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Abstract

We develop methods for empirically analyzing preferences and agent welfare us-
ing data from single unit assignment mechanisms that are not necessarily truthfully
implementable. Our approach views the report made by an agent as a choice of a
probability distribution over her assignments. When the finite market mechanism con-
verges uniformly to a limit mechanism, the probability of assignment as a function of
the report can be consistently estimated. We verify that this condition is satisfied for
a large class of mechanisms that we call report-specific priority + cutoff mechanisms.
This class includes the Boston Mechanism and the Deferred Acceptance mechanism.
Certain welfare comparisons, such as pareto comparisons of mechanisms, are possible
using data generated by two different mechanisms and estimates only of the probabil-
ities of assignment. We then study identification of a latent utility preference model
under the assumption that agents play a limit Bayesian Nash Equilibrium (limit equi-
libria are approximate equilibria in finite markets). Preferences are non-parametrically
identified under either sufficient variation in choice environments or sufficient variation
in a special regressor. We propose a second-step based on Gibbs’ sampling to recover
the full distribution of preferences. We apply our techniques to data from elementary
school admissions in Cambridge, MA. In extensions, we relax the assumption that all

agents are sophisticated.
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1 Introduction

Several public school districts in the United States and abroad implement formal school
choice mechanisms that solicit rank-order lists to assign students to schools (Abdulkadiroglu
and Sonmez, 2003; Pathak and Sonmez, 2008). Admissions are typically based on student
priorities, a lottery, and importantly, an expressed desire to attend a school. These data
therefore provide a promising opportunity to estimate student preferences to evaluate eco-
nomic questions. Recent empirical studies have used such estimates of student preferences
to evaluate student welfare under alternative matching mechanisms (Abdulkadiroglu et al.,
2014), implications for student achievement (Hastings et al., 2009), and school competi-
tion (Nielson, 2013). However, with rare exceptions, mechanisms used in the real world are
susceptible to gaming (Pathak and Sonmez, 2008), making it difficult to directly interpret
reported lists in as true preference orderings.

This paper proposes a general method for empirically analyzing preferences for schools
using data from manipulable mechanisms. Previous empirical work has typically assumed
that observed rank order lists are truthful representation of the students’ preferences (Hast-
ings et al., 2009; Abdulkadiroglu et al., 2014; Ayaji, 2013), allowing a direct extension of
discrete choice demand methods with such data (c.f. McFadden, 1973; Beggs et al., 1981;
Berry et al., 1995, 2004). The assumption is usually motivated by properties of the mech-
anism or by arguing that strategic behavior may be limited if there was a sudden change
in the choice environment. This approach may not be valid for commonly used mechanisms
such as the (old) Boston Mechanism or a deferred acceptance mechanism with limit on the
length of the rank-order list. Students have a strategic incentives to manipulate their reports
since applying to popular schools can be risky, and positions on the rank-lists are scarce.
Anecdotal evidence from Boston suggests that parent groups and forums to exchange infor-
mation about the competitiveness of various schools are fairly active (Pathak and Sonmez,
2008).

O

Our baseline approach is based on assuming that student reports are described by a limit
Bayesian Nash Equilibrium. This in a large matching mechanism

A notable empirical exception to assuming truthful revelation of preferences and the clos-
est paper to the proposed work is He (2012). This paper studies strategic behavior in the
Boston mechanism in Beijing, and estimates preferences under the assumption that agents’
reports are undominated using a full-likelihood approach. The approach relies deriving a
limited number of restrictions implied by rationality using the specific number of schools

and ranks that can be submitted in Beijing, and that the mechanism treats all agents sym-



metrically. Our approach allows for a general class of mechanisms that includes mechanisms
with student priority groups and considers a broad range of restrictions implied by rational-
ity. The proposed method does not require the researcher to analytically derive implications
of rationality for use in estimation. Further, our aim is to characterize the identified set or
show point identification under the restrictions imposed on the data and directly study the
properties of an appropriate estimator, aspects which are not studied in He (2012).

We construct a method for estimating preferences by assuming that the observed rank
order lists maximizes each students’ expected utility. The key insight is that a reported
preference list generates a probability of assignment to the various schools in the list (where
the probabilities depend on the reports of other students). The reported rank-order list
then reveals comparisons of expected utilities across different reports. We propose a two-
step approach where we first estimate these probabilities and then use them to construct
revealed preference inequalities. Since this assumes a strong form of rationality by students,
we plan to study relaxations in which more limited features of the assignment probabilities
and revealed preferences are used to estimate (possibly a set of) preference parameters.

There are two main motivations for estimating student preferences in this environment.
First, a large, primarily theoretical, literature has taken a mechanism design approach to
the student assignment problem to study algorithms that use submitted preferences list to a
centralized clearinghouse to determine student placements (Gale and Shapley, 1962; Shapley
and Scarf, 1974; Abdulkadiroglu and Sonmez, 2003). Such mechanisms are currently used in
several school districts, including Beijing, Boston, Chicago, Denver, London, New Orleans
and New York. Therefore, the preferences of the students are fundamental primitives that
influence mechanism comparisons.

While the theoretical properties of various mechanisms have been well-studied and used
to guide recent redesigns of matching markets (Roth and Peranson, 1999; Abdulkadiroglu
et al., 2006, 2009), their empirical analysis has been relatively limited. Importantly, prospec-
tive analysis of the assignment effects of a change in the school choice mechanism is rare
(see Pathak and Shi, 2013, for an exception). Such prospective analysis requires empiri-
cal estimates of preferences since these are the fundamental primitives determining student
assignment.

One significant barrier to such prospective analysis is that the fundamental primitives
are difficult to estimate since a large number of school choice mechanisms are susceptible to
manipulation (Pathak and Sonmez, 2008, 2013). If the preference lists are not truthful, then
the standard approach in the discrete choice literature assuming that higher ranked options
are preferred to lower ranked options is not applicable. The proposed research aims to fill this

gap. In our application, we will compare the welfare outcomes under the Boston mechanism



and a student proposing deferred acceptance mechanism. The relative benefits of these two
mechanisms has been debated in the theoretical literature (Miralles, 2009; Abdulkadiroglu
et al., 2011b; Featherstone and Niederle, 2011).

