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Abstract

Lifecycle theory predicts that retirees should insure longevity risk with annuities, yet
private ownership remains uncommon. Explanations include bequest motives, actu-
arially unfair pricing, pre-existing Social Security and pension income, and medical
spending risk. Because the mechanisms interact, adding them one at a time credits
their joint effects to whichever enters last. This paper solves a lifecycle model under all
512 combinations of nine mechanisms and uses exact Shapley values to average each
contribution over every entry order. Purchase propensity falls from 100.0% in an equal-
resource benchmark, with every mechanism off and existing retirement income held as
liquid wealth of equal value, to 37.7% in the full model. Entered last, medical expendi-
tures with health-dependent mortality raise purchase propensity from 29.0% to 37.7%.
Averaged over every entry order, the same pair lowers it by 8.4 percentage points, so
a single sequence can reverse a mechanism’s apparent sign. Pricing frictions account
for 28.1 points of the decline, pre-existing annuitization for 15.1, and the medical pair
for 8.4. Bequest motives contribute 2.7 points and rank fifth at baseline. Bequest
motives never exceed pricing frictions in any reported recomputation that treats pric-
ing frictions as one mechanism, although other rankings change with preferences and
institutions. The full model’s 37.7% purchase propensity remains far above the 3.85%

life-annuity ownership rate in the Health and Retirement Study sample.
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1 Introduction

Yaari (1965) showed that a household with no bequest motive and access to fairly priced life
annuities should use them to insure its consumption against the risk of a long life. Davidoff
et al. (2005) found that demand for at least partial annuitization survives many departures
from that complete-market benchmark. Reported annuity ownership nonetheless remains
uncommon. In the model-eligible Health and Retirement Study (HRS) sample used here,
3.85% of observations report an annuity payment that they state will continue for life, and
6.12% report any annuity income. Both figures describe payments from annuities that people
already hold, and the survey does not record when or where those annuities were bought.
This paper instead models whether a retiree makes a one-time purchase of a single-premium
immediate annuity (SPIA).

The literature offers many mechanisms: pre-existing public and employer retirement in-
come, bequests, medical expenditures, health-dependent mortality, survival beliefs, product
pricing, nominal erosion, consumption profiles, and health-dependent preferences (Lockwood,
2012; Reichling and Smetters, 2015; Mitchell et al., 1999; O’Dea and Sturrock, 2023; Aguiar
and Hurst, 2013; Finkelstein et al., 2013; Hershfield et al., 2026). Conventional within-model
exercises add the mechanisms one at a time, which credits each interaction to the mecha-
nism that enters later. Across all possible entry orders here, the contribution of medical
expenditures and health-dependent mortality to the decline in purchases ranges from —8.8
percentage points at the 10th percentile to 33.8 points at the 90th. Negative values mean
the pair raises purchases, and entered last it contributes —8.8 points. Averaged over every
order, the pair lowers purchases by 8.4 points. A single sequence can therefore reverse the
apparent sign of a mechanism.

This dependence arises because the mechanisms change one another’s margins. A mini-
mum premium matters only where a household would otherwise buy an annuity smaller than
the minimum. Medical risk changes the value of liquid wealth and the cost of crossing that
threshold. Pre-existing annuity income changes lifetime resources and the marginal value of
an additional guaranteed dollar. A mechanism added at one point in a sequence, or removed
from the full model, is measured against a single set of other mechanisms. Neither approach
therefore yields an allocation that is independent of order.

This paper treats the nine mechanisms as players in a cooperative game and solves the
model for all 2° = 512 coalitions of players. The Shapley value averages each player’s
contribution over every order in which the players could enter. It is the only allocation that
exhausts the total change (efficiency), treats identical players identically (symmetry), assigns

zero to a player that never matters (the null-player property), and adds up across games



(additivity) (Shapley, 1953). This application brings the Shapley decompositions used in
economics (Shorrocks, 2013; Sastre and Trannoy, 2002) to full solutions of a lifecycle model.

When pre-existing Social Security and pension income is switched off, the model converts
each respondent’s assigned schedules into liquid wealth equal to their actuarial present value
at the respondent’s observed age. This comparison therefore changes the form in which
retirement resources are held while preserving their actuarial value. The Social Security
cut studied later reduces benefits without that compensation, so it changes the amount of
resources and answers a separate question.

The quantity allocated is the modeled decline from an equal-resource benchmark, in
which every mechanism is off but the public consumption floor remains, to the full model.
Because every coalition is solved, the contributions are exact and add up to the full decline.
Averaging over entry orders settles the ordering problem, but the answer still depends on
the outcome measured and on how the model is built and calibrated. The allocation also
does not measure causal effects of the underlying primitives or decompose the gap between
the full model and observed HRS ownership.

In the focal calibration used throughout, purchase propensity falls from 100.0% in that
benchmark to 37.7% in the full model. Within that decline, pricing frictions are the largest
demand-suppressing contributor, followed by pre-existing annuitization and by medical ex-
penditures with health-dependent mortality. The three contribute 28.1, 15.1, and 8.4 per-
centage points and together account for 83% of the modeled decline. When the outcome
is instead the mean purchased share of liquid wealth, pricing frictions and pre-existing an-
nuitization remain first and second, and bequests rise from 2.7 to 7.9 points but remain
fifth. Recomputing the full decomposition under other preferences, public floors, mortality
assumptions, fixed costs, or player definitions changes both the order and the membership of
the leading three. Lower risk aversion and stronger survival pessimism, for example, bring
pessimism into the leading three. Calibrated bequests contribute no more than pricing fric-
tions in every reported recomputation that keeps the three pricing features together as one
player. The two tie only in the above-$350k wealth-band game, whose endpoint propensities
are equal.

In a partial-equilibrium policy application, a permanent 22% Social Security reduction
that households anticipate from the purchase age onward—the cut projected once the retire-
ment trust fund runs out in 2032 if no changes are made (Board of Trustees, 2026)—raises
modeled purchase propensity by 5.5 percentage points. The calculation holds the employer-
pension-income proxy, annuity prices, claiming behavior, and equilibrium conditions fixed
and does not forecast legislation or transition dynamics.

The nearest predecessors combine several of these explanations in one model. Pashchenko



(2013) studies seven impediments together and finds pre-existing annuitization, housing, a
minimum-purchase requirement, and bequests quantitatively important in that calibration.
Peijnenburg et al. (2016) study background risk and incomplete markets, and Lockwood
(2012) emphasizes the interaction between loads and bequest motives. This paper places nine
mechanisms in one common game and separates each mechanism’s order-averaged contribu-
tion from the effect of removing it from the full model. It also finds a positive bequest—pricing

interaction that is larger for the mean purchased share than for purchase participation.

2 Model

2.1 Environment

Time is discrete. An individual enters at age 65 (period t = 1) and may survive to a maximum
age of 110 (period 7" = 46). At the purchase age, before that period’s consumption choice,
the individual makes a single irreversible decision: what fraction « € [0, 1] of current liquid
wealth W, to convert into a single premium immediate annuity (SPIA). Before any fixed
purchase cost, the remaining wealth is (1 — «)W,. That cost is deducted separately in the
annuitization problem below. The purchase-period payment is available for consumption
immediately under the model’s annual timing convention, and consumption is chosen again
in every later surviving period. When the model is taken to the HRS sample of single adults
aged 65-69, each respondent’s one-shot decision is evaluated at the observed age using an
age-appropriate SPIA price. Appendix B reports the forced-age and grid diagnostics.

The state at period ¢ has four variables: liquid wealth W, > 0, annuity income A (fixed
after the evaluated one-time purchase), health status H; € {1,2,3} (Good, Fair, Poor), and
age t. Pre-existing annuitized income is Y, = SS; + P;, where Social Security is real and
the employer-pension-income proxy is modeled as a nominal life-contingent flow whose real
value erodes at rate mp. The pension-proxy rate is fixed independently of the private-SPIA
inflation player and equals its focal rate, m7p = 2%. Employer-pension income reported in
the HRS for the prior calendar year supplies the proxy (Section 3). That measure does not
identify plan type or life contingency, so treating the proxy as life-contingent is a maintained

modeling assumption.



2.2 Preferences

The individual maximizes expected discounted lifetime utility. Flow utility over consumption

takes the constant relative risk aversion (CRRA) form:

u(c) = — v>0, v#1L (1)

The coefficient of relative risk aversion v governs both risk aversion and the elasticity of
intertemporal substitution, and the individual discounts future utility at rate 8 per period.
Bequest utility follows the De Nardi—French—Jones specification, which nests bequests as

a luxury good:
(b+ k)7
T (2)

where b is bequeathable wealth (liquid wealth at death; annuity income ceases), § > 0

v(b) =46

controls bequest intensity, and x > 0 governs how strongly bequests behave as a luxury
good (De Nardi, 2004). Because v'(b) = 0(b + k)7, marginal bequest utility varies little
when b is small relative to k; as resources rise relative to that scale, the optimal bequest
share rises. De Nardi et al. (2010) estimate a luxury-good bequest specification jointly with
medical-expense risk using the AHEAD sample; Lockwood (2012) subsequently imports a
DFJ calibration into an annuity model. Neither source estimates the transformed values of
0 and k used here.

The parameters # and x must be translated together. Translating them to the focal
curvature and 2014 dollars preserves the bequest threshold and marginal propensity to be-
queath in DFJ’s deterministic terminal problem. Appendix C derives the mapping. Pairing
the transformed intensity with a zero shifter would make marginal bequest utility diverge

near zero wealth.

2.3 Health dynamics and mortality

Health follows a first-order Markov process with three states: Good (H = 1), Fair (H = 2),
and Poor (H = 3). Let a; = 64 + t denote chronological age in model period ¢. Transition
probabilities are age-dependent and calibrated to HRS panel data following De Nardi et al.
(2010):

Qi(h,h')=Pr(Hyy = h' | H = h,ay). (3)

Mortality depends on health through a proportional hazard specification. Baseline sur-
vival probabilities Spase(t) come from a sex-blended SSA 2003 period life table matched to the

sample’s sex composition (Section 3; Social Security Administration, 2007). Focal survival



is
s(t,H) = sbase(t)ct”(H’t), (4)

where p(H,t) is a raw relative-hazard multiplier, normalized to one for Fair health, and ¢,
is a common age-specific anchoring factor. At nonterminal ages with 0 < spase(t) < 1, it is
chosen so that 3 wir(t)spase(t) ) = sp.00(t), with survivor health shares wy(t) evolved
under the transition matrices and normalized objective survivals. Terminal survival is zero in
every state, so no anchor is needed there. The anchored multiplier (;u(H,t) therefore scales
the baseline hazard, which preserves hazard ratios across health states while reproducing the
population life table at each nonterminal age. Appendix A.3 gives the construction.

Raw multipliers are unadjusted ratios of estimated annual mortality hazards within HRS
age bands. The focal schedule linearly interpolates [0.49,1.00, 3.29] at the 65-74 midpoint,
[0.60,1.00,2.77] at the 75-84 midpoint, and [0.74,1.00,1.82] at the 85+ midpoint, with
endpoint values outside that range. Section 5 reports alternatives that hold the multipliers
constant across ages.

Health-dependent mortality paired with medical costs is the mechanism emphasized by
Reichling and Smetters (2015). A negative health shock simultaneously increases mortality
(u(Poor,t) > 1 reduces expected remaining annuity payments) and, through the medical
expenditure process described below, increases the need for liquid wealth. The annuity be-
comes “valuation-risky,” losing value in precisely the states where liquidity is most valuable.
In this calibration, hazard ratios across health states are widest at the ages when the sample’s

purchase decisions are evaluated.

2.4 Subjective survival beliefs

O’Dea and Sturrock (2023) document substantial survival pessimism through respondents’
50s, 60s, and early 70s, followed by optimism at older ages. Pessimism reduces the perceived
value of annuities by overweighting the probability of dying before recovering the premium.

The model allows the agent’s subjective survival probabilities to differ from the objective

rates used by the insurer to price annuities:
sPi(t H) = - s(t, H), ¥ €(0,1]. (5)

The parameter 1 scales each one-year survival probability downward. Annuity pricing uses
the health-independent population life table, whereas the agent’s Bellman equation uses
the health-conditioned, pessimism-scaled s'®. The focal ¥» = 0.981 is a constant annual

scale chosen to represent the broad near-term pessimism that O’Dea and Sturrock (2023)



document. Their study does not report this value. Compounded from age 65, the constant
annual scale lowers survival to ages 75, 85, and 95 from the population table’s 80.4%, 45.5%,
and 8.6% to 66.4%, 31.0%, and 4.9%. Belief errors vary with age (O'Dea and Sturrock,
2023; Heimer et al., 2019), so a constant wedge is a stylized specification. The reported
range ¥ € [0.96, 1] includes objective beliefs, and Appendix A.5 recomputes both the level

and attribution at the strong-pessimism endpoint. At 1) = 1 the player is inactive.

2.5 Medical expenditures

Gross medical needs depend on age and health. Log medical needs follow:
Inmy = p(t, Hy) + 0 (Hy) - €0, &~ N(0,1), (6)

where 1, is age- and health-dependent and o, is health-dependent. Residual innovations are
iid conditional on health. Medical need is drawn before the model’s generic public transfer
covers any consumption-floor shortfall, and targeting combined out-of-pocket-plus-Medicaid
spending (Section 3; Jones et al., 2018) is consistent with that timing.

A stylized public transfer provides a consumption floor ¢. If total resources (wealth plus
income minus medical costs) fall below ¢, the transfer covers the shortfall. The individual
consumes ¢ and enters the next period with zero liquid wealth. Lockwood (2012) sets the
floor amount to the $6,180 annual SSI payment to a single elderly person in 2000. Restating
that amount in the model’s 2014-dollar unit with annual-average CPI-U (172.200 in 2000
and 236.736 in 2014; U.S. Bureau of Labor Statistics, 2017) gives $8,496. The floor is a
reduced-form stand-in for SSI and Medicaid, whose eligibility rules, enrollment, and actual
benefit receipt the model does not represent.

Medical-expenditure expectations use state-split Gauss—Legendre quadrature over proba-
bility space. The split points follow the income, public-floor, and resource-accounting kinks,
and the saturated upper tail is evaluated exactly. Focal integration uses order 32 on each
subinterval. Appendix E reports the direct HO order-48 check and the fully refined H2
order-48-to-64 last-step check.

2.6 Annuity pricing

The annuity is nominal: the insurer prices the stream of nominal payments using the nominal
discount rate rpom = (1+7)(1+m) — 1, where r is the real interest rate and 7 is the inflation
rate. For a purchase at age a, let 7, = a — 65 + 1 be the model period and let sp.g.(t) be

objective survival from period ¢ to t + 1. Under the model’s beginning-of-period payment



convention, the actuarially fair nominal payout per premium dollar is

o Tk -1
qN _ TZ H?:(} Sbase(Ta + g) (7)
¢ k=0 (1 + rnom)k ’

where the empty product at £ = 0 equals one. The exact Fisher relation is the maintained
discounting convention for the nominal payment stream. Consequently, the initial payout is
higher than under real discounting, but its real value declines after purchase:
real
Aﬁjﬂk:m, k=0,...,T -, (8)
where 7 is the annual inflation rate.

When 7 = 0 (the Yaari benchmark and intermediate decomposition steps where inflation
is inactive), rpom = 7 and the pricing reduces to the standard real-annuity formula.

The annuity is priced with a money’s worth ratio (MWR), defined as the expected present
value of payouts per dollar of premium. At age a, the loaded payout rate is MWR x ¢2.
The real-product formula replaces r,,, with r and has no subsequent erosion. Mitchell
et al. (1999) estimated population-mortality MWRs of roughly 0.80-0.85 for the US indi-
vidual market. Annuitant-mortality values were higher because they condition on selection.
Wettstein et al. (2021) report an average near 0.80 and a 2001-2019 range extending to
roughly 0.87. The focal MWR of 0.87 is therefore a relatively favorable price at the upper
end of the reported population-mortality range. Section 5 reports alternative schedules.

A fixed cost of $2,349 is incurred upon any purchase, and annuitization requires a mini-
mum premium of $10,000. The cost restates the illustrative $2,000 value in Lockwood (2012)
to 2014 dollars and has no direct transaction-cost estimate behind it. Complete games at
lower fixed costs and a game that separates all three pricing components show how much the

headline depends on that choice. Section 5 also reports the full minimum-premium sweep.!

2.7 Budget constraint
Within each period, the timing is:

1. The individual enters with liquid wealth W;, private-annuity income A;, pre-existing

annuitized income Y;”™, and health H;.

2. Medical expenditure m; is realized.

!The implementation uses beginning-of-period annual timing, a discrete-time convention under which the
first annual payment arrives at purchase. The commercial immediate annuities studied by Mitchell et al.
(1999) begin payments within the next month, quarter, or year after purchase.



3. The individual chooses consumption c¢;.
4. Remaining wealth earns the risk-free return r.
5. The individual survives to t + 1 with probability s(¢, H;).

6. Conditional on survival, health transitions to Hy,1.

Let private resources after the medical draw be
Xt(mt) = maX{O, Wt + At + Y;pre — mt},

and let the public transfer be G¢(m;) = max{0,c—X;(m;)}. Fort < T, the budget constraint
is

Wigr = (147) [ Xi(my) + Gi(me) = ], 9)
subject to ¢ < ¢ < Xy(my) + Gi(my). When the floor binds, X; + G; = ¢, so the household
consumes the floor and carries no liquid wealth forward. Medical needs larger than private
resources are absorbed outside the household budget. The model draws private resources
down to zero, which is consistent with the combined out-of-pocket-plus-Medicaid calibration
target, and does not track household medical payments or public benefits separately. In
the terminal period, the household divides X7 + G between consumption and the terminal

bequest, which earns no further return.

2.8 Consumption and health utility weights

The model allows flow utility to vary with age and health. Age enters through
w(t) = (1—68.)" (10)

Consumption receives a weight that falls by a fraction d. each year, a reduced-form way
to let spending needs decline with age. The calibration sets d. to zero because the model’s
consumption path without a private annuity already declines faster than an external spending
benchmark (Section 3), so this player has no effect in the focal game. Appendix A.G finds
the same zero under every alternative fitting window and seed. The player stays in the game
because declining spending needs are a candidate explanation for low annuity demand, and
a player with no effect leaves every other contribution unchanged. It becomes active in the
joint stress test, which draws . between 0 and 1.5 percent a year (Appendix H).
Health enters through
=

1—7

u(e, H) = p(H) (11)



The focal vector [1.00,0.92,0.82] is a calibration choice that maps the chronic-disease esti-
mates of Finkelstein et al. (2013) onto the model’s self-reported health states. Appendix A.7
reports alternative mappings and explains the zero-intercept normalization.

