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Abstract
We consider non-parametric identification of demand using micro data from
multiple markets, where products’ availability to consumers varies exogenously
within markets. Without micro data, non-parametric identification requires
instruments for both prices and quantities. Micro data can eliminate the need
for quantity instruments, but existing results require variation driven by at
least as many observed consumer attributes as products. We show that such
variation in product availability (VPA) identifies marginal diversion ratios with
respect to product quality, after which a single consumer attribute suffices. We
consider VPA from three sources: second-choice data, experimental variation,
and conjoint studies. Identification with second-choice data requires discrete
choice and truthful reporting of second choices. Experimental variation accom-
modates general demand, including continuous choice and behavior other than
utility maximization, but faces implementability constraints. Conjoint studies
combine generality with the broad implementability of surveys, and we provide

conditions under which stated preference bias does not obstruct identification.
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1 Introduction

Differentiated products demand models have emerged as a workhorse in modern em-
pirical economics." However, identifying demand for differentiated products can be
difficult. With market-level data alone, non-parametric identification requires in-
struments for both prices and quantities (Berry and Haile, 2014).2 This places a
large burden on the instruments, and weak identification is a common concern in
applied work with flexible parametric models (Gandhi and Houde, 2020). Following
foundational work by McFadden et al. (1977), Goldberg (1995), and Petrin (2002), a
growing literature reduces the burden on instrumental variables by incorporating “mi-
cro data” that records individual consumers’ observed attributes (e.g., demographics)
and choices (e.g., Backus et al., 2021; Conlon and Rao, 2025; Calder-Wang and Kim,
2026). Recent advances in open-source software make it easy to include micro data
in demand estimation (Grieco et al., 2025; Conlon and Gortmaker, 2026), and we
expect that micro data’s prevalence in applied work will continue to increase.

Berry and Haile (2024) establish non-parametric identification of demand with
what we call “full-menu” micro data, where all products in the market are available
to all consumers. They show how sufficiently rich variation in choices driven by
observed consumer-level attributes eliminates the need to instrument for quantities.
However, the required richness is substantial: there must be at least as many consumer
attributes as products, and they must generate full-rank variation in quantities.” In
many important settings, the number of products is far larger than the number of
observed consumer attributes. Automobile demand is a leading example, with dozens
of products but only a handful of consumer attributes (Petrin, 2002; Berry et al.,
2004; Grieco et al., 2024). Other examples include ready-to-eat cereal (Backus et al.,
2021), distilled spirits (Conlon and Rao, 2025), and rental housing (Calder-Wang and

Kim, 2026), among many others.

'See, e.g., Ackerberg et al. (2007), Berry and Haile (2021), and Gandhi and Nevo (2021) for
reviews of the literature. Recent applications include studies of mergers (Miller and Weinberg, 2017;
Miller et al., 2021), firms’ pricing conduct (Backus et al., 2021; Duarte et al., 2024; Dearing et al.,
2026), tax policy (Miravete et al., 2018), and markup trends (Grieco et al., 2024; Atalay et al., 2026),
among many others.

*Borusyak et al. (2026) show how the requirement of instruments for quantities can be softened
to strong proxies for quantities when the researcher only needs to identify price counterfactuals.

3Borry and Haile (2024) note that this requirement is restrictive and show, in their Supplemental
Appendix, that semi-parametric restrictions can reduce it to a single binary attribute. Our results
keep demand non-parametric.



When consumer-attribute-driven variation is insufficient for identification, micro
data containing additional information on consumers’ choices can help fill in the
blanks. For example, researchers can use “second-choice” data, which typically asks
consumers which product they would have purchased had their chosen product been
unavailable." Berry et al. (2004) pioneered second-choice data’s use in estimating
the parametric “BLP” demand model (Berry et al., 1995), and recent applications
include Grieco et al. (2024), Conlon and Gortmaker (2026), and Conlon et al. (2026).
Second-choice data’s counterfactual scenarios provide a type of variation in product
availability (VPA) within markets: one product is removed while leaving the re-
maining products’ prices, characteristics, and unobserved qualities unchanged. VPA
encompasses more than second-choice data; it can involve multiple product removals,
and there are several other potential sources. Stock-outs and field experiments can
vary the products actually available to consumers (Conlon and Mortimer, 2010, 2013;
Hickman and Mortimer, 2016), online retailers can vary the set of products each con-
sumer sees, and a conjoint study can present respondents with the actual products in
a market and randomize which set of products each respondent sees (Allenby et al.,
2019).

While various types of VPA have been used to estimate parametric demand mod-
els, less is known about VPA’s non-parametric identifying content. In a discrete
choice setting, Conlon and Mortimer (2021) show that some types of VPA within
a single market identify measures of average diversion between products. However,
average diversion is not enough to non-parametrically identify demand; that requires
the researcher to identify marginal effects, and diversion is only part of the picture.
Thus, VPA’s identifying content for non-parametric demand is still unclear. How
far can VPA take us in non-parametrically identifying demand? And what are the
tradeoffs among different types of VPA?

This paper addresses those questions. We study what VPA identifies in a general

non-parametric class of demand models.” We show that VPA from multiple markets

“Second-choice data is a special case of ranked-choice data. We discuss ranked-choice data with
rankings beyond the second choice in Section 4.3.

5Throughout7 we treat demand as a primitive. Our results are robust to limited consideration
models that generate demand satisfying our assumptions, but we do not separately identify prefer-
ences and consideration rules. A large literature studies that separation, using variables that shift
consideration but not preferences (Goeree, 2008; Agarwal and Somaini, 2026), functional form re-
strictions (Abaluck and Adams-Prassl, 2021), or partial identification (Barseghyan et al., 2021a,b).
See also Masatlioglu et al. (2012); Manzini and Mariotti (2014); Dardanoni et al. (2020).



point identifies marginal diversion ratios that capture relative changes in quantities
induced by changes in unobserved product quality. With J products in the mar-
ket, these diversion ratios account for all but J of the J? unknowns in the matrix
of quality substitution effects. Once they are identified, consumer-attribute-driven
variation is only needed to identify J own-quality derivatives, and a single observed
attribute suffices. With the quality substitution matrix identified, there is no need
to instrument for quantities. Importantly, VPA does not require consumer-attribute-
driven variation to identify diversion ratios. Thus, the bulk of the substitution matrix
comes from a different source of variation than in Berry and Haile (2024), who use J
consumer attributes to non-parametrically identify the full substitution matrix.

We consider identification with three sources of VPA: second-choice data, experi-
mental variation, and conjoint studies.® The exact conditions for identification depend
on the source of VPA. Second-choice data is familiar in the multi-product demand
estimation literature but faces important limitations. Its use in non-parametric iden-
tification relies on utility-maximizing discrete choice; it delivers only single-product
removals; and consumers’ stated second choices must coincide with their actual (coun-
terfactual) choices when their first choice is removed from the menu.

Experimental variation, where the researcher directly manipulates product avail-
ability, uses revealed choices. It requires neither discrete choice nor utility maxi-
mization; demand may be generated by continuous choice or by behavior other than
utility maximization. The offered product subsets are determined by the experiment,
and the main requirements are that (i) they be assigned exogenously; and (ii) they
satisfy a coverage property that we detail later. However, experimental variation
is only available in settings where the products actually offered to consumers vary
exogenously within markets.

Conjoint studies are a convenient alternative. Conjoints are a longstanding tool in
marketing for eliciting stated preferences from menus the researcher controls (Green
and Srinivasan, 1990; Allenby et al., 2019), and we consider a design that varies the
availability of actual products in the market, fixing their prices and characteristics.
Such conjoints share the generality of experimental variation, they give the researcher
full control over the product sets offered, and they are cheap and easy to implement.

The downside is that the choices in conjoints are stated rather than revealed. We

SWhile stock-outs provide VPA, they may not satisfy the conditions that our identification
arguments require. We discuss this point in Section 4.2.



address this concern by providing conditions under which stated preference bias in
the conjoints does not obstruct identification of actual demand. The key requirement
is that respondents perceive product quality as consumers in the market do; how they
map quality into stated choices can differ arbitrarily from how consumers map it into
revealed choices. Intuitively, stated choices serve only to control for product quality,
while revealed choices identify the diversion ratios.

We note that our results require multiple markets with VPA. In short, VPA enables
us to identify markets that differ only in the unobserved quality of one product, and
we identify diversion ratios by comparing quantities across such markets. So, our
arguments require VPA from more than one market, regardless of its particular form.

Our results have important implications for empirical practice. First, they pro-
vide a non-parametric justification for the use of VPA in demand estimation. Thus,
VPA’s identifying content does not inherently rely on parametric forms, which can be
viewed as tractability devices rather than essential identifying restrictions. Second,
our results provide guidance on collecting VPA. Second-choice data suffices when it
is available from multiple markets and the discrete choice framework applies. Other-
wise, experimental VPA or conjoints over the actual products in each market provide
the same identifying content, and only a handful of well-designed product subsets
is needed; the required number of subsets grows slowly (logarithmically) with .J.”
Third, our results show that VPA can be used to identify demand models beyond
utility-maximizing discrete choice; continuous choice and behavior other than utility
maximization can be accommodated at the relatively cheap cost of running a conjoint
survey in each market.

Our work is most closely related to the aforementioned Conlon and Mortimer
(2021), who show that VPA from a single market identifies a weighted average of
marginal diversion ratios when consumers make discrete choices. Conlon et al. (2026)
build on this insight to semi-parametrically estimate a mixed logit model.® We dif-
fer in several respects. First, we use VPA from multiple markets to point identify
the marginal diversion ratios themselves, rather than a weighted average. Second,
we provide results that accommodate general demand, while they limit attention to

discrete choice. Third, we focus on non-parametric identification of demand, while

"We discuss this combinatorial issue in more detail in Section 4.2.
8Conlon et al. (2026) accommodate non-parametric distributions of consumer type-specific mean
utilities but still require (parametric) additive logit shocks.



Conlon et al. (2026) focus on semi-parametric mixed logit estimation. We view our
results as complementary, since VPA from a single market has important practical
relevance.

Our conjoint results also relate to the literature on combining revealed choice
data with stated choices or beliefs.” Recent contributions include, inter alia, Feit
et al. (2010), van der Klaauw (2012), Pantano and Zheng (2013), Bernheim et al.
(2021), Wiswall and Zafar (2021), Giustinelli and Shapiro (2024), Meango et al.
(2025), Miller et al. (2025), Briggs et al. (2026), and Norris Keiller et al. (2026).
Closest to our work, Meango et al. (2025) use stated choice probabilities to control for
individual-level unobserved heterogeneity when analyzing revealed choices, without
any restrictions on how closely stated choices match actual (counterfactual) choices.™
We use stated choices similarly, to control for market-level unobserved product quality.
Although, the source of identifying variation is different, and our results are neither
more nor less general. Their hypothetical scenarios focus on a single product (binary
decision) and vary its covariates. Whereas, we vary product availability in multi-
product markets, fixing covariates at their realized values. Meango et al. (2025) also
consider “unmatched” data, where stated and revealed choices come from different
underlying sources, and obtain bounds. Our conjoint results require that stated and
revealed choices be matched in the sense that they come from the same markets.

The paper proceeds as follows. Section 2 describes the model and some prelim-
inaries for identification, including a brief review of results from Berry and Haile
(2024) for full-menu micro data. Section 3 shows how diversion ratios reduce the
need for consumer-attribute-driven variation. Section 4 presents our main results on
identifying diversion ratios with VPA: second-choice data in Section 4.1, experimental
variation and conjoint studies in Section 4.2, and a comparison of the three sources
in Section 4.3. Section 5 concludes. Throughout, we use upper case letters to denote

random variables and lower case to denote realizations.

9Stated choices can be seen as a special case of stated beliefs, since respondents are stating what
they believe they would choose if faced with the actual choice task (Manski, 1990, 1999).

