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1. Introduction

A rise in foreign prices presents a familiar problem for monetary policy. It raises domestic
inflation and reduces purchasing power, but its source lies outside domestic demand. Tighten-
ing can restrain the resulting inflation, at a cost to activity. How much should the central bank
tighten, if anything? In an economy that imports both final goods and intermediate inputs,
the answer depends on which foreign prices have risen and on how their increase reaches
domestic producers. The increase in the consumer price index (CPI) alone is therefore not
enough to determine the appropriate monetary response.

This paper studies the joint role of the sectoral origin of foreign price shocks and currency
invoicing in optimal monetary policy. We use a dynamic small open economy (SOE) with
domestic and international input-output (IO) linkages, heterogeneous price rigidity, and
heterogeneous import invoicing. A foreign input used by many domestic industries transmits
its price increase through their marginal costs. The exchange rate can alter this transmission,
but its effect depends on the currency in which each imported good is priced. Production
links and invoicing thus determine both the disturbance the central bank faces and the
consequences of its response.

Our closest theoretical benchmark is Qiu et al. (2026), who characterize monetary policy
and the inflation weights that close the output gap in a static SOE with production networks.
Aguilar et al. (2026) study the dynamic transmission of foreign price disturbances and the
associated monetary-policy trade-offs. We build on these analyses by characterizing the wel-
fare criterion and optimal allocation under heterogeneous import invoicing. The additional
margin matters for policy: an exchange-rate movement changes import costs unevenly across
sectors, so a domestic inflation index that aligns with the aggregate markup distortion need
no longer stabilize the output gap. Our contribution concerns this interaction between the
production network and currency pricing, and its implications for stabilization after shocks
to different foreign sectors.

The model is a New Keynesian economy in which firms use labor and domestic and
imported intermediates, and prices adjust at sector-specific frequencies. We obtain a tractable
SOE from a general multi-country environment by imposing logarithmic utility, Cobb-Douglas
expenditure and production shares, and complete international financial markets. Imports
can be priced in the producer’s currency (PCP) or the local currency (LCP). The positive model
accommodates import tariffs, foreign price wedges, and tariffs on Home exports. The welfare
analysis considers foreign price wedges under an efficient, tariff-free natural benchmark.

The analytical results have two parts. First, we derive the sectoral Phillips curves and
the domestic-value-added Divine Coincidence Inflation (DCI) index. Its weights combine
sectoral sales, inverse price flexibility, and domestic production content. Under the pricing



restrictions that eliminate the exchange-rate residual, stabilizing this index closes the output
gap. Heterogeneous invoicing generally leaves a residual in its Phillips curve: the exchange
rate affects imported costs in a way that the output gap alone does not summarize. The index
remains well defined, but its stabilization is no longer sufficient to close the gap.

Second, we derive a second-order welfare loss and the optimal allocation under com-
mitment. In addition to the output gap and domestic sectoral inflation, welfare depends on
gaps in domestic prices and sectoral terms of trade. These relative-price gaps distort the
allocation of consumption and intermediate inputs. Monetary policy must therefore weigh
the effects of demand and exchange-rate adjustment on sectoral inflation against their effects
on resource allocation. The resulting conditions characterize this trade-off without replacing
it by a choice of aggregate inflation weights. We also solve the discretionary problem, in
which inherited price gaps continue to matter but the central bank cannot commit to future
actions.

We use a calibration with forty-four sectors to examine how this policy problem varies
with the origin of the shock. Sectoral counterfactuals separate consumption shares, domestic-
input links, imported-input links, price rigidity, and invoicing. Imported-input centrality—the
domestic sales-weighted use of the shocked foreign input—organizes the largest differences
in aggregate responses. A small share in household expenditure does not make a foreign
good unimportant for policy if it is used throughout domestic production. Invoicing adds
substantial variation to this relationship. Under the Taylor rule, heterogeneous invoicing
nearly doubles the cross-sector standard deviation of eight-quarter cumulative CPI inflation
responses to equal-sized foreign price shocks when imported-input shares are the only
heterogeneous real dimension.

Energy provides a useful illustration. Mining of coal, crude petroleum, and natural gas is
the high-centrality outlier in the sectoral experiments. A price wedge in this sector produces
nearly the same impact increase in headline inflation under commitment and a standard
CPI Taylor rule. The Taylor rule nevertheless raises the interest rate more and generates a
larger contraction in the output gap. The difference concerns the domestic adjustment to
the imported price increase: the affected input enters the costs of many firms whose prices
are sticky. Optimal policy accounts for those downstream distortions as well as aggregate
inflation. Under discretion, the impact output-gap and interest-rate responses lie between
commitment and the Taylor rule, while impact CPI inflation remains similar.

A quantitative application illustrates these mechanisms in a four-region economy com-
prising the Euro Area (EA), the United States, China, and the rest of the world, with forty-four
sectors in each region. It adds bilateral production links, wage rigidity, energy-specific sub-
stitution, and dominant-currency pricing. We compare the baseline Taylor rule with an



optimal simple rule (OSR) chosen under an aggregate stabilization criterion.! For imported
energy, the optimized rule reduces this loss by 24.7%. Changing the baseline rule’s target from
headline to core inflation, with its coefficients unchanged, reduces it by 22.8%, recovering
most of the gain. For bilateral U.S.-China tariffs, the EA is a third party and its exposure is
much smaller: optimizing the rule improves the stated criterion by only 0.01%. The tariff
spillover nearly disappears under uniform producer-currency pricing. These applications
show why the origin of imported inflation and the currency of the affected trade flows matter
for the policy comparison.

Related literature. Our analysis belongs to the literature on monetary policy in production
networks. La’0O and Tahbaz-Salehi (2022) and Rubbo (2023) characterize the aggregation of
sectoral distortions and optimal policy in closed economies; Pasten et al. (2020) and Ghassibe
(2021) show how input links and price rigidity shape monetary transmission. Our SOE retains
this sectoral accounting while allowing currency pricing to alter the effects of monetary
policy through imported inputs.

Currency pricing is central to open-economy monetary policy. Gopinath et al. (2020) docu-
ment the role of dollar pricing in international transmission, and Egorov and Mukhin (2023)
characterize optimal policy under dominant-currency pricing, including environments with
intermediate inputs. Our analysis takes invoicing as a sectoral primitive and examines how
the location of a foreign disturbance changes the stabilization problem when the exchange
rate passes through to some imported prices but not others.

The applications also connect to work on energy shocks and tariffs. Bodenstein et al.
(2008) establish that reacting aggressively to headline inflation after an energy shock can
generate unnecessary volatility, while Bodenstein et al. (2012) emphasize that the source of the
oil-price movement matters. We examine this distinction in a network where energy enters
the costs of sticky-price domestic producers. Recent tariff studies analyze the policy response
in economies imposing or directly facing protection, including Lindé and Pescatori (2019);
Bergin and Corsetti (2023, 2025); Werning et al. (2025); Bianchi and Coulibaly (2025). Our
tariff application instead considers a third-country central bank, whose exposure operates
through international production links, relative prices, and invoicing.

Section 2 presents the general environment. Section 3 develops the tractable SOE and its
equilibrium conditions. Section 4 derives optimal policy, reports the sectoral experiments,
and presents the quantitative application. Section 5 concludes. The appendices contain the
proofs, discretionary-policy results, and the full quantitative model and experiments.

IIn the tractable SOE, the aggregate-loss rule captures 97.4% of the welfare improvement achieved by
commitment relative to the baseline Taylor rule for imported-energy wedges. The quantitative criterion uses
output growth in place of the SOE output gap.



2. General Model

We consider a world economy composed of K countries, indexed by k. Each country comprises
I production sectors, possibly heterogeneous within and between countries and linked to
one another through domestic and international input-output relationships. Within each
sector, a unit mass of monopolistically competitive firms indexed by f € (0,1) produces
differentiated varieties using labor and intermediate goods supplied by domestic and foreign
sectors. Nominal price rigidity is heterogeneous across sectors and countries.

2.1. Households

There is a representative household in each country k that derives utility from consumption
and disutility from labor according to the following per-period utility function:

(1) U = UCry) — N1+ ),

where Ny ; is aggregate labor supplied by the household, U(C; ;) is a constant-relative-risk-
aversion utility function over aggregate consumption, Cy ;, and ¢ denotes the inverse of the
Frisch elasticity.

Aggregate consumption is defined as a constant-returns-to-scale (CRS) composite of sec-
toral consumption, each of which is itself a CRS aggregation of country-specific consumption
goods. This nested structure is summarized by

(2) Cre = Cr (‘{Cki,t}f:l) and  Cpip = Cy <{Ckllt}l 1)

where Cy; ; is consumption of sector i at time ¢, and Cyy; ; is country k's household’s consump-
tion of the good produced by industry i in country [. Finally, we let Cy;; , be a Dixit and Stiglitz
(1977) aggregator over differentiated goods produced by firms in sector i in country [:

eP il —1)
1 ki’ \"ki
L= (sz /ey

3) Ckll,t (/0 Klif,t df)

where ek denotes the sectoral constant elasticity of substitution between good varieties.
The household faces the following per-period budget constraint:

4)
B
C kt h h
Pg iCre * T+, kt Z QtBkt < Wktth+5kt Z QF+D )Bkt 1 Brr—1 gy — Ty
’ heH heH



where W, ; is the nominal wage received by the household, II; ; = Zle I1; ; are profits of

domestic firms, and Ty ; is a lump-sum tax or transfer. Pk is the consumer price index in

country k, implied by the consumption aggregators (2). t

There are two sets of assets in the economy. The first of them, By ;, is a one-period
nominal bond only traded domestically that pays a gross nominal interest rate 1 + iy ;, set by
the monetary authority of country k. The second one is a set H of bonds traded internationally
at price Qf}, with dividend payouts D?.z These bonds are denominated in the currency of
country K, and hence &K Kt is the bilateral nominal exchange rate between country k and
country K.

Under the previous notation, we have the following allocation of consumption across

sectors, countries, and differentiated goods:

(5)
c K —
0, Pl oey T+l PG, nd Coon o Paif,t c
=0 = c ; Tl e kit
ackl,t Pk,t ackl 1,t Pkl t ki i,t

where Plgi , denotes the consumer price index of sector i faced by the household in country k,

1/(1—€f)
and Pllzl = [fo Kift l%lfidf] , where PJ}. ¢ is the price of a good produced in sector

i and country I, purchased by country k, in the currency of country m.>
The terms 73; ; and ™ i+ are exogenous wedges between the price set by industry i in

country [ when exporting to country k, Pllzl ip and the gross price paid by agents in country k.
They differ only in the incidence of the associated revenue. The revenue from the tariff 74, ;
accrues to the importing government, which rebates it lump sum to domestic households.
The revenue from the price wedge 7} j s accrues instead to the exporting government, so the
wedge generates a direct international transfer: a wealth loss for the importing country and
a gain for the exporting country.

Finally, the first-order condition for households’ savings in domestic bonds results in
the following Euler equation, U’ (C,< ) = BE¢ [U’(C,< (1 lk /(1 + E, t+1) where 1+ 7Tk 41 =

k ; +1/P is the gross consumer price inflation in country k, and  denotes the discount

factor

2This specification follows Egorov and Mukhin (2023). Note if § is the set of possible states of nature, we have
that financial markets are complete if }{ = 8. On the other hand, by setting H = 1 we have the usual specification
of incomplete financial markets with a single bond traded internationally.

3Under the CRS assumptions, we have that P ' Crt = 21—1 ki, tCli and P,fi Crit = Zle(l + 7y i,t)PI]:li Criz



2.2, Firms

There are I industries in each economy, indexed by i € {1, 2, ..., I}, and within each industry
there is a unit mass of firms, indexed by f € (0, 1).

Production. Each firm f, in sector i and country k, produces a differentiated good Y; ¢ , with
a CRS production function Fy; that combines labor Nj; ¢ ; and a basket of intermediate goods

Xkif, ¢

(6) Yiigt = Fri (Nki £, Xki f,t) :

Industry-level output is a CES composite of the production of variety f,

PP
1 p o %D
_ (€= Dleg;
(7) Yki,t - [ /0 Yki f,t af ]
with an implied sectoral price index
) 1 ]_*E,fid 1/(1_6]5)
(8) Priy = /0 Pyig i df

The bundle of intermediate goods X; ¢ ; is defined similar to the household’s consumption
basket, given by a CRS aggregator of sectoral intermediate goods, which are themselves
defined as a CRS aggregator of country-specific intermediate goods:

I K
9) Xrif,t = X <{injf,t}j:1) and  Xpir = Xy ({sz ijf,t}l:1> )

where Xj;; ¢ ; is firm’s f demand in sector i of country k for goods produced in sector j, and
Xyqijf,¢ is firm’s f demand in sector i of country k for goods produced in sector j in country
L. Xy ij7,¢ is itself a Dixit-Stiglitz aggregator over differentiated goods produced by firms in
EAERRE G
sector j in country [: Xpj;ip ;= | [0 X, 5 Wdf!
J YL Arlijf,t 0 ki f et
Cost minimization by firms delivers the following first-order conditions for labor and

intermediate goods demands, Wy ; = MCy; ;0F;/ONy; ¢ ; and Pi(ij, + = MCy; ;OFy;/0Xy55 4, and



the allocation of intermediate goods demand across sectors and countries:
(10)

p
X k —€
oy Py 0% QT Qe )Py X (P X
. pX 3 X s Ak e T | ok kL f,t
OXyije  Pp, OXiijye L L

Here, PX ; denotes the price index of the intermediate input bundle Xj; ¢ ; faced by firms
in sector iin country k, and sz R is the price index of the sectoral intermediate input X ;; ¢ ;
faced by firms in sector i in country k. As in the case of households, the prices faced by
domestic industries are subject to tariffs and price wedges.

Nominal marginal costs in sector i of country k are denoted by MCy; ;. Under CRS, all
firms in a given sector choose the same combination of inputs, and MCy; ; is common across
firms and given by:

(11)

I K
Cyiy= min W + E E A+71: )A+7Y pk . x s.t. Fro;(Ny: -, X 1.
ol ] } J -
M ki,t ki,t kl klj,t ( kij, t) kij,t klij,t kl( ki,t> kit )
Nii,t:Xx47,¢ P

Price Setting. Firms set prices in a staggered manner (Calvo 1983). Specifically, firms in
sector i of country k can reset their price with probability 1 — Gp each period. We allow for a
country- and sector-specific probability of price adjustment. A price that is not reset remains
fixed in its currency of invoicing until the next adjustment opportunity.

We entertain three possibilities for the pricing decisions to foreign markets: producer
currency pricing (PCP), local currency pricing (LCP), or dominant currency pricing (DCP).
Under PCP, the firm sets its export price in its own currency, so the selling prices to the
domestic and foreign markets coincide, and the price of a good in sector i produced in

country k and purchased by agents in country [, in currency units of country m, is given by
(12) pm. =gk p.
lki,t m,t- kit

A firm that resets its price chooses its optimal selling price to the domestic market, Pki,t: by
solving the following problem:

(13) max Z SDFy1+5(0F)° (Pkl - T,g)Mcki,m) Dy trs
kl t s=0

where SDF; 145 = 55U’ (Ck’tﬂ)/ U’ (Ck,t) is the stochastic discount factor between periods ¢t
and t +s, and Dy; 1, denotes the demand for the firm’s good from domestic agents given
in equations (5) and (10). We further allow for having a country-sector specific production



subsidy 7.4
Under LCP, the firm sets its export price to country [ in the currency of country [, denoted
by Pi1i o

_ ol
(14) Plki ¢ = €m,tPiki,

solving the problem:

(0.¢]
(15) max Et > SDFyss(0f)° (g§< pesPlii — (1= Tlg)MckiJHs) D ki trs9
Ikt  ¢=0

where Dyy; 11, is the demand from agents from country [ for the firm’s production.

Finally, under DCP, the firm sets a common US-dollar export price, denoted by P}fif‘t, for
its dollar-invoiced foreign sales,

_ oUS
(16) Plhic =€ thw

solving the following problem:

(17) max E; Z SDFy,e5(0)° (€R54Phist — (1= THIMCp 11) D
Pkl, s=0
where i)gst . aggregates the destination-specific demand for country k, sector i, goods that

are invoiced in US dollars.
Profits in sector i of country k are given by export- and domestic-market revenues con-
verted into the producer currency, net of costs, II; ; = Zl 1 k ; lkl Diki,r — MCy; 1Yy 4, and

aggregate profits rebated to households are II; ; = Zi=1 I 4.

2.3. Government

The government is composed of a fiscal authority and a central bank. The fiscal author-
ity issues domestic debt By ;, provides production subsidies to firms, and collects lump—

sum taxes Tj ; from the household in order to balance its budget constraint:

Zz;k S (T ki Pk, i tChtie ™ j=1 Thit P i,+XK ji,t) =By s 1+ 0 Tk’iMCki,tYki,t) Whefe Yki,t
denotes the production of sector i in country k.
The central bank sets the nominal interest rate, i ;. Since the specific monetary policy rule

“Production subsidies will be useful to derive our analytical results in section 3, as they allow us to eliminate
steady-state distortions arising from monopolistic competition (Gali 2015).



is inconsequential for our analytical results in Section 3, we defer its definition to Section E.

2.4. Market Clearing and GDP

Market clearing in the goods market requires that the quantity produced of each good matches
the quantity demanded at home and abroad, either for direct consumption or intermediate
use. That is,

(18) Yklt chklt+ZZXlk]l,
=1 j=1

Market clearing in the labor market requires that the aggregate labor supplied matches
the sum of labor demand across sectors, for each country. That is,

I
(19) Ni:e= Y Ny
i=1

Finally, the aggregate resource constraint of the economy requires that the net foreign
position of country k equals its trade balance:

(20) Y Q?Bz)t K@ +Dh)Bkt | =PESPEXPy , — PMPIMP,
heXH heH

where the first term in the right-hand side of (20) is the total nominal exports of country k,

pEXP
(21) ¢ EXPp,= ZZ Pzza, Crriet Zplkz, X1 kji,t
I7k i=1

The second term in (20) denotes the total nominal imports,

IMP
(22) Py IMPy ;= ZZ Pklltckllt+zpklltxklllt
17k iel j=1

Nominal GDP is defined as the sum of total household consumption and nominal net
exports,

(23) Yge =Pf Ci:+ Py EXP, — PINPIMPy

Defining the GDP deflator, Pk .» as the ratio between nominal GDP measured using time-¢



prices and nominal GDP measured using steady-state prices

C EXP IMP
, PE.Ci+ PEXPEXPY , — PIMPIMP,
bt PCCy , + PEXPEXP , — PIMPIMP, |’

we have that real GDP is given by:

— Y
(24) Yk,t - 9k;t/Pk,t'

3. The Tractable Case: a Small Open Economy

This section specializes the general model of Section 2 to an SOE that can be characterized
analytically. The assumptions below render the model tractable and nest familiar benchmarks
in the literature, making transparent the mechanisms that openness and production networks
add to the monetary-policy problem.

3.1. Assumptions

First, we assume that there are only two countries, K = 2: Home, the SOE, and the foreign
country, which we refer to as the rest of the world (ROW). To ease notation, foreign variables
are denoted with an asterisk. Under the SOE assumption, aggregate foreign variables remain
constant at their steady-state values. Furthermore, we focus on the case where preferences
and technology are symmetric across countries.

Second, we make the following functional assumptions about preferences, wage rigidi-
ties, and technology. Regarding preferences, we assume that utility (1) is logarithmic in
consumption:

(25) U(Ct) = log Ct.

We furthermore assume that there are no nominal wage rigidities, leading to the following
first-order condition for labor supply:

(26) Ny, = U'(Coo ) Wi /P -

In addition, we assume that all consumption (2) and intermediate-goods (9) aggregators

10



are Cobb-Douglas (Cobb and Douglas 1928):

27)  €dC; Hc with Z B;=1, and e({cfft, th})—(c )1—<i(cf:t)<i
i=1

(28)

X} )= HX” with Zyij:nﬁ, and xl]({xfft,xl’ 1) = (XHt)l <1](XF )<u

Within each origin, goods are aggregated via a Dixit and Stiglitz (1977) CES aggregator with
elasticity elp :

e/ /(eF-1)

Furthermore, the elasticity of substitution between labor and intermediate goods in the
production function (6) is unitary:

1
(30) Yif:= f}‘; X f’a,

Third, we assume that international financial markets are complete. This, together with
log utility (25), implies the following risk-sharing condition holds:

31) Ct = Q:Cy,
where Qy is the real exchange rate given by:
— o pC*/pC

Fourth, regarding pricing, SOE exports to the ROW are invoiced in the producer’s currency
(PCP), while SOE imports from the ROW may be invoiced, sector by sector, either in the
producer’s currency or in the SOE’s currency (LCP). For imports invoiced under PCP, the law
of one price holds:

(33) P, = &P

it

where PlF , is the price of sectoral good i produced in the ROW, denominated in domestic
currency, and P;, is the same good’s price denominated in the ROW currency. For imports
)

11



invoiced under LCP,

F o _
(34) P, =P}

it
where P7 , is set in the SOE currency.

We assume a tariff-free, zero-inflation efficient steady state, supported by fixed fiscal
instruments and lump-sum financing.”

Three wedges coexist, with the same ad valorem convention as in the general model: 7™

it
is the import tariff collected by Home and rebated to its household, Tiﬂ{ is the price wedge

collected abroad, and TlXt

equilibrium conditions, we can write 7 V. The price paid by a domestic buyer

: M W\ pF : : : : M _ M W\ pF
is(1+ Tth)(l + Tth)Pi)t, while domestic tariff receipts are 7;" =), Ti,t(]. + Ti,t)Pi,tMi;t’ where

M; ; includes imports for final consumption and intermediate use. The foreign payment is

is the tariff levied by the ROW on Home exports. For the first-order
F=rM+

(1+7M)PF M; ; in domestic currency.
Each wedge follows its own process:

(35) rl=prl e, jeiM, WX

3.2. Log-Linearized Equilibrium Conditions

We log-linearize around the symmetric zero-inflation steady state; lowercase variables de-
note deviations from it, and boldface denotes vectors and matrices. Appendix A.2 gives the
derivations.

We first obtain the set of sectoral Phillips curves in the domestic economy by log-linearizing
the first-order conditions associated with (13):

(36) mfl = k(me; — pf) + Eml,
where 77{{ = [wfft, Cey ﬂft]T = pr - pf_ 1 is an I x 1 vector containing the domestic sec-
toral inflation rates, p’tq = [ pft, Cy pft]T is an I x 1 vector of domestic sectoral prices,
mc; = [mcyy, ..., mep]T is an I x 1 vector of sectoral nominal marginal costs, and k =
diag (k1, ..., ky) is an I x I diagonal matrix containing the slopes of the sectoral Phillips
curves, with x; = (1 — 86,)(1 — 6;)/6;.

Price rigidity determines the direct slopes in (36); production links operate through

SFor the welfare analysis, we also maintain efficiency of the flexible-price allocation under foreign price-
wedge shocks in the absence of tariffs. The steady-state correction is fixed across policy experiments.

12



marginal costs:
(37) mc; = aw; + Qy py +Qp (TtF + Pf) = awr +Qpyl + Qpsy,

where a collects labor cost shares, Q2 and Qf the domestic and imported input shares,
and Q = Qg + Qp. The vector p! contains foreign prices in Home currency, with pf: ;=
(1—-1;)er + p;" »» 1; = 1for LCP imports and zero for PCP imports. Appendix A.1 gives the share
definitions. Sectoral ToT include the total import-price wedge:

(38) se=1f + pf — pil.

The i-th column of 2 measures direct exposure to an import-price shock in sector i; Qg
propagates the resulting domestic-price changes. Exchange-rate and wage responses add
general-equilibrium effects.

Labor supply implies

(39) Wt — Pt = Cttone = ct+ oYy,
where ns = y, in real value added. The corresponding GDP identity is
(40) yi= 1+ eXTQpD) ! [Ct +(BF + ATQp)(st — 77°) — ATdiag (Qp1) n|

where ny = [ny4,...,n7¢]7 is an I x 1 vector of sectoral employment levels, B =
[Pfo/(PCC), Cy Pfo/(PCC)} T= [51C1y - - -, B1¢7]T denotes the I x 1 vector of foreign con-

) T
sumption shares, A = [P{J Yi/(PYY), .. .,P}{ Y;/(PYY)| denotes the I x 1 vector of Domar
weights and satisfies AT = 8T (I — Q)L ATQp1 = Z{zl 2]1-:1 PiX]lg /(PYY) denotes the share
of imported intermediate goods over GDP, and the diagonal matrix diag (2r1) collects,
for each sector j, the total cost share of imported intermediate inputs. The consumption
share vector 8 = [61 Po ... 5I}T = By + Br contains elements 3; = P;C;/(PcC), and

By = [PIHC?/(PCC), o P}{C}LI/(PCC)} T [51(1— @), ..., Br(1 — ()] T denotes the I x 1 vec-
tor of domestic consumption shares.

The relative price s; — 7 shifts foreign demand and, through imports, the domestic trade
balance. Import invoicing determines which prices also respond to depreciation: PCP prices
do, whereas LCP prices are fixed in Home currency on impact. The prefactor in (40) captures
the feedback from imported inputs to wages and aggregate activity.

Equation (40) can be further simplified. As shown in Appendix A.2, using the goods
market-clearing conditions (18) we obtain the following expression for the vector of sectoral

13



employment:
(41) ne = Nese — No(rf — Ler) = Nuri +(Ny — Dy,

where N = (I — A71Q[A) 11— Qp) and N; = (I - A_IQIIA)_I(I — Q) are I x I matrices
that summarize the elasticity of sectoral employment to sectoral ToT and to the tariff shocks,
with A = diag()), while N, = (I — A_IQIIA)fla isal x 1vector,andlisal x 1vector of
ones. The export-demand transmission matrix Ny = (I — A~1Q;A) 1A~ diag(Br + Q5 N)
summarizes the elasticity of sectoral employment to export tariffs. In (41), N captures
expenditure switching, N; the import-price channel, and Ny foreign export demand. The
last term records the wage response to aggregate activity; without domestic input links,
Ny=a.
Introducing (41) into (40) we obtain:

Ve = 1+ pATdiag @p1) Ny) ™ {er + [B] + AT (@ — diag (1) Ny)] st + ATdiag (1) N- (7] — 1er)

(42)
—(B+ ATQR)TE + AT diag() Nari* }.

The multiplier in (42) incorporates the wage and imported-input feedback. Its export-tariff
terms combine the direct demand reduction with the induced employment adjustment. These
direct shock terms drop out of the gap relation below.

Flexible-price equilibrium. We next consider the natural allocation, denoted by a superscript
n, and give its derivation in Appendix A.2.°
In the flexible-price equilibrium, where price-cost ratios remain at their reference values
Hn _ n . . . . . Hn _
(p;]” = mc!,) and nominal wages remain constant, the domestic prices adjust as p;”" =
) )

Qpltq’n +Qpst = (I — o)t Qpsit = (I — Q) QF (TtF + pf’n>. Since the domestic-currency

price of foreign goods is pf’n = (1 — 1)ef!, with foreign prices constant, we can write:
H _
(43) P = - Q) e [ (- 1.

Equation (43) shows how, in a flexible-price equilibrium, domestic prices adjust in response
to the total import wedges TtF and, through the natural exchange rate ef?, to the sectoral export
tariffs fo = [Ti(t, C Tfft]T.

The total import wedge shifts natural domestic prices through direct imported-input

6Under tariff shocks this allocation need not be efficient; the welfare analysis in Section 4 maintains efficiency
only for tariff-free foreign-wedge shocks.
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exposure, Qp, and through the domestic Leontief inverse, (I — Q) L. Under PCP, export-
tariff-induced movements in the natural exchange rate also enter foreign prices in domestic
currency.

Given the response of domestic prices in the natural equilibrium (43), the response of the
ToTis s} = 7f + pt — p{{’n = [1- I - Q) 1Qp] [vf +@ - 1)el].

Finally, Appendix A.2 also shows that, under these flexible-price adjustments, GDP in the
flexible-price equilibrium remains unaffected by import tariff shocks, and is only affected by
the export tariffs that the ROW levies on the SOE’s exports:

(44)

n_ T X
Y = —

o —pyl = eXrt . ey = diag|( - QH)*la} (Br + QL) .

The vector £x measures the exposure of domestic value added to each export tariff. An
export tariff on sector i lowers foreign demand in proportion to (8r + QIT;)\)L-. Only part of
the associated gross-output decline is domestic value added: [(I — Qp) la]; is the direct
and indirect labor content of sector-i output, while the remainder is imported-input content.
The resulting decline in natural activity depreciates the natural exchange rate, ef' = —p ¥},

transmitting export tariffs to natural prices under PCP.’

Equilibrium conditions in gaps. In what follows we express the equilibrium conditions in
gaps relative to the flexible-price allocation, x; = x; — xJ'. Log-linearized risk sharing gives
Cr=er — ﬁf, while the CPI gap is ?tc =87 ﬁf + 5;@. Writing (42) in gaps yields

G=e—pf, By =B P +BEs,
(45) ~ = ToaT . < T 3 ~
Dyy,=ct+ [,BF +A (QF — dlag(ﬂpl)Ns)] st — A diag(Q2p1)N;Le;.
Here Dy =1+ oA diag(QF1)N y is the inverse general-equilibrium multiplier in (42). The
coefficient on the ToT gaps combines expenditure switching and the induced demand for
imported inputs. The last term captures the imported-input demand channel associated with
LCP; it vanishes under PCP. Combining the three conditions gives

(46) Dy¥, = [1- AT diag(Qp)N,1| 2 — BT P + AT [Qp — diag(Qp1)N;] 5

Because financial markets are complete, (46) ties the exchange-rate gap to the output gap for
given domestic price gaps and ToT gaps.

’For a common export tariff, 7% = 17, 17 £x is the domestlc value-added content of exports relative to GDP
and 0y}/or{ = —1"£x/(1+ ). With heterogeneous tariffs, EX 7 is the corresponding exposure-weighted shock.
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3.3. Sectoral Phillips Curves

Domestic and foreign production links determine how international price shocks reach
sectoral inflation.

One-Sector Small Open Economy. With one sector and intermediate inputs, the Phillips curve
becomes (Appendix A.2)

(47) mH = k(1 +0)A — wy) Y, + BEE,

where y, is the gap from flexible-price output and wyy is the domestic-intermediate cost share.
Closing the gap stabilizes domestic inflation; domestic intermediates flatten the curve, while
openness does not change its slope in this log-utility, unit-elastic benchmark.?

Multi-sector Small Open Economy. In our baseline SOE with production networks and multiple
sectors, combining equations (36), (37), (39), and (42), the domestic sectoral Phillips curves

can be written as’

(48) 7l =B [1+ ¢+ AT diag(Qp)Ny] 7, + Ws; + T18 — Vx; + (I — V)Eemll,

~ [ T ~
where §; = [Sl,t . Sf,t} denotes the vector of sectoral ToT gaps and e; = e; — ¢! denotes
the nominal exchange-rate gap. The inefficient-price residual is

H: — H}
(49) xt=pl, - p"=pL, - Ap"

It collects lagged domestic price gaps net of the change in natural prices. Substituting (44) into
(43) and taking first differences gives A pltq’n in terms of the foreign shocks. Hence sectoral
inflation satisfies
(50)
~ ~ Hn _ ~ ~ _
71‘%{: pf{— p?_1+Apt M= p’tq— p?_1+(I—QH) 1QF ATtF+(l—1)%£}{ATt¢X .