With the focal 7 > 1, the CRRA level in equation (11) is negative. A weight ¢(H) < 1
therefore makes the raw level less negative while reducing marginal utility to p(H)c™?. These
weights are meant to capture that lower marginal utility. The less negative level in worse
health is a by-product of scaling a negative number and says nothing about whether worse
health raises welfare.

Public-care aversion changes effective consumption only when the public floor binds in
Poor health:

xure¢, M =1, H =Poor, and Gy(m) > 0,

cet(c, H,m; M) = (12)

c, otherwise.

Here M indicates that the medical-risk process is active, so floor top-ups with medical risk
switched off do not trigger this player. A binding floor in Poor health with medical risk
active is used as a proxy for reliance on publicly financed care. The model has no Medicaid
state and no explicit long-term-care need, use, or choice. This player is off at yyrc = 1 and
on at xyrre = 0.49. Applying the parameter to consumption rather than the negative CRRA
utility level preserves its consumption-equivalent interpretation and the intended welfare

ordering.

2.9 Bellman equation

For t < T, the value function satisfies:

V(W,A H,t) =E,, {mgx {w(t) ~u(ce(c, H,m), H)
+ B (t, H) By [V (W, A H' ¢ +1) | H| (13)
+B (L= st 1) oW},

The household observes m before choosing ¢, so maximization is conditional on the med-
ical draw. Conditional on survival, health transitions inside the continuation expectation.
Objective survival prices the contract and governs physical simulation, while s enters
household valuation. For ¢t < T, W' = (1 +7)[X:(m) + G¢(m) — ¢] and A’ = A, because the
state stores a fixed nominal private-annuity payment whose real value is A; = A/(1 + )L

The modeled pension-income proxy erodes at its separate fixed rate wp. At T', the household

10



divides X1+ G'1 between consumption and a terminal bequest. The terminal bequest utility
retains the factor 8, but the remaining balance earns no post-decision return. Appendix K
states the terminal condition exactly.

For an individual evaluated in period 7 at the observed age, let p, be the age-specific
first-year real payout per premium dollar under the active pricing assumptions. Because the
private-annuity state stores the constant nominal payment in base-age units, the annuitiza-

tion decision is

Al =arg max V((l — )Wy — F1{a > 0}, aWy(1 + )" 'p,, Ho, 7') , (14)
acA(Wy)

where F' is the fixed purchase cost. The nominal gross-up makes the purchase-year real

payment equal to alWyp, and then lets it erode at rate w. Let P.;, denote the minimum

premium, set to $10,000. The feasible set is

AWy) = {0V U{a € (0,1]: aWy > P, (1— )Wy — F >0},

The numerical search evaluates all feasible nodes of the reported 101-point annuitization grid
and adds the exact minimum-premium and maximum-feasible-share endpoints whenever they

are feasible. It then selects the global best candidate, including zero.

2.10 Solution method

Backward induction solves the model over the state space (W, A, H,t). The wealth grid
uses 98 points: a power-spaced core of 82 points through the $3 million knot, followed by
cosine-spaced tail nodes through the $13 million support bound. Annuity income uses a
39-point grid with the same core-tail construction (31-point cubic-spaced core). Before
any population statistic is computed, a citable run certifies every initial state, equal-PV
off state, and feasible post-purchase state in every evaluated coalition. The same back-
ward pass then certifies every wealth-grid interpolation stencil reachable from those states,
including all health transitions and every medical quadrature node; any material need for
flat extrapolation fails immediately. At each certified grid point, a global search chooses
consumption given the piecewise-linear continuation value. The search compares the bound-
aries and interior candidates of every segment defined by the continuation-wealth knots and
the source-income kink, and derivative bisection locates each segment’s interior candidate
when one exists. Appendix B reports refinement, the reachable-domain certificate, and an
H2-versus-H3 parameter-stress audit.

The annuitization fraction « is optimized over a 101-point grid at each respondent’s

11



observed purchase age. Grid convergence is checked at order 32 per state-split segment
under the focal wealth-band income assignment. Refinement near the fixed-cost extensive
margin can be non-monotone, so Appendix Table B.1 reports both purchase propensity and

channel contributions.

2.11 Cooperative game and exact attribution

Let N' = {1,...,J} denote the J = 9 focal players in Table 1. For coalition S C N,
the model is solved with exactly those players in their on states. Its value is the purchase

propensity in the unweighted empirical distribution of model-eligible person-wave states:

o(S) = ;]Z 1{a?(S) > 0}. (15)

The same coalition solutions define the mean-purchased-share value

va(S) = 3 2o al(s), (16)

the population mean purchased share of liquid wealth, including zeros. The Shapley con-
struction below applies separately to v and v,. Participation is the focal statistic because
fixed costs and the minimum premium create a distinct extensive margin. Table 2 reports
both outcomes.

Define the demand-suppression game ¢(S) = v(@) — v(S5), so g(&) = 0 and positive
values denote reductions in purchase propensity relative to the equal-resource benchmark.

Following Shapley (1953), the Shapley contribution of player j to this game is

o= 3 PRI 60 1y - gs)
SCM\{j} Sl S o (17)
-y PRI s o).
SCN\{j} '

Positive ¢; means that the player lowers purchase propensity on average over entry or-
ders, and a negative value means that it supports demand on average. Efficiency gives
3¢5 = v(&) —v(N). Exact enumeration supplies all 512 coalition values, so equation (17)
contains no permutation sampling error. The values depend on how the players are defined
and grouped, on the focal parameters, and on which outcome, equation (15) or (16), is de-
composed. A grand-coalition removal, v(N \ {j}) — v(N), is a different comparative static

because it evaluates only one predecessor set.
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The pre-existing-annuitization off state preserves retirement resources. Let b(i) be re-
spondent ¢’s wealth band based on original wealth, let a; be the observed purchase age, and
let 7; = a; — 65 + 1 be its model period. Define qfi and qfl\f as the actuarially fair, objective-
survival payout rates at that age for a real flow and for a nominal flow eroding at 7p. At
that age, the pension-income proxy in current real dollars is Py ., = Py(1 + mp)~ (%) with

7p = m in the focal calibration. The commuted endowment is

Es qk qN

(18)
When the player is off, the model sets both flows to zero and evaluates the respondent at
liquid wealth W; + E;. When it is on, the endowment is removed and the real Social Security
flow plus modeled nominal, life-contingent pension-income proxy are restored. The same
objective mortality, payment timing, and real-versus-nominal conventions price both sides.
Pricing the commutation fairly leaves the amount of retirement resources unchanged and
keeps the market’s pricing wedge inside the pricing-frictions player. At market rates, the

commutation would also change the size of the off-state endowment.

3 Calibration and Evaluation Population

Table 1 lists the players with their on and off states, and Appendix Table A.1 collects the
remaining preference, demographic, health, medical, and market parameters and labels the

source of each.

Preferences. The focal risk aversion is set to v = 2.5, above the v = 2 used by Lockwood
(2012). Section 5 reports a 16-value sensitivity grid from v = 1.5 to 5.0, denser around the

focal value.

Age-varying consumption needs. The age-needs parameter d, is calibrated against ex-
ternal spending evidence, subject to d. > 0. Aguiar and Hurst (2013) report an approxi-
mately 0.30-log-point decline in household nondurable expenditure excluding housing over
the latter half of their observed life cycle, roughly ages 45-75. Spread over 30 years, that
decline averages about 1% a year, a figure computed here from their total. Their statistic is
a cohort- and family-adjusted age profile of log household expenditure, while the model’s is
the endpoint log change in survivor-conditioned pooled mean consumption over ages 65-90,
so the comparison gives only a sense of scale. With every other focal mechanism active and

d. = 0, consumption without a private annuity already falls by 1.95% a year, faster than
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Table 1: Players in the Focal Cooperative Game

Player Off state On state

Pre-existing Retirement flows commuted Real Social Security and nominal

annuitization to equal-PV liquid wealth pension-income proxy

DFJ bequests 0=0 0 = 158.68, k = $396,496

Medical-expenditure Zero medical expenditure; Calibrated health-dependent medical

process and population survival expenditures and normalized health

health-mortality hazards

correlation

Survival pessimism =1 1 = 0.981

Age-varying needs 0.=0 Calibrated 4., zero at the focal

calibration

State-dependent p(H)=1 [1.00,0.92,0.82]

utility

Pricing frictions MWR =1, F =0, no MWR = 0.87, F = $2,349, minimum
minimum $10,000

Nominal-payment Real private SPTA Nominal private SPIA at © = 2%

erosion

Public-care aversion xrre =1 xrrc = 0.49

The empirical population and public consumption floor are fixed in every coalition. Turning
the medical player off sets medical expenditure to zero, so the player activates the entire
calibrated expenditure process—its mean, dispersion, and health dependence—together with
health-dependent mortality. Appendix D.2 reports an alternative partition. The
pension-income proxy uses employer-pension income reported in the HRS. Nominal life
contingency is a maintained model assumption because the variable does not identify plan

type or payment duration.
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that benchmark. The calibration therefore sets . at the zero boundary, so the age-needs

player is null in the focal game.

State-dependent utility. The health-utility weights ¢ = [1.00,0.92,0.82] translate the
midpoint of the health-dependent-utility evidence into the model’s three states. Good health
receives unit weight, and Fair and Poor health reduce marginal utility proportionally. Be-
cause multiplicatively weighted CRRA utility is cardinal, the implementation also fixes all
state-specific additive intercepts at zero. Such choice-independent intercepts would not
change policies in this model, but they would change raw value levels and any CEV formula
that failed to remove them. The reported CEVs are therefore conditional on the explicit

zero-intercept convention. Appendix A.7 reports stronger [1.00,0.90,0.75] and moderate

[1.00,0.95, 0.85] mappings.

Public-care aversion (xprc). Both the value yprc = 0.49 and the proxy state are cal-
ibration choices motivated qualitatively by Ameriks et al. (2020). The player’s net effect
on demand is ambiguous, because both liquid wealth and guaranteed income can help a
household avoid relying on the modeled floor. Appendix A.8 states the proxy’s program and

care-state limitations.

Bequests. De Nardi et al. (2010) estimate v = 3.84, 5 = 0.97, a bequest intensity of 2,360,
and a shifter of $273,000 in an AHEAD model whose monetary quantities are expressed in
1998 dollars. They also emphasize that the bequest parameters are imprecisely estimated.
The numerical intensity is not directly portable to another curvature. In the unweighted
deterministic terminal problem, the relevant allocation wedge is ¢ = (86)~'/7. The imple-
mentation holds q at its DFJ value, setting 0(v, ) = (0.97 x 2360)?/%84/3, and restates the
shifter from 1998 to 2014 dollars with annual-average CPI-U (U.S. Bureau of Labor Statis-
tics, 2017). These choices give 6 = 158.68 and x = $396,496. Holding ¢ fixed preserves the
source terminal bequest threshold g« and marginal propensity 1/(1 + ¢) in that stripped-
down allocation problem. This normalization of units and curvature is a calibration choice,
and neither DFJ nor Lockwood (2012) estimates the resulting values. State-dependent util-
ity and the full stochastic lifecycle model need not preserve those summaries. Appendix C

gives the derivation, and Appendix C.1 reports the portability audit.
Health and mortality. Health transition matrices are calibrated to HRS panel data fol-

lowing De Nardi et al. (2010). Five HRS self-reported health categories are mapped to three
states: Good (Excellent/Very Good), Fair (Good), and Poor (Fair/Poor). Baseline phys-
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ical survival uses a sex-blended life table: the survivorship mixture of the SSA 2003 male
and female period tables at the model-eligible sample’s female share (70.8%; Social Security
Administration, 2007). RAND’s binary sex field supplies that mixture weight (Appendix P
gives the coding). The field enters only this life-table blend and is not interpreted as a richer
measure of sex or gender identity. As a historical period table, the blend does not incor-
porate later mortality improvement. Another convention could change both demand levels
and the complete Shapley ranking. A common age-specific factor rescales the health hazard
multipliers so population-weighted physical survival reproduces the blended table while pre-
serving hazard ratios across health states. Objective survival prices the annuity and governs
forward simulation. The survival-pessimism player changes household beliefs in the Bellman
equation and so deliberately separates the survival used for valuation from the survival used
for pricing. As a robustness comparison, the prior convention in this literature uses the
male SSA table from the Lockwood (2012) replication files (gg5 = 0.0187, against 0.0120 for
females) with unnormalized hazards. Appendix M recomputes the full nine-channel game
under that convention.

Hazard multipliers are estimated from unweighted, complete-case person-wave intervals
among all living HRS respondents aged 65 or older in the RAND HRS Longitudinal File 2022
(V1; waves 4-16) (Health and Retirement Study, 2025¢), a broader sample than the focal
eligibility subsample. Current-wave respondents must report valid age and health, the next
wave’s interview status identifies death or survival, and indeterminate interval outcomes are
excluded (Appendix P lists the codes). Two-year death fractions map to constant annual
hazards, with Fair health as the within-age-band reference. Respondents may contribute
multiple intervals, and the broader sample stabilizes the age—health cells. Although the
window includes the 2020-22 transition, only relative mortality across health states enters
the model, because the age-specific normalization restores aggregate survival to the 2003
population table. The model uses the unrounded ratios, and the table below rounds them

to two decimals:

Age band Good Fair Poor

65-74 0.49 1.00 3.29
75-84 0.60 1.00 2.77
85+ 0.74 1.00 1.82

Hazard ratios across health states are closer to one at older ages, and the calibration does
not attribute that pattern to any single mechanism. Focally, the model linearly interpolates
all three rows over age, using the first row below its midpoint and the last row above its
midpoint (band midpoints 69.5, 79.5, and 90.0, the last assigned to the open 85+ band).
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Future health-contingent mortality in the continuation value therefore reflects the older-
age estimates. Separate checks impose the entry-age row [0.49,1.0,3.29] at every age, use
the same HRS estimates pooled over all ages 65 and older ([0.57,1.0,2.7]), apply a steeper
researcher-specified mapping ([0.45,1.0,3.5]) to stress the Reichling and Smetters (2015)

mechanism, and use a conservative mapping.

Medical expenditures. The medical process takes its scale from combined out-of-pocket-
plus-Medicaid gross medical need in Jones et al. (2018), who report annual amounts over
two-year intervals among surviving households. To map that household benchmark into
the annual single-person model, the calibration averages two consecutive medical draws and
conditions on objective survival through both interval endpoints. Two log-mean coefficients
then match the reported means for the intervals beginning at ages 70 and 100 ($5,100 and
$29,700). Holding the assumed dispersion and health shifts fixed implies 95th percentiles
of $17,943 and $103,509, against source values of $13,400 and $111,200. Neither tail is a
fitted moment, and Appendix A.2 reports both discrepancies. Health shifts both the mean
and variance of log spending, with Poor health raising expected costs relative to Fair, and
the public floor determines how much of a realized gross need is privately financed. Because
the source mixes singles and couples and has a richer spending process, these matches only

project the source onto the model.

Calibration vintages. HRS waves 5-9 define the 2000-2008 evaluation population, and
all monetary amounts are restated to 2014 dollars. The SSA 2003 period table describes
survival in that historical environment and eases comparison with Lockwood (2012). Later
HRS waves enlarge the cells used to estimate relative health hazards, after which age-specific
normalization restores aggregate survival to the 2003 table. Market evidence from the mid-
1990s through 2019 supplies the reported MWR range. The calibration therefore pairs a
historical evaluation population with more precise evidence on health-related mortality and

annuity prices, so it does not reconstruct any one cohort’s annuity market at the time.

Population sample. The wealth distribution and most filter variables come from the
RAND HRS Longitudinal File 2022 (V1) (Health and Retirement Study, 2025¢). Construc-
tion of the q286 ownership measure additionally uses the 2000, 2002, 2004, 2006, and 2008
RAND HRS Fat Files (Health and Retirement Study, 2021, 2017, 2019, 2025a,b). The sample
pooled waves 5-9 (2000-2008) and so extends the 2006 cross-section in Lockwood (2012).
It retained single, unpartnered respondents aged 65-69 who were partly retired, retired,

disabled, or not in the labor force and who had valid self-reported health and respondent
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weights. Because the model has no labor income, the screen also required prior-calendar-year
earnings no greater than the constant-real 2014-dollar equivalent of Lockwood’s $3,000 cutoff
in the 2006 HRS. Missing partnership, labor-force status, earnings, health, weight, or base-
line wealth failed the screen, and Appendix P lists the variable codes and price deflators. The
resulting sample contains 3,377 person-wave observations. RAND total nonhousing wealth
is the baseline asset measure. It excludes primary and secondary residences and their associ-
ated mortgage and home-loan debt while retaining IRAs, business and vehicle equity, other
real estate, and financial assets net of other debt. Wealth is restated from each interview
year to 2014 dollars before applying the $5,000 eligibility floor and the $30,000, $120,000,
and $350,000 band boundaries. This measure remains broader than strictly liquid or imme-
diately annuitizable wealth. The main analysis restricts attention to the 1,896 observations
with baseline nonhousing net worth of at least $5,000. Both ownership-stock rates below
are computed on that same wealth-restricted subsample, but neither enters calibration. The
model maps each household’s current state to a one-time predicted purchase decision. Fo-
cal evaluation is unweighted, and Appendix D.3 reports survey-weighted, person-balanced,

alternative-wealth, and pension-recipient-mixture specifications.

Retirement income. Four fixed wealth bands map empirical states to retirement-income
schedules. Focal Social Security is the survey-weighted mean of RAND retirement-benefit
income among positive recipients in each band. Because the model has no claiming state, it
assigns that amount to every state in the band as an entitlement-flow proxy rather than the
respondent’s observed current benefit. A sensitivity instead uses the all-respondent band
mean, including zero current payments. For the pension-income proxy, the construction first
converts each respondent’s nonnegative prior-year employer-pension income, in 2014 dollars
(Appendix P gives the variable code), to the model’s age-65 nominal base by multiplying
it by (1 4+ 7mp)% =%, where a; is interview age, and then takes the unconditional survey-
weighted band mean, including zeros. The raw pooled mean at observed ages is kept only
as a diagnostic. Because the pension-income question refers to the prior calendar year and
exact payment dates are unavailable, the use of interview age is a timing convention. The
data also do not identify the payment’s age profile, plan type, or life contingency. These
assigned schedules, rather than person-level flows, enter both the on state and the equal-
PV commutation. Appendix D.3 reports the current-payment and pension-recipient-mixture
sensitivities.

The unweighted focal statistic gives equal mass to each eligible person-wave state. Re-
peated observations of the same person therefore count as separate evaluation states, and the

Shapley values describe the model over that set of states. Survey-weighted and earliest-wave
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person-balanced evaluations in Appendix D.3 show how the full-model level changes under

alternative weighting conventions.

