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Abstract

We present a signalling theory of quantitative easing in which open market operations
that change the duration of outstanding nominal government debt affect the incentives of
the central bank in determining the real interest rate. In a Markov-perfect (time-consistent)
discretionary equilibrium of a sticky-price model with coordinated monetary and fiscal policy,
we show that shortening the duration of outstanding government debt provides an incentive to
the central bank to keep short-term real interest rates low in future in order to avoid capital
losses. In a liquidity trap situation then, where the current short-term nominal interest rate is
up against the zero lower bound, quantitative easing can be effective to fight deflation and a
negative output gap as it leads to lower real long-term interest rates by lowering future expected
real short-term interest rates. We show illustrative numerical examples that suggest that the
benefits of quantitative easing in a liquidity trap can be large in a way that is not fully captured
by some recent empirical studies.
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1 Introduction

During the recent global financial crisis, central banks in many advanced economies such as the
United States engaged in various forms of “unconventional” monetary policy actions as the short-
term interest rate, the traditional policy instrument, was up against the zero lower bound. One
form of such policy actions, often called “quantitative easing,” involved changes in the size and/or
composition of the central bank’s balance sheet. In particular, the Federal Reserve in the United
States carried out several large scale purchases of assets in recent years, a program often referred
to collectively as Large Scale Asset Purchases (LSAPs). A considerable part of LSAPs involved
buying long term government bonds, or “quantitative easing,” a naming convention we use here.

What is quantitative easing? It is when the government buys long-term government debt with
money. Since the nominal interest rate was zero in recent years when this policy was implemented
in the United States, it makes no difference if this was done by printing money (or more precisely
bank reserves) or by issuing short-term government debt: both are government issued papers that
yield a zero interest rate. From the perspective of the government as a whole, at least, quantitative
easing at zero nominal interest rates can then simply be thought of as shortening the maturity of
outstanding government debt.! The government is simply exchanging long term liabilities in the
hands of the public with shorter term ones.

The main goal of quantitative easing in the United States was to reduce long-term interest rates,
even when the short-term nominal interest rate could not be reduced further, and thereby, stimulate
the economy. Indeed, several empirical studies find evidence of reduction in long-term interest rates
following these policy interventions by the Federal Reserve. For example, Gagnon et a (2011)
estimate that the 2009 program that involved buying various types of debt worth $1.75 trillion
reduced long-term interest rates by 58 basis points while Krishnamurthy and Vissing-Jorgensen
(2011) estimate that the 2010 program that involved buying long-term government debt worth
$600 billion reduced long-term interest rates by 33 basis points. In addition, Swanson and Williams
(2013) and Hamilton and Wu (2012) also find similar effects on long-term interest rates.?

From a theoretical perspective however, the effect of such policy is not obvious since open
market operations of this kind are neutral (or irrelevant) in standard macroeconomic models. This
was pointed out first in a well-known contribution by Wallace (1981) and further extended by
Eggertsson and Woodford (2003) to a model with sticky prices and an explicit zero lower bound
on nominal interest rates. These papers showed how absent some restrictions in asset trade that
prevent arbitrage, a change in the relative supplies of various assets in the hands of the private sector

has no effect on equilibrium quantities and asset prices in prototypical macroeconomic models.

Indeed our model will be one where we will consider a consolidated government budget constraint and joint
conduct of optimal monetary and tax policy.

2Note however that empirical studies typically measure nominal interest rates, while theoretically, it is the ability
to influence real interest rates that matter. This issue is quite important and we emphasize it in detail later.



For this reason, some papers have recently incorporated frictions such as participation con-
straints due to “preferred habitat” motives in order to make assets of different maturities imperfect
substitutes. This in turn negates the neutrality of open market operations as in such an environ-
ment, quantitative easing can reduce long-term interest rates because it decreases the risk-premium.
For example, Chen, Curdia, and Ferrero (2012) augment a quantitative sticky price model with such
segmented market frictions and show that purchases of long-term bonds by the central bank can
reduce long-term interest rates by decreasing the risk-premium. They nevertheless find the effects
to be fairly modest: based on their estimated model, they find that a $600 billion reduction in out-
standing long-term debt, along with a commitment to keep short-term interest rates at zero for 4
quarters, increases inflation by 3 basis points (annualized) and GDP growth by 0.13% (annualized).

As Woodford (2012) argues however (building on Eggertsson and Woodford (2003)), quantitative
easing need not be effective only because it reduces risk premiums. It can also reduce long-term
interest rates if such policy intervention signals to the private sector that the central bank will keep
the short-term interest rates low once the zero lower bound is no longer a constraint in the future.
In fact, arguably, much of the findings of the empirical literature on reduction of long-term interest
rates due to quantitative easing can be attributed to expectations of low future short-term interest
rates. Indeed, Krishnamurthy and Vissing-Jorgensen (2011) find evidence in support of this channel
in their study of the 2010 quantitative easing program.?

Our contribution is to provide a formal theoretical model of such a “signalling” role of quan-
titative easing in a standard general equilibrium sticky price model.* In particular, we consider
coordinated optimal monetary and fiscal policy under discretion and show that in a Markov-perfect
(time-consistent) equilibrium, shortening the duration of outstanding government debt provides an
incentive to the central bank to keep the short-term real interest rate low in the future. This consti-
tutes optimal policy under discretion because it avoids capital losses on the government’s balance
sheet, which if realized, would entail raising taxes that are costly in the model. The key intuition
for this result is that if the government holds larger amount of short-term debt then current real
short term rate directly affects the cost of rolling the debt over period by period, while the cost
of rolling over long-term debt is not affected as strongly period by period (since the interest rate
on that debt are predetermined at the time the policy is set). This implies that shortening the
maturity of outstanding debt increases the incentive of the government to keep real rates low.

In a liquidity trap situation, where the current short-term nominal interest rate is up against
the zero lower bound and the economy suffers from deflation and a large negative output gap, it

is well known that signalling about future policy can be very effective. For example, Krugman

3Woodford (2012) makes a similar argument regarding empirical evidence on most recent balance sheet policies
by the Federal Reserve.

4Gagnon et al (2011) label this role played by the expected path of future short-term interest rates as a “signalling”
role for quantitative easing. In the literature on central bank intervention in foreign exchange markets, this term has
been used often and appears to have been first coined by Mussa (1981) to discuss how foreign exchange interventions
might be used to signal future changes in monetary policy.



(1998) emphasizes the importance of raising inflation expectations and Eggertsson and Woodford
(2003) emphasize the commitment to lower future short-term nominal interest rate and allowing
output to overshoot its steady state level. But are these type of commitments credible? In fact, it is
well-understood that commitment to future expansionary policy at the zero lower bound is difficult
due to time-inconsistency problems. While the public understands the benefits today of committing
to lower future real interest rates, it also appreciates the government’s incentive in the future to
renege on these promises once the economy has recovered (this leads to the so called “deflation bias”
developed in Eggertsson (2006)). Our main result, then, is that quantitative easing, or shortening
the duration of government debt, makes promises of expansionary future policy “credible” because
it provides an incentive to the central bank to keep short-term real interest rates low in future to
avoid balance sheet losses. This mitigates the extent of deflation and negative output gap that
would occur otherwise in the Markov-perfect equilibrium.®

In our calibrated model, we show numerical experiments in which these effects of quantitative
easing can be very large. For example, with government debt maturity of 16 quarters, we calibrate
the size of the negative demand shock (that makes the zero lower bound binding) such that output
drops by 10%. In such a case, reducing the duration of government debt by 7 months decreases
deflation and the negative effect on output by 42 and 281 basis points respectively.’ This suggests
that the signalling channel may explain all the effects of quantitative easing found in the empirical
literature. In addition, we show that if the duration were to be reduced by 15 months, that is
double the size of our baseline experiment for quantitative easing, the negative output gap at the
zero lower bound would be completely eliminated.