Pantano and Zheng (2013) use stated choice probabilities similarly in a dynamic setting, but
they assume that stated probabilities of future choices match actual choice probabilities up to round-
ing. Outside of discrete choice, Norris Keiller et al. (2026) use firms’ expectations of future inputs
and outputs to control for unobserved productivity in production function estimation, allowing for
some forms of biased beliefs.



2 Model and Identification Preliminaries

Much of our model setup follows Berry and Haile (2024, henceforth, “BH24”), with
some important differences that we discuss in detail below. There are J prod-
ucts, indexed j € {1,...,J}. Markets are indexed ¢ and are defined by realiza-
tions of prices P, = (Py,...,Py) € R’, observed product characteristics X, =
(X, Xpy) € RY*’ with L characteristics per product, unobserved quality shocks
= =(Ey,...,2p) € R”, and a distribution of observable consumer-level attributes
Ly € Rdim(z“), where dim(Z;) > 1 and i indexes consumers. The choice environment
for consumer i in market ¢ is then defined as C;; = (Z;, P, X;,Z;). The consumer
chooses to purchase quantity vector Q;; = (Qiiz, Qiors - - - » Qie)-

We denote the supports of P, X,, and (P, X;) as P, X, and PX, respectively.
The within- (and across-)market support of Z; conditional on X, = z is denoted
Z(x). The support of =, conditional on (P, = p, X, = z) is denoted E(p,x). We
also denote the joint supports of (Z;;, X;) and (7, P;, X,), respectively, as ZX =
{(z,2) :x € X, z€ Z(x)} and ZPX = {(z,p,z): (p,x) € PX, z € Z(x)}. We de-
note other joint supports similarly throughout the paper.

We are ultimately interested in identifying two objects: (i) the unobserved demand

shocks; and (ii) the demand function, defined as

3(C) = (51(Cit), -, 35(Cyp)) = E[Q | Ciy] -

Throughout, we refer to realizations of 4(C},) as “shares.” This terminology is standard
in discrete choice models, and we keep it even when discussing more general demand
models.

In some cases, researchers may limit attention to the conditional demand function,
3(Zy, Pit) = 3(Zy, P, Xy = 1,2, = &)

which describes how demand varies with consumer attributes and prices, holding
observed characteristics and unobserved shocks fixed at the realized levels in market
t. Conditional demand is sufficient to identify price substitution, which is often

sufficient for researchers’ purposes.

Assumption 1. (Index Sufficiency) 4(Cy;) = o (V(Ziy, X4, ), Py, X;), where () =



(71(‘), e 77J(')) and %‘(Zm tha Ejt) = gj<Zit7 th) + Ejt for each j € {1> cey J}-

We interpret v(Z;, X;, =) as a vector of product-specific qualities perceived by
consumers with attributes Z;,. We note that prices are excluded from the index,
as in BH24. Additional consumer-level attributes beyond Z,, can be conditioned on
throughout and treated fully flexibly, including in how they interact with prices; only
Z., is restricted to affect demand through the quality index."

For each (p,xz) € PX, denote the support of v(Z;;, X;, Z;) conditional on (P, =
p, X, =) as

G(p.x) ={g9(z,2) +& : 2 € Z(2), £ €E(p.x)}.

Next, we impose an invertibility assumption on o(+).
Assumption 2. (Invertibility) For each (p,z) € PX, o(-, p, x) is injective on G(p, ).

Assumption 2 requires demand to be invertible in the quality vector; different
qualities lead to different shares. This is a standard feature of workhorse demand
models estimated via moment conditions, including the BLP model. E.g., Berry
et al. (2013) provide sufficient conditions for invertibility that apply to many demand

models. The inverse function, o' (-), satisfies
U_l('j(cit>7 F)tv Xt) = g(Zit7 Xt) + Et'

Next, we make some support assumptions.

Assumption 3. (Support) (i) For each x € X: supp (Z;) | t = Z(x) for every market
t with X, = z, and Z(x) is open and connected. (ii) For each (p,z) € PX: E(p,x) is

open and connected.

Notably, Assumption 3 does not require large support for any of the variables.
It only imposes continuous variation in both consumer attributes and unobserved
market-level shocks. These are important, since our identification arguments use
derivatives. Part (i) also requires that the support of attributes is the same in every
market with the same X,, as in BH24. The distribution of Z; can still vary freely

across markets, including in ways that depend on =,.

'BH24 (Supplemental Appendix S.1) relax this exclusion when Z;, is a vector by excluding a
single coordinate from price interactions and normalizing the scale of the index on that coordinate.
With a scalar Z;;, that coordinate is Z;; itself.



Assumption 3 has important implications for the support of the shares, which we
now define. For (p,z) € PX and £ € E(p, x), define

S(p,x,&) ={o(9(z,2) +&pa):2€ Z()} and  Spa)= (] S0

(el (p,x)

S(p,x,&) is the support of share vectors attainable within a market where
(P, X, Z) = (p,z,§). S(p,x) is the combined support within and across all
markets with (P, X;) = (p,x). We also define the joint support SPX =
{(s,p,x) : (p,x) € PX, s € S(p,x)}.

Together, parts (i) and (ii) of Assumption 3 imply supp (Z;,Z,) | (P, = p, X; =
x) = Z(x) x E(p,x). So, every s € S(p,x) is attained by some consumer attribute
value in some market with (P, X;) = (p,z). Assumption 3 also implies that S(p, z)
is open and connected.'?

Next, we impose some technical conditions.

Assumption 4. (Technical Conditions) For all (p,z) € PX: (i) o(-,p,z) is con-
tinuously differentiable; (i) do (v, p,x)/07y is non-singular a.s. on G(p,z); and (iii)
90(7v,p,x)/0v; # 0 on G(p, ) for each j € {1,...,J}.

Most of the conditions in Assumption 4 are also used in BH24. Only part (iii) of
Assumption 4 is new; it ensures that diversion ratios w.r.t. quality changes (defined
in Section 3) are well-defined. We note that we do not need to sign these derivatives,
although they are positive in the workhorse “BLP” demand model (Berry et al., 1995).

While our setup and assumptions mostly follow those of BH24, there are some
important differences beyond those already discussed. The main difference is in the
number of consumer attributes and their effect on g(-). BH24 require dim(Z;;) = J
and that ¢(-, x) is invertible in Z. Whereas, our use of VPA allows us to relax these
assumptions; there can be as little as a single attribute (dim(Z;) = 1).

A second difference is that we impose a stronger index restriction than BH24,
requiring the index to be a vector of product-specific quality indices. Each product’s

index depends only on attributes Z;; and its own market-level variables (X;;,Z;;).

PFix z € Z(x). The map & — o (g(z,x) +&,p, ) is continuous (Assumption 4) and injective
(Assumption 2) from the open set £(p,z) into R”, so its image is open by invariance of domain.
S(p,x) is a union of such images, so it is open as well. It is connected because it is the continuous
image of the connected set Z(x) x £(p, x). Note that with a scalar attribute, the openness of S(p, z)
has to come from £(p, z); each S(p, x, &) is then a curve in R”, rather than an open set.



This is a substantial assumption, although it fits well with the interpretation of the
index as a product’s (consumer-attribute-specific) quality. The assumption is satisfied
in workhorse demand models, and we give an example in Section 2.1.

Third, we make a stronger assumption on the support of the demand shocks.
BH24 only require open and connected £(p, z) at one price vector for each z, because
their within-market variation in Z;, carries the argument to every other (p,z) when
dim(Z;;) = J. Whereas, that route is unavailable with a single consumer attribute,
so we require £(p,x) to be open and connected at every (p,z) (Assumption 3(ii)).
This is a cost of reducing dim(Z;;): relative to BH24, we ask less of the consumer
attributes and more of the cross-market variation in =,.

Assumptions 1-4 accommodate both discrete and continuous-choice demand.
Next, we describe the discrete choice setting in more detail. The discrete choice

framework underlies the design of second-choice surveys, and we rely on this frame-

work to interpret second-choice data in Section 4.1.

2.1 Discrete Choice

Consumers make a discrete choice among J products, indexed j € {1,...,J}, and an
outside option indexed j = 0. Each consumer has a vector of utilities from consuming

each product. Utility for the J products is
Ui (C; ) = (Uie(Cit)s - - - Uth(Cit))v

where Uy (+) is a random function. We normalize the utility of the outside option to
Uy = 0 without loss of generality."

The consumer chooses the product with the highest utility. We assume that ties
occur with probability zero, conditional on C},, and proceed as if there are no ties. ™

Quantities are Q;;; = 1 if j = arg max; o, 5 {U;;,(Ciy)} and @5, = 0 otherwise.

Assumption 1'. (Index Sufficiency in Discrete Choice) Consumers make utility-

maximizing discrete choices, where (i) U;;,(Cy) = ﬁijt(vj(Zit,th, Eit), Py, X)) with

”Yj(Zz‘tijm Ejt) = gj(Zit7th) + 2 for each j € {1,...,J}; and (ii) Uy () 1L Cy.

YFor an alternative utility (Vips(Cip), Viie(Cit)s- -, Viss(Cip)), we can define Uij(Cy) =
Viit(Cip) = Vige(Cyp) for j = 0,1,...,J, which results in U;p,(C;;) = 0. Both utility functions yield
the same ranking of products because V;;;(Cy;) > V,;7,(C;;) if and only if Uy;,(Cit) > U, (Ciy).

"“This is a standard assumption in discrete choice demand models.

10



Assumption 1" implies Assumption 1 in the discrete choice setting: demand de-
pends on C;, only through (”yj( ) Pir, X; )

J =1
imposes two restrictions on the utility function. First, utility for product j is a func-

since Uy,(+) is independent of C;. Tt

tion of only consumer attributes and j-specific market-level variables. Second, Z,, and
Z; enter the utility function through the quality index -;(-) that is linear in Z,. We
note that Assumption 1" also delivers index sufficiency when any subset of products
is offered, since the utility function does not depend on which products are available.

This property has an important role in our analysis of second-choice data in Section
4.1.

Example (“BLP” Demand): Here, we describe a generic workhorse specification
of the “BLP” random coefficients demand model (Berry et al., 1995) and show that it
satisfies Assumption 1’, along with our other assumptions. There are L characteristics,
with X, = (X](tl), - ,X}?). Utility for product j € {1,...,J} is specified as'"

L
(¢ ¢ -
Uij(Cyp) = h(o)( Zy) + V@t et E <h(z i) + V@t)> X](t) — oy Py + 25 + €550 — €op-
=1~

=g{) 6(@)

The terms (B;, a;;) are random coefficients that can be decomposed into two compo-
nents: (i) consumer-attribute-driven variation in tastes for (non-price) characteristics
determined by h(-); and (ii) random terms (v;,, o) satisfying (v, ;) AL C;p."® The
utility shocks {eijt}‘jjzo are distributed i.i.d. Type I Extreme Value (Gumbel).

To see why Assumption 1" is satisfied, we can re-write the utility function as

L L
YA fr 0 l YA
Uye(Cit) = B0 (Zi) + > WO (Zi) X + Z 40 + 3 v XY — 0Py + €0 — €.
/=1 /=1

[\

-~

=9;(Zi1, Xj¢)+Ej¢

With <Vit, Qi {eijt};lzo> 1L €y, this form of utility function satisfies both conditions
in Assumption 1. Thus, the BLP model satisfies Assumption 1. It also satisfies the

invertibility requirement of Assumption 2.7 Assumption 3 is a statistical condition

" This specification is in line with our restriction that Uso,(Cj;) = 0.

8 Consumer attributes excluded from Z;; can interact with price. We implicitly condition on any
such attributes.

"Berry (1994), Berry et al. (1995), and Berry et al. (2013) provide proofs of invertibility, and

11



that does not depend on the demand function. The BLP model also satisfies the tech-
nical conditions in Assumption 4. Thus, the class of models satisfying Assumptions
1-4 includes BLP demand.

2.2 Identification Preliminaries

Here, we discuss some preliminaries for identification. We begin with the primary
objects to be identified by micro data from many markets. We then review BH24’s
identification results using consumer-attribute-driven variation in full-menu choices.