Second, recent work on measuring the effects of school assignment on student achievement
simultaneously models the preferences for schools with test-score gains (Hastings et al., 2009;
Walters, 2013; Nielson, 2013). This work has been motivated by the fact that without data
from a randomized assignment of students to schools (Krueger, 1999; Chetty et al., 2011,
among others) or quasi-experimental variation in assignment (Cullen et al., 2006; Deming
et al., 2011; Abdulkadiroglu et al., 2011a, among others), a researcher must confront the
possibility that students differentially sort into schools that result in idiosyncratic achieve-
ment gains. Even with a quasi-experimental design, it is unclear that estimates of Local
Average Treatment Effects (LATE) are consistent for larger scale policy changes. Walters
(2013) shows that estimates of charter school achievement gains obtained from lottery based
research designs are biased for the achievement effect of assigning all students to charter
schools if a selected group of students participate in a lottery.

Methods for estimating preferences in a broader class of data-environments expand our
ability to study the effects of school assignment on student achievement. As shown in Walters
(2013), a structural approach to the assignment problem can be used to extrapolate LATEs
measured using quasi-experimental variation. Due to this inability to extrapolate outside the
precise margins measured, some recent studies have obtained treatment effects of assignment
into a students “first” choice school (Abdulkadiroglu et al., 2012). A selection on preferences
is implicit this statement. We hope to extend our methods to combine these local estimates
along the preference list to simulate achievement effects of a larger scale intervention.

The project contributes to the growing literature on methods for analyzing preferences
in matching markets, both in settings with transferable and non-transferable utility. Many
recent advances have been made in using pairwise stability as an equilibrium assumption
on the final matches to recover preference parameters (Choo and Siow, 2006; Fox, 2010b,a;
Chiappori et al., 2011; Agarwal, 2013; Agarwal and Diamond, 2014). The data environ-
ment considered here is significantly different and pairwise stability need not be a good
approximation for assignments from manipulable mechanisms.

Our approach to studying large sample properties of our estimator and defining a limit
mechanism is motivated by recent theoretical work studying matching markets by Kojima
and Pathak (2009); Azevedo and Leshno (2013). Some of our proposed results rely on and
extend results in Azevedo and Leshno (2013). While one may conjecture that in a large
market, agents act as price-takers and cannot manipulate outcomes, Azevedo and Budish

(2012) show that many mechanisms retain strategic incentives in a large market.



The proposed two-step estimator leverages insights from the industrial organization lit-
erature, specifically the estimation of empirical auctions (Guerre et al., 2000; Cassola et al.,
2013) and dynamic games (Bajari et al., 2007). As in the methods used in those contexts,
we use a two-step estimation procedure where the distribution of actions from other agents
is used to construct probabilities of particular outcome as a function of the agents’ own
action and a second step is used to recover the primitives of interest. However, the nature
of primitives, reports, the mechanism and economic environment are significantly different
than in our context.

Our approach to identification results builds on insights from the identification of discrete
choice demand (Matzkin, 1992, 1993; Lewbel, 2000; Berry and Haile, 2010). While the
primitives are similar, unlike discrete choice demand, each report is a risky prospect that
determines a probability of assignment to the schools on the list. In this sense, our paper is
similar to Chiappori et al. (2012), although their paper focuses on risk attitudes rather than

the value of underlying prizes.

2 Limit Mechanisms

We consider an environment with students indexed by i € {1,...,n} and schools indexed
by j € {0,1,...,J} = S. School 0 denotes being unmatched. Each school has ¢; seats,
with g9 = oco. Each student has a priority type t; € T, where T is a finite set. For
instance, students in the Cambridge school system and many others are prioritized based
on whether live in the school walk-zone or if they have an older sibling in the school. The
students in a mechanism by submitting a report R; € R;, which is a rank-order list over
the schools S = {0,...,J}. The set R; may depend on the student’s priority type ¢;, and
may be constrained. For example, students in Cambridge can rank up to three schools, and
programs are distinguished by paid-lunch status of the student. The rank order lists of all
students is denoted R € Ry X ... x R, = R", and the vector of priority types is denoted
t € T". At a minimum, we require the dataset to contain the reported rank order lists and
the student’s priority types.

A mechanism is an outcome of an algorithm that takes these rank-order lists as inputs.
To study properties of a mechanism and our methods, it will be convenient to define this as

a function that depends on the number of students n instead of the outcome of an algorithm.

Definition 1. Fiz a set of schools S and a sequence of capacities qj. A mechanism {®"}

is a collection of functions (®',... ®") where
"R x T =5 (AS)"
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such that for all R € R"™, andt € T",
> @L(R.E) < q).
i=1

In this notation, the i — j-th component of ®"(R), denoted ®;(R,t) is the probability
that student ¢ is assigned to school j. Hence, the outcome for each student is in AS. In the
Cambridge school system, there is a lottery that breaks ties between students. Such lotteries
are a natural source of uncertainty faced by students.

We restrict attention to mechanisms that treat students with the same priority types

symmetrically.
Definition 2. A mechanism is semi-anonymous with priorities T if
1. forallt, R;, R_; andi, i’ such thatt; = t;, we have that O} ((R;, R—;),t) = ®L((R;, R—),t).

2. forall R;, R_; and R™, = (Rﬂ(l), ooy Regicnys Regignys - -+ Rﬂ(n)) where T 1S a permuta-
tion of {1,...,i—1,i+1,...,n} such that t i = ty, we have that @} ((R;, R—;),t) =
(I)?((Ri? Rzi)’t)'

The restriction to semi-anonymous mechanisms rules out admissions systems where a
fine metric such as a test score is used to order students.

It is useful to consider the mechanism from an individual student’s perspective. The
student receives a probabilistic assignment as a function of her report and the joint dis-
tribution of priorities and reports of the other agents. The following result, which follows
immediately from the definition of an anonymous mechanism, shows that this perspective is

without further loss of generality.