Before presenting the model we want to clarify an important element of our analysis. A key
to understanding optimal policy in the New Keynesian model at the zero bound is that it involves
committing to lower future short-term real interest rates.” The short term real interest rate is the
difference between future short-term nominal interest rate and expected inflation. A lower short-
term real interest rate can be achieved by either a lower future short-term nominal interest rate or
higher future expected inflation. A commitment of this kind will under some parameterization of
the model be achieved via higher expected inflation and higher future short-term nominal interest

rates — even if the difference between the two (the real rate) is going down. An implication of this

5Jeanne and Svensson (2007) assume net worth concerns on the part of the central bank directly and show how
buying foreign exchange is useful during a liquidity trap as it commits the central bank to not depreciating the
exchange rate in future (since doing so would entail capital losses on the central bank’s balance sheet). Berriel,
Bhattarai, and Mendes (2013) show that buying long-term bonds acts as a commitment device for the same reason.
The main difference in this paper is the consideration of joint conduct of monetary and fiscal policy along with a
welfare-theoretic loss function for the government.

6We use these numbers for illustration based on estimates in Chadha, Turner, and Zampoli (2013), which suggest
that the average maturity of treasury debt held outside the Federal Reserve was around 4 years in the last 10 years
and that recent Federal Reserve balance sheet policies reduced the maturity by around 7 months.

"Werning (2012) makes a related point regarding the ultimate goal of optimal policy as one of generating an
output boom once the trap is over.



is that a successful policy of quantitative easing aimed at lowering long-term real interest rate may
involve an increase in expected future nominal interest rates and therefore, an increase in long-term
nominal rates at the zero lower bound. This is relevant because some empirical analyses of the effect
of quantitative easing focus only on long-term nominal interest rates, which our analysis suggests
is not a sufficient statistic. Even if long-term nominal interest rate decline very little in response
to quantitative easing, or even if they increase, this does not by itself suggest that the policy is

ineffective, as long as the real interest rate is declining.

2 Model

The model is a standard general equilibrium sticky-price closed economy set-up with an output cost
of taxation, along the lines of Eggertsson (2006). The government conducts coordinated monetary
and fiscal policy under discretion. The main difference from the literature is the introduction of

long-term government debt.

2.1 Private sector

We start by describing the environment faced by the private sector, its optimization problem, and

the equilibrium conditions.

2.1.1 Households

A representative household maximizes expected discounted utility over the infinite horizon
0 00 1
EY BUys=E Yy p° {u (Crrsrs) +9(Gros €eps) — / v (hiss (i), Eops) di (1)
s=0 s=0 0

where ( is the discount factor, Cy is household consumption of the composite final good, Gy is
government consumption of the composite final good, h:(7) is quantity suppled of labor of type
1, and & is a vector of aggregate exogenous shocks. F; is the mathematical expectation operator
conditional on period-t information, « (.) is concave and strictly increasing in C; for any possible
value of &, ¢g(.) is concave and strictly increasing in G; for any possible value of &, and v (.) is
increasing and convex in hy(i) for any possible value of &.®

The composite final good is an aggregate of a continuum of varieties indexed by i, C; =

fol [ct (z)%dz} o , where € > 1 is the elasticity of substitution among the varieties. The optimal

a1
price index for the composite final good is given by P; = [fol pt(i)l_edi} "° where p (7) is the price

8We abstract from money in the model and are thus directly considering the “cash-less limit.”



. . —&
of the home variety i. The demand for the individual varieties is then given by ”C—(:) = (%(:)) .
Finally, G is defined analogously to C; and so we omit detailed description of government spending.

The household is subject to a sequence of flow budget constraints

1 1
PtCt+Bf+St(p)Bt+Et{Qt,t+1At+1} < / nt (i) he () di+(1 4 it_1) BY 1 +(1 + pSi(p)) Bt—1+At—PtTt+/ Z(i)di
0 0

(2)
where n4(4) is nominal wage of labor of type i, Z;(i) is nominal profit of home firm i, By is the
household’s holding of one-period risk-less nominal government bond at the beginning of period
t 4+ 1, B; is a perpetuity government nominal bond issued by the government in period ¢ which
pays p’ dollars j + 1 periods later, for each j > 0 and some decay factor 0 < p < 87!, and T} is
(real) government taxes. More details on the perpetuity are given in the appendix, where we follow
Woodford (2001) in modelling the term-structure.” A;y; is the value of the complete set of state-
contingent securities at the beginning of period ¢+ 1, denominated in home currency for simplicity.
Finally, i;_; is the nominal interest rate on government bond holdings at the beginning of period
t (which is subject to the zero lower bound i; > 0), Si(p) is the price of the perpetuity nominal
bond which depends on the decay factor p, and Q41 is the stochastic discount factor between
periods ¢t and ¢ + 1 that is used to value random nominal income in period ¢ 4+ 1 in monetary units
at date ¢.1°

The problem of the household is thus to choose {Cyys, hiys(i), Bf+s,Bt+s, Aiys} to maximize
(1) subject to a sequence of flow budget constraints given by (2), while taking as exogenously given

initial wealth and {Piy s nt45(7), 9145, Sts(p0), Qtytts Serss Zoys (1), Teys}-

2.1.2 Firms

There is a continuum of monopolistically competitive firms indexed by ¢. Each firm produces a

variety ¢ according to the production function

ye(i) = f(he(3), &) (3)

where f(.) is an increasing concave function for any &; and where & is again a vector of aggregate

exogenous shocks.

As in Rotemberg (1983), firms face a cost of changing prices given by d (ptp_ (le)> This adjust-

ment cost makes the firm’s pricing problem dynamic. The demand function for variety ¢ is given

Y (i) (('))E
L= (B2 ()

\¢ Py

90ur discussion in the appendix will also make it clear why the flow budget constraint can be written as in (2).
10The household is subject to a standard no-Ponzi game condition.



where Y; is total demand for goods. The firm maximizes expected discounted profits
oo
Ey Z Qt,t+sZeys(1) (5)
s=0

where Q¢ ¢+ is the stochastic discount factor between periods t and ¢ + s. The period profits Z;(¢)

are given by

20) = |1+ 8) @) — ma(a(i) — 0 (L)

De—1(1)

where s is a production subsidy. We can now re-write period profits using (3) and (4) as

20) = |1+ ) Vi) < E =m0~ (i) <) = d (20 )

The problem of the firm is thus to choose {p;+s(7)} to maximize (5), while taking as exogenously

given {Pt-s-s,Yt+s, Ny (i), Qt,t+s, $tvst

2.1.3 Private sector equilibrium conditions

We can now derive the necessary conditions for equilibrium that arise from the maximization
problems of the private sector described above. Note that these conditions hold for any government
policy.
Households optimality conditions are given by
von (he(i), &) _ ma(i)

uwo (Cr&) P (©)

uc (Ct+57 ft+s)

s = ]-_-[71
Qt¢t+ 6 uc (Ct7 ft) t+s (7)
1 uc (Cos1,&e41) -1 1
= —— 71 th 2, > 0.
1+i, " [ﬁ wo (Cr ) | with e 20 (8)
uc (Cri1,&41) 1
St(p) t |:6 ue (Ot7£t) t+1 ( + pSt+1(p)) (9)
where IT; = Ptle and (7) holds for each state of nature.!!

