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Abstract

We study a dynamic agency problem with two-sided moral hazard: the worker chooses

whether to exert effort or shirk; the manager chooses whether to invest in paying at-

tention to the worker’s performance. In equilibrium the worker uses past recognition to

infer managerial attention. An engagement trap arises: absent recent recognition, both

worker effort and managerial investment decrease, making a return to high productiv-

ity less likely as time passes. In a sample of ex-ante identical firms, firm performance,

managerial quality, and worker engagement display heterogeneity across firms, positive

correlation, and persistence over time.
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1 Introduction

Performance differences across firms are sizable and persistent. A growing number of studies

point to managerial practices as a main driver.1 Bloom and Van Reenen (2007) find that

higher-quality management practices are associated with higher productivity, profitability,

and survival rates. Bloom et al. (2013) provide free consulting services to randomly chosen

plants and find that adopting these practices raises productivity. The role of managers and

different components of management is also stressed in Ichniowski, Shaw, and Prennushi

(1997), Bushnell and Wolfram (2009), Bloom and Van Reenen (2010), and Kaplan, Klebanov,

and Sorensen (2012) among others; see Gibbons and Henderson (2013) for a survey.

At the same time, psychologists find that worker engagement is important for firm pro-

ductivity. Employee engagement is positively related to individual performance (Warr, 1999;

Judge et al., 2001); moreover, at the organizational and unit-business level, there is a signifi-

cant link between aggregate measures of worker engagement and outcomes such as employee

turnover, customer satisfaction, accidents, productivity, and profits (Ostroff, 1992; Ryan,

Schmit, and Johnson, 1996; Harter, Hayes, and Schmidt, 2002).2 Notably, some of the items

comprising engagement measures concern workers’ perceptions of managerial practices. For

example, whether workers believe to be given “recognition or praise for doing good work”

affects their engagement (Harter, Hayes, and Schmidt, 2002, p. 269).

This paper studies firms’ ability to raise productivity by using better managerial practices

and increasing worker engagement. Can firms improve their management practices? Can

they improve worker engagement? What is the relationship between the two? We provide

a model where these two phenomena are interlinked and explore the dynamic interaction

between them. Our theory offers an explanation for why performance differences across

firms are highly persistent in the data: while good managerial practices can allow to increase

worker engagement and productivity, firms may fall into an “engagement trap” where low

worker engagement and poor management reinforce each other.

Our model features two-sided moral hazard: on the one hand, workers choose whether to

exert effort or shirk; on the other hand, the manager chooses whether to invest in paying

attention to workers’ performance. A worker’s level of engagement depends on his belief

about the manager’s attention. Our focus on managerial attention is motivated by the

observation — dating back to at least Simon (1945) and Drucker (1966) — that managers’

1For a discussion of the different possible determinants of productivity differences across firms, see the
survey by Syverson (2011).

2Recent work suggests that this link is indeed a causal one from worker engagement to firm performance;
see for example Bockerman and Ilmakunnas (2012).
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time and attention are limited and how managers choose to allocate these scarce resources is

central to organizations. In this sense, the paper relates to Geanakoplos and Milgrom (1991)

and other work on organizations under cognitive limits,3 although we address quite different

issues. In particular, while this literature is concerned with the coordination of agents under

no conflicting interests, we consider managers’ attention to monitoring and the interaction

with the provision of effort incentives. Our study of attention as a main component of

management is also related to recent empirical work on the time use of managers and firm

productivity, including Bandiera et al. (2011) and Bandiera, Prat, and Sadun (2012).

More specifically, we consider the following continuous-time model. At each time, a my-

opic agent privately chooses effort which generates unobservable output for a principal.4 The

principal’s managerial attention can be either low or high. We model managerial attention as

capital: the principal can invest at some cost to transform a low managerial attention tech-

nology into a high technology, and a high technology may “break” at any point and become

low. The agent observes neither managerial attention nor investment directly. Learning

about effort and managerial attention occurs through public Poisson signals whose arrival

rate is positive if attention is high and the agent exerts effort, and it is zero otherwise.

When a signal arrives, we say that “recognition” occurs. The agent receives a constant

bonus payment each time there is recognition; the principal does not bear the cost of this

bonus directly.5 Naturally, in this setting, the agent’s incentive to exert effort depends not

only on the bonus but also on his engagement, which we define as the agent’s belief that the

principal’s managerial attention is high.

There are three main features that our model tries to capture. First, workers are engaged

and exert effort if they believe that they will be recognized for their work. Recognition may

entail a monetary payment or some other form of reward or praise that is valued by the work-

ers. Second, managers cannot increase worker engagement by simply recognizing workers

continuously or at random times. Credible recognition is costly: it requires that managers

invest in paying attention to workers’ performance. Managers need to have in place a control

system to recognize workers’ performance along the lines of the human resource management

practices identified by Bloom and Van Reenen (2007). Finally, managerial attention is not

directly observable, and managers can prove to have high attention to recognize good per-

3See for example Radner (1993), Bolton and Dewatripont (1994), Van Zandt (1999, 2003), Garicano
(2000), and Dessein, Galeotti, and Santos (2013). Garicano and Prat (2011) provide a survey.

