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Abstract

Data that cannot be used for prediction can nevertheless make additional observations
more valuable. I study a firm that learns the effects of many independent covariates from
past individuals to predict outcomes for new ones. When all covariates are available
at prediction, returns to observations diminish. But sufficiently informative covariates
observed only after prediction can generate increasing returns in small samples. The
mechanism is a learning spillover: each covariate reduces the noise in estimating the
effects of others, making covariates complements despite their statistical independence.
This complementarity also affects the division of gains from combining data. If separate
owners of covariates charge their marginal contributions, their claims exceed the value
of the combined dataset. A learning multiplier, measurable from the firm’s validation

learning curve, quantifies these spillovers.
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1 Introduction

Suppose a search engine buys data to improve its predictions of which results users will click.
It can buy more search records or more characteristics of users already in its records. If each
supplier demands what the engine would lose without its data, the engine may afford to buy
from every supplier of records but not from every supplier of characteristics. The reason is
that observations can be substitutes while covariates are complements. The distinction also
matters for pricing data access. Under the Digital Markets Act, gatekeeper search engines
must share query, click and view data with rivals on fair, reasonable and non-discriminatory
terms. Setting these terms requires knowing how much recipients gain from additional data
and how those gains vary with the data they already hold.!

The evidence on returns to data is divided. Demand forecasts and image classifiers improve
at a diminishing rate with the number of observations they learn from (Bajari et al. 2019;
Varian 2019), and the UK competition authority found that the returns to click-and-query data
diminish rapidly (Competition and Markets Authority 2020). By contrast, adding covariates
to a model that predicts health outcomes can raise accuracy at an increasing rate (Carballa-
Smichowski et al. 2025), and on a search engine, the gain from further searches rises with the
length of user histories while these are short (Schafer and Sapi 2023). Moreover, a US court
found that search engine rivals given access to Google’s data would “keep getting better at a
faster and faster rate up to some point”(United States v. Google LLC 2025),

This paper reconciles these findings by distinguishing data by when they become avail-
able. A firm learns from records of past individuals and predicts a target variable for a new
one. Most covariates are available when the firm predicts, so it observes them for the new
individual too. Some become available only after the prediction, so the firm observes them
only in its records; I call them post-prediction covariates. In search, the query and a user’s
past searches are covariates, and her next search is a post-prediction covariate. A dataset thus
has three margins: scale, the number of observations; scope, the number of covariates; and
post-prediction scope, the number of post-prediction covariates. Economic models of the value
of data treat data as one-dimensional. Yet two datasets with the same number of entries can
differ widely in value (Figure OA.5 in the Online Appendix), and post-prediction covariates

change the sign of the returns to observations.

Learning noise and the learning multiplier. The target variable is a linear combination
of many independent covariates, some of which no firm observes. The firm learns the weight
of each covariate from its sample as a Bayesian and knows its signal, the share of the variance
of the target variable that it explains. The value of a dataset is the sum, over the covariates
the firm observes for the new individual, of each signal times the fraction of the weight that

the firm learns, so a post-prediction covariate adds value only by helping the firm learn the

'European Union (2022, Article 6(11)).



other weights. When covariates are many, the firm learns each weight as if it were the only
unknown, against Gaussian noise whose variance, learning noise, is the validation error of its
model. Lower noise lets the firm learn every weight better, which lowers noise again, so every
change in the data moves learning noise by its first effect times the learning multiplier, 1 + a.
The firm can measure it: a sample one percent larger lowers validation error by « percent, so

«a is the elasticity of its learning curve, a sufficient statistic in the sense of Chetty (2009).

Returns to data. When every covariate is available at prediction, returns to scale, the re-
turns to observations with the covariates held fixed, diminish at every scale. Each observation
lowers the noise against which the firm learns from the next, but once the firm has learned a
weight, it spends further observations on weights with less signal and on averaging out what
its covariates leave unexplained. Returns to scope, the returns to covariates with the sample
held fixed, can increase: each covariate is worth its learned signal plus its spillover, the value
it adds by helping the firm learn every other weight, and the spillover can rise faster than
signal declines, which can account for the increasing returns to health covariates. Groups
of covariates exhibit economies of scope at every scale, even when returns to scope diminish.
Scale and scope are complements while the firm has learned, on average, at most half of the
weights it applies, which accounts for the complementarity between searches and the length

of user histories.

Post-prediction covariates. Post-prediction covariates overturn diminishing returns to
observations. When they carry more signal than the covariates, the firm spends its first ob-
servations mostly on their weights, which it learns fast but cannot apply. Value is then either
concave or S-shaped in scale, and it is S-shaped if and only if the squared signal of the post-
prediction covariates exceeds a critical mass, which is low when each covariate carries little
signal. In search, each term of a query carries little signal about which result the user will
click, and her next search carries much. Increasing returns in small samples can account for
the court’s finding(United States v. Google LLC 2025), and diminishing returns in large sam-
ples for the evidence that the competition authority reviewed. Post-prediction covariates also
complement covariates, so data that the firm cannot use when it predicts can create increasing
returns to the data that it can. A purpose limitation, which lets a firm learn from a covariate
but bars its use at prediction, costs the firm only the covariate’s learned signal, while a ban

on collecting it also costs its spillover.

The market for data. The same curvature determines who captures the value of data.
Spillovers make covariates complements, so when each of many small holders is paid its
marginal contribution, holders of covariates together claim 1 + « times the value of the data.
Bilateral bargaining with them breaks down when holders are strong, an anticommons (Heller

1998) that @ measures, and covariates are worth most when generated under common own-



ership, as in ecosystems of services to the same users. Observations without post-prediction
covariates are substitutes: their holders together receive the share a(1 — R*)/R? < 1 of value,
where R? is the validation R?, and gain by bargaining together, as proposals for data unions
envisage. A learning curve and a held-out sample therefore measure how far data depart from
the constant returns under which marginal payments exhaust value (Wicksteed 1894). Post-
prediction covariates often travel with observations, as the next search does with a search
session, and observations that carry a critical mass of them are complements while they are
scarce: their holders claim more than value, and an entrant that must buy them faces the an-
ticommons that a buyer of covariates faces. Three policy conclusions follow. Vesting in each
individual the rights over her observation, including every covariate on her, as portability
rights do, integrates complements and ensures that bargaining closes, unless her observation
carries a critical mass of post-prediction covariates. When regulation mandates access, pay-
ing each holder of covariates the learned signal of its group divides value without exceeding
it and lies in the core. Anonymization that strips each user’s next search from shared sessions
makes them substitutes, which help the smallest rival most. These are effects on how value is

divided; their effects on prices and welfare depend on how firms compete.

Related literature. Economic models specify the value of data in reduced form to study
competition (de Corniére and Taylor 2025; Hagiu and Wright 2023; Priifer and Schottmiiller
2021) and growth (Jones and Tonetti 2020), or model data as signals about one unknown state
(Farboodi and Veldkamp 2026; Veldkamp and Chung 2024); data have one dimension, and
increasing returns, when present, are assumed or come from feedback between data and de-
mand. To my knowledge, this is the first theory in economics in which increasing returns to
data, in both scale and scope, arise from learning alone, with independent covariates and an
optimal predictor, and the first to tie increasing returns to scale to a class of data. In inde-
pendent and contemporaneous work, Schafer (2025) obtains increasing returns to covariates
from their correlation, with known weights. Models of data and information markets take the
value of data as a primitive (Acemoglu et al. 2022; Bergemann et al. 2022; Jones and Tonetti
2020), treat data as general information structures (Bergemann and Bonatti 2024; Bergemann
et al. 2018), or study externalities among individuals whose data are correlated (Acemoglu et
al. 2022; Bergemann et al. 2022; Choi et al. 2019). Here value follows from how the firm learns,
and its curvature determines how bargaining divides it: the division depends on whether the
parts are substitutes or complements (Horn and Wolinsky 1988), machine-learning practice
values data by marginal contribution (Ghorbani and Zou 2019), and the learning multiplier
gives both a measurable form. Consent-based privacy regulation can favor large firms (Camp-
bell et al. 2015; Johnson et al. 2023); here it weighs most on small firms when behavioral data
recorded after the prediction reach the critical mass.

Radner and Stiglitz (1984) show that the marginal value of information is zero at no infor-

mation, so the value of information is not concave. Here the marginal value of an observation



is positive at no information, and the value of observations can be convex because the firm
learns many weights from the same observations and applies only some of them. Borgers
et al. (2013) characterize when two signals are complements in every decision problem, for a
decision maker who knows how they relate to the state; here the firm learns that relation. The
fixed point that defines learning noise is the Silverstein-Bai equation for the spectrum of a
sample covariance matrix (Silverstein and Bai 1995), which underlies the asymptotics of ridge
regression (Dobriban and Wager 2018; Hastie et al. 2022). I prove the representation directly,
from how the firm learns each weight at a given noise and an identity for the degrees of free-
dom of the sample, which allows post-prediction covariates and makes the multiplier explicit
(Online Appendix OA.4.1). Theorists of scaling laws use the same features to learn and to
predict (Bahri et al. 2024; Bordelon et al. 2024), so returns to scale diminish (Proposition 1(i)).
Machine learning calls post-prediction covariates privileged information and shows that it
can speed up learning (Vapnik and Vashist 2009); here it makes returns to scale increase, and
the composition of the data matters, as researchers in machine learning have argued (Sorscher
et al. 2022).

Roadmap. Section 2 presents the model. Section 3 characterizes the value of every dataset
and derives the learning multiplier when every covariate is available at prediction, and Sec-
tion 4 studies the returns to scale and scope in that baseline. Section 5 adds post-prediction
covariates, and Section 6 studies how bargaining divides the value of data among its holders.
The Appendix contains the proofs; the Online Appendix contains simulations, further results

and connections to statistics.

2 Model

A firm predicts a scalar target variable for a target individual. To do so, it observes the target
variable and some covariates for a sample of other individuals, the training sample, and some
of these covariates for the target individual. Some covariates become available only after the
firm predicts, so the firm observes them in the training sample but not for the target individual.
The firm chooses the size of the sample and which covariates of each kind to observe. I ask

how much the firm lowers its expected prediction error with each choice.

2.1 Data-Generating Process

There are K potential covariates. Individuals are indexed by i = 0,1, 2,...: the firm predicts
for individual 0, the target individual, and learns from individuals 1,..., N, for a sample size
N that the firm chooses (Section 2.2). For each individual i, the target variable is a linear

combination

Yi :x;ﬂ,



where x; € RX is the covariate vector of individual i and B € RX is a vector of unknown

weights common to all individuals.?

Weights. The weights are independent of the covariates, and they are mutually independent
zero-mean Gaussians, § ~ N (O, o’ IK). The variance o* > 0 measures prior uncertainty

about how covariates map into the target variable.

Covariates. Covariates are independent across individuals and across coordinates:

K
Wi 1
x-~./\f(0,—), wr >0, —szl.
ik K k K & k

The target variable therefore has variance V(y;) = ¢?, and covariate k explains the fraction
wy/K of it. I call wy the signal of covariate k.> The signal averages one whatever the number

of covariates, and the firm knows the signal of each covariate.

Unknown weights, independent covariates. Weights have zero mean, so the firm cannot
tell whether the target variable rises or falls with a covariate.* With independent covariates,
the firm cannot use one covariate as a proxy for another, so all interactions between covariates
arise from learning about the weights. Simulations with correlated covariates reproduce the

patterns of the returns in Section 4 (Online Appendix OA.2.5).

2.2 Datasets

Covariates differ in when they become available. The first S covariates, k = 1,..., S, are avail-
able when the firm predicts, so the firm can observe them for every individual, in the training
sample and for the target individual. The next P covariates, k = S + 1,...,S + P, become
available only after the firm predicts, so the firm can observe them for past individuals in the
training sample but not for the target individual. I call them post-prediction covariates, and I
reserve the word covariates, without qualifier, for the first kind when the two are contrasted.
What matters is availability at the time of prediction: a post-prediction covariate can be re-
alized before or after the target variable. In search, a user’s next search is a post-prediction
covariate: the engine records it for past queries, but it is unavailable when the engine ranks

results for a new one. The remaining covariates are never observed.

2The model has no idiosyncratic error. With many covariates, every covariate outside the sample acts as
Gaussian noise whose variance is its signal (Step 2 of the proof of Theorem 1), so an error independent of the
covariates enters exactly as covariates that the firm never observes.

$Heterogeneous prior variances add nothing. If x;z ~ N(0, ar/K) and B ~ N(0, ct), rescaling covariate k
by the known constant ,/ci yields this model with signal proportional to aicx and leaves value unchanged.

*With a known nonzero prior mean, value gains a term independent of the training data, and the noise that
the firm faces when it learns the weights rises. I measure the value that data add to prior knowledge.



Within each kind, covariates become available in the order of their index, for instance as
the firm acquires sources or as its engineers add features to a model. The order places no
restriction on how signal varies with the index. A firm free to choose the order would take
the covariates of each kind in decreasing order of signal, which weakly raises the value of
every dataset (Proposition OA.1 in Online Appendix OA.3.2).

The firm chooses a dataset D = (N, S,P) € N3, with S < S and P < P: it observes the
target variable of N training individuals, the first S covariates of the training individuals and
of the target individual, and the first P post-prediction covariates of the training individuals.

The firm therefore observes the data

N
dD = ((yia xils ceey xiSa xi,§+1s ceey xi"§+P)i:1’ (x01, ooy xOS) )3
which are empty for the empty dataset Dy = (0,0, 0).° Figure 1 depicts a dataset.

post-prediction

covariates covariates
y signal
N training
individuals
S S
first S first P
target
individual ' . y
first S

Figure 1. A dataset D = (N, S, P) with K = 12: seven covariates and five post-prediction covariates, each kind in
the order in which its covariates become available; bars show their signal. Shaded cells are observed: the target
variable y, the first S covariates and the first P post-prediction covariates of each of the N training individuals,
and the first S covariates of the target individual, whose target variable the firm predicts.

2.3 Prediction and the Value of a Dataset

Predictors and risk. A predictor for dataset D is a measurable function y of the data dp.
The firm incurs quadratic loss (y, — 7)*. The Bayes risk of D is the lowest expected loss any

predictor for D achieves,
R(D) = inf E[(yo — (dp))’].

>The firm could also observe for the target individual a covariate absent from its training sample. Such a
covariate adds no value: weights and covariates are symmetric about zero, so the posterior mean of its weight
is zero (Remark 1 in the Appendix).




Value. The value of dataset D is the fall in risk relative to predicting without data,
V(D) = R(Dy) — R(D).

Validation error. A firm can measure its error only on individuals whose target variable
it observes, such as an individual that it sets aside from its training sample. For such an indi-
vidual, it observes every covariate in the sample, post-prediction covariates included. Write
d}? for the data dp, together with x5, ,, ..., Xy 5.p. The validation error of D is the Bayes risk
with these data,

R™(D) = iry}f E[(yo — 9(d5))*],
and 1 — RV¥(D) is the validation R.
Order on datasets. Datasets are ordered componentwise: D < D’ if and only if N < N,

S < § and P < P’. Because the covariates of each kind enter every dataset in the same order,

the firm observes under a larger dataset everything it observes under a smaller one.

3 Value and the Learning Multiplier

This section characterizes the value of every dataset and then specializes to datasets without
post-prediction covariates, in which one feedback loop, the learning multiplier, governs how

the firm learns.® Proofs are in the Appendix.

3.1 Learning and Prediction

Under quadratic loss, the best predictor is the posterior mean, y;, = E[y, | dp], and the value

of a dataset is the variance of the target variable that this predictor explains:

V(D) = V() — E[V(y | dp)] = V() (1)

Value rises with the dataset, because a larger dataset reveals everything a smaller one does.”
Write yy € RN and Xp € RVC*P) for the target variables and the covariates that the firm
observes for the training individuals, and mp = E[f | yn, Xp] for the posterior mean of the

weights, with mp = 0 when N = 0.

®Table OA.1 in the Online Appendix lists every object with the page on which it is defined.

"Both facts hold for any square-integrable target variable (Online Appendix OA.3.1), so the optimal predictor
never overfits: its expected error is nonincreasing in the sample size and in the number of covariates the firm
observes.



Lemma 1 (Learning and prediction). For every dataset D = (N, S, P),

s s s

x 1

Vp = Z xokmpx  and V(D)= Z V(1) V(mp ) = X Z wi V(mp ),
k=1 k=1 k=1

and each V(mp ) is nondecreasing in D.