Claim 1. Let m(R_;,t_;) = ﬁ Y ic_iO(Rr, .1, be the empirical measure of reports of stu-
dents other than i. If ®" is semi-anonymous, there ezists a function ¢" : (R x T) x A(R X
T) — AS, such that

¢n((RZa ti)> m(R—iv t—i)) = (I)?((RZ’ R—i)> t)'

Note that ®? only restricts ¢™((R;,t;), m(R_;,t—;)) at a subset of probability measures
m, namely, probability measures of the form %ZZ Or, ;- We are free to choose ¢" at other
values. Henceforth, we refer to a specific choice of ¢™ when discussing a semi-anonymous
mechanism.

With the above result in hand, it becomes natural to consider the limit of a mechanism

as follows:



Definition 3. The function ¢ : (R x T) x A(R x T) — AS is a limit mechanism of
the sequence of semi-anonymous mechanisms {¢"} if for all R; and m € A(R x T),
¢~ ((Ri,ti),m) = lim ¢"((Ri,t;),m)

Our identification and estimation results procedure will be based on properties of this
limit mechanism and agent behavior. The route to econometric analysis relies on understand-
ing whether the properties of a limit mechanism evaluted at m can be approximated by large
finite mechanisms. A key property that will allow us to consider consistency properties of

our estimator relies on proving the convergence in probability of the outcomes evaluated at

the empirical distribution of the reports to its limiting values.

Condition 1 (Convergence). If m" ! is an empirical measure of n — 1 draws of (R;,t;)
from the population measure m € M, then for each (R,t), ¢"((R,t),m" ) & ¢=((R,t), m)

uniformly in m.

This condition can also be derived as a consequence of the continuous mapping theorem
if, for example, ¢>°((R,t),m) is continuous in m and ¢"((R,t),m" ') — ¢*°((R,t), m) uni-
formly in m. The remainder of this section describes a large class of mechanisms in which the
condition is satisfied, and that limit-equilibria of mechanisms that satisfy this condition are
approximate equilibria in finite economies. While our baseline model will assume equilibrium

play, Section 6 relaxes this strong notion of agent sophistication.

2.1 Report-Specific Priority and Cutoff Mechanisms

Verifying Condition 1 may not be straightforward because matching mechanisms are often
described using algorithms instead of functions that take a measure of reports as inputs. In
this section, we represent a class of mechanisms using rank-specific cutoffs and show that all
mechanisms that admit this representation satisfy Condition 1.

Let e; € [0,1]7 be a vector of student eligibility score that encodes the student priority
type t; and a randomly generated lottery. Here, e;; > ey; implies that student ¢ has higher
eligibility at school j than student 7. Let p € [0, 1]7 denote a cutoff vector that determines
the minimum eligibility score student that a school will accept. Given an eligibilty score e;

and a cutoff vector p, we say that student ¢’s report R; expresses individual demand

Roes , .
DJ(' "= 1{ey > p;, jRi} H HjR;j or ejr <py}.
J'#i

We can now define aggregate demand by integrating over the measure of student priorities



and reports n:

Definition 4 (Aggregate Demand). For a cutoff vector p € [0,1]7, the measure of students
demanding j € S s given by

Dj(p) =n ({(61:7 Ri):ei; > pj jRi} () (e, Ri) s jRij'} U{(ei, Ri) iy < pj'}))

J'#I

and the measure of student demanding no school is given by

J

Do(p) =1 (ﬂ ({(ei, R) - iRij} U{(es, Ry) < ey < Pj'})> -

We make the following assumptions on 7 in the limit continuum economy:
Assumption 1. The measure over student types n is satisfies

(i) Non-degenerate lotteries: For each p, p' € [0,1]7 and R, n({(e,R) : pAp < e <
pVP'}) < Elp =1

(i4) Decreasing Demand: For all p, p’ such that p; < p; and py = pj, for all k # j, then
Dj(pln) > D;(p'|n).-

(i4i) Gross Substitutes: For all p, p' such that p; < p); and p, = pj, for all k # j, then
Di(pln) < Di(p'|n) for all k # j.

(iv) Continuity: D(p|n) is continuous in p.

Non-degenerate lotteries is a strengthening of strict preferences in Azevedo (2011). It
allows for perfectly correlated lotteries, but maintains is satisfied, for example, if n admits
a density. Decreasing demand and gross substitutes are satisfied in n has full support.
Also satisfied if school preferences are perfectly correlated and preferences and there is full

support on the preferences submitted by the students. Implied by assumptions in Azevedo
and Leshno (2013).

Definition 5 (Market Clearing Cutoff). The vector of cutoffs p is a market clearing cutoff
for economy (n,q) if for all j € S, z;(pln,q) = D;(p|n) — ¢; <0, with equality if p; > 0.

A unique market clearing cutoff exists in the limit economy under Assumption 1, and is

approximated by the market clearing cuttofs of finite economies.



Lemma 1. Consider an economy [n,q|. If n satisfies Assumptions 1(i)-(iii), then [n,q]
admits a unique market clearing cutoff p*.

Further, let p" be a sequence of market clearing cutoffs for (n™,q"), where n™ is an
empirical measure corresponding to n draws from n and q* — q. If n satisfies Assumption 1

and " — q, then SUpm..pnjgn gny<gny IP" — D] 0.
Proof. See Appendix A.2 n

The proof of a unique cutoff is based on results in Azevedo and Leshno (2013). To show
that the cutoffs converge, we first show uniform convergence in probability of the aggregate
demand as a function of p using empirical process methods. This result is a straightforward
consequence of the observation that the set of student-types that express demand for a school
j form a VC-class (indexed by the price p). Combined with a unique cutoff in the limit, we

can then show uniform convergence of p™ to p*.

