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Abstract: Selective colleges are often accused of unfair admission practices which favour

speci�c socioeconomic groups. We develop an empirical framework for testing if current ad-

missions are academically fair in that they maximize expected college performance of the

entrants. Such maximization would imply that the expected performance of the marginal

admitted candidate �the admission threshold� is equalized across socioeconomic groups.

We show that the inter-group threshold di¤erences are identi�ed if (i) the unobserved het-

erogeneity a¤ecting admission decisions is median-independent, but not necessarily scale-

independent, of applicant covariates and (ii) the density of the conditional expected perfor-

mance is positive around the admission threshold for each demographic group. We develop

the theory of large-sample inference for the identi�ed thresholds. Lastly, we consider identi-

�cation of the short-run academic productivity loss from the use of di¤erent thresholds, as

would happen under a¢ rmative action policies. We apply these methods to three recent co-

horts of UK-based applications to Oxford�s �agship PPE degree focusing on �rst-year results

as the outcome of interest. We �nd that applicants who are male or from private schools

face expected performance thresholds that are about 2 percentage points higher; the implied

productivity loss is about 1.5 percentage points, per applicant.

Keywords: University admissions, a¢ rmative action, conditional median restriction,

welfare loss.
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Every year, thousands of students around the world apply for admission to universities

and professional schools. The universities decide whom to admit, based on prior academic

performance, scores on standardized aptitude tests and, in some well-resourced universities,

through expensive admission interviews. However, such admission processes � especially

at more selective universities �are often accused of being biased in favour of speci�c de-

mographic groups, while the universities claim to admit students with the best academic

potential, irrespective of their socioeconomic background. In this paper, we develop an em-

pirical framework which can be used in conjunction with admissions data to shed light on

these issues. We focus on the question of whether current admissions are academically fair,

in the sense of maximizing the expected overall academic outcome of the entering cohort and

develop a test for this hypothesis. Further, we construct a method for calculating the short-

run productivity loss, measured in terms of the average academic performance foregone,

which could result from a¢ rmative action policies.

The question we address is related to but di¤erent from the question of how applicant

characteristics and test-scores should be weighed in the admission process, on which there

is a substantial body of research in educational statistics. This research largely focuses on

"validity" studies which analyze the relative importance of aptitude test scores vis-a-vis mea-

sures of high school academic performance and/or socioeconomic status (SES, henceforth) in

predicting post-enrolment academic outcomes. See, for instance, Kobrin et al (2004), Noble

(2003), Parks et al (2011), Sawyer (1996), Sackett et al (2009) and the references therein as

well as a large number of sta¤ research papers made available online by the College Board

and the act.org in the United States and the Institute of Education in the UK. However, less

attention seems to have been given in this literature to the issue of evaluating the currently

prevalent admission policies.

The motivation for studying the second question is that widening access to good universi-

ties is generally considered to be a key mechanism for promoting social mobility. Therefore,

under-representation of low SES communities among the entering students, especially at

relatively elite colleges, is �agged as suggestive of socially regressive admission policies.1

1For the UK, see for instance, the recent newspaper stories:

http://www.guardian.co.uk/education/2011/mar/20/oxford-universit,y-entrance-requirements-row,
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Colleges usually respond to such allegations by claiming that they intend to admit students

with the best academic potential, regardless of SES.2 Testing whether this claim is correct

is important from a policy perspective because the conclusion would inform what steps are

necessary to promote fair access. For example, if admission decisions are indeed motivated by

future academic outcome, then good students from lower SES should be encouraged to apply

in order to increase their presence in elite colleges. Conversely, if admissions are explicitly or

implicitly "taste-based" �i.e., use SES or demographics in admission to an extent exceeding

their e¤ects on expected academic outcome �then additional interventions may be needed in

the admission process itself to promote fairness. This issue is substantively distinct from (i)

the di¤erential performance of di¤erent SES groups in aptitude tests, (ii) lower aptitude test

scores proxying for lower SES in explaining post-enrolment outcomes (mixed evidence, c.f.,

Rothstein (2004) and Sackett et al (2009)) and (iii) the di¤erential average college-outcomes

of di¤erent demographic groups at the same value of aptitude test scores (black applicants

have lower expected scores than Caucasian ones (Noble (2003)). These latter issues pertain

to the average outcomes and are not directly relevant to testing academic fairness because

academically fair �i.e., outcome oriented admissions �have implications for the outcomes

of the marginal, but not the average, admitted candidates across demographic categories.

To see why, note that if the marginal male admit has a lower expected outcome than the

marginal female admit then one can admit the "next best" female candidate instead of the

marginal male admit and increase the expected overall outcome. So outcome-oriented ad-

missions must equate the expected outcome across marginal admitted candidates in every

demographic/SES group. Violations of such inequality suggest that the college must place

emphasis on non-academic attributes such as gender, race or SES of the applicant beyond

these attributes�impacts on his/her potential academic outcomes and, in that sense, is "taste-

or http://www.guardian.co.uk/education/2009/aug/19/oxford-university-men-places-women
2See for example the current admission websites of two leading British universities which explicitly claim

to admit students with the highest academic potential, irrespective of background:

1. http://www.cam.ac.uk/admissions/undergraduate/whycambridge/who.html

2. http://www.campaign.ox.ac.uk/priorities/students/widening_access.html
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based". On the other hand, the average outcome across all admitted males bears no relation

to that across all admitted females, no matter whether admissions is outcome-oriented or

not. This key but subtle distinction between the average and the marginal, to the best of

our knowledge, is not recognized or used in the educational statistics literature and in public

debates about unfair access to elite universities. But such distinctions are well-recognized

in studies of discrimination in economics (c.f., Becker (1971) for an early discussion and

Persico (2009) for a survey of the recent literature). In this paper, we utilize, adapt and

extend these insights to analyze and test academic fairness of admissions. In the empirical

implementation of our methods using admissions data, we pay particular attention to the

modelling of unobserved heterogeneity whose presence makes it challenging to test fairness

of treatment regimes in general (c.f., Heckman (1999)), and college admissions in particular.

