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Abstract

We study trading behavior and the properties of prices in informationally complex markets.
Our model is based on the single-period version of the linear-normal framework of Kyle (1985).
We allow for essentially arbitrary correlations among the random variables involved in the model:
the true value of the traded asset, the signals of strategic traders, the signals of competitive
market makers, and the demand coming from liquidity traders. We first show that there always
exists a unique linear equilibrium, which can be characterized analytically, and illustrate its
properties in a series of examples. We then use this equilibrium characterization to study
the informational efficiency of prices as the number of strategic traders becomes large. If the
demand from liquidity traders is uncorrelated with the true value of the asset or is positively
correlated with it (conditional on other signals), then prices in large markets aggregate all
available information. If, however, the demand from liquidity traders is negatively correlated
with the true value of the asset, then prices in large markets aggregate all available information
except that contained in liquidity demand.
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1 Introduction

Whether and how dispersed information enters into market prices is one of the central questions of
information economics. A key obstacle to full information revelation and aggregation in markets is
the strategic behavior of informed traders. A trader who has private information about the value of
an asset has an incentive to trade in the direction of that information. However, the more he trades,
the more he reveals his information, and the more he moves the prices closer to the true value of
an asset. Thus, to maximize his profits, an informed trader may stop short of fully revealing his
information, and thus the informational efficiency of market prices may fail.

Thus, an important and natural question is when we should expect market prices to in fact
reflect all information available to market participants. One stream of literature considers trading
in dynamic environments, with informed traders having multiple opportunities for trading.! In
these settings, in each period, traders may have an incentive to withhold some of their information
in order not to eliminate their profits. However, over time, traders will gradually reveal all of their
information, and in many (although not all) cases, by the end of trading, market prices will in fact
aggregate all available information.

One issue with the case of dynamic trading is that while at the end, market prices accurately
reflect all available information, that is generally not the case during most of the time the market
is in operation—and thus much of the trading may happen at prices that are far away from the
ones that would prevail if all private information was publicly available to all market participants.
Therefore, another important stream of research abstracts away from the time dimension and
repeated trading in markets, and considers instead an alternative intuition for when market prices
may accurately reflect information: when the number of informed traders is large, and each one
of them is informationally small. In that case, each of the informed traders has limited impact on
market prices, but their aggregate behavior does in fact reflect the aggregate information available in
the market. As a result market prices are close to those that would prevail if all private information
were publicly available, and all trades happen at those prices.

Non-strategic explorations of this intuition go back to Hayek (1945), Grossman (1976), and
Radner (1979). Subsequently, a line of research (which we discuss in detail in Section 2) has con-
sidered strategic foundations for this intuition, studying strategic behavior of informed agents in
finite markets, and then considering the properties of prices as the number of these agents becomes
large. This stream of work, however, imposes very strict assumptions on how information is dis-
tributed among the agents, typically assuming that the signals of informed agents are symmetrically
distributed, or satisfy other related restrictions so that in equilibrium, the strategies of all informed
traders are identical (see Section 2). In practice, however, the distribution of information in the
economy can be much more complex. Some agents may be strictly more informed than others.
Groups of agents may have access to different sources of information, so that the correlations of

signals within a group are very different from correlations across groups (and the sizes of the groups

See, e.g., Hellwig (1982), Dubey et al. (1987), Kyle (1985), Wolinsky (1990), Foster and Viswanathan (1996),
Back et al. (2000), Ostrovsky (2012), and Golosov et al. (2013), among others.



may be different, and the correlations of signals between different groups may be different as well).
Some agents may be informed about the fundamental value of the security, while others may be
uninformed about the fundamentals but possess some “technical” information about the market or
other traders. And of course all such possibilities may be present in a market at the same time.

Our paper makes two main contributions.

First, we present an analytically tractable framework that makes it possible to study trading in
such informationally complex environments. Our model is based on the single-period version of the
model of Kyle (1985). Asin that paper, an important assumption that makes our model analytically
tractable is the assumption of joint normality of random variables involved in the setting: the true
value of the traded asset, the signals of strategic traders, the signals of competitive market makers,
and the demand coming from liquidity traders. Beyond that assumption, however, we impose
essentially no restrictions on the joint distribution of these variables, making it possible to model
informationally rich situations such as those described above. In this framework, we show that
there always exists a unique linear equilibrium, which can be computed analytically.

Second, we explore the informational properties of equilibrium prices as the number of informed
agents becomes large. We assume that there are several types of agents, with each agent of a given
type receiving the same information, and fix the matrix of correlations of signals across the types
(and other random variables in the model). We then allow the numbers of agents of every type to
grow (without restricting the rates of growth in any way; e.g., the number of agents of one type
may grow much faster than the number of agents of another type). We find that the informational
properties of prices in these large markets depend on the informativeness of the demand from
liquidity traders. If the demand from liquidity traders is uncorrelated with the true value of the
asset or is positively correlated with it (conditional on other signals), then prices in large markets
aggregate all available information. If, however, the demand from liquidity traders is negatively
correlated with the true value of the asset, then prices in large markets aggregate all available
information ezxcept that contained in liquidity demand.

We also illustrate our model with several applications. One example shows that under fairly
simple (but, crucially, asymmetric) information structures, an informed trader may choose to trade
“against” his information, i.e., sell the asset when his signal implies that the expected value of the
asset is positive, and vice versa. Two examples explore the profitability of “technical” trading,
and show that a trader may be able to make substantial positive expected profit even if he has no
information about the value of the asset, provided there is at least one other (“fundamental”) trader
who does, and provided that the technical trader has information about the demand from liquidity
traders or about the mistakes of the fundamental trader. Finally, our last set of examples shows
how equilibrium trading and outcomes depend on the amount of private information available to
the market maker (beyond the aggregate market demand).

The remainder of this paper is organized as follows. In Section 2 we discuss the related literature.
In Section 3 we present the model. In Section 4 we state and prove our first main result, on the

existence and uniqueness of linear equilibrium, and we show how to compute this equilibrium



analytically. In Section 5, we illustrate our result with several applications in informationally
complex settings. In Section 6, we present our second main result, on information aggregation in

large markets.

2 Related Literature

The literature on strategic foundations of information aggregation and revelation in markets goes
back to Wilson (1977), who considers an auction-based model in which multiple partially informed
agents bid on a single object. Other work in this tradition includes Milgrom (1981), Pesendorfer
and Swinkels (1997), Kremer (2002), and Reny and Perry (2006). These papers find that under
various suitable conditions, information does get aggregated (and revealed in winning bids) when
the number of bidders becomes large. However, these results depend critically on strong symmetry
assumptions on the bidders’ signals and strategies.