The derivations of the matrices B = A(I — QA) la/[1 — BTAUI — QA) la]and V =
{AI - QA)™1 - BIAT - BTAI - QA) 11} (I — Q) are equivalent to those in the closed-
economy version of the model in Rubbo (2023), with A = (I + k) !k. Finally, ¥ = A(I —
QA)1Qp+BBTAI - QA)1Qp+BAT [diag(2p1)N; — Q] denotes the slope of the Phillips
curve with respect to the ToT gaps, and I' = BAT diag(Q2r1)N- denotes the slope with respect

8The quantitative model relaxes these functional assumptions (Appendix E).
9We relegate the derivation to Appendix A.2.
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to the nominal exchange-rate gap that arises from LCP pricing.
Unlike the one-sector case, closing y; need not stabilize every 7rth: sectoral ToT gaps and
Xt remain in (48).

Slope with respect to the output gap. The coefficient on ¥, in (48) is B[1+p+pA " diag(Qr)N yl.
The first factor transmits wage changes through domestic suppliers and price setting, as in
Rubbo (2023). The second accounts for imported inputs: producing additional value added
changesimport demand and hence the labor required to support it. Proposition Al establishes
the slope comparison with a closed economy.

Transmission through ToT gaps. The matrix ¥ has three components. Imported-input ex-
posure Qr passes a relative-price change directly into marginal costs; the rigidity-adjusted
domestic Leontief inverse propagates it to downstream prices. The induced CPI movement
changes nominal wages and adds a common cost component. Finally, expenditure switching
changes sectoral employment and import demand, with a further wage effect. This last chan-
nel vanishes in the one-sector limit (Proposition A2). Appendix A.3 gives the decomposition
and signs.

The “asif” supply shock. The residual x; combineslagged domestic price gaps with the change
in natural prices. The latter transmits foreign price disturbances through imported-input
exposure Qr and domestic production links (I — Qp) 1. The matrix V maps this residual into
current inflation through marginal costs and the induced real-wage adjustment, extending
the domestic-shock mechanism of Rubbo (2023) to an open economy.

The Divine Coincidence Inflation Index. The divine coincidence is the one-sector result that
stabilizing inflation also closes the output gap absent cost-push shocks (Blanchard and Gali
2007). With sectoral heterogeneity, the relevant inflation measure becomes an index (Rubbo
2023). In the SOE, imported inputs add domestic production content to its weights. The
following proposition extends the open-economy indexes of Qiu et al. (2026) and Aguilar et al.
(2026) to heterogeneous invoicing.

PROPOSITION 1. Letd; = [(I — QH)*la]i and S = le()\]-/n]-)dj. The domestic-value-added
Divine Coincidence Inflation (DCI) index

I
A.
DC _ o—1 H
(51) =S Z;;difi,t
=1
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satisfies

1+ R
WPC gOJ’ - —eet+5Et7Tt+(1:,

52 S

where
(53) Re = BT1+ATdiag(QrD)N,1 — {BT + AT [Qp — diag(QpD)N] } (I — Qp) 11 - Q)1.

The strict Divine Coincidence holds if and only if R, = 0. Otherwise, heterogeneous invoicing leaves
an exchange-rate residual.

PROOF. See Appendix A.3. O

The DCI remains the unique constant-weight domestic inflation index aligned with the
output-gap markup aggregate. Heterogeneous invoicing therefore prevents its stabilization
from closing the output gap.

4. Optimal Monetary Policy

This section characterizes optimal monetary policy in the tractable SOE for foreign price-
wedge shocks. We first derive the welfare criterion and optimal allocation under commitment.
We then compare that allocation with a Taylor rule and use sectoral counterfactuals to identify
the disturbances for which the choice of policy is consequential. Tariff shocks remain in the

positive model; the welfare and commitment exercises below set TM = 7% = 0.

4.1. The Welfare Criterion

Home import tariffs make the price paid by buyers exceed the marginal foreign payment
borne by the country. Foreign export tariffs change Home’s receipts from sales abroad. Either
intervention can separate the flexible-price allocation from the efficient benchmark used in
the welfare expansion. We maintain an efficient natural allocation for the tariff-free foreign-
wedge experiment and restrict the following welfare result to that experiment.

PROPOSITION 2. When 7" = ‘Tt = 0, the second-order welfare-based loss function in the SOE and
I0 economy is given by

~H
(54) L= 2e )72+ Ly T(ARPR )t < L (PF ) (PF))
2 2 2\ 5, 5
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where EP = diag(ef ey ef ) and H = H(1) is a 2I x 2I positive semidefinite matrix encoding the
welfare cost of cross-sector misallocation.

PROOF. See Appendix B. O

The output gap term HT"D 5/? penalizes deviations of aggregate output from its efficient
level. The coefficient 1+ ¢ reflects the slope of labor supply: when ¢ is large (inelastic labor
supply), a given output gap requires a larger deviation of the real wage from its efficient level,
amplifying the welfare cost. This term is identical to the one-sector case of Gali and Monacelli
(2005).

The inflation term 1/2 (71-{1 )T(AEPK,_l)ﬂ-fI =1/2>; )\i(ef //fi)(ﬂ'{;lt)z penalizes within-sector
price dispersion, expressed as squared inflation. The weight on sector i’s inflation reflects
three forces. First, the elasticity ef captures that sectors with higher substitutability between
varieties have larger welfare costs from a given level of price dispersion, because demand
reallocates more aggressively toward cheaper varieties. Second, the inverse slope 1/x; captures
that sectors with stickier prices (lower «;) incur a higher cost per unit of inflation, because a
given inflation rate implies a larger accumulated stock of price dispersion. These two channels
are present in the one-sector benchmark; the third is specific to the network economy: the
Domar weight \; captures the macroeconomic importance of sector i (sales as a share of
GDP).

The final term collects the welfare costs associated with cross-sector relative-price misal-

location. To make its economic content transparent, partition H as

H,, H
(55) H=( PP P H=H.
Hsp Hgs

The blocks Hpp, Hgs, and H ps respectively capture inefficient domestic-price dispersion,
sectoral ToT dispersion, and their interaction.
Appendix B constructs these blocks from the mappings between price gaps and consump-

tion and input-demand distortions.!°

4.2. Optimal Policy under Commitment

We take the (per-period) welfare loss in the LQ approximation to be (54), with W, = AEPk ™1,
and make use of the partition (55).

19The one-sector closed-economy and SOE limits have H = 0, while the multi-sector closed-economy limit
retains only Hpp.
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Ramsey Problem under Commitment. The planner chooses {y;, wfl s f){{ , St, et}t>0 to minimize
Eo D% B'Lt subject to the sectoral price dynamics (50), the sectoral Phillips curves (48), and
the structural definition of the sectoral ToT gap,

(56) 8= (1- )¢ — pi,

and the goods-market restriction (46). Two features of the problem deserve emphasis. First,
the inefficient-price residual x; in (49) is not exogenous: it contains last period’s domestic
price gaps, which are themselves chosen by the planner. Under commitment, the planner
therefore internalizes that the price gaps it implements today shift next period’s Phillips
curves. Second, because financial markets are complete, the exchange-rate gap and the
output gap are not independent instruments. Given domestic price gaps and ToT gaps, (46)
ties e; to y;, so that the single policy instrument, the nominal interest rate, implements the
allocation through the Euler equation.

Let n; € R! be the multiplier on the sectoral Phillips curves (48), v; € R! the multiplier on
the price dynamics (50), &; € R the multiplier on the ToT-definition constraint, and 9; € R
the multiplier on the goods-market restriction (46). The Lagrangian is

(0. ¢]
Li=Epy Bt{Lt + n;r[w{f —byy, — WS, — T1e+ Vx: — AU — V)Etw{il]
t=0
~ - H - - o~
vl (B — v A —wfl) vel (8- a- e +pl)
;
+ 19t{Dy37t - [1 -l diag(QFl)NﬂFt +BTpi + {BF - [ﬁF +(QF — diag(ﬂpl)Ns)TA} } gt} };

where b, = B (1 + ¢+ pA T diag (Qp1) Ny> denotes the slopes of the Phillips curves, and

n-1=0.
The FOC with respect to the output gap yields

_ 1 /ot

(57) Y = —go (byﬂt - Dy19t>-
Differentiating with respect to sectoral inflation 7 yields

(58) Me=ve— Wemd +(I—V) 'm_y.

Because f)? enters the loss, the price dynamics at t and t + 1, the ToT definition, the
goods-market restriction, and next period’s inefficient-price residual x;+1, the first-order
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condition with respect to the domestic price-level gaps is

(59) vt = BEwpy — BV Eenipar — Hppbr — HpsSt — & — B0+
Differentiating with respect to the ToT s; gives the open-economy wedge condition

(60) Uy = Hyppl + Hyssy + €+ { Bp — [5F +(Qp — diag(QFI)Ns)T)\] } ;.
Finally, the exchange rate FOC gives

(61) ) T+ (1—1)T & + (1 AT diag(QFI)NA) 9¢ = 0.

Characterization. The Ramsey allocation under commitment is characterized by (50), (48),
(56), and (46), together with the optimality system (57)-(61).

Interpretation of multipliers. The vector multiplier n; is the shadow value of relaxing the
system of sectoral Phillips curves (48): it measures the marginal welfare benefit of reducing
sectoral inflation pressures. Equation (57) implies that the aggregate output gap is used to
affect the collection of sectoral inflation rates through their slope vector b, net of the cost of
moving the exchange rate that the goods-market restriction requires.

The multiplier v; is the shadow value of domestic price-level gaps f)ltq , and it captures that
the planner cares about the stock of cross-sector misallocation, not only about the flow of
inflation. The term —3V " E;n;; in (59) is specific to multi-sector economies: today’s price-
level gaps are tomorrow’s lagged prices in xt+1, SO relative-price gaps left in place today feed
next period’s cost-push pressure. The term is absent in the one-sector economy, where V = 0,
and it vanishes along uniform movements of all price gaps because V1 = 0 (Rubbo 2023).

The multiplier &; is the shadow value of relaxing the structural relation between the
sectoral ToT gap, domestic price gaps, and the nominal exchange rate. It captures that move-
ments in ¢; affect the economy not only through the LCP term in the Phillips curve, but
also through their effect on import relative prices and hence on s;. Finally, 9; is the shadow
value of the goods-market restriction (46). It measures the welfare cost of the fact that, with
complete markets and a single instrument, the central bank cannot move the output gap
without moving the exchange-rate gap, and hence the ToT gaps and the CPI.

The optimality conditions couple welfare-weighted sectoral inflation, output, domestic
price-level gaps, and international relative prices. Appendix D makes the inflation-output-ToT
trade-off transparent by first considering a static economy. It then derives a target criterion
under commitment, showing why optimal policy depends on earlier price adjustments as
well as current conditions.
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4.3. The Taylor-Rule Benchmark

We benchmark our optimal monetary policy results to a counterfactual in which the central
bank follows a Taylor rule, setting the nominal interest rate according to

(62) it = piie 1+ (1= ) (6x7F + 0y T + OnrTE + 00y AT,)

where Axt = xt — x;_1, and 7§ = fpf - }3?71 +A ptc’n is CPI inflation. Here fyf is the CPI gap
in (45), and ptc’n =047 pr’n + B}s{} is the natural CPI, with natural domestic prices (43) and
natural ToT s} from Section 3. Like domestic inflation, CPI inflation includes the change
in natural prices, not only the change in the gap. The coefficient p; captures interest-rate
smoothing, ¢ is the response to CPI inflation, and ¢ y is the response to the output gap, while
¢Ar and ¢  denote the responses to inflation growth and output-gap growth, respectively.

Under optimal monetary policy, the policy rate is recovered from the consumption Euler
equation in gap form,

(63) Et = Etzt+1 — (lt — Eﬁrg_l — T?) y
where ¢; = ¢t — cf! is the consumption gap and r}} is the natural real interest rate, given by
(64) rt = afy(py — D +af(pw — DY + af(px — D7

The coefficient vectors aj, and a%, derived in Appendix C, map tariff wedges into natural
consumption; pp; and pyx collect the sectoral persistence parameters. The foreign wedge has
its own persistence matrix pyy and the same private-price loading as 7M. Appendix C reports
the natural-consumption coefficients for the positive block.

4.4. Calibration and Counterfactual Design

The quarterly SOE calibration contains I = 44 sectors and preserves their relative exposure
to final demand, imported inputs, domestic input-output linkages, nominal rigidities, and
currency invoicing.

Consumption and Input-output Shares. The sectoral consumption shares, domestic and im-
ported input-output matrices, and labor shares are constructed from the World Input-Output
Database (ICIO, OECD) after aggregating the Euro Area into the home economy and the rest
of the world into the foreign economy. Appendix G.1 reports the sectoral objects.
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Standard parameters. The remaining preference and nominal parameters follow standard
values in the monetary policy and business-cycle literature. We set 5 = 0.99, corresponding
to a quarterly steady-state real interest rate close to one percent, and ¢ = 1, in line with
the macro labor-supply evidence summarized by Chetty et al. (2011). The elasticity across
varieties is set to e f =11, implying a ten percent steady-state markup.

Staggered Price-Setting. Price rigidities are sector-specific and calibrated from the Euro Area
price-rigidity evidence in Dhyne et al. (2005); Gautier et al. (2024).

Currency Invoicing. The import-invoicing calibration follows the empirical evidence that
a large share of international trade is priced in a small set of vehicle currencies, and that
dominant-currency pricing generates high pass-through from the dominant exchange rate
into import prices (Boz et al. 2020; Gopinath et al. 2020). The SOE model uses a binary invoicing
block. We therefore classify sectors as either LCP-like, when import prices are local-currency-
priced in the short run, or PCP-like, when import prices are foreign-currency-sensitive.
The latter category includes sectors whose empirical pricing is closer to producer-currency
pricing as well as sectors that are closer to dominant- or vehicle-currency pricing, because
both cases expose domestic-currency import prices to an external exchange rate in the
binary model. Commodities, energy, tradable manufacturing, machinery and equipment,
and international transport are assigned to the PCP-like group; local services, retail and
distribution, construction, real estate, public services, and other consumer-facing services
are assigned to the LCP-like group. Table G.2 reports the sector-by-sector assignment, and
Figures G.1-G.2 summarize the associated sectoral heterogeneity.

Shock Processes.  The three foreign wedges are persistent, with p;* = pfv = pg( = 0.99 for
all sectors. Reported responses scale innovations to a 10 log-point increase in the relevant

wedge.

Monetary Policy. The Taylor rule uses standard coefficients, p; = 0.80, ¢ = 1.50, ¢, = 0.125,
¢ar = 0and ¢py = 0, and targets CPI inflation in the baseline.

Counterfactual Economies. To isolate mechanisms, we begin with an economy in which
only one real dimension is heterogeneous: home final-consumption shares, foreign final-
consumption shares, the domestic IO block, or the imported IO block. We then combine that
dimension separately with heterogeneous price rigidity and with heterogeneous invoicing.
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4.5. Sectoral Exposure and Policy Responses

Figure 1 reports eight-quarter cumulative responses to a 10 log-point foreign price wedge
applied to one sector at a time. The horizontal axes vary Home and foreign final-consumption
shares and domestic- and imported-input centrality. Each panel compares heterogeneity in
the indicated characteristic alone with counterfactuals that also vary price rigidity or currency
invoicing. The first four panels show the output gap and CPI inflation under commitment
and the Taylor rule; the final two show the implementing policy rates.!!

U Appendix D.3 repeats these sectoral and aggregate comparisons under discretion. Imported-input centrality
remains prominent; for an Energy wedge, the impact output-gap and policy-rate responses under discretion lie
between commitment and the Taylor rule, while impact CPI inflation is nearly identical across regimes.
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FIGURE 1. Cumulative responses to sectoral foreign price-wedge shocks. Each subfigure
contains four sectoral characteristics. Responses accumulate over eight quarters after a 10
log-point shock. The counterfactuals vary the horizontal-axis characteristic alone, jointly
with price rigidity, and jointly with currency invoicing. Panels (a)-(d) show commitment and

Taylor-rule outcomes under the tariff-free welfare benchmark.
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FIGURE 1. Cumulative responses to sectoral foreign price-wedge shocks, continued.

The response varies most with the domestic use of the shocked imported input: the i-th
column of O measures direct exposure, while Q transmits it to downstream producers.
Invoicing changes the force of that exposure. When imported-input shares are the only het-
erogeneous real dimension, adding heterogeneous invoicing raises the cross-sector standard
deviation of eight-quarter cumulative Taylor-rule CPI responses from 0.009 to 0.017 percent-
age points. This interaction between foreign-input centrality and currency pricing is absent
from closed-economy network accounts of inflation (Rubbo 2023). The high-centrality outlier
near 0.06 is sector 3—mining of coal, crude petroleum, and natural gas, henceforth Energy.
Its position reflects upstream input use rather than a large share in household consumption.

Figure 2 reports the Taylor-rule response minus the commitment response to the same
shocks. The same exposure measures organize this policy difference, while heterogeneous
invoicing changes how the exchange rate moves sectoral import prices. The policy implication
goes beyond inflation transmission: an aggregate CPI rule does not respond to the sectoral
inflation dispersion and relative-price misallocation weighted in (54).
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FIGURE 2. Taylor-rule minus commitment-policy cumulative responses after sectoral foreign
price-wedge shocks. Shock size, sectoral characteristics, counterfactual heterogeneity, and
eight-quarter horizon match Figure 1.

The cumulative scatter plots suppress sector identities and timing. Figure 3 shows the

impact policy difference for each sector in the fully heterogeneous economy; Energy stands

out in the output-gap and policy-rate panels. The sectoral labels are NACE Rev. 2 codes, with

Energy highlighted.
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C. Policy rate

FIGURE 3. Sectoral impact differences after foreign price-wedge shocks in the fully heteroge-
neous SOE. The bars report Taylor-rule minus commitment responses, in percentage points,
to a 10 log-point wedge in each NACE sector. The highlighted sector is Energy (S05T06).

The imported-input centrality of Energy motivates the aggregate experiment in Figure
4. Unlike cumulative responses, the dynamic paths separate the imported first-round price
increase from its subsequent domestic propagation and show the policy rate implement-
ing each allocation. Headline inflation rises by nearly the same amount on impact under
both policies. The Taylor rule raises the nominal rate more and generates a deeper output
contraction; commitment limits propagation through domestic sticky-price users of energy.
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FIGURE 4. Responses to a 10 log-point foreign price wedge in Energy in the fully heterogeneous
SOE. The commitment line minimizes (54) under the tariff-free welfare benchmark; the
Taylor-rule line uses (62).

4.6. Quantitative Implications

The tractable SOE isolates the roles of input linkages, price rigidity, and invoicing. We now re-
port how these channels operate in the calibrated multi-country model; Appendix E presents
its equations, calibration, and additional experiments. The Euro Area (EA) is a bystander
to the bilateral U.S.-China tariff shocks but directly imports the energy input. We compare
the baseline Taylor rule with an optimal simple rule (OSR), which chooses the coefficients
of the same instrument rule to minimize a quadratic criterion in EA output growth, CPI
inflation, and changes in the policy rate. This operational criterion is not a household-welfare
measure.'? The tariff OSR has (pr, ¢, DA y) = (0.92,14.87,1.34); the energy OSR instead has
(0.96, 6.84, 6.30). Appendix E.4 reports the full coefficient table.

Figure 5 compares the rules after a homogeneous U.S. tariff on Chinese goods, the recip-
rocal Chinese tariff, and a foreign energy-price wedge. Each innovation is normalized to 10
log points. The U.S. tariff has the larger EA spillover because the affected Chinese inputs are
more central in the EA production network and their prices respond under dollar invoicing.
Both tariff experiments produce much smaller EA responses than the energy shock.

The optimized tariff rule reacts more strongly to inflation, yet its gain in the stated
quadratic criterion is only 0.01% in the stochastic tariff environment. Thus a visible change
in coefficients need not translate into a meaningful stabilization gain for a third party. The
energy shock raises EA headline inflation on impact by about 0.17 percentage points under ei-
ther rule: the imported first round is largely beyond domestic monetary control. The baseline
rule raises rates more sharply and contracts output growth more; the energy OSR reduces

2In the tractable SOE, the aggregate-loss rule captures 97.4% of the welfare improvement achieved by
commitment relative to the baseline Taylor rule for imported-energy wedges (Appendix E.3). This motivates its
use as a practical stabilization benchmark in the quantitative model, where the real-activity target is output
growth.
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FIGURE 5. Euro Area responses to tariff and energy shocks under the baseline Taylor rule
(dashed) and the optimal simple rule (solid). Top row: U.S. tariff on China; middle row:
Chinese tariff on the United States; bottom row: rest-of-world energy-price shock. Columns:
real GDP growth, CPI inflation, and the policy rate, in percentage points. Each shock is scaled
to a 10 log-point increase.

the stabilization loss by 24.7%.

Most of this gain is available without reoptimizing any coefficients. When the baseline
Taylor rule targets core rather than headline CPI, its loss falls by 22.8% under the same
criterion, recovering about nine-tenths of the OSR gain. Core targeting looks through the
imported first round; the remaining difference reflects the OSR’s stronger response to do-
mestic propagation through the production network. Appendix E.4 reports the three-rule
comparison. Under the observed 2025 tariff schedule, the EA inflation peak is about 0.12
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percentage points under the baseline rule and 0.08 under the tariff OSR; the corresponding
paths and invoicing counterfactual are also reported there.

As a robustness check on the energy OSR, we allow a contemporaneous monetary per-
turbation and credible announcements of future perturbations, following Barnichon and
Mesters (2023). With announcements extending eight quarters ahead, the optimal policy
perturbation (OPP) lowers conditional discounted loss by a further 8.6% relative to the OSR.
Under this common evaluation criterion, the OSR captures about four-fifths of the total
improvement attained by OSR plus OPP relative to the baseline Taylor rule. The additional
gain ranges from 8.5% to 9.1% across announcement horizons of four to sixteen quarters.
For the benchmark OSR coefficients, most of the measured stabilization gain is therefore
retained when announced policy adjustments are available, with economically meaningful
scope for further improvement.!® Appendix E.5 reports the construction, policy paths, and
loss decomposition.

5. Conclusion

The monetary response to an increase in foreign prices depends on where the disturbance
enters domestic production and on the currency in which imports are priced. An imported
input with a small consumption share can create a substantial stabilization problem if many
domestic producers use it. Exchange-rate adjustment changes that problem unevenly when
invoicing differs across sectors.

The tractable SOE makes these considerations explicit. The domestic-value-added in-
flation index that aligns with aggregate markup distortions remains well defined under
heterogeneous invoicing, but an exchange-rate residual generally prevents its stabilization
from closing the output gap. The welfare criterion also penalizes domestic-price and terms-
of-trade gaps, which distort consumption and input use. Optimal policy must account for
these sectoral allocation effects as well as aggregate activity and inflation. The contribution is
to characterize how the production network and invoicing jointly shape this policy trade-off.

The sectoral experiments show why this distinction matters. Imported-input centrality
organizes the largest differences in responses, and heterogeneous invoicing adds substantial
dispersion. Imported energy is particularly central to domestic production. After an imported-
energy wedge, the impact increase in headline inflation is similar under commitment and
a CPI Taylor rule, yet the Taylor rule induces a larger interest-rate increase and output-gap
contraction. Similar aggregate inflation can therefore conceal different costs of stabilization.

13Both paths are evaluated with # = 0.99 and the same period-loss weights. The existing OSR coefficients
were optimized for the unconditional-variance criterion, whereas OPP optimizes the conditional discounted
response. The comparison evaluates the benchmark rule; the gap can reflect both policy-path flexibility and
the difference in optimization criteria.
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The quantitative application gives an implementable counterpart. Targeting core rather
than headline inflation captures most of the stabilization gain from optimizing the rule after
an imported-energy shock. The same gain is negligible for the EA as a third party to bilateral
U.S.-China tariffs, and its exposure depends strongly on dollar pricing. These results favor
identifying the domestic propagation of a foreign disturbance before choosing the monetary
response. Extending the welfare accounting to the full multi-country economy would allow
the quantitative rules to be assessed on the same basis as the SOE commitment allocation.
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Appendix

Appendix A. Inspecting the Mechanisms

In this section, we derive the equilibrium conditions under the simplified version of the
model.

A.l. Production Networks and Inflation
The input-share matrices used in the main text are
_ ¢ H\I _ (I
Qy = (wij )i}j:l} Qp = (Wi]')i’]':p

where w? = P]XII]_I/(PIYI) = (1 — Oéi)Vi]'(]. — Cl]) and ng = P]Xg/(PlYl) = (1 — O‘i)VijCij-
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The nominal marginal cost faced by sector i is given by

(A1) me; ;= a;w + (1 — O‘i)pfp

where ¢ is the steady-state ratio of labor costs to sales in sector i, and 1 — «; = P‘iXXi/(PiYi)
denotes the steady-state ratio of input costs to sales in sector i. The price index of intermediate
goods faced by sector i is given by:

I I
(A.2) pft = Z Vij [ Cl])p] + Cl]( it p] t } = Z Vij <p]I;It + Cijsj,t> ’

j=1 j=1

where s; ; = TiF + pf - le denotes the gross terms of trade (including the tariff) of the SOE

with respect to the ROW, v;; = P; XlJ/(PXX ) denotes the purchases of sector i from sector j as
a share of total intermediate goods’ purchases of sector i, and 1 — Gij = (P]XII]J )/(PUXL]) denotes
the purchases of sector i from Home’s sector j over total intermediate goods’ purchases of
sector i from sector j.

Introducing condition (A.2) into the marginal cost equation (A.1), and stacking over sectors,

we obtain:

(A.3)

mc; = aw; + Qipll + Qp <7-tF +pf) = aw; + Qppi + Qp [‘TtF +(1—1)er +pi| = aws + Qpll + Qps;.

where pI’ = (1 1)e; + p} depending on the currency invoicing regime, where 1is a I x 1 vector
of ones and 1is al x 1vector of indicator functions 1;

We now seek to obtain the Phillips curve in price terms. We assume that domestic sales
are invoiced in the domestic currency, and thus the Phillips curve can be written as

H_ . . _H H
T~ Hi (mcl}t Pi,t) + BEt”i,tﬂ)

H_ H
it~ Pit

domestically. We can write the sectoral Phillips curves in matrix form as (36)

where 7 — pl ., denotes the inflation rate of a good in sector 7 in country H sold

71'? =K (mct — p?) + 5Et7'rﬁ1 =K [mct — <7'r{{ +p£1>} + 6Et7r£1

=I+r) 'k (mct — pr_l) +(I+ K,)*lﬁEtﬂ'ﬁl
= A |aw; + Qpl + Qpse - piLy| + (1 — A)sElL

=A [awt +Qpsy + Qnl — (1 - Q)ptL 1} +(I - A)BEmH,
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= A [awt + Qps;+ Qe+ pf | — pf 1} +(I— A)BEmH

(A4) I - AQ)rH = A [awt + Qps; — (- Q)pL 1} +(I— A)BErH,

where we have introduced nominal marginal costs (A.3), and the different objects are defined
in section 3.3.

A.2. Production Networks and Monetary Policy

We now seek to write the sectoral Phillips curves in gaps from the flexible-price equilibrium.
Under no nominal wage rigidities, the labor supply condition is given by:

(A.S) Wt — ptC =cttopng

where ptc is the consumption price index given by:

I I
@6 pF=Y 8 |-k Gel i) =0 8 | P+ Gsie| = BTRE + BLs:
i:]_ l:].

where [3; = P;C;/(P¢C) denotes the total consumption share of sector i, and 1—¢; = (PiC? )/(P;C;)
denotes the home share within sector i. Thus 3 = [A;, ..., 1] " is the vector of steady-state
sectoral consumption shares and Br = [(1(3,. .-, Br¢1" is the vector of imported final-
consumption shares.

The risk-sharing condition (under complete markets and constant rest of the world vari-
ables, i.e. ¢} = 0) is given by:

(A7) ct=qr+ci=er— Ptc-

Furthermore, the definition of nominal GDP is given by:

I I I

Y — C HJ* H}* F F H;* H}* F F

(A.8) PyY;=P{C+) (Pi,t Gl — Pi,tci,t) D (Pi,t Xyt — Pi,thi,t)
=1 =1 j=1

where P} is the GDP deflator, CfIt’* and Xf]q’t*
and firms in ROW, and Cf ,and Xij . are Home’s sectoral imports from households and firms.

We start by finding an expression for real GDP. In order to do so, we first linearize the

denote Home’s sectoral exports to households
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definition of nominal GDP (A.8):

I I
Pty = pﬁcﬁZﬁlé}( bt PR o)+ 20 DN -G (B gy — Pl )

i=1 i=1 j=1

Next, note that we have the following expression for the GDP deflator:

I I
pt+zﬁlcl< 1t —Plt>+ZZAJ'( J) l(ﬂ( lt _plt>

I I
=pE+ Y | At Do N ajwjicﬁ) (" = Ply) = pF — BT+ ATQR @] — pi")

I I I
_ H,x F H,x F
(A9) ye=et 3B (g —che) + D0 D0 A — oG (i — k)
i=1 '

Consider first the term Z _1 3G ¢ ( cf t) . Under PCP, we have

Mo F X H « X
Cit TPy~ T~ PiptGe=et Py~ Ty

X

2

— C,x* * *
p”+c et+plt—n plt (er+ p”) — (et + pj )+ ¢

H C,x _ X
- Pi)t"‘(et"' Py )t —qr = Tt Pi,t‘" Pt *

where we have made use of the risk-sharing condition (A.7), the relation p; + ¢, = ptc’* +cj,
and the logarithmic transformation of (32). Equivalently, under LCP, we have that

H;* * X X

— _ O HY ok — _ o *
Gt T Pt Tig pit+ci,t_pi,t it p1t+c pzt Tz p1t+pt Pittc

X X

Cyx — — C
——7' Plt 2 +Ct—Qt——et—Ti)t—Pi,t +pf +Ct——Tth—Pi)t+Pt + ¢t

so that the allocation under both invoicing schemes is identical. In addition, under PCP note
that we have

— F F F *
¢ t_pi,t_T p1t+clt Pit— T plt+(pt plt)+cf_pt+ct T plt pt+ct Tt et— pi,t’

and, under LCP,

_ F C _ C F *
o= Py — T~ Pt = Py — Byt (BF — Pt o= pE te -y - bl
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Therefore, we have that

(A.10) i Bi; (Cft’* - ) Z 8¢ (7 ( +ph, — 7 - pft) = BL(st — T5),
i=1

H, x

Next, we work with the term x]l = ]l . Under PCP, we have that
)
xH’*: Fo_X _pH iyt =+ pf X pH 4yt =+ X (e + X’*)_(e+ )+
it~ Pt~ Tt~ Pig ]1t tT Pt Tt~ PirTXirT e plt it plt tT P tT Py
— X H >|< X *
= —Ti)t - Pi,t+et+ th +(Wt pt ) ]t_ —Ti)t - pi,t+ pt +qt+ct +90”t +nj,t

_ X _ _H_.C x __ X _ _H,.C
ST T Pt Pt arta—qrtom t ”j,t =TT Pipt Pt

where we have made use of the first-order conditions of the firms for labor demand and

intermediate goods’ demand, x* et p}.(’ =n’_ +wj, and of the fact that foreign variables are

)5t J5t
constant, in addition to the rlsk-sharlng condition (A.7), the relation pl ; ]"; = p]XZ* + x]?‘ "
the logarithmic transformation of (32), and the labor supply condition (A.5). Equivalently,

under LCP,
H;* — ¥ X H}* X X H *
Xit “Pie—Tir T Py tX =P~ it (pz e tx ]1 t pz t Tt~ Pie T X
— X H C — X
= Tip T Dipt Pt art e —qrtong vy = -1 — pi)t + P8+
so that the allocation under both invoicing schemes is identical. In addition, under PCP note
that we have

F _ _H F
X = Py =T = Pyt %= PR =T = Ph (Pl — Pl
_ F _ F
__7- plt+pt+(wt pt)+nj)t——7‘it—pi’t+pt+Ct+(pnt+nj}t.

and under LCP,

— * H
Xit = Pip — Tir — p1t+x plt Tit _pi,t+(p;,(t_pi,t)+x]t

F F * C
——Ti,t—Pi,t"'Pt (wt )+”t “Tir T PigtPrtatentng,

Therefore, we have that:

I 1 I 1
>0 D A= oG (x50 =k ) = 0 " A= G (ol + Pl — 7 — Pl — o —
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F X
]1 C]l (T tert pl t —ler — Ti,t - pft — Pt - ant)

vl N
M~

Z Cﬂ( X“”“‘”J’)

i=1 j=1

Qp(s; — 75) — ATdiag (QF1) n; — wxeYi

In addition, we have made use of the fact that aggregate GDP equals the sales-weighted sum
of sectoral value-added, and hence aggregate employment (using the labor market clearing
condition n; = Zl_ AjQiny 1), ¥y = Zl 1 Aiain; ¢ = ng. Furthermore, wy = Z -1 Z] 1 Al —
OéJ)C:]l

Next, plugging in (A.10) and (A.11) into (A.9), we obtain:

(A12) (L+gwx) ;= ¢+ (B] + ATQR) (st — 77¥) — ATdiag (1) nz.