4We think of output as some good or service whose quality is difficult to measure, or for which the agent’s
contribution to the final product is difficult to determine. As it is often the case in the real world, the agent
is thus not directly compensated as a function of output.

5For example, assume that the principal makes payments to a bonus pool or to a fund at each time, and
the fund then pays the bonus to the agent when recognition occurs. We make this assumption to study the
problem of managerial attention separately from that of enforcement of payments.
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formance only when performance is indeed good. If workers’ engagement and effort are low,

an investment in recognizing good work is likely to go unnoticed.

In a benchmark setting where the principal’s managerial attention is observable, trade

requires that the principal maintain high attention; otherwise the agent is not willing to

put in effort. The principal invests in fixing her attention technology each time it breaks

if and only if the gain from the investment is larger than the cost. The gain is the output

generated when the agent exerts effort; the cost depends on the probability that a high

attention technology again breaks. We consider parameters such that, when attention is

observable, it is optimal for the principal to always invest.

Turning to unobservable managerial attention, we characterize the unique efficient equi-

librium when beliefs are continuous in the absence of public events.6 The agent’s engagement

here is a function of recognition (or the absence of recognition) and the agent’s belief about

the principal’s investment. Because recognition fully reveals that the principal’s managerial

attention is high, the agent’s engagement jumps up to one when recognition occurs. We show

that in the equilibrium, engagement then decreases continuously over time until recognition

again occurs. The agent exerts effort with probability one while engagement is high; once

engagement becomes low, the probability that the agent exerts effort decreases continuously

with the time that has passed since the last recognition. As for the principal’s investment,

following recognition the principal does not invest while engagement and effort are high,

as she has little to gain from being again revealed to be a high-managerial-attention type.

When the agent’s effort begins to decline, the principal uses a mixed strategy, with a proba-

bility of investment that is also decreasing over time. The relationship can then fall into an

engagement trap, where effort and investment decline so long as recognition does not occur,

and as a consequence the probability of recognition also goes down over time.

We contrast the dynamics of our model with those that arise in a setting where the

principal monitors bad performance rather than good performance. That is, suppose that

recognition can occur only if the principal’s attention is high and the agent does not exert

effort. The agent is punished whenever there is recognition. We show that in equilibrium the

agent exerts effort with probability one while engagement is high and with some constant

probability once engagement becomes low. Similarly, the principal either does not invest or

invests with a constant probability. The model is thus essentially static. More importantly,

here the probability of recognition increases and remains constant when the agent’s effort

jumps down, so an engagement trap does not arise.

The implications for firm productivity are immediate. Monitoring systems based on re-

6Note: We will study equilibria where beliefs can be discontinuous in a future version of this paper.
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ward result in persistent heterogeneity in firm performance. Investment and recognition

decrease as productivity goes down, making a return to high productivity less likely. In-

stead, systems based on punishment do not give rise to traps, as low-performing firms are

the ones with the higher chances of obtaining recognition and increasing performance. Our

analysis thus predicts more persistent performance differences among ex-ante identical firms

in industries where rewards are a better instrument to incentivize workers than punishment.

One example is continuous process innovation, where high managerial attention is needed to

recognize and reward workers’ small innovations.

The paper is related to other models where persistent performance differences arise among

seemingly identical organizations (see the survey by Gibbons and Henderson, 2013). For

example, Chassang (2010) considers a model where a party cannot observe her partner’s

cost of cooperating in a given period, but can learn to predict this cost as the parties gain

common experience. Because learning is costly, the parties may choose to stop learning

before it is complete, and the efficiency of the relationship can depend on the history. In

Li and Matouschek (2012), a principal’s cost of making contingent payments to an agent

depends on a shock that is the principal’s private information. As bad shocks accumulate,

the agent’s effort goes down, and if the principal is liquidity constrained, a recovery becomes

more difficult. Callander and Matouschek (2013) propose a theory where managers learn

about the quality of different managerial practices by trial and error. If managerial actions

are complementary, differences in the quality of practices across firms are persistent.

The paper is also related to continuous-time models of reputation. Faingold and Sannikov

(2011) study a model where a firm is either a normal type or a behavioral type committed

to a stationary strategy (Kreps and Wilson, 1982; Milgrom and Roberts, 1982), and where

consumers observe Brownian signals of the firm’s actions. Closer to our setting is Board

and Meyer-ter-Vehn (2012), where a firm can invest in product quality and consumers learn

about the firm’s quality through Poisson signals. These papers however consider moral

hazard only on the side of the informed player; moreover, the uninformed player’s actions

have no effect on learning. Instead, we study a model where there is a dual moral hazard

problem, and where both the manager’s investment and the workers’ effort affect the learning

process. Related to our analysis of reward-based versus punishment-based systems, Board

and Meyer-ter-Vehn (2012) compare good-news and bad-news learning about firm quality.7

We note though that learning is always good news about the principal’s type in our model;

the distinction that we make is between good-news and bad-news learning about the agent’s

performance.