Ownership measures. Two HRS ownership-stock measures give loose empirical context,
and neither is a calibration or validation target. The preferred one is a life-contingent-
payment indicator from the HRS annuity-income questions in waves 5-9, the q286 series. It
identifies respondents reporting at least one annuity payment that they state will continue
for life. In the pooled sample of 1,896 eligible person-waves, 73 report such a payment, or
3.85% (descriptive Wilson-type 95% interval [2.85%,5.18%]). Because repeated observations
make a person-wave binomial interval too narrow, the interval uses an effective sample size
of 1068 under the conservative assumption of within-person correlation one (Appendix P).
At the person level, 63 of 1,269 sample members (4.96%) report a qualifying payment in
at least one eligible observation. The question identifies payout duration but not purchase
source or date, so the reported stock may reflect earlier or nonretail decisions and cannot
isolate a current retail SPIA purchase.

The conventional measure is the RAND any-annuity-income variable r{w}iann, which
records positive private annuity income separately from pension income but does not estab-
lish that every payment is life-contingent. Pooled across waves 5-9, 6.12% of person-waves
report positive annuity income (descriptive Wilson-type 95% interval [4.83%, 7.72%], using

the same effective-sample-size convention).

Lifecycle simulation diagnostic. Appendix Table O.1 reports the model-implied mean,
median, and fraction of bequests above $10K from 100,000 simulated trajectories. Initial
wealth and health are drawn jointly from the weighted model-eligible HRS sample, all tra-
jectories begin at age 65, and households receive their wealth-band Social Security flow and
modeled nominal pension-income proxy but purchase no private annuity. Modeled pension-
proxy income uses the age-65 base just described and then applies nominal erosion. The
exhibit is descriptive. Estate values reported in HRS exit interviews do not share the model’s
asset definition or imputation conventions, and a calibration that targeted bequests would

require a separately constructed exit sample and joint re-estimation of 8 and k.
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4 Results

4.1 Focal attribution

Table 2 reports complete decompositions for two outcomes. Panel A allocates the 62.3 pp
decline in purchase propensity from the equal-resource benchmark to the full model. Pric-
ing frictions lead with 28.1 percentage points, followed by pre-existing annuitization (15.1),
the medical-expenditure process plus health-dependent mortality (8.4), pessimism (6.3), and
DF J-style bequests (2.7). As shares of the modeled decline, pricing frictions account for 45%,
the leading three for 83%, and bequests, ranked fifth, for 4%. Every focal average contri-
bution is nonnegative, although some players have negative marginal effects in particular
predecessor sets.

Panel B changes the outcome to the population mean purchased share of liquid wealth.
The benchmark-to-full-model decline is 76.2 pp. Pricing frictions remain first at 29.1 points
and pre-existing annuitization remains second at 20.2. Pessimism moves to third (11.9),
the medical /mortality player moves to fourth (9.4), and bequests remain fifth while rising
to 7.9 points. Inflation supports the purchased share on average, with a contribution of
—3.1 points. Across both outcomes, pricing frictions remain first, pre-existing annuitization
second, and bequests fifth, while the ordering and signs of the remaining channels change.

Figure 1 displays one sequential path through the nine players for intuition, and Table 2
supplies the order-averaged allocation. Table 2 also reports how each participation marginal
varies across predecessor sets. The weighted 10th—90th percentiles and suppressing-order
shares use the exact random-order probabilities in the Shapley formula, and the added-last
column is the marginal in the full model. A wide range or a sign change shows how much a
sequential increment depends on the mechanisms that entered before it. The replication file
order_sensitivity.csv retains the median, full range, and exact positive, negative, and
zero order probabilities for every player.

The pricing player combines three features of the modeled retail contract: a proportional
money’s-worth wedge, a fixed purchase cost, and a minimum premium. All three affect
the extensive-margin opportunity, so the 28.1-point bundled value cannot be assigned to
the proportional wedge alone. At a $500 fixed cost, the complete game still puts pricing
first at 22.4 points. Medical /mortality contributes 11.6, pre-existing annuitization 10.6, and
bequests 1.8 (Appendix Table D.1).

Appendix [ replaces the pricing bundle with three players. In that game, pre-existing
annuitization ranks first at 16.2 points, followed by the MWR wedge at 14.9, the fixed cost
at 9.7, and medical/mortality at 9.2. Minimum-premium restrictions contribute 1.3 points

and bequests 2.5. The split confirms that both the evidence-based payout wedge and the
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Table 2: Shapley Decomposition by Outcome Statistic

Panel A: Purchase propensity

Channel Shapley  Share  Order pl0-p90  Added last  Suppressing orders
(pp) (%) (pp) (pp) (%)
Pricing frictions +28.08 45.1 +0.0 to +45.6 +42.4 71
Pre-existing annuitization +15.08 24.2 40.0 to +39.6 +24.1 68
(SS+pension-income proxy)
Medical process and +8.38 13.5 -8.8 to +33.8 -8.8 53
health-dependent mortality
Pessimism +6.32 10.1 40.0 to +13.6 +9.7 63
Bequests +2.66 4.3 +0.0 to +5.0 +5.0 54
Inflation +1.31 2.1 +0.0 to +2.7 +2.5 46
Public-care aversion +0.38 0.6 -9.3to +54 +5.4 33
State utility +0.07 0.1 -0.8 to +0.9 -0.6 17
Age needs +-0.00 0.0 +0.0 to 4+0.0 +0.0 0
Total modeled drop +62.29 100.0 — — —

Panel B: Mean purchased share of liquid wealth

Channel Shapley (pp) Rank
Pricing frictions +29.10 1
Pre-existing annuitization (SS+pension-income proxy) +20.25 2
Pessimism +11.92 3
Medical process and health-dependent mortality +9.45 4
Bequests +7.94 5
State utility +0.45 6
Public-care aversion +0.27 7
Age needs +0.00 —
Inflation -3.14 8
Total modeled drop +76.24 —

Exact Shapley values over all 29 = 512 subsets of the nine structural channels (SDU and PED held off).
Positive values are demand-suppressing contributions; negative values are demand-raising contributions.
Each panel orders channels by its signed Shapley value; exact null players receive no rank.

The order range is the weighted 10th—90th percentile of the channel’s marginal contribution over uniformly
random entry orders. ‘Added last’ is the grand-coalition marginal. ‘Suppressing orders’ is the exact
probability that the marginal is positive under that same random-order measure. The machine-readable
order-sensitivity file also reports the median, full range, and zero and negative probabilities.

Panel A endpoints are 100.0% in the equal-resource, floor-inclusive benchmark and 37.7% in the full
nine-channel model. Panel B endpoints are 95.6% and 19.3% of liquid wealth.

Table A.5 adds the two exploratory behavioral channels (SDU and PED) to the nine-channel accounting.
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assumed fixed cost matter. It also shows why component values and ranks must be reported
under their own partition.

The medical player also bundles two linked primitives. Its off state sets medical expen-
diture to zero, so activation adds the calibrated mean, dispersion, and health dependence of
spending. That expenditure process raises the option value of liquid wealth, while health-
dependent mortality reduces the expected duration of annuity payments in states with high
medical need. Separating expenditures from the health—mortality correlation changes the
predecessor sets in which each can operate, and Appendix Table D.5 reports that alternative
game.

The pre-existing-annuitization value depends on the equal-PV treatment. Deleting So-
cial Security and pension-proxy flows would make the off state poorer and would combine
a resource effect with an asset-form effect. Commutation instead gives each respondent
liquid wealth of the same actuarial value, so the comparison isolates the liquidity, survival-
contingency, and payment-path consequences of holding retirement resources in annuitized
form. The result remains conditional on the assumption that the pension-income proxy is
nominal and life contingent, which the HRS pension-income measure cannot verify.

The bequest value depends on translating the DFJ intensity and shifter together. DFJ’s
large shifter makes bequests a luxury good and avoids the spike in marginal utility near
zero wealth that pairing the transformed intensity with a homothetic shifter would produce.
Because the player’s importance moves with curvature, the complete-game sensitivity varies
risk aversion.

Two sequential paths in Appendix Tables A.6 and A.7 give different increments, because
each path assigns interactions to the player that enters later. Equation (17) averages those
increments over every entry order, and Appendix Tables .1 and D.5 report interaction and
partition diagnostics.

Across complete Shapley recomputations for v € [2, 3], full-model propensity ranges from
30.3% to 38.5%. Lower curvature puts pessimism ahead of the medical /mortality player and
can raise bequests above it. Changes to the public floor, mortality convention, fixed cost, or
player partition also alter the allocation. Complete games on the three nested grids preserve
the focal top-three ordering, and Section 5 reports each comparison.

Every player stays in the game regardless of sign, because efficiency requires it. In
another calibration, a player could support demand on average and would then receive a
negative demand-suppressing value. The age-needs player remains in the game with a zero
focal parameter because the constrained calibration selects the boundary. Its zero value is a

calibration outcome.

22



4.2 Bequests, pricing, and outcome choice

Lockwood (2012) shows that realistic loads can make a bequest motive much more consequen-
tial for annuity demand. The two-player projection from the empty coalition in Appendix
Table .1 hides that mechanism on the participation outcome. Bequests alone, pricing fric-
tions alone, and the pair together all leave this model’s equal-resource population at the
100% participation ceiling, so the finite difference is 0.0 points.

Averaging the bequest—pricing second difference over every coalition of the other seven
players, as in the predecessor-averaged pair interaction of Appendix equation (F.1), gives a
positive interaction of 3.4 percentage points for participation and 5.3 points for mean pur-
chased share. The interaction emerges after other mechanisms move households away from
the participation ceiling. Larger pairwise interactions exist elsewhere in the game, and the
pre-existing-annuitization /pricing pair is the largest in absolute value under both outcomes.
The bequest—pricing pair matters here because of its bearing on Lockwood (2012). Bequests
also receive a larger mean-share allocation (7.9 points) than participation allocation (2.7
points), although they rank fifth under both outcomes. Pricing frictions therefore have the
larger average contribution, while bequests remain economically active through purchased

shares and interactions.

4.3 Purchase propensity across the wealth distribution

The model-eligible population is divided into fixed nonhousing-net-worth bands of $5-30k,
$30-120k, $120-350k, and above $350k. Full-model purchase propensity is 0.0%, 4.9%,
76.0%, and 100.0% across those bands. By contrast, the q286 ownership stock is much
smoother. The model evaluates a current retail purchase, while q286 can reflect an earlier
purchase from an unidentified source. Appendix Table J.3 places the profiles side by side.

Aggregate modeled purchase propensity (37.7%) is numerically well above both the q286
stock (3.85%) and the any-annuity-income stock (6.12%). Because the HRS figures describe
existing annuity payments, with purchase dates and sources the survey does not record, the
difference between the model and either stock cannot be read as a residual. The distance is
still economically important, because the nine modeled channels leave much more immediate
purchase than either HRS stock records. A similarly stark discrepancy appears in the increase
from 4.9% to 76.0%, a model-implied extensive-margin cliff that the observed 286 profile
does not share.

The gap also marks the limits of the accounting, because the state space omits the option
value of delaying purchase, couples and family risk sharing, housing illiquidity, risky assets,

taxes, defaults and inertia, product complexity and trust, persistent residual medical costs,
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and repeated purchase. Several could lower immediate purchase or flatten its wealth pro-
file, but their effects on a larger Shapley allocation remain unknown until they are defined
and solved as part of the game. The exploratory eleven-player behavioral extension (Ap-
pendix A.9) shows how a large purchase-event penalty can push the model to a boundary,
but the size of that penalty is the researcher’s choice, so the exercise does not estimate the
missing gap.

The fixed cost makes this distributional profile more than a scaled version of the aggre-
gate result. Low wealth can make a positive purchase infeasible or leave too little liquid
wealth after paying the fixed cost. Middle-band households cross those feasibility and value
thresholds rapidly as resources rise, while the top band is saturated. Purchase propensity
stays at 37.7% whether the minimum premium is removed or raised to $25,000 (Appendix
Table D.2), so the minimum premium by itself does not change the modeled level. Economic
value continues to reflect bequests, existing annuity income, medical expenditures, and the
payout schedule. An extensive-margin diagnostic distinguishes three reasons for a zero. In
the $5-30k band, 35% have no feasible positive purchase and 65% reject every feasible pur-
chase even at zero fixed cost. Corresponding fixed-cost-defeated shares in the $30-120k and
$120-350k bands are 30% and 20%, and Appendix J.| reports the remaining shares and
definitions.

Separate by-band Shapley games show how the aggregate allocation varies across the
distribution. Pricing frictions are weakly first in all four bands, with an exact tie with
pre-existing annuitization in the $120-350k band. In the above-$350k band both endpoint
propensities are 100%, so the contributions sum to zero and offset one another, and the tied
top rank there is uninformative.? Cells with little purchase propensity remain sensitive to the
fixed-cost threshold, so Appendix Tables J.1 and J.2 report feasibility, heterogeneous-cost,
and grand-coalition-removal diagnostics.

The by-band values do not add up to the aggregate table without weighting. FEach
band has its own empty- and full-coalition endpoints, and nonlinear thresholds can make
a player important in a band even when few observations purchase there. The aggregate
Shapley value instead averages coalition purchase indicators over the full evaluation sample
before allocating the endpoint change. Reporting both objects separates where a mechanism

operates from how much it contributes to the population change.

2The replication package lists every band’s values in tables/csv/shapley_by_wealth.csv.
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4.4 Within-model access value

Welfare is measured by the subjective ex ante consumption-equivalent value (CEV) of ac-
cess to the modeled annuity. Under DFJ bequests, population mean CEV is 0.9%, 37.7%
of evaluated model-eligible person-waves have positive CEV, and 27.5% exceed 1% of con-
sumption. Household valuation uses subjective survival, while insurer pricing and physical
simulation use objective survival. Appendix Table [.1 reports the age-65 wealth—health grid,
and Appendix Table J.5 reports price, indexation, and belief sensitivities.

Purchase propensity and access value answer different questions. The purchase indicator
compares the best feasible positive purchase with no purchase after applying the fixed and
minimum costs. CEV asks how much scaled consumption in the fixed no-access allocation
would deliver the value available with the market. A household can therefore have a small
access value even when a grid or transaction-cost threshold changes its discrete purchase
indicator. Conversely, a positive modeled purchase does not imply that an unmodeled reform
generating that opportunity would pass a social cost-benefit test.

The calculation scales consumption felicity in the fixed no-access allocation and leaves
the bequeathed-wealth stock unscaled. Appendix | derives the closed form and reports an
alternative convention that holds consumption in public-floor-binding periods fixed. That
convention raises CEV in the diagnostic cells with positive access value and leaves the non-
purchasing cells at zero. Both conventions value access within the stated preferences and

transfer environment. Neither includes the fiscal cost of the floor or equilibrium responses.

4.5 Social Security benefit reduction

The policy experiment applies a permanent 22% reduction to Social Security that households
anticipate from the observed purchase age onward. Pre-retirement saving and claiming, the
employer-pension-income proxy, and annuity prices stay fixed. Aggregate purchase propen-
sity changes from 37.7% to 43.2%. Table 3 reports the focal cut and the surrounding response
schedule.

Purchase propensity rises monotonically over the reported 0-50% cut range, reaching
49.0%, but complete elimination lowers it to 41.7%. Because the schedule is discrete, it does
not locate the turning point between 50% and full elimination. This reversal is consistent
with opposing longevity-insurance and liquid-wealth-value margins, although the exercise
does not separately identify their contributions.

The calculation isolates an uncompensated resource reduction at the full model and is
not the inverse of the equal-PV pre-existing-annuitization player. It holds the evaluated

initial wealth state, pension-income proxy, legislation, claiming, cohort transitions, insurer
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Table 3: Private Annuity Demand Response to Social Security Benefit Reductions

SS Benefit Cut Propensity (%) Mean o A (pp)
0% (baseline) 37.7 0.193 —
10% 40.1 0.216 +2.4
15% 41.6 0.229 +3.9
22% (anticipated cut) 43.2 0.247 +5.5
30% 45.0 0.268 +7.3
40% 46.9 0.293 +9.2
50% 49.0 0.319  +11.3
100% (elimination) 41.7 0.325 +4.0
HRS q286 ownership stock 3.85

HRS any-annuity-income proxy 6.12

Structural model (rational, preference, and public-care aversion channels;
behavioral channels off). The permanent anticipated cut changes Social
Security only; the modeled nominal pension-income proxy is held fixed.
Baseline SS = [$13K, $14K, $15K, $15K], pension proxy = [$7K, $10K,
$13K, $13K]. The 22% permanent cut is motivated by projected financing
pressure but is not a forecast of the timing, transition rule, legislation, or
general-equilibrium incidence. 100% cut eliminates Social Security entirely
(the pension proxy remains). The two HRS rows are distinct, nonnested
stock comparators, not an interval.
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pricing, and labor supply fixed, while the lifecycle consumption—saving policy is re-solved for
each benefit schedule. The exercise therefore traces partial-equilibrium responses to lower
benefits and does not forecast the transition after the retirement trust fund runs out (Board
of Trustees, 2026). Appendix Table J.1 reports how the wealth-band response changes under
alternative extensive-margin treatments.

Two forces can oppose one another in this experiment. Lower Social Security reduces
pre-existing longevity insurance and can raise the marginal value of a private annuity, but it
also raises the shadow value of retaining liquid wealth once the public income flow is smaller.
Initial liquid wealth, and therefore mechanical minimum-premium feasibility at purchase, is
unchanged. At the 22% cut, the band responses are 0.0%, 8.5 pp, 14.3 pp, and 0.0 pp from
the lowest to highest wealth band. The lowest band does not respond on the focal extensive
margin, and the highest is already saturated. Because the policy changes the amount of
resources and does not toggle the equal-PV player, these band figures are net responses of
the full model.

Appendix J reports separate price, indexation, belief, and lower-price product sensitiv-
ities. Employer-pension receipt is used there only as an illustrative mixture weight and
does not measure group-annuity access or imply that employer markets would replace a

public-benefit cut.

5 Robustness

Appendix Table D.1 reports the full sensitivity analysis.

5.1 Public consumption floor

The public consumption floor is fixed outside the focal game, so the attribution is condi-
tional on that institution. On the common extended H2 grid, the focal floor yields 37.1%
full-model purchase propensity. Pricing frictions rank first at 27.9 percentage points, pre-
existing annuitization second at 15.9 points, and the medical-expenditure/mortality player
third at 8.5 points. With a near-zero floor, propensity falls to 8.8%, while pre-existing annu-
itization ranks first at 49.4 points, the medical-expenditure /mortality player second at 21.6
points, and pricing third at 14.7 points. The same three channels remain the leading set
in this comparison, but their order and magnitudes depend heavily on the public safety net
(Appendix Table D.3).
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5.2 Risk aversion

Appendix Table D.1 reports the level sensitivity to risk aversion, and Table 4 reports the
joint risk-aversion—inflation cells. The note to Table 4 lists the entry-age row of the focal
age-varying hazard schedule, which every cell retains. At the focal v = 2.5, the full model
predicts 37.7%. Purchase propensity is 1.6% at v = 1.5, 30.3% at v = 2.0, 38.0% at v = 2.6,
and 38.5% at v = 3.0.