Another related stream of literature, going back to Kyle (1989), considers equilibria in de-
mand and supply functions, where bidders specify how many units of an asset they demand or
supply for each possible price level, and then the market maker picks the price that clears the
market.?2 The papers in this tradition also assume a very high degree of symmetry among the
trading agents, typically assuming that these agents are ex ante identical, receive symmetrically
distributed information, and employ identical strategies in equilibrium. A recent paper by Rostek
and Weretka (2012) partially relaxes this symmetry assumption, and replaces it with a somewhat
weaker “equicommonality” assumption on the matrix of correlations among the agents’ values. This
assumption states that the sum of correlations in each column (or, equivalently, each row) of the
correlation matrix is the same, and that the variances of all traders’ values are also the same. While
this assumption is more general than full symmetry among the agents, it is still quite restrictive: for
example, the equilibrium in this model is still symmetric, with all traders using identical strategies.

Finally, a closely related stream of literature is the work building on Kyle’s (1985) model. In
that literature, as in our paper, one or more strategic traders, fully or partially informed about the
value of the traded asset, are present in the market. These strategic traders submit market orders
to centralized market makers. There are also liquidity traders who submit exogenously determined
market orders. The market makers set the price of the asset equal to their Bayesian estimate
of its value, given their prior information, the knowledge of strategic traders’ strategies, and the
observed order flow. Our paper borrows much of its analytical framework from this literature.
The key difference is that while many of the papers in this area consider both static and dynamic
models of trading but place restrictive assumptions on the information structure, our paper places
virtually no restrictions on the information structure (beyond joint normality), and focuses on the
one-period model of trading and on the informational properties of prices as the number of strategic
traders becomes large.

In the original model of Kyle (1985), there is only one informed trader, who knows the value of

2See Vives (2008) for a textbook treatment of that literature.



the asset. Holden and Subrahmanyam (1992) study a generalization with multiple fully informed
traders. Foster and Viswanathan (1996) further extend the model by allowing these traders to
observe imperfect signals about the value of the asset. Different traders may observe different
signals, but the distribution of these signals across the traders has to be symmetric, as are the
traders’ strategies. Back et al. (2000) consider a continuous-time analog of the model of Foster
and Viswanathan (1996). Caballé and Krishnan (1994) and Pasquariello (2007) consider multi-
asset versions of the one-period model with multiple traders, but still maintain the assumption of
symmetry of information among the traders.

A small number of papers goes beyond the fully symmetric case. Foster and Viswanathan (1994)
consider a model with two strategic traders in which one trader is strictly more informed than the
other. Colla and Mele (2010) consider a model in which informed traders are located on a circle, with
the correlations of signals being stronger for traders who are closer to each other (in this model,
as in the Rostek and Weretka (2012) model discussed above, all traders use identical strategies
in equilibrium). Bernhardt and Miao (2004) consider a model with a very general information
structure, allowing, as our paper does, for an asymmetric variance-covariance matrix of traders’
signals.> However, while Bernhardt and Miao (2004) characterize necessary and sufficient conditions
for linear equilibria, and use these conditions to study the properties of such equilibria analytically
and numerically in some specific examples, they do not provide any general results on equilibrium

existence or uniqueness and do not provide general closed-form equilibrium characterizations.

3 Model

There is a security traded in the market, whose value v is not initially known to market participants.
There are n strategic traders, ¢ = 1,...,n. Prior to trading, each strategic trader i (he) privately
observes a multidimensional signal §; € R¥ where k; > 1 is the dimensionality of the signal.
For convenience, we will denote by 8 = (1;60s;--- ;6,) the vector* summarizing the signals of all
strategic traders. The dimensionality of vector 6 is K = > 7" | k,. There is also a market maker
(she), who privately observes signal 63, € R¥M kj; > 0 (when kys = 0, the market maker does not
receive any signals, as in the standard Kyle (1985) model).5- Finally, there are liquidity traders,

3There are several differences between the models. Unlike Bernhardt and Miao (2004), we allow liquidity demand
to be correlated with the value of the asset and/or the signals of informed traders. We also allow the market maker
to observe signals correlated with the value of the security, the demand from noise traders, and/or the signals of
informed traders. Finally, we do not impose any special structure on how the informed traders’ signals are related
to the value of the asset (and other random variables in the model), beyond joint normality. On the other hand,
Bernhardt and Miao (2004) consider a model with multiple trading periods, while we restrict attention to one period.

4We denote the row vector with elements 1, . .., zx by (z1,...,2k), and the column vector with the same elements
by (x1;...;2k). All vectors are column vectors unless specified otherwise.

®Strictly speaking, 6; and 0y; are random variables whose realizations are in R¥ and R*™

5The multidimensionality of the traders’ and the market maker’s signals allows our model to incorporate complex
relationships among their information sets: for example, one trader can observe strictly more information than
another trader; one trader can observe the union of two other traders’ signals; some information may be common to
several players while some other information is not; and so forth. We illustrate the richness of the model with several
applications in Section 5.



whose exogenously given random demand, denoted by wu, is in general not directly observed by
either the strategic traders or the market maker.

The key assumption that makes the model analytically tractable is that all of the random vari-
ables mentioned above—u, 0, 05, and u—are jointly normally distributed. Specifically, we assume
that the vector p = (v;0;0ps;u) is drawn randomly from the multivariate normal distribution with
expected value 0 and variance-covariance matrix 2. The assumption that the expected value of
vector p is equal to zero is simply a normalization that allows us to simplify the notation. We
will also assume that every variance-covariance matrix for signal 6; of strategic trader i and the
variance-covariance matrix of the marker maker’s signal 6,7 are full rank. This assumption is with-
out loss of generality; it simply eliminates redundancies in each trader’s signals. Note that we do
not place a full rank restriction on the matrix €2 itself: For instance, two different strategic traders
are allowed to have perfectly correlated signals. The only substantive restrictions that we place on

matrix ) are as follows.

Assumption 1 At least one strategic trader receives at least some information about the value

of the security, beyond that contained in the market maker’s signal. Formally:
Cov(v,0|0r) # 0. (1)

Assumption 2 The market maker does not perfectly observe the demand from liquidity traders.
Formally:
Var(ul@pr) > 0. (2)

3.1 Trading and Payoffs

After observing his signal 6;, each strategic trader ¢ submits his demand d;(6;) to the market. In
addition, the realized demand from liquidity traders, u, is also submitted to the market. The market
maker observes her signal 6y and the total demand D = 7" | d;(0;) + u, and subsequently sets
the price of the security, P(0as, D), based on these observations. Securities are traded at this price
P(0y, D) (with each strategic trader getting his demand d;(6;), liquidity traders getting u, and the
market maker taking the position of size —D to clear the market). At a later time, the true value

of the security is realized, and each strategic trader i obtains profit m; = d;(0;) - (v — P(0ar, D)).

3.2 Linear Equilibrium

Our solution concept is essentially the same as that in Kyle (1985). We say that a profile of demand

functions d;(-) and pricing rule P(-,-) form an equilibrium if

(i) on the equilibrium path, the price P set by the market maker is equal to the expected value
of the security conditional on €y, and D, given the primitives and the demand functions d;(-);

and



(ii) for every player i, for every realization of signal 6;, the expected payoff from submitting
demand d;(0;) is at least as high as the expected payoff from submitting any alternative
demand d, given the realization of signal ;, the pricing pricing rule P(-,-) and the profile of

strategies of other players (d;(-));xi-

The equilibrium is linear if functions d; (for all 7) and pricing rule P are linear functions of their
arguments, i.e., d;(0;) = aZTGi for some a; € R¥ and P(0yr, D) = ﬂ@M—l—BDD for some By € RFm
and fp € R.78

4 Equilibrium Existence and Uniqueness
We can now state and prove our first main result.
Theorem 1 There exists a unique linear equilibrium.

