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Abstract

Demand estimation often requires inversion of a demand system to recover unobserved
product-market demand shocks. Zero observed market shares make standard inver-
sion undefined. We propose regularized demand inversion, which places a quadratic
penalty on demand shocks in the joint multinomial log-likelihood. The regularized
inverse exists even with sampling zeros and is computationally fast. We establish
finite-sample recovery bounds that guide the choice of the regularization parameter.
We show that the resulting GMM estimator is first-order asymptotically equivalent to
the feasible sample-share GMM estimator defined when observed shares are strictly
positive. Monte Carlo simulations show that the estimator performs well even with
extremely many sampling zeros. We apply the method to the London beer market and
find that accounting for zeros has a large impact on the estimated price elasticities.
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1 Introduction

Zero market shares are common in demand estimation with granular data. Data from con-

sumer scanner panels, online retail, and automobile registrations usually contain many prod-

ucts that are available but not purchased by any sampled consumer (see, e.g., Quan and

Williams, 2018; D’Haultfœuille et al., 2019; Li, 2023). Standard demand estimation follow-

ing Berry (1994) and Berry et al. (1995, hereafter BLP) recovers demand shocks by matching

model-implied shares to observed shares and then instrumenting the recovered shocks to es-

timate structural parameters. However, the presence of zeros makes the usual inversion

undefined, which leaves an important gap in the BLP framework. This paper studies sam-

pling zeros, which arise when no purchase of a product is recorded in a finite sample even

though the product has a positive true market share. Such zeros can remain common even

in large samples when purchases are spread across many products.

We propose regularized demand inversion (RDI). RDI builds on a maximum-likelihood

interpretation of demand inversion. When every observed share, including the outside share,

is strictly positive, the shocks recovered from observed shares are the maximum-likelihood

estimates under the multinomial sampling model, holding the structural parameters fixed.

When an observed share is zero, the likelihood has no finite maximizer. RDI subtracts

a quadratic penalty on these shocks from the log-likelihood and recovers the shocks that

maximize the penalized likelihood. The regularization ensures that a finite solution exists

for every observed share vector, including those with zeros. The regularization acts on the

demand shocks rather than altering observed shares.1 This distinction is economically useful

because the demand shocks are primitives of the demand model, whereas market shares are

equilibrium outcomes determined jointly by product characteristics, competitors, and the

choice set.

We establish finite- and large-sample properties of the regularized inverse. We first derive

a bound on its mean squared error relative to the shocks implied by the true shares, condi-

tional on those shares and the number of sampled consumers. The bound is uniform over

product characteristics and structural parameters and applies to every regularized inverse,

including cases with multiple solutions. Minimizing its leading terms gives a rate-balancing

scale of the regularization parameter that depends only on the numbers of sampled con-

sumers and products. Holding the number of products fixed, a smaller sample raises both

this choice and the expected fraction of products with zero observed shares. In finite sam-

ples, the regularized inverse is unique for every observed share vector when market shares

1See Section 1.1 for a discussion of alternative approaches to sampling zeros.
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are log-concave in the demand shocks, as in simple logit and in random-coefficients logit and

nested logit with normal or bounded log-concave tastes. With probability approaching one,

the regularized inverse is unique and converges uniformly to the shocks implied by the true

shares.

Our estimator uses the regularized inverse in the standard instrumental-variable mo-

ments to estimate structural parameters. We establish consistency and first-order asymp-

totic equivalence to the feasible BLP estimator defined when observed shares are strictly

positive, thereby showing our estimator is asymptotically normal. The asymptotic results

hold both for a fixed regularization scale and for the rate-balancing scale.

Computationally, researchers only need to add a quadratic penalty to the log-likelihood

and then use standard optimization routines to recover the regularized inverse. Therefore,

the estimation is straightforward to implement.

We apply our method to Monte Carlo simulations based on Gandhi et al. (2023). We

consider exogenous and endogenous product characteristics and four demand-shock distri-

butions: Gaussian, Student-t, contaminated normal, and bimodal. RDI performs well in all

designs, even with extremely many sampling zeros. Stronger regularization is especially help-

ful in the endogenous designs with many zeros. Increasing the number of markets improves

parameter estimates but has little effect on the accuracy of individual demand shocks.

We apply RDI to the London beer market using Worldpanel by Numerator’s Take Home

Purchase Panel during 2015–2019. We define a market as a calendar week. On average, each

market has 67% of products with zero observed shares. We estimate a random-coefficients

nested logit model similar to that of Miller and Weinberg (2017). RDI gives a mean own-

price elasticity of −3.32, compared with −1.20 after dropping zero cells, −1.29 with Laplace

smoothing, and −0.44 with Gandhi et al. (2023). Therefore, our method performs well in

practice and has a large impact on estimated price elasticities. In the counterfactual analysis,

we study the effect of applying the 2026 alcohol-duty schedule to the London beer market

in each year of 2015–2019.

1.1 Related Literature

There are two strands of related literature in econometrics. The first studies sampling zeros

and the second studies true zeros. The literature on sampling zeros usually works on the

observed shares. D’Haultfœuille et al. (2019) add a small constant to observed shares, Li

(2023) imposes a prior on the true shares and uses similar markets to estimate the prior

parameters, Lieber and Wiemann (2022) consider probabilistic bounds on the true shares,
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Gandhi et al. (2023) impose a lower bound on the true shares and construct bounds on

the shocks to use moment inequalities, and Hortaçsu et al. (2023) impose a distributional

assumption on the demand shocks and pricing equation shocks. Adam et al. (2024) correct

for selection bias from excluding products with zero observed shares. Quan and Williams

(2018) treat demand shocks in local markets as random effects and invert aggregate demand

to recover national-level demand shocks. Other approaches restrict unobserved demand

through sparsity (Lu and Shimizu, 2025), control functions (Stourm and Stourm, 2025), or

additive fixed effects (Dubois et al., 2020; O’Connell and Smith, 2024). Allen (2026) studies

identification when market size is bounded. A recent paper by Hu (2026) treats infinite

values from demand inversion with zeros as outliers and uses the least absolute deviation

estimator to handle the outliers. Our method is different from these approaches because we

regularize the demand shocks rather than the observed shares.

True zeros arise when the demand system allows for zero model-implied shares. Examples

include changing the distribution of utility shocks (Berry and Pakes, 2007; de Lima, 2024)

and using consideration sets (Dubé et al., 2021).

Our RDI approach is related to the literature on regularized maximum likelihood estima-

tion. Albert and Anderson (1984); King and Zeng (2001) study existence and rare-event bias

in logistic regression. Firth (1993); Heinze and Schemper (2002); Kosmidis and Firth (2021)

study bias reduction in maximum likelihood estimation by penalizing the log-likelihood. The

regularization can be interpreted as a prior on the parameters, which is also used in the panel

data literature (Arellano and Bonhomme, 2009; Yan et al., 2026; Beyhum et al., 2026).

Our method also contributes to the literature on BLP-type demand estimation. Berry

et al. (2004) study asymptotics with a large number of products and Armstrong (2016)

studies BLP-instrument strength with a large number of products and markets. Freyberger

(2015) establishes asymptotic theory for demand estimation with many markets, allowing

for both sampling error in observed shares and simulation error in model-implied shares.

We complement this literature by establishing conditions under which regularized demand

inversion preserves the first-order asymptotic distribution of feasible BLP estimation. There-

fore, our method can be used in conjunction with the asymptotic theory developed in those

papers.

Outline: Section 2 presents RDI and its single-market properties. Section 3 gives the GMM

results. Sections 4 and 5 present the simulations and beer application. Section 6 concludes.

Proofs and model-specific results appear in the appendices.

Notation: We use ∆J =
{
s ∈ RJ+1

+ :
∑J

j=0 sj = 1
}

to denote the J-dimensional unit sim-

plex and use int(∆J) to denote its relative interior. For a vector v ∈ RK , we write ∥v∥2 for
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its Euclidean norm and ∥v∥∞ for its maximum absolute value. For a matrix A ∈ RK×L, we

write ∥A∥2 for its spectral norm and ∥A∥∞ for its induced maximum-row-sum norm. We

write [A]j· for its jth row. For a scalar-valued function f , we write ∂ξf for its gradient and

∂2
ξξ′f for its Hessian. For a vector-valued function f , ∂ξf denotes its Jacobian.

2 Framework

This section introduces regularized demand inversion for canonical Berry et al. (1995) discrete-

choice demand models. We establish finite- and large-sample properties of the regularized

inverse.

2.1 Regularized Demand Inversion

We consider a market with J ≥ 2 inside products indexed by j ∈ J+ := {1, . . . , J} and an

outside option indexed by j = 0. The choice set is J = J+ ∪ {0}. Each inside product

j is characterized by a vector xj ∈ X ⊆ RK of observed product characteristics and an

unobserved product characteristic ξj ∈ R. Let the vector of all observed characteristics

be x = (x1, . . . , xJ) ∈ X J ⊆ RKJ and the vector of unobserved characteristics be ξ =

(ξ1, . . . , ξJ). There is a vector of structural parameters θ ∈ Θ ⊂ Rd. We first impose

conditions on the market share function.

Assumption 1 (Share-function regularity). Population market shares are given by the func-

tion σ : X J × RJ × Θ → int(∆J). The function σ is three times continuously differentiable

in ξ and twice continuously differentiable jointly in (x, ξ, θ).

This assumption formalizes the idea that we restrict our analysis to settings with strictly

positive population market shares and imposes higher-order differentiability conditions.

We next impose conditions adapted from Berry et al. (2013). For k ∈ J+ and j ∈ J \{k},
say that product k is a strict substitute for product j at (x, ξ, θ) when

∂σj(x,ξ;θ)

∂ξk
< 0.

Assumption 2 (Connected substitutes). For every (x, θ) and ξ ∈ RJ :

(i)
∂σj(x,ξ;θ)

∂ξk
≤ 0 for every k ∈ J+ and j ∈ J \ {k};

(ii) for every nonempty K ⊆ J+, there are k ∈ K and j ∈ J \K such that
∂σj(x,ξ;θ)

∂ξk
< 0.
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Part (i) is weak substitution. Part (ii) is the differentiable connected strict-substitution

condition (Assumption 3∗ of Berry et al. (2013)). Given differentiability and weak substi-

tution, it is equivalent to nonsingularity of the inside-share Jacobian and is only slightly

stronger than their qualitative connected-substitution condition.

Assumption 3 (Share-function surjectivity). For every (x, θ) ∈ X J ×Θ,

{
σ(x, ξ; θ) : ξ ∈ RJ

}
= int(∆J).

Under Assumption 2, Theorems 1–2 and Corollary 1 of Berry et al. (2013) imply that

the inside-share map is injective and its Jacobian is nonsingular. Together with Assump-

tion 3, this gives a unique inverse for every (x, θ, s) ∈ X J × Θ × int(∆J). We denote it by

ξBLP(x, θ, s) ∈ RJ , with jth component ξBLP
j (x, θ, s), so that

σ(x, ξBLP(x, θ, s); θ) = s.

We start by noting that demand inversion can be interpreted as a maximum-likelihood

problem. The log-likelihood of a market share vector s is

Ls(x, ξ; θ) :=
∑
j∈J

sj log σj(x, ξ; θ). (1)

Moreover, ξBLP(x, θ, s) maximizes (1) over ξ ∈ RJ for every s ∈ int(∆J).

For the rest of this section, fix x and suppress it where doing so causes no confusion. We

observe N independent consumer choices, each with choice probabilities given by the true

market shares s0 ∈ int(∆J). Let Q = (Q0, . . . , QJ) denote the vector of counts of consumers

choosing each product, with
∑

j∈J Qj = N . It follows that

Q ∼ Multinomial
(
N ; s0

)
.

The observed market shares are ŝj =
Qj

N
for j ∈ J .

When some observed market shares are zero, the log-likelihood does not have a finite

maximizer. To resolve this problem, we introduce a regularization term that penalizes large

values of the unobserved product characteristics ξ. Let λN,J > 0 be a deterministic regular-

ization parameter that may depend on N and J . Define the regularized criterion by

LR
s (x, ξ; θ, λN,J) := Ls(x, ξ; θ)−

λN,J

2
∥ξ∥22. (2)
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The regularization term2 “shrinks” ξ toward zero and as a result, as we show below, the

regularized criterion has at least one finite maximizer. Larger values of λN,J impose stronger

regularization. When some shares are zero, there can be multiple maximizers but we provide

bounds on the finite-sample distance between any maximizer and the BLP inverse evaluated

at the true shares. Furthermore, we show that, asymptotically, the regularized inverse con-

verges to the BLP inverse. For this asymptotic result we let λN,J → 0.

Because the argmax of the regularized criterion may not be a singleton when some sample

counts are zero, we define the regularized demand inverse as follows:

Definition 1 (Regularized demand inverse). The regularized demand inverse is a fixed mea-

surable selection ξRN(x, θ, s) ∈ AN(x, θ, s), where

AN(x, θ, s) = argmax
ξ∈RJ

LR
s (x, ξ; θ, λN,J).

That is, ξRN is a Borel measurable map from X J ×Θ×∆J to RJ such that, for every (x, θ, s),

ξRN(x, θ, s) ∈ AN(x, θ, s). Write ξRj,N(x, θ, s) for its jth component.

2.2 Pointwise Existence and Uniqueness

Proposition 1 (Existence and positive-share uniqueness). Suppose Assumptions 1–3 hold.

(i) For every s ∈ ∆J and λN,J > 0, AN(x, θ, s) is nonempty and compact.

(ii) Fix (x, θ) and s ∈ int(∆J). There is λ̄(x, θ, s) > 0 such that the regularized inverse

is unique whenever λN,J < λ̄(x, θ, s). If θ ∈ int(Θ), the regularized inverse is locally

continuously differentiable in θ.