The variance of a learned weight, as a share of the prior variance, V(mp)/c* € [0,1],
is the fraction learned of the weight. The sample, post-prediction covariates included, de-
termines the fractions learned; the covariates observed for the target individual determine
which learned weights the firm applies. A post-prediction covariate therefore adds value as

an observation does, by improving what the firm learns about the weights it applies.®

3.2 Learning with Many Covariates

At finite K, what the firm learns about one weight depends on what it learns about every
other. When covariates are many, the firm learns each weight as if that weight were the only
unknown and the rest of the target variable were Gaussian noise whose variance, learning

noise, is the same for every weight and is the limit of the validation error.

Units, profiles and margins. From now on, 6% = 1, so value is the expected out-of-sample
R? of the firm’s predictions and the fraction learned of covariate k is V(mp ).’ I let the number
of potential covariates grow, holding fixed the shares of covariates, 3, and of post-prediction
covariates, p, and how signal varies along each order. Two signal profiles, v, on [0, 5] and w,
on [0, p], describe the signals: the covariate at position u of its order has signal w(u), and the
post-prediction covariate at position u has signal w,(u), so that w = w,(k/K) for k < S and
wsyj = wp(j/K) for j < P. A decreasing profile describes covariates that become available in
decreasing order of signal, and a step profile describes groups of covariates of similar signal;
Appendix A states the construction precisely. Scale n, scope s and post-prediction scope p
approximate N /K, S/K and P/K. A sample that contains the first s covariates and the first p

post-prediction covariates leaves out the signal

E(s, p) El—Asws(u) du—/op wp(u) du,

the prediction error of a firm that knew the weights of all the covariates in its sample and

observed them when it predicts.

8Lemma 1 uses only that weights and covariates are independent, centered and square-integrable, and it
holds for every set of covariates in the sample and every subset of them observed for the target individual.

Dividing the target variable by o divides every weight by . The firm knows o, so the rescaled data carry
the same information, and value, a variance, is divided by &2.



Assumption 1 (Many covariates). The firm chooses a dataset Dx = (N, S, P) for each K, and

as K — oo,
N S P
E—>n€(0,00), §—>s€[0,§], E—»pe[o,p], E(s, p) > 0.

The condition E(s, p) > 0 states that the sample leaves out some signal. It keeps the noise

that the firm faces when it learns the weights away from zero.

Learning a single weight. Suppose that the firm observes the target variable and one co-
variate, of signal w, for N = nK individuals, and that everything else in the target variable
is Gaussian noise of variance E. Each observation carries precision x3 /E about the weight,
which averages «w/(KE), so the sample carries precision rw, where 7 = n/E is the precision
per unit of signal (the prior has unit precision). The fraction learned of the weight is then
{(tw), where #(x) = x/(1 + x) for x > 0 is the share of the posterior precision that comes
from the data. At a given precision, the firm learns the weights of covariates with more signal
better. Once the firm applies its learned weight, the covariate explains the share w #(7w) of

the variance of the target variable, its learned signal.

Learning noise. The noise on each weight is the signal of the covariates outside the sample
plus the signal of the other covariates in the sample that the firm has not learned. Each
covariate carries a vanishing share of the signal, so the noise is the same for every weight. If

the firm learned every weight at precision 7, the value of the covariates that it applies would
be

u(r,s) = /Os w(u) f(rws(u)) du,

and the noise on each weight would be

P

e(r;s, p) = E(s, p)+/os cos(u)[l—l’(ra)s(u))]du+/ cop(u)[l—l’(w)p(u))]du =1-u(r, s)—/

0 0

(2)
the prediction error of a model whose weights the firm learns at precision 7, for an individual
whose covariates in the sample, post-prediction covariates included, the firm observes. The
error falls as precision rises, from e(0; s, p) = 1 toward E(s, p); write e, = de/dr < 0. This
error is also the noise on each weight, and precision is scale per unit of noise, so noise and
precision must satisfy E = e(r; s, p) and 7 = n/E. An individual that the firm sets aside from
its sample is such an individual, so this error is also the validation error of Section 2. Value,
validation error and the fractions learned are expectations over the draw of the sample, so the

limits below are limits of numbers.

Theorem 1 (Learning noise). Under Assumption 1:

p

wp(u) f(rw}.



(i) the system
t° =n/E", E* =e(t";s, p), Y =u(r",s) (3)

has a unique solution (T*(n, s,p), E*(n, s, p), V(n, s,p)), at which E* € [E(s, p), 1];

(ii) as K — oo, the fraction learned of every covariate in the sample, of either kind, converges,

uniformly, to its single-weight value at precision 7*,

m_ax _ |V(mDK,k) - [(T*(A)k)‘ — 0’
k<S or S<k<S+P

so V(Dg) — V and R (Dg) — E*.

Icall E*(n, s, p) the learning noise and 7*(n, s, p) the precision at learning noise. When the
margins are fixed, I suppress their arguments; a star marks an object evaluated at learning
noise.'’ Noise is the signal that the firm has not learned, of covariates of either kind, and
value is the learned signal of the covariates that the firm applies. Precision therefore acts as
an intermediate input: the firm produces it from observations and, by lowering noise, from
covariates of either kind, and it uses it to learn the weights of the covariates it applies. Vali-
dation R?, 1 — E*, exceeds value by the learned signal of the post-prediction covariates, which

the firm learns but cannot apply (Section 5).

The baseline. Until Section 5, the firm’s sample contains no post-prediction covariates,
p = 0, and I drop the argument p: e(z;s), E(s), 7°(n, s), E*(n, s) and V(n, s). Then e(r;s) =
1—v(r, s), so value and learning noise sum to one: value is the validation R?, and the learning
curve is one minus value. Equal signals illustrate the system. If every covariate has signal
one, every weight in the sample has the same fraction learned, x = #(7*); noise is E* = 1 — sx

and x = n/(n+ E*), so

x = 2n and Y(n,s)=sx

n+1+.(n+1)>?—4ns

(Corollary OA.1 in the Online Appendix). The fraction learned of each weight rises with scale

and with scope: a further covariate lowers the noise against which the firm learns every other

weight.

3.3 The Learning Multiplier

From here on, I fix n > 0, s > 0 and p with E(s, p) > 0. Every margin acts on learning noise

through a feedback loop: lower noise means more precision, which raises the fraction learned

197 treat the limit as an approximation to a large but finite environment; in the simulations of Online Ap-
pendix OA.2.2, it is close to simulated value already with 100 covariates.

The profiles are positive, and each is continuously differentiable near the marginal position, s or p, whenever
I differentiate with respect to that margin; a step profile satisfies this away from its jumps.

10



092 L ___ 25 R SR Figure 2. Learning noise as a fixed point. Sig-
nal w,(u) = ce %% on [0, 5] for covariates,
with § = 0.65; never-observed covariates fill
the remaining positions, with signal 2 on the
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from 0.25 to 0.5. Section 5 turns the covariates
of signal 2 into post-prediction covariates.

0.84 0.88 0.92

learning noise E

of every weight in proportion to the part still to learn, and the newly learned signal leaves the
noise. The loop multiplies the effect of every margin, and the elasticity of the firm’s learning
curve measures it.

In the baseline, write ¥(E;n,s) = e(n/E;s) for the error at the precision that noise E
implies. Learning noise is the fixed point of this map, E* = ¥Y(E*; n, s) (Figure 2). When the
noise at which the firm learns falls by one unit at fixed scale, precision rises by n/E*?, and
each unit of precision lowers the error by —e,. The error therefore falls by the slope of the

map,

_9¥(E*;n,s)  n

P’ = —
oE E*?

(—e,) = %/0 ws(u) f(r*ws(u)) [1 - t’(r*a)s(u))] du :
the learned signal of a covariate of signal w rises by w#(7*w) [1 - t’(r*a))] /E*, the speed at
which the firm learns its weight (Lemma 2), and the error falls by the sum of the speeds over
the sample. The slope is the strength of the feedback loop.

The strength of the loop determines the learning multiplier 1+ o, where a = ¥/ /(1-Y’) €
[0, 00) is the amplification: a unit fall in noise lowers noise by a further ¥/, then by ¥’?, and
the falls sum to 1 + ¥’ + ¥"? + .- = 1 + a."? Differentiating E* = ¥(E*; n, s) with respect to
x € {n, s} gives dE* /ox = (1 + @) 0¥ /dx: the total effect of a margin on learning noise, and
through 7* = n/E* on precision, is its impact, the effect at given noise, times the multiplier.
The staircase of Figure 2 shows these falls after a rise in scope. With equal signals, ¥/ = sx?/n,
so the loop strengthens with scope.

Write ¢, = #t*wy(s)) for the fraction learned of the marginal covariate, and v, =
ov(t*, s)/at for the value of precision. In the graph of the system in Figure 3, scale enters
through precision: at given noise, a sample larger by one percent is one percent more precise.
Scope enters through noise: once the firm learns the weight of a new covariate, its learned

signal leaves the noise. Precision raises value, scope also raises value directly, and noise and

2The sum is finite because ¥’ < 1: the right side of n = re(r; s) rises with precision, at the rate E*(1 — ¥’) at

*

T.
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precision feed back on each other.

+1

log scale Inn

-1
—

log learning log precision
noise In E Int R
) S %UT

scope s o) L/E" 7

Figure 3. How the margins affect value. The graph represents Equation (3), with scale, noise and precision in
logs. Each arrow shows the partial derivative of the variable at its head with respect to the variable at its tail,
with the other variables fixed. The arrow from noise to precision is the identity In 7 = In n — In E; the loop has
strength ¥/, the product of its two arrows, and multiplies the impact of every margin on noise and precision by
1/(1 — ¥) (Section 3.3).

Measurement. By Theorem 1(ii), learning noise is the limit of validation error, which the
firm can estimate from its training sample by cross-validation; a firm that fits ridge regression
with a cross-validated penalty, or runs approximate message passing, attains the value in
Theorem 1 (Online Appendix OA.4.3). The validation error as a function of the sample size,
N — R(D), is the firm’s learning curve. In Figure 3, the path from scale to noise has arrows
1 and —¥’, so, with the multiplier, a sample one percent larger lowers learning noise by (1 +
a)¥’ = a percent: @ = —dInE*/dlnn is the elasticity of the learning curve. The firm can
estimate it by refitting its model on nested subsamples of its training sample and regressing
the log of the cross-validated error on the log of the subsample size near the full sample. The
multiplier is a sufficient statistic in the sense of Chetty (2009): whatever the signal profile,

precision rises by 1 + « percent when the sample grows by one percent.

4 Returns to Data

When the firm applies every weight it learns, returns to observations diminish at every scale,
while spillovers on the weights of other covariates can make returns to scope increase and
make any two fixed groups of covariates complements.

By Theorem 1, V(n, s) = v(r*(n, s), s); subscripts denote partial derivatives of v, evaluated
at 7*. Hence
ov ot 2% at” ot"  1+a ot~ n

— =v, —, — =ws)t; +v, —, —
on on as () s on E*

os - E*2

= wy ()t (1 + ).

>

The first term of 0V /9s is the direct effect of a covariate, its learned signal at given precision.
I call the second term its spillover, because it is the value of learning, at higher precision, the

weights of the other covariates. The precision that each margin adds is its impact times the
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multiplier (Section 3.3). Precision has positive and diminishing value:

v, = /S a)s(u)z(l - {’(r*ws(u)))zdu > 0,

. S o 3 (4)
! s d
Uy = _26 v, <0, where ¢, fos (T © (u))2 !
fo t’(r*ws(u)) du

*

is the average fraction learned of the weights that the firm applies, each weighted by its contri-
bution to v,, w*(1—¢)?, which is proportional to its learning speed. One more unit of precision
raises the learned signal of a weight by the square of its signal still to learn, and this rise falls

as the firm learns the weight. The assumptions of Section 3.3 hold throughout.

4.1 Returns to Scale

Returns to observations diminish at every scale (Proposition 1). Two forces compete: the
loop makes precision rise at an increasing rate with scale, and value rises with precision at a
decreasing rate. When the firm applies every weight it learns, the second force always wins.

Precision accelerates because each observation lowers noise, which raises the impact of
the next one, and because it changes the amplification. How it changes the amplification
depends on the learning speeds. At given noise, the speed of a weight, w#(1—¢)/E*, is highest
when the firm has learned half of it, so one more observation speeds up the learning of the
weights learned less than half and slows down that of the others. Lower noise speeds up the
learning of every weight: a further unit fall in noise yields more precision the lower the noise.
In small samples, the firm has learned less than half of every weight, and the amplification
rises with scale; in large samples, it has learned most of every weight, and the amplification
falls toward zero (Appendix B). Write £ = a(1 — ¢,) < a.

Proposition 1 (Scale).
(i) Returns to scale diminish at every scale: 3*V /on* < 0.

(ii) The marginal value of an observation is mediated by precision:

oV 1 aE’
i v, - (1+0{) =—>0. (5)
on - E* et n

value of — multiplier (+)

precision (+) impact (+)

(iii) Precision is convex in scale, d*t* /an* = (2¢/1*)(d7* /dn)* > 0, and the curvature of value

in scale is

32_]7:301(5_7*)2(2_23) :;v,(£>2(1+a)(w’—?s). (6)

on? T* on on
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Since value is one minus learning noise, n 9V /dn is the slope of the learning curve against
log scale (part (ii)). A one percent rise in precision raises the precision that an observation adds
by 2¢ percent and lowers the value of precision by 2¢, percent (part (iii)). Without the loop,
a = 0, and returns to scale diminish. With it, the precision that an observation adds accelerates
through the same weights whose value of precision falls. The strength of the loop, ¥, is the
average fraction learned over the degrees of freedom that the firm has spent: it spends its
sample on the weights in the sample, in proportion to the fractions it has learned, and on
averaging out the signal outside the sample, which it learns nothing about (Appendix B). The
value of precision falls at the rate ¢, which weights the same fractions by learning speed
and so favors the weights that the firm has learned most. The second average exceeds the
first (part (i)). With equal signals, value s x is concave in scale. Observations are therefore
substitutes whenever the firm applies every weight it learns, as demand forecasts and image

classifiers do (Section 6).

4.2 Returns to Scope

A covariate is worth its direct effect plus its spillover, and spillovers make up the share o /(1 +
«) of its marginal value. Along an order of acquisition, returns to scope increase when signal
does not decline, and declining signal makes them diminish in small and in large samples.

These are marginal comparisons: they compare the next covariate in the order with the last.
Proposition 2 (Scope).

(i) The marginal value of a covariate is its direct effect plus its spillover:

2%
— = ws(8) ts+ a wy(s)t; = wy(s)t; (1 + ) > 0. (7)
08 @ ~—

direct effect spillover

(ii) One more covariate raises the amplification, da/ds > 0, and the curvature of value in
scope exceeds the change in the marginal value due to the signal of the next covariate:
*V/as* > (1 + a) £,(2 — £;) W ().

(iii) Scale and scope are complements whenever £; < 1/2.

The spillover is the fall in noise that the covariate causes, which is equal to its learned
signal times the multiplier, valued at ¥’ per unit: a unit fall in noise teaches the firm every
other weight better and raises value by the strength of the loop. Hestness et al. (2017) estimate
a between 0.07 and 0.35 for deep networks on most translation, language, image and speech
tasks, which use every input both in training and at prediction. If the model described them,
spillovers would account for 7 to 26 percent of the marginal value of scope. As scope rises, the
next covariate adds its learning speed to the loop and lowers noise, which raises the amplifica-

tion and lets the firm learn the next weight better. Along an order of declining signal, however,
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Figure 4. The marginal value of scope. Example of Figure 2. (a) At n = 1, the marginal value of scope, split
into the direct effect and the spillover (shaded). (b) At s = 0.5, the share of the spillover in the marginal value of
scope.

the next covariate carries less signal, and this is the only force that can make returns to scope
diminish. A covariate also adds a weight that the firm learns from every further observation,
and lower noise raises the impact of an observation while lowering the value of precision; the
first effect wins whenever ¢; < 1/2 (part (iii); Appendix B gives the decomposition). Schéfer
and Sapi (2023) and Lee and Wright (2025) document such complementarities: in search, the

gain from further searches rises with the length of user histories.
Corollary 1 (Returns to scope).
(i) If signal does not decline at s, w’(s) > 0, returns to scope increase at s.

(ii) If signal declines at s, w/(s) < 0, there are 0 < n < 7 such that returns to scope diminish

at s at every n < n and every n > 1.