Definition 6. A mechanism ¢" is a report-specific priorities + cutoff mechanism a
there exists a function f: R x [0,1]7 — [0,1]7 such that

(i) f strictly increasing in the last J arguments

(”) QS?((RZ? ti)? m(R—i’ t—i)) = / s /D(Ri’f(RiVEi)) (pn)anhel\tl (Rla ) s anmen\tn (Rm )

(111) p" are market clearing cutoffs for each profile of reports and lotteries
((Rb f(Rh 61))7 R (R’ru f(RTLa en)))

This mechanism finds market clearing cutoffs for an associated economy in which every
agent’s priority score is modified through f as a function of their report. The agent is then
assigned to her most preferred program for which her modified priority score exceeds the
cutoff.

Theorem 1. Assume that n/(R,{e: e <p}) =n(R,{e: f(R,e) < p}) satisfies Assumption
1. If " is a report-specific priority + cutoff mechanism, then ¢" satisfies Condition 1

The proof is based on.. The requirement that n/ satisfies Assumption 1 is jointly on the
equilibrium play as well as the lotteries.

It turns out that several commonly used mechanisms can be expressed as report-specific
lottery + cutoff mechanisms.

Our first set of results show that this formulation is useful for studying real-world mech-

anisms. We illustrate this using two commonly used mechanisms.



The Student Proposing Deferred Acceptance Mechanism: For reports Ry, ..., Ry

and priorities tq,...,tn,

Step 1: Students apply to their first listed choice and their applications are tentatively held in
order of priority and a lottery number until the capacity has been reached. Schools

reject the remaining students.

Step k: Students that are rejected in the previous round apply to their highest choice that has
not rejected them, and applications are help in order of priority and a lottery number
until the capacity has been reached. The remaining students are rejected. Continue if

any rejected student has not been considered at all their listed schools.

This mechanism is strategy-proof for the students if the students can rank all J schools
(Dubins and Freedman, 1981; Roth, 1982), but provides strategic incentives for students if
students are constrained to list K < J schools.

The Boston Mechanism: For reports Ry,..., Ry and priorities 4, ..., %y, each school

Step 1: Assign students to their first choice in order of priority and a lottery number until the

capacity has been reached. Reject the remaining students.

Step k: Assign students that are rejected in the previous round to their k-th choice in order of
priority and a lottery number until the capacity has been reached. Schools reject the
remaining students. Continue if any rejected student has not been considered at all
their listed schools.

This mechanism is a canonical example for one that provides strategic incentives to students
(Abdulkadiroglu et al., 2006).

Proposition 1. The Deferred Acceptance Mechanism and the Boston Mechanism with lot-

teries are report-specific priority + cutoffs mechanisms.

Proof. See Appendix A4. We use f(R,e) = e for deferred acceptance and f;(R,e) =
J

The function f used for the Boston Mechanism is intuitive. A student gains priority at

+ 1 for the Boston Mechanism. O

a school relative to all students that rank that school lower on their list.
We allow for single tie-breaking as well as multiple tie-breaking in these mechanisms.
In addition, it is easy to verify that serial dictatorship mechanisms are also report-specific

priority 4+ cutoff mechanisms.
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2.2 Limit Equilibrium

Our baseline approach assumes that the students submit rank-ordered lists according to a
Bayesian-Nash Equilibrium (of the limit mechanism). However, many of our results includ-
ing the limit properties of assignment probabilities does not rely on having a distribution
of reports that is generated by the limit equilibrium. In an extension, we will consider the
case when not all agents are sophisticated. Here, we will assume that sophisticated agents
correctly forecast that a certain known fraction of agents are naive and report their pref-
erences truthfully. They then best respond to this distribution. We defer this to Section 6
and focus on the baseline case for now.

A (mixed) strategy is a function o; : (R/ x T') — AR;, where the domain is the vector
(indirect) utilities for each school and the student’s priority type. Denote the weight on the
profile R as a function of u; = (w;1,...,u;y) and t as o;(u;, t; R). We will only consider
symmetric equilibria, i.e. o] (u;, t;; R) = 0*(u;, t;; R) for all ¢ and R.

Student i’s payoff from a particular report is based on the distribution of reports of the
other students since that distribution affects the probability of assignment to the various

schools. For the game implied by ¢", the ante payoff from report R; is given by
V(Ri,my) = Z¢ (Ri,ti), m™ Yug; | . (1)

where 1, is an empirical measure of n — 1 iid draws from m,, with m,(R,t) = fr(t) x
[ o(u,t; R)YAFyr, Fyr is the joint distribution of player utilities and priority type. The
expectation is taken with respect to uncertainty about m,,.

We will consider a limit Bayesian-Nash Equilibrium (BNE) and our first result is that if
the limit mechanism approximates the finite mechanisms, then the limit BNE is an approx-

imate BNE for the finite mechanisms.

Definition 7. The strategy o* is a limit equilibrium if for all i, o*(u;, t;; R;) > 0 implies
that
R; € argmaxp ey, Z ¢ ((Riy ti), mo )i
J
We will show that under certain conditions on the mechanism, the limit equilibria are

approximate equilibria of a large mechanism in the following sense:

Definition 8. The strategy o* is an e-equilibrium of the n-th game if o*(u;, t;; R;) > 0
implies

V' (Riymg») = Vi (Riymo) < €|t -

11



In an e-equilibrium, no agent can expect a gain of more than a small fraction of her
maximum payoff. The notion formalizes the idea that (most) agents do not have a large

incentive to deviate from the prescribed strategy.

Proposition 2. Let 0* be a symmetric equilibrium of ¢>°((R;,t;), m). If Condition 1 holds,

*

then there exists an ng such that for all n > ng, o* is an e-equilibrium of ¢™.

Proof. See Appendix A.1. n

This result justifies our focus on the limit-BNE as an approximation to large-sample
play. The main advantage is that the limiting equilibria are more tractable for econometric
analysis because the equilibrium itself does not depend on n. Without this simplification, a
technical challenge is to show that reports sampled from equilibria that depend on n converge
(see Menzel, 2012, for example).