Proposition 1 is pointwise in (x, θ, s). Because the objective is jointly continuous and its

quadratic penalty makes its upper level sets compact, the measurable maximum theorem

and a standard measurable-selection result ensure that the selection in Definition 1 exists.

The results below in fact hold for every element of the argmax correspondence, so they do

not depend on the selection rule.

2For s = ŝ, multiplying (2) by N gives the regularized count log-likelihood
∑

j∈J Qj log σj(x, ξ; θ) −
NλN,J

2 ∥ξ∥22. The regularized inverse is therefore the posterior mode of ξ under independent Gaussian priors
ξj ∼ N

(
0, 1

NλN,J

)
. In Section 4, we set λN,J = 1

Nτ2 , so τ2 is the prior variance, and we vary both τ and the

true distribution of ξ to check the robustness of the RDI estimator.
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2.3 Recovery of the Demand Shocks

For constants 0 < c < C < ∞ and c0 > 0, define

SJ :=

{
s ∈ ∆J :

c

J
≤ sj ≤

C

J
(j ∈ J+), s0 ≥ c0

}
and

S+
J :=

{
s ∈ ∆J :

c

2J
≤ sj ≤

2C

J
(j ∈ J+), s0 ≥

c0
2

}
.

Theorem 1 and Corollary 1 below do not require compactness. We use the following condition

to verify Assumption 5 for the logit models in Appendix B and for the GMM results in

Section 3.

Assumption 4. The sets X and Θ are compact.

Assumption 5 (Uniform inverse and likelihood regularity). Write Hs(x, ξ; θ) := −∂2
ξξ′Ls(x, ξ; θ).

There are constants C⋆ ≥ 1 and 0 < r0 < 1
4C2

⋆
such that the following conditions hold uni-

formly over x ∈ X J , s ∈ S+
J , and θ ∈ Θ.

(i) ∥ξBLP(x, θ, s)∥∞ ≤ C⋆ log J ;

(ii) ∥Hs(x, ξ
BLP(x, θ, s); θ)−1∥∞ ≤ C⋆J and, whenever ξ, ξ′ are within sup-norm distance

r0 of this inverse,

∥Hs(x, ξ; θ)−Hs(x, ξ
′; θ)∥∞ ≤ C⋆

J
∥ξ − ξ′∥∞;

(iii) throughout the same neighborhood,

max
k∈J+

∑
j∈J+

|∂ξk log σj(x, ξ; θ)| ≤ C⋆, max
k∈J+

|∂ξk log σ0(x, ξ; θ)| ≤
C⋆

J
;

(iv) the regularized likelihood satisfies

inf
x∈XJ , s∈S+

J ,θ∈Θ

[
sup

∥ξ−ξBLP(x,θ,s)∥∞<r0

LR
s (x, ξ; θ, λN,J)− sup

∥ξ−ξBLP(x,θ,s)∥∞≥r0

LR
s (x, ξ; θ, λN,J)

]
> 0.

Assumption 5(i) bounds the BLP inverse. Assumptions 5(ii) and 5(iii) control local

curvature and the score contribution of share errors. Assumption 5(iv) places every global

regularized maximizer in the neighborhood where these bounds apply. It is imposed at the
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chosen regularization parameter. Under the conditions stated in Appendix B, they hold for

simple logit, random-coefficients logit, and random-coefficients nested logit.

Assumption 6. The regularization parameter satisfies λN,J ≤ r0
4C2

⋆J(1+log J)
.

When each share σj, including the outside share σ0, is log-concave in ξ, the regularized

likelihood is strictly concave and has a unique global maximizer.

Lemma 1 (Log-concavity and global separation). Suppose Assumptions 1–3 hold and ξ 7→
log σj(x, ξ; θ) is concave for every j ∈ J . Then LR

s has a unique global maximizer for every

s ∈ ∆J and λN,J > 0. Under Assumptions 5(i)–5(iii) and 6, Assumption 5(iv) also holds.

Log-concavity holds for simple logit and for the random-coefficients logit and nested-logit

models with log-concave taste densities considered in Appendix B, including Gaussian tastes.

For lognormal tastes and finite mixtures, Assumption 5(iv) also holds under the conditions

of Proposition 3.

Theorem 1 (Uniform finite-sample recovery). Suppose Assumptions 1–3 and 5–6 hold. Then

there exist constants c1, C1 > 0, depending only on c, C, c0, C⋆, r0, such that

sup
s0∈SJ

E

[
sup

x∈XJ , θ∈Θ, ξ̃∈AN (x,θ,ŝ)

1

C1J log J
∥ξ̃ − ξBLP(x, θ, s0)∥22

∣∣∣∣∣ N, s0

]

≤
J
N
+ J2 log J

N2 + J2 log Jλ2
N,J

(c1 + JλN,J)2
+

(
log J +

1

JλN,J

)(
J exp

(
−c1N

J

)
+ exp(−c1N)

)
.

where the expectation is taken with respect to Q ∼ Multinomial(N ; s0).

The first term on the right-hand side bounds the recovery error when ŝ is sufficiently

close to s0. The second term bounds the contribution from the complementary event, which

includes sampling zeros. When N
J

is large, we can choose λN,J to minimize the first term,

which gives λN,J ≍ 1
N log J

+ J
N2 . We call this the rate-balancing scale. It is also related to

the expected fraction of zero counts. Under multinomial sampling,

E

 1

J

∑
j∈J+

1{Qj = 0}

∣∣∣∣∣∣ N, s0

 =
1

J

∑
j∈J+

(1− s0j)
N .

For s0 ∈ SJ and C
J

≤ 1
2
, this expectation lies between exp

(
−2CN

J

)
and exp

(
− cN

J

)
. Thus

both the frequency of sampling zeros and the rate-balancing choice depend on N
J
. Holding

J fixed, a smaller N raises the expected fraction of zeros and the expression 1
N log J

+ J
N2 ,

giving stronger regularization through a larger λN,J .
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For asymptotic convergence, we impose the following rates on the sequence (N, J) and

the regularization parameter λN,J .

Assumption 7 (Asymptotic rates). Along the sequence (N, J),

J log J

N
→ 0, J log J λN,J → 0.

The first condition ensures uniform concentration of empirical shares and rules out sam-

pling zeros with probability approaching one. The second makes the regularization error

vanish. Under the first condition, we can choose λN,J ≍ 1
N
.

Corollary 1 (Uniform convergence). Suppose Assumptions 1–3 and 5–7 hold. Then, uni-

formly over s0 ∈ SJ , L
R
ŝ (x, ξ; θ, λN,J) has a unique global maximizer in ξ, simultaneously for

all x ∈ X J and θ ∈ Θ, with probability approaching one. Moreover,

sup
x∈XJ , θ∈Θ

∥ξRN(x, θ, ŝ)− ξBLP(x, θ, s0)∥∞ = Op

(√
J log J

N
+ J log JλN,J

)
.

3 Asymptotic Properties

There are T markets. Market t contains Jt inside products, indexed by Jt,+ := {1, . . . , Jt},
and Nt sampled consumers. The markets form a triangular array, with Jt = Jt,T and Nt =

Nt,T . We suppress the additional T index throughout. Write MT :=
∑T

t=1 Jt, Jmax,T :=

maxt≤T Jt, and Nmin,T := mint≤T Nt. Let s0t and ŝt denote the true and observed share

vectors, respectively. Let zjt denote the instrument vector and λNt,Jt > 0 the regularization

parameter used in market t. Fix an open bounded convex neighborhood N0 of θ0 whose

closure is contained in int(Θ).

Assumption 8. The following conditions hold.

(i) For each t, xt ∈ X Jt and Qt ∼ Multinomial(Nt, s
0
t ).

(ii) For some δ > 0 and Cz < ∞, supT maxt≤T, j∈Jt,+ E∥zjt∥2+δ
2 ≤ Cz.

(iii) Pr(s0t ∈ SJt for every t ≤ T ) −→ 1 as T → ∞.

(iv)
Jmax,T log(TJmax,T )

Nmin,T
→ 0.

Assumption 9. The following conditions hold.
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(i) Assumptions 1–5 hold for every market (t, T ), with constants (c0, c, C, C⋆, r0) that do

not depend on t or T .

(ii) Let Cs(x, ξ; θ) := ∂2
ξθ′Ls(x, ξ; θ). Uniformly over x ∈ X J , s ∈ S+

J , θ ∈ N0, and ξ, ξ′ in

the r0-neighborhood of ξBLP(x, θ, s),

max
j∈J+

∥[Cs(x, ξ; θ)]j·∥2 ≤
C⋆

J
, max

j∈J+

∥[Cs(x, ξ; θ)− Cs(x, ξ
′; θ)]j·∥2 ≤

C⋆

J
∥ξ − ξ′∥∞.

Assumption 10. For some constants 0 < cλ ≤ Cλ < ∞, one of the following holds uni-

formly over t ≤ T and T :

(i) cλ
Nt

≤ λNt,Jt ≤ Cλ

Nt
;

(ii) cλ

(
1

Nt log Jt
+ Jt

N2
t

)
≤ λNt,Jt ≤ Cλ

(
1

Nt log Jt
+ Jt

N2
t

)
.

Let ET := {s0t ∈ SJt , ŝt ∈ S+
Jt

for every t ≤ T}. By Lemma 5, Pr(ET ) → 1. For

all sufficiently large T , Lemma 3 implies that ANt(xt, θ, ŝt) is a singleton on ET for every

market and every θ ∈ Θ. Lemma 1 shows that under log-concave market share functions,

ANt(xt, θ, ŝt) is a singleton for every θ ∈ Θ and every t ≤ T . In either case, define

ĜR
T (θ) :=

1

MT

T∑
t=1

∑
j∈Jt,+

zjt ξ
R
j,Nt

(xt, θ, ŝt)

and, for a positive-semidefinite weighting matrix WT ,

θ̂RT := argmin
θ∈Θ

ĜR
T (θ)

′WT Ĝ
R
T (θ). (3)

On ET , we define the feasible BLP moment function

GBLP
T (θ) :=

1

MT

T∑
t=1

∑
j∈Jt,+

zjtξ
BLP
j (xt, θ, ŝt)

and let θ̂BLP
T be the corresponding GMM estimator.

Assumption 11. The following conditions hold.

(i) WT
p−→ W for a positive-definite matrix W .

(ii) There is a deterministic continuous function Q : Θ → R such that

sup
θ∈Θ

∣∣GBLP
T (θ)′WTG

BLP
T (θ)−Q(θ)

∣∣ = op(1).
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(iii) Q(θ) has a unique minimizer at θ0.

(iv) There is a deterministic continuous matrix-valued function Γ on N0 such that

sup
θ∈N0

∥∂θGBLP
T (θ)− Γ(θ)∥2 = op(1),

√
T GBLP

T (θ0)
d−→ N (0,Ω).

The matrix Ω is finite and positive semidefinite, and Γ0 := Γ(θ0) has full column rank.

The moment and Jacobian conditions follow the framework of Theorem 3.2 of Newey

and McFadden (1994). Those conditions are used to establish the consistency and asymp-

totic normality of θ̂BLP
T . The following theorems show that θ̂RT is consistent and first-order

asymptotically equivalent to θ̂BLP
T .

Theorem 2 (Consistency). Suppose Assumptions 8–10 and 11(i)–11(iii) hold. Then, θ̂RT
p−→

θ0.

Theorem 3 (First-order equivalence). Suppose Assumptions 8–9 and 11 hold. Assume either

(i) Assumption 10(i) holds and
√
T

Jmax,T log Jmax,T

Nmin,T
→ 0; or

(ii) Assumption 10(ii) holds and
√
T

Jmax,T

Nmin,T
→ 0.

Then

√
T (θ̂RT − θ̂BLP

T ) = op(1),
√
T (θ̂RT − θ0)

d−→ N (0, (Γ′
0WΓ0)

−1Γ′
0WΩWΓ0(Γ

′
0WΓ0)

−1).

Theorem 3 shows that the regularized GMM estimator is first-order asymptotically equiv-

alent to the feasible BLP GMM estimator. Therefore, the inference procedures developed

for the feasible BLP GMM estimator can be applied to the regularized GMM estimator (see,

for example, Freyberger, 2015).

4 Monte Carlo Simulations

This section evaluates regularized demand inversion (RDI) using Monte Carlo designs based

on Gandhi et al. (2023) (GLS hereafter). We compare RDI with the moment-inequality

estimator of GLS in designs with exogenous and endogenous product characteristics. We

conduct 500 replications for each design.
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4.1 Exogenous Demand Shocks

The first experiment follows Section 8.1 of GLS. Consumer i’s utility from product j in

market t is

uijt = α0 + β0xjt + λ0xjtνi + ξjt + εijt, j = 1, . . . , J,

with outside utility ui0t = εi0t, β0 = 1, λ0 = 0.5, νi ∼ N (0, 1), Type-I extreme-value

idiosyncratic shocks, and xjt =
j
10
+ejt, where ejt ∼ N (0, 1) is independent of ξjt. We consider

α0 ∈ {−9,−10, . . . ,−17} to vary the average zero-cell fraction, and use T ∈ {25, 50, 100}
markets, J = 50 products, and N = 10,000 sampled consumers per market.

We consider four distributions for ξjt: Gaussian shocks, ξjt ∼ N (0, 1); Student-t5 shocks;

contaminated-normal shocks, ξjt ∼ 0.9N (0, 1) + 0.1N (0, 9); and bimodal shocks, ξjt ∼
0.5N (−1, 1) + 0.5N (1, 1). In each replication, the observed count vector is drawn inde-

pendently across markets from

Q ∼ Multinomial(N ; s0t ).

