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Abstract

This paper derives and estimates a general equilibrium model for the real and nomi-
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are confronted with a set of multiple long-run risk models. The paper accounts for
model misspecification doubts about long-run GDP risk and about long-run inflation
risk. We find that an increase in macro uncertainty leads to a steepening in TIPS
and nominal yields. Increased uncertainty about the long-run GDP model generates
a steeper slope in TIPS yields than the inflation uncertainty counterpart. But on
the other hand, we find that the term premium in TIPS and nominal bond yields is
dominated by model uncertainty about long-run inflation. The estimated robustness
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1 Introduction

Data evidence argues that investors are confronted with a set of multiple long-run risk
models. Long-run risk models are characterized by GDP growth and inflation dynamics
that have time-varying first moments. We provide data evidence that investors observe a
set of multiple, potentially correct, long-run risk models. Recent models in the literature
fall short in addressing how the observable set of multiple long-run risk models affects
marginal utility of investors. We close this gap in the literature by deriving and estimat-
ing a term structure model with in real-time observable set of potentially correct long-run
GDP risk- and long-run inflation risk models. The term structure information provides
direct evidence of how different sources of model uncertainty affect investors’” marginal

utility for different time horizons.

The empirical set of potentially correct long-run risk models coincides with the observ-
able amount of model estimation risk. The amount of model estimation risk is substan-
tially higher for the long-run GDP risk component, compared to the long-run inflation
risk component. Said differently, the set of potential long-run GDP risk models is higher
than the set of potential long-run inflation risk models. The relative size of both sets,
measured in terms of the amount of model estimation risk, peaked to factor ten in the

mid 1980s.

Recent research has followed this empirical characteristic by nearly exclusively study-
ing asset pricing with long-run GDP ambiguity. Bansal and Shaliastovich (2010) call that
measure ”confidence risk” and show that together with Epstein and Zin (1989) prefer-
ences that uncertainty helps to account for sharp equity return fluctuations. Buraschi and
Jiltsov (2006) use the same measure of GDP growth model uncertainty to characterize the
amount of model uncertainty (disagreement) that two investors face in the equity option

market. Cagetti, Hansen, Sargent, and Williams (2002) study in a production economy



how a concern about ambiguity in long-run GDP growth affects equity prices.® A similar
direction can be found in the term structure literature. Gagliardini, Porchia, and Tro-
jani (2009) argue that ambiguity about long-run GDP risk is the driver for premia in
the Government bond market.? Similarly, Kleshecheslski and Vincent (2009) argue that
model uncertainty about short-run GDP risk generates an upward sloping yield curve.
Ulrich (2010) is the first paper who focuses on model uncertainty about inflation and
who attributes the upward sloping nominal yield curve to inflation ambiguity. It is un-
satisfactory that these studies do not include both sources of ambiguity into an analysis.
They leave open the question of whether it is indeed model uncertainty about long-run
GDP growth or model uncertainty about long-run inflation that drive bond premia and,

consequentially, the upward sloping yield curve.

In this paper we present a general equilibrium model that generates insights regarding
that question. Our model features observable long-run risk and accounts for the observable
amount of model estimation risk that investors face with regard to long-run GDP growth
and long-run inflation. The model is analytically very tractable and allows to account for
risk and model uncertainty in a very convenient way. This tractability allows an empirical

implementation that is not complex at all.

We find that the higher amount of observable long-run GDP ambiguity does not auto-
matically coincide with a higher equilibrium impact on marginal utility. In particular, our
maximum likelihood estimation which takes a rich panel of macro and bond yield data

into account finds that the equilibrium model uncertainty premium for long-run GDP am-

LCagetti, Hansen, Sargent, and Williams (2002) study model uncertainty about aggregate productivity,

but this translates directly into model uncertainty about expected GDP growth.
2Similar to Cagetti, Hansen, Sargent, and Williams (2002), Gagliardini, Porchia, and Trojani (2009)

argue in terms of model uncertainty about the productivity, but in equilibrium this translates into model

uncertainty about the expected growth rate of GDP.



biguity is substantially smaller than the model uncertainty premium for long-run inflation
ambiguity. We find that most of the nominal equilibrium term spread is paid because of

model uncertainty about the long-run inflation model.

We also find that both model uncertainty premiums have different qualitative im-
plications on real and nominal bonds. While periods of increased uncertainty lead to a
steepening of the TIPS and nominal yield curve, it is the increase in the observed set
of potential long-run GDP models which makes the TIPS yield curve slope stronger up-
wards. This highlights the finding that both sources of model uncertainty affect the term

structure of real and nominal bonds qualitatively and quantitatively differently.

The rest of the paper is structured as follows. In the next section we set up the model,
discuss the risk and model uncertainty dynamics of the economy, discuss the preferences
of the agent, and solve for real and nominal equilibrium bond yields. Section 3 specifies
the data and econometric method that we use for estimating the model. In section 4 we

present the empirical findings. Section 5 concludes.

2 Model Setup

2.1 Domain

Time is continuous and varies over t € [0, ..., 00). Real and nominal macroeconomic risk is
represented by a complete filtered probability space (2, F,F, Q%), where Q° stands for the
reference macroeconomic model for the economy. For intuitive reasons it is useful to treat
the solution of the reference model under Q° as the solution to the rational expectations
model. All expectations in the reference model are taken under Q. We denote these
expectations as E[] instead of E?’[]. The probability measure for the robust economy

will be determined endogenously in equilibrium. We will denote that measure as Q).



