢ to period ¢t + T, discounted by 3, and evaluated conditional
on the information available at the end of period ¢t — 1; let S denote the corresponding second-order belief; and let
BT = ST — FT denote the difference between the two, which obtains only because of the & shock. We can think of
the variance of Fl as a measure of the TFP uncertainty faced by the agent, as of period t — 1 and over the next T
periods; of the variance of Bl as a measure of the corresponding higher-order uncertainty; and of the ratio of the
latter to the former as a metric of their relative importance. For the flexible-price model, this ratio turns out to be
0.13 when T' = 8 years and 0.04 when 7" = oo. For the sticky-price model, the corresponding ratios are are 0.42
and 0.13. Finally, these ratios would be even lower if we were to take into account the other shocks in the model
(investment-specific, fiscal, monetary, etc). This explains the metric by which the estimated higher-order uncertainty

is modest relative to the estimated payoff uncertainty.
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Figure 5: Theoretical IRFs to a confidence shock
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Variance contribution

We now turn attention to the contribution of the various shocks to macroeconomic volatility over
business-cycle frequencies (6-32 quarters). The relevant variance decompositions are reported in
Table [7] for our estimated flexible-price model, and in Table [§] for its sticky-price variant.

The most noteworthy piece of information in these tables is that the confidence shock emerges
as the single most important source of fluctuations in output, employment, and investment. In
the flexible-price model, the confidence shock explains 39% of the volatility in output, 34% of
the volatility in investment, and 68% of the volatility in hours. In the sticky-price model, the
corresponding numbers are 55%, 47% and 68%. To our surprise, the inclusion of nominal rigidities
therefore appears to increase the estimated significance of confidence shocks.

This finding is not driven by our choice of parameters/priors. In the flexible-price model, the
variance contribution of the confidence shock evaluated at our priors is 5% for output, 4% for
investment, and 17% for hours; and in the sticky-price model, these numbers are 2%, 1%, and 3%.
It is the data that favor the confidence shock as the main driver of the business cycle.

Due to its transitory nature, the confidence shock has a more modest effect on consumption:
it explains between 19% and 25% of the volatility of consumption, depending on which model we
look at. This finding may contradict the view that business cycles are driven by shifts in consumer
spending: under that view, one would probably expect the underlying shock to drive a larger
fraction of the variance in consumption than that in output, due to countervailing movements in
investment. Indeed, this is precisely what happens with two known formalizations of this view:
with discount-factor shocks in the calibrated NK model we review in the Appendix, and with the
noise shock in Blanchard et al (2012). Yet, the evidence presented in Section [2| favors the picture
painted by our model: the identified business-cycle shock had a larger contribution to the volatility
of output, employment and investment than to the volatility of consumption.

Another noteworthy finding is that the two news shocks explain a sizable component of the
volatility in investment, but a relatively smaller component of output and hours. Furthermore, as
can be seen in Tables [15] and [16]in the Appendix, news shocks drive a relatively small fraction of

the co-variance between these variables: in the sticky-price model, for example, the combination
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Table 7: Variance Decomposition (6-32 Quarters) in Flexible-Price Model

Y 1 h Y/h P; C
Confidence shock 39.20 34.23 6845 141 0.00 18.53
TFP shock: permanent 1775 159 1.05 5047 0.00 37.96
TFP shock: transitory 2241 18.43 6.09 35.17 0.00 1291
Investment shock: permanent 0.97 0.43 1.69 3.89 80.47 0.37
Investment shock: transitory  0.55 1.98 095 0.02 11.10 1.75
News shock: TFP 13.29 24.08 11.89 888 0.00 13.55
News shock: investment 5.17 16.80 897 0.16 843 13.36
Fiscal shock 0.65 246 0.90 0.01 0.00 1.57

Table 8: Variance Decomposition (6-32 Quarters) in Sticky-Price Model

Y 1 h Y/h P T R C
Confidence shock 54.59 46.90 68.15 17.58 0.00 23.06 25.55 24.57
TFP shock: permanent 11.16 1.71  0.60 44.78 0.00 1.21 1.71 26.02
TFP shock: transitory 4.85 4.01 0.68 2713 0.00 2.89 573 270
Investment shock: permanent 1.14 1.32 1.36 142 7442 277 391 0.97
Investment shock: transitory 1.54 3.14 1.89 0.13 889 256 4.26 1.69
News shock: TFP 6.79 10.00 3.27 821 0.00 3.75 561 8.82
News shock: Investment 10.58 25.67 12.46 0.63 16.69 32.62 49.54 29.04
Fiscal shock 1.19 080 1.34 0.03 0.00 055 1.04 0.61
Monetary shock 8.17 6.46 10.26 0.08 0.00 30.59 2.65 5.58
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of the two news shocks explains 17% of the co-variance between hours and output and 26% of the
co-variance between investment and either output or hours, whereas the corresponding numbers for
the confidence shock are between 54% and 66%. Last but not least, both types of news shocks con-
tribute towards a negative co-movement between consumption and the rest of the macroeconomic
quantities, leaving the confidence shock to capture more than 100% of the co-variance between
consumption and either hours or investment. Therefore, although our findings are consistent with
the notion that a significant fraction of investment fluctuations is driven by shifts in expectations
of long-run profitability, transitory fluctuations in confidence emerge as the dominant force behind

the business-cycle co-movement in all the key macroeconomic variables ]

Business-cycle moments

We now proceed to evaluate the empirical performance of our estimated RBC and NK models in
regard to standard business-cycle moments, namely, the volatilities and correlations of the Band-
Pass filtered series of the seven macro variables in our data set. There are three questions of interest
here. First, how well the two models reproduce the moments in the data. Second, how their fit
depends on the presence of either confidence shocks or nominal rigidities. Finally, how the two
models compare to the state of the art in DSGE literature.

To address these questions, Table [9] reports the following information: a standard variety of
business-cycle moments in the data (first column); the corresponding moments predicted by our
two models (second and third column); those predicted by variants of these models that remove
the confidence shock (fourth and fifth column); and finally the moments predicted by the model of
Smets and Wouters (2007) (last column)@

The following key lessons emerge from inspecting Table [9]

First, our two models both do a very good job in reproducing the key business-cycle moments in
the data. The flexible-price model does marginally better with regard the the correlation of labor
productivity with either output or hours, but it misses by a significant margin the corresponding

correlations for inflation. By contrast, the sticky-price model does a very good job on both the real

2In understanding these findings, it is important to underscore the role played by IAC. Suppose we re-estimate
our NK after imposing a much higher value for TAC than our current estimate, namely ¢ > 4 instead of ¢ = 0.2.
Under this scenario, news (or noise) shocks trigger positive co-movement between consumption, output, investment
and hours. This scenario corresponds, in effect, to the one studied in Blanchard et al (2013), where the IAC is in the
neighborhood of ¢ = 4, or Lorenzoni (2009), where the IAC is infinite since that paper assumes away investment.
But recall that such high values for ¢ are inconsistent with the firm-level estimates of Eberly, Rebelo and Vincent
(2012), which hover in the neighborhood of 0.3. Furthermore, if we allow for a diffuse prior centered at ¢ = 4, then
our estimation brings ¢ down to values close to 0.3, recovering the results we have documented. This highlights that,
within the NK framework, certain parameterizations guarantee that news and noise shocks trigger realistic business

cycles, yet these parameterizations do not appear to be favored by the data once our confidence shocks are present.
%1n our view, Smets and Wouters (2007) has too many ad hoc ingredients whose structural interpretation is

stretched. Yet, it severs as a useful metric for evaluating the relative performance of our models, both because it is a

benchmark in the DSGE literature and because it was designed to capture the business-cycle data as well as possible.
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Table 9: Band-pass Filtered Moments