Estimators. We compare GLS with the regularized GMM estimator in (3). We set λN,J =
1

Nτ2
and vary τ ∈ {0.5, 1, 1.5, 2, 2.5}, labeled RDI-0.5 through RDI-2.5. We also use τ 2 =

log J

1+ J
N

log J
, corresponding to the rate-balancing scale, labeled Rate-Balancing. With J = 50

and N = 10,000, we have τ ≈ 1.96. We choose the same IVs as in GLS. The regularized

estimators use zjt = (1, xjt, x
2
jt − 1, x3

jt − 3xjt)
′, whereas GLS uses the hypercube instrument

functions constructed from xjt with r̄T = 50, as in Gandhi et al. (2023).

Results. Figures 1 and 2 report parameter MSE for θ = (α, β, λ). Figures 3 and 4 report

MSE for the recovered demand shocks. The GLS procedure does not produce point estimates

of demand shocks, so it appears only in the parameter-MSE figures. In all figures, the

horizontal axis shows the average zero-cell fraction for each value of α0.

Across all four shock distributions, the gap in parameter MSE between GLS and RDI

widens as zeros become more common. At the highest zero fractions, GLS has parameter

MSE between about 1.7 and 6, while every RDI specification remains below 0.25. When

zeros are less common, the comparison depends on the scale: RDI-0.5 has larger parameter

MSE than GLS in some non-Gaussian designs, while the other RDI scales perform better.

The best scale depends on the shock distribution. Intermediate scales perform best

under Gaussian shocks, while RDI-2.5 has the lowest parameter MSE in most Student-t5,

contaminated-normal, and bimodal designs.
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Figure 1: Parameter MSE in the exogenous-ξ design under Gaussian and Student-t5 shocks.

14



0.167
0.243

0.336
0.436

0.537
0.632

0.717
0.792

0.854

10 2

10 1

100

M
SE

(
) (

lo
g-

sc
al

e)

mixture(p=0.1,tau=3), T=25

0.166
0.241

0.332
0.430

0.531
0.627

0.714
0.789

0.851

10 2

10 1

100

bimodal(mu=1,sigma=1), T=25

0.167
0.244

0.337
0.437

0.537
0.632

0.718
0.792

0.854

10 2

10 1

100

M
SE

(
) (

lo
g-

sc
al

e)

mixture(p=0.1,tau=3), T=50

0.167
0.241

0.332
0.430

0.530
0.627

0.713
0.788

0.850

10 2

10 1

100

bimodal(mu=1,sigma=1), T=50

0.168
0.244

0.337
0.437

0.537
0.632

0.718
0.793

0.854

Average zero-cell fraction

10 2

10 1

100

M
SE

(
) (

lo
g-

sc
al

e)

mixture(p=0.1,tau=3), T=100

0.167
0.241

0.332
0.431

0.532
0.627

0.714
0.789

0.851

Average zero-cell fraction

10 2

10 1

100

bimodal(mu=1,sigma=1), T=100

RDI-0.5 RDI-1
GLS

RDI-1.5 RDI-2
Rate-Balancing

RDI-2.5

Figure 2: Parameter MSE in the exogenous-ξ design under contaminated-normal and bi-
modal shocks. Mixture and bimodal refer to the contaminated-normal and bimodal distri-
butions, respectively.
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Figure 3: ξ MSE in the exogenous design under Gaussian and Student-t5 distributions.
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Figure 4: ξ MSE in the exogenous design under contaminated-normal and bimodal distri-
butions. Mixture and bimodal refer to the contaminated-normal and bimodal distributions,
respectively.
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Increasing the number of markets from 25 to 100 generally improves parameter estimates

more for the weaker regularization scales than for the stronger ones. It does not improve the

accuracy of the recovered demand shocks. The parameter MSE of GLS changes compara-

tively little with T .

The ξ MSE rises with the zero-cell fraction and is almost the same for the three values

of T . Each demand shock is recovered from a market with the same number of sampled

consumers, so adding markets has little effect on its accuracy.

4.2 Endogenous Demand Shocks

The second experiment follows the tuna-market design in Section 8.3 of GLS. Consumer

utility is

uijt = δfixjt (α0)− νipjt + ξjt + εijt,

where δfixjt (α0) contains the observed tuna-product components, log νi ∼ N (µp, σ
2
p), and

(µp, σp) = (0, 0.5). Following GLS, we hold the coefficients in the fixed utility component

at their data-generating values and estimate (µp, σp). We vary α0 over six values to change

the average zero-cell fraction, and use T ∈ {80, 160} markets. Markets contain about 45

products and, on average, about 17,500 to 17,800 consumers.

The demand shock is heteroskedastic. We draw a base shock ξ̃jt from one of the four

distributions in Section 4.1 and set

ξjt =

0.5ξ̃jt, δfixjt (α0) ≥ med(δfixjt (α0)),

1.5ξ̃jt, δfixjt (α0) < med(δfixjt (α0)).

The price is pjt = min{mcjt+0.3 exp(ξjt), pmax}, where mcjt is marginal cost and pmax is the

maximum observed price in the tuna sample.

Estimators. We compare the same RDI specifications with GLS, setting λNt,Jt =
1

Ntτ2
in

each market. For Rate-Balancing, we compute a common τ by evaluating the preceding

formula at the average product count and consumer sample size across markets, which gives

τ ≈ 1.94. We use the same set of IVs as GLS. Let dj denote the included UPC-indicator

vector and xc
jt the continuous exogenous characteristic. The regularized GMM estimators

use zjt = (1, d′j,mcjt, x
c
jt)

′ and one-step GMM. For GLS, we use Bound-G4 in their notation,

which constructs hypercube instrument functions from (mcjt, x
c
jt) and their interactions with

the UPC indicators.
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Results. Figure 5 reports MSE for (µp, σp). Figures 6 and 7 report MSE for the recovered

demand shocks and own-price elasticities, respectively. Elasticities are evaluated at the esti-

mated parameters and the recovered shocks. Because GLS does not recover point estimates

of demand shocks, it is not included in the latter two comparisons.

When few cells are zero, RDI and GLS have similar parameter MSE under Gaussian,

Student-t5, and contaminated-normal shocks. GLS performs better under bimodal shocks.

At the highest zero fractions, the parameter MSE of GLS is about 1.2 to 1.6, while that of

RDI-1 remains below about 0.035.

Stronger regularization performs better in the endogenous design when zeros are common.

RDI-1 has the lowest parameter MSE in most designs with more than about 40 percent zero

cells, while weaker regularization often performs better when zeros are rare. Rate-Balancing

and RDI-2 again have similar parameter MSE.

Increasing from T = 80 to T = 160 roughly halves parameter MSE for most specifications

when zeros are rare. When zeros are common, the improvement remains substantial for RDI-

1 but is smaller for the weaker regularization scales and GLS.

The ξ MSE rises with the zero-cell fraction and is nearly the same for T = 80 and

T = 160. The ordering across scales reverses as zeros become more common: RDI-0.5 has

the largest ξ MSE when zeros are rare, whereas RDI-2.5 has the largest when zeros are

common. Stronger regularization therefore becomes more useful for demand-shock recovery

in the sparse designs.

The elasticity results show a similar pattern. Weaker regularization gives lower elasticity

MSE when zeros are rare, while RDI-0.5 and RDI-1 perform better as zeros become common.

5 Empirical Application

This section applies our regularized demand inversion estimator to the London beer market.

We first document the prevalence of sampling zeros in household purchase data, then estimate

demand and compare the implied elasticities, and finally use the estimates to study an

alcohol-duty counterfactual.

5.1 Data

The raw data come from Worldpanel by Numerator’s Take Home Purchase Panel, a rep-

resentative panel of households in Great Britain that records grocery purchases brought
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Figure 5: Parameter MSE in the endogenous-ξ design. Mixture and bimodal refer to the
contaminated-normal and bimodal distributions, respectively.
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Figure 6: ξ MSE in the endogenous design. Mixture and bimodal refer to the contaminated-
normal and bimodal distributions, respectively.
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Figure 7: Own-price elasticity MSE in the endogenous-ξ design. Mixture and bimodal refer
to the contaminated-normal and bimodal distributions, respectively.
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home. We select observations from households resident in London to construct a “London

Beer Purchase Panel”. The panel contains detailed information on product characteristics,

prices, and quantities for each purchase occasion. We use the 2015–2019 panel, focus on the

London market, and define a market as a calendar week indexed by t in year y.

First, we highlight the prevalence of zeros in the data. We examine beer, cola, flavored

soft drinks, bottled water, instant coffee, tea and infusions, yogurt, and butter and spreadable

butter. For each category, a product is a brand–pack-size-bin combination. Table 1 describes

the pack-size bins used to define products. We define the market size as the number of

households in the panel that bought at least one pack in a year. We further restrict a

product to be available in a year if it is purchased at least ten times in that year. Table 2

shows that average product counts range from 83 to 335 across categories, average household

counts range from 1,021 to 2,107, and the zero-cell share ranges from 33.3% to 67.0%.

Table 1: Pack-Size Bins for Liquid and Solid Products

Bin label Pack-size range Representative formats

Panel A: Liquid products, per-pack volume in liters
small single [0.00, 0.40) 275, 330, 355, 375ml singles
med single [0.40, 0.60) 440, 500, 550ml
large single [0.60, 0.80) 620, 660, 750ml
xl single [0.80, 1.10) 990, 1000ml
4pack [1.10, 2.10) 4× 330, 4× 440, 4× 500
6 8pack [2.10, 3.50) 6× 330, 8× 330
10 12pack [3.50, 5.00) 10× 330, 12× 330
15 18pack [5.00, 6.50) 15× 330, 18× 330
20 24pack [6.50, ∞) 20× 330, 24× 330, 24× 440

Panel B: Solid products, per-pack weight in grams
under 100g [0, 100) small sachets, snack-size packs
100 150g [100, 150) 100, 125 g packs
150 250g [150, 250) 150, 200, 227 g packs
250 500g [250, 500) 250, 300, 400, 454 g packs
500g 1kg [500, 1000) 500, 750 g packs
over 1kg [1000, ∞) 1 kg and larger packs

Table 3 summarizes the year-specific product count Jy, week count Ty, household count

Ny, purchases, and zero-cell share for the beer category. The sample contains 298–319

products and 990–1,075 households per year, with 12,403–15,808 annual purchases. Between

66.5% and 67.6% of product-week cells have no observed purchases.
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Table 2: Zeros in London Grocery Categories

Category Avg. products Avg. households Zero-cell share

Beer 309 1,021 67.0%
Cola 114 1,491 37.5%
Flavored soft drinks 335 1,764 54.0%
Bottled water 204 1,596 45.6%
Yogurt 241 2,107 40.1%
Butter and spreadable butter 83 1,610 33.3%
Instant coffee 184 1,474 50.2%
Tea and infusions 153 1,634 52.8%

Note: A market is a calendar week. Products are brand–pack-size-bin combinations. Statis-
tics are annual averages for 2015–2019, using London households in Worldpanel by Numera-
tor’s Take Home Purchase Panel.

Table 3: London Beer Panel

Year Products Jy Weeks Ty Households Ny Purchases Zero-cell share

2015 319 53 1,075 15,808 67.4%
2016 308 53 1,041 13,794 67.1%
2017 298 52 997 12,403 67.6%
2018 308 52 1,004 13,816 66.5%
2019 313 52 990 13,580 66.6%

5.2 Model

Demand side. We use a random-coefficients nested logit model similar to Miller and

Weinberg (2017). Define two nests as g = 0 for the outside option and g = 1 for all inside

products. Household i in market t obtains indirect utility from product j as

uijt(θ) = δjt + µijt + ζigt + (1− ρ)εijt

with ui0t = εi0t for the outside option. The error εijt is i.i.d. Type-I Extreme Value and the

nest-level shock ζigt is distributed such that ζigt + (1− ρ)εijt is itself Type-I Extreme Value.

The nesting parameter ρ ∈ [0, 1) governs within-nest substitution. The mean utility is

δjt = β0 + αpjt + βabvABVj + βaleD
ale
j + βstoutD

stout
j + βPLD

PL
j + βvolvolj + ξjt,

where ξjt is the unobserved product-market shock, Dale
j and Dstout

j are indicators for Ale

and Stout subsectors, DPL
j is an indicator for private-label products, ABVj is the alcohol
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strength, volj is the per-pack volume, and pjt is the price.3 The observed heterogeneity in

the price coefficient is captured by µijt = Π · D̃i · pjt where Π is the parameter, and D̃i is the

demeaned income variable for household i.4

Let θ := (β0, α, βabv, βale, βstout, βPL, βvol,Π, ρ) collect the demand parameters. Let Dit :=∑Jy
k=1 exp

(
δkt+µikt

1−ρ

)
. The model-implied conditional inside-nest share and inside-nest choice

probability are

sj|g,it =
exp

(
δjt+µijt

1−ρ

)
Dit

, sg,it =
D1−ρ

it

1 +D1−ρ
it

.

Therefore, the model-implied market share of product j in market t in year y is

sjt =
1

Nt

Nt∑
i=1

sj|g,it sg,it,

with the outside share s0t = 1−
∑Jt

j=1 sjt.

Supply side. Firms simultaneously choose prices to maximize profits:∑
j∈Ff,t

(pjt −mcjt)sjt(pt, xt, ξt; θ) ·Nt,

where xt collects the observed product characteristics, ξt collects the unobserved product-

market shocks, and Ff,t is the set of products owned by firm f in market t. Let Ot be the

ownership matrix for market t with Ot,jk = 1 if products j and k are owned by the same

firm and 0 otherwise. The Bertrand–Nash first-order condition implies

mct = pt +
(
Ot ⊙

∂st
∂pt

)−1
st

where mct and pt are the vectors of marginal costs and prices, ⊙ denotes the Hadamard

product, and ∂st
∂pt

is the demand Jacobian matrix with (j, k) element
∂sjt
∂pkt

.