In each market, the researcher observes the realization of (P, X,), as well as
realizations of (Q;;, Z;) for many consumers within the market. Throughout, we
adopt a standard convention for identification analysis: we treat the population joint
distribution of the observables as known, and we identify markets with points in
supp (P, X;,Z;). So, for each (p,z,€) in that support, there is a market ¢ with
(P, X4, E) = (p, 2, ).

We define the consumer-attribute-specific share in market ¢ as

5:(2) =E[Qu | Zy = 2 1].

This is identified directly from market t’s micro data, which contains consumer-level
(Q4t, Zi) observations for many consumers. The function §,(+) is a purely data-driven
object; its identification does not rely on our assumptions.

The key demand object to be identified with micro data is the inverse-demand

Jacobian w.r.t. shares,
oo (")
1
P (1)

on SPX. By the Inverse Function Theorem, this Jacobian is equal to the multiplica-

tive inverse of the quality substitution matrix do/07v. Once the key Jacobian in (1)
is identified, arguments from BH24 (Sections 4.2 and 4.3) can be used to identify the
demand and conditional demand functions via price instruments, W,, such that (i)
W, is excluded from the demand function; and (i) (P, X,) | W,, X, is complete."® If

both the instruments and the characteristics are exogenous, with F [Z, | W,, X,] = 0,

Berry et al. (1995) provide a numerical inversion algorithm.
(P, X,) | W,, X, is complete if E[B(P,, X,) | W, X,] = 0 a.s. implies B(P,, X;) = 0 a.s. See,
e.g., Newey and Powell (2003).

12



then both the demand and conditional demand functions are identified.'” When only
the instruments are (conditionally) exogenous, with E [Z, | W;, X,] = h(X,) for some
(unknown) h(-), the conditional demand function is still identified but the demand
function is not. Importantly, there is no need to instrument or proxy for shares, which
stands in contrast to settings where the researcher only has market-level data (Berry
and Haile, 2014; Borusyak et al., 2026).

For the reader’s convenience, we present a version of BH24’s argument for iden-
tification of the full demand function. Suppose (i) Assumptions 1-4 hold; (ii) the
inverse-demand Jacobian in (1) is identified; (iii) (P, X;) | W,, X, is complete; and
(iv) E[E, | W, X,] = 0. Define Ao '(s,p,2) = 0 '(s,p,2) — 0 ' (s°(p,z), p, ) for
some s(p,z) € S(p,x) chosen by the researcher. With do~'(-)/ds identified and
S(p, ) open and connected (Assumption 3), Ao~ '() is identified via path integra-
tion. Fixing some 2°(z) € Z(x) — also chosen by the researcher — for each z € X,
we then obtain a market-level non-parametric instrumental variables regression of the
form

th = fj(PtaXt) + Ejt

where

Y = AU]‘_l (§t (ZO(Xt)) 7Pt7Xt)
fj(Ptht) =g; (ZO(Xt),th) - 0;1 (SO(PtaXt>7P1t>Xt) .

Here, Y}, is already identified, so we can identify f;(-) via non-parametric instrumental
variables regression (Newey and Powell, 2003).20 We then identify the unobserved
demand shocks as =, = Y}, — f;(P;, X;) for each j € {1,..., J}. Having now identified
the unobserved component of the choice environment, C;, = (Z;, P, X;, Z;), we can
identify 4(C};) directly from the micro data on consumers’ choices.

Moving forward, our main focus is on identifying the inverse-demand Jacobian in
(1). When only full-menu micro data is available, BH24 show that the key inverse-
demand Jacobian can be identified by sufficiently rich consumer-attribute-driven vari-

ation in shares.

Ydentification of conditional demand then follows trivially from identification of demand.

0The argument we use here is slightly different than BH24’s. They identify ¢(-) on ZX en
route to identifying the inverse-demand Jacobian and incorporate it into Y}, instead of f;(P;, X;).
However, there is no material impact on the non-parametric IV argument, since Y}, is identified
from the micro data in either case.
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Claim 1 (BH24, Corollary 1). Suppose Assumptions 1-4 hold. Additionally, suppose
that (i) dim(Z;) = J; (i) for all (x,&) € supp(Xy, Zy), v(-,2,§) is injective; (iii)
for all x € X, g(-,z) is uniformly continuous and continuously differentiable, with
0g(z,x)/0z non-singular a.s. on Z(x); and (i) (location and scale normalizations)
for each x© € X, normalize g(z°(x),z) = 0 and dg (zo(:z:), x) [0z =1 for some 2(x)
€ Z(x) at which dg (2°(x),x) /0z is non-singular.”" Then, 0o~ (-)/0s is identified
on SPX.

We refer the reader to BH24 for a rigorous proof of the result in Claim 1. The
requirement for consumer-attribute-driven variation in shares is encapsulated by non-
singularity of dg(-)/0z, which requires dim(Z;,) = J. BH24’s argument therefore
needs as many attributes as products. As discussed in the introduction, there are
many relevant settings where this restriction is prohibitive.

We note that Assumption 3(ii), which strengthens BH24’s non-degeneracy condi-
tion (their Assumption 5), also allows an argument with a single consumer attribute

and no VPA. However, its requirements still grow rapidly with J.

Claim 2. Suppose Assumptions 1-4 hold and Z; is scalar-valued.  Addition-
ally, suppose that (i) for each xz € X, g(-,x) is J times continuously dif-
ferentiable, with the J x J matriz [8g(z,x)/8z, ce (9Jg(z,x)/8z‘]} non-singular
a.s. on Z(x); and (ii) (scale normalization) for each x € X, normalize
[ag (z°(x), ) /02, ..., d’g (z°(x), 7) /82‘]} = I for some 2°(z) € Z(x) at which
this matriz is non-singular.”> Then, do ' (-)/s is identified on SPX.

We prove Claim 2 in Appendix A.2. The idea is as follows. Fix (p,z) and
s € S(p,x). Under Assumption 3(ii), there is an open set of attribute values that

*!The location and scale normalizations are without loss of generality (BH24, Section 2.5). BH24

choose 2°(x) such that 95, (zo(z)) /0z is non-singular in some market ¢ with X, = =z, which is

observable and implies non-singularity of dg (zo(x), x) /0z. By assumption, almost every point in

Z(z) qualifies.

*2This is the counterpart of the scale normalization in Claim 1(iv), with the first .J derivatives
w.r.t. a single consumer attribute in place of the first derivatives w.r.t. J attributes. Both are
without loss of generality when any non-singular linear transformation of the index is admissible, as
in BH24 (Section 2.5). Note that only product-by-product re-scalings are admissible in our setting
(Appendix B), so the normalized representation may lie outside the class of Assumption 1. This does
not matter for identifying demand: 3(-) is the same in every representation, and the instrumental
variables argument above goes through with the transformed shocks in place of =,;, since a non-
singular linear transformation of =, that depends only on X, preserves E [Z, | W,, X,] = 0.
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attain s in markets with (P, X;) = (p,x). Each such market reveals ds,(z)/dz =
M 0g(z,2)/0z for a different z (the attribute value that attains s in that market),
where M is equal to do (7, p, z)/d7y evaluated at v = 0~ '(s,p, ) and is the same in
all of them. Condition (i) ensures that any open set of attribute values contains J
values at which the vectors dg(z,z)/0z are linearly independent. So, J such values
can play the role of BH24’s J consumer attributes, and they identify M up to the
unknown J x J matrix formed by these vectors. The scale normalization in condition
(ii) then pins down that matrix, in the same way that the normalization in Claim
1(iv) pins down Jg (zo(a:), ) /0z in BH24.

The condition on the derivatives in Claim 2 is the counterpart of BH24’s re-
quirement of J consumer attributes. Claim 1(iii) requires the J x J matrix of first
derivatives of ¢(-, ) w.r.t. J attributes to be non-singular. Claim 2 requires the J x .J
matrix of the first J derivatives w.r.t. a single attribute to be non-singular. So, the
required richness of attribute-driven variation still grows quickly with J.

Both conditions are strong, and they can be surprisingly hard to satisfy. The BLP

model from Section 2.1 illustrates this.

Remark 1. Suppose that demand is generated by the BLP model in Section 2.1 with
J > L+ 1. Then, for any number of consumer attributes and any functions h(-),
the rank conditions in Claim 1(iii) and Claim 2(i) fail: the J x J matrices in those

conditions have rank no greater than L + 1.

Remark 1 holds because consumer attributes enter each product’s quality index
only through coefficients on a constant and the L characteristics. Every derivative of

L .
( ), where ¢ is

g(z,x) w.r.t. z must then be a linear combination of + and 35(1), O
a J-vector of ones and 2 collects the ’th characteristic of each product. So, the
columns of the J x J matrices of derivatives in Claims 1 and 2 are spanned by L + 1
vectors, resulting in matrix rank no larger than L + 1. We note that J > L 4+ 1 is
typical in BLP applications; for example, automobile demand has dozens of products
and only a handful of characteristics (Berry et al., 1995, 2004; Grieco et al., 2024).
Remark 1 uncovers a surprising limitation of the rank conditions required by
Claims 1 and 2. If, unbeknownst to the researcher, demand were generated by a BLP
model with more products than characteristics, then neither argument in Claims 1

or 2 could be used to identify demand. This limitation arises regardless of how many
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consumer attributes enter h(-) or however non-linearly they enter.*”

Altogether, we see that the richness of consumer-attribute-driven variation re-
quired for identification with full-menu micro data can be restrictive. VPA helps
alleviate the burden on attribute-driven variation by identifying a type of diversion
ratio, reducing the required attribute-driven variation from rank J to rank 1. In the
next section, we define the relevant diversion ratio and elucidate its role in identifi-

cation.

3 How Diversion Ratios Help

Define the diversion ratio from product k to j (with k # j) w.r.t. the quality index

as
an(%p, ) /0

aUk(%P; I)/a%'

This diversion ratio captures the relative changes in the shares for products k& and j

Dk—>]<77p7 .’L’)

induced by a change in the quality of product k.**

Eventually, in Section 4, we will show how micro data with VPA identifies these
diversion ratios. But first, we show how this helps identify the key inverse-demand
Jacobian from (1). To build intuition, recall that do ' (s, p, 2) /s is the multiplicative
inverse of the quality substitution matrix at quality v = Jfl(s,p, x). The quality
substitution matrix can be decomposed into the product of (i) a matrix with ones on

the diagonals and diversion ratios on the off-diagonals; and (ii) a diagonal matrix of

own-quality derivatives:

b b 99, .
ooy .. 9oy L Do D on 0 0
oM 07y 2 .. : do
R N D> N . : JlooE
g0y ... 9oy : - - Dyosir-1) o 0
o vy r I Oo
~ o | Dy o Doy L4y Lo - 0 F]
JxJ unknowns ~ ~ _ —~
JX(J—1) unknowns J unknowns

%The remark relies on consumer attributes interacting with product characteristics, as in the
standard BLP specification, rather than with product identities. With product-specific interactions,
as in BH24’s illustrative specification (their Equation (13)), the rank conditions can still hold.

2*While the classic notion of diversion ratios focuses on price changes (e.g., Farrell and Shapiro,
2010), we work with a diversion ratio based on changes in the quality index. Price and quality
diversion generally differ (Conlon and Mortimer, 2021), although they are identical in models where
price only influences demand through a linear effect on the quality index (e.g., multinomial logit and
nested logit).
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BH24 show that the (inverse) quality substitution matrix can be identified when
there are J consumer attributes that generate rich variation in shares. Intuitively,
the quality substitution matrix has J x J unknown terms, so BH24’s identification
strategy uses J x J first-order variation: J products by J consumer attributes.*’
Identifying diversion ratios with VPA cuts down on the need for attribute-driven
variation. Only the J own-quality derivatives still need to be identified, and they can
be identified by J x 1 first-order variation: J products by 1 consumer attribute.