Table 4: Predicted Purchase Propensity (%) by Risk Aversion and Inflation Rate

™=1% ™ =2% ™ =3%
v =24 38.6 37.0 35.3
v=2.5 39.1 37.7 35.9
v=26 39.5 38.0 36.6
v =3.0 40.0 38.5 36.7

Baseline: v = 2.5, m = 2%, DFJ bequests, MWR, = 0.87.
Every cell retains the focal age-varying hazard schedule;
its entry-age multipliers are [0.49, 1.0, 3.29].

The complete games at v = 1.5 and at the tested values of v between 2 and 3 recompute
the contributions as well as the endpoints. At v = 2, pricing frictions remain first, but
pessimism moves to second and pre-existing annuitization to third. Bequests contribute
6.4 percentage points and rank fourth, ahead of medical/mortality. At the lower-curvature
sensitivity v = 1.5, bequests rise to 14.2 points and rank third, behind pricing frictions and
pessimism. Bequests therefore need not remain fifth even though bundled pricing frictions
exceed them in every reported curvature game.

Changing ~ affects several margins simultaneously: consumption smoothing, the value of
longevity insurance, the cost of losing liquid wealth in adverse medical states, and the DFJ
bequest intensity through the portability mapping. Through that mapping, the stripped-
down terminal allocation wedge remains fixed. Because these margins need not move demand
in the same direction, there is no a priori sign or monotonicity restriction on the resulting
purchase propensity.

In the nominal-annuity calibration, inflation erodes the real value of later payments but
raises the initial nominal payout, because the insurer prices with the nominal discount rate.
At the baseline v = 2.5, predicted purchase propensity is 39.1% at 7 = 1% and 35.9% at
7 = 3%. This joint path changes both the initial payout and its subsequent erosion, so it

does not identify either effect in isolation.
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5.3 Health-mortality correlation

The hazard multipliers govern the strength of the Reichling-Smetters mechanism. Focally,
the age-varying specification produces 37.7% and reflects the narrowing of hazard ratios
across health states at older ages (the Poor-health multiplier falls from 3.29 at ages 65-74
to 1.82 at 854). By comparison, the constant entry-age row produces 36.8%, the steeper
researcher-specified mapping [0.45,1.0,3.5] produces 36.4%, the HRS self-reported-health
mapping [0.57, 1.0, 2.7] produces 37.0%, and the conservative specification [0.60, 1.0, 2.0] pro-
duces 37.8%. Appendix Figure O.2 reports the level comparison, and Appendix N reports a
complete-game recomputation under the constant entry-age row.

Appendix M also restores the earlier male-table, unnormalized-hazard convention used in
this literature. In that complete game, purchase propensity falls to 21.9%. Pricing frictions
remain first at 26.5 points, while medical /mortality rises to second at 23.9 and pre-existing
annuitization moves to third at 17.2. The comparison changes both the population table
and hazard normalization, so it establishes sensitivity to the mortality convention without

isolating a single mechanism behind the rotation.

5.4 Pricing and survival beliefs

Varying MWR over a sensitivity range that extends above the cited population-mortality
values moves purchase propensity from 27.8% at 0.82 to 49.9% at 0.95, with the fixed cost
and minimum premium retained at every price point. Appendix Table D.1 reports each one.

Predicted purchase propensity is 26.1% at ¢ = 0.96, 37.7% at the focal ¢» = 0.981,
and 47.4% under objective beliefs. At the strong-pessimism endpoint, pricing frictions re-
main first, pessimism ranks second, and pre-existing annuitization ranks third. Bequests
move to fourth and medical/mortality to fifth. Appendix A.5 reports that complete-game
recomputation.

The belief experiment changes household valuation but not physical mortality or insurer
pricing. It therefore opens a deliberate wedge between the survival probabilities used in the
Bellman equation and those used to price and simulate the contract. The endpoint game

tests whether the allocation changes when that wedge is strengthened.

5.5 Additional robustness checks

Joint parameter stress design. Across the 1,000 fixed-seed design points, median pur-
chase propensity is 26.2%, the central 90% spans 2.7%-43.0%, and the full range is 0.3%—
50.6%. Each point replaces the focal age-varying health-hazard schedule with constant
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Good-Fair-Poor multipliers whose Poor-health value is drawn uniformly on [2.0,3.5], so the
design does not nest the focal mortality schedule. The spread summarizes researcher-specified

parameter draws and has no confidence-interval or posterior interpretation (Appendix H).

Grid convergence. Refinement near the fixed-cost extensive margin changes participation
levels. Predicted purchase propensity is 37.7% at the focal piecewise 98 x 39 grid and 37.7%
under nested tail refinement (114 x 47). Full nested refinement (195 x 77) gives 37.1%,
while a conventional single-power 170 x 50 grid gives 37.7% (Appendix Table B.1). The
complete HO, H1, and H2 games preserve the focal top-three ordering of pricing frictions, pre-
existing annuitization, and medical/mortality despite movement in levels and contribution

magnitudes (Appendix Table B.2).

Quadrature convergence. Appendix Table B.1 (Panel B) varies the state-split Gauss—
Legendre order per probability segment over {8, 12, 16,24, 32, 48}. At the focal grid, purchase
propensity is 37.7% at order 32 and 37.7% at order 48, a difference of 0.0 pp. Panel C
reports the fully refined H2 grid at orders 48 and 64, with order 64 serving as the combined
grid-and-quadrature reference. Order 32 remains the focal production rule, although the
extensive-margin indicator can still change when small expectation errors move a household

across o > 0.

Annuitization grid. Holding the wealth grid and quadrature at focal resolution and vary-
ing n, over {51,101, 201,401} leaves purchase propensity within a 0.053 pp band. Appendix
Table B.1, Panel D, reports the four values before display rounding.

Outcome statistic and evaluation age. Table 2, Panel B, reports the complete mean-
purchased-share vector. Pricing frictions and pre-existing annuitization remain first and sec-
ond. Pessimism moves to third, medical /mortality to fourth, and inflation becomes demand-
supporting. Forcing every observation’s evaluation age to 65 changes purchase propensity
to 33.8%, with pricing frictions still first at 29.4 points. Pre-existing annuitization ranks
second, pessimism third, medical/mortality fourth, and bequests fifth at 3.5 points. Both
diagnostics replace medical /mortality with pessimism in the leading three, so outcome choice

and evaluation age affect the focal ranking.
Bequest specification. Under the nine-channel structural baseline, the CPI-restated DFJ

luxury-good specification (6 = 158.68, £ = $396,496) produces 37.7% purchase propen-

sity; removing bequests changes this to 42.7%. Keeping the source shifter at its unrestated
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1998-dollar value instead produces 31.0%. That run is included only as a units sensitivity.

Section 2 discusses why 6 and x must be interpreted jointly.

Numerical accuracy. Wealth—annuity and annuitization-grid refinement, the HO order-
32-t0-48 and H2 order-48-to-64 quadrature checks, limiting-case tests, and the endogenous
next-period-wealth boundary audit assess accuracy (Appendices B and E). A citable run fails
unless the diagnostic rosters are complete, independently generated focal cells agree up to
serialization precision, every selected policy transition remains inside the wealth grid up to a
scale-aware numerical tolerance, and the participation and mean-share convergence budgets
in Appendix B hold. The production boundary certificate evaluates 68,107,988 transitions
and records zero material overshoots. No single Euler-residual scalar is reported because
lower and upper consumption corners require Karush—-Kuhn-Tucker (KKT) inequalities and
the continuation-value approximation is kinked and piecewise linear, so a smooth finite-
difference residual has no uniform interpretation across states.

Exact coalition enumeration removes sampling error from the Shapley formula, but it
cannot correct error in the coalition values. The HO order-48 and H2 order-64 quadrature
audits, grid refinements, exact annuitization-boundary candidates, and fail-closed empirical-
state coverage address those values directly. Residual movement near a discrete participation

threshold is reported as a sensitivity.

6 Discussion

Exact Shapley accounting removes the investigator’s entry order from a multi-channel life-
cycle decomposition. In the focal participation game, pricing frictions, pre-existing annuiti-
zation, and medical/mortality rank first through third and together account for 83% of the
modeled decline. Calibrated bequests rank fifth and contribute no more than pricing frictions
in any reported recomputation that keeps the three pricing features together. Their focal
contribution is small but grows under lower risk aversion, and bequests interact positively
with pricing frictions.

The allocation depends on the definition of a player. Bundling the medical process with
health-dependent mortality assigns their interaction to one named mechanism. Splitting
them distributes that interaction between two average marginal contributions. The same
issue applies to the three pricing terms and to Social Security versus the pension-income
proxy. Alternative-partition games show this dependence and clarify the economic meaning
of each label. In the pricing split, pre-existing annuitization leads the MWR wedge, and the

assumed fixed cost remains quantitatively important.
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Lowering the public consumption floor puts pre-existing annuitization first and pricing
frictions third. Lower risk aversion and stronger pessimism bring survival beliefs into the
leading three, while alternative mortality, fixed costs, and player partitions produce further
changes. The three complete nested-grid games preserve the focal top-three order despite
changes in levels and contribution magnitudes.

Because switching off pre-existing annuitization converts retirement income into liquid
wealth of equal actuarial value, that player measures the effect of the form in which resources
are held. The 22% policy experiment instead removes Social Security resources at the full
model with prices, claiming, legislation, and equilibrium adjustment held fixed, so its result
is a partial-equilibrium comparative static.

Eligible observations are single respondents aged 65-69 who meet the labor-force, earn-
ings, health, weight, and $5,000 nonhousing-wealth screens. Each observation maps to one
irreversible retail purchase at the observed age. The two HRS measures are current own-
ership and income stocks with no purchase date and incomplete product identification, so
they provide scale and distributional context for the model prediction.

The difference between 37.7% modeled purchase propensity and the HRS stocks remains
a substantive limitation even though the quantities are not matched moments. Omitted
mechanisms include deferral, marriage and family insurance, housing choice, equity, taxes,
insurer credit risk, defaults, product complexity, trust, and repeated purchase. Family risk
sharing can substitute for annuity purchases (Kotlikoff and Spivak, 1981), housing can alter
annuity demand (Pashchenko, 2013), and a risky asset can change the opportunity cost of
annuitization (Inkmann et al., 2011). The current results cannot assign the level gap to
those omitted channels or predict their positions in a larger game. RAND nonhousing net
worth also includes assets with limited immediate liquidity. Appendix .3 varies the asset
definition and weighting in full-model level checks, without recomputing the coalition game
under those alternative state constructions. The reported complete games do not jointly
vary the fixed cost, money’s-worth ratio, and bequest parameters, so they do not locate
where the pricing-over-bequests ordering would reverse.

Health is Markov and residual medical shocks are iid conditional on health. The annual
health matrices are principal-square-root transformations of biennial transitions observed
among respondents alive and reporting health at both endpoints, then combined separately
with current-health mortality. This reduced-form annualization is not a jointly estimated
health—death process, and the game does not propagate attrition or sampling uncertainty.
Persistent medical or long-term-care cost states could raise the value of liquidity and change
the medical-channel allocation, but signing that change and its effect on the rankings would

require a model with that additional state. The public-care player represents the stated
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interaction of medical risk, Poor health, and a generic floor because Medicaid participation
and long-term-care setting, insurance, and utilization are absent. Survival beliefs use a
constant proportional wedge despite the documented age pattern in belief errors (O’Dea
and Sturrock, 2023). Public-care aversion, state-dependent utility, and the two exploratory
behavioral channels rest on assumed mappings.

Player definitions, numerical tolerances, and empirical screens were fixed before the final
production run, and the full game was enumerated, so the accounting is exact given those
choices. Every complete-game sensitivity exercise recomputes both endpoints. The open
questions are economic: which states and mechanisms belong in the lifecycle problem, how
their parameters should be identified, and what observed purchase measure could match the

modeled decision in timing and product scope.

7 Conclusion

Sequential decompositions credit each interaction to whichever mechanism enters later, so
their answer depends on an order the investigator chooses. Solving all 2° coalitions of a
nine-player lifecycle game removes that choice. Entered last, medical expenditures with
health-dependent mortality raise purchase propensity from 29.0% to 37.7%. Averaged over
every order, the same pair lowers it by 8.4 points. At the focal calibration, purchase propen-
sity falls from 100.0% in the equal-resource benchmark to 37.7% in the full model. Pricing
frictions, pre-existing annuitization, and medical /mortality rank first through third and to-
gether account for 83% of the modeled decline. The first two keep their positions under
the mean-purchased-share outcome. Calibrated bequests rank fifth under both outcomes
and contribute no more than pricing frictions in any reported recomputation that keeps the
three pricing features together.

Recomputing the full decomposition under alternative preferences, institutions, and player
definitions changes both the ordering and the membership of the leading set, and the rank-
ings depend on which mechanisms the model includes. The three nested-grid games preserve
the focal top-three participation ordering. Because fair commutation holds the amount of
retirement resources fixed, the pre-existing-annuitization player measures only the effect of
their form. The separate 22% Social Security experiment instead cuts benefits without com-
pensation and, with prices and initial wealth held fixed, raises purchase propensity by 5.5
percentage points in partial equilibrium. Purchase propensity in the full model, 37.7%, re-
mains far above the HRS ownership stocks. In the focal calibration, then, pricing frictions
and the retirement income households already hold do more than bequests to lower modeled

demand for private annuities.
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Data Availability

A replication package contains the Julia code, the redistributable aggregate calibration in-
puts, the generated results, and reconstruction instructions, with a checksum for every file. It
is available to the editors and referees on request and will be deposited in a public repository
at acceptance. Health transitions, population evaluation, and ownership-measure files are
constructed from RAND HRS and RAND HRS Fat File inputs available to registered HRS
users at https://hrsdata.isr.umich.edu. The author does not redistribute the source
records or three person-level intermediate extracts through the replication package under
the HRS conditions. Registered users can regenerate them from their own downloads with
the documented local reconstruction pipeline, which records a checksum of every input file
so users can confirm they reproduced the same extracts. All remaining parameters are tied

to cited sources or labeled as calibration choices.
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Figure 1: Sequential decomposition of predicted purchase propensity (nine-channel struc-
tural model). Each bar shows the prediction after adding the labeled channel to all previous
channels; for visual transparency, the bundled medical/mortality player appears as succes-
sive medical-risk and health-mortality-correlation steps. The final bar is the nine-channel
structural baseline. This single ordering is shown for intuition only—the order-independent
attribution is the Shapley decomposition (Section 4). The dashed and dotted lines mark the

untargeted HRS 286 life-contingent-payment stock (3.85%) and any-annuity-income proxy
(6.12%).
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Online Appendix for “Accounting for Interacting

Explanations of Annuity Demand”

Derek Tharp

A Model Details

Table A.1 collects the focal parameters, their sources, and the calibration choices. Quantities

labeled as mappings or choices were not estimated in this paper or in the cited studies.

A.1 Health transition matrices

Health transitions are calibrated to the RAND HRS Longitudinal File 2022 (V1; consecutive-
wave pairs from waves 5-12, 2000-2014, with two-year rates annualized via matrix square
root) (Health and Retirement Study, 2025), with the five self-reported health categories
mapped to three states: Good (Excellent/Very Good), Fair (Good), and Poor (Fair/Poor).
The historical window is closer to the 2000-08 evaluation population than later HRS waves
are, and it excludes pandemic-period transitions. Estimates pool unweighted complete-case
person-wave transitions among all HRS respondents aged 65 or older who respond and report
valid health at both endpoints, without the focal marital-status, partnership, labor-force,
earnings, or wealth screens. Respondents may contribute more than one interval. Transition
probabilities are age-band dependent: distinct 3 x 3 transition matrices are estimated for six
age bands (65-69, 70-74, 75-79, 80-84, 85-89, 90+) and applied piecewise within each band.
In the estimated matrices, entry into Poor health accelerates around ages 75-85. The six-
band specification keeps that pattern, which a two-anchor linear interpolation would smooth
over. Each annual matrix must be stochastic and must square back to its two-year matrix
within the builder’s numerical tolerance. The three-state structure follows De Nardi et al.
(2010), and the transition matrices are re-estimated here.

Write a; = 64 +t and Qy(h,h') = Pr(Hyw = W | Hy = h,a;) for the row-h, column-h’
element of the one-year transition matrix used in model period t.

The two-year health matrices are survivor- and response-conditional. Each is annual-

ized with its principal matrix square root. The builder accepts that root only if it is real,

1



Table A.1: Model Parameters

Parameter Symbol  Value Source or status

Preferences

Risk aversion ¥ 2.5 Calibration choice; Lockwood (2012) uses
2

Discount factor B 0.97 Standard calibration

Bequest intensity [% 158.68 Portability mapping; derivation in
Section C.1

Bequest shifter K $396,496 CPI-restated from De Nardi et al. (2010)

Demographics and return

Entry age 65 Retirement evaluation age

Maximum age 110 Lockwood (2012)

Risk-free rate r 0.02 Real

Health and mortality

Health states 3 Good, Fair, Poor

Hazard multipliers w(H,t)  See text Estimated from Health and Retirement
Study (2025)

Medical-integration order 32 per probability State-split probability-domain

segment Gauss—Legendre
Survival-belief scale P 0.981; range [0.96,1]  Mapping motivated by O’Dea and

Medical expenditures and retirement income

Log mean at 65 (Fair) Hm
Annual log-mean growth

Log standard deviation Om
Health log-mean / log-SD

shifts
Consumption floor

Pre-existing income by ypre
band

Annuity market

Money’s worth ratio MWR
Fixed purchase cost F
Minimum premium

Inflation rate T

Preference and structural channels
Age-needs decline de

Health-utility weights
Public-care aversion

(H)
XLTC

Exploratory behavioral channels
Portfolio-consumption Aw
weight

Purchase-event penalty

6.979338
0.0596923
1.4

[—0.5,0,0.7]
[-0.2,0,0.2]

$8,496

$20,089; $23,826;
$27,685; $27,804
0.87

$2,349

$10,000
0.02

0.0000

[1.00,0.92,

0.82]
0.49

0.625

wpurchase 0.05

Sturrock (2023)

Solved to match the projected age-70/100
two-year mean targets

Solved to match the projected age-70/100
two-year mean targets

Calibration choice; upper-tail fit reported
as an implied diagnostic

Assumed mapping; not estimated

Lockwood (2012); year-2000 SSI,
CPlI-restated

Assigned band means from Health and
Retirement Study (2025), waves 5-9;
conventions in main text

Mitchell et al. (1999); Wettstein et al.
(2021)

Calibration: Lockwood (2012)’s
illustrative $2,000 experiment, treated as
2006 dollars and CPI-restated to 2014
(U.S. Bureau of Labor Statistics, 2017)
Calibration choice; sweep reported
Nominal-payment calibration

Constrained residual boundary check
against an external expenditure-profile
scale from Aguiar and Hurst (2013)

Assumed mapping; Section A.7
Reduced-form proxy motivated by
Ameriks et al. (2020); no observed
care-program state

Mapping informed by Blanchett and Finke
(2024, 2025)

Reduced form motivated by framing
evidence

Notes: Dollar quantities are in 2014 dollars. The final two parameters enter only the exploratory
eleven-player extension. Employer-pension income reported in the HRS supplies the pension-income
proxy, and the model assumes that it is nominal and life contingent.



nonnegative, row stochastic, and recomposes the unrounded two-year matrix within a 107
maximum-cell tolerance. It neither clips entries nor projects an inadmissible root onto the
stochastic simplex. Machine-readable probabilities retain full floating-point precision, while
displayed values are rounded. The health root therefore recomposes its two-year input, al-
though the principal square root is only a computational annualization and does not identify
a latent annual process. Annualization precedes the interleaving of those one-year health
transitions with separately estimated current-health mortality. This reduced-form separabil-
ity only approximates a jointly estimated health-and-death process, because state-dependent
selection into survival means that the modeled health distribution among two-year survivors
need not reproduce every cell of the original survivor-conditional matrix. That discrepancy is
not separately calibrated or used as identifying variation. Attrition and sampling uncertainty
in the transition estimates are not propagated through the demand game.