7See also Abreu, Milgrom, and Pearce (1991).
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Finally, there is a large literature on monitoring. In particular, a series of early papers

study the problem of monitoring or auditing when the monitor cannot commit to a monitor-

ing strategy.8 Graetz, Reinganum, and Wilde (1986) analyze a simple tax compliance game.

Khalil (1997) shows that a principal induces overproduction to increase her incentives to

audit an agent’s private cost of production ex post. Strausz (1997) considers a moral hazard

setting and shows that delegating monitoring to a third party can help a principal to provide

incentives for effort and monitoring simultaneously.

2 The model

2.1 Setup

Consider a principal and an agent. Time t ∈ [0,∞) is continuous and infinite and the

discount rate is r ≥ 0. At each time t, the agent privately chooses whether to exert effort or

shirk, where αt ∈ [0, 1] is the probability with which the agent exerts effort and c > 0 is the

cost of effort. The agent’s effort generates an output for the principal that we normalize to

be equal to αt. This output is unobservable to the parties. As mentioned, this captures the

idea that either the quality of output or the agent’s contribution to final output is difficult

to measure, so the agent’s compensation cannot directly depend on output.

The principal’s managerial attention can be either low or high, θt ∈ {θL, θH}. A manage-

rial attention technology θH becomes θL, i.e. “the technology breaks”, with instantaneous

transition probability γ > 0. The principal can transform a technology θL into θH , i.e. “fix

the technology”, by investing at cost F > 0. The principal’s managerial attention technol-

ogy and her investment decisions are unobservable by the agent. The agent’s belief that

managerial attention is high at time t is xt = Pr(θt = θH) ∈ [0, 1]. We refer to x as the

agent’s level of engagement.

At any time t, a signal is realized — “recognition” occurs — with instantaneous proba-

bility µ(αt, θt). With the obvious abuse of notation, we let µ(αt, θt) = µαt if θt = θH and

µ(αt, θt) = 0 otherwise, where µ > 0. The agent receives a bonus payment b > 0 each time

there is recognition. To study the problem of managerial attention separately from that

of enforcement of payments, we assume that the principal does not bear the cost of this

bonus directly. One interpretation is that the principal makes instantaneous payments at

each point to a fund, which then pays the bonus b to the agent when recognition occurs.

Alternatively, the bonus may represent the agent’s intrinsic value for being recognized for

8Sappington (1986) and Melumad and Mookherjee (1989) study settings with partial commitment.
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his work, where this recognition does not entail a direct cost to the principal. The bonus is

exogenous and the agent’s wage is normalized to 0.

Both the principal and the agent are risk neutral. The agent is completely myopic and

his outside option is not to work.

2.2 Observable attention benchmark

Consider a benchmark where the principal’s managerial attention is observable. The equi-

librium features trade if the principal invests in managerial attention and the agent exerts

effort. We obtain the following result:9

Proposition 1 (Observable managerial attention). Suppose θt is observable. A trade equi-

librium exists if and only if

µb ≥ c and (γ + r)F ≤ 1.

Proof. The agent is willing to exert effort if and only if θt = θH and µb ≥ c. If the technology

breaks at time t, the principal prefers to fix it at t rather than fixing it at time t+ δ, for any

δ ∈ (0,∞), if and only if ∫ δ

0

e−(γ+r)τdτ − (1− e−(γ+r)δ)F ≥ 0

⇐⇒ 1

(γ + r)
(1− e−(γ+r)δ)− (1− e−(γ+r)δ)F ≥ 0

⇐⇒ 1

(γ + r)
− F ≥ 0.

Q.E.D.

When managerial attention is observable, two conditions are required for trade. First,

given a high managerial attention, the agent’s expected reward for performance must be

large enough to compensate the agent for his cost of effort. Second, the principal must have

incentives to invest in high managerial attention; otherwise the agent exerts no effort. The

principal fixes her managerial attention technology when it breaks if and only if the gain

is larger than the cost. The gain is the output that the principal obtains from the agent’s

effort. As for the cost, the principal takes into account not only the current cost F , but also

the probability γ that at any point the technology may break and need to be fixed again.

9Trivially, if θ0 = θH , trade occurs until the technology first breaks even if the second condition given in
Proposition 1 is not satisfied. We do not consider such an outcome a trade equilibrium.
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Throughout our analysis, we assume that parameters are such that these two conditions are

satisfied:

Assumption 1. A trade equilibrium exists under observable managerial attention: µb ≥ c

and (γ + r)F ≤ 1.

3 Equilibrium characterization

Consider now the case where managerial attention is unobservable. Unlike under observable

attention, an equilibrium where the principal invests each time the technology breaks does

not exist. If the principal always invests, the agent’s belief is xt = 1 for all t, but then the

principal has no incentives to invest at cost F > 0. In fact, this implies that an equilib-

rium where the agent’s belief is constant and strictly positive does not exist (as any such

equilibrium must have xt = 1 for all t), and the unique equilibrium where engagement is

constant has xt = 0 for all t. Therefore, under unobservable managerial attention, we look

for equilibria with ups and downs in the agent’s engagement. Furthermore, note that if the

principal invests at some time t, in equilibrium she must be indifferent between investing

and not investing at t. The reason is that if the principal has strict incentives to invest at

any time t, the agent’s belief is xt = 1, but then again the principal prefers to postpone the

investment.

