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Abstract

Nested demand models allow for flexible substitution patterns while preserving
tractability. However, assuming a known nesting structure can be problematic, as mis-
specification may lead to biased estimates. We propose a two-step estimation strategy
that first recovers the nesting structure, and then structural parameters using market-
level data on product choices and characteristics. In the first step, we employ the grouped
tixed-effects estimator of Bonhomme and Manresa (2015) to identify the nesting struc-
ture. In the second step, we estimate preference parameters conditional on the estimated
nests. Our framework accommodates longitudinal observations of products across mul-
tiple markets and allows for endogenous prices. Monte Carlo simulations demonstrate
the accuracy of our approach. We apply the method to the U.S. beer market using
NielsenlQ data, identifying four distinct beer groups and estimating a demand system
with rich substitution patterns. We validate our estimates out of sample using a demand
shock following the Bud Light boycott during 2023. Finally, we benchmark our model
against alternative demand specifications, including a naively grouped nested logit and
a mixed logit, and show that it more accurately captures substitution patterns in our
out-of-sample validation.
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1 Introduction

Discrete choice models of random utility are widely used to model and quantify demand
across a broad range of applications. A common approach specifies demand according
to a nesting structure, which can be interpreted as consumers making sequential choices:
tirst of a category of products, and then, on a product itself. This model was first put for-
ward by (McFadden, 1978). The appeal of nested demand models lies in their ability to
remain parsimonious—preserving closed-form expressions of demand—while accommo-
dating flexible substitution patterns. A well-known limitation, however, is that the nesting
structure must be specified prior to estimation, which is often not obvious to the researcher.
Misspecification of product groups can lead to unreliable parameter estimates (Kovach and
Tserenjigmid, 2022; Fogel et al., 2025).

In this paper, we propose a method to estimate the nesting structure and the utility pa-
rameters of a nested demand model. The identification strategy exploits the log-linear struc-
ture of market shares implied by the Nested Logit (NL), under which products belonging
to the same nest share a common model-implied demand curve. When indirect utility is
linear, log shares are also linear with nest-specific slopes on characteristics and nest-market
intercepts. We then identify the nests by searching over partitions of products that best
tit the data. We accommodate endogenous prices by projecting them on exogenous price
shifters interacted with group-specific variables, building on the framework of Choi and
Okui (2024).

Our proposed method consists of two steps. The first uses the grouped fixed effect es-
timator of Bonhomme and Manresa (2015) on demand curves implied by the NL model to
recover the nesting structure among products. In the second step, using this estimated nest-
ing structure as if it was the true one, we estimate preference parameters by GMM on the
inversion of Berry (1994).

We establish two main results. First, we show that the classification step consistently re-
covers the true nesting structure as the number of products and markets grows. Specifically,
under suitable regularity conditions, the probability of misclassifying at least one product
converges to zero faster than any polynomial rate. Our proof builds on the ideas of Bon-
homme and Manresa (2015), extending their framework to accommodate group-market in-

tercepts that are drifting random variables rather than fixed parameters. A key element of



our analysis is an appropriate re-centering of the random intercept as the number of prod-
ucts grows, establishing conditions of separation in the limit, and not for every J.

Second, we characterize the asymptotic distribution of the estimator of the utility param-
eters. We show that the second step estimator has the same asymptotic distribution as the
infeasible estimator that applies the Berry inversion using the true nesting structure. In do-
ing so, we establish the asymptotic properties of the Berry inversion estimator when both the
number of products and markets grow large, a result of independent interest. Notably, thank
to our asymptotic equivalence result, inference on utility parameters is conducted ignoring
any error that may arise in the first step. We derive sufficient conditions on market struc-
ture, exploiting the presence of multiproduct firms, under which price elasticities remain
identified, hence avoiding the challenge in identification of demand with many products
tirst raised by Armstrong (2016).

Our asymptotic framework is particularly relevant given the increasing availability of
large-scale market data, such as retail scanner data (Hitsch et al., 2021; Atalay et al., 2026;
Dopper et al., 2025), housing and labor markets (Bayer et al., 2007; Ahlfeldt et al., 2015;
Dingel and Tintelnot, 2026), and trade with a large number of countries and firms (Eaton
and Kortum, 2002; Bernard et al., 2019; Dhyne et al., 2021). Moreover, the large-number-
of-products asymptotic framework provides a tractable way for establishing the theoretical
properties of the proposed estimator, while its practical applicability extends to settings with
substantially fewer products. Indeed, our Monte Carlo simulations demonstrate good per-
formance even with as few as 100 products and 10 markets.

We also show how to estimate the number of groups by drawing on clustering heuristics
from the machine learning literature. Specifically, we apply the Elbow method within a
cross-validation exercise to determine the optimal number of partitions.

We consider several extensions to the baseline model. First, we extend the baseline to a
setting without exogenous price shifters, where prices are exogenous conditional on product
tixed effects; in this case, endogeneity is handled by demeaning within product across mar-
kets in both steps. Second, we incorporate consumer heterogeneity in a setting where both
consumer characteristics and individual choices are observed. Third, we show how the al-
gorithm extends to a model with several layers of nesting. Finally, we show that our method
extends to models where idiosyncratic shocks follow a Type II Extreme Value (Fréchet) dis-

tribution leading to nested CES demand, which is widely used in trade and spatial eco-
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nomics applications.

We conduct a Monte Carlo exercise to assess the ability of our method to recover both
the true nesting structure and the underlying preference parameters. The experiment con-
siders products observed across multiple markets, with one exogenous characteristic and
one endogenous variable — prices. We find that with as few as ten markets, our method
correctly assigns approximately 99% of products to their true groups. This match rate in-
creases monotonically with the number of markets, reaching 100% in larger samples. We
also validate our heuristic approach to selecting the number of groups.

We apply our estimator to demand for beer across U.S. states using store-level panel
data from NielsenlIQ. We first use the method with a simplified indirect utility, with contin-
uous covariates only—prices, units, and liquid content. We recover four well-differentiated
groups, which we label Regular Lager, Light Beer, Special/Craft Beer, and Boutique Craft. These
groups exhibit substantial heterogeneity in product characteristics, including prices, beer
type, packaging volume and size, and the likelihood of being a domestic product or a top-
ten national brand. However, the estimated nesting structure is far from fully explained
by observable product characteristics, suggesting that unobserved heterogeneity plays an
important role in shaping substitution patterns. Notably, using store-level geographic infor-
mation, we document substantial geographic variation in the relative popularity of different
beer nests: Light Beer is disproportionately consumed in the South, while Boutique Craft is
more prevalent in the Northeast. We also find that these consumption patterns are corre-
lated with local political partisanship. Importantly, neither geographic location nor political
affiliation is used in the classification step, highlighting the ability of our approach to un-
cover economically meaningful patterns of heterogeneity without relying on these observ-
able characteristics.

We also perform an out-of-sample validation exercise to assess the substitution patterns
implied by the groups recovered in the first step. The exercise exploits the Bud Light boy-
cott as an exogenous negative demand shock. Using a difference-in-differences design, we
define the treatment group as all Light Beer products other than Bud Light — i.e., products
belonging to the same estimated nest — and the control group as products from all remain-
ing groups. Following the boycott, Light Beer products experienced significantly larger sales
increases in 2023 relative to controls. These reduced-form results suggest that consumers

perceive Light Beer products as closer substitutes to Bud Light than products from other



groups, that we take as suggestive evidence that our estimated nesting structure provides
reasonable substitution patterns. We confirm the robustness of these findings through sev-
eral exercises, including group-specific treatment effect estimates and a placebo test using
randomly assigned groups.

When we move to the second step estimation of structural parameters, we find an av-
erage elasticity of -3.561, similar to previous work studying beer ranging from -6.1 to -3.3
(Pinkse and Slade, 2004; Slade, 2004; Romeo, 2016; Miller and Weinberg, 2017). Moreover,
we also find that all the nesting parameters are consistent with utility maximization and lie
between 0 and 1 without the need to impose any additional restrictions in the structural esti-
mation. We estimate a high degree of heterogeneity in substitution patterns across different
groups, ranging from o = 0.042 for Boutique Craft to 0 = 0.807 for Light Beer. In terms of
own-price elasticities, we find that Light Beer is the most inelastic group and Boutique Craft
the most elastic. On the other hand, we also find that Boutique Craft has the largest within-
group substitution effects following a price shock.

We also perform several robustness checks. First, we use an alternative price instrument,
finding that the optimal number of groups remains four and that the average characteristics
within each group are similar to those in the baseline. Second, we examine the grouping
structure for three and five groups, describing a hierarchical pattern: with three groups,
Regular Lager and Special/Craft Beer merge into a single group, while with five groups, Reg-
ular Lager splits into two. Third, augmenting the covariate set with categorical informa-
tion on beer type—one of the variables provided by NielsenlQ—yields one fewer group but
marginal improvements in in-sample predictive power.

We finally compare the results of our baseline model to two common approaches to de-
mand estimation. First, we estimate second-step parameters using the “naive” classification
that leverages the categorical variable “Beer Type” provided by NielsenlQ as the nesting
structure. Second, we also estimate a random coefficient model—the most flexible model
of random utility. When doing so, we find that the Data-Driven NL outperforms these two
alternative approaches in the out-of-sample validation test in the ability to predict substitu-
tion patterns. When looking at the results of the structural estimation, we find that some
of the parameters of the Naive NL are not consistent with utility maximization and that the

substitution patterns implied by the mixed logit resembled those of a logit model.



Literature review. This paper contributes to the literature on discrete choice demand mod-
els by proposing a data-driven approach to estimate the nesting structure of the Nested Logit
(NL) model. Introduced by McFadden (1978), the NL model relaxes the IIA restriction of the
standard logit by allowing correlated unobserved utility within groups of alternatives. It is
best understood as an intermediate case between the standard logit and the Random Coeffi-
cients (RC) model of Berry et al. (1995): it retains computational tractability while allowing
for within-group preference correlation, and can be interpreted as a particular RC specifica-
tion in which a random coefficient loads on group dummies (Cardell, 1997).! The NL is a
special case of the RC logit, in which random coefficients with a particular distribution mul-
tiply nest dummies (Berry, 1994; Cardell, 1997). Our model does not try to approximate the
distribution of the random coefficients. By contrast, its goal is to uncover the dummies, that
is, which products share a nest. Importantly, the special-case result requires the researcher
to know these dummies. Without this knowledge, the nested logit is no longer a special case
of a random coefficients model on the observed characteristics.

Thanks to their tractability, nested demand models have been widely applied in indus-
trial organization (Verboven, 1996; Parry and Small, 2005; Einav, 2007; Grennan, 2013; Cilib-
erto and Williams, 2014; Berry et al., 2016; Bjornerstedt and Verboven, 2016; Allcott et al.,
2024), international trade (Goldberg, 1995; Broda and Weinstein, 2006; Verhoogen, 2008;
Atkeson and Burstein, 2008; Khandelwal, 2010; Fajgelbaum et al., 2011), urban and spatial
economics (Davis et al., 2019; Couture et al., 2024; Bordeu, 2026; Couture et al., 2025), and
labor economics (Azar et al., 2022; Lamadon et al., 2022; Berger et al., 2022; Deb et al., 2024).
Crucially, however, all of these applications assume the nesting structure is known and specified
a priori. In many empirical contexts the appropriate grouping of products is far from obvi-
ous. Our paper departs from this assumption by treating the nesting structure as an object
to be estimated from the data rather than being imposed by the researcher. In particular, our
identification argument does not incorporate additional significant assumptions beyond the
structure of the model.

This paper addresses this limitation by estimating the nesting structure from the data.
Along these lines, Hortacsu et al. (2023) is the closest paper to ours. They propose a method
that exploits non-negativity and sparsity constraints to estimate the nesting structure of an

Inverse Generalized Nested Logit model (Fosgerau et al., 2024) using aggregate data on

! More generally, any discrete choice model can be approximated by an RC model (McFadden and Train, 2000).
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market shares, prices, and product characteristics. Their approach allows for overlapping
nests, which can generate flexible substitution patterns, but it is designed for settings with a
small number of products and an asymptotic sequence in the number of markets. In contrast,
we study a panel data setting with many products and focus on recovering non-overlapping
nests as the product space grows large. A related contribution is Kovach and Tserenjigmid
(2022), who provide a revealed-preference characterization of nested logit and show how
the nesting structure can be recovered from individual-level stochastic choice data. Our
paper instead focuses on estimating the nesting structure in empirical demand models using
market-level data, where researchers observe shares, prices, and product characteristics and
the number of products can be large.

This paper also contributes to the econometric theory literature of demand estimation.
In particular, our results extends the analysis of the NL Berry inversion estimator (Berry,
1994) with many products and many markets. Two non-standard issues arise when both
dimensions grow. First, shares drift to zero as the number of products grows. The out-
come, the log share relative to the outside option, and the log within-nest share both drift
to —oo in proportion to logJ. Our levels estimator exploits this drift, and the nest param-
eters converge at the faster rate log .Jv/JM. Second, identification may fail under Bertrand
competition with single-product firms (Armstrong, 2016), and we provide conditions under
which instruments based on characteristics of other products are still relevant when firms are
multi-product with non-vanishing shares. In addition, our paper is related to Lu et al. (2023),
who also exploit large-product-market asymptotics, in the tradition of Berry et al. (2004), to
estimate demand models with market-specific nuisance effects that depend on unobserved
demand shocks. However, the asymptotic arguments differ. Lu et al. (2023) allow these
effects to remain random and establish consistency through uniform identification and con-
vergence conditions. By contrast, we show that the nest-market effects concentrate around
nonrandom quantities as the number of products grows, allowing us to treat their stochastic
components as negligible perturbations when establishing consistent classification.

This paper also contributes to the literature on grouped fixed-effect estimators (Hahn
and Moon, 2010; Bonhomme and Manresa, 2015). Specifically, we adapt the framework pro-
posed by Bonhomme and Manresa (2015) that allows for group-specific time patterns and in-
dividual group membership in panel data settings. Grouped patterns of heterogeneity arise

naturally as a structural feature of the nested logit model, and we re-interpret the problem



of finding unknown groups/nests as uncovering the structure of unobserved heterogeneity.
We leverage Choi and Okui (2024) to accommodate endogenous variables such as prices.
We also extend the theoretical analysis of Bonhomme and Manresa (2015) to the nested logit
model, which has a non-standard feature: the group-market intercepts of the regression are
stochastic and drift to —oco. After re-centering, they concentrate around non-random objects
as the number of products grows, and we treat the deviation as a perturbation that vanishes
uniformly.?

Finally, our empirical application focuses on the beer industry, which has been a fre-
quent setting for structural demand estimation. Previous work has used brand-level de-
mand systems, distance-metric models, nested logit models and random-coefficient logit
models, with average own-price elasticities between —3.3 and —6.1 (Hausman et al., 1994;
Pinkse and Slade, 2004; Slade, 2004; Hellerstein, 2008; Rojas, 2008; Goldberg and Hellerstein,
2013; Asker, 2016; Romeo, 2016; Miller and Weinberg, 2017; Miller et al., 2021). The choice of
nesting structure is a recognized difficulty in this market. Slade (2004) fixes nests by prod-
uct type and Miller and Weinberg (2017) use a single nest for all inside goods. Hellerstein
(2008) sets the nested logit aside because, in her words, it is difficult to define clear nests
or stages in beer consumption: a consumer who buys an imported light beer may classify
beers first by origin and then by type, or the reverse. We depart from this literature in three
ways. First, our estimator handles a large number of products, so we estimate demand at
the UPC level, with close to three thousand products and no aggregation. Second, we let
the data determine the grouping of products instead of fixing it in advance. Third, because
the nests are estimated rather than imposed, they can group products along dimensions
the researcher does not observe, as long as those dimensions can be described by a nesting
structure. In our application, the recovered nests reproduce the light-beer segment that the
literature imposes by hand. They also capture a dimension that fixed nests cannot, since
the nest-by-market intercepts absorb differences in nest popularity across markets, such as

a stronger taste for light beer in Republican states.

2 The two-step approach mimics Bonhomme et al. (2022). By contrast, the groups in this paper are structural
objects so the classification does not intend to approximate the underlying heterogeneity but rather recover
it.



2 The Data-Driven Nested-Logit Model

We consider a model with J products and M independent markets representing different

geographies or time periods.> Agent i in market m receives utility from product j given by:
Uijm:(sjm+eijm j € {0,1,...,J},m€ {1,...,M},

where §,,, is the average utility for choice j in market m and ¢;j,, is an idiosyncratic taste
shock. The probability that agent ¢ chooses product j is given by the probability that product

J maximizes its indirect utility:

(Uijm > Uiy V3" # J)

(0jm = Ojrm > €ijrm — €ijm Vi # )

P
P

Products are grouped into K nests to capture heterogeneity in substitution patterns.
Taste shocks (€;1m, ---, €.sm) have a joint distribution that depends on the partition and pa-
rameters o, € (0, 1], that capture the different degrees of substitution across nests, for k =
1,...,K.* Denoting k(j) € {1,..., K} the nest where product j belongs to, the probability

of choosing product j is given by:

6jm 6j’m Uk(j) -1
e k() E e k)
{5'1k(")=k()}

K 5j/m (o] )
1+ > > e

=1 \{7'|k(5")=1}

1)

and the outside option has share Po,, = 1/(1+ 3%, (3 pgnen €7/)). Implied price

3 While we present our model with a balanced panel for simplicity, the method extends to unbalanced panels
in which products appear in different subsets of markets, as long as the number of product-market observa-
tions grows to infinity.

4 In Section 6.4, we extend our model to the case with multiple layers of sequential nests.



elasticities are:

Ok(j) k() Tgm k(7)) Filk()m —apjmp”m J =17
j 90jrm o ,
Erm =19 " Pim Pj'm if k(j") # k(5), )
' apj’m
P k(i) m 9oy o ,
o — 1 ﬂ#_p.,m) I if k(7)) = k(4),
(1) = D =212 =Py ) 52, (i) = k0)

where Pjjijym = Pjim/ Z{] BG=kG)} P;/ is the within-nest share. When o, — 0, products
become more elastic and there is more substitution within nests. By contrast, when o, = 1,
we are back to the standard logit model. It immediately follows that Sj, > 8’}, if with
k(7) = k(j') and k(j) # k(j”): products within the same nest are closer substitutes than
products across nests.

The nested logit model was first introduced by McFadden (1978). Empirical applications

commonly assume that the product partition, {k(j)}7_;, is known to the researcher, yet often

Jj=1
this assumption is debatable. Here, we relax this assumption and the allow the partition to
be unknown and it will be estimated with the rest of the parameters of the model.

Nest misspecification biases preference estimates and o, (Kovach and Tserenjigmid, 2022;
Fogel et al., 2025). In Appendix A.2, we show a simplified example in which we give intu-

ition on the nature of this bias.

2.1 Empirical Model: Two Linear Equations
Taking logs in (1) yields the empirical structural equation of demand with nested logit:

6],

Sim =
log P = UIZT + (o) — 1) log ( Z e’ —log (1 Z Z

2 G/ kG =k ()} =1 {j'[k()=l}

(.

9. i'm

ol )01) ) (3)

~

=Ak()m

The Berry inversion (Berry, 1994) is also a useful equation to estimate the structural pa-

rameters of a Nested-Logit model:

log ij - log POm = 5ppjm + ﬁglngm + (1 - Uk(j)) log P]Ik m T éjm (4)

> For a full derivation of the substitution patterns see Appendix A.1.
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We now proceed to describe the different components of our model.

2.1.1 Utility

We assume that average utility component ¢;,, is linear and given by
5jm = 5ppjm + B;ij + gj’ﬂu (5)

where p;,,, denotes the price variable that enters utility, x;,, is a vector of exogenous prod-
uct characteristics that may include higher-order terms and interactions, and ¢;,,, represents
unobserved demand shocks. We assume that x;,, is orthogonal to ¢;,,,, while prices can be
potentially correlated with &;,,, hence endogenous.

Substituting the expression for §;,, in (3) yields:
108 Pjm = Bii)oPim + BiigyaXim + Argym + Vjms 6)
where Bi, = 5,/0%, Bre = Bo/0r and vjn, = /o).

2.1.2 Prices

We start by presenting the structural equilibrium pricing equation, which takes the general

form:

Pim = mj(ij Xim, Ujm)a (7)

where m(-) is an unknown function that may be nonlinear in its arguments, v;,, is an un-
observed price component potentially correlated with ¢;,,,, and z;,, is an exogenous price

shifter such that:

E[fjm|xjm7 ij] =0.

In order to deal with endogeneity of prices, we consider a linear projection on exogenous

covariates with nest-specific coefficients and nest-market intercepts:
Pim = ’yg(j)lxjm + '}/g(j)/zjm + "fg(j)m + Wim, (8)

where w;,, is a projection error, orthogonal to x;,, Z;m, and xy(;),» by construction.
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Pricing projections are standard ways of dealing with endogeneity of prices in linear
models. The above pricing equation projects on all exogenous covariates, z;,, and the price
shifter, z;,,, with group-specific interactions, as well as group-market intercepts. In two-
step estimators, the first-step projection has to include every exogenous regressor of the
structural equation. The demand equation (6) has group-specific slopes and group-market
intercepts, so the projection needs them too. If they are omitted, the fitted prices retain
group-specific variation that is correlated with the demand intercepts, and the second step
is inconsistent. Given that groups are unknown, we consider the most general case in which
the groups in prices do not coincide with the ones of the nesting structure.

A projection with group-specific coefficients arises in standard pricing models. Under
Bertrand or Cournot competition with nested logit demand, markups inherit the nesting
structure of demand. In this case the price equation has the same grouping as demand,
9(j) = k(j). A grouping can also come from the cost side. When a firm owns many products
that share a common production line, marginal costs have common components across the
products of that firm. The price equation then has a grouping by firm, which need not

coincide with the nests.

3 Identification of Nests: An Intuition

The novelty in this paper is the possibility to learn the nesting structure from the data. Under
d;m as in in equation (5), log shares are linear functions of prices and characteristics, with
group-specific intercept, \x,,,, and group-specific slopes, 3. The main insight from equation
(3) is that a product’s log share, net of the indirect utility component, does not vary across products
that belong to the same nest.

The expression in (6) implies that products belonging to the same nest share a common
demand curve. When oy, is closer to 0, the group-specific slope increases and log-shares
become more responsive to changes in characteristics. This insight is in line with the ex-
pression in (2), where own-price elasticities increase as o}, decreases. In fact, under a linear

indirect utility specification, own-price elasticities are proportional to 3, = 3/0}.°

6 Equivalently, the elasticities can be written in terms of the slope and the intercept of the log-share equation a
follows:

] _ ) -/ _ . J)m , )
Eirm = (ﬁp.,k(n 1{j’=j}+ Dy )pg m
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Akm, 18 @ function of the inclusive value of the nest of product j, which can be understood
as the baseline attractiveness of nest £ in market m. Its influence on log shares is again
mediated through o, with o, closer to 0 implying larger co-movements of levels of log-
shares across products in the same group.

Being able to recover groups requires that the pairs (5x, \i,) are different across k. Dif-
ferences in o), implies differences in ;. However, in the case they are equal, groups can be
separated through intercepts \,,. Note that ), depends on the prices and characteristics
of the products in nest £ through the inclusive value, so nests with different distributions
of covariates have different intercepts in at least some markets. This would happen if some
nests may group larger or more expensive products.

Figure 1 illustrates the intuition behind the identification for the case K = 2. We use the
data from our empirical application provided by NielsenIQ (see Section 8.1 for more details).
The top-left panel shows a scatter plot with predicted log prices (purged of endogeneity) in
the x-axis, and log shares (residualized) on the y-axis, and each point corresponds to a prod-
uct. The identification of the nests amounts to find a partition of this cloud of points that
can best explain the data with a group-specific linear regression. In the top-right panel, we
show a potential partition, driven by prices: cheaper products and more expensive prod-
ucts belong to different nests. We show the regressions of this candidate nest structure in
the bottom left panel, with a resulting R-square of 0.018. This indicates that the candidate
partition is unable to explain the variability in the data. The final panel shows the partition
that minimizes within-sample error, achieving an R? = (.73, and overlays the corresponding

demand curves.
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Figure 1: Graphical representation of group identification
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Notes: Each point represents a product plotted in the space defined by price and residualized log market shares.
The top left first shows the raw cloud of observations. The top right panel shows a naive partition obtained
by splitting products at the median price, corresponding to a high-price and a low-price nest. The bottom left
panel corresponds to the best linear fit following from such price partition. The bottom right panel shows the
partition and linear fit that minimizes the objective function.

4 Estimation

Our estimation follows a two-step procedure. In the first step, the classification step, we es-
timate the nesting structure. In the second step, the estimation step, we recover the utility
parameters conditional on the classification of the first step. Throughout, K is treated as

known. Section 6.1 describes how we select it. In what follows, we presents the two estima-
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tion steps in turn, followed by a discussion on alternative estimation procedures.

4.1 First Step: Classification

Equation (6) is the basis for identification of the nesting structure. It will also be the basis of
the estimation of the partition that constitutes the products’ nests. The classifier searches for
the partition of products that best explains the log shares through a nest-specific regression
on product characteristics. With this procedure, we do not recover the structural parameters
pand oy, ...,0k. Only the partition is of interest here.

We estimate the nesting structure by least squares over partitions, slopes and group-
market intercepts, in the spirit of the grouped fixed-effects estimator of Bonhomme and
Manresa (2015). This estimator is a generalization of the k-means clustering estimator, where
points are classified in groups that minimize mean squared error. In our setting, we want
to cluster demand curves, so the relevant objects are lines rather than points. Products are
assigned to the same group when its demand curve best fits their observed relationship
between prices and market shares.

Prices are endogenous, so we follow Choi and Okui (2024): We first purge the endoge-
nous part of prices with the projection (8), and then classify on fitted prices. The procedure
has two stages.

Price stage. We estimate the nests, the coefficients and the intercepts of the price projection

(8) by least squares over partitions:

9(1),-..9(J) TR j=1 m=1

J M
(§(1>7 s u&(*])) = argmin {mlnz Z (pjm - ij’}/g(j) - f)/g(j)zjm - ng(j)m)2} . (9)

We denote the estimated partition by ¢ to distinguish it from the estimate of the demand
stage. The fitted price is

Bim = Xjm A3 + A0 2 + Kg(jym-

Demand stage. We replace p;,, by p;,, in (6) and estimate the nests, slopes and intercepts
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by least squares over partitions:

k(1),....k(J)

M
(k:(l), ce k(J)) = argmin {rgl)\nz Z (log Pim — Br()pDim — XjmBr(j)e — /\k(j)m)2} )

j=1 m=1

(10)

Only  is of interest. The slopes and intercepts of the classification step are nuisance param-
eters. Utility parameters are recovered in the estimation step. In Appendix C.1 we describe

the algorithms we use to solve (9) and (10).”

Remark 4.1 (Reduced-form classification). The price projection (8) allows the grouping of
the price equation to differ from the nesting structure. It nests two simpler cases: a price
grouping equal to the nesting structure, g(j) = k(j), and a price equation with no groupings.
In both cases, a one-stage procedure is available. Substitute (8) into (6) and classify on the
exogenous variables (X;,, zj,) in one stage. Appendix B.4 treats this one-stage reduced-

form classifier.

Remark 4.2 (Classifying on prices without a projection). Classifying directly on (pjm,X;m),

ignoring the endogeneity of prices, recovers the nests in one case. Suppose
El&im [ Djm:Xjm] = by () Pim + o (Gym:

where the partition ¢’ is coarser than the nests, so that every nest k is contained in one group
of ¢’. Then (6) holds with the price slope (3, + ¢4 ;))/0k(;) in place of 8,/0k(;), the intercept
Ae(jym+Cg (jym/ Tk(j) in place of A (jym, and an error that is mean independent of the covariates.
The slopes and intercepts are biased, but the first step does not use them. However, we still

require a price projection in the second step to recover unbiased prefernce parameters.