2.2 Economy Setup
2.2.1 Long-Run Risk

We follow previous research like Bansal and Yaron (2004), Brennan and Xia (2002), Lettau
and Wachter (2009) and Piazzesi and Schneider (2006) and assume a dividend process,
dInY, and an inflation process, dInp, with stochastic expected growth and stochastic

variance:3

dInY; = (go + z)dt + /oo, + UlgutthY, (2.1)
dInp; = (po + w)dt 4+ \/00g + O1gUprgdW + \/00p + T1,0:dW?P. (2.2)

Following the long-run risk literature, one can think of z as the long-run GDP risk com-
ponent, u as the short-run GDP risk component and w as the long-run inflation risk
component and v as the short-run inflation risk component. All Brownian motions are or-
thogonal to each other. Having p,, # 0 allows the model to capture a stochastic inflation
risk premium. We let the data identify that parameter.

We group all state variables that characterize macroeconomic long-run and short-
run risk into a state vector X, where X, = [ur vy wy 2). Macroeconomic risk follows a
continuous-time AR(1) process with pairwise orthogonal innovations. Under the reference

measure that means
dX = kXdt + XdW, (2.3)

where & is a diagonal 4 x 1 matrix which captures the AR(1) nature of macroeconomic

risk, Y is a 4 x 4 volatility matrix and dW collects the pairwise orthogonal innovations to

3We work with an endowment economy and with a representative agent. In these models, GDP and

consumption coincide in equilibrium. We prefer to work with GDP directly.



macroeconomic risk. The volatility matrix takes the following form

o, 0 0 0
0 o, O 0
5= : (2.4)
0 0 o, O
O 0 092, 01z

where 09, captures the correlation between expected GDP growth and expected inflation.

In our sample, that correlation is —0.32.

2.2.2 Long-Run Ambiguity

As a novelty, we assume that the investor observes a multiple set of potentially correct
long-run risk models. That means that the investor has several models for w and z on
the table which all seem equally plausible to her. We do not assume that our investor is
able to form a ”correct” prior about all these models. This prevents her from applying
Bayesian techniques to learn about long-run risk. As a result, the investor has no prior
on which model within the set is right. The agent wants instead to find the long-run risk
model within that set which minimizes her continuation utility. Since the investor has a
unique reference model for GDP growth and inflation, she only needs to find endogenously
the optimal amount of long-run ambiguity that she should take into account when doing
investment decisions. We call the optimal amount of distortion in the long-run GDP risk
component h,, while the counterpart for long-run inflation ambiguity is called h,,,.

The endogenous amount of long-run ambiguity coincides with the market price of
ambiguity in the multiple prior literature or with the market price of one unit model

uncertainty in the robust control literature.* We derive the long-run ambiguity premium

4Compare Epstein and Wang (1994), Epstein and Schneider (2003), Chen and Epstein (2002), Epstein
and Miao (2003), and Drechsler (2009) for the former and Anderson, Hansen, and Sargent (2003), Cagetti,
Hansen, Sargent, and Williams (2002), Hansen and Sargent (2007), Hansen and Sargent (2005), Hansen,
Sargent, Turmuhambetova, and Williams (2005), Maenhout (2004), and Maenhout (2006) for the latter.



h = (hy, h,)" in the next section. Note that A is known to the investor in every point in
time and in every state of the world.
According to equation (2.3), we can state the long-run GDP risk model under the

robust probability measure Q:
dz = k,2dt + o, (dW" + hodt) + 09, (AW + hy,dt). (2.5)

Equation (2.5) and equation (2.3) state that an ambiguity averse investor who is con-
fronted with a set of multiple long-run GDP risk models does not fully trust her reference
model in equation (2.3). Instead, she adjusts the shocks to long-run GDP risk and long-run
inflation risk in equation (2.3) by the corresponding market price of long-run ambiguity.
This coincides with h, for long-run GDP ambiguity and h,, for long-run inflation ambi-
guity, respectively.

The long-run inflation risk model under the robust probability measure  follows

analogously:

dw = Kypwdt + o, (dW" + hydt). (2.6)

2.3 Preferences

The risk attitude of our investor is described by an agent with log utility preferences
over the uncertain dividend stream. In addition, our investor is ambiguity averse with
regard to the observed set of multiple long-run risk models. Compared to a rational
expectations equilibrium, our investor solves a min-max optimization problem. First, the
investor maximizes her utility with regard to the optimal consumption policy for all priors
in her set of potential models. Second, the investor chooses from the set of multiple priors
the prior which minimizes her life-time expected utility. We abstract from the first step,
because we work with a standard endowment economy. This leaves us with the second
step only. The solution to the minimization problem provides us with the market prices

of long-run ambiguity.



The dynamic minimization problem is given by

Zenzl(igB) EZ {/too e P InY,ds|F, (2.7)
s.t. (2.8)
dInY; = (g0 + g12:)dt + /00y + o150 dW,” (2.9)
dzy = Kozdt + o, (AW 4 b (t)dt) + o0, (AW by (t)dt) (2.10)
Z(UB)={Z¢c 2 %hﬁ(t) <UB.#)}N{ZcZ: %hi(t) <UB,®),  (211)

where p is the subjective time discount factor of the investor. The set Z is a well defined
set of probability measures which are absolutely continuous with regard to the benchmark
measure Q°. For an observed two dimensional upper boundary UB, Z(UB) contains all
absolutely continuous macroeconomic models that fulfill the two entropy constraints.®
The first entropy constraint requires that the amount of long-run GDP ambiguity must
be weakly smaller than the observed upper boundary of potential long-run GDP risk
models. The second entropy constraint requires that the amount of long-run inflation am-
biguity must be weakly smaller than the observed upper boundary of potential long-run

inflation risk models.