Natural Equilibrium. In the natural allocation with flexible prices (denoted by superscript
n) where prices equal marginal costs and nominal wages remain constant (Rubbo 2023), we
have that p?’n = aw} + Qp? TrQ rS}. Therefore, we can write:

H — — F
(A.13) P =~ ) pst = (- Q) (" 7).

That is, in response to an increase in import prices, domestic prices adjust through a direct
effect via its exposure to foreign markets (measured by Q) and an indirect effect via input-
output linkages mediated by the domestic Leontief inverse (I — Q) L.

Note also that making use of these results and of the relationship between consumption
shares and Domar weights in steady state, AT = 38T (I — )L, we have that the consumer
price level in the flexible price equilibrium is given by:

(A.14)
= pTpe "+ Bt = BT+ AT - 7| s = [BI+ATA - ) (- )71 | 57 = BT+ ATQRST

Next, writing the expression for real GDP (A.12) in natural terms, and using (A.14) we
obtain:
C, )
1+ pwx) ¥ =cf + p; n_ (B} + }\TQF)TtX — ATdiag (1) n}.

In addition, make use of the labor supply condition with flexible prices and constant nominal
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wages, together with y} = nl' and —py} = c}} + ptc’n to obtain:
(A.15) [1+p(wx +1)] ¥} =—(BF+ ATQp) T — ATdiag (QF1) n}

Phillips Curve in Gaps from Natural Equilibrium. First, we start by writing the labor supply
condition (A.5), using the result that aggregate hours equal aggregate real GDP (or value
added)

which follows from the CRS production structure and Z]- a;); = 1; together with (A.12) to
substitute out c;:

(A.17) we — p¢ = [1+ p(wx +1)] ¥, — (BF + ATQF) (st — 74) + ATdiag (QF1) n
Next, we add pf’n on both sides and use (A.14) to obtain:
(A18) wy— PC = [1+pwx + 1] v, — (BE+ATQR) 8¢ + (8L + ATQF) 7 + ATdiag (QF1) ny

where tildes denote deviations from the flexible price equilibrium: x; = x; — x} for a variable
x. Finally, make use of (A.15) and add and subtract [1 + p(wy + 1)} v} on the right-hand side
(using equation A.15) to obtain:

(A.19) wy — jatc = 1+ p(wx +1)] ¥; — (BE + ATQp) $¢ + ATdiag (Qp1) 1z
We next work with the stacked sectoral Phillips curves (A.4). Subtracting A« ptc on both
sides, and using (A.6) to write p¢ = BTp + Bls; = BTwH + BTpH | + Bls;, we obtain:
(A.20)
(I-AQ-AafDf = A a(w - pf) — (1 - 2~ aBN)p{L; + (@ + aB])s| +80- A)Ex ],

Adding and subtracting ptc’n on the right-hand side, using (A.14), we obtain:

(A21) (I-AQ - AafT)r=A [a(wt B — - - aBpl, +(Qp +aB)s:

H
—afTp " — aplst| + B0 - AEmfly

Next, adding and subtracting (I — Q)p?’n on the right-hand side and using the fact that
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(I — Q)p?’n = Qs to obtain:
(A.22)
— H ~
(I - AQ - AaBT)rl = A |a(w; — BY) — I — Q@ — afT) P, — p"") + (Qp + aB])s:
+ (I — A)Egmi

Finally, using (A.13) we obtain:

(A.23)
(1 AQ - AapDrf = A{atw - Bf) - (1- 2 af") [plL, - (1 - Qm) ' 0 (p]" + 77 )|

HQp + afp)se} + BT — A)Ermpyy
Next, plugging in the expression for the real wage gap (A.19) into (A.23) to obtain:

I—AQ— AaBT)ﬂ'F =A« [1 + p(wyx + 1)] ¥+ AaXTdiag (Qp1) ny + A(I — aXT)Qps; + (I — A)Etwgl
— F
(A.24) ~A@-2-ap") [piLy - (- Q)0 (p]" 41 )|

Natural allocation and external resources. The natural allocation is obtained from the flexible-
price private equilibrium. For the tariff-free welfare experiment, the flexible-price allocation
is maintained as efficient; the tariff experiments below use it as a positive benchmark only.
Domestic tariff receipts are internal transfers. In foreign currency, the consolidated external
balance is

—~ 1+ 7%
1 1,t

(A.25) NX;=) R _ > oa+ Tf‘{)Pf’t*Mi,t, My =Cl+) Xi.
J

Here R; is foreign expenditure before the export tariff and Pf’t* is the producer’s foreign-
currency price; the latter may depend on the exchange rate under LCP. The domestic tariff
™M enters private prices through 7F = 7M + 7V but is excluded from the external payment in
(A.25). With given initial foreign wealth Ao, Ag + Eg ) _; Q5 NX; = 0; complete markets do not
require NX; = 0 in every period. Appendix B retains this restriction when deriving welfare.

We characterize the flexible-price allocation from the conditions that also hold under
sticky prices: goods market clearing, the labor demand of firms, the labor supply condition
and risk sharing. The natural allocation is therefore the flexible-price counterpart of the
equilibrium conditions used in the main text, and the conditions in gaps inherit no residual
tariff terms.
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We start from sectoral employment. The market clearing condition for good i is

n H n H,*,n H,*,n
(A.26) th 1t +C Z(}lt ]lt )

Substituting out the demands for good i of domestic and foreign households and firms,
linearizing, and dividing by steady-state GDP, we have that:

H C} HJ
N =65 (" = ")+ D0 il = GO — o (" + cf = "+ ol )
]
Hn

C
(A.27) +¥W£ML‘%XPHWHf—Pw }_ @”+§: i = o) | 77

where the last term is the reduction in foreign demand for sector-i goods caused by the
export tariff, as in the sticky-price market clearing condition (A.39) below. Next, using that
in the flexible price equilibrium ptc’n +cft = —pn} = —pyt, and collecting terms, the above
expression simplifies to:

AiYip=— &+§:%%ﬂ— §:1n — G — ay)ng,
j

(A28) - Z V]],CJL(I ] Spy? - (BF + Q )\)l l t*

In addition, note that at the steady state we have \; = §; + > 7; \;iv;(1 — ), leading to:
(A.29)

H, _
)\i(pi’tn + th) Z i ]1 C]L) ]nt 51 + Z AV LC]l(l ]) 90_)’? - (/BF + Q})‘)lTi(t

Using the result that with flexible prices we have that pi’n +y, =nl, from the labor demand
condition of firms and stacking over i we have that An]' = Q] An]' — (8+ Q[ \)p y! — diag(Bp +
QI T, where A = diag (A), and hence

—[@ - QAT |(B+QNpy} + diag(Bp + QLN T
(A.30) = —1py} — N7,

where Ny is the export-demand matrix defined in the main text, equivalently Ny = [(I —
Q) Al diag(Bp + Q4 N), and the second equality uses (I — QI)A1= X — QLA = B+ QI
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which follows from A = 8+ QTA.
Next, aggregate hours equal real GDP, ny = 3 ; \joyn; + = ¥4, as in (A.12). In the flexible-

price equilibrium,*

(A.32) n}=aTAn} = y}.

Premultiplying (A.30) by aTA, and using aTAl = ATa = 1 and aTA[(I — QIT{)A]_1 =
(I — Q) ~La]T, we obtain yI = —py} — €575, that s,

(A.33) yl=——0LrX,  tx = diag|a - QH)*la} (B +QIN),

which holds for both currency invoicing regimes. Each element of (I— Q) ' is the domestic
labor content of one unit of sectoral output, including the labor embodied in domestic
intermediate inputs. Because (I — Q) la + (I — Q) 1Qp1 = 1 under constant returns
to scale, the complement is the direct and indirect imported-input content, which does
not generate domestic value added. One can verify that (A.33) and (A.30) also satisfy the
flexible-price version of real GDP, (A.15).

In addition, using the risk-sharing condition ¢} = e}l — ptc’n together with ptc’n +cft = —pyf,
we have that

(A.34) el = —gpy? EXTt

1+
holds for both currency invoicing regimes, and sectoral employment can be written as
= le? — NlefX.
Under these conditions, we obtain that the response of foreign prices in the flexible price
equilibrium is given by
¥
PR

P = (= Def +pp" = (- Def =

and thus the response of domestic prices in the flexible price equilibrium is given by:

H _
(A35) p; " =T - Q) 10 |Tf + Q- e} | =T - Q) QF |7 +—(1—1)£X7't

where we have used (A.13). Consequently, the response of the terms of trade under PCP is

14Combining (A.16) and (A.32), we can write

(A.3].) ﬁt = }t.
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given by:
F H _
(A.36) st=rlvpp" - py" = [T (- Q) 70| 7 + - D¢
Finally, inserting all previous findings into the Phillips curve (A.24), we obtain

(I-AQ — Aa,@T)ﬂ'tH = Aa [1+p(wx +1)] ¥, + AaXTdiag (Qpl) s + A — aXT)Qps;
(A.37)
+ 8 — A)Er, — AU - Q- aBT) [p?_I @ - Q) lp [Fra- 1)41}]

Following the same transformations as in Rubbo (2023) to invert the term (I — AQ — Aa3T),
we obtain

(A.38)
e = B (L+ ¢+ pwy) ¥, + BATdiag (1) iy + VI — Q) 1Qps; — Vxp + BT — V)Egmp 141

where x; = pf[_ 1~ p?’n is the bracket in (A.37), with pltq’n given by (A.35). Since pfl_ 1=
p o+ pirf, this is equivalent to the gap form x; = pil; — Apf]’n in (49). In (A.38), 7y + is
actual sectoral inflation.

Consider now the market clearing condition (A. 27) in the rigid-price equilibrium, \; J’i ;=

X

[Bﬁ j=1 Al = f)] (ptc“t ) [5F1+ j=1 AjtiGiil = ']Ti, + Ui Al
C]L)(l ])((pnt +n t), where the export tarlff reduces forelgn demand for SOE sector i. Us-
ing \; = 3, + ] 1 ] ]Z(l ]) and BFl + ] 1 ] ﬂg“ﬂ(l ) (Br + QTA)U this becomes

_ I
AiYit = A (pt +cp — pH) (ﬁF+QT)\)l +Z] 1A ]l (1— Cﬂ)(l a; )(gont+ ) Furthermore,
we can write p$ +c¢ — pft =et — pft pft +1,er — p{It St lier — i,t’ Where we have used
(A.7). Thus, we can write the previous expression as

(A.39) )‘iyi,t :)\ ( l ¢t 1; et — ) (ﬁF + Q;;-I—)\ lTl ¢ + Z Vji(l — C]l)(l — aj)(gont + le}t)
=1

Log-linearizing the production function (28)-(30),

—~

F
= ajy + Z(l (L= Gy, + D (= a4

J=1

= on g+ Z(l Vz] l] ; Z(l I/UCU it
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I

F
= ot Z(l DS+ Ljer — Tyt omet ) = D (1= avysiy
j=1
I
= ni,t + (1 — ai)gont + (]_ — O./i) Z l/i]'(]. — Cij)sj,t l) Z Vl] ] Z Vl] ] t’
j=1
Where the second equahty made use of the international input demand curve xf ; lI]'I .=
) )
—( pF = —s; 1, and the third equality made use of the domestic input demand
H - H _ - H _
I = PN b P =y pl= et on g Bl -
p +1et+gpnt+nlt pt png+n; g+ t+1et ]Ft.

Pre -multiplying this last expression by A;, and combining it with (A.39), we can write

I I
ANt p =Y AL = G (X = apn; p + A1 — ap)ony — > A Vi1 = G (L — o) omy
=1 J=1

I

I
i |8+ Lier— (L= a)) D w1 = G5y — (L= ) D vygljer — - ) Z Vi
2

j=1

=A

which can be written in stacked form as
(I-QL) An; = [Aa—(I-Q) Ayt AT—Qp) s+ A(I—Q) Le— A(I-Q)7f —diag(Bp+Qp A

Rearranging, we obtain (41), where we use the fact that, since A is diagonal and invertible,
we have A1 — Q) "'A = (I — A"1Q},A) . Rewriting this expression in terms of gaps
from the flexible-price equilibrium,

(A.40) ?lt = (Ny — l)gpf_}v/t + ngt + Nlet.

Inserting this expression into (A.38), we obtain (48).

A.3. Additional Theoretical Results in the SOE

Slope of the Phillips curve. In contrast to the one-sector economy, the closed- and open-
economy slopes of the Phillips curve (48) with respect to the output gap no longer coincide:

PROPOSITION Al. The slope of the Phillips curve (48) with respect to the output gap is weakly
steeper than its closed-economy counterpart. It is strictly steeper if at least one imported-input-using
sector is connected, directly or indirectly through the domestic input-output network, to a sector
with a positive labor share.
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PROOF. The Neumann series (I — QIE)_ = %‘;0(9;1)” converges, and each power (QIE)”
is entrywise non-negative because QIE > 0 elementwise. Hence, (I — QITI)_I > 0 entrywise.
Premultiplying and postmultiplying by the diagonal matrices A~! and A, which have strictly
positive diagonal elements, preserves entrywise non-negativity. It follows that B = A~ 1(I —
QITI)_lA is entrywise non-negative.

Consider now © = AT diag(Qrl) Ba = ]I-zl Eizl Aj (Zle(ﬂ F)ji> Bjy a. Under weakly
positive labor shares, each term J; (Zi(QF)ji)B]-kak in the double sum is therefore non-
negative, and we obtain © > 0.

To show strict positivity, note first that by the definition of B, Bj; = [A~Y I - Q) 1A] W=
i‘\—;f [(I — Qg)’l} ik Under actual openness, there exists an index j* such that Zle(Q F)]'*i >0
(sector j* uses imported intermediate inputs), A > 0, and, by the strict-connectivity condition
in the proposition, there exists an index k* with a > 0 such that the (j*, k*) entry of (I— err[)_1
is strictly positive. The latter implies Bjx. > 0.

Combining these conditions, there exist indices (j*, k*) such that A >0, Zle(ﬂp)j*i >0,
Bjijx > 0, o« > 0. The corresponding term in the sum for ©, A (ZLI(QF)j*i) Bjijx g 1s
therefore strictly positive, while all other terms are non-negative. Consequently, © > 0 under
this openness-and-connectivity condition.

O

Proposition Al shows that international production networks steepen the Phillips curve
relative to a closed economy. Importantly, this result does not arise because firms’ pricing
decisions are intrinsically more sensitive to demand. Rather, it reflects a general-equilibrium
mechanism whereby producing a given increase in domestic output requires a larger increase
in domestic labor input once imported intermediate goods and sectoral trade imbalances are
taken into account.

To see this, consider an increase in the output gap holding the sectoral ToT gaps fixed. In an
economy with international production networks, higher domestic production mechanically
raises the demand for imported intermediate inputs. As shown in equation (42), this generates
an output-consumption wedge that is proportional to AT diag(Qp1) Ny. Equivalently, along
this margin the equilibrium relation implies that the consumption gap rises more than
one-for-one with the output gap.

The presence of this output-consumption wedge has direct implications for labor supply.
Through the labor-supply condition, a larger consumption gap for a given output gap raises
the marginal rate of substitution between consumption and leisure. The real wage required
to support the expansion in domestic production therefore increases by more than in the
closed-economy benchmark. In this sense, international production networks amplify the
labor-supply component of marginal costs associated with a given output gap.
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Higher real wages feed directly into firms’ marginal costs. As a result, for a given increase
in the output gap, marginal costs rise by more in the presence of international production
networks. This amplification is made explicit in equation (48), where the slope of the Phillips
curve depends on the additional term pATdiag (21) Ny, which reflects the network-induced
amplification of the labor-supply channel: because imported inputs complement domestic

production, higher output requires more domestic labor rather than allowing production to
be shifted abroad.

Sensitivity to ToT gaps. The following result states that a deterioration in the ToT, such as
the one caused by a price-wedge shock, tends to increase domestic prices through the two
channels discussed above.

REMARK Al. The elements in W related to the first and second transmission channels, A(I —
QA)1QF and BBTAI — QA)~1Qp, respectively, are entrywise non-negative. Moreover, any
entry corresponding to a domestic sector that is directly or indirectly exposed to foreign sectors
through Qg is strictly positive. In particular, strict positivity holds entrywise under the additional
assumption that the relevant network is sufficiently connected and that the associated IO shares are
strictly positive.

The following proposition also clarifies why the third term in W is absent in a one-sector
economy, even when intermediate goods are present:

PROPOSITION A2. The matrix diag (Q2rl) Ns — Q2 is hollow (the elements on the diagonal are all
zero).

PROOF. Define D = diag(Q251) and Ny = D~1Qp, so that 2 = DN — Qp. We show that = is
hollow, i.e., =;; = 0 for all i.
Let i be arbitrary. Expanding the (i, i) entry of the product gives =;; = [DN] o= (Qp)j; =
]I-:1 D;;(Ns)j; — (Q2F);;- Since D is diagonal, D;; = 0 forj 7 i, and therefore Z;; = D;;(Ns);; — (2F) -
Next, note that the definition N5 = D~1Q implies DN = Qp, or equivalently D"IDN =
D~ 1Qp. Taking the (i, i) entry of Ny = D~1QF yields Ng);; = Z}:I(D_l)ij(Qp)ﬁ. Again, D Lis
diagonal, so (D’l)ij =0 forj #1i, hence (Ny);; = (D’l)ii(QF)ii. Substituting into the expression
for Eii gives E’ii = Dii(D_l)ii(QF)ii — (QF)ii = (QF)ii — (QF)ii = 0. Since i was arbitrary, Eii =0
for all i, and thus DN — Qp is hollow.
O

The previous proposition illustrates that what matters are production linkages across
sectors. That is, since the diagonal elements of diag (2rl) Ny — Qf are zero, the term
BAT (diag (1) N5 — Q) would be absent not only in one-sector economies, but also in
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multi-sector frameworks with heterogeneous sectors and no cross-sector relationships in the
production network—where both Qr and Qy are diagonal matrices.

The intuition is as follows. Consider the one-sector economy with intermediate goods
characterized by the Phillips curve (47). In that case, a 1% increase in the ToT translates one-
to-one into higher demand for the domestic intermediate good, given the unitary elasticity of
substitution. The associated increase in the demand for imports arising from higher sectoral
employment exactly offsets this effect, given the Cobb-Douglas production function, thereby
leaving net exports—and hence wages—unchanged. With cross-sector linkages, however,
other domestic sectors also reallocate demand toward the now cheaper domestic sector,
further increasing overall demand and generating trade imbalances that distort real wages
and inflation.

Proof of Proposition 1. Define the mark-up gap as
(A.41) pt = Py’ —mcy.

Rewriting the marginal cost curve (37) in gap terms, mc; = aw; + Qf){{ +Qpst, and combining
both equations,

(A42) P =i+ (I — Q) g + (1 — Q)OS
where we used the identity
(A43) I-Q) la=1,

by CRS.
In the open economy, the CPI is given by (A.6), which in gap terms can be written as

(A.44) Pt =B7P + Bls:.
Inserting (A.41)-(A.42) into (A.44), and using 371 =1and BT + ATQ = AT, yields

(A.45) We — DY = —ATpp — (8L + ATQp)3:.

Combining the definition of ToT, (38), with the import-invoicing convention in (33)-(34),
we can write the ToT in gap terms as s; = (1 — 1)ey — ﬁfl . Inserting (A.42) in this expression,

(A.46) Se=(— Q)o@ —w) — - Q) T — T - Q)T - Q)1e.
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This step uses I + (I — Q)" 1Qp = (I — Q)" — Qp) and (A 43).
Combining now the risk-sharing condition (A.7), rewritten in gap terms as ¢; = e — fatc,
with the labor supply condition (39), which can be written in gap terms as

(A47) We — DY =Ct+ 0Ty
we can write e; — Wy = —p y,. Inserting this last expression into (A.46),
(A48) St=—o— Q) lay, — I - Q) ur — (- Q)T - Q)le;.

Combining the risk-sharing condition (A.7) with the CPI definition (A.6), together with
the definition of ToT (38), we can write, in gap terms,

(A.49) ¢ = BL;5t + BT ey

Combining (A.49) with (A.47) and (A.45), and using BT + ATQp = AT(I — Qp), gives
(A.50) —ATpt = oY + AT — Qp)$t + [ATT — Q)] Ley.

Introducing (A.49) into the gap version of (42), we obtain

(A.51)
(1+ AT diag(QFDNy) ¥; = [BT + AT (2 — diag(Qpl)Ns)] 5¢ + [BT1 + AT diag(QpD)N1] e.

Inserting (A.48) into (A.51), and using Ny = N(I — Q) la, gives
(A.52) — [BT + AT (Qp — diag(QpD)Ny)| (I — Qp) 'pe = (1+9) ¥, — Reet,
where R, is defined in (53). From the definition of N,

T

(A.53) [BT + AT (2 — diag(Qr)N)| (I — Q) 1= | - Q) | A,

where the last equality uses the CRS identity 1 — (I — Qp) ~1Qp1 = (I — Q) L. Combining
(A.52) and (A.53),

(A.54) - Z Midipi ¢ = (1+9) Yy — Reey.

Finally, consider the sectoral Phillips curves (36). Reorganizing terms, multiplying the
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Phillips curve of sector i by \;d;/k;, and summing across sectors,

I
A o
(A.55) >, (n - BB, ) = 0+ ), — Rer
=1 !

Using the definition of the open-economy DCI in (51), equation (A.55) yields (52). Since
any constant-weight domestic inflation index whose Phillips curve is only a function of
the aggregate output gap must aggregate the markup vector through the left-hand side of
(A.54), the weights in (51) are pinned down up to normalization. Therefore, the strict Divine
Coincidence holds if and only if the exchange-rate residual in (52) vanishes, that is, if and
only if R, = 0. O

Proposition 1 refines the comparison with the closed-economy benchmark. The closed-
economy DCI of Rubbo (2023) is not the right aggregate in an open economy, because the
output gap is not governed by sales-weighted markups alone. Once production uses imported
intermediates, the relevant object is instead the domestic-content markup aggregate in (A.54).
The weights in (51) are therefore the open-economy analogue of Rubbo’s sales-and-rigidity
adjustment: sectoral inflation is weighted by \;/x;, as in the closed economy, and by d;, which
measures how much domestic production content is embedded in sector 1.

The proposition also clarifies why heterogeneous import invoicing remains a source of
monetary-policy trade-offs. The open-economy DCI removes the sectoral markup residual
associated with the output gap, but its Phillips curve in (52) contains the exchange-rate
residual R,. This residual collects the components of the exchange-rate gap that cannot be
absorbed into the domestic-content markup aggregate. It depends on the import-invoicing
vector 1, on imported-input exposure through 2, and on the expenditure-switching and
tariff components embedded in N; and N-. Hence, heterogeneous currency pricing does
not mechanically rule out a DCI index. Rather, it changes the condition under which that
index delivers the strict Divine Coincidence.

When R, = 0, closing the output gap closes the open-economy DCI index, up to expected
future DCI inflation, exactly as in the closed-economy benchmark. When R, 7 0, closing ¥,
leaves a residual term proportional to e;. In that case the DCI remains informative because it
is the unique domestic inflation aggregate aligned with the output-gap markup aggregate, but
it is not a sufficient target for implementing the efficient allocation. The central bank must
still confront relative-price movements generated by the exchange rate and by the currency

denomination of imported inputs.

The One-Sector Phillips Curve. In the one-sector economy, we can write the Phillips curve as
TH,¢ = K(mCt — pH)t) + BE¢m t+1. Inserting the expression for nominal marginal costs (A.3)
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in the one-sector economy, mc; = aw; + (1 — «) PHt T wrpst—where we have made use of the
CRS assumption wy = 1 — a — wp—we can rewrite the Phillips curve as 7p ; = nla(w — PH,t> +
wrst] + BE¢TH t+1. Inserting the one-sector expression for (A.6), ptc = Pu,¢ t BFSt, we can write
mH,t = kla(wr — ptc) + (afBF + wp)st] + BE¢Ty t+1. Rewriting py = fatc + ptc’n, and making use of
(A.13) in the one-sector economy, p}; , = wr/asy, and (A.14), which in the one-sector limit is

given by po’™ = (Bp +wr/a)sl, we can write m,t = Kla(ws — D7) + (afp +wp)se] + BEemp a1

Introducing (A.19), wy — faf = [1+p(wx +1)] ¥; — (BF + wp/@) $¢ + wp/ans, where y; = iy and
having made use of the identity in footnote 15, we can write the Phillips curve as (47) (where
we have used the identity wy = ATQpl = wp/a).

Appendix B. Quadratic Welfare Loss Function in the SOE

In this appendix, we derive the quadratic welfare loss for foreign price-wedge shocks with
M = X = 0, maintaining efficiency of the natural allocation. Import invoicing may differ
across sectors. The price representation below applies when ' (1 — 1) > 0, so that PCP
imports have positive consumption weight; it includes uniform PCP and heterogeneous
PCP/LCP invoicing. The all-LCP limit requires retaining the exchange-rate gap as an additional
coordinate and is not covered by this reduced representation.

The starting point is the household period utility function (1) under the logarithmic
consumption assumption (25). We want to expand welfare around the flexible-price allocation
(CE, N}) which plays the role of the efficient benchmark.

Because the steady state is efficient thanks to the subsidy, define the log gaps relative to
the flexible-price allocation as log C; —log C} = (log C; —log C) — (log CI' —log C) ='¢; — ¢} = ¢t
and log Ny — log NI* = (log N; — log N) — (log N}* — log N) = 1y — 1t = .

It is convenient to collect the small deviations around the flexible-price allocation into a
vector g; = (’Et ﬁt> ' . Thus, g, is just shorthand for the vector of gap variables with respect
to the flexible-price benchmark. The notation ¢; below is reserved for the exogenous state.

B.1. Second-order expansion to welfare

Because utility is separable in consumption and labor, there is no cross-derivative term.
Therefore,

(B.1)

1 1 ~
u(Ce, Np) — w(C, NY') = ug 1(Ce — CF) + upy o(Ne — N7) + Succ (Cr — CP)* + 2 1R, (Nt — NP? +o(|&:l%),

151n the one-sector limit, we can thus write ATQF as wr/a.
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where all derivatives are evaluated at the flexible-price allocation (C}, NJ*). The term o(||g,||%)
collects all the remainder terms that are negligible relative to second-order terms.

Note that, for any time-t variable X;, we can write X; = X?e’?f Using the second-order
approximation for the exponential, ¢ = 1+ X, + %3&% + o(||g;||?), we obtain X; — X} =

X7 <36t + %%%) +0(||g;||). Applying this to consumption and labor,
~ 1. ~
®2 - =p (e 3 ) + o)
n_an(= .12 =112
(B.3) Nt — Ny = N; Tlt+§nt +o([|g¢[])-

From (1) and (25), we get uc; = C; ', uccs = —C; %, un,e = —N{, and unn ¢ = —goNf_l.
Evaluating these at the flexible-price allocation,

(B4) uge, (CF)* = —ug,Cf = 1,
(B.5) ufn (NP)? = pufy N7

First, consider the consumption terms. Using (B.2),
1 ~ 1. 1 " ~
ug (Ce — Cf) + Sufe (Cr — C)* = ug, ,CF (ct + EC%) + g, (C)°EE + o(&¢°)
(B.6) = ug ,Cree +o(1g¢l)-

where the first equality used the fact that, to second order, only the first-order piece of C; — C}'
matters inside the square, and the last equality made use of (B.4).
Now consider the labor terms. Similarly, combining (B.3) and (B.5), we can write

1 ~ 1+p_ ~
(B.7) u&t(Nt — N[+ Eulr\lIN,t(NT — N?)2 = ul’f])th (nt + Tn%) + 0(||gt]|2).
Inserting (B.6) and (B.7) into (B.1), we get
n_ . n onx noan (= L 1TY- =12
(B.8) ur — up = uc Cree +uy ¢ Ne | e+ — )T o(llg:l%)-
Equation (B.8) is not yet the final welfare loss expression. It is the raw second-order expansion
of utility around the flexible-price allocation, expressed in terms of the consumption gap

and labor gap. The next step is to eliminate ¢; and 7; in favor of the relevant distortions, the
wedges used in the proposition.
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B.2. Writing welfare in terms of the efficiency and labor wedges

In this step, it is useful to distinguish clearly between log deviations from steady state and
gaps relative to the flexible-price allocation. For any endogenous variable X;(¢;), define the log
deviation from steady state by

(B.9) x¢(&r) = log X¢(¢r) — log X,

and define the corresponding gap relative to the flexible-price allocation by

(B.10) xt(§e) = %t (&) — X7 (6)-
It is now convenient to write the flexible-price labor share,

. WINT
(B.11) Molen) = 5 L@

C,n
t “t
with an steady-state value of Ay = A} = 1since we consider a zero-trade-balance in steady
state.
Using the flexible-price intratemporal optimality condition,

n
u wn
N,t
(B.12) —un = o
ct P
. " upy; Ny . . ..
we can also write the labor share as Ay, .(§r) = — - Because the flexible-price allocation is
’ ettt

asmooth function of the exogenous state &;, all of the flexible-price variables are perturbations
of their steady-state values. Therefore,

(B.13) AR 1(60) = An + O(I&)-

We now follow Chari et al. (2007) and Qiu et al. (2026), and introduce two wedges, Aagg +(£t)
and I'y ¢(&), through the system

(B.14) Ct(&t) = Aagg,t(St) Nt(ft)AK]’t(&);
un,+(Ct, Nt) dCy
(B.15) —m(&) =I'n,t(6t) 8—Nt(§t)-

These two equations summarize the aggregate allocation: Aagg +(§¢) measures shifts in the
aggregate transformation from labor into consumption (the efficiency wedge), and I'y (&)
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measures the wedge between the marginal rate of substitution and the marginal product of
labor (the labor wedge).

LEMMA Al. Up to a first-order approximation, the efficiency wedge in the sticky price equilibrium
is the same as the efficiency wedge in the flexible-price equilibrium

(B.16) Aagg (&) — Algg (&) = Ct(&r) — AN e(&r) = 0.