The proof of Theorem 1 is in Appendix B. In Appendix A, we summarize the notation used in
the proof, as well as in some of the sections below.

The proof consists of five steps. The first two steps are fairly standard, and are essentially the
same as in the earlier literature on linear-normal equilibria: They show that if all strategic traders
follow linear strategies, then the pricing rule resulting from Bayesian updating is also linear; and
that if all strategic traders other than trader ¢ follow linear strategies, and the market maker is also
using a linear pricing rule (with a positive coefficient Sp on aggregate demand D), then the best
response of trader 7 is also linear and is uniquely determined by the other traders’ strategies and
the pricing rule. The substantively novel parts of the proof are the next three steps, which show
that the conditions derived in the first two steps allow us to express all parameters of the pricing
rule and traders’ strategies as functions of “market depth” v = 1/8p, and the entire system of
equations from the first two steps collapses into one quadratic equation in v—which has exactly
one positive root.

The proof is constructive, producing the following formula for the parameters of interest, as a

function of various components of matrix 2. The notation is described in Appendix A.

"Note that condition (i) is required to hold only on the equilibrium path. In the standard Kyle (1985) model and
many of its generalizations, every observation of the market maker can be rationalized as being on the equilibrium
path, and thus this qualifier is not needed. In our case, it is in general possible that for some strategy profiles
d;(+), only some realizations of aggregate demand D can be observed by the market maker if the strategic traders
follow those strategies. E.g., if one strategic trader observes liquidity demand u and submits demand —u, and all
other strategic traders submit zero demands, then on the equilibrium path, the market maker can only observe zero
demand. The full description of equilibrium needs to specify the behavior of the market maker off the equilibrium
path (to make it possible for the strategic traders to analyze the profitability of potential deviations). By analogy
with perfect Bayesian equilibrium, our definition restricts the beliefs of the market maker on the equilibrium path,
where they are pinned down by Bayes rule, and does not restrict them off the equilibrium path.

81n principle, we could consider a more general definition of linear equilibrium and allow the strategies and the
pricing rule to potentially have nonzero intercepts. However, one can show that in our setting, linear equilibria with
nonzero intercepts do not exist. The proof of this statement is available upon request.



Depth v = — (b + Vb2 — 4ac> /2a, where

a = _AUTEdiagAvv
b = AZ (22dz’ag + A) Ay + EuME]T;MEMv — Oyv,
c = Var(AL9 —ul6y).

(The proof shows that a < 0, ¢ > 0, and thus v > 0.) Equilibrium pricing rule and strategies are

then as follows:

1
ﬂD - R
v
Bu = Eifar (Baw — SharAv) — BoEatar (Enu — SiarAu) ;
1
= —A,— Ay
“ Bp

These expressions are simplified in the case kj; = 0, when the market maker does not observe

any private signals (other than the aggregate demand D).? In that case,

a = _Az;zdiagAva
b = Al (2%4iag +A) Ay — 0w,
c = Var(AL —u),

where

A = Ygo+ Zdiag
Au = Ailzévm
A, = Ailzgv.

The expressions are simplified even further if, in addition, the demand from liquidity traders,
u, is uncorrelated with other random variables. Then b = 0 and v = /Mﬁ’ and so
v iag v

9Strictly speaking, our proof does not apply directly to the case kas = 0 since, for example, it uses the inverse of
the variance-covariance matrix of #,. However, one can drop all terms related to s from the proof and immediately
obtain the proof for that case. Alternatively, one can consider a model in which the market maker observes a signal
that is independent of all other random variables. The equilibrium in that model will be economically equivalent to
one in which ks = 0.



5 Applications

In this section, we illustrate the general framework presented above with several specific applica-
tions. We first present a simple yet seemingly counterintuitive example in which a trader informed
about the value of the security trades in the direction opposite to that value. Next, we study what
happens when one of the strategic traders is informed about the demand of liquidity traders. We
conclude by analyzing two examples in which the market maker possesses private information about
the value of the security (beyond the aggregate market demand), and study how this information
gets incorporated into the price of the security and how it affects equilibrium trading strategies

and the sensitivity of equilibrium prices to market demand.

5.1 Trading “against” own signal

In this section, we present an example of information structure under which a trader who receives
a signal about the value of the security trades in the opposite direction: i.e., when based on his
information the value of the security is positive, he shorts the security, and when it is negative, he
buys it. Note that since our model is a one-shot game, there cannot be any incentives to do that

of the form “I will try to mislead others first, and then take advantage of the mispricing.”

Example 1 The value of the security is distributed as v ~ N(0,1). There are two strategic traders.
Trader 1 observes a noisy estimate of v: 01 = v + p1€, where £ is a normally distributed random
variable (£ ~ N(0,1)), independent of v, and p1 is a parameter that determines how accurate
trader 1’s signal is (e.g., if p1 = 0, then trader 1 observes v exactly, and if p1 is very large, then
trader 1’s signal is not very accurate). Trader 2 also observes a noisy estimate of v: 0 = v + pa€.
Finally, there is demand from liquidity traders, u ~ N(0,1), which is independent of all other

random variables. Formally, the resulting correlation matrix is

1 1

L+pi 14 pip2

1+pip2 1+ p3
0 0

O = =
_ o o O

From the analysis in the preceding section, we know that in the unique linear equilibrium, the

pricing rule is characterized by some Sp > 0. We also know that the strategies of traders 1 and 2

(2)-4(1)

2+4+2p2 1+ pip2
L+ pipa 24205

are characterized by:

where A = (



Using the matrix inversion formula and setting § = m (which is positive, since A is

positive definite), we get

A 2+205  —1—pip2 L s 14 2p3 — pipa ()

a2 —1—pip2 2+ 2p7 1 14 2p7 — p1p2
Thus, if py = 2pa2+ p%, trader 1 never trades, despite 81 being informative about the value of the
security, and for p; > 2ps + p% > 0, trader 1 always trades in the direction opposite to his signal 01,
despite 1 being positively correlated with the value of the security, v. Similarly, if ps is equal to or

greater than 2p; + p%, then trader 2 does not trade or trades in the direction opposite to his signal.

To get the intuition behind this equilibrium, consider a slight variation of Example 1.