The novel contribution of our model is that we allow the agent to observe both sets of
multiple long-run risk models. Said differently, our investor observes in each point in time
and in each state of the world a set of potential long-run GDP risk models and a set of
potential long-run inflation risk models. The investor chooses from that set the reference
long-run risk model. One can think of that model as being the best description of the
macroeconomic data. The amount of estimation risk that the investor faces in determining
the reference model is captured by the cross-sectional variance of all potentially correct
models with regard to the reference model. The investor knows that the distance of all

potentially correct models is weakly smaller than a constant times the observed amount

®Chen and Epstein (2002) contain a detailed analysis of the required conditions.



of estimation risk:
UB.(t) == An2(t)  UBy(t) := Ay, (1), (2.12)

where 1? and 72 are the amount of stochastic real-time model estimation risk and A,
and A, are positive scaling parameters. One can think of these constant parameters as

determining the size of the confidence interval within which the true model lies.

Our investor is able to measure in real-time the amount of model estimation risk. She
therefore treats these variables as additional observable macro variables. We assume the

square-root of the amount of estimation risk follows a continuous-time AR(1) process:

w(t Q. Kp, 0 w(t op, 0 Wi
d M (t) _ )y n M (t) dr+ [ d 7
nZ (t> anz Ii"?zw an nz (t> O 0-772 an
(2.13)
where the Brownian shocks are pairwise orthogonal to all Brownian shocks in the economy.

The scalar k., captures a potential feedback effect from the long-run inflation ambiguity

to long-run GDP ambiguity.

The solution to the minimization problem is well known in the literature®:

ho(t) = —\/2- UB.(1) (2.14)
ho(t) = /2 UB,(1). (2.15)

The first equation states that the absolute size of the long-run GDP ambiguity premium
increases monotonically with the amount of its potential models. In ambiguous times,
where the set of potential long-run GDP risk models increases, the investor reduces her

expected prospects for the real growth rate of GDP by less than one to one.” With a

6Compare Hansen and Sargent (2007), Hansen, Sargent, Turmuhambetova, and Williams (2005), Chen
and Epstein (2002) and others.

"This concave relationship arises because shocks to long-run GDP risk are Gaussian.



similar interpretation, in the second equation, when the set of potential long-run inflation
risk models increases in ambiguous times, the investor increases her robust growth rate

for inflation by less than one to one.

Plugging the parametric form of the upper boundary into the equilibrium condition
reveals that the optimal amount of protection against long-run model risk is linear in the

cross-sectional standard deviation of all potentially correct models:

ha(t) = men.(t) (2.16)

hu () = muwnu(t), (2.17)

where m,, is defined as m, := —/2A4, € R~ and m,, is m,, := /24, € R*. The intuition
of this equilibrium outcome follows the basic intuition of confidence intervals in classical
statistics. The higher the confidence interval of the estimated long-run risk model, the
more model uncertainty is in the economy. For an ambiguity averse investor it becomes
optimal to require a premium for model misspecification doubts whose market price is a
linear function of the amount of model estimation risk. The scaling parameters m, and
m,, are investor specific and measure the amount of standard deviations by which the
investor perturbs her reference long-run risk model.® One can therefore think of m, and
m,, as model uncertainty preference parameters. The higher the parameters the bigger the
distance between the estimated reference model and the endogenously selected worst-case
model. This coincides with a higher premium for model uncertainty.

An application of Ito’s lemma reveals that the market prices of model uncertainty

8The intuition of model estimation risk is related to the notion of ”confidence risk” in Bansal and
Shaliastovich (2010) and amount of macro uncertainty in David and Veronesi (2008) and the amount

investor’s model disagreement in Buraschi and Jiltsov (2006).



follow a Markov diffusion:

dh,(t) = (mzanz + g b (t) + nnzw%hw(t)) dt + m.o,, dW™ (2.18)

w

dhy (t) = (M, + Ky ey (1)) dt + my,0,, AW (2.19)

2.4 Government Bond Yields

The appendix shows that the equilibrium term structure of inflation-protected default-
free bond yields is affine in long-run and short-run GDP risk and the market prices of
long-run ambiguity. That means that any real yield, y", with time to maturity 7 can be

written as:

W) =~ (A0 + B 0)SW) L S(0) = (lr) 2(0) hut) (1)), (2:20)

where A" and B" are deterministic functions of the underlying economy.

By a similar argument, one derives that the equilibrium term structure of nominal
default-free bond yields is affine in long-run and short-run GDP risk, long-run and short-
run inflation risk and the market prices of long-run ambiguity:

1

T

yi(r) = == (A¥(r) + BY (X (1)), (2.21)

where A% and B® are deterministic functions of the underlying economy.

3 Data and Econometric Methodology

The goal of this section is to briefly describe the data and the econometric methodology
used for estimating the equilibrium model. The empirical exercise shows how long-run
ambiguity and long-run risk affect the term structure of nominal and real bonds. The

intuition of previous research is that long-run inflation risk is much more important for

10



explaining variations in nominal bond yields than fluctuations in long-run GDP risk [com-
pare Ang, Bekaert, and Wei (2008), Giirkaynak, Sack, and Swanson (2005) and others.].

We analyze whether this intuition carries over to long-run ambiguity:.

3.1 Data

In the model, the investor observes a set of potentially correct models. The data coun-
terpart is the Survey of Professional Forecasters. Macro-econometricians from business
and academic institutions as well as Wall Street econometricians are asked to provide
quarterly forecasts for GDP growth and inflation. These professionals do not enclose the
model that they use for these macro variables.” The outcomes of these different models
differ sometimes stronger and sometimes less strong from each other. The investor does
not know the identity of these forecasters and forecasting institutions. From the investor’s
perspective, she observes several potentially correct models and has to decide how to use

that information when pricing bonds.

