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Abstract

We present a novel approach to identify tipping points and stable equi-

libria in social interaction models and implement it to analyze racial seg-

regation in Los Angeles schools from 2002 to 2006. We estimate distinct

demands for schooling for white and minority parents using instrumental

variables based on historic county level trends in racial migration. Tipping

points and stable equilibria are identi�ed via a simulation process that al-

lows for heterogeneity in the existence and locations of tipping points and

stable equilibria across schools and within schools over time. We �nd that

over 60% of schools feature a tipping point ranging from 15% to 85% mi-

nority share. Over 80% of schools possess a stable, segregated, minority

equilibrium, and a similar proportion of schools also possess a stable, seg-

regated, white equilibrium. Our results are robust to alternative, general

speci�cations of social interaction.

1 Introduction

Models of social interaction feature agents who have preferences over stan-

dard (private) amenities and social amenities. Social amenities di�er from pri-

vate amenities in that choices made by one agent a�ect only the social amenities

for other agents and not the private amenities. For example, a student's peer

group is a social amenity to prospective parents since other parents' enroll-

ment decisions may in�uence their children's schooling outcomes through peer
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e�ects, whereas the facilities of a school, which are una�ected by other parents'

decisions, are private amenities.

In such social settings, it is common for multiple equilibria to exist (Durlauf

(2001)). Context-speci�c models of tipping (Schelling (2006)), herding (Baner-

jee (1992)), technological adoption (Jackson and Yariv (2006)), and collective

action (Maheshri (2011)) provide frameworks in which relevant equilibria can

be identi�ed and selected. In the case of school or neighborhood segregation,

social interactions may manifest themselves in tipping behavior. If, for exam-

ple, parents of white students have a stronger preference for white peers relative

to minority parents, then a simple model of tipping implies that there exists

a threshold minority share in a given school above which the school will �tip�

towards a stable equilibrium with a greater share of minority students and be-

low which the school will tip towards a stable equilibrium with a lower share

of minority students.1 This threshold in the social amenity (minority share of

enrollment) is commonly referred to as a tipping point, and it represents an

unstable equilibrium.

In this paper, we provide a new empirical method to identify tipping behavior

in a richer model with novel theoretical and empirical features, and we apply

our method to the case of segregation in public schools. Our approach o�ers

three innovations on existing methods:

1. We explicitly identify and estimate parental demand for schooling allow-

ing for heterogeneity in the preferences of parents for both private and

social school amenities. We estimate the demand for schooling in a simple

reduced form context and show that this is in fact equivalent to esti-

mating a particular structural model of school choice (McFadden (1974),

Berry (1994)). More broadly, our approach can easily accommodate more

sophisticated demand estimation frameworks (e.g., Berry et al. (1995)).

Identi�cation is achieved through the use of an instrumental variables ap-

proach adapted from Card (2001).

2. We identify school speci�c tipping points and emphasize the heterogeneity

in their locations across schools. Notably, our approach does not take the

existence of tipping points as given, hence it serves as an empirical tool

1In an admitted abuse of nomenclature, we hereafter refer to all non-white and white
Hispanic parents and students as minorities in spite of the fact that non-Hispanic white
students constitute less than half of the public school population in Los Angeles County. For
the purposes of discussion, we also assume that parents and children are of the same race,
although this assumption plays no role in our empirical analysis.
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to identify the determinants of tipping behavior.

3. We provide and implement the �rst method to identify one or more stable

equilibria for each school. We discuss theoretically how the locations of

these stable equilibria can be manipulated.

We demonstrate how tipping arises in the context of segregation with a model in

the spirit of Becker and Murphy (2000). This model suggests a natural strategy

to identify tipping points as thresholds around which the �ows of both white

and minority student enrollment are qualitatively di�erent (Pryor (1971), Card

et al. (2008a), Pan (2011)). When the share of minority students in a school

exceeds a tipping point, we expect relative out�ows (in�ows) of white (minority)

students, and when the share of minority students in a school falls short of a

tipping point, we expect the opposite. The use of this approach relies on the

strong assumption that all schools possess a common tipping point that cannot

vary over time. This assumption is generally invalid if schools o�er di�erent or

changing levels of private amenities (e.g., teachers, facilities, location). Indeed,

we �nd evidence of substantial heterogeneity in the locations of tipping points,

and we preview this result in �gure 1, which features the distribution of tipping

points in Los Angeles schools in 2006 estimated with our proposed method.

Similar heterogeneity is found in other years.

To allow for this heterogeneity, we develop a new approach to identify tip-

ping points by directly modeling parents' demand for schooling based on the

private and social amenities o�ered by schools. We explicitly allow for het-

erogeneity in white and minority preferences by estimating distinct schooling

demand functions for each group. We identify the elasticity of demand for so-

cial amenities by adapting the instrumental variable introduced in Card (2001).

Using these estimates, we then compute the implied enrollment of both groups

within a school for di�erent counterfactual levels of the share of minority stu-

dents who are enrolled in that school. That is, for any counterfactual value

of the share of minority students in a school in a given year, we simulate the

expected future share of minority students in that school by allowing parents

to re-sort holding all other school amenities constant. We can then recover the

unique tipping points and stable equilibria for each school in each time period

from the simulated schedule of the implied minority share of students.2

2Bayer and McMillan (2010) estimate a model of school choice and suggest a simulation
technique to estimate measures of school competition, but they do not consider social inter-
actions. In a computational study of residential segregation, Bruch and Mare (2006) simulate
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Figure 1: Empirical Distribution of Tipping Points, Los Angeles Schools, 2006
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Note: Tipping points are computed using the method proposed in this paper.

An additional bene�t of our approach is the identi�cation of single or mul-

tiple stable equilibria. We stress that this is of �rst order importance from a

policy perspective, as these equilibria represent the expected steady state al-

locations of whites and minorities in each school. To the extent that policies

aim to reduce segregation, they must focus primarily on changing the locations

of stable equilibria, since a change in the location of a school's tipping point

will likely have no e�ect on enrollment if the allocation of minority and white

students within the school is at or near a stable equilibrium. Indeed, we show

that the locations of stable equilibria can be manipulated through policies that

solely a�ect the private amenities of schools.

We implement our approach using a sample of all public schools in Los

Angeles County from 2001-2006 and �nd that race based tipping is a widespread

and diverse phenomenon. Over 60% of the schools feature a tipping point in

a given year, and these tipping points range from a minority share of 15% to

a minority share of 85%. In addition, over 80% of schools possess a stable,

segregated equilibrium with a minority share in excess of 80%, and over 80%

of schools also possess a stable, segregated equilibrium with a minority share

�ows of white and minority residents between neighborhoods under a variety of assumptions,
but they do not empirically identify tipping points or stable equilibria.
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less than 20%.3 We also �nd substantial heterogeneity in the locations of stable

equilibria across schools.