The next subsection characterizes the unique efficient equilibrium when beliefs are con-

tinuous in observables.

3.1 The solution

Let s be the amount of time that has passed since recognition last occurred. We solve for

the unique efficient equilibrium when the agent’s belief as a function of s, xs, is continuous.

In other words, the agent’s engagement as a function of time is continuous in the absence of

public events.10

We construct an equilibrium where the principal does not invest if s < s, for a time s > 0,

and she invests with instantaneous probability qs ∈ (0,∞) if s ≥ s. The agent exerts effort

with probability αs = 1 if s < s and with probability αs ∈ (0, 1) if s ≥ s. The threshold

time s is thus defined as the time at which the agent’s belief xs reaches the level x ≡ c/(µb)

at which the agent is indifferent between exerting effort and shirking.

10This restriction is similar to the one used by Board and Meyer-ter-Vehn (2012) in their model of repu-
tation.

8



Engagement. To solve for the threshold time s, consider first the law of motion for the

agent’s belief xs. At the time of recognition, s = 0, the agent’s belief is x0 = 1, since recog-

nition fully reveals that the principal’s managerial attention is high. Then, if no recognition

occurs, the change in xs over [s, s+ δ] is given by three sources which are independent in the

limit: (i) the possibility that a high managerial attention technology breaks, with instanta-

neous probability γ; (ii) learning about the principal’s managerial attention technology in

the absence of recognition, according to Bayes’ rule; and (iii) the agent’s belief about the

principal’s investment in fixing a low managerial attention technology. Because in equilib-

rium the agent’s belief about the principal’s investment is correct, we can replace this belief

with the principal’s true instantaneous investment probability, qs. Thus,

xs+δ − xs = [(1− γδ)xs − xs] +

[
xs(1− µ

∫ δ
0
αs+τdτ)

xs(1− µ
∫ δ
0
αs+τdτ) + (1− xs)

− xs

]

+

[
xs + (1− xs)

∫ δ

0

qs+τdτ − xs
]

+ o(δ)

= −γδxs −
xs(1− xs)µαs+τδ

xs(1− µαs+τδ) + (1− xs)
+ (1− xs)qs+τδ + o(δ),

where τ ∈ (0, δ) and we have used the first mean value theorem for integration.11 In the

limit as δ → 0, xs in the absence of a signal is then governed by the following differential

equation:

ẋs = −γxs − xs(1− xs)µαs + (1− xs)qs. (1)

For s ≤ s, qs = 0 and αs = 1, so the law of motion is

ẋs = −γxs − xs(1− xs)µ. (2)

Solving this differential equation with initial condition x0 = 1 gives

xs =
γ + µ

e(log(γ)+(γ+µ)s) + µ
.

Hence, s is given by

xs = x ⇐⇒ γ + µ

e(log(γ)+(γ+µ)s) + µ
=

c

µb

⇐⇒ s =
log
(

(γ+µ)µb−µc
γc

)
γ + µ

. (3)

11Recall that qs is bounded in equilibrium as the principal cannot have strict incentives to invest.
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Note that µb ≥ c and thus s ≥ 0.

Investment and effort. Consider next the principal’s incentives to invest. The principal’s

payoff at any point s depends on the principal’s managerial attention technology or type.

Given s, let πHs be the principal’s expected payoff when her type is θs = θH and πLs when

her type is θs = θL. The principal is willing to invest at s only if

πLs ≤ πHs − F.

As mentioned, the principal cannot have strict incentives to invest at any time s; thus,

πLs ≥ πHs − F for all s. Since at any point the principal either does not want to invest or is

indifferent between investing and not investing, we can compute her payoff as if she never

invested. Hence, the principal’s expected payoff at s given θs is

πLs =

∫ ∞
s

e−r(τ−s)ατdτ (4)

πHs =

∫ ∞
s

e−(γ+r)(τ−s)−
∫ τ
s µατ̃dτ̃ (ατ + γπLτ + µατπ

H
0 )dτ. (5)

Let Λs ≡ πHs − πLs denote the value of investing, and Ψs ≡ πH0 − πHs denote the value of

recognition. Using (4) and (5), we can write

Λs =

∫ ∞
s

e−(γ+r)(τ−s)µατΨτdτ. (6)

The principal’s value of investing in a high managerial attention technology is given by

the probability of obtaining recognition before this technology breaks, times the value of

recognition.

Consider time s ≥ s where the principal invests with positive probability. The condition

that the principal be indifferent between investing and not investing at s is

Λs = F. (7)

The principal must also be indifferent between investing at s and investing at s+ δ, for any

δ ∈ (0,∞):∫ δ

0

e−
∫ τ
0 µαs+τ̃dτ̃−rτ (πH0 − πHs+τ )µαs+τdτ − F −

∫ δ

0

e−
∫ τ
0 µαs+τ̃dτ̃−rτγFdτ + e−rδF = 0.
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As δ → 0, this condition is equivalent to Λ̇s = 0. That is, for the principal to be indifferent

over a period of time, her expected benefit from investing must be constant over this period.