4.2 Second Step: Structural Parameters

This second step conditions on the estimated classification from the first step and applies the

inversion of Berry (1994). Log shares relative to the outside good satisfy (4), which we recall

7 Note that the classification does not depend on the size of the market or on the definition of the outside
option, as long as the outside option forms its own nest. Both enter the log share of every inside product in
market m through the same additive term, which is absorbed by the nest-market intercepts Aj,.
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here:

log P, —10g Pom = Bppim + BoXjm + (1 — 0i(j)) 108 Pkt m + Eim-

The within-nest share is not observed directly, but it can be constructed from the shares and
the partition, Pjjx(j).m = Pjm/ 2 (ir(i)=(j); Pim- With estimated nests we construct it with kin

place of k.

Instruments. Equation (4) has two sources of endogeneity. First, prices may be correlated
with &j,. Second, the within-nest share is also a function of ¢j,,. To address this second
source of endogeneity, we use an instrument 5, for the within-nest share in addition to the
price instrument z;,,. The instrument has to move the relative attractiveness of product j
within nest k(j) without being correlated with ¢;,,,. When z,,, are exogenous, several com-
mon choices are available: the number of products in the nest, averages of the characteristics
of the other products in the nest (BLP-type instruments, Berry et al., 1995), deviations of char-
acteristics relative to the other products in the nest (differentiation instruments, Gandhi and
Houde, 2019), or the within-nest share predicted by exogenous characteristics alone. In our

empirical application, we use the last one:

he =1 e
sm = 10g ( 1 < >7
Tu(i) Ailk(i=kG)} €

where Jj, is the number of products inside nest k. Because the coefficient on log P, ;. ,,, is nest-
specific, hj,, enters interacted with the nest indicators. Write ¢, for the k-th unit vector of

RX. The instrument and regressor vectors are

~ / /
Zim = (x;.m, z;m, Pim e;(j)) , Ry, = (pjm7 x;»m, 1og Pjik(j).m ez(j)) ,

and the vector of parameters is
0= (,Bp, B, 1—01,...,1—0;()/.

Estimator. Define y;,, = logP;,,, — log Pg,,. The GMM estimator solves

M
A NI _ 1 -
0 = arg min g(0)Wg(0), g(0) 5l Z Z Zjm (Yjm — Rjp0), (11)

j=1 m=1
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where W is a positive definite weight matrix. Since g(f) is linear in 6, the estimator has the
closed form .
0= (GWE) W =53 2, (12)
j=1 m=1
where G = (JM)™! Z;’zl M Zjm It is the sample Jacobian. We call f with the optimal
weight matrix the two-step GMM estimator. The feasible estimator replaces k by k in the
within-nest share, in Z;,,, and in R,,,. We write é(l%) for the feasible estimator and ¢ (k) for the

infeasible oracle estimator that uses the true nests.?

5 Statistical Properties

In this section, we provide conditions to our two main results: first, that the classification
step recovers the nesting structure with probability tending to one as J and M grow, and
second, that the second-step estimator computed with the estimated nests has the same
asymptotic distribution as the oracle estimator computed with the true nests. As a conse-
quence, standard errors for 6 need no adjustment for the classification. In addition, we also
provide conditions for the oracle estimator when M and J grows, which to our best of our

knowledge, was absent from the literature.

Asymptotic Experiment. We consider a triangular array setting, with a sequence of nested
logit models indexed by J, with J, M — oo and K fixed. The partition k() is fixed along the
sequence and every nest holds a non-vanishing fraction of the products. Prices may depend
on J because equilibrium prices are functions of the characteristics of all products in the
market. Consequently, instruments may also depend on J. Finally, 04, may also depend on
J, to capture variation in the degree of substitution within nest as products are sampled. We
treat the observed market shares as population shares and abstract from sampling error in

their observation.” For the exogenous variables of market m write X,, = 0({Xjm, Zjm }i<7)-

8 Appendix B.6 studies an alternative estimator that demeans (4) within products. It allows product fixed
effects, which absorb the level, at the cost of the faster rate.

? Observed shares are usually computed from a sample of N consumers per market. With estimated shares,
the asymptotic distribution of the second-step estimator acquires additional bias and variance terms unless
the number of consumers grows fast enough relative to the sample (Berry et al., 2004; Freyberger, 2015).
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5.1 Intuition of Statistical Justification

In this section, we give insights about the arguments that provide justification of our method-

ology. We start by providing intuition on the validity of the classification step.

5.1.1 Classification Step

A key ingredient in bounding the misclassification probability uniformly over products is a
separation condition. In other words, products can be classified only if the nests are distin-
guishable from each other. Here this means that the slopes and intercepts (5i; Ai1, - - -, Akar)
differ across nests. The intercepts \.,,, however, are not fixed parameters but random vari-
ables that drift to —oco as J — oo. The first step of the proof splits the intercept of nest £ in
market m, Ay, into two parts. The first part, A}, ;, is a nest-specific term that stays bounded
in probability as J grows and it depends on the distribution of mean utilities within the nest.

The second part is a drift, — log J, which is common to all nests:

Nem,g = (0% — 1) log ( Z 62:1) — log (1 + i ( Z 63’1)%)
=1 {

{jek} Jel
[
1 2\ Tk
1 Sim (72 ek © )
= —log <7 Z e > + log v T l08 .
{jek} Jok + 30, Joo (% 2 gjeny eTl>
N s

If the law of large numbers applies to each sample mean above— and the sigmas are not too

distinct, so that J'~?* does not drift for any pair (k,l)—A\},, ; concentrates around a finite

non-random center, A , as J grows. Hence, \? =\ + e, with e, being a residual
km km,J km

that vanishes as .J grows. Separation can then be stated in terms of the limit A}, , which does

not depend on J.!° Let us now re-write (6) as follows:

log Pjim = Br(j)pPim + BijyaXim + Ag(j)m + epm — log J +0j,.

)‘km,J

19The common drift — log J cancels in every comparison between nests, so it plays no role in the classification
as the proofs allow the centers of all nests to drift together
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With this re-parametrization of the model, we now study the misclassification probability in
a simplified set-up. Suppose there are two nests and drop the covariates, so that (6) reads
log Pjm = Ai(jym,s + vjm. For given candidate intercepts, the classifier assigns product j to
nest 2 when the residual under nest 2 is smaller than the residual under nest 1. Take the true
centres with their drift, A}, —log J, as the candidates, and suppose product j belongs to nest

1 but it is missclassified inside nest 2. The misclassification probability is therefore given by:

M M
P (Z (logPjim — A9, + log J)2 < Z
m=1 m

m=1
1 M 1 M
m=1

m=1

= |-
—
o
o
:U
8
|
>~
=o
S
+
o
o
)
[\
N——

=|

1 M 1 M
o2 (3 2200 e > 5 308 - ).

m=1 m=1

=

where we use that logP;,,, +log J = A+ erm + vjm for a product in nest 1.

The term MY (A}, — A},.)? > ¢ > 0is bounded away from zero when the two nests
are separated. Notice how this condition does not depend on J. We are now going to show
that each of the probabilities on the right of the inequality go to zero as J and M go to
infinity.

The second term vanishes as J — oo, regardless of M because the perturbation e;,, con-
verges to zero for every m. For the first term, suppose that the v;,, are independent across
markets and normal with mean zero and variance s%. Since the centers are non-random, the
first term is normal with mean zero and variance s*M 2% (A9, — A},,)?. The probability of

misclassifying product j is then
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which goes to 0 when M grows large as long as ¢ > 0. Because both probabilities goes to
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zero as M grows, it follows that the probability of misclassification hence goes to zero when
there is separation.'!
5.1.2 Estimation Step

The second step is non-standard in two way. First, the regressor that identifies o, log P;jx(j),m,

drifts. Concretely, it satisfies

10g Pjjk(j)m = —1og Ji(j) + ji:) — log Jk1<j) | Z | e‘”m/“w).
Lilk()=k(5)}
Therefore, the variation that identifies 0, grows with J at rate log J;, and as a result, the
larger J is, the more precisely the level of the outcome in a nest pins down o;,. We will show
later that this drift implies that the nest parameters converge at rate log Jv/JM, faster than
3, which converges at rate v/.J M.

A second non-standard aspect of IV estimation with many products is documented by
Armstrong (2016). With single-product firms competing in prices, markups converge to
constants as the number of products grows. Instruments that move prices only through
markups, such as functions of the characteristics of rival products, then become weak. How-
ever, Appendix A.3 shows that with multiproduct firms with non-vanishing market shares
markups vary by firm and nest and do not collapse to nest constants. In our application,
the main brewers hold large within-nest shares in every nest. This supports the relevance
of instruments built from the characteristics of rival products, which move prices through

markups.

5.2 Conditions

We impose the following conditions on the nested logit model. For a random variable Y, we
write ||V = (EY?)'2, and | - || is the Euclidean norm. For a symmetric matrix, Ay, (+) is its

smallest eigenvalue. Let J;, be the number of products in nest £ and

1
S = — Z edim/ ok (13)

R Lilk(i)=k}

" This second term in the misclassification probability is already present in the argument of Bonhomme and
Manresa (2015), while the second term is new.
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the nest average of the exponentiated utilities, with non-random centring /4, = E Si,,. The

inclusive value of nest k is J; Sk,.
(C1) Nests. k(-) is deterministic, and there is = > 0 with J;/J > = for all k and J.

(C2) Demand.

(a) markets are independent across m;

(b) El;m | Xn] =0forall j, mand J, and there is L < oo such that

JoJ J
1 1
sup > S N EEm&im | Xall, < Le. Sup — > | Elim&im&m&am | Xnl|l, < Le:
m =1 i=1 S Giln=1
(©) sup; .7 1(Xjms Ejms Pim) [y, < 00, where || - ||, is the subgaussian norm;"

(d) for every ¢ > 2 there is C; with E | 37, v (€%m/o — Eelim/o)|? < C,J? for
all k,m, J.

(e) Demand parameters. (3 lies in a bounded set and o, € [g, 5] C (0,1) for all £ and J.

(f) Drift. (o, — 04)log J = O(1) for all k, £.
(C3) Rates. J = O(M™) for some finite ¢;.
(C4) Price projection.

(@) Elwjm] = 0, ElwjmX;jm] = 0 and E[w;;,zj,] = 0 for all j, m and J, and there is

L., < oo such that

1
sup —
J,nISJ.

J
Jj=

J
(‘ E[ijwim” + | E[wjmglm] ‘) g Lw;

1 =1

(b) sup; s 1zjm Iy, < o0

(c) with g = kin (8) and 7% = (7%, +¥Y, the coefficients v* and the intercepts ry,, are

non-random and lie in a bounded set for all k£, m and J.

(C5) Separation. There is ¢ > 0 such that, for all £ # ¢ and all J, M large,

2For a scalar random variable Y, ||Y ||y, = inf{t > 0 : Ee¥"/" < 2}, and for a random vector V, ||V ||y, =
Sup|ju=1 [w'V]4,- A bounded subgaussian norm means that the tails are no heavier than those of a normal
distribution; see Vershynin (2018, Section 2.5).
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(a) in demand,

% Z |:(1 — O'k) 10g (Jk,ukm) — (1 — O'g) log (‘]Kﬂgm)}z 2 .

m=1

(b) in prices, for all j,

Mi [7—7 (X 2 )+ngm—;<km)2]zc.

(C6) Rank condition in the first step. There is cp > 0 such that, for every nest k, every set
AcCH{j|k(j) =k} with |A| > nJ/K, and all J, M large, the matrix

| :
M Z E [W Z (ajm - C_LAm) (ajm - C_LAm) i|a AAm = |A| Z Ajms

JEA JEA

has smallest eigenvalue at least cp for

@) ajm = (X),, 2}n)’, the exogenous variables;

(b) ajm = (Pjm — Wjm, Xj,,,)", the population fitted price and the characteristics.

(C7) Rank and variance in the second step. With k = k(j), let

F}‘m = (pjma ]ma (Ulzl(sjm - log Him — log(Jk/J)) 62),7

let d, be the dimension of x;,,, let Ex = [Oxxa+a,) Ik ] select the nest components of

0, and let

0

I yq LU
DJ = ‘ , HJM = — Z m€
0 (logJ) ik M gmzz o)

Define the scaled population Jacobian and the variance of the moment function at the
truth,

1

J M
Ik, = il SN EgmF},|Ds-TmEx, Q= —

1
JM

J J
> D E [ZmZ Eiméim) -

7j=1 =1
(14)

M:

3
l

7j=1 m=1
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There is cr > 0 with A\ (T'5,1'%,,) > cr for all J, M large, and lim inf ; ,r Awin (25,,) > 0.

In addition/ Supj,m,J E ||Z]m||8 < 00 and Supj,m,J E |hj’m|8 < 0.

We now comment on some of the conditions and the economic implications behind them.
(C2)(b) makes the exogenous variables of a market strictly exogenous for demand within the
market. While it is mostly standard in the empirical literature of industrial organization, it
rules out, for instance, that firms reposition their products in response to demand shocks to
competitors. It is what makes instruments built from the characteristics of other products
valid in the second step. While we do not require that products to be independent within
a market, (C2)(d) restricts the dependence of characteristics across products. For example,
products that share a brand may have correlated characteristics, but this correlation needs to
be weak when averaged across products in the same market. (C4) is the counterpart of (C2)
for the price projection. (C4)(a) only requires orthogonality and not conditional zero means,
because wj,, is a projection error. (C4)(a) also restricts how the price residual of a product co-
moves with the price residuals and demand shocks of other products. It is the counterpart
of the covariance bound in (C2)(b). (C4)(b) asks subgaussian tails for the instrument and
covers instruments built from own characteristics and from averages over rivals.

The two residuals are treated differently for two reasons. First, {;,, is a structural error.
The validity of instruments built from the characteristics of rivals rests on E[¢;,,, | X,,,] = 0.
wjm is a projection error. Conditional mean zero of w;,,, would require E[p;,, | &,,] to be linear
in (X;jm, 2jm), which fails when markups depend on the characteristics of rivals. Second, the
second step multiplies ¢;,,, by random instruments, so its covariance bound is conditional on
X, wjm, enters only the first step, where an unconditional bound is enough.

(C7) is the condition for the second step. 11, collects the nest means of the instruments.
The rescaling D reflects the faster rate of the nest parameters, which Section 5.4 explains.
(C7) requires the scaled population Jacobian to have full column rank, the variance of the
moment function to be non-degenerate, and the instruments to have eight moments. The
central limit theorem uses the eight moments to bound the fourth moments of sums of de-
pendent terms. Q% includes the covariances between products of the same market, which
(C2)(b) allows. A variance estimator therefore has to cluster by market. For large J, the nest
columns of T';,, are —11 ;5 + O(1/log J). So the rank condition asks that the nest means of
the instruments identify the nest coefficients. With the exogenous share projection h;,,, the

relevant block of I1;,, is diagonal with entries (J/.J) E[h;,, | k(j) = k|. It has full rank when
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these nest means are bounded away from zero. The moment conditions on the instruments
are weaker than the subgaussian tails in (C4)(b). The differentiation instruments are of the
order of x7,, and have all moments, but they are not subgaussian, so they satisfy (C7) but
not (C4)(b).

(C2)(f) bounds the differences between nest parameters at a rate 1/ log J. It makes the in-
tercepts of all nests drift to —oo at the same rate, log J, so that their differences stay bounded.
Every nest then keeps a positive share of the market in the limit. Without (C2)(f), the nests
with the largest o), take the whole market as J — oo, and the intercepts of the other nests
drift at nest-specific rates. (C2)(f) is not needed for the classification result. Without it, nests
with different o}, are separated at rate log J, so separation becomes easier, and the proof only
needs a parameter set for the intercepts that grows with J. We keep (C2)(f) because it de-
scribes the empirically relevant case, in which no nest takes over the market, and because it

keeps the proofs short.

5.3 Results
In this section we state our main results formally. Proofs can be found in Appendix B.1.

Theorem 5.1 (Consistent classification). Under (C1)—(C6), for every ¢ > 1 and § > 0, the two-
stage classifier (9)—(10) satisfies

P(k # 7 o k for every permutation 7 of {1,...,K}) = O(J™%) + O(JM~?),

and the price-stage partition satisfies P (g # T o g for every permutation 7) = O(JM~°). Both right

sides tend to zero for 6 > q;.

The labels of the groups carry no information, so the partition is recovered up to a per-
mutation of the labels. The bound has two terms with different sources. The first term is the
probability that the perturbation ey, is large. By (C2)(d), e, has all moments of order J, 12,
so this probability decays faster than any power of J. The second term collects the prob-
ability that the estimated slopes and intercepts are far from the truth, that the fitted prices
are far from the population projection, and that a product is misclassified given slopes and
intercepts close to the truth. Each is an average over markets of independent terms with

subgaussian tails, so its probability decays faster than any power of M. The factor J is the
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cost of a union bound over products; the union bounds over pairs of products in the design
and criterion steps cost a further factor J, which (C3) absorbs into M ~°. Under (C3), J grows
at most polynomially in M, so the second term vanishes once § > ¢;. Products are therefore
classified correctly even when the number of markets is much smaller than the number of

products. This result is the basis for the use of estimated nests in the second step.

5.4 Asymptotic Properties of the Second Step

The second-step estimator uses the partition in three places: the within-nest share, the nest-
specific columns of the regressor and instrument vectors, and possibly the weight matrix.
The first step recovers the partition only up to a permutation of the labels, and a permutation
of the labels permutes the nest-specific components of §. We therefore fix a labelling rule: the
groups of any partition are numbered in the order of their smallest product index. With this
rule, two partitions that split the products into the same groups give the same labels, and
the labels of the true partition are non-random. From here on, 0(k) and 0(k) are computed

with this rule.

A~

The oracle estimator. We first study the oracle estimator #(k), computed with the true
nests. Two features of the within-nest share matter. First, it depends on the other products of
the nest through the nest average Sj(;) of (13), which fluctuates around its centring fi;(;jym.
Second, it contains the level —log Jijy = —log J — log(Jx(;)/J), which grows with J. The
scaled population Jacobian I'%;;, of (C7), in (14), replaces the nest average by its centring and
separates the level —log J. The level makes the Jacobian of order log J in the nest directions.
The matrix D therefore rescales the nest components of # by log J. We assume that W —

Wa —p 0 for non-random matrices W;;, with eigenvalues in [y, Cw ], 0 < ¢y < Cy < 0.

Theorem 5.2 (Oracle estimator). Under (C1)-(C3) and (C7),
VIM D7 (0(k) — 65) —a N (0, Viar),

where Vi = (Fg?VIWJMrgkj)ilrgwaJ]V[ Q?M WJ]\/[F%M(FbI]/E\JWJ]\/[FgM)il is the GMM variance.

The statement is with finite-sample population matrices. It means VJ_&/ *VIMDF(0(k) -
o) —a N(0,I). With the efficient weight W,y = (Q5,,)7!, Vo = (F%V[(QgM)*ngM)fl
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The proof gives the linear representation D' (A(k) —6y) = (T4, Wa Tk, ) " D5 W §(60) +
0,((JM)™1/2),50 B — By = O,((JM)~"/?) and 6, — o}, = O,(1/(log Jv/JM)). The nest parame-
ters converge at rate log J V' JM, faster than 3, which converges at rate V/JM. The faster rate
comes from the level —log .Ji(;) of the regressor, which the nest means of the instruments
match. The scaling D; describes the rates and does not change inference. t-statistics and
Wald statistics computed with the conventional GMM variance formula are invariant to a
rescaling of the parameter. The level identification requires that the model have no free nest
intercepts. A nest intercept would absorb the nest columns —II,);Ex of the Jacobian. No
limit of the Jacobian or of the variance is assumed. Only E[¢;,,, | X,,] = 0 and the covari-
ance bound in (C2)(b) enter the rate. The fourth-moment bound in (C2)(b) enters once, for
the Lyapunov condition in the central limit theorem. The proof is in Appendix B.7. Ap-
pendix B.6 gives the corresponding result for the demeaned estimator, Theorem B.4. That

estimator allows product fixed effects and converges at rate v/ .JM in all directions.

The feasible estimator. The feasible estimator replaces k by k. Theorem 5.1 and Theo-

rem 5.2 together give its asymptotic distribution.

Corollary 1 (Feasible estimator). Let k be the classifier of Theorem 5.1 under its conditions, and
suppose (C7) holds. Then P(0(k) # 0(k)) — 0 and

\/J_]\fD;1 (é(];') — 90) —d N(O, VJM)

The feasible estimator equals the oracle estimator with probability tending to one. The
same holds for any statistic computed from the data and a partition. So every asymptotic
property of the oracle transfers, at any rate and to any statistic that depends on the parti-
tion, such as standard errors, Wald tests and confidence intervals. Standard errors need no
adjustment for the classification step. No sample splitting is needed. The two steps use the
same data, and the argument works on the event that the partition is recovered, not through
independence between the steps. The result holds along a fixed sequence of data-generating
processes, with fixed constants in the separation and rank conditions. It is not uniform over
sequences along which the separation constants shrink. When nests are weakly separated
relative to M, misclassification can be frequent in finite samples, and the oracle distribution

can approximate the feasible one poorly.
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5.5 Discussion
5.5.1 Asymptotic Experiment

Our asymptotic analysis considers a sequence of nested logit models in which the number
of products J and the number of markets M both grow. This setting is empirically relevant
given the growing availability of granular data. Retail scanner data, used in industrial or-
ganization, marketing and macroeconomics, record many products across many stores and
periods (Chiong and Shum, 2019; Hitsch et al., 2021; DellaVigna and Gentzkow, 2019; Ata-
lay et al., 2026; Dopper et al., 2025; Ershov et al., 2025; Broda and Weinstein, 2010; Hottman
etal., 2016; Jaravel, 2019; Redding and Weinstein, 2020). Mobile phone and commuting data
record trips between many origins and many destinations within a city (Ahlfeldt et al., 2015;
Athey et al., 2021; Kreindler and Miyauchi, 2023; Dingel and Tintelnot, 2026; Miyauchi et al.,
2025). Firm-to-firm transaction data record sales between many suppliers and many buy-
ers (Bernard et al., 2019; Dhyne et al., 2021; Bernard et al., 2022). Trade data have a similar
structure, with many origins and many destinations (Eaton and Kortum, 2002; Donaldson,
2018; Allen and Arkolakis, 2022). In these data, destinations play the role of products, and
origins play the role of markets. A triangular array framework, that is, a setup in which the
model changes as the sample size increases, is necessary because prices may respond to all
products in the market. When more products are sampled, prices may change. Finally, large
J and large M facilitate the statistical analysis, and we discuss the role of each limit in turn.

First, J — oo is useful to provide a condition of separation that does not depend on J.
The intercepts Ay, are random, since they are functions of inclusive values. Invoking the
law of large numbers allows us to rely on non-random centers and weaken the conditions
of separation to hold only in the limit, and not for every J. With J fixed, three problems
arise. First, each intercept is estimated from the J, products of its nest, so its estimate does
not converge. Second, the intercept of product j depends on its own shock ¢;,,, through the
inclusive value, with weight of order 1/.J;. The intercept is then correlated with the error of
the first-step equation, so it is not exogenous. Third, separation would have to hold for the
realized intercepts, not for their centres. The realized differences \;,, — i, depend on the
demand shocks &, and on the characteristics x;,, of the products in both nests. A separation
condition on them would therefore restrict the joint distribution of the data, because it would

tie the shocks to the characteristics. Such a restriction may conflict with other assumptions
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of the model, such as a zero mean of the shocks within each nest or the exogeneity of the
characteristics. We avoid this problem by requiring separation only for the limiting centres
of the intercepts, which are non-random functions of the primitives.

Second, we need M — oo because demand shocks vary across products and markets.
A product is classified correctly only if its unobservable demand shocks average out across

markets, as Theorem 5.1 shows.

5.5.2 Alternative Estimators

Our estimator uses the structure of the model and proceeds in two linear steps. The first
step recovers the partition. The second step recovers the structural parameters given the
partition. A natural question is why the partition and the structural parameters cannot be
estimated jointly. We discuss two joint estimators and the reason each one fails.

The first is nonlinear least squares on the shares. Let PY, (5,0, k) denote the share in
(1) when every demand shock is set to zero, &;,, = 0 for all i. A joint estimator of (3,0, k)
minimizes >, > (Pim — PY9,.(8, 0, k))2 over parameters and partitions. This estimator is
consistent when the regression function is the conditional mean of the observed share, that
is, when E[P;,,, | X,,] = P},,(8,0,k) at the true values. With demand shocks this equality
generally fails. The observed share is a nonlinear function of the shocks of all products in the
market, through the exponentials and the inclusive values in (1)."* So the conditional mean
of the share is not the share at zero shocks, even though E[¢;,,, | X,,] = 0. The residual P;,, —
P?m(ﬁ ,0, k) has a conditional mean that depends on 3, o, the partition and the covariates,
so the estimator is inconsistent. The log-share equation (6) avoids this problem. There the
shocks enter additively, and the group-market intercept \;,,, absorbs the nonlinearity. The
classifier treats this intercept as a free parameter.

Nonlinear least squares on the shares is consistent when the only error is an additive
measurement error in the observed shares, with conditional mean zero. This case requires
the observed characteristics to describe demand exactly, with no demand shocks ¢;,,,. The
empirical literature on demand estimation rarely imposes this restriction, and we do not

consider this model.

13This problem is common in models where errors enter nonlinearly. For example, let y = exp( + &) with £ ~
N(0, s%), so that E[¢] = 0. Nonlinear least squares regresses y on exp(b), the model with the shock set to zero,
and minimizes E[(y — ¢?)?]. The minimizer satisfies ¢"” = E[y] = ¢ E[e] = e/5/2, 50 b* = 8 + 52/2 # f.
The shock has mean zero, but it enters inside the exponential, so E[y] is not the model evaluated at { = 0.
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The second is GMM on the moment conditions E|[Z;,,{;,, (5, 0, k)] = 0, with the parti-
tion treated as a parameter. Choi and Okui (2024) show that the GMM objective then has
no unique minimizer, because the moments do not discriminate between partitions. In the
just-identified case, every partition admits coefficients that set the sample moments to zero
exactly. In the over-identified case, every partition admits coefficients at which the popula-
tion moments are zero, so the sample moments converge to zero in probability. In both cases,
every partition attains the minimum of the objective in the limit. So the moment conditions
alone do not identify the partition.

Our approach requires mean utility J;,, to be linear in parameters. Existing consistency
results for classification in nonlinear models (e.g., Su et al., 2016; Bonhomme et al., 2022)
assume that the outcome of each unit depends on its own errors. In the nested logit, each
share depends on the shocks of all products in the market, so these results do not apply
directly. We believe this is an area ripe for more research. Linearity also helps in two other
ways. First, replacing the price by its projection is valid only when §;,, is linear in the price.
Otherwise the projection error enters the structural error nonlinearly, and the error has a
conditional mean different from zero.'* Second, linearity gives closed-form estimators, while
nonlinear estimators could raise computational costs by orders of magnitude.

A separate question is why we do not follow the common practice of classifying products
by k-means on observed characteristics. That approach does not use variation in demand
across markets. The k-means partition and ours coincide only when the nests are a func-
tion of product characteristics, k(j) = f(x;). The condition fails when unobserved attributes
captured by §;,,, such as brand reputation or marketing, enter the formation of nests. Out-
side this case, clustering on characteristics alone has no statistical justification. Section 8.3.4
compares the two classifications in our empirical application.

Finally, either step of our estimator could use data demeaned within products across
markets. Demeaning allows product fixed effects, which the levels estimators exclude (Sec-
tion 6). Its cost differs between the two steps. In the first step, demeaning removes part of
the variation that identifies the nests. The size and the average composition of a nest do not
vary across markets, so they drop out. In the second step, demeaning (4) removes the level

—log Ji;) of the regressor. The nest parameters are then identified only from the variation of

1 For instance, let 6., = exp(Bppjm+BeTjm)+Ejm, and let pjm = Pjm +wjm wWith Elw;p, | X,,] = 0. Substituting
the projection leaves the error &;,, + e/rPimThsim (efrwim — 1), By Jensen’s inequality, E[e/»<im | X,,] > 1
when wj,, is non-degenerate, so this error has a non-zero conditional mean.
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the within-nest shares across markets. All parameters then converge at rate v/ .J), instead
of log Jv/JM for the nest parameters. Appendix B.6 defines the demeaned second-step esti-

mator and states its asymptotic distribution in Theorem B.4.