The remainder of the paper is organized as follows. In section 2, we present

a theoretical discussion of tipping behavior, and we highlight the challenges in

identifying tipping points and stable equilibria. In section 3, we present an

empirical strategy that addresses these challenges. In section 4, we present

our data set and the results of our estimation and simulation, and we conduct

goodness-of-�t tests to evaluate our speci�cation. In section 5 we show how the

results change for more �exibly speci�ed demand equations, illustrating how our

method can be adapted to analyze more complex social interaction processes.

We conclude by highlighting the implications of our results and methodology.

2 Identi�cation of Tipping Points and Stable Equi-

libria

In the context of segregation, the primary social amenity is the share of a

demographic subgroup of agents. Even a slight perturbation in the level of the

social amenity around a tipping point may lead to very di�erent demographic

outcomes. In this section we present a model of tipping behavior and describe

the challenges in identifying tipping points and stable equilibria. There are two

key features of this model, both of which are based on the canonical model of

segregation (Schelling (1969), Schelling (1971)), that have important theoretical

and empirical implications. First, agents from di�erent subgroups must have

di�erent preferences over the social amenity.4 This di�erence in preferences

is necessary (but insu�cient) to generate tipping behavior. Second, tipping is

characterized as a dynamic adjustment process, hence there must exist some

friction that ensures that agents do not always immediately take long run equi-

librium actions (i.e., the full system is not always at a stable equilibrium). In

our model, this friction arises because agents are cast as myopic decision makers.

Suppose there are two groups of parents indexed by r, where r = W if

the parent is white and r = M if the parent is a minority. Without loss of

generality, each parent has a single child of the same race. In the beginning of

3Hereafter, we use the minority share thresholds of 20% and 80% to de�ne segregated
equilibria.

4Zhang (2009) generalizes Schelling's model and shows that even when individuals have a
preference for integration in the aggregate, a slight di�erence in the preferences of two groups
for the social amenity can still lead to fully segregated equilibria.
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each period, parents choose a school for their child to attend. Parents observe

a set of amenities for each school j: a social amenity sj , which represents the

minority share in the school, and a vector of all the other private amenities

Xj , which may include other characteristics of the school, the (implicit) price

of attending the school, and characteristics of competing schools. Parents are

myopic; that is, they observe amenities at their levels at end of the previous

school year and select their school for the upcoming year without taking into

account the simultaneous decisions of other parents. Aggregate parental demand

functions can be written as nrj (s,X), which are the total number of parents of

race r who demand to send their child to school j. It follows that the resulting

minority share in school j in the next period will be

Sj(sj , Xj) ≡
nMj (sj , Xj)

nWj (sj , Xj) + nMj (sj , Xj)
. (1)

Figure 2 illustrates a plot of Sj(s) for di�erent values of s for particular

demand curves nWj (s,Xj) and nMj (s,Xj).5 Values of s where the curve crosses

the 45 degree line (i.e., Sj(s) = s) are equilibria; for these values of s, the

minority share of students at the school is not expected to change in the next

period. A tipping point s?, or unstable equilibrium,6 is a point that crosses the

45 degree line from below, and a stable equilibrium s?? is a point that crosses the

45 degree line from above.7 At a stable equilibrium, small deviations of s will

result in whites and minorities re-sorting in such a way that the minority share

will return to the stable equilibrium level. At a tipping point, small deviations of

s will result in whites and minorities re-sorting in such a way that the minority

share will diverge from the tipping point towards a stable equilibrium.

5For purposes of exposition, we omit the argument Xj when referring to the expected
future minority share function Sj .

6Card et al. (2008a) and Pan (2011) de�ne tipping points di�erently than the standard
models of Schelling (1969), Schelling (1971), Pryor (1971) and Becker and Murphy (2000) do.
In particular, Card et al. (2008a) and Pan (2011) de�ne the levels of s for which the curve Sj

is discontinuous to be tipping points (these are usually referred to as bifurcation points). In
our paper, we use the classical de�nition of a tipping point.

7Points at which the curve Sj (s) crosses the 45 degree line from above with a negative
slope are not necessarily stable equilibria. For values of s around these points, we will ob-
serve oscillating dynamics that can lead to either convergence towards the crossing point or
divergence towards a segregated equilibrium depending on the steepness of Sj . As we do not
observe these more complex dynamics in our main empirical results, we ignore them in our
analysis for simplicity. In an extension, we discuss this point further.
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Figure 2: Identi�cation of Tipping Points and Stable Equilibria

	
   	
  

0	
   1	
  s 	
  

1	
  

( )jS s 	
  

Tipping	
  Point	
  

Stable	
  Equilibria	
  

Empirical identi�cation of tipping points and stable equilibria is complicated

by the fact that the demand schedules of the groups are di�cult to recover.

The identi�cation becomes even more complicated if parents face a multinomial

choice rather than a binary choice, as Xj will include not only school j amenities

but also the amenities of other schools (including the share of minority students

in these schools). However, equation (1) suggests a natural approach to identify

tipping points without the speci�cation of all relevant demand functions, which

has been implemented by Pryor (1971), Card et al. (2008a) and Pan (2011). We

describe this approach, discuss its drawbacks and then propose an alternative

identi�cation strategy that does not face such drawbacks.

Suppose sj is observed for two periods, t and t + 1, in a sample of several

schools with a common tipping point s? ≡ s?j . One could plot sjt+1 on sjt for

these schools on a single set of axes as in �gure 2. Then the identi�cation of

tipping points is reduced to �nding the point on the x-axis at which the plotted

curve crosses the 45 degree line from below.

This identi�cation strategy relies strongly on two assumptions. First, all

schools in the sample must have a common tipping point at period t. To the

extent that schools in the sample o�er di�erent private amenities to their stu-

dents, the demand schedules of parents for di�erent schools are not generically
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the same. It follows that �gure 2 is unique to each school, so in general, schools

in the sample do not share a common tipping point. Second, the demand sched-

ules of parents in both groups must remain �xed from periods t to t+ 1. Shifts

in parents' demand schedules from t to t+ 1 will generally result in changes to

s? and s??, rendering any �xed point approach that equates shares of minority

students in periods t and t + 1 �awed. To the extent that any amenity in Xj

may change over time, this assumption is also unrealistic.