Example 2 The value of the security is v ~ N(0,1). There are two strategic traders. Trader 1
observes a noisy estimate of v: 01 = v+ &, where £ ~ N(0,1), independent of v. Trader 2 observes
&: 0y = & The demand from liquidity traders, u ~ N(0,1), is independent of all other random

variables. The resulting correlation matrix is

S O = =
S = N =
S = = O
_ o O O

. 4 1
In this case, A = < L 9 > and

<Z:>:ﬁ1DA1<(1)>:5<_21 _41><(1))=5<_21> ®)

for some § > 0, and thus trader 2 trades in the direction opposite to his signal. Note that in this
example, trader 2 is not informed about the value of the security: his signal £ is independent of v.
However, he is informed about the bias in trader 1’s signal, and thus knows in which direction trader
1 is likely to “err” when submitting his demand. Thus, trader 2, by partly “undoing” this error
(i.e., trading against it), can in expectation make positive profits, despite not having any direct
information about the value of the security. In a sense, while trader 1 trades on “fundamental”
information, trader 2 trades on “technical” information: trader 1 would be able to make money
even without having trader 2 around, but trader 2’s ability to make a profit depends critically on
having trader 1 around and on exploiting that trader’s mistakes.

In Example 1, the intuition is similar. If, say, p; is large relative to 2ps + p%, then the main
“chunk” of trader 1’s information is about the mistake that trader 2 makes, and not about the
fundamental value of the security. This causes trader 1 to want to “undo” that mistake and trade

“against” his signal, while trader 2 continues to trade in a natural direction. When p; = 2po + p%,

10



the incentives of trader 1 to trade on “fundamental” information (the positive correlation of his
signal with the value of the security) and on the “technical” information (the positive correlation
of his signal with the mistake of trader 2) cancel out, and trader 1 ends up completely staying away

from the market.

5.2 Trading in the presence of information about liquidity demand

In this section, we study what happens when one of the strategic traders does not know anything
about the value of the security, but is informed about the amount of liquidity trading, and compare

the equilibrium to that of the standard model without such a trader.

Example 3 The value of the security is distributed as v ~ N (0, 04,), and the demand from liquidity
traders is distributed as u ~ N (0, 0y,), independently of v. There are two strategic traders. Trader
1’s signal is equal to v: 01 = v. He is fully informed about the value of the security, just like in
the standard Kyle model. Trader 2 is uninformed about the value of the security, but has insider

information about the demand from liquidity traders: 65 = u. Formally, the correlation matriz is

Oyv  Oyv 0 0

0= Ovww  Oyv 0 0
0 0 ouw Ouu
0 0 ocw Ouwu

The auxiliary matrices in this example are:

aA={ 2 O} 4, . and A, =
0 20w 0

Coeflicient b in the quadratic equation is equal to zero, and therefore
c Ouu
Y= - = ;

a Owo

1 1 [ouu
(8% = —_ _ — :
L 27 T2\ ou’

1
a9 = —5

o= O

D=
N———

For comparison, if the second strategic trader was not present, the model would reduce to the

standard model of Kyle (1985), and the equilibrium would be characterized by

Ouu
7 V Oww

Ouu

a1 =

Oyv

11



In other words, when the second strategic trader (who is informed about the demand from liquidity
traders) is present in the market, that trader “takes away” one half of that “liquidity” demand.
As a result, the first strategic trader, who knows the value of the security, trades half as much
as he would in the absence of that second trader, and the market maker’s pricing rule is twice
as sensitive. As a result, for any realization of v and wu, the price in the market with the second
strategic trader will be exactly the same as that in the market without that trader—and thus
the informativeness of prices in not affected in either direction by whether there is a trader in
that market who observes the trading flow from liquidity traders. Likewise, the expected loss of
liquidity traders is also unaffected by the presence of a trader who observes their demand. Since,
by construction, the market maker in expectation breaks even, it has to be the case that the profit
of the second strategic trader comes out of the first trader’s pocket. In fact, the second trader
takes away exactly one half of the first trader’s profit.! Also, as in Example 2, the second trader
is trading on “technical” information, and is only able to make a profit because a “fundamental”

trader is also present in the market.

5.3 Trading in the presence of an informed market maker

In the preceding examples, as in much of the literature, the market maker does not receive any
information other than the aggregate demand coming from strategic and liquidity traders. In
this subsection, we turn to examples in which the market maker does possess some additional
information. We show how this information affects the strategies of other traders and illustrate
the interplay between the weight the market maker places on this additional information and the

weight he places on market demand.

Example 4 Let €1, €3, €3, €4, and €5 be independent random variables, each distributed normally
with mean 0 and variance 1. The value of the security is v = €1 + €2. The demand from liquidity
traders is u = €5. There are two partially informed strategic traders and a partially informed market
maker. Trader 1’s signal is 01 = €1 + €3. Trader 2’s signal is 02 = €5 + €4. Market maker’s signal
is Opr = €o. Note that while Trader 1 possesses some “unique” information about the value of the
security, Trader 2 does not (because €3 is observed by the market maker, and €4 is pure noise).

Formally, the correlation matriz is

o)

I
SO~ = = N
S O O N =
S = N O =
(= =R
= o O o O

1076 see this, note that prices in the two market are always the same, realization by realization, while the demand
of the first strategic trader, in the presence of the second one, is exactly one half of what it would be in the absence
of that trader.

12



The auxiliary matrices in this example are:

A= 2%} 4= ("), anda, =
03 0

Therefore, in this case, we have
aq o i i
[(6%) ﬁD 0 ’

and so ag = 0. Thus, Trader 2 does not trade in equilibrium. This illustrates a more general

O =
N———

phenomenon: In equilibrium, a strategic trader cannot make a positive profit (and does not trade)
if his information is the same as or worse than (in information-theoretic sense) that of the market
maker. !

Our final example considers a sequence of markets, indexed by the number of strategic traders,
n. All traders receive the same information, which is imperfectly correlated with both the value of

the asset and the market maker’s information.

Example 5 The value of the security (v), the demand from liquidity traders (u), and two infor-
mation shocks (€1 and €2) are all distributed normally with mean 0 and variance 1, independently
of each other. There are n identically informed strategic traders and a partially informed market
maker. Each strategic trader observes a signal 81 = v + €1. The market maker observes a signal
Oy = v+ €y . Formally (indexing all matrices by the number of strategic traders in the market, n),

the correlation matriz is

111 --- 1 10
1 2 2 --- 210
1 2 2 -« 210
Q" =
1 2 2 2 0
0
0 0 O 0 1
The auxiliary matrices are:
1 1 1 1 3n+1 -3 -3 -3
35 1 2 1 2 1 2 624—8 6n+8 ~°  6n+8 6n+8
11 g1 ... 11 11 =3 3n+l =3 =3
2 2 6n+8 6n+8 6n+8  6n+8
1L 11 1L 11 =3 =3 ... _=3 _=3
An _ '2 '2 '2 '2 . 50 that (An) -1 _ 6n'+8 6n.+8 6n‘+8 Gn'—i-S :
1 1 1 1 -3 -3 3n+1 -3
15 1§ 35 13 6n+8 6n+8 6Z+8 6n+8
11 11 11 31 -3 =3 .. _=3 3ntl
2 2 2 2 6n+8 6n+8 6n+8  6n+8

1We omit the proof of this statement; it is available upon request.
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1
0 3n+4

Ay =1 : |; and A} = :
1
0 3n+4

Coefficient b in the quadratic equation is equal to zero, and so

B Ei3n+4_
Y a oy
1

Y Avi /—QTL
1 n _2n—|—4_ n-+2

2(1_3n+4) T 6n+8 3n+4

Note that the weight 55 that the market maker places on his own signal is not constant in n. If
there were no strategic traders at all, and only noise traders, it would be equal to % = %. As
n grows, this weight is monotonically decreasing (converging to % in the limit). Thus, it is not the
case that the market maker simply combines the information contained in his own signal and the
additional information contained in the aggregate demand D “additively”—the interplay between
the two sources of information is more intricate, and the weight that the market maker places on
his own signal depends on the information structure of the strategic traders.