Differentiating (6) and substituting with (7), this condition can be written as

Ψsµαs = (γ + r)F. (8)

We use the principal’s indifference conditions (7) and (8) to solve for the agent’s effort αs

at any time s at which the principal invests. Note that from condition (7), Ψs = πH0 −πLs −F ,

and thus

Ψ̇s = −π̇Ls
= αs − rπLs ,

where the second equality follows from (4). Using (4), (7), and (8), we obtain a system of

two differential equations for s ≥ s:

Ψ̇s =
(γ + r)F

µΨs

− rπLs (9)

π̇Ls = −Ψ̇s, (10)

with boundary conditions Ψs = Ψ and πLs = πL. The values Ψ and πL are obtained from the

solution for s < s, which we characterize below. Let Ψ̂s and π̂Ls be the solution to (9)-(10)

given these boundary conditions. Then the agent’s effort for s ≥ s is

α̂s =
(γ + r)F

Ψ̂sµ
. (11)

Finally, using the law of motion for the agent’s belief in equation (1) and the agent’s effort in

equation (11), we solve for the principal’s instantaneous probability of investment qs. Recall

that the agent’s belief must be constant at xs = x for s ≥ s. Setting ẋs = 0, xs = x, and

αs = α̂s in (1) and solving for qs yields that the principal’s investment for s ≥ s is

q̂s = γ
x

1− x
+ xµα̂s. (12)

The last step is to characterize the dynamics for s < s. Since here αs = 1, we obtain the
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following system of differential equations:

Λ̇s = (γ + r)Λs − µΨs (13)

Ψ̇s = 1− (γ + r)Λs + µΨs − rπLs (14)

π̇Ls = −1 + rπLs , (15)

where the boundary conditions are: Ψ0 = 0; Λs = F ; and Ψs = (γ+r)F
µ

. The first two bound-

ary conditions are straightforward from the definitions and discussion above. To understand

the third condition, note that for s < s, we must have Λs < F , so that the principal has

no incentives to invest. Given Λs = F , this requires Λ̇s ≥ 0 for s < s. Now suppose this

inequality is strict for s arbitrarily close to s. Since Λs is continuous, it approaches F as s

approaches s. Hence, in the limit as s approaches s, Λ̇s > 0 implies µΨs < (γ + r)F . But

then the indifference condition (8) requires that αs jump up above one at s. Thus, we must

have limε→0 Λ̇s−ε = 0.

This condition on Λ̇s has important implications. First, it implies that the agent’s effort

is continuous at s. From (11), we know that effort is also continuous for s > s. Because

the probability with which the agent exerts effort cannot stay at one (as the principal would

have no incentives to invest), this means that the agent’s effort declines continuously for

s ≥ s, converging asymptotically to some constant long-run level α < 1. Second, using (12),

we obtain that the principal’s investment qs jumps at s and declines continuously for s > s.

Finally, it follows that the probability of recognition, µxsαs, is also decreasing in s.

Using the solution to (13)-(15), we compute Ψ and πL, and these are then used as initial

conditions to solve the system (9)-(10). These solutions characterize the equilibrium.

Uniqueness. We show that the equilibrium characterized above is the unique continuous

equilibrium where engagement never falls strictly below the threshold x = c/(µb).

It is straightforward to see that there is no equilibrium where xs is always strictly above

x: if xs > x for all s, the principal would not want to invest, but then xs would eventually

fall below x. Moreover, note that the principal cannot invest continuously over a period of

time [s′, s′ + δ] where xs′ > x. Suppose by contradiction that she did. Then condition (8)

would hold for s ∈ [s′, s′ + δ] with αs = 1, implying Ψs = (γ + r)F/µ for s ∈ [s′, s′ + δ].

Substituting in equation (9) and setting Ψ̇s = 0, this implies

1 = rπLs .
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But this means that the action never falls below one, leading again to a contradiction. It thus

follows that any continuous equilibrium where xs never falls strictly below x must coincide

with our equilibrium.

We obtain the following result:

Proposition 2. The unique continuous equilibrium where engagement never falls strictly

below x is characterized by equations (1), (3), (11), and (12). In this equilibrium, if the

time that has passed since recognition is s < s, the agent exerts effort and the principal

does not invest. For s ≥ s, the agent exerts effort with probability α̂s ∈ (0, 1) and the

principal invests with instantaneous probability q̂s ∈ (0,∞). Effort α̂s decreases continuously

for s ≥ s. Investment q̂s jumps at s and decreases continuously for s > s. The probability of

recognition, µxsα̂s, is continuously decreasing in s.

Figure 1 illustrates the equilibrium. When the agent is highly engaged — i.e. the agent’s

belief that managerial attention is high is relatively high — the principal’s gain from be-

ing revealed to be a high-managerial-attention type is small. Following recognition, there

is thus a period of time during which the agent exerts effort and the principal does not

invest. During this period, engagement declines because the probability that the principal’s

managerial attention technology has broken and become low increases as time passes with-

out recognition. Eventually, engagement becomes low enough that the principal must start

investing to prevent the agent from shirking. From this time on and so long as recognition

does not occur, the principal’s investment and the agent’s effort decrease continuously to-

wards a low constant level, and so does the probability of obtaining recognition. Therefore,

low worker engagement and poor managerial practices reinforce each other, and the relation-

ship’s chances of returning to high engagement and high productivity decline as performance

continues to go down.