In order to avoid these assumptions, we o�er a new approach that allows

us to recover tipping points by constructing �gure 2 separately for each school

through simulated movements along parents' demand schedules, which corre-

spond to movements along the curve Sj . The general idea is as follows. First,

we estimate distinct demand schedules for schooling for parents of each race

allowing for heterogeneity in white and minority preferences for all (social and

private) amenities. We argue that this is in fact equivalent to modeling parents'

school choices in a multinomial setting in which parents select a particular school

for their child based on a comparison of social and private amenities provided by

all available schools and estimating parental preferences using a discrete choice

approach. With these estimates, we can compute the expected future enroll-

ment of both groups within a school as a ceteris paribus function of the share

of minority students who are enrolled in that school. For any counterfactual

value of the share of minority students in a school in a given year, we are able

to simulate the expected future share of minority students in that school by

allowing parents to re-sort. It is then straightforward to recover school speci�c

tipping points and stable equilibria.

3 Empirical Strategy

Using panel data, we estimate demand equations for schooling separately for

each race in order to allow for the possibility of tipping behavior. Demand is

identi�ed through the use of instrumental variables. Using these estimates, we

recover tipping points and stable equilibria through a straightforward simulation

procedure.

We point out here that our estimation framework is substantively equivalent

to a discrete choice framework for estimating demand for schooling. Hence, par-

ents can be thought of as conducting a full comparison of amenities across all

schools when deciding on where to enroll their child. Moreover, our simulation

procedure is mathematically equivalent to the corresponding simulation proce-
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dure implied by a discrete choice framework. We discuss these equivalences in

detail in appendix A.

3.1 Estimating Parental Demand for Schooling

In year t, nrjt children of race r attend one of Jt public schools in Los Angeles

county, hence the minority share of students at the school is denoted sjt =

nMjt/(nMjt+nWjt ). Parents make their enrollment decisions in year t having observed

school amenities at the end of year t − 1.8 The log number of students of race

r that enroll in school j is given by

log nrjt = βrsjt−1 +X ′jt−1φ
r + γrj + αr

t + εrjt (2)

where Xjt−1 is a vector of other year- and school-speci�c amenities that were

observed at the end of the previous year.9 γrj is a school- and race- level �xed

e�ect, αr
t is a race- and year- �xed e�ect, and the parameters βr and φr are

race-speci�c parameters that relate school amenities to demand. The error

term εrjt contains race- and school- and year- speci�c unobserved determinants

of demand.

Consistent estimation of the parameters in equation (2) is complicated by the

fact that the minority share of school enrollment is potentially correlated with

unobserved amenities contained in εrjt. The inclusion of school- and race- level

�xed e�ects mitigates this problem to some extent by absorbing all unobserved

school amenities that are �xed over time even if they are valued di�erently by

races. We deal with the remaining endogeneity by utilizing an instrument for

sjt−1 adapted from Card (2001) and Card (2009).

In particular, let τ represent some �xed year prior to the �rst year of the

panel.10 Then

zjt−1 =

nMjτ
nMτ
· nMt−1

nMjτ
nMτ
· nMt−1 +

nWjτ
nWτ
· nWt−1

(3)

can be used a an instrument for sjt−1, where nrt−1 is the total number of students

8Following the theoretical literature on tipping, we assume that parents do not strategically
extrapolate other parents' future enrollment decisions when making their own enrollment
decisions. Hence, dynamic adjustment unfolds at a period by period pace. This assumption
can be weakened with an alternative speci�cation of demand in (2) that includes additional
lagged minority share terms and/or time derivatives of minority share.

9We specify the quantity demanded as lognr
jt in order to draw a parallel with discrete

choice approaches to demand estimation. See appendix A for further discussion.
10In our analysis, we �x τ = 1999, but all presented results are robust to di�erent choices

of τ .
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of race r in year t−1 across all schools in LA. Provided that aggregate in�ows of

students of di�erent races into LA metropolitan area schools during the sample

period are not correlated with unobserved changes in the amenities of school

j, zjt−1 is a valid instrument. Put another way, this instrument uses only the

share of period t− 1 enrollment of each race that is implied by school j speci�c

characteristics in place in year τ to identify the e�ect of sjt−1 on demand. With

the inclusion of school-race �xed e�ects, the remainder of the variation of z can

therefore be thought of as an exogenous shifter of the supply of students of each

race.

With this instrument in hand, the parameters in equation (2) can be consis-

tently estimated by two stage least squares.

3.2 Recovering Tipping Points and Stable Equilibria

The estimated demand functions allow us to construct the function

nrjt (s) = exp
(
β̂rs+X ′jt−1φ̂

r + γ̂rj + α̂r
t

)
(4)

which corresponds to the expected number of race r students that would enroll

in school j in year t for a given counterfactual value of sjt−1 = s (with hats

corresponding to estimated parameters). The expected future share of minority

students in school j at time t, Sjt, is then de�ned as

Sjt (s) =
nMjt (s)

nMjt (s) + nWjt (s)
(5)

The numerator of equation (5) is the total expected number of minority students

that would enroll in school j if its minority share was previously s, and the

denominator is the total expected enrollment in school j if its minority share

was previously s. A plot of Sjt on s is a natural analog to �gure 2. Each point of

the simulated curve Sjt (s) corresponds to the implied minority share for school

j at time t under the counterfactual assumption that sjt−1 = s.

In period t, school j possesses either a tipping point or a stable equilibrium

at any level of s where

Sjt (s) = s (6)

Because the expression on the left hand side is transcendentally valued and the

expression on the right hand side is algebraically valued, equation (6) does not

generically possess an analytical solution (Marques and Lima (2010)). For this
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reason, we must use a numerical technique to estimate tipping points and stable

equilibria. We allow s to take on values ranging from 0 to 1 in increments of

0.01, and at each value of s, we simulate Sjt (s) using equation (5). We then

plot these simulated shares Sjt on s and locate the value(s) of s for which the

plot crosses the 45 degree line. A value of s for which the simulated function

Sjt crosses the 45 degree line from below (i.e., S′jt > 1) represents a tipping

point s?, and a value of s for which S crosses the 45 degree line from above (i.e.,

S′jt < 1) represents a stable equilibrium s??.11

3.3 Comparative Statics

Although closed form representations of tipping points s?jt and stable equilibria

s??jt do not exist, we can take advantage of the structure of the empirical model

in order to derive some useful theoretical predictions. We show that a change in

any amenity a�ects the locations of tipping points and stable equilibria. This

e�ect is especially transparent when white parents and minority parents have

opposite preferences over the amenity.

Proposition 1. (Comparative Statics on Xjt−1) An increase (decrease) in any

amenity that white parents enjoy and minority parents do not enjoy shifts the

simulated curve Sjt down (up). The opposite is true of an increase (decrease)

in any amenity that minority parents enjoy and white parents do not enjoy.