The findings of Ang, Bekaert, and Wei (2007) suggests that the best out-of-sample
forecasts for long-run inflation risk is achieved by using the median forecast from the
Survey of Professional Forecasters. Our investor takes this into account by setting her
reference long-run risk model to the median forecast. In particular, z coincides with the
demeaned median forecast of GDP growth and ¢y coincides with its unconditional ex-
pectation. In the same way, w, coincides with the demeaned forecast for inflation and py

coincides with its unconditional expectation.

Our investor worries about the other potentially correct models which do not coincide
with the median forecast. According to the model, the investor determines the amount

of model estimation risk by estimating the cross-sectional standard deviation among the

9The usual amount of forecasters lies between 30 and 40.
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forecasters. The investor requires a market price of long-run ambiguity that is given by
equation (2.16) and (2.17), where 1 coincides with the estimated model estimation risk.

We find the constants m. and m,, via the estimation.

Realized GDP growth, the median forecast for long-run GDP risk and the amount
of model estimation risk are plotted in Figure 1. The long-run GDP component is an
unbiased estimate for realized GDP growth and it is more persistent than GDP growth.
The R? for a predictive regression of realized GDP growth on the reference long-run GDP
risk model is 9% for a quarterly forecast horizon. The amount of model estimation risk is
strongly time-varying, peaking during the Savings and Loan Crisis in the mid 1980s and
tightening during the period of the Great Moderation.

The amount of model estimation risk for long-run inflation is lower than the long-run
GDP counterpart. This coincides with a higher R? of 65% when regressing realized infla-
tion on the median of the quarterly SPF inflation forecast. Graphically this is shown in
Figure 2. Figure 3 shows graphically that investor’s face substantially more model estima-
tion risk for the long-run GDP component compared to the long-run inflation component.
During the Savings and Loan Crisis of the mid 1980s, model estimation risk for former
outweighed the latter by factor ten.

We test our model with a rich panel of macro and bond yield data. Our macro variables
include realized GDP growth, realized inflation and the Federal Funds rate. We down-
loaded that data from the St. Louis FRED data base. We use continuously compounded
nominal U.S. government bond yields of maturities 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10 years.
The nominal bond yields are taken from the Board of Governors of the Federal Reserve
System. We use continuously compounded yields of U.S. Treasury Inflation-Protected Se-
curities (TIPS) of maturities 5, 6, 7, 8, 9, and 10 years, for the time horizon first quarter
of 2003 to second quarter of 2009. This data is provided by the Board of Governors of the

Federal Reserve System. All data, except TIPS, start in the first quarter of 1972 and end

12



in the second quarter of 2009. We use TIPS data from the first quarter of 2003 onwards.
We estimate the model by Quasi Maximum Likelihood and recover the latent short-run
risk states u and v by inverting the affine yield relation for the one year and ten year

nominal bond yield.

4 Empirical Findings

We find that the endogenously selected worst-case long-run risk model is very close to the
reference long-run risk model. In a statistical sense, both models cannot be distinguished
from each other. The estimated detection-error-probability is 47.7%. In other words, if
an econometrician were asked whether the macro and financial data in our sample was
generated by the reference long-run risk model or by the worst-case long-run risk model,
she would select the wrong model with an unconditional probability of 47.7%. The mirror
image of this statistic is that the time-series behavior of inflation and GDP growth in both
models move so closely to each other that one cannot distinguish between both models.
Figure 4 shows graphically that the time-series for the reference GDP growth process is
very close to the endogenously selected worst-case GDP growth model. Figure 5 shows
the analog for the time-series of the reference inflation model and the worst-case inflation

model.

Our model provides an excellent fit to real and nominal bonds. Table 1 shows that the
average mean pricing error across all eight fitted nominal yields is only 2 basis points per
quarter. The mean quarterly estimation error has been 4.4 basis points for GDP growth
and 0.7 basis points for inflation. Figure 10 shows that the model fit for the entire sample
and several subsamples is excellent. We have estimated the model only for the entire sam-
ple and contrasted also the model implied yield curve during the period of the Monetary
Policy Experimentation and the Great Moderation with the empirically observed coun-

terpart. The resulting yield curve fit is very good. The excellent fit during the Monetary
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Policy Experimentation is especially noteworthy. Structural bond models have difficulties
in explaining the slightly upward sloping nominal yield curve in that period, because re-
alized inflation and expected inflation were strongly mean-reverting. Our model accounts
for that by a strongly downward sloping term structure of inflation expectations (green
dotted solid line). Our model argues that the long-run ambiguity premium, especially
long-run inflation ambiguity premium, has been strongly upward sloping, offsetting the
downward sloping term structure of inflation. Said differently, although inflation seemed to
mean-revert, investors at that time were faced with a relatively high and volatile amount
of model estimation risk. That increased the set of potential long-run risk models. The
resulting term structure of the ambiguity premium has been steep. We find that the infla-
tion risk premium has remained positive but close to zero, even during the volatile period

of the Monetary Policy Experimentation.

4.1 The Cross-Section of Long-Run Ambiguity

Figure 6 presents the two channels through which model uncertainty aversion with regard
to the long-run risk components affects the cross-section of the term structure. The model

implied TIPS yield curve is affine in the state and can be written as

yi (1) = (1) + Gu(r)ult) + BL(7)2(t)+

+ Bhy, (7)o () + By, (T) D= (2). (4.1)

The last two beta loadings capture how the TIPS yield curve changes if the market price
of model uncertainty changes. As shown in equation (2.17) and (2.16) this market price
depends linearly on the size of the set of potential models and on the investor specific
model uncertainty parameters m,, and m,, respectively. The latter model uncertainty
parameters, together with the steady state values of 7, affect also the o” loadings. Both

channels together characterize the effect that model uncertainty has on the term structure
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of TIPS yields.