Speci�cally, in this paper we construct an empirical model of admissions involving ob-

served covariates, unobserved heterogeneity across admission o¢ cers and outcomes of past

and present admitted students. We allow for the fact that not all admission o¤ers translate

into enrolment because applicants may get alternative o¤ers or fail to satisfy conditions spec-

i�ed in the o¤er, such as securing a certain mark in the school-leaving public examination.

Our �rst contribution in this setting is to show that under reasonable behavioral assump-

tions, the admission thresholds faced by di¤erent categories of applicants can be identi�ed

from data on admission outcomes of current applicants and post-enrolment performance of

just the admitted students; it is not necessary to identify the (unobserved) distribution of

potential outcomes for non-admitted applicants. These thresholds, in turn, will equal the

expected outcome of the marginal admit in every category and a test of outcome-oriented

admissions can then be based on testing the equality of these thresholds across the categories.

Our second contribution is to develop a method of calculating the e¢ ciency loss �in terms

of individual academic achievement foregone by the college �which would result from the

use of unequal thresholds across demographic subgroups due to, say, adoption of a¢ rmative

action policies.

While our key motivation is the analysis of college admissions, our methods can be used

in some (but not all) other situations of "treatment assignment" where (i) individuals apply

to get a "treatment" from an external agency, (ii) treatment decisions are based on fairly
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standard characteristics of the applicants, usually obtained through an application form and

(iii) performance of successful applications are recorded. A pertinent example would be

the approval of business and housing loans. A super�cially similar case is the allocation of

medical treatment but that setting is quite di¤erent because (i) a lot of relevant covariate

information is used but not recorded by doctors, (ii) outcomes are typically observed for both

the treated and the untreated and (iii) doctors often use results from clinical trials to form

subjective expectations; such trials obviously do not exist in the case of college admissions.

For recent attempts to detect possible bias in medical treatment, see Chandra and Staiger

(2009) and for an alternative approach combining observational and experimental data, see

Bhattacharya (2010).

1 A Benchmark Model

We start our analysis by laying out a benchmark economic model of optimization to help

�x ideas. In the next section, we develop a corresponding econometric model, incorporating

unobserved heterogeneity, based on this benchmark economic model.

Let W denote an applicant�s covariates which are observed by the university. Let W

denote the support of W , PW (�) denote the C.D.F. of W and let G denote the discrete

component of W capturing the group identity of the applicant (such as sex or type of high

school attended). For an applicant i, let Yi denote his/her future academic performance if

admitted to the university. Let � (w) denote a w-type student�s expected performance if

he/she enrols, as perceived by the university and let � (w) denote the probability that a

w-type student o¤ered admission eventually enrols. Let c 2 (0; 1) denotes the fraction of

applicants who can be admitted, given the number of available spaces.

Admission protocols: We can de�ne an admission protocol as a probability p (�) :W 7!

[0; 1] such that an applicant with characteristics w is o¤ered admission with probability p (w).

A generic objective of the university may be described as

max
p(�)

Z
p (w)� (w) [h (w)� (w)] dPW (w), s.t.

Z
p (w)� (w) dPW (w) � c.

Here, h (w) denotes a non-negative welfare weight, capturing how much the outcome of a

w-type applicant is worth to the university. For a¢ rmative action policies, h (�) will be
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larger for applicants from disadvantaged socioeconomic backgrounds or under-represented

demographic groups. The overall objective is thus to maximize mean weighted outcome

among the admitted applicants, subject to a budget constraint. The solution to the above

problem takes the form (proof in appendix):

popt (w) =

8>>><>>>:
1 if � (w) > 
,

q if � (w) = 
,

0 if � (w) < 
,

(1)

where

� (w) : = h (w)� (w) ,


 : = inf

�
r :

Z
� (w) 1 f� (w) > rg dFW (w) � c

�
,

and q 2 [0; 1] satis�esZ
� (w) (f1 (� (w) > 
) + q1 (� (w) = 
)g) dFW (w) = c.

The result basically says that the planner should order individuals by their values of

� (W ) and �rst admit applicants with those values of W for which � (W ) is the largest,

then to those for whom it is the next largest and so on till the budget is exhausted. If the

distribution of � (W ) has point masses, then there could be a tie at the margin, which is

then broken by randomization (hence the probability q). In the absence of any point masses,

the optimal protocol is of a simple threshold-crossing form popt (w) = 1 (� (W ) � 
). For the

rest of the paper, we will assume that this is the case.

Academically fair admissions: We de�ne an academically fair admission protocol as

one which maximizes expected performance of the incoming cohort subject to the restriction

on the number of vacant places. Such an objective is fair in the sense that the expected

performance criterion gives equal weight to the outcomes of all applicants, regardless of their

value of W , i.e., h (w) is a constant. In this case, the previous solution takes the form

popt (w) = 1 f� (w) � 
g, where 
 solves

c =

Z
w2w

� (w) 1 (� (w) � 
) dPW (w) .
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The key feature of the above rule is that the value of W a¤ects the decision only via its

e¤ect on � (W ) and 
 does not depend on W . To get some intuition on this, consider the

case where one of the covariates in W is gender and assume that the admission threshold

for women, 
f is strictly smaller than the threshold for men, 
m. Then the marginal female

admit with w = (xf ; f), contributes � (xf ; f) 
f to the expected aggregate outcome and takes

up � (xf ; f) places, implying a contribution of 
f (=� (xf ; f) 
f=� (xf ; f)) to the objective

of average realized outcome. Similarly, the marginal male reject�s contribution, if admitted,

to the average outcome would be 
m > 
f . Therefore, we can increase the average outcome

if we replaced the marginal female admit with the marginal male reject. Thus di¤erent

thresholds cannot be consistent with the objective of maximizing the mean outcome.