3If the observed purchase count is positive in market t and product j, pjt equals total expenditure on
product j in market t divided by the total number of packs purchased. If the product has zero purchases
in market t, we impute pjt by forward and backward carrying the nearest non-missing price for the same
product within the same year, using the pooled mean price as a fallback.

4In the data, we only observe eight income bins. We take the midpoint of each bin, in units of £10,000,
as the income variable, assign £85,000 to the top bin of £70,000 and above, and demean it by its mean
among beer-buying households in each year.
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We assume

logmcjt = γ0 + γabvABVj + γaleD
ale
j + γstoutD

stout
j + γvolvolj + ϕm(j) + ωjt,

where ϕm(j) is the manufacturer fixed effect, and ωjt is the unobserved cost shock.

5.3 Estimation Results

Prices are potentially correlated with ξjt. We use four excluded instruments for price. The

first is the weekly mean non-London per-litre price of the same product and the second is the

weekly mean non-London per-litre price of products in the same range-trading company.5

The other two are rival-manufacturer sums of ABV and Stout indicators.6

Estimators. We compare four estimators. The first is the regularized demand inversion

estimator, labeled “RDI”, with λNt,Jt = 1
Ntτ2

. The second is the standard BLP estimator

computed by dropping all zero cells, labeled “ES.” The third is the Laplace-smoothed esti-

mator that uses s̃jt =
(Qjt+1)

(Nt+Jy+1)
, labeled “LS.” These three estimators use two-step GMM.

The fourth is the GLS moment-inequality estimator, labeled “GLS.” Similar to the Monte

Carlo design, we construct hypercube instrument functions for ABV, package volume, and

the excluded instruments, using refinement parameter r = 30. Reported parameter standard

errors use 100 market-level bootstrap replications.

Results. Table 4 presents the demand estimates and the own-price elasticities.7 The RDI

estimates have the expected signs. Holding price fixed, households prefer stronger beer,

larger packs, and branded products, and they prefer lagers to ales and stouts. At the mean

income, the price coefficient is α̂ = −0.972 per pound, and each additional £10,000 of

income reduces its magnitude by Π̂ = 0.189. The nesting parameter ρ̂ = 0.584 implies that

households substitute more readily among beers than between beer and the outside option.

ES and LS give price coefficients and price–income interactions of similar magnitude but a

5Slade (2004); Pinkse and Slade (2004) use similar cross-region price instruments in studies of the UK
beer market, exploiting common cost variation across regions.

6Armstrong (2016) shows that BLP instruments can be weak when the number of products is large.
Although our IVs contain proxy variables for common cost shocks, we also report the first-stage F -statistic,
which is 26.44 > 10.

7For GLS, we recover ξjt by inverting the demand system at the estimated parameters using Laplace-
smoothed shares, and use the recovered demand shocks to compute elasticities. ES elasticities are available
only for the 26,703 product-market cells with positive purchases, whereas the other estimators use all 81,019
cells.
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weaker nesting parameter of about 0.31, whereas GLS gives a much smaller price coefficient

of −0.154.

RDI implies a mean own-price elasticity of −3.315 and a median of −3.220, compared

with means of −1.202 for ES, −1.291 for LS, and −0.443 for GLS. Only 4 of the 81,019

RDI elasticities exceed −1, compared with 33.0% of the ES cells, 24.6% of the LS cells,

and 81.5% of the GLS cells. LS and GLS also imply upward-sloping demand, with positive

own-price elasticities in 13.4% and 15.2% of cells. Such elasticities are difficult to reconcile

with the Bertrand–Nash pricing model used below. The choice of estimator therefore has

quantitatively important consequences for implied price sensitivity.

The gap reflects two features of the estimates. First, holding the price coefficients fixed,

the own-price elasticity of a product with a small within-nest share is approximately pro-

portional to 1/(1− ρ), which equals 2.41 under RDI and 1.46 under ES and LS. Second, ES,

LS, and GLS imply that households in the top income bin are almost insensitive to price.

Averaged over years, the implied price coefficient α̂ + Π̂D̃i for the top bin is −0.19 under

RDI, −0.02 under ES, 0.04 under LS, and 0.08 under GLS, whereas for the lowest bin it

is −1.70, −1.66, −1.58, and −0.37. This difference matters most for expensive products.

Under the RDI estimates, households in the top bin make 93% of the predicted purchases

of products in the top price tercile, above £3.29 per pack. In that tercile, 84.0% of the

ES elasticities and 72.3% of the LS elasticities exceed −1, compared with none of the RDI

elasticities. Restricting RDI to the positive-purchase cells used by ES gives a mean elasticity

of −3.337, close to its full-sample mean of −3.315.

For comparison, Slade (2004) reports mean own-price elasticities of about −3.6 under

nested logit and −4.6 under a distance-metric demand system, while Miller and Wein-

berg (2017) reports median own-price elasticities between −4.33 and −6.10 across random-

coefficients nested-logit specifications. The RDI elasticities are of the same order as these

estimates, whereas the ES, LS, and GLS elasticities are much smaller in magnitude. We use

RDI, shown in the first column, for the supply-side inversion and counterfactual analysis.

Figures 8 and 9 show the income patterns implied by the RDI estimates. The positive

price–income interaction, Π̂ = 0.189, implies that higher-income households are less price

sensitive. Mean income-specific own-price elasticities range from about −12.32 in the lowest

income bin to −1.58 in the highest. Predicted beer purchase probabilities rise from 8.1% to

62.1% across the same income bins. Consequently, households in the top bin, with annual

income of at least £70,000, make up 18.1% of beer-buying households but account for 43.9%

of predicted purchases.
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Table 4: Demand Estimates and Own-Price Elasticities

RDI ES LS GLS

Panel A: Parameter estimates

β0 -3.056 (0.915) -3.065 (0.002) -3.036 (0.157) -1.466 (0.114)

α -0.972 (0.181) -0.863 (0.010) -0.800 (0.333) -0.154 (0.020)

βABV 0.114 (0.030) 0.048 (0.006) 0.059 (0.017) 0.035 (0.017)

βale -0.359 (0.059) -0.307 (0.009) -0.329 (0.132) -0.149 (0.058)

βstout -0.081 (0.024) -0.049 (0.019) -0.039 (0.011) -0.167 (0.084)

βPL -0.325 (0.050) -0.195 (0.019) -0.169 (0.050) -0.062 (0.076)

βvol 0.495 (0.171) 0.197 (0.019) 0.233 (0.049) -0.013 (0.030)

Π 0.189 (0.061) 0.205 (0.005) 0.202 (0.092) 0.056 (0.005)

ρ 0.584 (0.105) 0.312 (0.008) 0.316 (0.128) 0.667 (0.012)

Panel B: Own-price elasticities

Mean -3.315 -1.202 -1.291 -0.443
Median -3.220 -1.414 -1.630 -0.856
Standard deviation 0.902 0.546 0.817 1.072
Share above −1 0.0% 33.0% 24.6% 81.5%
Share above 0 0.0% 2.4% 13.4% 15.2%

Note: London beer purchase panel, 2015–2019. RDI, ES, and LS use two-step GMM. GLS uses the
Gandhi et al. (2023) estimator. Parentheses report bootstrap standard errors based on 100 market-level
replications. RDI uses fixed τ = 1.45046. Elasticities use all 81,019 product-market cells, except for ES,
which uses the 26,703 cells with positive purchases.
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Figure 8: Mean own-price elasticity by income bin.
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Figure 9: Purchase probability by income bin.

Regularization sensitivity. We use a common τ = 1.45046 as the benchmark, obtained

by evaluating τ 2 = log J

1+ J
N

log J
at J = 300 and N = 1,000, following the rate-balancing scale.

Larger values of τ imply weaker regularization. Figure 10 plots the mean own-price elasticity

against τ over the range 0.25–2.5. The mean moves from −3.60 at τ = 0.25 to −2.96 at

0.75, then becomes more negative, reaching −3.84 at 2.5. At the rate-balancing scale, the

mean is −3.315.

Figure 10: Regularization sensitivity of mean own-price elasticity.
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Supply-side results. Table 5 reports the marginal costs and markup rates recovered from

the Nash–Bertrand supply-side inversion.

Table 5: Marginal Cost and Markup

Panel A: Marginal cost mcjt (£/pack) Panel B: Markup rate p−mc
p

Year Mean SD P5 Median P95 Mean SD P5 Median P95

2015 2.206 2.096 0.614 1.405 7.230 0.332 0.063 0.261 0.311 0.451
2016 2.231 2.432 0.613 1.271 7.610 0.344 0.071 0.260 0.323 0.485
2017 2.481 2.722 0.626 1.342 9.264 0.330 0.068 0.216 0.315 0.451
2018 2.575 2.988 0.601 1.278 9.763 0.330 0.073 0.183 0.323 0.439
2019 2.484 2.844 0.585 1.263 9.714 0.333 0.072 0.183 0.327 0.436
pooled 2.392 2.634 0.606 1.302 8.746 0.334 0.070 0.215 0.321 0.454

Note: London beer purchase panel, 2015–2019. Panel A shows the marginal-cost distribution, Panel
B shows the markup-rate distribution. Both panels are summarized per year and pooled across the
sample.

The pooled mean marginal cost is £2.39 per pack, with a median of £1.30. Annual mean

marginal costs range from £2.21 to £2.57, and the pooled median markup rate is 32.1% of

price. The log-marginal cost regression gives an R2 of 0.84.

5.4 Counterfactual: 2026 Alcohol Duty Schedule

Table 6 reports the alcohol duty rates. We apply the 2026 duty schedule to each sample year

by adding the change in duty per pack to marginal cost and solving for new Bertrand–Nash

equilibrium prices. Ownership, product characteristics, preferences, and demand shocks are

held fixed. Most of the change falls on standard-strength beer. Products with ABV between

3.5% and 7.5%, which account for 93–96% of predicted purchases in each year, face a 2026

rate that is 22.9% above the 2015–2016 rate and 18.3% above the 2017–2019 rate. Products

between 2.8% and 3.5% ABV, at most 1.5% of predicted purchases, receive duty cuts of

about 46–48%, and the few products at or above 8.5% ABV face increases of 24–28%.

Table 7 reports the counterfactual results. Applying the 2026 duty schedule reduces

consumer surplus and profit in every sample year, while pooled duty revenue changes little.

On average, consumer surplus falls by £0.090 per household-market, and profit falls by

£0.014. Over a year, the consumer-surplus loss is about £4.70 per household. Duty revenue

falls by £0.004, a small change relative to its bootstrap standard error of £0.006. The

combined change in consumer surplus, profit, and duty revenue is −£0.108, or 6.1% of their

baseline sum. Consumers bear 83% of this loss, firms 13%, and duty revenue 3%.
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Table 6: Beer Duty Schedules

Pounds per litre of product

Panel A: Sample-period schedules

Sample years > 1.2–2.8% ABV > 2.8–7.5% ABV > 7.5% ABV

2015–2016 0.0810A 0.1837A 0.2385A
2017–2019 0.0842A 0.1908A 0.2477A

Panel B: 2026 non-draught schedule

ABV band Duty

0–1.2% 0
1.3–3.4% 0.0996A
3.5–8.4% 0.2258A
8.5–22% 0.3062A
> 22% 0.3399A

Note: A denotes ABV in percentage points; for example, A = 5 for a 5% beer. The
counterfactual uses the non-draught schedule because the sample covers off-trade purchases.
Source: HMRC historical and 2026 alcohol duty schedules.

Table 7: Alcohol Duty Counterfactual

Year CS ∆ CS Profit ∆ Profit Tax revenue ∆ Tax ∆ Total surplus

2015 1.250 -0.114 0.300 -0.014 0.410 -0.000 -0.128
(0.149) (0.007) (0.018) (0.003) (0.003) (0.007) (0.004)

2016 1.208 -0.109 0.301 -0.016 0.401 0.003 -0.121
(0.137) (0.006) (0.019) (0.003) (0.003) (0.007) (0.004)

2017 1.073 -0.082 0.273 -0.013 0.386 -0.001 -0.096
(0.130) (0.004) (0.016) (0.002) (0.003) (0.005) (0.003)

2018 1.040 -0.076 0.264 -0.015 0.387 -0.011 -0.101
(0.138) (0.003) (0.014) (0.001) (0.004) (0.005) (0.003)

2019 1.003 -0.069 0.258 -0.015 0.364 -0.010 -0.093
(0.139) (0.002) (0.013) (0.001) (0.003) (0.004) (0.003)

pooled 1.119 -0.090 0.280 -0.014 0.390 -0.004 -0.108
(0.137) (0.004) (0.016) (0.002) (0.003) (0.006) (0.003)

Note: London beer purchase panel, 2015–2019. The counterfactual applies the 2026 beer duty schedule
to each sample year. All entries are pounds per household-market. CS, profit, and tax revenue report
baseline levels. ∆ denotes the counterfactual minus the baseline. Tax revenue is beer-duty revenue and
excludes VAT. Total surplus equals consumer surplus plus profit plus tax revenue. Bootstrap standard
errors are in parentheses.
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6 Conclusion

We propose regularized demand inversion by placing a quadratic penalty on demand shocks

in the multinomial log-likelihood. The regularized inverse exists for every count vector,

including those containing zeros. We establish finite-sample recovery bounds and a rate-

balancing choice of the regularization parameter. We show that the resulting GMM estimator

is consistent and first-order asymptotically equivalent to the feasible BLP estimator. In

the London beer application, RDI yields substantially more price-elastic demand than the

comparison estimators.
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A Proofs

A.1 Proofs in Section 2

Proof of Proposition 1. Fix (x, θ). For every s ∈ ∆J , the function −LR
s (x, ξ; θ, λN,J) is

continuous and coercive because−LR
s (x, ξ; θ, λN,J) ≥ λN,J

2
∥ξ∥22.HenceAN(x, θ, s) is nonempty

and compact.