Proof. Let φ̌r be the scalar coe�cient on some particular amenity xjt−1 of

Xjt−1. The result follows from di�erentiating equation (5) with respect to xjt−1
and noting that

∂nrjt
∂xjt−1

= φ̌r.

An increase in the level of an amenity that white parents enjoy relative to

minority parents makes that school relatively more attractive to white parents

on average, which causes the expected future minority share of enrollment at

that school to decrease for any value of s. This results in a downward shift of

the simulated curve Sjt as depicted in �gure 3. Such a shift a�ects the locations

of tipping points and stable equilibria in a predictable way.

Corollary. Any increase in any amenity xjt−1 that white parents enjoy and

minority parents do not enjoy shifts the location of the tipping point up and

shifts the locations of stable equilibria down (If φ̌W > 0 and φ̌M < 0, then
∂s?jt

∂xjt−1
> 0 and

∂s??jt
∂xjt−1

< 0.) The opposite is true of an increase in any amenity

11See footnote 7 for a quali�cation of this statement.
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that minority parents enjoy and white parents do not enjoy (If φ̌W < 0 and

φ̌M > 0, then
∂s?jt

∂xjt−1
< 0 and

∂s??jt
∂xjt−1

> 0.)

In general, a change in the amenity xjt−1 will shift the curve Sjt even if

white and minority parents have similar preferences for the amenity. Hence,

heterogeneity in amenities across schools (and within schools over time) implies

heterogeneity in tipping behavior as well as heterogeneity in the locations of

tipping points and stable equilibria.

Additionally, this suggests a tool that policymakers may utilize in order

to reduce school segregation. With estimates of parents' preferences and the

simulated curve Sjt, policymakers can actively adjust the amenities in school j

in order to shift the relevant stable equilibrium to a more appealing location.

Figure 3: Comparative Statics on Xjt−1
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Note: The dashed line represents a shift in Sjt due to an increase in amenity xjt−1 for which

φ̌W > 0 and φ̌M < 0.
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4 Data and Results

4.1 Sample

We construct a sample of every public school in Los Angeles County that of-

fered instruction in any grade from kindergarten through 12th grade for all

years between 2001 and 2006.12 For each of the 1692 schools in our sample,

we obtain grade level enrollment statistics from the Common Core of Data, a

public database maintained by the Center for Education Statistics at the US

Department of Education. Data in the Common Core are supplied by state

level departments of education. The average minority share in all schools in our

sample period is shown in �gure 4 for selected grades. We present enrollment

statistics for Kindergarten, eighth grade and twelfth grade because these grades

represent the �rst year of schooling, the year before students begin to drop out

of school in signi�cant numbers, and the �nal year of schooling.

Figure 4: Enrollment by Race and Grade, Los Angeles Schools, 2001-2006
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Despite our terminology, the number of minority students enrolled in Los

Angeles schools greatly exceeds the number of non-Hispanic white students in

12For our purposes, �year� refers to academic year by registration date, not calendar year.
For example, 2007 corresponds to the Fall 2007-Spring 2008 academic year.
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all years of the sample. In general, there is a small absolute decline in white

enrollment, which is accompanied by moderate absolute increases in minority

enrollment in all grades over the sample period.13 This implies increasing mi-

nority shares in all grades over the sample period as seen in �gure 4. In the

earlier years of the sample there is a dramatic amount of attrition in minority

education, as nearly one third of minority students enrolled in eighth grade do

not enroll in twelfth grade; indeed, the share of minorities enrolled in twelfth

grade is over three percentage points lower than the share enrolled in eighth

grade. However, this gap decreases substantially in later years.

The Common Core includes limited demographic data for each school, so we

supplement it with data on school amenities from the California Basic Educa-

tional Data System (CBEDS) which is maintained by the California Department

of Education. Summary statistics of the data are presented in table 1. Following

our approach the key variable of interest is the minority share in each school,

which ranges from 6% to nearly 100% with an annual average close to 80% (for

schools in 2006, see �gure 5).

We also compute the share of students in each school who are eligible for a

free or reduced price lunch under the National School Lunch Program (NSLP).

A student quali�es for a free lunch if their family's income is below 130% of

the federal poverty threshold or a reduced price lunch if their family's income

ranges from 130% to 185% of the federal poverty threshold. Accordingly, this

variable is a natural proxy for the average income level of a school's student

body. In our sample, approximately 60% of students meet the eligibility criteria

set forth in the NSLP, which is higher than the national eligibility rate of 40%

and the California eligibility rate of 48% in 2006.14

13This decline in white enrollment is likely due to declining fertility rates, as total pri-
vate school enrollment in California remained roughly constant over the sample period.
(Source: CBEDS data collection, Educational Demographics, October 2008, and 2008�09
Private School A�davits.)

14We calculate the national and state eligibility rates from the Common Core.
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Table 1: Summary Statistics

Variable 2002 2003 2004 2005 2006

Minority Share 0.79

(0.24)

0.80

(0.23)

0.80

(0.24)

0.81

(0.23)

0.81

(0.23)

Share of Students Eligible for a

Free or Reduced Price Lunch

0.59

(0.31)

0.59

(0.31)

0.60

(0.30)

0.60

(0.31)

0.61

(0.31)

Full Time Equivalent Teachers per

Student

0.06

(0.02)

0.06

(0.02)

0.06

(0.02)

0.06

(0.02)

0.06

(0.03)

Share of Teachers with a

Bachelor's Degree

0.82

(0.12)

0.80

(0.12)

0.81

(0.12)

0.81

(0.12)

0.80

(0.12)

Share of Teachers with a Master's

Degree

0.35

(0.15)

0.35

(0.15)

0.38

(0.15)

0.39

(0.14)

0.42

(0.15)

Share of Teachers who are

Minorities

0.39

(0.24)

0.38

(0.23)

0.40

(0.23)

0.41

(0.23)

0.42

(0.24)

Computers per Student 0.19

(0.14)

0.21

(0.14)

0.23

(0.14)

0.25

(0.16)

0.28

(0.28)

Internet Connected Computers per

Student

0.04

(0.04)

0.06

(0.04)

0.05

(0.05)

0.06

(0.04)

0.06

(0.04)

Number of Sta� Providing English

Learning Services to Spanish

Speakers per Student

0.01

(0.02)

0.01

(0.01)

0.01

(0.02)

0.01

(0.01)

0.01

(0.01)

Calendar Dummy (equal to 1 if

school operates on a traditional 9

month calendar, 0 otherwise)

0.73

(0.44)

0.74

(0.44)

0.76

(0.43)

0.77

(0.42)

0.79

(0.41)

Number of Schools 1692

Note: We present means of variables with standard deviations in parentheses. Minority share

and the share of students eligible for a free or reduced priced lunch are constructed from data

in the Common Core. All other variables are obtained from the California Basic Educational

Data System (CBEDS). To maintain consistency with our estimation approach, we measure

all variables at their prior year levels. For example, the average minority share in our sample

for the 2000-01 academic year is 0.79.
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From CBEDS, we construct various measures of teacher quantity and qual-

ity. Schools provide, on average, one full time equivalent teacher per sixteen

students over the sample period, which is nearly identical to the national av-

erage.15 Approximately 80% of teachers have bachelors degrees, and the share

of teachers with masters degrees increased from 35% to 42% over the sample

period, both of which are much lower than the national averages of 98% and

58% respectively in 2005.16 Roughly 40% of teachers are minorities, which

is substantially higher than the national average of 15% in 2005.17 On aver-

age, schools o�er the equivalent of one full time sta� member per one hundred

students who is exclusively dedicated to providing English language learning

support to Spanish speaking students.