1T A standard transversality condition is also a part of these conditions.



The firm’s optimality condition from price-setting is given by

(L) (14 ) Vi) <P+ ena) ™ (i) Vi) P 4 (2

_E {Qt,tud/ <p;(1i()i)> p;:r(lzgg) Pt+1:| .

Next, we will focus on a symmetric equilibria where all firms charge the same price and produce

the same amount of output
pi(i) = Py, ye(i) = Yi, he(i) = hy, and ny (i) = ny.

Then, the firm’s optimality condition from price-setting can be written, after using the optimality

condition from the household regarding labor supply and asset holdings, as

vp, (ht, &)
uc (Ct, &)

Lets manipulate further to obtain

_ uc (Ci+1, _
—(1-e)(1+8)Yi+e Pfyt (V) Ve Pt d (L) 1L = B [Bwﬂthd’ (nt+1>n?+1] .

uc (Ct, &)

-1

eYs {6 1+ s)uc (Ct, &) — vp, (he, &) fy_1 (}/t)jl +uc (Cr, &) d () Iy = By [Buc (Cry1, &ey1) d (M) g ]

Finally, we can replace vy, (he, &) f,7 ' (Ye) by 0y (Ye, &) where © (y(i),&) = v (f~ (1(i), &) (note
ye (1) = f(he(4),&)) to get

z g ! 1+ 8)uc (Ct, &) — By (Ym&)} + uc (Ct, &) d () Iy = Eyt [Buc (Ceq1,Ee41) d (Meg1) Mega] . (10)

eYt{

2.2 Government

There is an output cost of taxation (for example, as in Barro (1979)) captured by the function
s(Ty — T) where T is the steady-state level of taxes. Thus, in steady-state, there is no tax cost.

Total government spending is then given by
Ft = Gt + S(Tt - T)

where (G is aggregate government consumption of the composite final good defined before.
It remains to write down the (consolidated) flow budget constraint of the government. Note
that the government issues both a one-period bond By and the perpetuity B;. We can write the

flow budget constraint as

B 4+ 8i(p)Br = (1 +i1-1) Bio1 + (1+ pSi(p)) By + P (F, = T)



which in turn, can be written in real terms as
b + Se(p)be = (1+ir-1) b T + (1+ pSi(p)) b T + (Fy = To) - (11)

S
where by = % and by = %. Next, assume that the one-period bond is in net-zero supply (By = 0),

which gives as the flow budget constraint of the government
Se(p)be = (1+ pSe(p)) bea T, + (Fy = Ty) - (12)

2.3 Market clearing

The goods market clearing condition gives the overall resource constraint as

i =Ci+ F; +d(Il). (13)

2.4 Private sector equilibrium

We are now ready to define the private sector equilibrium, that is the set of possible equilibria
that are consistent with household and firm maximization and the technological constraints of the
model. A private sector equilibrium is a collection of stochastic processes {Yi+s, Cits, bits, Si+s(p),
Myys, irys, Tits, Fitrs, Geys} for s > 0 that satisfy equations (3), (6)-(9), (10), (12), and (13), for
each s > 0, given b;_; and an exogenous stochastic process for {£;45}.

3 Equilibrium

3.1 Recursive representation

It is useful to first derive a recursive representation of the equilibrium conditions in order to facilitate

our discussion of the discretionary equilibrium. (12) is given as
Se(p)be = (14 pSe(p)) b1y + (F = T).

where we assume F; = F at all times. Define the expectation variable ff = E; [uc (Cti1,&41) Ht;ll]

to write (8) as

| 4g, =Y (Cte, &)
Bfi
and define another expectation variable gf = E; [uc (Cyy1,&41) II1 (1 + pSes1(p))] to write (9)
as
Su(p) = — Bk
e uc (Ct, &) o



Finally, define a third expectation variable h§ = E; [uc (Cii1,&41) d' (Tleg1) 1] to write (10) as

e—1

eY; (1+s)uc (Cr, &) — vy (Y, &) | +uc (C, &) d’ (1) I, = Bhy.

3

This means that the necessary and sufficient condition for a private sector equilibrium is that
variables {Y;, Cy, by, Si(p), I, ir, T;} satisfy: (a) the following conditions

Se(p)br = (1 + pSe(p)) be—111; " + (F = T)

1+ = “C(BCJ{&) i >0
1
Si(p) = ———Bg;
(p) uc (Ctyft)ﬁg
Bhi = €Yy — uc (Cp, &) — 0y (Y, &) | + ue (Cr, &) d (I1) 10,

Y, =Ci+ F+d(IL)
given b;_; and the expectations ff, g¢, and h$; (b) expectations are rational so that

ff = By [uc (Cegr, &41) T |
95 = Bi [uc (Copr, &) Y (14 pSiya(p))]
hi = Ei[uc (Cry1, 1) d (Hpp1) Tega]

Note that the possible private sector equilibrium defined above depends only on the endogenous

state variable b;_; and shocks &;.

3.2 Markov perfect equilibrium

We characterize a Markov-perfect (time-consistent) equilibrium where the government cannot com-
mit and acts with discretion every period.'? In particular, we consider coordinated monetary and
fiscal policy, where the central bank and the treasury conduct optimal monetary and fiscal policy
under discretion. Note however, that there is limited commitment in the model as the treasury can
commit to paying the nominal value of the debt that it issues. This is a standard assumption made
in the literature following Lucas and Stokey (1983). We will take a linear-quadratic approach that

we describe in detail below.

12S3ee Maskin and Tirole (2001) for a formal definition of the Markov-perfect equilibrium.

10



3.2.1 Steady-state

We approximate our model around an efficient non-stochastic steady-state with zero inflation.'?

Moreover, there are no tax collection costs in steady-state. Thus, there is a non-zero steady-state

level of debt.'* In steady-state, the following relationships also hold

1+i:6”,S:—£%3wdT:F+

3.2.2 Linear approximation and loss function

We log-linearize the private sector equilibrium conditions around the steady state above to get the

relationships
Y, = BV —o(iy — Eymepy — 1) (14)
7 = kY; + BEimiy1 (15)
b= 6 b — 7~ (1 - )8, — T, (16)
Sy = =iy + pBESi1 (17)

where x and o are a function of structural model parameters and ry is the efficient rate of interest
that is a function of the shock &.'> Here, (14) is the linearized household Euler equation, (15) is
the linearized Phillips curve, (16) is the linearized government budget constraint, and (17) is the
linearized forward-looking asset-pricing condition.'6

(14) and (15) are standard relationships depicting how current output depends on expected
future output and the current real interest rate gap and how current inflation depends on expected
future inflation and the current output respectively.!” (16) shows that since debt is nominal, its real
value is decreased by inflation. Higher taxes also reduce the debt burden. Moreover, an increase in
the price of the perpetuity bond decreases the real value of debt, with the effect depending on the
duration of debt: longer the duration, lower is the effect of the bond price on debt. Finally, (17)
shows that the price of the perpetuity bond is determined by (the negative of) expected present

value of future short-term interest rates. Note that when p = 0, all debt is of one-period duration

13Variables without a ¢ subscript denote a variable in steady state. Note that output is going to be at the efficient
level in steady state because of the assumption of the production subsidy (appropriately chosen) we have made
before.