Lastly, to make our requirement of common thresholds logically possible, we need to

assume that there exists a common feasible threshold. Toward that end, let us rewrite

W = (X;G) and let 
g, �g denote respectively the support for the distribution of X and of

� (X;G), givenG = g. Let 
g be the university-speci�ed admission threshold for group g, i.e.,

an applicant of type (x; g) will be admitted by the university if and only if the expected out-

come for (x; g) type applicants exceeds 
g. We now introduce a common support assumption

which would imply that equality of admission thresholds is equivalent to outcome-oriented

admissions �which forms the basis of our testing approach.

Assumption 1 �g � � for all g; � contains an interval I such the density of � (X; g)

conditional on G = g is strictly positive on I and 
g lies in I for each g.

To interpret this assumption, consider the case where G denotes gender and X contains

one or more continuous variables like previous test scores. Then the above assumption

basically says that the (conditional) expected outcome for men and that for women take

values in the same set. So given any value x 2 
male, there exists an x0 2 
female such that

� (x;male) = � (x0; female). Note that this does not require 
g to be identical across g.

Under the above assumption, for every �xed g, there will exist x� (g) 2 int (
g) such

that � (x� (g) ; g) = 
; so we can de�ne individuals in subgroup g with X = x� (g) to be the

"ideally marginal" admits in subgroup g. If the protocol is outcome-oriented, then for every

g, � (x� (g) ; g) = 
. However, if the protocol is not outcome oriented and the marginal admits
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are denoted by x (g) in group g, then � (x (g) ; g) � 
g will di¤er across g. The question

then is how to identify x (g) and then how to identify � (x (g) ; g), i.e., the expected outcome

of the marginal admit for various values of g. If the common support assumption did not

hold, then it would be possible that admission is outcome oriented with a common optimal


 which lies within the support of � (X; g1) conditional on G = g1 but not of � (X; g2) given

G = g2. In that case, for group 1, we will have equality at the margin but for group 2, the

marginal admits will have expected outcome exceeding the threshold if 
 lies in a "hole" with

respect to the support of � (X; g2) given G = g2. Figure 1 illustrates the point. To be clear,

this common support assumption has nothing to do with the identi�cation of group-speci�c

thresholds, analyzed in the following section. Instead, the purpose of this assumption is that

it enables us to interpret the inequality between group-speci�c thresholds as symptomatic

of non outcome-oriented admissions.

2 Econometric Model and Identi�cation

The economic model above takes the entire university as a single decision-making entity

whereas in reality, admission decisions are made by individual o¢ cials who apply at least

some personal discretion and/or display heterogeneity in taste or knowledge in making the

decision. This heterogeneity is likely to introduce idiosyncratic variation in the individual

decisions around a baseline university-wide policy. Further, if the model of the previous sec-

tion literally generated the data, then admission would be completely deterministic, given

every value of X and G, which is almost never the case in practice. With these motiva-

tions, we extend the previous economic model into an econometric one, which incorporates

heterogeneity across admission o¢ cers and forms the basis of our empirical analysis.

To set up the empirical framework, we assume that we have data on pre-admission

characteristics (including prior test-scores) on a pool of applicants, drawn in an I.I.D. fashion

from a distribution of potential applicants. For each applicant, we also observe whether they

were made an o¤er of admission, for each o¤er we observe whether it was accepted and

�nally, for each accepted o¤er, we observe the outcome of interest (e.g., examination score

after 1st year of college). We have such data for several years. When referring to variables
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from past years or expectations calculated on the basis of past variables, we will use the

superscript P .

For a current applicant i in the data, let Xi; Gi denote his/her values of pre-admission

characteristics and let Di denote the dummy for whether (s)he received an o¤er and the

dummy Ai equals 1 if and only if i was made an o¤er and accepted it. We observe

(Xi; Gi; Di; Ai) for every individual and the outcome Yi ifAi = 1. Let �P (x; g) := E
�
Y P jX = x;G = g; AP = 1

�
denote the conditional expected outcome in previous years for admits with characteris-

tics x; g. We assume that when admission o¢ cers decide on whether to admit an (x; g)

type student, they base it on �P (x; g) which they calculate using data on (x; g) type stu-

dents who were admitted in previous years. Note that �P (x; g) is in general di¤erent from

E
�
Y P jX = x;G = g

�
which is typically unknown to admission o¢ cers in universities (or

loan o¢ cers in banks in our credit application example above).3 Indeed, a large literature in

educational statistics on so-called "validation studies" use predicted performance of admitted

candidates to infer the relative predictive ability of aptitude test scores vis-a-vis high school

grades and socioeconomic indicators and prescribe policies based on this analysis. See for

example, the large number of sta¤ research papers available online at the College Board,

ACT.org and ETS in the US and the central institute of education in the UK. While several

such studies are aware of sample selection biases, they do not appear to (be able to) "cor-

rect" for it. Since our analysis evaluates what educational institutions actually do �rather

than what they should have done �using �P (x; g) rather than E
�
Y P jX = x;G = g

�
is the

correct approach here.

Toward that end, let Xg denote the support of X conditional on G = g and AP = 1, i.e.,

Xg=
�
x : Pr

�
AP = 1jX = x;G = g

�
> 0

	
. These are the values of X which occur among the

admits of type g in past years and so one can calculate the values of �P (x; g) when x 2 Xg.