6 Extensions

In this section, we show how to estimate the number of groups and present a model that
allows for price endogeneity in the form of product fixed effects when no exogenous price

shifters are available.

6.1 Estimating the Number of Nests

So far, the number of groups is assumed to be known and fixed. In this section, we present
how to estimate the number of groups. It is well known that choosing the optimal number of
groups in a clustering algorithm is a hard problem. We propose to use a cross validation cri-
terion on out-of-sample data. Concretely, we do cross-validation using the “Elbow Method”,
a widely used heuristic for choosing the right number of groups in clustering algorithms.
Other indexes and criterion, such as the Silhouette method, could be applied following a
similar logic, but the Elbow Method has the advantage of being computationally simple to
implement.

Our proposed algorithm is as follows. First, divide products P into N equal parts,

Py, ..., Pn. Second, iterate for all k € {1, ..., K'} the following procedure:
1. Foreveryn =1,..,N:

(a) Remove P, products and estimate grouping structure B_, (k) and grouping pa-

rameters (5_,(k), A_,(k)) in the remaining P_,, products.
(b) Classify products j € P, using (8_,,(k), A\_,,(k)):

M
k*(j) = argmin Z(log Pim — 108 Pom — BronTj — Mem.—n)>-

ke{l,...K}
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(c) Compute out-of-sample MSE given the previous classification:

M
1
MSE(k) = 5= > > (1ogPjm — 108 Pom — Bro—njm — Akm,—n)’-

m=1jEP,

2. Take average across N folds:
LN
MSE(k) = — MSE, (k).
SB) = 3 3 MSEL(K)

Finally, we select £* as the point at which the elbow occurs, defined by the following
criterion:

k= argmax { A2 MSE(k) or d(k, k=2, k=K)},
k

where A? M SFE(k) denotes the second difference (i.e., the reduction in slope) of MSFE(k),
and d(-) denotes the distance from point & to the line connecting the endpoints k¥ = 2 and
k = K. Intuitively, the elbow criterion identifies the number of clusters beyond which
adding further groups yields diminishing reductions in M SE(k), trading off fit against
model complexity in a manner analogous to information criteria such as AIC or BIC in max-
imum likelihood estimation. The Elbow method has two main advantages. First, because it
relies on out-of-sample fit, it reduces the risk of overfitting. Second, it is straightforward to
compute.

In general, this heuristic — or the addition of further selection criteria — may yield mul-
tiple candidates for £*. In such cases, we proceed as follows. First, we discard any candi-
date k for which the second-step estimation produces parameters inconsistent with utility
maximization, namely any estimate of o falling outside the interval (0, 1)." If multiple can-
didates remain after this pruning step, we select the largest £ among them. The rationale
is that overestimating the number of groups does not compromise asymptotic consistency,

whereas underestimating it does (Moon and Weidner, 2015).

151f no candidate survives this elimination step, we report the k* associated with the lowest p-value rejecting
the null hypothesis that all ¢ lie within (0, 1).
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6.2 Endogenous Product Fixed Effects

Assume that:
Eim = Wi + Vim,

where E[vj,|pjm, €jm| = 0 but where there could be correlation between /; and pj,,,. In this

case, average utility is given by:
5]771 = Bppjm + ﬂxxjm + g + Vim- (15)

We modify the estimation procedure outlined in Sections 4.1 and 4.2 by taking mean differ-
ences within products as this transformation differentiates out the time-invariant demand

shocks &; from 4,,:
| M
Vijm = Ojm — 77 mzl Sjm
= BpVDjm + BeVTjm + VVjm,

where

M
1 1
VZjm = Tjpm — i Z Zjy, and  Vpj, = pjm — W ijm.
m=1 m=1
It is easy to see from the previous equation and under our assumptions that:
E[V.Z'jmvyjm] =0 and E[ijmvyjm] =0.

Finally define VAx(jym = M(jym — 77 M Ai(im- The classification algorithm is modified as

follows:
1. Let B, ..., B¥ be a starting group structure.
2. Compute:
J M Vo )
(8%, \°) = arg mlnz Z <V log P, — Vlog Py, — ’ Bri) — V)\k(j)m> :
(B,A) j=1 m=1 VZEjm
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3. For §° , compute for all j € J:

vpjm

M
2
k(j)*™ = argmin Z (V log P, — Vlog Py, — Br — V)\Zm) ,

ke{l,. K} T VZim

to recover grouping structure B!,
4. Repeat until convergence of parameters.

Finally, the moment conditions of the second step are modified as follows:

Vﬂijm

VU}jm

E

These are the moment conditions of the demeaned estimator of Appendix B.6, and Theo-
rem B.4 gives its asymptotic distribution. The levels estimator of Section 4.2 does not apply
here, because the product fixed effects absorb the level of the within-nest share that identifies

the nest parameters.

6.3 Adding Consumer Heterogeneity

We can naturally extend our method to incorporate consumer heterogeneity. Let’s start
with the case where both consumer heterogeneity and individual choices are observable.
Let’s assume that consumer’s heterogeneity can be described or approximated by types,
w' € {w',...,w"} where [ indexes type. For example, a practitioner could consider multiple
income bins as a way to approximate the income distribution. In such case, let’s consider a

model of utility given by:
5§m = Blmjm + 5Jlm

Define:
Pl =P,(jlw=w).

jm
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Let’s first consider a general model where all consumers have a different nesting structures.

It follows:

1
log Pé-m —logP},, = —— <Bl%’m + f]lm) (o315 — 1) log Iv;cl

Tk (5)

Therefore, our objective function to estimate nests becomes:

L J
o g{llm ) {gl/\r)l lzl ) Zl (log Pém —log P}, , Bk yLjm — /\gc(j)m)27 (16)
where 7; determines type’s [ weight in the objective function. It is worth noting that in this
general model because both the nesting structure as well as errors are type-specific, one
could solve the problem type by type and apply the algorithm outlined in Section 4.1 in
parallel across types.

It is straightforward to see that equation (16) also applies in the case where the practi-
tioner wants to impose the same nesting structure across consumer types. In such case, it is

only necessary to impose such common nesting structure when solving for equation (16).

6.4 Identification with Multiple Levels

In our previous discussion, we assumed just one level of nests. However, NL models can
have multiple upper levels of groups. In this section, we extend our discussion to a model
with two levels of nests. Generalizing to more levels is straightforward.

Assume we have upstream nests given by A, ..., Ay, and downstream nests given by
By, ...,Bg, where N < K. We denote by k(j) the downstream nest to which product j
belongs and by n(k) the upstream nest to which downstream nest k£ belongs. In this case,

choice probabilities can be written as:

Pim = Pjik(i)mPr()intk),mPne),m
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with conditional probabilities given by:

J

<ZJEBk e%>:k

Ykea, (Zgepe )"

_ (Soen (Syene)™)”
2k <Zk€An (ien, eg’:)gk)an-

Pk|n,m -

Pn,m

Taking logs and under the assumption that §y,, = 0 with the outside option being a

singleton nest, it follows:

Oim
InPj, —InPy, = 2=+ (01, — 1) In IVi + (00, — 1) In IV,
Ok

with inclusive values defined as

[Vkm = e %k
JEB
Sim
W =Y (> e )™
k€A, jEBy

Assume that d;,,, = Sz, and define ) = U%, Mem = (0p—=1) In IV, Ay = (0 —1) In IV, 0 =
— In I'V,,,. Substituting,
In ij —1In POm = 6kxjm + )\km + Mnm-

Observe that we cannot directly estimate all \;,,, and ,,,, in the previous model because of
co-linearity. Therefore, we impose the restriction S\k(n)m = 0 for some k € A,, say k(n). In

such case, our model becomes:
In ij —1In POm = ﬂkxjm + 5\km =+ ,&nm;

where
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and

- 0 for k = k(n) € A,
)\km =
Ao — /\k(n)m fork € A,k 7é k:(n)

We modify our classification algorithm of Section 4.1 as follows:
1. Let BY,..., B, A}, ..., Al be a starting group structure.

2. For every n = 1,..., N, pick some k(n) such that B, C A, and set S\k(n)m = 0 for all

m=1,.,M.
3. Compute:
J M B 9
(ﬁs’ )\S’ ,us) :arﬂg;nin Z Z (10g ij — log Pom — ﬁk(j)il?jm — )\k(])m — ﬂn(J)m>
H =1 m=1

subject to S\k(n)m =0 VYn=1,...N,Vm=1,..., M.

4. For (p°, A°, i), construct 65, = A, + p3,., and compute for all j € J:
M

2
k(7)) = argmin Z (10g Pjm — 10g Pom — BrpPjm — BraTjm — ka) )

ke{l,..K}
with n(j)* = n(k(j)*™) to recover grouping structure B°*! and A**.

5. Repeat until convergence of parameters.

6.5 Type Il EV error: Nested CES Demand

Under nested CES, a representative consumer maximizes a two-level CES utility function

over products j € {1,...,J} organized into nests By, ..., Bk:

o og—1 0‘0/(0‘071)

K op—1 oo
Un= | (Z (Ajm ij)(a"'_l)/gk> ,

k=1 \j€By

where c¢;,,, is consumption of product j, A, is a quality shifter, o}, > 1 is the within-nest elas-

ticity of substitution, and oy > 1 is the across-nest elasticity. An equivalent microfoundation
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arises from a random utility model where idiosyncratic shocks are drawn from a nested
Fréchet (Type II EV) distribution with within-nest shape parameter o) — 1 and across-nest
shape parameter oy — 1, directly paralleling the nested logit derivation where shocks follow

a GEV distribution. Standard expenditure minimization gives the market share:

o \(ETO0)/(I=ok ()
P, — (Djm/Ajm) k) (ZdEBM(pdm/Adm)l km) (17)
" ZdeBk(y’)(pdm/Admyigk(j) Ezlil (ZdeBz (pdm/Adm)l_gl)(1_00)/(1_01)
= (Pm/ Ajm) "7 Mgy, (18)

where Ay, collects all nest- and market-level terms. Taking logs and setting log A;,, =

Bzvxjm + gjm:

10g Pjm = (0k(j) — 1)Be Tjm — (Ok(i) — 1) 108 Pjm + Ai(iym + Ejms (19)
Br(j),» —Br().p

which exactly maps to the first-step equation of our baseline model.

7 Monte Carlo

In this section, we assess the performance of our estimator using a Monte Carlo exercise.
Across our different Monte Carlo simulations, we vary the number of products J and the
number of markets A/, while fixing the rest of the fundamentals. In what follows, we de-

scribe our data generating process for fixed J, M, and K.

7.1 Data Generating Process for Panel Data

First, we fix the number of groups K = 3 and classify products using uniform draws k(j) ~
U{1, ..., K}, requiring that each group has at least twenty percent of products.'® We fix the
vector of o = (074, ..., 0k) to certain values in the interval [0, 1] and order them in ascending

order. In our main Monte Carlo exercise, we fix o = (0.2,0.3,0.6).

16We need at least two products per group. The reason is that we need within market-group variance in
product characteristics to identify the group-specific parameters.
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The average utility 9,,, is given by:

5jm = 5ppjm + Bxxjm + 5jm7

where, 8, = —1,3, = 1, =, are exogenous characteristics and p,,, are prices that can be
correlated with unobservable demand shocks ¢;,,,. Concretely, we assume that prices are
given by pj,, = mcjm + p - £jm, where mcj,, is orthogonal to ¢;,, and p = 0.3.17
To construct product characteristics, first we draw the mean of characteristics mc and z
as follows:
ka | iid. 0 L 03

YN ).

Xk,me 0 0.3 1
across groups k.

Next, for a given vector of means (X, Xk,mc), We draw the vector of characteristics as

follows:
Tjm Xk.z 1 03 0
mcjm| =~ N( Xkme | » 0.3 1 0 ),
Eim 0 0 0 1

across j and m.
Once we have generated ¢, for all j and m and in combination with the vector (o4, ..., o0k),

we proceed to construct inclusive values according to the following expressions:

Vi = ( Z ei‘%).

de By

Finally, leveraging the closed-form solution of choice probabilities in NL models, we con-

struct choices probabilities using equation (1).

7.2 Estimation

Our estimation proceeds in two steps. In the first step, we take data generated as described

above in the form of

{(log Pjm, —10g Posm, Djms Tjms Zim) }im.

7Monte Carlo simulations under Nash-Bertrand pricing yield very similar results. We nevertheless focus on
this specification because price endogeneity persists as J grows large.
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and classify products into K groups according to the algorithm described in Section 4.1.
The output of this classification step is a partition of products into K groups B = { B, }i,,

as well as estimated parameters:

(Bk,pv Bk:,:v) and ;\k,m Vka m,
which are non-linear functions of the structural parameters. Given B, in the second step we
mostly follow Berry (1994). First, we construct the following conditional choice probabilities:

5 Pjm

Piliym = p
T Z]EBk P]vm
We then estimate the following linear equation:
log Pj, — log Pom = Bppjm + Bujm + (1 — or(j)) log Isjlk(j),m + &im-

As mentioned earlier log P;j(j). is endogenous because it is also function of the unobserv-
able component ¢ ,, by construction. To overcome this problem, we instrument log I5j| k(j)m

using the projection of log P;(;),» on exogenous characteristics as an instrument:

exp(Tjm)
W;m = log ( )
’ Zj’ek(j) exp(rm)

7.2.1 Results

In this section we present our Monte Carlo results for various cases. We vary the number
of products to be equal to J = 100, 500, 1000 to assess the performance of our estimator in
markets of different size. We also set the number of markets equal to M/ = 10, 50, 100 to asses
the properties of our estimator in short and large panels. We set the number of random initial
conditions I = 1000. The results of these Monte Carlo simulations can be found in Table 1.
First, we observe that with as few as ten markets, the match rate between the estimated
groups and the true groups is no less than 98.8%. Second, when J and M grow the preci-
sion of the estimates increases as expected. Also, conditional on J, increasing the number
of markets M leads to higher match rates. However, this is not always the case for fixed

M and higher J. The reason is that by increasing J two forces are at play that go in oppo-
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Table 1: Monte Carlo Results with Endogenous Prices

5p e 01 %] o3

J] M Runtime Matched True -1 1 0.2 0.3 0.6
100 10 00:01 0.988 | Mean 5 | -1.001 0.992 0.195 0.298 0.599
Std g | 0.037 0.031 0.013 0.007 0.01

100 50 00:18 1.0 | Mean 8 -1.0 1.003 0.2 0.3 0.6
Std g | 0.012 0.012 0.001 0.002 0.004
100 100 01:42 1.0 | Mean 5 | -1.001 1.001 0.2 0.3 0.6

Std g | 0.008 0.008 0.001 0.001 0.003
500 10 00:14 0.995 | Mean 3 -1.0 0.998 0.199 0.3 0.6
Std g | 0.013 0.012 0.006 0.005 0.003

500 50 03:59 1.0 | Mean /5 | -1.001 1.0 0.2 0.3 0.6
Std g | 0.006 0.004 0.001 0.001 0.001
500 100 17:42 1.0 | Mean 3 -1.0 1.0 0.2 0.3 0.6

Std g | 0.004 0.003 0.0 0.001 0.001
1000 10 00:15 0.995 | Mean /5 | -1.001 1.002 0.2 03 0.599
Std g 0.01 0.011 0.002 0.002 0.002

1000 50 08:08 1.0 | Mean 5 | -1.002 1.001 0.2 0.3 0.6
Std g | 0.003 0.004 0.0 0.0 0.001
1000 100 31:48 1.0 | Mean 3 -1.0 1.0 0.2 0.3 0.6

Std g | 0.003 0.003 0.0 0.0 0.001

Notes: This table shows average Monte Carlo results over max{k - (P + M) - 50,2000} bootstrap samples, with
K = 3 groups, where P is the number of covariates and M is the number of markets. Column 1 reports the
number of products J € {100, 500, 1000}. Column 2 reports the number of markets M € {10, 50,100}. Column
3 reports the average running time in hours:minutes for one bootstrap sample on a 32-core machine with
16GB of RAM per core. Column 4 reports the average share of products that are correctly matched with their
true group. The remaining columns report the average estimates and standard deviations of the structural
parameters.
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site directions: On the one hand, as J increases the estimated nesting structure is closer to
the true nesting structure and thus will exhibit lower mis-classification rate. On the other
hand, increasing the number of products also mechanically increases the probability of mis-
classification. Overall, we take these results as evidence that our estimation procedure can

correctly recover the groups when the market share data is generated using a NL model.

7.2.2 Estimating the Number of Groups

In this section, we show using Monte Carlo simulations how to estimate the number of
groups. Our data generating process in this case also follows Section 7.1. The true number
of groups is K = 3, the total number of products J = 500, and the total number of markets is
M = 10. We do cross-validation exercise described in Section 6.1 on ten folds on data. That
is, we train the model in 90% of the data and leaving out 10% of the observations for out
of sample testing. The results are presented in Figure 2. We clearly observe very marginal
improvements in the predictive power of the model when K > 3 as the SSR function be-
comes almost flat after K = 4. Therefore, our cross-validation procedure suggests that the
optimal number of groups should be K* = 3, which corresponds to the population number
of groups with which the data was generated. We take these results as suggestive evidence

that our cross-validation procedure can recover the underlying number of groups.

Figure 2: Average cross-validation results across bootstrap samples
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Notes: The figures above show the out-of-sample sum of squared errors on 10% of the data across different
number of groups. Parameters are set to be ] = 500, M = 10, with true number of groups K = 3. The data
generating process follows the procedure described in Section 7.1.
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8 Empirical application: Demand for Beer in the US

In this section, we describe how to apply our estimator to the US beer market.

8.1 Data Description

For our main application, we use NielsenlQ) store panel data for 2022. This dataset captures
purchases from all selling points covered by NielsenlQ scanner data, including supercenters
and supermarkets. Each entry records the purchase of a single retail product, including its
unit price, the number of units sold, and a store identifier. We define products as Universal
Product Codes (UPCs), which combine a retail product with its packaging type.'”® We focus
on the beer category, which contains 24,188 unique UPCs. NielsenlQ also provides auxiliary
datasets with information on volume size per unit (e.g., whether the product contains 330-ml
or 500-ml units), package configuration (e.g., 6-pack cans or 4-pack bottles), beer type (e.g.,
ale or stout), packaging type (e.g., bottle, can, box), brand, and whether the beer is imported
or domestic.

We consider 48 markets, defined as the continental US states. To aggregate sales within
a state, we sum all units sold across selling points within that state. We construct a market-
specific UPC price by taking a weighted average, where weights are the number of UPCs
sold within each store.!” Finally, because our method relies on longitudinal observations,
we retain only products sold in at least ten markets, leaving a total of 2806 unique UPCs.?
These remaining 11.6% of UPCs cover most of the sales volume, ranging from 61.5% to 99%
of total units sold within a state. We combine the sales of all these infrequent UPCs into the
outside option. Our final dataset is an unbalanced panel of 64497 observations.”! Given its
unbalanced nature, we adapt our algorithm to allow for the entry and exit of products across

markets.

18 For example, a single 330-ml can of a particular beer has a different UPC than a 6-pack of 330-ml cans of the
same beer.

19 Before state-level aggregation, we drop sales with prices below the 1st or above the 99th percentiles to re-
move price outliers and potential data entry errors. After state aggregation, we also drop products whose
descriptions contain "MALTA GOYA” because these are misclassified as alcoholic beer. We also drop 23
products with missing data on their characteristics.

2'Many UPCs are sold in very few locations. For example, 11,904 UPCs are sold in only one state and 3,923
UPCs are sold in only two states.

21 Only 136 UPCs are sold across all 48 states. After applying our filter, the average UPC is sold in 23.32 states,
implying an unbalanced panel with approximately 50% of markets missing per product on average.
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Table 2 reports summary statistics for our main dataset. These statistics are weighted by
sales volume. Even when aggregated at the national level, we observe substantial variation

in prices and liquid content.

Table 2: Summary statistics

Panel A: Full Sample Summary Statistics

Variable Mean Std. Dev. 10th pct Median 90th pct
Price () 10.618 6.758 2.596 10.298 20.308
Unit quantity (units) 8.838 8.229 1.000 6.000 24.000
Price per ml ($) 0.004 0.001 0.002 0.004 0.005
Unit size (ml) 535.627 450.385 354.882 354.882 739.338
Market share 0.859% 1.152% 0.061% 0.498% 1.967%

Panel B: Median Characteristics of the top ten national brands

Brand Market share Unit price/ml Unit price Unit quantity Unit size
Bud Light 12.53% 0.003 8.63 6.00 473.18
Miller 7.81% 0.003 12.47 12.00 354.88
Modelo 7.63% 0.005 10.23 6.00 354.88
Coors 7.11% 0.003 12.62 12.00 354.88
Bud 6.73% 0.003 3.22 1.00 739.34
Michelob 5.96% 0.004 15.20 12.00 354.88
Corona 4.59% 0.004 16.52 12.00 354.88
Busch 4.43% 0.002 10.87 12.00 354.88
Natural 3.63% 0.002 6.49 6.00 473.18
New Belgium 1.98% 0.005 10.28 1.00 567.81

Notes: Panel A summarizes key statistics of product characteristics across beers, weighting each product by
its sales volume. Panel B reports the median characteristics of the top ten national brands in 2022.

8.2 Demand Model and Estimation

In our baseline demand specification, we include only three continuous product charac-
teristics—log unit size, log units per UPC, and log prices—and no categorical variables.
This setup can be viewed as a conservative benchmark for assessing the performance of our
method in uncovering the nesting structure. In Section 8.3, we report a robustness exercise
that incorporates categorical variables describing beer type in the estimation of the grouping
structure.

We also include market fixed effects to capture demand shocks common to all products

within a market (e.g., temperature), as well as market-level variation in the attractiveness
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of the outside option, since it is not uniformly defined by the same set of products across

markets. The resulting mean utility is:

Ojm = om + Bslog s, + Balogn; + Blog p,, + &m,

where s; is unit size, n; is the number of units per UPC, and p; is price.
Given that the utility levels are not identified (Train, 2009), we normalize the utility of

the outside option j = 0 to zero, namely:
dom = O0forallm=1,..., M.

For simplicity, we also assume that the outside option constitutes its own nest for all m =
1,..., M following many empirical IO applications. Given this assumption, we will classify
only on inside goods during our classification step.

To address potential endogeneity of prices due to correlation with §;,,, we construct
Gandhi-Houde instruments (Gandhi and Houde, 2019).?> For each product, we compute
the average squared difference in log unit size and log units between product j and the

other products sold in market m:

ght = i Y (logs, —logs,)* and gh? = i > (logn, —logn,,)*,
J'E€Tm 3 €Tm
where 7, is the set of products sold in market m and J,, is its size. The instruments measure
how much the other products in the market differ from product ;.

Although product characteristics are constant across markets, the set of available prod-
ucts varies. Spatial variation in the assortment therefore provides cross-market variation
in these instruments. Relevance relies on the link between product differences and prices.
Products that differ more from the other products in the market face weaker competitive
pressure and set higher prices. The exclusion restriction requires that the characteristics of

the other products in the market do not depend on the demand shock &;,,,. This holds, for

22 The differentiation instruments are not subgaussian. Each instrument is an average of squared differences of
characteristics, so it is sub-exponential when the characteristics are subgaussian. The proofs in Appendix B
extend to sub-exponential instruments. The extension replaces the concentration inequalities for subgaussian
variables with their counterparts for sub-exponential and sub-Weibull variables, which also give misclassifi-
cation probabilities that vanish faster than any power of M.
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example, if firms choose their products and characteristics before demand shocks realize. It
fails if firms adjust product characteristics in response to demand shocks.

We begin by estimating the first stage. With three product characteristics and 48 market
fixed effects, estimating a model with & groups requires (3 + 48) - k parameters. Given the
large parameter space, it is important to use many starting values. In general, we set the
number of initial conditions to k - (M + P) - 50, where M is the number of markets and P is

the number of covariates.?

8.2.1 First-Step Results

As part of the first stage, we begin by determining the number of groups. To do so, we follow
the cross-validation procedure described in Section 6.1 and run the classification algorithm
for k = 1,...,10. The results, shown in Figure 3, indicate that improvements in predictive
performance are negligible for k& > 5.

Applying the Elbow method yields two candidate values, £ = 3 and k& = 4. Both spec-
ifications produce within-nest independence parameters, oy, that are consistent with utility
maximization. In this case, we select the largest admissible number of groups as picking
more groups does not compromise asymptotic consistency (Moon and Weidner, 2015). Ac-

cordingly, our preferred specification sets k* = 4.

Figure 3: Sum of squared residuals across different number of groups

SSR vs Number of Groups

5.0x10° | ——SSR

— Optimal K=4

4.0x10° F

I
I
I
I
I
I
I
I
3.0x10° !
I
I

Sum of Squared Residuals (SSR)

2.0x10° |, ‘ ‘ | ‘ ‘ ‘ y ‘
1 2 3 4 5 6 7 8 9 10
Number of Groups (K)
Notes: The figure above shows the sum of squared residuals across different specifications with k = 2,3,...,8.
The results are estimated using Gandhi-Houde instruments. The optimal £* is the one with the largest distance
to the uniform line.

23 For our baseline classification and K = 2,...,5, results become rather stable after 2,000 initial conditions.

45



Next, we proceed to described the average product characteristics conditional on every
nest for £* = 4. Results can be seen in Table 3. Overall, we find four differentiated groups
in terms of median characteristics. Group 1 seems to correspond to cheaper average regular
beer (e.g. lager). Group 2 on the other hand, represents a group of light beers with top ten
brands representing 75.5% of all their UPCs, significantly above the rest of the other groups.
Groups 3 and 4 contain more ales, less light beers, and less as well top-ten brands compared
to the other groups. While they look similar, we can see that group 4 is more expensive, both

in terms of unit price as well as price per ml.

Table 3: Characteristics of beer across groups

Characteristics Unconditional Conditional values by group
values 1 2 3 4
Unit size (ml) 354.882 473.176 354.882 354.882  354.882
Unit quantity 6.000 6.000 6.000 6.000 6.000
Unit price 10.209 9.857  10.156  12.367 10.509
Price per ml 0.004 0.003 0.004 0.004 0.005
Share of domestic 0.794 0.820 0.773 0.830 0.861
Share of ale 0.158 0.225 0.098 0.291 0.377
Share of regular beer 0.442 0.469 0.430 0.442 0.326
Share of stout and porter 0.015 0.019 0.011 0.018 0.046
Share of light beer 0.369 0.266 0.446 0.238 0.239
Share of other types 0.016 0.022 0.015 0.010 0.012
Share top-ten brands 0.624 0.460 0.755 0.382 0.334
# of products 2806 659 242 1102 803
Label Regular Light Special/ Boutique
Lager Beer Craft Craft

Notes: Rows 1-4 report median values of unit size, unit quantity, unit price, and price per ml, presented both
unconditionally and conditional on group membership. Rows 5-11 report unconditional and conditional
mean shares. Groups are estimated using Gandhi-Houde instruments.

Since classification is performed at the UPC level, individual brands may span multiple
groups. To obtain a unique group assignment for each brand, we assign it to the group with
the highest likelihood. Figure 4 displays the resulting brand classification, where the size of
each logo reflects the brand’s relative volume within its assigned group. Group 2 is clearly
populated by mainstream light beers, including Bud Light, Michelob Ultra, Coors Light, and

Miller Lite. Group 1, by contrast, contains many of the non-light counterparts of those same
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brands. Group 3 is more heterogeneous, combining some international lagers like Tecate
with less mainstream offerings such as Founders. Group 4 consists predominantly of craft
beers from local and boutique breweries. Based on the average product characteristics and
the most prominent brands within each group, we label Group 1 as Regular Lager, Group 2
as Light Beer, Group 3 as Special/Craft, and Group 4 as Boutique Craft.