With Confidence Shock Without Confidence Shock

Data  Flex-Price Sticky-Price Flex-Price Sticky-Price SW (2007)

Standard Deviation

y 1.46 1.46 1.76 2.39 2.22 1.43
c 0.86 0.91 0.84 1.70 1.16 1.03
i 5.77 5.96 7.83 9.31 11.22 4.61
h 1.71 1.59 2.20 3.60 2.91 0.91
0.71 0.70 0.80 2.47 1.05 0.43
y/h  0.99 0.92 0.81 1.64 1.00 0.86
T 0.23 0.28 0.37 0.31 0.33 0.30
R 0.35 0.41 0.34 0.46 0.51 0.33
Correlation with output
c 0.86 0.48 0.41 -0.11 -0.40 0.66
) 0.94 0.88 0.92 0.86 0.95 0.73
h 0.88 0.89 0.92 0.94 0.94 0.81
-0.31 -0.13 -0.17 -0.23 -0.49 -0.27
y/h  0.52 0.59 0.11 0.43 0.74 0.79
T 0.21 -0.35 0.68 -0.02 0.75 0.15
R 0.37 -0.57 0.55 -0.12 0.79 0.07
Correlation with hours
c 0.87 0.23 0.26 -0.33 -0.57 0.57
) 0.85 0.89 0.91 0.91 0.96 0.66
q -0.30 -0.18 -0.20 -0.31 -0.56 -0.34
y/h  0.07 0.18 -0.25 0.23 0.49 0.29
™ 0.39 -0.33 0.79 0.00 0.85 0.25
R 0.60 -0.55 0.64 -0.10 0.88 0.25
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and the nominal dimensions at the same time. In this respect, the presence of nominal rigidities
is not essential for matching the real fluctuations in the data, but it is crucial for matching the
cyclical behavior of inflation and interest rates.

Second, the only noticeable failure is that both models underestimate the pro-cyclicality of
consumption. What causes this failure is the presence of news shocks: as explained earlier on,
these shocks contribute towards counter-cyclical consumption. Removing these shocks from our
two models, and re-estimating them, fixes this dimension without any noticeable sacrifice in the
rest of their empirical fit. In fact, the fit of the models remains roughly as good if we remove
either the two news shocks, or the transitory shocks to both types of technology and to government
spending, or all these five shocks at the same time (see Table ?? in the Appendix). Finally, the
monetary shock is crucial only in matching the nominal quantities. In short, a bare-bone version of
our RBC model that features only the two permanent technology shocks and the confidence shock
delivers roughly the same empirical performance as the richer models we are considering.

Third, crucial for this empirical performance is the presence of the confidence shock: if we
remove this shock and re-estimate our models, both models end up delivering too high volatilities
for multiple real variables and, most importantly, a strongly counter-cyclical consumption. Among
the types of structural shocks we have considered, the confidence shock therefore emerges as the
the only one that can deliver the right co-movement among all variables at the same timeH

Fourth, although the introduction of sticky prices helps improve the overall fit of the model
(compare the third to the second column), the presence of confidence shocks appears to be more
crucial for the fit of the model than the assumption of sticky prices. In particular, the sticky-
price model without confidence shocks (fifth column) is clearly outperformed by the flexible-price
model that contains confidence shocks (second column). We will revisit the relative importance of
confidence shocks and nominal rigidities in the last part of the paper.

Finally, our NK model fares quite well in comparison to Smets and Wouters (2007) vis-a-vis
both the real and the nominal aspects of the data. In particular, our model overestimates the
cyclicality of inflation, but does a better job in matching the co-movement of nominal interest rates
with real economic activity (check the correlations between the interest rate and either output or
hours reported in the third and last columns of Table E[) Although we are primarily interested in
understanding the observed fluctuations in real economic activity as opposed to the accompanying
monetary phenomena, we find this last point to be remarkable, given that Smets and Wouters
(2007) incorporate a more elaborate Taylor rule and a richer specification of shocks specifically

designed to capture the nominal side of the data.

230f course, this last statement applies to the models we have consider here, not other models. In Smets and
Wouters (2007), the right co-movement is delivered primarily by the combination of the shocks to the Euler wedge,
the labor wedge, and the monopoly markups.
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Going back to the VAR evidence

We have already discussed that the IRFs of the confidence shock in the model mirror the IRFs
to the main transitory shock we documented in Section [2} Figure [6] shows that this resemblance
carries over to the estimated paths of the two types of shocks.

The solid black lines in the figure report the counterfactual paths for output, hours, investment
and consumption that obtain from our flexible-price model, when we feed it with the estimated
path of the confidence shock only. The dashed black lines give the same paths for the the sticky-
price model. Finally, the solid red lines give the counterfactual paths that obtain from the VAR we
run in Section [2] when we feed it with the identified “main shock” only. All series are band-pass

filtered, in order to reveal their co-movement (or lack thereof) at business-cycle frequencies.

Figure 6: Main transitory shock (data) vs confidence shock (model)
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main transitory component in the US data (as identified in Section 7 confidence-driven fluctuations in

the flexible-price model, - - - - confidence-driven fluctuations in the sticky-price model

The match is quite good: the time series corresponding to the confidence shock in either the
flexible-price or the sticky-price specification of the model co-move almost perfectly with the times
series corresponding to the main transitory shock in the data. The only noticeable discrepancy
is in the magnitudes of the two series: the paths predicted by the theory are more volatile than
those generated by the VAR, suggesting that the confidence shock is perhaps too potent within the
theory. Importantly, this success is specific to the confidence shock: if we consider any of the other
structural shocks in the model, there is no resemblance to the main transitory shock in the data,
whether in terms of IRF's or in terms of paths.

The are two caveats, however, in the conclusions we are drawing from the above findings. First,
we could be subject to the critique of Chari, Kehoe and McGrattan (2011). And second, the
empirical shock we have identified could be a convoluted combination of multiple structural shocks,
even in the case that our model is the “true” data generating process.

To address these issues and shed further light on the empirical performance of our models, we
consider the following exercise: we generate artificial data from our two models and run on them
exactly the same VAR as the one we run on actual US data in Section 2. The idea is that we stop

giving any structural interpretation to the evidence of Section [2] and, instead, use the VAR merely
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as a filter: we ask whether applying this filter on our models gives the same picture as applying

this filter on US data.

Figure 7: IRFs to “Main Shock” in the Data vs in the Models
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Figure [7] answers this question in terms of the IRFs to the identified main shock. Both models
pass the test with regard to the real quantities: the IRFs that obtain once we run the VAR on the
model mirror quite well those that obtained when ran the VAR on US data. One exemption to this
statement is consumption: the theory predicts an overshooting in consumption that is not seen in
the data. Finally, where the sticky-price model outperforms the flexible-price one is with regard to
the behavior of inflation and interest rates2

Table [10] compares the variance decompositions that obtain from running the VAR on our two
models to those that obtain from running the VAR on US data. These decompositions do not
have a structural interpretation, because there is no one-to-one mapping between the shocks in
the model and the shocks in the VAR. They nevertheless provide evidence of the ability of our
models to capture the permanent and transitory components of the data: whether we look at the
decomposition between permanent and transitory components, or at the variance contribution of

the identified main transitory shock, the match is, once again, excellent.