Our results have direct implications for firm performance. Performance is positively cor-

related with worker engagement and with worker recognition. Moreover, investment in man-

agerial attention is inverse U-shaped in performance, with lower levels of investment when

performance is either relatively high or relatively low. This low investment at low per-

formance levels leads to the engagement trap, where engagement is low and performance

continues to go down. In a sample of ex-ante identical firms, we find that firm performance,

managerial quality, and worker engagement display heterogeneity across firms, positive cor-

relation, and persistence over time.
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Figure 1 – Equilibrium dynamics.
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Corollary 1. In the equilibrium of Proposition 2, productivity is positively correlated with

engagement and recognition, and investment in managerial attention is inverse U-shaped in

productivity. The equilibrium gives rise to persistent performance differences among ex-ante

identical firms.

3.2 Existence and efficiency

Existence. We show that a continuous equilibrium always exists. Specifically, we show

that if our equilibrium (characterized by (1), (3), (11), and (12) above) does not exist, an

equilibrium where the principal never invests exists.

The argument is as follows. Fix the agent’s belief to be as if the principal never invested.

That is, xs is governed by equation (2) for s ∈ [0, s] and it falls below x at s, where s is

given by (3). The agent’s effort is then αs = 1 for s ∈ [0, s] and αs = 0 for s > s. Call this

path of effort α̃. Given s, it is straightforward to compute the low and high type’s payoffs

under no investment in this case. Let these payoffs be denoted by πHs (α̃) and πLs (α̃), and let

Ψs(α̃) ≡ πH0 (α̃)− πHs (α̃) and Λs(α̃) ≡ πHs (α̃)− πLs (α̃), where

Λs(α̃) =

∫ s

s

e−(r+γ)(τ−s)µΨs(α̃)dτ. (16)

The there are two possibilities: (i) there exists s̃ ∈ [0, s] such that Λs̃(α̃) ≥ F , or (ii) for

all s ∈ [0, s], Λs(α̃) < F . In case (ii), it is obvious that a continuous equilibrium with no

investment exists. Hence, all we need to show is that our equilibrium exists in case (i).

To explain the idea, let s̃(α̃) ∈ [0, s] = arg maxs Λs(α̃). (Note such s̃(α̃) always exists.)

Since Λs̃(α̃)(α̃) = F is non-generic, assume Λs̃(α̃)(α̃) > F . Note that the principal has strict

incentives to invest, which cannot occur in equilibrium. We show that our equilibrium can

always be constructed in this case.

Note that s̃(α̃) ∈ (0, s), since at s = 0, Ψ0(α̃) = 0, and thus Λs(α̃) in (16) is equal to zero

at either s = 0 or s = s. Intuitively, as s goes to zero, the benefit from recognition goes to

zero, while as s goes to s, the chances of obtaining recognition in such little period of time

go to zero. Moreover, it follows that we can define s∗(α̃) = min{s : Λs(α̃) = F}. Note that

s∗(α̃) exists and is strictly less than s̃(α̃).

Now consider a different path of effort for s > s. To illustrate the idea, consider the

profile α′ defined as α′s = 1 for s ∈ [0, s] and α′s = α′ ∈ [0, 1] for s > s. At one extreme, if

α′ = 1, then the principal would never invest. At the other extreme, if α′ = 0, investment
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incentives are as just described. Then we can show that there exists α′ such that

s∗(α′) = s.

That is, by adjusting α′, we can ensure that the principal does not want to invest at s < s

and she is indifferent exactly at s. Given this profile α′, the principal’s investment benefit

at s is Λs(α
′) = F and the associated benefit from recognition is Ψs(α

′). The last step is to

note that given the discount rate r, from the perspective of s, there is an infinite number of

infinite (non-constant) sequences of future effort and associated recognition benefit functions

that give the principal the same incentives to invest at s as the profile α′. Therefore, we can

choose the sequence α̂ such that

µΨs(α̂)α̂s = (γ + r)F

for all s ≥ s, which is our equilibrium.

Efficiency. We show that if our equilibrium exists, it is the unique efficient continuous

equilibrium. By Proposition 2, our equilibrium is the unique continuous equilibrium where

engagement never falls below x. Consider an equilibrium where xs falls strictly below x

at some time s. In any such equilibrium with xs continuous, once xs falls below x, there

is a “breakdown”, i.e., the relationship goes into an absorbing state where the principal

never invests and the agent never exerts effort. The reason is that once xs is below x, xs

cannot increase continuously all the way to a level above x; since xs < x implies αs = 0,

the principal would have strict incentives not to invest when xs < x and would instead wait

until xs ≥ x. Finally, using the analysis above, we can show that if our equilibrium exists,

then it dominates this equilibrium with a breakdown.