Now let s ∈ int(∆J), write ξ∗ = ξBLP(x, θ, s), and suppress (x, θ). Then ξ∗ is the unique

global maximizer of Ls. The nonsingular inside-share Jacobian and global injectivity give a

unique continuous inverse near s. For any sequence (ξn) such that Ls(ξn) → Ls(ξ
∗), Pinsker’s

inequality gives σ(ξn) → s, and continuity of the inverse then gives ξn → ξ∗. Thus, for every

r > 0,

Ls(ξ
∗)− sup

∥ξ−ξ∗∥∞≥r

Ls(ξ) > 0. (4)

At ξ∗, differentiation using σ(ξ∗) = s and
∑

j∈J σj(ξ) = 1 gives

−∂2
ξξ′Ls(ξ

∗) = ∂ξσ(ξ
∗)′ diag(s−1

0 , . . . , s−1
J )∂ξσ(ξ

∗). (5)

The matrix is positive definite because the inside-share Jacobian is nonsingular. By con-
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tinuity, the likelihood Hessian remains negative definite on a closed sup-norm ball of some

radius r > 0 around ξ∗. Therefore, LR
s is strictly concave on this ball.

For any ξ̃ ∈ AN(x, θ, s), we have

0 ≤ Ls(ξ
∗)− Ls(ξ̃) ≤

λN,J

2
∥ξ∗∥22.

For sufficiently small λN,J > 0, (4) implies ∥ξ̃−ξ∗∥∞ < r, so strict concavity gives uniqueness.

For nearby θ, global maximizers remain in this ball by continuity and the quadratic

penalty. The implicit-function theorem then gives local continuous differentiability in θ.

Lemma 2. Suppose Assumptions 1–3, 5(ii), and 5(iii) hold. Uniformly over x ∈ X J ,

s, s′ ∈ S+
J , and θ ∈ Θ,

∥ξBLP(x, θ, s′)− ξBLP(x, θ, s)∥∞ ≤ C2
⋆

(
J max

j∈J+

|s′j − sj|+ |s′0 − s0|
)
.

Proof. The set S+
J is convex, so s(u) = s+ u(s′ − s) belongs to it for 0 ≤ u ≤ 1. The inside-

share Jacobian is nonsingular by Assumption 2, and the inverse-function theorem makes

u 7→ ξBLP(x, θ, s(u)) continuously differentiable. Differentiating the likelihood first-order

condition (FOC) at ξBLP(x, θ, s(u)) with respect to u gives

Hs(u)

(
x, ξBLP(x, θ, s(u)); θ

) d

du
ξBLP(x, θ, s(u)) =

∑
j∈J

(s′j − sj)∂ξ log σj

(
x, ξBLP(x, θ, s(u)); θ

)
.

The maximum norm of the RHS is at most C⋆

(
maxj∈J+ |s′j − sj|+ |s′0−s0|

J

)
. The inverse in-

formation matrix has norm at most C⋆J . Multiply the two bounds and note that ξBLP(x, θ, s′)−
ξBLP(x, θ, s) =

∫ 1

0
d
du
ξBLP(x, θ, s(u)) du.

Lemma 3 (Local regularized inverse). Suppose Assumptions 1–3, 5(i)–5(iii), and 6 hold.

For x ∈ X J , s ∈ S+
J , and θ ∈ Θ, let B = {ξ ∈ RJ : ∥ξ− ξBLP(x, θ, s)∥∞ ≤ r0}. The equation

∂ξL
R
s (x, ξ; θ, λN,J) = 0 has a unique solution ξL ∈ B, which uniquely maximizes LR

s on B and

satisfies

∥ξL − ξBLP(x, θ, s)∥∞ ≤ 2C2
⋆J log JλN,J ≤ r0

2
. (6)

For ξ ∈ B,

Hs(x, ξ; θ) ⪰
1

2C⋆J
IJ ,

∥∥(Hs(x, ξ; θ) + λN,JIJ)
−1
∥∥
∞ ≤ 2C⋆J. (7)

Under Assumption 5(iv), ξL is also the unique maximizer of LR
s on RJ .

35



Proof. Fix (x, s, θ) and write ξ∗ = ξBLP(x, θ, s). Then ∂ξLs(x, ξ
∗; θ) = 0 and ∂2

ξξ′Ls(x, ξ; θ) =

−Hs(x, ξ; θ). By (5), Hs(ξ
∗) is symmetric and positive definite, so

1

λmin(Hs(ξ∗))
= ∥Hs(ξ

∗)−1∥2 ≤ ∥Hs(ξ
∗)−1∥∞ ≤ C⋆J.

Thus λmin(Hs(ξ
∗)) ≥ 1

C⋆J
. The Hessian-Lipschitz bound and r0 < 1

4C2
⋆
give Hs(ξ) ⪰ 1

2C⋆J
IJ

on B.

Define the map

Φ(ξ) = ξ +Hs(ξ
∗)−1 (∂ξLs(x, ξ; θ)− λN,Jξ) .

Since Hs(ξ
∗) is invertible, Φ(ξ) = ξ if and only if ∂ξL

R
s (x, ξ; θ, λN,J) = 0.

The Jacobian is ∂ξΦ(ξ) = −Hs(ξ
∗)−1(Hs(ξ) − Hs(ξ

∗) + λN,JIJ). By Assumption 6, for

ξ ∈ B,
∥∂ξΦ(ξ)∥∞ ≤ C2

⋆r0 + C⋆JλN,J <
1

2
.

For any ξ, ξ′ ∈ B, ξ′ + u(ξ − ξ′) ∈ B for 0 ≤ u ≤ 1. Integrating the Jacobian along u gives

∥Φ(ξ)− Φ(ξ′)∥∞ =

∥∥∥∥∫ 1

0

∂ξΦ
(
ξ′ + u(ξ − ξ′)

)
(ξ − ξ′) du

∥∥∥∥
∞

≤ 1

2
∥ξ − ξ′∥∞,

so Φ is a contraction.

Since ∂ξLs(x, ξ
∗; θ) = 0,

∥Φ(ξ∗)− ξ∗∥∞ = λN,J∥Hs(ξ
∗)−1ξ∗∥∞ ≤ C2

⋆J log JλN,J ≤ r0
4
.

Thus, for every ξ ∈ B,

∥Φ(ξ)− ξ∗∥∞ ≤ 1

2
∥ξ − ξ∗∥∞ + ∥Φ(ξ∗)− ξ∗∥∞ ≤ 3r0

4
< r0,

so Φ maps B into itself. Banach’s fixed-point theorem gives a unique fixed point ξL ∈ B,
hence a unique solution to the FOC. Applying the same inequality at ξL and rearranging

gives ∥ξL − ξ∗∥∞ ≤ 2λN,J∥Hs(ξ
∗)−1ξ∗∥∞, yielding (6).

The Hessian of −LR
s is positive definite on B. Therefore, ξL is the unique maximizer of

LR
s on B.

Since Hs(ξ) + λN,JIJ = Hs(ξ
∗)(IJ − ∂ξΦ(ξ)) and ∥∂ξΦ(ξ)∥∞ < 1

2
, the Neumann series
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gives

(Hs(ξ) + λN,JIJ)
−1 =

∞∑
m=0

(∂ξΦ(ξ))
m Hs(ξ

∗)−1.

Taking norms yields the inverse bound in (7):

∥∥(Hs(ξ) + λN,JIJ)
−1
∥∥
∞ ≤ ∥Hs(ξ

∗)−1∥∞
1− ∥∂ξΦ(ξ)∥∞

≤ 2C⋆J.

By Assumption 5(iv), ξL is the unique global maximizer.

Proof of Lemma 1. Since −LR
s is continuous and coercive, a global maximizer exists.

Concavity of every log-share and the quadratic penalty make LR
s strongly concave, so this

maximizer is unique for every s ∈ ∆J .

For Assumption 5(iv), let s ∈ S+
J . Lemma 3 gives ξL satisfying

∂ξL
R
s (x, ξL; θ, λN,J) = 0, ∥ξL − ξBLP(x, θ, s)∥∞ ≤ r0

2
.

By concavity, ξL is the global maximizer. For any ξ with ∥ξ − ξBLP(x, θ, s)∥∞ ≥ r0, the

triangle inequality gives ∥ξ − ξL∥∞ ≥ r0
2
. Strong concavity therefore implies

LR
s (x, ξL; θ, λN,J)− LR

s (x, ξ; θ, λN,J) ≥
λN,J

2
∥ξ − ξL∥22 ≥

λN,Jr
2
0

8
.

Since ξL lies inside the r0-ball and the bound holds uniformly over x, s, θ, Assumption 5(iv)

follows.

Lemma 4. Let s0 ∈ SJ and Q ∼ Multinomial(N ; s0). Define

DN := J max
j∈J+

|ŝj − s0j |+ |ŝ0 − s00|.

There is a constant C1 > 0, depending only on C, such that

E[D2
N | N, s0] ≤ C1

(
J log J

N
+

J2 log2 J

N2

)
. (8)

For every ε ∈ (0, 1],

Pr(DN > ε | N, s0) ≤ 2J exp

(
− ε2N

8(C + 1)J

)
+ 2 exp

(
−ε2N

2

)
. (9)
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If ε ≤ 1
2
min{c, c0}, then DN ≤ ε implies ŝ ∈ S+

J . Moreover,

sup
s0∈SJ

Pr(ŝ /∈ S+
J | N, s0) ≤ 2J exp

(
− cN

12J

)
+ 2 exp

(
−c0N

12

)
. (10)

Proof. Each Nŝj is binomial with success probability s0j . For j ∈ J+, s
0
j ≤ C

J
, so Var(ŝj |

N, s0) =
s0j (1−s0j )

N
≤ C

NJ
. Bernstein’s inequality and a union bound over the inside products

give, for u ≥ 0,

Pr

(
J max

j∈J+

|ŝj − s0j | >
√

2CJ(log J + u)

N
+

2J(log J + u)

3N

∣∣∣∣∣ N, s0

)
≤ 2 exp(−u).

Integrating this bound gives

E

[(
J max

j∈J+

|ŝj − s0j |
)2
∣∣∣∣∣ N, s0

]
≤ 4CJ

N
(log J + 2) +

8J2

9N2
(log J + 2)2.

The RHS is at most C1(
J log J

N
+ J2 log2 J

N2 ). Also, E[(ŝ0 − s00)
2 | N, s0] =

s00(1−s00)

N
≤ 1

4N
.

Combining these bounds and increasing C1 if necessary gives (8).

If DN > ε, then maxj∈J+ |ŝj − s0j | > ε
2J

or |ŝ0 − s00| > ε
2
. Bernstein’s inequality for the

inside shares, Hoeffding’s inequality for the outside share, and a union bound give

Pr(DN > ε | N, s0) ≤ 2J exp

(
− ε2N

8J(C + ε
6
)

)
+ 2 exp

(
−ε2N

2

)
.

Since ε ≤ 1, replacing C + ε
6
by C + 1 gives (9).

If DN ≤ ε ≤ 1
2
min{c, c0}, then

c

2J
≤ c− ε

J
≤ ŝj ≤

C + ε

J
≤ 2C

J
(j ∈ J+), ŝ0 ≥ c0 − ε ≥ c0

2
,

so ŝ ∈ S+
J . Finally, the multiplicative Chernoff bound gives

Pr

(∣∣∣∣ ŝjs0j − 1

∣∣∣∣ > 1

2

∣∣∣∣ N, s0
)

≤ 2 exp

(
−
Ns0j
12

)
, j ∈ J .

If
∣∣∣ ŝjs0j − 1

∣∣∣ ≤ 1
2
for every j ∈ J , then ŝ ∈ S+

J . A union bound, s0j ≥ c
J
for inside products,

and s00 ≥ c0 give (10).

Proof of Theorem 1. The bounds below hold uniformly over x ∈ X J , θ ∈ Θ, and s0 ∈ SJ .
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Let DN be defined in Lemma 4 and fix ε = min{ c
2
, c0

2
, r0
2C2

⋆
}. Choose C1 sufficiently large and

0 < c1 ≤ min{ 1
2C⋆

, ε2

8(C+1)
, ε

2

2
}. Then, it holds that (8), the tail bound Pr(DN > ε | N, s0) ≤

C1(J exp(− c1N
J
) + exp(−c1N)), and ŝ ∈ S+

J whenever DN ≤ ε.

On this event, Lemma 2 gives ∥ξBLP(x, θ, ŝ)− ξBLP(x, θ, s0)∥∞ ≤ C2
⋆DN ≤ r0

2
. Lemma 3

and regularized separation give a unique global maximizer on this event. It equals ξRN(x, θ, ŝ)

for every selection and satisfies (6).

For 0 ≤ u ≤ 1, define ξ(u) := (1 − u)ξBLP(x, θ, s0) + uξRN(x, θ, ŝ). The preceding bound

and (6) imply ∥ξ(u)− ξBLP(x, θ, ŝ)∥∞ ≤ (1− u) r0
2
+ u r0

2
= r0

2
. Thus the curvature bound in

(7) applies at every ξ(u). Define H :=
∫ 1

0
Hŝ(x, ξ(u); θ) du ⪰ 1

2C⋆J
IJ . Consequently,

∥(H + λN,JIJ)
−1∥2 ≤

J
1

2C⋆
+ JλN,J

≤ J

c1 + JλN,J

.

The regularized FOC and the mean-value theorem give

(H + λN,JIJ)(ξ
R
N − ξBLP(s0)) = ∂ξLŝ(ξ

BLP(s0))− λN,Jξ
BLP(s0),

where we suppress (x, θ). Assumptions 5(iii) and 5(i) imply, respectively,

∥∂ξLŝ(ξ
BLP(s0))∥2 ≤

C⋆√
J
DN , ∥ξBLP(s0)∥2 ≤ C⋆

√
J log J.