We assume that a g-type applicant with a value of X outside Xg will be not be o¤ered
3If there existed trial data where admissions (respectively, loan approvals) were randomized, then the

latter can be calculated and used instead of �P (x; g). Alternatively, if Y P were independent of AP , given

X;G (the so-called selection-on-observables case), then the two would be identical. However, from a policy

perspective, detecting whether universities are outcome oriented requires the use whichever expectation the

o¢ cers can base their decision on, and not E
�
Y P jX = x;G = g

�
. In some special cases, the two can be

identical but this is somewhat irrelevant to the task at hand.
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admission with probability 1 (such as applicants with very low admission test scores) in the

current year. On the other hand, an applicant i with Gi = g and Xi = x 2 Xg is o¤ered

admission if and only if �P (x; g) � 
g + "i, where "i denotes heterogeneity across admission

o¢ cials and 
g denotes the baseline admission threshold for applicants of demographic type

g. Thus we may summarize the admission process as

Assumption 2

Di =

8<: 1
�
�P (Xi; Gi) � 
Gi + "i

	
, if Xi 2 XGi

0, if Xi =2 XGi
.

The above model implies that the set fx : Pr (D = 1jX = x;G = g) > 0g is a subset of

Xg. Therefore, for any x such that Pr (D = 1jX = x;G = g) > 0, we can compute �P (x; g)

as E
�
Y P jX = x;G = g; AP = 1

�
, since the conditioning set is non-empty. We are interested

in estimating the threshold 
g for various values of g and testing if they are identical across

g. For the identi�cation/estimation of 
g, we impose the following conditions:

Assumption 3 (i) f(Xi; Gi; Di; Ai; YiAi)gni=1 is an i.i.d. sequence; (ii)median("i j Xi; Gi) =

0 and (iii) the distribution of "i has a strictly positive density (with respect to the Lebesgue

measure) around 0, given Xi and Gi.

Discussion: The presence of " in (2) allows admission to be non-deterministic, given

X and G; in particular, the admission cut-o¤ for expected performance faced by applicants

of type g varies randomly within g-type applicants (depending on which o¢ cer handled

their �le) with a median value of 
g stipulated by a university-wide admission policy. For

academically fair admissions, as explained above, one would expect 
g to be identical across

g; under a¢ rmative action policies, 
g will be smaller for historically disadvantaged groups.

Part (ii) of Assumption 3 will hold when the systematic determinants of admission, such as

past test scores, interview grades and demographic characteristics are commonly observed

but idiosyncratic preferences and/or the deviation of the o¢ cer�s subjective expectation from

the true �P (�; �) are not. If applicant �les are distributed randomly among admission o¢ cers,

then " is likely to be independent of (X;G), which is su¢ cient for Assumption 3 part (ii)
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to hold. One case where full independence might fail is when for some historically under-

represented group g, the variance of " is larger, re�ecting larger chances of error in the o¢ cers�

subjective beliefs. The conditional median restriction is robust to such scale dependence, as

is well-known from Manski�s (1978) maximum score analysis, and is su¢ cient for identifying


gs for each value of g. Such scale dependence would be ruled out by the independence of "

and (X;G) or by the weaker but somewhat arti�cial index-restriction that the distribution

of " depends on (X;G) only through �P (X;G), c.f., Ahn and Powell (1994) and Chandra

and Staiger (2009).

Finally, part (iii) of Assumption 3 is a regularity condition that aids the proof of identi-

�cation. It will obviously hold for every standard continuous distribution such as normal, t,

Laplace etc.

2.1 Identi�cation of 
g

The basic idea is to use for each �xed g, the median restriction and the observed Pr (D = 1jX = x;G = g)

to identify the values ofX de�ning the marginal admits, viz., those x for which Pr (D = 1jX = x;G = g) =

1=2 and then average �P (x; g) �separately identi�ed from admitted students in previous

years �across these marginal admits to yield 
g.

Our identi�cation is facilitated by the following regularity condition:

Assumption 4 For each value g in the support of G, the distribution of the random variable

�P (X;G) conditional on G = g has a strictly positive density (with respect to the Lebesgue

measure) on an open interval around 
g.

The above assumption guarantees that there exists some x 2 Xg, such that Pr (D = 1jX = x;G = g) =

1=2. It will hold as long as �P (X;G) varies with X and X has a rich enough sup-

port.4 To complete the identi�cation argument, note that if there exists an x such that

Pr (D = 1jX = x;G = g) = 1=2, then we must have that

Pr
�
�P (x; g)� 
g � "jX = x;G = g

�
= 1=2;

4Since 
g is likely to be close to a quantile of �
P (X; g) (see above), it is quite likely to be located in the

interior of the support of �P (X; g) and so a "large" support for X is not necessary to guarantee the above

condition.
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implying that

�P (x; g)� 
g = 0;

by (ii) and (iii) of Assumption 3. Therefore, it would hold that

E
�
�P (x; g)� 
g j Pr (D = 1jX = x;G = g) = 1=2

�
= 0: (2)

Observe that Assumption 3 lets us identify the marginal admits as those x for which the

probability of admission is equal to a half. Then 4 guarantees that for every �xed g, the

set �g =
�
x 2 Xg : �P (x; g) = 
g

	
� identical to the observable set of x 2 Xg satisfying

Pr (D = 1jX = x;G = g) = 1=2 �is nonempty. Finally, x 2 Xg guarantees that we can com-

pute �P (�; g) for each x 2 �g from past cohorts by computing E
�
Y P jD = 1; X = x;G = g

�
,

and these can then be averaged over x 2 �g to yield 
g. We summarize these discussions

into the following proposition.

Proposition 1 Assume that assumptions 2, 3 and 4 hold. Then for each g, the threshold


g is point-identi�ed.

Once we have identi�ed the group-speci�c thresholds 
g, we can test if admission is

outcome-oriented by testing the equality of 
g across g. This implication is facilitated by

our common support assumption (1) in the previous section for � (�; �) which is equivalent

to �P (�; �).