The labor wedge, though, deviates from the flexible-price level, and the deviation is proportional to
the output gap

(B17) a6 = T80 = Fael6) = 220,

PROOF. Log-linearizing (B.14) around the steady state gives

(B.18) Aggg t(&0) = Cr(&r) — AR +Eme(€e) = Ce(€e) — ANTIE(Er) + o(||&lD),

where the second equality made use of the approximation (B.13). The aggregate technology
representation in (B.14)-(B.13) implies that (B.18) is, to first order, a function of productivity,
import-price, and foreign-demand shocks, rather than of the sticky-price wedges themselves.
Therefore the same first-order object must arise in both the sticky-price and the flexible-
price equilibrium, because both equilibria are evaluated at the same realized exogenous
state &;. Subtracting the flexible-price counterpart of (B.18), we get Aagg) (&) — agg (&) =

[Ge(6) — AnTie(€0)| — [S(60) — ANTR(E) | +0(IE]) = E(€) — AnTie(€e) +o((1E]) = o(|IE]). Writing
(42) in gap terms, with the direct export-demand terms netted against their flexible-price

counterparts, and rearranging,
1+ pATdiag (Up1) Ny) ¥, = Ct + [B] + AT (Qp — diag (Qp1) Ny)| s; — ATdiag (2p1) N, Le;.
and making use of (A.31), we can write

Aagg,t(6t) — Allyg 1(60) = [1+ pATdiag (D) Ny — Ay] F; — [B] + AT (2 — diag (1) Ny)] 5
+ ATdiag (Qp1) N, 1le;
= o([|€)

Hence, up to a first-order approximation, (B.16) is satisfied. From (B.16), we obtain

(B.19) elEe) = ﬁ%) +o(|&]).
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Now turn to (B.15). Given the period utility (1) and (25), we have

UnN

(B.20) = NS" Ct.

uCt

Next, compute the marginal product of labor from the prototype aggregate technology (B.14).
Differentiating Wlth respect to N¢, we obtaln (&) Aagg t(§) AN (&) N¢(&) AN, (8- Using

again C; = Aagg’tNt ’t, this can be rewritten as

3Ct Ct(&r)

(B.21) NG

(&) (§t)

Substituting (B.20) and (B.21) into (B.15), we get

1+p
Cy N}
— =T ( ):
N T R ey

(B.22) Ny Ct = TN (60) AR (&)

which makes the labor wedge transparent under log utility: it increases with labor relative to
the flexible-price labor share. In other words, I'y ; measures how far the MRS is from the
MPL.

Log-linearizing (B.22) around the steady state yields IA“N,t(ft) = 1+ o)ne(&) — /AXK] (&)
Now subtract the flexible-price counterpart. Since A&t(gt) is defined from the ﬂexible-iorice
allocation at the realized state &;, the term Kl’{])t(&) is the same object in both the sticky-price
and flexible-price comparisons, so it cancels out: fN,t(ft) — fﬁ])t(&) = (1+ ¢)nt(&). Using
(B.19), this becomes Ty, (&) — T (&) = 7 (&) + o[-

Finally, in the flexible-price equilibrium there is no intratemporal distortion, so the labor
wedge equals one state by state: I'}Y; ,(¢;) = 1 for all {;. Hence fz’if +(§¢) = 0, and therefore (B.17)
is satisfied. J ) O

On the one hand, equation (B.16) says that nominal rigidities do not change aggregate
efficiency at first order. They distort the allocation, but they do not shift the aggregate pro-
duction frontier to first order. That is why the efficiency wedge is the same in sticky and
flexible prices at first order. Equivalently, the combination (B.19) means that, to first order,
the sticky-price equilibrium moves (C;, N;) along the aggregate production frontier rather
than moving the frontier itself.

Importantly, (B.19) should not be interpreted as an additional equilibrium restriction
equating the consumption gap and the output gap in this SOE. In the equilibrium block, these
objects generally differ because output is affected not only by domestic absorption but also
by sectoral terms of trade and imported intermediate inputs. The statement is instead an
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envelope result for the welfare expansion around the constrained efficient flexible-price
allocation: along feasible sticky-price deviations from a given realized shock vector, the linear
component of ¢; — Ay, is already absorbed by the flexible-price benchmark and therefore
does not generate an independent first-order welfare term. Its welfare consequences appear
through the remaining second-order aggregate-gap, dispersion, and misallocation terms.

On the other hand, equation (B.17) implies that sticky prices generate a first-order labor
wedge. So, unlike the efficiency wedge, the labor wedge is the object that summarizes the
aggregate distortion introduced by nominal rigidities.

After substituting the flexible-price labor-supply optimality condition (B.12), the labor
share (B.13), and using u&tC? =1+ O(H&A’tH), equation (B.8) becomes

1+

(B.23) ur — uf = ¢t — ANme — —ANnt +o(/|&]12).
Using (B.19), we can write
Lt 1+ 1.\? ~ 11+¢_y ~
B24)  —PANRE =~ Ay (=) *ollEl?) = —5 e + oll& ).
AN 2 AN
Now solve (B.17) for the output gap:
- AN ~ .
(B.25) ce(€e) = 15 S TNeE) + o([[&¢1D-
2
Substituting (B.25) into (B.24), we obtain
1+ ~ 1A
(B.26) —T¢AN 2 = —§1+—N N, 1€ + o([|€¢]|?).
Putting (B.16) and (B.26) into (B.23), we get
B27)  ule) ~ wE) = Aaggi(e) ~Algg @) —3 N Twy@? (Il
t 88,1 agg t 2 1+ © )
—_———

efﬁmency wedge component labor wedge component

Equation (B.27) is the bridge between the Taylor expansion in (B.8) and the final quadratic
welfare loss. The two parts have different meanings: sticky prices do not move aggregate
efficiency at first order, but they do create a first-order labor wedge, and that is why welfare
loss can be written as a quadratic function of fN’t.

The labor wedge in ToT gaps and markups. We are now interested in obtaining r N,t(ft)z from
(B.27). Notice that, since the labor wedge is squared, writing it in first-order terms suffices.
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Writing the labor wedge (B.17) in terms of the output gap, using (A.31), we can write

(B.28) T e(60) = 1+ ) Ty + (1€

We can rewrite (A.50) as

1 1 ~
(B.29) Vi = _EATM - ;)\T(I —Qy)si=m' %

T T
where m = [—é)\T —é)\T(I — QH)} and z; = [ltt Et} . At this point, note that m " z; is a
scalar. Hence its square can be written as

(B.30) (mth> ? = thmmth.
Squaring (B.28) thus gives

(B.3D) I,e(€0)* = (L+ o) 2 mm "2+ o(||&|).
Finally, multiply both sides by f}r—ﬂ\;:

(B.32) %fN,t<st>2 = AN+ 93] mm 5+ (&)1,

Equation (B.32) states that the welfare-relevant labor-wedge term depends on markup
wedges and ToT gaps through the single scalar projection m' ;. The associated quadratic
matrix is the rank-one positive semidefinite matrix mm ' . Thus this component of welfare
penalizes the particular combination of sectoral markups and ToT gaps that moves the
aggregate labor wedge.

Substituting (B.32) into (B.27) yields

(B.33) u(&r) — uf(€r) = Aagg,1(6r) — Afgg ¢(&1) — %AN(I + o)z mm" 2+ o([|&]|).

The efficiency wedge in ToT gaps and markups. 'We now turn to the efficiency-wedge component.
To do so, it is useful to construct an equivalent economy in order to express that first term as
a second-order quadratic form in the markup wedge and the sectoral ToT (zi¢(&¢), $¢(&t))-
We follow Qiu et al. (2026) and we construct an equivalent economy that satisfies all equi-
librium conditions of the original economy except that the sectoral markups of sticky-price
firms are now imposed directly so as to reproduce exactly those realized sectoral markup
wedges. In particular, for each sector i, the markup of sticky-price firms in the equivalent
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economy is chosen so that

1—¢! 1—¢?
(B.34) 91' +(1— ei)ﬂif’tl = [Nit(ft)] Ly

where j1;;(£) is the markup wedge of sector i in the sticky-price equilibrium.

In the original sticky-price equilibrium, the realized shocks ¢; generate a vector of sectoral
markup wedges (ﬁt(&), ?t(gt)), and those wedges are the objects that summarize the sectoral
distortions relevant for welfare. The equivalent economy simply takes those same realized
markup wedges ( wt(&t), Et(&)) and treats them as the primitive distortion to be fed into the
equilibrium system, holding the realized exogenous state fixed. With the state fixed, this
auxiliary economy reproduces the same equilibrium allocations and prices as the sticky-price
equilibrium under &;. The subsequent step that sets the shock argument to zero is weaker: it
establishes the second-order welfare equivalence in Lemma A2, not an exact replication of
the shocked allocation.

The next lemma supplies the remaining step: it shows that the total welfare loss can be
written as a quadratic function of the markup wedge vector. Combined with equation (B.32),
which showed that the labor-wedge component is also a quadratic function of (&), It follows
that the remaining term,

(B.35) Eagg,t(é\t) - ;lggg,t(gt);
must itself be a quadratic form in zt(@).

LEMMA A2. Letz; = (ﬁt(gt) s fét(ft)) denote the vector of realized sectoral markup wedges in the
sticky-price equilibrium under shocks &. Up to second order, the welfare loss in the sticky-price
equilibrium under any shock &t is equal to the welfare loss in the equivalent economy under the same
sectoral markup wedges z: and with the shock vector set to zero:

(B.36) ue (31, ¢ ) — ur(0, &) = uelat, 0) — ue(0,0) + o1&/
(B.37) = 26 " Lgz3:(E) + o(&]).

which is, therefore, a function of only sectoral markup wedges and ToT ;.

PROOF. Define

(B.38) Wi (21, &) = et &) — ur(0, &).

This object measures the welfare loss in the equivalent economy from imposing the markup
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wedge vector 2;, holding fixed the exogenous state ¢:. Therefore,
(B.39) We(0, &) = ue(0, &) — u(0,6) =0 for every &.

The flexible-price equilibrium implements the optimal allocation for the domestic social
planner. Therefore, once the exogenous state Et is fixed, the allocation corresponding to zero
markup wedges,

(B.40) %t =(0,0),

is the welfare-maximizing allocation in the equivalent economy. Hence, for every realized &,

o~

(B.41) ur(zt, &) < ur(0, &),

or equivalently,
(B42) We(zr, &) <0 forall (21, &),

with equality at z; = (0, 0).
As a consequence, the gradient of W; with respect to z; must vanish at the point z; = (0, 0),
for every &:

OW;

(B.43) O

(0, 5;) =0 for every @

We now perform a second-order expansion of W¢(2t, &) around the point
(B44) (21, &) = (0,0,0).

Because 2:(¢;) = O(||&]|), both arguments are small when the realized shock vector is small.
Therefore a second-order expansion is appropriate:

(B.45)

7 oW\ ! W' = T Tru L ST 1R 2

Wi(zt,§6) = We(0,0,0) + | —— | zr+ | — | &+ Lysr+ & Lz + & L& +o([|&]|9)
0%t /g &t /o

where L%, is the matrix collecting the pure second derivatives with respect to 2, Lé‘z collects

the mixed second derivatives in (Et, %), and ng collects the pure second derivatives with

respect to &;, where the matrices absorb the usual 1/2 constants from the Taylor formula. The
expansion is joint in (¢, &). Since Wy is twice continuously differentiable in a neighborhood
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of the origin, the remainder is uniform in the joint norm; along equilibrium paths with
2t = O(H@H), it can be written as 0(\|£At||2).
From (B.39), we in particular have

(B.46) W;(0, 0, 0) = 0.

Also, because W;(0, 0, £;) = 0 for every &, the derivative with respect to & at the origin must

vanish:

(B.47) (%) = 0.
9t /o

And from (B.43), evaluated at & = 0,

(B.48) (%) “0.
aZt 0

Substituting (B.46)-(B.48) into (B.45), we obtain
(B.49) Welzr, &) = ] Lz + & Lo + § LEE + o1& ).

Now use the stronger property (B.43). Differentiate (B.49) with respect to 2;:

oWt

B.50 —
(B.50) 0%

(e, &) = (L + L)) 2 + (L) & + o).

Evaluating at z; = (0, 0) gives

OWy

(B.51) Ty O 0,80 =g &+ ol

But (B.43) says that the left-hand side is identically zero for every &;. Therefore the coefficient
on the first-order term Et must be zero:

(B.52) ng =0.

Next use (B.39), which states that W¢(0, 0, fAt) = 0 for every Et Set 2t = (0, 0) in (B.49). Using
(B.52), we obtain

(B.53) Wi(0,0, &) = & LE&e + o([|€e]1®)-

But the left-hand side is exactly zero for every &, by (B.39). Therefore the quadratic form in
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¢ must vanish identically:
(B.54) ng =0.
Substituting (B.52) and (B.54) into (B.49), we arrive at
(B.55) Wiz, &) = 27 Lzt + o( &) )-
Recalling the definition (B.38), this means
(B.56) ut(zt, &) — us0, &) = 2/ Lzt + o([| ][

which is exactly the second equality in (B.37).
Now evaluate (B.55) at g} = 0, holding fixed the realized wedge vector z; = zt(gt):

(B.57) We(z, 0) = 2] Lizzt + o(||é|*)-
Using again the definition of W;, we have

(B.58) ut(zt, 0) — (0, 0) = 2{ L 2 + (|| & 2).
Comparing (B.56) and (B.58), we conclude that

(B.59) ue(zt, &) — 1 (0, &) = w3, 0) — 140, 0) + o(||E¢[|%),

which is exactly the first equality in (B.36).
Finally, substituting z; = zt(gt) into (B.56) and (B.59), we obtain the full statement (B.36)-
(B.37). O

The proof rests on two results. First, the flexible-price equilibrium is efficient for every
realized exogenous state. Therefore, once the shocks are fixed, the point z; = 0 is a welfare
maximum, which kills all first-order effects of markup wedges and also kills the mixed (¢, 2¢)
term. Second, the welfare loss is defined relative to the flexible-price allocation at the same
exogenous state. Therefore, when z; = 0, the welfare loss is exactly zero for every &:. This kills
all pure shock terms. So the only thing that can remain up to second order is the quadratic
effect of markup wedges themselves.
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B.3. The equivalent economy

From Lemma A2 onward, the appendix works in the equivalent economy without realized shocks,
and treats the realized markup wedge vector as the primitive distortion. So we now write

~

(B.60) 2t = %t(61),

and for any endogenous variable X;,

(B.61) Xt(2t) = Xt(2t, 0) — x£(0, 0).

Up to a first-order approximation,

(B.62) % (5t 0) — Xe(0, 0) = Re(at, &) — %e(0, &) + 0(|I&e) = Ze(€) + ol )-

So whenever only first-order accuracy is needed, the appendix replaces the gap notation by
the no-shock equivalent-economy notation.
We also define the percentage deviation from steady state by

— X - X
(B.63) AXy(zy) = 2130 = Xss.
XSS

This differs from the log deviation
(B.64) xXt(%t) = log X¢(3¢) — log Xss.
The two are related by

. — — 1——
(B.65) %i(at) = log 1+ AXy(a) ) = AXe(at) — 5 AXe(ar)” + o[ ]).

The efficiency wedge. The efficiency-wedge component in the shockless equivalent economy
is

(B.66) c(zr) — AnTe(2¢)-
Using (B.65) for C; and Ny,

~ ~ — — 1 ~ 1 —
(B.67) ct(zr) — ANnt(zt) = ACt(zt) — ANAN¢(2) — §Act(zt)2 + EANANt(zt)Z +o(||z¢]|%).
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But from the first-order efficiency-wedge relation, in the shockless equivalent economy,
Ct(zr) — ANTit(21) = o(]|z¢])), so, to first order, ACi(2¢) = ANKZ\\I +(2t) + o(]|%¢]|). Therefore, inside
the quadratic term, we may replace

(B.68) ACi(z1)* = AZAN(z)* + o(||2¢]|2).

Substituting (B.68) into (B.67) yields ¢x(2;) — AnTs(2:) = &\Ct(zt) — ANZZ\\It(zt) + %AN(l —
AN)AN (212 + o(|2¢]|2). Since AN(%1)? = fis(=1)2 + 0(||2¢]|2), we can write this as

- N —~ — 1 —~
(B.69) ct(zt) — ANTt(21) = ACt(z1) — ANANt(2) + EAN(l — AN)Ti(z)% + o(|z¢]2).

Aggregate consumption. From the household side, domestic aggregate consumption is the

Cobb-Douglas aggregate of sectoral consumptions, given by (27). Taking logs and deviations
~ -~ = ~2 —~ ~2

from steady state, ¢; = Z{zl Bic;;. Now use (B.65): ACt — %ACt = {:1 B; (ACit — %ACit> +

o(||z¢||%). Rearranging,

I I
(B.70) AC=) BiACy =5 | 3 BiACi = ACE | + ol
1=1 =1
Letc; = Ele BiAACit. Since AACt = ¢t + o(||2¢||), the bracketed term in (B.70) can be written as
L BACy — AC; =1, 8;(AC;, — ACt)” + o(|z¢]|?). Therefore,

I I
(B.71) ACi(z1) = BiAC;(zr) — % > B <£\Cit(zt) - KCt(zt)>2 +o(|2¢]%)-
i=1 =1

Equation (B.71) says that aggregate consumption is, to second order, the weighted average of
sectoral consumption deviations, minus a dispersion term. The dispersion term is the usual

Jensen term that appears because the aggregate consumption bundle is Cobb-Douglas in
{Cjs}-

Domestic and foreign consumption. Within sector i, the household combines domestic
and imported goods through a Cobb-Douglas aggregator given by (27). Taking logs and
. . ~ ] N o 2
deviations from steady state, ¢;; = (1 — Ci)cg + Cicf;. Now use (B.65): AC;; — %ACit =

(1= ¢) (ACi; — (ACin)?) + G (ACi — $(ACip)?) + o|3t|). Rearrangine,

—~ —~H ~F 1 —~H —F =2
(B72)  AC = (- ()ACi + GACi — 5 |1 = G)AC)? + GACH)? — ACi| +of|l=/|).
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Using the two-point variance identity,
(B.73) 11— ¢)a®+Gb* — (1 —Ga+ Cib)2 = ¢(1 - ¢)a— b2,
and replacing A\Cit by its first-order average inside the square, we obtain

(B.74)
RCiple) = (1 — (ATt () + i ACi(an) — G0~ ) (ACh () — ACi(an) + ol a¢])

Equation (B.74) says that sectoral consumption is the weighted average of domestic and
imported consumption deviations, minus a cross-border misallocation term. The misalloca-
tion term is proportional to the square of the wedge between domestic and imported uses

within the same sector.

Sectoral intermediate input index. From the firm side, domestic sectoral intermediate input

index is the Cobb-Douglas aggregate of sectoral intermediate inputs, given by (28). Taking
. . o~ o~ —_— /\2

logs and deviations from steady state, X;; = Z}=1 viiXij 1 Now use (B.65): AX;, — 3AX; =

—2 .
> vy (B — 38X, ) + o). Rearranging,

I
(B.75) AXit = Z l/ijAXij,t — E Z yijAXij,t — AXit + O(HZtHz)
. p=)
Letx;; = Z] 1 I/UAX t Since AX X;j; +0(||2t]]), the bracketed term in (B.75) can be written
2
as Z]I 1Y AXUt AXit = Z] 1 U(AXU ¢ AXit) +0(||¢/|?). Therefore,

I I
(B.76) AXp(m0) = Y vBXii e — 5> v, (A% 0(50) — AXp(a0))” + ol
j=1 j=1

Equation (B.76) says that sectoral intermediate inputs are, to second order, the weighted
average of sectoral intermediate inputs deviations, minus a dispersion term. The dispersion
term is the usual Jensen term that appears because the intermediate input index bundle is
Cobb-Douglas in {X;; ;}.

Domestic and foreign intermediate inputs. Similarly, the composite intermediate input from

sector j used by sector i is given by (28). Within sector i, the firm combines domestic and
imported intermediate inputs through a Cobb-Douglas aggregator given by (28). Taking logs
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] y,t
(1-¢) (AXij,t - %(AXij,t)2> +Gjj (AXij,t - %(AXij,t)z) + o(||z¢||%). Rearranging,

g = ~H ~F CAY 1AV _
and deviations from steady state, Xij ¢ = (1- Ci]-)xi].) ot Cijxij’ .- Now use (B.65): AX:: 7AXj =

(B.77)
— ——H —F 1 ——H ——F 2
AXijp = = AKX + AKX — 5 [(1 — G(AXG5 ) + Gi(AXy 1)* — AXG o | + o]zt ]|)-

Using the two-point variance identity (B.73), and replacing ﬁij,t by its first-order average

inside the square, we obtain

(B.78)
—— —— —— —— —— 2
AR08 = (1~ GAX (o) + AKX o(m0) — 550 — ) (B a(a0) — Ay e(zn)) + ol el D).

Equation (B.78) says that intermediate input index is the weighted average of domestic
and imported intermediate input deviations, minus a cross-border misallocation term. The
misallocation term is proportional to the square of the wedge between domestic and imported
uses within the same sector.

Aggregate labor. Aggregate labor is the sum of sectoral labor (19), which we can write as

I
(B.79) NZ]\\H = Z NiZl\Vit'
=1

Now use the steady-state identity WN; = CYiPlH Y;, which follows from Cobb-Douglas cost
H

o« . . . 1 P Y
minimization, together with \; = ﬁccl

and Ay = Z,VTZZ. Hence,

(B.80) L=

Substituting (B.80) into (B.79) gives

I
(B.81) ANAN(zr) = Y\ AN (z).
=1

Aggregate labor is a weighted average of sectoral labor, where the weights are the sectoral
contributions to aggregate labor income.
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Production. At the firm level, all firms in sector i share the same CRS Cobb-Douglas produc-
tion function and face the same input prices. Therefore, cost minimization implies that all
firms in sector i choose the same input ratios. As a result, if we denote N;; = fol Nifdf and

X, = fol Xt ¢ df, then aggregating firm-level production gives

1
(B.82) /0 Y+ df = Fi(Ni, Xyp).

Because sectoral output Y}; is the CES aggregate of differentiated firm outputs, it differs from
the simple integral fol Yif + df whenever there is within-sector dispersion. Define

Y.
(B.83) L = T —.
Jo Yig,rdf
Then (B.82) becomes
(B.84) Yy = 13 F; (LitJ {le t}] 1)
Combining (28) and (30), (B.84) becomes
a I (1—0[1')1/1']’
(B.85) Vie = e (i) TT (%50) .
j=1
Taking logs,
I
(B.86) Yip =T + oy + Z(l )Vl]xlj te
=1

Because at the efficient steady state there is no within-sector dispersion, ¢; = 1. Around that
point, price dispersion is a second-order object in relative-price gaps, so 7;, = O(||¢||%).
Now replace the log deviations of Y;;, N;;, and X;, by percentage deviations: AYit — %AYit =
+a; (ANy — JANG ) + XL, (1 - oy (AXU e~ ¥AXi5,) +of (1P Rearranging, ATy =
/L\it"'aiﬁ\]it"'zjl':l(l_O‘i)’/ijﬁij,t 5 [a ANzt + Z _(1— o)y AXl];
the weighted-variance identity, aiANit + Z]I‘=1(1 — ;)y; AXU f— AYlt al(AN it @it)z
L= avj (A5, — AV ;)% + of|[2¢]?). Hence,

AYit} +0(||z¢||?). Using

—~

AY ;y(31) = Ty (31) + ;AN (1) + > (1— o) AX 5 4(1)
j=1

66



I
o (Eit(zt) - ﬁit(zt)>2 + Z(l — )y <ﬁij,t(zt) - ZT’it(zt)) 2] +o(||z¢]1%).
j=1

(B.87) — %

Equation (B.87) says that sectoral output is driven by within-sector dispersion z;;, plus the
weighted average of sectoral labor and intermediate-input deviations, minus a misallocation
term. The latter is zero only if every input used by sector i moves proportionally with Y;;.

Sectoral goods market clearing. Sector i’s good market clearing condition is given by (18),
: ; - cH I vH X X — oHx I
which can be written as Y;; = C;; + 3. 1 X+ Y ,where Y = C;" +3 04 X ] denotes

o] H_cH, H
sectoral exports. Subtracting its steady state counterpart, Y;; — Y; = C;; — C;* + (X]l’ —

X]I;I )+ Yi)t( — YX Rewriting the expression using percentage deviations, we obtam Y; AY

CEACH + I (X3 AX]? LY AYX Multiplying both sides by PH/(PYY), we can write

(B.88) Aiﬁ/ﬁt =31 -¢A CH + Z Ai( 1(1 C]l) XH + IYZXAYX

where PHCH/(PYY) = 5;(1 - (), PHXJI;’ J(PYY) = A1 = a)r(1 = ¢jp), and v¥ = PHYX/(PYY).
Sector i’'s output deviation is allocated across three uses: domestic final consumption,
domestic intermediate use, and exports. The coefficients are exactly the steady-state shares

of those three uses in aggregate GDP.

Real GDP and trade balance. Real GDP is given by (24), which can be written as

I
Y _ pC H F
(B.89) PYy;=p Ct+ZPi ZP M,
i=1
where
M _ F
(B.90) vyl =cCh Z &

denotes sectoral imports. Substracting its steady-state counterpart, we can write YM YM =

crh - 1( e ) In percentage deviation from steady state, YM AYM CIACE +
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I FAxF T F/(pY
_ X AX]l ;- Multiplying by P;'/(P*Y),

(B.91) AYM 5IQACF + Z A1 — lgﬂAX]f .
where vM = PFYM/(PYY), PFCF/(PYY) = $;(;, and PF Xfl? J(PYY) = N1 — aj)v(-

Similarly, subtracting the steady-state counterpart in (B.89), we can write PY(Y; — Y) =
PC(C; — C) + Zle P{I (Yl?t( — YIX) — {=1 Pf (Yi];/f ;E lM), which can ]fiewritten in percentage
. L. v _ = I I o e qe .
deviations as PYYAY; = PCCAC; + Y i, PRYXAYY — 37, PFYMAYM. Dividing by nominal

GDP, we can write

I —_— I —_—
AV. — A X X M M

(B.92) AY; = AC+ ) 7 AYE = 4 MAYY

i=1 =
where we used PCC = PYY. Inserting (B.91) in the rightmost term,

X
(B.93) AY; = AC; + Z 0% AYX Z BLQACF Z Z (1 — lgﬂAX]lj .
i=1 i=1 j=1

Equation (B.93) is the open-economy-specific feasibility condition. It says that imports
are used for two purposes only: household consumption and imported intermediate inputs.

Combining all equations. Inserting (B.74) into (B.71),

I

AC:= Zﬁl { ~ AT + GACE — 56 - ¢) ATk ~ ACk) 1 3> (B, — G+ o)
i=1
(B.94)
I I I
=305 [0 - AT + GACE] — 5 306 — (A — ACh) — 23 6(8C; — G + oz
i=1 i=1 i=1

Rearranging the market clearing condition (B.88), and summing across sectors,

I I I
(B95) Y BA-¢) ACH Z NAY = DN TN — ey - ¢) AXH Z VLXAY{?
=1

i1 j=1

Rearrange (B.78) as (1—(;) AXjj 1 +(;;AXj7 4 = AXij,t+%<ij(1_Cij) (AXij,t_AXij,t> +o(||z¢]|?)
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Multiplying by A;(1 — o;)vy;, and summing across sectors i and j, we can write the weighted
sum of domestic and imported intermediate inputs as

I 1 I 1
—H  —F
Z ZAi(l - ai)’/ij [(1 - Cij)AXij,t + gijAXij,t] = Z Z /\1(1 I/ AXl] "
=1 =L i=1 j=1
L LU o a
(B.96) #2301 - G (B — A+ (=)D
=1 j=1

Inserting (B.94) into (B.93)

AY, = ZI: Bi [(1 - Ci)&g + Ciﬁ\cft] - % XI: BiG(1 = ¢) (KCZI - E\Cg:)z - % XI: B <£\Cit - KCOZ

i 1 i—l i=1

+ Z yXAYX Z ﬁlglAcF Z Z A1 — lgﬂaxﬁ +o(|z¢])

=1 j=1
I I
— X
= Z Bil = G) KCjy + ZV AYX DD M- lC]lA‘X]}l?t
i=1 i=1 i=1 j=1

(B.97)

I I
i - (BCH - &) 5 30 6(BC; — AC) + ol )

i=1 =1
Inserting (B.95), and then (B.96)
1
AY; = ZAiAY ZZA )V { Cﬂ)A & gﬂAX]lj t]
i=1 i=1 j=1

I
2> aGa - ) (ACi - Acq) - Zﬁl (&C; — 5&:)” + o)
=1

i=1

I I
= Z )‘iA/ﬁt - Z Z /\i(l - Oéi)l/i]'AX Z Z A; (1 l]Cl]( Cl]) <ﬁ;{t — ﬁg,t>2
i=1 =1 j=1 =1 j=1
I
ZBLCl(l Cl) (Aclt Aclt) % ZBL (Ecit B A\Ct>2 + O(HZtHZ)

i=1 i=1
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Subtracting ANZJ\\I ¢ from (B.98), and using (B.81)

I I
AY; — ANAN; = >N | AV — 0;AN; — > (1= v AX;,
=1 j=1
1—1 j=1
I
(B.99) _Z Z B¢ (Aclt &:Z) g % 35 (AACit . Ect) 2 oz
=1

Inserting the sectoral production function (B.87),

I
& (Zl\vit - Zl\’it> ’ + Z(l a;)vij (AXU t AYit) 2]

I I
— — - 1
AYt — ANANt = E )‘ibit — E E )‘i

i=1 j=1
-5 Z Z Aj (1 1]Cz]( Cl]) (ﬁf]{,t - Z?(Z_",t> i
=1 j=1
I
(B.100) Z Bii(1— G (Aclt AClt) % 35 (Ecit _ Ect) * oz

i=1 =1

Finally, inserting (B.76), we can write

I I I I
AY; — ANAN: =Y Ay — %Z )‘io‘i<ﬂ\]it - ZTG’t)z - %Z Ay (1= ey (AXU t @it)z
i=1 i=1 =1 j=1
I 1 - - 2
- %ZZ ~ a1~ G) (8%, - A%y )
J=1
I
(.101) Z (B¢l - &)~ 33 ai(BC, — 5¢) + oll=)?)
=1 =1

Now recall that the welfare component in (B.66) is Z\Ct — ANKZ\\T t+. Hence, we can write

AY; — ACy + ACy — ANAN; = O(HZtH) +AC; — ANAN;

= Z AjLip — Z Ao (ANU AY1t>2

1=1
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__ZZ)\(l Dvij (DX, AYH)2

] 1 =1
Y Z Z )‘ l]Cl]( gy) (ﬁit AXl], )2
i=1 j=1
I I
(B.102) -—%Ejﬂxxl—gmﬁzg—iﬁﬁ>?—%Ejﬂxﬁbw—ﬁzoz+0W%ﬂ%
i=1 i=1

B.4. Writing the second-order gaps in terms of prices

Labor supply and risk sharing give w; = ¢; + ¢ y; under the labor-output identity maintained
in this appendix. With heterogeneous invoicing, fyfl +3$; = (1— 1)er. Thus, when 8" (1—1) > 0,
the exchange-rate gap equals ﬁT(ﬁ? +3:)/[87 (1 — 1)]. Substituting this expression and the
goods-market restriction (46) into labor supply gives

= W THH T
W =W, Py + Wy St

where the two coefficient vectors wp, ws € Rl are

Dy+¢(1— AT diag(QpDN-1) o
DyBT(1-1) Dy

Dy+¢(1— AT diag(Qp)N-1) o , T
+ — (QF — diag(Qr1)Ns) A
Ry B+ 3 (0 - diag@p)N;)

Wp = 16)
(B.103)

Ws =

Here Dy is defined in the main text. Under uniform PCP, 1 = 0 and wp = 3. This elimination
uses the independent household and goods-market conditions; the CPI identity alone cannot
determine the wage because A" o =1 makesI — a\' singular.