As an additional validation exercise, we compute the relative popularity of each group
across U.S. counties with respect to the national average. Despite the classification incor-
porating no spatial information, Figures 5 and 6 reveal a geographic patterns that exhibit a
strong spatial autocorrelation in the popularity of these groups: Light Beer is disproportion-
ately popular in the Southern states, while Boutique Craft is concentrated in the Northeast,
Oregon, and Washington State. Moreover, across counties, the market share of Light Beer has

a correlation of 0.39 with the Republican vote share in the 2024 presidential election.**

8.2.2 Out-of-sample Validation: Bud Light Boycott

We validate the substitution patterns implied by our estimated nesting structure using the
2023 Bud Light boycott as an exogenous demand shock. In April 2023, a social media pro-
motion of Bud Light featuring Dylan Mulvaney, a transgender actress and influencer, trig-
gered a widespread backlash and calls for a boycott. The episode received extensive media
coverage and had measurable effects on Bud Light sales, providing a plausibly exogenous
negative demand shock to a single product, namely Bud Light.

If our first-step classification captures substitution patterns reasonably well, we should
see more substitution toward products that share a group with Bud Light—Light Beer—
than toward products in other nests following the boycott. To test this prediction, we aug-
ment our state-product panel with data from 2023 and estimate the following difference-in-

differences specification:
K
1og Pt = Kjm + Mt + Z ap L{br(jy = k} 1{t = 2023} + €y, (20)
k=1

where &k, are product-by-market fixed effects, 7, is a year fixed effect, and the interaction

terms capture differential changes in log market shares across nests between 2022 and 2023.

2 There is a literature documenting that alcohol preferences vary with regional and political characteristics
(Yakovlev and Guessford, 2013).
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Figure 6: Most popular group relative to national average

Regular lager Light beer Special / craft Boutique craft No data
3 gel 8! P q

Notes: This map displays the most popular group relative to the national trend in terms of market share of
units sales at the county level.

The inclusion of product fixed effects r;,, is important: identification comes entirely from
temporal variation within product and market, which was not used in the first-step classifi-
cation of nests, effectively making this an out-of-sample validation of the estimated nesting

structure.
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Table 4: Diff-in-Diff results of Bud Light boycott

Dependent Variable: Log Share

First stage DiD Placebo
@) @ ®) (4)

t=2023 -0.364™*  (0.005) -0.408** (0.005) -0.449**  (0.008) -0.361***  (0.010)
Treatment (Budlight) -0.157**  (0.026)
Treatment same group 0.422**  (0.008)
Regular beer x t=2023 0.173**  (0.012)
Light beer x t=2023 0.463***  (0.010)
Non-lager/craft x t=2023 -0.001 (0.013)
Boutique craft x t=2023 0.018 (0.020)
Placebo Regular beer x t=2023 -0.020 (0.014)
Placebo Light beer x t=2023 -0.003 (0.014)
Placebo Non-lager/craft x t=2023 -0.004 (0.014)
Placebo Boutique craft x t=2023 0.009 (0.015)
Observations 177784 172778 172778 172778
UPC-Market FE YES YES YES YES
Exclude Bud Light No YES YES YES
Baseline group Non-Budlight Other groups Outside option Outside option

Notes: *** p<0.01, ** p<0.05, * p<0.1

This table reports difference-in-differences estimates of the effect of the April 2023 Bud Light boycott on log
market shares, defined as the log of the ratio of units sold for a given UPC in a state to total units sold in
that state. Column (1) includes all products and estimates the average effect on Bud Light relative to all other
products. Columns (2)—(4) exclude Bud Light from the sample. Column (2) defines treatment as all products
in the Light Beer group (excluding Bud Light) and control as products in all remaining groups; the baseline
group is other data-driven groups. Column (3) estimates group-specific effects relative to the outside option.
Column (4) reports a placebo test in which products are randomly assigned to five groups. All specifications
include UPC-by-market fixed effects. Heteroskedasticity-robust standard errors in parentheses.

Table 4 reports the results. The first specification shows that the share of Bud Light fell
significantly in 2023 relative to other beers, confirming that the boycott had a statistically
significant effect. The second specification sets treated products as those who are in the
Light Beer group other than Bud Light and control products as those in other groups as
well as in the outside option, showing a positive and significant increase in the sales of
the treated products relative to control groups. The third specification estimates a differ-
ent treatment effects for every group, where the control group is defined as those prod-
ucts in the outside options. The coefficient on Light Beer is large and statistically significant
(Gright = 0.463), indicating that products in the same nest as Bud Light experienced a signif-
icant increase in market share following the boycott. By contrast, the coefficients for Regular

Lager (Gregutar = 0.173), Special/Craft (Gspecia = —0.001), and Boutique Craft (Gpoutique = 0.018)
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are substantially smaller. These results are consistent with the substitution patterns pre-
dicted by the nested logit model: following a negative shock to Bud Light, consumers substi-
tuted primarily toward other products in the Light Beer group rather than toward products
in other nests. Finally, the last specification reports a placebo test using randomly drawn

groups that confirms that our results are not driven by anything systematic in the data.

8.2.3 Second-Step Results

Table 5: Estimation Results for Nested Logit with £* = 4

OLS IV
log unit size 0.070 (0.006)***  0.339 (0.025)***
log upc quantity 0.080 (0.005)***  0.441 (0.026)***
log price -0.054 (0.006)*** -0.416 (0.033)***
Oregular/lager 0.142 (0.001)***  0.523 (0.014)***
Olight beer 0.343 (0.002)***  0.807 (0.016)***
Ospecial /craft -0.015 (0.001)***  0.336 (0.013)***
Oboutique craft -0.320 (0.001)***  0.042 (0.015)***

Mean Own-price Elasticity
Mean Cross-price Elasticity

1.351 (0.003)
-0.003 (0.008)

~3.561 (0.013)
0.011 (0.033)

Market Fixed Effects v v

IV Type GH units GH size
Number of Products 2806

Number of Observations 64497

Notes: This table reports second-step estimates of the nested logit demand model with £* = 4 groups recovered
in the first step. The dependent variable is the log ratio of a product’s market share to the outside option share.
The OLS column estimates equation (4) without instrumenting for price or the within-group share. The IV
column instruments for log price using Gandhi-Houde instruments—the average squared difference in log
unit size and log unit quantity relative to competing brands—and for the log within-group share using the
exogenous share projection described in Section 4.2. ¢, denotes the within-nest correlation parameter for group
k, where o, € (0,1) is consistent with utility maximization. Mean own-price and cross-price elasticities are
computed by averaging across products and markets, weighted by national sales volume; standard deviations
of the elasticity distribution across products are reported in parentheses. All specifications include market
fixed effects. Standard errors in parentheses. * * xp < 0.01,* * p < 0.05, *p < 0.1.

We now show the estimation results of preference parameters using £* = 4 as the number of

nests. We estimate preference parameters by estimating the second-stage equation:

logPjm —10g Pom = ¢ + Bslog s, + Bulogn; + Bylog p,, + (1 — ok(j)) 108 Pjjk(j),m + Ejm-
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To estimate o5, we need to instrument log P, x(;),m because those are mechanically correlated

with £;,,,. We construct the following instruments:

exp(logs;) exp(logn))
! and J ’
2 jen(jm) exp(logs;) > jeriim) exp(logn;)

where £(j,m) denotes the products in group k(j) that are also present in market m. Re-
sults can be seen in Table 5. As expected, OLS yields an upward-biased price coefficient of
-0.054 and some negative within-nest correlations, implying a positive average own-price
elasticity. With Gandhi-Houde instruments, the price coefficient increases in magnitude to
-0.416, roughly an order of magnitude larger. Notably, the estimates of within-nest corre-
lations all take values that are consistent with utility maximization as they all lie between
zero and one. These estimation results were obtained without imposing any constraints on
o’s. For example, we also find that Light Beer has the largest 65 equal to 0.807 and that
Boutigque Craft has the lowest sigma equal to 0.042. These results imply that for Light Beer
independent idiosyncratic shocks dominate choices relatively more than for Boutique Craft,
where shocks are nearly identical and choices are mostly determined by differences in ¢;,,,.
Consequently, Light Beer is the most inelastic group and with the lowest within-group substi-
tution as opposed to Boutique Craft the most elastic group and with the largest within-group
substitution.

Next, we move on to analyze price elasticities. Because we have many products that
are not available in all markets, we construct average elasticities by taking averages across
markets. When doing so, we obtain an average own-price elasticity of -3.561, similar to
previous estimates in the literature studying demand for beer (Pinkse and Slade, 2004; Slade,
2004; Romeo, 2016; Miller and Weinberg, 2017). The average cross-price elasticity is 0.011
with standard deviation 0.033. The full graph of price elasticities can be seen in Figure 8a,
where we have ordered products first by group and then by UPC identifier. Following the
interpretation on 5, we see a lot of within-group substitution for Boutique Craft, in contrast to

Light Beer that behaves close to a simple Logit model with proportional substitution patterns.
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Figure 7: Price elasticity matrices of Data-Driven NL
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Notes: The figures above display the price elasticity matrices estimated using the nested logit specification
and the BLP procedure. Diagonal cells each matrix denote products” own-price elasticities, whereas the off-

diagonal cells denote cross-price elasticities. Concretely, the value in row ¢, column j denotes g{gg;? .
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8.3 Robustness

In this section, we present a battery of robustness checks.

8.3.1 Hausman instruments

We also estimate the first step using Hausman instruments for prices (Hausman, 1996):

hj,, = le_ 7 Z log pjm:,
m'#m
where N; denotes the number of markets in which product j is sold. Relevance relies on
cost shocks that are common across markets, such as input costs. The exclusion restriction
requires that ¢;,,, be uncorrelated with prices in other markets conditional on covariates.
This condition holds if demand shocks are independent across markets but may fail if, for
example, marketing campaigns are targeted at specific regions.

Results are reported in Appendix C.2.1. The estimated nesting structure is broadly simi-
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lar to the baseline: we again recover four groups as the optimal specification, and the condi-
tional group characteristics closely resemble those in the baseline in terms of median product
attributes. The structural parameter estimates remain consistent with utility maximization,
although we fail to reject that one of the nesting parameters is statistically indistinguishable
from one. The implied own-price elasticity is somewhat smaller at -1.612, falling slightly
outside the range of —6.1 to —3.3 typically reported in the literature. Overall, while both
instrument sets produce qualitatively similar groupings, we adopt the Gandhi-Houde spec-
ification as our baseline given the stronger empirical support for that model and the more

credible exclusion restriction in this setting.

8.3.2 Results with three and five groups

When changing the number of groups, we find a somewhat hierarchical structure in the
grouping and we increase the number of groups. For example, when £* = 3, we find that
our baseline Regular Lager and Special/Craft merge into one group. Overall, we label these
three groups as “Light Beer”, “Regular Lager”, and “Craft Beer” groups. On the other hand,
when k* = 5, we obtain similar groups as when k* = 4, but the “Regular Beer” groups splits
into two. In terms of the structural parameters, we still find o estimates that are consistent
with utility maximization, however in both cases we cannot reject the null that they are

outside the interval (0, 1). For further details see Appendix C.2.2.

8.3.3 Classification with additional categorical variables

We perform a robustness exercise in which we augment the baseline specification with cat-
egorical variables describing beer type provided by NielsenIQ. We consider five categories:
Light Beer, Regular/Lager, Stout and Porter, Ale, and Others.”

Including these categorical variables, the cross-validation procedure selects k* = 3 groups,
one fewer than in the baseline. As shown in Table A8, the three groups correspond roughly
to Reqular Lager, Light Beer, and Craft beer. Second-step estimates are reported in Table A9
and are consistent with utility maximization, yielding an average own-price elasticity of

—2.343, somewhat more inelastic than the baseline but within the range of estimates in the

B The original data contains nine categories. We consolidate four smaller categories into Others and combine
two categories of regular lager into one for simplicity. Results are similar using the nine disaggregated
categories.
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literature.

That fewer groups emerge when categorical variables are included is intuitive. When
beer type categories are excluded from the classification step, the group-by-market fixed
effects \y(j)» must absorb not only the unobserved nest-specific demand shifters for which
they are designed, but also the systematic variation in demand attributable to beer type.
The classifier responds by forming additional groups, each with its own set of market fixed

effects, until the residual variation is sufficiently small.

8.3.4 K-means Classification in Product Characteristics

We apply k-means to the same characteristics used in our baseline. The cross-validation
procedure again selects £* = 4 groups. Average product characteristics by group are re-
ported in Table A10 and second-step estimates in Table A11l. While the number of groups
coincides with our baseline, the groups are less heterogeneous, both in conditional product
characteristics and in implied substitution patterns. Exploiting market share variation re-
covers a nesting structure with more heterogeneous substitution patterns than proximity in

characteristics space. Section 5.5 discusses when the two classifications coincide.

8.4 Comparison to other demand models
8.4.1 “Naive” Nested Logit

As abenchmark, we estimate a standard nested logit model using the ex-ante product classi-
tication provided by NielsenlQ. Specifically, we impose that products are grouped according
to beer type, yielding nests such as regular/lager, light beer, ale, stout/porter, and a residual
category for other types. This approach mirrors common empirical practice, in which re-
searchers select a plausible partition based on observable product categories and estimate
the model conditional on that grouping. We refer to this specification as the “naive” nested
logit.

Following this naive approach, we find that the naive nested logit performs worse than
the data-driven nested logit along several dimensions. First, when we implement the Bud
Light boycott validation exercise, the naive specification predicts substantially less substi-
tution toward the group to which Bud Light belongs (labeled light beer) compared to the

substitution toward the data-driven light beer group using our out-of-sample exercise that
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leverages the Bud Light boycott. Concretely, under the data-driven nested logit, products
in the same group as Bud Light experience a large and statistically significant increase in
demand following the boycott. The coefficient on Treatment same group x t = 2023 is 0.422,
indicating substantial substitution toward products within the same estimated nest. By con-
trast, the naive nested logit produces much weaker substitution patterns. The coefficient on
Naive light beer x t = 2023 is only 0.13, substantially smaller than the data-driven estimate.

This difference is confirmed in the direct comparison column. In this specification, we
construct three treatment subgroups: products that belong only to the Light Beer group
identified by the data-driven classification, products that belong only to the Light Beer group
defined by NielsenlQ), and products that belong to both groups. We find that the substitution
captured by the Naive Light Beer group is entirely driven by products that also belong to
the data-driven Light Beer group. By contrast, products that belong only to the Naive Light
Beer group do not experience any statistically significant demand response following the
boycott.

These results indicate that the substitution patterns implied by the data-driven nesting
structure more closely match the observed demand responses following the boycott. One
possible explanation is that NielsenlQ classifies products as Light Beer based on low caloric
content, which may arise either because the beer is truly light or because it is sold in smaller
containers. As a result, the NielsenlQ) classification may group together products that are

not close substitutes from a demand perspective.
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Table 6: Dift-in-Diff results of Bud Light boycott with Naive Nested Logit

Dependent Variable: Log Share

Data-driven NL Naive NL Interaction
t=2023 -0.408***  (0.005) -0.449**  (0.008) -0.329***  (0.006) -0.449**  (0.008) -0.381**  (0.007)
Treatment same group 0.422**  (0.008)

Regular beer x t=2023 0.173**  (0.012)

Light beer x t=2023 0.463**  (0.010)

Non-lager/craft x t=2023 -0.001 (0.013)

Boutique craft x t=2023 0.018 (0.020)

Naive light beer x t=2023 0.130*  (0.016)  0.250***  (0.017)

Naive ale x t=2023 0.028** (0.012)

Naive other x t=2023 0.009 (0.043)

Naive lager x t=2023 0.249**  (0.012)

Naive stout x t=2023 -0.041* (0.021)

DD Light only 0.385***  (0.009)
Naive Light only 0.033 (0.024)
DD and Naive Light 0.422** (0.012)
Observations 172778 172778 172778 172778 172778
UPC-Market FE YES YES YES YES YES

Exclude Bud Light YES YES YES YES YES

Baseline group Other groups Outside option Outside option Outside option Outside option

Notes: *** p<0.01, ** p<0.05, * p<0.1
Each column reports OLS estimates from a difference-in-differences specification with log market share as the

dependent variable, comparing 2022 to 2023 after the Bud Light boycott. Bud Light products are excluded
from all columns. Columns (1)—(2) use the data-driven nesting structure (k* = 4); Columns (3)—(4) use a naive
nesting structure based on beer type (light beer, ale, lager, stout/porter, other). In Column (1), the treatment
indicator equals one for products in Bud Light’s data-driven group (light beer) interacted with ¢ = 2023;
the baseline comprises all other groups. In Column (2), group-specific post-boycott effects are estimated
relative to the outside option. Columns (3) and (4) replicate this design using naive beer-type groups. Column
(5) interacts data-driven and naive light-beer indicators to decompose substitution into products classified
as light beer by only the data-driven method, only the naive method, or both. All specifications include
UPC-by-market (state) fixed effects. Robust (HC1) standard errors are reported in parentheses.

Second, when examining the structural parameter estimates, we find that one group
yields a negative 6}, which lies outside the range consistent with utility maximization. This
provides empirical evidence that the nesting structure implied by the naive specification is

rejected by the data.
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Table 7: Estimation Results for Naive Nested Logit

OLS v

log unit size 0.054 (0.005)***  0.686 (0.041)***
log upc quantity 0.059 (0.004)***  0.694 (0.042)***
log price -0.039 (0.005)***  -0.753 (0.050)***
Oale -0.029 (0.001)***  0.239 (0.012)***
Olight beer 0.087 (0.001)***  0.348 (0.010)***
Oother -0.356 (0.002)*** -0.098 (0.015)***
Oregular/lager 0.080 (0.001)***  0.322 (0.010)***
Ostout/porter -0.296 (0.001)***  0.040 (0.017)**

Mean Own-price Elasticity 0.360 (0.003) -3.752 (0.104)

Mean Cross-price Elasticity ~ -0.001 (0.003) 0.007 (0.111)
Market Fixed Effects v v

I\Y% Type GH units s GH size
Number of Products 2806
Number of Observations 64497

Note: The table reports OLS and IV estimates of a nested logit demand model where products are grouped by
beer type (regular beer/lager, light beer, ale, stout/porter, and other), yielding ¥ = 5 nests. The dependent
variable is log P;,, — logPg,,. Regressors include log unit size (ml), log UPC quantity, log price, and five
group-specific nesting parameters (¢,). The IV specification instruments for log price using Gandhi-Houde
differentiation IVs and for the within-group log share using the exogenous share projection. Market fixed
effects are included. Mean own-price and cross-price elasticities are computed from the IV estimates and
weighted by national unit sales. ***p < 0.01,"* p < 0.05," p < 0.1.

8.4.2 Mixed Logit

In this section, we estimate a mixed logit model using PyBLP (Conlon and Gortmaker, 2020).
Concretely, we specify that the utility of an individual ¢ from purchasing product j in market

m is given by
Uijm = Ojm + Mijm + €ijm, (21)

where ¢;;,,, follows the Type I extreme distribution. The common component of utility is
given by
Ojm = om + Bplog p;,, + Bslog s, + Bulog n,; + jm, (22)

and the individual-specific component /;;,, is given by
fijm = (opv;) log p,,., (23)
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where 0, governs the variance of the idiosyncratic component. v; ~ N (0, 1) follows a stan-
dard normal distribution. We estimate the parameters {3,0,} by solving the following
GMM problem:*

win 9(8.0,) Wg(B.o). 7(8.0,) = 1 3 (Zyun(Bo03) 9

7 m
where 8 = [3,, 05, 5,] and Z;,, denote instruments. Specifically, we use the Gandhi-Houde
instruments to make results as comparable as possible.”” W is a weighting matrix whose
initial values are set by the 2SLS estimate and then updated using a two-step optimal GMM

weights.” The estimation results are reported in Table 8.

Table 8: Mixed Logit estimates

Panel A: Linear Coefficients B

log price -3.775*** (0.090)
log unit size 3.077*** (0.062)
log unit quantity 3.222*** (0.062)
Panel B: Non-linear Coefficient op

log price 0.002*** (0.0003)
Own-price elasticity -4.683 (2.863)
Cross-price elasticity 0.002 (0.005)
Market Fixed Effects v

IV Type Gandhi-Houde
Number of Products 2806
Number of Observations 64497

Notes: Panel A displays the estimates of 3 in equation (24). Panel B displays the esti-
mates of o,,. Robust standard errors in parentheses.

With these coefficients, the average price elasticity is -4.683 with a standard deviation of
2.863 in the average market. For cross-price elasticities, we find an average value of 0.002
with standard deviation of 0.005. Despite being a less general model, for this particular ap-

plication, we find that the data-driven NL model delivers more heterogeneity in substitution

261n practice, we use the s1sgp optimization routine with box contraints in PyBLP.

?”We also estimate the previous model using optimal instruments as suggested by Conlon and Gortmaker
(2020). However, using the same optimization routine and same initial value as in our baseline specification,
we obtain an estimate for the variance coefficient that converges to zero.

28GSee Conlon and Gortmaker (2020) for details.
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patterns across products with450% more variation in cross-price elasticities.

Figure 8: Price elasticity matrices
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We can also compare the full matrix of price elasticities for both models, as depicted in
Figure 8. In the figure, products are ordered first by group and then by UPC identifier, and
elasticities are averaged across markets. The left panel plots the estimated elasticities from
the data-driven nested logit model, while the right panel reports elasticities from the mixed
logit model.

The data-driven nested logit displays substantial variation in substitution patterns with
a clear block-diagonal structure, reflecting stronger substitution within nests than across
nests. By contrast, the mixed logit produces elasticity patterns that closely resemble those of
a simple logit model, with relatively little variation across products.

One possible explanation is that the market shares of many products are extremely small
and exhibit limited variation across markets, which makes it difficult to identify substantial
heterogeneity in price sensitivities. As a result, 1 — P;,,(p’) is close to one for most products,
implying that the elasticity expression—which involves an integral over the distribution of
random coefficients in the mixed logit—is well approximated by the simple logit formula.

Overall, we conclude that despite being in theory a somewhat restrictive model, the data-

driven nested logit model is able to empirically capture very heterogeneous substitution
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patterns when applied to this particular setting.

9 Conclusion and Future Work

This paper develops a data-driven approach to estimating nested demand models without
imposing an *a priori* grouping of products. Exploiting the log-linear structure of nested
logit market shares, we propose a two-step procedure that first recovers the nesting structure
by clustering model-implied demand curves and then estimates preference parameters con-
ditional on the estimated nests. We establish consistency of the classification as the number
of products and markets grows, allowing for endogenous prices, and show that the result-
ing structural estimator is asymptotically equivalent to an infeasible estimator that knows
the true nesting structure. Consequently, inference on preference parameters can proceed
without accounting for classification uncertainty.

Applying our method to the U.S. beer market, we identify four economically meaningful
nests with substantial heterogeneity in substitution patterns that cannot be fully explained
by observable product characteristics. Using the 2023 Bud Light boycott as an out-of-sample
validation, we show that the estimated nests capture observed substitution patterns more
accurately than conventional groupings based on product categories. Moreover, our model
delivers richer heterogeneity in substitution patterns than a mixed logit benchmark while
preserving computational tractability. These findings highlight the importance of recover-
ing economically relevant product groupings from observed demand rather than imposing
them *a priori*.

Several questions remain open. One direction is to extend our framework to accom-
modate unobserved heterogeneity in consumer preferences and nonlinear specifications of
indirect utility. Another promising avenue is to investigate whether increasingly rich hier-
archical nesting structures can provide discrete approximations to general forms of depen-
dence in idiosyncratic utility shocks across products. More broadly, our findings motivate
the development of alternative methods to recover unobserved drivers of demand from ob-
served choices. Ultimately, these approaches may contribute to a more general framework
for data-driven model selection in demand estimation, in which both the structure of het-

erogeneity and the appropriate demand specification are learned from the data.
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A  Appendix

A1 Substitution patterns and elasticity of demand

For simplicity, let’s assume that d;,, = £, log pjm + B2 10g Xjm + Ejm.

Own-price elasticities are given by:

B
L (1 — 0k()Pjm — (1 = Uk(j))Pﬂk(j),m)
Ok(j)

&l =

J

For cross-price elasticites, recall that if product ¢ € By # By,
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Therefore, price elasticities are given by

B o
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A.2 Bias under mis-specified nests

There are two true nests, k; and k; with a common o. The econometrician places all inside
goods in a single nest ky = AU B. Let g(j) € {A, B} denote the true nest of product j.
Following Berry (1994), the true model is

Py
log (L) = ZjmB + (1 — ) 10g Pjji(j),m + Ejm-

0om

The econometrician uses s, m as a covariate instead of s;ji(j),m-

It follows that

P
log (#) = Tjmf + 0 10g Pjjkg.m + (1 — 0) (— log Pk(j)\ko,m) + &jms

as 1og Pjix(j),m = 10g Pjjky.m —108 Pr(j)jko,m- Therefore, the misspecification reduces to one omit-
ted regressor, —1og Py ;) xo,m-

Let Wy, = (2jm, log Pj|G7m)/ and 0 = (,0)". Let W stack W}, across products and mar-
kets. Suppose E[W;,,£;m] = 0. The OLS estimator satisfies

plimé =60+ (1—o0)plim (W’W)_lw/[— log Py(j)icm)jm-

Note that the bias is only zeroif o = 1 or if there is not correlation between W;,,, = (xjm, log P]-|G,m)/.
The former case the model is in fact a logit model with no relevant grouping structure. The

latter case is unlikely as
Z]Eg eXp(B.T]m)
ZjeG exp(Bjm)’

which contains z,,,, and therefore is correlated with the regressor W,,.

log Pg(j)‘va = log

For this example and more generally, the sign of the bias depends on the covariance of w

with log s;c . We can write

Cov (log sjicm, w) = — Cov (108 8514(j)m, 108 Sg()c.m) — Var (10g sy(yicm)

The second term is negative, but the first term is positive when larger nests contain products
with lower within-nest shares. The relative size of the two terms depends on the data-

generating process.
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Finally, we also illustrate the bias with a simulation. We draw 5,000 markets. In each
market, the number of products in each true nest is uniform on {1,...,5}. We set zj,, ~
N(0,1), B = 1,0 = 0.5, and ¢, = 0. The mean utility of the outside good is zero. For
simplicity, we take &;,, = 0, so OLS under the true nests recovers the parameters exactly.

Table A1 reports the estimates.

Table Al: OLS estimates under true and merged nests

=

g o
True nests (A, B) 1.00 0.50
Merged nest (G) 0.80 0.57

Omitted-variable formula 0.80 0.57

The merged-nest estimates match the omitted-variable formula. In this design, /3 is bi-

ased downward. ¢ is biased upward.

A.3 Multi-Product Firms and Markups with Many Products

A common argument holds that price endogeneity vanishes as the number of products
grows. Each product becomes small, so markups converge to constants and prices move
only with costs. Armstrong (2016) makes a version of this argument under Bertrand-Nash
pricing. He shows that instruments built from the characteristics of rival products then be-
come weak. This appendix derives markups under nested logit with multi-product firms.
Markups converge to constants only when the share of every firm within its nest vanishes.
When some firm keeps a non-vanishing share, markups differ across firms in the limit.

We consider a single market and drop the market index. For ease of exposition, price
enters utility in levels, §; = 5,p; + B.x; + §; with 8, < 0. The same results hold when price
enters utility in logs.

Firm f sells the products in F; = {j : f(j) = f}. Let P, = > ,, P be the share of nest k.

For firm f,let Py, = Zle]—'fﬁkz P; be its share in nest k and Py, = Py, /P;, its within-nest share.