Consequently, on {DN ≤ ε},

1

J log J
∥ξRN − ξBLP(s0)∥22 ≤

2C2
⋆

(
D2

N

log J
+ J2 log Jλ2

N,J

)
(c1 + JλN,J)2

.

Taking expectations and using (8), with C1 increased if needed, yields the first term.

It remains to control {DN > ε}. Fix any ξ̃ ∈ AN(x, θ, ŝ). Optimality of ξ̃ and

Lŝ(x, ξ̃; θ) ≤ 0 imply

∥ξ̃∥22 ≤ ∥ξBLP(x, θ, s0)∥22 −
2

λN,J

∑
j∈J

ŝj log s
0
j .

Since
∑

j∈J ŝj = 1 and s0 ∈ SJ ,

−
∑
j∈J

ŝj log s
0
j ≤ max

{
log

(
J

c

)
, log

(
1

c0

)}
≤ C1 log J.
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The preceding inequalities and Assumption 5(i) give, after increasing C1,

sup
x, θ, ξ̃∈AN (x,θ,ŝ)

1

J log J
∥ξ̃ − ξBLP(x, θ, s0)∥22 ≤ C1

(
log J +

1

JλN,J

)
.

Combining this bound with (9) gives the second term in the theorem.

Proof of Corollary 1. By Lemma 4, sups0∈SJ
Pr(ŝ /∈ S+

J | N, s0) → 0 under J log J
N

→ 0.

On {ŝ ∈ S+
J }, Lemma 3 gives a unique global maximizer simultaneously for all x ∈ X J and

θ ∈ Θ.

Equation (8) and Markov’s inequality give DN = Op(
√

J log J
N

+ J log J
N

) uniformly over

s0 ∈ SJ . Combining Lemma 2 with (6) on this event gives, uniformly over s0 ∈ SJ ,

sup
x∈XJ , θ∈Θ

∥ξRN(x, θ, ŝ)− ξBLP(x, θ, s0)∥∞ = Op

(√
J log J

N
+

J log J

N
+ J log JλN,J

)
.

A.2 Proofs in Section 3

Lemma 5. Under Assumptions 8(i), 8(iii)–8(iv), and 9(i),

Pr(Ec
T ) ≤ Pr

(
s0t /∈ SJt for some t ≤ T

)
+ 2TJmax,T exp

(
− cNmin,T

12Jmax,T

)
+ 2T exp

(
−c0Nmin,T

12

)
−→ 0.

Proof. For s0t ∈ SJt , (10) in Lemma 4 bounds Pr(ŝt /∈ S+
Jt

| s0t ). Taking expectations and a

union bound over markets gives the result.

Lemma 6. Suppose Assumptions 8–10 hold. For all sufficiently large T , on ET , uniformly

over t ≤ T and θ ∈ Θ,

∥ξRNt
(xt, θ, ŝt)− ξBLP(xt, θ, ŝt)∥∞ ≤ 2C2

⋆Jt log JtλNt,Jt .

There is a constant C0 ≥ 2C2
⋆ , depending only on the constants in the assumptions, such

that, uniformly over t ≤ T and θ ∈ N0,

max
j∈Jt,+

∥∥∂θξRj,Nt
(xt, θ, ŝt)− ∂θξ

BLP
j (xt, θ, ŝt)

∥∥
2
≤ C0Jt(1 + log Jt)λNt,Jt .

Proof. We suppress the arguments (xt, θ, ŝt) of ξRNt
and ξBLP. Note that maxt≤T Jt(1 +
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log Jt)λNt,Jt = o(1). On ET , (6) gives the first bound.

Write HR
ŝt
, CR

ŝt
for the negative Hessian and mixed derivative of LR

ŝt
at ξRNt

, and Hŝt , Cŝt

for those of Lŝt at ξBLP, with θ ∈ N0. Equation (7) gives ∥(HR
ŝt
)−1∥∞ ≤ 2C⋆Jt. Implicit

differentiation gives

∂θξ
R
Nt

= (HR
ŝt)

−1CR
ŝt , ∂θξ

BLP = H−1
ŝt

Cŝt .

Note that

∂θξ
R
Nt

− ∂θξ
BLP = (HR

ŝt)
−1
(
CR

ŝt − Cŝt + (Hŝt −HR
ŝt)H

−1
ŝt

Cŝt

)
.

For matrices with compatible dimensions, maxj ∥[AB]j·∥2 ≤ ∥A∥∞ maxj ∥[B]j·∥2. In particu-

lar, Assumptions 5(ii) and 9(ii) give maxj ∥[H−1
ŝt

Cŝt ]j·∥2 ≤ C2
⋆ . Applying it, Assumption 5(ii),

and Assumption 9(ii) to the equation above gives

2(C2
⋆ + C4

⋆)∥ξRNt
− ξBLP∥∞ + 2C3

⋆JtλNt,Jt ≤ C0Jt(1 + log Jt)λNt,Jt .

Lemma 7. Suppose Assumptions 8–9 hold. Under Assumption 10(i),

sup
θ∈Θ

∥ĜR
T (θ)−GBLP

T (θ)∥2 + sup
θ∈N0

∥∂θĜR
T (θ)− ∂θG

BLP
T (θ)∥2 = Op

(
Jmax,T log Jmax,T

Nmin,T

)
.

Under Assumption 10(ii), the right-hand side (RHS) improves to Op(
Jmax,T

Nmin,T
).

Proof. Lemma 5 gives Pr(ET ) → 1. Let ZT := 1
MT

∑T
t=1

∑
j∈Jt,+

∥zjt∥2. Assumption 8(ii),

Jensen’s inequality, and Markov’s inequality give ZT = Op(1). Lemma 6 therefore implies

sup
θ∈Θ

∥ĜR
T (θ)−GBLP

T (θ)∥2 + sup
θ∈N0

∥∂θĜR
T (θ)− ∂θG

BLP
T (θ)∥2 ≤ 2C0ZT max

t≤T
Jt(1 + log Jt)λNt,Jt .

Under Assumption 10(i), bound is O(
Jmax,T log Jmax,T

Nmin,T
). Under Assumption 10(ii), the bound

is O
(

Jmax,T

Nmin,T
+

J2
max,T log Jmax,T

N2
min,T

)
= O

(
Jmax,T

Nmin,T

)
.

Proof of Theorem 2. Continuity of Q and compactness of Θ give supθ∈Θ |Q(θ)| < ∞. As-

sumptions 11(i)–11(ii) therefore imply supθ∈Θ ∥GBLP
T (θ)∥2 = Op(1). Lemma 7 gives supθ∈Θ ∥ĜR

T (θ)−
GBLP

T (θ)∥2 = op(1). Hence

sup
θ∈Θ

∣∣∣ĜR
T (θ)

′WT Ĝ
R
T (θ)−GBLP

T (θ)′WTG
BLP
T (θ)

∣∣∣
≤ ∥WT∥2 sup

θ∈Θ
∥ĜR

T (θ)−GBLP
T (θ)∥2

(
2 sup

θ∈Θ
∥GBLP

T (θ)∥2 + sup
θ∈Θ

∥ĜR
T (θ)−GBLP

T (θ)∥2
)

= op(1).
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Together with Assumption 11(ii), this gives supθ∈Θ |ĜR
T (θ)

′WT Ĝ
R
T (θ)−Q(θ)| = op(1). Since

Θ is compact and Q is continuous with a unique minimizer at θ0, Theorem 2.1 of Newey and

McFadden (1994) gives θ̂RT
p−→ θ0.

Proof of Theorem 3. Lemma 7 gives

√
T sup

θ∈N0

(
∥ĜR

T (θ)−GBLP
T (θ)∥2 + ∥∂θĜR

T (θ)− ∂θG
BLP
T (θ)∥2

)
= op(1).

The moment CLT in Assumption 11(iv) implies
√
T GBLP

T (θ0) = Op(1). Together with the

preceding approximation and the Jacobian condition in the same assumption, this gives

uniform convergence of the regularized Jacobian to Γ on N0 and
√
T ĜR

T (θ0) = Op(1).

By Theorem 2, θ̂RT ∈ N0 with probability approaching one. Since N0 is convex, θ0 +

u(θ̂RT − θ0) ∈ N0 for every u ∈ [0, 1] on this event. Applying the chain rule and integrating

with respect to u gives

ĜR
T (θ̂

R
T ) = ĜR

T (θ0) +

[∫ 1

0

∂θĜ
R
T

(
θ0 + u(θ̂RT − θ0)

)
du

]
(θ̂RT − θ0).

Every point along this path is within distance ∥θ̂RT − θ0∥2 = op(1) of θ0. Uniform Jacobian

convergence and continuity of Γ therefore give

sup
0≤u≤1

∥∥∥∂θĜR
T

(
θ0 + u(θ̂RT − θ0)

)
− Γ0

∥∥∥
2
= op(1).

Integrating this bound shows that the integral converges in probability to Γ0. Taking u = 1

gives the same limit for ∂θĜ
R
T (θ̂

R
T ).

At the interior minimizer θ̂RT , the GMM FOC is ∂θĜ
R
T (θ̂

R
T )

′WT Ĝ
R
T (θ̂

R
T ) = 0. Substituting

the integral expansion gives[
∂θĜ

R
T (θ̂

R
T )

′WT

∫ 1

0

∂θĜ
R
T

(
θ0 + u(θ̂RT − θ0)

)
du

]
(θ̂RT − θ0) = −∂θĜ

R
T (θ̂

R
T )

′WT Ĝ
R
T (θ0).

The matrix in square brackets converges in probability to Γ′
0WΓ0, which is positive definite by

Assumptions 11(i) and 11(iv). Its inverse therefore exists with probability approaching one

and converges to (Γ′
0WΓ0)

−1. Multiplying by this inverse and by
√
T , and using

√
T ĜR

T (θ0) =

Op(1), gives √
T (θ̂RT − θ0) = −(Γ′

0WΓ0)
−1Γ′

0W
√
T ĜR

T (θ0) + op(1).

Assumptions 11(i)–11(iii) and Theorem 2.1 of Newey and McFadden (1994) give θ̂BLP
T

p−→ θ0.
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The same expansion therefore holds for GBLP
T and θ̂BLP

T .

Subtracting the two expansions and using Lemma 7 at θ0 gives
√
T (θ̂RT − θ̂BLP

T ) = op(1).

The moment CLT in Assumption 11(iv) and the BLP expansion give
√
T (θ̂BLP

T − θ0)
d−→

N (0, VBLP) by Slutsky’s theorem. First-order equivalence then gives the same limit for

θ̂RT .

B Logit Demand Systems

We consider the following three logit demand systems. The utility adjustments − log J for

logit and −(1 − ρ) log J for nested logit correspond to the full-congestion specification of

Ackerberg and Rysman (2005, pp. 779–780). Let ν ∈ supp(F ) ⊆ RR denote consumer

tastes. We suppress arguments other than ν in individual probabilities when there is no

ambiguity.

Simple logit. The shares are

σj(x, ξ; β) =
exp(x′

jβ + ξj − log J)

1 +
∑

k∈J+
exp(x′

kβ + ξk − log J)
, σ0(x, ξ; β) =

1

1 +
∑

k∈J+
exp(x′

kβ + ξk − log J)
.

Random-coefficients logit. Normalize ν so that Eν = 0 and E[νν ′] = IR. Individual

inside utility is x′
jβ + x′

jΣν + ξj − log J + εij, and outside utility is εi0. The individual

probabilities σj(ν; x, ξ, θ) are given by the simple-logit formulas with x′
jβ replaced by x′

jβ +

x′
jΣν, and aggregate shares are σj(x, ξ; θ) =

∫
σj(ν; x, ξ, θ)dF (ν).

Random-coefficients nested logit. Place all inside goods in a purchase nest and keep

the outside option separate. Let ρ ∈ [0, ρmax], with ρmax < 1, be the nesting parameter.

With δj(ν) = x′
jβ + x′

jΣν + ξj − (1− ρ) log J , define

D(ν) =
∑
k∈J+

exp

(
δk(ν)

1− ρ

)
, σj|1(ν) =

exp
(

δj(ν)

1−ρ

)
D(ν)

, σbuy(ν) =
D(ν)1−ρ

1 +D(ν)1−ρ
.

The individual probabilities are σj(ν) = σj|1(ν)σbuy(ν) and σ0(ν) = 1−σbuy(ν), and aggregate

shares are their integrals.
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B.1 Common results

The results below include simple and RC logit by setting ρ = 0. They also apply to fi-

nite mixtures with type-specific nesting parameters, since the bounds depend only on ρmax.

In the proofs below, C̃ ≥ 1 denotes finite upper-bound constants that may increase be-

tween inequalities and depend only on the share bounds and model restrictions. We write

Dξf(ξ)[w] :=
d
du
f(ξ + uw)

∣∣
u=0

for the directional derivative of f in direction w ∈ RJ , holding

other arguments fixed.

Lemma 8. For each of the three models, suppose that, at ξBLP(x, θ, s),∫
σj(ν)σ0(ν)dF (ν)

sj
≥ η > 0, j ∈ J+,

uniformly over x ∈ X J , s ∈ S+
J , and θ ∈ Θ. Then the inverse-information bound in

Assumption 5(ii) holds.

Proof. Let Ds be the J × J inside-share Jacobian at ξBLP(x, θ, s) and let s+ = (s1, . . . , sJ)
′.

Differentiation of individual nested-logit probabilities gives

∂ξkσj(ν) = σj(ν)

(
1(j = k)

1− ρ
−
(

ρ

1− ρ
+ σbuy(ν)

)
σk|1(ν)

)
, ∂ξkσ0(ν) = −σ0(ν)σk(ν). (11)

The inside Jacobian is symmetric, its off-diagonal entries are nonpositive, and its jth row

sum is
∫
σj(ν)σ0(ν)dF (ν). Since s ∈ S+

J , its diagonal-dominance margin satisfies

(Ds)jj −
∑
k ̸=j

|(Ds)jk| =
∫

σj(ν)σ0(ν)dF (ν) ≥ ηsj ≥
ηc

2J
.