We now express the allocation gaps directly in terms of prices. Let ;. and Qf ;. denote
row i of the existing input-output matrices, and let e; be the i-th canonical basis vector. Define
the following column vectors in R:

aEN) = Q-T — (1= ay)wp, ng) = le,i- — (1 - apws,
X X

al) =l —¢+awp, b = Qf ; — Gjej+ aws,
2@ =¢, 5, b{ = (ie; — .

The subscripts i and ij identify the allocation being represented, not a component of these
vectors. In particular, 3 = (Bk)izl and Bf = (5ka)£21 are column vectors: component k of
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a0
1

price-gap vectors are scalars.

is 1y3—; — Sy, and component k of bgc) is (1= — BiCk- Their inner products with the

From firms’ cost minimization, W;N;; = a;MC;;Y;; to ﬁrst order around zero dispersion.
The marginal-cost equation (A.42) gives mc;; = a;wt + pt +Qp ;. s;. Taking logs and gaps
therefore yields

n ylt mczt Wt_( (N)) P (b(N))

Similarly, the expenditure condition for the origin-composite input is Pl] Xije = 1 —

a;)viMC;, Yy, with price gap Pij,t = pjt + Gjjjp- Hence,
;Ci].; ylt mclt p]t Cl] S = (a ( )) Pt (bij St.

Finally, p plt plt +(;s;; and the aggregate CPI identity (A.44) imply

~C ~C C) O\ T~
75— 75 = @) Bl + ) s
The household intratemporal FOC, Pg = B;PSCy/Cyy, gives Cjp—Ct = —(fa% — 7%). Squaring these
first-order expressions yields the corresponding second-order labor, input and consumption

terms in (B.102), up to o(||z¢|?)
H _1-¢ (1+TM)(1+TW)PF

From the domestic vs. foreign consumption FOC, we have CF e pr i Taking
logs and gaps gives Zg — Zf; =s;;. Therefore, we can write
H G F\2_» 2
(ACit — ACi) =%, + oIz
H

it
F
X

The same logic applies to firms’ domestic vs. foreign input choice,

1-G; (1+7- )(1+ TW)
Ci] P]H

~H F
it ij,

I, Taking logs and gaps gives xZ ]t Therefore, we can write

~H  F V2w 2
(A% — AXiip) = + oz

We can thus write (B.102) as

I
RC: — ANAN: = Ay - zml[ e )T
=1
11 I 1
— 5 D3N - [ @D TR + )T}
=1 i=1
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I I
_ % Z Z AL = a)vyQ(1 — Cijﬁjzt

=1 j=1

I I
2
-3 D086 - % - 5 > 5 (@ B + ) TS+ ollzl D)
i=1 i=1

B.5. Within-sector price dispersion

The industry-level output is given by
PreP-1
i 1 (€f_1)/€lpd e /(e —1)
(B.104) Ya=| | Yif: f
An  expenditure-minimization = problem  miny, i fol PirYirdf  subject

eF1(ef-1)
—1)/ef i1 . . . ..
] > Y;; results in an implied sectoral price index

|:le(€117 ldf
0 %ifyt

1 ) 1/(ef-1)
(B.105) Pl = [ / (PH ) ldf ]
0 )
and a relative demand equation
PH _Eip
ot
(B.106) Yifs= ;{J Y
it
Define the firm-level relative-price gap by
(B.107) ef})t = log ch’t —log Pg.

Also define the cross-sectional mean and variance of relative prices by

1
(B.108) el = /0 egc)tdf,
1
(B.109) o = /0 (e{},t)z af — (@)
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Using (B.105), divide each firm price by the sectoral price index. Then

1 (PH - 1
- _P\H
(B.110) = / th df = / M4 g f.
o\ Py 0
Now define the within-sector efficiency term ¢;; from (B.83)
1 PZIC : i L _.pH
(B.111) L;:/ f, #:/e [ df,
o \ Py 0
We now expand (B.110) and (B.111) to second order, using
2
(B.112) e =1+ax+ %xz + 0(x?).
Applying (B.112) to (B.110), we obtain
! N L LT Y 2
kiA 1+ (- Dl + Il )| df + o)
pyo, - Ezp ? L 2 2
(B.113) =1+(1—¢)e;, + T/o (eif ? df +o(|ze]|*)-
Using (B.109), fol(egf t)z af = 195 + (Eftl) 2 so (B.113) becomes
P\sH A—eD? u o 2
(B.114) 0= —ePelf + == (v +@H?) + ozl

Since éftl = 0(||z¢||?), the term (Eg )2 is fourth order and can be dropped. Therefore,
P

-H_ &
(B.115) eff =1

9+ o(]|2]|%).

Next expand (B.111). Using again (B.112),

Py2 Py2
(ei (

1 ) . €f) 1
it [1—4@;;)#7(@5;)2] af + ozl =1 - Fefl + <5 [ (et )2 af + o))

(B.116)
P H (Elp)z H, (5Hy\2 2
=1 fell + SL (oH + @) + of 1],
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Substitute (B.115) into (B.116), and again drop (E{tl) 2 as higher order. This gives

1 ef -1 H (p)z H 2 ef H 2
(B.117) v t=1—€l 12 O |+ L9+ o(||2e)?) = 1+ 119 1+ o(||=]1%)

Now take logs. Since 795 = O(||th2), we may use log(1+ x) = x + o(x), so

P
(B.118) —log ;= l L0l + o]z,
Finally, using the convention ¢;; = —log;;, we obtain
ef u 2
(B.119) —j = log ;= —éﬁit +o(||2t]|9)

Thus, up to second order, the within-sector efficiency loss is proportional to the cross-

sectional variance of relative prices within the sector. The coefficient of proportionality is

ef /2: the larger is the elasticity of substitution across varieties, the larger is the output loss

generated by a given amount of price dispersion.
Let us now relate 195 to the Calvo rigidity. We have that

2
ot = [ ogpt ~tog inaf - [/ (g Pl ~ longf’nW] - [ tourly, - upas

where ;f it fo logP d f is the cross-sectional mean of log prices. We can write

2
/(longt log PI%df = / (logPlft i)-(logp{‘{—ug)} df

p p H\2
it)df+(lu’it - IOg Pit)

/(logPlf, 2df+2ut—logP{;I)/ logPlft
’l9H

—0
(B.120) =94 + (uf —log PI})?
Using
L

logP.; —log P 5 log / eCif,t(1=¢; )df

Gi i 0

1 [ (1—€P)? )
= —plog|1+(—¢ Pyl + — (95 + @) | +o(||2¢]1?)
1 L
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P\2 P\2
1 A=) m omey A6 h 2
= |- e Wi @)Y - @) | ol )
1
-H 1_€ip H 2
(B.121) :eit+ 5 ﬁit+o(‘|zt||)
we can write
H Hn , —H 1_61}911 2 p l_ﬂpH 2
(B122)  logPH =log Pl +2ll + — oM + o(|ae][2) = uf + — L 08 + of ]

where the last equality uses e;; = Mﬁ —log Pg’n. Inserting (B.122) into (B.120)

2
1— ¢
/O(logPlft long)de=ﬁ5+[ 2119{;{] +of|l=el|) = vff

At date t, the unit mass of firms in sector i splits into two groups. Adjusting firms, with
mass 1 — 6;, all choose the same optimal reset price Plt , SO logP if .t =log 1_35 Non-adjusting

firms keep their price from last period, log Pi T = log P;¢ ;1. Using this partition, we can

write
1
(B.123) 9 = (1—6;)(log Py — log P12 +¢; /O (log Piy, | —log Pi)*df

For non-adjusting firms, we can write

longLij)F1 — logP = (logPlft 1 logPlt D (logP — logPl b 1) = (logP%;IC,ti1 —log Pilt,l) -

Therefore,

1
91‘/0 (logpg,t—l_logp ydf = 9/ 10gplft 1 logPlt | —mPdf

(B.124)

1
_ 2 H
=0: [/0 (logPlft 1 logPlt 1 df—27rit/0

1
<log P, | —log pr) af +(n{§)2]

g

M1

From the CES price index approximation (B.121),

p
iy
ogPlh,= [ 1ogBll _iaf " Cor ol
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and we can thus write

p

1 !
Mt :/0 (10%1’5;_1 - long:—J df = —— L ¢ 1+ o]l z]|?)

Since wg = O(||#t|)) and M; ;4 = 0(||zt]|?), the cross term in (B.124) is 2%51Mi,t71 = o(||z¢||?).
Thus, we can write (B.124) as

1
0; /O (log Pf},t_l —log P))2df = 0;(; ;1 +73)

Consider now (B.123). We need to obtain log 1_95 —log Pg . From the CES price index under

Calvo,
G AR R
it i,t—1 it
Log-linearizing around a zero-inflation steady-state where P;; = PHt 1 ?5,

logP =0; logPlt 1+(1—«91-)10g1_3ft1+0(2) = logP —0; logPlt =@ —Qi)log?g

Adding and subtracting 6, log PZI on the LHS,

H
log Pg — 0;(log P£It_1 —log Pg) —0;log Pftl =(1—6;)log Pj;
(1—6;)log PH +6;7H = (1 - 9;) log P

SH H_ % m

log Pj; — logPit 1 _leiﬂit

Hence, we can write

B 9.2
(1 - 0)(log Pj; — log PE)?> = ——L—(xf})? + o(|z¢||*)

43
l

and we can write (B.123) as

62 6, 0~
U= gl 000y DD ozl = 00+ o = 1 D0l ol )
1 13 13:0

This is the law of motion for within-sector price dispersion. Multiplying the expression by
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/\ief and summing over sectors i, and then computing the discounted infinite sum,

ZﬁfZAef’ﬂH ;ﬁtzmll Z@t mis + (2] ) E_jAell glsﬁgw-s;(w»t—%wouwl
I A

AeP &
Sl S A s = S e s

=1 ! t=0

where we define the sectoral Phillips curve slope x; = %ﬂ.
1
Welfare loss function. The welfare loss function can thus be written as

P I
L2+ veq | @) T B+ )T

> B (ur(&e) — uf (&) = —% > 6 {(1 +)
=0 =0
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Letx; = (f){{ §t) . Each square term in the welfare loss is of the form

T

- N a\) [a
[apl+ stt}z =x/ (b) <b> Xt.

Hence the collection of all cross-sector and cross-border misallocation terms can be written
as (1/2)x;ert, where H is the sum of the corresponding rank-one positive semidefinite
matrices.

Using these coefficient vectors, the labor-output misallocation block satisfies

! (NNT wH o T 12 ; a\ (a
(B.125) ZAiozi[(ai ) p; + (b )Tst} = Z“‘l (b(N)> (b(N)> Xt
i=1
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the input-output misallocation block satisfies

(B.126)

I 1 . a(X) a®\ '
D> A —apyy (agj ot (b } =x/ ZZA Q=i | G| (o] | X6
22 p& | | b0

=1 j=1 =1 j=1 i Y

and the across-sector consumption block satisfies

! (© (T a9\ (a0
(B.127) > 5 [ ) Br+ (b ] Z Bi <bl(c)> (JC)) X
=1 i i

The pure terms-of-trade terms can also be written as quadratic forms in x;:

(B.128)
I 1 0 0
(1= a)wsCa(l — )32, = x,
; ]:Zl )\1(1 al)Vl]Cl](l Cl])sj,t Xt (0 d1ag< {=1 /\i(l — O‘i)VijCij(l — Cl])>]11) Xt,
(B.129) S - O =x] (O ° > x
: = 151 7Lt t 0 diag(ﬁiCi(l B Ci))le te

Collecting (B.125)-(B.129), the matrix H is given by

I A\ /@) L S (X) (X)
) () Ebe ()
1= 1

1 =1 j=1 ij ij

2O\ 72O\ (o 0
+ + I
Z B; (b(c ) (b(C)> 0 diag( L N = )Gl — Cij)> i

(B.130) +(0 . ’ I )
0 diag(3;¢;(1— )iy

Conditional on the preceding welfare-reduction steps, this sum of squares has the compact
form (54). The construction here establishes the price representation; it does not indepen-
dently establish the efficiency of the natural allocation after shocks. Since each rank-one
matrix in (B.130) is positive semidefinite, and the two diagonal blocks are also positive semidef-
inite, H is itself positive semidefinite.
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Appendix C. Equilibrium Conditions under a Taylor Rule

This appendix derives the set of equilibrium conditions used to solve the model under a simple
Taylor rule rather than under optimal monetary policy. Relative to the Ramsey problem in
Section 4.2, which imposes the same GDP-consumption and risk-sharing restrictions, the
monetary authority no longer chooses the allocation directly. Instead, the nominal interest
rate is set according to a Taylor rule, while the output gap, consumption gap, CPI inflation,
nominal exchange rate, and sectoral ToT gaps are jointly determined by the equilibrium
conditions.

C.1. Sectoral Phillips Curves and Price Dynamics

The sectoral Phillips curves are the same as in equation (48). Sectoral domestic inflation is
defined as (50). With 7F' = M + +W  the inefficient-price wedge is given by

(Cl) Xt = ﬁ{_{l — AMA’TtF — AXA‘TtX,
where
(C2) AM = (I — QH)_IQF, AX = % AM(I — 1) f:;r(,

and £y is the value-added-weighted export exposure defined in (44).

C.2. Terms of Trade and CPI Inflation

The sectoral ToT gaps are defined as (56). The CPI level, in gap terms, is given by (A.44). Actual
CPI inflation, which enters the Taylor rule and the Euler equation, is

~C ~C CJ CJ
(C.3) ﬂ'f =DPr —Pratp: - pt—nl)

where ptc’n is the natural CPI derived in (C.6) below. The change in the CPI gap alone is not
CPI inflation: it omits the movement of the natural CPI induced by tariffs.
C.3. Output, Consumption, and Risk Sharing

The output gap, the consumption gap, the CPI gap, and the exchange-rate gap are linked by
the risk-sharing condition, the CPI definition, and the GDP-consumption relation in (45),
with the coefficients written explicitly in the main text.
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C.4. Euler Equation and the Natural Real Interest Rate

The household Euler equation is
— . C
Ct = EtCt+1 — (lt — Etﬂ't+1> y

where i; is the nominal interest rate expressed as a deviation from its steady-state value.
Subtracting the flexible-price counterpart gives the gap Euler equation (63) in the main text,
where the natural real interest rate is defined as

(C4) i = Epcfyy — cf
We now derive r'. From risk sharing in the flexible-price allocation, c}! = e}l — ptc’n. The
flexible-price exchange rate is pinned down by export tariffs. From (A.34):

— X _ ¥
(C.S) e? = ath 3 ag = mﬂ}(.

Using the natural ToT (A.36) and the natural domestic price (A.35), the natural CPI is

C H _
P = BT+ BlsE = BT - Q) 10 [ + (- 1)ef]

(C.6) +aL - a- QH)_IQF} [Tf +1— 1)e?] .

Combining (C.5) and (C.6), natural consumption can be written as

(C.7) cft = a]CVITf + ag(TtX ,
where
(C.8) ay = —BfAm — B, ay = [1-Bp1-1)]a] - BfAx
Assume that wedge processes follow (35). Then
Evri = pume + pwt Eiis; = pxri

Using (C.4) and (C.7) gives the natural-rate expression (64) in the main text. That expression
shows that, in the SOE, the natural real rate is driven by the expected growth of natural
consumption, not by natural output alone. This distinction matters because, in an open
economy, natural consumption and natural output generally differ due to movements in the
terms of trade and the real exchange rate.

81



C.5. Taylor Rule

The monetary authority sets the nominal interest rate according to the Taylor rule (62) in the
main text.

C.6. Equilibrium System

The Taylor-rule equilibrium is characterized by the following set of equations: the wedge
processes (35); the definition of ¢, (C.1); the sectoral Phillips curves (48); the sectoral domes-
tic price dynamics, (50); the ToT definition (56); the CPI definition (C.3); the aggregate gap
conditions (45); the Euler equation (63), with the natural rate (64); and the Taylor rule (62).

This system replaces the Ramsey optimality conditions in Section 4.2. In particular, the
multipliers n;, v, €, and ¥+ no longer appear. Instead, the nominal interest rate follows (62),
while the nominal exchange rate is determined jointly by risk sharing, the Euler equation,
the CPI, and the ToT definition.

Appendix D. Additional SOE Policy Derivations

D.1. Static Benchmark and Commitment Target Criterion

Under the tariff-free welfare benchmark of Proposition 2, the static problem isolates the
contemporaneous trade-off and the dynamic problem yields a commitment target criterion.

A static detour. Following Rubbo (2023), it is useful to isolate the static trade-off faced by
the planner. We therefore consider the one-period version of the problem, abstracting from
price-level dynamics and inflation expectations. In this one-period problem the economy
starts from f){{ 1 =0,s0xt = -A pf’n is exogenous and the intertemporal term in .(59)
is absent. The planner chooses {¥;, ~H pHs,, ¢} to minimize the period loss L§?1¢ =

~H ~H
%(1 + 90)5/% + %(ﬂ-f] )TWWTF{_I + % (lit > H (lit ), subject to the static sectoral Phillips curves
St St

(D.1) 7TtH = by:)vlt + \I’gt + FlAét — Vxi,
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to the structural ToT-definition constraint (56), and to the goods-market restriction (46). With
the same multipliers as above, the first-order conditions are

(D.2) Vi = 1% (by Nt — Dy19t>;
(D.3) ne = —Wrnh,
(D4) Hpppy +HpsSt + &+ B9 =0,
(D.5)
Hippf! + Hysde + &+ { Br — | Br + (@ — diag(@r)N) " A| Jor = 9T,
(D.6) ) T+ (1—1)T &+ (1 AT diag(Qpl)NTl) 9 = 0.

Combining (D.2) and (D.3) gives the static inflation-output trade-off
(D.7) b}WWﬂ'? = —(1+¢)y; — Dydy.

Equations (D.4) and (D.5) show that this trade-off is intertwined with the welfare costs of cross-
sector misallocation in domestic prices, f)ltq, and international relative prices, s;. Indeed,
combining (D.4) and (D.5) yields

(D.8) (Hsp - pr)ﬁ{fq + (Hgs — Hps)gt - {5 +[QF — diag(QFI)Ns]TA}ﬂt = ‘I’T"?t-

Finally, (D.6) characterizes the optimal use of the exchange rate. The term (I'1) " n; captures
the marginal effect of the exchange rate on inflationary pressures through the LCP component
of the Phillips curve, (1 — 1) "¢; captures its marginal effect on sectoral ToT gaps through
PCP import prices, and (1 — AT diag(Q2p1)N-1)d; captures its effect on the goods-market
restriction. Thus, in the static structural problem, the planner balances inflation stabilization,
aggregate stabilization, and cross-sector misallocation subject to the pass-through structure
linking e, s¢, and y;.

An explicit target criterion under commitment. We now return to 5 € (0, 1) and derive a target
criterion by eliminating the multipliers associated with inflation and price-level dynamics.
To keep the expression transparent, we impose the standard simplifying restriction that the
expectational coefficient in (48) is the identity,'® so that

(D.9) mfl =byy,+ U8 + [le; + fEemlL.

16Formally, V = 0. The general case adds matrix-weighted lead-lag terms and —3V | E¢ny41 to (59).
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In the structural Ramsey problem, the ToT gap and the exchange-rate gap are linked by
(56), and the output gap and the exchange-rate gap are linked by (46). Hence, relative to a
reduced-form problem in which s; is treated as a free wedge and the exchange rate is taken
as given, the structural problem features two additional shadow values, &; and ¥;.
Using (58) to write
v = Wemf +m — nq,

substituting into (59), and shifting (58) forward one period to eliminate E;v;q, yields the
following scalar target criterion after premultiplying by b} and using (57) to replace b}nt by
(1+¢)y; + Dydy:
(D.10)

by Wl — BE b Wenll | + 1+ 0)(A+ AT, — Fyo1 — HETen)

+Dy((U+ D — Ve 1 — BEen ) + (bB)Vr + b, (Hppby + Hpsdt) +b € = 0.

Equation (D.10) is a structural target criterion under commitment. The first term captures
inflation stabilization. The second term captures the history dependence generated by com-
mitment. The third term reflects that the output gap cannot be moved without moving the
exchange rate. The fourth term captures the welfare cost of domestic price-level gaps and
sectoral ToT gaps. The final term reflects that the planner cannot choose s; independently of
2 and pr.

The shadow values &; and ¥J); are disciplined by the remaining optimality conditions,

W 'n = Hspf){l + HgsSt + &t
(D.11) +{Br — | Br + (@ — diag@rDNy) " A| by,

(D.12)
D) T+ 1 —1) &+ (1 AT diag(Qpl)NTl> 9 = 0.

Equation (D.11) states that the shadow value of relaxing the ToT-definition constraint is tied
to the marginal welfare cost of sectoral relative-price misallocation, to the effect of ToT
gaps on sectoral inflation, and to the effect of ToT gaps on the goods-market restriction.
Equation (D.12) characterizes the optimal use of the nominal exchange rate. The planner
balances the marginal effect of the exchange rate on inflationary pressures through LCP
sectors, (I'1) " n;, its marginal effect on sectoral ToT gaps through PCP sectors, (1— 1) ' &;, and
its effect on the output gap through the goods market.

Equation (D.10) highlights four forces shaping optimal policy. First, the relevant inflation
objectis not a simple constant-weight index: the criterion involves the scalar b; W, mf, which
weights sectoral inflation by both welfare weights, W, and the sector-specific sensitivity
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of inflation to aggregate demand, summarized by b, . This is the natural open-economy
analogue of Rubbo’s sales-and-rigidity-adjusted aggregation.
Second, commitment introduces history dependence. The term (1 + ) ((1 +8) Y — Vi1 —

5Et5/t+1> captures the intertemporal trade-off that arises because current policy affects
expected future inflation.

Third, the criterion features sectoral relative-price misallocation through s; and the
structural shadow value &;. Because s; enters both inflation dynamics (D.9) and the welfare
loss (54), while ¢; affects the feasible configuration of ToT gaps through (56), the planner
generally cannot replicate the closed-economy “divine coincidence” by targeting a constant-
weight inflation index. Even if aggregate demand were adjusted to stabilize a particular
inflation index, residual inefficient movements in international relative prices, together with
the pass-through constraint linking exchange rates and ToT gaps, would continue to generate
welfare-relevant trade-offs.

Fourth, the goods-market restriction (46) couples the output gap and the exchange-rate
gap. Because the central bank has a single instrument, stabilizing the output gap has a cost
in terms of exchange-rate-induced movements in ToT gaps and the CPI, summarized by 9;
and its own history-dependent term.

D.2. Optimal Monetary Policy under Discretion

Under discretion the central bank cannot make credible promises about future policy. As
in Gali (2015, Ch. 5), each period it chooses the current allocation taking private-sector
expectations as given. The only difference with the one-sector benchmark is that the economy
has an endogenous state: last period’s domestic price gaps enter the inefficient-price residual
Xt in (49) and, through the price-level gaps, the welfare loss. Expectations of future inflation
are therefore not independent of today’s choices: they depend on the price gaps that the
central bank leaves to its successors. We focus on the Markov-perfect equilibrium (Oudiz and
Sachs 1985; Soderlind 1999), in which future policy depends only on the state, so that

(D.13) Exril =®pl+®, 7,

where ® measures how expected inflation responds to the price gaps inherited by future
policymakers, and 7+ = 7}V under the tariff-free welfare benchmark. Both ® and ®; are
determined in equilibrium. In the one-sector benchmark the price level is not payoff relevant
and ® = 0.

Each period, the central bank minimizes the period loss L; plus the discounted expected
loss from t + 1 onward. It does so subject to the current-period constraints (50), (56), (46), and
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the Phillips curves (48), with (D.13) in place of expected inflation. With the same multipliers
as under commitment, the conditions for the output gap, the ToT gaps, and the exchange-
rate gap are again (57), (60), and (61). The conditions for inflation and domestic price gaps

becomel’

(D.14)  mr=vp— Wanf,
(D.15) vt = BEwpy — BV Epnpar + f® (T — V) ' — Hpppy! — Hpsst — & — B0t

Relative to commitment, discretion changes two terms. First, the lagged multiplier (I —
V) "1;_1 in (58) disappears. The central bank does not honor past promises, so policy is not
history dependent, and it is subject to the usual stabilization bias (Clarida et al. 1999). Second,
the term 3® " (I — V) " n; appears in (D.15). A discretionary central bank can still influence
expectations, but only through the price gaps it leaves behind. By contrast, the network term
— BV TEsns4 is common to both regimes. It reflects that lagged prices are a state variable in a
multi-sector economy, not the ability to commit.

Target criterion under discretion. Combining (57) and (D.14) gives
(D.16) (1+9) ¥, = —byWemf +b vy — Dy

In the one-sector closed economy, v; = 0 and ¥; = 0, and (D.16) is the discretionary targeting
rule of Gali (2015, Ch. 5): the central bank leans against inflation by contracting the output
gap in proportion to it. In the networked open economy, two additional terms appear. The
term b}yt is the shadow value of the cross-sector price and ToT misallocation that today’s
price gaps leave for the future, as implied by (D.15). The term D ); is the exchange-rate cost
of moving the output gap. Under commitment, the output gap enters the target criterion
(D.10) with its lag and lead; under discretion only its current value matters.

D.3. Sectoral Wedges under Discretion

We solve the linear-quadratic Markov-perfect problem with the welfare loss in Proposition 2,
the tariff-free foreign-wedge processes, and the calibration of Section 4.4. Figures D.1-D.4
repeat the experiments of Figures 1-4, replacing commitment with discretion. The Taylor-rule
paths and the sectoral counterfactual definitions are unchanged.

The continuation loss depends on pi! because it enters xt+; and the price dynamics at ¢ + 1. Its marginal
value, by the envelope condition, is VT Einpq — Ervper.
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FIGURE D.1. Eight-quarter cumulative responses to 10 log-point sectoral foreign price wedges.
The four horizontal-axis characteristics and three counterfactual economies in each panel

match Figure 1.
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FIGURE D.1. Sectoral foreign price-wedge responses under discretion and the Taylor rule,

continued.

Imported-input centrality remains the clearest organizing characteristic: a wedge in an

upstream input reaches many domestic price setters. Heterogeneous invoicing changes the

dispersion around this relationship because exchange-rate movements alter the prices paid

by PCP-like users but not LCP-like users. Discretion changes the policy response without

changing this exposure mechanism.
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FIGURE D.2. Taylor-rule minus discretionary cumulative responses to sectoral foreign price-
wedge shocks. The counterfactuals and eight-quarter horizon match Figure 2.

Figure D.2 isolates the policy difference. It need not be uniformly smaller than the commit-

ment comparison: removing promises changes current stabilization and the future price-gap

state in different directions. Figure D.3 retains sector identities and confirms that the pol-

icy difference is concentrated in a small number of shocks, with Energy prominent in the

output-gap and policy-rate panels.
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FIGURE D.3. Sectoral impact differences, Taylor rule minus discretion, after 10 log-point

foreign price-wedge shocks. Bars refer to NACE Rev. 2 sectors; Energy (S05T06

is highlighted.

)

The aggregate Energy experiment makes the timing explicit. Impact headline inflation

changes little across regimes because the first-round imported price increase is largely
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FIGURE D.A4. Discretionary and Taylor-rule responses to a 10 log-point foreign price wedge
in Energy in the fully heterogeneous SOE. Output gap, CPI inflation, and policy rate are in
percentage points.

outside domestic monetary control. Discretion raises the nominal rate more and contracts
the output gap more than commitment on impact, but less than the Taylor rule. The ranking
of cumulative responses need not match the impact ranking because, without commitment,
the inherited domestic price gaps alter subsequent policy incentives.

Appendix E. Quantitative Analysis

The analytical results isolate the mechanisms through which sectoral foreign shocks interact
with production networks, currency invoicing, and monetary policy. This section takes the
same mechanisms to a quantitative multi-country environment. The counterfactuals focus
on two disturbances that have been central in recent policy debates: a homogeneous tariff
increase by the United States on Chinese goods, and a common increase in the foreign-
currency price of energy supplied by the rest of the world to importing economies. The first
experiment maps directly into the tariff shocks studied in the small-open-economy analysis;
the second captures the type of imported-energy disturbance that played an important role
in the recent inflation surge in the Euro Area (Arce et al. 2024).

For this purpose, we extend the analytical framework presented in Section 3 on several
dimensions. First, the economy contains several countries and a full bilateral input-output
structure. Second, nominal wage rigidities operate at the country level. Third, the consump-
tion and production nests distinguish energy from non-energy goods, allowing the substitu-
tion elasticities relevant for energy-price shocks to differ from those governing other goods.
Fourth, the monetary block allows for country-specific monetary rules and for monetary
unions.

The appendix is organized as follows. Sections E.1 and E.2 describe the model and calibra-
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tion. Section E.3 then returns to the tariff-free SOE of the main text and compares welfare-
based and aggregate-loss simple rules for foreign price-wedge shocks. Section E.4 gives the
full multi-country results summarized in Section 4.6. Section E.5 assesses the robustness of
the energy OSR to credible adjustments of the policy path.

E.1. Theoretical Model

The quantitative model enriches the analytical framework with features that are standard
in quantitative open-economy monetary models and relevant for the tariff and energy ex-
periments. This subsection highlights the main differences relative to the environment of
Section 3; Appendix F contains the full characterization of the first-order and equilibrium
conditions of the quantitative model.

E.1.l. Assumptions

First, as specified in the general environment in Section 2, we consider K > 2 countries,
potentially different in their preferences and technologies. In particular, we no longer restrict
utility (1) to be logarithmic and introduce external habit formation of the keeping-up-with-
the-Joneses form (Abel 1990): U(Cy ¢, Cy ;1) = (Cy hkék)t_l)l_"/(l — 0), where households
take lagged aggregate consumption Cth_l as given.

We consider a more general CES production function (6), no longer imposing a unitary
elasticity of substitution:

g BE=i

o T
(E.1) Yiif,e = [ ki sz, tVi%kife

)

where ¢; € (0, 1] modulates the degree of returns to scale in production. Similarly, we assume
a CES structure for the consumption (2) and intermediate (9) good aggregators. Given the
quantitative focus on energy shocks, we introduce an additional layer to distinguish between
energy and non-energy goods,'®

o

! 1 71 (-1

(E.2) Cr,t = 513Ckgt+< 5’<>7 kM;t] ’
o1 =R -

(E.3) Xyit = 5¢Xk5~:t+( —5ki)5Xk5w,t )

18This specification allows us to introduce a specific elasticity of substitution of the energy consumption that
does not necessarily need to be equal to the elasticity of substitution between the rest of goods and services.
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where Cyg ; and Cyyy ; denote the consumption of energy and non-energy goods, respectively,
and Xy, ; and Xp; ; sector i intermediate goods’ demand for energy and non-energy goods,
respectively. These are given by:

(E4)

(E.5)

Cret =

Xkig,t =

Xkim,t =

Lt
—1

Z Ukl klt ’

_lEIM
£
= 3

-1
Z kl] kl], ’
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where I and I; denote the sets of sectors producing energy and non-energy goods, respec-
tively. The aggregation over sectoral goods produced in different countries is given by CES
aggregators:

o M
6— -

,u—l

Z Ckl ij kl ij,t

(E-6) Criy¢ = and - Xyg;, =

K 1 52
Z CiCil it
I=1

Second, we consider the case of incomplete financial markets, where only one interna-
tional bond is traded, denominated in country K’s currency. This means that an analogous
risk-sharing condition of the type (31) no longer holds.