The upper panel of Figure 6 shows the model implied « for different ambiguity con-
stellations. Intuitively, the graph shows that if there was no model uncertainty about
the long-run risk model, the TIPS yield curve would be flat, at 2.18%, in steady state.
This holds because the steady state values for the macro risk factors are all zero, which
makes the corresponding « to be the steady state TIPS yield curve in absence of model
uncertainty. Allowing for model uncertainty about the long-run GDP model lowers the «
marginally across all maturities. Introducing model uncertainty about the long-run infla-
tion model lowers long-term TIPS yields more than it lowers short-term yields. All else
equal, this leads to a downward sloping TIPS yield curve. It is a combination of the higher
estimated preference parameter m,, and steady state amount of model estimation risk a,,,

together with the h,, beta loading which gives inflation ambiguity a stronger effect on «.

The lower panel of Figure 6 shows how the cross-section of TIPS yields changes if the
set of potential long-run risk models increases. Short-term TIPS yields drop more if the set
of potential long-run GDP models increases. The TIPS yields drop because the expected
GDP growth rate under the worst-case scenario is lower than under the reference scenario.

Due to mean reversion in z and h, the effect of ambiguity dies out for longer duration TIPS.

The effect of ambiguity is different for the cross-section of nominal bonds. Similarly

to TIPS yields, the model predicts an affine relationship for nominal yields:

yp (1) = a®(7) + Ba(r)ult) + Biu(t) + Ba(r)w(t) + 57 (r)=(t)+
+ B, (7)o (£) + B (7) D (1). (4.2)
As the upper panel of Figure 7 shows, the steady state nominal yield curve would be

downward sloping if there was no model uncertainty. Being confronted with a set of sev-

eral plausible long-run inflation risk models makes even the steady state nominal yield
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curve strongly upward sloping. The intuition for that result is that even when time goes
to infinity, there will always remain several models in the set of potential long-run infla-
tion models. Since the worst-case inflation forecast is higher than the reference forecast
the corresponding nominal yield curve slopes upwards, because the investor cautiously

expects a higher steady state nominal growth rate than under the reference model.

4.2 The Time-Series of Long-Run Ambiguity

For a one year nominal bond yield we find a small and time-varying ambiguity premium
for long-run GDP ambiguity. That premium is negative, because an ambiguity averse
investor lowers her expected path of future expected GDP growth, which ceteris paribus
lowers real and nominal interest rates. The amount by which the one year nominal interest
rate is lowered coincides with the long-run GDP ambiguity premium. The second panel
of Figure 8 shows that this premium is time-varying around minus one basis point. The
upper panel shows that the long-run inflation ambiguity premium on a one year nominal
bond fluctuates around 20 basis points. That premium is positive because an ambiguity
averse investor in our model increases her worst-case inflation forecast slightly, in order to
ceteris paribus lower the anticipated worst-case GDP path. The increase in the long-run
inflation component coincides with the long-run inflation ambiguity premium. The ambi-
guity premium is small for short-term nominal bonds. The lower panel of Figure 8 shows
that the overall long-run ambiguity premium in a one year nominal bond yield is small

compared to the magnitude of that yield and its statistical standard deviation.

The longer the duration of the bond, the higher the absolute value of the long-run
ambiguity premium. The time-series pattern does not change, because it is inherited from
the observed set of model estimation risk. Figure 9 shows that the ambiguity premium

for a ten year investment horizon is dominated by model misspecification doubts about
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long-run inflation. That premium fluctuates around 2% and has remained relatively sta-
ble since the 1991/1992 recession. The long-run GDP ambiguity premium is close to zero.
The lower panel shows graphically, that although one is tempted to argue that the ten
year nominal bond yield with ambiguity (black solid line) looks different than the implied
ten year nominal bond yield if we shut down the long-run ambiguity channel (red dotted
line), one can hardly distinguish both models since they lie well within a standard 95%

empirical confidence interval (blue dotted line).

4.3 Relative Importance of Long-Run GDP Ambiguity vs. Long-

Run Inflation Ambiguity

As shown in Figure 3, when looking only at the amount of model estimation risk in the
data, one would conclude that there is more model uncertainty with regard to the long-
run GDP risk model than there is model uncertainty about the long-run inflation risk
model. Such a conclusion would be supported by findings of Gagliardini, Porchia, and
Trojani (2009) and Kleshecheslski and Vincent (2009) who argue that model uncertainty

with regard to the GDP process is the main contributor to the model uncertainty premium.

The conclusion changes if we use a maximum likelihood estimation that takes also real
and nominal bond yields into account. In such a specification we conclude that although
there is more model uncertainty about long-run GDP risk in the data, the resulting ambi-
guity premium is substantially smaller than the ambiguity premium for long-run inflation
risk. This result is confirmed by Ulrich (2010), who assumes that the central bank creates
model uncertainty about future inflation and who finds that this model uncertainty can

account for the positive slope of the nominal yield curve.