Figure 5: Histogram of Minority Share in Los Angeles Schools, 2006
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We also consider other private amenities that schools o�er. Over our sam-

ple period, the number of computers available for each student increases from

0.19 to 0.28, which is been accompanied by an increase in internet connected

computers per student of 0.04 to 0.06. Computer availability in Los Angeles

15Source: Digest of Education Statistics, 2010. (2011). U.S. Department of Education,
National Center for Education Statistics. (2011).

16Source: Pro�le of Teachers in the US, 2011. (2011). US Department of Education,
National Center for Education Information.

17Source: Pro�le of Teachers in the US, 2011. (2011). US Department of Education,
National Center for Education Information.
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County Schools is roughly equivalent to national averages (one computer for

�ve students in 2000), but internet access lags the national average of one inter-

net connected computer per seven students in 2000.18 Finally, the proportion

of schools operating on a traditional (i.e., not �year-round�) calendar increases

from 73% to 79% over our sample period.

4.2 Parameter Estimates

We estimate the parameters of equation (2) under four speci�cations of parents'

demand for schooling and present the results in table 2. In the �rst two speci�ca-

tions, we estimate the parameters by OLS. In the third and fourth speci�cations,

we estimate them by 2SLS, using as instruments the implied white and minority

enrollments that are constructed as described above. In all speci�cations, we

include school-race and year-race �xed e�ects.

In the �rst speci�cation, we do not include other observable school amenities

and do not correct for endogeneity using instrumental variables. Whites prefer

enrolling their children in schools with a lower minority share (β̂W < 0), whereas

minorities prefer enrolling their children in schools with a higher minority share

(β̂M > 0), although minorities' racial preferences are moderately less intense

than whites' racial preferences. In the second speci�cation, we include other

amenities that might a�ect parents' enrollment decisions, but this inclusion

does not a�ect our estimates of β̂W and β̂M . This is not surprising, as the

high R2 of 0.98 for the �rst speci�cation suggests that there is little variation

in demand that is left unexplained by preferences for minority share and �xed

e�ects. All estimates are statistically signi�cant at the 95% level.

In the third speci�cation, we do not include other observable school ameni-

ties, but we correct for endogeneity using instrumental variables. We now �nd

little evidence that whites prefer enrolling their children in schools with a lower

minority share, as the standard error on β̂W is almost as large as the coe�cient

estimate. However, we �nd that minorities have a much stronger preference for

enrolling their children in schools with a higher minority share, and this coef-

�cient is very precisely estimated. This suggests that our OLS estimates may

be attenuated. Once again, inclusion of other school amenities in the fourth

speci�cation has no e�ect on our estimates of β̂W and β̂M . This supports the

claim that our instrumental variable is valid. 19

18Source: Internet Access in US Public Schools and Classrooms: 1994-2000. (2001). US
Department of Education, O�ce of Educational Research and Improvement.

19We cluster our standard errors by school and race to account for the potential correlation
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Table 2: Parameter Estimates for Schooling Demand by Race, 2002-2006
OLS 2SLS

Variable (1) (2) (3) (4)

Minority Share, White

Demand (β̂W )

-1.72**

(0.18)

-1.74**

(0.19)

-1.55

(1.36)

-1.85

(1.39)

Minority Share, Minority

Demand (β̂M )

0.93**

(0.21)

0.90**

(0.22)

5.96**

(0.56)

5.86**

(0.55)

Other Amenities Included?

(All amenities are listed in

table 1.)

No Yes No Yes

School-Race Fixed E�ects? Yes Yes Yes Yes

Year-Race Fixed E�ects? Yes Yes Yes Yes

R2 0.98 0.98 0.98 0.98

Number of Observations 16920 16920 16920 16920

Notes: The dependent variable is log enrollment by race, school and year (lognr
jt). Robust

standard errors clustered by school and race are provided in parentheses. Coe�cients on

private amenities (φ̂rj ) are omitted for clarity and available on request.

* - Statistically signi�cant at the 95% level, ** - Statistically signi�cant at the 99% level.

In summary, we �nd that a strong determinant of parents' enrollment de-

cisions for their children is the racial makeup of their children's prospective

peers.20 This constitutes evidence that social interactions play a key role in

student enrollment decisions.

4.3 Estimation of Tipping Points and Stable Equilibria

In �gure 6, we present graphical simulations of the expected minority share in

three Los Angeles schools that exhibit qualitatively di�erent tipping behavior.

These di�erences in tipping behavior could arise from two main sources in our

estimation procedure. For instance, schools may o�er changing levels of observ-

able amenities (Xjt) which are valued di�erently across races, or di�erent levels

of unobservable amenities valued di�erent across races, which are captured by

school-race �xed e�ects (γrj ).

of unobserved amenities across years.
20When we specify demand in �rst di�erences to eliminate the need to estimate school-race

�xed e�ects, we get similar results that we cannot statistically reject as di�erent from the
estimates in table 2.
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Figure 6: Tipping Point Simulation for Selected Los Angeles County Schools,
2006
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The simulation �gure for Sierra Vista Junior High is typical of schools in

our sample. In addition to an integrated tipping point near s = 0.5, this school

possesses stable, segregated equilibria for very low and very high values of s.

Leonard B. Westho� Elementary School does not possess a tipping point, as

the simulated curve does not cross the 45 degree line from below at any point.

However, it possesses a single stable, white minority equilibrium. Finally, Buford

Elementary also lacks a tipping point, but possesses a single stable, segregated

minority equilibrium. We describe Sierra Vista Junior High as typical because,

as shown in table 3, we �nd a tipping point in a majority of schools in our

sample. We also �nd stable, segregated white equilibria in approximately 83%

of schools, and stable, segregated minority equilibria in approximately 80% of

schools. These proportions are similar for di�erent years of our sample.