With equal signals, value s x is strictly convex in scope at every scale.”® In small samples,
a new covariate barely lowers noise; in large samples, the firm has nearly learned the weights
it applies, and the multiplier tends to one. The precision terms therefore vanish at both ends,
while declining signal remains; in between, they can outweigh it. In the example of Figure 4,
the spillover share peaks at intermediate scale. In large samples, scale and scope are substi-
tutes if the covariates outside the sample carry less signal than scope times the signal of the

marginal covariate (Online Appendix OA.3.6).

BDecline also vanishes if the firm adds covariates in random order: each new covariate is then a random draw
from the same distribution of signal, and value is strictly convex in s at every scale (Online Appendix OA.3.3).
Carballa-Smichowski et al. (2025) add health covariates in random order and find returns to scope that first
increase and then diminish. Spillovers can account for the increase; under a random order, the model predicts
no decline.
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4.3 Economies of Scope

Two fixed groups of covariates add more value together than apart, at every scale, even when
returns to scope diminish (Proposition 3). This comparison concerns finite groups, as when
a firm buys a broker’s file, rather than the next covariate in an order. Let Vy(S) be the value
when the firm observes the covariates in a group S C {1,..., S} for N training individuals
and for the target individual. In the limit, S collects the covariates whose positions lie in a
finite union of intervals of [0, s] with positive length, also written S, and V(S) is the limit of
Vn(S) at scale n (Appendix B). Write |S], fs w, and fs w? for the size, cumulative signal and
squared signal of a group. Two disjoint groups S; and S, exhibit economies of scope at scale n
if G=VY(S;US;)—V(S)) — V(S,) > 0 (Baumol et al. 1982).

Proposition 3 (Economies of scope).

(i) The value that S, adds to S, is at least its standalone value: for every K and N, Vy(S; U
S2) — Vn(S1) = Vn(Sy).

(ii) In the limit, the value that S, adds strictly increases when S, grows, disjointly from S,.
Hence the two groups exhibit economies of scope at every scale, and G strictly increases

when either group grows.
(iii) In small samples, G/n* — 2 fs1 w? fS2 w?.
(iv) In large samples, nG — |Si| /52 ws + Sy /51 .

The direct effects of two groups add up, and combining them adds the spillovers of each
group on the weights of the other, which are positive at every scale. In small samples, each
spillover is the fall in noise that one group causes, about scale times its squared signal, times
the value of lower noise on the other group’s weights, about scale times that group’s squared
signal. In large samples, the firm learns each weight it applies up to an error of E/n, as
least squares does, and combining the groups removes the cumulative signal of each from the
noise against which the firm learns the weights of the other, so size and cumulative signal
are sufficient statistics. The result uses the independence of the covariates: a group perfectly

correlated with the covariates a firm holds adds nothing to it.

5 Post-Prediction Covariates

Post-prediction covariates improve learning but cannot enter the prediction. By Theorem 1,
they change one thing in the learning mechanism: their learned signal leaves the noise with-
out adding to value. This is enough to overturn the central conclusion of Section 4.1, dimin-

ishing returns to observations.
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5.1 Learning Noise and Predictive Value

With p > 0, value falls short of the validation R?, 1 — E*, by the learned signal of the post-
prediction covariates (Figure 5): validation error, measured on held-out individuals whose
post-prediction covariates the records contain, differs from the prediction error for target
individuals, 1 — V.

The strength of the loop, ¥ = (n/E**)(—e,) with e from Equation (2), now sums the
learning speeds over both kinds of weights in the sample, and only part of it raises value. At
fixed scale, the value of lower noise, the rise in value when the noise at which the firm learns

falls by one unit, is

¥ (E) = _% _ %/0 w,(1) [( ”“);(”)> [1 - t’( "wg(“)ﬂdu,

the sum of the learning speeds of the weights that the firm applies, and ¥, = V/(E*) =
(n/E™*)v,; it rises as noise falls, because lower noise speeds up the learning of every weight.
Write a; = (1 4+ )V, for the value of an initial unit fall in noise, once the loop has amplified
it; a5 < a, with equality at p = 0. In Figure 3, post-prediction scope adds a second arrow into
noise, —w,(p)¢,/E*, where £, = f(t*w,(p)), and no arrow into value.

The marginal values of Section 4 carry over with «; in place of a: 9V /on = a;,E*/n and
2V /ds = wy(s)ts(1 + ;) (Lemma 3). One more observation therefore lowers the prediction
error for target individuals by a,E*/n, while it lowers validation error by ¢E*/n. A post-

prediction covariate is all spillover:

oV
—= V. w,(p)t, 1+a)=a,w,(p)t,>0. (8)
ap -~ —_— —\—

value of impact multiplier

lower noise

Post-prediction covariates and observations are two inputs into one product, precision, and
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differ only in their impacts. A firm can therefore price a post-prediction covariate in observa-
tions without knowing any signal: it is worth as many observations as the sample size times
the rise in validation error that deleting its term from the model, without refitting, causes,
divided by validation error (Corollary 5(i) in Appendix E).

A rule that lets a firm learn from a covariate in its sample but bars its use at prediction,
such as a purpose limitation, turns a covariate into a post-prediction covariate. It leaves the
sample, and with it learning noise, unchanged, so it costs the firm exactly the direct effect of
the covariate; a ban on collecting the covariate also costs its spillover. A restriction on use
therefore costs the fraction 1/(1 + ;) of what a ban on collection costs. The comparison is

marginal: it concerns one covariate.

5.2 Increasing Returns to Observations

Post-prediction covariates can overturn diminishing returns to observations. In small sam-
ples, returns to scale increase if the squared signal of the post-prediction covariates exceeds
a critical mass, and diminish if it falls short. If every post-prediction covariate carries at least
as much signal as every covariate, value is S-shaped in scale when the critical mass is reached
and concave otherwise (Proposition 4).

The competition of Section 4.1 still decides the curvature: Proposition 1(iii) holds with

?=a(l -9 < a, where

[ e(rodw) du+ [P o(ro,(w) du

?
J e(r o) du+ [ (7 0,(w) du

is the average fraction learned of all the weights in the sample, each weighted by its learning
speed (Appendix B), so returns to scale increase if and only if £ > ¢;. Post-prediction covariates
add their speeds to the loop, and so raise the amplification, and add nothing to the fall in the
value of precision, because the firm does not apply their weights. Since ¢ < «, returns to scale
increase only while the firm has learned, on average, less than the fraction « of the weights
that it applies, and they diminish in large samples, where the amplification falls toward zero.

In small samples, learning noise is close to one, so the firm learns a weight of signal w at the
speed nw?, and the strength of the loop is about nQ, where Q = /Os ws(w)?du + fop wp(u)?du
is the squared signal of the sample: each observation raises the amplification, and the impact,
by about Q. The value of precision starts at foS ws(u)*du and falls by 2 fos wy(u)*du per unit
of precision, because the firm learns first the weights with more signal. Hence 9*V/on* —
2(Q " w(w?du— [ w,(u)*du) (Appendix B), and returns to scale increase in small samples

if the post-prediction covariates reach the critical mass,

p s s 3d s
/0 wp(u)du > k(s) = % —/0 w(u)’du, 9)
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Figure 6. Returns to scale and post-prediction covariates. Example of Figure 5, s = 0.5. (a) Marginal value of an
observation without post-prediction covariates, with p = 0.15 and with all of them; shaded, increasing returns
to scale at p = p. (b) The combinations of post-prediction scope and scale at which returns to scale increase;
dotted, the post-prediction scope p above which they increase at small scale.

which is positive by the Cauchy-Schwarz inequality, because the covariates carry less than

all the signal of the target variable.
Proposition 4 (Increasing returns to observations).

(i) If /Op wp(u)’du > «k(s), returns to scale increase at every sufficiently small n; if

fop wy(u)*du < k(s), they diminish at every sufficiently small n.
(ii) Returns to scale diminish at every sufficiently large n.

(iii) Let every post-prediction covariate in the sample carry at least as much signal as every
covariate in the sample. Iffop wp(u)?du < Kk(s), returns to scale diminish at every n. If
fop wp(u)*du > k(s), there is i > 0 such that returns to scale increase at every n < i and

diminish at every n > n.

Under the reverse ranking, returns to scale diminish at every scale, as in the baseline,
because the firm then learns first the weights it applies (Lemma 4(i)).!* Increasing returns to
scale therefore require post-prediction covariates that carry more signal than some covariates
the firm applies, and, under the ranking of part (iii), enough of them. The critical mass is
low when each covariate carries little signal: if the first s covariates all have signal c, then
k(s) = ¢(1 — ¢s). Since fop w,(u)*du rises with post-prediction scope, the critical mass is
reached once p exceeds a threshold p, if all post-prediction covariates together exceed it. In
Figure 6, p = 0.11; with p = 0.15, returns to scale increase up to n = 0.08, and with all

post-prediction covariates up to n = 0.28.

“Without the ranking of part (iii), parts (i) and (ii) still hold, but returns to scale can change sign more than
once: in the example of Online Appendix OA.3.5, they diminish, increase and diminish again. That appendix
also gives a sufficient condition for diminishing returns to scale at every scale that does not rank signals.
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In search, each term of a query carries little signal about which result the user will click,
and the next search carries much: it often reveals what the user wanted. The ranking of
part (iii) is then natural, and the critical mass is low. The next search is correlated with the
query, so in the model the post-prediction covariates stand for the part of the user’s later
behavior that the query does not predict; residualizing the covariates in this way can correlate
their weights, which the model rules out. The mapping shows that the mechanism can operate
in search, and whether it does is an empirical question. In simulations, increasing returns to
scale appear already with a few hundred covariates and hold with non-Gaussian data (Online
Appendix OA.2.4).

5.3 Post-Prediction Covariates and Scope

Proposition 5 (Scope and post-prediction scope). Scope and post-prediction scope are comple-
ments, 3*V /s dp > 0.

Every factor of Equation (8) rises with scope: a new covariate adds a weight that gains from
lower noise; it lowers noise, which raises the value of a further fall and the learned signal of
the post-prediction covariate; and it raises the amplification. A search engine with long user
histories gains more from recording what each user searched for next. Proposition 2(ii) and
Corollary 1 hold with «; in place of a (Appendix B): declining signal still wins at both ends
of the scale, and post-prediction covariates help the precision terms in between, because they
raise the multiplier. In Figure 7, at s = 0.5, returns to scope diminish at every scale without
post-prediction covariates and increase for n between 0.70 and 2.6 with all of them. Data that
the firm cannot use when it predicts can therefore create increasing returns to the data that
it can. Appendix E collects the returns to post-prediction scope, which increase more easily
than returns to scope, their interaction with scale, and economies of scope among groups of

post-prediction covariates.

20



6 The Market for Data

A firm rarely owns all the data it learns from. Individuals hold their own observations, and
other firms hold covariates on the firm’s users, such as a broker’s demographic file or a bank’s
transaction history. How the value of a dataset is divided among those who hold its parts
depends on whether the parts are substitutes or complements (Horn and Wolinsky 1988),
and Sections 4 and 5 supply the answer. Groups of covariates are complements, and they
exhibit economies of scope (Proposition 3). Observations without post-prediction covariates
are substitutes, because returns to scale then diminish (Proposition 1(i)); observations that
carry a critical mass of post-prediction covariates are complements while they are scarce,
because returns to scale then increase (Proposition 4). Post-prediction covariates are often
recorded with the target variable, so they travel with observations: a search session records

the query, the result the user clicked and the user’s next search."

6.1 Holders and Bargaining

I work in the limit of Section 3.2 under the assumptions of Section 3.3. There are m > 2
holders, and the firm earns one unit per unit of value.'® Write R* = 1 — E* for the validation
R?, the expected out-of-sample R? of the fitted model (Theorem 1(ii)); without post-prediction

covariates, value equals it and «; = a.

Three economies. In the economy of observations, the firm observes the covariates of
the target individual and obtains its training sample from m holders of observations: holder
h holds the target variables, covariates and post-prediction covariates of a set of individuals
of scale n, > 0, with ), n, = n, as an individual holds her own observation, a hospital its
patients’ observations and a publisher its texts. In the economy of covariates, the firm holds
the target variable of individuals at scale n, without post-prediction covariates, and obtains
covariates from m holders of covariates: holder h holds, for the training individuals and the
target individual, the covariates whose positions lie in a finite union of intervals Sj, as a
broker holds a file on the firm’s customers. The sets S;, are disjoint, each has positive length,
and their union is [0, s]. In the joint economy, without post-prediction covariates, holders of
observations hold the target variables of their individuals and holders of covariates hold the
covariates; the firm can use individual i’s covariate k only if it reaches agreement both with
the holder of i’s observation and with the holder of k, as when data-protection law requires

an individual’s consent for the use of a broker’s file on her.

15 A lender, by contrast, learns about repayments to other lenders from a credit bureau, which then holds the
post-prediction covariates.

I6Tf the firm serves a mass y of target individuals and earns 0 per unit of value, every value, payment and
payoff below is multiplied by 0p. Data are nonrival, so the firm uses one dataset for every target individual.
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Value and marginal contributions. A coalition 7{ of holders supplies a dataset. Its value
W(H) is V(ny, s, p), where ny; = Y., i, in the economy of observations; V( Uhner Sh),
the value at scale n of observing these covariates for the training and the target individuals
(Section 4.3), in the economy of covariates; and the value at the scale of the observations in

H of the covariates in H in the joint economy. The marginal contribution of holder h is
Ap = W(Ha) = W(Han \ {h}),

where H, is the set of all holders. Holdings are atomistic in the limit as the largest holding,

maxj, ny or max, '/Sh ws(u) du, tends to zero, taken after the large-K limit.

Bargaining. The firm negotiates with every holder simultaneously and bilaterally. As in
Collard-Wexler et al. (2019), each pair splits the gains from its own agreement by the gen-
eralized Nash bargaining solution, taking the other agreements as given. The weight on the
holder is ¢ € (0, 1], and its disagreement payoff is zero, because data are nonrival and costless
to supply.’” Holder h therefore receives A, and the firm’s payoff is [T = W(H,y) — ¢ Y., A
With ¢ = 1, every holder captures its full marginal contribution, as when it makes a take-
it-or-leave-it offer. Payment by marginal contribution is also how machine-learning practice
values data (Ghorbani and Zou 2019).

6.2 Product Exhaustion

Under constant returns, factors paid their marginal products exactly exhaust output (Wick-
steed 1894). Data do not have constant returns, and the direction in which they depart from
them depends on who holds the data and on what the data carry. When the post-prediction
covariates reach the critical mass, write 7 for the scale up to which returns to scale increase,

as in Proposition 4(iii).'®
Proposition 6 (Holders of observations). Without post-prediction covariates:

(i) marginal contributions fall short of value,

aE' < Y A <V
h=1

(ii) their sum falls strictly when a holding is split between two holders;

17 A holder that also sells its data to other firms keeps those sales whether or not it agrees, so they cancel from
its gains. A cost ¢;, of supplying the data, such as a privacy cost, raises the payment to ¢, + (A, — cp).

Without the ranking of Proposition 4(iii), returns to scale still increase at every scale below some 7/ > 0
when the critical mass is reached (Proposition 4(i)), and the results below hold with that 7.

22



(iii) as holdings become atomistic, the sum converges to aE*, the share

aE* l—R2<1
=a
4% R?

of value.

If the observations carry post-prediction covariates that reach the critical mass, Inequality (9),

then at every n < n:
(iv) as holdings become atomistic, marginal contributions sum to a,E* > V(n, s, p);
(v) when two holders of observations merge, their payment falls strictly.

Without post-prediction covariates, observations are substitutes: each is worth less to a
firm that holds more of them, so a holder’s marginal contribution falls short of its average
contribution, and the firm keeps V — ¢E* as a rent. Atomistic holders receive ndV /adn, so
their share of value is the elasticity of value with respect to scale, and the learning multiplier
pins it down: when the sample grows by one percent, validation error falls by a percent, and
value rises by 0.01 «E*. The share tends to one as n — 0, where value is proportional to scale,
and to zero as n — oco: an individual’s observation is worth little at the margin of a large
sample, although all observations together are worth all of the value. With post-prediction
covariates, value rises by 0.01 a;E*, the fall in the prediction error for target individuals, and
the elasticity exceeds one when value is strictly convex in scale up to n. Below 7, observations
that carry a critical mass of post-prediction covariates are therefore complements: a search
query with its clicked result is a substitute for other queries, and a session that also records

the user’s next search is a complement.
Proposition 7 (Holders of covariates).