Proposition 3. A continuous equilibrium always exists. If the equilibrium characterized

by (1), (3), (11), and (12) exists, it is the unique efficient continuous equilibrium. If this

equilibrium does not exist, an equilibrium where the principal never invests exists.

Proof. See Appendix A. Q.E.D.

3.3 Comparative statics

We study how the efficient continuous equilibrium described above varies with parameters.

Consider the threshold time s at which the principal starts investing. We find the following

result:

16



Proposition 4. The threshold time s is increasing in b, decreasing in c and γ, non-monotonic

with respect to µ, and independent of F .

Proof. See Appendix A. Q.E.D.

These comparative statics are illustrated in Figure 2 and Figure 3.12 The intuition for

the comparative static with respect to the bonus is straightforward: if the agent’s reward for

recognition b is higher, the threshold belief at which the agent becomes indifferent, x = c/µb,

is smaller. That is, the agent is willing to work for lower levels of engagement. This means

that the principal can enjoy high effort by the agent for a longer period of time without

investing, and thus the threshold time s at which the principal starts investing is larger. The

intuition for the cost of effort c is similar. As for the probability with which the principal’s

managerial attention technology breaks, γ, the result is due to the fact that, in the absence

of recognition, the agent updates his belief down faster if the principal’s attention is less

persistent. Hence, the threshold belief x is reached more quickly and as a result s is smaller.

The comparative static with respect to the probability of recognition given high man-

agerial attention and effort, µ, is more interesting. As shown in Figure 3, the relationship

between s and µ is non-monotonic. On the one hand, the larger is µ, the lower is the thresh-

old belief x, as the agent’s incentives to exert effort are higher given a higher probability

of recognition. On the other hand, the larger is µ, the faster the agent updates his belief

down when recognition does not occur. Consequently, as µ increases, s first increases as the

incentive effect pushes x down, but then it goes down as the updating effect makes xs decline

and reach x more quickly.

The figures also show how the paths of effort and investment for s ≥ s depend on pa-

rameters. We can formally characterize the long-run level of effort, α, in the limit of no

discounting. As the discount rate r approaches zero, rπLs becomes equal to the long-run ef-

fort level. Using this, we simplify the systems of differential equations (9)-(10) and (13)-(15)

to obtain closed-form solutions. The agent’s effort in the long run as r goes to zero is

α =
µ(µ+ γ(γ + µ)s)− Fγ(γ + µ)2 − µ2e−(γ+µ)s

µ(µ+ γ(γ + µ)s)− µ2e−(γ+µ)s
. (17)

Since s does not depend on the cost of investment F , the comparative static with respect to

F is immediate. As is intuitive, the long-run level of effort α is decreasing in F , approaching

12We do not show the comparative static with respect to c as it follows a similar pattern, though with the
opposite sign, as for b.
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Figure 2 – Comparative statics with respect to F and γ.
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Figure 3 – Comparative statics with respect to µ and b.
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one as F goes to zero and becoming zero for F high enough.13 Substituting s from equation

(3), we can compute the comparative statics of α with respect to the other parameters:

Proposition 5. Let the discount rate r be arbitrarily close to zero. The long-run level of

effort α is decreasing in F , γ, and c, increasing in b, and non-monotonic with respect to µ.

Proof. See Appendix A. Q.E.D.

As in the case of the threshold time s, we find that the relationship between the long-run

level of effort α and the probability of recognition µ is ambiguous. Figure 3 illustrates this.

4 Monitoring bad performance

Consider a setting where the principal monitors bad performance rather than good perfor-

mance. Specifically, take the model of Section 2 but now assume that the instantaneous

probability of recognition is µ(αt, θt) = µ(1 − αt) if θt = θH , and µ(αt, θt) = 0 otherwise

(where µ > 0). The agent receives a punishment −b < 0 each time recognition occurs. It

is straightforward that the benchmark with observable managerial attention is the same as

under good-performance monitoring. How does the analysis with unobservable managerial

attention change?

Let s be the amount of time since recognition last occurred. As in the main model, the

agent’s belief jumps to one when there is recognition, i.e. x0 = 1. Then if no recognition

occurs, the law of motion for the agent’s belief is

ẋs = −γxs − xs(1− xs)µ(1− αs) + (1− xs)qs. (18)

Note that at any time s at which xs > x, the agent’s effort is αs = 1 and thus the probability

of recognition is zero. Hence, for xs > x, the principal does not invest, and the law of motion

for the agent’s belief is

ẋs = −γxs.

The solution to this differential equation with initial condition x0 = 1 is xs = e−γs. As

before, let s be the time at which the agent’s belief reaches x = c/(µb):

xs = x ⇐⇒ s =
log(µb/c)

γ
.