Our analysis allows us to analyze why investors require a substantially larger inflation
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ambiguity premium, although the Survey of Professional Forecasters tells us that there
is more model uncertainty about the long-run GDP risk model. Our findings indicate
that inflation ambiguity dominates the long-run GDP counterpart by factor 216. Our es-
timates suggest that the dominance is based on three drivers. First, an ambiguity averse
investor who is uncertain about the true long-run inflation model cautiously increases her
inflation forecast by an endogenous amount. Our estimate for the half-life of expected
inflation indicates that it takes 15.8 years for the worst-case inflation forecast to reduce
by fifty percent. Being confronted with GDP ambiguity is less costly in terms of time
because the estimated half-life of an increase in the robust long-run GDP component is
only 1.3 years. Intuitively, this means that in terms of half-life, getting the inflation model
wrong is 12 times more costly. Second, we have estimated that investor’s preference for
protection against a misspecification of long-run inflation risk is approximately six times
larger than the preference for robustness against long-run GDP risk. In particular, we
have estimated m,, = 6.6 and m, = —1.1. Third, the estimated volatility of long-run in-
flation risk is approximately three times higher than the volatility of long-run GDP risk.
Multiplying these effects (126 -3 = 216) shows that the model uncertainty premium for
being confronted with a set of multiple long-run risk models is approximately 200 times

larger than the long-run GDP ambiguity premium counterpart.

The qualitative implications of both ambiguity premiums is different. As Figure 7 and
6 have shown, the factor loadings on both uncertainties is upward sloping, relating an
increase in the observed amount of model uncertainty to a steepening in the real and
nominal yield curve. We have also seen that the slope becomes steeper if the set of long-
run GDP models goes up. Ambiguity about the long-run GDP risk models helps therefore
to explain the upward sloping yield curve in TIPS. Such a model misspecification doubt
reduces the short-end of the yield curve stronger than it does it for the long-end of the

yield curve.
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Ambiguity about the long-run inflation risk model helps to explain the upward slop-
ing nominal yield curve. The last argument is mainly rooted in the higher persistence of
long-run inflation compared to long-run GDP growth. The main reason for inflation am-
biguity to dominate long-term nominal bond yields is consistent with Ang, Bekaert, and
Wei (2008), Giirkaynak, Sack, and Swanson (2005), and Ulrich (2010), who all show the
importance of bond implied inflation expectations for explaining the behavior long-term

nominal bonds, compared to short-term nominal bonds.

5 Conclusion

We develop an equilibrium model which accounts for misspecification doubts about the
long-run GDP risk model and the long-run inflation risk model. We connect the set of po-
tentially correct long-run risk models to the observable amount of model estimation risk.
We use the cross-sectional variance of the mean forecast in the Survey of Professional
Forecasters for inflation and GDP growth to measure the amount of model estimation
risk that investors are confronted with. Our representative agent takes that measure of

model uncertainty into account when pricing financial assets.

We find that our measure for the set of potentially correct long-run risk models is
larger for long-run GDP risk, compared to long-run inflation risk. All else equal, this
leads to the intuition that the marginal utility of investors is more affected by long-run
GDP ambiguity. We find the opposite is true. We have estimated the model with a rich
panel of macro and bond yield data and find that marginal utility of investors is dom-
inated by long-run inflation ambiguity, and not by long-run GDP ambiguity. The main
reason for this finding is based on the empirical properties of long-run GDP risk and long-
run inflation risk. Our estimates show that long-run inflation risk is more persistent and

more volatile. The former is especially important, because an ambiguity averse investor
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increases her worst-case inflation forecast and it takes 12 times longer for that forecast
to reduce by fifty percent, compared to a misspecification of the long-run GDP growth
component. In addition, investors seem to seek more protection against a potentially mis-
specified long-run inflation shock, compared to a potentially misspecified long-run GDP

shock.

Our estimated term structure model argues that both source of ambiguity are impor-
tant to capture different aspects of bond yields. Accounting for the set of multiple long-run
GDP models helps to qualitatively account for a steepening of the TIPS yield curve in
times of higher long-run GDP ambiguity. Model misspecification doubts about long-run

inflation risk is essential to capture the upward sloping yield curve in U.S. nominal bonds.

Our analysis concludes that a model with log utility and observable amount of model
misspecification doubts about long-run GDP risk and long-run inflation risk is very well
able to explain the real and nominal U.S. yield curve. This finding has important impli-
cations for future research. It establishes the finding that nominal uncertainty might be
even more important for understanding investor’s marginal utility than measures of real

uncertainty.
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A Appendix:

A.1 Term Structure of Inflation-Indexed Bonds:

The equilibrium price of an inflation-indexed zero-coupon bond B;(7) with time to matu-
rity 7 equals the inflation ambiguity adjusted conditional expected value of the intertem-

poral marginal rate of consumption substitution:

B,(1) = e PTEF {%} . (A.1)

Plugging in the log utility function together with the consumption and inflation process

and defining x; = pt + In(Y;) yields

Bi(r) = ﬁEQ fexp(—rerr)] (A2)

The no-arbitrage price at time t of a zero-coupon bond maturing in £47 solves the stochas-
tic problem in (A.2). To get a closed-form solution we apply Feynman-Kac’s Theorem and
solve the dual parabolic PDE:
0B(, 1)
or
s.t. B(-,0) =1, (A.4)

— AB(-,7) (A.3)

where B(-,7) = B(ky, g, 2¢, hy(t), h.(t); 7) and A represents the second-order differential
operator applied to function B(-,7). Define ¢(ky, uy, 2¢, hy(t), h(t); 7) to be the solution

of the stochastic problem:
(b("itv Uty 2t hw<t>7 hz(t); T) = EtQ [exp(_’it—l—v—)] : (A5)

Since our economy has logarithmic preferences with an affine consumption process, we

guess that the solution has the form:

¢(/‘€t, Up, 24, oy (t), hz(t); 7_) — ety (7_) elu (T)ut+bz (1) 2e+bny, (T)hew (1) +bp, (T)h= (1) (A6)
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If (A.6) solves the stochastic problem than it also solves the PDE
a¢(7 T)

or
st. lmo(-,7) = exp(—ky), (A8)

710

= A¢(-, 1) (A.7)

where ¢(-, 7) = @Ky, ur, 2t, hy(t), ho(t); 7). Solving the pde gives the result.