(i) Marginal contributions exceed value:

V<Y <A+ a)V.

h=1
(ii) Their sum rises strictly when a holding is split in two.

(iii) As holdings become atomistic, the sum converges to (1+ )V, the share 1+ a > 1 of value.

A group of covariates is worth more to a firm that holds more groups (Proposition 3), so
marginal contributions sum to more than value. By Lemma 3(ii), the marginal contribution
of an atomistic group is its learned signal plus its spillover. Each group claims the spillovers
it creates, yet the firm learns every weight at the precision that all groups raise together, so

the claims add up to (1 + @)V, and the excess, @V, is the sum of the spillovers. The excess
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vanishes at small scale, where a group barely raises precision, and at large scale, where &« — 0

(Section 4.2), so it is largest at intermediate scale."

Corollary 2 (Observations and covariates). In the joint economy, as both kinds of holdings

become atomistic, marginal contributions sum to

a
aE"+(1+a)V=V+a= (1+ﬁ)v.
When individuals and holders of covariates must both agree, marginal contributions ex-
ceed value by a: the elasticity of the learning curve times the variance of the target variable,

which is the firm’s prediction error without data.

6.3 Payments, Unions, and Integration

Proposition 8 (Division of value). Let holdings be atomistic.

(i) When it buys observations without post-prediction covariates, the firm keeps the share
1 — ¢ a(1 — R?)/R? of value, which exceeds 1 — ¢.

(i) When it buys covariates, the firm keeps the share 1 — ¢(1 + «), which is negative if ¢ >

1/(1 + a).

(iii) When it buys observations that carry post-prediction covariates of critical mass, at n < n,

the firm keeps the share 1 — ¢ a,E* /V of value, which is below 1 — ¢.
Moreover, with ¢ = 1, payments to holders of covariates exceed value for every m.

When ¢(1 + ) > 1, the payments that bilateral bargaining assigns exceed the value they
divide, so bargaining with every holder cannot close: this is the anticommons of Heller (1998)
and Buchanan and Yoon (2000), measured by «. A firm that buys observations that carry a
critical mass of post-prediction covariates faces it in small samples, once ¢ a;E* > V. At the
values of « that Hestness et al. (2017) estimate, between 0.07 and 0.35 (Section 4.2), bargaining
with atomistic holders of covariates would leave the firm a nonnegative payoff only if ¢ were
below a threshold between 0.74 and 0.93. At « = 0.2 and R* = 0.5, the firm keeps 1 — 0.2 ¢
of value when it buys observations without post-prediction covariates and 1 — 1.2 ¢ when it

buys covariates: 90 and 40 percent at equal bargaining weights. Table 1 summarizes.

Corollary 3 (Unions and intermediaries).

With ¢ = 1, the payments are those of the Vickrey—Clarke—-Groves mechanism. By the procurement ana-
logue of Ausubel and Milgrom (2006), these payments lie in the core if and only if value is submodular in holders,
as it is for observations without post-prediction covariates and is not for covariates. The game among the firm
and the holders of covariates is convex, so its core is nonempty and contains the Shapley value (Shapley 1971)
(Appendix D). A stable division exists; only bilateral bargaining fails.
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Table 1. The market for data

Observations

without post-prediction with post-prediction, n < Covariates

Holdings are substitutes complements complements
Atomistic contributions / value a(1-RY)/R* < 1 aE )V >1 1+a>1
Firm’s share of value 1-¢a(l—RY)/R? 1-¢aE*/V 1-¢(1+a)
Payment after a merger of two rises falls falls
Payment as one / atomistic R?/[a(1-RH)] > 1 V/(a,E*) < 1 1/1+a)<1

Notes: a is the elasticity of the learning curve, R* the validation R? and ¢ the holders’ bargaining weight.
“With post-prediction” refers to observations that carry a critical mass of post-prediction covariates, In-
equality (9), at scales below 71 (Proposition 6(iv)—(v)); asE* is the slope, against log scale, of the firm’s
prediction error for target individuals. The last row compares what all holders receive when they bargain
as one with what atomistic holders receive.

(i) When two holders of observations without post-prediction covariates merge, their payment
rises strictly and the firm’s payoff falls by the same amount. If all of them bargain as one,
they receive pV, which exceeds what atomistic holders receive by the factor R* /[ «(1—R?)].

(i) When two holders of covariates merge, their payment falls strictly and the firm’s payoff
rises by the same amount. If all holders of covariates bargain as one, they receive ¢V, a

fraction 1/(1 + «) of what atomistic holders receive, and the firm gains paV.

Corollary 3 is the result of Horn and Wolinsky (1988) applied to data: suppliers of substi-
tutes gain by bargaining together, and suppliers of complements lose. Holders of observations
gain from a union by a factor that is largest when the firm has learned much: at « = 0.1 and
R?* = 0.8, a union multiplies their payment by 40. This is the economics behind proposals for
data unions and for collective licensing of training data (Arrieta-Ibarra et al. 2018). The case
for a union holds only for observations without post-prediction covariates, or in large sam-
ples: below 7, holders of observations that carry a critical mass of post-prediction covariates
lose by merging (Proposition 6(v)), as holders of covariates do.

Holders of covariates gain by staying apart, unless ¢(1 + @) > 1, in which case separate
bargaining fails and merging lets them trade. An intermediary that buys covariates from sep-
arate holders faces the same over-claim, so the over-claim is avoided only when the covariates
are generated through common ownership or coordinated licensing. This offers one reason
for ecosystems of apparently unrelated services: a firm that provides several services to the
same users, as Google does with Search, Gmail, Maps, Android and Google Pay, generates
in-house covariates that are complements. When ¢(1 + @) > 1, integration avoids the break-
down of bargaining; when ¢(1 + @) < 1, it shifts paV to the firm without raising value. For
the same reason, increasing returns to scale are a barrier to entry: an entrant that must buy
search sessions with each user’s next search faces, below 7, the anticommons that a buyer of

covariates faces, while the first sessions it records itself are worth less than later ones.
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6.4 Property Rights

Rights can be vested in holders of observations, each individual holding her entire observation,
including every covariate on her, as rights to data portability would give her; in holders of

covariates, each source holding its group; or in both, so that the firm must agree with each.

Corollary 4 (Property rights over data). With atomistic holdings and without post-prediction

covariates, bilateral bargaining gives holders together a share of value:

(i) the share pa(1 — R*)/R* when rights are vested in holders of observations, which is below
one for every ¢ € (0,1];

(ii) the share (1 + a) when they are vested in holders of covariates, which is at most one if
and only if p < 1/(1 + a);

(iii) the share (1 + a/R®) when they are vested in both, which is at most one if and only if
¢ < R*/(R* + a).

Bargaining closes when the share is at most one. Since 1 > 1/(1 + a) > R?*/(R* + «), each

assignment closes whenever the next one does.

Vesting in an individual the rights over all the covariates on her integrates complements
at the level of the individual, as common ownership does at the level of the firm, and bargain-
ing with holders of observations without post-prediction covariates always closes. Portability
rights, such as Article 20 of the GDPR and Article 6(9) of the Digital Markets Act, move rights
from sources toward individuals; regimes that require both the individual’s consent and the
source’s license are the most prone to breakdown. Rights vested in individuals protect effi-
ciency but transfer little: a union of holders of observations receives ¢V, which never exceeds
value, so collective management of individual rights redistributes without causing breakdown.
When an individual’s observation includes a critical mass of post-prediction covariates, such
as what she did after the prediction, rights vested in her can fail as well: below 7, bargain-
ing breaks down once ¢ exceeds V/(a,E*) (Proposition 8(iii)). A requirement of individual
consent for the use of behavioral data therefore weighs most on small firms, consistent with
evidence that the GDPR raised concentration among web technology vendors (Johnson et al.
2023).

6.5 The Price of Mandated Access

Rules that oblige holders to make data available on fair and reasonable terms need a compen-
sation rule. Paying each holder of covariates its marginal contribution stacks claims, as patent
royalties stack when many holders own complementary patents (Lemley and Shapiro 2007).

A rule that deflates by the learning multiplier avoids this.
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Proposition 9 (Learned-signal pricing). In the economy of covariates, pay holder h the amount

A /Sh w(u) {’(T*ws(u)) du, for some A € [0, 1].
(i) Payments sum to AV for every partition.
(ii) The allocation lies in the core of the game among the firm and the holders.

(iii) As holdings become atomistic, each payment approaches A/(1 + «) times the holder’s
marginal contribution: ), ‘/1 /Sh wy(u) l(t*w(uw)) du — AN, /(1 + a)| — 0.

A group’s learned signal is the rise in the fitted model’s validation error when the group’s
terms are deleted without refitting, a quantity that machine-learning practice already com-
putes. The rule is the top-down approach to fair, reasonable and non-discriminatory royal-
ties: cap the aggregate and apportion it, here by the model. For observations without post-
prediction covariates, marginal contributions already lie in the core, because these observa-
tions are substitutes.

What shared observations are worth depends on what they carry. Search sessions that
keep each user’s next search are complements below 7, so the value of a shared sample is
convex in its size, and they help a rival that already holds some sessions of the same kind
more than an entrant. Anonymization that severs the link between a query and the user’s
later searches strips the next search, so the sessions become substitutes and the first shared
sessions are worth the most. The Digital Markets Act requires that the shared query, click and
view data that constitute personal data be anonymized (European Union 2022, Article 6(11)),

so the way the data are anonymized determines which of the two cases applies.

7 Conclusion

Do firms with more data benefit more from additional data, and who captures the value of
data? The answers depend on the margin and on when the data become available. A group
of covariates on the same users is worth more to a firm that already holds more covariates on
these users, at every scale. A further observation can be worth more to a firm with a larger
sample only if the firm’s records carry post-prediction covariates, as a search engine’s logs
carry each user’s next search. When these carry more signal than the covariates, this happens
if and only if they reach a critical mass, and only while the sample is small: the pattern the
court found for Google’s rivals.(United States v. Google LLC 2025, p. 131).

Both answers come from learning. Each covariate in the sample lowers learning noise, the
validation error of the model, so the firm learns every weight better, and the learning mul-
tiplier, one plus the elasticity of the learning curve, measures this feedback. Post-prediction
covariates act only through learning noise, as observations do: indeed, they can substitute for
observations in large samples, complement covariates, and are worth most at intermediate

scale.
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The same curvature divides the value of data among those who hold its parts. Covari-
ates are complements: their holders claim more than value, and bargaining with them breaks
down when they are strong, unless the services that generate the covariates are under com-
mon ownership or holders are paid the learned signal of their groups. Observations without
post-prediction covariates are substitutes: their holders receive less than value and gain by
bargaining together, and rights that give each individual her entire observation ensure that
bargaining closes. Observations that carry a critical mass of post-prediction covariates are
complements in small samples, so an entrant that must buy them faces the breakdown that a
buyer of covariates faces, and the way shared data are anonymized decides whether a sharing
mandate helps the smallest rivals most.

Future work could price observations and covariates, so that the value function becomes
the benefit side of a firm’s choice of dataset, and let better predictions attract users who supply
further observations, to show how these returns shape market structure. Learning curves
across prediction tasks would measure the learning multiplier and test a prediction of the
theory: prediction error falls at an increasing rate only for firms whose samples carry post-

prediction covariates.
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Appendix: Proofs

This appendix proves, in order of appearance, the results of Sections 3 to 6 that the text does
not prove, and states the supporting results that the proofs use where they first need them;
Appendix E states and proves further results on post-prediction covariates. The proofs allow
post-prediction covariates throughout. The results of Section 4, and those of Section 6 stated
without post-prediction covariates, are the case p = 0, in which V(n, s) = V(n,s,0), ¥, = ¥/
and a; = a. Table OA.1 in the Online Appendix collects the notation. Throughout, ® is the

bound on the signal of every potential covariate stated at the start of Appendix A.

A Proofs for Section 3

Signal profiles. In Section 3.2, S = |5K| and P = |pK], the profiles are measurable and
bounded by some @, with /OS wy(u)du + fop wp(u)du < 1, and covariate k < S has signal

k . .
K f( k_/f; /K ws(u) du, the average of the profile over the k-th cell of width 1/K; post-prediction
covariates are defined in the same way from w,. The never-observed covariates, each with
signal at most @, carry the remaining signal, and only their total enters the results.

Equalities between random variables hold almost surely.

Proof of Lemma 1. The predictor. Write y, = Y frXor and take expectations given the data
term by term. For k > S, the firm does not observe xox, which has mean zero and is inde-
pendent of f; and of the data, so the term contributes zero. For k < S, the firm observes x,
and the covariates of the target individual are independent of the weights and of the training
sample, so E[frxor | dp] = xox E[ Bk | yn, Xp]| = Xoxmp . Summing gives the predictor.

Value. By Equation (1) and the predictor, V(D) = V( Yo kamD,k)- The covariates of the
target individual are mutually independent, independent of the training sample, with mean

zero and E[x7, ] = w;/K, so the cross terms vanish and

1< 1<
V(D) = X Z o E[md,] = — Z wr V(mp ),
k=1 k=1

K =

because E[mp ] = E[fr] = 0. For monotonicity, let D < D’. The training sample under D
is a subvector of that under D’. The expected posterior variance of fj is the lowest mean
squared error of any estimate of f; that is a function of the training sample, and the lowest
error over a larger set of functions is weakly smaller. Since V(mp;) = 6*—E [V(ﬁk | yn, X, D)] ,
V(mpx) < V(mp ).

The argument uses the covariates in the sample and the covariates observed for the target
individual only through the independence of the primitives, never through their order, so it
holds for every set of covariates in the sample and every subset .4 of them observed for the

target individual, with the sum over A in place of the sum over k < S. [
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Remark 1 (Covariates observed only at prediction). Let the firm observe x for a covariate
k that is not in its sample. Flip the signs of B and of x;; for every training individual i <
N. The flip leaves the target variable y; of every training individual unchanged, because
it leaves fix; and every other term unchanged, and it leaves the covariates in the sample
unchanged, because covariate k is not among them. Weights and covariates are independent
and symmetric about zero, so the flip preserves their joint distribution. Hence (S, yn, Xp)
and (—fy, yn, Xp) have the same distribution, so E[fx | yn,Xp] = 0, and the term xyfx

contributes xo - 0 to the posterior mean of y,: observing x,; adds no value.

Proof of Theorem 1. Atp =0, e(7;s,0) = 1—v(7, s), so the limit of value, v(z*, s), equals 1—E*,
and validation error equals the Bayes risk.

Notation. Fix K and suppress it when no confusion arises. Write C for the set of the
S+ P covariates in the sample, the first S covariates and the first P post-prediction covariates,
indexed k € C in matrices, X = Xp,, G = X'X, x; for the column of X of covariate k,
X_; for X without that column, and z¢ = (zi)rec for the coordinates of a vector z in C. Let
ng = N/K, and let ¢ = £ Y, @i be the signal outside the sample at finite K. Step 5 shows
that ¢ — E(s,p) > 0,s0 ¢ > ¢y = E(s,p)/2 and ng € [n/2,2n] for K large. The letter C
denotes a positive constant that depends only on ¢?, ¢y, @ and n; its value may change from
line to line. Steps 2 to 4 keep o? general; the limits of value and validation error in part (ii)
take o2 = 1.

Step 1: the limit equation has a unique solution, and ¥’ < 1 there. Write |. f(w)du =
fos f(a)s(u)) du+ fop f(a)p(u)) du within this proof. The error e(z;s, p) = E(s, p) + /c a)(l -
t’(ra))) du is continuously differentiable in 7 on [0, ), with e, = — fc 0*/(1+ rw)*du <0,
e(0;s,p) = 1 and e(z; s, p) = E(s, p) as 7 — oo by dominated convergence, where E(s, p) > 0
by Assumption 1; so e maps into [E(s, p), 1]. Since rw(l - t’(rw)) = rw),

te(r;s,p) =E(s,p) T+ /{’(Ta)) du,
c

lremsp] =B+ [0 - dzw) du> K. p)

so te(r; s, p) rises strictly and continuously from zero without bound, and n = re(z;s, p)
has a unique solution 7*(n, s, p) > 0. Then E*(n, s, p) = n/t* = e(t*; s, p) lies in [E(s, p), 1],
and the system of Theorem 1(i) has the unique solution (T*,E*, o(r™, s)) In terms of noise,

Y(E;n,s, p) = e(n/E; s, p) for E > 0 is continuously differentiable, with

n nw?
¥/ (E; = (—e)= [ —“—du>o0
(Esn.s.p) E2< e) /c(na)JrE)2 “=n

O*¥(E;n, s, p) _ 2nw?