First-order conditions. Firm f chooses {p;};cr, to maximize }_; > (p; — mc;)P;. Writing

n; = p; — mc; for the markup, the first-order condition for p; is

oP
Pyt Y mo =0 25)

leFy J
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Under nested logit, the share derivatives depend on whether product / is product j itself,

another product in the nest of j, or a product in another nest:

4 P )
U{[l—@—UwﬂﬂWﬁ—Umfﬂ l=7,
9P k()
! P . .
55 = B X === 0w Py +ox)Pi] L€ k() 14, (26)
P Tk(j)
| —P:P; L k(j)-

Lemma 1 (Markups). Under Bertrand—Nash with any ownership partition, the markup of product

jis

(% 1 O'klpfk/
N =N = —— ) Ay = ) (27)
T s, (1= A (1= (1= 0x)Py) / %;1—u—ampﬂ,

where k = k(j) and f = f(j). The markup depends on j only through f(j) and k().

Proof. LetTy, =3 . F ok mPrand Ty = ), Ty . Substitute (26) into (25), divide by —5,P; /oy,
and use P, /P; = 1/Py:

o 1—-0
0:—B—k—nj[l—(l—O'k)Pj‘k—O'kPj} + [ i +0'ki| Z TIlPl+Uk Z mpl
p

P ,
leF Nk, 1] leFs\k
o l1—0
-2 [ a] §aeien T om
P k IEFNk leFf\k
Ok 1— Ok
By k P ’ !

The second line moves the [ = j term into the first sum.
The last line depends on j only through f and k. So all products of firm f in nest k&
have the same markup, 7s,. Then Ty, = 0P and Ty = >, n1/P i Substituting Ty, and

solving for 7y,

g
7m=—f+ﬂ—%mewa%
p
Ok

1
= —— +Ty).
nfk 1 — (1 — O'k)Pf‘k < ﬂp f)

72



This holds for every nest. Multiply by P, and sum over nests £’. By the definition of Ay,

1 O-k’Pfk’ 1
T, — P ,:(——+T) :<——+T>A.
f ;nfk fk ﬂp f ; 1 — (1 _ O-k'>Pf\k’ Bp f f

Since 1 — (1 — o )Psw > o, wehave Ay < >, Ps < 1. So we can solve for T:

Ay

1= CBp(1—Ay)

Substituting 7' into the expression for 7, gives (27):

B o, 1 Ay
T (= 0Py <_5_p Bl - Af)>
_ % 1 A=A+ A
By 1= (1 —ok)Pypk 1—Ay
O 1

B (L—Ap(1— (1 —0n)Psp)’
O]

For plain logit, 0, = 1 for all k£, and (27) reduces to n; = —1/[3,(1 — Py(;))], where Py =
Y e 7, Puis the total share of firm f. This is the common markup within a firm of Konovalov
and Sandor (2010). Lemma 1 extends it to nested logit, with a common markup within firm

and nest.?

Revisiting Armstrong (2016). Let the instruments collect own characteristics and functions
of rivals’ characteristics, the “BLP instruments.” Theorem 1 of Armstrong (2016) shows that
the IV estimator based on these instruments is inconsistent if markups converge to a constant
faster than J~1/2, uniformly over products. Rivals’ characteristics affect prices only through
markups and, if markups converge to a constant, the instruments lose their correlation with

price. Under nested logit, the constant can differ by nest, so the condition becomes
VI max|77j — bk(j)‘ —, 0 for some constants by, . .., bgk.
J

Lemma 1 shows that, within a nest, markups differ across firms only through their shares.

2 A common markup within a nest holds for the broader class of demand systems in Nocke and Schutz (2018).
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Differences across nests do not matter for this condition, since b, can differ by nest. The
within-nest differences vanish when every firm has a vanishing share (Remark A.1). They
do not vanish when a firm keeps a non-vanishing share. Let Py, > s > 0 for firm f, and let
firm f’in nest k have vanishing shares in every nest. Since Ay > 0and 1/(1—z) > 1+, (27)

gives, for products j of f and j' of f’ in nest &,

O'k(l — O'k>

3 s+ o0p(1). (28)

n =i 2~
The gap does not depend on J, so the condition of Armstrong (2016) fails.

Suppose instead that every firm has vanishing within-nest shares, max; P, = O,(J 7).
This holds with single-product firms. It also holds with firms of bounded size when no
product keeps a non-vanishing share of its nest. Then Ay = O0,(J ) for every firm, and by
(27),

)

779‘ = Bp + OP(‘]_l)

uniformly over products. This is the case studied by Armstrong (2016). His condition holds

with b, = —oy/8,, and identification of §, has to come from cost shifters.
In our application, the main brewers hold large within-nest shares in every nest, and
every nest also contains products of smaller brewers, so the critique of Armstrong (2016) is

unlikely to apply.

Remark A.1 (Sufficient condition for non-vanishing shares). Note that P, > s holds under
two mild conditions. First, the firm owns a non-vanishing fraction of the products of nest £,
Jep) e > ik >0, where Jy, is the number of products of firm f in nest k. Second, mean
utilities are uniformly bounded, |§;] < 4 for all j and J. The second condition says that
no product is negligible relative to the others in its nest. Under it, every within-nest share

satisfies e‘QE/Uk/Jk <P < e2g/gk/Jk, SO

95/, ik 95
Pf‘k = Z Pl|k > e 20/, JL > e 20/ ok sk > 0.
I€F Nk k
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B Appendix for Statistical Theory of Estimator

This appendix contains the proofs of the results in Section 5. Appendix B.1 collects notation
and standard inequalities. Appendix B.2 develops a theory of classification for a grouped-
effects regression with a vanishing perturbation. Appendix B.3 maps the nested-logit first
step with exogenous prices into the general model and verifies the relevant conditions. Ap-
pendix B.4 does the same with endogenous prices for a one-stage classifier that substitutes
the price projection. Appendix B.5 treats the two-stage classifier of Section 4.1, allows price
groupings that differ from the nests, and proves Theorem 5.1. Appendix B.6 defines the
demeaned second-step estimator and states and proves its asymptotic distribution, Theo-
rem B.4. Appendix B.7 proves Theorem 5.2, on the oracle estimator in levels, and Corol-

lary 1.

B.1 Notation and technical facts

For an array b = (b,,)m<m Of scalars or vectors, ||b]| is the Euclidean norm of the stacked
vector, so M |b]|> = M1 > ||bm||? is its mean square over markets. Write b; for the array
(bjm)m<nm- For a symmetric matrix A, Ayin(A) is its smallest eigenvalue. For a scalar random

variable Y and r > 1, [|Y]], := (E|Y|")'/".

Subgaussian norm. For a scalar random variable X, || X ||, := inf{t > 0 : EeX*/* < 2}; for
arandom vector V, [[V[|y, := sup,=; [|[w'V4,. Two standard facts (Vershynin, 2018, §2.5):
(F1) Moments. If || X ||y, < C, then E|X|" < 2I'(5 4+ 1) C" for every r > 1.

(F2) Exponential moments. If | X||,, < C, then EeMXl < 2¢M°C*/4 for every A > 0, since

ANz| < 22/C?% + N2C? /4.

Sub-exponential norm and two inequalities. | X||,, = inf{t > 0 : EelXI/* < 2}. Three
standard facts (Vershynin, 2018, §2.6-2.8). If X, Y are subgaussian then || XY ||, < [|-X ||y [|Y || 455
If Wy, ..., W)y are independent, mean zero, with max,, ||W,,|4, < K, then for every ¢ > 0

(Bernstein)

1 & 2t
P(‘M;Wm‘ >t> < 2exp<—cBMmin{ﬁ,E}>.
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If Wy,..., Wy are independent, mean zero, with ||W,,[|y, < K,,, then for every ¢t > 0 (Ho-
effding)

M
1 CHM2t2
P(’M;Wm‘ > t) < 26Xp<— —Zngn>

Here cp,cy > 0 are universal. Both right sides are o(M %) for every § > 0 whenever the

exponent is at least ¢’ M for a fixed ¢ > 0.

Rosenthal’s inequality. (Ros) If (3,...,(, are independent with mean zero and values in

R?, then for every ¢ > 2 there is C, with

| of <a(XEigl+ (ZElali)™)

Within transformation. For any arrays a;,,, bjm, since ) Va;, =0,

> Vi, Vi, = Va, b, =Y apmb,, — Ma;b,. (29)

m

B.2 Classification in a grouped-effects model with a vanishing perturba-
tion

Model. We denote productsby j =1,...,.Jand marketsby m =1,..., M, with J, M — oo.
There is a fixed, but unknown, partition of products into groups, £°(j) € {1,...,K} for
j € N, with K fixed and known.

The data are (Y7, Wim,7), With yjm.; € R and w;,, ; € R%. They satisfy

yjm,J = w;m”ﬂ?go(j)“] + O‘&(j)m,J + ejm,.] + 'Ujm,J, (30)

where 99 ;, ..., ¥% ; are group-specific slopes and «),, ; are group-market centres. The per-
turbation ej,, ; vanishes uniformly, and v;,, s is a product-market error. The index .J denotes
objects that may change with the number of products. Because both the coefficients and the
data contain it, the model is a triangular array. For instance, in the nested logit model, equi-
librium prices depend on the characteristics of all products in the market, so the distribution

of wj,,,; changes with J. In what follows, we drop the subscript .J for the ease of exposition.
Write 90 := (99, ..., 9%).
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Classifier. LetX := {1,..., K}’ be the set of candidate partitions, written k = (k(1),...,k(J)).
Let © and A5 be the parameter sets of (G1) below. The estimator is

), &, k 2
9,0, k) := ar min . L —ag )2 31
( ) g(ﬂ k)e0K x AKM x K lemzl Yi () k(4) ) (31)

Conditions. Conditions (G1)—-(G9) are on the general model (30). The true partition is £°(-)
and candidate partitions are i € K. In the nested logit, k°(j) = k(j).

(G1) There are bounded sets © C R? and A C R, and non-random scalars a,, s, m € N,
J € N, such that

{9 ,: k<K, JeN}CO and {0fny —amy: k<K, meN, JeN}CA
Write A5 .= {a: apm — @y € Aforall k,m} for the set of admissible centres.
(G2) The market blocks ((wjm,vjm)j<s), m =1,..., M, are independent across m.
(G3) E[wjnvjm] = 0forall j,m
(G4) Elvj] = 0for all j,m; sup; ., 7 [Vjmlly, < 00; and there is L < co with

1 J M
su]\[; jZZ‘ ZE/U]m/Uzm‘_

j=1 i=1 m=1

(G5) sup; . gar |wsmll g, < 00

(G6) For every n > 0, P(max;<; - SN > 1) — 0.

ml]m

(G7) There is ¢ > 0 such that, for all k£ # ¢, all J, M large and all j < J,

M
TS B [(wh (9~ 9) + 0, — )] > e

m=1
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(G8) For (,/' < K and k € K let g (k) be the smallest eigenvalue of

ﬁzmwjmw;m \“/Lﬂl %
J wiy
1 - . 1
72 L{KG) = € k() = 0} v
=1 :
w;’]\/f
it 1

There is p > 0 such that P min,<x minj g maxp<x pee (k) > p) — 1.
(G9) J = O(M?1) for some finite q.
Comments.

¢ The scalars a,, ; in (G1) are a drift of the centres that is common to all groups in a
market. They may be unbounded. In the nested logit, a,,, ; = —log J: the intercepts
of all nests drift to —oo at the same rate. The drift does not affect the classifier, since
adding a market-level term to the outcome shifts every group-market intercept by that
term and leaves the minimizing partition and slopes unchanged. In the proofs the
centres enter only through differences, af,, — au,, in which a,, ; cancels, so only the

bounded set A matters.

¢ The last part of (G4) bounds the dependence of v across products. (G4) and (G5) ask
subgaussian tails. These are used because the per-product misclassification bound
needs tailsof MY [Jwjn,|[?and of M~ 3" vj,wj,, that decay faster than any power
of M.

* The perturbation e is new relative to BM15. (G6) only asks its root mean square over
markets to vanish uniformly over products, so e may be product-specific and corre-

lated with w and v.

¢ (G8) implies that every group holds a non-vanishing fraction of the products. Taking
k = kO for ' # ( the set {j : k°(j) = ¢, k°(j) = ('} is empty, so (G8) implies that
pee(k?) > p with probability tending to one. Note also that the lower-right block of that

matrix is 7,5 Ir, SO Ty > pre(k°) > p for J large.
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Misclassification. The proof that the probability of misclassification vanishes has four steps.

1. Criterion. Lemma 2 shows that the least-squares criterion is uniformly close to a crite-

rion without the errors e and v. It uses (G1)—(G6).

2. Slopes and centres. The criterion without errors attains its minimum at the true slopes,
centres and groups. Proposition 1 turns this into consistency of the estimated slopes
and centres, after a relabelling of the groups. It uses (G8) for the design and (G7) for

the separation of groups.

3. One product. Fix a product j. Suppose the estimated slopes and centres are close to
the truth and the perturbation is small. Then the classifier assigns j to a wrong group
only if one of four averages over markets is far from its mean (Lemma 3). Each of
these events has probability o(M ~°) for every 6 > 0 (Lemma 5 below). This step uses
(G1)—~(G5) and (G7).

4. All products. A union bound over the J products gives J o(M ~?), which vanishes under
(G9). Theorem B.1 adds two terms. The first is the probability that Step 2 fails. The
second is the probability that the perturbation is large, which vanishes by (G6).

For (9, o, k) € OF x AKM » K define the sample objective of (31), normalized by JM, and
J p ) y

its counterpart without the errors,

5 1 J M )
Q9,0 k) M ;7;1 Yim = WinViG) ~ Cm)
1 J M 1 J M
2 7. _ 2
QUW, a,k) == il ;;Djmw a, k)? lemzlvjm, (32)

where

Djn (¥, a, k) = w;m<7920(j) - ?9;;(3')) + ago(j)m — X(Gym:
By (30), the residual is y;n, — w},, V5 ;) — Qjym = Vim + €jm + Djm.

Lemma 2 (Uniform convergence of the criterion). Under (G1)-(G6),

sup }Q(ﬁ,a,l;:) — Q(ﬁ,a,l%)! —, 0

(ﬂ,a,fc)
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Proof. Expand the square of the residual v;,, + ¢, + D;, and subtract Q. For every (9, a, k),

V_Q:JLMZzegm ZZe]m Vjm + Djm) + MZZ% im- (33
J m

.A =

Both A and B depend on (¥, o, k).

By (G4), (G5) and (F1), E ||wj,[|* < C'and Ev},, < C for some finite constant C'. By (G1),
19| < C, and |a20(j)m — Qjjyml < C for every (a, k), since both centres lie in a,, ; + .4 and A
is bounded. Hence |Dj,,| < C(1+ ||wjn||) for every (¥, «, k), for some other C. We show that
SUP (g o iy | 4] and sup y , ;) | B| are o,(1).

Bound on A. Write & := max;<; M~'/?||¢;||. The first summand of A equals & >~ M~'[¢;]?,

which is at most 2. For the second summand,

‘JLM Z Z ejm (Vjm + Dijm) ‘

< (JM Z Z ]m> 2 (JLM ; g (vjm + Djm)2> v (Cauchy-Schwarz over (j,m))
/

= (7 ZM lesl ) o 34 ZZ (0 + D)) sl = )

=2 (JM Z Z Vim + Djm) >1/2 (M| < & for every j)

<2 é(JMZZ vl +2D%, ))1/2 (z+1)? < 202 +29?)
1/2

<oe(oy w2031+ wgml))?)) (1Dl < €O+ i)
1/2

<oe(o 2, AC 1+ wjnl))) (1+ ) < 2(1 +a%)

1 1/2
< Cé(J_MZZ <1+Uj2-m—|— ||wjm||2)) (new O).
J m

The average on the right is O, (1) by Markov, and € = 0,(1) by (G6). Neither bound depends
on (9, a, k). So SUD (g..1) | Al = 0p(1).
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Bound on B. Split B into two terms:

9 2
_M § E :Ujmw;m(ﬁgo(j) o 191;:(])) + JM § : § :Ujm (Oégo(j)m - a’;(j)m) ’
i m J m

J/

~\~
=:D1 =:D9

Bound on B;. Sum first over markets:
C 1
502 ST iy S ]
7 m

The right side does not depend on (¥, k). For each j,

1 2 1
Ell— ) vimwiml|l =-— E [VimVims W Wi (expand the square)
M mWj M2 imUj imWj p q
M2 Z [VjmWim]" E[Vjm/ wjm] (independence, (G2))
m;ém’

M2 ZE ||meH

= W Y E [vFnllwml?] (E[vjmwjm] = 0, (G3))
1
Sz > (Evi,) 2 (B [lwjm|*) 12 (Cauchy-Schwarz)
< % (fourth moments, (G4), (G5), (F1)).
Hence
C 1 . .
E [7 Z H M Z Uﬂmwﬂmm Z E H M Ujmwij (linearity)
J m
C 2\ 1/2

< Wi : (E HM ;’Ujmwij ) (Jensen)
<CM™YV?2 50 (previous display).

By Markov, this bound on | B, | is 0,(1). It holds for every (¢, k), so sup g iy |B1] = 0p(1).
Bound on B,. Write G = Qg — Gy g and a3, := ), — a,,.7, which lie in the bounded set
A by (G1). The drift cancels in B,, so By = JLM Z Yom vjm(dgo(j) — Qf(jym ). The true values

(a° k%) are themselves a candidate. So SUp, 7y | B2| is at most four times the supremum in
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the next display, and it suffices to show that
sup ’L ZZv-md,; . ’ —p 0.
(k| TM T S

Group the products by their candidate group and apply Cauchy-Schwarz over the pairs
(m, 0):

eSS vtz = |7 3D e - S HEG) = O
i m m V4 7
<c (% Y (% SO 14k () = é}vjm)z)m.
m l 7
Let Vj; := MY vjmvi,. Expanding the square,

%;Z (%;1{%@) = oyn) =5 7 22 = K0}V < pZZIVﬂI

The right side does not depend on («, k). For each pair (j,4), the triangle inequality and
Jensen give E |V;;| < |EVj;| + (var V)2 The meanis EVj; = M1 E[vjnvim]. By (G2),
V;; averages M independent terms, so var V;; < M 2% E[v?
(7,4) and using the bound L of (G4),

IS <SG ET ) (§) < ()"0

2 1 < C/M. Averaging over

jm Vim

By Markov, the supremum is 0,(1), and so is sup, j | Ba|-

Since Q — Q = A + By + By, the triangle inequality gives sup,, |Q Q| —p 0 O

Proposition 1 (Consistency). Under (G1)—(GS8), there is a permutation 7 of {1,..., K}, which
depends on the data, such that for every k < K,

M
A 1 X )
192y — 90| = 0, 7 E (G — )’ = 0.

Proof. Step 1: the average fit error is o,(1). By (G1), the true values (9°, %, k°) lie in ©F x
AKM 5 K. Write A = SUD (.0 F) 1Q(0, a, k) — Q(V, v, k)|, which is 0,(1) by Lemma 2. Write
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A - ]_ 2 . ey ~
0<D=QW,ak)— T Zj: Zm: Vi, (definition of Q)
= Q(éa d7 ]%) - Q(ﬁoaaoako) (Djm(ﬂoaaovko) =0)
< Q(Qg‘, Q, ];‘) — Q(ﬁo, a® k%) +2A (Lemma 2 at both points)
<2A (the estimate minimizes Q).
So D = o,(1).

Step 2: the fit error bounds the distance between parameters. Next, we find a lower bound on the
fit error of the set in terms of that common difference. To do so, we bound the error D;,,
for some specific set of products. Concretely, fix k,¢ < K and consider the set of products
{j : K°(j) = k, k(j) = £}, that is, the products of true group k that the classifier assigns to
group (. Because all of them share the true parameters and the estimated parameters, the
difference between the two is the same.

For each product in the set, write D;,, = wh,, (95 — 0¢) + a2 — . Expanding the square

and collecting terms,

~ ~

0 0
19]@ - 794 w; w; ﬁk - 198
L S wimw Lo, LM
0421 — an M &m JITEIm VM VM 0421 — Qg
L Wiy 1 —rL
1 S0, = VM VM VM
M m : : . :
0 N 4 0 A
Qs — Qo Wim 1 Qs — Qumr

NeT; i NaT;

Next, we sum over the products in the set:

. 1
—Dzj%:]l{ko( )=k, k(j _4}721)

m

9~ W Lo WimWim e AF\ | [ R0
o —an 1 :;Q 1 gy —bur
. M
= ™ 52 1K) = ) . v
apy —ben L\)/;ﬁ 1 Yy —Gen
VM M VM
> pAké('Z;) (H’&O 1%”2 + — Z akm Oé[m O
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where the second inequality holds because by (G8) the smallest eigenvalue of the matrix
above is ﬁkg(/%), and a quadratic form is at least its smallest eigenvalue times the squared
norm of the vector.

Note that the product can be small because parameters may be close, or jy¢(k) may be
small. The next step shows that, for each true group k, at least one ¢ has /”)M(l%) bounded
away from zero, which implies that the estimated parameters are close to the true parame-

ters.

Step 3: for each true group k, some py(k) is bounded away from zero. By (G8), the bound

R e ey ) 2 0
holds with probability tending to one. Because the estimated partition k € K, for each true
group k there is at least one £ with pree(k) > p, when the bound in (G8) holds. For each k, let
7(k) be the smallest such ¢. Taking the smallest such ¢ only makes the choice unique. So 7

maps each true group to an estimated group. We show next that this map is injective.

Step 4: an injective map from true groups to estimated groups. To show injectivity, the argu-
ment combines two facts. Distinct true groups are far apart, and each true group is close to
its match. If two true groups shared a match, they would both be close to it, and hence close
to each other.

(a) Distinct true groups are far apart. Fix k # k' and any product j. Then

< o7 Z E [ % -9 +ad, agm)Q] G7)
< % Z (2 E [(wzm(ﬁo, — 192))2] + 2(@2% — agm)2> ((z 4 y)? < 22° + 23?; centres non-random, (G1))
m
< % Z (2 E |lwjm|? 9% — 9%1* + 2(a2/m - agm)Q) (Cauchy-Schwarz; slopes non-random, (G1))
m
< (190 =2 + 52 7 (08 — o)) (B [wjm < C, (G5)),
m

where C' depends only on sup; ,,, E [w;m .

84



A

(b) Each true group is close to its match. For every k

N 7. 9 1 ~ 2 . A
D= puoy (B) (105 = Dol + 7 D (0 = Grom)”)  (Step2with £ = 7(0)
A 1
> P(W% —all* + 57 > (0 - (34+(k)m)2) (definition of 7)
p >0,

The second inequality also uses that the term in parentheses is non-negative. Dividing by
R 1 . 9

199 — Da||” + i ; (o — Qr(ym)” < ,0 for every k. (34)
(c) No two distinct true groups share a match. Suppose 7(k) = 7(k') for some k # k. Write
9 — 9% = (99 — Do) — (0 — 0

Uz x)), and likewise for the centres in each market. Then
Hﬂo 192’ ||2 + = Z akm ak’

2 < 2(||190

~ N 2
+ 2(”192/ — ﬁ%(k)” + M ; ak’m - O“f(k)m) )
4D
< =
p

”2 + - Z akm aT(k)m )

probability tending to zero

((34) for k and for k).
By (a), the left side is at least ¢/C. So a shared match implies ¢/C' < 4D/p, that is
D > ¢p/(4C). Since D = 0,(1) and ¢p/(4C) is a fixed positive number, a shared match has

Hence, with probability tending to one, the bound in (G8) holds and no two distinct true
groups share a match. In these samples, 7 is defined and injective from {1

i ., K} toitself,
so it is a permutation. In the remaining samples, where the bound in (G8) fails or 7 is not

injective, set 7 equal to the identity. So 7 is a permutation in every sample.

Step 5: conclusion. Let E be the event that the bound in (G8) holds and 7, as defined in
Step 4, is injective. By Step 4(c), P(E) — 1. Write dy := [|U:) — 99| + 2 32, (G (ym agm)Z.
On E, (34) gives max,<x dy, < f)/p Fix e > 0. Then

< P(E° )
P(rkngagcdk > 5) <P(E)+P(D > pe) =0

since D = 0,(1) by Step 1. Both terms of dj, are non-negative, so each is o, (1), uniformly in &

O
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From here on, we relabel the estimated groups by the permutation 7 of Proposition 1, so

that 7 is the identity, as in BM15. For n > 0 let

M
{(9.0): |9 — 91> < nand % S (@ — 0)? < nforall k< i}

m=1

N(n)

After the relabelling, Proposition 1 says that P(( J,a) e N (n)) — 1 for every 5 > 0.

Lemma 3 (Misclassification of one product). Under (G1)-(G5) and (G7), there is ny > 0 such
that for every n € (0,ny) and every § > 0,

max P((9,6) € N(n), BG) #K°G), M~ es]) < i) = o(M).

Jj<J

Proof. Fix j and write k := k°(j). Fix £ # k. The event {k(j) # k} is the union over ¢ # k of

the events treated below, and K — 1 is fixed.

Step 1: the decision rule. Given (v, &), the classifier assigns product j to the group ¢ that

minimizes ) (yjm — W}, o — G )?. Let
N L / A A ~ L / 3 A ~ A
U i= Yjm — Wik — Qg Uy, = W, (Ve — Og) + Gm — Qg

so that y;,, — w}mﬁg — Qg = Uy, — Uy The event {I%(j) = (} is contained in {>", (D, — lim)? <
>, 02}, thatis,

o 1 9
; U Vpy > 3 g U, (35)
By (30), U = Vjm + €jm + w;m(ﬁg — 1§‘k) + (a2 — &gm), SO
D B =Yt Y i+ > A0 (0 = k) Yt (4, — ).
Step 2: reduction to the true contrast. Let
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be the true contrast between groups ¢ and k at product j, and let d,,, := 1,,, — u,,, so that
iy = Wy (D = 09) = (D = 03) + (G — 0fyn) = (G — O)-
On {(J,a) € N'(n)}, by the triangle inequality and Cauchy-Schwarz,
MR < 2 M g 2 = kg, = 200 M),

The bound follows from ||(w},,a)m<n| < [[w;l| [|a|| for any vector a, applied to a = i
and a = 9, — 99, each of norm at most /77 on N (1), and from ||(éigm, — a9, )m<ar|| < /M7 and
likewise for k. Since @ = u + d, also M~2||a|| < M~2|ul| + /1 &;.

We now rewrite the decision rule (35) in terms of the true contrast v and the sample
average M ™'Y ). Write ap, := wf,, (09 — Jy,) and by, := a  — Qg for the estimation
errors of the slope and of the centre of the true group, so that 0, = v, + € + @ + by, Insert
1 = u + d on both sides of (35). The left side is

Z amﬁm = Z UmUjm + Z dmvjm + Z ﬁ'mejm + Z amam + Z ﬂmbma
and the right side is
DILETPCED BT DI
2 m " 2 m " m - 2 m "
Divide by M and move every term except M~ > ,,0;,, to the right. The event (35) is
1 1y 1, 1
Vi %:Um%'m > W““H + WHCZH t7 Zumdm

Each term on the right has a role. The first is the signal: the squared distance between the
two groups at product j, which (G7) keeps away from zero. The second is non-negative and
is dropped. The remaining five are the nuisance terms that separate this lemma from the case
with known slopes and centres and no perturbation. M~ %" w,,d,, is the estimation error of

the contrast, projected on the contrast itself. M~'>"  d,,v;,, is the same estimation error in-
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teracted with the noise of product j. M~ )" d,,e;, is the perturbation of the group-market
intercepts, which is random and may be correlated with everything else. M~ %"  i,,a,, and
M=1t3" b, are the estimation errors of the slope and the centre of the true group, which
enter the residual 7, under the true group. Each of the five is a sample average of a product
of two arrays over markets. Cauchy-Schwarz bounds it by the product of the two root mean
squares, and on {M~"/?||e;|| < /7} N {(¥,a) € N(n)} one factor in each product is at most
/7] times something:

1
|57 2 | < MVl MV < iy M
1
|7 D | < MR MR gl] < M
1 . 1201 1y -
|57 2 | < M7l M7 eyl < i (M7 ull + ).