Third, regarding the price-setting structure, we dispense with the sectoral production
subsidies 7']5 ;» allowing for positive profits at steady state. In addition, we consider the DCP
paradigm, on top of PCP and LCP (Devereux and Engel 2003; Gopinath et al. 2020).

Fourth, we allow non-reset prices to be partially indexed to lagged inflation. Specifically,
prices that cannot be reoptimized inherit a weighted combination of lagged inflation in
the same sector and lagged producer-country CPI inflation. This specification follows the
medium-scale monetary models of Christiano et al. (2005) and Smets and Wouters (2007),
and introduces intrinsic inflation persistence without altering the Calvo timing assumption.

Fifth, we also allow for nominal wage rigidities (Erceg et al. 2000), heterogeneous across
countries but homogeneous across sectors, and assume that non-reset wages are partially
indexed to lagged CPI inflation.

Finally, we assume that the (log-)tariff, introduced in (5), follows an AR(1) process:

(E.7) Thlit = PRIk t—1 T Egir

where £ it N (0, (o7 i)z) . By contrast, we assume that the (log-)price wedge introduced in
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(5) follows an AR(2) process:

w o _ TW w W _w W
(E.8) Thlie = PLaiTKL -1 T Po kiRl t—2 T ki e

T,W TyW\2
where Sllit ™ N (0, (Ukii ) >

E.1.2. Monetary Authority

There is a monetary authority in each country k € K. We distinguish between countries that
conduct an independent monetary policy and countries that are members of a currency
union.

Non-members of Currency Unions. Each central bank follows a Taylor rule:

(E9) ikt = Prrike1t (1 pir) (%ﬂ? kot T Oky Ve ¥ O ArDTgg t + O A ij’k,t) s

where the coefficients are allowed to vary by country; p;, denotes the degree of interest rate
smoothing in the monetary instrument, coefficients {¢;, ¢y ,} modulate the elasticity of the
policy rate with respect to changes in a given inflation index m ;, and output j/k, +» measured
as the log-deviation from its steady-state value. The Taylor rule features a monetary policy
shock, which follows 52’  ~N(0, (01,)%).

Furthermore, we allow the monetary authority to choose the particular inflation mea-
sure (CPI, PCE, PPI, GDP deflator, etc.) that they aim to stabilize, Trot = ®Tmp; =
11 Yt Sk, Where 3215 L) dgy = 1, and g = mg . For example, when gy
is equal to the consumption share of sector i in the country k, then the central bank targets
headline inflation.

Members of Currency Unions. Suppose that a subset KMU < K of countries belongs to a
monetary union. Without loss of generality, we assume that the central bank of a country
kMU ¢ KMU gets the nominal interest rate to stabilize the union-wide price inflation index

and output deviations, 7™MV and FMU 1

(E.10)

. — MUr- MU MU ~MU MU ~MU
LMU ¢ = PkMUrlkMU,t_l + (1 - pkMUr> (¢MU7r7Tt tomuyYr  t ¢MU,A7TA7T1‘ + ¢MU,AyAJ’t > + 6lr\/[U,t

where 7MU and %MU are defined as the GDP-weighted sum of member states’ price in-

flation and output deviations, 7MY = K ¢¥Uﬂk¢,t and MY = K ¢1£/[Uj/k)t, where

9The specific location of the union-wide central bank is innocuous as long as it targets union-wide variables.
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MU . . . .
¢2/IU = Y/ Zﬁl Y, is the measure of the (steady-state) relative size of country k in the
monetary union in terms of nominal GDP.
The central banks in the rest of countries | # kMU that belong to the monetary union

kM U

adopt a peg vis-a-vis the country that sets the monetary stance:

(E.].l) Ek,kMU,t = 8k,kMU Vk - KMU

where &; ;mu is the bilateral nominal exchange rate in steady state.

E.2. Calibration

The quantitative model is solved at quarterly frequency for four regions: the Euro Area, China,
the rest of the world, and the United States. The United States is the currency of denomination
of the internationally traded bond.

Multi-sectoral Dimension. Each region contains 44 sectors. The sectoral classification is
chosen to preserve the input-output structure of the data while separating the energy block
into mining and crude petroleum, refined petroleum products, and electricity and gas. The
bilateral expenditure shares, input-output coefficients, and labor shares are constructed
from the international input-output data (ICIO, OECD). The calibration therefore preserves
both the domestic production network and the bilateral sourcing patterns that determine the
exposure of each country-sector pair to tariffs and foreign-price shocks.
Table E.1 summarizes the main externally calibrated parameters.

Households. Preferences are standard at quarterly frequency. The discount factor is 5 = 0.99,
the intertemporal elasticity is one, the Frisch elasticity is one, and external habit formation
is set to h = 0.70. The consumption aggregator has a low elasticity between energy and non-
energy goods, v¢ = 0.10, while substitution within the energy and non-energy blocks is higher,
ne = tc = 0.90. The trade elasticity in final demand is set to one in the baseline.

Firms. In production, the elasticity between labor and intermediate inputs is ¢/ = 0.50.
Energy and non-energy intermediates are also difficult to substitute, with yx = 0.10, and
within-block substitution in intermediate demand is set to nx = tx = 0.20. These values make
short-run production relatively exposed to energy and imported-input cost shocks, as in
quantitative multi-sector models with low input substitutability (Atalay 2017; Bohringer and
Rivers 2021).
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Parameter Value Description

Households

B 0.99 Quarterly discount factor

o 1 Inverse intertemporal elasticity of substitution

® 1 Inverse Frisch elasticity of labor supply

h 0.7 External habit in consumption

ole 0.1 Elasticity between energy and non-energy consumption
ne 0.9 Elasticity within energy consumption block

Lc 0.9 Elasticities within non-energy consumption block

dc 1 Armington elasticity in final demand

Firms

Y 0.5 Elasticity between labor and intermediate inputs

X 0.1 Elasticity between energy and non-energy intermediates
nx 0.2 Elasticity within energy intermediate block

Lx 0.2 Elasticity within non-energy intermediate block

dx 1 Armington elasticity in intermediate demand

Nominal Rigidities

o; sectoral Sectoral Calvo probabilities from micro price data
ov 0.75 Calvo probability for wages

XY 0.5 Wage indexation to lagged CPI inflation

P 0.2 Price indexation to own sectoral lagged inflation
xP 0.1 Price indexation to producer-country CPI inflation
Monetary Policy

or 0.7 Interest-rate smoothing in the Taylor rule

O 1.50 Response to CPI inflation (Gali 2015)

by 0 Response to (log-)output

DAx 0 Response to CPI inflation growth

Y 0.125 Response to output growth

Foreign Shocks

" 0.96 Persistence of tariff shocks

p;,w 1.17 Persistence of foreign-price wedges

p;’w -0.20 Persistence of foreign-price wedges

Notes: The table reports the baseline quarterly calibration used in the quantitative exercises. Data-based
objects, including expenditure shares, input-output shares, labor shares, and sectoral weights, are allowed to
vary by country and sector.

TABLE E.1. Main Parameters in the Quantitative Calibration
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Staggered Price- and Wage-Setting. Nominal rigidities are disciplined by micro evidence.
Sectoral price stickiness is based on the distribution of price changes in Gautier et al. (2024),
with energy sectors assigned near-flexible prices following the evidence summarized by
Dhyne et al. (2006). The baseline assigns the same sectoral Calvo vector to the four regions,
which keeps cross-country differences in the quantitative exercises tied to expenditure shares,
production networks, trade linkages, monetary regimes, and invoicing rather than to country-
specific price durations. Wage setting follows Erceg et al. (2000), with a quarterly Calvo
probability of 0.75 and partial indexation to lagged CPI inflation. Non-reset prices inherit
a weighted average of lagged inflation in the same sector and lagged producer-country CPI
inflation, as in medium-scale monetary models with intrinsic inflation persistence (Christiano
et al. 2005; Smets and Wouters 2007).

Currency Invoicing. The invoicing calibration combines producer-currency pricing, local-
currency pricing, and dominant-currency pricing. The assignment of sectors to invoicing
regimes is based on the empirical evidence that trade prices are neither exclusively producer-
currency nor local-currency denominated, and that the U.S. dollar has a disproportionate
role in the pricing of international transactions (Boz et al. 2020; Gopinath et al. 2020); Table
G.3 in Appendix G.3 reports the sector-by-sector assignment. This feature is relevant for
both counterfactuals. In the tariff experiment, it governs how the exchange rate maps into
the domestic-currency price of Chinese goods purchased by the United States and by other
regions through the production network. In the energy experiment, it determines how a
common foreign-currency energy-price disturbance is transmitted into local marginal costs
and headline CPI inflation.

Monetary Policy. The monetary calibration follows the rule in (E.9) and (E.10). The baseline
rule responds to CPI inflation and output growth, with ¢ = 1.5 and ¢ , = 0.125, and features
interest-rate smoothing p, = 0.70. The quantitative optimal-simple-rule exercises use the same
instrument but choose the coefficients to minimize a quadratic objective in union output
growth, CPI inflation, and interest-rate changes. Section E.3 assesses the corresponding
aggregate criterion in the tractable SOE before it is used here.

Foreign Shocks. The stochastic processes match the two counterfactuals. Tariff shocks fol-
low (E.7) with persistence 0.96. We use an AR(1) as a parsimonious representation of the
persistence of trade-policy changes. The active tariff innovations are bilateral between the
United States and China and apply to the set of sectors classified as tariff-relevant in the
quantitative data. The results normalize the shock as a homogeneous increase in U.S. tariffs
on Chinese goods. Foreign-price wedges follow (E.8). In the energy-price experiment, the
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Objective P; O Oy dAr dAy

Welfare loss 0986 1.000 2414 15.000 10.554
Aggregate quadratic loss 0.996 10471 0.289 0.000 9.771

Notes: The search imposes 0.01 < p; < 0.9999,1 < ¢ < 15,0 < ¢ < 5,
0 < ¢ar <15,and 0 < ¢y < 15. Some coefficients reach these bounds. It uses
three starting points followed by local refinement and determinate first-order
solutions.

TABLE E.2. Simple rules for imported-energy wedges in the SOE

active disturbance is a single common innovation that raises the rest-of-world energy-price
wedge faced by each importing economy identically. In contrast to the tariff process, its
AR(2) coefficients, (1.17, —0.20), are estimated from quarterly log Brent crude oil prices, as in
Aguilar et al. (2026). Unlike a tariff, this wedge accrues to the energy exporter, so it operates
as an international transfer—the imported-energy bill—rather than as domestic revenue.
This specification isolates the imported-energy channel while keeping the global production
network, currency invoicing, and monetary-policy block active.

E.3. From Commitment Policy to Simple Rules

The tariff-free SOE of Sections 3 and 4 permits a direct comparison between the commitment
allocation and implementable interest-rate rules after foreign price-wedge shocks. The multi-
country model considered next uses a different, operational objective. Here we assess how
much that objective changes policy in the tractable SOE.

We retain the instrument rule (62). One rule minimizes the welfare loss (54); another

minimizes the aggregate quadratic criterion
(E.12) L2 = ()2 +0.2 52 + 14 (Aip)%

The second objective is a policy criterion, not a second-order approximation to household
utility. Both searches minimize the conditional discounted loss (1 — 5)Eg > ;¢ BELt, with
B =0.99, zero prehistory, and innovations in the three imported-energy sectors. A discounted
Lyapunov equation evaluates the infinite sum. Table E.2 reports the resulting coefficients;
the local search does not certify global optimality.

Relative to commitment policy, the welfare-based simple rule raises the welfare loss by
0.45% in this shock environment; the rule chosen under LtQ raises it by 10.37%. Figure E.1
shows the response to a wedge in Energy. Impact CPI inflation is similar across policies, but
the aggregate-loss rule contracts output more than the welfare-based rule. The commitment
interest rate is recovered from the Euler equation; the simple rules set it directly.
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FIGURE E.1. Commitment and optimal-simple-rule responses to a 10 log-point foreign price
wedge in Energy. Rates and inflation are in percentage points.

The quantitative exercise replaces the SOE output gap in LtQ with union output growth. Its
results therefore compare stabilization rules under an observable aggregate objective, rather
than consumption-equivalent welfare.

E.4. Optimal Simple Rules under Tariff and Energy Shocks

This subsection takes the calibrated model to the question that motivates the paper: how
should the monetary authority of a networked open economy respond to tariff and imported-
energy shocks, and how far does a standard inertial Taylor rule fall short of that benchmark?
We focus on the Euro Area (EA) central bank and compare the baseline Taylor rule of Section
E.2 with an optimal simple rule (OSR) of the same functional form. The OSR chooses the three
coefficients {pr, ¢r, A y} in (E.10) to minimize a quadratic loss in union output growth, CPI
inflation, and interest-rate changes. Section E.3 shows what this operational criterion cap-
tures, and where it departs from Ramsey policy, in the tractable SOE. The exercise here asks
whether the network mechanisms isolated in the main text remain quantitatively important
in a multisectoral multi-country calibration.

We study three experiments, each scaled to a 10 log-point shock so that magnitudes are
comparable with the SOE exercises: a homogeneous U.S. tariff on Chinese goods, the recip-
rocal Chinese tariff on U.S. goods, and a common rest-of-world energy-price shock to the
importing economies. In the two tariff experiments the EA is a third party, exposed only
through the global production network, world relative prices, and currency invoicing; in the
energy experiment it is directly exposed through its imported-energy bill. The OSR coeffi-
cients are re-optimized separately for the tariff environment and for the energy environment,
reflecting that the optimal rule depends on the shocks the economy is stabilizing.
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Each rule is optimized over the unconditional stabilization loss induced by the relevant
family of shocks, not over a single impulse. In the tariff environment the active shocks are
the bilateral U.S.-China sectoral tariff innovations, in both directions and across all tariffed
sectors,? drawn independently; these are tariff wedges, with revenue rebated domestically,
and follow an AR(1) with persistence 0.96. In the energy environment the disturbance is a
single common rest-of-world energy-price innovation that raises the imported energy input
of all three importing economies (the Euro Area, the United States, and China) identically; it
is a price wedge—an international transfer toward the energy exporter rather than domestic
revenue—and follows the estimated AR(2). The impulse responses reported below normalize,
for transparency, a homogeneous 10 log-point realization of each family.

This split carries over the distinction identified in the analytical economy, while changing
the incidence of the tariff experiment. The SOE is directly exposed to its own import tariff;
the EA is a bystander to bilateral U.S.-China tariffs. In both settings, network centrality
and invoicing determine which foreign price movements reach domestic producers, but
bystander exposure also scales their aggregate importance. The energy shock instead hits
the EA directly and combines a large first-round headline component from a flexible-price
imported input with a downstream second round inside sticky-price sectors. The quantitative
exercise adds the global input-output structure, wage rigidity, indexation, energy-specific

substitution, and a monetary union.

Optimal coefficients. Table E.3 reports the baseline and optimized coefficients. Two features
stand out. First, both optimal rules are far more inertial than the baseline, with smoothing co-
efficients between 0.92 and 0.96. Highly inertial rules approximate the commitment solution:
they concentrate the stabilization burden in expectations of sustained future responses rather
than in large realized movements of the policy rate (Rotemberg and Woodford 1997; Woodford
2003). Second, the composition of the optimal response flips across environments. Against
tariffs, the rule is in effect inertial strict inflation targeting: ¢r ~ 14.9 with ¢ /¢ ~ 0.09.
Against the energy shock, the rule shifts toward a speed-limit policy in which the output-
growth response is of the same order as the inflation response: ¢ ,/¢r ~ 0.92. The tariff
rule reflects an approximate quantitative property of the calibrated bystander exposure: the
domestic trade-off created by the foreign tariff is small, so stabilizing CPI inflation is nearly
costless for the EA. It is not a general property of tariff shocks in a directly exposed economy.
The energy rule is the instrument-rule expression of the core-versus-headline result of Bo-
denstein et al. (2008): when the inflationary impulse originates in a flexible-price imported

207 sector is classified as tariffed if the observed 2025 U.S.-China schedule places a nonzero effective tariff on
it in either direction, which selects 22 of the 44 sectors—broadly agriculture, mining, and manufacturing—and
leaves utilities, construction, and services untariffed.
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Pr Or CbAy

Baseline Taylor rule 0.70 1.50 0.125
OSR — tariff environment 092 14.87 1.34
OSR — energy environment 096 6.84 6.30

Notes: Coefficients of the union Taylor rule (E.10). The OSR
minimizes a quadratic loss in union output growth, CPI in-
flation, and interest-rate changes, over the indicated shock
environment. The remaining coefficients ¢, and ¢ are set
to zero.

TABLE E.3. Baseline and Optimal Simple Rule Coefficients (EA)

input, the optimized rule redirects its response toward the component of the allocation that
monetary policy can actually stabilize.

EA responses.  Figure 5 reports the EA responses of real GDP growth, CPI inflation, and the
policy rate under the baseline Taylor rule and under the OSR, with one row per experiment.
A first glance at the scales conveys the central quantitative message: for the EA, the spillover
from a 10% bilateral tariff war between the United States and China is several times to an
order of magnitude smaller than the effect of an energy shock of the same size. The model
therefore assigns the EA central bank a watching brief in the trade war but an active and
difficult stabilization problem in the energy crisis—a ranking consistent with the euro-area
experience of 2018-19 relative to 2022 and 2026.

U.S. tariff on China. The tariff reaches the EA through four channels that the model sepa-
rates explicitly. First, an imported-input cost channel: although the EA does not levy the tariff,
the shock changes equilibrium world prices, exchange rates, and dollar-invoiced import
prices for Chinese intermediates used directly and indirectly by EA producers. Second, trade
diversion: Chinese exportables displaced from the U.S. market lower the relative price of EA
imports from China, a disinflationary force that builds gradually. Third, a demand spillover
from the slowdown in the two largest economies. Fourth, the exchange-rate adjustment that
reconciles these flows under dominant-currency pricing, which mutes the conventional
expenditure-switching response (Gopinath et al. 2020; Egorov and Mukhin 2023). On net,
EA CPI inflation rises by about 0.05 percentage points on impact—the cost-push channel
dominates initially—and then dips below baseline as trade diversion takes over, while GDP
growth contracts and recovers. The two rules resolve this small trade-off differently. The
OSR, with its near-strict inflation coefficient, raises the policy rate on impact by roughly fifty
percent more than the baseline rule; it accepts a deeper impact contraction in GDP growth
(about —0.03 versus —0.01 percentage points) in exchange for an inflation impact roughly
one-third smaller and a milder subsequent disinflation. Consistent with the SOE results of
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Section 4.5, the size of these responses is organized by the imported-input centrality of the
tariffed flows: the tariff matters for the EA not because Chinese goods loom large in final
consumption, but because the affected goods are central inputs in the production network.

Chinese tariff on the United States. The reciprocal experiment delivers qualitatively similar
EA dynamics at one-third to one-quarter of the scale. The asymmetry is informative about the
transmission mechanism. China’s tariff on U.S. goods reaches the EA mainly through lower
U.S. activity and the reallocation of U.S. exportables, whereas the U.S. tariff on China moves
a set of Chinese intermediates that are more central in the EA's imported-input network and
disproportionately dollar-invoiced. Two wedges of identical statutory size therefore generate
very different spillovers depending on where they sit in the global input-output structure—the
open-economy, third-country analogue of the result that network position, not sector size,
determines the aggregate footprint of sectoral shocks, and the quantitative confirmation of
the location dependence derived in Section 3.3. For policy, the implication is that a bystander
central bank cannot read its exposure to a trade war off bilateral trade shares; the relevant
statistic is the network centrality of the tariffed flows in domestic production.

Rest-of-world energy shock. The energy experiment is where the monetary trade-off is steep,
and where the choice of rule matters most. The impact response of headline inflation (about
0.17 percentage points) is virtually identical across the two rules: with nearly flexible energy
prices, the first-round effect is determined by the shock and the exchange rate, not by policy.
This is the quantitative expression of the first-round/second-round distinction of Bodenstein
et al. (2008). The rules differ in how they treat the second round. The baseline Taylor rule
responds mechanically to headline inflation, more than doubles the OSR’s impact increase
in the policy rate, and keeps the rate elevated for years; yet it ends up with more persistent
inflation and a GDP-growth contraction nearly twice as deep on impact. The OSR instead raises
the rate by less than half as much on impact and uses its output-growth coefficient as a speed-
limit term: it avoids reinforcing the initial contraction, while promising a persistent response
if activity rebounds too quickly. This dynamic response still delivers lower inflation from the
second quarter onward. The standard rule is thus dominated across the components of the
loss function. Two model mechanisms produce this result. First, the persistent component
of inflation is generated downstream, by sticky-price sectors processing the energy cost
increase through the input-output structure and by indexed wages; because this component
is domestically produced, reducing the volatility of output growth dampens the medium-run
pass-through without trying to undo the imported first round. Second, the OSR’s strong inertia
shifts the stabilization burden to expectations: agents anticipate a sustained response, which
restrains price setting today without requiring large realized rate increases. The prescription
echoes the energy-shock literature (Auclert et al. 2023; Chan et al. 2024), but the channel
here is distinct: it is the production network, not household heterogeneity, that makes over-
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tightening counterproductive, because the medium-run inflation the central bank is fighting
is domestically produced cost pass-through, not the imported first round.

Magnitude of the gains. To quantify the value of optimization we evaluate the central bank’s
loss—the same quadratic objective in union output growth, CPI inflation, and the change
in the policy rate that the OSR minimizes—under the baseline Taylor rule and under the
OSR, in a long stochastic simulation with independent innovations across active bilateral
sectoral tariff wedges. The same random draws are used under both policy rules. In the
tariff environment the result is striking: the optimized rule lowers the weighted loss by only
0.01%. This near-equivalence does not reflect a passive optimizer but a flat frontier. The OSR
reshuffles the composition of volatility substantially—it roughly halves the variance of CPI
inflation, to 0.47 of its baseline value, while raising the variance of output growth more than
fivefold and that of the policy-rate change by a factor of 2.3—yet, weighted by the loss function,
these movements very nearly cancel. For the EA bystander the stabilization trade-off against
tariff spillovers is thus second order in a precise sense: the loss is essentially invariant to
where on the frontier the rule sits, so the inertial Taylor rule of normal times is already close
to optimal. This is the loss-based counterpart of the small impact responses in Figure 5.

The energy experiment is the opposite case. There the baseline rule over-tightens and the
OSR reduces all three components of the loss, so the gains from optimization—negligible for
tariffs—are first order: the optimized rule lowers the weighted loss by 24.7% relative to the
baseline rule, and it does so by reducing output-growth, inflation, and policy-rate volatility
rather than trading one against another—the variances of output growth and of the rate change
fall by roughly one half and four fifths respectively, with a smaller reduction in inflation
variance. The asymmetry of the gains carries a broader message for the design of simple
rules in networked economies: a single rule calibrated to normal times can be nearly optimal
for one class of imported shocks and substantially suboptimal for another, because the two
classes load on different coefficients of the rule. This is the instrument-rule counterpart of
the result that the welfare-relevant inflation index is shock- and network-dependent (Rubbo
2023; Qiu et al. 2026).

Non-EA economies. Appendix G.5 reports the responses of the United States and China to
the same three shocks under the EA baseline and OSR (Figure G.5). Two observations stand
out. First, the U.S. tariff on China is stagflationary for the United States—CPI inflation rises
by about 0.13 percentage points on impact and remains elevated while GDP growth turns
negative after a brief expansion—and contractionary for China, whose impact inflation spike
gives way to deflation as external demand collapses. Both patterns line up with the predictions
of Auclert et al. (2025) and Kalemli-Ozcan et al. (2025) and with the pass-through evidence
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in Cavallo et al. (2021), providing an external check on the quantitative block. Second, the
Taylor-rule and OSR lines for the large economies nearly coincide: because the EA is small
relative to the United States and China, its choice of monetary rule has a negligible effect
on their dynamics. The EA optimal-simple-rule problem studied here is therefore, from
the perspective of the large economies, close to a partial-equilibrium stabilization problem,
which is what makes the bystander question well posed.

Sectoral anatomy of the trade-war spillover. The homogeneous experiments make the com-
parison with the analytical SOE transparent but leave the cross-sector richness of the model
unexploited. We therefore shock the bilateral U.S.-China tariff one sector at a time, at the
common 10% size, and report sector by sector the difference between the cumulative eight-
quarter EA response under the baseline Taylor rule and under the OSR (Figure E.2), the
quantitative analogue of the scatter analysis of Section 4.5. Two patterns emerge. First, the
rule-induced wedge is uniformly small: across all tariffed sectors the gap in the cumulative
EA output response is at most 0.05 percentage points and the gap in cumulative CPI inflation
never exceeds 0.002 percentage points. This confirms sector by sector the flat-frontier result
of the loss accounting—no single tariffed flow is central enough in the EA’s bystander exposure
to make the choice of rule consequential. Second, the wedge is organized by network position
rather than statutory symmetry: the U.S. tariff on China generates a systematically larger
and oppositely signed wedge than the reciprocal Chinese tariff, and within each direction
the differences concentrate in a handful of manufacturing sectors with high imported-input
centrality and dollar invoicing. The bystander transmission is thus ranked by the same net-
work statistics—centrality, invoicing, and price rigidity—that organize the directly exposed
economy, even though its aggregate footprint is an order of magnitude smaller.

The observed 2025 tariff schedule. Replacing the homogeneous 10% vector with the observed
2025 U.S.-China tariff schedule turns the model into an accounting device for the EA macroe-
conomic footprint of actual trade policy, in the spirit of Kalemli-Ozcan et al. (2025). We build
a quarterly, sector-level series of effective bilateral tariffs from product-level data in the
IMF Tariff Tracker, concorded to the NACE Rev. 2 sectors of the calibration with active-day
and import-value weights and first-differenced in log gross wedges, log(1 + 7), to recover
the tariff-wedge innovations; Appendix G.4 details the construction. Figure E.3 reports the
simulated EA paths from 2025Q2 onward. The signature of the bystander problem survives
the move to data. EA headline inflation rises by about 0.12 percentage points on impact under
the baseline rule and then turns mildly negative as trade diversion takes hold, while output
growth dips by a few hundredths of a percentage point and the policy rate barely moves. The
OSR trims the inflation peak by roughly a third, to about 0.08 percentage points, at the cost of
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FIGURE E.2. Sectoral decomposition of the trade-war spillover to the Euro Area. Each bar is
the difference between the cumulative eight-quarter EA response under the baseline Taylor
rule and under the optimal simple rule, when the bilateral U.S.-China tariff is applied to one
sector at a time at a 10% size. Top row: U.S. tariff on China; bottom row: Chinese tariff on the
United States. Columns: real output, CPI inflation, and the policy rate, in percentage points.
Sectors are labelled by NACE code along the horizontal axis.

a deeper but still small impact contraction in output growth—the same trade-off identified in
the homogeneous experiment. These magnitudes are an order of magnitude smaller than
those borne by the directly involved economies: in the same simulation U.S. CPI inflation
peaks near 0.44 and Chinese CPI inflation near 0.37 percentage points, with Chinese output
contracting by a comparable amount (Appendix G.5, Figure G.6), the stagflation-for-the-
imposer, contraction-for-the-target pattern found by Auclert et al. (2025) and Kalemli-Ozcan
et al. (2025). The model thus attributes to the 2025 trade war only a modest, front-loaded, and
quickly reversing inflationary impulse for the EA.

Isolating the dollar-pricing channel. Of the four transmission channels identified above, the
muting of expenditure switching by dominant-currency pricing is the one tied to the invoicing
structure of the data. We isolate its contribution with a counterfactual that shuts down
dominant-currency pricing: holding the calibration and the U.S. tariff on China fixed, we
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EA responses to observed 2025 US-China tariffs (joint)
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FIGURE E.3. Euro Area responses to the observed 2025 U.S.-China tariff schedule under the
baseline Taylor rule (dashed) and the optimal simple rule (solid). The observed sectoral tariff
levels are converted into wedge innovations by first-differencing the log gross tariff; the
simulation runs from 2025Q2. Columns: real GDP growth, CPI inflation, and the policy rate,
in percentage points.

replace the empirical mix of producer-, local-, and dominant-currency invoicing with uniform
producer-currency pricing and re-solve for the EA responses under both rules (Figure E.4).
The result is stark. Under the baseline invoicing, the tariff raises EA CPI inflation by about
0.05 percentage points on impact; under pure producer-currency pricing the same tariff
raises it by 0.001 percentage points—a spillover two orders of magnitude smaller—and the EA
output response changes sign, turning marginally expansionary. The inflationary footprint
of the U.S.-China tariff on the EA is therefore almost entirely a dollar-pricing phenomenon:
because the affected trade flows are invoiced in dollars, the tariff and the dollar movements
that accompany it pass into EA import prices irrespective of the euro’s bilateral exchange
rate, severing the expenditure-switching insulation that producer-currency pricing would
otherwise provide (Gopinath et al. 2020; Egorov and Mukhin 2023). The same logic explains
why the choice of rule becomes immaterial in the counterfactual: with the cost-push channel
nearly switched off, there is essentially no inflation-output trade-off left for the central bank to
resolve, and the Taylor-rule and OSR responses collapse onto each other. Dominant-currency
pricing is the feature of the global economy that turns a bystander into an exposed party:
the EA’s insulation in a trade war is contingent on the invoicing structure of its imports, not

merely on its distance from the tariff.

Core versus headline targeting. The loss accounting establishes that re-optimizing the rule is
worth roughly a quarter of the baseline loss in the energy environment, but not where that
gain comes from. The energy-shock dynamics point to a specific diagnosis—the baseline rule
over-tightens because it responds mechanically to a first-round headline spike that monetary
policy cannot control—and the classic remedy for that failure is to target core rather than
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EA responses to USA — CHN tariff: invoicing counterfactual
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FIGURE E 4. Isolating the dollar-pricing channel in the Euro Area spillover of the U.S. tariff
on China. Each panel reports the EA response under the baseline mixed invoicing of the
calibration and under a pure producer-currency-pricing counterfactual, for both the baseline
Taylor rule and the optimal simple rule. Columns: real GDP growth, CPI inflation, and the
policy rate, in percentage points. The tariff is scaled to a 10 log-point increase. Under producer-
currency pricing the spillover to the EA nearly vanishes and the two rules coincide.

headline inflation (Bodenstein et al. 2008). We test it directly, feeding the baseline rule core
(energy-excluding) CPI in place of headline CPI while holding its coefficients fixed, and
compare the resulting EA responses with the headline Taylor rule and the OSR (Figure E.5).
The change in target alone closes most of the gap. The headline rule raises the policy rate by
about 0.07 percentage points on impact and holds it elevated for years, chasing a first-round
headline impulse of 0.17 percentage points; the core rule, responding instead to the much
smaller core impulse of about 0.04 percentage points, raises the rate by only 0.02 percentage
points, roughly halves the impact contraction in output growth, and—because the first round
is policy-invariant—delivers essentially the same headline inflation path. In loss terms the
core rule attains a 22.8% reduction relative to the headline rule, against the 24.7% delivered
by the fully optimized OSR: looking through the first round recovers about ninety percent of
the gains from optimizing the simple rule. The residual is the network’s contribution. The
OSR improves on core targeting not by treating the first round differently—neither rule can
affect it—but by leaning on output growth to damp the second-round inflation that sticky-
price sectors generate as they pass the energy cost through the input-output structure and
indexed wages. The core-versus-headline prescription of Bodenstein et al. (2008) therefore
survives, and indeed accounts for the bulk of the gain from optimizing the simple rule,
in the multisectoral open economy; what the production network adds is a second-round,
domestically produced component of energy inflation that a fixed-coefficient core rule leaves
on the table and that the speed-limit form of the OSR is built to reach.
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EA responses to the ROW energy shock: core vs. headline targeting
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FIGURE E.5. Euro Area responses to the rest-of-world energy shock under three rules: the
baseline Taylor rule targeting headline CPI (dashed), the same rule targeting core CPI (dash-
dotted), and the energy-environment optimal simple rule (solid). Columns: real GDP growth,
CPI inflation, and the policy rate, in percentage points. The shock is scaled to a 10 log-point
increase. Switching the baseline rule from headline to core inflation recovers most of the
loss reduction delivered by the fully optimized rule.