The second observation concerns the informativeness of prices. Take any n, and consider a
realization of 01, 6p7, and w. In this realization, demand D is equal to noj'0; +u = —=0; +

Van
u, and the market price P set by the market maker is equal to SpD + By f0n = 5501 +

32;2491\4 + %ﬁu. Now, fix the realization of random variables, and let the number of strategic
traders, n, grow to infinity. Then price P converges to %01 + %HM. But notice that this ex-
pression is precisely the expected value of the asset, v, conditional on the information available

in the market: u is uninformative, because it is independent of all other random variables, and

T -1 -t
91 91 91 2 1 91
E[vrel,eM}z(?ov(v,(@M)) Var<92> <9M>:(1 1>(1 2) <9M>:

%«91 + %GM. Hence, as the number of strategic traders becomes large, their information and the
information of the market maker get incorporated into the market price with precisely the weights
that a Bayesian observer with access to all information available in the market would assign. In
other words, as the number of strategic traders becomes large, all information available in the
market is aggregated and revealed by the market price. In the next section, we show that this is

not a coincidence: the information aggregation result holds very generally.

6 Information aggregation

We now turn to the second main result of our paper: the aggregation of dispersed information when
the number of traders becomes large.

Specifically, consider a sequence of markets, indexed by m = 1,2,.... Every market is in the
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general framework of Section 3. In every market, there are n groups of strategic traders, with at
least one trader in each group. Index i, 1 < i < n, now denotes a group of traders. The size of

)

group ¢ in market m is denoted by KZ(»m . All traders in the same group i receive the same signal
0; € R¥. The notation from the preceding sections carries over, except that §; now denotes the
signal common to all the traders in group 1.

The variance-covariance matrix € of vector pu = (v;6;07;u) is the same in all markets m. The
number of traders in each group, however, changes with m: specifically, we assume that for every i,
limy, 00 Egm) = 00, i.e., all groups become large as m becomes large. Note, however, that we do
not impose any restrictions on the rates of growth of those groups: e.g., the sizes of some groups
may grow much faster than those of other groups.

We impose the same two conditions on matrix €2 as in Section 3, and, in addition, we place the

following restriction:

Assumption 3 The variance-covariance matrix of random vector (6;6s;w) is full rank.

It follows from Theorem 1 that for each m, there exists a unique linear equilibrium in the
corresponding market. Let p(™ denote the random variable that is equal to the resulting price in
the unique linear equilibrium of market m.

We can now state and prove our main result on information aggregation in large markets: If the
demand from liquidity traders is positively correlated with the true value of the asset (conditional
on other signals), then prices in large markets aggregate all available information: p(™) converges
to E[v|0, 0, u]. If the demand from liquidity traders is negatively correlated with the true value of
the asset, then prices in large markets aggregate all available information except that contained in
liquidity demand: p(™) converges to E[v|0,0,]. If the demand from liquidity traders is uncorrelated
with the true value of the asset, then both statements are true: p(™ converges to E[v|0, 0, u] =
E[v|0,0,].

Theorem 2

o If Cov(u,v|0,0n) >0, then limy, o0 E [(p(m) - E[U‘Q,HM,UDQ} =0.
o If Cov(u,v|d,0p) <0, then limpy, o0 E [(p(m) - E[U\H,GM])Q} =0.

The proof of Theorem 2 is in Appendix C. Intuitively, when the number of informed traders of
each type is large, the information of each strategic “type” has to be (almost) fully incorporated into
the market price, since otherwise each trader of that type would be able to make a non-negligible
profit, which cannot happen in equilibrium. The signal of the market maker gets incorporated into
the market price by construction. With liquidity demand, however, the situation is more subtle.
When liquidity demand is positively correlated with the asset value (Cov(u,v|0,637) > 0), equi-
librium strategies and market depth adjust precisely in a way that makes liquidity demand get
incorporated into the market price “correctly,” i.e., with the same weight as it would be incorpo-

rated into the market price by a Bayesian observer who was fully informed about all the random
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variables in the model (except value v). As a result, price p{™ converges to E[v]0, 0y, u], and so all
information available in the market is incorporated into the market price. However, when liquid-
ity demand is negatively correlated with the value of the asset (Cov(u,v|0,6ys) < 0), this cannot
happen. In equilibrium, aggregate demand always enters the market price with a positive sign (sen-
sitivity Bp is positive). Thus, liquidity demand also enters the market price with a positive sign.
However, a fully informed Bayesian observer would put a negative weight on liquidity demand—
which cannot happen in any linear equilibrium, for any parameter values. So what happens instead
as m becomes large is that the variance of the aggregate demand from informed traders grows to
infinity (in contrast to the case Cov(u,v|,605r) > 0, in which it converges to a finite value). And
thus as m grows, liquidity demand = has less and less impact on the market price, and in the
limit it has no impact at all: price p(™ converges to E[v|0,07]. The same happens in the case
Cov(u,v|0,0x) = 0, for the same reason, but in that case E[v|f, )] is equal to E[v|0, 0y, u], and
so price p(™ does converge to the expected value of the asset given all the information available in
the market.

Appendix A: Notation

We decompose the variance-covariance matrix  of the vector (v;6y;...;0,;6x;u) as follows:
Ovv o1 e Yon YoM Oyu
Yo X110 Y Xam Y
Em} 2nl te Enn EnM 2nu
XMy XM1 0 XMn XMM  XMu
Ouv Y1 e Yun YuM Ouu

In this matrix, every o represents a (scalar) variance or covariance of the asset value and/or the
demand of liquidity traders, and every ¥ represents a (generally non-scalar) variance-covariance
matrix of an element of the vector (v;6y;...;60,;0y;u) with another element. We also introduce

notation for variance-covariance matrices of the entire vector of strategic traders’ signals, 6§ =

(01;- - ;0,), with itself and with other elements of vector u. Specifically:
th Yuu o Yin 61 Yam
Yoo =Var| + | = o ; Yom = Cov S RV : ’
Hn Enl e Enn en ZJnM
91 Zlv '91 Zlu
ng = COU , U = s Egu = CO’U , U =
OTL Env 9n ETLU
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In addition, we will use the following matrices:

11 O 0 0
0 X9 O 0
Ediag = X )
0 0 - 0
0 0 0 Xun
A = Sdiag + Too — Sorr Saras Sonr
Au = A71(29u - EGME]T/[IMZMU)y

Ay = A_l(ZHU - EGME]T/[IMZMQJ)

(We will show in the proof of our main result that A is invertible).