M The steady-state is efficient even with non-zero steady-state debt because of our assumption that taxes do not
entail output loss in steady-state.

15The details of the derivation are in the appendix.

lﬁVariales with hats denote log-deviations from steady state except for the nominal interest rate, which is given
as i+ = llt;il. Since in the non-stochastic steady state with zero inflation, 1 +1i = %, this means that the zero lower
bound on nominal interest rates imposes the following bound on i : % > — (1 — ).

1TWe write directly in terms of output rather than the output gap since we will not be considering shocks that
perturb the efficient level of output in the model.

11



and (16) reduces to the standard linearized government budget constraint while (17) reduces to
S = —is.
Moreover, a second-order approximation of household utility around the efficient non-stochastic
steady state gives
Uy = — [)\Wwf F V2 + AT (18)

where \; and A\ are a function of structural model parameters.'® Compared to the standard loss-
function in models with sticky prices that contains inflation and output, (18) features losses that

arise from output costs of taxation outside of steady-state.

3.2.3 Approximate Markov perfect equilibrium

We will next consider optimal monetary and fiscal policy under discretion as a linear-quadratic
problem: minimizing the loss-function, given by the quadratic approximation to household utility
in (18), subject to the private sector equilibrium conditions, given by the linear approximations in
(14)-(17).

At positive interest rates We use a guess-and-verify approach in this approximated model
to characterize the Markov perfect equilibrium at positive interest rates. We first guess that the

solution is of the form

T = mpbp—1 + v, Yo = Yibe1 + Yorf, Sp = Spbio1 + S,rf, (19)
it = ibi)tfl + irrg, Tt = Tbi)tfl + Tthe, and l;t = bbl;tfl + brrf

where 7, Y3, S, i, by, T, 7y Yr, Sy, i, by, and T,. are unknown coefficients to be determined. The

guess in (19) implies that the expectation functions take the form
Etﬂ't-i-l = 7Tb6t + 7T7»Et7’§+1, Et}}t-ﬁ-l = }/bl;t + }/»,nEtTf+1, and Et»gt-i,-l = sz)t + STEt’I“f_,'_l. (20)

The discretionary government’s optimization problem can then be written recursively as a linear-

quadratic dynamic programming problem
V(bi—1,7§) = min[Aew? + V2 + A\pT2 + BEV (be, 75,1)]

subject to (14)-(17), where V (b,_1,7¢) is the value function. We can then formulate the Lagrangian

18The details of the derivation are in the appendix.
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where the expectation functions are substituted using (20) and the shock is suppressed

) ) ) A
Le = S0m} + V2 + ArT2) + BEV (br,154)
+ ¢1u[Vy — Yoby + 0y — ompbi] + daufme — kY — Bpbi]

~ ~ ~ T . ~ ~
+ a3 [by — B o1+ B e+ (1= p) S + ETt] + Gut[St + i — pBSpby).

Note also that from now on, we are also not analyzing the effects of the shock, and hence not carrying
around 7., Y., Sy, i, b, and T, since they are not very relevant for our eventual experiment at the

zero lower bound.

Optimality conditions The associated first order necessary conditions and the envelope
condition of the minimization problem above are provided in the appendix. Our first substantiative
result is that the equilibrium conditions can be simplified, in particular by eliminating the Largrange

multipliers ¢1¢ — ¢4, to get

N b A
Mmi+ kY =k 1 -p)ot + Bfl]gATTt (21)

[1—Bmy (1 —p)ot = (Yo+om) (1 —p)ot+pBSy(1—p)T; = — (;;) A Brpk Y + BT

(22)
along with (14)-(17). The final step to computing the solution is then to plug in the conjectured
solution and to match coefficients on various variables in (14)-(17), (21), and (22) to determine 7,
Yy, Sy, iy, by,and T3. The details of this step are in the appendix.

The most important relationships emerging from our analysis are captured by (21) and (22).
(21) is the so called “targeting rule” of our model, which represents the equilibrium (static) relation-
ship among the three target variables 7, Y;, and T} that emerges from the optimization problem of
the government. (21) thus captures how target variables are related in equilibrium as governed both
by the weights they are assigned in the loss function (A, and Ar) as well as the trade-offs among
them as given by the private sector equilibrium conditions (k= and [k~ (1 — p) o=t + p71]23).
Note in particular that x~! represents the trade-off between 7 and Y; as given by (15) while
(k=1 (1= p)o~t + B71]% represents the trade-off between m; and Y; vs. T} as given by the combi-
nation of (14), (15), and (16). (22) is another optimality condition characterizing the Markov-perfect
equilibrium and represents the “tax-smoothing objective” of the government. In contrast to simi-
lar expressions following the work of Barro (1979), which would lead to taxes being a martingale,
output appears in (22) because of sticky-prices, which makes output endogenous. Finally, because
of the dynamic nature of (22), as opposed to (21), the unknown coefficients that are critical for

expectations of variables, 7, Y3, and Sy, appear in (22).
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Inflation incentives and duration of outstanding debt Now we are ready to present
another substantive result at positive interest rates: how does m, vary with the duration of out-
standing government debt?'? This exercise is important because as is clear from (20), 7, determines
how expectations of inflation depend on the amount of (real value of) government debt. m thus
captures the inflation incentives of the central bank given a level of outstanding government debt.
Since in a liquidity trap situation, as is well-known, increasing inflationary expectations is key to
mitigating negative effects on output as the short-term interest rate is stuck at zero, if 7, depends
negatively on duration, then we are able to provide a theoretical rationale for quantitative easing
actions by the government. Note here that while what matters in the model for boosting output is
the real interest rate, 3 — Fymyy1, at the zero lower bound, since 7, is fixed, F;m41 directly impacts
the real interest rate.

While an analytical expression for 7, is available in the appendix and it is possible to show that
m, > 0 for all p < 1, a full analytical characterization of the comparative statics with respect to

the duration of debt is not available and so we rely on numerical results.?’

We want to emphasize
however, that after a series of such numerical experiments, we have found our results below to be
fully robust. Moreover, numerically, we have not found multiplicity of bounded equilibria.

Our calibrated parameter values are given in Table 1. Following Eggertsson (2006), we choose

our baseline parameters as follows: 8 =0.99, ¢ = 1, kK = 0.02, and € = 8. Ar is a free parameter

bsS

and we set it at 0.8. For the steady-state level of debt-to-taxes, 22, we use data from the Federal

Reserve Bank of Dallas and NIPA and choose 7.2.

Table 1: Calibration of model parameters

Parameter Value

B8 0.99
o 1

K 0.02
€ 8
Ar 0.8
b 7.2

Fig (1) below shows how 7, depends on duration of debt (quarters) at different levels of k.