Comments: At this stage, it is worth contrasting our identi�cation analysis with al-

ternative approaches in the recent literature. In the context of law-enforcement, Knowles,

Persico and Todd (2005) identify racially motivated, ine¢ cient treatment using the fact

that criminals can alter their potential outcomes in response to the treatment regime. Such

responses are not feasible in the admissions context where applicant outcome depends on

long-term human capital accumulation. In the context of medical treatment, Chandra and

Staiger (2009) assume an index-restriction on unobservables distributions and attempt to

identify di¤erence in outcome thresholds for surgery by comparing outcomes of individuals

from di¤erent demographic groups with identical propensity scores. As explained above, this

approach fails when the unobservable�s distribution has covariate-dependent scale, as is quite

likely when decision-makers have comparatively less experience with applicants from speci�c
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groups. More importantly, the medical setting necessarily involves a large number of poten-

tial unobservables, making it more challenging to recover the decision-makers�perceptions.

In ongoing work, Jiang, Nelson and Vytlacil (2010) consider the identi�cation of a model

of loan approval using information on approved loans alone. Both their setting and their

goal are very di¤erent from those of the present paper. In particular, JNV do not have any

information on unsuccessful applicants and wish to identify the p (�; �) function. In contrast,

here the p (�; �) function is identi�ed directly since (X;G) is observed for every applicant and

the goal is to identify the threshold 
�s. Like us, JNV also assume, realistically, that all

characteristics of loan-applicants that the banks observe and systematically use are available

to the analyst via the application forms but, unlike us, they cannot allow for any unobserved

heterogeneity in the approval equation.

2.2 G-blind admissions

Our admission equation (2) assumes that G is used in forming the conditional expectation

�P (�; �) and we de�ne academically fair admission to be one where the threshold does not

depend on G. When G is observable, it is economically rational to use it in forming the

conditional expectation while having a threshold independent of G. And hence our set-up.

However, it is also interesting to ask whether one can test the alternative hypothesis that

admissions are in fact G-blind, i.e., neither �P (�) nor 
 are indexed by g. Then, if we use

the above test assuming that �P is conditioned on G, we may conclude that the thresholds

di¤er while the truth is that the conditional mean and threshold are both independent of G.

Since G is observable, the latter is also academically unfair to those individuals who would

have been admitted if G was used in forming the conditional mean. However, the nature of

unfairness is di¤erent. Interestingly, we can also test for G-blind admissions here, as follows.

In the G-blind case, the admission equation would be given by

D =

8<: 1
�
�P (X) � 
 + "

	
, if X 2 X

0, if X =2 X
,

where X denotes the set of X values that are observed with positive probability among past

admits and �P (x) = E
�
Y P jX = x;AP = 1

�
. If it holds thatmed ("jx; g) = 0, then it follows
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that for any g,

p (x; g) : = Pr (D = 1jX = x; g) = 1=2

) �P (x) = 


) E

�
�P (X) jG = g; p (X;G) = 1

2

�
= 
,

which is testable in the same way as above, except that we identify 
 by an average of

E
�
Y P jAP = 1; X

�
�rather than E

�
Y P jAP = 1; X;G = g

�
�locally around p (X;G) = 1

2
.

Repeating for di¤erent values of g, we get 
 for each g and can test if they are identical.

3 Estimation and Inference

Motivated by the restriction of (2), we now present an estimator of 
g. We consider both

a fully parametric and a semiparametric approach and show the empirical results for both

approaches.

In the semiparametric approach, we estimate �P (x; g) and p (x; g) parametrically in the

�rst step and then in the second step, we estimate 
g by a weighted average of �̂
P (Xi; Gi),

where the weights are a decreasing function of the distance between p̂ (Xi; Gi) and 1/2,


̂g =

Xn

i=1
Kh (p̂ (Xi; Gi)� 1=2) �̂P (Xi; Gi)1 fGi = ggXn

l=1
Kh (p̂ (Xl; Gl)� 1=2)1 fGl = gg

:

Here Kh (z) = K (z=h) =h; K (�) is a kernel function; h is a smoothing parameter (band-

width); p̂ (x; g) and �̂P (x; g) are �rst-step estimators of p (x; g) (:= Pr [Di = 1j (Xi; Gi) = (x; g)])

and �P (x; g), respectively. This is exactly the average predicted outcome for those (x; g)

types for whom the predicted probability of getting an o¤er, i.e., p (x; g) is close to a half,

where closeness is determined by the kernel and the bandwidth h.

We may contrast this with a benchmark, fully parametric approach, which is easier to

implement and does not require subjective bandwidth choice. In this case, we estimate

�P (x; g) and p (x; g) parametrically in the �rst step and then in the second step, project the

estimated �P (x; g) on (functions of) the estimated p (x; g), using linear regression. Then 
g

is estimated by the predicted value of the �nal regression, evaluated at p̂ (x; g) = 1=2.
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A fully nonparametric approach where the �rst step estimates are also nonparametric

is also plausible but because that would involve three di¤erent bandwidth choices, we do

not pursue this direction here Also, in order to increase our sample size, we will make the

following stationarity assumption, which will let us combine the current year performance

data (whenever available) with past data to calculate the estimates.

Assumption 5 The past and current cohorts are drawn from the same population distrib-

ution of applicants and the admission thresholds have not changed over the entire period of

analysis.

In view of this stationarity assumption 5, we drop the P superscript from now on and

combine all available years of data for estimating conditional means and probabilities in

order to maximize precision.5

For the fully parametric case, due to the smoothness of the estimator of 
g in the re-

gression parameters, the estimator will be root-n normal and one can use the bootstrap to

get its standard errors. The semiparametric case is somewhat di¤erent from standard 2-step

estimators where the �rst step is nonparametric and the second step involves some form

of averaging of the �rst step estimators, leading eventually to
p
n-normal estimates. Here,

due to kernel smoothing at the second step, even if the �rst step is parametric, one cannot

estimate 
g at the parametric rate. We now outline the distribution theory in this case.