The transition matrices exhibit two standard features. First, health deterioration is more
likely than improvement: transition rates from Good to Fair exceed those from Fair to Good
in every age band from 70-74 onward (in the 65-69 band the two rates are nearly equal,
0.144 versus 0.147). Second, deterioration accelerates with age: the annual probability of
remaining in Good health falls from 0.84 at ages 65-69 to 0.67 at ages 90+.

A.2 Medical expenditure calibration

Gross medical needs, scaled to combined out-of-pocket-plus-Medicaid benchmarks and real-

ized before the model’s public-floor transfer, follow:
nmy = =+ g (a — 65) + 6,(Hy) + |00 + 6, (Hy)| - &, & ~ N(0,1),

where a; is age in period ¢, uP*° = 6.979338 is the mean of log need at age 65 for Fair health,
g = 0.0596923 is its annual growth, 6,(H) shifts that mean by health state [—0.5,0,0.7] for
Good, Fair, and Poor respectively, 0°%° = 1.4 is the base log standard deviation, and d,(H)
shifts the log standard deviation by health [—0.2,0,0.2]. Both shift vectors and the base
dispersion are assumed values that Jones et al. (2018) do not report.

The source’s Figure la reports annualized expenditures over two-year intervals for sur-
viving households, combining initially single households and couples. A couple that loses one
spouse remains a surviving household. By contrast, the model has one person and iid annual
residual shocks conditional on Markov health. The model’s projection is therefore the distri-
bution of (m, + mey1)/2 conditional on the model individual surviving from age a through
age a + 2, using objective health-conditioned survival and the intervening health transition.

Two log-mean coefficients solve exactly for the source means at intervals beginning at ages



70 and 100 under that operator. This mapping respects the source’s measurement interval
and survivor conditioning, but it neither reproduces the source household unit nor imports
its persistent medical-spending process.

Table A.2 reports the resulting projected moments against the source benchmarks.

Table A.2: Medical Expenditure Moments: Model vs. Target

Moment Model Source benchmark
(Jones et al., 2018)

Projected two-year mean, interval beginning age 70 $5,100 $5,100

Projected two-year 95th pctile, interval beginning $17,943 $13,400
age 70

Projected two-year mean, interval beginning age $29,700 $29,700
100

Projected two-year 95th pctile, interval beginning $103,509 $111,200
age 100

The log-mean coefficients match the two projected means exactly. With dispersion and
health shifts held at their assumed values, the two upper-tail rows are implied diagnostics,

and the table reports both misses.

A.3 Swurvival calibration

Baseline survival probabilities spase(t) use a sex-blended SSA 2003 period life table: the sur-
vivorship mixture of the male and female SSA 2003 tables at the model-eligible sample’s
female share (70.8%), Spase(a) = wsSf(a) + (1 — wy)Sy(a), with one-year conditional sur-
vivals derived from the mixed survivorship (Social Security Administration, 2007). The prior
convention—the male table from the Lockwood (2012) replication code (BAP wtp.m)—is
retained as the mortality-convention robustness of Appendix M.

Health-conditional survival is anchored to this aggregate table. The raw proportional-

Hb)  but the multipliers are relative hazards rather than table-

hazard form is Spage(t)"
anchored levels, so their population-weighted average departs from Sp.e(t). A common
age-specific factor (; rescales every multiplier so the health mixture reproduces the table

exactly:
3(t> H) = Sbase (t)Ct M(H7t)a Ct solves Z WH (t) Shase (t)Ct H(H D) = Sbase(t)>
H

where wg () is the health distribution among survivors in period ¢ (age 64 + t), initialized
from the model-eligible sample’s pooled ages 65-69 counts (737 Good, 649 Fair, and 510



Poor of 1,896) and evolved forward under the health transition matrices weighted by the
normalized survivals. For 0 < Spase(t) < 1 and strictly positive multipliers, the factor (; is
unique because the left side is strictly decreasing in (;; the code solves it by bisection. At
the terminal age, spase(7)) = 0 in every state and the factor is immaterial. Hazard ratios
across health states are preserved at nonterminal ages; only their common level is anchored.
The multipliers [0.49, 1.0, 3.29] for Good, Fair, and Poor health are informed by unweighted
complete-case person-wave intervals from waves 4-16 of the RAND HRS Longitudinal File
2022 (V1) (Health and Retirement Study, 2025). At the interval start, the respondent must
be alive and interviewed (RAND RwIWSTAT=1) with valid age and health. Next-wave code 5
(died since the preceding interview) is a death and codes 1 or 4 are survival; codes 0, 6, 7, 9,
and missing statuses are excluded. Code 6 denotes a death that occurred before a previous
wave. For each age—health cell, the two-year mortality fraction m maps to the constant
annual hazard —log(1 — m)/2, with Fair health as the within-band reference. Respondents
may contribute multiple intervals. Unrounded ratios enter the model, and the table rounds
them to two decimals. The estimation window includes 202022, but the anchor above keeps

aggregate mortality fixed at the 2003 table:

Age band u(Good)  p(Fair)  u(Poor)
6574 (midpoint 69.5) 0.49 1.00 3.29
75-84 (midpoint 79.5)  0.60 .00 277
85+ (midpoint 90.0) 0.74 1.00 1.82

The focal schedule linearly interpolates the three rows at their reported midpoints, with
the endpoint rows applied below 69.5 and above 90.0. A complete-game sensitivity holds the
65-74 row fixed at every age, and level checks use researcher-specified constant mappings
from [0.45, 1.0, 3.5] to [0.60,1.0,2.0]. The focal convention varies with age because annuity
value depends on health-contingent mortality over the whole continuation horizon, including

ages well after purchase.

A.4 Subjective survival beliefs

The agent uses subjective survival probabilities in the Bellman equation:
sPi(t H) = - s(t, H), € (0,1].

Annuity pricing uses objective survival from the population life table, with no health rating.

A household with ¢ < 1 overweights the probability of dying before collecting and so values



annuities less than under objective beliefs. Because the same i multiplies every health
state’s one-year survival, it does not change conditional survivor health shares. Cumulative
subjective survival over k years is exactly 1* times cumulative objective survival. From age
65, the focal mapping changes survival to ages 75, 85, and 95 from 80.4%, 45.5%, and 8.6%
to 66.4%, 31.0%, and 4.9%, respectively.

O’Dea and Sturrock (2023) document substantial survival pessimism at younger-old ages
and optimism at sufficiently old ages. That study does not report a value for this scaling,
so the focal v is a constant annual scale chosen to represent the near-term pessimism they
document. Heimer et al. (2019) likewise document systematic age variation in mortality-
belief errors, but the model does not estimate their age profile or impose a source-identified
crossover age. Reported values span ¢ € [0.96,1.0], including objective beliefs, and the
endpoint Shapley game shows how both participation and attribution respond under this

stylized constant-wedge family.

A.5 Channel ranking at the strong-pessimism endpoint

Because both participation and attribution can depend on v, Table A.3 recomputes the full
nine-player game at the strong-pessimism endpoint ¢» = 0.96. The table reports every value
and sign, ordered by signed value. Holding the focal 98 x 39 x 101 grid fixed isolates the

survival-belief endpoint from grid resolution.

Table A.3: Nine-Channel Shapley Decomposition at the Strong-Pessimism Endpoint

(v = 0.96)

Channel Shapley (pp)
Loads +29.3
Pessimism +17.7
Pre-existing annuitization (SS+pension-income proxy) +16.8
Bequests +5.2
Medical+R-S +4.6
Inflation +0.8
State utility +0.3
Age needs +0.0
Public-care aversion -0.7

Exact Shapley values over all 27 = 512 subsets of the nine-channel game at
the strong-pessimism endpoint ¥ = 0.96 of the reported range, computed on
the focal production grid. Rows are ordered by signed Shapley value.
Positive values are demand-suppressing and negative values are
demand-raising; the table reports the resulting signs and ordering without
imposing either ex ante.



A.6 Age-varying consumption needs

The age-varying needs weight is w(t) = (1 — 6.)*"!. Here 4. is a nonnegative reduced-form
residual, calibrated against external spending evidence. Aguiar and Hurst (2013) report an
approximately 0.30-log-point decline in household nondurable expenditure excluding housing
over the latter half of their observed life cycle, roughly ages 45-75. Spread over 30 years, that
decline averages about 1% a year, a figure computed here from their total. Their repeated-
cross-section statistic is an age coefficient for log household expenditure after cohort and
family controls. The model instead uses the endpoint log change in survivor-conditioned
pooled mean consumption from ages 65 to 90, so the comparison gives only a sense of scale.
With every other focal mechanism active and §. = 0, that model path already declines by
1.95% a year. The constrained calibration therefore sets d,. to zero, and age-varying needs is
a null player in the focal game.

The calibration uses repeated simulated trajectories within each wealth band and deter-
ministic band-specific shock streams. Table A.4 reports alternative seeds and fitting windows,
including an endpoint at age 75 because the source data do not extend through the model’s
full retirement horizon. Every alternative also calibrates . to zero. The focal Shapley table

retains the player for comparability and reports its zero contribution.

A.7 State-dependent utility calibration

Finkelstein et al. (2013) estimate a 10-25% marginal-utility decline associated with a one-
standard-deviation increase in the number of chronic diseases relative to no chronic dis-
ease. The health-utility weights ¢ = [1.00,0.92,0.82] translate that evidence into three
self-reported-health states, using the multiplicative formulation examined by Reichling and
Smetters (2015). Neither paper estimates this vector or a mapping from chronic conditions
to self-reported-health states. The focal vector is a midpoint mapping, and stronger and
moderate alternatives are reported separately.

The implementation uses the zero-intercept cardinal normalization

=

u(c, H) = gp(H)l —

For v > 1, the CRRA level is negative, so ¢(H) < 1 makes that level less negative even
though it lowers marginal utility from ¢~ to ¢p(H)c™?. These weights are meant to lower
marginal utility, and the less negative level in worse health says nothing about whether
worse health raises welfare. An additive health—age intercept independent of consumption

would not affect choices or the annuity-access value difference because survival and health



Table A.4: Reduced-Form Age-Needs Calibration Sensitivity

Simulation seed FEndpoint age Decline at 6. = 0

42 70 1.258%
42 5 1.438%
42 80 1.576%
42 85 1.788%
42 90 1.950%
42 95 2.240%
123 70 1.255%
123 5 1.450%
123 80 1.638%
123 85 1.853%
123 90 2.060%
123 95 2.305%
T 70 1.274%
T 5 1.374%
T 80 1.628%
T 85 1.923%
T 90 2.146%
T 95 2.350%

Each cell reports the decline in survivor-conditioned
pooled mean model consumption from age 65 to the
listed endpoint, with the age-needs parameter J. set to
zero. The external reference is 0.995% a year, derived
from a 0.30-log-point decline over ages 45-75, and the
source and model statistics are not unit-identical. Seed
42 and endpoint 90 form the headline cell. As a
reduced-form residual, d. is not identified as a structural
taste parameter. Because the constrained calibration
allows only §. > 0 and the decline at zero already
exceeds the reference in every cell, the calibrated value is
zero throughout. All cells use deterministic band-specific
shock streams.



transitions do not depend on the household’s portfolio decision. Such an intercept would
still enter cardinal value levels and would have to be removed before using the homogeneous
CEV formula. The code sets those intercepts to zero, and the reported CEVs are conditional
on that convention.

At the focal midpoint ¢ = [1.00,0.92,0.82], purchase propensity is 43.1% in the eight-
channel specification that omits public-care aversion. A stronger [1.00,0.90,0.75] mapping
yields 43.1%, while the moderate [1.00,0.95, 0.85] mapping yields 43.0%, a moderate-minus-
stronger change of —0.1 pp. State-dependent utility’s exact Shapley value is 0.1 pp.

A.8 Public-care-aversion proxy

Strategic-survey evidence in Ameriks et al. (2020) motivates the public-care-aversion player,
whose coefficient and care-state definition are calibration choices. Operationally, yrrc < 1
applies only when medical risk is active, the generic public consumption floor binds, and
model health is Poor. The floor amount is anchored to SSI, and the medical-need target
includes out-of-pocket and Medicaid-paid spending, but neither identifies a respondent’s
Medicaid eligibility or receipt. No long-term-care need, insurance, setting, or utilization
state appears in the model. Accordingly, the trigger is a narrow, assumed proxy for reliance
on publicly financed care. The “LTC” subscript on the parameter matches the replication
code and does not denote a modeled long-term-care state. Applying xrrc inside CRRA as
u(xrrcce) ensures that a lower value reduces consumption-equivalent welfare for any v > 0.
Multiplying the negative CRRA level by xrrc < 1 would instead reverse that ordering when
v > 1.

A.9 Behavioral parameter sensitivity

The behavioral parameters Ay and ¥purchase are exploratory values, and the model neither
identifies them nor matches them to moments. Source-dependent utility discounts consump-

tion financed by liquid-wealth drawdown:

Ceff;t = Cincome,t + /\chortfolio,ta )\W € (07 1] (Al)

Income-financed consumption includes private-annuity and pre-existing annuitized income,
and portfolio-financed consumption is the remainder, financed from liquid wealth. The value
Aw = 0.625 is set to the ratio of the roughly 50% utilization of non-lifetime-income sources
to the roughly 80% utilization of lifetime income reported descriptively by Blanchett and
Finke (2025). Related estimates in Blanchett and Finke (2024) imply that investment assets



generate about half as much additional spending as wealth held in guaranteed income. Nei-
ther study estimates a source-dependent utility coefficient, and their observational spending
relationships do not identify this model parameter.

Medical spending is assigned to current income first and then to liquid wealth when
equation (A.1) is evaluated, and any public-floor top-up counts as income-financed con-
sumption. This accounting order is a modeling convention that can affect attribution within
the exploratory extension but not the focal nine-player game, where Ay = 1.

The purchase-event extension applies a one-time narrow-framing penalty equal to the dis-
counted, objective-survival-weighted value of the annuity’s running underwater balance. Let
t = 1 denote the purchase period within this mental account, let 7 denote the corresponding

model period, and define

t—2

S =1, S(t) = [[spaelr+J) (¢>2)

j=0

With premium P = aW), fixed scheduled nominal payment A = Pp measured in purchase-
period dollars, and first-year payout rate p, the last potentially positive underwater term

within the finite model horizon is

1
tmax—min{[w, T—T—l—l}.
P

tmax

AViurehase = —Upurchaset (Cref) Z B8, () max{0, P — A(t — 1)}1{a > 0}. (A.2)
=

The penalty is

Here cof = $18,000 and o/ (¢ref) = ¢of. The balance is measured immediately before each
beginning-of-period payment, so the purchase-period term has no prior payout. That bal-
ance cumulates scheduled nominal dollars and does not restate later payments for inflation.
Population survival prices the contract and weights this penalty, while health-conditioned
subjective survival continues to govern household continuation utility. By construction,
Ypurchase = 0.05, the reference-consumption level, and equation (A.2) are this paper’s re-
duced form. Annuity-as-gamble framing is motivated by Hu and Scott (2007) and Brown
et al. (2008), while Barberis and Huang (2009) provide a general framed-preference for-
mulation. Chalmers and Reuter (2012) document weak demand responses to economically
meaningful but less salient annuity-price variation. None of these papers estimates this
equation, its reference-consumption normalization, or ¥purchase-

The reported extension evaluates a single illustrative pair, Ay = 0.625 and Ypurchase =
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0.05. Neither parameter enters the focal nine-player result of 37.7%.

For 286, the life-contingent-payment ownership stock is 3.85%, with a 95% interval
of [2.85%,5.18%]. By contrast, the conventional any-annuity-income proxy is 6.12%, with
a 95% interval of [4.83%,7.72%]. Both intervals use the conservative effective-sample-size

convention described in the main text. Neither measure enters the demand calibration.

Eleven-channel extended Shapley. Table A.5 reports the exact Shapley decomposi-
tion over all 2 = 2,048 subsets of the game that adds the two exploratory behavioral
parameters. Along the sequential extension path, source-dependent utility raises purchase
propensity from 37.7% to 53.4%, after which the purchase-event penalty moves the eleven-
channel specification to the 0.0% participation boundary. The exact Shapley values are
—9.6 pp for source-dependent utility and 78.8 pp for the narrow-framing penalty. Under
the table’s sign convention, the negative value for source-dependent utility means that it
raises demand. Because neither behavioral magnitude is identified and the purchase penalty
reaches a participation boundary, these values and ranks describe the chosen sensitivity

specification.

Table A.5: Exact Shapley-Value Decomposition of Predicted Purchase Propensity

Channel Shapley (pp) Share (%)
Pre-existing annuitization (SS+pension-income proxy) +8.34 8.3
Bequests +0.49 0.5
Medical+R-S +4.93 4.9
Pessimism +3.58 3.6
Age needs -+0.00 0.0
State utility +0.68 0.7
Pricing frictions +12.45 12.5
Inflation -0.27 -0.3
Public-care aversion +0.63 0.6
Source-dependent utility (SDU) -9.64 -9.6
Narrow-framing penalty (PED) +78.80 78.8
Total +100.00 100.0

Exact Shapley values computed from all 2048 channel subsets. Fach value represents the
weighted average marginal purchase-propensity reduction (pp) across all coalition
orderings. Equal-resource benchmark: 100.0%. Full model: 0.0%.
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A.10 Sequential paths

A sequential path is useful for tracing the model but does not attribute interactions uniquely.
One table, Table A.6, adds the focal structural players in one order. A second, Table A.7, fol-
lows a rational-channels-first path through the preference channels and then the exploratory
behavioral extension. Their increments differ because the player entering later receives the

interaction. The main paper therefore uses the exact Shapley allocation for attribution.