1

As expected, 7, is positive at all durations in the figure.?2! More importantly, note that that at

our baseline parameterization of x = 0.02, m, does decrease with duration over a wide range of

9Note that in our model, the duration of debt is given by (1 — Bp)~1.

20For some recent discussion of how inflation dynamics in sticky-price models could depend on duration of govern-
ment debt, see Sims (2013).

21 Again, it is possible to show analytically that for all p < 1, 7w, > 0. In a very similar model but one with no
steady-state debt, Eggertsson (2006) proved that 7, > 0 for p = 0 (that is, for one period debt).
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maturity.?? At the same time, however, there is a hump-shaped behavior, with 7, increasing when

duration is increased at very short durations.

—o— x=0.02
-a- k=05
-e k=2
~A&- k=3

Duration

5 10 15 20 25

Figure 1: The effect on 7, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the slope of the Phillips curve.

What drives this result? First, note from (16) that everything else the same, when p (and
thereby, duration) decreases, then there will be an incentive to decrease S’t, that is keep interest
rates low to manage the debt burden. This will then increase inflation in equilibrium. At the same
time however, the government’s incentives on inflation are not fully /only captured by this reasoning.
This is because what ultimately matters for the cost of debt is the real interest rate, which because
of sticky prices, is endogenous and under the control of the central bank. Therefore, to understand
the overall effect on the government’s inflation incentives, it is critical to analyze the targeting rule,
as discussed above and given by (21). Here, the term [x~! (1 — p) o~ + 37} plays a key role as it
captures the trade-off between 7; and Yt vs. Tt . Note first that 3~! here simply captures the role
of surprise inflation in reducing the debt burden as government debt is nominal. This term would
be present even when prices are completely flexible. The term s~ (1 — p) o~ however, appears
because of sticky prices. This reflects how the real interest rate is affected by manipulation of the
nominal interest rate and how it in turn affects output. Thus, in situations where either k=1, 71,
or (1 — p) is high, this term can dominate and it can be the case that decreasing the duration (or
decreasing p) actually leads to a lower 7,. This means, for example, that when x~! is low (or when
prices are more flexible), the hump-shaped behavior of 7, gets restricted to very short maturities
only as the channel coming from sticky-prices is not that influential. This is exactly what is seen in

Fig 1 : as k increases, the range at which 7, increases with duration gets narrower and the hump

22Gome limited analytical results on the properties of 7, with respect to p are available in the appendix. For
example, it can be shown that m, is positive for all p < 1 and that when p = 1+ 8710k (and thus, p > 1), 7, = 0. In
this sense, for a specific case, one can show that 7, is declining in p by comparing some extreme cases (such as
p =0 with p = 14+ B~ 1or). Please see the appendix for details. Note also here that the upper bound on p is S 1.
So this case of m, = 0 is not necessarily always reached.
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Figure 2: The effect on m, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the elasticity of substitution among varieties.
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Figure 3: The effect on m;, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the weight on taxes in the loss function.

disappears for k = 3.2% Moreover, note that not surprisingly, 7, is higher at a given duration for
higher . This simply reflects the fact that prices are now more flexible and inflation thus responds
by more to a given level of outstanding debt.

We present some additional properties of 7, with respect to the two weights in the loss-function in
order to understand the mechanics of the equilibrium. First, note that since A = £, changing ¢ will
only affect the weight on loss-function without affecting any private sector equilibrium conditions.
The results of this experiment are presented in Fig. (2) and as expected, as £ and thereby A,
increases, inflation responds less to outstanding debt as inflation now has a greater weight in the
loss-function. Second, Fig. (3) presents results of changing the value of Ar. As expected, now that
taxes have a greater weight in the loss-function, inflation responds by more to outstanding debt in

order to devalue debt and reduce the tax burden.

23 A similar picture is obtained when increasing o. We do not present the figure to conserve space.
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Debt dynamics and duration of outstanding debt While the primary focus so far is on
properties of 7, as it determines the inflation incentives of the central bank and governs inflationary
expectations on the part of the private sector, it is also interesting to consider the properties of
by, the parameter governing the persistence of government debt. This exercise is interesting in its
own right, but more importantly, it is also worth exploring because as explained before, what is
critical is the behavior of the real interest rate, and that gets affected by by, as Eymip1 = mj)t =
mbpby—1. Unlike for T, it is not possible to show a tractable analytical solution (or any property)
for by as it is generally a root for fourth-order polynomial equation. We thus rely fully on numerical
solutions.

Figs. (4)-(6) show how b, depends on duration of debt at different levels of &, €, and Ap respec-
tively. It is clear that the persistence of debt increases monotonically as the duration increases.?*
In fact, for a high enough duration, debt dynamics approach that of a random walk (b, = 1), as in
the analysis of Barro (1979). The persistence of debt increases with duration mainly because the
response of the short-term real interest rate decreases, as we will discuss below. Some of this effect
is reflected in the response of inflation decreasing as discussed above. Thus, the existence of long-
term nominal debt as well as sticky prices has an important impact on the dynamics of debt under
optimal policy. Finally, intuitive comparative static results are in Fig. (6): as the loss-function

weight on taxes increases, debt is less persistent at any level of debt duration.

bp
1.0t
08l ; —e— x=0.02
06F "‘ -m- k=05
0.4l o xk=2
0.2ff
' -A- k=3

: : : : — Duration
25

-0.

Figure 4: The effect on by, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the slope of the Phillips curve.

Real interest rate incentives and duration of outstanding debt Having shown proper-
ties of m, and by, we now move on to the main mechanism in our paper. How does the duration of

debt affect the real interest rate incentives of the central bank? This is at the heart of the matter

24There is thus, no hump-shaped pattern, unlike for inflation. The reason is that what matters directly for
persistence of debt is the real interest rate and there is no hump-shaped pattern there as we show later. Note also
that for one-period debt, often by is negative (even here, recall that 7 is still positive). A negative by is not very
interesting empirically as it implies oscillatory behavior of debt.
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Figure 5: The effect on by, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the elasticity of substitution among varieties.
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Figure 6: The effect on by, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the weight on taxes in the loss function.
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because what influences output is eventually the real interest rate and the aim in a zero lower
bound situation is precisely to be able to decrease the short-term real interest rate even when the

short-term nominal interest rate is stuck at zero. That is, we are interested in the properties of

Fe = — Et7Tt+1 = (ib - m,bb) bi—1 = mpbs—1

where 7 is the short-term real interest rate. Fig (7) below shows how 7, depends on duration of
debt (quarters) at different levels of k. As is clear, when the duration of debt in the hands of the
public is shorter, it unambiguously provides an incentive to the central bank to keep the short-term
real interest rate lower in future. The intuition again is that doing so allows it to avoid costly
capital losses in its portfolio, which now contains more long-term bonds. That is, if the debt is
short-term, then current real short rates will more directly affect the cost of rolling the debt over
period by period, while the cost of rolling over long-term debt is not affected in the same way period
by period. Also note that when prices are more flexible, that is when « is bigger, 7, is affected less

typically.

M

Duration
25
—o— x=0.02

-0.2
-m- k=05
-0.4
-0.6 . k=2
-A- k=3

Figure 7: The effect on r}, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the slope of the Phillips curve.