Distribution of the semiparametric estimator: For the �rst stage, one may use any

parametric model satisfying some mild conditions (c.f., assumptions ?? and ??, below) e.g.,

a probit or logit model for p (w); and a linear (regression) model for � (w). De�ne ~
g as

the infeasible estimator that would result if the true values � (Xi; g) and p (Xi; g) were used

5Also, note that if the outcome is available for every individual i admitted in the curent year as well,

then we may use the outcome Yi itself instead of �̂
P (Xi; Gi). However, if such data are not available, we

cannot average them and no one in the past data may have exactly the same value of xi for applicant i in

the current data (especially if X contains continuous components like test scores) whose Y we could use

directly. This would force us to average Y�s for the past years for individuals whose X values are close to xi.

In order to be robust to this situation, we use �̂ (Xi; Gi) instead of Yi.
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instead of their estimates:

~
g :=

Xn

i=1
Kh (p (Xi; g)� 1=2)� (Xi; g)1 fGi = ggXn

l=1
Kh (p (Xl; g)� 1=2)1 fGi = gg

; (3)

for each g 2 ff;mg. We show in the appendix (see theorem 1) that our semiparametric

estimator 
̂sp (g) has the same asymptotic distribution as ~
g. Since ~
g is a nonparamet-

ric regression of the dependent variable � (Xi; g) on the regressor p (Xi; g) evaluated at

p (Xi; g) = 1=2, its distribution follows from standard conditions and takes the form:

p
nh
�
~
g � 
g � h2B (g)

� d! N (0; V (g)) ;

where B (g) and V (g) denote bias and variance terms. Under appropriate undersmoothing �

leading to the asymptotic disappearance of the bias �one can construct con�dence intervals

for 
g. The forms of the bias and variance and the required undersmoothing are outlined in

the appendix.

Choosing Bandwidths: Note that our parameter of interest, 
g is essentially the con-

ditional mean E (� (X;G) jp (X;G) = 1=2; G = g). So we recommend the standard method

based on cross-validation, which uses a global goodness of �t criterion for the conditional

mean E (� (X;G) jp (X;G) ; G = g). In the present context, cross-validation is achieved by

minimizing the leave-one-out criterion

R (h) =
nX
j=1

1 (Gj = g)� [�̂ (Xj; g)�m�j (p̂ (Xj; Gj) ; g) ;h]
2 , where

m�j (a; g;h) =

Xn

i=1
i6=j
Kh (p̂ (Xi; Gi)� a) �̂ (Xi; Gi)1 fGi = ggXn

i=1
i6=j
Kh (p̂ (Xi; Gi)� a)1 fGi = gg

is an estimator of E (� (X;G) jp (X;G) = a;G = g), calculated using the bandwidth h. We

then use as optimal bandwidth the minimizer of the CV criterion divided by (lnn). This

undersmoothing, as is well-known, serves to reduce the asymptotic bias and makes it possible

to construct con�dence intervals for 
g.
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4 E¢ ciency Cost of A¢ rmative Action

Many universities intentionally apply a lower threshold for applicants from historically dis-

advantaged backgrounds �such as women or racial minorities in the US, applicants from

deprived area schools in the UK and so on. From a policy perspective, it is important to

cast the social bene�ts of such a policy against the short-term loss in productive e¢ ciency

�measured as the academic achievement foregone by the university �in consequence of the

policy. Toward that end, suppose that progressive motives lead a university to choose a lower

threshold for female candidates, i.e., 
f < 
m. Then, the e¢ ciency cost of this policy may

be computed as the achievement foregone by replacing high ability males with low ability

females relative to the e¢ cient situation where a common threshold ~
 2
�

f ; 
m

�
is used.

This intermediate ~
 can be chosen so that the aggregate number of admits, if the common

~
 is used, will remain identical to current number of admits in expectation.

The model of admission is now given by: admit a candidate of type X = x and G = g

according to the rule

D =

8<: 1 f� (x; g) � ~
 + "g , if x 2 Xg
0, if x =2 Xg.

.

Note that under this change in policy, the set Xg remains the same; so those characteristics

for which the probability of admission was zero before the change will still lead to outright

rejection. It�s only individuals with characteristics in Xg who will now be treated di¤erently,

corresponding to the use of a new threshold ~
. This restriction is needed because even under

the new university-speci�ed threshold, admission o¢ cers do not have any information on

the outcomes of individuals whose X lie outside Xg (except perhaps that their conditional

expectation are at most infx2Xg � (x; g)). We assume therefore that even under the new

thresholds, they continue to use the set Xg.

To calculate the welfare change, let

�g (x) = E (Y jA = 1; X = x;G = g) ;

�g (x) = Pr (A = 1jX = x;G = g)

pg (x) = Pr (D = 1jX = x;G = g) :

We maintain the stationarity assumption throughout this section, so that we will drop the
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P superscript everywhere. Let �m denote the fraction of applicants who are male. De�ne

M =

�
x 2 Xm : � (x;m) + 
m � ~
 < sup

z2Xm
� (z;m)

�
F =

�
x 2 Xf : � (x; f) + 
f � ~
 < inf

z2Xf
� (z; f)

�
.

We will now make some assumptions, strengthening some of the previous ones, which are

needed to calculate the welfare change.

Assumption 6 " is independent of X, given G; i.e., for all g, the conditional c.d.f. of "

satis�es F"jX=x;G=g (�) = F"jG=g (�).

Assumption 7 Conditional on each g in the support of G, the random variable � (X;G) as-

sumes every value within maxz2Xg � (z; g) and minz2Xg � (z; g) with positive probability. That

is, for any a 2
�
infz2Xg � (z; g) ; supz2Xg � (z; g)

�
, there exists x 2 
g such that � (x; g) = a.