13If F is high enough so that α becomes negative, a continuous equilibrium where the principal invests
does no exist.
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For s ≥ s, the agent exerts effort with probability αs ∈ (0, 1) and the principal invests with

instantaneous probability qs ∈ (0,∞). The principal must be indifferent between investing

and not investing, and between investing now and later. Following the same steps as above,

the two conditions are:

Λs = F (19)

Ψsµ(1− αs) = (γ + r)F. (20)

Unlike in the main model, condition (20) now shows that the agent’s effort and the principal’s

recognition benefit must move in the same direction for the principal’s investment benefit

to be constant. But then note that the agent’s effort αs cannot be decreasing, as that

would imply that Ψ̇s = αs − rπLs > 0 and hence the principal’s investment benefit would

be increasing. Analogously, αs cannot be increasing, as then Ψ̇s = αs − rπLs < 0 and the

principal’s investment benefit would be decreasing. Hence, αs and Ψs must be constant for

s ≥ s. Denote these constant values by α and Ψ respectively. Note that

πH0 =

∫ s

0

e−(r+γ)τ (1 + γπLτ )dτ + e−(r+γ)sπHs ,

where πHs = F + πLs and for s ≤ s,

πLs =
1− e−r(s−s)(1− α)

r
.

Hence, using these expressions, the equilibrium is simply characterized by the following two

equations:

Ψ =
(γ + r)F

µ(1− α)
(21)

Ψ = πH0 −
(
F +

α

r

)
. (22)

Finally, using (18), the principal’s investment for s ≥ s is constant and equal to

q = γ
x

1− x
+ xµ(1− α).

Figure 4 illustrates the equilibrium for the same parameter values used in Figure 1. We

stress two important differences. First, under bad-performance monitoring the equilibrium

is essentially static, while it is dynamic under good-performance monitoring. Second, un-

21



der bad-performance monitoring the probability of recognition is zero when performance is

high, and it is positive and constant for lower levels of performance. Unlike under good-

performance monitoring, there is no trap here: low-productivity firms are actually the ones

with the higher chances of obtaining recognition and thus jumping up to high levels of en-

gagement and productivity. Therefore, a prediction of our analysis is that there will be more

persistent performance differences among ex-ante identical firms in industries where rewards

are a better instrument to incentivize effort than punishment.
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Figure 4 – Equilibrium under bad-performance monitoring.
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Appendix

A Proofs

A.1 Proof of Proposition 4

The comparative statics with respect to b, c, and γ are computed as follows:

∂s(γ, µ, b, c)

∂b
=

1

b(γ + µ)− c
≥ 0,

∂s(γ, µ, b, c)

∂c
=

b

c(c− b(γ + µ))
≤ 0,

∂s(γ, µ, b, c)

∂γ
= −

µ
γ
− c

b(γ+µ)−c + log
(
µ(b(γ+µ)−c)

cγ

)
(γ + µ)2

≤ 0,

where we have used the fact that by assumption µb ≥ c.

The comparative static with respect to µ is given by

∂s(γ, µ, b, c)

∂µ
=

2 + γ
µ

+ c
b(γ+µ)−c − log

(
µ(b(γ+µ)−c)

cγ

)
(γ + µ)2

.

This expression is positive for small enough µ but negative when µ becomes sufficiently large.

A.2 Proof of Proposition 5

[To be completed - explain how simplify problem when r goes to zero and give closed-form

solutions for this case.]

The comparative static with respect to F is immediate from the analysis in the text.

To obtain the comparative statics with respect to the other parameters, substitute s from

equation (3) into the expression for α in equation (17) to obtain:

α =
(γ + µ)

[
c[Fγ(γ + µ)− µ]− b[Fγ(γ + µ)2 − µ2]

]
+ γµ[b(γ + µ)− c]log[µ(b(γ+µ)−c)

cγ
]

µ
[
(γ + µ)(bµ− c) + γ[b(γ + µ)− c]log[µ(b(γ+µ)−c)

cγ
]
] .
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Differentiating with respect to γ, b and c yields

∂α(F, γ, µ, b, c)

∂γ
= −

F (γ + µ)

[
(γ + µ)(bµ− c)[b(γ + µ)(4γ + µ)− c(3γ + µ)]

+2γ2[c− b(γ + µ)]2log[µ(b(γ+µ)−c)
cγ

]

]
µ
[
(γ + µ)(bµ− c) + γ[b(γ + µ)− c]log[µ(b(γ+µ)−c)

cγ
]
]2 ≤ 0

∂α(F, γ, µ, b, c)

∂b
=

bFγ2(γ + µ)4

µ
[
(γ + µ)(bµ− c) + γ[b(γ + µ)− c]log[µ(b(γ+µ)−c)

cγ
]
]2 ≥ 0

∂α(F, γ, µ, b, c)

∂c
= − b2Fγ2(γ + µ)4

cµ
[
(γ + µ)(bµ− c) + γ[b(γ + µ)− c]log[µ(b(γ+µ)−c)

cγ
]
]2 ≤ 0,

where we have used the fact that by assumption µb ≥ c.

The comparative static with respect to µ is given by

∂α(F, γ, µ, b, c)

∂µ
=

Fγ2(γ + µ)

[
(γ + µ) [2c2 + b2(γ + µ)(γ + 4µ)− bc(3γ + 5µ)]

+(γ − µ)[c− b(γ + µ)]2log[µ(b(γ+µ)−c)
cγ

]

]
µ2
[
(γ + µ)(bµ− c) + γ[b(γ + µ)− c]log[µ(b(γ+µ)−c)

cγ
]
]2 .

This expression can be positive or negative depending on parameters.
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