Table A.6: Sequential Decomposition of Predicted Private-Annuity Purchase Propensity

Channel Prop. (%) A (pp) Ret. (%) Cum.
Equal-resource empty coalition 100.0 — — —

+ Pre-existing annuitization 100.0 +0.0 100.0% 1.0000
+ Bequest motives 100.0 +0.0 100.0% 1.0000
+ Medical expenditure risk (uncorrelated) 100.0 +0.0  100.0% 1.0000
+ Health-mortality correlation (R-S) 97.5 -2.5 97.5% 0.9752
+ Survival pessimism 82.9 -14.6 85.0% 0.8291
+ State-dependent utility 83.8 +0.9 101.1% 0.8381
+ Age-varying consumption needs (calibrated null) 83.8 +0.0 100.0% 0.8381
+ Realistic pricing loads 44.7 -39.1 53.3%  0.4467
+ Inflation erosion 43.1 -1.6 96.5%  0.4309
+ Public-care aversion 37.7 -5.4 87.5% 0.3771
HRS 286 stock (untargeted) 3.85% — — —

HRS annuity-income proxy (untargeted) 6.12% — — —

Retention rate = purchase propensity after the channel divided by purchase propensity
before it. The cumulative product is a descriptive summary of this ordering, not a channel
attribution.

The two HRS entries are distinct, nonnested current reported ownership and income stocks
that may reflect earlier or nonretail choices. They are untargeted comparators, not bounds
of an observed interval and not the same estimand as the model’s current-state purchase

propensity.

Table A.7: Sequential Channel Decomposition
Specification Propensity (%) A (pp)
Six rational channels 42.9 —
+ Age-varying consumption needs 42.9 +0.0
+ State-dependent utility 43.1 +0.2
+ Public-care aversion (nine-channel baseline) 37.7 -5.4
+ Source-dependent utility (exploratory) 53.4 +15.7
+ Narrow-framing penalty (exploratory) 0.0 -53.4

Sequential extension path from the six rational channels through the
nine-channel structural baseline to the exploratory eleven-channel
specification. The final two rows use the single disclosed pair Ay = 0.625
and Ypurchase = 0.05; they are a point sensitivity to researcher-chosen
magnitudes, not a reported range.
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A.11 Nominal annuity pricing derivation

The nominal rate is defined by the exact Fisher relation ryom = (1 4+ 7)(1 +7) — 1. For a
purchase in model period 7, the present value of one unit of beginning-of-period nominal

payment, discounted at that rate, is

pvY — E 2:01 Spase(T + £)
4 k=0 (1 + Tnom)k

)

where the product is one at k = 0. The fair payout rate is ¢~ = 1/ PViV , and the loaded
payout rate is MWR ¢

The consumer receives a fixed nominal payment after purchase. If its real value in period
T is A™ its real value k periods later is A™ /(1+4-7)*. The initial real payout under nominal
pricing exceeds the payout under real pricing (which uses discount rate r), but declines in
purchasing power over time.

When 7 = 0, ryom = r and the nominal and real pricing formulas coincide. The Yaari-
like benchmark (Yaari, 1965), which assumes 7 = 0, is therefore unaffected by the pricing

convention.

B Grid Convergence

Table B.1 reports predicted purchase propensity and mean annuitization share (@) under the
full nine-player model, computed with the focal wealth-band Social Security and employer-
pension-income-proxy configuration. Panel A holds medical integration at the focal state-
split Gauss—Legendre order 32 and varies the wealth-annuity grid; Panel B holds the grid at
98 x 39 and varies the order applied on each probability segment; Panel C reports the fully
refined grid at orders 48 and 64, with order 64 serving as the combined reference; Panel D
varies the annuitization grid n,.

Because the diagnostic uses the focal wealth-band assignment, the focal cell (98 x 39,
state-split order 32) reproduces the full-model purchase propensity of 37.7% exactly. Holding
the integration rule fixed in Panel A, propensity is 37.7% at the focal piecewise HO grid,
37.7% under H1 tail refinement (114 x 47), 37.1% under H2 full refinement (195 x 77; the
step between the two nested refinements is 0.6 pp), and 37.7% on a conventional single-
power 170 x 50 grid. Refinement can be non-monotone near the discrete extensive margin at
the fixed-cost threshold. Panel B separately documents the integration-order path. Forcing
every evaluation to age 65 gives 33.8% purchase propensity, with pricing frictions still first
at 29.4 pp and bequests still fifth at 3.5 pp.
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Table B.1: Grid, Quadrature, and Annuitization-Grid Convergence (Headline Wealth-Band

Configuration)
Specification nw X na GL order Purchase prop. (%) a
Panel A: Grid convergence (state-split GL, order 32 per segment)
HO piecewise (production) 98 x 39 32 37.71 0.1935
H1 tail-refined 114 x 47 32 37.71 0.1932
H2 fully refined 195 x 77 32 37.13 0.1925
Conventional global power 170 x 50 32 37.71 0.1931
Panel B: Quadrature convergence (98 x 39 grid)
98 x 39 8 35.76 0.1770
98 x 39 12 36.81 0.1855
98 x 39 16 37.13 0.1886
98 x 39 24 37.55 0.1922
98 x 39 32 37.71 0.1935
98 x 39 48 37.71 0.1939
Panel C: Fully refined-grid quadrature references
H2 piecewise 195 x 77 48 37.29 0.1939
H2 piecewise (combined reference) 195 x 77 64 37.34 0.1943
Panel D: Annuitization grid (98 x 39 grid, state-split GL order 32)
Ne = 51 98 x 39 32 37.66 0.1930
ne = 101 98 x 39 32 37.71 0.1935
ne = 201 98 x 39 32 37.71 0.1934
n, = 401 98 x 39 32 37.71 0.1936

HO uses a piecewise nonuniform tensor grid with power-spaced core nodes through $3 million and
cosine-spaced tail nodes through the unchanged $13 million support bound. H1 inserts tail
midpoints; H2 also inserts core midpoints, so the ladder is exactly nested. The conventional
global-power row retains the former 170-by-50 topology as a separate comparator. All
specifications use baseline parameters (y = 2.5, DFJ bequests, MWR = 0.87, 7 = 2%, ¢ = 0.981)
under the production fixed-wealth-band Social Security plus pension-income-proxy assignment.
The reported Gauss—Legendre order applies separately on each probability segment; the saturated
upper tail is evaluated exactly. Panel C reports the H2 high-order ladder, with order 64 serving
as the combined grid-and-quadrature reference. n, = 101 in Panels A—C; Panel D varies it.
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Panel B keeps the focal 98 x 39 grid fixed and evaluates per-segment orders 8, 12, 16,
24, 32, and 48. The corresponding purchase propensities are 35.8%, 36.8%, 37.1%, 37.6%,
37.7%, and 37.7%. At order 32, the focal value differs from order 48 by 0.0 pp; the spread
across orders 24, 32, and 48 is 0.2 pp. Order 24 is part of this separately gated high-order
band. Orders 8, 12, and 16 are coarser stress diagnostics with no convergence budget. They
can still move the discrete purchase threshold (a* > 0).

State-split Gauss—Legendre order 32 per probability segment is the focal standard. Taking
the most-refined specification (Panel C: the fully refined 195 x 77 grid, order 64) as reference,
the combined grid-and-integration-order difference is approximately 0.4 pp. Panel D varies
the age-65 annuitization grid n, over {51,101,201,401} while holding the wealth grid and
medical integration at focal resolution. Quadrature and mean-a budget values were fixed
before any production output on the final inputs existed. Three grid-ownership budgets were
set once from a non-citable pre-production refinement pilot on those inputs, in which the
net ownership-count step fell from 0.580 percentage point under the first core refinement to
0.158 percentage point under the next. These two steps show contraction over the tested
grids without identifying a geometric rate or a limit.

Non-citable local checks on the fully refined grid showed quadrature sensitivity that
the four-grid pilot had not measured. Panel C reports the corresponding production-run
quantities. On H2, the order-32-to-48 gaps are 0.158 percentage points for participation
and 0.001319 for mean «; the order-48-to-64 gaps are 0.053 percentage points and 0.000417.
The first mean-a difference in the local check exceeded the strict 0.001 last-step budget,
whereas the second satisfied it. No tolerance value was created or enlarged after observing
that breach. Instead, the already fixed high-band budgets of 0.50 percentage point and
0.0025 govern order-32-to-48 quadrature sensitivity conditional on H2, while the already
fixed strict budgets of 0.25 percentage point and 0.001 govern the H2 order-48-to-64 last
step. Comparing this H2 response with the HO order-32-to-48 response exposes the grid-
by-quadrature interaction, while the H2 step itself changes only quadrature order. At HO,
the direct order-32-to-48 comparison retains the strict budgets, and the separately gated
order-24/32/48 band may span at most 0.50 percentage point and 0.0025. The production-
run HO-to-H2/order-64 combined-reference gaps are 0.4 percentage points and 0.000770,
evaluated against the existing 1.00-point and 0.005 budgets.

The realized production comparisons satisfy each corresponding gate. Specifically, the
H1-to-H2 ownership step is 0.6 percentage point, below its 0.75-point budget; the HO-to-
H2/order-64 combined-reference gaps are 0.4 percentage points and 0.000770, below 1.00
and 0.005; and the H2 order-48-to-64 last step is 0.053 percentage points and 0.000417,

below 0.25 and 0.001. These comparisons cover only the tested grids and orders.
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For the nested grid refinements (114 x 47 to 195 x 77), the budgets are 0.75 percentage
point and 0.0025. Focal-to-tail-refined, focal-to-fully-refined, focal-to-single-power-grid, and
focal-to-combined-reference comparisons have budgets 1.00 percentage point and 0.005, while
the refined n, € {101,201,401} band has budgets 0.25 percentage point and 0.005. Exact
row rosters and independently regenerated focal-cell identities are also required. Monotonic
convergence is not assumed. The budget assignment, though not the budget values, post-
dated the first local check, and no tolerance was enlarged after production output on the
final inputs existed. Across the HO, H1, and H2 complete games (Table B.2), the focal lead-
ing order remains pricing frictions, pre-existing annuitization, and the medical-expenditure
process plus health-dependent mortality. That stability concerns grid resolution only, and
the floor, fixed-cost, mortality, risk-aversion, and player-partition exercises can still change

channel magnitudes or ordering.

Table B.2: Nine-Channel Shapley Attribution Across Wealth—Annuity Grids

HO 98 x 39 HI1 114 x 47 H2 195 x 77

Channel production tail-refined fully refined
Full-model propensity (%) 37.7 37.7 37.1
Pricing frictions +28.1[1]  4281[1]  +27.9 [1]
Pre-existing annuitization — +15.1 [2] +15.1 [2] +15.9 [2]
Medical +R-S 18403  +84[3] +8.5 [3]
Pessimism +6.3 [4] +6.3 [4] +6.3 [4]
Bequests +2.7 [5] +2.7 [5] +2.6 [5]
Inflation +1.3106]  +1.3[6]  +1.2 6]
Public-care aversion +0.4 [7] +0.4 [7] +0.2 [7]
State utility +01[8]  +0.1[8]  +0.18]
Age needs +0.0 [—] +0.0 [—] +0.0 [—]

Cells report signed Shapley contributions in percentage points,
with competition rank in brackets. Exact null players display an
em dash. Positive values suppress purchase propensity. Every
column is a complete 512-coalition nine-channel game under the
production state-split integration rule. H1 refines only the HO
cosine tails; H2 also refines both cores. The HO production column
is reused bit-for-bit from the authenticated focal-game cache.

Consumption optimizer. A global search selects consumption from the feasible inter-
val at each medical-shock node. It compares all interval boundaries and admissible interior
maxima of the objective with piecewise-linear continuation, and it allows the continuation
slopes to rise between wealth intervals, so the full objective need not be concave. Sec-
tion K describes the interval search and its derivative-bisection step. Globality applies to
the represented objective within floating-point and root-bracket tolerances. Grid interpola-
tion, medical integration, and the discrete purchase grid remain numerical approximations

assessed by the separate refinement checks.
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C Bequest Specification

The De Nardi-French-Jones (DFJ) bequest utility is v(b) = (b + x)'*™7/(1 — v). In this
utility, x controls the luxury-good nature of bequests. When & is large relative to wealth b,
marginal bequest utility v'(b) = 6(b + k)~ is nearly constant across wealth levels, making
bequests a luxury good: the bequest-to-wealth ratio rises with wealth.

The parameters originate in De Nardi et al. (2010). De Nardi, French, and Jones estimate
a bequest intensity of 2,360 and a shifter of $273,000 using AHEAD. Their model’s monetary
quantities are in 1998 dollars, and the associated estimate of the consumption-risk-aversion
coefficient is 3.84. They caution that the bequest parameters are imprecisely estimated.
Lockwood (2012) uses a related DFJ calibration in an annuity model with ¢ = 2, but
neither paper reports or re-estimates the implementation pair § = 158.68 and x = $396,496.
The model obtains that pair through the portability normalization below and restates the
shifter with annual-average CPI-U (163.0 in 1998 and 236.736 in 2014; U.S. Bureau of Labor
Statistics, 2017). It does not treat the HRS interview year as the shifter’s price base.

C.1 Bequest parameter portability

In the unweighted deterministic terminal problem, the objective is u(c) + S0u(b + k). The
first-order condition therefore depends on 3 and 6 only through ¢ = (86)~/7. Bequests begin
when resources exceed qr, and the marginal propensity to bequeath above that threshold is
1/(1+¢q). At the DFJ source estimates, these quantities are approximately $36,400 in 1998
dollars and 0.88, respectively. The focal portability rule holds ¢ fixed when curvature or the

discount factor changes, so

(0.97 x 2360)7/3-84
3 .

At v = 2.5 and § = 0.97, this rule gives the focal intensity # = 158.68, and the shifter
is restated separately to x = $396,496 in 2014 dollars. This mapping preserves the two

0(v.B3) =

unweighted deterministic source quantities by construction. Neither De Nardi et al. (2010)
nor Lockwood (2012) reports this normalization. The normalization need not preserve be-
quest moments or terminal allocations in the full lifecycle model, which adds state-dependent
utility, medical-expenditure risk, stochastic mortality, and survival pessimism.

Table C.1 checks the resulting mapping across curvature values, verifying the invariant
q, restated threshold, and marginal propensity. The focal purchase propensities and Shapley

values depend on this portability choice.
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Table C.1: Curvature Portability of the DFJ Bequest Pair

v=200 7=250 v=3.00 ~=2384

6(v) 57.95 158.68 434.49  2360.00
(BO(v))~ Y 0.1334  0.1334  0.1334  0.1334
Bequest threshold (2014 dollars)  $52884  $52884  $52884  $52884
Marginal propensity to bequeath — 0.882 0.882 0.882 0.882

DFJ estimate v = 3.84, 8 = 0.97, 6 = 2360, and x = $273000 in 1998 dollars. The
model restates x with annual-average CPI-U (236.736/163.0) and maps the
coefficient as 0(~y, 3) = (0.97 x 2360)?/3-84 /3.

The mapping preserves the source deterministic bequest threshold and marginal
propensity. It is a units-and-curvature normalization, not an estimate for the HRS
analysis population.

D Full Sensitivity Analysis

Tables D.1 and D.2 report selected one-way purchase-propensity sensitivities. Complete-
game attribution checks and numerical diagnostics appear in the surrounding tables; the

machine-readable robustness_full.csv retains the full level-sensitivity roster.

D.1 Consumption-floor and fixed-cost attribution robustness

The public consumption floor is held fixed outside the focal cooperative game, so the nine-
player values are conditional on that institution. Table D.3 recomputes the complete 512-
coalition game with the focal floor and with a near-zero $1 floor (exact zero is inadmissible
under CRRA utility). Both games use the predeclared extended-support floor grid, which
keeps every H2 node through the $13 million initial-state bound and adds a continuation-
only wealth tail through $125 million. Because the unextended HO, H1, and H2 grids do not
certify every evaluated high-wealth/full-coalition interpolation stencil for the near-zero-floor
game, the focal-floor game uses the same extended grid, so the comparison never mixes state
grids. The table reports the empty- and full-coalition endpoints and the modeled drop before
the values and ranks, so it shows how both the level and the attribution depend on the safety
net.

On the common extended grid, full-model purchase propensity is 37.1% with the pro-
duction floor and 8.8% with the near-zero floor. Under the production floor, pricing fric-
tions contribute 27.9 pp and rank first, pre-existing annuitization contributes 15.9 pp and
ranks second, and the medical-expenditure/mortality player contributes 8.5 pp and ranks
third. Near-zero-floor results put pre-existing annuitization first (49.4 pp), the medical-

expenditure/mortality player second (21.6 pp), and pricing frictions third (14.7 pp). The
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Table D.1: Full Sensitivity Results

Category Specification Purchase propensity (%)
Risk aversion ()
v =1.50 1.6
v =2.00 30.3
N = 2.20 34.8
v =2.30 36.0
y = 2.40 37.0
~v = 2.5 (baseline) 37.7
v = 2.60 38.0
~ = 3.00 38.5
~ = 3.50 38.4
¥ = 4.00 37.3
v =5.00 34.7
Money’s worth ratio
MWR = 0.82 27.8
MWR = 0.85 33.6
MWR = 0.87 (baseline) 37.7
MWR = 0.90 42.9
MWR = 0.95 49.9
Hazard multipliers [ug, ir, 1p)
Age-varying HRS estimates (baseline) 37.7
Researcher-specified steep stress [0.45, 1.0, 3.5] 36.4
Constant entry-age row [0.49, 1.0, 3.29] 36.8
HRS SRH [0.57,1.0,2.7] 37.0
Conservative [0.60,1.0,2.0] 37.8
Inflation (m)
™ =1% 39.1
7 = 2% (baseline) 37.7
m=3% 35.9
Survival pessimism (V)
1 = 0.960 (strong-pessimism endpoint) 26.1
¥ =0.970 31.8
1 = 0.981 (baseline) 37.7
¥ = 0.990 42.1
1 = 1.000 (objective) 474

Unless otherwise noted, all specifications use the focal parameters: v = 2.5, § = 0.97,
DFJ bequests (6 = 158.68, k = $396,496), survival pessimism ¢ = 0.981, MWR = 0.87,
F = $2,349, m = 2%, age-varying health-hazard ratios, state-split probability-domain
Gauss—Legendre medical integration at order 32 per probability segment, and the focal
grid (98 x 39 x 101). In the ~ sweep, the linked DFJ intensity 0(~, ) is recomputed by
the portability rule in Section C.1; it is not held at its focal numeric value. All sweeps
begin from the nine-player specification with purchase propensity 37.7%.
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Table D.2: Full Sensitivity Results (continued)

Category Specification Purchase propensity
Bequest specification

No bequest (0 = 0) 42.7%

DFJ luxury (baseline) 37.7%
Minimum purchase

$0 37.7%

$1,000 37.7%

$5,000 37.7%

$10,000 (baseline) 37.7%

$25,000 37.7%

Notes as in Table D.1. The table reports the
minimum-purchase sweep directly; grid and quadrature
convergence are reported separately in Table B.1.

same small leading set therefore remains prominent, but both the modeled level and the
ordering of the leading set depend on the safety net.