1 . _ ol 1 R 1/2 _
D bin| < M2 (2 DA — dn)?) < VA (Ml + Vi),

m

1 . _ R _ ~
|7 D | < M2 M2 1605 i
</ M2 | (MY ful| + v/ k5.

The bounds are of two kinds. Those proportional to M ~'/2||u|| scale with the signal. Sum-

ming their coefficients,

VIM Tl (k5 42+ M7 lwl]) = /i M7 |ful) (44 3072 )
<A/ (14 M7 wy ) M2l

In Step 3 this is absorbed by the signal 51 ||u||* once 7 is small, because M ~'/?||u/| is bounded

below off a tail event. The remaining bounds do not involve u:
VR M2 og || 20 g MY g

Withn < 1, k; = 2(1 + M~?||w;|)) and 2ab < a® + b7, the three terms are at most /77 (1 +
M= w;|I> + 2M ~Hjw,|1?), /7 (6 + 2M ! |Jw;|[?) and /77 (1 4+ 3M ! |lw;||?), so their sum is at
most 8,/7 (1 + M~ (|lw;||* + [|v;]|*)). In Step 3 these are absorbed by the lower bound on the
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signal, because M ~!||w;||? and M ~!||v;||? are bounded off a tail event. Dropping - ||d||* > 0

from the right side of (37) and inserting the bounds, the event (35) is contained in

{7 S tmvim 2 S ollulP— 4/ (M2 ) M2l = Co/ (147 (s P+l)

) (39)
with Cy = 8. What remains on the left is the one term whose smallness is probabilistic rather
than algebraic: the sample covariance between the contrast and the noise of product j. Its
mean is zero by (G3) and (G4), and Step 4 bounds its tail. This step uses no bound on © or

A. The size of the centres enters only through M ~!/2

||u||. The containment holds pointwise
and for any labelling of the estimated groups. In particular, it holds after the relabelling by
7 of Proposition 1, even though 7 depends on the data.

Step 3: tail events. Let u®> := M~'Y Eu?, which is at least ¢ by (G7). Let M be the

constant of Lemma 5 and consider the events
Q= {M Nl < dat), Qo= (Ml 2 ) Q= {2 2 0

Outside Q; U Qy U Q3, M~Y2||ul| > a/vV2 > /¢/2, 1 + M~ V?|jw,|| < 1+ VM and 1 +
M= (J|w;]|* + ||lv;]]?) < 14 2M. Choose 19 < 1 so small that for all n < n

4+ VM) <ie2  and  Coyi(1+2M) < Le

Then, outside ; U Qy U Q, the right side of (38) is at least 517 ul|* — 57| <7
a7llul? > ia? The first inequality uses 4,/n(1 + VM)M2|ju|| < £\/c/2 M7/2|u]

s17/lul|?. The second uses ¢ < g7 ||ul|*. Hence (38) is contained in

ull* = gz llull* =

IN

1 —2
91UQQU93UQ4, Q4 = {MZumvjm Z %u }

The choice of 1, depends on c, M and C, only. It does not depend on j, k, ¢, J, M, or the size
of u2.

Step 4: tail bounds. By Lemma 5(1)—(iv), each (2; has probability o(M ~°), uniformly in j, k,
¢, and in the size of %2 > c. The union over the K — 1 values of ¢ and the maximum over j

give the claim. ]
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Theorem B.1 (Misclassification, general model). Under (G1)-(G9), with the estimated groups
relabelled by 7 of Proposition 1, for every ¢ > 0,

P(k(j) # K°(j) for some j < J) = o(1) + o(JM ).
Proof. Fixn € (0, 1), with ny from Lemma 3. Define the events
={0,0) eNm)}, &= {maxM el < Vi, F={kG) £ KO}

The event in the theorem is ( J, ; ;. Then

UEC(U]—"jm&m&)ugfus; (split on & N &)
isJ I<J
= U (.7:] N& N 52) UETUES (intersection distributes over union)
Jj<J
cU(Fmnan{M el < vi}) UEUE € c (2ol < Vi)
J<J
So

P( U f}) < P(E) +P(ES) + Z P(f'] N& N {M71/2H€jH < \/ﬁ}) (union bound)

J<J J<J

< P(E%) + P(&5) + JmE}(P(J:j NEN{M2)e;| < ﬁ}) (sum < Jx max)
1=

=o(1) +o(1) + Jo(M™*).

The first term is o(1) by Proposition 1, since the groups are relabelled by 7. The second
term is o(1) by (G6), since M~!|le;[|> = M~ 3" e?,. The maximum in the third term is the
probability in Lemma 3. With § = ¢, that lemma makes it o(A/~°). The lemma holds for any
labelling of the estimated groups (Step 2 of its proof). O

Lemma 4 (Covariates observed with vanishing error). Let (G1)~(G9) hold for (y;m, w;m). Let
A, be random vectors in R? with maxj<; M~ S M ||A;, )12 =, 0, and let @ = Wim + Ajm.

Let (9, &, k) be the classifier (31) computed with 1y, in place of w;,,. Then the conclusion of Propo-
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sition 1 holds for (¥, &), and, after the relabelling by 7, for every ¢ > 0,
P(k(j) # K°(j) for some j < J) = o(1) + o(JM ).

Proof. Let Co := supyce ||9]], finite by (G1), and A := max;<; M~Y2||A;]|, so that A = 0,(1)

by assumption. For every (1, a, k) the residual with the observed covariates is

Yim = Wy Vi) = Uiy = Vim + Eim(0,5) + Djm(0, 0, k), Em(0, k) = €jm — N, 055,
with D;,, as in (32), defined with the true covariates. By Cauchy-Schwarz, |é;,, (¥, k)| <
el + Coll A, 50

max M~'2||&;(9,k)|| < e+ CoA =:éx  forevery (9, k),

i<J

with & := max; M ~1/?||¢;|| as in the proof of Lemma 2. By (G6) and the assumption on A,
ea = 0p(1). The point is that € depends on the candidate parameters, but its bound does not.

Step 1: criterion. Let Q(0), a, k) be the sample objective of (31) with @, normalized by JM.
The decomposition (33) holds with é;,,(¢, INc) in place of ej,,: Q — Q = A + B, where Ax
is the term A with € in place of e and B is unchanged, since B involves only v and D. The
bound on A in the proof of Lemma 2 uses e only through ¢ and holds for every (¥, a, k). Tt
therefore holds for Ax with é, in place of e. Hence sup y , 1, 1Q — Q| =, 0.

Step 2: slopes and centres. The proof of Proposition 1 uses the sample criterion only in its
Step 1, through Lemma 2 at the estimate and at the truth. With Qin place of Q, Step 1 of that
proof gives D < 2sup |Q — Q| = o0,(1), where D is defined with the true covariates. Steps 2-5
use D, (G7), (G8) and the non-randomness of ¥° and a°. They do not involve the covariates
used by the classifier. So the conclusion of Proposition 1 holds for (0, a), with a permutation
7, and we relabel by it.

Step 3: one product. Fix j, k := k°(j) and ¢ # k. Given (0, &), the classifier assigns j to ¢
only if (35) holds with

N L ~/ A A~ N Y A a3 ~ ~
U 2= Yjm — Wik — Qkm,s Uy, = W, (Ve — D) + G — Q-

By (30), 0 = Vjin+€jm + W, (09— Vi) +(, — Gitm) — Ay Ok, and d, = i+ A, (D0 —0),
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with w,, the true contrast (36) and d,, as in the proof of Lemma 3. On {(¢,&) € N(n)} N
{M2)A < v/,

M (A (e = 90)) el < 2Covm. MT2(A),00) .0l < Covm

So the bound on d in Step 2 of the proof of Lemma 3 holds for d,, + A;m(z% — J;,) with
kj = 2(1 + Co + M~2|jw;||), and the additional term M3, @,,A’, 0y is bounded by
Co/M (M~2||u|| + /7 k;), which has the form of the bound on the e term there. The con-
tainment (38) therefore holds with a constant Cj that depends on Cg, and Steps 3—4 of that
proof are unchanged. Hence there is 77, > 0, depending on c, M, Cy and Cg, such that for
every n € (0,m9) and § > 0,

maxP((0,6) € N (o), k(G) # KG), M72lles]| < Vi, MOPA ] < i) = (M)

Ji<J

Step 4: all products. Repeat the proof of Theorem B.1 with the event & = {A < /ij}
added to & N &. The union bound gives P(Ef) + P(ES5) + P(&S) + J o(M ). The first term
is o(1) by Step 2, the second by (G6), the third by assumption, and the last by Step 3 with
d=cq. O]

Rates. (G9) enters only through the union bound in Theorem B.1. It allows J to grow like
any power of M. Neither J nor M can stay fixed. With J fixed, the classifier estimates
each centre o from a fixed number of products, and Proposition 1 fails. With M fixed, it

classifies each product from a fixed number of observations, and Lemma 5 fails.

Lemma 5 (Tail bounds over markets). Assume (G1)-(G5). Fix a product j and, for k # ¢, let
Uy, = ulkl, be the contrast (36), with u® := M~y Eul,. Suppose u? > ¢ > 0. There is M < oo,
depending on the constants in the conditions only, such that for every § > 0 each of the following
probabilities is o( M -9, uniformly in j < J, in k # (, and in the value of u* > c:

(i) P(M7Y|w;|* > M);

(ii) P(Mv;||> = M);

2

(M
(iii) P(MJul|? < 1a2);
(iv) P(5

> UmUjm, > %Tﬂ).
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Proof. Preliminaries. By (G2), the pairs (w;,, v;,) are independent across m. By (G3)-(G5),
|wWjmllp, < C and ||vjmlly, < C uniformly, Ev;,, = 0 and E[wj,,v;,] = 0. The contrast
Upy = W), (Ve — Oi) + (af,, — of,,) is independent across m. Write by, := Eu,,, non-random,

and (= Uy, — by = (Wi — Ewjp,)' (Y0 — Uy), with ||Gn ]y, < C uniformly by (G5). Since
bfn = (Eum)2 < Eu%l,

1
i > ov <a (39)

The means b,, may grow with ; (39) says they do not grow faster.

(i) |Jwjm||* is sub-exponential with || [|w;n,[[?*|ly, < dC? and mean bounded by C. Bern-
stein witht = 1 and M > C; + 1.

(ii) vfm is sub-exponential with norm at most C* and mean at most C5. Bernstein with
t=1and M > Cy + 1.

(iii) w2, = b2, + 2b,, G + A and u? = MY (b2, + ECZ), so

Ml — 2 = 23 b+ 22 (G~ B G,

m
The event {M ~!||u[|* < $u?} is contained in the union of

(25 <22} and {2 3(G-EQ) < —ta?}

For the first, Hoeffding with B,, = |b,,|C,, and ¢ = @?/8 gives the exponent

cy M a* cy M w? cgcM
64C2 M—15" b2 —  64C2 T 64C2% 7

using (39) and u? > c. For the second, Bernstein for the centred sub-exponential (2, with
t = u?%/4 > c¢/4. Both are o(M ~?) uniformly.
(V) 5 D UmVjm = 57 o CnUjm + 27 O, bm¥jm. The summands of the first average are

independent, with
ElGnvjm] = (9 = ) (Blwjmvjm] = Elwjm] Blvjm]) =0

by (G3) and (G4), and ||¢nvjm |y, < CwC; Bernstein with ¢t = @?/16 > ¢/16. The summands
of the second are independent, mean zero by (G4), with ||b,,,0 /¢, < |b,|C; Hoeffding with
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t = u?/16 gives the exponent cy Mu*/(256C* M1 > b2) > cyeM/(256C?) by (39). Both are

o(M~%) uniformly in the value of 4% > c. O

B.3 The nested logit with exogenous prices

This section shows that the nested-logit first step is an instance of the general model of
Appendix B.2. Here the price variable is exogenous, so the covariates wj,, = (pjm,X},,)" are
X,,-measurable. Appendix B.4 extends the results to endogenous prices. The true partition

k° of the general model is the nesting structure .

Conditions. Conditions (C1)-(C3) are those of Section 5.2. With exogenous prices, the

separation and design conditions are stated on w,,, instead of wj,,.

(C5,) Separation. There is ¢ > 0 such that, for all £ # ¢ and all J, M large,

! Z [ 1—o0y)logE [IV}] — (1—0g)10gE[IV7fL]]2 > .

m:l

(C6,) Rank. There is cp > 0 such that, for every nest k, every set A C {j : k(j) = k} with
|A| > nJ/K,and all J, M large,

mm( 1 iE [|A[ Z wjm—wAm) (wjm —wAm)/D > cp, WA = 70 ] ijm

=1 JEA

(C5,) asks every pair of nests to differ in the population intercept, on average or in how it
varies across markets. Under (C2)(f), (C5,) is equivalent to (G7) (Proposition 2(vi)). Lemma 9
gives sufficient conditions in terms of nest sizes and composition. (C6,) asks every large set
of products of a nest to show variation of w across its products within markets, on average
over markets and in every direction. Proposition 2(vii) derives (G8) from it, and Lemma 10

gives a pairwise sufficient condition.

Mapping objects. Recall the nest average Sy, of (13), its centring 1ix,, = E Sk, and define

the log error

= log Skm - 1Og Hkem -
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Write 7y; := Ji/J for the share of products in nest k.
Centre and error. Since the inclusive value of nest ¢ is J; Sy, the intercept in (3) is

Mem = (0% — 1)10g(JeSkm) —10g Dy D= 14> (JpSem)™.
4

Replace each nest average Sy, by its centring ris,:

Nem = j\km"’ekma 5\km = (Uk—l) IOg(Jkukm)—log D,SZ, D?n = 1+Z(Jeﬂem)ge7 €km ‘= Akm—j\km
¢

(40)

where ), is not random. With these objects, (6) reads
log ij = w;mﬁk(]) + j‘k(])m + €k(j)m + Ujim, (41)

which is the general model (30). Its dependent variable is y;,, = logP;,, and its covariates
are wj,,. Its slopes are ¥ = (3, = /o, and its centres are o), = \,,. Its perturbation is
the group-market error, e;,, = ey (jym, and its product-market error is v;,, = &m/0ox;). The
centres drift to —oco at the common rate log J; Lemma 7 shows that under (C2)(f) they are
bounded after removing this drift, which is (G1) with a,, ; = —log J. No normalization of

the outcome is used.

Results.

Lemma 6 (Inclusive values). (i) Under (C2)(c),(e), there are constants 0 < ¢, < C), < oo with

¢y < g < Cy forall k, m, J.

(ii) Under (C2)(c),(d),(e), for every ¢ > 1 and n € (0, 1],

sup P(|rgm| > 1) < Cy 77*2”;?’,

k,m
with C, depending on q, c,, and the constants in (C2)(d) only.

(iii) Under (C2)(c),(d),(e), there is C' < oo with Er2, < C J. " for all k, m, J.
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Proof. (i) Write 0, = 5wy, +Ejm. By the triangle inequality for ||-||y,, [|0m |l < |8 [|wjm [, +
1€5m | we- By (C2)(e), || 5] is bounded. By (C2)(c), (|wjml|v, and ||€jm] v, are bounded uniformly
in j,m, J. So Cs := sup; ,, 7 [|6jm|ly, < 00. By (F1), C1 := sup; ,, ; E[d;m| < oo.

Since pigm = Jj, ' Y e E €27/, it suffices to bound each E e?/7%. By (C2)(e), 0} > g. So
elimlok < eloml/e By (F2) with A = 1/g, Ee%m/or < 2¢%/4") —. C,,. By Jensen, E e%m/7r >
eBoim/ok > e=C1/2 =: ¢ Neither constant depends on k, m, J or m;. Also, ¢, <1< C,.

(ii) Fix ¢ > 1.

Step 1: tail of Sy, By definition, Sy, — ppm = J; >ick (e%im/ok — E e%m/7v). Markov’s
inequality and (C2)(d) with exponent 2¢ give, for every ¢t > 0,

024‘]13 _
12020

P(|Skm — frm| > 1) < Cogt 21T 7. (42)

Step 2: from Sy, to ry,. Fixn € (0,1] and let ¢ := ¢,n/2,s0t < ¢, /2. Suppose |[Skm — fkm| <
t. By (i), ptkm > cu, 50 Sgpm > ¢,/2. On [c,/2,00), log is Lipschitz with constant 2/c,. So
P | < (2/¢)|Skm — pem| < 1. Hence {[rim| > 0} C {[Skm — pirm| > t}. By (42),

P(|rem| > 1) < Coy(2/c, ) n 200, 2.

The bound does not depend on k or m. This is (ii) with C, := Cy,(2/c,)*.

(iii) Let A := {|Skm — | < cu/2}. Split Erz, = E[ri,, 1] + E[r?,, Lac].

Step 1: the part on A. As in Step 2 of (ii) with t = ¢, /2, |rkm| < (2/cu)|Skm — tem| On A. By
(C2)(d) with exponent 2, E(Sym, — pim)? < CoJ; ' So B[, 14] < 4¢,2CaJ,

Step 2: a fourth-moment bound. Since logx < =z, log Skm < Skm. Since log is concave,
log Skm > J; ! > ek Ojm /0. With (i), this gives

Oim
Oinl €, €= max{]loge). [ 105G,

1
k =
JEEk

By Jensen, S, < Ji ' Y- o €*%1/2, whose mean is bounded by (F2). By Jensen and (F1), the
fourth moment of the average of the |J;,,,| is bounded. So C, := sup,, ,,, ;Er},, < co.

Step 3: the part off A. By Cauchy-Schwarz, E[r2, 1 4] < C}/?P(A)!/2. By (42) with ¢ = 1
and t = ¢, /2, P(A°) < 4¢,2CoJ;". So Elrg,, Lac] < 2¢,1(CoCp) 20, V2,

Steps 1and 3 give ErZ, < OJ,;I/Q, since J;, > 1. O
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Lemma 7 (Centres). Under (C1), (C2)(c),(e),(f), for all k, m and J,
|Aem +log J| < Cy, (43)

for some finite C.

Proof. Write J, = my;J and multiply the numerator and the denominator inside the loga-
rithms of (40) by J~7*:

(Ths k)7t

Nem +1og J = log Zﬁ JOk (T g oy )¢ + J Ok

By (C1), myy € [m, 1], and by Lemma 6(i), s € [cu, C). So |log(mesiem)| < Cr + C, for
every {,m, with C,, := |logz| and C, := max{|logc,|,|logC,|}. By (C2)(f), there is Cp
with Joe=o% < eP for all J. Split the log into the log of the numerator and the log of the

denominator:

N+ Tog J| < |0 = 1] [ 1og(mispapm)| + | 108 (D2 J7 (regpten) ™ + T )

_ L
<Cr+Cp 4

< Cp+Cr+Cutlog(K+1)

<2(Cr +C,) +Cp +log(K + 1) =: C,.

0
Lemma 8 (Errors). For all k and m,
|ekm| < |7’km|+rl;1§€}§|7“em| SQI%%(WM- (44)
Proof. By (40),
Crm = Nem — Mem = (OF — 1)(log Skm — log ,ukm) — (log D,, —log Dgl) = (ok — 1) 1 — log %.

The first term is at most |r,,| in absolute value, since |0, — 1| < 1. For the second, Sy, =

peme”™ gives (JeSem)7" = (Jetem)7 €7, S0

Dm (Jg,LLg )W 1
ogr R m .
Do = E Wem € eem Wom Wem = Do ,  Wom ‘= Do’
m / m m
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where the weights wo,, Wi, - . . , Wk, are non-negative and sum to one. A weighted average

lies between the smallest and the largest of its terms, so

. . D
min{1, min e’} < — < max{1, maxe”"m},
¢ DO ¢
m

and taking logs, |log(D,,/ Dfn)| < maxy 0¢|Tp| < maxy |74y,|. The triangle inequality gives

(44). u

Proposition 2 (Verification of (G1)-(G9) for the nested logit). Consider (41), with centres Ay,

group-market error e;,, = ey(jym and product-market error vj,, as in (40).

(i) Under (C1), (C2)(c),(e),(f), (G1) holds.

(it) Under (C2)(a), (G2) holds.

(iii) Under (C2)(a),(b),(c),(e), (G3) and (G4) hold.

(iv) Under (C2)(c), (G5) holds.

(v) Under (C1), (C2)(c),(d),(e), (G6) holds.

(vi) Under (C2)(c),(e),(f), (G7) holds if and only if (C5,) holds, with possibly different constants.
(vii) Under (C1), (C2)(a),(c), (C3) and (C6,), (G8) holds.
(viii) Under (C3), (G9) holds.

Proof. (i) By (C2)(e), ||8x]| = |8]l/ox < ||8]l/c for all k. By Lemma 7, |\, + log J| < C for
all £, m, M and J. The centres are non-random by (40). So (G1) holds with © := {9 : ||9| <
18]/a}, A = [~Cy, €3] and a, = —log .

(ii) wjm is X,-measurable and vj,, = &m /0w is a function of market m’s primitives. So
the market blocks ((w;y, Vjm)j<s)m are independent across m by (C2)(a), which is (G2).

(iii) By (C2)(a), (&jm, Am) is independent of X, for n # m. So E[¢;n, | X] = E[&n |
X.] = 0 by (C2)(b), and E[vj,,,] = 0. Since w,, is &},,-measurable, E[w;,,vj,] = E[w,m, E[v), |
] = 0. By (€00, 50 [0gmllvy < b [ llva/z < oo, For all j and i, | Efumvin]| =
ak’é)a;é” E [El&m&im | Xull| < 07| El&m&im | Xl ,» by (C2)(e) and Cauchy-Schwarz.
Average over markets and sum over (j,7). By (C2)(b), the bound in (G4) holds with L :=
Le/a?.
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(iV) Wjm = (Pjim, Xj)"- By (C2)(c), sup [|wjm ||y, < oo, which is (G5).

(v) By Lemma 8, e}, < 4max, 13, <4 ,rs forevery k. So

1 4
57 2 < 57 2 2 o

Taking expectations and applying Lemma 6(iii),

1 . —-1/2
E [?§a§MZe§m} < 4KC'(mkank) )

Under (C1), min J;, > 7©J — o0, so the right side tends to zero. Markov’s inequality gives
(G6).

(vi) Fix k # ¢ and a product j. Write by, := Ao — Apm, X = W), (80 — Bi) and B :=
M1y b2

Step 1: by, is the bracket in (C5,). By (40), Agm = (0% — 1) log(Jpixm) — log DY,. The last term

does not depend on k, so it cancels in b,,. Since Jypiy,,, = E[IV}],
b = (1 — 03) log E [IV] — (1 = 04) log E [1V}1].

So (C5,) says that B > c.

Step 2: the slope part is small. By (C2)(e),(f), |8¢ — Bkl = |8 lox — 0¢|/(okoe) < C/log J. By
(C2)(c) and (F1), E ||wjm||* < C.So |E X,,| < C/log J and E X2 < C/log? J.

Step 3: (C5,,) implies (G7). Since b, is non-random, E(X,,, +b,,)* = b2, +2b,, E X, +E X2 >
b2, — 2|bm| | E X,,|. Average over markets and apply Cauchy-Schwarz:

1 ) 2CVB 20 c
_ > B _ - _ > Z
M;E(Xm—i_bm) 25 log .J \/E(\/E logJ)_Q’
once 2C'/log J < \/c/2. This is (G7) with ¢/2.
Step 4: (G7) implies (C5,). Since (z+y)? < 202+2y%, L3 E(X;+bn)? < 2B+2C/ log® J.
So (G7) with constant c gives B > ¢/2 — C/log® J > c/4 for J large.
(vii) For a set A of products write n4 := |A|/J and

A(A) = % > ,—i‘ Y (wim = Wam) (Wjm = D)

JEA
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so that (C6,) says Awin(E A(A)) > cg for large subsets of a nest. Write W := max;<; M ~!{jw;||*.
Step 1: the design eigenvalue and A(A). Fix k, £, k and let A := {j : k(j) = k, k(j) = £}, with
na > 0. The matrix in (G8) is

P Q 1 1
( Tx A ) ’ Py ::jZMijmw;m’

QA naly jEA

where Q4 is the d x M matrix with columns (JvM)™" 3", wjn. Its Schur complement is
Pa—QaQ'y/na = naA(A). Take (z,y) € RYxRM with ||z||*+||y||?> = 1 and let z := y+Q'yx/na.

The quadratic form equals
' Paz + 22'Qay + nallyl* = na 2’ A(A)z + nal|z|*

By Cauchy-Schwarz, [|Q[* < [[QallF < nAW. So |lyl| < [l + VW], [lylI* < 2[|=]* +

2W||z||?, and 1 < (14 2W)||z||? +2]|z||%. The form is at least ngAmin (A(A))|| 2| +n4l|z||>. This
is at least 14 min{ Anin(A(A))/(1 +2W),1/2} times (1 + 2W)||z||* + 2||z/|> > 1. Hence

>
x>
~
~—~
T

> 1 —
) > nArnm{ A

Step 2: a large piece. Fix k and k. The K sets {j : k(j) = k, k(j) = ¢}, £ < K, split nest
k, which has J;, > =J products by (C1). So at least one of them has |A| > ©J/K, that is,
na>r/K.

Step 3: uniform concentration over sets. For i,j < Jlet Dj; := M 1> (Wi — Wjm) (Wi, —

wjm)'. For every nonempty A, the identity

1 ;1 /
14] > (wjm — Wam) (Wjm — Wam)' = STA SN (wim — W) (Wi — W)

jeA i€A jEA

gives A(A) = (2|A]*) ™" X ic4 22 ea Dij- An average is at most a maximum, so

1
Sup |A(A) —EAA)|| < 5 max | Di; — E Dy

1,5<J

where the supremum is over all nonempty sets of products. Each entry of D;; — E D;; is an

average over markets of terms that are independent by (C2)(a), have mean zero, and are sub-
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exponential with norm bounded uniformly by (C2)(c). Bernstein’s inequality and a union
bound over the J? pairs and the d* entries give, for every ¢ € (0,1],

P(max | Dy — EDy| > t) < 222",
for a constant ¢ > 0. This tends to zero by (C3).

Step 4: a bound on W. As in the proof of Lemma 5(i), Bernstein’s inequality gives, for
every § > 0 and uniformly in j, P(M~!w;||*> > M) = o(M~°). A union bound over j and
(C3) give P(W > M) — 0.

Step 5: conclusion. Consider the event {max; ; ||D;; — E D;;|| < cg} N {W < M}, whose
probability tends to one by Steps 3 and 4. On it, fix k and &, and take the piece A of Step 2. By
(C6,), Step 3 and Weyl's inequality, Anin(A(A)) > cp — cr/2 = cg/2. By (45) and ns > 7/ K,

5o () > T . { CR 1}
ma pre(k) 2 p = 7z min 201 1 2M) 2J°

This holds for all & and & at once, which is (G8).
(viii) The first half of (C3), J = O(M%), is (G9) with ¢ = ¢;. O

From (C) to (G). Proposition 2 verifies the general conditions for (41). The map is:

General condition Implied by Where

(G1) bounded slopes and centres, up to the drift —logJ (C1), (C2)(c),(e),(f) Proposition 2(i)
(G2) independent markets (C2)(a) Proposition 2(ii)
(G3), (G4) orthogonality, tails, bound L (C2)(a),(b),(c),(e) Proposition 2(iii)
(G5) tails of w (C2)(c) Proposition 2(iv)
(G6) perturbation e, = €y (;)n, vanishes (C1), (C2)(c),(d),(e) Proposition 2(v)
(G7) separation (C2)(c),(e),(f), (C5,) Proposition 2(vi)
(G8) design (C1), (C2)(a),(c), (C3), (C6,) Proposition 2(vii)
(G9) J =0(M19) (C3), withgq =q¢1 Proposition 2(viii)

Theorem B.2 (Misclassification, nested-logit first step). Under (C1)—(C3), (C5,) and (C6,), the
classifier (31) applied to (41) satisfies, for every ¢ > 0,

P(k # T o k for every permutation 7) = o(1) + o(JM ).
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In particular, the probability that the estimated partition differs from the true one tends to zero.