Assumption 8 Acceptance of an o¤er and the outcome are independent of ", given X and

G, i.e., corresponding to any pair of o¤er thresholds 
; ~
, we have

E (Y jAccept = 1; " � � (X;G)� 
;X = x;G = g)

= E (Y jAccept = 1; " � � (X;G)� ~
;X = x;G = g) ,

and

Pr (Accept = 1j" � � (X;G)� 
;X = x;G = g)

= Pr (Accept = 1j" � � (X;G)� ~
;X = x;G = g) .

Discussion: Assumption 6 strengthens the conditional median independence of assump-

tion 3 (ii) to full distributional independence. Assumption 7 strengthens the support con-

dition above to require that there are no "holes" in the (conditional on G = g) support

of � (X; g). These two assumptions enable us to compute the (counterfactual) probabilities

Pr "jX=x;G=g
�
~
 � � (x;m)� " < 
g

�
for G = m and G = f , which are ingredients of the

welfare change calculations, as illustrated below. Assumption 8 says that two candidates

with identical values of X and G who are o¤ered admission have the same expected outcome

and the same probability of acceptance, irrespective of the o¤er generating mechanism. This

18



assumption is implied by the stronger condition that " is a purely o¢ cer-speci�c error and

applicant �les are randomly allocated among admission o¢ cers. Note that assumption 8 still

allows acceptance to be correlated with (X;G) and with unobserved determinants of Y and

thus includes cases where more able students (who also have higher test-scores on average)

get outside o¤ers and do not accept the university�s o¤er or less able students cannot satisfy

the conditions of the o¤er and tend to accept the current o¤er.

Welfare bounds: For x 2M , de�ne ~x (x; ~
) as a solution to: � (~x;m) = � (x;m)+
m�

~
. For x 2 F de�ne �x (x; ~
) as a solution to � (�x; f) = � (x; f) + 
f � ~
. Since 
f � ~
 � 
m,

by assumption 7 , such an ~x (x; ~
) must necessarily exist in Xm and �x (x; ~
) in Xf . Under

assumptions 6, 7 and 8, the welfare gain achieved by raising the threshold from 
f to ~
 for

women and lowering it from 
m to ~
 for men is given by the di¤erence !m (~
)�!f (~
), where

the constituent terms can be bounded as follows.

� !m (~
) 2 [!ml (~
) ; !mu (~
)] where

!mu (~
) = �m

Z
x2M

�m (x)�m (x) fpm (~x (x; ~
))� pm (x)g dF (xjG = m)

+�m

Z
x2Xm\Mc

�m (x)�m (x) f1� pm (x)g dF (xjG = m) ,

!ml (~
) = �m

Z
x2M

�m (x)�m (x) fpm (~x (x; ~
))� pm (x)g dF (xjG = m)

+�m

Z
x2Xm\Mc

�m (x)�m (x)

�
sup
z2Xm

pm (z)� pm (x)
�
dF (xjG = m) .

� !f (~
) 2 [!fl (~
) ; !fu (~
)], where

!fl (~
)

= (1� �m)
Z
x2F

�f (x)�f (x) fpf (x)� pf (�x (x))g dF (xjG = f)

+ (1� �m)
Z
x2Xf\F c

�f (x)�f (x)

�
pf (x)� inf

z2Xf
pf (z)

�
dF (xjG = f) .

!fu (~
)

= (1� �m)
Z
x2F

�f (x)�f (x) fpf (x)� pf (�x (x))g dF (xjG = f)

+ (1� �m)
Z
x2Xf\F c

�f (x)�f (x) pf (x) dF (xjG = f) .
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� If infz2Xf pf (z) = 0 and supz2Xm pm (z) = 1, then the bounds shrink to singletons

!m (~
) = !mu (~
) = !mu (~
)

!f (~
) = !fl (~
) = !fu (~
) .

An interesting special case is where ~
 is chosen such that the net enrolment in expec-

tation remains the same as before, i.e., ~
 satis�es with pm (x; ~
) and pf (x; ~
) denoting the

probabilities of o¤er under the new threshold ~
:

�m

Z
x2Xm

pm (x; ~
)�m (x) dFXjG=m (x) + (1� �m)
Z
x2Xf

pf (x; ~
)�f (x) dFXjG=f (x)

= �m

Z
x2Xm

pm (x)�m (x) dFXjG=m (x) + (1� �m)
Z
x2Xf

pf (x)�f (x) dFXjG=f (x) . (4)

The probabilities on the LHS of the above equation can be calculated in the same way

as above. In particular, assuming infz2Xf pf (z) = 0 and supz2Xm pm (z) = 1 (as in our

application), the LHS equals

�m

Z
x2M

�m (x) pm (~x (x; ~
)) dF (xjG = m)

+�m

Z
x2Xm\Mc

�m (x) dF (xjG = m)

+ (1� �m)
Z
x2F

�f (x) pf (�x (x; ~
)) dF (xjG = f) .

Plugging into (4), one can solve for the budget neutral ~
.

Developing the distribution theory for this functional is complicated. The complication

arises from the possible non-uniqueness of ~x (x; ~
) and �x (x; ~
) and the need to estimate the

sets M and F which involve extrema of estimated functions. In such cases, naive bootstrap

and/or subsampling are now well-known to provide inconsistent inference in a uniform sense

(c.f., Andrews and Guggenberger). So we report the point estimates in the application.