Table 3: Prevalence of Tipping Points and Stable Equilibria
2002 2003 2004 2005 2006

Share of Schools With Tipping Points 0.64 0.63 0.63 0.61 0.61

Share of Schools with a Stable White

Equilibrium (s?? < .5)

0.83 0.83 0.82 0.82 0.83

Share of Schools with a Stable

Minority Equilibrium (s?? ≥ .5)

0.81 0.80 0.81 0.80 0.78

In �gure 7 we show yearly histograms of the locations of tipping points for all

schools in Los Angeles for which we identi�ed tipping points. The substantial

dispersion in the tipping points around the median value of 0.58 underscores

one of the contributions of our method since any estimation method that relies

on the assumption of common tipping points across schools within year will

likely misidentify their locations. The distribution of tipping points is roughly

unchanged over the sample period.
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Figure 7: Histogram of Tipping Points for Los Angeles County Schools, 2002-
2006
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Note: Contains all Los Angeles schools that possess a tipping point.

We also show histograms of the locations of stable equilibria for all Los

Angeles schools in �gure 8. Stable equilibria are doubly counted for schools that

possess two of them. Every stable equilibrium that we identify is segregated

(i.e., s?? ≤ 0.2 or s?? ≥ 0.8). We also �nd substantial heterogeneity in the

locations of the segregated, stable equilibria as well as in the existence of a

second stable equilibrium (table 3). Although we do �nd heterogeneity in the
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locations of tipping points and stable equilibria within schools over time, it is

much less pronounced than the heterogeneity in the locations of tipping points

and stable equilibria between schools. This is consistent with the similarities of

the distributions within �gures 7 and 8.

Figure 8: Histogram of Stable Equilibria for Los Angeles County Schools, 2002-
2006
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Table 4: Proportions of Accurate Predictions
∆Sjt ≤ 0 ∆Sjt > 0 ∆Sjt ≤ −0.01 ∆Sjt > 0.01

∆sjt ≤ 0 0.926 0.995

∆sjt > 0 0.998 0.994

Notes: ∆Sjt ≡ Sjt (sjt−1) − sjt−1 and ∆sjt = sjt − sjt−1. In the �rst two columns, we

consider all 8460 school-year combinations. In the second two columns, we consider the 4571

relevant school-year combinations.

4.4 Tests of the Simulation Procedure

We perform several tests to gauge how well the predictions of our model line

up with observed enrollments. These tests fall into two categories: compar-

isons of the directions of predicted and observed enrollment, and comparisons

of the magnitudes of changes in predicted and observed enrollment. The for-

mer comparisons test the ability of our estimation and simulation procedures

to accurately identify the locations of tipping points and stable equilibria. The

latter comparisons test the the ability of our simulation to accurately predict

out of equilibrium trends in minority enrollment by considering the entire curve

Sj rather than only on the tipping point and stable equilibria. Hence, these

comparisons can be understood as a goodness-of-�t tests of our simulation pro-

cedure.

We begin by checking how often schools tip in the direction that we predicted.

Denote the observed change in minority share by ∆sjt ≡ sjt − sjt−1 and the

predicted change in minority share by ∆Sjt = Sjt (sjt−1) − sjt−1. In the �rst

two columns of table 4, we present the proportion of school-year combinations

in our sample for which predicted decreases in minority shares (∆Sjt ≤ 0) are

associated with observed decreases in minority shares (∆sjt ≤ 0) and vice versa

for predicted increases in minority shares. We accurately predict the direction

of tipping in roughly 93% of schools tipping white and almost all schools tipping

minority. Because we only vary the minority share in increments of 0.01 when

we simulate Sjt, some of our predictions may be o� due to a tolerance error.

In order to mitigate this concern, we drop those schools for which we predict a

change in minority share of less than 0.01 and replicate our test in the �nal two

columns of table 4. On this subsample, we accurately predict both increases

and decreases in minority shares over 99% of the time.

In order to test the goodness of �t of our simulation procedure, we perform

two further comparisons of our predictions and the observed enrollment data.
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First, we regress the observed minority share on our prediction of the expected

future minority share given the observed minority share in the previous period:

sjt = 1.004 · Sjt (sjt−1) + εjt (7)

(0.0002) R2 = 0.99

Our coe�cient on Sjt is very close to 1, although we can reject that it is equal

to 1 at the 99% level.21 The R2 of 0.99 suggests that we are able to predict the

minority share almost perfectly. When we regress observed changes in minority

share on our predicted change in minority share, we get similar results:

∆sjt = 0.963 ·∆Sjt + εjt (8)

(0.003) R2 = 0.99

Our coe�cient on ∆Sjt is again close to 1, although we cannot reject that it

is equal to 1 at the 99% level. Nevertheless, the R2 of 0.99 con�rms that we

predict changes in minority shares almost entirely.

5 Robustness

In this section we test the robustness of our main results by relaxing some of

the assumptions made in the preceding analysis. We focus on two assumptions

in particular: the assumption that the log demand is linear in the minority

share, and the assumption that parents are divided into only two groups and

that they group all minorities together when valuing social amenities. In section

5.1, we re-estimate the demands for each race semiparametrically in order to

allow them to vary �exibly as a function of minority share. In section 5.2, we

consider the implications of a more sophisticated model of social interactions in

which multiple groups (e.g., white, black and Hispanic parents) have preferences

over multiple social amenities (e.g., shares of black and Hispanic enrollment).

We estimate schooling demand for multiple groups, adapt our simulation proce-

dure, and discuss the implications of this increase in dimensionality of the social

interaction process.

21Robust standard errors clustered by school and race are presented in parentheses in equa-
tions (7) and (8).
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5.1 Flexible Demand Speci�cation

In the empirical model above, the social amenity, sj , enters linearly into parents'

demand functions. This assumption is not overly restrictive in the sense that

it does not imply the existence or location of tipping points or the locations of

stable equilibria. Indeed, our empirical analysis con�rms this fact. Nevertheless,

this assumption constrains the shape of Sj and does not allow for the existence

of multiple tipping points. More precisely, this speci�cation implies that our

simulation of Sjt will have at most one in�ection point.

We can tailor our approach to allow for multiple tipping points by relaxing

the linearity assumption for the social amenity. Consider instead the following

modi�cation to equation (2)

log nrjt = fr (sjt−1) +X ′jt−1φ
r + γrj + αr

t + εrjt (9)

where fr is some unknown function. Given restrictions on fr, the �exible de-

mand equation (9) can be estimated using appropriate non-parametric tech-

niques (Pagan and Ullah (1999)), which allows for more general shapes of the

simulated curve Sjt. This semi parametric approach can potentially identify

more than one tipping point (and hence more than two stable equilibria) or

one-sided tipping behavior (Card et al. (2008b)).