A.2 Nominal Term Structure:

The equilibrium price of a nominal zero-coupon bond N;(7) with time to maturity 7
equals the inflation ambiguity adjusted conditional expected value of the intertemporal

marginal rate of consumption substitution times the real payoff at maturity:

Plugging in the log utility function together with the consumption and inflation process

and defining k; = pt + In(Y;) yields

1 - T
Ni(7) = oo P [exp( ftx )}. (A.10)
T Prtr

The no-arbitrage price at time t of a zero-coupon bond maturing in ¢t + 7 solves the
stochastic problem in (A.10). To get a closed-form solution we apply Feynman-Kac’s

Theorem and solve the dual parabolic PDE:

aNﬁ(; ) AN( 1) (A.11)
st. N(-,0) =1, (A.12)

where N(-,7) = N(Ky, i, Ug, Uy, Wy, 2, hyy (), b (1); 7) and A represents the second-order
differential operator applied to function N (-, 7). Define ¢(ky¢, py, ur, Vi, Wy, 2¢, by (), ho(t); T)

to be the solution of the stochastic problem:

exp(—~Krr
(e po e Vs e 22, (), P (£): 7) = B2 {7‘); z >] | (A.13)
t+T1
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Since our economy has logarithmic preferences with an affine consumption and inflation

process, we guess that the solution has the form:

A 6bu(7—)ut+bu (T)vt+bw (T)we b2 (T) 2t +bpy, (T) haw (£)+bpy, (T) Bz (L)
QS(K'taptautavtawtahw(t)>h2(t);7) = ( )

bt
(A.14)
If (A.14) solves the stochastic problem than it also solves the PDE
a¢(a 7-)
= . Al
5 = A7) (A.15)
, exp(—ry)
t.o1 WT) = —, A.16
st lime(,7) o (A.16)

where ¢ (-, 7) = @Ky, Pr, Ug, Ve, Wy, 2¢, Ry (L), B (t); 7). Solving the pde gives the result.

A.3 Detection Error Probability:

The derivation of the detection-error probabilities follows directly from Maenhout (2006).

We sketch the main steps in the following.

(Pr(nQr > InQ%|Q% Fo) + Pr(n Q% > In Qr|Q, Fo)) (A.17)
L[ (Re (w) — Re (M)) dw (A.18)

2 J, iw iw
where ¢(.) is defined as ¢(w,0,T) := E [e"4.7| Fy] and ¢9(.) is defined as ¢?(w,0,T) :=
EQ [¢mer|F] and € = In G5F.

Applying Feynman-Kac theorem to ¢® and ¢ reveals that they are an exponentially

er (M, m,) =

N~ N~

quadratic function in the amount of ambiguity distortion h;:

$2(w, 1, T) = 220+ GOFEEh O+ F(nhs O+ S O+ M52 A O+N (D (Oh= (0 (A.19)
d(w, 1, T) = 20 CO+EDhuO+FMh-(O+ B 32, (0)+ 15 02 (0)+ N (7)o (8 (1) (A.20)
2p o= €8T (A.21)

where G(7), E(1), F(7), K(7), M(7), N(7), G(7), E(7), F (), K(7), M(7), N (7) are deter-

ministic solutions to standard complex valued Riccati equations.
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Table 1: PARAMETER ESTIMATES (Standard Errors x1.0e — 8)
Panel A: State Variables

Drift, Volatility

K o a
u  -0.109 (26.9) 0.004 (0.04) 0 (fixed)
v -0.0086 (7.4) 0.0038 (0.2) 0 (fixed)
w0011 (15.2) 0.0095 (30.3) 0 (fixed)
z -0.132 (3851.5) 0.0031 (11.9) -0.0014 (0.05) 0 (fixed)
e -0.489 (99.1) 0.0047 (0.0007) 0.0027 (0.04)
n. -2.6 (3082866.1) 0.128 (14150.7)  0.0076(0.6) 0.00066 (0.73)
Panel B: Growth and Inflation
co  0.0065 (fixed)
1 1.0 (fixed)
po  0.0096 (fixed)
p1 1.0 (fixed)
go.  0.000035 (0.0012)
o1 1.945 (526.7)
oop  0.00019 (0.0012)
o1, 0.982 (14288.4)
ppe 0.892 (135.6)
p 0.001 (fixed)
Me  6.57 (1509.9)
m.  -1.17 (40582.0)
Table 2: Yield Curve, in %, per quarter
y$
maturity R 4 8 12 16 20 24 28 32 36 40
data 1.6 1.5822 1.6391 1.6819 1.7159 1.7453 1.7717 1.795 1.8154 1.8327 1.8484

model 1.54 1.5822 1.5705 1.6141 1.6596 1.7056 1.7508 1.7964 1.8417 1.8875 1.8484

Y
maturity 20 24 28 32 36 40
data 0.3782 0.4109 0.4400 0.4650 0.4859 0.5014

model 0.5526 0.5464 0.5403 0.5347  0.53 0.528
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Figure 1: GDP Growth, Long-Run GDP Risk, Long-Run GDP Ambiguity,
1972.1 - 2009.11

This figure presents quarterly GDP growth and its ex-ante expected value together with
the empirical amount of model estimation risk. The green solid line presents realized
quarterly GDP growth. The black dotted line presents the ex-ante expected GDP growth
as measured by the median GDP growth forecast of the Survey of Professional Forecasters
(SPF). The two solid blue lines presents a 3 standard deviation confidence interval for the
precision of the median forecast. The standard deviation is based on the cross-sectional
standard deviation of the forecasted SPF models. All values are annualized an in percent.