Shocks vs empirical proxies

Figure [§] revisits an exercise we conducted in our baseline, calibrated model: it compares the
estimated technology and confidence series from our models to their empirical counterparts, the
Fernald’s utilization-adjusted TFP measure and the University of Michigan Consumer Sentiment

Index. Once again, the match is good.

Figure 8: Band-passed Shocks (6-32 Quarters)

Adjusted TFP

Confidence Index vs Belief

_3 . . -4 . .
1960 1970 1980 1990 2000 1960 1970 1980 1990 2000

— Data, Flexible-Price Model, . ... Sticky-Price Model.

*nterestingly, both features are driven by the assumption of investment adjustment costs (IAC): if we set ¢ = 0, the
aforementioned overshooting in consumption disappears and the counter-factual nominal predictions of the flexible-
price model are overturned. Having said this, the estimation appears to favor modest IAC because this generate

hump-shaped dynamics and improves the fit of the NK vis-a-vis the nominal variables.
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7 On Nominal Rigidities and Deficient Aggregate Demand

We conclude the paper by touching on one of the quintessential questions in macroeconomics: how
central are nominal rigidities in understanding the observed fluctuations and the apparent deficiency
in aggregate demand during recessions?

As noted in the introduction, there is hardly any consensus among macroeconomists on the
answer to this question, or even on what “deficient aggregate demand” might mean. Nevertheless,
most macroeconomists would probably agree on the following two premises: (i) in the RBC frame-
work, there is no operational distinction between aggregate demand and aggregate supply; (ii) in
the NK framework, such a distinction becomes possible by considering the deviations of the equi-
librium sticky-price allocations from the underlying flexible-price ones. Accordingly, the notion of
“deficient aggregate demand” is captured in the NK framework by a negative output gap between
the sticky- and the flexible-price allocations.

Our approach, instead, permits us to operationalize the notion of “deficient aggregate demand”
by considering the gap between the equilibrium allocations that obtain in the presence of a negative
confidence shock and those that would have obtained in its absence. And, as already discussed,
this gap in turn can be interpreted as the symptom of imperfect coordination.

In our view, it is not clear which approach is more empirically plausible, nor does it have to
be that the one excludes the other. There are nevertheless certain properties that we like with our
approach and that are not shared by the standard NK approach.

First, our approach works in both the RBC and the NK framework. We view this as an
advantage, because we do not believe that the empirical regularities that have been associated with
the notion of aggregate demand depend as tightly on nominal rigidities as presumed by the NK
framework.

Second, our approach gives a structural interpretation of the observed recessions that is not
vastly different as one varies the degree of nominal rigidity. By contrast, this is not the case with
standard NK exercises: if one takes an estimated NK DSGE model such as Smets and Wouters
(2007) and assume away the nominal rigidities, the model will predict vastly different macroeco-
nomic outcomes.

We illustrate this point in Figures [J] and These figures consider the following exercise. First,
take either our estimated NK model or its estimated variant that removes the confidence shock. In
each case, fix the estimated paths of the shocks, and consider the counterfactual paths of output
and hours that obtain when one assumes away the nominal rigidity. The counterfactuals for our
model are given by the blue lines in the figures, while the counterfactuals of the model without the
confidence shock are given by the dotted black lines. (The red lines give the actual data, which are
perfectly match by both models when the nominal rigidity is present.) fix the estimated shocks,
and consider the counter assume away the nominal rigidity, ; this gives the dashed blue lines in the
figures. rigidity or (ii) the confidence shock, and obtain the predicted time series for output during

the recession episodes in our sample.
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Figure 9: Counterfactual Output, Removing Nominal Rigidity

1960Q2-1961Q1

1969Q4-1970Q4

1973Q4-1975Q1

1980Q1-1980Q3

7S

o]
N\~ o)
-5
-5
-10 _
ld
’
-15 -10

61 62

1981Q3-1982Q4

69 70 71

1990Q3-1991Q1

73 74 75

2001Q1-2001Q4

> 2
0
o
)
-2 -5
-2
-4
4 . -10
-6 -8 -15
90 91 92 00 o01 02 03 06 07 08
Data, NK Model with Confidence Shock, - - - - NK Model without Confidence Shock.
Figure 10: Counterfactual Hours, Removing Nominal Rigidity
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The lesson that emerges is quite simple. Under the lenses of the model that contains the
confidence shock, the recessions would look very similar if prices had been flexible. In fact, the
presence of nominal rigidity appears to mitigate the recession; this is because the nominal rigidity
empowers the monetary policy to counteract the recession. By contrast, under the lenses of the
model that rules out the confidence shock, the recessions would look very different, and in some
cases would have been replaced by booms, if nominal rigidities were absent. This is because nominal
rigidity is instrumental, in the model, to transforming certain structural shocks from expansionary
to recessionary. Of course, this may not be a problem if one sees nominal rigidities as the source
of all evil. In our eyes, however, it looks unappealing to have a theory of recessions that hinges so
crucially on the bite of nominal rigidities.

To reinforce this point, we conduct the following formal test. We consider four models, corre-
sponding to different assumptions on whether prices are sticky or flexible and on whether confidence
shocks are present or not. Starting from a uniform prior across these four models, and focusing
on real quantities, we ask what the posterior odds are that the data are generated by model A
vs model B (where model A varies across columns and model B across rows)@ As evident in the
second row of this table, the odds that the data are generated by the flexible-price model that shuts
down the confidence shock are zero relative to either of the sticky-price models. In the absence of
confidence fluctuations, sticky prices are therefore essential for the ability of the theory to match
the observed fluctuations in real economic activity. At the same time, as evident in the top-right
element of this table, the odds that the data are generated by the with-confidence flexible-price
model rather than the without-confidence sticky-price model are 86%. In this regard, allowing for
confidence fluctuations appears to be more essential than allowing for nominal rigidities, insofar as
we are concerned only with fluctuations in real economic activity. Sticky prices become essential

only if we also wish the theory to match the inflation and the nominal interest rate data.

Table 11: Posterior Odds of Model A vs Model B

Model A — flex prices sticky prices
Model B | without with without
flex prices, with confidence 0.00 0.61 0.14
flex prices, without confidence - 1.00 1.00
sticky prices, with confidence 0.00 - 0.10

Note: This table reports the posterior odds of four alternative models, starting
from a uniform prior and estimating the models on the real data. The models
differ on whether they assume flexible or sticky prices, and on whether they

contain a confidence shock or not.

25To give all models the best chance to fit this data and make the comparison fair, for this table we estimate all
four models on the real data only. See Appendix for the details and also for the complementary exercise that brings

the nominal data as well.
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We interpret the above findings as follows. The RBC framework alone does not offer a suffi-
ciently good structural interoperation of the observed fluctuations. Instead, the data are asking
for something that looks like fluctuations in “aggregate demand fluctuations,” by which we mean
the empirical regularities documented Section [2] Within the standard paradigm, this favors sticky
prices. But once one accommodates the notions of coordination frictions, higher-order uncertainty,
and confidence fluctuations in the way we propose in this paper, sticky prices are not more essential:

our approach achieves what the data wish whether with or without nominal rigidity.