5 Empirical Analysis

Our application is based on admission data from Oxford University�s �agship undergraduate

degree in Philosophy, Politics and Economics (PPE). Admission process...
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Our current data cover 2 cohorts of Oxford PPE students who started their study in 2008

and 2009, respectively. We focus on those applicants who had taken the TSA (an aptitude

test comparable with the SAT in the US), and the GCSE �the standardized school-leaving

examination in the UK and those who were deemed academically strong enough to be called

to interview. Table 0 summarizes for each gender the key variables. Of these, col1inter is

the interview score at admissions, got_in is a dummy for whether the candidate was o¤ered

admission, independent_school is a dummy for whether the applicant was educated at a fee-

paying (i.e., private) school. The variable prelim_tot is the overall score after the �rst year

examinations, available for admitted candidates only, which will be our outcome of interest.

Table 0 shows that many more males apply to read PPE, males applicants have better

TSA distributions, worse interview scores and male admits score an average of 4 points (out

of 300) higher in the �rst year exams. These di¤erences are statistically signi�cant at 5%.

There is no signi�cant di¤erence in acceptance rates between male and female candidates.

We now test if the marginal admitted male and the marginal admitted female student

have identical expected �rst year scores. To do this, for each gender, we compute the expected

score as a linear function of age, GCSE score, overall TSA, interview score and whether the

applicant came from an independent school. Using the 0 median restriction on expectation

errors, as explained above, we calculate the threshold faced by each gender as the average

of expected �rst year scores for admitted applicants whose probability of being admitted

is predicted (through a probit) to be close to 0.5. To choose the bandwidth for de�ning

"closeness", we use the leave-one-out cross-validation. The CV criterion is plotted in �gure

2 for the four cases of male/female and state-school/independent-school. The numerical

minimum of this criterion over a grid of 0.01 to 0.1 is taken to be the optimal bandwidth.

Table 1 lists the optimal bandwidth for various categories.

In table 2, we show the estimated di¤erence for a range of bandwidths (which de�ne

"closeness to 0.5") and an Epanechnikov kernel K (u) = 3
4
(1� u2)�1 (juj � 1). The middle

bandwidth is the optimal one, according to the cross validation criterion calculated above

divided by log of the number of g-type applicants. The other entries are 0.1 times the

optimal one and 10 times the optimal one, respectively. This table strongly suggests that

male applicants face a threshold that is higher than that faced by female applicants by about
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4-6 points out of 300. The p-value corresponds to a one-sided test of no gender di¤erence in

thresholds against a one-sided alternative of a positive male-female di¤erence. From table

2, it becomes clear that although male and female acceptance rates are nearly equal, male

candidates have to cross a higher barrier of expected performance than females in order to

get admitted.

We then repeat the analysis reversing the roles of gender and school background, i.e., we

use gender as an explanatory variable and test if applicants from independent school face a

higher threshold than their counterparts who apply from state-funded schools. The results

are reported in table 3. Now, we see that there is hardly any di¤erence in the thresholds

faced by the two groups. Although the estimated thresholds for private school applicants

are higher, the di¤erence is not statistically signi�cant.

6 Conclusion:

To follow...
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Table 1: Summary Statistics by Gender 

 

   

 

 

 

 

 

 

 

 

Table 2: Summary statistics by type of school 

Variable Obs Mean Obs Mean p_value 

  State Indep   

gcsescore 818 3.70 661 3.87 0(-) 

alevelscore 818 119.43 661 119.68 0.02 (-) 

tsaoverall 818 63.82 661 64.94 0.0015 (-) 

tsaessay 818 64.06 661 64.07 0.5 

interview 818 65.02 661 65.17 0.65 

prelim_tot 260 61.15 211 62.10 0.03 (-) 

offer 818 0.36 661 0.36 0.05 

accept 818 0.33 661 0.35   

male 818 0.64 661 0.69   
 

 

 

 

 

 

 

 

Variable Obs Mean Obs Mean p-value 

  Female   Male     

gcsescore 499 3.83 980 3.75 0 

alevelscore 499 119.73 980 119.44 0.01 

tsaoverall 499 62.53 980 65.24 0(-) 

tsaessay 499 63.23 980 64.49 0 (-) 

interview 499 64.68 980 65.29 0.04 (-) 

prelim_tot 165 60.98 306 61.89 0.04 (-) 

offer 499 0.36 980 0.36 0.41 

accept 499 0.34 980 0.34   
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Table 3: Probit of whether offered a place 

  Coef. z 

gcsescore 0.29 1.39 

alevelscore 0.11 2.26 

tsaoverall 0.10 9.08 

tsaessay 0.01 0.57 

interview 0.22 13.38 

indep -0.14 -1.14 

male -0.36 -2.76 

 

Table 4: Comparing Probit of being offered a place and linear regression of prelim score 

  

Prelim 
Score 
Coeff t 

Offered 
(z) 

gcsescore 3.76 2.07 1.39 

alevelscore 0.27 4.85 2.26 

tsaoverall 0.03 0.48 9.08 

tsaessay 0.72 1.87 0.57 

interview 0.14 1.78 13.38 

indep 0.76 1.04 -1.14 

male 0.60 0.81 -2.76 
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Table 5: Difference of threshold by gender 

Method Male-thld Fem-thld Male-Fem p-value 

Scale=0.5 59.87 58.02 1.85 0.03 

Scale=1.00 59.37 57.5 1.87 0.02 

Scale=2 59.95 58.17 1.78 0 

Parametric 59.93 59.16 0.76 0.26 
 

Table 6: Difference of threshold by Gender 

Method Indep thld State thld Ind-State p-value 

Scale=0.5 61.55 59.08 2.46 0 

Scale=1.00 61.12 59.12 2 0 

Scale=2.00 60.76 58.95 1.81 0 

Parametric 60.77 58.68 2.08 0 
 

Table 7: Lost Productivity per applicant 

Method Male-Fem Pts lost Ind-State Pts lost 

Scale=0.5 1.85 1.13 2.46 1.63 

Scale=1.00 1.87 1.31 2 1.66 

Scale=2 1.78 1.58 1.81 1.7 

Parametric 0.76 0.68 2.08 1.51 
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