For any w ∈ RJ , choose j such that |wj| = ∥w∥∞. Then

∥Dsw∥∞ ≥

(
(Ds)jj −

∑
k ̸=j

|(Ds)jk|

)
∥w∥∞ ≥ ηc

2J
∥w∥∞.

Hence Ds is nonsingular and ∥D−1
s ∥∞ ≤ 2J

ηc
.

Define Ω(s) = diag(s+)− s+s
′
+. Equation (5) gives

Hs = D′
sΩ(s)

−1Ds, Ω(s)−1 = diag(s+)
−1 +

1

s0
1J1

′
J .
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Since Ds is symmetric and ∥Ω(s)∥∞ ≤ 2maxj∈J+ sj ≤ 4C
J
, we have

∥H−1
s ∥∞ = ∥D−1

s Ω(s)D−1
s ∥∞ ≤ 16C

η2c2
J.

Lemma 9. For each of the three models, the Hessian-Lipschitz condition in Assumption 5(ii)

and Assumption 5(iii) hold. For nested logit the constants may depend on ρmax.

Proof. Take 0 < r0 ≤ 1. Equation (11) and
∑

k∈J+
σk|1(ν) = 1 give

∑
k∈J+

|∂ξk log σj(ν)| ≤
2

1− ρmax

, j ∈ J .

For ∥ξ − ξBLP(x, θ, s)∥∞ ≤ r0, let ξ(u) = ξBLP(x, θ, s) + u(ξ − ξBLP(x, θ, s)), 0 ≤ u ≤ 1.

Integrating along this path gives∣∣∣∣log σj(ν; x, ξ, θ)

σj(ν; x, ξBLP(x, θ, s), θ)

∣∣∣∣ ≤ ∫ 1

0

∑
k∈J+

|∂ξk log σj(ν; x, ξ(u), θ)||ξk − ξBLP
k (x, θ, s)| du ≤ 2r0

1− ρmax

.

Exponentiating and integrating against F , using the definition of ξBLP(x, θ, s), yields

C̃−1sj ≤ σj(x, ξ; θ) ≤ C̃sj, j ∈ J . (12)

Write hjk(ν) = ∂ξk log σj(ν), obtained from (11). For ∥w∥∞ ≤ 1,

Dξσk|1[w] =
σk|1

1− ρ

wk −
∑
ℓ∈J+

σℓ|1wℓ

 , Dξσbuy[w] = σbuyσ0

∑
ℓ∈J+

σℓ|1wℓ.

The product rule, together with
∑

ℓ∈J+
|∂ξℓσk|1| ≤

2σk|1
1−ρ

and
∑

ℓ∈J+
|∂ξℓσbuy| ≤ σbuy, gives

|hjk|+
∑
ℓ∈J+

(|∂ξℓhjk|+ |Dξ∂ξℓhjk[w]|) ≤ C̃(1(j = k) + σk|1), j ∈ J+.

For j = 0, the RHS is C̃σk.

Let Ej denote integration against
σj(ν)

σj(x,ξ;θ)
dF (ν). Equation (12) implies

∑
j∈J+

sjEjσk|1 ≤ C̃

∫
σbuy(ν)σk|1(ν)dF (ν) = C̃σk(x, ξ; θ) ≤

2CC̃2

J
, s0E0σk ≤

2CC̃2

J
.
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Hessian-Lipschitz bound. Differentiation gives

DξEjf [w] = EjDξf [w] + Covj(f,Dξ log σj[w]). (13)

In particular,

∂2
ξℓξk

log σj(x, ξ; θ) = Ej∂ξℓhjk + Covj(hjk, hjℓ).

Summing over ℓ and differentiating once more gives, for j ∈ J+,∑
ℓ∈J+

(
|∂2

ξℓξk
log σj(x, ξ; θ)|+ |Dξ∂

2
ξℓξk

log σj(x, ξ; θ)[w]|
)
≤ C̃Ej[1(j = k) + σk|1].

For j = 0, the RHS is C̃E0σk. Since Hs = −
∑

j∈J sj∂
2
ξξ′ log σj, the triangle inequality and

the preceding bounds give

∥DξHs[w]∥∞ ≤ C̃ max
k∈J+

sk +
∑
j∈J+

sjEjσk|1 + s0E0σk

 ≤ 2CC̃ + 4CC̃3

J
.

For ξ, ξ′ in the same ball, ξ′ + u(ξ − ξ′) remains in that ball for 0 ≤ u ≤ 1. Note that

Hs(x, ξ; θ)−Hs(x, ξ
′; θ) =

∫ 1

0

DξHs(x, ξ
′ + u(ξ − ξ′); θ)[ξ − ξ′] du.

For ξ ̸= ξ′, take w = ξ−ξ′

∥ξ−ξ′∥∞ . Then ∥w∥∞ = 1 and DξHs[ξ−ξ′] = ∥ξ−ξ′∥∞DξHs[w]. Taking

norms in the integral yields

∥Hs(x, ξ; θ)−Hs(x, ξ
′; θ)∥∞ ≤ ∥ξ − ξ′∥∞

∫ 1

0

∥DξHs(x, ξ
′ + u(ξ − ξ′); θ)[w]∥∞ du

≤ 2CC̃ + 4CC̃3

J
∥ξ − ξ′∥∞.

Score bounds. For every k ∈ J+, differentiating the aggregate share gives

∂ξk log σj(x, ξ; θ) =

∫
σj(ν)hjk(ν)dF (ν)

σj(x, ξ; θ)
= Ejhjk.

For inside products, |hjk| ≤ C̃(1(j = k)+σk|1), and the indicator sums to one. Since sj ≥ c
2J
,
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the preceding weighted bound gives

∑
j∈J+

|∂ξk log σj(x, ξ; θ)| ≤ C̃

1 +
∑
j∈J+

Ejσk|1

 ≤ C̃

1 +
2J

c

∑
j∈J+

sjEjσk|1

 ≤ C̃

(
1 +

4CC̃2

c

)
.

For the outside product, h0k = −σk and s0 ≥ c0
2
give

|∂ξk log σ0(x, ξ; θ)| = E0σk ≤
2

c0
s0E0σk ≤

4CC̃2

c0J
.

B.2 Model-specific results

For each model below, choose a common C⋆ ≥ 1 to dominate the derived inverse, derivative,

and global recovery bounds, then choose 0 < r0 <
1

4C2
⋆
.

B.2.1 Simple logit

Proposition 2. Simple logit satisfies Assumptions 1–3. Under Assumptions 4 and 6, it

satisfies Assumption 5, with constants uniform in J .

Proof. Assumptions 1–3 follow directly from the simple-logit formulas and the explicit inverse

ξBLP
j (x, β, s) = log

(
Jsj
s0

)
− x′

jβ.

Under Assumption 4, this inverse is uniformly bounded for s ∈ S+
J . Since the outside-

overlap ratio is s0 ≥ c0
2
, Lemmas 8 and 9 give Assumptions 5(ii)–5(iii). Log-concavity of the

simple-logit shares and Assumption 6 imply Assumption 5(iv) by Lemma 1.

B.2.2 Random-coefficients logit and nested logit

We consider two cases: continuously distributed tastes and a finite mixture of consumer

types.

In the continuous case, the coefficient vector is β + Σν, where β ∈ RK and Σ ∈ RK×R

are parameters. The distribution F is fixed. Thus β is the mean coefficient vector and Σ

determines its covariance.
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Fix cx ∈ (0, 1] and α ≥ 0. Define

DJ :=

x ∈ X J : min
j∈J+

1

J

∑
k∈J+

1

(
∥xk − xj∥2 ≤ h sup

u,v∈X
∥u− v∥2

)
≥ cxh

α, ∀h ∈ (0, 1]

 .

At each fixed relative radius h, every product has a positive fraction of products with similar

characteristics.

(RC1) Log-concave tastes. The distribution F has a log-concave density on a compact convex

support, or ν ∼ N (0, IR).

(RC2) Lognormal tastes. Let Y1, . . . , YR be independent lognormal variables with fixed dis-

tributions and positive variances, and set νk = Yk−EYk√
Var(Yk)

. We assume x ∈ DJ , and the

results below hold uniformly over x ∈ DJ .

(RC3) Finite mixture. There are M types, with probabilities πm ≥ 0 satisfying
∑M

m=1 πm = 1.

Type m has coefficient vector βm ∈ RK and nesting parameter ρm ∈ [0, ρmax]. Write

σ
(m)
j (x, ξ; βm, ρm) for its nested-logit probability with utility index x′

jβm + ξj − (1 −
ρm) log J . Aggregate shares are

σj(x, ξ; θ) =
M∑

m=1

πmσ
(m)
j (x, ξ; βm, ρm), j ∈ J .

For RC logit, set ρm = 0 for every type. For finite mixture models, the type probabil-

ities πm, type-specific coefficients βm and nesting parameters ρm are parameters.

Lemma 10. Suppose Assumption 4 holds and E(1 + ∥ν∥2)4+α < ∞. For RC logit and RC

nested logit, for every ε ∈ (0, 1
2
), there is Cε ≥ 1 such that, uniformly over J , x ∈ X J , θ ∈ Θ,

and ξ with ε ≤ σ0(x, ξ; θ) ≤ 1− ε,

σj(x, ξ; θ) ≥
∫

σj(ν)σ0(ν)dF (ν) ≥
exp

(
ξj
1−ρ

)
CεJ

, j ∈ J+. (14)

If also x ∈ DJ and minj∈J+ Jσj(x, ξ; θ) ≥ ε, then

max
j∈J+

∫
(1 + ∥ν∥2)4σj(ν; x, ξ, θ)dF (ν)

σj(x, ξ; θ)
≤ Cε, (15)
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and, for j ∈ J+,

exp
(

ξj
1−ρ

)
CεJ

≤ σj(x, ξ; θ) ≤
Cε exp

(
ξj
1−ρ

)
J

,

∫
σj(ν)σ0(ν)dF (ν)

σj(x, ξ; θ)
≥ 1

Cε

. (16)

Proof. Set U = 1
J

∑
j∈J+

exp
(

ξj
1−ρ

)
and choose B with Pr(∥ν∥2 > B) < ε

2
. On ∥ν∥2 ≤ B,

compactness gives |x′
jβ + x′

jΣν| ≤ C̃, and hence C̃−1U1−ρ ≤ D(ν)1−ρ ≤ C̃U1−ρ. Therefore,

ε ≤ σ0(x, ξ; θ) ≤
ε

2
+

1

1 + C̃−1U1−ρ
, ε ≤ 1− σ0(x, ξ; θ) ≤

ε

2
+ C̃U1−ρ.

Thus C̃−1 ≤ U ≤ C̃. On any fixed bounded taste set, after increasing C̃ if necessary,

exp
(

ξj
1−ρ

)
C̃J

≤ σj(ν) ≤
C̃ exp

(
ξj
1−ρ

)
J

, σ0(ν) ≥
1

C̃
.

Integrating over ∥ν∥2 ≤ B gives (14).

Now let x ∈ DJ and minj Jσj(x, ξ; θ) ≥ ε. Choose h = 1
1+∥Σν∥2 supu,v∈X ∥u−v∥2 . Cauchy–

Schwarz and compactness of Θ give

1

J

∑
k∈J+

1(|(xk − xj)
′Σν| ≤ 1) ≥ cx(

1 + ∥Σν∥2 supu,v∈X ∥u− v∥2
)α ≥ 1

C̃(1 + ∥ν∥2)α
.

Choose j minimizing ξj. For every k satisfying |(xk −xj)
′Σν| ≤ 1, δk(ν)− δj(ν) ≥ −C̃, since

ξk ≥ ξj and the mean utilities are bounded. Then, we have σj(ν) ≤ σj|1(ν) ≤ C̃(1+∥ν∥2)α
J

.

Choose a fixed B large enough that C̃
∫
∥ν∥2>B

(1 + ∥ν∥2)αdF (ν) ≤ ε
2
. Combining it with the

bounded-taste upper bound gives

ε

J
≤ σj(x, ξ; θ) ≤

ε

2J
+

C̃ exp
(

ξj
1−ρ

)
J

.

Hence minj ξj ≥ −C̃.

For any inside j, the same product count now uses ξk ≥ −C̃ and gives

σj(ν) ≤
C̃ exp

(
ξj
1−ρ

)
(1 + ∥ν∥2)α

J
.

Multiply by (1 + ∥ν∥2)4, integrate, and divide by the lower share bound in (14). This gives

(15). Integrating without the fourth-power factor gives the upper share bound in (16).
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Combining it with the integrated lower bound in (14) gives its last inequality.

Lemma 11. Under Assumption 4, consider case (RC1) with bounded ν or case (RC3). For

both RC logit and RC nested logit, at ξ = ξBLP(x, θ, s) with s ∈ S+
J ,

∥ξBLP(x, θ, s)∥∞ ≤ C̃, inf
ν
σ0(ν) ≥

1

C̃
, sup

ν
max
j∈J+

σj(ν) ≤
C̃

J
.

For finite mixtures the infimum and supremum are over m.

Proof. Compactness and bounded ν give |x′
jβ + x′

jΣν| ≤ B < ∞ uniformly; for finite

mixtures, compactness gives |x′
jβm| ≤ B. Evaluate the probabilities at ξ = ξBLP(x, θ, s). For

every consumer type, ξj − ξk ≥ 2B implies σj(ν) ≥ exp(ξj − ξk − 2B)σk(ν). Integrating and

using
sj
sk

≤ 4C
c

gives

max
j

ξj −min
j

ξj ≤ 2B + log

(
4C

c

)
.

Note that:

exp(min
j

ξj −B) ≤ σbuy(ν)

σ0(ν)
≤ exp(max

j
ξj +B).