Moving from intuition to formal results, we first note that invertibility (Assump-

tion 2) implies we can express the diversion ratios as functions of the shares:

Dk%j(87p7 ZL') = Dk—)] (0_1(87p7 I’),p, ,T) .

We will use VPA to identify D,_,;(-) on SPX for all product pairs & # j. With
Dy._,;(+) identified, we can use first-order variation driven by a scalar consumer at-
tribute to identify the inverse-demand Jacobian from (1), subject to some additional

assumptions and normalizations.

Assumption 5. (Consumer-Attribute-Driven Variation) Z;, is scalar-valued. Fur-
thermore, for each (z,j5) € X x {1,...,J}: g;(-,x) is uniformly continuous and con-
tinuously differentiable, with dg;(z,2)/dz # 0 for all z € Z(z).*

Before stating the normalizations, we introduce some notation. Because g;(-)
depends on X, only through X, (Assumption 1), markets with different characteristic
vectors are informative about the same function g; (-, xj) whenever they share the

same jth coordinate. So, for each j and each x; in the support of X, let
Z;(z;) = U {Z(z) : x € X with jth coordinate z; }

collect the attribute values at which g, (-,xj) is relevant. As a union of open sets,

Z;(r;) is open, so it is a countable disjoint union of open intervals — its connected

components. Each Z(x) is itself connected (Assumption 3), so it lies in exactly one

% Claim 2 gives an alternative under Assumption 3(ii), in which the J x J variation comes from
higher-order derivatives of the quality indices w.r.t. a single attribute. The required order of the
derivatives grows with J, so the required richness still grows with J.

*With Z;, scalar-valued, Z(x) connected (Assumption 3), and dg;(-,r)/0z continuous and non-
vanishing, dg; (-, z)/0z has constant sign. So, g;(-,x) is strictly monotone and (-, z,§) is injective
on Z(x), which is BH24’s Assumption 3. Requiring the condition at every z, rather than almost
every z, therefore costs little and still gives us injectivity of the index.
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such component, which we denote C;(x). We note that this subscript indexes the
product. It does not index a coordinate of z. The same is true of the reference values
z?() introduced below: zg() is a normalization point specific to product 7, not a jth
consumer attribute, since Z;, is scalar-valued (Assumption 5).

Assumption 6. (Normalizations) For each j € {1,...,J}, each z; in the support of
X+, and each connected component C of Z; (:L’j), the researcher chooses a reference
attribute value z? (xj,C) € C and normalizes (i) (location) g, (z;) (xj,C) ,mj) = 0;

and (ii) (scale) dg; (z? (z;,C) ,z;) 0z =1.

Assumption 5 requires the scalar attribute Z;, to shift all products’ quality in-
dices. Assumption 6 imposes location and scale normalizations that apply without
loss of generality.”” We impose them separately on each connected component of
Z;(x;), which is what keeps the normalized representation inside the class admitted
by Assumption 1.

Together, Assumptions 1-6 lead to the first of the paper’s major results: if di-
version ratios are identified, then variation in shares driven by a single consumer

attribute is sufficient to identify the inverse-demand Jacobian.

Proposition 1. Suppose Assumptions 1-6 hold, and that Dy_,;(s,p,x) is identified
on SPX for all k,j € {1,...,J} such that k # j. Then, 0o~ '(:)/0s is identified on
SPX.

Proof. See Appendix A.1. O

The proof of Proposition 1 in Appendix A.1 adapts mechanics from BH24 to a
setting where diversion ratios are already identified. To illustrate why diversion ratios
help with identification, we give a sketch argument for a “large support” case where
supp{4(Cp)} | (Zyy = 2, P, = p, X, = x) is the same for all (z,p,z) € ZPX, so that
every market share vector is achievable at every supported combination of consumer
attributes, prices, and characteristics. This effectively requires a large support con-
dition on the demand shocks; £(p,x) must be rich enough that a single consumer
attribute value sweeps out the entirety of S(p,x) = S as =, varies across markets.
We only use large support to simplify the presentation; neither BH24’s results nor

ours require it.

*"We discuss this point in more detail in Appendix B.
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Fixing (p, ), we look to identify do (-, p, z)/ds. For illustrative purposes, we as-
sume that the normalization point from Assumption 6 is the same for all 5: z;-)(xj) =
2’(x). For each s € S(p,z), we can find some market ¢ such that (i) (P, X,) =
(p,r); and (ii) the share vector for attribute value z°(z) in market ¢ is s. We
then have 3, (°(z)) = s.
o ! (Et (zo(x)) . D, :Jc) =g (zo(x), $) +¢&,. Taking the derivative w.r.t. z, we obtain the
identity

From the definition of inverse demand, we also have

9o (s,p,x) d5, (°(x)) g (°(x),x)
0s dz N 0z ) 2)

When diversion ratios are unknown, we can use the conditions in Claim 1. Plug-

ging the normalization Jg (z°(z),x) /0z = I into (2), we obtain

do ' (s,p, x) B [dEt (zo(x))] !
0s dz ’

which identifies 9o~ ' (s, p, 2)/0s because d5, (zo(x)) /dz is already identified directly
from the micro data. Invertibility of ds, (zo(x)) /dz reflects rich attribute-driven
variation in market shares, requiring J consumer attributes.

Now suppose diversion ratios are already known. We have the identity
o (s, p,)/0s = diag(A(s, p,z)) "' D(s,p, )", where A(s, p, z) is the vector of own-
quality derivatives: \;(s,p, ) = Jo; (a_l(s,p, x),p, x) /0v;. Furthermore, the scale
normalization in Assumption 6 implies that Jg (zo(x),x) /0z is a vector of ones.

Plugging these identities into (2), some algebra yields

1ds, (zo)
dz

This equation identifies A(s,p,z) because the terms on the left-hand side are al-

D(s,p, )" = A(s,p, 7).

ready identified: the diversion ratio matrix D(s,p, ) is assumed to already be iden-
tified, and ds, (z°) /dz is identified directly from the micro data. With A(s,p, )
now identified, the inverse-demand Jacobian is then identified as do ™' (s, p,2)/0s =
diag(A(s,p,z)) ' D(s,p,z) "

Importantly, ds,(-)/dz no longer needs to have full rank; it can be a vector, thereby
admitting scalar Z;;. The full proof of Proposition 1 — without large support — is
more complicated, adapting mechanics from BH24. While the technicalities are more

intricate than the large support case, the main insight is unchanged: once diversion
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ratios are identified, first-order variation driven by only one consumer attribute can
identify the inverse-demand Jacobian.
The BLP model from Section 2.1 helps demonstrate how much weaker this re-

quirement is.

Remark 2. Suppose that demand is generated by the BLP model of Section 2.1,
that Assumptions 3 and 5 hold, and that Dj_,;(s,p,x) is identified on SPX for all
k,j € {1,...,J} such that k # j7.*® Then, Proposition 1 identifies do~'(-)/ds on
SPX, for any J and L.

In the BLP model, with A(-) continuously differentiable, Assumption 5 requires
W)+ 38 h(f)’(z)xy}) # 0 for each product j and each z € Z(z): the consumer
attribute only needs to shift each product’s quality index. The condition does not
become more demanding as J grows, and it involves no comparison of the derivatives
across products. So, once the diversion ratios are identified, first-order variation
driven by a single consumer attribute suffices to identify the inverse-demand Jacobian
for demand generated by the BLP model. Whereas, neither full-menu argument from
Section 2.2 applies when J > L + 1 (Remark 1).

Our analysis in this section shows how diversion ratios — to be identified with VPA
— reduce the burden on consumer-attribute-driven variation, facilitating identification
in settings where attribute-driven variation alone is insufficient for non-parametric

identification. The rest of the paper focuses on identifying diversion ratios with VPA.

4 Identifying Diversion Ratios Using Variation in

Product Availability

In this section, we non-parametrically identify diversion ratios using various forms of
VPA in micro data that supplement traditional full-menu data. In Section 4.1, we
establish identification with second-choice data in the discrete choice setting. Section
4.2 considers VPA generated by randomizing the product sets offered to consumers
within markets, which expands identification beyond the discrete choice setting. Sec-

tion 4.2.1 covers experimental variation in the products actually offered, and Section

% The BLP model satisfies Assumptions 1, 2, and 4 as established in Section 2.1, and Assumption
6 is a normalization.
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4.2.2 covers conjoint studies, which obtain stated choices instead of revealed choices.
There, we provide sufficient conditions for identification in the presence of stated
preference bias. Section 4.3 compares these three sources of VPA and discusses some

practical considerations.

Remark 3. The identification results in this section (Propositions 2-4 below) do not

require consumer-attribute-driven variation in shares.

Remark 3 highlights an important feature of the identifying arguments for diver-
sion ratios in this section: they do not directly leverage consumer-attribute-driven
variation in market shares. They can even apply when the support of the attribute(s)
is a singleton. Once diversion ratios are identified, attribute-driven variation in shares
is only needed to identify own-quality derivatives as in Proposition 1.

To develop intuition for our eventual identifying arguments, fix (p, x) and suppose
for a moment that the researcher could guarantee -; is also fixed for all j # k. Then,
any variation in the shares is solely due to variation in ;. In that case, we could
identify diversion ratios using observed shares in the data, since
L= s 05 (Vs Ytor 2y ) — 04 (Vs Yo D1 )

lim : = lim -
(8 (505) Sk — Sk o Ok (Voo Vors Dy &) — Ok (Vs Yois D> T)

S

= Dk%j(s7p7 I),

where v_; is the quality vector for non-k products. We show how various types of

VPA can be used to put this identification strategy into action.

4.1 Second-Choice Data

Second-choice data can be collected when consumers make discrete choices a la Sec-
tion 2.1. In addition to consumers’ actual purchase (first choice) when facing the
full menu, second-choice data also collects information on consumers’ second-most-
preferred option. This comes in the form of a survey question that asks consumers
who purchased each product k£ € {1,...,J} which product they would have pur-

chased (if any) had k been unavailable.? This is equivalent to asking all consumers

*)Consumers who choose the outside (no-purchase) option are usually excluded from second-
choice data. I.e., they are not asked what they would have purchased if forced to buy an inside
option.
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which product they would have purchased had k been unavailable, since the only
consumers who would change their decision when k& becomes unavailable are those
who purchased it in the first place. This follows from utility maximization: anyone
who did not originally purchase product k& would have no incentive to change their
purchase after k’s removal, since their most-preferred product remains available.
Thus, second-choice data is equivalent to within-market VPA in the form of hy-
pothetical scenarios where one product becomes unavailable to all consumers. That
is, for each k € {1,...,J}, we effectively observe a scenario where product k is
removed from the offered product set in market ¢ without changing the value of
{(vjt(z),pjt,xjt)}#k on Z(w;), where v;,(-) = 7v;(-,2;,&;:). We denote such a hy-
pothetical scenario as ¢ \ k when k is the removed product. We denote the quality
index, price, and characteristic vectors for non-k products (excluding the outside op-
tion) as y_j,(-), P_gs, and T4, respectively.”’ We also denote the support of v
conditional on (P, = p, X; = x) as G_;(p, x), which is the projection of G(p,z) onto

the coordinates for non-k products.

Assumption 7. Consumers’ stated choices match their (counterfactual) true choices

in the hypothetical scenarios posed by second-choice data.