————du
oE? c (no+E)}

A

5

and it extends continuously to E = 0 by ¥(0;n, s, p) = E(s, p), the limit of e as 7 — o0; so
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¥(-; n, s, p) is nondecreasing and concave on [0, 00). At 7*, the derivative of re(z; s, p) equals
e+ re, = E*(l — Y'(E*;n, s,p)), which is positive, so ¥/(E*; n, s, p) < 1. Since E < E* if and
only if n/E > t*, that is, (n/E) e(n/E; s, p) > n,

E <Y(E;n,s, p) for E<E*(n,s, p), E>Y(E;n,s, p) for E > E*(n,s, p). (10)

The step uses only that the profiles are bounded and nonnegative and that the signal outside
the sample is positive.

Step 2: the covariates outside the sample act as Gaussian noise whose variance is their signal.
The target variable of each training individual is the part that the covariates in the sample
explain plus a residual that collects the covariates outside C: covariates and post-prediction

covariates outside the sample and never-observed ones,

vi=xeBetw,  wi= Y Pexi.
k¢C
Given the weights outside C, the residuals are i.i.d. N(0, 02c), independent of the weights in
C and of X, with

1 2

szzwkﬁ_];’ E[c] = c.
kec 9

A firm that knew ¢ would face a Gaussian linear regression with known noise variance, and

its posterior mean of the weights in C would be ridge regression with penalty c: for A > 0, let

m(A) = (Al + G)'X"yy and fi(1) = [(I + G//l)’l]kk; then

E[Bc | yn. X, cl=m(c), V(i |yn. X, c) =" filo).

The firm does not know ¢, but ¢ averages K — |C| independent terms and concentrates at ¢:
¢— ¢ =% Ypec @c(Pt/0? — 1) averages independent centered terms with bounded moments,
so E[(c — ¢)*] < C/K?, and the event G = {c¢ > ¢/2} has Pr(G°) < 16 E[(c — ¢)*]/c* < C/K™.
By the law of total variance, the expected posterior variance of i given the sample exceeds
that given the sample and ¢ by ¢ = ]E[(]E[,B;C | yn, X, ] — mD,k)Z]. The posterior mean mp
is the best estimate of E[f | yn, X, c] among functions of the sample, and i (¢) is one such
function, so ¢ < E[(ﬁ’Lk(c) - mk(a))z].

On G, both penalties are at least ¢/2 > ¢,/2. The derivative of the ridge estimate with
respect to the penalty is 9,m(1) = —q(1), with (1) = (AI + G)?X"yy. Given (X, ¢), yn ~
N (0, (XX + cIN)), so qx(A) is centered Gaussian with variance at most

) x? + cx o 1 27¢
0" max < (

< > )
w0 (A+x)4 = 16/12+256/13)_C(1+c) for A > ¢, /2

By the Cauchy-Schwarz inequality along the segment between ¢ and ¢, (m(c) — mi(¢))* <
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lc — ¢ ‘ féC qr(A)? d)LL so, taking expectations given (X, c¢) and then unconditionally,

C
E[(i(c) — i(8))16] < CE[(c — (1 + ¢)] < C(E[(c — &)*])"* (BL(1 + ¢)]) " < <
Off G, (my(c)—mi(€))* < 2my(c)*+2my(e)?. Since mi(c) = E[Bk | yn, X, c], Jensen’s inequality
gives E[m(c)*] < E[B] = 30*. Given (X, ¢), mi(¢) is centered Gaussian with variance at
most 0® max,so(x? + ¢x)/(¢ + x)* < d*(1 + ¢/¢), so E[mi(¢)*] < C. By the Cauchy-Schwarz
inequality, both terms contribute at most CPr(G°)/? < C/K, so e < C/K. For the posterior
variance, fi(1) € [0,1] and f/(1) = [G(/II + G)_Z]kk € [0,1/(4M)], so [Efi(c) — Efi(0)| <
Ele - al/(26) + Pr(C) < C/ VK. Since V(mpy)/o” = 1~ ELf(0)] - ex/o”,
C

max|V(mp)/o* - | < T L=1- E[£()]. (11)

The same bounds show that ridge regression with penalty ¢ is within CK~'/2

of the posterior
mean of each weight in C in root mean square.

Step 3: every weight in C faces the same learning noise. Let R = (¢cIy + XX") ' and R_; =
(¢Iy + X_£X",)", both with operator norm at most 1/¢. By the Schur complement and the

push-through identity,

_ 1
fi(®) = , Tk = X, R_xy, so & =E[«zp)].
1+ 7
The column x; ~ N'(0, 2:1y) is independent of R_y, so 7; concentrates around its conditional

mean: with g4 = ﬁ tr R_;,

Elr | Xad=oomcgr Vind X0 =2( %) wrt < 22N < €

K K?2¢? K
The normalized trace g = 4 tr R is common to all weights, and it concentrates at its mean
gx = E[g]. Removing one column changes tr R by at most 1/¢, so [g—g_«| < 1/(N¢). Replacing
one column by an independent copy changes tr R by at most 2/¢, so the Efron-Stein inequality
gives V(g) < 2|C|/(N?¢?) < C/K. Since ¢ is 1-Lipschitz on [0, ), the three bounds give,

uniformly in k € C,
1

o~ /B < o Be= o (12

Since R <X ¢ 'I, Ex > ¢. Since x — 1/(¢ + x) is convex, Jensen’s inequality, applied to

the eigenvalues of XX and then to the expectation, gives gx > 1/(¢ + E[£ tr XXT]) =
1/(6+ 2 Yiec k) = 1,50 Ex < 1.

Step 4: counting degrees of freedom pins down the learning noise. Since (¢Iy + XX )R = Iy,

taking traces gives ¢tr R + ) ;. x/Rx; = N. By the Sherman-Morrison formula, R = R_; —

R jx;x;R_;/(1+ 7)), so x]Rx; = {(7;): the degrees of freedom spent on weight j equal the

fraction of it that the firm learns. Taking expectations and dividing by N gives the exact
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identity
c
—=1-=Y . 13
o lmy 4l (13)

Its limit is Equation (18) below: multiplied by ng, it reads ¢ ng/Ex + « Y jec t; = ni. Substi-
tuting (12), multiplying by Ex < 1, and using #{(tw)/7 = a)(l - t’(m))) gives

|Ex — ¥x(Ex)| < % Y (E)=c¢c+ % ; w;(1 - &ngw;/E)).
Step 5: the finite fixed point converges to the limit one. It remains to show that ¥x converges
to ¥ uniformly and that ¢ — E(s, p). Let w,x be the step function equal on the j-th cell to
the signal of the j-th covariate, and define w,x likewise for the post-prediction covariates,
so that %Zle flw)) = fOS/K f(wsx(u)) du for every f, and likewise for the post-prediction
covariates. Averaging over the cells of a uniform partition is a contraction in L' and converges
uniformly for continuous functions, which are dense in L'; hence |w;x — @];r — 0 and
lwpx — wplir — 0. With f(w) = w, the signal of the covariates in the sample converges to
fos ws(u) du + fop wp(u) du, and the normalization gives ¢ — E(s, p). The functions f;,(w) =
a)(l - f(mco/E)) = wE/(mw + E) satisty |9, fgm| < 1 and are Lipschitz in (E, m) uniformly
over w € [0,d], E € [¢y, 1] and m € [n/2, 2n]. Therefore

sup
E€[Co,1]

S/K s S
/ Jome (@sx(w)) du—/ feon(@s(w)) du‘ <ok —odlu+o ‘E—3‘+C|”K—”| — 0,
0 0
and likewise for the post-prediction covariates. With ¢ — E(s, p), this gives

sup [¥x(E) —¥(E;n, s, p)l = 0,
E€[co,1]
and hence ®(Ex) — 0. Since Ex € [c, 1] for K large and ® is continuous with the unique zero
E*(n, s, p), every limit point of (Ex) equals E*(n, s, p), so Ex = E*(n, s, p).
Part (ii). The convergence of the fractions learned follows from (11), (12), Ex — E*(n, s, p)
and ng — n, because (w, m, E) — #(mw/E) is uniformly Lipschitz on [0, @] x[n/2, 2n] x[c,, 1].
For value, where o = 1, Lemma 1 gives V(D) = %Zizl wrV(mp, r). By the convergence of

the fractions learned,

S
1
(V(DK) =Y z(f*wk)} < & max |[V(mp, ) — £7" o) — 0,
K P kec
Since |9,[w (rw)]] < 1, the argument of Step 5 shows that the sum converges to
/0S ws(u) (t*ws(u)) du. The same argument applies to any set of covariates observed at
prediction whose positions form a finite union of intervals within the positions of the sample,

such as the whole sample, which the firm observes for a held-out individual. By Lemma 1 for
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that set, which holds for every subset of the covariates in the sample observed for the individ-
ual whose target variable the firm predicts, one minus validation error is ¢ Y, wV(mp, ),

the sum over the S+P covariates in the sample, so it converges to 1-¥(E*; n, s, p) = 1-E*. [

B Proofs for Section 4

From here on, o® = 1, and the assumptions of Section 3.3 hold unless stated otherwise; when
p > 0, the post-prediction profile is also positive and continuously differentiable near p when-
ever I differentiate with respect to p. The results hold for every p; at p = 0, the averages ()
and (-); below coincide, ¥, = ¥’ and a, = . In integrals over positions, w stands for w,(u)
on [0, s] and for w,(u) on [0, p]. In proofs, M = 1 + a denotes the learning multiplier. Then
V(n,s, p) = fos W {’(na)/ E*(n,s, p)) du is continuously differentiable in n, and continuously
differentiable in (n, s, p) on every open set of margins on which w is continuous at s and w,
at p (proof of Lemma 3). The next lemma collects the derivatives of the fraction learned and
of the learned signal at noise E, and that of ¥’; in it, £ stands for #{(nw/E).

Lemma 2 (Derivative identities). Forn > 0 and E > 0, with « > 0 in (a), (c) and (e) and v > 0
in (b):

ot H1-1) dg:f(l—f)

(@) 8_E: E an on n ’
1 1 1-—

) 8n(a)t’):2_£and8 n(a)l’):_ {’;
dlnw JOE E
£ wl1-10)

(C) ;_ E )

@ ZGg B 2[R (=) [T(F) (1))

(e) the learned signal satisfies

M = _[;2, a(w[) = E . £2 (14)

oE n on n n
Proof. With © = n/E, df(tw)/dt = /(1 + tw)* = &1 — )/7, and dIn7/dE = —1/E,
dln 7/dn = 1/n, which gives (a). For (b), In(w¢) = In 7 +2In w —In(1 + rw). For (c), both sides
equal nw?/(nw+E)?. For (d), ¥'(E; n, s, p) is 1/n times the integrals of #* over the two kinds of
covariates; differentiate under the integrals and use (a). For (e), d(w?f)/dE = —nw?*/(nw + E)*

and d(wf)/on = w*E/(nw + E)*. O
The next lemma collects the marginal values of the three margins.

Lemma 3 (Marginal values).
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(i) Precision rises with every margin:

dlnr* dlnt* wy(s) L dlnr*

=1+a, =(1+
dlnn * as (1+a) E* op

=(1+a) —“)P(Ep*) b

(ii) Value rises with every margin:

oY
dlnn

. 2% 2%
=a,E", o = w(s) (1 + ay), % = w,(p) t) a.

Proof of Lemma 3. (i). The map ¥(E; n, s, p) is continuously differentiable in (E, n) for E > 0,
with 0¥ /on = —(E/n)¥'(E; n, s, p) by (14). On an open interval of positions on which w; is
continuous, it is also continuously differentiable in s, with 0¥/ds = —w,(s) {(nwy(s)/E), and
likewise in p. Because 1 — ¥/(E*; n, s, p) > 0 (Step 1 of the proof of Theorem 1), the implicit
function theorem applies to E = ¥(E;n, s, p) and gives dE*/dx = M d¥/ox, for x = n at
every (s, p) and for x = s or x = p wherever the profile is continuous on a neighborhood of
the marginal position. With ¥"M = M —1 = q, this gives the derivatives of E*, and t* = n/E*
givesdlnt*/olnn=1-9InE*/dlnn=1+aanddln7*/dx = —9InE*/dx for x = s, p. The
arrows of Figure 3 are the partial derivatives of Equation (3) with scale, noise and precision
inlogs: Int =Inn—InE gives 1 and —1; dlne/dIlnr = re. /e, which is =¥ at 7* by Step 1
of the proof of Theorem 1; at 7%, dIne/ds = —w,(s) ¢;/E* and dlne/dp = —w,(p) £,/E*, the
arrow that Section 5.1 adds; and scope moves the upper limit of the integral that defines value,
which adds w,(s) {(tw,(s)) at fixed precision.

(ii). The fraction learned of each weight, #(7*w), depends on scale and on post-prediction
scope only through 7*, with elasticity 1 — ¢. Differentiating V = fos @ (1" w) du under the
integral, which the bounded derivatives in (14) permit because E* > E(s, p) > 0, and using
Lemma 2(c), the effect of precision on value at fixed scope is

s E* S E~
I'= / a){’(r*a))(l - t’(r*a))) du = —/ (" w)’ du=E"Y, = % ; (15)
0 n Jo M

which is the arrow from precision to value in Figure 3. The chain rule with (i) gives

a d *
A% ~ M = a.E", _V:ralnf
dlnn ap ap

= wy(p) ) as.

Scope also moves the upper limit of the integral, which adds w,(s) €5, s0 9V /s = w,(s) £(1+
). O

Averages. For a function g on [0, 1], write

foS t’(r*a)s(u))z g(i’(r*cos(u))) du+ fop t’(r’*a)p(u))2 g(t’(r*a)p(u))) du

(50 = [ ) dus [t o) du
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for the average of g of the fraction learned over the sample, each covariate weighted by its
contribution to the slope ¥/, and (g(¢)); for the average over the covariates observed for the
target individual, which keeps only the first integral in the numerator and in the denominator.
Thus (£) and (£), are £ and Z, of Section 4 (Steps 1 and 2 below), and # = a(1 — &).

Returns to scale. Throughout the next results, write E = E(s, p) > 0; for a precision 7 and
a signal w, write £ = #(rw), which is the fraction learned at 7 = 7", and ¥ = (1 — ¢) =
/(1 + tw) for the unlearned signal of a weight, so that 7¢/ = fand dy//dt = —/*. Write
fc f(w)du = fos f(a)s(u)) du + fop f(a)p(u)) du for an integral over all the covariates in the
sample, so that e(z; s, p) = E+ fc Y du.

Step 1: the value of precision. At fixed scope, write F(r) = v(r,s) = _/OS wtdu. Since
Nwt) /ot = *(1 — £)* = Y* and dyY?*/ar = —2¢°, differentiating under the integral gives
v, = F'(7r) = fos y*du > 0, because fos wdu > 0, and v,, = F'(r) = -2 fos yidu < 0,
which is Equation (4). Since ¢ = ¢/7, F” = —(2/1) fos y2tdu = —(2/1){t)F’, because /? is
proportional to #*; and F/ =T /7 = E**¥//n by (15).

Step 2: the marginal value of an observation and the loop. By Lemma 3(i), dt*/dn =
Mrt*/n = M/E*, so dV/on = F'(t*) M/E* = a,E*/n, which is Equation (5), and dE*/on =
E*(1 — M)/n = —aE*/n. Write ¥ = 9*¥(E*; n, s, p)/dE?* for the curvature of ¥ at learning
noise. By Lemma 2(d), ¥ = —£ [ ##(1 — ¢) du < 0: lower noise speeds up the learning of
every weight. By Lemma 2(c), ¥/ = fC wf(1 — ¢) du at every noise E, and by Lemma 2(a),
ot/dn = (1 — )/n at fixed noise, so 0¥ /on = == [ wb(1— )1 -2 du = 5 [. ££(1—20) du:
at given noise, each weight contributes its speed, wf(1 — £)/E = £*/n, times (1 — 2£)/n. Since
da /¥ =1/(1 —Y¥")* = M?, the chain rule along E*(n, s, p) splits the change in the amplifi-

cation into a shift of the map at given noise and a move along it, through lower noise:

oa oY’ oE*
— = M? + v — | (16)
an on on
—— —_—
atgiven  lower noise (+)
noise (+)
At E = E*,
da  M? Mo
— = —[20{/{’2(1—{’)du+/£’2(1—2{’)du = —[2a<1—{’>+1—2<{’> ,
on n? c c n

using /. du = n¥ and MY’ = «a. The bracket equals 2M(1 — ¢) — 1, which is positive
ifand only if (/) < 1 —1/2M) = (1+¥")/2. Asn — oo, " — oo and £ - 1 wherever
@ > 0, so (£) — 1 by dominated convergence and the bracket tends to —1, while « = M¥” and
¥ < (s+p)/n—0.