8 Conclusion

Standard macroeconomic models assume away strategic uncertainty and frictions in coordination.
In this paper we propose a modeling trick for incorporating the positive content of such frictions
without sacrificing any of the tractability that macroeconomists are accustomed to. We then use
this to develop a novel, and quantitatively potent, structural interpretation of the business cycle.
More specifically, we show that the introduction of a certain type of higher-order belief dynamics,

which we interpret as fluctuations in “confidence”, achieves the following:

e It offers a parsimonious explanation of multiple salient features of the data, including: stan-
dard business-cycle moments; the cyclicality and co-movement of measured wedges; VAR
evidence about the co-movement of key macroeconomic variables; and the cyclical behavior

of empirical measures of confidence.

e [t appears to outperform multiple competing structural interpretations of the business-cycle
data, such as those based on investment-specific or consumption-specific shocks, news or noise

shocks, and certain kinds of financial or uncertainty shocks.

e It operationalizes the notion of “aggregate demand fluctuations” without the assistance of
nominal rigidity or any other deviation from the baseline RBC framework, and it replicates

the empirical regularities that have historically been associated with that notion.

e [t offers a structural interpretation of the observed recessions that is not vastly different as
one varies the presumed degree of nominal rigidity or other model ingredient such as the

adjustment costs to investment.

The first two points speak directly to the quantitative value and the empirical performance of
our approach. How much one appreciates the last two points depends on how strong priors one has
about the importance of nominal rigidities, as well as how much useful one finds it to think about
the notion of aggregate demand. Putting aside this notion altogether, however, two lessons remain.
First, there are important empirical regularities—Ilike the zero correlation between hours and labor
productivity and the co-movement properties documented in Section [2]of our paper—that the RBC

framework has hard time capturing and that our approach manages to capture in an arguably more
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robust way than the NK framework. Second, given our uncertainty about what the “right” model
is, we find it reassuring that our approach offers a structural interpretation of the business cycle
that is robust as one moves across RBC and NK models.

In closing, we would like to iterate the broader methodological contribution of our paper: we
developed a flexible method for incorporating rich higher-order belief dynamics in a large class of
DSGE models. This method entails both benefits and costs. The benefit is tractability. The cost
is the risk of limited discipline: by abstracting from the details of how agents collect, digest, and
exchange information, and by assuming heterogeneous priors, we risk allowing too much freedom
in our modeling of higher-order beliefs dynamics. While we don’t think that this is a serious caveat
for the particular exercises we conducted in this paper, one must be mindful of this risk in general:
be aware of the theorist bearing free parameters! We thus view our approach as a complement,
rather than a substitute, of alternative approaches that build the dynamics of beliefs from specific

information structures, such as the growing work on rational inattention.
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Appendices

[warning: the appendices in this draft are still rough and incomplete;

please check http://economics.mit.edu/files/9755 for continuous updates]

Al: Data and Identification

In this appendix we describe the data and the identification we use in Section
Data. [to be added]

Identification. We have a VAR/VECM that admits the following representation:

where Y; is a N-dimensional random vector, A(L) is a matrix polynomial, F(uu;) = ¥ and
C(0) = I. We assume that there exists a linear mapping between reduced form innovations u; and
some structural shocks ¢; such that

Ut = SEt

where we impose E(ee’) = I, such that the impact matrix S satisfies SS" = 3.

The transformation matrix S can be rewritten as S = S @ where () is an orthonormal matrix,
QQ' =1 and S is an arbitrary orthogonalization matrix. In the sequel, we will assume that the S
matrix is used to identify p permanent shocks, that come first in the identification matrix S , and
N — p transitory shocks. This step will be referred to as the first stage in the sequel.

As shown by Beaudry et al. (2012), under these assumption, the structural M A(co) represen-
tation of the VECM can be written as

o0
Y: = Z Rrer—r,
=0

where R, = C;Q and C; = BT§ . Then the impulse response vector of variable Y; ; to the structural
@)

shock j at horizon 7 that corresponds to the j-th columns of R, denoted ;7 is given by

’I"(j) = Ciﬂ-q(j)

1, T

where C; - is the i— row of C; and ¢\9) i the j-th column of Q.

Our aim is to identify the transitory shock that explains the most the business cycle at the
6 to 32 quarters frequencies. We start by computing the share of volatility of variable k at 6-32
quarters frequency explained by the transitory shocks only. The spectral density of variable k from
the VAR is given by .

Fi(w) = %ck@-iw)ck(e—iw)
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where Cy(z) is the k-th row of the polynomial matrix C(z) and Ck(e~*) denotes the complex
conjugate transpose of Cy(e~*). The filtered spectral density Fy (w) is then given by

where f(w) is given by

0 otherwise.

The filtered volatility of variable k, aik is then obtained by the inverse Fourier transform formula.
The volatility attributable to each transitory shock in the first stage decomposition, is computed

in a similar way. We first compute the filtered spectral density

2~7~ .
Fuw) = 2 G o))
27
where Cj,(e~™) only contains the column of Cy(e~™) associated with the transitory shocks. Note

that the complex conjugate transpose is now in first place in order to preserve the contribution of
each shock. Using the inverse Fourier transform, we obtain the vector of the volatility of variable k
attributable to each transitory shock, 821« The variance decomposition for variable k is then given
by the ratio 0, = Ezk / a,%k. This calculation can be done for m variables, the problem is then to

find a vector z that solve the program

m
maxg oy 2051
xX

k=1

stz =1

where oy, is the weight assigned to variable k in the problem. This problem is a simple eigenvalue
problem that can be solved on any numerical package.
Finally, the vector ¢ is given by (0,, )" where 0, is a zero vector of length p — the number of

permanent shocks.

A2: A Horserace with Different Structural Shocks

In this appendix we complement the analysis of the baseline model with two exercises. First, we
explore the robustness of our findings as we move to the textbook NK model. Second, we run a
horserace between our confidence shocks and other structural shocks considered in the literature.
All the models in the horserace feature a single structural shock in addition to the conventional
TFP shock. What differs across the models is only the nature of the additional shock. In our
model, it is a shock to higher-order beliefs. In the competing models, it is one of the following: (i)
an investment-specific shock; (ii) a news shock; (iii) a shock to the consumer’s discount factor; and

(iv) a shock to monopoly markups.
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Although other kinds of shocks can be found in the literature, we focus on the aforementioned
ones for the following reasons. First, investment-specific technology shocks and news shocks are
empirically plausible to start with, and have already been proposed in the literature as major
sources of business-cycle volatility. Second, investment-specific shocks can also mimic the effects of
certain types of financial shocks on firms, while discount-factor shocks have been used as proxies for
financial shocks on consumers. Third, news shocks are direct competitors to our confidence shocks
in the sense that they both operate by changing expectations. Finally, although exogenous markup
shocks do not seem very plausible (at least to us), they are useful for comparison purposes: they
have similar real effects as our confidence shocks, but different nominal implications.

To have a fair horserace, the calibration strategy is kept the same across all models: the
preference and technology parameters are fixed as in Table 3} the technology shock is assumed
to be a random walk; the other shock is assumed to be an AR(1) with persistence .89; and the
standard deviations of the two shocks are calibrated so as to match the volatilities of hours and
output in the model to the corresponding volatilities in the dataﬁ Finally, for the NK versions of
these models, the monetary parameters we choose are in line with textbook treatments of the NK
model: the Calvo probability of resetting prices is set to 1/4, and monetary policy is assumed to
follow a simple Taylor rule with weights 1.8 on inflation and 0.1 on the output gap.

Table reports the business-cycle moments generated by the NK specifications of the five
models in the horserace. The RBC specifications are covered in Table 5| in the main text. Figure
reports the associated IRFs, using solid lines for the RBC specifications and dashed lines for the
NK specifications.