Assumption 7 requires consumers to report their second choices truthfully. This
is a substantial restriction that deserves some discussion. Note that the assumption
only concerns consumers who purchased product k. For them, the second-choice
question is a (stated) choice task: the menu is the actual product set in market t,
at actual prices, with one product removed. In the language of marketing, this is
a choice-based conjoint (Louviere and Woodworth, 1983) whose alternatives are real
products. The conjoint literature finds that choice-based formats predict revealed
choices reasonably well, particularly when the task resembles a decision the respon-
dent actually faces.®’ Second-choice data is close to the best case for such a task. The
respondent has recently made the original purchase, so the products, their prices, and
the tradeoffs among them are fresh. Intuitively, a consumer who deliberated over the

purchase is likely to have a runner-up in mind, even if lower-ranked options received

*Here, Yort(2) = vop(Z2 g k)

3 Green and Srinivasan (1990) and Rao (2014) review the evidence on predictive validity. Hain-
mueller et al. (2015) compare choice-based conjoint responses to a behavioral benchmark and find
close agreement, and Kesternich et al. (2013) compare hypothetical and revealed choices in Medicare
Part D. Ding et al. (2005) show that aligning respondents’ incentives improves accuracy further.
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less attention. So, the second-choice question asks about a comparison the consumer
has already made, rather than one that must be constructed for the survey. We ex-
pect Assumption 7 to be most credible in settings with considered purchases, such
as automobiles (Berry et al., 2004; Grieco et al., 2024), and less credible for habitual
purchases, where the second choice may never have been considered.

Assumption 7 rules out systematic differences between stated and revealed choices.
We do not relax it in this section. Section 4.2.2 shows how conjoints can identify
diversion ratios in the presence of such differences, but the argument there requires
product subsets to be assigned independently of consumers’ decision rules. Second-
choice data violates this requirement, since only consumers who purchased product &
are asked about its removal.

In Section 2.2, we defined 5,(z) as the share vector for consumers with attribute
value z in market ¢, which was identified directly from the full-menu data. Similarly,
we now define 5,,(z) as the share vector for non-k products in the hypothetical
scenario ¢ \ k. This is directly identified by the second-choice data under Assumption
7, since 5,,(2) = £ [Qi7t\k | Ziy = 2; t] and the individual-level realizations of Q;
are either stated in the second-choice data or inferred from non-k purchases when k

was available. Under Assumption 1’, we then have

Spk(2) = o (’ka,t(z)apfk,tyl‘fk,t) :
Like o(-), we assume that o\;(-) is invertible in its first argument.

Assumption 8. (Second-Choice Invertibility) For each (p,z,k) € PX x {1,...,J},

the function o\, (-, p_g, _y) is injective on G_,(p, x).

Assumption 8 has an important implication: given (p,x), markets with identical
5pk(2) have identical v_;,(z). Thus, we can fix quality for all non-k products by
fixing the second-choice shares. We can then identify diversion ratios using variation
in first-choice shares across markets with identical second-choice shares.

Formally, for each (s,p,z) € SPX, we can identify Dy_,;(s,p,z) as follows. We
first find a market ¢ such that (i) (p;, x;) = (p,2); and (ii) there is some attribute
value Z with 5, () = s.** We then find a sequence of markets {t?}22, such that (i)

gtw\k (5) = gt\k (5), (ii) §k RO (5) > Spy (5) for each ¢ > 1; and (iii) lim,_, §t(4) (Z) =

32The definition of S (p, ) ensures that this is possible.

23



5, (Z). Such a sequence exists because our assumptions imply that, conditional on
(z,p,z) and the second-choice shares, (a) full-menu shares vary only due to changes
in 7;; and (b) the attainable values of &, form an open set, so -, varies locally.*
This sequence of markets has the same second-choice shares as market ¢ — and
therefore the same values of vy_; (£) by Assumption 8. So, all variation in shares is
driven by variation in 7, induced by variation in §,. We then identify D,_,;(s,p, z)
for each j # k as - )
) 1O \2) = 85 (%
Dioslormr ) = B o = 50r )

Proposition 2. Suppose Assumptions 1', 2-4, and 7-8 hold. Then, second-choice
data identifies Dy_,;(s,p,x) on SPX for all k,j € {1,...,J} such that k # j.

Proof. Follows from the discussion preceding the proposition, since it applies to any
(s,p,x) € SPX and k # j. O

4.2 Randomized Product Availability

In this section, we consider two more forms of VPA, which we group under the heading
of randomized product availability. First, we consider experimental variation in the
product subsets actually offered to consumers within a market at the time of purchase,
from field experiments where the researcher directly manipulates product availability.
Second, we consider conjoint studies that ask consumers what they would consume
when offered randomized product subsets that vary across consumers. In that case,
we show how to obtain identification even in the presence of stated-preference bias.
Importantly, both types of VPA accommodate more general demand environments
than discrete choice, including demand generated by continuous choice or behavior
that does not maximize utility. This stands in contrast to second-choice data, where

we relied on the utility-maximizing discrete choice framework.

33 As discussed earlier, fixing (P, X;) = (p,x) and the second-choice shares fixes y_,. Because
Yort(Z) = g_k (2, ) + E_, fixing 2 also fixes Z_, = {_j. Any remaining variation in shares reflects
variation in 7, which in turn is driven by variation in ;. With open support for Z, | (P, = p, X, =
x) (Assumption 3), the set {&, : (§4,€_1) € E(p,x)} is also open. Additionally, o (-, p,x) is locally
strictly monotone in 7, since doy, /9, is continuous and non-zero (Assumption 4). So, we have open
support for product k’s shares, conditional on (z,p,z) and the second-choice shares. A sequence

,(f) — &, within this set, from the side on which o, increases, then satisfies condition (i) because
&_y, is fixed, condition (ii) by local strict monotonicity, and condition (iii) by continuity of o(-, p, x).
In turn, since 071(~,p, x) is continuous, (iii) ensures that §,(f) — &, so the ratio below converges to

Dk—)j(s’pv 1')
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Remark 4. The results in this section (Propositions 3 and 4 below) do not require

discrete choice or utility maximization.

Before proceeding, we discuss some formal preliminaries. In addition to the micro
data on quantity-attribute pairs when the full product set is available, we assume that
the researcher has data on quantities — either realized or stated — for consumers offered
different product subsets within markets. Formally, let J;; denote the product set
offered to consumer 7 in market ¢. This can be the full product set, or it can belong to a
collection of N subsets of products, which we denote {7, }2_, with 7, c {1,...,J}.*
Given a product subset 7, let P, denote prices for those products, X 7; denote their
characteristics, etc. We denote the support of v, conditional on (P, = p, X; = x) as
G 7(p, z), which is the projection of G(p, z) onto the coordinates in J.

Next, let {J }\x C {7}, denote the collection of product subsets where product
k is excluded. We make an important coverage assumption on these collections of

product subsets.

Assumption 9. (Rival Product Coverage) For each k € {1,...,J}, (i) {Thy is
non-empty; and (ii) for each j € {1,..., J}\ {k}, there is some J € {J }\; such that
jeJ.

Assumption 9 requires that each product k is excluded in at least one of the
product sets shown to consumers. Additionally, each other product appears in some
product set that excludes product k. This assumption is satisfied with single-product
removals, where N = J and every product subset removes a different product. We
note that second-choice data effectively replicates that scenario.”” We also note that
natural experiments, like stock-out events, can have difficulty satisfying Assumption
9 because they do not let the researcher choose the product subsets. For example,
low-demand products may never stock out.

With multiple product removals, whether Assumption 9 holds depends on how the
subsets are designed. For example, suppose J = 4 and some consumers are offered

one of two alternative product sets, each with two products removed: {1,2} or {3,4}.

341 the discrete choice case, the outside (no-purchase) option is always available.

% An important distinction between second-choice data and randomized product availability is
in who faces which product subset(s). With randomized availability, each consumer faces only one
subset or the full menu. With second-choice data, it is as if each consumer faces every product
subset, in addition to facing the full menu.
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Then, the first condition of Assumption 9 is satisfied but the second is not; product
2 is not included in the subset that excludes product 1, and vice versa. Presenting
all (4 choose 2) = 6 pairs of products would satisfy the condition. Although, we can
achieve coverage with even fewer subsets of product pairs. For example, the four two-
product sets {1,2}, {1,3}, {2,4}, and {3,4} satisfy both conditions in Assumption
9. Every product appears in exactly two of them, and no two products appear in the
same two. So, coverage is achieved with four subsets rather than six.

Importantly, Assumption 9 does not require many product subsets when they are
designed carefully. The design of such subsets is a case of the well-studied “com-
pletely separating system” problem (Dickson, 1969; Spencer, 1970). Fix N such that
<L N% J) > J and assign each product a distinct label consisting of | N/2] of the indices
{1,...,N }.36 Then, offer product set n to the products whose labels contain n. Each
product is excluded from about half of the subsets, and every ordered pair (k,j) is
separated: product j’s label contains some index that product k’s label does not,
since the two labels are distinct and have the same size.

The requirement that (LN]\/[2 J> > J is necessary; no design with fewer subsets
satisfies Assumption 9.*" So, N = 5 subsets suffice for J = 10 products, N = 6
for J =20, N =8 for J = 50, and N = 9 for J = 100. In general, the minimum
required N grows with log, J rather than with J. We note that subsets removing
many products at once are more demanding in other respects, which we discuss in
Section 4.3.

4.2.1 Experimental Variation

Here, we consider VPA induced by experimental variation in the product set each
consumer actually faces within a market, with data on revealed quantities given the
product set offered. Let @);7; denote the quantities consumer ¢ demands when offered
product set J in market ¢, and let 3 7(Cy) = E'[Q;7; | C;y] denote the corresponding
demand function. We impose an index restriction on demand for each product subset,

similar to Assumption 1 for the full product set.

Assumption 10. (Index Sufficiency for Product Subsets) For each J € {7},

6| N/2] denotes the largest integer no greater than N/2; e.g., |5/2] = 2 and [6/2] = 3.
3TLet T; € {1,..., N} index the subsets that include product j. Assumption 9(ii) requires T; Z T,
for all j # k, so no T; may contain another. By Sperner’s theorem, at most (L N]\/lz J) such sets exist.
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37(Cy) = 017 (V7 (Zit, X 74, Z5¢), Pg, X 7¢), where v7(-) collects the components of
v(+) in Assumption 1 for the products in J.

Assumption 10 is an intuitive, albeit substantial, extension of the index sufficiency
condition in Assumption 1. It implicitly imposes index consistency across offered
product sets: removing products does not change the quality index for the products
that remain. Notably, Assumption 10 holds under Assumption 1’, which is how
Section 4.1 obtains index sufficiency for single-product removals. Although, we stress
that Assumption 10 is not limited to the discrete choice setting.

Next, let consumer 7’s decision rule be the random function that determines Q); 7,
for each product set J that could be offered. We assume that product sets are

assigned exogenously w.r.t. this decision rule.

Assumption 11. (Exogenous Product Sets) (i) J;; is independent of consumer i’s
decision rule, conditional on Cj; and (i) Pr(J; = J | Cy) > 0 for J = {1,...,J}
and for each J € {jn}ile.?’g

Assumption 11(i) requires product sets to be assigned independently of consumers’
decision rules, so variation in product sets is exogenous. This is a substantial restric-
tion; e.g., it may not be satisfied by natural experiments like stock-outs, which can
depend on consumers’ decisions.™ Part (ii) says that every consumer can face the full
product set, and each alternative product set, with positive probability. Second-choice
data satisfies both trivially, since it is equivalent to a setting where every consumer
faces every (hypothetical) alternative product set as well as the full product set. Next,

we assume that demand for each product subset is invertible in its quality index.

Assumption 12. (Product Subset Invertibility) For each (p,z,J) € PX x {T,}N_,,
the function o\7(-,p7,75) is injective on G (p, x).

Under Assumptions 9-12, we can hold v_, fixed by fixing the shares on the alter-
native product sets, generalizing the identification strategy in Section 4.1. To that
end, we fix shares for all the alternative product sets that exclude product k but al-

low shares to vary when the full product set is offered. By Assumption 9, each non-k

%1n the discrete choice model of Section 2.1, the decision rule is generated by U, () and utility
maximization. Assumption 11(i) is then implied by J;; 1L Uy(+) | Cyy.