A focus on equilibrium play implies that students submit the report that maximizes
their expected utility with correct notions of the distribution of play by other students.
This approach is a natural starting point for analyzing mechanisms that are not dominant-
strategy and is commonly taken in the empirical analysis of auction mechanisms (Guerre
et al., 2000; Cassola et al., 2013, among others). While there is little systematic evidence on
the extent of optimal strategic behavior, anecdotal evidence suggests that parent groups and
forums discussing the chances of getting into various schools and ranking strategies are active
(Pathak and Sonmez, 2008). However, the assumption implies a strong degree of rationality
and knowledge, particularly if parents vary in their level of sophistication as postulated by
Pathak and Sonmez (2008, 2013). Section 6 presents proposed approaches to weaken this

equilibrium assumption.

3 Identification

We follow the treatment in Berry and Haile (2010) for describing student preferences. For
simplicity, we do not consider endogeneous characteristics.

Student ¢ in market b picks a report R; € R;; when faced with the limit-mechanism ¢p°.
This mechanism assigns her to a school in S, = {0,1,...,J,} where 0 denotes remaining
unassigned. Each school-student pair has observable characteristics z;;;,, some of which may
vary only at the school level, and may include the student priority types t;. Additionally,
we allow for school unobservables &,(z;,) that can depend on the vector of observables z;;, =
(Zitbs - -+ s Zidyb)-

We use a random utility model to represent student preferences. Let x denote the support

of (&p, zijp). Each student has an indirect utility function v; : x — R. This formulation allows

12



for heterogeneous preferences conditional on observables. To formalize the realized utility
function of each student as a random draw, let (2, F,P) denote a probability space and
assume that each

V(&b Zign) = V(Ejbs Zijb, Wi)

for some w; € 2 and measurable function v. 777 Say something about the restriction on w

Let the random variable v, = v(&;p, 2ijv, wi) and denote the joint distribution of
v = (vil,...,vub)

with Fy (vi1, ..., 0iz,|&, 2iv). We normalize the utility of not being assigned, v;o, to zero and

make the following assumption:

Assumption 2. Change to admits a density... For all p € A% and o € R, P(p-v =
Oé‘fb, zib) =0.

The assumption requires that the probability that any two lotteries over assignments to
Sy yield the same expected utility is zero.
Our objective will be to identify Fy (v, ..., v, |&, z) or functionals thereof using data

from either a single or multiple large markets. Formally, a market is defined by the tuple

Fb = (fb, Zib, t’ib) Mp, ¢Z?O>

where my, is the joint measure on the space of priority and reports of the other students. 777

Say something about interpretations of the various objects.

3.1 Choice Over Lotteries

Condition 1 implies that ¢°((R,t),my) is identified and can be consistently estimated with
knowledge of the mechanism and the measure m;. We will cast the student’s choice of report

R € Ry as a choice over these lotteries. For simplicity of notation, let
ﬁp = {LR = gbgo((R, t),mb) R e Rt,b}

be the set of lotteries that an agent with priority type t chooses from in market I'. In what
follows, we will often be considering choices of agents in a single market I', and when clear
from the context, we omit the subscript I'.

Our baseline assumption is that students have consistent beliefs of the probability that

they are assigned to each school in S, as a function of their report R € R. Hence, a
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(a) The shaded area is the convex hull of £. There
are 3 lotteries that are suboptimal for all students.

b2
1 4

0 Ipl

(b) The tangent cone to £ at L is spanned by
the two long directed arrows. The normal cone
is spanned by two short directed arrows. These
vectors are orthogonal to the tangent vectors.

Figure 1: In this example, J = 2 and £ has 8 elements.
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student with utility vector v maximizes expected utility by picking lottery Lg if and only
if Lg-v > L-vforall L € L. The set of students that choose lottery Lg therefore have

utilities that belong to the normal cone to £ at Lg:
N (Lp)={veR’/:VLe L, (v,Lr— L) >0}.

Claim 2. The ezists utility vector v € R’ such that Lr-v > Lp - v for all Ly € L if and
only if L’ is on the boundary of the convex hull of L.
Further, Assumption 2 implies that if L is not an extreme point of the convex hull of L,

then L is optimal only for a measure zero set of students.

For the baseline model, since the probability of picking an non-extremal lottery is zero,
the assumption that agents are playing a limit Bayesian Nash equilibrium is testable. For
now, assume that all lotteries in £ are extremal, and relax this assumption in extensions.

The following sections studying identification treat the probability that a student picks
L € £ in market I' as data and study what can be learned from these objects. This probability

is given by:

P(LE€LID) = hxp)(2€)
= P(v e Ng(L)E, 2)

_ / 1{v € Ne(L)}dFy (v, ).

3.2 Identification Under Varying Choice Environments

In some cases, a researcher is willing to exclude certain elements of the priority structure ¢
from preferences, or may observe data from multiple years in which the set of schools are
the same, but either the mechanism is different or schools have different number of seats
offered. Such variation can result in variation in the lotteries that a student picks from that

is independent of preferences. More formally, consider the collection of markets

T (& 2) =Ly = (&, ziv, tiv, M, O5°) = (&, 26) = (€, 2) }-

Say something like “Conditioning on z is without loss, but conditioning on £ implies tha
ability to keep school unobservables fixed.”

The next result characterizes what can be learned about Fy (v|z, &) from observing data
from several large markets in 7(§,2). Let N(& 2) = {int(Nzp (L)) brerie,s),Lece be the

collection of (the interiors of) normal cones to lotteries faced by agents in the markets
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T (&,2). For a collection of sets NV, let D(N) be the smallest collection of subsets of R’ such
that

1. R”, N € D(N)
2. For all N € D(N), N € D(N)
3. For all sequences Ny € D(N) such that Ny, N Ny, =0, J, Nk € D(N)
The collection D(N) is sometimes called the minimal Dynkin system containing N

Lemma 2. Given P(L € Lr|T') for each T € T(&,2) and L € Ly, the quantity

ho(¢.2) = [ Lo € DR (olE. 2

is identifed for each D € D(N(E, 2)).