Appendix B: Proof of Theorem 1

The proof of Theorem 1 is constructive. For convenience, it is broken into several steps. Step 1
expresses the linear relationship implied by condition (i) of the definition of equilibrium, that price
must be equal to the expected value of the security conditional on the information available to
the market maker. Step 2 derives the best response of a strategic trader to a linear pricing rule
and linear strategies of other strategic traders, and shows that this best response is linear. It also
establishes that in equilibrium, coefficient Sp has to be positive. Step 3 summarizes the equations
in Steps 1 and 2 and reorganizes them in a system of three “almost” linear equations (they are all
linear if one scalar variable, v = 1/fp, is fixed). Step 4 reduces this system of equations to one
quadratic equation in . Step 5 shows that this quadratic equation has exactly one positive root,

thus completing the proof.

Step 1. Let a = (aq;...; ) be a profile of linear strategies for the strategic traders. Each «a; in

this profile is a vector (al;...; afi) € RFi| corresponding to linear strategy

05
di(0;) = ot} + -+ alio,
where 01»1, ces ,97{” are the elements of vector §; € R¥i.
Take any linear pricing rule (8ar;8p), Bar € RFM, Bp € R. For convenience, let vector 3 =
(Bar; Bp) summarize the pricing rule and let random vector n = (0p7; D = o6 + u) denote the

information available to the market maker when she sets the price. Then for this pricing rule to be

consistent with profile o, condition (i) of the definition of equilibrium requires that

BTn = Evln,
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which is equivalent to the following condition:?

Cov(v,n) = BT Var(n).

Expressing Cov(v,n) and Var(n) using the notation introduced in Appendix A, we thus get the

following equivalent characterization of condition (i) of the definition of equilibrium:

by by o+ by T
) T — 3 a+o0 .
(ﬁM /BD) < 7 o ETMU TE 2ET . ) ( oM Ov vu) ( )

Step 2. We now consider the optimization problem of a strategic trader ¢. Suppose he observes
signal realization 6; of signal 6;, and subsequently submits demand d. Assuming that other traders
j # i follow linear strategies o, and that the market maker follows a linear pricing rule (8ar; 8p),

the expected profit of trader 7 from submitting demand d when observing realization 0; is equal to

E |d U_ﬁjj\}eM_BD d"’za?ej—Fu 01251 . (7)
J#i

Using the fact that d is a choice variable, and thus d and d? are constants from the point of

view of taking expectations, we can rewrite equation (7) as

d-E|v— 8100 —Bp | Y al0;+u||6;=06;| —d*Bp. (8)
J#i
Now, if 8p < 0, trader ¢ can make an arbitrarily large expected profit, and no single d maximizes
it—hence, Sp cannot be negative in equilibrium.
If 6p =0, and F [v — 5]1\1/[9M|9i = 91] # 0, then again trader ¢ can make an arbitrarily large
expected profit, and no single d maximizes it. But it follows from Assumption 1 in the model'
that for at least one trader ¢, for at least some (in fact, for almost all) realizations 6;, we have

Elv— &GMWZ- = éz] # 0—hence, Sp cannot be equal to zero in equilibrium.

2To see the equivalence, note first that 71 = E[v|n] == Cov(v,n) = Cov(E[v|n],n) = Cov(8Tn,n) = BT Var(n).
To go in the opposite direction, note that Cov(v,n) = 87 Var(n) = Cov(8Tn,n) = Cov(v — 87n,n) = 0. Since
variables v — 877 and 7 are jointly normal, Cov(v — 87n,n) = 0 implies that they are independent, and thus for every
realization 7 of random variable n, E[v — 87n|n = 7] = E[v — 7] = 0, which implies that for every realization 7,
Elv|n = 17] = E["nln = 7] = 877
Assumption 1 says that at least one strategic trader i has some useful information beyond that contained in the
market maker’s signal: Cov(v,8|0r) # 0.
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Finally, if 8p > 0, then there is a unique d maximizing the expected profit:

1 -
d"=—FE |v— 800 —Bp | Y o] +u||6;=0 (9)
26D i
1 L
=55 Sk = BUShe = 8o [ Dol =+ 37, | | £5'6;, (10)
J#i

where equation (10) is the standard projection/signal extraction formula, which can be used because
of the joint normality of the relevant variables. Note that d* is a linear function of 6;, and vector

«; is uniquely determined by pricing rule (8a; fp) and strategies o for j # i.

Step 3. It therefore follows from the arguments in Steps 1 and 2 that profile of strategies «
and pricing rule (Sas; Bp) form a linear equilibrium if and only if Bp > 0 and the following two

conditions hold:

: Xyvm St + S
i T oM = (Borr, 2 a4 o) ;
) (BM BD) oS + E{M al'Seec + QEgua + ouu ( v oo W)

(i) for all i, i = o (TF, — B =h, = Bp (S, 0725 + 30, ) 53t
We will now show that there is a unique profile (o, 3) satisfying these conditions, thus proving

the existence and uniqueness of linear equilibrium.

First, we re-write condition (ii), for all 4, as:

1
205 = — (Zi — ZimBur) — Z Yijoy — Yy
Bp —
J#
or equivalently
1
Yoy + Z Yijay = ﬁ;(ziv — YimBum) — iu- (11)
J
“Stacking” equations (11) for all ¢ one under another, and rewriting the resulting system of equa-

tions in matrix form using the notation defined in Appendix A, we obtain the following condition

(equivalent to condition (ii)):

(Ediag + 299)0[ = 7Xgy — EOMﬁ?M — Yogu, (12)

where for convenience we define v = 1/8p, 8, = Bum/Bp-
Next, using this notation, and transposing the matrix equation in condition (i), that condition

can be written as a system of two equations:

EMMﬂM+EgMa+EMu :'YEny (13)
aTEgMBEW + Yum By + al'Yppa + ZEgTua e ’y(EgTva + opu)- (14)
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Step 4. We will now solve the system of equations (12), (13), and (14). Equation (13) allows us

to express (), as a function of a and ~:
By = St (Va0 — Zgara — Sagu) - (15)
We then plug this expression of 3}, into equation (12):
(Zdiag + Zo0)a = 7500 — Somr Snfasr (VEM0 — S — Sarw) — Zous
or, isolating o on the left-hand side and collecting the terms with ~,
(Zdiag + o0 — Zorr Sy 0 Sonr) @ = (Sow — SorrZa/yEm0) 7 — (Bow — SomrS3/ 3 Smu) -
Note that

Yoo — Som Sy Sen = Var(0) — Cov(0,00)Var(0u) *Cov(O, 0)
= Var(0|0n),

where the last equation follows from the standard projection formula for multivariate normal dis-
tributions. Thus, matrix gg — Xg MEX/[legM is positive semidefinite, and matrix Xgqq + Xgg —

Som Sy by is positive definite (and thus invertible). Letting

A = Sdiag+ oo — Somr S Son
Ay = A_l (Eﬁu - ZOME]T/}MEMU) s
Ay = A (Sg — E@MEEMEMU) ,

we can express « as a linear function of ~:
a =54, — A,
Plugging this expression into equation (15), we can also express (), as a linear function of ~:

55\/[ = Z:]_\/[11\4 ('YZMU - ZgM (YA, — Ay) — ZMu)
= YEh B — SharAy) — E3fy (Bare — EhpAu) -

Using these expressions, we can now rewrite equation (14) as a quadratic equation of just one
scalar variable, ~v:
ay’ +by+c=0, (16)
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where

a = AvTEGME]T;M (EMU - 2gMAfu) + A;I;EQGAU - EgvAvv

b = —AfEGMEXjM (EMu - EgMAu) - AZEHMEX;M (ZMU - E;‘)FMAU)
+Sum St (Ene — ShaA) — 247890 Ay + 250, Ay + 2F, Ay — 0vus
c = AlYomSihs (Evu — SharAu) — SunEair (Enw — ShaAa)

+ATS 09 Ay — 258 Ay + 0.