% Under additional assumptions, Conlon and Mortimer (2013) argue that stock-outs can also
fulfill the exogeneity condition. The requisite assumptions are straightforward but may be difficult
to verify, whereas experimental variation can guarantee exogeneity by design.
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product is represented in at least one product subset that excludes k, so fixing shares
for those subsets fixes the quality index for all non-£ products. Variation in the shares
when all products are offered is then driven only by variation in the quality index for
k. We use this intuition to construct sequences of markets, similar to Section 4.1.
Formally, let 5,7(z) = E[Q;7: | Zi = z,J;t] be the vector of shares for at-
tribute value z in market ¢ when offered product set J." We have Syg(2) =
017 (V7¢(2),p7¢, 7 7;) under Assumptions 10 and 11(i), since conditioning on the of-
fered product set does not select on decision rules. For each (s,p,z) € SPX, we once
again find a market ¢ such that (i) (p;, ;) = (p,z); and (ii) there is some attribute
value Z with 5, (£) = s. We then find a sequence of markets {t”}22, such that (i)
5,07 (2) = 8y7 (%) for all T € {T hys (ii) 5, 0 (2) > 54 (2) for each £ > 1; and (i)
limy_, 8,0 (2) = 5,(2). Variation in 5, (2) is driven solely by variation in -, across

these markets, so we can identify Dj_,;(s,p, ) for each j # k as

)
I

an

S0 (2) = 55 (

Dy, = li
kﬂj(s’p’ z) égglo 5; 4 (2) — Skt (

IS

Proposition 3. Suppose Assumptions 1-4 and 9-12 hold. Then, Dy_,;(s,p,x) is
identified on SPX for all k,j € {1,...,J} such that k # j.

Proof. Follows from the discussion preceding the proposition, since it applies to every
(s,p,x) € SPX and k # j. H

4.2.2 Conjoint Studies

While experimental variation is sometimes available, in most settings researchers do
not fully control the products offered to consumers. Neither do firms in oligopolistic
markets, since each firm controls only its own products. Conjoint studies offer an
alternative that is feasible almost anywhere.

A conjoint study is a survey in which each respondent completes a sequence of
hypothetical choice tasks. In the standard design, each task presents a small menu
of product profiles (e.g., brands, prices, and features) chosen by the researcher. The
respondent then selects one profile from the menu or reports the quantity of each

that they would purchase. Conjoints are cheap to run, and they are among the most

105, (2) is equivalent to 54 7(2) when J = {1,...,J} is the full product set.
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widely used tools in marketing research.*’ They have also been used in economics to
elicit preferences over hypothetical alternatives (e.g., Mas and Pallais, 2017; Wiswall
and Zafar, 2018; Kosar et al., 2022; Maestas et al., 2023).

We use a particular type of conjoint. The alternatives are the actual products
in market ¢, presented with their actual prices and characteristics. So, respondents
evaluate the same products as the consumers in the full-menu data, including the
products’ unobserved qualities =,. The only thing randomized across respondents is
which subset of products appears in the menu. Each respondent’s attributes Z;, are
recorded. Respondents are drawn from market ¢ at the time of the full-menu data,
although they need not be the same consumers and they need not be purchasers.*
Thus, this design does not exploit the ability to vary products’ profiles that makes
conjoints attractive elsewhere. What it exploits is that the researcher randomizes the
offered product sets by construction. Respondents can also report quantities rather
than a single choice, which accommodates continuous choice demand.*’

However, there is an important concern: conjoints elicit stated choices, whereas we
are interested in consumers’ actual demand. Stated choices may not match revealed
choices, and the literature on stated preferences has studied this issue at length.44 We
provide sufficient conditions for conjoints to identify diversion ratios in the presence
of stated preference bias.

Formally, the researcher still has full-menu data that contains (Q;;, Zi, P, X;)
tuples for many consumers who all face the full product set, {1,...,J}. The choices
in the full-menu data are revealed, not stated. The researcher also has access to
data from conjoint studies, where consumers are asked to state the quantities they
would choose when faced with a randomized product subset, J;;. We assume that the
conjoints and full-menu data come from the same markets. They need not be from
the same consumers, as long as conjoints are randomized as in Assumption 14 below.

Consumers facing product set J in the conjoint studies report stated quantities,

@i 7¢, which may differ from the quantity they would actually purchase, Q);7;. Similar

*Green and Srinivasan (1978, 1990) review the method, Louviere and Woodworth (1983) intro-
duce choice-based designs, and Rao (2014); Orme (2020) cover implementation. Allenby et al. (2019)
discuss the economic foundations of conjoint analysis.

*2The distribution of Z;; among respondents need not match its distribution in the market, since
our arguments condition on z. Respondents only need to cover the attribute values of interest.

43Conjoint designs that elicit quantities are sometimes called “volumetric” conjoints (Kim et al.,
2007).

*Louviere et al. (2000) review stated choice methods. See also the references in Section 4.1.
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to how @), 7 is determined by the consumer’s decision rule, Ql 7¢ 1s determined by the
consumer’s statement rule — a decision rule for stated quantities.

The stated demand function for product set J in market ¢ is 3‘ 7(Cy) =
E [Qz 7t | C’it]. We impose an index restriction on stated demand, similar to As-

sumption 10 for actual demand.

Assumption 13. (Index Sufficiency for Stated Demand) For each J € {J,}N |,
3|J(Cit> =017 (V7 (Zit; X76:Z7¢), Pre, X 71)-

We note that |7 (-, p7, z7) is defined on G (p, 7), the projection of G(p, ) onto the
coordinates in J. Assumption 13 allows the mapping from quality to stated choices to
differ arbitrarily from the mapping to revealed choices. Notably, it accommodates the
scale differences between stated and revealed choices used in some models combining
the two (Ben-Akiva and Morikawa, 1990; Brownstone et al., 2000; Feit et al., 2010),
as well as systematic over- or under-statement of purchase intentions. All are forms
of stated preference bias, i.e., 77(-) # 0)7(-).

While Assumption 13 accommodates stated preference bias, it also imposes sub-
stantial restrictions. It rules out respondents evaluating product quality differently
in the hypothetical than in the market, and it rules out any effect of the excluded
products on stated choices. Intuitively, respondents may misreport what they would
do, but they do not misperceive the products.

Next, we make some assumptions on exogeneity of product sets in the conjoints

and invertibility of stated demand.

Assumption 14. (Exogenous Product Sets II) For consumers in the conjoint studies,

(i) J; is independent of consumer i’s decision and statement rules, conditional on C;
and (i) Pr(Jy; = J | Cyy) > 0 for each J € {J,}2,.

Assumption 15. (Product Subset Invertibility II) For each (p,z,J) € PX x
{7}, the function 0,7(-,p7,27) is injective on G7(p, ).

Assumption 14 requires exogeneity of the product subsets presented to consumers
in the conjoint, similar to Assumption 11 for direct manipulation of product avail-
ability. There are two major differences. First, Assumption 14 requires these product
subsets to be (conditionally) independent of the decision rule and statement rule,
while Assumption 11 only requires independence from the decision rule. Second,

Assumption 14 does not require consumers in the conjoint surveys to face the full
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product set (although they still could). This is because we are assuming the conjoint
data is supplementing data on actual purchases from consumers in the same market
who face the full product set.

The independence condition in Assumption 14 is substantial. Notably, it does not
hold when second-choice data is used instead of conjoint analysis. This is because
second-choice data has a selection aspect; it can be seen as a combination of stated
and revealed preference data, since only those who purchased product k& when the
full product set is available are asked what their choices would be when product k
is (hypothetically) removed. All other consumers’ choices in that context are treated
as revealed: they purchased other products anyway, so the removal of product k is
assumed not to affect their choice. Independence from the decision rule is therefore
violated because the consumers who purchase product k£ are the only ones asked to
state choices when J = {1,...,k — 1,k + 1,...,J}. Thus, the techniques we use
in the remainder of the section cannot handle a situation where second-choice data
exhibits stated choice bias.

Assumption 15 imposes an invertibility condition, similar to Assumption 12 for re-
vealed choices. This assumption is similar to a key identifying assumption in Meango
et al. (2025), and we use it for a similar purpose here: it enables us to use stated
choices to control for unobserved product quality, conditional on consumer attributes,
prices, and product characteristics.

With these assumptions in place, we can straightforwardly adapt the identify-
ing argument from experimental variation (Section 4.2.1) to conjoint studies. To
that end, let 8, ,(2) = £ Qijt | Ziy = 2, J;t| be the “stated shares” for consumer
attribute value z in market ¢ when offered product subset J. We have 8, ;(z) =
017 (V71(2), gt, v 7¢) by Assumptions 13 and 14(i), since the latter implies that the
offered product set does not select on either decision or statement rules.

For each (s,p,x) € SPX, we again find a market ¢ where (i) (p;, z;) = (p, x); and
(ii) there is an attribute value Z with s, (2) = s. Next, find a sequence of markets
{9122, such that (i) 3,017 (2) = 87 (2) for all T € {T s (i) 5, 0 (2) > 5 (2) for
each £ > 1; and (iii) lim,_,» 5,0 () = 5,(2). Note that (i) involves stated choices in
the conjoints, while (ii) and (iii) involve revealed choices when facing the full product
set.

When the coverage property from Assumption 9 holds, S’t(e)‘ 7 (2) = 87 (%) for
all 7 € {J}\), implies that Vs ® (2) = v_k4 (2) for every £ in the sequence. Thus,
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all variation in chosen shares 3, (Z) is due to variation in v, @ (Z), driven solely by

variation in § . We then identify Dy_,;(s, p, ) for each j # k as

)
I

N

S50 (2) = 5 (
Dy i(s,p,a) = lim 20—
j (500 5, 0 (Z2) = 5k (

N3]

Proposition 4. Suppose Assumptions 1-4, 9, and 13-15 hold. Then, Dy_,;(s,p,x) is
identified on SPX for all k,j € {1,...,J} such that k # j.

Proof. Follows from the discussion preceding the proposition, since it applies to every

(s,p,x) € SPX and k # j. O

4.3 Summary and Discussion

Propositions 2-4 establish that three forms of VPA identify the diversion ratios
Dy_,;(-) on SPX. Table 1 summarizes how the three differ. We discuss the main

differences here, along with some practical considerations.

Relationship between the three sources. The three sources share one identifying
argument: fix the shares on the product subsets that exclude product k, which fixes
the quality index for all other products, and ascribe the remaining variation in shares
to product k’s quality. They differ in how the data on those subsets is obtained.
Second-choice data delivers the single-product removals {1,...,J} \ {k}, and only
those. We note that our results apply without change to ranked-choice data that
record additional rankings beyond the second choice, since the second choice is already
sufficient to identify diversion ratios. Additional rankings deliver further hypothetical
product sets with two or more products removed, so it is unclear what additional
identifying content they would provide in this context. Although, they may provide
over-identifying restrictions that render the model’s assumptions falsifiable.
Second-choice data effectively combines stated and revealed choices, since the
counterfactual choice is elicited only from consumers who purchased product k and is
inferred from the first choice for everyone else. Two important caveats apply: (i) the
inference from first choices relies on utility-maximizing discrete choice; and (ii) the
selection into who is asked is what prevents the stated-preference correction of Sec-

tion 4.2.2 from applying. A conjoint that shows every respondent the single-product
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TABLE 1: Three sources of variation in product availability

Second-choice data

Experimental variation

Conjoint studies

Choices observed

Who reports the
counterfactual

Product sets
delivered

Demand environment

Key source-specific

Revealed (first choice)
and stated (second
choice)

Only consumers who
purchased the removed
product

Single-product
removals

Discrete choice, utility
maximization

Discrete choice utility

Revealed

Every consumer
assigned the subset

Determined by the
experiment

General

Index sufficiency on

Revealed (full product
set) and stated
(subsets)

Every respondent
assigned the subset
Researcher’s choice

General

Index sufficiency of

assumptions (Assumption 1'); subsets (Assumption stated demand
truthful second choices  10); exogenous (Assumption 13);
(Assumption 7) assignment exogenous assignment
(Assumption 11) (Assumption 14)
Invertibility Assumption 8 Assumption 12 Assumption 15 (stated
demand)
Result Proposition 2 Proposition 3 Proposition 4
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removals is the second-choice question without the selection and applies beyond dis-
crete choice. Experimental variation removes the hypothetical element altogether,
at the cost of requiring exogenous variation in what consumers are actually offered,

which is only feasible in some settings.