Figs.(8) and (9) show how 7, depends on duration of debt at different levels of ¢ and Ap
respectively. The effect of € is not very important as we saw above with m, and b, as well. The
comparative statics with respect to Ap are intuitive: as the weight on taxes in the loss-function
increases, the real interest rate decreases by more (or increases by less) in order to lower interest
payments and reduce the need to raise taxes.

Having established that at positive interest rates, decreasing the duration of debt increases the
incentives of the government to lower short-term real interest rates and that for a wide range of
values for the duration, decreasing the duration increases the inflation incentives of the government,

we now move on to analyzing the case where the nominal interest rate is at the zero lower bound.
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Figure 8: The effect on r}, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the elasticity of substitution among varieties.
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Figure 9: The effect on ry, of changing the duration (quarters) of outstanding nominal government
debt at different levels of the weight on taxes in the loss function.
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At the zero lower bound To model the case of a liquidity trap, we follow Eggertsson and
Woodford (2003) and suppose that a large enough negative shock to the efficient rate of interest
r¢, driven by an increase in the desire to save, makes the zero lower bound binding.?> Moreover,
we also assume that ry follows a two-state Markov process with an absorbing state: every period,
with probability p, r§ takes a (large enough) negative value of —r¢ while with probability 1 — p, it
goes back to steady-state and stays there forever after. This means that the economy will exit the
liquidity trap with a constant probability of 1 — u every period and that once it exits, it does not
get into the trap again. The appendix contains details about the computation algorithm.

With this structure, we next consider the following policy experiment. At the liquidity trap, the
level of debt is constant at by, while out of the trap, it is optimally determined by the government
according to the Markov-perfect equilibrium described previously. Then, we analyze what would be
the effect of changing the duration of debt once-and-for-all, while the zero lower bound is binding.
In other words, we are interested in the comparative statics of the model as we vary the duration
of debt at the liquidity trap, without changing the real value of debt issued..

Our calibrated parameter values for this experiment are given in Table 1, where we pick values
in a similar strategy to Eggertsson (2006). We pick u and ¢ to get a drop in output of 10%, to make
the experiment relevant for the recent “Great Recession” in the Untied States. We allow for debt
while at the liquidity trap to be 10% above steady state. We will consider the experiment of reducing
the duration of government debt by 7 months, starting from 16 quarters. For average maturity of
government debt and the reduction in the duration of government debt due to quantitative easing
by the Federal Reserve, we use the recent estimates of Chadha, Turner, and Zampoli (2013) which
suggest that the average maturity of treasury debt held outside the Federal Reserve was around
4 years in the last 10 years and that recent Federal Reserve balance sheet policies reduced the

maturity by around 7 months.

Table 2: Calibration of model parameters for the ZLB experiment

Parameter Value

re 0.0137
[ 0.86
b 0.10

Figs. (10) and (11) show the response of inflation and output to a negative shock to the efficient
rate of interest when the duration of government debt is 16 quarters. As is clear, because of the
zero lower bound constraint, the economy suffers from deflation and because of the increase in
the real interest rate that it creates (that is, a gap between the real interest rate and its efficient

counterpart), also from a negative effect on output. This reflects what Eggertsson (2006) labelled the

25For an alternate way of generating a liquidity trap in monetary models, based on an exogenous drop in the
borrowing limit, see Eggertsson and Krugman (2012).
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“deflation bias” of a discretionary central bank at the zero lower bound. In such a case, generating
expectations of future inflation would be very beneficial as it would decrease the extent of deflation

and the rise of the real interest rate, as stressed by Krugman (1998) and Eggertsson (2006).
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Figure 10: Reponse of inflation when the duration of government debt is 16 quarters. Each line
represents the response of inflation when the efficient rate of interest returns to its steady-state in
that period.

In particular, it would be beneficial for the central bank to commit to keeping the short-term real
interest rates lower in future, once the zero lower bound is no longer binding. This would decrease
real long-term interest rates today and help spur the economy. Thus, one main goal of monetary
policy would be to decrease the extent of increase in real interest rates (after the shock is over)
that is seen in Fig. (12). In other words, as Krugman (1998) and Eggertsson (2006) emphasize, the
central bank needs to “commit to being irresponsible.”

A reduction in the duration of government debt outstanding helps achieve this goal. Figs. (13)
and (14) show the response of inflation and output to a negative shock to the efficient rate of interest
when the duration of government debt is 13.7 quarters. As is clear by comparing with the case when
the duration is 16 quarters, at the trap, the extent of deflation is reduced by 42 basis points as well
as the negative effect on output by 281 basis points. Note in particular that once the shock is over
and the zero lower bound is no longer a constraint, the response of inflation and output is higher
compared to Figs. (10) and (11).

The main reason why this is achieved is that because the government’s balance sheet has more
long-term bonds (or its debt is more short-term), the central bank keeps the short-term real interest
rates lower in future, especially once the zero lower bound is not binding, in order to avoid capital
losses. Thus, quantitative easing indeed provides a signal about the future conduct of monetary
policy and in particular, the future path of short-term interest rates. This then enables it to have

effect on macroeconomic prices and quantities at the zero lower bound, as real interest rates also
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Figure 11: Reponse of output when the duration of government debt is 16 quarters. Each line
represents the response of output when the efficient rate of interest returns to its steady-state in
that period.
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Figure 12: Reponse of the real interest rate when the duration of government debt is 16 quarters.
Each line represents the response of the real interest rate when the efficient rate of interest returns
to its steady-state in that period.
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Figure 13: Reponse of inflation when the duration of government debt is 13.7 quarters. Each line
represents the response of inflation when the efficient rate of interest returns to its steady-state in
that period.
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Figure 14: Reponse of output when the duration of government debt is 13.7 quarters. Each line
represents the response of output when the efficient rate of interest returns to its steady-state in
that period.
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decline at the liquidity trap because of higher inflationary expectations once the trap is over. The
response of the real interest rate when the duration of debt is shorter is given in Fig. (15), where
by comparing with Fig. (12), one can see that the real interest rate increases by less at the trap

and decreases by more out of the trap. This is the central result of our paper.
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Figure 15: Reponse of the real interest rate when the duration of government debt is 13.7 quarters.
Each line represents the response of the real interest rate when the efficient rate of interest returns
to its steady-state in that period.

We also conduct an experiment of how long the duration reduction has to be in order for the
output gap to be closed completely at the zero lower bound. We find that approximately doubling
the size of the quantitative easing, that is, reducing the maturity by 15 months, would make the
respounse of output zero at the liquidity trap. Figs. (16)-(18) show the responses of inflation, output,
and the real interest rate in this case. As expected, this leads to a much bigger reduction in the
real interest rate and much more of a boom in inflation and output out of the trap.