Step 3: returns to scale. Since d(1/E*)/dn = a/(nE"), differentiating dt*/on = M /E* gives
d°t* /on* = Ma/(nE*)+(1/E*) da/dn, and the chain rule splits the curvature of value in scale
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into three terms:
a 1 Jda

*Y T \2
P (Y o o, 10 )
on? an nE* E* on

value of impact (+) amplification (&)

precision (—)

Without the loop, @ = 0, and the last two terms vanish. By Step 2

*r* _ Ma
on?  nE*

2M2a{1 — ) 20 /97" \2
14 2a(1— &)+ 1 — 2(f) :L:—( ’) >0,

nE* T* E

with # = a{1 — £) < a and ¢ = (£). With Step 1, this gives Equation (6), with #, = (). Steps 2
and 3 prove Proposition 1(ii)-(iii), in which p = 0, so that £ = ¢, and ? = a(1 — Z,), and the
claims of Sections 4.1 and 5.2 on ¢. The multiplier rises with scale in small samples and falls
in large ones by the continuity of the bracket in Step 2 and its limits, 1 as n — 0, because
a — 0 and (£) — 0 (below), and —1 as n — oo; and returns to scale increase only if £, < «
by Equation (6), since £ < a. As n — 0, E* — 1 because ¥(E;n, s, p) — 1 for every E > 0,
so ¥ — 0 and ¢/t — « uniformly. Hence F/ — [Os w?*du, F/ — =2 [Os w*du, dt*/on — 1,
a/n— Q,{t) —» 0and 9*°t*/dn* — 2Q, which gives the limit of 3*V/dn* in Section 5.2.

Step 4: a representation for the proofs below. Multiplying the fixed point E* = ¥(E*; n, s, p)
by t* = n/E* and using tw(1 — ¢) = ¢ gives n = C(7*), where

C(t) = Er + df(7), df(r) = /{’(Ta)) du, (18)
c

is the scale at which the firm attains precision 7. The term df counts one degree of freedom
for each weight in the sample, of either kind, weighted by the fraction of it that the firm has
learned. Since 9£/97 = w(1—0)?, C'(7) = E+ . w(1—¢)*du > E, and differentiating n = C(z")
gives dt*/on =1/C’, so t*C’(t*) = n/M by Step 2. Let

Jo VP Y du

E-0+ J.w(1—0?% ydu
F'(r) '

C(7)

¥i(r) = Ye(r) =

The first averages the unlearned signal of the weights that the firm applies, each weighted by
its term in F’. The second averages it over the weights in the sample, each weighted by its
term in C’, and over the signal outside the sample, weighted by E, at ¥ = 0. Since 7¢ = ¢,
tr = (£); = €. Multiplying the numerator and the denominator of 71/ by 7 and using
to(l—10) =14,

- LA -0du _n¥(1-0
C_Er+fcl’(1—t’)du_ n/M

al{l—+t)y=¢,

because 7C’(t) = n/M, n¥’ = [c t*du and MY’ = «. By Step 3, 3*°V/an* has the sign of
D = l/;C — l/;F.
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Proof of Proposition 1(i). At p = 0, ({) = (£); = £, so by Step 3 and @ = MY, £ — ¢, =
a(l —¢,) — t; = M(¥’ — ¢,), which is the second equality in Equation (6). By Equation (18),

n=Et"+ fos tdu, and n¥’ = fos t*du (Lemma 2(c)), so ¥’ < ¢, if and only if

(/Os{’zdu>2< (ET*+/OS{’du> /Oslﬁdu.

By the Cauchy-Schwarz inequality, ( /° t’zdu)2 < [ tdu [ du, and Er* /)’ £du > 0 be-
cause E > 0, 7* > 0 and the profile is positive. Hence 9*V/dn* < 0 at every n. Lemma 4(i)

below reaches the same conclusion by another route. O
Lemma 4 (Scale in small and large samples).

(i) Returns to scale diminish at every n if every covariate in the sample carries at least as much

signal as every post-prediction covariate in the sample, in particular if p = 0.

(ii) The critical mass is positive, k(s) > 0. If Inequality (9) holds, there is i > 0 such that
returns to scale increase at every n < n; if the reverse strict inequality holds, there is i > 0

such that they diminish at every n < n.

(iii) There is n' > 0 such that returns to scale diminish at every n > n'.

Proof. (i). The average /¢ runs over three groups: the weights that the firm applies, the post-
prediction weights and the signal outside the sample. On the weights that the firm applies,
i) weights 1/ by w(1—£)? and /5 by ¢? = w-w(1—£)?; since | increases with w, Chebyshev’s
integral inequality makes the /-weighted average of { over these weights at most /5. On
the post-prediction weights, every value of i is at most every value on the weights that the
firm applies, because 1/ increases with w and these covariates carry at most as much signal,
and hence at most 1/r; without post-prediction covariates, there are no such weights. The
signal outside the sample has positive weight E/C’ and / = 0 < /. Hence {/¢c < { at every
n > 0.

(ii). Asn > 0,7 —> 0 and ¥ — w uniformly. Hence §y — [’ w’du/ |’ w*du and
Yo — /c a)zdu/(E + /c a)du) = fos ws(u)*du + /0p w,(u)’du, so D — /OP wp(u)du — x(s),
which is positive if and only if Inequality (9) holds. Both averages are continuous in n, so if
the limits differ, there is /A > 0 such that 1 — /5 has the sign of their difference at every n < 7.
By the Cauchy-Schwarz inequality, ( /° w2)2 <flofobso [Twd) [Tt > 7w [ o>
foswz, because 0 < fos o < 1; hence k(s) > 0. Since w, > 0, the map p /Op wy(u)du is
continuous and strictly increasing from zero, so it crosses k(s) at a unique p € (0, p) when
fo‘6 w,(u)*du > k(s), and Inequality (9) holds if and only if p > p.

(iii)). Asn — oo, 7 — oo and #7*w) — 1 wherever v > 0, so (£); — 1 by dominated
convergence, while a(1 — £) = 7/ < /c (1 - ¢)du/(Et) < (s + p)/(4Et) — 0. Hence there
is n™ > 0 such that *V/dn? < 0 at every n > n'.

O
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Proof of Propositions 2, 5 and 10. Let x be scope or post-prediction scope, s or p, and
wx(x) and ¢, the signal and the fraction learned of the marginal covariate of that kind. By Sec-
tion 3.3, 9E* /9x = —Mw,(x)f, < 0. The strength of the loop, ¥/(E; n, s, p) = % fc t(nw/E)*du,
gains the term £ /n = w,(x)£,(1 — £,)/E (Lemma 2(c)) at the upper limit of the integral
over positions of kind x, and ¥} = 1 fos t*du gains £2/n when x = s only. By Lemma 2(a),
oV,/dE = - /Osfz(l —0du < 0, and ¥” < 0 (Step 2 of the returns to scale). Since
da/d¥’ = M?, the chain rule along E*(n, s, p) gives, for x = s, p,

ox o (x)(1 — ¢, OE*
—:Mz[ WEA=E) g B ) (19)
ox E* ox
. J | S —
speoe‘?im(-%—) lower noise (+)

which is the first claim of part (ii) of each proposition, and

oV, oW, OF* O, _ o()t(1-L) oY, E

>
op  9E ap ds E* oE ds

Parts (i) are Lemma 3(ii), with o, = MY/, which equals @ at p = 0. The learned signal
wy(¥)l(nw,(y)/E) of the marginal covariate of kind y changes with its own position through
its signal, with d(wf)/dw = &2 — £) by Lemma 2(b), and with noise, with d(w¢)/dE = —£*/n
by (14). Hence

3(wp(p)Ey)
ap

wp(P)t’ggl - f’p)( _ c?ai* )

[ J

= 0,2 £,) ) (p) + (20)

signal of the
next covariate (+)

learned
better (+)

the same holds with s in place of p, and a(a)p(p){’p)/as = ((up(p){’p(l—{’p)/E*)(—aE*/as) > 0.

The product rule, applied to parts (i), gives the curvatures

*V oY d(wp(p)t oa
=T, (p)t, M+ Y, 3(wp(P)tp) M+Y, w,(p)ty —, (21)
op*  ap op op
lowgfgloei s%f ) impact (+) amplification (+)

*Y dwi(9)ts) oY da
— =0+a) Q0L + — ()b, M+ ¥, wy(s)t; —, (22)
as as S as

direct effect value of amplification (+)

and impact (&) lower noise (+)

and the cross effect of the two kinds of scope,

*V oY,

a(“P(P)fﬁ a
= tLM+Y ———— L M+ t,— >0 23
asap a5 PP MAY. o F¥0p(P) 50> 0 (23)

N J \ J N J

value of impact (+) amplification (+)
lower noise (+)
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which is Proposition 5. In Equations (21) and (22), every term is positive except the part of the
impact term due to the signal of the next covariate, ¥/M £,(2 — £,) w},(p) and (1 + a;) £:(2 —
{;) w’(s), which proves the second claim of part (ii) of each proposition.

For the cross effects with scale, v, = fos @*(1—¢)*du gains v, = w,(s)*(1—¥¢,)* at the upper
limit when x = s and depends on x otherwise through 7*, and 97*/on = M/E* depends on x

through E* and M. The product rule, applied to Equation (5), gives

o*Y ; or* ot* ar* oM —0E*/ox 1 da
= —qQUrg — Uig — —— TV e— Urp — — .

on ox L AP Tox on " E*? " E* ox
value of impact (+) amplification (+)

precision (—)

Since v,; = —(2¢,/7*)v,; and 91" /dx = (t*/E*)(—dE* /dx), the term on the value of preci-
sion and the term on the impact sum to Mv,(—9E*/ax)(1 — 2¢,)/E*%. For x = p, this gives

Equation (31); for x = s, it gives

o*V ot* fo(14 @) —9E*/ds (1 o7 ) N 1 da (24)
= Uy — 40 a) —— (1 - v, — =
onads " on i E*? * " E* 9s
e e/ J [N J
own weight impact and amplification (+)
applied (+) value of precision (&)

a covariate adds a weight that the firm learns from every further observation, lower noise
raises the impact of an observation and lowers the value of precision, and the covariate raises
the amplification. The middle term is nonnegative if £, < 1/2, and the other terms are positive,

which proves Proposition 2(iii) and Corollary 5(v).

Proportional growth of the factors. The proofs below divide each second derivative by
the marginal value, which leaves its sign unchanged. The marginal covariate of that kind
has signal w,(x) and fraction learned ¢,, and it raises precision at the rate r, = dIn7*/dx =
Mw,(x)t,/E* (Lemma 3(i)). Inside integrals, ¢ stands for #(7*w). Since #x) = x/(1 + x), £
and 1 — ¢ have elasticities 1 — £ and —¢ with respect to 7*. The quantity I of (15) depends on
post-prediction scope only through 7*; each term of its integrand has elasticity 1 —2¢, and the

terms are proportional to £ (Lemma 2(c)), the weights of (-),. Hence

olnT

or
W = rp <1 - 2[>5, g - a)s(s){s(l - fs) + rsr<1 - 2{>Ss (25)

where the first term of dI'/ds comes from the upper limit of the integral. Since M = 1/ (1 —

Y (E*;n,s, p)) and the new covariate adds £ /n to the slope at fixed noise,

oln M 2 ov(E OL* _
n :M[_x+ (E"n.s,p) = r (1= ) +2r a(l— 0 =r[(1— &) +27], (26)

ox n oE ox
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where the first term uses Lemma 2(c), the second uses Lemma 2(d), Lemma 3(i) and MY’ = a,
and the last equality uses £ = a(1 — ¢) (Step 3 of the returns to scale). In the same way, the
value of lower noise, ¥/, = % fos t*du, has elasticity 2(1 — £), = 2(1 — ¢;) with respect to 7*, and
only scope adds a term, £2/n = r(1 — £,)/M = r,¥.(1 — £,)/a,. Hence

alny ] r(1— ¢,
S = 2rx(1 — [3) + l{xzs} % (27)

N

Finally, the learned signal of the marginal covariate of either kind changes with its own scope
through its signal and through precision, and with the other scope through precision only. By

Lemma 2(b) and Lemma 3(i),

dIn(w.(x)t;) ' (x)

—@2-1r) dIn(w,(p)ey) _
dx

o) " re(1— £), — = r(1-1¢,).  (28)

Dividing Equations (21) and (22) by the marginal values, and using (26), (27) and (28),

*V /dx* _ () Wl (x)

_— B 2
oV /ox (%) B 29)

where
B, =2(1—1t)+2(1-¢,)+2L
A 1—¢

B, =(1-¢)+
= ) 1+ a A

+201 —Zg)+(1—zs)+zz].

If wp(p) = ws(s) and w),(p)/ w,(p) = @((s)/w(s), the two marginal covariates have the same
fraction learned ¢, and the same rate r,, and B, — B, = [22’ +2(1 - Z’s)] /(1 + a;) > 0; soif
9*V /ds* > 0, the right side of (29) is positive for x = s, hence for x = p, and 9*V/ap* > 0.

Lemma 5 (Scope in small and large samples).
(i) Asn — 0, r, = 0 and B, stays bounded for x = s, p, and 9V /dp — 0.
(ii) Asn — oo, r, stays bounded and B, — 0, while 3V /dp — 0 and 9V /s — w(s).

Proof. Recall that E* € [E, 1], with E = E(s, p) > 0, and w < @. The averages (-) and (-); of
quantities in [0, 1] lie in [0, 1], £ = a(1—¢) < « and «a; < a, so every term of B, is nonnegative
and B, <5+ 2.

(i. As n — 0, every fraction learned is at most n@/E, so w.(x)f, < na*/E and
Y/ (E*;n,s,p) < n(s + p)@*/E*. Hence M — 1, a — 0, r, — 0, B, < 5+ 2a stays bounded,
and 9V /ap = a,w,(p)t, — 0.

(ii). Asn —»> oo, 7" = n/E* > n > 00,501 —f, = 1/(1 + t"w.(x)) < 1/(nw.(x)) — 0,
because w,(x) > 0, and £ — 1 wherever v > 0,s0 1 — ¢, = (1 — £); — 0 by dominated
convergence, because the profiles are positive. Since ¥/(E*; n, s, p) < (s + p)/n, M — 1, and

a, a; and ¢ tend to zero. Hence B, — 0, because the term (1—¢,)/(1+ ;) of B, is at most 1— £,
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while r, = Mw,(x)¢;/E* < M&/E stays bounded. Finally, V/dp = a,w,(p)t, < ad — 0
and 9V /ds = w,(s)t;,(1 + a;) = w,(s). O

Proof of Corollaries 1(i)—(ii), 5(iii)—(iv) and 6. Let x be p or s. Corollary 6 is the comparison
that follows Equation (29). Since 9V /dx > 0, 9*V/dx* has the sign of the right side of Equa-
tion (29), in which r.B, > 0.
Signal that does not decline. If o/.(x) > 0, the first term is nonnegative, so 9*V/dx* > 0.
Declining signal. If ’.(x) < 0, the first term is at most w’.(x)/w,(x) < 0, because 2—¢, > 1,
while r,B, - 0 as n — 0 and as n — o (Lemma 5). Hence 9*V/dx* < 0 at all sufficiently

small and all sufficiently large n. [

Any part of the covariates, in the limit. For the next results, the sample contains no post-
prediction covariates. For a measurable g : [0,5] — [0, 1], read g(u) as the fraction of the

covariates near position u that the firm observes, in its sample and for the target individual,

and let . )
nw , . nw
‘Pg(E)El—/ga)t(?)du, "Pg(E)—E/gf<f> du,

with integrals over [0, 5], in which w stands for @ (u). Fix g with [ gw < 1,let E, = 1 —
| & w>0,and consider g < §. Since @ #(nw/E) = no?/(nw + E) is decreasing and convex in
E, ¥, is nondecreasing and concave, with ¥,(0) = 1— f gw > Eyand ¥, < 1. It therefore has
a unique fixed point E*(g) € [Ey, 1], and concavity gives 1 — Y, (E*(g)) =2 ¥,(0)/E*(g) = Eo.
Write

1 now(u)
1w, (B (g)) B ) M@

V(g)E/ga){’(Eilci;))duzl—E*(g).