We reestimate parental demand functions, �exibly specifying the fr as piece-

wise linear functions in �fty intervals of equal size. That is, we divide the domain

of s into bins of width 0.02 and estimate lines with slope βr in each bin for each

race.22 The instruments as described above are utilized in a regular �rst stage

regression, and simulation of Sj follows as before.

Because of the large number of coe�cients, we present our nonlinear esti-

mates of βr (s) graphically in �gure 9. βr (s) can be interpreted as the marginal

e�ect of minority share on the log demand for schooling for each race.23 For

white parents, we are unable to reject that βW (s) = 0 for every value of s,

which is consistent with our previous estimates. For minority parents, we esti-

mate a very strong preference for minority peers in heavily white schools and a

decreasing preference for minority peers in schools with larger levels of minority

share, with estimates of β̂M (s) ranging from 4 to 6 for schools with over 40%

minority enrollment, which is also consistent with our previous estimates.

We also reproduce simulations for the three schools from �gure 6 using the

22We do not constrain fr to be continuous.
23Note that βr (s) ≈ ηr · s where ηr is the minority share elasticity of demand.
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Figure 9: Estimates of β̂ (s) by Race
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new speci�cation. These results, along with simulations from the simpler prior

speci�cation are presented in �gure 10. Note that while the shape of Sj does

change under the more �exible speci�cation, the locations of tipping points and

stable equilibria are nearly unchanged.

5.2 Multiplicity of Groups and Social Amenities

Thus far we have assumed that there are two groups and that there is a single

social amenity in parents' demand functions. However, we can add more realism

to our model by allowing more groups of parents � say white, black and Hispanic

parents � to have di�erent preferences over multiple social amenities � say the

shares of black and Hispanic students.24 The demand equations in (2) are

modi�ed accordingly as

log nrjt = βr
Bs

B
jt−1 + βr

Hs
H
jt−1 +X ′jt−1φ

r + γrj + αr
t + εrjt (10)

for r ∈ {W,B,H}.
Specifying multiple social amenities is bene�cial in two ways. First, we can

implicitly test which social amenity is chie�y responsible for tipping behavior.

For example, if the preference parameters for one social amenity are statistically

indistinguishable from each other across groups while the preference parameters

for another social amenity are precisely estimated to be distinct across groups,

then that is evidence of tipping behavior in the latter social amenity. Second, if

multiple social amenities are potentially responsible for tipping behavior, then

even a linear speci�cation of demand may generate more exotic tipping behavior.

To illuminate this second point, note that the modi�ed model of demand

implies that tipping is now a higher dimensional phenomenon as there are two

implied enrollments that we must simulate, SB
jt and SH

jt , each of which is a

function of two social amenities sB and sH . As a result, SB
jt and S

H
jt are each

two dimensional surfaces, while tipping points and equilibria in school j are the

intersections of these surfaces with the line de�ned by the system of equations

SB
jt

(
sB , sH

)
= sB (11)

SH
jt

(
sB , sH

)
= sH (12)

in four dimensional
(
SB , SH , sB , sH

)
space. This line is the analog to the 45

24In this section only, we group Asian, Paci�c Islander, American Indian and Alaskan Native
parents with white parents.
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Figure 10: Tipping Point Simulation for Selected Los Angeles County Schools,
2006: Flexible Demand Speci�cation
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demand speci�cation uses estimates from �gure 9.
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degree line in the simulations presented above.

We estimate the parental demand system for schooling given in equation

(10). Instruments are constructed in a similar fashion as before. Regression

results are presented in table 5. White parents have a strong distaste for black

peers, but no preference for Hispanic peers. This is consistent with our previous

�ndings that white parents had a moderate distaste for minority peers. Black

parents prefer black peers strongly and Hispanic peers somewhat less so, but

Hispanic parents have a strong preference for both black and Hispanic peers.

This is consistent with the idea that our previous estimates were averages of the

preferences of these two minority subgroups.

The heterogeneity in preferences across groups and social amenities manifests

itself in di�erent tipping behavior. We present tipping diagrams for one school in

�gure 11. Given that the complexity of the simulation procedure has increased

substantially from two dimensions to four dimensions, we represent the functions

SB
jt and S

H
jt in two three dimensional diagrams.
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Table 5: Parameter Estimates for Schooling Demand by Race, 2002-2006
OLS 2SLS

Variable (1) (2) (3) (4)

Black Share, White

Demand (β̂W
B )

-1.21**

(0.39)

-1.36**

(0.42)

-9.61**

(2.95)

-4.76*

(1.94)

Hispanic Share, White

Demand (β̂M
H )

-1.34**

(0.28)

-1.39**

(0.28)

-0.26

(1.82)

-0.12

(1.53)

Black Share, Black

Demand (β̂W
B )

1.38**

(0.36)

1.31**

(0.38)

6.37**

(1.97)

4.82**

(1.80)

Hispanic Share, Black

Demand (β̂B
H)

-0.05

(0.22)

0.01

(0.23)

4.59*

(2.22)

3.22

(1.89)

Black Share, Hispanic

Demand (β̂B
B )

1.03**

(0.27)

0.96**

(0.26)

3.70**

(1.12)

5.93**

(0.80)

Hispanic Share, Hispanic

Demand (β̂H
H )

1.16**

(0.21)

1.07**

(0.21)

8.18**

(0.89)

6.65**

(0.74)

Other Amenities Included?

(All amenities are listed in

table 1.)

No Yes No Yes

School-Race Fixed E�ects? Yes Yes Yes Yes

Year-Race Fixed E�ects? Yes Yes Yes Yes

R2 0.98 0.98 0.98 0.98

Number of Observations 25380 25380 25380 25380

Notes: The dependent variable is log enrollment by race, school and year (lognr
jt). Robust

standard errors clustered by school and race are provided in parentheses. Coe�cients on

private amenities (φ̂rj ) are omitted for clarity and available on request.

* - Statistically signi�cant at the 95% level, ** - Statistically signi�cant at the 99% level.

In the �rst diagram, we show the tipping surface SB
jt as a function of its

arguments in black. The lightly shaded region represents the plane for which

SB
jt

(
sB , sH

)
= sB . Points on the gray region where the tipping surface crosses it

from below represent tipping points in sB , and points on the gray region where

the tipping surface crosses it from above represent �partial� stable equilibria in

sB (since they may not be stable equilibria in sH). Vazquez High School clearly

possesses a partial, stable, segregated equilibrium in sB for blacks and a partial,

stable, segregated equilibrium in sB for Hispanics, and it also possesses tipping

points at higher levels of sB for lower levels of sH .
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Figure 11: Higher Dimensional Tipping Diagrams for Vazquez High School,
2006
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Figure 12: Contour Diagram for Vazquez High School, 2006
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In the second diagram, we show the tipping surface SH
jt in similar fashion.