The pricing-frictions player bundles the proportional money’s-worth wedge, the minimum
premium, and a fixed purchase cost. Table D.4 recomputes the complete game at $500,
$1,000, $2,000, and the CPI-restated focal value of $2,349 while holding the other two pricing
components fixed. The table reports the resulting endpoints, contributions, and ranks. A

separate loads-split game in Appendix L changes the player partition.

D.2 Robustness to channel partition

The nine-player game combines the calibrated medical-expenditure process with the Reichling—
Smetters correlation and combines Social Security with the employer-pension-income proxy.
Turning the expenditure component off sets medical costs to zero, so the toggle removes the
mean as well as the risk. Within the first bundle, mortality correlation operates through
health states that also shift spending. In the second, the retirement-income flows share
the maintained life-contingency assumption but differ in payment path (real SS, nominal
pension proxy). Table D.5 recomputes two ten-player games, first separating the medical-
expenditure process from the correlation and then separating SS from the pension proxy.
The HRS pension-income measure does not identify DB plan type or life contingency, so
the second partition separates the model’s two income components without verifying any

pension contract.
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Table D.3: Nine-Channel Attribution under Alternative Consumption Floors

Production floor Near-zero floor

Outcome or channel Value Rank Value Rank
Equal-resource benchmark (%) 100.0 — 100.0 —
Full-model propensity (%) 37.1 — 838 —
Total modeled drop (pp) 62.9 —  91.2 —
Pricing frictions +27.9 1 +14.7 3
Pre-existing annuitization +15.9 2 +494 1
Medical+R-~S +8.5 3 +21.6 2
Pessimism +6.3 4 +3.2 4
Bequests +2.6 5 +1.1 5
Inflation +1.2 6 +0.7 6
Public-care aversion +0.2 7 +0.3 7
State utility +0.1 8 +0.3 8
Age needs +0.0 — +40.0 —

Exact Shapley values over all 2° = 512 subsets with the public
consumption floor fixed outside the game, at its production value
($8496 in 2014 dollars; CPI-U-restated from Lockwood’s $6,180
year-2000 amount) and at $1. Both games use the predeclared
extended-support floor grid: every H2 node through the audited
$13 million initial-state bound, plus a 128-interval
continuation-only cosine tail through $125 million (323 wealth by
77 annuity-income nodes overall). HO, H1, and the unextended
H2 grid do not certify every evaluated high-wealth/full-coalition
interpolation stencil under the near-zero floor. The endpoint rows
show that the modeled level and attribution are conditional on
the safety net. Positive values suppress demand. Competition
ranks are shown; numerical nulls and endpoints receive an em
dash. Values sum to each reported empty-to-full drop.

21



Table D.4: Leading Channel Attributions Across the Fixed-Cost Range

Channel $500 $1000 $2000 $2349

Full-model propensity (%) 45.4 42.9 38.8 37.7

Pricing frictions +22.4 [1] +24.4[1] +27.3[1] +28.1 [1]
Pre-existing annuitization — +10.6 [3] +12.3 [2] +14.5 [2] +15.1 [2]
Medical +R-S 116 [2] +10.7[3] +8.9[3]  +8.4 [3]
Pessimism +6.9 4 +6.4[4] +6.3[4] +6.3 [4]
Bequests +1.8[5]  +2.0[5] +2.5[5] +2.7 [5]
Inflation +0.9[6] +1.01[6] +131[6] +1.3[6]
Public-care aversion +0.5 (7]  +04[7] +04[7] +0.41[7]
State utility 018 -0.1[8] +0.1[8] +0.1[8]
Age needs +0.0 ] +0.0[—] +0.0[—] +0.0[]

Cells report signed Shapley contribution in percentage points, with
competition rank in brackets. Exact null players display an em dash rather
than an arbitrary rank. Values are computed over all 27 = 512 subsets of
the nine-channel game at each fixed cost. The proportional MWR, wedge
and minimum-purchase requirement in the pricing-frictions player are held
at production values; only the fixed cost varies across $500, $1,000, $2,000,
and the CPI-restated production value of $2,349. Positive values suppress
demand; the table reports rather than presumes rank stability.

D.3 HRS weighting and asset-definition robustness

The baseline HRS evaluation pools eligible person-waves without survey weights and maps
nonhousing net worth into model wealth. Before band aggregation, each observed-age
pension-income proxy is grossed to the model’s age-65 nominal base at the maintained
2% erosion rate, and the untransformed pooled mean is kept as a diagnostic. Interview
age supplies the model-state timing convention because RAND reports prior-calendar-year
income without exact within-year payment timing. Table D.6 separates weighting/repeated-
observation choices from asset-definition and income-aggregation choices. Every row is a
full-model level sensitivity. The coalition game is not recomputed under these constructions,
so their effect on the allocation is unknown. A narrow liquid-wealth row reselects eligibility
and changes model wealth while retaining the baseline Social Security and pension-income-
proxy assignment. It excludes IRAs, so it is a deliberately narrow sensitivity. Separately, a
Social Security current-payment row replaces the focal positive-recipient entitlement proxy
with the all-respondent band mean, including zero current payments. A further row re-
places each band’s unconditional pension-income mean with a mixture of zero-pension and
positive-recipient cells, using the observed recipient rate and conditional mean. That mix-
ture is not linked at the person level and does not validate life contingency, but it exposes

the nonlinearity hidden by an unconditional band mean.
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Table D.5: Shapley Attribution Under Alternative Channel Partitions

Channel Shapley (pp) Rank
Panel A: medical risk and R-S correlation unbundled
Loads +28.06 1
SS+pension-income proxy +14.85 2
Medical +8.20 3
Pessimism +6.20 4
Bequests +2.61 5
Inflation +1.24 6
R-S corr +0.90 7
Public-care aversion +0.27 8
State util -0.05 9
Age needs +0.00 —
Panel B: Social Security and employer-pension-income proxy split
Loads +20.29 1
Pension-income proxy +15.41 2
SS income +11.11 3
Med+R-S +6.75 4
Pessimism +5.24 5
Bequests +2.08 6
Inflation +0.99 7
Public-care aversion +0.41 8
State util -0.01 9
Age needs +0.00 —

Exact Shapley values over all 2! = 1024 subsets of each 10-channel
game, production grid and calibration. Panel A separates
medical-expense risk from the Reichling—Smetters health—mortality
correlation; Panel B separates Social Security income from the RAND
employer-pension-income proxy. The model treats that proxy as a
nominal life-contingent flow; RAND does not identify plan type or life
contingency. A positive value is demand-suppressing. Exact null players
receive no substantive rank; numerical ties use competition ranks.
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Table D.6: HRS Comparator and Model-Population Robustness

Specification Rate (%) N
Panel A: HRS q286 life-contingent-payment stock

Unweighted person-wave 3.85 1896

Survey-weighted person-wave 3.86 1896

Person level: at least one eligible observation 4.96 1269

Panel B: Model-predicted purchase propensity

Unweighted person-wave 37.71 1896
Survey-weighted person-wave 40.56 1896
Person-balanced (earliest wave) 35.22 1269
Financial+1IRA wealth and eligibility 37.76 1507
Liquid band; baseline wealth 40.35 1896
Narrow liquid wealth and eligibility 28.91 1387
SS current-payment mean (including zeros) 38.92 1896
Pension-recipient mixture 36.45 1896

Panel C: Pension-recipient mizture by baseline wealth band

$5-30k 0.00 274
$30-120k 8.65 932
$120-350k 66.69 420
Above $350k 98.65 370
All bands 36.45 1896

Panel A reports the loose 286 stock comparator as unweighted and
survey-weighted person-wave rates and as the share of persons with a
qualifying response in at least one eligible observation. The last statistic is not
lifetime cumulative purchase incidence. A separate disclosure-safe robustness
CSV retains r{w}iann > 0 as a secondary proxy and applies alternative
asset-eligibility definitions. Panel B reports model purchase propensities;
“financial+IRA” retains retirement accounts, while “narrow liquid wealth”
excludes TRAs, and neither is preferred. Model rows retain the focal
positive-recipient Social Security entitlement proxy and pension-income
assignment except the liquid-band reassignment, the pension-recipient
mixture, and the labeled all-respondent current-payment sensitivity. The
current-payment row includes zero current Social Security payments and is a
level check, not a complete-game recomputation. Panel C splits each wealth
band into zero and positive pension-income-proxy cells and prevalence-weights
their propensities. The HRS employer-pension-income measure identifies
neither plan type nor life contingency, so this is a nonlinear-aggregation
sensitivity, not person-linked validation. Production grid.
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E State-Split Medical-Shock Quadrature Check

Medical expenditure shocks satisfy Inm ~ N(u,0?) with base dispersion ¢ = 1.4. Direct
Gauss—Hermite integration is poorly behaved here because its global nodes move across the
state-dependent income and public-floor kinks as the order changes. The implementation
instead transforms the shock to u = F,,,(m), splits the unit interval at every accounting kink
induced by the current state, and applies Gauss—Legendre quadrature separately on each
resulting interval. Inside an interval, the interpolated continuation value can still have kinks
at grid knots. Once medical spending exhausts the relevant resources, every larger shock
maps to the same floor-supported continuation state; that saturated upper tail is therefore
evaluated as one exact probability mass rather than approximated with extreme nodes.

Table B.1 (Panel B) documents convergence in the Gauss—-Legendre order used on each
probability segment. The focal rule uses order 32; at HO, order 48 is the direct higher-order
same-rule check. Panel C adds the H2 order-48-to-64 ladder, with H2/order 64 serving as
the combined reference. Because purchase is the discrete event a* > 0, small expectation
errors can still move marginal households across the extensive margin, so the table reports
the continuous mean purchased share alongside purchase propensity.

The convergence target is the state-dependent Bellman expectation. State splitting aligns
the numerical rule with the model’s nonlinear resource accounting, while the HO order-32-
to-48 and H2 order-48-to-64 exercises assess the sensitivity of purchase propensity and mean

annuitization to quadrature order.

F Pairwise Channel Interactions

Table F.1 reports pairwise interaction strengths for the same nine structural players used in
the focal Shapley game. The age-needs player remains in the table when its calibrated value
is zero, in which case its row and column are null. For a pair (A, B), the reported interaction
is the purchase propensity with both players active minus the additive prediction v(A) +
v(B)—v(2). A negative value therefore means that the joint propensity reduction exceeds the
sum of the two isolated reductions. This table conditions on the empty predecessor set. The
order-independent contributions of these nine players appear in Section 2.11; Appendix A.9
reports the exploratory eleven-player extension.

The symmetric interaction is printed once, in the table’s upper triangle, and dashes
in the lower triangle do not denote zero. These finite differences describe one two-player
projection, and their interpretation can change when other players are present. In particular,

the pre-existing-annuitization player is the equal-PV resource-form experiment and does not
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Table F.1: Pairwise Interaction Strengths, Rational and Preference Channels (pp)

Pre-ann. Bequests Med+R—S Loads Inflation Pessim. State util. Age needs Public care

Pre-ann. — +0.0 -2.5 -34.7  40.0 +0.0 +0.0 +0.0 +0.0
Bequests — — +0.0 +0.0 +0.0 +0.0 +0.0 +0.0 +0.0
Med+R-S — — — -37.7 40.0 -12.9 +0.0 +0.0 +0.0
Loads — — — — +0.0 +0.0 +0.0 +0.0 +0.0
Inflation — — — — — +0.0 +0.0 +0.0 +0.0
Pessim. — — — — — — +0.0 +0.0 +0.0
State util. — — — — — — — +0.0 +0.0
Age needs — — — — — — — — +0.0

Public care — — — — — — — _ .

Each cell shows the interaction: purchase propensity with both channels minus the additive prediction
from individual effects. Negative values indicate super-additive demand reduction (channels reinforce
each other). Pre-ann. denotes pre-existing annuitization through Social Security and the
employer-pension-income proxy.

represent an income addition.
The predecessor-averaged pair interaction uses the same random-order logic as the Shap-
ley values. For the demand-drop game ¢(S) = v(@) — v(S) and J = 9, define

S| (J = [5] = 2)!
Tap= > T WS ULA BY) —g(SU{A}) —g(SULB}) +9(5)].
SCN\{A,B} ( B )
(F.1)
The weights sum to one over the 2772 predecessor sets. Positive values indicate that the

pair suppresses demand more strongly together on average. Bequests and pricing frictions
have Zop = 3.4 percentage points for participation and 5.3 points when v is the mean
purchased share. Their empty-coalition entry in Table F.1 is 0.0 because the benchmark,
either isolated player, and the two-player coalition all remain at the participation ceiling.

Section 4.2 discusses the economic interpretation.

G Why No Scalar Factorization Is Used

The smooth problem has a useful local diagnostic. With no fixed purchase cost, minimum-
premium discontinuity, or discrete annuitization grid, shifting an initial share o of wealth

from the liquid asset to an annuity with payout rate p gives

av

I = Wo{pVa(Wy,0, H,1) — Viyr(Wy,0, H, 1)}, (G.1)

=0
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where Vy and V4 are marginal values of liquid wealth and annuity income. For the age-65

real-product version of this diagnostic, define S1(0) =1, Si(k) = H;‘?:l Shase(J), and

a8 (k) ~ MWR
W)= LA PTG

The focal nominal product uses the age-specific nominal factor in Section A.11, and this

real-product expression is only a local mnemonic. Define
(G.2)

The condition R > 1 favors an infinitesimal purchase from zero in this smooth problem. In
the solved model, the fixed cost, minimum premium, and discrete o grid make participation
a global value comparison, so R > 1 is not an if-and-only-if participation rule. Nor does
the Yaari limiting case imply R = 1 at the no-annuity state. With no bequest motive or
uninsured background risk and with fair pricing, mortality credits make the annuity weakly
dominate the bond for financing consumption conditional on survival, so the household moves
toward the annuitization boundary.

The solved model does not factor R into channel-specific scalars. Medical risk, sur-
vival, the public floor, resource form, bequests, and product terms change state-contingent
marginal values. A channel may suppress demand, support it, be null, or change sign across
coalitions and wealth cells. In particular, the focal age-needs player is null because its cali-
brated parameter is on the zero boundary.

For the same reason, the model does not impose super-additivity or any common interac-
tion sign. Pairwise finite differences in Table F.1 are descriptive projections of the computed
game, and higher-order interactions remain embedded in the coalition values. The exact enu-
meration and Shapley calculation, given the stated player definitions, provide the accounting,

and no scalar mnemonic is used to rank channels.

H Joint Parameter Stress Test: Draw Design

The joint stress test evaluates 1,000 fixed-seed design points generated from independent uni-
form ranges: the Poor-health hazard multiplier up ~ U(2.0,3.5), inflation 7 ~ U(0.015,0.025),
MWR ~ U(0.78,0.90), survival beliefs ¢ ~ U(0.96,1.00), and the nonnegative consumption-
needs slope 0. ~ U(0,0.015). Risk aversion is held fixed, and the two exploratory behavioral
channels are off. Each point replaces the focal age-varying hazard matrix with the constant

vector [0.49, 1, up| at every age. The design therefore stresses constant hazard ratios and does

27



not nest the full focal schedule, whose Poor-health multiplier varies with age. Other ranges
contain their corresponding focal scalar values. All ranges are researcher-specified. Every
reported design point is solved on the nested H2 195 x 77 x 101 grid. Before those solves, a
deterministic 13-point center-and-endpoint design compares H2 with the next nested core re-
finement, H3, and requires the maximum absolute difference to remain within the frozen 1.00
percentage-point purchase-propensity budget and 0.005 mean-annuitization budget. The re-
alized maximum differences are 0.4747 percentage points and 0.002110, respectively. That
comparison covers only the tested points, so it gives no uniform error bound inside the design
box, and H3 is itself a finer approximation.

Across the 1,000 H2 design points, median purchase propensity is 26.2%, the central 90%
runs from 2.7% to 43.0%, and the full empirical range is 0.3% to 50.6%. Table H.1 reports
these empirical design outcomes. Their dispersion reflects the researcher-specified calibration

ranges.

I Welfare CEV and the Consumption Floor

The welfare tables define subjective ex ante CEV as a proportional scaling of every real-
ized unit of effective consumption in the fixed no-access allocation, including consumption
financed by the public floor. Scaling floor-financed consumption is a unit convention and
does not describe a policy that raises the floor or changes transfer eligibility. The grids
are evaluated at age 65, and the bequest columns correspond to no bequest, the focal DFJ
mapping, and a strong-bequest sensitivity that raises € from 158.68 to 200 with x held at
$396,496. Under the nine-player welfare specification, the exploratory behavioral channels
are off: Ay =1 and ¥purchase = 0. For v # 1, consumption felicity, including the public-care
transformation in a medical-on, floor-binding Poor-health state, is therefore homogeneous
of degree 1 — ~. This homogeneity and the closed form below are conditional on the zero-
intercept state-dependent-utility convention in Section A.7. A nonzero additive state term
would have to be separated from scalable consumption felicity, as the bequest term is.

Let V! denote value with annuity-market access, V° value without access, and B the
additively separable bequest component of the fixed no-access allocation. Thus U? = V- B°
is its consumption-felicity component. Bequeathed wealth is a stock and is not scaled.