As evident from Tables [5| and the only competing model that fares well in comparison to
our model is the one with markup shocks: the two models deliver similar moments for all the key
real variables. As discussed in the main text, this is because a reduction in monopoly power has
the same effects on the firm’s optimal demand of all inputs and its supply of output as an increase
in the expected demand for its product. Yet, as evident in Table [12] and Figure the two shocks
have different nominal implications: the confidence shock tends to generate pro-cyclical inflation
and pro-cyclical nominal interest rates, wheres the markup shock does the opposite. It follows that
our model does better than the model with markup shocks on the nominal side of the dataf"]

Focusing now on the remaining three competing models, the most noticeable failure is that
they do not generate positive co-movement between consumption and either hours and output
or investment. Importantly, this failure obtains whether we look at the RBC or the NK case.
Additional failures include an exaggeration of the predicted investment volatility in all three models,

and the prediction of counter-cyclical investment in the case of discount-factor shocks.

26The only exemption to the last rule is in the case of news shocks. In this case, it is impossible to match both
volatilities at the same time. We thus opt to match perfectly the volatility of output and minimize the mismatch in

the volatility of hours.
2"Note, however, that the fit is in no way as good as the one the real side, indicating that other shocks or other

mechanims are needed to capture the nominal side of the data.
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Table 12: Band-pass Filtered Moments: NK Model

Data Conf. Invt. News Disc. Mkup
standard deviations
oy 146 146 146 146 1.46 1.46
onfoy 1.17 117 117 092 117  1.17
oc/oy 0.59 045 0.74 024 3.05 0.43
gifoy 395 346 595 5.05 7.48 3.78
oyml/oy 0.68 055 056 0.35 0.56 0.51
Osr /0y 0.86 058 0.61 0.63 059 0.63
correlations
Peyy 0.86 0.82 -0.24 -0.34 087 0.68
Piy 094 096 090 0.99 -0.69 0.95
Ph.y 0.88 089 0.87 0.99 087 0.89
Py/hy 0.52 024 032 086 0.26 0.46
Py/h,h 0.07 -0.22 -0.17 0.78 -0.23 0.01
Pe,h 0.87 048 -0.68 -0.48 097  0.28
Peyi 0.77 063 -0.64 -0.49 -0.95 0.43
nominal variables
or/0y 0.16 029 0.15 0.12 0.23 0.07
oRr/oy 024 033 020 0.13 024 0.04
Pr.y 0.21 091 092 -0.34 092 -0.66
PR,y 0.37 091 092 -0.26 092 -0.29
Pr.h 0.39 100 093 -0.41 099 -091
PR,h 0.60 1.00 0.97 -0.32 099 -0.62
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Figure 11: Horserace IRF's
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All in all, the confidence shock therefore emerges as the winner of the horserace: it delivers a
superior fit of key business-cycle moments, and it is also the only shock that mimics the empirical

shock we document in Section Bl

A3: Estimated Models

In this appendix we expand on the estimation of the multi-shock RBC and NK models considered
in Section 6. In particular, we first explain the estimation method; we next review the priors that
we assume for the parameters and the posteriors that obtain from the estimation; we finally review

a number of findings that are only briefly discussed in the main text.

Estimation. As mentioned in the main text, we estimate the model on the frequency domain,
focusing on business-cycle frequencies. This method amounts to maximizing the following posterior
likelihood function:

L(6|Yr) o< f(0) x L(0|Vr)
where Vr denotes the set of data (for ¢t = 1...7) used for estimation, 6 is the vector of structural
parameters to be estimated, f(6) is the joint prior distribution of the structural parameters, and
L(0)|)}) is the likelihood of the model expressed in the frequency domain. Note, next, that the

log-linear solution of the model admits a state-space representation of the following form:
Y = My(0) X,
Xig1 = My(0) Xy + Megg

Here, Y; and Xy denote, respectively, the vector of observed variable and the underlying state vector
of the model; ¢ is the vector of the exogenous structural shocks, which is drawn from a Normal
distribution with mean zero and variance-covariance matrix X(6); M, (¢) and M, () are matrices
whose elements are (non-linear) functions of the underlying structural parameters ¢; and finally M,
is a selection matrix that describes how each of the structural shocks impacts on the state vector.

The model spectral density of the the vector Y; then writes
1 ) )
Sy (,6) = 5 My (B)(1 — My (8)e™™) ™ MS(O)MUT — Mo(6) ™)~ My (6)"
i

where w € [0,27] denotes the frequency at which the spectral density is evaluated. Then the
likelihood function is asymptotically given by

T
1 _
log(L(0|Yr)) x —5 nyj (log(det Sy (w;, 8) + tr (Sy (wj, 6) ljy(wj)))

j=1
where w; = 27j/T, j = 1...T and where Iy (w;) denotes the periodogram of Yr evaluated at
frequency w;. Following Christiano and Vigfusson (2002) and Sala (2013), we include a weight
7; in the computation of the likelihood in order to select the desirable frequencies: this weight
is an indicator function that equals 1 when the frequency falls between 6 and 32 quarters, and 0

otherwise.
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Parameters:

priors and posteriors. Tables and report the priors and the posterior

estimates for the parameters in the two models. The logic behind our choice of priors for the shock

processes was discussed in the main text; we now briefly discuss the rest of the priors.

Table 13: Estimated Parameters I

Priors Posteriors
Shape Mean Std. Dev. Flexible Prices Sticky Prices
Real Aspects
v Gamma 0.500 0.250 0.647 0.793
[0.212, 1.168] [0.179, 1.518]
o Beta 0.300 0.050 0.288 0.283
[ 0.245, 0.341] [ 0.234, 0.337]
X Beta 0.500 0.250 0.309 0.632
[ 0.034, 0.674] [ 0.277, 0.934]
0 Beta 0.800 0.100 0.839 0.761
[ 0.655, 0.959] [ 0.508, 0.970]
10) Gamma 0.300 0.200 0.278 0.119
[ 0.096, 0.519] [ 0.002, 0.479]
Nominal Aspects
Dr Beta 0.500 0.150 0.259
[ 0.102, 0.415]
Ko Normal 1.700 0.300 1.304
[ 1.063, 1.681]
Ky Normal  0.125 0.050 0.091
[-0.016, 0.193]
Er Beta 0.660 0.100 0.672
[ 0.534, 0.827]

Note: 95% HPDI into brackets. Note that the flexible price model is estimated in
two steps. First we estimate the real side of the model using real data only. Then,
conditionally on the estimated real side of the model, we estimate the parameters
pertaining to the nominal side of the model so as to match the dynamics of inflation

and the nominal interest rate.