Proof. The identified set of conditional distributions Fy (v|¢, z) is given by
Fr = {FV € ZF:VLeLrand'e T (£ 2),P(Le Lyl = / H{v e NgF(L)}dFV(vlf,z)} :
Note that for any two distributions Fy and FV in .%, the collection of sets

L(Fy, Fy) = {A cF: /1{1} € AYAF(u]¢, 2) = /1{1} c A}dﬁv(u\g,z)}

is a Dynkin system. Since D(N(E,2)) is the minimal Dynkin system where all elements
of F; agree, DIN(&,2)) € ZL(Fy,Fy) for any two elements Fyy and Fy,. Hence, for all
D € DN (&, z)), we have that

h (€. 2) :/1{1) € DYAF, (v]¢, 2) — /1{v € DYdFy (v]¢, 2)

is identified. [

The result follows from basic measure theory and characterizes the features of Fy (v|¢, 2)
that are identified under such variation in choice environments without any further restric-
tions. Typically, this implies only partial identification of Fy,(v|, z), but extensive variation
in the lotteries could result in point identification. In particular, with the free normalization
|vi|| = 1, for any set C'in the J — 1 dimensional sphere, S7, a basic uniqueness result from
measure thoery implies that Fy (v|¢, 2) is identified if and only if the Dynkin-system D(N)

is the Borel o-algebra.
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3.3 Identification With Preference Shifters

In this section we assume that the indirect utility function has the form

’U(é-jba Zijb) wl) = V(gjba Z?jb) wz) - zzljb (2)
1
ijb*
2000; Berry and Haile, 2010). Let ((&, 2%) be the support of z' conditional on (€, 2?). Say

something about dropping notation on &, 22, Since fi(v|z!) is a location family, this implies

where w; L z The term z}jb is sometimes referred to as a special regressor (Lewbel,

that fi (v|z!) = g(v + 2') where g is the density of v.

Before proceeding, we introduce two definitions:

Definition 9. A convexr cone C is simplicial if it is spanned by J linearly independent
vectors {vi,vs,...,v;} =V so that C = {v €R’:v="Va for some a > O}.
A cone C' is salient if v € C = —v & C for all x # 0.

Note that every J-dimensional polygonal convex cone C' has a simplicial decomposition
{C'q}f:1 satisfying: i) each Cj is a simplicial convex cone, ii) C' = Uququ, iii) and C, N Cy
is empty or a lower dimension convex cone.

The first identification result holds for lotteries whose normal cone to £ is simplicial, or
equivalently, their tangent cone to the set £ is simplicial.! This identification result exploits

local variation of d.

Theorem 2. Let C' be a convex simplicial cone. If he(2') is known on an open set containing
21, then g(2') is identified. Hence, fy(v|z') is identified everywhere if ( = R7.
In particular, the result holds if C' = N;.(L) for some T and L € Ly or if C € D(N).

Proof. Let V' be a matrix of linearly independent vectors such that (the closure of) C' =
{v:v="Va for some a <0} and |det V| = 1. Evaluating h¢c at Va:

he (V) = /RJ I{e = Vz € C}g(e)de.

After the change of variables ¢ = Va:

hpe(Vz) = /RJ H{V(a—2z) € Ne(L)}g(Va)de

- /_:../_:g(va)da

!The normal cone to the set £ at point L is simplicial if and only if the tangent cone to the set £ at point
L is simplicial.
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where the second inequality follows because 1{V(a — z) € Nz(L)} = 1{a — z} < 0. Then:

8JhL L (Vx)
Z RN (Y
8I1...8£L‘J g( I)
and g (g) is identified by % evaluated at z = Ve, 0

The result follows by using local variation around z! to identify the density of v evaluated
at z'. Simplicial cones allow us to do this since they are spanned by linearly independent
vectors. Hence, to identify tails of the distribution of v, we need to use extreme values of
2%, and full support in 2* allows us to get the full distribution of v. Doing this only requires
one convex cone generated by a lottery, and therefore, observing additional lotteries with
simplicial cones generates testable restrictions.

It turns out that if J = 2, then all normal cones N (L) are simplicial if L is an extremal
lottery in £. For J > 3, this need not be the case. In particular, it may be that D(N) does
not contain a simplicial convex cone.

Fortunately, we can still identify ¢ if ( = R’ as long as the tails of g are exponentially

decreasing. Formally, assume that the density of v belongs to the set
G={ge Ll (R'): elg (z) e L (R7) for some ¢ > 0}.

Theorem 3. Assume that g € G and there is a lottery L such that N (L) is a salient convex

cone with a non-empty interior. If ( = R7, then g is identified from
h/N[:(L) (21) = P(L € ﬁ’Zl)

Proof. Define the linear operator A:

Aog(z):/ g (v+ z)dv.
Nc(L)

We need to show that A in injective on G. The proof is by contradiction. Suppose that there
are ¢', ¢" € G such that Ag’ = Ag” but ¢ — ¢ # 0.

Since the cone N, (L) is salient, its dual T (L) has a nonempty interior. Let ¢ €
interior(T; (L)), with |e| sufficiently small so that g. (z) = g(z)e** € L'. Note that
1{z € Ns(L)}e 22 ¢ L! for every ¢ € int(T}) because (g, z) > 0.