Proof. Proposition 2 verifies (G1)—-(G9). Apply Theorem B.1. O

Sufficient conditions for (C5,). By Step 1 of the proof of Proposition 2(vi), with J;, = m;;J,
the bracket in (C5,) is

Nem = Nem = (00 — o) log J + (00 — 1) log (Tpsptem) — (o — 1) 10g (T ttiem) - (46)

The first term is bounded under (C2)(f). So nests are separated by three sources: the drift
constant (o, — o) log J, the nest sizes, through log 74, and the composition terms log ik,
which differ when the distribution of (w, §) differs across nests. Under (C2)(f) the drift con-
stant need not vanish, so it can offset the other two. The centres of two nests can then
coincide even though s ttgm # Tesften. The next lemma gives two conditions that rule this

out.

Lemma 9 (Sufficient conditions for separation). Assume (C1), (C2)(c),(e),(f). For k # ( let
Lisem, = 10g (T ftom /(e prem)) and Lyg := M7 Lygm. Suppose there is ¢, > 0 such that each
pair k # ( satisfies (i) or (ii):

(i) (op —op)logJ = 0,and MY L2, > ¢y forall J, M large;

(1)) M3, (Lyem — [_/kg)Q > ¢y, forall J, M large.
Then (C5,,) holds.
Proof. Fix k # ¢ and let b, be the bracket in (C5,). Since —(1 — 0y) = —(1 — 0%) — (0 — 00),
(46) gives

bm = (00 — or)log J + (1 — 0k) Liem + €m, €m = — (o — 0¢) log (T ttem).-

By (C1) and Lemma 6(i), | log(mespiem)| < C. By (C2)(f), |ox—0¢| < C/log J. So || < C/log J.
By (C2)(e), 1 — 0, > 1 —0.
(i) The term (0, — oy) log J tends to zero. By the triangle inequality,
M 2 (1= o)V — [(oe = ) log T -
- log J’
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which is at least (1 — 7),/c./2 for J large.

(ii) The term (o, — 0%) log J does not vary across markets. So, with b and ¢ the averages
over markets, b,, — b = (1 — 03)(Litm — Lie) + (€4, — €). Since M~/2||b|| > M~/2||b — b|| and
M~|le — el < M7'2e],

C

MY2b| > (1-5 -
6l > (1= o)z = 1o .

which is at least (1 — 7),/c./2 for J large.
In both cases, M~ > b2 > (1—5)%./4. Since K is fixed, this holds for all pairs at once,
which is (C5,) with ¢ := (1 — 7)%c.. /4. O

Condition (i) strengthens (C2)(f) to (o, — 0¢) log J — 0 and asks the nests to differ in size
or composition. Condition (ii) keeps (C2)(f) and asks the relative attractiveness of the two
nests to change across markets. Under (C2)(f), a shift in utility common to all products of a

market changes Ly, only by O(1/log .J), so it helps with neither condition.

A sufficient condition for (C6,). (C6,) is stated over all large sets of products of a nest. A

pairwise condition is easier to read.

Lemma 10 (Sufficient condition for design). Assume (C1) and (C2)(c). Suppose there is cp > 0
such that, for all i # j with k(i) = k(j) and all J, M large,

1 M
)\min (M mZ:l var (wzm - w]m)) 2 Cp.

Then (C6,.) holds with cg := cp/4.

Proof. Fixanest kand aset A C {j : k(j) = k} with |A| > nJ/K. Then |A| > 2 for J large.
By the identity in Step 3 of the proof of Proposition 2(vii), the matrix in (C6,) equals

1 1 ,
2| A2 Z Z M Z L [(wlm — Wjm) (Win, — Wjm) }

€A jeEA m

For each pair, E[XX'] > var(X) in the positive semidefinite order. The terms with i = j

are zero. Each of the |A|(|A| — 1) terms with ¢ # j has smallest eigenvalue at least ¢p, and
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the smallest eigenvalue is superadditive over sums of symmetric matrices. So the smallest

eigenvalue of the matrix in (C6,) is at least cp(|A| — 1)/(2|A]) > cp/4. O

The pairwise condition asks that no two products of a nest have covariates that move
together across markets in any direction. It fails when characteristics are fixed across mar-
kets, x;,, = x;, since then var(x;,, — X;,) = 0. In that case (C6,) can still hold through the

dispersion of the x; across the products of a nest, which the pairwise condition does not use.

B.4 Endogenous prices: one-stage classifier

Prices may now depend on the demand shocks. There is an instrument z;,,, in &,,, with
E[&m | Xn] = 0 by (C2)(b). The price projection is (8), with price groups equal to the nests.
This section studies a one-stage classifier that substitutes the projection into the share equa-

tion and classifies on the exogenous variables. Section 4.1 uses the two-stage classifier in-

/
gms Jm

stead; Appendix B.5 treats it. Write wj,, := (x/
(8) in d,,,, and the result in (41),

)’ for the exogenous variables. Inserting

108 Pjm = @} Br(5) + Ar(iym + €ym + Vjms 47
where
- 1 Bz+57]; 3 3 ~ §jm + Bpwim
Br = — : ; Nem = Mem + = Kkm, Djm 1= F————=,
Ok ﬁp’Yz ok Uk(j)

and A, and ey, are as in (40). So (47) is the general model (30) with covariates w;,,, slopes
Bk, centres S\km, perturbation ey ),, and product-market error ;,,. The one-stage classifier is

(31) applied to (47) with covariates w,,,, that is,

(12:(1), . I%(J)) argmm {mln Z Z log JPm) QZ(j),szm — ;f(j)@xjm — ak(j)m)z} )

k(1),....k(J) g

(48)

Conditions. Conditions (C4) are those of Section 5.2. The one-stage classifier replaces

(C5)(a),(b) by a single separation condition, and uses the design condition (C6)(a).
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(C5,) Separation, one-stage classifier. Let b’ be the bracket in (C5)(a). There is ¢ > 0 such that,
forall k # ¢, all j and all J, M large,

M

LS B (0 220 = ity = 1))

Ok

2
}Zc.

m=1

Under (C2)(f), the contrast in (G7) for (47) equals the term inside the square in (C5,), up to
O(1/log J). Its price term is (3,/0} times the gap between the prices that the projections of
nests ¢ and k predict for product j. With a common price equation the gap is zero, and (C5,)
is (C5)(a). With nest-specific price equations, the gap is an additional source of separation,
and it can also offset b*. In (C6)(a) the covariates are (x, z). Prices do not enter the design,

and the instrument does. Lemma 10 applies with w;,, in place of w;y,.

Proposition 3 (Verification of (G1)—(G9) with endogenous prices). Consider the reduced form
47).

(i) Under (C1), (C2)(c),(e), (C4)(c) and (C2)(f), (G1) holds.
(ii) Under (C2)(a), (G2) holds.
(iii) Under (C2)(a),(b),(c),(e), (C4), (G3) and (G4) hold.
(iv) Under (C2)(c) and (C4)(b), (G5) holds.
(v) Under (C1), (C2)(c),(d),(e), (G6) holds.

(vi) Under (C2)(c),(e), (C4)(b),(c) and (C2)(f), (G7) holds if and only if (C5,) holds, with possibly

different constants.
(vii) Under (C1), (C2)(a),(c), (C3), (C4)(b) and (C6)(a), (G8) holds.

(viii) Under (C3), (G9) holds.

Proof. (i) Let ¥ := supy, ; |[7*| and & := supy,, s |Kkm|, which are finite by (C4)(c). By (C2)(e),
18:]l < 1811(1 +7)/c. By Lemma 7, |§\km +log J| < C) + ||B||k/c. The slopes and centres are
non-random. So (G1) holds with these bounds and a,,, ; = —log J.

(ii) @;, is X;,,-measurable. v, is a function of market m’s primitives, since w;,, = pjm —
V¥ Wi — Kgm. So the market blocks (W), Ujm);j<s)m are independent across m by (C2)(a),
which is (G2).
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(iii) As in Proposition 2(iii), E[{;,, | X] = 0, and wj,, is X,,-measurable. So E[{;,,] = 0 and
E[wjmﬁjm] = 0. By (C4)(a), E[wjm] =0and E[’(I)jmwj'm] = 0. So E[f}jm] =0and E[?I)Jmf)Jm] =0.
By (C2)(c), (C4)(b),(c), wjm and &, are subgaussian, uniformly in j, m and J. With (C2)(e),

S0 is ¥;,,. For the bound L, average over markets. Since o0y(;) and oy(;) do not depend on m,

1 o 1 1
Tk(G) TR > Elljmbin] = i > Elmbm] + i > ElEjmewim]

1
+ Bp% Z E[ijgim] + BZ%M Z E[ijwimy

Take absolute values and sum over (j,7). As in Proposition 2(iii), the first term contributes
at most L, to the double sum in (G4), by (C2)(b). The second and third terms give the same
sum after exchanging j and . Move the absolute values inside the averages over markets.
By (C4)(a), each contributes at most |3,|L,,, and the last term at most Bng. So the bound in
(G4) holds with L := (L¢ + (2|8, + 82)L.,) /o>

(V) Wjm = (X, 25)"- By (C2)(c) and (C4)(b), sup |||y, < 0o, which is (G5).

(v) The perturbation ey, is that of (41). The proof of Proposition 2(v) uses the price only
through §;,, and (C2)(c),(d), so it applies unchanged.

(vi) Fix k # ¢ and a product j. Let X,,, := ?IJ;m(Bg — Bk) + igm — j\km be the contrast in
(G7), and let Y;,, be the term inside the square in (C5,). For arrays of random variables, write
|X|| == (M~1Y" E X2)Y2, which satisfies the triangle inequality. (G7) says || X||?> > ¢, and
(C5,) says ||Y||? > ¢. By Step 1 of the proof of Proposition 2(vi), Apm — Agm = bF¢. Collecting

terms,
X — Y = (Ulg — %) (B;ij + 5, (ve’ﬁ)jm - Iigm)).

By (C2)(e),(f), |1/o, — 1/ok| < C/logJ. By (C2)(c),(e), (C4)(b),(c), the second factor has a
second moment bounded by C. So ||X — Y| < C/logJ, and the triangle inequality gives
[IX]| = Y]] < C/log J. If (C5,) holds with ¢, then || X|| > \/c — C/log J > \/c/2 for J large,
which is (G7) with ¢/4. The converse is the same argument with X and Y exchanged.

(vii) The proof of Proposition 2(vii) uses the covariates only through (C1), the indepen-
dence of their market blocks, a uniform bound on their subgaussian norms, (C3) and (C6,,).
For wj,,, these follow from (C1), (C2)(a),(c) with (C4)(b), (C3) and (C6)(a).

(viii) As in Proposition 2(viii). [
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Theorem B.3 (Misclassification, one-stage classifier). Under (C1)—-(C4), (C5,) and (C6)(a), the

classifier (31) applied to (47), with covariates W ;,,, satisfies the conclusion of Theorem B.2.
Proof. Proposition 3 verifies (G1)~(G9). Apply Theorem B.1. O

Relative to the exogenous case, (G6) and (G9) are verified as before, (C4) are added, and
(C5,) and (C6,) become (C5,) and (C6)(a).

B.5 Two-stage classifier, any price grouping, and proof of Theorem 5.1

Price groups. Let g(-) be a deterministic partition of the products into G price groups,
with G fixed. The partition is unknown and may differ from &(-). With g = g(j), the price
projection is

Pim = (V) Wjm + Kgm + Wjm, (49)

with 79 := ((19), (¢)' )/. Appendix B.4 is the case g = k, and a single price group is the case
G = 1. Write p;,,, == (’yg(j))’ﬁ)jm + Fg(jym for the predicted price and w;y, = (Pjm, Xj,,,)"-

When ¢(-) differs from k(-), the slopes and centres of the reduced form (47) depend on the
pair (k(j),9(j))- So (47) no longer has K groups. The two-stage classifier (9)—(10) therefore

proceeds as follows.

L. Price stage. Run (31) with G groups, outcome p;,,, and covariates w;y,. It returns g, 3
and Rgn,. Let pjp, 1= (:Yg(j)),wjm + Rg(jym-
2. Demand stage. Run (31) with K groups, outcome log P;,, and covariates w0, := (pjm, Xj,,)"-

It returns k.

The price stage is the general model (30) with groups ¢(:), outcome p;,,, covariates @;,,
slopes v, centres kg, with a,, ; = 0 in (G1), no perturbation and error w,,. For the demand

stage, insert pj,, = Djm + W), in (41):
108 Py = W), 56 + Ak + €xm + Ujim, (50)

with 8, = /oy and 0;, as in Appendix B.4. This is the general model (30) with covariates
W;jm, observed with error A;,, := Wiy, — Wi = (Pjm — Pjm,0')". Its slopes are the structural

slopes (/0.

107



Conditions.

(P) Price groups. ¢(-) is deterministic, every price group holds at least a share 7 of the
products for all J, and (C4) hold with ¢(j) in place of k(j).

(C5,) Price separation. With g = k this is (C5)(b) of Section 5.2. There is ¢ > 0 such that, for all
price groups g # ¢/, all j and all J, M large,

1 M

= S B [((0F =) i + = Fgm)

m=1

2} > C.

(C6,) Price design. (C6,) holds with the price groups in place of the nests and ;,, in place of
Wjm. With g = k this is (C6)(a) of Section 5.2.

(C6,) Demand design. (C6,) holds with ,,, in place of w;,,. Since Dj,, = pjm — Wjm, this is
(C6)(b) of Section 5.2.

Comments.

(C5,) is (G7) for the price stage. It asks price groups to differ in their price equations.

No drift term arises, because the price equation has no nest parameters.

* In the demand stage the slopes are /0, which differ by O(1/log.J) under (C2)(f).
So (C5)(a) alone separates the nests. The predicted-price gap of (C5,) plays no role,

because p;,, carries the price equation of each product.

* (C6,) asks the predicted price and x to vary across the products of a large set of a nest
within markets, in every direction. Within a price group, p;m = (7?) @Wjm + Kgm- So the
instrument has to move the predicted price, 7/ # 0, and z must not be collinear with x

within markets. This is the relevance of the instrument in the first step.

* When g = k or G = 1, both Appendix B.4 and this section apply. They rest on different
separation conditions: (C5,) for the one-stage classifier, and (C5)(a) together with (C5.))

for the two-stage classifier.

Proposition 4 (Two-stage classification with any price grouping). Assume (C1)—(C3), (P),
(C5)(a), (C5,), (C6.) and (C6,).
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(i) The price stage recovers the price groups: for every s > 0, P(g # Tog for every permutation T) =
o(1) +o(JM™).

(ii) max;<; M~'2|p; — p;l| = 0.

(iii) The demand stage recovers the nests: for every ¢ > 0, P(/% # T o k for every permutation T) =
o(1) +o(JM™*).

Proof. (i) We verity (G1)-(G9) for the price stage. (G1): 79 and kg, are non-random and
bounded by (P). (G2): w;, is A},,-measurable and wj,, is a function of market m’s primitives,
so (C2)(a) applies. (G3) and (G4): E[wj,,] = 0 and E[w;,,w;m| = 0 by (P). wj, is subgaussian
as in the proof of Proposition 3(iii), and the bound in (G4) holds with L = L, by (C4)(a)
under (P). (G5): (C2)(c) and (P). (G6): there is no perturbation. (G7): (C5,). (G8): the proof
of Proposition 2(vii) applies with the price groups in place of the nests, the share bound of
(P) in place of (C1), wj,, in place of w;,,, and (C6,). (G9): (C3). Theorem B.1 gives (i).

(ii) Relabel the price groups by the permutation of Proposition 1 for the price stage. By
the proof of Theorem B.1, § = ¢g with probability tending to one. On that event,

A~ ~ A~ 1 A\’ ~ A
Bim = Bim = (37 = D) Wjon + Fig(iym = Fg(ym-
So, for every j,

MA/QH@ — 5 < mgax H:yg _ ,ng mlaXM—meiH + mgaX (% ; (/%gm — /@gm)2)1/2.
By Proposition 1, the first factor and the last term are o,(1). By Step 4 of the proof of Propo-
sition 2(vii), applied to 1@;,,, max; M ~/2|@;|| = O,(1). This gives (ii).

(iii) We verity (G1)—(G9) for (50). The slopes, centres and perturbation are those of Ap-
pendix B.3. So (G1) holds as in Proposition 2(i). p;,, is a non-random linear function of
Wjm. SO Wj, is X,,-measurable, and (G2) holds as in Proposition 3(ii). For (G3) and (G4),
with g = g(j), E[pjmwim] = (77) E[@0jmwjm] + Kgm Elwjm] = 0 by (P). The rest is as in Propo-
sition 3(iii). (G5): p;,, is subgaussian by (C2)(c) and (P). (G6) holds as in Proposition 2(v).
(G7): the proof of Proposition 2(vi) uses the covariates only through a uniform bound on
their second moments, which (G5) gives for w,;,,. So (G7) holds by (C5)(a). (G8): the
proof of Proposition 2(vii) applies with w;,, in place of w;,, and (C6,). (G9): (C3). By (ii),
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max; M~2||A;|| —, 0. The demand stage is (31) applied to the outcome logP;,, and the

covariates Wj,, = W;m + Aj,,. Lemma 4 gives (iii). O]

Proof of Theorem 5.1. Take g = k and G = K in Proposition 4. Then (P) is (C4) together with
(C1), and (C5,), (C6,) and (C6,) reduce to (C5)(b), (C6)(a),(b) of Section 5.2. The price stage
(9) and the demand stage (10) are the two stages of the proposition. Parts (i) and (iii) give

the two claims. [l

B.6 The demeaned second-step estimator

In this section, 6, g and V@ refer to the demeaned estimator defined below, not to the levels
estimator (12) of the main text.

An alternative to the levels estimator of Section 4.2 takes deviations from the product
mean across markets, which removes the drift —log Ji;) of the within-nest share. For any

variable a;,,, leta; = M~'>"  a;, and Va;, = a;, — a;. Demeaning (4) gives
V(log Pjm — log POm) = BoVDjm + BoVXjm + (1 — 01()) V108 Pjiiiiym + VEjm, (51)

where V log Pjj1(j),m is bounded in probability as J grows. Demeaning also removes product-
level unobservables that do not vary across markets, so this estimator also covers a model

with product fixed effects (Section 6).

Demeaned estimator. The demeaned GMM estimator solves

A

0 = argmin g(60)'Wg(0),

J M
ZZ Zim(V(log Pjy —log Poy) — VR;,.0), (52)

m=1

where W is a positive definite weight matrix. Since g(f) is linear in 6, the estimator has the

closed form

J M
0= (VGWVG) 'va'W Z > ViV (logPjm — log Pom), (53)

=1 m=1

where VG = (JM)™! Z}]=1 M VZjmV R}, is the sample Jacobian.
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Asymptotic distribution. We state the result for the demeaned oracle estimator, computed
with the true nests. Its asymptotic properties depend on the moment function at the truth,
G(6o), and on the Jacobian V. The within-nest share depends on the other products of the
nest through the nest average Sy ;) of (13), which fluctuates around its centring 1 (;),m- The

population Jacobian replaces the nest average by its centring. With k& = k(j), let

F}‘m = (pjm; ]ma (Ulzléjm - log Him — log(Jk/J>) e;c),7

as in (C7). The term log(J;./.J) does not vary across markets and drops out after demeaning,

and define the population Jacobian and the variance of the moment function at the truth,
| M | M oI
Pov = 57 > Y E[V%.VE,] M= Z > ) E[(Zm—EZ)Em—EZ) &méim).
j=1 m=1 m=1 j=1 i=1
(54)

We assume that W — W, —, 0 for non-random matrices W, with eigenvalues in [cy, Cw/|,

0 < ey < Oy < oo, and add one condition.

(C7P) Rank and variance, demeaned estimator. There is cr > 0 with Ay (T, L) > cr for
all J, M large, and liminf ;5 Amin(Q27) > 0. In addition, sup;,, ; E ||zjm]|® < oo and

SUD; g B [hjm|® < o0.

(C7P) requires the population Jacobian to have full column rank, the variance of the moment

function to be non-degenerate, and the instruments to have eight moments.

Theorem B.4 (Demeaned oracle estimator: consistency and asymptotic normality). Under
(C1)~(C3) and (C7P), VG'WN G is invertible with probability tending to one, and:

(i) O(k) = 0o = (T WoniToar) ™ Ty Wons §(80) + 0, (JM)71/2) = O, ((JM)712);

(i) Vil >N/ IM ((k) — 6p) —4 N(0, 1), where
Vit = @ WontLont) ™ T Wons Qe Wi L na (T Wy Lng) ™

With Wiy = Q;]b, Vi = (P/JMQ;]%/[FJM)_l

The result is stated with finite-sample population matrices, so no limit of the Jacobian

or of the variance is assumed. Only E[¢;,,, | X,,] = 0 and the covariance bound in (C2)(b)
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enter the rate. The fourth-moment bound in (C2)(b) enters once, for the Lyapunov condition
in the central limit theorem. The proof is below. The main step is to show that the sample
Jacobian converges to I' j5; although the regressor contains the nest averages Sy,,,, which are
random and shared by all products in a nest.

This section studies the demeaned GMM estimator (53) when the nesting structure &(-) is
known. Its asymptotic properties depend on two objects: the moment function at the truth,
g(0y), and the Jacobian, VG. The central limit theorem for g(6y) follows standard arguments.
The Jacobian requires more work. The within-nest share log P;/x;)m contains the shocks &;y,,
so it needs an instrument. This is the usual endogeneity of a regressor in an IV problem.
The within-nest share also depends on the other products of the nest through Sj,,,. S, is an
average over the nest, and it fluctuates around its non-random centring j,,. We therefore
write VG as the same matrix with Sy, replaced by i, plus an error. The first term has
expectation I' ), of (54) and the error vanishes. Throughout this section we use (C1)—(C3)
of Section 5.2 and (C77), with Fim, Lynm, Qv and Wy as defined above. (C2)(c) is used

together with the moment bounds on z;,,, and h;,, in (C7%).

Within-nest shares. With S, the nest average (13), the within-nest share satisfies the exact

identity

Sim
10g Pjju(j),m = UZ< - log Ju(y) — 108 Sk(jym- (3
J

The term log .Ji(;) does not vary across markets and is removed by the within-product de-
meaning. The term log Sj (), depends on the demand shocks of all products in the nest and

fluctuates around log ftx(jym-

Labelling. For a partition & of the products into K groups, let c(k) number the groups of k
in the order of their smallest product index, as in Section 5.4. Then ¢(7 o k) = ¢(k) for every
permutation 7, and the labels ¢(k) of the true partition are non-random. The estimators 6(k)
and 0(k) of the main text are 6(c(k)) and 6(c(k)) in the notation of this section. All results
below for the oracle are stated for §(c(k)), with the nest-specific components of 6, T';5; and
Vi labelled by ¢(k).

Uniformity of the inclusive values over markets. Lemma 6(ii) bounds the tail of ry,, for

each nest-market pair. Under (C1) and (C3), a union bound over the KM nest-market pairs
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gives, for every n € (0, 1],

< < —2q —q
P(kgzr?i)éM rin > ) < KM upP([rin| > 1) < Cy MKM(@]) ™ 40 (56)

for ¢ > ¢, since J, > wJ by (C1) and M = O(J%) by (C3). So maxy, ;m<nr |7km| = 0,(1). This is
the only place where (C1) enters Theorem B.4.

Weighted sums of demand shocks.

Lemma 11. Under (C2)(a),(b),(c), let A;,,, be X-measurable arrays, vectors or matrices, with E || A;,, ||*

bounded uniformly in j, m, J and M. Then:
(i) E[&jm | X] =0, E[§jm&im | X] = E[§jm&im | X, and E[§;n&in | X] = 0 whenever m # n;

(ii) b iy Eomey Am&im = O (TM)7112);

(iii) if each A, is a vector and X,,-measurable, E || A;,,||® is bounded uniformly in j, m, J and M,

and

M J J
lim inf Amin (Q7,,) > 0, Q= JL Z Z Z E [Ajm A, EmEim),
’ m=1 j=1 i=1

then (Qfy) ™2 (TM) 23 ST Ajngm —a N(0, 1),

Proof. (i) By (C2)(a), the block (({jm)j<J, Xm) is independent of (X,,),4m. So E[§j, | X] =
El&jm | Xn] = 0by (C2)(b), and E[&;mn&im | X] = E[jm&im | Xm]. Across markets, for n # m,
Elnéin | X] = E[gm | X] Bl | X] = 0by (C2)(a).

(ii) Let U := + Z}]=1 an\le A;m&im and write (-, -) for the trace inner product. Since the

A;,, are X-measurable, (i) removes the cross-market terms:

M J J
E[|U|*| X] = 2222 Ajiny Aim) El&jm&im | X].

m=1 j=1 i=1

Take expectations. Let Cy := supE ||A;,,||*. Holder’s inequality with exponents 4, 4 and 2

1/2

Mg 01/2L5

m=1 j=1 =1
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Chebyshev gives U = O,((JM)~1/2).

(iif) Write (JM) 237 ST Ajjm = MTY2 Y T with Ty = T2 A T
is a function of market m only, so 71, . .., Ty are independent by (C2)(a). ET,,, = 0 by (i), and
M=y ET,T. = QF,, by the definition of Q7,,. For Lyapunov, fix a unit vector A and let

Qjm = A Aj,, which is &,,,-measurable. Then

J
1
E(A,’-Z—'m)4 - ﬁ Z E [ajmaima'lmanm E[é]m&mflm&nm | XmH .

j,’i7l,7’L=1

Let Cs := supE || 4;,®. By Cauchy-Schwarz and Hoélder’s inequality with four factors in
L8, each term is at most 081/2“ E[&m&imEmEnm | Xm) H2 By (C2)(b), E(N'T,,)* < C’g/?Lg. Hence

M=2% E(NT,)* < C3/’L¢/M — 0. This is the Lyapunov condition for M2 XN'T,,,
whose variance N'Q9;, is bounded away from zero. The Lindeberg-Feller theorem and the

Cramér—Wold device give the claim. O

The moment function at the truth. By (53) and (51),

| LM | LM
g(6y) = T ; mz_1 VZimVim = T ; mz_l VZim&jm- (57)

Lemma 12 (Moment at the truth: rate and CLT). Under (C2)(a),(b),(c):
(i) g(6o) = O, ((JM)~'?);
(ii) thm ian,M )\min(QJM) >0, with QJM asin (54), then 0, 1/2\/ g(@o) —d (0, I)

Proof. Step 1: (i). Use the second expression in (57). VZ;,, is X-measurable and has four
moments by (C2)(c), so Lemma 11(ii) applies.

Step 2: (ii), the demeaning remainder. Write u; := z; — E Z;, so that VZ;,,, = (3j,, — EZ;) — u;. By
(57),

M _
\/J_Mg(eo \/_ZT \/;;ujgj’ Tm . \/_Z ij_ éjm

For all j and 4, E[u/u; £&) =E [u;ul E[§E | X]], and E[;& | X] = M2, El&méim | Xl
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by Lemma 11(i). u; is a mean of M independent mean-zero terms, (C2)(a), with fourth mo-
ments, (C2)(c), so Rosenthal’s inequality (Ros) gives E ||u;||* < CM~2. Holder’s inequality

with exponents 4, 4 and 2 gives

|E[u U §J 1

C M

Sum over (j, ) and apply (C2)(b). Therefore

o5 2w

Step 3: (ii), the CLT. Aj,, := Z;m — E Z; is X,,-measurable, has eight moments by (C2)(c) and
(C7P), and gives Q7,, = QJM Lemma 11(iii) gives Q,/°M~Y23" T,, =, N(0, I). Combine
with Step 2, using that QJ 172 is bounded. O

2 M _ M C CL
=522 Blhuil] < 5 gp ML= =7 0

7j=1 =1

Decomposition of the regressors. By (55) and log Sy, = 10g ftkm + Tkm, With k = k(j) and
By = [Ogx(1+d,) Ix ], s0 that Efe, = (0,0,¢,),

Rjm = Fjm + R}, —log J Ejey, (58)

with Fj,, as defined above and

T e /

The term log J E';e;, does not vary across markets, so demeaning removes it:
VRjy =VF,+VR;,,  VG=VG'+ VG, (59)

with VG* i= (JM) ' 7 M vz, VRS,
Lemma 13 (Jacobian). Under (C1)~(C3), sup / ||U'sa|| < oo and VG —Tu —» 0.