E.5. Policy-Path Flexibility: Optimal Policy Perturbations

The OSR restricts the monetary response to a three-coefficient feedback rule. We assess
its robustness by allowing additional announced adjustments to the policy path, using the
optimal-policy-perturbation approach of Barnichon and Mesters (2023). The exercise retains
the calibrated multi-country model and the common 10 log-point rest-of-world energy in-
novation of Section E.4. Forecasts and monetary transmission responses are generated by
this same model. The benchmark therefore examines the OSR response within an expanded

space of policy interventions.

Criterion and policy announcements. Lett = 0 be the arrival of the energy shock, with zero
prehistory. We evaluate the conditional discounted criterion

o

(E.13) Jp=Yp [7?% MUy 02 Ay P + 1400 )%, 5= 099,
s

Inflation and GDP growth are quarter-on-quarter deviations from their steady-state values,
with zero targets; the nominal rate is in quarterly units. None of these variables is annualized.
The first policy-rate change is measured relative to the pre-shock rate, so Aij o = i; o.
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The EA rule is augmented by an additive monetary wedge:
it = prige—1+ (1 — pr) [%7? MUt oA yAyMU,t] +my,

H
_ _MP,0 MP,h
(E.14) me = + E € p -
h=1

All perturbations are observed at date zero. A realization 534P’h = x announces a wedge
of x at date h, which is delivered with full credibility. Its effects on expectations, activity,
inflation, and the endogenous component of the interest rate can begin immediately. The
announcement fixes the future additive wedge in (E.14); the total rate also responds through
the feedback rule. The wedge has unit loading outside the smoothing factor (1 — p,). The
central case includes the contemporaneous direction and one news direction for each horizon
from one to eight quarters; sensitivity exercises set H = 4,12, 16.

Construction and interpretation. Stack the baseline OSR paths of inflation, GDP growth, and
policy-rate changes in ¢°. Let Ry collect their responses to the H + 1 date-zero perturbations.
At first order, the adjusted path is g° + Ryd. With period weights W = diag(1, 0.2, 1.4) and
discounted path weights Wy = diag(W, SW, B3?W,...), the minimizing perturbation is

-1
(E.15) 5 =— (szgwﬁﬂzH) REW5q°-

The resulting path minimizes (E.13) within these announcement directions. The loss includes
the response after the last announcement has been delivered. Numerically, extending the
evaluation horizon from 400 to 800 quarters changes minimized loss by less than 4.3 x 10~/ of
baseline loss across the reported cases. A direct equilibrium simulation of the energy shock
and the chosen date-zero announcements reproduces the superposed OPP path.

The OSR coefficients are those used for the Section E.4 energy experiment. They were op-
timized for the unconditional-variance criterion; OPP is optimized for (E.13). All paths below
are evaluated with this common conditional discounted criterion. The gap can therefore re-
flect both policy-path flexibility and the difference between the original optimization criteria.
Isolating the contribution of the simple-rule restriction alone would require reoptimizing its
coefficients under (E.13). The criterion remains an operational stabilization objective rather
than a household-welfare measure.

Robustness of the energy OSR. Table E.4 normalizes the discounted loss under the baseline
Taylor rule to 100. The existing OSR lowers it to 74.77; the eight-quarter OPP lowers it further

to 68.34. Thus the additional reduction is 8.59% of the OSR loss, or 6.42 points of the initial
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Loss Gain over

Policy H (Taylor = 100) OSR (%)

Taylor rule - 100.00 -
OSR - 74.77 -
OSR + OPP 0 74.21 0.75
OSR + OPP 4 68.39 8.53
OSR + OPP 8 68.34 8.59
OSR + OPP 12 68.23 8.75
OSR + OPP 16 67.97 9.10

Notes: Conditional discounted losses after the common 10 log-point energy innovation, with § = 0.99 and
period weights (1, 0.2, 1.4). The Taylor-rule loss is normalized to 100. Each H includes one contemporaneous
direction and all news horizons 1,. .., H; H = 0 permits only the contemporaneous perturbation. The final
column measures the reduction relative to the existing OSR, evaluated under the same discounted criterion.

TABLE E.4. Energy OSR robustness to announced policy perturbations

Loss component OSR OSR + OPP Change (%)
Headline inflation 66.62 57.17 -14.18
GDP growth 4.80 10.90 +126.97
Policy-rate changes 3.35 0.28 -91.76
Total 74.77 68.34 -8.59

Notes: Discounted weighted contributions to (E.13), on the same scale as Table E.4. Components sum to total
loss before rounding. Changes are measured relative to the corresponding OSR component; positive values
indicate a higher loss.

TABLE E.5. Composition of the eight-quarter OPP gain

Taylor-rule loss. The OSR captures about 80% of the total loss reduction attained by this
perturbed policy path relative to Taylor. The additional improvement is 8.53% with four
quarters of news and 9.10% with sixteen, showing that extending the announcement horizon
beyond the central eight-quarter specification adds little to the measured gain. The policy
spaces are nested, so minimized loss is non-increasing in H by construction; the informative
result is the small size of the additional improvement. A contemporaneous perturbation
alone delivers only 0.75%, so the announcement directions account for most of the additional
gain.

The additional improvement involves a stabilization trade-off. Figure E.6 shows a smaller
initial nominal-rate increase and lower impact headline inflation under OSR plus OPP, along-
side a deeper initial contraction in GDP growth. Table E.5 shows that lower inflation and
policy-rate-change losses outweigh a higher output-growth loss under the stated weights.
The robustness result concerns the aggregate criterion and the attainable announced policy
paths; its loss decomposition identifies the additional real-activity cost.
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FIGURE E.6. Policy-path robustness of the energy OSR. Responses to the common 10 log-point
rest-of-world energy shock under the baseline Taylor rule, the existing energy OSR, and OSR
plus the eight-quarter OPP. All news are announced when the energy shock arrives. GDP
growth and headline inflation are quarter-on-quarter, without annualization; the policy rate
is quarterly. All panels report deviations in percentage points.

Appendix F. Model Derivation and Log-linearization

In this section, we derive model equilibrium conditions, outlining the final set of log-
linearized equations. We further enlarge the theoretical model presented in the main text—
which only contains exogenous perturbations to the foreign price wedges and the monetary
policy shock—to accommodate the standard shocks in the literature: an internal demand
shock, sectoral TFP, sectoral price cost-push shocks, and wage cost-push shocks.

F.1. Households

Each household is made up of a continuum of members, each specialized in a different
labor service, indexed by g € [0, 1]. Income is pooled within each household, acting as a
risk-sharing mechanism. The per-period utility function (1) is modified to accommodate
nominal wage rigidities, external habit formation, and a discount factor disturbance. Namely,

1+
/1 Ngk,t
0o 1t+e

<Ck,t - hka,t—1>1_U

(F.1) —

Ut =

Zk,t)

where Ng; ; denotes the labor supply of labor service g, Z; ; is an exogenous preference shifter,
o denotes the inverse of the intertemporal elasticity of substitution, h; € [0, 1) controls the
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degree of keeping up with the Joneses, and Ck,t—l denotes lagged aggregate consumption,
taken as given by the household.?!

Consumption Demand Curves. The allocation optimal allocation between energy and non-
energy goods is the result of a cost minimization programme min P CE + Pk . C , subject
to (E.3). Similarly, the optimal allocation between energy (non-energy) consumptlon is the
result of a cost minimization programme min ) ;- P,Si} (Crip (mind ep P]Ei) +Cri,¢) subject
to (E.4). Finally, the optimal allocation between the different consumption goods is the result
of a cost minimization programme min Z{{:l(l + Tha ) (L T i t)Pllzl i +Cr1i + subject to (E.6).
The implied demand curves are given by

1 1
o¢C,\ ¢ 1-¢, .\ ¢
CE _ ¢ [ %%kt CM _ C 0p )kt
(F.2) Pk,t = Pk,t (—CE ) and Pk,t = Pk,t <—CM )
k,t k,t
1 1
~CrE \ 7c CeM \
vy.C ¢ C C
C,E ki~k,t . C cM | Yki k,t .
(F.3) PS ., =py 2 V ielg and P}.. =P V oiely
ki,t k,t Cki,t ki,t k,t Ckl,t
o\
K _pc [ SkiCkit
(F.4) (1+Tkli,t)(lw,yi}t)Pkli,t =P, (—Clldit ) V I €K.

The log-linearized versions of the consumption demand curves (F.2)-(F.4) are given by

~CE . ~CM _ .
(F'S) pkt - _(Akt Cft) and pkt - (C\k,t_ CZ]XIt)
~C ACE ~C ACM

(F.6) Pt — Pry = C ot~ i) and Py, — = @M Ckiyt)

(F7) W +A._AC.:iA._A.

: Tkli,t T Trlie T Prliyt — Pkt 5c Cki,t — Cklit

CE_ CE ¢ ~CGM_ . CGM C ~C _nC C

where p’ = P’y — P Py =Py — Prp Prie =P — pkt’ and p pkltt pkllt Py are

well-defined as a ratio of prices.??

2lEach household takes as given labor income since wages are set by labor unions and employment is
decided by firms. Thus, the only decisions made by the household are the optimal allocation of consumption
expenditures among different good varieties across different countries, and the optimal intertemporal allocation
of consumption. In equilibrium, Cy ;_; = Cy ;_;.

22The individual price levels are not well-defined in steady state, but their ratio is.
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Currency Pricing Paradigm. Under PCP, using the log-linearized version of (12), we obtain

(F.8)
~k _ .k c _,l c _ 1 C C CHy=— l
Pxiit = Priie — Prt = €kt Plit — P = Gk T (Pri;t — pl,t) + (Pz,t - Pk,t) = Plitt Qi p
(F9)
c _ . c _ . C _~
plkl t= Pua t — Prt = Pikit — Pkt = Prit — Prt = Prits

where we have used that, under PCP, Pkll ¢ = P1i,; since the law of one price (LOP) is satisfied;
the transformation py; ¢ = py; ; — pl . and the definition of the bilateral real exchange rate

_ C . . .
between country k and country m: Qy; ; = P;¢ ;€ kl,t/Pk) .» which log-linearized takes the form

m

— C C
(F.lO) qk,t - e]r:t + pm,t - pk,t'
Under LCP, using the log-linearized version of (14), we can write

(F.11)
Biiie = Phiie— Prs = Puiie
(F.12)
ﬁki,t - p?ki,t - pg,t - ei,t t Pikit — pg,t = (Prkiye — plc:t) + e;@t + plcit - pg,t - q%@t * Pii,e
where we have made use of (F.10), and of the definition py; = py; s — pi "
Under DCP, using the log-linearized version of (16), we obtain

(F. 13)

Piie= P — Por=Cps+ Prie — Py = oy (Pri — Ps,) + Pls,e — Ps=dos* Prie
(F. 14)

i kit = = pf kit Pﬁt = e}}? + Priyt — Pf,t = e}}? + (Pt — pICJS,t) + pICJS,t - Pg,t = qi{? + Drit
where we have used that, under DCP, py; ;= p;; t although it should be noted that the LOP is
not satisfied, the transformation p;; ; = py; ; — pUS’t, and the definition of the bilateral real

exchange rate (F.10).
To summarize pricing, using (F.8), (F.11), (F.13), (F.9), (F.12), and (F.14), we have that

qi,t + Prip ifi€ Ipcp, Dii t> if i € Ipcp,

=k _ )~ or ~k = _ I ~ or
(F.15) Priit =  Pxli,e ifi € Icp, » Prkijt =\ 9kt Piki,e ifi € Icp,
Grs* Prip ifi€ Incp. aps + Prip  ifi € Incp.
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Consumption Baskets. The log-linearized consumption aggregator (E.3) is given by

C o~
(F.16) oot = 05 (1= op)eyy
oFcE oL (CE X poMcM cM <
here o = —k = c | A& and 1 — ol = =k =(1- VC — can be
W oy PCC (Qk) (Ck o PG = ( Qk) Cy

verified using the steady-state consumption aggregator (E.3) and the demand curves (F.2).
The log-linearized versions of the energy and non-energy consumption aggregators (E.4)
are given by

~F _ -~ -~ _ ~
(F.17) Coe= D vk and G = D vt
iEIE iEIM
nc—1 -1
Ckl _ Ckl nc _ Ckl Cyi tc .
where vy; = = (g ) < cl and vy; = g MCM = (ug ) CM can be verified

using the steady—state energy and non-energy consumptlon aggregators (E.4) and the demand
curves (F.3).

The log-linearized version of the final layer of the consumption aggregator, (E.6), is given
by

(F.18) Cir=> (it
=

so-1

where (3;; = (Ckl ) i (Ckkll) °C can be verified using the steady-state international
1

PC C
consumption aggregator (E.6) and the consumption demand curves (F.4).

Price Indices. The different price indices can be derived by combining the consump-
tion demand curves previously derived with the different consumption aggregators. The
consumption price index, the energy and non-energy price index, and the consump-

1
tion import price index are given by PIE‘; ;= [gk(PC E)1_76+(1— Eg)(ng’iV[)l_VC] e
1
CE — 1-n I-n¢ 7]C ¢,M — 1—ic | e C —
Py = [ZIGIE V(P ki, t) C} » Py F [ZLGIM Ug(P ki, t) ¢ , and Pp. =
1
{Z{il gfli[(l + 7y i,t)Pkli t]1_5C} '7C Their log-linearized counterparts are given by

~C,E ~C,M
(F.19) 0=0of pk’t +(1- o) P,
(F.20) F= > vaBh, and PP =3 B,

lEIE lEIM
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K
~C _ ~k w
(F.21) Pkit = Z Cai(Praiye * Thiyt + T o)
1=1

Intertemporal Household Problem. International financial markets are incomplete, H = 1in
(4), with households in each country only having access to two risk-free bonds. More precisely,
the household in country k has access to a domestic bond, and an internationally traded
bond, BE’ ., issued, without loss of generality, by country K and denominated in country K’s
currency. The agent maximizes the present discounted value of per-period utility flows (F.1),
with discount factor /3, subject to her budget constraint,

1
C K K K —
Pk,tck,t + Bk,t + Bk,t 1— 11(NFAI<,t)} 8k,t + =kt <

1
(F.22) Byt 1(1+ipe 1)+ Bﬁt_lﬁfit(l +ig 1)+ /0 W, :Nok, 1d8 + 1y ¢ — Ty ¢

where fol Wi +Nei, ¢dg is the nominal labor income received by the representative household,

= is the net foreign asset position of households in the countr and where
NFAE =BE X is the net foreig t position of households in th try k, and wh
) ) )

L'(x) = vx (exp {x/‘é k,t} - 1) is an external financial intermediary premium that depends
on the economy-wide net holdings of internationally traded foreign bonds as a ratio to the
national nominal GDP Y kb with v, > 0.23 The incurred intermediation premium is rebated
to households in a lump-sum manner through the fiscal instrument =; ;. Finally, T} ; denotes
government transfers, also rebated to households in lump sum.

The above program delivers two sets of different Euler conditions,

(F.23)
—o ~o Itigy Zpyn
7rk,l‘+1 k,t
(F.24)
- K
-7 —o I+igy 8I<,t+1 Zg 141
<Ck,t B hkck,t%) =Eif (Ck,t+1 - hkck,t> —c [1 - 11(NFA£7¢) K 7 Vk 7K
ﬂ—k,t'*']. k,t th

where we assume that the (log-)demand shock follows an AR(1) process:

(F.25) Zk,t = piZk}t_l + gi)t

Z3The role of this intermediation premium is to stabilize the net foreign asset position in response to transitory
shocks, a common practice in open economies with incomplete financial markets (Schmitt-Grohe and Uribe
2003). Furthermore, this specification guarantees that, in the non-stochastic steady state, households have no
incentive to hold foreign bonds and the economy’s net foreign asset position is zero.
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where 2y ; :=10gZ; ;, andef  ~ N (0, a,%z).
The log-linearized version of the household’s first-order conditions (F.23)-(F.24) are given
by

S T 1 1— Iy
(F.26) Ck,t = ]_+—hkck’t_1 + 1+—thtck,t+l — O_(Thk)(lk t Etﬂ'k t+1) (1 n h )(1 ,Ok)Zk}t
~ hk ~ 1 ~ 1-— hk 1-—
Cht = ch,t—l t WEtCk,tﬂ - m(th Et77k )t S0+h )(1 Pt
— -k

where we define the different log-linear NFA positions as nfa,< ;= BIk< t&f /9y and nfa%}J =
B%IPS U, ¢/ Jg since Bk =0and BMU 0 in the steady state, and

I _ )l l
(F.28) Aek)t =t~ St

Combining the log-linearized first-order conditions for the holdings of domestic and
internationally traded bonds (F.26)-(F.27), yields a risk-adjusted Uncovered Interest Parity
(UIP) condition

(F.29) i) — ik = EtAeKHl V*nfait.

F.2. Firms

We augment the production function (E.1) to include a sectoral TFP shock Ay, ;,

1 w—l 1}) ww P—17ki
(F.30) Ykif, Akl t Oé k f; ﬁleklf, 3

where the (log-)TFP shock follows an AR(1) process:

(F.31) kit = pkla’kl t—17F 5k1 t’
= 2

where ay; ; := log Ay, ;, and E(Iii,t ~N (0) 0kia>'

Intermediate Input Demand Curves. The optimal allocation between labor and intermediate

inputs is the result of a cost minimization programme min Wy ;Ny; ¢ ; + PX X, £t subject

ki,t
to (F.30). The optimal allocation between energy and non-energy intermediate goods is the

result of a cost minimization programme min Pii EXfl Pii MXM . subject to (E.3). Similarly,
) ) J
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the optimal allocation between energy (non-energy) intermediate inputs is the result of a cost
o e . . X . X . .

minization programme min ) iy, Prij +Xrij ¢ (min} e, Py +Xkij,¢) subject to (E.5). Finally,

the optimal allocation across source countries for each intermediate input is the result of a

cost minimization programme min Zle(l + Thrj, ) 1+ Tkl] t)Pkl] Xk1ij,¢ subject to (E.6). The

implied intermediate input demand curves are given by

1

w—l A=y)A=9) / ~ Y v
D ki Vi £t
w32 =M AL it ()
1
w1 )00 /5 v\
(F.33) PX | = MCyi Ay Fy Yy _kiTkift
kifyt Xkif,t
1 1
05X\ X 11— 05) X4\ X
,E _ leXkl,t M le kl,t
(F.34) Pﬁ.’t —Pi(i,t< XE and PXL PE, X
it it
(F.35)
1 1
o (%) o (T
PX-- = 7 # Y ] c IE and PX = ? # v ] c IM
kij,t ki,t sz],t kij,t ki,t Xkl], ;
1
gX X ox
w k _ kLij“ky,t
(F.36) (1 + Tkl])t)(]- + Tklj,t)Pklj,t - Pli(ij,t —Xkl l] . l €K

The log-linearized versions of the labor and intermediate inputs demand curves (F.32)-

(F.36) are given by

e Wyt R IS B
(F.37) Wy, — MmCy 4 = a L <y- — Ty >
k,t kit wwkl kit wwkl klf, 1/1 kif,t kif,t
U1 A—dO—w) . 1.
(F.38) P — ey, = ag; ++ L y (y £ — X >
kit kit ¢¢k1 1,t ¢¢kl klf, 1/) kif,t kif,t
(F.39)
~XE ~x _ 1 /- ~ XM ~x _ L1 o/o -
Prip = Prie = 2 (xki,t - xfi,t) and  py/y — Phit = x (xki,t - xli\;[,t)
(F.40)
~X ~XE_ 1 (g ~ . ~X ~xM_ 1 /- ~ .
Prij,t — Pkl t oy (xki,t - xkij,t) vV jelg and Prij,t — Pkl t oy (x;i\ft - xkij,t) V jelm
(F.41) T T PN — P - Xiji t — Xilii vV ITekK
: klj,t T Tkij,e T Pkijt — Prijt oy \Kiit T Xkt

5 = C fe... = .
where Wit = Wit — Pip MChip = MCljp —
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XM C ~X C
Pyt = pkl ¢t — Prpand P = pi(ij,t ~ Pry

Intermediate Inputs Baskets. The log-linearized intermediary input aggregator (E.3) is given
by

X o~
(F.42) Trir = g+ (L= 0%
pXEx E 2zt pXMyM M %l
XE\ 7 N XM\ 5
where g7, = ;&X ki = = (0} )’YX —ki) ¥ and1- o = ;‘;MX Ko=(1- X)'VX o " can

be verified using the steady-state intermediate input aggregator (E.3) and the input demand
curves (F.34).

The log-linearized versions of the energy and non-energy intermediate input aggregators
(E.5) are given by

~ _ X =~ =M _ X =
(F43) x]’fi,t => ViiiXij,e  and kai,t = Ukij*kij,t
jGI E ] €lm

nx—1 tx—1
PXX X n )2 1 /X P
— _kj kij — kij X X _ kij“+kij — (=Xt kij X
where Viii —Pi( EXE = (v kz]) ( > and Ulj Pi(MXkM (Uki].) X b can be
1 1 1

verified using the steady-state energy and non-energy intermediate input aggregators (E.5)

and the demand curves (F.35).
The log-linearized version of the final layer of the intermediate input aggregator, (E.6), is

given by
~ _ X ~
(F.44) Xijt = > G i7XKl ij,t
PyiX X\ X
3 : : . :
where Ckl ’ ;}lg sz ¥ = ((; & l])‘S ( K > X canbe verified using the steady-state international

intermediate 1nput aggregators (E.6) and the demand curve (F.36).

Price Indices. The different price indices can be derived by combining the inter-
mediate input demand curves previously derived with the other intermediate in-
put aggregators. The marginal cost of production, the intermediate input price in-
dex, the energy and non-energy input price index, and the input import price in-

. = A My —1y A=Yl [5 ! 7 ox
dex are given by MCy;, = Ay} ’“wkl Ykz Lk [ak ktw + 0;(PX i e ﬂ > Pt
1
,E\1— WMy1— —yX JE o _ ~X 1— T=nx Mo _
[ Pl}jz t (- th Pi(z t ) WX} Pi(l t [Z]EIE kl](Pkl] t) UX} ’ Pli(i,t a
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L 1

1—ux | T=nx X K =X . ypk  11-6x | I=6x : )

[ZJGIM Ukl] kz] t) X , and sz] ¢ {Zl:l <I<l ij[(l + Tkl],t)Pklj,t] X} . Their log
linearized counterparts are given by

X
_ 1 — g~ 1 My WiNki o My PriXii ~x
(F45) mcy; ; = lJ’k pm g T Wy D
PRy T g Y PV Ot Yk PV P
=X _ XoXE |
(F.46) Pkijt = Qkipki ¢ +(1— le)Pkl t
AXE
(F47) Biie = O VP and By = Y o Bl
]EIE J€lm
~X
(F48) Phij,t = ZCkzu(sz], *Thjt TR )
=1
g\ 1Y =gy \ 1Y
Vi X Xv Yk
My WiNi _ [ WiV ~ My PiXii _ | Pra¥i 3 -
where Ui PriYii MCyi g ay; and Ui Pri¥ii MCp;ty Yx; can be derived

using (F.32)-(F.33) in steady-state.

Production Structure. The log-linearized version of the production function (F.30) is given by

(F.49) Viif,r = Akip T Migogifg £ r + MigUpid £ 1
1—v;)1-9) 1
. .. _ WiNy; _ N, pibyg a;Y;
where the identities My;ap; = My PlfiYI]:il = k‘z/)kl PR < Z’i}klkl> and My,
(A=) A=y) 1

Xkl Xk
Mkl Pk Ykl lwkl ki

the firms’ problem (F.32) and (F.33) in steady-state and the standard monopolistic competition

POk ﬁ’}%—z’“ can be verified using the first-order conditions from
1

pricing condition in steady-state, P;; = M;MCy;. Using the previous identities, together with
the production function (F.30) in steady-state, one can verify that

Xx,.
WiNis | o, PeXei _ WiNig . PiiXi

(F.50) My =
"PLYy  MPLYy  MCRYy MCYy ©

F.3. Price-Setting

Relative to the price-setting block in the main text, the quantitative model allows non-reset
prices to be partially indexed to lagged inflation. This section derives the corresponding
optimal reset-price condition and Phillips curves.

We extend our framework to allow for a time-varying elasticity of substitution between
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different good varieties, in order to micro-found price cost-push shocks. We extend (3) to

eb Nk —1)
(F.51) ym, = I(Ym )(Efif_l)/elfitdf kit kit
. klit — 0 KLif,t ) A )

where Y7 ¢ denotes the demand for domestic sector i from country k invoiced in currency m
in country [. The implied sectoral price index is

1

1 l—6p~ l—e]fi ;
(F.52) P;(Tlll,t = /0 (P]T(T;lf,t) kl’tdf .
Producers of each differentiated variety face the demand function
—€lis
m — m 1, m
(F.53) Vidipeslt = <P ki, t ki 1, o/ PEI i,t+s> Yidi t+o2
where I} 0 =1land, fors > 1,

S P P
m o _ Xki
(F.54) Thies = 11 (Hz Ki b7 1) (Hk trr— 1) :
r=1
Firms set prices ala Calvo, and non-reset prices are indexed according to J7; Kit,s . The aggregate

price dynamics are therefore described by

p 1€,
_ p Py [(pm m kit
(F.55) (I t) kit = pF. +(1—0) <Plki,t/Plki,t—1> )

% (~C Xki
( kit 1) (Hk,t—1>

which can be written in log-linearized terms as

p
p p] 1—€ s

m p P\(=m m
(F.56) kit = Ok (kﬂlklt 1 XET e 1) * (=0 Pl — Pirie—1)-

Denote by Pf. ¢ the price of a good from sector i, originating in country k, sold in country
[, and invoiced in 'the currency of country m. The per-period nominal profits of the domestic
firm producing good from sector i are then given by

(F.57) My ¢ = Z Z EpsP ﬁi,tYlmki,t = Cri,¢ (Vi z)

1=1 m=1

where Yj; ; = Zﬁl SK Y[Zi’ . denotes the total demand across destination markets [ and
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invoicing currencies k. Cy; (Yy; ;) denotes total costs of country k firms in their home currency.

Consider the pricing problem of a firm from country k selling in country [ and invoicing
in currency m, and denote }_)?;La-)t its optimally-chosen reset price. Written market by market,
the problem is

At t+s m
(F.58) max Z { L. [8k 5Pkt ki s Y1k sl — Chi s (Yz ki,t+s|t>]
Plkit 's=0 ki,t+s

subject to the sequence of demand constraints (F.53), with Py; ; = P]I:ki .- The optimality
condition associated with the problem takes the form

> Pys A Yl ki t+3|t m _
(F.59) > 08 p—[gk 5Pl ] Kit,s ~ M, t+sMChi pasfe] ¢ = 0.
=0 ki t+s
Let llpliz ts = > ( f:l T o1 sz Ig e 1) denote the log cumulative indexation adjust-

ment. Thus CPI 1ndexat10n is always to producer-country CPI inflation. A first-order Taylor
expansion of (F.59) around the zero inflation steady state yields

o
R ! ’m
(F.60) Pl = (= 56f) > (B6])Ee <mcki,t+s|t = s T Mk ks — llpki,t,s> :
s=0

The log marginal cost for an individual firm that last set its price in period t is given by
(F.37),

_ P —1 (1 — ) = ¢) 1 _
MChi prslt = Whotrs ™ Ak, r+s—108 Y — @Z’;Dk' i teslt =3 [log it Vi pas|t — Mhi |t | 2
1 1

where ny; 4.4, denotes the log employment in period ¢ + s for a firm that last reset its price
in period ¢, and where we have made use of (F.37). Letting mcy; ; = fol meyrpdf = (1 -
651.) Z?ﬁo(eé)smcki}ﬂt_ s represent the log average marginal cost, it follows that

(1 — )1 — )

1 ~
mcy; ; =w y-——[loga-+y-—n-}.
ki,t = Wkt — iy kit b ki kit ki, t

v —1
T ——— i — log iy —
1

Thus, the following relation holds between firm-specific and economy-wide marginal costs

(1= Y) A =) 1
MChi t+s)t = MChi t+5— Vi Yii,t+s|t = Ykiyt+s R Yii,t+s|t — Ykijtes ) — \ ki, t+st — Tkiyt+s ) | -
1

Notice that, making use of both marginal cost expressions (F.32)-(F.33), the identity x;; 1., —
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Xki ts = M, tos|t — i, t4s 1S satisfied. Hence, we can write

X
WiNii PiXki
Yii,test — Yiijtrs = | M + My
LRSIt i s [ "PaYy o Y PYy

(M, prslt — Mk, t+s) = ki (i, s — Tk, p4s)s

where we have used the identity (F.50), and where we have used the linearized production
function (F.49). We can finally write the relation between marginal costs as

_ Ui _ A=) (o .pm m
MC; 4|t = MChi p4s T Vx; <yki,t+s|t - J’ki,t+s> = MCpj 45 — —Wi (Pz kit Ty kits Pl ki,m) .

Introducing this last expression into the log-linearized firms’ FOC (F.60), we can write

(F.61)
> i (1 — e,
—-m  _ p Pys ki’°ki (=m - p,m m m A
Prii,e = (1= 66) > (B0 MChi,t+s — T on (Pz kit T Ukies — Pl ki,t+s) = Chtes T ki tes T Yt s
s=0 L
(F.62)
w -
.p,m
= (11— B08)> (BOF)°E; OimCy s + (1= Or)) Pl s — OkiCh tas T Okibki 45 — if ki’t’s]
s=0 )

Rewriting the (linearized) inflation dynamics (F.56) as

oF
—m m o _ ki m p_m p_C
(F.63) Pikit — Plkit = 1_oP [Wz kit — “kiTlkit—1 in”k,t—l] :
ki

Subtracting pﬁd ,on both sides of (F.60), and inserting (F.63) on the LHS,

oF il
ki m pP_m p_cC — p Pys . . _ pin _ mn i .
[~ gF Tk ~ ki t-1 ~ in”k,t—J =(1-p05) > _(B0f)°E: [le(mckl,ﬁs Plkitrs — Chtrs) * Plkiees
ki s=0

(0.9
= 01— 00F) S (B0F)Ee (mey g — Pl s — s + ki 105)
s=0
(F.64)

>0
p Pys m p_m p_C
+(1-50) Z(ﬁeki) E [Wz kijt+s — “ki"Lkijt+s—1 in”k,m—J :
s=1

Taking conditional expectations at time ¢ + 1, multiplying by 69,5, and rearranging terms
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using (F.56), we can write

1
m  _ . . .m_m m P_m
kit = Z {"ﬁkz (mckz,t Plki,t ek,t)+5Et”1ki,t+1“ki”1ki,t_1
1+ By
p_C P C ,.p
(F.65) Xk -1~ PXi ke uki,t} )

where ry; = O;(1 — 05)(1 — poF)/0F.
We assume that the sectoral price cost-push shocks u it = Killki,e = k(K ¢ — Hig), micro-

founded through a time-varying elasticity of substitution e,f in (3), follow independent AR(1)

processes:

P o_ p,p P
(F.66) Uit = Pritkir—1 F i

. . . p ~ 2
where the innovation is kit N (0, Ukip) .