M(g) = p(u: ) = ,(w)

For a set S of positions that is a union of J disjoint intervals, V(1) is the limit of the value
of observing, in the sample and for the target individual, the covariates whose positions lie
in S, those whose cells lie in S. Lemma 1 holds for every set of covariates in the sample,
and Step 5 of the proof of Theorem 1 uses the signal only through the L' convergence of its
step function. Let ws be the profile w; restricted to S and translated, interval by interval,
onto [0,|S]], so that /OIS\ flws)du = /5 f(w) du for every bounded f. List the covariates in
S interval by interval. On each interval, their step function is that of their order translated
by a multiple of 1/K, and at most 2] cells straddle an endpoint of S, so the two translations
differ by at most 2J /K. The L' distance between this step function and ws therefore vanishes
as K — oo, because translation is continuous in L. Step 5 applies with ws in place of ws, |S|

in place of s and no post-prediction covariates, and gives the limit V(1s).

Lemma 6 (Combining covariates in the limit). Let g, g’,n : [0, 5] — [0, 1] be measurable with

g< g and g’ +n<g. Then:
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(i) the value that n adds integrates the marginal values along the path from g to g+ n: V(g +
n—Y(g) = /01/ n(w) p(u; g + tn) du dt;

(ii) more covariates lower learning noise and raise the multiplier, E*(g") < E*(g) and M(g") >
M(g), so p(u; g’) > pu(u; g) for every u;

(iii) the value that n adds rises with the covariates already held, V(g’ + n) — V(g’) > V(g +
n) — V(g);

(iv) if; in addition, [(g' — g) @ > 0, then E*(g") < E*(g) and p(u; g') > p(u; g) for every u
with wy(u) > 0;

(v) thereisL > 0, which depends only on E,, such that |u(u; g")—p(u; g)| < Lowy(u) [ |g'—gl @

for every u.

Proof. Write p(E; w) = w f(nw/E) for the learned signal at noise E.

(i). The function (E,t) = E — ¥,.,(E) is continuously differentiable, with derivative
1-¥,,,,(E) 2 E, in E at the fixed point and [ 1 p(E; ®) duin t. The implicit function theorem
gives dE*(g + tn)/dt = —M(g + tn) [ np(E*(g + tn); ®) du, and ¥V = 1 — E* gives (i).

(ii). Since v > 0, ¥y < ¥, so Yo (E*(g)) < E*(g). A concave function ¥ with ¥,/(0) > 0
lies above the diagonal below its fixed point and below it above, so E*(g’) < E*(g). Since
#(nw/E) decreases in E and g’ > g, ¥}, (E*(g")) > ¥,(E*(g")) = Y, (E*(g)), so M(g") = M(g);
and v decreases in E.

(iii). Apply (i) to both differences and (ii) to g’ + tn > g + tn.

(iv). Since p(E;w) > 0 whenever ® > 0 and E > 0, ¥Yo(E) < ¥ (E) for every E > 0,
so ¥ (E*(g)) < E*(g), and the argument of (ii) gives E*(g") < E*(g). Since p(E; w) strictly
decreases in E wherever v > 0, and M(g") > M(g) by (i), p(u; g") > p(u; g) wherever
wy(u) > 0.

(v). Write € = [ |g’ — gl w. Since 0 < p(E; 0) < o, [¥(E) — ¥,(E)| < € at every E. The
function ®y(E) = E — ¥ (E) is convex, at most —E, at E = 0 and zero at E*(g") < 1, so the
chord from (0, ®,/(0)) to (E*(g’),0) has slope at least E,. Below E*(g’), convexity puts @,
below this chord; above E*(g’), it puts @, above its tangent at E*(g”), whose slope is at least
the chord’s. Hence |E — ¥ (E)| > Eo|E — E*(g’)| for every E > 0, and evaluating at E = E*(g)
gives |[E*(g") — E*(g)| < €/E,. On [Ey, 1], |9p(E; 0)/9E| £ w/(4E,), {(nw/E)* < nw/E, and, by
Lemma 2(d), |0¥},/9E| < 2/Ej. Hence ¥, (E) — ¥, (E)| < €/Eo, [¥,(E*(g")) — ¥, (E* ()| < Ce
and, since both multipliers are at most 1/E,, |M(g") — M(g)| < Ce, with C depending only on
Ey. Since v < w and M < 1/E,, the bound on u = v M follows. O

Groups of post-prediction covariates. Now let the sample contain the first s covariates

and the post-prediction covariates whose positions lie in a set P, a union of finitely many

disjoint intervals of [0, p]. The argument above, applied to the post-prediction covariates,
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with wp in place of w, and |P| in place of p, shows that value converges to V(P), the value
of Theorem 1 with that post-prediction profile. For a measurable h : [0, p] — [0, 1] with
fosa)sdu+fha)pdu < 1,let

d)h(E)E1—/Osa)sl’<n2)s)du—/hw,,t’(%)du,

with integrals over positions, and let E*(h) be its fixed point, M(h) = 1/ (1 - CIDQI(E*(h))),
as(h) = M(h)¥',(E*(h)) with V/(E) = % fos H(nw;/E)*du, and V(h) = fos Ws f(na)s/E*(h))du,
so that V(1) = V(P). As for ¥,, ®;, is nondecreasing and concave with ®,(0) > 0, so the
fixed point is unique and 1 — @}, (E*(h)) > 0.

Lemma 7 (Post-prediction groups in the limit). Let h,h’,n : [0, p] — [0,1] be measurable,
withh < W andfosa)sdquf(h’Jrn)a)p du < 1.

(i) The value that n adds accumulates spillovers along the path from h to h + n: V(h + n) —
V(h) = /01 as(th+tn) [ no, t(nw,/E*(h+ tn)) du dt.

(i) If [(W = h) w,du>0and [ nw,du> 0, then V(' + n) = V(1) > V(h + n) — V(h).

Proof. (i). As in the proof of Lemma 6(i), the implicit function theorem gives dE*(h+tn)/dt =
—M(h+tn) [ no, tdu. Value depends on h only through E*(h), and by (14) its derivative with
respect to E is —¥/(E), so dV(h + tn)/dt = as(h+ tn) [ 1 wp tdu.

(ii). Fix t € [0,1], and write k = h + ty and k¥’ = b’ + tn. The argument of the proof
of Lemma 6(ii) and (iv), with @ in place of ¥,, gives E*(k") < E*(k). The value of lower
noise V/(E) strictly decreases in E, because s > 0 and w; > 0. The slope ®,.(E) = V.(E) +
%f k &(nw,/E)*du decreases in E and rises with k, so ®,(E*(k")) > ®,(E*(k)) and M(k") >
M(k). Hence a,(k’) > a(k), and #{(nw,/E) is larger at E*(k’) wherever w, > 0. The integrand
of (i) is therefore strictly larger at k’ than at k for every ¢, and (i) gives the claim. [

For the next lemma, let the sample contain the first s covariates and the post-prediction
covariates in a group P that leaves out the signal Ep = 1 — fos Ws — fp wp > 0. Write Q,, O3
and Q, for the integrals of w?, ® and w* over [0, s], 0, = Q, + Jp % and O =05+ J, @) for

the same integrals over the whole sample, and I, = /OS du/w(u).

Lemma 8 (Groups in small and large samples).
(i) Asn— 0, V(P) = nQ, + n*(Q:Q; — Qs) + n*(2Q0,0% — 0205 — 2050, + Q4) + O(n).
(ii) Asn — oo, n[foS Wg — V(P)] — sEp.

(iii) If the signals of the covariates in the sample are bounded away from zero, then, asn — o,

s E +|P|)E I, E
V(P) =/ Ws — 2P (s |2 D Ep + '27) +0(n™).
0 n n n
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The bounds in the O-terms depend only on @, s + |P|, a positive lower bound on Ep and, in (iii),

the lower bound on signal.

Proof. Write E for the learning noise, which lies in [Ep, 1], x = nw/E and fC for an integral
over all the covariates in the sample.

(i). Since x < n@/Ep, #(x) = x — x* + x> + O(x*) uniformly. Hence 1 — E = fc wt =
nQ,/E — n2Q;/E* + O(n®), so0 1 —E = O(n), 1/JE = 1+ (1 — E) + (1 — E)* + O(n®), and
substituting twice gives 1/E = 1 + nQ + n*(2Q* — C) + O(n®). Substituting this into V =
nQ,/E — n*Qs/E* + n*Q,/E* + O(n*) gives (i).

(ii). Since w(1 — #x)) = wE/(E + nw) < E/n, E—Ep = fc w(1—-6<(s+|P])/n—0.0n
[0, s], nw(1—£) = nwE/(E + nw) is at most one and tends to Ep wherever « > 0, so dominated
convergence gives n /Os w(1 = £) = s Ep, which is (ii).

(iii). Let wpmin > 0 bound from below the signals in the sample. Since x > nwypn, 1 — #(x) =
1/(0+x)=1/x—1/x*+ O(x7*), so w(1 — £) = E/n — E*/(n*w) + O(n™?) uniformly in the
sample. Hence E = Ep + (s + |[P))E/n+ O(n"?),s0 E = Ep(l +(s+ |P|)/n) + O0(n™?), and

’ : E ILE* E +|PD)Ep I, E2
/ws—V(P)=/ (-0 = EEE oy = B sGHIPDE LBy 0
0 0 n n

n? n? n?

Proof of Proposition 3. (i). By Lemma 1, with S as the group of covariates in the sample and
of covariates observed for the target individual, Vy(S) = %Zkes Wk V(mk(N , S)), where
my(N, S) is the posterior mean of covariate k’s weight when the firm observes S for N indi-
viduals. With S; U S,, the firm observes everything it observes with S; alone, so the mono-
tonicity argument in the proof of Lemma 1 gives V(mk(N, S; U 52)) > V(mk(N, Sl-)) for
k € S, i = 1,2. Splitting the sum over S; U S, into its parts over S; and over S, gives
Va(S1 U Sy) > V(S;) + Va(S,), which is the claim.

(ii). Let S; grow to Sj, disjoint from S,, with [5{\51 w > 0and fS{USZ w < 1, and write

g=1s,8 =1g,n=15 and g = g’ + 1. By Lemma 6(i), the value that S, adds rises by

[ / n(w) [p(ws g + tn) — p(us g + tn)] du dt,

and by Lemma 6(iv), applied to g+tn < g’+1tn, the integrand is positive wherever n(u) w,(u) >
0. Since /sz @ > 0, the rise is positive. With S; = & growing to S, the value that S, adds to
S, therefore exceeds V(S,), so G > 0. Since G = [V(S‘l us,) — V(Sl)] —V(S,) and V(S,)
does not depend on S;, G strictly increases when S; grows. The case in which S, grows is
symmetric.

(iii) and (iv). The limit V(S) is the value of a sample with profile ws on [0,|S]|] and no
post-prediction covariates, so Lemma 8 applies with ws in place of wj, |S| in place of s and
P = &; since /Slu 5 @ < fos @ < 1, its bounds hold uniformly over the three groups. Size,

cumulative signal and the integrals /S ok are additive over disjoint groups. Write a; = |Sj,
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b, = fo wand ¢ = fSi w?. By Lemma 8(i), V(S) = nq + n*(¢* — ¢) + O(n?) for a group with
squared signal g and ¢ = [, »®, so the terms in nq and n’c cancel in G, and G = n*[(q; +
@) — ¢ — qzz] + O(n®) = 2n*q,q; + O(n*), which is (iii). By Lemma 8(ii), n[fs w— V(S')] -
a(1 — b) for a group of size a and cumulative signal b. Cumulative signal cancels in G, so

nG -» — [(al + az)(l — bl — bz) — al(l - bl) - a2(1 — bz)] = albz + azbl, which is (IV) O]

C Proofs for Section 5
Proposition 5 is Equation (23) in Appendix B.

Proof of Proposition 4. Parts (i) and (ii) are Lemma 4(ii) and (iii). For part (iii): Precision 7* =
n/E* strictly increases with n (Lemma 3(i)), from zero as n — 0 to infinity as n — oo, so it
suffices to study the sign of D(7) = /(1) — ¥¢(7) on [0, 00). With m; = fos Yk du and ¢, =
/c ¥ /w du, which are finite because 1V < w < @ and the profiles are positive, /; = ms/m,
and ¥¢ = ¢3/(E + ¢3). Since 9y /dt = =%, dmy/dt = —kmy,, and dey/dt = —k cgyq, 50 D is

continuously differentiable, with

Cq

¢}:2ﬁ—3m—2, l/;’czzﬁ—3E+C2-
By the proof of Lemma 4(ii), D(0) = fop w,(u)*du—k«(s), and by that of Lemma 4(iii), D(7) < 0
at every large 7.

Step 1: D’ < 0 at every zero of D. Let u be the distribution of ¢ that weights each weight
that the firm applies by 1/*/m,, and v the distribution of  that puts mass E/(E+ ¢;) at y = 0
and weights each weight in the sample, of either kind, by (*/w)/(E + c;). The means of ¢/
under p1and v are ¢/ and /¢, and the means of 1/? are m,/m, and ¢, /(E+c;). At azero of D, the
two means of i/ coincide and D’ = 3 [m4 /my—cy/(E+ cz)] , so it suffices to show that the mean
of /% is strictly larger under v. Let h = v —p, a signed measure with / dh = 0and [ ¢ dh = 0.
On the weights that the firm applies, v has density ©/w relative to p, with @ = m,/(E + ¢,),
so h > 0 on the weights with w < © and h < 0 on those with w > @; v also puts positive mass
at = 0 and on the post-prediction weights, where y puts none. Since h = 0 and [ dh =0, h
is negative somewhere, so & lies below the largest signal v* = ess sup,_; w,(u) of a covariate
that the firm applies. Let a and b be the unlearned signals of weights of signal & and w*, so
that 0 < a < b. By the ranking, every post-prediction weight has ¥ > b. Hence h > 0 on
[0, a) and on (b, ), and h < 0 on [a, b). Since [ dh = [ ¢ dh =0,

[van=[w-ow-ba

The integrand is positive outside [a, b], where h > 0, nonpositive on [a, b), where h < 0, and
zero at b, so every part of the integral is nonnegative, and the mass of v at ¥ = 0 contributes

ab E/(E + ¢;) > 0. Hence D’ < 0 at every zero of D.
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Step 2: the two cases. By Step 1, D crosses zero only from above: if D(7,) < 0, then D < 0
just after 7o, by Step 1 if D(7y) = 0 and by continuity otherwise, and a first return of D to
zero at some 7; > 7, would require D’(7;) > 0, against Step 1; so D < 0 on (7, o). First, if
/OP w,(u)’du < k(s), then D(0) < 0,s0 D < 0 at every 7 > 0, and returns to scale diminish
at every n. Second, if /Op wp(u)?*du > k(s), then D(0) > 0 and D < 0 at large 7, so D has a
smallest zero 7, D > 0 on [0, 7) and D < 0 on (7, »); set n = C(7). O]

D Proofs for Section 6

Two facts recur; w stands for w,(u) in integrals, and p = 0 unless stated otherwise. First, V(., s)
is continuously differentiable and strictly concave on (0, o) (Proposition 1(i)), and V(v, s) — 0
as v — 0, because w f(vw/E) < vw?/E(s). For x € [0,n], let f(x) = V(n,s) — V(n — x, s),
the value lost when a holding of scale x leaves. Then f(0) = 0 and f is strictly convex, so
f(x+y) > f(x)+ f(y) for x,y > 0 with x + y < n. Second, in the economy of covariates,
W(H) = V(1s,,) in the notation of Lemma 6, with Sy; = ez Sy & = 105 and Ey = E(s);
write g = 1[04, S0 that p(u; gu) = 0 (7" w)M.

Proof of Proposition 6. (i). Since A, = f(ny) = f’:nh oV (v,s)/dv dv and 9V /v strictly de-
creases, A, > nj, dV(n, s)/dn, and summing gives ., Ay, > ndV/on = —9E*/dlnn = aE".
For the upper bound, order the holders and let v, = n;+---+n,. Then V(n,s) = ), [V(vh, s)—
Y(vi_1, s)] , and since v;_; < n—ny, strict concavity makes each increment at least f(n,) = A,
strictly for h = 1 because m > 2.

(ii). Splitting holding h into holdings x and n,—x replaces f(n,) by f(x)+f(n,—x) < f(np),
and leaves every other marginal contribution unchanged, because it leaves the scale of every
coalition that contains both parts unchanged.