The ex-ante expected GDP growth rate is our measure of long-run GDP risk. The cross-
sectional standard deviation of potentially correct forecast models is our real-time measure
for long-run GDP ambiguity.
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Figure 2: Inflation, Long-Run Inflation Risk, Long-Run Inflation Ambiguity,
1972.1 - 2009.11

This figure presents quarterly inflation and its ex-ante expected value together with the
empirical amount of model estimation risk. The red solid line presents realized quarterly
inflation. The black dotted line presents the ex-ante expected inflation as measured by
the median inflation forecast of the Survey of Professional Forecasters (SPF). The two
solid blue lines presents a 3 standard deviation confidence interval for the precision of
that median forecast. The standard deviation is based on the cross-sectional standard
deviation of the forecasted SPF models. All values are annualized an in percent.

The ex-ante expected inflation rate is our measure of long-run inflation risk. The cross-
sectional standard deviation of potentially correct forecast models is our real-time measure
for long-run inflation ambiguity.
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Figure 3: Observable Long-Run Ambiguity, 1972.1 - 2009.11
This figure plots the quarterly amount of observable long-run ambiguity. It coincides with
the amount of model estimation risk. That measure of model uncertainty coincides with
the cross-sectional standard deviation of forecasted long-run risk models. The forecasts
are taken from the Survey of Professional Forecasters. The green solid line coincides with
the amount of model estimation risk for the long-run GDP risk model. The red solid line
represents the amount of model estimation risk for the long-run inflation risk model.

0.03 [ 1
e OB} IT(11)])
e 0 (B [A gdp(t,+1)])
0.025
0.02
0.015
0.01
)
0.005 \r\‘ ‘ \ ‘L ‘ ‘ \ /'
i (\J O\
WA A
{470 1975 1980 1985 1990 1995 2000 2005 2010

30



Figure 4: Empirical- vs. Worst-Case Long-Run GDP Risk Model, 1972.1 -
2009.11

This figure plots the reference model (empirical) for long-run GDP risk (red star) together
with the worst-case long-run GDP risk model (blue dotted). The reference model coincides
with the median forecast of the Survey of Professional Forecasters. The worst-case model
is endogenously determined as an equilibrium outcome.
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Figure 5: Empirical- vs. Worst-Case Long-Run Inflation Risk Model, 1972.1 -
2009.11

This figure plots the reference model (empirical) for long-run inflation risk (red star)
together with the worst-case long-run inflation risk model (blue dotted). The reference
model coincides with the median forecast of the Survey of Professional Forecasters. The
worst-case model is endogenously determined as an equilibrium outcome.
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Figure 6: Long-Term and Short-Term Ambiguity in TIPS Yields

This graph decomposes the channel through which ambiguity affects TIPS yields. The
cross-section is characterized by y;(7) = o' (7) + ...0;, (7)hw(t) + B (7)h.(t). Ambiguity
enters through o and 3; , ;. The upper panel plots the model implied o" for different
ambiguity specifications, where a”»N°4™b refers to the case of no ambiguity at all, a”?47b
stands for the case where only long-run GDP ambiguity exists and a”*4™"9 summarizes
the case if only long-run inflation ambiguity exists. The lower panel presents the factor
loadings on both long-run uncertainty measures.
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Figure 7: Long-Term and Short-Term Ambiguity in Nominal Yields
This graph decomposes the channel through which ambiguity affects nominal yields. The
cross-section is characterized by P (1) = o®(7) + ..ﬂ;fw(T)hw(t) + ﬂ;fz(T)hz(t). oS NoAmbig
refers to the case of no ambiguity at all, a®*4™ stands for the case where only long-
run GDP ambiguity exists and a®*4™9 summarizes the case if only long-run inflation
ambiguity exists.
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Figure 8: Premium for Long-Run Ambiguity in Short-Term Yield, 1972.1 -
2009.11

The black solid line corresponds to the one year nominal bond yield, as observed in the
data. The dashed blue line summarizes its empirical 95% confidence interval. The red
dotted line plots the model implied one year nominal yield under the reference model.
The reference and worst-case model are so close that one cannot distinguish both bond
yield time-series.
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Figure 9: Premium for Long-Run Ambiguity in Long-Term Nominal Yield,
1972.1 - 2009.11

The black solid line corresponds to the ten year nominal bond yield, as observed in the
data. The dashed blue line summarizes its empirical 95% confidence interval. The red
dotted line plots the model implied ten year nominal yield under the reference model.
The reference and worst-case model are so close that one cannot distinguish both bond
yield time-series.

Inflation Ambiguity in Ten Year Nominal Yield in %

'2 A NN A AR A

| | | | | |

15
1970 1975 1980 1985 1990 1995 2000 2005 2010
GDP Ambiguity in Ten Year Nominal Yield in %
0
0,005 A=A SN Np— N g Pt N
-0.01
-0.015
_002 | oL | 1 1 1 1 1
1970 1975 1980 1985 1990 1995 2000 2005 2010
Empirical 95% Confidence Interval of Ten Year Nominal Yield and Magnitude of Ambiguity, in %
20
10
0
1 1 1 1 1 1
1970 1975 1980 1985 1990 1995 2000 2005 2010

35



The solid black line represents the model implied average nominal yield curve. The
. — . line shows the average nominal yield curve in the data. The green —sx
line represents the inflation forecast (empirical measure). The red .— graph repre-
sents the ambiguity premium (GDP and inflation). The pink % graph represents the
estimated TIPS yield curve. The solid blue star line represents the inflation risk premium.
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The model is estimated over the entire sample 1972.1 - 2009.11. The estimated parameters

Figure 10: Decomposing Nominal Yield Curve
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