Let g =g — g". Since Ao (¢’ — ¢") =0 and ¢ = R’, we have that for all z € R’,

Aog(z) = e 2 / 1(v e Ng (L)) e & e2mEvt2) g (y 4 2)dv = 0.
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Since e72™=2) > 0 for all 2, Aog =0 <— j;NE(L)(ﬁ) - §.(&) = 0, where j;Nﬁ(L) is the
Fourier Transform of f. n, (1) (¥) = 1{x € Ng(L)}e 2% and g, is the conjugate of the
Fourier Transform of g. (z), both continuous functions in L. Since §. is continuous, the
set where g. # 0 is open. Further, since g # 0, the support of g. is non-empty. It follows
that there is an open Z. where g. is different from zero, and therefore, f& Ne)(§) = 0 for
all £ € Z,.. This contradicts the fact that fe, N.(L) is an entire function, as shown in Lemma
3. O

Lemma 3. Let f.r (z) = xr (x) e 2™&2) for some polygonal, full-dimensional, salient, con-
ver cone I' and ¢ € int(I'°), and let j;p () be its Fourier Transform. There is no open

subset of R7 where f;’r‘ 1S zero.
Proof. Let K be a full-dimensional simplicial convex cone such that I' C K; and {I';..T'¢} a
simplicial triangulation of I'. K exists because I' is salient. Let V, be a matrix [v,1, vgy, ..., Ugn]
with the linear independent vectors that span cone I'; arranged as column vectors. z €
Iy, <= ="V forsome 0 <acR/ <= V, 'z >0. Normalize V; so that det|V,| = 1.
Let f.r(z) = xr (z) e~?™®) . This is an integrable function (if ¢ is in the dual of the cone
).
For© = [ exp(-2mif¢—ic.a)) ds
r
= Z/ exp (—2mi (§ —ig, x)) dx
Q Tl
= Z/ X[a:v; 'a20] OXP (—2mi (§ —ie,x)) dx
Q ' B
= Z/ exp (—2mi (§ —ig, Vya)) da
Q 7R
= Z/ exp (—2mi (V€ —iV]e,a)) da
J

= Z H/ eXp 2m qu—w;js)a)da

¢=1..Q j=1..J
= 3 I1 e (alon () + 201 ()] o
¢=1..Qj=1..J
1
- 3 1 s+

Let Vi be the corresponding matrix for K. k. = Vi'v, > 0 for all ¢ € {1.Q} and
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j € {1..J}. Consider £ = (Vlgl)/a,

fer ((V;)/a) - (QLM)J 2 1l [(’ffna)_li(”;je)}

¢=1..Q j=1..J

_ (QLM)J S0 (“fzjo‘)+(vleg‘5)i

¢=1.Q j=1..J [(’f'qu‘)Z + (quE)Z]

This is an entire function for every ¢ € I'°/ {0}. Therefore, if it is zero in an open subset
of R’ is zero everywhere. Each term in the summation has a positive denominator and a
numerator that is a polynomial function of o with positive coefficients. It follows that there

is no open subset of R where f. r is zero. O

4 Welfare Analysis
5 Estimation
6 Extensions

7 Application: Elementary School Admissions in Cam-

bridge

7.1 Data and Description of the Cambridge School System

7.2 The Controlled Choice Plan in Cambridge
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A Proofs: Mechanisms

A.1 Proof of Proposition 2

Proof. For a strategy ¢*, a particular realization of the reports of the other agents given
by the empirical measure m™~! from n — 1 iid draws from m,« where m,-(R,t) = fr(t) X
[ o*(u,t; R)dFyr. Condition 1 implies that ¢™((R;,t;), m™!) LN ¢ ((Ry, t;), my+). Fix
e > 0 and pick ng such that for all n > ny and (R,t) €e R x T,

€

P (W((R i) — (R, 1), m) e > 8|2|) <o

Since ||¢p"((R,t),m) — ¢°((R,t), m)||o is bounded by 2, we have that

€

Note that the choice of ny did not depend on u; or t;.
Now, we show that no agent of type ¢; and utility u; can expect a gain of more than

e||uil| by deviating from o*. For n > ny and each (R;,t;),

V" (Riymo) = V™ (Riym,)| < Z¢” ((Ri ), )us; — Z¢°° ((Risti), m)uy;
< 2SIl B 016" (e 1), ) — 6((Ros ), )]
< Sl

Since o* is a limit equilibrium, o*(u;, ¢;; R;) > 0 implies that for all R},

Vi (Ry,myg) > Vi (R, my)

[

= V(Riymg) = VP (Rj,mg) —el|uil o

()

for all n > ny. ]

A.2 Proof of Lemma 1

Part 1: Existence and Uniqueness of Cutoffs
Existence follows from Corollary Al of Azevedo and Leshno (2013).

The uniqueness result is a generalization of Theorem 1 of Azevedo and Leshno (2013)
and Proposition 2.2 7?7 Azevedo (2011). By the Lattice Theorem (Azevedo and Leshno,

2013), there exists minimum and maximum market clearing cutoffs p~ < p*. Note that
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the measure of students matched with program j at cutoff p is given by D;(p|n), and the
measure of students unmatched is given by Dy(p|n). Hence, by the Rural Hospitals theorem
(Azevedo and Leshno (2013)), for all C' C S U {0},

> Di(ptIn) =>_ D" In).

jeC jel

Let C = {j € S:p; <p;} By Assumptions 1(ii) and 1(iii) we have that

> Diptn) < Y. DipIn).

jes\C JES\C

Therefore, it must be that C' = () i.e. p* = p~ and the cutoff vector is unique.

Part 2: Convergence of Cutoffs
Define the class B = {{(e;, R;) : e;; > p;, Ri = R} : p, j, R}. Note that B is a VC class since

it is collection of half-spaces, which are VC classes. Hence, the class of sets

V= {’Upj = {(es, Ri) : eij > pj, jRii} ﬂ ({(es, Ri) - jRig"} U {(es, Ri) = esje < pje}) 3Pa]}
J'#3

is a VC-class since it is a subset of finite unions and intersections of . Hence,

P

sup || D(pln) — D(p|n™)||e = sup |5 (V) — (V)| = 0.
P Vvey

Since D;(pln) = n(vy,), D(pln™) — ¢" = D(pln) — ¢ uniformly in p.
Let the unique market clearing cutoff for (7, q) be p*. For § > 0, let

0. = inf{v : [|2(pIn, )| > v = |lp —p*|| > d}.

Note that §, > 0 as p is an element of a compact space, z(p|n, q) is continuous in p and p*

is the unique market clearing cutoff. Pick ng such that for all n > ny,

P (sup (ol ") = 2ol )l > 0.) < =
P
Since z(p"|n", ¢") < 0, for all n > ny,

P(z(p"n,q) > 6.) <e=P([|p" —p*|| >0) <¢
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where the impliciation follows from set inclusion.