Therefore, finding a linear equilibrium is equivalent to finding a positive root of equation (16).
To prove that this equation has a unique such root, we first simplify the expressions for a, b, and c.
(For the proof, it is sufficient to simplify a and ¢, but getting a simplified expression for b is useful

for deriving an explicit analytic characterization of the equilibrium.) Starting with a:

a = AlSomEypy (S — SgyAs) + AL Se0 Ay — 25, Ay,
= A} [(ComZainEue — So0) + (Tao — SorrSsas Shnr) Av)
= AT[(=AA) + (A — Saiag) A

= _AZZdiagAv'
Next,
b = —AyZomSyiy (Sa — ZgurAu) — AL ZomSiay (Eare — SonAv)
+8um St (Ene — ShpAs) — 24T S99 Ay + 250, Ay + 2, Ay — vus
= 247 (Zou — SomE3 0 S0a) + AL (So0 — SomEn/a Snre)
+2A;1; (EGME]T/}MEgM - 200) Au + z]uME]T/jljszv — Owv
= 24TAA, + ATAA,
+2AUT (EGMEX/}MZgM - 209) Au + 2uME]T/}]WEMU — Owv
= AZ (2Ediag + A) Ay + EUME]T;MEMv — Oyv-
Finally,

c = AZE9MZ]T41M (ZMU - EgMAu) - EUME]T;M (EMU - EgMAU)
+ATY A, — 25T Ay + o
= = (Bunr — ATS00) 53N (Bare — S AL)
+ATY g Ay — 25T Ay + 0

(%) e(®)
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where, letting 6 denote vector (0;u),

o= (5 )G )m(2n)
= Var (é) —Cov (é, 9M> Var (GM)_1 Cov <9M, é)
= Var <é!0M> .

Step 5. We will now determine the signs of coefficients a and c.

Matrix ¥giqg is positive definite, by construction. Vector A, is not equal to zero: Matrix
A~! is positive definite, and vector g, — ZQMEEMEMU = Cov(0,v|0pr) is not equal to zero
(by Assumption 1 of the model). Thus, a = —AUTEdmgAv < 0.

To determine the sign of coefficient ¢, note first that ¢ = Var(AL6 —u|fys). So if we show that
¢ # 0, it will immediately follow that ¢ > 0.

If A, =0, then ¢ # 0 follows from Assumption 2 of the model.

Suppose A, # 0. It is convenient to introduce an auxiliary random variable, ¢, drawn randomly
from the normal distribution with mean zero and variance-covariance matrix ¥4;q4, independent of

all other random variables in the model. Note that matrix A, now has a simple interpretation:
Ay = Var(0 + ¢|0rr) " Cov(8,u|0rr) = Var( + ¢|0xr) "1Cov(0 + ¢, ulfrr).

Let e = u— AL(0 + ¢). Then ¢ = Var(e + AL¢|0)r). To show that ¢ > 0, it is thus sufficient to
show that € + AL'¢ is not constant, conditional on #y;. Consider Cov(e + AL ¢, AT(0 + ¢)|0y).

On one hand, Cov(e, AL (0+¢)|0r1) = Cov(u—AL(0+¢), AL(0+¢)|0r) = Cov(u, 0+¢|0nr) Ay —
ATV ar(0 + ¢|0y) Ay = 0.

On the other hand, Cov(AL ¢, AT (0+¢)|0a) = Var(AL$|0a) = ALY 4i0g Ay, which is not equal
to zero, because A, # 0 and Yg;q4 is positive definite. Therefore, Cov(e + AL ¢, AT (0 + ¢)|0rr) # 0,
and thus € + AL is not constant conditional on 67, and so ¢ > 0.

Thus, a < 0, ¢ > 0, and hence equation (16) has exactly one positive root. Therefore, there

exists a unique linear equilibrium.

Appendix C: Proof of Theorem 2

Step 1. Consider first a specific market m, and, for convenience, drop superscript (m). We know
there exists a unique linear equilibrium. It then has to be the case that any two strategic traders
in the same group have the same linear strategy (otherwise, by swapping the strategies of these
two traders, we would be able to obtain a different linear equilibrium). Let us denote by «; the
aggregate demand multiplier, in equilibrium, of group i: That is, given signal 6;, each trader in the
group submits demand %a?ﬁi.

With this notation, note that the expression for condition (i)—the market maker’s inference
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given his information—remains unchanged: Equations (13) and (14) remain valid. Condition (ii)—
the best response of a strategic trader—is now slightly different. In this notation, it becomes: For

all 7,

1 1
-

Ci ' 26p

—1
a2l xl || =2t

(22

— BuEhe = Bp | D _af=h +
J#

As in Step 3 of the proof of Theorem 1, this condition can be rewritten as

(Bdiag + So0) = 760 — ZoarBr — Sous (17)
where v and 3}, are defined as before, and instead of 34,4 as in equation (12), we now have
0 e
Yoo 0
: 0 . 0
0 N R A

Then, again by analogy with the proof of Theorem 1, we define

A = fldmg + Y09 — SomE 3 0 Sonrs
A, = A7! (Zou — EBMZXZLMEMU) ,
A, = A! (Zow — ZQMEX;MEMU) ;

and then finding a linear equilibrium is equivalent to solving the quadratic equation
ay’ +by+c¢=0,

where

~

S
a = —A EdiagAva

v
— ﬂ(ﬁ mg+A>A + S Sk Sare — G,

Since by definition v = 1/8p, solving the above quadratic equation is equivalent to solving the
quadratic equation
cBph +bBp +a =0,

which turns out to be a more convenient characterization that we will proceed with. Similarly to

the proof of Theorem 1, we also have a simple expression for a, o = Kv /Bp — KU
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Step 2. Let us now consider the entire sequence of markets, and restore superscript (m) for the

variables. We will show the following:

(I(m) — Oa
pim) —Cov(u,v|0,0y),
A Var(ul6, 0y).