The inverse labor supply elasticity, v, is Gamma distributed around 0.5 with standard deviation
0.25. The capital share, «, is Beta distributed around 0.3 with standard deviation 0.05. The

utilization elas

ticity parameter, o, is Beta distributed around 0.5 with standard deviation 0.25@

The parameter governing the size of strategic complementarity, o, is Beta distributed around 0.8

28This choice follows Smets and Wouters (2007) and nests inelastic as well as infinitely elastic utilization.
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Table 14: Estimated Parameters 11

Priors Posteriors
Shape Mean Std. Dev. Flex. Price Sticky Price
Shocks: persistence

Pa Beta 0.500 0.100 0.524 0.501
[0.347,0.711]  [0.305, 0.672]

Pi Beta 0.500 0.100 0.463 0.466
[0.271,0.652]  [0.271, 0.662]

Py Beta 0.500 0.100 0.596 0.594
[0.415,0.768] [ 0.396, 0.760]

Pm Beta 0.500 0.100 - 0.346
[ 0.208, 0.497)

pg Beta 0.500 0.100 0.629 0.796
[0.429,0.794] [ 0.619, 0.915]

Shocks: volatilities

Cap Inv. Gamma 1.000 o0 0.515 0.475
[0.302,0.761] [ 0.305, 0.680]

Oajt Inv. Gamma 1.000 00 0.531 0.520
[0.283, 0.827] [ 0.294, 0.776)

Can Inv. Gamma 1.000 %) 0.529 0.636
[0.235,0.976]  [0.312, 1.072]

Tip Inv. Gamma 1.000 00 0.577 0.672
[0.395,0.782]  [0.479, 0.895]

Oit Inv. Gamma 1.000 o0 0.359 0.378
[0.217,0.553]  [0.216, 0.596]

Oin Inv. Gamma 1.000 00 0.440 0.702
[0.235,0.789]  [0.385, 1.090]

oy Inv. Gamma 1.000 o0 2.121 2.165
[ 1.443,2.955] [ 1.523, 3.004]

Om Inv. Gamma 1.000 00 — 0.363
[ 0.251, 0.501]

o¢ Inv. Gamma 1.000 o0 1.387 2.694
[0.758,2.252] [ 1.257, 5.069)]

Note: 95% HPDI into brackets.
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with standard deviation 0.1@ Finally, the parameter governing the size of investment adjustment
costs, ¢, is Gamma distributed around 0.3 with a standard deviation 0.2; the mean value of
0.3 departs from the much higher values used in the DSGE literature, but is in line with the
micro-level estimates provided by Eberly, Rebelo and Vincent (2012); the relatively high standard
deviation reflects our own uncertainty about this modeling feature, but also permit the estimation
to accommodate the much higher point values required by the pertinent DSGE literature, in case
this improves the empirical performance of the model by a significant margin. Finally, as far as
the monetary side of the model is concerned, we impose the following priors, which are in line with
the literature: the Calvo probability of not resetting prices is Beta distributed around 0.66 with
standard deviation 0.1; the persistence parameter in the Taylor rule is Beta distributed around 0.5
with standard deviation 0.15; the reaction coefficient on inflation is Normally distributed around
1.7 with standard deviation 0.3; and the reaction coefficient on the output gap is also Normally
distributed with mean 0.125 and standard deviation 0.05.

IRFs and Covariance Decompositions. Figures through illustrate the IRFs of our
estimated models with respect to the various structural shocks. (The solid lines correspond to
the flexible-price model; the dashed ones to the sticky-price model.) Tables [L5{ and [16] present the

co-variance decompositions of the business-cycle volatiles in our estimated models.

Table 15: Covariance Decomposition (6-32 Quarters): Flexible-Price model

Cov(Y,h) Cov(Y,I) Cov(Y,C) Cov(h,I) Cov(h,I) Cov(I,C)

Belief Shock 58.04 41.00 49.00 53.19 139.81 206.99

Technology shocks

Permanent 4.80 5.85 55.05 1.45 27.61 79.36
Transitory 12.85 22.69 31.40 11.88 29.93 128.03
News 13.73 19.09 -14.59 18.89 -39.75 -150.66

Investment shocks

Permanent 1.42 0.65 0.85 0.79 2.52 1.02
Transitory 0.80 1.18 -2.04 1.53 -5.80 -19.92
News 7.50 10.56 -17.56 13.55 -48.95 -161.22
Fiscal Shock 0.85 -1.02 -2.11 -1.28 -5.36 16.41

29 As in our calibrated version, this parameter is not tightly identified: varying this parameter changes the estimates

of other parameters, most notably that of o¢, without affecting the empirical fit of the model.
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Figure 12: Theoretical IRFs to three types of neutral technology shocks
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Figure 13: Theoretical IRFs to three types of investment shocks
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Figure 14: Theoretical IRFs to two types of policy shocks

(a) Fiscal Shock
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Table 16: Covariance Decomposition (6-32 Quarters): Sticky Price model
Cov(Y,h) Cov(Y,I) Cov(Y,C) Cov(h,I) Cov(h,I) Cov(I,C)
Belief Shock 65.66 54.21 85.85 60.91 161.85 305.64
Technology shocks
Permanent 2.67 4.59 43.54 1.09 15.62 65.30
Transitory 0.26 4.71 8.36 0.44 -1.71 28.76
News 4.83 8.34 -8.78 6.16 -15.56 -70.12
Investment shocks
Permanent 1.32 1.31 -2.13 1.43 -4.48 -9.57
Transitory 1.82 2.35 -3.74 2.65 -7.41 -22.51
News 12.19 17.47 -36.63 19.40 -74.29 -255.42
Fiscal Shock 1.36 -0.74 -2.04 -0.81 -3.72 6.23
Monetary Shock 9.88 7.75 15.57 8.73 29.71 51.70
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A4: Log-Linear Solution

In this appendix we explain how to augment a large class of DSGE models with our proposed type
of higher-order belief dynamics and how to obtain the solution of the augmented model as a simple

transformation of the solution of the original model.

The log-linear version of our baseline RBC model. Before we consider the general case, it

is useful to review the linearized version of our baseline RBC model. This will help fix ideas.
Thus consider the FOCs of the local planning problem and log-linearize them around the deter-

ministic steady state. Let a hat denote the log-deviation of a variable from its steady-state Valueﬂ

The log-linearized equilibrium conditions take the following form:

it =y + aki g+ (1 — )7 9)

(1+ )fie =(1 — 0)Jis + 0Ei Yy — EiyCiy (10)
Ez’,tﬂ 25/1'\i,t +(1— 5)Ei,t (11)

Ef @1 — G =(1 = A(1 = 0)Bf, [(1 = )Firsr + 0¥ir — Fis (12)
(1= 0)Fis + pYs =(1 — 8)Cis + siiy + (1 — p)Zis (13)

The interpretation of these equations should be familiar: @ is the local production function;
is the optimality condition for labor; is the law of motion for local capital; is the Euler
condition; and is the local resource constraint, with s denoting the saving rate in steady state.
The only novelty in the above equilibrium conditions is the presence of island-specific expectation
operators. In particular, [; ; denotes the local expectation in stage 1 of period ¢, whereas E;t denotes
the updated expectation in stage 2. The difference between these two expectation operators derives
from the fact that islands do not know Y; in stage 1 but observe it in stage 2. This explains why
the first expectation shows up in the optimality condition for labor, while the second shows up in

the optimality conditions for consumption and investment.

The general case. We henceforth consider an economy that can be represented by the following
System:
My yir = Mygal, + Myx Xy + M,y EyY; + Mnyitl”ZJ; + MyFEitth + Myl s
M:m:()x?t-t,-l = Mgl + Myx1 Xe + Myy1yiz + Moy Yz + folﬂﬁf; + M:cFIXiJ:g + Mys15¢
My oyl = Mypiah + MyppoBy X[,y + Mpmi X{ + Mpgoat oy + Myl + Myxi X,
+ MyyoEiyirt1 + MpyoEnYipr + Mpg1yie + Myy1Y: + MysoElsey1 + Mg Ejpsy
St = Rsy_ 1+ &

§=Q& 1+

39To be precise, since we have allowed TFP to have a drift v > 0, we consider a log-linearization around the

associated deterministic balance-growth path.
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This system is a generalization of the one we obtained in our baseline RBC model. Here, 2%, 27, v, s,

and ¢ are allowed to be vectors; 2 captures backward-looking variables (such as capital in our
model); zf is captures forward-looking variables that are chosen in stage 2 of each period (such
as consumption and investment in our model); y captures the variables that are instead chosen in
stage 1 (such as employment in our model); s captures the shocks to payoff (such as technology);
and finally £ is meant to capture the shocks to higher-order beliefs. Accordingly, we make the

following assumptions about beliefs, which mirror the assumptions we made in our baseline model:

Eitsi = s, EyEjise = s¢ + A&

/ - IR o
Eitst = St, EitEjtSt = S¢

where A is a loading matrix.