It is evident that Vazquez High School possesses no tipping points in sH and a

single partial stable equilibrium in sH ranging from roughly 0.5 for low levels of

sB to 0 for high levels of sB .

In order to identify general stable equilibria (as opposed to partial stable

equilibria), we combine both of these results in the contour diagram shown in

�gure 12. The triangular region de�ned by sB + sH ≤ 1 is the domain of

our simulated tipping surfaces. The darker curves represent the locus of points(
sB , sH

)
for which the tipping surface SB

jt intersects the 45 degree plane, and

the lighter curves represent the locus of points for which the tipping surface

SH
jt intersects the 45 degree plane. We label which of these intersections are

from below (representing unstable equilibria) and which of them are from above

(representing stable equilibria). The small arrows indicate how black and His-

panic shares evolve in the respective regions. The two intersections of the lines

representing stable partial equilibria at sB ≈ 0.95, sH ≈ 0.03 and sB ≈ 0.02,

sH ≈ 0.5 and can be interpreted as the general stable equilibria for Vazquez

High School.
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6 Conclusion

Social interactions are fundamental to many economic phenomena. In order

to understand the implications of these interactions in a su�ciently rich model

� one that allows for heterogeneity in the dynamics of these interactions and

describes the adjustment process between equilibria � we argue that estimation

of agents' preferences should be combined with simulation of agents' actions

under counterfactual levels of the social amenity. To the extent that demand

(or supply) is determined socially, our approach o�ers a tool to identify multiple

equilibria through a straightforward simulation technique.

We apply our methodology to the case of segregation in public schools and

�nd that the market for public schooling is both diverse and dynamic. We use

an instrumental variables approach to estimate the causal e�ects of a change

in the previous year's minority share of a school on the demand for subsequent

schooling by parents of di�erent races for each public school in Los Angeles

County from 2002-2006. With these estimates, we are able to identify school

speci�c tipping points and stable equilibria via simulation. In doing so, we

document substantial heterogeneity in the tipping behavior across schools and

limited heterogeneity in the tipping behavior within schools over time.

Our simulation process performs well when compared with observed enroll-

ment trends and is robust to the relaxation of important assumptions made

for the empirical analysis. Moreover, we illustrate by example that our esti-

mation procedure is adaptable to various empirical and theoretical frameworks.

We conclude by noting that with full knowledge of the locations of the tipping

point and stable equilibria, policymakers interested in combating school seg-

regation can shift stable equilibria to more appealing integrated locations by

manipulating school amenities accordingly.
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A Discrete Choice Demand Estimation

Suppose instead that we analyze parents' decisions in a multinomial choice

framework (Brock and Durlauf (2002), Durlauf and Ioannides (2010)). In year

t, each student attends exactly one of Jt available schools; that is, we assume

that parents do not have an outside schooling option.

As before, parents make their enrollment decisions in period t having ob-

served school amenities at the end of period t − 1. We specify the expected

indirect utility of parents of child i of race r enrolled at school j in year t as

Ur
ijt = βrsjt−1 +X ′jt−1φ

r + γrj + αr
t + ηrijt (13)

where all variables and parameters are as described above. The error term ηrijt
is an individual speci�c unobserved component of utility that is assumed to be

i.i.d. extreme value 1.25

Parent i of race r will choose to enroll their child in school j in year t if

Ur
ijt > Ur

ikt (14)

25The distribution of ηrijgt can be generalized following Berry et al. (1995) to account for
other types of heterogeneity in preferences. For a general treatment in the context of social
interactions, see Brock and Durlauf (2007).
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for all available schools k 6= j. We assume that school supply is perfectly

elastic.26 In addition, we assume that there are no moving costs associated

with parent i's enrollment decision, so it su�ces to consider the single period,

static equilibrium described above.27

We �rst collect the non-individual speci�c determinants of utility into δrjt ≡
δrjt (sjt−1) = βrsjt−1 + X ′jt−1φ

r + γrj + αr
t . Following equation (14), parent i

of race r will enroll their child in school j at period t if ηrikt − ηrijt < δrjt − δrkt
for all k. We denote this probability of enrollment as πr

ijt. The assumption on

the distribution of η implies that πr
ijt is constant within race, school and year,

hence we can drop the subscript i and denote this probability as

πr
jt (sjt−1) =

exp
(
δrjt (sjt−1)

)
Jt∑
k=1

exp (δrkt (skt−1))

(15)

which is the familiar logit relationship. As δrjt is denominated in units of utility,

we normalize it by the utility that race r parents would experience from enrolling

their child in a particular school (without loss of generality, say school j = 1)

in year t. Formally, we follow Berry (1994) and estimate each δrjt as

δ̂rjt = log
nrjt
nr1t

(16)

directly from observed enrollments. δ̂rjt can be interpreted as the estimated

mean utility that race r parents enjoy from enrolling their children in school j

in year t. The parameters in equation (13) can be estimated by least squares

from the second stage equation

δ̂rjt = βrsjt−1 +X ′jt−1φ
r + γrj + αr

t + µr
jt (17)

where µr
jt = δ̂rjt − δrjt is an error term.

Note that the parameters estimated in equation (17) are equivalent to the

parameters estimated in equation (2) since the normalization term log(nr1t) is

absorbed in the �xed e�ect αr
t . Hence, the estimation procedure in a discrete

choice framework is equivalent to the demand estimation procedure outlined in

26By modeling the supply side as commonly done in discrete choice demand estimation, one
could relax the assumption of supply elasticity.

27With more detailed data relating to the transition of students across schools, one could
relax the assumption of no moving costs and estimate a dynamic discrete choice model.
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section 3.

Indeed, it is also the case that the simulation procedure in the discrete choice

framework is equivalent to the simulation procedure described in section 3. The

implicit share of minority students in school j at time t, Sjt, can be written as

Sjt (s) =
nMt π

M
jt (s)

nMt π
M
jt (s) + nWt πW

jt (s)
(18)

We solve for πM
jt (s) by substituting equation (16) into equation (15), yielding

πr
jt (s) =

exp
(
log nrjt (s)− log nr1t (s)

)
Jt∑
k=1

exp (log nrkt (s)− log nr1t (s))

(19)

=
nrjt (s)

nrt (s)
(20)

Substituting (20) into (18) yields Sjt (s) =
nMjt (s)

nMjt (s)+nWjt (s)
, which is identical to

equation (5).
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