A.3 Proof of Theorem 1

We first introduce a simpler class of mechanisms and prove a lemma.

Definition 10. A mechanism ¢™ is a lottery + cutoff mechanism if for each profile of
reports and scores (R, e) = ((Ry1,e1), ..., (Rn,en)) € R ([0,1]7)", there are market clearing
cutoffs p™ : R™ x ([0,1)1)N — [0, 1])7, such that

¢n((Riati)7m(R—iat—i)) :/--'/D(Ri’ei)(pn) anl,elltl(Rh')---ann,enltn(Rm')

where 1y, is a measure on [0,1]7 satisfying strict preferences.

Lemma 4. Suppose n satisfies Assumption 1. If ¢™ is a lottery + cutoff mechanism, then
o" satisfies Condition 1.

Proof. Since ¢" is a lottery + cutoff mechanism, ¢"((R;, t;), m" 1) = E[DFed) (p™)| Ry, t;, m™ 1]
where expectation is taken with respect to the lottery draws conditional on . Lemma 1 im-

n—1

plies that the market clearing cutoffs p" % p since m is an empirical measure from m

n—1

and consequently, 7"~ on reports and lotteries is an empirical measure from n — 1 iid draws

from 7.
Note that E[D" ) (p)|R;, t;, m] = E[DY%)(p)| Ry, t;, p| since the distribution of reports
m" ! only affects an agent’s demand through p". Hence, if g(p) = E[DY)(p)|R;, t;, p] is

continuous in p,
9" (R,m" ") = (R, m)||o = [ E[DY) (p")| Ry, ti, m" '] — E[DY) (p)| Ry, 1, m] || oo = O

by the continuous mapping theorem since p" = p.

To show that E[D%) (p)|R;, t;,p] is continuous in p, for € > 0, pick § such that for all p/
with ||p’ — p|| < & implies n(R;, {e; € Ey, : pAp <e; <pVp'}) < e where E;, C [0,1]” is the
set of priority scores consistent with ¢;. Assumption 1(i) implies that such a § exists. We now
s that for all p’ such that ||p' —pl|| < 6, || E[DY) (p)| Ry, t;, p| —E[DFEe) (p')| Ry, ti, p] |0 < €.

| E[DY°) (p)| Ry, t;, p] — E[D%) (p)| Ry, ti, '] || oo

= Sup ‘/ D](R“el)(p>d77R“ez|tz (Rl7 ) - /D](R“el)(p)anz,eltz(RZa )
J
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For each j, we have
‘/ Dj(’Rivei)(p)ani,eﬂti(Ri7 ) - /Dﬁ‘Ri’ei)(p)ani,eilti(Ri7 )’

— 1{jRa} / ey >p} [ Hew<mt—tles >0} [[ Hew < s} | dumes(Beo)

ke{k:kR;j} ke{k:kRij}
< Nriet;(Ri{es € By, :pAp <e<pVyp'}) <e

[]

We now show that Theorem 1 is a Corollary to Lemma 4 by observing that ¢" is a lottery

+ cutoff mechanism. To see this, note that p™ is a market clearing cutoff for the economy

((R1, f(R1,€1)),...,(Rn, f(Rpn,e,))) and that

Qs?((RZa tl)) m(R—i7 t—l)) - / ) /‘D(Ri’f(Rhei))(pn)dTIRl,e1t1 (R17 ) s dT/Rmen\tn (Rn7 )

= / - /D(Ri’ei)(pn)dn{%helltl (Rl, ) - d”{%n,enun(Rn, )

A.4 Proof of Proposition 1

Deferred Acceptance:
Let e; be supremum of the priority scores of the rejected students. We claim that p" = e are
the cutoffs with the desired properties (if a school does not reject any students, set p; = 0).
Let e} be the supremum the priority scores of students that were rejected in round r.
Observe that for each school, ¢ < 9§+1. If the algorithm terminates in round &, then ef = e;.
Assume that student ¢ is assigned to school j" and consider any school j with jR;j". Let
r be round in which student i was rejected by j. By definition, it must be that e;; < .
Therefore, e;; < e; and we have that each student is assigned to D(R“’ei)(p”).
Finally, the aggregate demand must not exceed g; by construction of p”.
Boston Mechanism:

We show that the Boston Mechanism is report-specific priority + cutoff mechanims for

ej — #{k  kRij} 1
J

fj(R7 6) =

by constructing market cutoffs p™ for each profile ((Ry1,e1),...,(Rn,en)) such that (i) the
assignment of each agent is given by D(:f(Fied)(pn) and (ii) p" clears the market for the

economy ((Ry, f(Ry,e1)),...,(Rn, f(Ry,en))).
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Note that if a school rejects a student in round k, then it rejects students in all further

rounds since it is full at the end of that round. Let k; denote that round, and let e; be

e, —k;
supremum of the lotteries of the rejected students in round ;. We claim that p7 = A |

are the cutoffs with the desired properties (if a school does not reject any students, set k; = J
and p; = 0).

We first show that the assignment of each student in the Boston mechanism is given by
DWFasf(Bied)) () - Assume that student 4 is assigned to school j” and consider any school j with
jR;j'. Since jR;7’, it must be that the student was rejected at j, and could not have applied
to j before round k;. If student applied to k; after round j, then e;; — #{k : kR;j} < e, —k;
since |ej; —e;| < 1. If #{k : kRij} = k;, then e;; < e;. In either case, f;(R;,e;) < pj.
Therefore, the student is assigned to D/ (Ried) (pn),

Next, we show that p™ clears the market for economy ((Ry, f(R1,e€1)),..., (RN, f(Rn,en))).
As noted earlier, each agent is assigned to D(®/(Ried)(pn). By construction of p”, the ag-

gregate demand must be less than g;, and p} = 0 if aggregate demand is strictly less than

qj-

B Proofs: Identification
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