We note that, by our Assumption 3, both Var(0|6y) and Var(6,,]0) are positive definite and
thus invertible. Also, as m — oo, s, Thus,

diag
K(m) — 299 — EGMZ]T}MEgM = VCL?“(9|0M),
A Var(910m) ™ (Seu — ZomSatay ) = Var(8]0a) " Cov(, ulfr),

AT Var(0)0m) ™! (Sey — SomEapa Sare) = Var(8|0y) " Cou(8, v|0h).

v

We immediately get that

a™ = 0,
o™ = Cov(v,0)0n)Var(8|0ar) " Var(8]0a)Var(0]6a) " Cov(8, ulfar) + Suns X3 EMe — Tuw,
™ Var (Cov(u, 0|0n)Var(0)0a) 10 — ulhr) -

Then, by the projection formula,
EUME;/}MEMU — oy = —Cov(u,v|0pr),

and
Cov(v,0|0r)Var(8|0rr) " Cov(8,ulfrr) — Cov(u,v|frr) = —Cov(u,v|6,0x),

thus o™ — —Cov(u,v|0,0xr).
Finally, projecting u on 6 and 6, yields
u = Cov(u, 0|0r)Var(0|0n) 10 4+ Cov(u, Orr10)Var(0]0) 00 + €up o,
and
Var(Cov(u,8|0r)Var(00a) 10 — ulfrr) = Var(eupo,,) = Var(uld,0u),

thus ¢™ — Var(uld, ).
Note that these limits imply that Bj(jm) converges, since by Assumption 3, Var(ul6,0y) > 0.

Thus 6%’1)&(’”) converges, and, in particular, the sequence is bounded.

Step 3. We now introduce, for each market m, a random vector plm) , which is independent of

the other random variables of the model, and is distributed normally with mean 0 and variance-
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covariance matrix iéﬁ;
By condition (i), or equivalently by equations (13) and (14), Bgm) and ﬁ](\?,l) are the coefficients

of the projection of v on the total demand (a(™)7@ + u and the market maker’s signal y;:
v = B9 (@ 4+ u) + (B77) 00 + €, (om0, (18)
Also, ﬁ(Dm)a(m) is equal to the coefficient of the projection of v — ﬁgn)u - (B](\Zn))THM on 6 + 9.
v— B85 u— (B) 0n = BEY (@O +8) + €, 5 i (19)

We show that 0;; is independent of € Because all the random variables involved in these

v,9+§(m) :
equations are jointly normal, it suffices to show that Cov(e_ , +5(m),9M) = 0. From equation (19),

and using the independence of 90 and 0 M,
Cov(e, g, g O1) = Cov(v, 0ar)—Cov(B5 (™) 70, 0)—Cov (B u, 0a1)—Cov((BY7) Or, ).
But from equation (18), we get that
_ (m) (m)\T (m) (m)\T
Cov(v,0r) = Cov(Byy (V™) 0,06) + Cov (B "u, Opr) + Cov((By, )" O, O0r),

hence establishing the equality Cov(ev 9430m) > Or) = 0.
In the remainder of the proof, p(™ is the random variable that corresponds to the equilibrium

price of the asset in market m, i.e.,
p(m) — ﬁj(jm)(a(m))TH + B(Dm)u + (B](\Zn))THM- (20)

Step 4. As m — oo, the behavior of the market depends on the sign of Cov(u,v|0,0y). Let us
first consider the case in which Cov(u,v|6,0yr) > 0.

In this case, ﬁ(Dm) — Cov(u,v|0,0n)/Var(uld,0x), which is immediately seen from the limits
of the coefficients of the quadratic equation that 6](;”) solves, established in Step 2. We will show
that

E[(pm - E[vyeM,e,u])Q} 0,

i.e., p™ converges to E[v|0y,0,u] in L.
We observe that
E[U|0M7 97 U] - p(m) = E[’U - p(m) |9M7 ‘91 u]

and, from equations (19) and (20),

25



and since (™) is independent of 8, 6,;, u, we get that
E['U — p(m) |0M7 97 'l,L] = E[6U79+§<m) ’0M7 0, ’U,] = E[€U79+’9“(m) ’0, U],

where the second inequality comes from the fact that €4.6-48(m) and 6); are independent, as shown
in Step 3.
We observe that, to get
E | Ele, g, 501002 =0

it is enough to show that, for every realization é, 1,

Ele , 5um|0 = =ul—0

0,046

which is implied by Cov(e_, A
We first show that Cov(e

and 0 are independent,

0) — 0 and Cov(e, y, Gim), u) — 0.

v.g4gem»0) = 0. From equation (19), we have that, using that om)

Cov(e 6) = Cov(v,6) — Cov(Bu, 8) — Cov((B) T 0rr,6) — Cov((B1T)T, 61).

v,0+§(m> ’

We also have that, noting that € , ) and 6 + 0™ are independent, and 9(m) ig independent of
v, u, @ and 0,

Cov(v,0) = Couv( (m)( (mhTg ) + C’ov(ﬂgﬂ)u, )+ COU(BJ(\T))THM, ) + B](Jm)(a(m))TVar(é\(m))

Thus,

COU(€U70+§(M),9) = 5(D )( (m))TVCLT( ) ,B(m ( )TEE;ZL

Now, since ﬁgn)(a(m)) converges to a finite limit, we get that

Cov(e 6) — 0.

v,9+§(m) ’

We observe that to establish this convergence, we have not yet used the fact that ﬁ](jm) converges
to a positive value.

Next, we show that Cov(e u) — 0. From equation (18), we get that

v,9+§<m) ’

Cov(v, (@™)70) + Cov(v,u) = Cov(BY (™70, (a™)T6) + Cov(BU (a™)T6, u)
+ Cov(BYu, (a™)T0) + Cov (84 u, u) + Cov((B™) 0, (™) 70) + Cov((B1) 011, ).

As 6(Dm) converges to a positive limit, a(™ converges. As we have just shown that

Cov(v,0)—Cov(BY™ a™)T0,0)— Cov(Bu, 0)— Cov (817 0)r,0) = B (™) TVar(@™) — 0,
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we get,

Cov(v, (a™)T6) — Cov(B7" (a™)T0, (a™)T6) — Cov (B u, (™))
— Cov((B5)T 01, (a™)T) — 0,

and thus
Cov(v,u) — C’ov(ﬂgn)(a(m))TH,u) - C’ov(ﬁgn)u, u) — COU((B](\T))TQM, u) — 0,
hence Cov(e, 5, Gom)>u) = 0.

Step 5. In this final step, we examine the remaining case in which Cov(u,v|0,6)) < 0. In this
case 6(Dm) — 0, which again is seen from the limits of the coefficients a™), 5™ (™) in Step 2. We
will show that

E (™ — B8, eM])ﬂ 0,

ie., pi"™) converges to E[v|0, 0] in L.
We observe that, from equation (19),

p™ — B[]0, 0n] = 85" (u — E[ul6,01)) — E| 10, 0],

€0,0-+0(m)

As Bgn) — 0, the first term converges to 0 in L?. In Step 3 we showed that e is independent of
€U70+§(m) s 9) — O,

116, 0ar] converges to 0 in L2. Thus p(™) converges to E[v|6, 6] in L.

0,649
Ons so Ele, »,5om |0, 00] = Ele, 5, 5om)|0]. Finally, in Step 4, we showed that Cov(

implying that E[ewG+§<m
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