The precise interpretation of the aforementioned variables depends on the model under consid-
eration. Similarly, the matrices that show up in the above system depend on the primitives of the
model. In what follows, we show how to obtain a tractable solution for arbitrary such variables
and matrices.

But let us first consider the complete-information, representative-agent counterpart of the gen-

eral model we have introduced above:

Yy = MxX; + MpyY; + MpE,X] + MEys,
X1 = Nx X + Ny'Y; + Np X/ + Nys,
(Pfo — Pro)E, X/ | = PriX{ + PyoE,Yis1 + Px X, + Pr1Ys + Pasy
st = Rsi_1 + &

& =Q%— 1+ 1y

It is well known how to obtain the policy rules of such a representative-agent model. Our goal in
this appendix is to show how the policy rules of the belief-augmented model that we described above
can be obtained as a simple, tractable transformation of the policy rules of the representative-agent
benchmark. In particular, we will show that the policy rules for our general DSGE economy are as
follows:

X; = Dx X} + Dysy + Dely,

where X; = (th , Y:, th +1) collects all the variables, I'x and I'y are the same matrices as those that
appear in the solution of the representative-agent model, and I'¢ is a new matrix, which identifies
the effect of higher-order beliefs.

Solving the general case. We now show how to obtain the aforementioned solution. The basic
strategy behind our solution is familiar: we start by making a guess for the policy rules followed by
all islands expect one (equivalently, a guess for the aggregate outcomes); we next obtain the policy

rules that represent the best response of the latter island; we finally look for the fixed point. The
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only novelty, and complication, pertains in the treatment of expectations: we must keep track of
the difference between first- and higher-order beliefs.

Preliminary steps and educated guesses. The system can be rewritten as

Yir = My (2, — X;) + Mx X; + MpyE;Y; + MfEit(l{t — X))+ MpX] + MEys, (14)
2l = No(2b, — Xi) + Nx X; + Ny(yie — Vi) + NyYy + Ny (zd, — XY + Np X! + Nys,

(15)
PyoEjal, = Pri(ah — X)) + ProEl X[, + Pri X[ + Po(ab, — Xy) + Px Xo+ (16)
+ Pyo(Elyyitr1 — EiYip1) + PyoEL Y + Ppi(yi — Vi) + Py1Ys + Pssy (17)

where

My = My,'Mys, Mx = My '(My, + Myx), Mpy = M, My,
My = My—;Myf, Mp = My—yl(Myf + Myp), My = My_ylMys

N:p — Mil Mx:pl» NX = Mil (Mrmzl + MzXl)a Ny = Mil Mxyla NY = Mil (Mxyl + MmY1)7

xx0 xx0 xx0 xx0
Ny = M oMy, Np = My o(Myp1 + Myp1), Ny = M Mg

Pyo = Myso, Pry = Mygp1 + MypoNyg, Pro= Mypo, Pr1 = Myp1 + Myp1 + My oNp

Py = Mypp1r + MypoNz, Px = Mypx1+ Mypgr + MyoNx,

Py = Myyo, Pyo= Mygyo+ Myyo, Pyp = Mypy1 + MpeoNy, Py = Myy1 + Myy1 + My Ny,
Py = MysoR 4 Mpgi + MyyoNs

Let us formulate the following Dynamic Guess for the =/ variables.

mzft = Fg(:vft - X))+ FQXt + FfEitst + Fgft

where we ignore the endowment shock as we already showed it will not be present in the solution.

Consider now the prior expectation of xf; and th . Using the above guess, we have

X/ = T4 X, +T{Eqs, +Tle,
Eitth = FQXt + T Eys; + (Fg + TN
Eqxl, = DL(af — X;) + T4 X + D Eysy + Fggt

which also implies that
Eu(z) — X)) =112t — X,) —T/A
lt(‘rlt t ) I(xlt t) s €t
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Plugging this in , the equation for y;;, we get
yir = My (2l — Xp) + Mx Xy + MpyBaY; + MEq(z}, — X/) + MpEq X{ + M.Eys,
= M, ( — X¢) + Mx Xy + MpyEyY: + My [Ff( - Xi) — FfAEt}
+ Mp [Ff X, + T{Eys, + (T + T/ A)gt} + M,Egs;
= (M, + M;TI) (2% — X;) + (Mx + MFFQ)Xt + MpyEi+Y:
+ (M + MpTD)Egs; + (Mp(T] +T1A) = MyTIA)
Let us then make the following Static Guess for the y variables:
yir = M(xd, — Xi) + A% X + AlEas: + A&
We then have, by aggregation,
Y, = A Xy + AYs, + Aygt
EiY: = A% Xy + AYE;s, + (Ay + AN
Plugging these results in the equation we obtained for y;;, we get
yit = (My + M TE) (28, — X,) + (Mx + MpTh) X, + Mgy (AZ)’(Xt + AVEqs, + (AY + A%A)gt)
+ (M, + MpD)Eys, + (MF(rg” +TIA) - Mfrg‘A) £
For this to be consistent with our static guess for y;;, we must have
AY = M, + MT!
AY = (I — Mpy) "(Mx + MpT%)

AY = (I — Mpy) Y(M, + MpI'])
AL = (I - Mgy) " (MpT] + (Mp — Mp)TIA + Mpy AYA)

We have thus verified the static guess and we have obtained the ¥ and A coefficients as functions
of primitives and the I' coefficients in our dynamic guess.

Beliefs about the future. The agent’s beliefs about aggregate next-period output:

Vi1 = Ax Xep1 + AYSe1 + Al
Eitt1Yir1 = Ax X1 + AlBji1se1 + (A + AYA)E
E;tift_;_l = Ag(Xt—&—l + AgRSt + (Ag + AgA)Q&

His beliefs about his own next-period output:

Yit+1 = Ag( Lit+1 = Xey1) + A Xt+1 + AVEjpy18641 + AY ft-l—l
Egtyitﬂ = Ai( Tit+1 - Xi) + AY Y X1+ AYRs; + Anyt
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His beliefs about his next-period forward variable:

Eitﬂl‘,};H =TS (2d ) — Xe1) + s Y X1 + T By 18001 + r! 43as!
Ejyxlyy = Th(aly — Xivn) + T4 Xo1 + T R + T Qg
and for the aggregate forward variables
Ezt+lXt+1 =T Xo 11 + TiBi18041 + ( +TIA) 4
E;tXfH = T4 Xpp1 + T Rs + (Fg + FgA)Qﬁt

From these, we get
yie — Yo = AY(al, — Xo) + AY(Biese — 5:) = AY(af, — Xo)
ol — X] =Tf(al, — X0) + T (Barse — 51) = T (a}, — Xo)
Plugging these results in the law of motion of backward variables, we get

= No(al, — Xi) 4+ NxX; + Ny (yie — Y2) + Ny'Ys + Ny(al, — XY + Ne X[ + Ngsy
= No(al, — X)) + NxX; + N, {A2(a2, — X))} + Ny {Ay Xt+Asst+Aggt}