Since s0 ≥ c0
2
and 1− s0 ≥ c

2
, these inequalities imply

min
j

ξj ≤ B + log

(
2

c0
− 1

)
, max

j
ξj ≥ log

(
c

2− c

)
−B.

Then, we have ∥ξ∥∞ ≤ C̃. Therefore, σ0(ν) ≥ 1

C̃
, and σj|1(ν) ≤ C̃

J
.

Proposition 3. Under Assumption 4, RC logit and RC nested logit satisfy Assumptions 1–3

and 5(i)–5(iii) in cases (RC1)–(RC3), with x ∈ DJ in case (RC2). Under Assumption 6,

Assumption 5(iv) also holds.

Proof. RC logit is the case ρ = 0, or ρm = 0 for every type in a finite mixture. We therefore

prove the result for RC nested logit.

Existence of the inverse. The taste distributions have finite moments of every order

and 1 − ρ ≥ 1 − ρmax > 0, so differentiation of the share formulas gives Assumption 1.

Equation (11) gives Assumption 2. For fixed J and s ∈ int(∆J), consider∫
log(1 +D(ν)1−ρ)dF (ν)−

∑
j∈J+

sjξj.

For finite mixtures, replace the integral by −
∑

m πm log σ
(m)
0 (x, ξ; βm, ρm). Its gradient is

the inside-share vector minus s+, and its Hessian is positive definite by (11). Since log(1 +
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D(ν)1−ρ) ≥ max(0,maxj δj(ν)), integrability of the utility indices gives the lower bound

max(0,max
j

ξj)−
∑
j∈J+

sjξj − CJ ≥ min
j∈J

sj ∥ξ∥∞ − CJ , CJ < ∞.

The function is coercive and strictly convex, so its unique minimizer gives the inverse and

hence Assumption 3.

Compact support and finite mixtures. Lemma 11 gives the inverse bound and the

condition in Lemma 8.

Gaussian and lognormal tastes. Fix ε ∈ (0, 1
2
) and consider ξ with ε ≤ σ0(x, ξ; θ) ≤

1 − ε. The proof of Lemma 10 bounds 1
J

∑
j exp

(
ξj
1−ρ

)
above and away from zero. For

Gaussian tastes, the within-nest formula therefore gives

σj(ν) ≤
C̃ exp

(
ξj
1−ρ

)
J

exp(C̃(1 + ∥ν∥2)).

Integration and (14) give the bounds in (16). For lognormal tastes, Lemma 10 gives these

bounds when x ∈ DJ and minj Jσj ≥ ε, since all polynomial taste moments are finite. At

ξ = ξBLP(x, θ, s), s0 ≥ c0
2
, 1− s0 ≥ c

2
, and Jsj ≥ c

2
, so a fixed ε satisfies all these restrictions.

Together with sj ≤ 2C
J
, (16) gives ∥ξBLP(x, θ, s)∥∞ ≤ C̃ and the condition in Lemma 8.

The inverse bounds give Assumption 5(i). Lemmas 8 and 9 give Assumptions 5(ii)–5(iii)

in all three cases.

Regularized separation. In case (RC1), logD(ν) and log(1 + D(ν)1−ρ) are convex

jointly in (ξ, ν). Hence

log σj(ν) =
δj(ν)

1− ρ
− ρ logD(ν)− log(1 +D(ν)1−ρ), log σ0(ν) = − log(1 +D(ν)1−ρ)

are concave. Integration against the log-concave density preserves log-concavity by Prékopa

(1973). Lemma 1 and Assumption 6 give Assumption 5(iv).

For cases (RC2)–(RC3), take any ξ̃ ∈ AN(x, θ, s) with s ∈ S+
J . Write σj = σj(x, ξ̃; θ)

and evaluate individual probabilities at ξ̃. On a fixed bounded taste set, the utility indices

at ξ = 0 are uniformly bounded. Integration gives σ0(x, 0; θ) ≥ 1

C̃
and σj(x, 0; θ) ≥ 1

C̃J
for

inside j. Comparing likelihood values gives

∑
j∈J

sj log
sj
σj

+
λN,J

2
∥ξ̃∥22 ≤

∑
j∈J

sj log
sj

σj(x, 0; θ)
≤ C̃.
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Grouping the inside choices gives

−s0 log σ0 − (1− s0) log(1− σ0) ≤
∑
j∈J

sj log
sj
σj

+ log 2 ≤ C̃.

Since s0 ≥ c0
2
and 1− s0 ≥ c

2
, there is a fixed ε > 0 such that ε ≤ σ0 ≤ 1− ε.

Let σ+ = (σ1, . . . , σJ)
′. The inside-share Jacobian is symmetric, with nonpositive off-

diagonal entries and row sums
∫
σj(ν)σ0(ν)dF (ν) > 0. Adding up the share derivatives

gives the FOC

∂ξLs(x, ξ̃; θ) = Dξσ+(x, ξ̃; θ)

(
sj
σj

− s0
σ0

)
j∈J+

= λN,J ξ̃. (17)

In case (RC2), the outside-share bounds allow us to apply (14) at ξ̃. Choose an inside

product maximizing
sj
σj
. If this ratio exceeds s0

σ0
, the Jacobian signs and positive row sums

in (17) give ∂ξjLs > 0, and hence ξ̃j > 0. Equation (14) then gives σj ≥ 1

C̃J
, so

sj
σj

≤ C̃.

Otherwise every ratio is bounded by s0
σ0

≤ C̃. Since sj ≥ c
2J
, all fitted inside shares satisfy

σj ≥ 1

C̃J
.

Lemma 10 now gives (16) at ξ̃, taking a smaller fixed ε if needed. Its upper share bound

gives ξ̃j ≥ −C̃. Its last inequality also gives

∂ξjLs(x, ξ̃; θ) ≤
sj

1− ρ
− s0

σ0

∫
σj(ν)σ0(ν)dF (ν) ≤ C̃

J
− σj

C̃
. (18)

If ξ̃j ≥ 0, the FOC bounds σj above by C̃
J
. The lower share bound in (16) then bounds ξ̃j

above. Hence ∥ξ̃∥∞ ≤ C̃.

In case (RC3), comparison with the BLP inverse gives ∥ξ̃∥22 ≤ ∥ξBLP(x, θ, s)∥22 ≤ C̃J

by Lemma 11. Thus at least half the coordinates have bounded absolute value. The type-

specific denominators are consequently bounded below, and every type’s conditional inside

probability for product j is at most
C̃ exp(ξ̃j)

J
whenever ξ̃j ≤ 0. Equation (11) gives ∂ξjLs ≥

c
2J

− C̃ exp(ξ̃j)

J
, so the FOC bounds ξ̃j below.

Since
∑

m πmσ
(m)
0 = σ0 ≥ 1

C̃
, some type satisfies πmσ

(m)
0 ≥ 1

C̃M
. Its probability and

outside share are bounded below. Its nested-logit formula then gives
∑

m πmσ
(m)
j σ

(m)
0 ≥

exp(ξ̃j)

C̃J
when ξ̃j ≥ 0. The first inequality in (18), with ρmax in place of ρ, therefore bounds

ξ̃j above. Thus ∥ξ̃∥∞ ≤ C̃. All type-specific outside shares are bounded below and inside

shares are of order 1
J
.

In both cases, the inside-share Jacobian has row sums at least 1

C̃J
. The row argument in
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Lemma 8 bounds its inverse by C̃J , so (17) gives

max
j∈J+

∣∣∣∣ sjσj

− s0
σ0

∣∣∣∣ ≤ C̃JλN,J∥ξ̃∥∞.

Since
∑

j∈J σj
sj
σj

= 1, the same bound, with a larger constant, holds for maxj∈J | sj
σj

− 1|.
With C⋆ chosen to cover this bound, Assumption 6 makes it at most 1

2
. Hence σj ≤ C̃

J

and J maxj∈J+ |σj − sj| ≤ C̃JλN,J∥ξ̃∥∞. The inverse calculations above also apply with any

fixed wider share bounds. Integrating the inside-share inverse Jacobian along s + u(σ − s),

0 ≤ u ≤ 1, therefore yields

∥ξ̃ − ξBLP(x, θ, s)∥∞ ≤ C̃JλN,J∥ξ̃∥∞ ≤ C̃JλN,J . (19)

With the common C⋆ chosen also to dominate these recovery bounds, Assumption 6 places

every maximizer within distance r0
2
of the BLP inverse, where Lemma 3 gives uniqueness.

For fixed N, J , (x, s, θ) ranges over a compact set, using DJ in case (RC2), and −LR
s is

uniformly coercive. If the gap in Assumption 5(iv) had infimum zero, take a convergent

parameter sequence and maximizers subject to ∥ξ− ξBLP(x, θ, s)∥∞ ≥ r0. Coercivity bounds

these maximizers, and continuity gives a limiting global maximizer at distance at least r0

from the limiting inverse. This contradicts the bound r0
2
.

B.3 Parameter derivatives

Lemma 12. Under Assumption 4, Assumption 9(ii) holds for simple logit and the RC logit

and RC nested-logit models in cases (RC1)–(RC3), with x ∈ DJ in case (RC2).

Proof. Continuous tastes. Use the conditional expectations Ej and individual scores hjk

from the proof of Lemma 9. For the coefficient parameters, compactness gives ∥∂θ(x′
jβ +

x′
jΣν)∥2 ≤ C̃(1 + ∥ν∥2), so ∥∂θ log σj(ν)∥2 ≤ C̃(1 + ∥ν∥2). Its first ξk derivative and the row

sum of its second ξ derivatives are bounded by C̃(1 + ∥ν∥2)(1(j = k) + σk|1(ν)) for inside j,

and by C̃(1 + ∥ν∥2)σk(ν) for j = 0.

Throughout the r0-ball, (12) bounds the aggregate outside and purchase shares away

from zero and gives minj Jσj ≥ 1

C̃
. For lognormal tastes and x ∈ DJ , Lemma 10 therefore

gives (15); the outside bound follows from E(1 + ∥ν∥2)4 < ∞. For bounded tastes the same

bound is immediate. For Gaussian tastes, the inverse bounds and the probability comparison

leading to (12) give σk(ν) ≤ C̃
J
exp(C̃(1 + ∥ν∥2)); integration and the aggregate share lower
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bounds give the same moment bound. Thus, for 1 ≤ p ≤ 4 and inside k,

max
j∈J

Ej(1 + ∥ν∥2)4 ≤ C̃,

∫
(1 + ∥ν∥2)pσk(ν)dF (ν) = σk(x, ξ; θ)Ek(1 + ∥ν∥2)p ≤

C̃

J
.

Equation (13) gives

∂2
ξkθ′

log σj(x, ξ; θ) = Ej[∂
2
ξkθ′

log σj(ν)] + Covj(hjk, ∂θ′ log σj(ν)).

The individual bounds control this expression and its ξ directional derivative by a fixed

multiple of 1(j = k)+Ej[(1+ ∥ν∥2)σk|1] +Ejσk|1. For j = 0, replace σk|1 by σk and omit the

indicator. Summing with weights sj and using (12) gives

max
k

∑
j∈J

sj
(
∥∂2

ξkθ′
log σj∥2 + ∥Dξ∂

2
ξkθ′

log σj[w]∥2
)
≤ C̃

J
, ∥w∥∞ ≤ 1.

For the nesting parameter, write δ̄(ν) =
∑

j σj|1(ν)δj(ν) andH(ν) = −
∑

j σj|1(ν) log σj|1(ν),

with sums over J+. Holding β,Σ, ξ, ν fixed gives

∂ρ log σj(ν) =
δj(ν)− δ̄(ν)

(1− ρ)2
+ σ0(ν)(log J −H(ν)), ∂ρ log σ0(ν) = σbuy(ν)(H(ν)− log J).

The inverse bounds imply maxj,k |δj(ν)− δk(ν)| ≤ C̃(1 + ∥ν∥2), and

0 ≤ log J −H(ν) ≤ maxj δj(ν)−minj δj(ν)

1− ρ
≤ C̃(1 + ∥ν∥2).

Thus |∂ρ log σj(ν)| ≤ C̃(1 + ∥ν∥2). Using ∂ξkH(ν) =
σk|1(ν)(δ̄(ν)−δk(ν))

(1−ρ)2
and the derivatives in

Lemma 9 gives

|∂2
ξkρ

log σj(ν)|+
∑
ℓ∈J+

|∂3
ξℓξkρ

log σj(ν)| ≤ C̃(1 + ∥ν∥2)(1(j = k) + σk|1(ν)).

For j = 0 the RHS is C̃(1 + ∥ν∥2)σk(ν). Applying (13) and the preceding bounds gives the

mixed bounds for ρ.

Finite mixtures. Lemma 11 and the probability comparisons leading to (12) give

σ
(m)
j ≤ C̃

J
for inside products and

σ
(m)
j

σj
≤ C̃ for every category and type. The preceding

calculations therefore apply to each βm and ρm, with bounded utility and nesting scores. For
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πm, m < M , we have

∂πm log σj =
σ
(m)
j − σ

(M)
j

σj

.

Differentiating gives

∂2
ξkπm

log σj =
σ
(m)
j

σj

(
∂ξk log σ

(m)
j − ∂ξk log σj

)
−

σ
(M)
j

σj

(
∂ξk log σ

(M)
j − ∂ξk log σj

)
.

The bounded ratios, individual derivative bounds, and their directional derivatives imply

|∂2
ξkπm

log σj|+ |Dξ∂
2
ξkπm

log σj[w]| ≤ C̃

(
1(j = k) +

1

J

)
, j ∈ J+.

For j = 0 the RHS is C̃
J
. Summing with weights sj gives the J

−1 bounds for Cs and DξCs[w].

Integration along the path between ξ and ξ′ gives the Lipschitz bound.
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