Producer Currency Pricing. Under PCP (m = k), the price is set in the producer currency and
Wﬁki, ; = Tki,p» SO We can write (F.65) as

_ 1 p
it = 7 i {"vki (mcki,t - Pki,t) + BBt 1 T 0Tk p—1
o Erl, = BxEal, +ul
ki"k,it—1 ki"k, ¢t kl,t
1 C C p
= —1 Y {Fuki [(mcki,t — P — (Priye — Pk,t)] + BBt g1 U TR -1
xErl, = BxEal, +ul
ki"k,it—1 ki"k, ¢t kl,t
T 1+ 4.2 3 5 {"vki (mcki,t - Pki,t) + BBt 1 T 0Tk r—1
1
C C
(F.67) +Xll<?i7rk,t—1 - ﬁXk Tt ™t ulf t} )

where the sectoral-inflation rates and sectoral-level real prices (py; ;) are related through the
identity

- C
(F.68) Thiyt = Pkit = Pkijt—1= Phijt — Prijp—17 Tk po

C
where p Pki,t = Pkijt — Prt
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Local Currency Pricing. Under LCP (m = [), we have w% kit = Tkt and we can write (F.65) as

Mkt T 1 P 5.7 Rk \MChiyt = Plkit — €ke) * OBtk 041 ¥ LTIk -1
ki
p_C pPC ,.P
Xk t—1 ~ PXpTr e uki,t}
_ 1 C C ! P
T1eal {“ki [(mcki,t = Pry) — (Prrie — Pry) — ek,t} + BBt ki, 41+ ki b1
1
p_C P C ,.P
Xk t—1 ~ PXpiTre uki,t}
_ 1 C C C C 1
- 1+ BLp {/fki [(mcki,t - pk,t) - (plki,t - pl,t) + pk,t - pl’t - ek,t:|
ki
P p_C P C ,.P
FOR T ki, 1 ¥ Tk -1 T X r -1 — X T uki,t}
1 —~ ~ l p
= Bk (MCi ¢ — Pikie — Ay ) T OB ki 01 01 KG 11
1+ ﬁL]I:i ’
p_C pPC ,.P
(F.69) Xk 1~ BXi e uki,t} )

which is the export Phillips curve, where we have used (F.10), and where

_ _ = -~ C
(F.70) Tlki,t = Plki,t — Plki,t—1 = Plki,t — Plki,e—17 T ¢
denotes price inflation in sector i exported to country ! from country k, where p; kit =

C
plki,t - pl,t'

Dominant Currency Pricing. Under DCP (m = US), we have wﬁsl + = i, and we can write
(F.65) as

1 US p
kit~ T P {’fki (mcki,t — Prit — ¢ t) + BBt pr1 T 0Tk, r—1
1+ fug; ’
p_C P C ,,.P
Xk -1~ OXir e uki,t}
_ 1 C C C C US
= 7 {/fki [(mcki,t — Pr) — (Prir — Pus,) * Py — Pus,: — & t]
1 + ﬁLkl 3] 3) 3]
P p_C pPC ,.,.P
OB 41 4T, -1 XgiTh p—1 — PN e © uki,t}
1 —~ = Us p
= 7 {“ki (mcki,t — Dri,t — 4k t) + BBt g1 T 0Tk p—1
1+ fug; ’
p_C P C ,,.P
(F71) Xk -1~ OXi e uki,t} :
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where the sectoral-inflation rates and sectoral-level real prices (py; ;) are related through the
identity

C
(F.72) Thist = Phijt — Pkijt—1 = Pkijt — Pkijt—1 + TUs

where py; = Py — p[CJS)t. For domestic sales, k = [, we have that

(F.73) Thkit = Thi,e and  Dixir = Phieo

and both the Phillips curve and the sectoral inflation rates are given by (F.67) and (F.68),
respectively.

Marginal costs and aggregate inflation. In this open input-output (I0) economy, the price
Phillips curves depends on the international supply network through the real marginal costs
faced by firm i in country k, ﬁl\cki)t. Combining the log-linearized intermediate input prices
indices (F.45)-(F.48), we obtain the marginal cost equation,

K 1
_ 1— i ~ 1
(F74) MCyy = — Vi — — Qki,p + MygapiWy ¢ + ZZMWH ij (sz it T Tkl 4T it >
Vi Vi 1=1 j=1

where, in the absence of a production subsidy, oy; = ryk' = ﬂﬁ% denotes the (steady-
1 1 1

. . PyiiX PyX
state) labor income share of total sales of firm i, wy;;; = ng'Yil'U = Mkkf\]/[C]: _ denotes the
17Kl 1 l

(steady-state) IO expenditure share of total sales of firm 1, and My; = ]fi/( fl 1) denotes the
steady-state markup charged by firm 1.
Writing (F.19)-(F.21) in first-differences, we can obtain consumer price inflation,

I K
C _ k
(F75) T = 2 2 Bt

=1 1=1
PuiCui _ c c
where f;; = % = Qi | Vkif% Liiergy t vkl — of) (1 - 1{1'61};})}’ and
kK _ .k ~k C
(F.76) kit~ Pkli ¢ pkl it—1 pk11 t~ Priit—1 + Tkt

F.4. Wage-Setting

Following Erceg et al. (2000), wage stickiness is introduced in a way analogous to price
stickiness. Labor unions specialized in any given labor type can reset their nominal wage only
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with probability 1 — 67" each period, independently of the time elapsed since they last adjusted
their wage. Unions that cannot reset their wage partially index it to lagged CPI inflation, with
indexation parameter x} € [0, 1]. We assume that firms employ a continuum of differentiated
labor services. In particular, Ny; ¢ ; is an index of labor input used by firm f, and defined by

i
61]:/—1

(F.77) Ny it~ / klg f; s

where Ny, ¢ ; denotes the quantity of type-g labor employed by firm f in period t. Note that
e‘,:j , represents the elasticity of substitution among labor varieties. Note also the assumption
of a continuum of labor types, indexed by g € [0, 1].

Let Wy ; denote the nominal wage for type-g labor prevailing in period ¢. Nominal wages
are set by workers of each type (or a union representing them) and taken as given by firms.
Given the wages effective at any point in time for the different types of labor services, cost
minimization yields a corresponding set of demand schedules for each firm f and labor type
8 given the firm'’s total employment N ¢ ;,

ngt kit
(E.78) Niigf,t = Wk; Niif,e
where
1W
1—e% 1—e
(E.79) Wit = < Wy tktd ) kit

is an aggregate wage index. Combining the previous conditions, one can obtain a convenient
aggregation result, fol Wk, tNrig f,:98 = Wi Niif,¢- That is, the wage bill of any given firm can
be expressed as the product of the wage index and the firm’s employment index.

Consider a union resetting its members’ wage in period ¢, and let W,’(’: . denote the newly
set wage. If the wage remains in place until period ¢ + s, it is indexed according to Wy ;. ; =

Kt Hs_ Hg ror )ka. The union chooses W;(‘, . in a way consistent with utility maximization
of its members’ households, taking as given the decisions of other unions as well as the paths
of aggregate consumption and prices. Specifically, the union seeks to maximize

N N1+(p
k t+s W k,t+s|t* Yk, t+s|t k,t+s|t
max E¢ E (BOy)° 1 P|C L I |
Wk t s=0 k t t+s 90
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subject to the sequence of labor demand schedules

W
Wiprsle | b 1
N tis|t = < Wi e /0 Ngk,t+sdg;

where Ny 1,.q; denotes the level of employment in period ¢ + s among workers that last reset

—0
their wage in period t, and Ay ; = Z; ; (Ck,t - hka}t_1> is the household’s marginal utility
of nominal income. The first-order condition is given by

o0
Wi st
Z(ﬁe;(,v)sEt |:Nk,t+S|tAk)t+g ( pe Mk t+SMRSk,t+S|t):| = 0)

=0 t+s
e o
where M}Q’Hs = Ek]:m 7> and MRSy 4..q; = (Ck,m — hka,HS_l) Nk sl denotes the marginal

rate of substitution between household consumption and employment in period ¢ + s relevant

to the workers resetting their wage in period t. Log-linearizing the above expression around

a zero inflation steady-state, and denoting the cumulative indexation adjustment by i/, - =
Y

Xp 1 7TI< ++r_1 Yyields the wage setting rule

e.¢]

(F.80) wi = (1= B0Y) D (B)°Ee (mrst+s|t Lt P s — ikw,t,s>
s=0

where u‘]gt =log M;:jt and mrs; = ﬁ(ck)tﬂ — i prs—1) + P a1
. - , .
Letting mrss+s = ﬁ(ckﬁs — hyci tr5—1) + o1y 145 define the economy’s average marginal

rate of substitution, where Mg p+s = 108 fol fol Ny f df dg denotes the log aggregate employment.
Up to a first-order approximation,

MISyg)e = MIStes + QMg par = M pos) = MISpas — € QW L+ 1y 0 — Wi pa).-
Hence, we can write (F.80) as
(F.81)

— BoY - "k s C w W, W
W;:,t i Ek Z(ﬁ@w) Et [(1 tep SO)Wk t+s (Wk,t+s = Pi prs — MISE p4s — “k,t+s> —(L+eg So)lk,t,s

where i/, - denotes the deviations of the economy’s log average wage markup.
)
Given the assumed wage setting structure with CPI indexation, the evolution of the aggre-
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gate wage index is given by

1
w

wil—€ _ow\ 1=€7
Wk,t = («9%/ [Wk,t—l(ng)t_l)xk k + (]_ — 9;:/)(W;:’t)l ek) k .

Log-linearized,
_ W w_C w
Wie = 0 (Wi 1+ X 7T1<,t_1) + (L= 0 )Wy -

)

Combining the last expression with (F.81), and letting 7Tkw) ¢ = Wit — Wi 1, We obtain the wage
inflation equation:

wo_ W g = -~ ~ -~ w
Tkt = Bk (1 "y (Ck,t - hkck,t—1> TNy — Wk,t) + ﬂEtﬂk,m

C C
(F.82) + X;;Vﬂ-k,t—l - 5X%V7Tk,t + ”z:t’
where
1— 6%)(1 — BOY)
_ — o C = (
(F83) =Wy — Wygoy = Wy — Wy 1 7S, np =k :

0y (L+ e p)

The first expression defines wage inflation and the second defines the wage Phillips curve
slope. Both aggregate consumption 2k,t and employment ﬁk,t appear in log-deviations from
their steady-state values, and Upy = H;;V//L\}:j ;= mz"(ﬁ‘]g s = Hy)-

We assume that the wage cost-push shock, micro-founded through a time-varying elasticity
of substitution in the labor demand aggregator, follows an AR(1) process:

wo— W, W w
(F.84) Ukt = Pk Ut—1 " Ckot

. . . w 2
where the innovation is St ™ N <0, Ukw)'

F.5. Monetary Authority

MU MU
K Z ok

K=, vke kMU,

The log-linearized bilateral nominal exchange rate (E.11) is given by e
In stationary terms, taking first differences, this can be written as

(F.85) A =0 ke kMU

Log-linearizing the expression for the real exchange rate (F.10) and first-differencing, we
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obtain
I — ALl
(F.86) Aqk,t - Aek,t + ﬂ.l,t - 7Tk’t.
The nominal exchange rates are cross-related by
I __ m m
(F.87) €t = Cht € p
and symmetry between nominal exchange rates is satisfied,
|
(F.88) et = "€ ¢

Log-linearizing and first-differencing the symmetry of nominal exchange rates condition
el =(ek ) lyields

(F.89) Ae]l(,t = —Aeit.

F.6. Market Clearing, GDP, and Trade Balance

Market Clearing. We first consider the goods market clearing condition (18). Pre-multiplying
Prip  _ Pri
b __ Kt ,t

Y BeiCr - B , and making use of (F.17),
K K I
Pri,t Yrir _ 3 PGkt Py 1Cliie ) Pt Py, th kji ¢
Er s o Pk 1=1 j=1 kt

K
-y Pri ¢ Pri,tCrii,e ZZ Prit Prj,eYijt Prid, e Xikji e
Prriv  Ere  PrjtYije

=1 % 1=1 ] 1
K
_ Priit E1t PriitCrrit Prit Ep ¢ PrjeYij e Prai e Xikiie .

(F.90) =) Z Z Viel

—~ Pryit Exe  Epg PrritExe Ere  PrjeYije

I=1
which we can write in steady-state as

Zylkﬁlkz+zzylk/\ljwlk]1 Viel
I=1 j=1

where the Domar weight for sector i in country kis \;; = % the cross-country scale

factor is defined as Y;, = I;ZCCCC and equals the nominal GDP ratio under the zero-net-
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. .. P Xive  PuXiie
export steady-state normalization, and the IO share is given by w;;; = g;lyll bi = P’f;.l%k?‘ =
i1 i1

Cl kjiﬁlj [Vljiﬂljl{iGIE} + Ulji(]' — Bl]) (]. — 1{i€IE})] 5 where we have made use of the law of one
price in steady-state, Py;; = P;;. Notice that 3;;; and wy;; can be extracted directly from the
data.

Hence, we can write the log-linearized version of the goods market clearing condition (18),
Yyi Vit = K <CZ KiClki,e * Z]I=1 X 15 kji)- Pre-multiplying the expression by Py;/E;, we can
write

K
(F.91) MiViie = D Yk | BukiCirie D \jwikiitiki
=l 1

where we have pre-multiplied the first expression by %
The log-linearized version of the labor market clearing condition (19) is given by

(F.92) TLth = Z 5kinki,t
C
Ny _ WiNy; PiYy PrCr _ ANk

N~ PuYu PCC, WiNie iy (l_wkj))\k
J=1 Mkj J

The NFA from the “global” country K (20) can be log-linearized to

where §; =

can be derived using (F.97).

K—1 K—1
1 K K — ~EXP ~IMP
(F.93) 3 nfap, ;- E nfay, =Tk (eXPK t 1mpK tt Pkt — PKt > )
k=1 k=1

the NFA from country k # K k ¢ MU, (20) can be log-linearized to

1

K K — o= ~EXP  ~IMP

(F.94) nfak,t — anak)t_l =T (expk " 1mp,< tt Pkt — Pt )

where pIMP = piNt[P and p%%P = p%jfp — pk .- The linearized export and import price

deflators are given by

(F.95)
I PCui+ YL PyX I I
~IMP _ kli“~kli 1+ kli<+klji + 5k _ ~k
Pkt =22 IMp] (Tkzz pklit) =D 0 Bui+d Ak (Tﬁiﬁpkut)
. p IMPk ot 4 - - g ]
I7k i=1 k 7k =1 j=1
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(F.96)
PiCrii *+ Xty PiXii

I I
AEXP Ak Ik w ~k
=2 Z PEXPEXP, ( Tikiyt * P ki,t) Z Z T, B+ D N (Tz kit T P ki,t)
k i=1

l?/kl_ ]1

Gross Domestic Product and Net Exports. Let us now move to nominal GDP (23). In steady
state, assuming zero net exports, P,];:XPEXP,< - PiMPIMP,< =0, we can write Y = chk. Using
the household’s budget constraint (F.22) in steady state, we can write

I
(F.97) Y= chk = Wy N, +11 = Wi Ny + Z (1 — ;\/D[]:) PYy
i=1 L
where the last equality makes use of (F.50).
Log-linearizing the real GDP (24) definition,
. PSC PEXPEXP;( __ PMPIMP, —
(F98) Vi = g ot T CXPl Ty Mgy = = Cpe + T (eXPk ¢ — fmpy t)

where second equality uses that nominal consumption expenditures will be equal nominal

. PPXPEXP; _ PMPIMP
GDP in steady state, and Y = & 7, 7, k is the export (or import) share of nominal

GDP.
The nominal exports expression (21) can be log-linearized to:

1
~PriCiri PriXipi -
exp _Ckitlki 5
Pk,t = ZZ PEXPEXPk Clki,t ]ZIPI]EXPEXPk Lkji,t
I

(F.99) =) Z BikiCirie + Y N @ik it

17k i€l j=1

where the export share of nominal GDP is given by

(F.100)
PEXPEXPk I I I
Tp=—F—"=) Z‘ézk Brii t Z Aljwrki| = i | =D [ Bt AkiWkkji
IZk =1 i=1 i=1 j=1
(F.101)
PIMPIMP

- ZZ Bkll+z)‘k]wkl]1

7k =1
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Similarly, the nominal imports expression (22) can be log-linearized to

I
PriCui 2 Pkllel]l =
lmpkt ZZ PIMPIMP kllt Z PiMPIMP kl]lt
j=1

Ik iel
I
_ -1 -~ =
(F.102) =3 ) T BriChie t Y Mkt e
1%k il j=1

Now we can combine the linearized expression for real gdp, and the expressions for real

imports and exports:

Pklcl kiz P lel Tki ki Pr1iCrii Py iXyj i
J’kt_ckt"'zz 1ki,t Z X1 kji, t TCkZi,t—ZT klji ¢
17k icl k j=1 k

I
=0t D | YirBiniCirie + Z YNk e — BraiChiie — O MG@kLixkii ¢
1ok iel =1 =1

Appendix G. Additional Figures and Tables

G.1. SOE Calibration

This subsection documents the sectoral objects used in the fully heterogeneous SOE calibra-
tion of Section 4.4. Table G.2 reports the import-invoicing classification sector by sector. The
binary classification records whether import prices are foreign-currency-sensitive, denoted
PCP-like, or local-currency-priced in the short run, denoted LCP-like. The classification is
based on the evidence on global invoicing patterns and dominant-currency pricing in Boz et al.
(2020) and Gopinath et al. (2020). The PCP-like group includes sectors whose empirical pricing
is either producer-currency pricing or dominant/vehicle-currency pricing. This mapping is
the relevant one for the binary SOE model because both cases generate domestic-currency
import-price movements with external exchange rates. The calibration assigns 19 sectors to
the PCP-like group and 25 sectors to the LCP-like group.
Table G.1 summarizes the aggregate parameter values.
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Parameter Value Target or source
Households

B 0.99 R =4.5% p.a.

© 1 Chetty et al. (2011)
Bu, Br Sector-specific ICIO tables (OECD)
Firms

I 44 ICIO tables (OECD)
Qy, Qp Sector-specific ICIO tables (OECD)
o Sector-specific ICIO tables (OECD)
eip 11 Ten percent markup (Gali 2015)
0 Sector-specific Dhyne et al. (2005)

Import invoicing

Sector-specific

Monetary Policy

i 0.8 Standard Taylor rule

o 1.5 Gali (2015)

by 0.125 Gal{ (2015)

DA 0 Gali (2015)

¢Ay 0 Gali (2015)

Foreign Shocks

oM 0.99 Persistent import tariff shocks
p?v 0.99 Persistent foreign price-wedge shocks
plX 0.99 Persistent export tariff shocks
oM 1 Normalization

U?V 1 Normalization

af( 1 Normalization

TABLE G.1. Calibration of the SOE numerical exercise

TABLE G.2. Sectoral import-invoicing classification

Sector EArW code

Import-invoicing classification

1 S01T02
2 S03
3 S05T06
4 S07T08
5 S09

PCP-like / foreign-currency-sensitive
PCP-like / foreign-currency-sensitive
PCP-like / foreign-currency-sensitive
PCP-like / foreign-currency-sensitive

PCP-like / foreign-currency-sensitive

Continued on next page
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TABLE G.2. Sectoral import-invoicing classification (continued)

Sector EArW code Import-invoicing classification

6 S10T12 LCP-like / local-currency-priced
7 S13T15 PCP-like / foreign-currency-sensitive
8 S16 PCP-like / foreign-currency-sensitive
9 S17T18 LCP-like / local-currency-priced
10 S19 PCP-like / foreign-currency-sensitive
11 S20 PCP-like / foreign-currency-sensitive
12 S21 LCP-like / local-currency-priced
13 S22 PCP-like / foreign-currency-sensitive
14 S23 PCP-like / foreign-currency-sensitive
15 S24 PCP-like / foreign-currency-sensitive
16 S25 PCP-like / foreign-currency-sensitive
17 S26 PCP-like / foreign-currency-sensitive
18 S27 PCP-like / foreign-currency-sensitive
19 S28 PCP-like / foreign-currency-sensitive
20 S29 LCP-like / local-currency-priced
21 S30 LCP-like / local-currency-priced
22 S31T33 LCP-like / local-currency-priced
23 S35 LCP-like / local-currency-priced
24 S36T39 LCP-like / local-currency-priced
25 S41T43 LCP-like / local-currency-priced
26  S45T47 LCP-like / local-currency-priced
27 S49 LCP-like / local-currency-priced
28 S50 PCP-like / foreign-currency-sensitive
29 S51 PCP-like / foreign-currency-sensitive
30 S52 PCP-like / foreign-currency-sensitive
31 S53 LCP-like / local-currency-priced
32 S55T56 LCP-like / local-currency-priced
33 S58T60 LCP-like / local-currency-priced
34  Sel LCP-like / local-currency-priced

Continued on next page
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TABLE G.2. Sectoral import-invoicing classification (continued)

Sector EArW code Import-invoicing classification

35 S62T63 LCP-like / local-currency-priced
36  S64T66 LCP-like / local-currency-priced
37 S68 LCP-like / local-currency-priced
38 S69T75 LCP-like / local-currency-priced
39  S77T82 LCP-like / local-currency-priced
40 S84 LCP-like / local-currency-priced
41 S85 LCP-like / local-currency-priced
42 S86T88 LCP-like / local-currency-priced
43 S90T93 LCP-like / local-currency-priced
44 S94T96 LCP-like / local-currency-priced

Figures G.1 and G.2 summarize the remaining heterogeneous calibration objects. The
first heatmap reports sectoral final-demand weights, labor shares, Calvo parameters, the
invoicing indicator, domestic-input exposure, imported-input exposure, and imported final-
consumption exposure. The domestic-input and imported-input columns are row sums of the
domestic and foreign input-output matrices, respectively; the imported-final-consumption
column is the sectoral imported share in household final demand. The second figure reports
the full domestic and imported input-output matrices. These objects are the sources of
cross-sector variation in the numerical exercises.
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Sectoral calibration moments

S01T02
S03
S05T06
S07T08
S09
S10T12
S13T15
S16
S17T18
S19
S20
S21
S22
S23
S24
S25
S26
S27
S28
S29
S30
S31T33
S35
S36T39
S41T43
S45T47
S49
S50
S51
S52
S53
S55T56
S58T60
S61
S62T63
S64T66
S68
S69T75
S77T82
S84
S85
S86T88
S90T93
S94T96

Sector

C < e o N ) S

Y D S W W N o
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@
S " 2 e o 0696
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Heterogeneous parameter

FIGURE G.1. Sectoral heterogeneity in the SOE calibration. The entries are shares or indicators;
the PCP-like column equals one for foreign-currency-sensitive import pricing. Domestic
inputs and imported inputs are row sums of the domestic and foreign input-output matrices.
Imported final C is the imported share of sectoral final consumption.
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Input-output heterogeneity in the SOE calibration
Domestic 10 shares Imported 10 shares
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867 045
S17 04
0.35
= = 0.3
2 2
g g
7] & S31 0.25
[=)) j=2]
L
) 3 02
o]
B
S557hR 0.15
bb&#;i
56278
bb4$gg 01
85914
éé 0.05
s
” OO 3—("
S T DD T PR eoaas R0,
U~ O ™~ L0 O Of~ OO
O CO i+ (") (Vxﬂr 1nn OO U~ oo
R TRG LR [ RG%% G URG LR V777
Input sector Input sector

FIGURE G.2. Domestic and imported input-output shares in the SOE calibration. Rows index
using sectors and columns index input sectors.
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FIGURE G.3. Taylor-rule cumulative responses after sectoral export-tariff shocks.

G.2. Sectoral Transmission under Export Tariffs and Foreign Wedges

Figure G.3 extends the Taylor-rule transmission exercise of Figure 1 to sectoral export tariffs.
These plots concern the positive equilibrium only. Figure G.4 reports the corresponding
foreign price-wedge responses under commitment and the Taylor rule. The wedge has the
same first-order buyer-price loading as an import tariff, while the welfare comparison uses

the tariff-free benchmark of Proposition 2.

G.3. Currency Invoicing in the Quantitative Model

The quantitative model distinguishes three invoicing regimes: producer-currency pricing
(PCP), local-currency pricing (LCP), and dominant-currency pricing (DCP). Table G.3 reports
the sector-by-sector assignment used in the baseline mixed-invoicing calibration, the quanti-
tative counterpart of the binary SOE classification in Table G.2. Sector indices refer to the
model ordering, in which the three energy sectors—mining and extraction of energy products,
coke and refined petroleum, and electricity and gas—are placed first; the NACE Rev. 2 code
identifies each sector unambiguously. The classification assigns 7 sectors to PCP, 20 sectors to
LCP, and 17 sectors to DCP. Traded manufacturing inputs and commodities are predominantly
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FIGURE G.4. Cumulative responses after sectoral foreign price-wedge shocks.

dollar-invoiced, consistent with the evidence in Boz et al. (2020) and Gopinath et al. (2020),
while consumer-facing services are local-currency-priced; the PCP group consists of sectors

with little cross-border trade, for which the invoicing convention is largely immaterial.

TABLE G.3. Sectoral invoicing classification in the quantitative model

Sector NACE Rev. 2 Description Invoicing
1 B05-06 Mining and extraction of energy products DCP
2 C19 Coke and refined petroleum products DCP
3 D35 Electricity, gas, steam and air conditioning PCP
4 A01-02 Agriculture and forestry DCP
5 A03 Fishing and aquaculture DCP
6 B07-08 Mining of metal ores and other quarrying LCP
7 B09 Mining support services DCP
8 C10-12 Food, beverages and tobacco DCP

Continued on next page
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TABLE G.3. Sectoral invoicing classification in the quantitative model (continued)

Sector NACE Rev.2 Description Invoicing
9 C13-15 Textiles, apparel and leather LCP
10 Clé6 Wood and cork products DCP
11 C17-18 Paper and printing DCP
12 C20 Chemicals and chemical products LCP
13 C21 Pharmaceuticals DCP
14 C22 Rubber and plastic products DCP
15 C23 Other non-metallic mineral products DCP
16 C24 Basic metals DCP
17 C25 Fabricated metal products DCP
18 C26 Computer, electronic and optical products DCP
19 C27 Electrical equipment DCP
20 C28 Machinery and equipment LCP
21 C29 Motor vehicles LCP
22 C30 Other transport equipment LCP
23 C31-33 Furniture and other manufacturing LCP
24 E36-39 Water supply and waste management PCP
25 F41-43 Construction PCP
26 G45-47 Wholesale and retail trade LCP
27 H49 Land transport LCP
28 HS50 Water transport LCP
29 H51 Air transport DCP
30 H52 Warehousing and transport support DCP
31 H53 Postal and courier activities LCP
32 155-56 Accommodation and food services LCP
33  ]58-60 Publishing and media LCP
34 J61 Telecommunications LCP
35 J62-63 IT and information services LCP
36  K64-66 Financial and insurance activities LCP
37 L68 Real estate activities PCP

Continued on next page
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TABLE G.3. Sectoral invoicing classification in the quantitative model (continued)

Sector NACE Rev.2 Description Invoicing
38 M69-75 Professional, scientific and technical activities LCP
39 N77-82 Administrative and support services LCP
40 084 Public administration and defence PCP
41 P85 Education PCP
42 Q86-88 Human health and social work PCP
43 R90-93 Arts, entertainment and recreation LCP
44 S94-96 Other service activities LCP

Notes: Sector indices follow the model ordering (energy sectors first). Source:

baseline mixed-invoicing calibration of the quantitative model.

G.4. Construction of the Observed 2025 Tariff Series

The observed-tariff exercise of Section E.4 uses a quarterly, sector-level measure of effective
U.S.-China tariffs that we build from product-level data in the IMF Tariff Tracker, our primary
source for the timing and level of the bilateral measures. The raw data record, for each product
at the HS2022 level, the statutory tariff rate and the date on which it becomes applicable.

We first convert the sequence of recorded changes into continuous validity spells. Each
tariff is held in force from its application date until the day before the next recorded change for
the same product, and the final spell is extended to the end of the sample. Intersecting these
spells with the calendar yields, for every product h, in-force rate s, and quarter g, the number
of days dj, ; , for which that rate is active within the quarter. The quarterly product-level tariff
is the active-day-weighted average of the rates in force,

- dos Th,s dh,s,q
hg = T~ 5.
d Zs dh,s,q ’

so that a change occurring within a quarter contributes in proportion to the number of days
it is effective.

We then map the quarterly HS2022 series into the NACE Rev. 2 sectors of the calibration in
three steps. HS2022 products are first concorded to HS2017 using the UNSD HS2022-HS2017
correspondence tables; HS2017 products are then assigned to OECD TiVA/NACE sectors using
the OECD HS-ISIC/NACE key; and tariffs are finally aggregated to NACE Rev. 2 sectors as
import-weighted averages of the underlying product-level rates, so that products carrying

141



larger trade flows receive proportionally greater weight. Letting m;, denote the import value
of product h and H (k) the set of products assigned to sector k, the sectoral tariff is

o dohed(k) Mh Thyg
kg =
d D ohed () Mh

Service and other non-goods sectors that carry no direct tariff exposure are assigned a zero
rate, yielding a balanced quarterly tariff dataset across all 44 sectors for 2025Q1-2025Q4. The
model innovations are the first differences of the log gross tariff wedge, Alog(1+ 7 ), so
zero-rate sectors are well defined and receive zero innovations unless their assigned tariff
changes.

G.5. Non-Euro-Area Responses in the Quantitative Model

This subsection reports the United States and China responses that accompany the Euro Area
results in Section E.4. Figure G.5 plots real GDP growth, CPI inflation, and the policy rate of
the two large economies to the same three shocks—the U.S. tariff on China, the Chinese tariff
on the U.S., and the rest-of-world energy-price shock—under the Euro Area baseline Taylor
rule and under the Euro Area optimal simple rule. For each economy the two lines almost
coincide: because the Euro Area is small relative to the United States and China, its choice of
monetary rule has a negligible effect on their dynamics. The Euro Area optimal-simple-rule
problem of Section E.4 is therefore, from the perspective of the large economies, close to a
partial-equilibrium stabilization problem.

Figure G.6 reports the analogous United States and China responses to the observed
2025 U.S.-China tariff schedule simulated in Section E.4. Consistent with the homogeneous
experiments, the two large economies absorb the bulk of the disturbance—U.S. CPI inflation
peaks near 0.44 and Chinese CPI inflation near 0.37 percentage points—while the Euro Area
lines (Figure E.3) remain an order of magnitude smaller, and the Euro Area rule again leaves
the large-economy dynamics essentially unchanged.
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FIGURE G.5. United States and China responses to tariff and energy shocks under the Euro
Area baseline Taylor rule and optimal simple rule. Top row: U.S. tariff on China; middle row:
Chinese tariff on the United States; bottom row: rest-of-world energy-price shock. Columns:
real GDP growth, CPI inflation, and the policy rate, in percentage points. Colour denotes the
country (USA, China) and line style denotes the Euro Area rule (Taylor rule, OSR). Each shock
is scaled to a 10 log-point increase.
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USA and CHN responses to observed 2025 tariffs (joint)
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FIGURE G.6. United States and China responses to the observed 2025 U.S.-China tariff schedule
under the Euro Area baseline Taylor rule and optimal simple rule. Columns: real GDP growth,
CPI inflation, and the policy rate, in percentage points. Colour denotes the country (USA,
China) and line style denotes the Euro Area rule. The observed sectoral tariff levels are
converted into wedge innovations by first-differencing the log gross tariff; the simulation
runs from 2025Q2.
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