Designing the product subsets. Section 4.2 shows that VPA from experimental
variation or conjoints over relatively few subsets that each remove many products
at once can identify diversion ratios. Such subsets are more demanding in other
respects. Index consistency (Assumptions 10 and 13) requires that removing several
of the products leaves the remaining products’ quality indices unchanged, which may
be a strong assumption. Invertibility (Assumptions 12 and 15) must hold on smaller
product sets. And in a conjoint, a menu with several products missing is further from
the true market scenario for respondents than a menu with one product missing.

Researchers can trade off these considerations against the cost of additional subsets.

Sub-sample sizes. The identifying arguments treat 5, 7(z) or 5,7(2) as identified
from the VPA micro data for each subset 7, each market ¢, and each consumer
attribute value z. In practice, each is a non-parametric regression on the consumers
or respondents assigned to subset 7 in market . Consumers are therefore split across
the N subsets within each market, raising potential concerns about small sample sizes
within subsets in practice. This can be mitigated by designing the subsets as described
in Section 4.2, which keeps N relatively small. Second-choice data economizes here as
well, since all consumers contribute to the data on every hypothetical single-product

removal.

Cross-market variation is still required. VPA replaces consumer-attribute-
driven variation in the identification of diversion ratios. It does not replace cross-
market variation in =,. Each of the arguments in Sections 4.1 and 4.2 uses a sequence
of markets with the same (p, z), the same shares on the subsets excluding product k,
and different shares on the full product set. Such sequences exist because =, varies
across markets (Assumption 3(ii)); they cannot be constructed within a single market.
So, VPA in micro data from multiple markets is needed for the results in this sec-
tion, and consumer-attribute-driven variation in full-menu choices in those markets

is needed for Proposition 1.
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5 Conclusion

This paper examines the non-parametric identifying content of variation in product
availability for differentiated products demand models. VPA from multiple mar-
kets point identifies marginal diversion ratios w.r.t. product quality. As a result,
consumer-attribute-driven variation is only needed to identify the own-quality deriva-
tives, and a single attribute can suffice where existing results — without VPA — require
as many consumer attributes as products. We consider three sources of VPA. Second-
choice data is familiar in the literature, but its identifying content relies on utility-
maximizing discrete choice and truthful reporting of second choices. Experimental
variation and conjoint studies accommodate general demand, including continuous
choice and behavior other than utility maximization. Conjoints do so at the cost of
relying on stated choices, and we provide conditions under which stated preference
bias does not obstruct identification.

Our results have several implications for empirical practice. Our arguments use
VPA collected across multiple markets, since they compare markets that differ only in
the unobserved quality of one product. Second-choice data suffices where it is available
and the discrete choice framework applies. A conjoint over the actual products in
each market provides the same identifying content with broader applicability, and a
relatively small number of well-designed product subsets suffices. More generally, our
results provide a non-parametric foundation for the use of VPA in demand estimation,
whether it comes from second-choice surveys, experiments, or conjoints.

Our insights also point toward future research. Our analysis of conjoints uses
VPA while holding products’ features and prices at their actual market values. Con-
joint studies in marketing typically do the opposite: they hold the product set fixed
and vary product characteristics and prices across hypothetical profiles (Green and
Srinivasan, 1990; Allenby et al., 2019), and Meango et al. (2025) use covariate varia-
tion in a similar way. Such variation is an alternative avenue for identification, and
combining the two designs may be fruitful.

Estimation with VPA is another important direction. Estimation with second-
choice data is well developed (Berry et al., 2004; Grieco et al., 2024; Conlon and
Gortmaker, 2026; Conlon et al., 2026), and Conlon and Mortimer (2010, 2013) esti-
mate demand using experimental and quasi-experimental variation. To our knowl-

edge, there is no counterpart for conjoints in our context. We have shown that identi-
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fication is possible; developing practical estimators that exploit it remains open, and

we leave this to future work.
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Appendix

Appendix A Proofs Omitted from the Main Text

A.1 Proof of Proposition 1

We first fix notation. For (s,p,x) € SPX, let D(s,p,z) be the J x J matrix with
(4, k) element Dy_,;(s,p,x) for j # k and 1 on the diagonal, and let A(s,p,x) be the
vector of own-quality derivatives, A;(s,p,x) = 9o;(v,p,x)/0v; at v = o (s, p,x).

By the definition of the diversion ratios,

do(,p,x)

0 = D(s,p,x)diag (\(s,p,x)) at y=0""(s,p, ). (3)

Assumption 4(iii) makes diag(\(s,p,z)) non-singular. So, D(s,p,z) is non-singular

exactly where do (v, p, x)/07 is, and there the Inverse Function Theorem gives

9o (s, p, x)

88 :dlag ()\(S,p,l‘))il D(S,p,.’l))_l. (4)

Since D(-) is identified on SPX by hypothesis, it suffices to identify the J scalars
A(s,p, x) wherever D(s,p,x) is non-singular.

Next, fix a market ¢ with (P, X,,Z,) = (p,z,§,). For z € Z(x), we have §,(z) =
o (g9(z,x) + &, p,x), which is continuously differentiable in z by Assumptions 4(i) and
5. Differentiating and using (3),

ds(2)
dz

9y, (Z%)
——, - ©

= D (5,(2),p,z) wy(2), where wi(z) = A; (5,(2),p, )

Here, we write g; (z,xj) to keep visible that g; depends on X, only through X,
(Assumption 1). Examining (5), the term ds,(z)/dz is identified directly from the
micro data, and D(-) is identified by hypothesis. So, w,(z) is identified wherever
D (5,(2),p,x) is non-singular. We note that w;(z) # 0 by Assumptions 4(iii) and
5. Intuitively, the diversion ratios absorb the cross-product terms, leaving one scalar
equation per product, each relating an identified quantity to the product of an un-
known function of s and an unknown function of z.

The remainder of the argument adapts BH24 to a scalar consumer attribute.
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Lemma 1 adapts their Appendix B, Lemma 2 their Lemma 2, and the proof of the
proposition their Lemma 3 and Corollary 1. Once the diversion ratios are in hand, a

single consumer attribute does the work that J of them do in BH24.

Lemma 1. Suppose Assumptions 1, 3, and 5 hold, and fix (p,x) € PX. There
is some § > 0 such that, for all z,2' € Z(x) with |z — 2’| < &, the set E(p,x) N
{E(p, x)+g (z', x) — g(z,x)} is non-empty and open.

Proof. The set is open as an intersection of open sets (Assumption 3(ii)). For non-
emptiness, take £ € E(p,x) and € > 0 with B (§,€) C E(p,x), where B(-,€) denotes
an open ball in R’. By uniform continuity of g(-, ) (Assumption 5), there is § > 0
such that |z — 2'| < ¢ implies ||d|| < 2¢, where d = g (2, x) — g(z,x). Then & + d/2
and £ — d/2 both lie in B (5, e), so & +d/2 lies in the set. ]

Any £ in the set of Lemma 1 satisfies g(z,2)+& =g (z', x) + ¢ withé =¢—-de
E(p,x). So, Lemma 1 says that nearby attribute values can attain the same quality

index in two different markets, and that there is an open set of ways to do so.

Lemma 2. Suppose Assumptions 1-5 hold, and that Dy_,;(-) is identified on SPX
for allk # j. Fiz (p,x) € PX and let § be as in Lemma 1. Then, for all z, 7' € Z(x)
with |z—2'| < &§ and each j, the ratio [0g; (z,x;) /0z] / [0g; (2, 3;) /0z] is identified.

Proof. Let A be the set in Lemma 1. The set g(z, z)+ A is a non-empty open subset of
G(p, ), which is the support of v (Z,;;, X;,Z,) conditional on (P, X;) = (p,x). So, it
has positive probability under that conditional distribution, and by Assumption 4(ii)
it contains some 4 at which do (9, p, x) /07 is non-singular. Write ¥ = g(z,x) + £ =
g (z’,x) + ¢ with € € A and ¢ = € —d, and let t and t' be the markets with
(P, X4, Z¢) = (p,x,€) and (P, X, 2y) = (p, a:,é“'). By Assumption 3(i), z and 2’ are
both in the support of Z;, in both markets, and

5(2) =0 (%,p,x) =5, (z/) 5.

Since D (8, p, x) is non-singular, (5) identifies w;,(2) = A, (8, p, ) dg; (2, ;) /0= and
Wiy (z') = A; (5,p, ) Og; (z', xj) /0z. Both are non-zero, and the unknown \; (3, p, z)

is common to the two. Dividing,

wj(2) _ dg; (z,x;) 0=z
Y~ By, (7w,) f02
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Although ¢ and ¢’ are latent, the markets ¢ and ¢ can be found in the data. Among
markets with (P, X;) = (p, z), any pair with 5,(2) = 5, (z') and D (5,(2), p, x) non-
singular serves: by invertibility of o(-,p,z) (Assumption 2), such a pair satisfies
9(z,2) + & =g (7,2) + &, so (6) holds for it. Both conditions are observable, since
D(+) is identified. O

We can now prove the proposition.

Proof of Proposition 1. Step 1 (ratios at a fived characteristic vector). Fix z € X,
any p with (p,x) € PX, and ¢ as in Lemma 1. Since Z;, is scalar-valued and Z(z)
is open and connected (Assumptions 3(i) and 5), Z(x) is an open interval. So, any
2,2 € Z(x) are linked by finitely many points {, = 2',(,...,(, = z in Z(x) with
G — Ga] <4, and

dg; (z,2;) /0= _ ﬁ 99, (¢ wy) /02
ng (Z/a%‘) [0z agj (grflamj) /0%

r=1

is identified by Lemma 2, for all z, 2" € Z(z) and each j.*°
Step 2 (ratios across characteristic vectors, and the scale normalization). Fix j,

and let z? be the reference attribute value z? (a:j, Cj(a:)) that Assumption 6 assigns to

) containing Z(z). Since z) and Z(z) lie in the same

the component C;(z) of Z; (z;

component, there is a finite chain of attribute supports Z (xo) vy 2 (xK ), each
from a market whose characteristic vector has jth coordinate x;, with z? €z (a;o),

Z (xK> = Z(x), and consecutive supports overlapping (see, e.g., van Mill, 2002,

Lemma 1.5.21). Pick ke z (:L’k_1> nz <a:k) for k = 1,...,K, and set 2° = z?
SK+1 k

and = z for any z € Z(x). Consecutive points 2 . 2*"! lie in the same support

Z (mk), so Step 1 identifies each factor in

89-(z,x~) B K Og; (2k+1,xj> [0z
Jaz j _H

k=0 0g; <2k,xj> /0z 7

where the product telescopes and the scale normalization dg; (z?, J}j) /0z = 1 closes it.

The factors compose across markets with different characteristic vectors because every

*SWith a scalar consumer attribute the chain runs along a segment. BH24 need a more general
chaining argument in their Lemma 3 because their Z(x) is a connected open subset of R’
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2" has jth coordinate x;, so 0g; (+,x;) /0= is one function throughout (Assumption
1). Thus, Jg; (z,xj) /02 is identified for all z € Z(z), all j, and all z € X."°

Step 38 (own-quality derivatives and the Jacobian). Take any (s,p,z) € SPX at
which D(s, p, x) is non-singular, which is where 9o~ (s, p, 2) /s is defined, and which
is almost every s € S(p, ) by Assumption 4(ii). So, identification at these points is
identification of o' (-, p, ) /0s wherever it exists, which is the sense in which BH24’s
Corollary 1 identifies it on S(p,x). By the definition of S(p, z), there are z € Z(x)
and a market ¢ with (P, X;) = (p, x) such that 5,(z) = s. By (5),

w;y(2)

](Sapax) ag] (Z,ZL‘j) /82’ J ) I

where the numerator is identified because D(s, p, x) is non-singular, and the denom-
inator is identified by Step 2 and non-zero by Assumption 5. Substituting into (4)
then identifies 9o~ ' (s, p, x)/0s. O

Remark 5. Beyond noting in Step 3 that D(s,p,z) is non-singular for almost every
s € S(p,x), the proof uses the non-singularity condition of Assumption 4(ii) only
through the observation, in Lemma 2, that a non-empty open subset of G(p, z) cannot
be contained in a null set. This is what allows Lemma 2 to hold for all nearby pairs
rather than almost all, so that no exceptional sets need to be tracked through the
chaining in Steps 1 and 2. In particular, the proof places no condition on the reference

attribute value z;-) beyond membership in its component.