Finally, we want to clarify an important element of our analysis: the distinction between nominal
and real interest rates. A key to understanding optimal policy in the sticky price model at the zero
bound is that it involves committing to lower future short-term real interest rates. The short term
real interest rate is the difference between future short-term nominal interest rate and expected
inflation. A lower short-term real interest rate can be achieved by either a lower future short-term
nominal interest rate or higher future expected inflation. A commitment of this kind will under
some parameterization of the model be achieved via higher expected inflation and higher future
short-term nominal interest rates — even if the difference between the two (the real rate) is going
down. An implication of this is that a successful policy of quantitative easing aimed at lowering
long-term real interest rate may involve an increase in expected future nominal interest rates and

therefore, an increase in long-term nominal rates at the zero lower bound.
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Figure 16: Reponse of inflation when the duration of government debt is 10.85 quarters. Each line
represents the response of inflation when the efficient rate of interest returns to its steady-state in

that period.
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Figure 17: Reponse of output when the duration of government debt is 10.85 quarters. Each line
represents the response of output when the efficient rate of interest returns to its steady-state in

that period.
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Figure 18: Reponse of the real interest rate when the duration of government debt is 10.85 quarters.
Each line represents the response of the real interest rate when the efficient rate of interest returns
to its steady-state in that period.

In fact, in our numerical experiments, this indeed does happen. Figs. (19) and (20) show the
responses of the short and the long nominal interest rate when debt duration is 16 quarters while
Figs. (21) and (22) show the responses when debt duration is 13.7 quarters.?® As can be seen, the
short-term nominal interest rate in fact rises by more once the trap is over when debt duration is
13.7 quarters and that the long-term nominal interest rate at the zero lower bound is higher by
around 23 basis points. This aspect is relevant because some empirical analyses of the effect of
quantitative easing focus only on long-term nominal interest rates, which our analysis suggests is
not a sufficient statistic. Even if long-term nominal interest rate decline very little in response to
quantitative easing, or even if they increase (like in our example), this does not by itself suggest

that the policy is ineffective, as long as the real interest rate is declining.?”

4 Conclusion

We present a theoretical model where open market operations that reduce the duration of out-
standing government debt, so called “quantitative easing,” are not neutral because they affect the
incentive structure of the central bank. In particular, in a Markov-perfect equilibrium of our model,
reducing the duration of outstanding government provides an incentive for the central bank to keep
short-term interest rates low in future in order to avoid balance sheet losses. When the economy

is in a liquidity trap, such a policy is thus effective at generating inflationary expectations and

26Note that since we are plotting i, the zero lower bound implies a bound of —(1-p)=-0.01.

27 Admittedly, an increase in the long-term nominal interest rate because of quantitative easing is perhaps not
empirically consistent. We just want to make the point that looking at the long-term nominal interest rate is not
sufficient.
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Figure 19: Reponse of the short-term nominal interest rate when the duration of government debt
is 16 quarters. Each line represents the response of the short-term interest rate when the efficient

rate of interest returns to its steady-state in that period.
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Figure 20: Reponse of the long-term nominal interest rate when the duration of government debt
is 16 quarters. Each line represents the response of the long-term interest rate when the efficient

rate of interest returns to its steady-state in that period.
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Figure 21: Reponse of the short-term nominal interest rate when the duration of government debt
is 13.7 quarters. Each line represents the response of the short-term interest rate when the efficient

rate of interest returns to its steady-state in that period.
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Figure 22: Reponse of the long-term nominal interest rate when the duration of government debt
is 13.7 quarters. Each line represents the response of the long-term interest rate when the efficient

rate of interest returns to its steady-state in that period.
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lowering long-term interest rates, which in turn, helps mitigate the deflation and negative output
gap that would ensue otherwise. In other words, quantitative easing is effective because it provides
a “signal” to the private sector that the central bank will keep the short-term real interest rates
low even when the zero lower bound is no longer a constraint in future.

In future work, it would be of interest to evaluate fully the quantitative importance of our
model mechanism in a medium-scale sticky price model, along the lines of Christiano, Eichenbaum,
and Evans (2005) and Smets and Wouters (2007). Computation of Markov-perfect equilibrium
under coordinated monetary and fiscal policy at the ZLB appears to not have been investigated
for such models in the literature If one departs from the assumption of an efficient steady-state,
which would preclude a linear-quadratic approach, this extension is likely to involve a substantial
computation innovation. Moreover, as a methodological extension, it would be fruitful to allow for
dynamic manipulation of the duration of government debt as a policy instrument. To do so, it will
be necessary to take a higher order approximation of the equilibrium conditions and modify the

guess-and-verify algorithm to compute the Markov-perfect equilibrium accordingly.
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5 Appendix

5.1 Model

5.1.1 The perpetuity nominal bond and the flow budget constraint

Following Woodford (2001), the perpetuity issued in period ¢ pays p? dollars j 4 1 periods later, for each j > 0 and
some decay factor 0 < p < 8. The implied steady-state duration of this bond is then (1 — 3p)~1.
Let the price of a newly issued bond in period ¢ be St (p) . Given the existence of the unique stochastic discount

factor Q¢ ¢+y;, we can write this price as

Si(p) = Ex Z Quiyip "t

Jj=1

Now consider the period ¢+ 1 price of such a bond that was issued in period t. We can then write the price Sgrl (p)

oo}
S (P) = Ev1 ) Quit,egp’
j=2
Note first that
S (p) = pSt+1(p) (23)
since
R .
Se+1(p) = Ee1 ) Qepr,e450" 7.
Jj=2
This is highly convenient since it implies that one needs to keep track, at each point in time, of the equilibrium price
of only one type of bond.
Next, we derive an arbitrage condition between this perpetuity and a one-period bond. By simple expansion of

the infinite sums above and manipulation of the terms, one gets

Si(p) = [EQt,t4+1] + Bt [Qt,t+15tqr1 (P)] :

Since 1
FE =
tQt,t+1 T4
we get
— O
St(p) = T4 + E [Qt,tJrlStJrl (P)] .
Substituting further for Sto_‘_1 (p) = pSt+1(p), we then derive
1
St(p) = 7o + PE [Qea415141 ()] - (24)
+ 1t

Finally, consider the flow budget constraint of the government
BY + Si(p)Br = (1 +it—1) Bf 1 + (PO + 57 (P)) Bi_1+ P (Fy —Ty).
This can be simplified using Szo+1 (p) = pSt+1(p) to
BY + Si(p)Br = (1+it-1) By + (14 pSe(p)) Be—1 + Pi (Fy — T) .

This is the form in which we write down the flow budget constraint of the household and the government in the main

text.
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5.1.2 Functional forms

We make the following functional form assumptions on preferences and technology

-1

cl-a7" .1
C &)= ——C°
W€ = T
1-71
9(075):91ﬁ0

A1 1 7—\

H§) = ——HTwH A2
v (H,¢) Tro
y:Ahe

where variables with bars are shocks that take a value of 1 in steady state. This implies that we can derive

A _
2(V&) = YR
2

Moreover, we assume that the cost of price adjustment takes the form
d(IT) = d; 112
and that the cost of taxation takes the form

s(Ty —T) =51 (Ty — T)?.