(iii). By the mean value theorem, 0 < A, —nj, 9V(n, s)/dn < n, ®(max; n;), where @ is the
modulus of continuity of 9V /dn on [n/2, n]. Summing, the gap is at most n @(max; n;) — 0.
Since V = R? and E* = 1 — R?, the share is a(1 — R?)/R?, and it is below one by (i).

(iv)—(v). Let p > 0. The argument of (iii) shows that, for every dataset, the atomistic sum
converges to ndV/on, which equals a;E* (Lemma 3(ii)). By the definition of i, V(. s, p) is
strictly convex on (0, n), and V(v,s,p) — 0as v — 0. At n < n, strict convexity gives (iv):
nov/on > fon V(v,s,p)/ov dv = V(n,s, p). For (v), the value lost when a holding of scale
x leaves, V(n, s, p) — V(n — x, s, p), is strictly concave in x on [0, n] and zero at x = 0, so the

merged holders’ marginal contribution is below the sum of their separate contributions. [

Proof of Proposition 7. (i). Order the holders and let S, = ;. S;. Then V = 3, [V(Sou
Sy) — V(5'<h)], and by Lemma 6(iii), each increment is at most V([0, s]) — V([0, s] \ S},) = Ay,
strictly for h = 1 by Lemma 6(i) and (iv), because [0, s] \ S; has positive signal when m > 2.
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For the upper bound, Lemma 6(i) with g = g1 — 15, and = 15, gives

1
AhZ//u(u;gau—(l—t)lsh)dudt</u(u;gau)du, (30)
0 Sh Sh

where the inequality follows from Lemma 6(iv), because S}, has positive signal. Summing over
holders, Y, /sh wlt*o)Mdu=MV =1+ a)V.
(ii). Let holding h split into S’ and S”, both with positive signal, and let G = [0, s] \ S}.

The sum of marginal contributions changes by
[W(GU S uS") = W(GuS)] - [W(GuS)-W(Q)].

the value that S” adds to GU S” minus the value it adds to G, which is positive by Lemma 6(i)
and (iv). Every other marginal contribution is unchanged.
e 2
(iii). By (30) and Lemma 6(v), |A; — /5,, pi(u; gan) du| < L( fsh )", so 1 Xh 0=+ )V <
Lfosa)mathsha)—>0. O

Proof of Corollary 2. Every holder of observations faces all covariates, so its marginal contri-
bution is that of the economy of observations; every holder of covariates faces all observa-
tions, so its marginal contribution is that of the economy of covariates. By Propositions 6(iii)
and 7(iii), the sum converges to aE* +(1+ @)V = V+ a(E*+V) = V+a, because E* +V = 1;
and a = (a/R*)V. O

Proof of Proposition 8. The firm keeps the share II/W(H.) = 1 — ¢ Y., An/ W(H.y) of value,
and Propositions 6(iii) and 7(iii) give the shares in (i) and (ii); (1 — R?)/R* < 1 gives (i).
By Proposition 6(iv), the share in (iii) converges to 1 — ¢ &,E*/V < 1 — ¢. With ¢ = 1,

Proposition 7(i) gives the last claim. ]

Proof of Corollary 3. A merger of holders 1 and 2 leaves W(H,;) and the marginal contribution
of every other holder unchanged, so the firm’s payoff changes by ¢ times the fall in the merged
holders’ marginal contribution.

(i). The merged holder’s marginal contribution is f(n; + ny) > f(n;) + f(n;). A single
holder of all observations has marginal contribution V, which exceeds the atomistic sum aE*
by the factor V/(aE*) = R*/[a(1 — R?)].

(ii). With G = [0, s] \ (S5, U S,), the merged holder’s marginal contribution minus A; + A,
is

{[WGu s uS)-WwGus)] - [Wgus)-w©)] | <o
by Lemma 6(i) and (iv), because S, has positive signal. A single holder of all covariates has

marginal contribution V, the fraction 1/(1 + «) of the atomistic sum, so the firm gains gpa V.

]
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Proof of Corollary 4. By Propositions 6(iii) and 7(iii) and Corollary 2, holders receive ¢ times
the shares a(1 — R*)/R? 1 + « and 1 + a/R? of value. Payments do not exceed value if and
only if these products are at most one. The first is below ¢ < 1 by Proposition 6(iii), and the
other two give the thresholds. Since @ > 0 and R* < 1,1+ «/R* > 1 + a > 1, which orders
the thresholds. [

Proof of Proposition 9. (i). The payments sum to A fos wl(t*w)du = AV.

(ii). A coalition that does not contain the firm is worth zero, and payments are
nonnegative. For a coalition of the firm with the holders in H, the allocation gives it
V-2 /[o,s]\sH wl(t*w) du, wlhich must be at least W(H). By Lemma 6(i), with g = 15, and
n=gun—&YV—-WMH)= [ [ nu(u; g+ tn)dudt. By Lemma 6(ii), E*(g + tn) > E*(gun). so
1) t’(na)/E*(g+tr7)) < wlrt*w),and M(g+tn) > 1. Hence V-W(H) > f[o,s]\ wlt*w)du >
A f[O,s]\SH w (" w) du.

(iii). Since fsh wl(t*w)du = /Sh u(u; ga) du/(1 + @), the sum is at most 1/(1 + «) times

Sn

the bound in the proof of Proposition 7(iii), which vanishes. [

The convex game. The footnote in Section 6.2 uses the game among the firm and the hold-
ers of covariates, in which a coalition C is worth W(C \ {firm}) if it contains the firm and
zero otherwise. The game is convex: for C € C’ and a player i ¢ C’, if i is a holder and
C contains the firm, the value that i adds rises from C to C’ by Lemma 6(iii); if C does not
contain the firm, i adds nothing to C and a nonnegative amount to C’; and if i is the firm, it
adds W(C) < W(C’). The Shapley value of a convex game lies in its core (Shapley 1971).

E Further Results on Post-Prediction Covariates

This appendix collects the results on post-prediction covariates that Section 5 uses only in
passing: the returns to post-prediction scope and their interaction with scale, and economies
of scope among groups of post-prediction covariates. The assumptions of Section 3.3 hold,
and the post-prediction profile is positive and continuously differentiable near p whenever I

differentiate with respect to p.

Returns to post-prediction scope. A post-prediction covariate is worth a number of ob-
servations that the firm can compute from its validation error; it is worth most at intermediate
scale; and its returns increase unless signal declines along the order, in which case they di-

minish in small and in large samples.
Proposition 10 (Post-prediction scope).

(i) The marginal value of a post-prediction covariate is all indirect, as in Equation (8).
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(ii) One more post-prediction covariate raises the amplification, da/dp > 0, and the curvature
of value in post-prediction scope exceeds the change in the marginal value due to the signal
of the next covariate:

*VY

apt > P (1+a) 6,2 = £,) w,(p).

(iii) The cross effect of scale and post-prediction scope is

%Y —9E*/d i} 1 da
—:vf(1+a)#(1—2fs)+ Uy — — (31)
andp E*? E* ap

o - v
impact and amplification (+)

value of precision (+)

The learned signal of the new covariate leaves the noise, the multiplier amplifies this im-
pact, and each unit of lower noise is worth ¥/, on the weights that the firm applies (part (i)).
As post-prediction scope rises, the new covariate adds its learning speed to the loop, and the
lower noise speeds up the learning of every weight; both raise the amplification (part (ii)).
The lower noise also raises the value of lower noise and lets the firm learn the weight of the
next covariate better. Along an order of declining signal, however, the next covariate carries
less signal, and this is the only force that can make returns to post-prediction scope diminish
(Equations (20) and (21) in Appendix B). One more post-prediction covariate also changes the
marginal value of an observation (part (iii)). The lower noise raises the impact of an observa-
tion, because precision is scale per unit of noise, and lowers the value of precision, because
value is concave in precision; the first effect is at least the second whenever ¢, < 1/2. The

covariate also raises the amplification.
Corollary 5 (Post-prediction covariates).

(i) One more post-prediction covariate is worth as many observations as the sample size times
the rise in validation error that deleting its term from the model, without refitting, causes,

divided by validation error.

(ii) The marginal value of post-prediction scope tends to zero asn — 0 and as n — oo, whereas

that of scope tends to w(s) as n — oo.
(iii) If signal does not decline at p, w,(p) > 0, returns to post-prediction scope increase at p.

(iv) If signal declines at p, w,(p) <0, there are 0 < n < 7 such that returns to post-prediction

scope diminish at p at every n < n and every n > fi.
(v) Scale and post-prediction scope are complements whenever ; < 1/2.

Part (i) gives the exchange rate between post-prediction covariates and observations. The
value of precision and the multiplier are common to both and cancel, so the rate is the ratio

of the impacts: along an isoquant of value at fixed scope, dn/dp = —nw,(p)¢f,/E*. In the
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(a) The two kinds of scope (b) Isoquants
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Figure 8. Post-prediction covariates. Example of Figure 5, s = 0.5. (a) At p = p, the marginal values of scope
and post-prediction scope as functions of scale; dotted, the signal of the marginal covariate. (b) Contours of
precision, which are the isoquants of value: combinations of post-prediction scope and scale that yield the same
value.

example of Figure 8, at n = 1 and p = 0.125, one post-prediction covariate is worth 2.3
observations. Along an isoquant, precision is fixed, so the rate varies only with the signal
of the marginal post-prediction covariate; with equal signals, as in panel (b), isoquants are
straight lines.

Part (ii) states that post-prediction covariates are worth most at intermediate scale (Fig-
ure 8(a)). In small samples, the firm has learned little of any weight, so both the impact and
the value of lower noise vanish. In large samples, the firm has nearly learned the weights it
applies: the value of lower noise vanishes and the multiplier tends to one, while the direct
effect of a covariate tends to its full signal. For the same reasons, declining signal wins at both
ends of the scale (part (iv)); in between, the rise in the value of lower noise, in the multiplier
and in the impact can outweigh it. Part (v) follows from Proposition 10(iii). In large samples,

scale and post-prediction scope are substitutes (Online Appendix OA.3.6).

Corollary 6 (Post-prediction scope and scope). If w,(p) = ws(s) and wij(p)/w,(p) =
a)’s(s) / w(s), returns to post-prediction scope increase at p whenever returns to scope increase at

S.

Declining signal weighs more on returns to scope than on returns to post-prediction scope,
because it scales the whole marginal value of a covariate, with weight 1 + «;, but only the

indirect effect of a post-prediction covariate, with weight «.

Economies of post-prediction scope. A firm can also acquire post-prediction covariates
in groups that are not adjacent in the order, as when a partner service shares what users did
next. Two such groups always add more value together than apart. Let P; and P, be disjoint
groups of post-prediction covariates, each collecting the post-prediction covariates whose

positions lie in a finite union of intervals of [0, p] with positive length, also written P;, such
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that fos ws+ /Pl up, @p < 1. Write V(P) for the limit of the value when the sample contains the
first s covariates and the post-prediction covariates in P (Appendix B); size, cumulative signal
and squared signal are defined as for groups of covariates (Section 4.3), with w,, in place of
w;. The two groups exhibit economies of post-prediction scope at scale n if together they add

more value than the sum of what each adds alone,
G, = [V(PLuP,) - V(@)] - [V(P) - V()] - [V(P) - V(2)] > o.

Proposition 11 (Economies of post-prediction scope).

i) They exhibit economies of post-prediction scope at every scale, and G, strictly increases
y post-p P y p y

when either group grows, disjointly from the other.
(ii) In small samples, G,/n* — 4 |~ w? /7’1 w? /Pz .

(iii) In large samples, if the signals of the covariates in the sample are bounded away from zero,

S du
n*G —>s(|73|/a) +|P|/a))+2/a)/a>/—.
P 1 PZP Zplp Plppzpows(u)

A group of post-prediction covariates adds only spillovers, each the product of the three
factors of Equation (8). The other group raises every factor, as one more post-prediction
covariate does in Proposition 10(ii): it lowers noise, which raises the value of lower noise,
the amplification and the impact of every covariate in the first group, and it adds the learning
speeds of its own covariates to the strength of the loop, which raises the amplification further.
The signal of the next covariate plays no role, because the groups are fixed.

In small samples, the value that P, adds is about n® fos w* sz cof,, and P, raises it by about
an® [ w? fPl W /7,2 wy: half through the value of lower noise, a quarter through the amplifi-
cation and a quarter through the impact (proof below). The gain is therefore of third order in
scale and depends on each group only through its squared signal. In large samples, the error
on the weights that the firm applies is about s E/n. A correction of order n™? is proportional to
the number of weights in the sample times the signal outside the sample, as in least squares, in
which the error on each weight rises with the number of regressors. Each group adds its size
to the first factor and removes its cumulative signal from the second, so the cumulative sig-
nal of one group is worth more when the other group is larger. The second term of part (iii)
comes from the convexity of value in noise. Size and cumulative signal are then sufficient
statistics. As for covariates, the two statistics suffice at both ends if every covariate in a group
has the same signal; in between, the whole distribution of signal within each group matters.
Economies of post-prediction scope are an order smaller at both ends than economies of scope

(Proposition 3), because post-prediction covariates act only through precision.
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Proofs. Proposition 10, Corollary 5(iii)-(v) and Corollary 6 are proved in Appendix B, with

the decompositions behind them.

Proof of Corollary 5, parts (i) and (ii). By Lemma 3(ii), dV/dp = a,w,(p)f, > 0, because
/OS wdu > 0and w,(p) > 0.

(i). At fixed scope, value depends on scale and post-prediction scope only through 7*, and
' > 0, so the isoquants of value are the contours of 7*. By Lemma 3(i), their slope is dn/dp =
—-r,/(@Int*/on) = —r,n/M = —w,(p)t, n/E* = —7*w,(p)f,. One more post-prediction
covariate raises p by 1/K, so it is worth 7*w,(p)¢,/K units of scale, that is, N w,(p)¢,/(KE*)
observations. By Lemma 1, applied to all the covariates in the sample as for validation error
in Theorem 1(ii), deleting the term of covariate k from the model without refitting lowers
the value of observing them by w,V(mpx)/K and so raises validation error by that amount,
which for the marginal post-prediction covariate is w,(p)f,/K up to a term of smaller order
by Theorem 1(ii). Since validation error converges to E*, the covariate is worth the sample
size times this rise divided by validation error, in the limit.

(ii). Lemma 5. O

Proof of Proposition 11. Write a; = |P|, b; = fPf wp, and g; = /P,- wp, which are positive because
the profile is positive and each group has positive length.

(i). In the notation of Lemma 7, G, = [V(lpl +1p,) — V(lpl)] - [V(lpz) - V(O)] , which is
positive by Lemma 7(ii) with h = 0, i’ = 1p, and n = 1p,. If P, grows to P}, disjoint from P,,
G, rises by [V(Pl’ up,) — V(Pl’)] - [V(P1 up,) — V(Pl)], which is positive by Lemma 7(ii)
with h = 1p, and &’ = 15,. Since G, is symmetric in the two groups, the same holds when 7,
grows.

(ii). In Lemma 8(i), O, and Qs are affine in the group of post-prediction covariates and
additive over disjoint groups, so every term that is affine in (0., 03) cancels in Gy, and only
2”3Q2QA22 remains: G, = 2n°Q, [(Qz + ¢+ @) = Qe+ q)? —(Q2 + @) + QS] +0(n') =
4n’*Qquqp + O(n?).

The split of this gain in Section E follows from Lemma 7(i): the value that P, adds inte-
grates over P, the spillover MY, w,#(nw,/E*) along the path. As n — 0, learning noise is
E* = 1 - nQ, + O(n?), with Q, the squared signal of the sample, so M = 1 + nQ, + O(n?),
¥, = nQ,/E** + O(n*) and w,#(nw,/E*) = nw? /E* + O(n?), where the last two O(n?) terms
depend on P; only at order n®. Adding P; raises 0, by g, and lowers E* by ng, + O(n?), so it
raises ¥ by 2n°Q,q1, M by nq; and the learned signal by n*«w? gy, up to terms of higher order.
Multiplied by the other two factors at leading order and integrated over P,, these rises give
2n®Q,q, g, through the value of lower noise, n*Q,q, g, through the amplification and n*Q,q, g,
through the impact.

(iii). In Lemma 8(iii), Ep = E(s,0)—b and s+|P| = s+a for a group of size a and cumulative
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signal b, so the terms of orders one and 1/n cancel in G,, and

nsz —> —S [(al + az)(—bl — bz) — al(—bl) — az(—bz)] + ZIsbl bz = S(a1 bz + azbl) + lebl bz. ]
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