Remark 6. The two parts of Assumption 3 play different roles. Part (i) allows the
same consumer attribute value to be used in two different markets in Lemma 2, and
makes Z(x) an interval in Step 1. Part (ii) is used in Lemma 1, which needs an open
set in £(p, x) at one price vector for each x; since Jg; (-, xj) /0z does not depend on p,
this is all that Steps 1 and 2 require, and it is the requirement in BH24’s Assumption
5. Part (ii) is also used in identifying D(-) on all of SPX (Propositions 2-4), which

requires a local perturbation of =, at every (p, ).

Remark 7. Assumption 1 plays two roles in Step 2. Because g, (-, a:'j) is the same func-

tion in every market where product j has characteristics x;, the scale normalization

*With the location normalization 9; (z?, :Ej> = 0 and the fundamental theorem of calculus on
the interval C;(x), g; (~, xj) is identified as well, as in BH24’s Lemma 3. The proposition does not use

this, and neither does the argument in Section 2.2, which absorbs g; (zO(Xt), th) into f;(P;, Xy).
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can be imposed only once per component of Z; (a:]) (Appendix B). So, the reference
attribute value z;-) need not lie in Z(x), and Step 2 has to move across markets with
different characteristic vectors to reach it. The same property is what makes those
moves free: dg; (-, xj) /0z is one function along the chain, so passing from one market
to the next requires no additional data or assumption. BH24 face neither the need
nor the shortcut. Their index depends on the full vector of characteristics, so their
normalization is imposed market by market, at zo(x), and each z is handled on its

OWIl.

It is also useful to note what the identifying variation looks like in the data. In
a market ¢t with (P, X;) = (p,x), the map z — §,(z) traces out a curve in S(p, z).
In a second market t' with the same (p, ), it traces out the same underlying curve
in the quality index, translated by , — &;. Lemma 2 uses market pairs whose curves
intersect. Such intersections are generic when dim(Z;) = J, as in BH24. Whereas,
they are not generic with a single consumer attribute. Assumption 3(ii) is what
guarantees that they occur anyway, for every sufficiently small displacement along
the curve g (Z(z), z).

A.2 Proof of Claim 2

Fix x € X. We first show that the condition on the derivatives implies the fol-
lowing spanning property: for every non-empty open interval Z C Z(z), the vectors
{0g(z,2)/0z : z € T} span R”. If not, there is a non-zero a € R’ with a’ dg(z,z)/0z =
0 for all 2z € Z. Differentiating J—1 times gives ' 0"g(z,7)/0z" = 0form =1,...,J
and all z € Z. So, the J x J matrix of derivatives is singular throughout Z. Since
a non-empty open subset of Z(z) cannot be contained in a null set, this contradicts
the condition on the derivatives.

Next, fix any p with (p,x) € PX. For s € S(p,x), let M(s) denote do(~,p,z)/0v
at y =0 '(s,p,x), and let

Z, = {z € Z(x): o (s, p, x)—g(z,x) € E(p, .75)}

be the set of attribute values that attain s in some market with (P, X;) = (p,x).
The set Z, is non-empty by the definition of S(p,x), and it is open because £(p, z)
is open (Assumption 3(ii)) and g(-, x) is continuous. For z € Z,, let ¢, be the market
with (Ptz,th,Etz) = (p,x,ail(s,p, x) — g(z,x)). By Assumptions 2 and 3(i), t, is
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the only market with (P, X;) = (p,x) and 8,(z) = s, so it can be found in the data.

Differentiating 5, (-) at z,

ds;_(2)
dz

dg(z, )
0z

= M(s)

vs(2) =

which is identified for every z € Z,. We note that do ' (s,p, x)/ds exists exactly
when M (s) is non-singular, in which case it equals M(s)™".

We now construct a non-singular matrix G(x) and identify G(x)~'9g(z, x)/dz on
Z(x). Take £ € E(p,x) and € > 0 with B (E, e) C &(p,z), and a non-empty open
interval Z C Z(z) such that ||g(z,2) — g(2',2)|| < €/2 for all 2,2" € Z. By the

spanning property, there are z', ..., 2’ € T such that

1 J
Glz) = [L’ (gz’ 2 %) (gz’ ”)]

is non-singular. Every + in the open set g(z',z) + B (E, 6/2) satisfies v — g(2',z) €
B (5_, e) for each i, so each 2" attains o(y,p, ). As in the proof of Lemma 2, this open
set contains some 4 at which do(%,p,x)/07 is non-singular (Assumption 4(ii)). Let
s$ =o0(%,p,x). Then,

M(3)G(x) = [va(zY), ... ,Ué(zJ)}

is identified and non-singular. So, h(z) = G(z) 'dg(z,x)/dz = [M(3)G(x)] " vs(2) is
identified for z € Z,.
Next, take any s € S(p,x) with M(s) non-singular, and suppose h is identi-

fied on a non-empty open subset O C Z,. By the spanning property, there are
' ...,2" € O such that H = [h(,%l), ..., h(7)| is non-singular. Then, M (s)G(z) =

[08(21),...,US(ZJ)] H™' is identified, and so is h(z) = [M(s)G(z)] " vy(2) for all
z € Z,. Let U be the set of attribute values at which h is identified by repeating
this step. The set U is non-empty and open. It is also closed in Z(x). To see this,
take any z € Z(z). The set g(z,z) + £(p, z) is open, so it contains some ~ at which
do (v, p,x)/0v is non-singular, and z € Z, for s = o(v,p,z). If z is a limit point of
U, then Z, meets U in a non-empty open set, and the step above adds Z, to U. Since
Z(x) is connected (Assumption 3(i)), U = Z(z). Since h is identified on Z(z) and
g(-,x) is J times continuously differentiable, the derivatives of h up to order J —1 are
identified as well, with 0™ 'h(2)/02""" = G(z)'0"g(z,2)/0z™ for m = 1,...,J.
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At z = 2°(z), the scale normalization gives

h(Z()(.’E)),ah (;Z<x))’7a _a};S’il(x)) :G<.’E)_1,

so G(x) is identified.

Finally, take any (s,p’, ) € SPX at which do ' (s, p/,z)/ds exists. Since g does
not depend on prices, h and G(x) are the same at p’. Applying the step above at p’,
with O = Z,, identifies M (s)G(z), and hence do ' (s, p’, z)/0s = G(z) [M(s)G(z)] "

Appendix B Normalizations

In this appendix, we show that the location and scale normalizations in Assumption
6 are without loss of generality. The argument follows BH24 (Section 2.5), with one
difference that arises from our product-specific index restriction.

Normalizations are needed because Assumption 1 does not pin down a unique

representation of (g, o). To see this, fix constants a; and b; # 0 for each j and define

It

9; (z25) = a; + bg; (2,7;) . Zje =0,Z,
U~

b.

J

o (¥,p,x) =0 (v,p,x) with v; =

Then, 7; = a; + b;y;, and (g,5) generates the same demand function 4(-) as (g,0).
So, the data cannot distinguish between the two representations, and we must select
one before asking whether ¢ is identified.*” The transformed representation satisfies
Assumptions 1-5 whenever the original does, since v + 7 is an invertible affine map.

The constants may vary across markets, but only in certain ways. First, a; and
b; cannot vary with z within a market, since &(-) must recover v from ¥ without
knowledge of 2. Second, Assumption 1 requires g; to be a function of (z,xj) alone.
So, two markets with the same x; and overlapping consumer attribute supports must
use the same a; and b;; otherwise, g; would take two different values at the same

(2, :cj). Whereas, two markets with the same z; but disjoint attribute supports can

47Assumption 1 rules out non-linear transformations of the index, which would break the additive
separability of g; (z, xj) and =j;. Transformations that mix different products’ indices are ruled out
by Assumptions 1’, 10, and 13.
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use different constants. We note that Assumption 1 only restricts the arguments of
gj; it says nothing about how the distribution of =;; varies with X,. Thus, b; may
vary with the full vector x through éjt.

The connected components of Z; (x]) capture these requirements. Each Z(x) lies
in a single component, and two markets with overlapping supports lie in the same
component. So, if we assign a; and b; separately to each component, then g; is a
well-defined function of (z,xj): the pair (z,xj) determines the component, which
determines the constants. Conversely, the constants must be common throughout
a component, since any two markets in the same connected component are linked
by a chain of overlapping supports (see, e.g., van Mill, 2002, Lemma 1.5.21). Thus,
assigning the constants per component is the finest assignment that Assumption 1
allows.

Assumption 6 selects the representation component by component. Fix a compo-

nent C of Z; (IJ) and its reference attribute value z? = z? (xj, C). Setting

b — 1
T dg; (ZQ x;) [0z

777

and a; = —b;g; (z?, xj)

gives 0g; (z?,:r:j) /0z = 1 and g; (z?,:cj) = 0. This requires dg; (z?,:cj) [0z # 0,
which holds by Assumption 5 at every z € Z(x), and thus at every z € Z; (x])
So, the normalization itself does not restrict the choice of reference attribute value.
Neither does the proof of Proposition 1, which uses only that z? lies in the component.
Every representation satisfying Assumption 1 thus has exactly one affine counterpart
satisfying Assumption 6. The normalization restricts the representation of demand,
not demand itself: neither 4(-) nor 3(-) is affected.

Three remarks are in order. First, the normalized representation has a convenient
interpretation. Since g; (z?, xj) = 0, the quality index at the reference attribute value
is (z?, zj, fjt) = &j1- S0, Zj; is measured in units of the quality index, and the scale
normalization sets one unit of the index equal to one unit of z at the reference attribute
value. These units are specific to the component. Thus, realizations of = from
markets in different components of Z; (mj) are not directly comparable. This has no
consequence for our results. Markets in different components have disjoint consumer
attribute supports, and the arguments in Sections 3 and 4 never compare shocks across
components. The instrumental variables step in Section 2.2 pools markets across

components, but it is unaffected: F [ét | Wt,Xt} = 0 whenever F [Z, | W,, X,] = 0,
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since b; depends only on X;, and completeness of (P, X;) | W,, X, does not involve

=

Second, the normalizations play no role in identifying the diversion ratios (Propo-
sitions 2-4). Each Dj_,;(v,p, ) is the ratio of two derivatives of o(-) w.r.t. the same
index, 7;,. A change of representation multiplies both derivatives by 1/b;, which can-
cels. So, Dy_,;(s,p,x) is the same function of (s,p, ) in every representation, and
Propositions 2-4 identify it without selecting one. A normalization is only required
to identify g(-) — and with it A(-) and do~'(-)/0s — in Proposition 1.

Third, we compare our normalizations to those in BH24. BH24 allow 7 =
A(x) + B(z)y for any non-singular B(z), since their index is not product-specific,
and they normalize at a reference attribute value z°(z) chosen separately for each
x. Assumptions 1’, 10, and 13 rule out mixing across products. So, the admissible
transformations here are a subset of theirs, and fewer restrictions are needed to select
a representation: two per product on each component of Z; (xj), rather than J* + J
for each . Whereas, our normalization must be imposed across markets rather than
market by market. The reference attribute value z? is shared by every market in the
component, and it lies outside Z(z) for many of them. So, the proof of Proposition 1
has to chain across markets with different characteristic vectors to reach z?. Notably,
the product-specific index restriction is also what makes this chaining possible, since

dg; (-, ;) /0= is one function across all markets sharing ;.
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