+N{rd(at, - X0) b+ Np {0k X0 + D5+ 16 ) + Nos

b
Lit41

Using the fact that 5, = s, = E},s;, we get

ahy = Q@ — Xo) + Qx X + Quse + Qely

and hence
Xir1 = Qx Xy + Qs + Qe&y

where
Q. = N + N,AY + NI
Qx = Nx + NyAY% + Np[h
Qs = N, + Ny AY + NpTY
Q¢ = Ny AY + NpI'{

It follows that

E;tl{tJrl = Ff( 'Lt+1 — Xiq1) + I/ X1+ ! Rs, + FfQ&
T (2h, — Xp) + T4 {Qx Xy + Quse + Qe&} + TLRsy + T, Qg

or equivalently
E/txit—&—l Dy (2l — X)) + Dx Xy + Bysy + ey
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where
o, = T[Q, =T[{N,+N,AL+ NS}
ox = Thx =14 Ny + Nya% + Ner |
o, = T/R+15Q,=T/R+TL {NS + Ny AY + Nprg}
o = TLQ+140 =1[Q+ 1L {NyAL+ Nerf}

With the above steps, we have calculated all the objects that enter the Euler condition .
We can thus proceed to solve for the dynamic guess.
Dynamic fized point. Recall that the Euler condition is given by

ProEjyah ) = Pri(al, = X[) + ProB X[\ + P X{ + Po(aly — Xo) + Px Xo+

+ Pyo(Ejyitr1 — EiyYir1) + PyoEj Yip1 + Pyi(yie — i) + Pr1Y; + Pesy
Using our preceding results, we can rewrite this condition as follows:

Prg {(I)x(fU?t — Xi)+ Ox Xi + Posy + (I)gft} = Pleic(ari-’t — Xi) + Pro{®xXi + Pyt + P&y}
+Pp1 {FQXt + ngt + Fgft}
+Px(37§t - Xi) + Px X + PylAg(xSt - X)
Py, {A}L;(Xt +AYs, + Aggt}
+Pyo { A4, (b, — X;) — AUAQE }
+PY0A§( Qx Xy + Qosp + Qe&y]
+Pyo { ALRs, + (AL + ALA)QE | + Posy

For this to hold of all realizations, the following I" coefficients must solve the following system:

(Pro — Pro) ®x = PF1F§( + Px + Py1A% + PyoA% Qx
(Pyo — Pro)®s = Ppil + PyiAY + Pyo {A% Qs + AYR} + P,
(Pro — Pro) ®¢ = PFJ‘g + PyiA{ + PyoA{Q + ProA% Qe + (Pyo — Pyo)AIAQ

where the matrices @, A, Q are themselves transformations of the I' matrices.

One can readily verify that Fg = 0 solves the last equation. This means that we don’t have to
solve the model with “endowment shocks”

The key question then is if the top two questions are the ones from the standard representative-
agent model. I bet they are.

Provided that this is true, we can proceed to solve for I'¢ as a function of the primitives and
the representative-agent policy rules.

Solving for I'c. From the aforementioned system, the condition that pins down I'¢ is the follow-

ing:
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(Pgo — Pro) ®¢ = PF1F£ + PyiA{ + ProA{Q + PyoA% Q¢ + (Pyo — Pyo)AJAQ
Using the facts that
Q¢ = NyA{+NpI{
o = TLQ+1{ {NyAY+ Npr}
we can express the aforementioned condition as
(Pro = Pro) {T{Q + T (Nl + NeT{) b = PeiT, + PriA + ProAlQ + ProA% (NyAL + NpTY)
+ (Pyo — Py)AYAQ
or equivalently
((Pfo - PFO)Fg - PyoAg) Q + ((Pfo — Ppo)T% Ny — Pyy — PyoAggNy) Af
+ ((Pgo = Pro)T4 Ni — Pr1 = ProAY N ) T = (Pro — Ppo)AZAQ
Next, replacing

Ag = - MEY)ilMFIg +(I - MEy)fl (Mp — Mf)FgA + MEyAgA}

we obtain
ArfQ+pri=c (18)
with
A =(Pjy — Pro) — Pyo(I — Mpy) ' Mg
B = ((Pfo — PFO)FggNY — Py1 — PYOAg(NY> (I — Mpy) 'Mp + (P — PFO)FEI(NF — Ppy — PyoA% Np
C = ((Pyo— Po)AL + Pyo(I = Mpy)™" |(Mp — MU + My AY|) AQ
- ((Pfo — Pro)T4 Ny — Py — PygAg(Ny) (I — Mpy)™, [(MF — My + MEYAg] A

with A% = (I — Mpy)~'(Mx + MpT) and AY = (I — Mgy) (M, + MzT]).

Note that A, B, C are determined by primitives plus the policy rules of the representative-agent
model. This verifies that we can calculate the “distortion” matrix I'c on the basis of the solution

of the representative agent model.

We conclude that the policy rule for our economy as follows:

X/ =1{X, +1!s +Tlg,

where I‘g( and T/ are the same matrices as in the representative agent model and Fg is the solution

to .
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Computation of forecasts. We have
Xir1 = Qx Xy + Q65 + Qe&y
We want to compute E;; X; 1. We know that E; s, = 5, + A&, such that
Eit Xep1 = Qx Xy + Q5 + (Qe + QA&
Likewise, we have
Eit Xit2 = QxEu X1 + QEisi1 + (Qe + QeA)Eiéen

which, using the properties of (i) expectations and (ii) the shocks, leads to

Eit Xiyo = QxEi Xi1 + Qe R5 4+ (2:Q + QAQ) &
Plugging the expected value for X;y1, we get

EitXiy2 = Q% X + (Qx Qs + QR)Se + [Qx (e + LA + (Qe + QA)QJE;

Keeping iterating, we get that

j—1 Jj—1
EpXiyj = QX + Z ij_l_kﬂst?t + Z ij_l_k(Qg + Q. A) Q¢
k=0 k=0

Defining the vector Z; = (X; 5; &)’ and the matrix

Qx O Q£+QSA
Mz=| 0 R 0
0 0 0

it can be verified, by iterating on the matrix M, that
By Xty = EM}Z,

where = = (I 0 0)' is a selection matrix that fetches element X in the vector Z.

Our problem is actually to compute E;;Y;;:
EiYiy; = AYEi Xt + AVEirsetj + AgEz‘tﬁtﬂ
We have the first term from the previous calculations, and we have
ANEisi45 + AgEitftﬂ = AYRT5, + (Aé’ + AYA)QTEs
Then it comes immediately that
EaYis; = (A% AL AYA+AY) M} Z: = My 72
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Likewise, we have

Jj—1 Jj—1
Yiyj = My M Zi+ My Y MY Mpeyij = My;Z; + My Y MY Mpe,j
k=0 k=0
Hence
j—1
_ AT k
Mei+i = (My,; — My,j)Z + My Z My Mgegyj—k
k=0

It then comes that

-1
V(nt,e44) = (My,; — Myj)YXz2(My,; — My;)' + My (Z M;C(ZEEM§(> My
k=0

where EEE = MEZM/E
Cov(nti1j,Ys) = (Myj — My,;)Ez7 My,

Simple, but tedious, algebra shows that the first order autocovariance of 7; ;4 ; is finally given by
Cov(e gy Me—1,0-14) =(My,j = My, )MxSz7(My; — My;) + (My,; — My,;)SppMy " M;,

7j—2
+ My Mx (Z MQEEEM§> M;,
k=0
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