Proof. Throughout, VZ;,, is X-measurable and sup E ||VZ;,,[|* < oo by (C2)(c).

The 74, component. VRS, = —=V7rym Efcer(s), 0
" <
IV < _max | [Vriw| -5 ZZ IV Zmll

jlml
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The first factor is at most 2 maxy, ;,<nr |7xm| = 0,(1) by (56), which uses Lemma 6(ii), (C1) and
(C3). The second has expectation bounded by sup E || VZ,,,,|| < oo, so it is O,(1) by Markov.
Hence VG = 0,(1).

The 1 component. Let a;,, := Zjp, and by, := Fj,, so that VF},, = Vb,,, and EVG* = Ty,
by (54).

Step 1 (moments). sup E ||a;,||* < oo by (C2)(c). by, is linear in (pjm, Xjm, &m) with coef-
ficients bounded by (C2)(e), plus log ik, and log(Jx/J), which are bounded by Lemma 6(i)
and (C1). So sup E [|b;||* < 0o by (C2)(c). By (29),

. 1 1 - 1
VG* = M ;Qm - j ;ajb;w Qm = j ;ajmb;m'

By Jensen and Cauchy-Schwarz, E [|Qm[* < J7' Y2 (E [laml|*) 2 (E [[bjm[|*)/? < C, with C
free of J and M. Likewise E ||a;0|| < C. Hence E IVGH|| < C,and ||y ]| < C.

Step 2 (first term). @)y, is a function of market m only, so the ), are independent across m
by (C2)(a). Hence E|M 1 5, (Qn — EQu)[I? = M2 5, B[ @ — EQull? < C/M.

Step 3 (second term). Write a; = Ea; + u; and b; = Eb; + vj, so ||Ea,|,||Eb;]| < C. By
independence across markets, E||u;||> = M 2> E|ajm — Ea;n|* < C/M, and likewise
E||v;]|* < C/M. Then

a;b; — E a;b; = (Ba;)vj 4+ uj(Eby) + (ujv) — BEujvf).
Averaging over j and using the triangle inequality and Cauchy-Schwarz, the L' norms of
the three averages are at most CM~Y/2, CM~/2, and 2C /M.

Step 4 (conclude). By Steps 2 and 3, E |[VG* — 'y || < CM~'/2 — 0 by (C3), and Markov
gives VG* — 'y —, 0. Nothing about the dependence of (p, z, h) across products within
a market is used. The law of large numbers runs over independent markets. The within-
product demeaning only adds the second term, which is small because product means over
M independent markets concentrate.

Summing the two components and using (59) gives VG — 'y —,, 0. O

No rate for V(G is needed: the /.JM rate of § — 6, comes from §(6,) alone, by Slutsky.

Proof of Theorem B.4. Write 0 for the oracle estimator 0(c(k)).
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Proof of Theorem B.4. Step 1: (i). By Lemma 13 and (C7”), VG'WVG — I',,,WynTyn — 0.
By (C7%) and Ain(Winr) > cw, Amin(T 0 WinLan) > ewer > 0 for large J, M, so VG'WVYGEG

is invertible with probability tending to one and
(VEWVG)INGEW = (T WonTont) " W + 0,(1),

with both sides O,(1). Insert in (53) and use Lemma 12(i).

Step 2: (ii). Let By := (3, WinLgar) 10, Wiar, which is bounded by (C7”) and Lemma 13.
By (i), V.JM (8 — 65) = ByarvV/IM G(6o) + 0,(1). Let Zyag := Q31 TM §(6g), so that Z,p; —
N(0,I) by Lemma 12(ii). Then

VJ_]\}&\/ JM(é - 90) = HJMZJM + Op<].>, HJM = VJ_]\}/QBJMQ(IJ/]VQI

The o0,(1) term stays o0,(1) because Apin(Vyy) is bounded away from zero, by (C7”) and
Lemma 13. H;y HY,, = I by the definition of V), so H;y is bounded. Along any subse-
quence, H ), has a further subsequence converging to some H with HH' = I, and along
it HypyZyy —a N(0,HH') = N(0,I). The limit does not depend on the subsequence, so
HynZgar —a N(0O,1). 0

Only E[¢;,, | Xn] = 0 and the covariance bound in (C2)(b) enter (i). The fourth-moment

bound in (C2)(b) enters (ii) once, for the Lyapunov bound in Lemma 11(iii).

B.7 The second step in levels

This section proves Theorem 5.2 and Corollary 1. Berry (1994) uses the Berry inversion in
levels, (4), as the basis of an IV estimator with J fixed and M large. This section applies
the same GMM estimator to (4) with J — oo, without demeaning. The regressor log P,
then contains the deterministic level —log.J, = —logJ — log 14, by (55), and the Jacobian
has entries of order log .J; the nest-specific part log 7 is bounded by (C1). A rescaling of the
parameter by log J in the nest directions restores a Jacobian of order one; the nest parameters
are then estimated at rate log Jv/JM and 3 at rate v/ J M.
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Estimator. Write y?m := log P, —log Py,,. The regressor R;,, of Section 4.2 is in levels, and

(4) reads y?m = R, 00 + &jm. With the same instruments Z;,,, and weight matrix W,

A A

M
0 = (GWE) G =575 Bl = 00 + (GWG) W g4(60),

JM j=1 m=1
1 J M 1 J M
AL Y Lipy . .
G=— ;;%ij, g~ (0o) := T ;;Za‘m Ejm-

So AL is the oracle estimator 0(k) of (12), and g (6,) is §(6y) of (11).

Decomposition and scaling. By (58), Rj,, = Fj, + R}, —log J Ejce(y, with Fy,, as in (C7).
Without demeaning, the log J term stays in the regressor. Define the scaling matrix, the nest

means of the instruments, and the scaled population Jacobian:

Iiia, 0 M

J
1
D = H = —
J ’ MM ijl

E [Zimernl,
0 (logJ) Uk ‘ Eimico)

m=

<
g

1
Ik, = 7 > E[%mF},|Ds — k.

Since log J Ex D ; = Ey, the log J term becomes —Ejme;:( j)EK after scaling.

The nest columns of I'%,, are —I1 5, + O(1/log J). So, for large J, the nest means of the
instruments identify the nest coefficients. They play the role of nest constants. This is the
sense in which the level —log J of the regressor identifies o}. It requires the model to have

no free nest intercepts.
Lemma 14 (Jacobian, levels). Under (C1)-(C3), sup ,, [|T]|] < oo and GD; —T%, —,0.

Proof. Let G" := (JM)™! Z;}:l M Zjm ;.. Then G" —, 0 by the argument for the ry,,
component in the proof of Lemma 13, with Zj,, in place of VZ;,,,. By the decomposition
above and log J ExD; = Ey,

R 1 A 1 .
GDy =+ zm: Qn+G Dy Q= ; Zim (Fju Dy = €ij) Pr)-

QL is a function of market m only, so the Q% are independent across m by (C2)(a). By

m
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definition, M 'Y EQL =T%,,. Asin Step 1 of the ;1 component in the proof of Lemma 13,
E||QL|*> < C,since | Ds|| < 1 and the term log(J;/J) in F},, is bounded by (C1). So ||T'%,,|| <
Cand E[|[M~'Y (QL —EQEL)|? < C/M — 0by (C3). With G"D; —, 0, this gives the

claim. O

Proof of Theorem 5.2. Condition (C7), I'},, and Q%,, are defined in Section 5.2, and V%, in

Theorem 5.2.

Proof. Step 1: (i). Since D, is invertible, (G'WG)~'G'W = D, (D}CA?’WCAJDJ)_lD(’,CAJ’W, SO
DN (0" — 6y) = (D, G'WGD,) ™ DG g (6,).

By Lemma 14 and (C7), D',G'WGD; —T%, W5, —, 0and Apin (D5, WonTh,,) > ewer >
0 for large J, M. So the inverse exists with probability tending to one and

(D,G'WGD,) ™ DL,GW = (T3 WonTh ) T T W + 0,(1),

both sides O,(1). §“(6y) = O,((JM)~'/?) by Lemma 11(ii) with A;,, = Z,,,. The rates for 3"
and 6} read off the two blocks of D;.

Step 2: (ii). By (i), VJMD7 (0" — 6y) = (DX, Wyn Tk ) D5 W/ TM G (8o) + 0,(1), and
VE, is bounded with A, bounded away from zero by (C7) and Lemma 14. Lemma 11(iii)
with A, = Zj,,, which is A),,-measurable and has eight moments by (C2)(c) and (C7), gives
Q%) "Y2/TM g"(6y) —4 N(0, ). There is no demeaning remainder. The rest is Step 2 of
the proof of Theorem B.4, with '}, and Q%,, in place of "5, and Q. O

Rates. All K nest parameters are estimated at log /v JM. The regressor log P e has
the deterministic level —log.J, = —logJ + O(1) in every nest, and the outcome has the
matching level (o, — 1)log J. After demeaning, the own-product variation of order one is

the only source of identification. Here the log .J level dominates it.

Rank condition. For large J, the rank part of (C7) is a condition on a matrix with two
blocks. Its first 1+ d, columns are those of (JM)~'$27 i1 M EEm Fy.]- Tts last K columns

are —II )/, the nest means of the instruments. With z = (2, 2, he},)’, the hey block of 11, is
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diagonal with entries 7,; E[hj., | k(j) = k]. It has full rank whenever the nest means of h are
bounded away from zero. For the exogenous share projection A, = X, —log(J; ">, c, €¥™)

with Gaussian x, this mean is — var(x)/2 + o(1).

Nest intercepts. The identification uses the absence of free nest intercepts. A nest intercept
would absorb the nest columns —II ;) Ex. The nest parameters would then be identified

only from cross-market variation, as in the demeaned estimator.

Comparison with Theorem B.4. The levels estimator converges faster for oy: log Jv.JM
against v/JM. It requires no free nest intercepts, so it does not allow product fixed effects.
The demeaned estimator allows them.

The argument of Corollary 1(i) applies to any statistic computed from the data and a
partition, including the demeaned estimator. So the feasible demeaned estimator, computed

with k from Theorem 5.1, has the asymptotic distribution of Theorem B.4.

Proof of Corollary 1.

Proof of Corollary 1. (i) Let E be the event that k = 7 o k for some permutation 7. By The-
orem 5.1, P(E¢) — 0. On E, k and k split the products into the same groups. The rule ¢
depends on a partition only through its groups, so ¢(k) = ¢(k) on E. Hence 0(c(k)) = 6(c(k))
on F, and P(é(c(l%)) # é(c(k))) < P(E°) — 0. The same argument applies to any statistic
computed from the data and a partition, since on F it is computed from the same groups.
(ii) The labels c(k) of the true partition are non-random, so Theorem 5.2 holds for 0(c(k)),
with the nest-specific components of 6y, '}, and V},, labelled by c(k). Fix e > 0. The event
{(I(VE) Y2V TM D7 (6(c(k)) — 8(c(k)))|| > €} is contained in E°, so

(Vi) "2V IM D3 (B(c(k)) — 60) = (Vi) ™2V IM D3 (8(c(k)) — bo) + 0,(1).

The first term converges to N (0, /) by Theorem 5.2(ii), and Slutsky’s lemma gives the claim.
O

Only P(E¢) — 0is used in this proof. The rate in Theorem B.1 and the per-product bound
of Lemma 3 are not needed for the equivalence. They are what delivers P(£¢) — 0 when .J

grows with M.
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C Appendix for the Empirical Applications

C.1 Classification Algorithms

The classification problems in (48), (10), and (9) require optimizing not only over regression
coefficients but also over partitions of products. The number of possible partitions grows
exponentially with the number of products, making direct optimization computationally
demanding and, in some cases, infeasible. To address this issue, we extend the algorithm
proposed by Bonhomme and Manresa (2015) to accommodate the different empirical models

considered in Section 2.

Case 1: No price partition or identical partitions. We first consider the case in which the
partition of prices coincides with the partition of products, ¢(j) = k(j) for all j, or when
there is effectively no price partition, i.e., [supp(g)] = 1. In this setting, we propose the

following iterative algorithm to solve eq. (48):
1. Let (8°, &%) = (8Y,...,60%,aY,,...,aY%,,) denote an initial set of parameter values.
2. Given (6%, o), compute for all j € J:

M

2

B = argmin S (0P — (6 2jm + 0% + 0k))
ke{l,... K} S ' ’

which determines the updated grouping structure K+,

3. Given the updated grouping structure K**!, compute:

J M
2
s+1 s+1y __ : E § /‘ . (pstl ) s+1 ) s+1
(0 i ) B 01 GaffgagnnocKM (lOg P]m (Qk(j)’zzjm T Hk(j)yxxjm + ak(g)m)) '
7777 ) 20ty /] .]:1 m=1

4. Repeat steps 2 and 3 until convergence of the parameters.

In practice, this problem is not globally convex, as is common in clustering problems. We
therefore recommend running the algorithm from multiple starting values and selecting the

solution that achieves the lowest objective value.
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Case 2: Different partitions. We now consider the case in which ¢(j) # k(j) for some j
and [supp(g)| > 1. In this case, we proceed in two stages. First, we estimate the partition of

prices.
1. Let (7%, k%) = (410, ..., v90 kY, ..., kQ,,) denote an initial set of parameter values.
2. Given (v*, k*), compute forall j € J:
M

‘ 2
= arg min E <pjm — (Y 2im + VI X, + /if;m)> ;
ge(lG} 571

g9(j)™*!

which determines the updated grouping structure G***.

3. Given the updated grouping structure G**!, compute

J M
. . 2
(et = argmin D03 (pim — (2 g+ 80 g k)

Yo YG Lo RGM =1 =1
4. Repeat until convergence of the parameters.
After obtaining the price partition and coefficients, we compute the predicted prices

Bim = A 2jm + 44D X jm + Ry(gym-

We then estimate the grouping structure and coefficients of the demand equation using

the following algorithm:

1. Let (B°, X% = (8),...,8% Ay, ..., A\%,,) denote an initial set of parameter values.

2. Given (3%, A*), compute for all j € J:

M

2

k(j)**' = argmin Z <log Pim — (/Bzmﬁjm + Bi 2Xjm + )\Zm)> ,
ke{l,..K} )

which determines the updated grouping structure K+,
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3. Given the updated grouping structure K**!, compute

J M

2
EH A = argmin 30 (10 P — (8L + A5 0m + AT

By sBE AL AK M =1 m—=1

4. Repeat until convergence of the parameters.

As before, because these optimization problems are not globally convex, we recommend
running the algorithm from multiple starting values and selecting the solution that attains

the lowest objective value.

C.2 Robustness Checks on Group Classification

C.21 Results using Hausman instruments for prices

Table A2: Average group characteristics for £* = 4 and Hausman instrument

Characteristics Unconditional Conditional values by group
values 1 2 3 4
Unit size (ml) 354.882 354.882 473.176 354.882 354.882
Unit quantity 6.000 6.000  6.000  6.000  6.000
Unit price 10.209 10295 9.590 10474  9.604
Price per ml 0.004 0.004  0.003  0.004  0.004
Share of domestic 0.794 0767 0836  0.833  0.879
Share of ale 0.158 0.102 0.226 0.287 0.339
Share of regular beer 0.442 0437 0437  0.496 0.358
Share of stout and porter 0.015 0.013 0.016 0.020 0.027
Share of light beer 0.369 0437 0297  0.171 0.256
Share of other types 0.016 0.011 0.024 0.026 0.020
Share top-ten brands 0.624 0.748 0.459 0.365 0.357
# of products 2806 271 692 1119 724

Notes: Rows 1-4 report median values of unit size, unit quantity, unit price, and price per ml, presented both
unconditionally and conditional on group membership. Rows 5-11 report unconditional and conditional mean
shares. Groups are estimated using Hausman instruments for prices instead of the baseline Gandhi-Houde
instruments.
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Table A3: Estimation Results for Nested Logit with k* = 4

OLS v
log unit size 0.107 (0.006)***  0.431 (0.018)**
log upc quantity 0.121 (0.005)***  0.586 (0.020)***
log price -0.084 (0.006)*** -0.581 (0.021)***
o 0.330 (0.002)***  0.962 (0.022)***
o 0.127 (0.001)***  0.662 (0.019)***
o -0.025 (0.001)***  0.469 (0.018)***
o4 -0.337 (0.001)***  0.178 (0.019)***

Mean Own-price Elasticity 1.193 (0.003) -1.612 (0.004)
Mean Cross-price Elasticity  -0.003 (0.008) 0.004 (0.011)

Market Fixed Effects v v

IV Type hausman
Number of Products 2806

Number of Observations 64497

Note: The table reports OLS and IV estimates of a nested logit demand model where products are grouped
by beer type, yielding k = 4 nests. The dependent variable is log P;,,, — log Py,,. Regressors include log unit
size (ml), log UPC quantity, log price, and four group-specific nesting parameters (0,). The IV specification
instruments for log price using Hausman IVs and for the within-group log share using the exogenous share
projection. Market fixed effects are included. Mean own-price and cross-price elasticities are computed from
the IV estimates and weighted by national unit sales. ***p < 0.01,"* p < 0.05," p < 0.1.
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C.2.2 Resultsfork*=3and k* =5

Table A4: Characteristics of beer across groups (k = 3)

Characteristics Unconditional | Conditional values by group
values 1 2 3

Unit size (ml) 354.882 354.882 354.882  354.882
Unit quantity 6.000 6.000  6.000 6.000
Unit price 10.209 10.180  10.232  11.138
Price per ml 0.004 0.004 0.004 0.004
Share of domestic 0.794 0.781 0.832 0.792
Share of ale 0.158 0.107  0.278 0.376
Share of regular beer 0.442 0.451 0.414 0.462
Share of stout and porter 0.015 0.012  0.018 0.039
Share of light beer 0.369 0.418 0.263 0.110
Share of other types 0.016 0.013 0.026 0.013
Share top-ten brands 0.624 0.725 0.372 0.332
# of products 2806 393 1119 1294

Notes: Rows 1-4 report median values of unit size, unit quantity, unit price, and price per ml, presented both
unconditionally and conditional on group membership. Rows 5-11 report unconditional and conditional
mean shares. Groups are estimated using Gandhi-Houde instruments.
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Table A5: Estimation Results for Nested Logit with k£ = 3

OLS v
log unit size 0.059 (0.006)***  0.681 (0.040)***
log upc quantity 0.067 (0.004)***  0.824 (0.042)***
log price -0.067 (0.005)*** -1.038 (0.056)***
o1 0.272 (0.001)***  0.968 (0.024)***
oy 0.047 (0.001)***  0.649 (0.022)***
03 -0.204 (0.001)***  0.391 (0.022)***
Mean Own-price Elasticity -0.457 (0.001) -2.010 (0.002)
Mean Cross-price Elasticity ~ 0.001 (0.003) 0.002 (0.006)
Market Fixed Effects v v
IV Type GH units GH, size
Number of Products 2806
Number of Observations 64497

Note: The table reports OLS and IV estimates of a nested logit demand model where products are grouped by
beer type (regular beer/lager, light beer, ale, stout/porter, and other), yielding k£ = 3 nests. The dependent
variable is log Pj,, — logPg,,. Regressors include log unit size (ml), log UPC quantity, log price, and five
group-specific nesting parameters (5,). The IV specification instruments for log price using Gandhi-Houde
differentiation IVs and for the within-group log share using the exogenous share projection. Market fixed
effects are included. Mean own-price and cross-price elasticities are computed from the IV estimates and

weighted by national unit sales. ***p < 0.01,"* p < 0.05," p < 0.1.
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Table A6: Characteristics of beer across groups (k = 5)

Characteristics Unconditional Conditional values by group

values 1 2 3 4 5
Unit size (ml) 354.882 473176 354.882 354.882 354.882 354.882
Unit quantity 6.000 6.000  6.000  6.000  6.000  4.000
Unit price 10.209 8.831  10.194 11934 10.862 10.150
Price per ml 0.004 0.003  0.004 0.004 0.004  0.005
Share of domestic 0.794 0.838 0756  0.866  0.778  0.816
Share of ale 0.158 0.188  0.090 0318 0337 0411
Share of regular beer 0.442 0.438 0.446 0.434 0.449 0.364
Share of stout and porter 0.015 0.017  0.012 0.016 0.029 0.061
Share of light beer 0.369 0.333  0.441 0.209 0.172  0.146
Share of other types 0.016 0.024 0.011 0.023 0.013 0.017
Share top-ten brands 0.624 0.537 0.758 0.337 0.378 0.227
# of products 2806 445 197 727 878 559

Notes: Rows 1-4 report median values of unit size, unit quantity, unit price, and price per ml, presented both
unconditionally and conditional on group membership. Rows 5-11 report unconditional and conditional
mean shares. Groups are estimated using Gandhi-Houde instruments.
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Table A7: Estimation Results for Nested Logit with k = 5

OLS v
log unit size 0.087 (0.007)***  0.196 (0.027)***
log upc quantity 0.103 (0.005)**  0.241 (0.027)***
log price -0.037 (0.007)*** -0.084 (0.036)**
o] 0.202 (0.002)***  0.698 (0.016)***
09 0.407 (0.002)***  1.000 (0.019)***
03 0.060 (0.001)***  0.516 (0.015)***
o4 -0.096 (0.001)*** 0.340 (0.015)***
o5 -0.442 (0.002)***  0.029 (0.018)
Mean Own-price Elasticity -0.057 (0.001) -0.729 (0.004)
Mean Cross-price Elasticity ~ 0.000 (0.002) 0.003 (0.011)
Market Fixed Effects v v
v Type GH units GH size
Number of Products 2806
Number of Observations 64497

Note: The table reports OLS and IV estimates of a nested logit demand model where products are grouped by
beer type (regular beer/lager, light beer, ale, stout/porter, and other), yielding k¥ = 5 nests. The dependent
variable is log P;,, — logPg,,. Regressors include log unit size (ml), log UPC quantity, log price, and five
group-specific nesting parameters (04). The IV specification instruments for log price using Gandhi-Houde
differentiation IVs and for the within-group log share using the exogenous share projection. Market fixed
effects are included. Mean own-price and cross-price elasticities are computed from the IV estimates and

weighted by national unit sales. ***p < 0.01,"* p < 0.05," p < 0.1.

130



C.2.3 Classification including Beer Type Indicators

Table A8: Characteristics of beer across groups k* =

Characteristics Unconditional | Conditional values by group
values 1 2 3

Unit size (ml) 354.882 473176 354.882  354.882
Unit quantity 6.000 6.000 6.000 6.000
Unit price 10.209 9.857  10.265 11.020
Price per ml 0.004 0.004 0.004 0.004
Share of domestic 0.794 0.799 0.793 0.777
Share of ale 0.158 0227  0.126 0.336
Share of regular beer 0.442 0.448 0.437 0.506
Share of stout and porter 0.015 0.016 0.013 0.041
Share of light beer 0.369 0.283 0.411 0.102
Share of other types 0.016 0.026 0.013 0.016
Share top-ten brands 0.624 0.413 0.710 0.349
# of products 2806 1116 420 1270

Notes: This table shows the unconditional and conditional values of product characteristics across groups.
Unit size, unit quantity, unit price, and price per ml (rows 1 to 4) are calculated as median. Rows 5 to 11 are
unconditional and conditional (mean) shares.
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Table A9: Estimation Results for Nested Logit with k* = 3

OLS IV
log unit size 0.037 (0.006)***  0.088 (0.024)***
log upc quantity 0.040 (0.005)***  0.122 (0.024)***
log price -0.040 (0.006)*** -0.146 (0.031)***
o 0.046 (0.001)***  0.303 (0.009)***
(o5 0.269 (0.001)***  0.578 (0.010)***
o3 -0.209 (0.001)***  0.031 (0.009)***

Mean Own-price Elasticity -0.276 (0.001) -2.343 (0.006)
Mean Cross-price Elasticity ~ 0.000 (0.002) 0.005 (0.015)

Market Fixed Effects v v

v Type GH units GH size
Number of Products 2806

Number of Observations 64497

Note: The table reports OLS and IV estimates of a nested logit demand model where products are grouped by
beer type (regular beer/lager, light beer, ale, stout/porter, and other), yielding ¥ = 3 nests. Importantly, these
results extend for beer type indicators. The dependent variable is log P;,,, — log Po,,,. Regressors include log
unit size (ml), log UPC quantity, log price, and five group-specific nesting parameters (o,). The IV specifica-
tion instruments for log price using Gandhi-Houde differentiation IVs and for the within-group log share us-
ing the exogenous share projection. Market fixed effects are included. Mean own-price and cross-price elastic-
ities are computed from the IV estimates and weighted by national unit sales. ***p < 0.01,"* p < 0.05," p < 0.1.
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C.2.4 K-means clustering only on characteristics

Table A10: Characteristics of beer across groups k* = 4

Characteristics Unconditional Conditional values by group
values 1 2 3 4
Unit size (ml) 354.882 473176 354.882 473.176 739.338
Unit quantity 6.000 6.000  12.000  4.000 1.000
Unit price 10.209 9544 15672  8.831 2.693
Price per ml 0.004 0.003 0.003 0.003 0.004
Share of domestic 0.794 0.913 0.748 0.863 0.741
Share of ale 0.158 0.182 0.113 0.279 0.124
Share of regular beer 0.442 0.449 0.395 0.443 0.524
Share of stout and porter 0.015 0.021 0.017 0.015 0.004
Share of light beer 0.369 0.316 0.469 0.246 0.324
Share of other types 0.016 0.032 0.006 0.017 0.024
Share top-ten brands 0.624 0.449 0.726 0.435 0.712
# of products 2806 740 463 1424 179

Notes: This table shows the unconditional and conditional values of product characteristics across groups.
Unit size, unit quantity, unit price, and price per ml (rows 1 to 4) are calculated as median. Rows 5 to 11 are
unconditional and conditional (mean) shares.
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Table A11: Estimation Results for Nested Logit with £* = 4

OLS v
log unit size -0.019 (0.004)***  0.311 (0.018)***
log upc quantity 0.032 (0.003)***  0.335 (0.017)***
log price 0.004 (0.004)  -0.423 (0.024)***
o] -0.044 (0.001)***  0.113 (0.005)***
09 0.146 (0.001)***  0.330 (0.006)***
03 -0.079 (0.001)***  0.066 (0.005)***
o4 0.047 (0.001)***  0.220 (0.006)***
Mean Own-price Elasticity -0.036 (0.000) -4.566 (0.010)
Mean Cross-price Elasticity ~ 0.000 (0.000) 0.011 (0.026)
Market Fixed Effects v v
IV Type GH units GH, size
Number of Products 2806
Number of Observations 64497

Notes: The table reports OLS and IV estimates of the nested logit demand model with k* = 4 groups, where
the first-step classification uses standard k-means clustering on mean observed product characteristics (unit
size, quantity, price). The number of groups k* = 4 is selected via the elbow method applied to the within-
cluster sum of squares, using multiple random initializations. The dependent variable is log P;,, — log Poy,.
Regressors include log unit size (ml), log UPC quantity, log price, and four group-specific nesting parameters
(01,...,04). The IV specification instruments for log price using Gandhi-Houde differentiation IVs and for
log Pj|4(;),m using the exogenous share projection. Market fixed effects are included. Standard errors are
reported in parentheses. Mean own-price and cross-price elasticities are computed from the IV estimates,
weighted by total unit state sales. ***p < 0.01, **p < 0.05, *p < 0.1.
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