5.1.3 Approximation of equilibrium conditions and household utility

We approximate around an efficient non-stochastic steady-state where II = 1. For simplicity, from here on we will
assume that the only shock that hits the economy is a discount factor shock given by . Standard manipulations

that are prevalent in the literature, for example in Woodford (2003), give (14) and (15) where o = &% and k =

—1
s(gdijh). Here we detail the derivations of (16) and (17). Given
1 -1
S, = —0F Cit1, II 1+ pS ,
+(p) e (C’t,&)ﬁ t [uc( 11, &er1) Iy (T+p t+1(p))]
and o
14+, — uc (Ct, &)

BE: [Uc (Ctt1,&t+41) H,;ll]

and the functional form assumptions above together with in steady state 1+ = 871, log-linearization gives imme-
diately

St = —it + pBESi11.
Next, given

Se(p)br = (1+ pSe(p)) be—111; * + (F — Ty)

and that we assume Fy = F and have from steady state S = ﬁ, T =F + %b, log-linearization gives
immediately

~ ~ ~ T .
b = ﬁilbt_l — ,8717& — (1 — p)St — ﬁTt.
Note that also the following relationship holds in steady state F' = G. We finally derive an expression for r{, the

efficient rate of interest
rf =671 (P — Ertrya) .-
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For household utility, we need to approximate the following three components
w(Yy — F —d(Ily), &) 5 g (F = S(Te = T), &) 5 v (Ye, &)

Standard manipulations that are prevalent in the literature, for example in Woodford (2003), give as household
utility
- [A,ﬂrf +V2+ ATTf]

where A\r = % and A\p = .

5.1.4 Markov-perfect equilibrium at positive interest rates

Given the Lagrangian where the expectation functions are substituted and the shocks are suppressed
1 « . .
Ly = E(Aﬂﬂg + }ff + /\TTtQ) + ,BEtV(bt,TteJrl) + (blt[y;& — Yybt + oy — ompby — O’?"f]
N N T . N
+ pae[me — KY: — Brybe] + dae[be — B b1 + BT me + (1 — p) St + ETt] + ¢at[St + it — pBSybi]

the first-order necessary conditions are given by

oL
—— = Aammi + ot + B 3 =0
aﬂ't

OL
—— =Y — =0
oY t + 1t — Kot
oL T
—— =\ — =0
T, Tt + bS¢3t
oL
— =0¢1t + P4 =0
01t
oL
9L (1 — -0
95, @3t(1 — p) + Pat
oL .
% BEtVy(bt,m541) — (Yo + omp) P16 — Brpdat + 3t — pBSppar =0
t
while the envelope condition is given by

Vi (be—1,75) = =B 3t

which implies
EeViy(be,r51) = =B Erd3es1.

We can then combine the envelope condition with the last FOC to yield
—Ei¢st41 — (Yo + omp) P16 — Brppat + 3t — pBSpar = 0.

To summarize, we have
et + 2t + B 3 = 0

Yi + ¢p1t — k2t =0
T
ATy — =0
71t + bS¢3t
op1t + pat =0
¢3t(1 — p) + par =0
—Eipst+1 — (Yy + omp)p1t — Brpdar + ¢3¢ — pBSpdar =0
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Yi = EtYig1 — o(is — Eymepr — 1f)

= kY + BB

N T .
by =611 — B M — (1 —p)St — ﬁTt
St = —it + pBE St

which can be simplified to get
1 1 1 _1,08 . -
A+ Ye=[kT (1—p)o "+ ]?)\TTt

T

bS) A;lﬁﬂbH_IYt + BTyt

[1—Bmrt (L—p)o~t = (Yo +om)(1—p)o~ " +pBSp(1—p)|T; = — (
Vi = EtYiy1 — o(ie — Eympyy —1§)
= kY: + BEymi11
N T .
by =Bt b1 — B e — (1—p)Se — hg Lt
Sy = —iy + pBELSi11.

The final step is then to match coefficients after replacing the conjectured solutions
-1 -1 -1 _1,bS
ArTpbi—1 + K (Ybbtfl) = [KJ (1 — p)cr + 3 ]?)\T (Tbbtfl)

[1—Bmpr~ (1 —p) ot =(Yp+om) (1 — p) oL +pBSp(1—p)] [Tobi—1] = — (%

Yibi—1 = Yp [bybe—1] — o ((ipbe—1) — [ [bobe—1]])
mpbi—1 = K [Ypbe—1] + By [bybi—1]

) Ao Bmon = [Yobe—1]-+[Th (bybe—1)]

T
bpbi—1 = B br—1 — B [mpbr—1] — (1 — p) [Spbe—1] — %5 [Tybs—1]
Spbi—1 = — (ipbt—1) + pBSy [bpbi—1]

which in turn can be simplified to get

Aemy + k1Y = k711 — p)ot +671]g)\TTb (25)

(1-p)7" - ol - (% -1 Ty = — () A s Yy + Thb
p) Bryk” o (Yo +omp)o™" + pBSp] (1 — p) T, = 35 ) T Brpk ™Yy + Typby (26)
Yy = Yiby — o(ip — mpbp) (27)
Ty = RYb =+ Bﬂ'bbb (28)

T

by =B8"1—B"tm— (1—p)S, — ETI; (29)
Sy = —ip + pBSpby. (30)

We now show some properties of 7, analytically. First, note that we will be restricting to stationary solutions,
that is one where | by |< 1. Manipulations of (25)-(30) above lead to the following closed-form expression for 7,

(1 — Bby)
B [%X e +r71s= 1 (1= Bbp)] + [(1 = p)o=te=1 (1 —bp) + B~ (1 — Bby) (1 - pﬁbb)fl]

Ty =

-1_—1 -V -
where x = |[" 0" (1 —p)+ 0 }?/\T
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Since | by |< 1, it is clear that 7, > 0 for all p < 1,. What happens whenp > 1? Numerically, we have found that
often mp, > 0 still, but sometimes in fact it can hit zero (and then actually go negative if p is increased further). It is
in fact possible to pin-down analytically when 7, = 0. Note that from (28), if m, = 0, then Y, = 0. This then implies

that for this to be supported as a solution for all possible values of Ty, from (25), it must be the case that
[kt 1 —p)o t +571 =0
which in turn implies that
p=1+p8"1ok.

In this knife-edge case, note that one needs p > 1. Moreover, since the upper bound on p is 1, one needs to ensure
that
148 lok< B tororn<1—35.

This is a fairly restrictive parameterization (not fulfilled in our baseline, for example). Still, it is instructive to note
that in this case of when 7, does reach 0, then it is indeed possible to show analytically that 7, declines as duration
is increased while comparing p = 0 with p=1+"lok or p=1 with p =1+ 8~ lok.

5.2 Computation at ZLB

In our experiment the debt is kept fixed at the zero lower bound at by, . Moreover, at the zero lower bound,
it =1 —B~1. Given the specific assumptions on the two-state Markov shock process, the equilibrium is described by

the system of equations

Yi=—0o (—TFb(l — Wby —r§ — prp + iz) + (1 — wbeYy + pYr,
7o = B (m(1 = wbe + i) + kY2,

fh=1-p"1

by =bg,

Sy = —ir 4 pB ((1 = p)Spbr, +pSL) -

where variables with a b subscript denote the solution we compute at positive interest rates while variables with a L

subscript denote values at the ZLB. The solution to this system is

vy _Bmp(p—1)by (1= Bp) (Brp(1 = p)?br — K (br (mp(p — Do + (u = 1)Y3) — or§ + 0ir))

t=1IL = )
K w(kpo — (1 — p)(1 — B))

. _ Bm(1 — w26 — & (br (mp(n — D)o + (p — 1)Y}) — or§ + oiL)

T =Tp = kpo — (1 — p)(1 — Bu) 7

=iy =1—B"" by =bp,

. 1-— b, — 1
G =5, _pB(L—p)Sibr b
1—pBu

where the solution for variables with a b subscript has already been provided above.
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