Homogeneity makes the indifference condition

1+ NV + B =V,
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Table H.1: Fixed-Seed Joint Calibration Stress Design at v = 2.5

Statistic Value
Number of draws 1000
Median purchase propensity 26.2%
Central 90% of design outcomes 2.7%, 43.0%]
Interquartile range of design outcomes [16.2%, 33.2%]
Mean 24.8%
Min / Max 0.3% / 50.6%
Fraction in [1%, 10%] 12%
Fraction in [3%, 6%)] low-ownership reference band 4%

Risk aversion fixed at v = 2.5. Fixed-seed design points vary five
researcher-specified rational /preference stress-test parameters:

up ~ U(2.0,3.5), 7 ~ U(0.015,0.025), MWR ~ U(0.78,0.90),

1 ~ U(0.96,1.00), §. ~ U(0.00,0.015). Behavioral channels (SDU A,
PED %purchase) are held off (Ay =1, ¥purchase = 0), so the summaries
reflect only the stated rational and preference sensitivity design. All
draws use the 195x77x101 piecewise-cosine-v1l H2 nested-refinement grid
(core 163x61 through the 3-million-dollar wealth splice), wealth support
from zero through 13 million dollars, and probability-legendre-floor-split
integration at order 32 per probability segment. A predeclared 13-point
stress audit compares it with the 357x137x101 piecewise-cosine-vl H3
core-refined reference grid (core 325x121) on the same support,
annuitization-fraction grid, and quadrature conventions. The citable
audit’s maximum differences are 0.4747 percentage points in purchase
propensity and 0.002110 in mean annuitization, against frozen limits of
1.00 and 0.005. The 3-6% row is an illustrative low-ownership band, not
an interval between the distinct q286 and any-annuity-income HRS stock
comparators.
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which gives

Vl _ BO 1/(1=)

When 6 = 0, B® = 0 and equation (I.1) reduces to the value-ratio expression. With bequests,
backward induction propagates B° separately. If the ratio in equation (I.1) falls outside its
positive domain, the run stops instead of reverting to a total-value approximation. Table 1.1
reports the wealth—health grid. The population summary in the main paper uses the same
minimum nonhousing-wealth threshold, W > $5,000, as the ownership analysis. A citable
run requires every eligible initial state to lie within the solution domain and age support, so
no observation is assigned an artificial zero CEV because its state is unsupported.

The replication code also evaluates an intentionally conservative alternative convention
in which all consumption in medical-on, public-floor-binding periods is held fixed while only
consumption felicity in non-binding periods is scaled. It does not attempt to separate CRRA
utility within a period into household- and transfer-financed dollars. For each listed wealth—
health cell, simulated no-access paths estimate the binding-period share of discounted con-
sumption felicity under the same subjective-survival measure as the Bellman value, and an
algebraic root calculation reports the resulting alternative equivalent. The table’s “Hoor
periods” column is the simulated frequency of binding periods; the algebraic root instead
uses the discounted floor-felicity share, which is retained separately in the CSV. All cells
use 12,000 paths and fixed seed 20260713. The exercise is a diagnostic on the listed cells
and does not re-solve the lifecycle problem under the alternative convention. Its reported
column is solved on the piecewise production grid. The welfare grid in Table 1.1 has the
same size but single-power wealth spacing, so matching cells differ by less than 0.01 per-
centage point. Table 1.2 reports every evaluated cell; the machine-readable results are in
tables/csv/cev_floor_scaling diagnostic.csv. The diagnostic shows how much the

normative convention matters, and the welfare tables keep the focal convention.

J Secondary Counterfactuals and Distributional Diag-

nostics

These exhibits probe the extensive margin, the distribution of within-model access value,
and alternative product assumptions. They do not enter the focal attribution and are not
fitted to the HRS ownership stocks.
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Table 1.1: Consumption-Equivalent Variation by Household Type

Wealth Health No bequest Moderate (DFJ) Strong bequest

$10,000 Good 0.00% 0.00% 0.00%
Fair 0.00% 0.00% 0.00%
Poor 0.00% 0.00% 0.00%
$25,000 Good 0.00% 0.00% 0.00%
Fair 0.00% 0.00% 0.00%
Poor 0.00% 0.00% 0.00%
$50,000 Good 0.00% 0.00% 0.00%
Fair 0.00% 0.00% 0.00%
Poor 0.00% 0.00% 0.00%
$100,000 Good 0.00% 0.00% 0.00%
Fair 0.00% 0.00% 0.00%
Poor 0.00% 0.00% 0.00%
$200,000 Good 1.35% 0.48% 0.33%
Fair 0.83% 0.13% 0.00%
Poor 0.09% 0.00% 0.00%
$500,000 Good 5.80% 2.68% 2.15%
Fair 5.07% 2.17% 1.64%
Poor 3.87% 1.30% 0.87%
$1,000,000 Good 10.07% 3.75% 2.87%
Fair 9.39% 3.20% 2.41%
Poor 8.12% 2.33% 1.64%

CEV: consumption-equivalent variation (%). Positive values indicate welfare
gain from annuity market access. Nine-channel structural welfare
specification with medical costs, health-mortality correlation, MWR = 0.87,
inflation = 2%, v = 2.5.

Welfare model band-dispatches Social Security plus the
employer-pension-income proxy: one value function per wealth band at that
band’s combined flow ($20,089/$23,826/$27,685/$27,804/yr over breaks
$30k/$120k /$350k); each household is evaluated against the band its
original wealth falls in.
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Table 1.2: Sensitivity of CEV to the Consumption-Floor Scaling Convention

Initial state Floor periods (%) Floor felicity (%) Reported (%) Alternative (%) |A| (pp)
Band 1: $8,000, Fair 10.07 31.39 0.000 0.000  0.0000
Band 1: $8,000, Poor 12.02 39.24 0.000 0.000  0.0000
Band 1: $25,000, Fair 8.93 29.66 0.000 0.000  0.0000
Band 1: $25,000, Poor 10.49 35.91 0.000 0.000  0.0000
Band 2: $50,000, Fair 5.44 24.89 0.000 0.000  0.0000
Band 2: $50,000, Poor 6.37 29.75 0.000 0.000  0.0000
Band 2: $100,000, Fair 4.34 22.58 0.000 0.000  0.0000
Band 2: $100,000, Poor 4.95 26.08 0.000 0.000  0.0000
Band 3: $200,000, Fair 2.23 17.47 0.140 0.169  0.0296
Band 3: $200,000, Poor 2.52 19.86 0.000 0.000  0.0000
Band 4: $500,000, Fair 0.96 12.24 2.164 2.476  0.3112
Band 4: $500,000, Poor 1.05 13.45 1.290 1.495  0.2043

Each cell is dispatched by original wealth to its focal retirement-income band: Social Security is real and
the pension-income proxy is nominal. “Floor periods” is the simulated binding-period frequency; “Floor
felicity” is the discounted consumption-felicity share used by the algebraic root. The reported CEV
proportionally scales all realized effective consumption in the fixed no-access allocation. The alternative
holds consumption in every medical-on, public-floor-binding period fixed and scales only non-binding
consumption felicity. Death draws use subjective survival. Each cell uses 12,000 paths and fixed seed
20260713. The exercise is an algebraic finite-cell diagnostic, not a re-solution or global error bound.

J.1 Extensive-margin and wealth-band diagnostics

Table J.1 separates minimum-premium feasibility, the fixed-cost margin, heterogeneous-cost
smoothing, and dispersion in bequest preferences. It also repeats the Social Security cut
under those treatments. The underlying indifference-cost diagnostic classifies nonbuyers as
minimum-premium-infeasible, value-destroying even at zero fixed cost, or positive-value but
defeated by the focal fixed cost. In the lowest band, where modeled purchase propensity is
0.0%, those shares are 35%, 65%, and zero. The fixed cost defeats a purchase that would
otherwise add value for 30% of all households in band 2 and 20% in band 3. Each band is
solved three times for the “theta-dispersed” row: with no bequest motive, with half the focal
bequest intensity 6, and with the focal #. In each solution, k stays at its focal value and
purchases follow that solution’s own indifference cost. The three purchase rates are weighted,
in that order, by the band’s shares of model-eligible HRS person-waves whose self-reported
chance of leaving an inheritance of $100,000 or more is zero, between zero and 75 percent, or
75 percent or higher. Table J.2 then removes players one at a time from the full coalition to
diagnose zero-fixed-cost purchase value in the interior wealth bands. These removals are not
Shapley values. Table J.3 places the model’s one-shot retail purchase propensity beside the
q286 ownership stock. The comparison is descriptive because purchase timing and product
source differ.

The threshold model’s band propensities are 0.0%, 4.9%, 76.0%, and 100.0%, a much
steeper rise across bands than the single-digit q286 stocks show in the same table. In
particular, the modeled propensity jumps from 4.9% in the $30-120k band to 76.0% in the

$120-350k band. The one-shot decision, fixed cost, minimum premium, discrete purchase
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Table J.1: Social Security Cut Response: Robustness to the Extensive-Margin Treatment

Induced response by wealth band (pp)
Extensive-margin treatment Base (%) Cut (%) $5-30k $30-120k $120-350k >$350k

hard 37.7 43.2 +0.0 +8.5 +14.3 +0.0
feasibility-only 50.5 56.4 +0.5 +17.3 +4.0 +0.0
cost-smoothed 37.3 42.6 +0.0 +7.8 +13.8 +0.0
theta-dispersed 39.9 44.6 +0.0 +8.8 +10.5 +0.0

Each row models the evaluated-age participation margin differently; each derives from a
per-household indifference fixed cost, which the theta-dispersed row recomputes under each
bequest cell’s preferences, so no band rate is a calibration target. “hard” is the production
model; “feasibility-only” drops the fixed cost (minimum purchase and consumption floor
remain); “cost-smoothed” applies heterogeneous fixed costs (fixed dispersion, not fitted);
“theta-dispersed” applies the observed within-band bequest-intention distribution (HRS beq100),
frozen before the cut. Entries are percentage-point changes in purchase propensity; the table is
the robustness result, and no common sign or concentration pattern is imposed in its note.

Table J.2: Value-Destruction Diagnostic: Would-Annuitize Share at Zero Fixed Purchase
Cost, by Wealth Band

Specification Band 2 ($30-120k) Band 3 ($120-350k)

Full structural 34.6% 96.0%
less Bequest 44.2% 100.0%
less Pre-existing annuitization 80.1% 100.0%
less Med+R-S 67.3% 100.0%
less Survival pessimism 66.9% 100.0%
no MWR wedge or minimum premium 85.0% 100.0%
less Public-care aversion 52.8% 100.0%
less Inflation 39.5% 97.1%
less Age needs 34.6% 96.0%
less State utility 34.4% 95.7%

Share of households in each band who would purchase the immediate annuity at zero fized
purchase cost (indifference fixed cost F* > 0), under the full structural model and under each
one-channel-removed variant. The focal MWR wedge and minimum premium remain except
in the explicitly labeled row, which removes both. The pre-existing-annuitization omission
replaces real Social Security and the nominal pension-income proxy with
respondent-age-specific equal-PV liquid wealth, with the original wealth band pinned. Bands
2 and 3 isolate the interior-band zero-fixed-cost purchase margin. The omission rows are
ordered by their reported Band 3 share; these are grand-coalition removals, not Shapley
values. Production grid.
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Table J.3: Predicted Purchase Propensity and the q286 Ownership Stock by Wealth Band

Observed Model Model
Wealth band (HRS 286 stock) (threshold) (cost-smoothed)
$5-30k 1.4% 0.0% 0.0%
$30-120k 4.3% 4.9% 5.5%
$120-350k 4.8% 76.0% 73.5%
Above $350k 5.9% 100.0% 100.0%

Observed: unweighted q286 life-contingent-payment ownership stock in the
HRS analysis sample (73 qualifying observations among 1896 pooled
person-wave observations, from 1269 distinct persons of whom 63 report a
qualifying payment in at least one eligible observation).

Model (threshold): the single-product structural model’s predicted purchase
propensity by band. Model (cost-smoothed): the same prediction under
lognormal heterogeneous transaction costs with median at the CPI-restated
Lockwood fixed cost ($2,349) and log-standard-deviation 0.5 — the non-fitted
dispersion of Section J.1; no band ownership rate enters its construction.
Inference is at the person level: each repeatedly observed person counts once,
with wealth band assigned at the first eligible wave and the 286 flag set to
one if a qualifying response appears in at least one eligible observation. This
is not lifetime cumulative purchase incidence. A Cochran—Armitage trend test
across the four bands gives z = 4.97, p < 0.001. The pooled person-level 286
share in the three non-top bands is 3.9% (Wilson 95% CI [2.86%, 5.23%)]).
The displayed person-wave and person-level rates use different
repeated-observation conventions. At the person level, the third- and
top-band rates are 6.6% and 9.7%, with the top-two-band difference not
statistically distinguishable (Fisher exact p = 0.25).
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grid, and banded retirement-income assignment all act at this margin, so the table does not

attribute the jump to any one mechanism.

J.2 Price, indexation, belief, and access-value sensitivities

Table J.4 varies the modeled payout schedule, payment indexation, survival beliefs, and So-
cial Security benefits in partial equilibrium. Its TIPS-backed row applies an assumed MWR
of 0.78 to real payments, so price and indexation change together. The nominal-equivalent
row keeps the MWR at 0.87 and changes indexation alone. Within-model access values
for these scenarios appear in Table J.5, where the real-annuity column uses the nominal-
equivalent contract. Fiscal costs and equilibrium responses remain outside the welfare mea-

sure.

Table J.4: Predicted Annuity Purchase Propensity Under Policy Counterfactuals

Policy Scenario MWR Inflation Propensity (%) A (pp)
Baseline 0.87 2% 37.7 —
Lower-price schedule (MWR=0.90) 0.90 2% 42.9 +5.2
Alternative price schedule (MWR=0.95)  0.95 2% 49.9 +12.2
MWR=1 payout schedule 1.00 2% 56.0 +18.3
Real annuity, TIPS-backed 0.78 0 (real) 24.5 -13.2
Real annuity, nominal-equiv 0.87 0 (real) 40.2 +2.5
MWR=1 + real payments 1.00 0 (real) 56.0 +18.3
SS cut 22% 0.87 2% 43.2 +5.5
Objective beliefs (psi=1.0) 0.87 2% 47.4 +9.7
Lower price + objective beliefs 0.90 2% 51.5 +13.8
Public consumption floor doubled 0.87 2% 42.7 +5.0
Combined price/indexation/beliefs 0.90 0 (real) 54.3 +16.6
HRS 286 ownership stock 3.85

HRS any-annuity-income proxy 6.12

Baseline: v = 2.5, 8 = 0.97, DFJ bequests (6 = 158.68, x = $396,496), v = 0.981. Population:
model-eligible HRS person-waves ages 65-69 with W > $5,000 (N = 1,896); see the manuscript
for the labor-force and prior-year-earnings screens. The lower-price schedule is a hypothetical
price counterfactual, not observed group access. SS cut: permanent, fully anticipated 22%
reduction in Social Security benefits only; the nominal pension proxy, prices, claiming,
legislation, and equilibrium responses are held fixed. This is a partial-equilibrium comparative
static, not a transition forecast. The two HRS rows are distinct, nonnested stock comparators,
not an interval.
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Table J.5: Welfare Gain from Annuity Access Under Policy Counterfactuals (CEV, %)

Wealth Baseline Lower price Real annuity Combined scenario

Panel A: Good Health, DFJ Bequests

$50K 0.00 0.00 0.00 0.11
$100K 0.00 0.08 0.00 1.38
$200K 0.48 1.13 0.85 3.46
$500K 2.68 4.00 3.45 8.36
$1000K 3.75 5.35 4.76 11.13
Panel B: Fair Health, DFJ Bequests

$50K 0.00 0.00 0.00 0.00
$100K 0.00 0.00 0.00 0.72
$200K 0.13 0.60 0.39 2.55
$500K 2.17 3.30 2.91 7.27
$1000K 3.20 4.68 4.17 10.09
Panel C: Good Health, No Bequests

$50K 0.00 0.00 0.00 0.20
$100K 0.00 0.42 0.17 1.58
$200K 1.35 2.25 1.76 4.21
$500K 5.80 7.55 6.64 10.82
$1000K  10.07 12.64 11.32 16.74

CEV reports 100\, where every effective-consumption outcome in the fixed
no-access allocation is scaled by 1 + X to equate its value to the with-access
allocation. Welfare cells dispatch the Social Security and modeled nominal
pension-proxy schedule by original wealth band. Baseline: MWR=0.87, 2%
inflation, 1 = 0.981; behavioral channels off. Lower-price scenario:
MWR=0.90. Real annuity: 0% inflation, MWR=0.87. The combined

scenario uses the lower price, real payments, and objective survival beliefs

(1 = 1.0).
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J.3 Illustrative lower-price mixture

The lower-price exercise solves the same contract at its stated alternative MWR and combines
that prediction with the retail prediction using each wealth band’s employer-pension receipt
rate. Reported pension income in the HRS does not establish plan type, life contingency,
or access to a new group annuity. Pension receipt is therefore only an illustrative mixture

weight and does not measure or bound access. Table J.6 and Figure J.1 report the exercise.

Table J.6: Hlustrative Two-Price Pension-Linkage Mixture

Panel A: Model propensities and HRS stock by band (%)

Band Mixture wt. Retail prop. Lower-price prop. Mixture prop. HRS stock
$5-30k 46% 0.00 0.00 0.00 1.39
$30-120k 55% 4.89 33.08 20.36 4.32
$120-350k 63% 75.95 95.48 88.27 4.76
>$350k 45% 100.00 100.00 100.00 5.95
Panel B: Model mean purchased share of wealth, o (%)

Band Retail Lower-price Mixture

$5-30k 0.00 0.00 0.00

$30-120k 2.56 24.43 14.56

$120-350k 38.17 69.32 57.82

>$350k 52.15 67.93 59.31

Panel C: 22% Social Security cut (mizture, %)

Band Baseline Under cut Response (pp) Abs. share
$5-30k 0.00 0.00 +0.00 0%
$30-120k 20.36 29.54 +9.18 59%
$120-350k 88.27 96.25 +7.98 41%
>$350k 100.00 100.00 +0.00 0%

The mixture weight is each band’s RAND HRS employer-pension-income receipt rate. It is not
observed access to a new group-annuity purchase: The HRS employer-pension-income measure
does not identify plan type, life contingency, or a current purchase option. The exercise is
therefore illustrative. Retail prices at MWR = 0.87; the lower-price contract at MWR = 0.95.
The contracts otherwise are identical, so product choice is dominance-ordered. Observed columns
are unweighted 286 life-contingent-payment indicators in the restricted person-wave sample.
Panel C applies a permanent, anticipated 22% cut to Social Security only; it is a
partial-equilibrium model comparative static, not a forecast. “Abs. share” allocates the total
absolute population-weighted band response; signs remain in the response column, so offsetting
changes cannot create negative or above-100% incidence shares.
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A. Model propensity and HRS stock by wealth band B. Response to a 22% SS cut
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Figure J.1: Ilustrative two-price pension-linkage mixture. Panel A compares the retail pre-
diction, the assumed lower-price schedule, the illustrative mixture, and the q286 ownership
stock. RAND employer-pension-income receipt rates are used only as illustrative mixture
weights and do not measure current group-annuity access. Panel B reports the mixture’s
partial-equilibrium response to a permanent, anticipated 22% Social Security cut.

K Solution Algorithm

K.1 Backward induction

The model is solved by backward induction from the terminal period 7' = 46 (age 110)
tot = 1 (age 65). Terminal medical need remains stochastic. Define total post-medical

resources, inclusive of the public consumption floor, as
Rr(m) = max{c, W+ Ap + Y} —m},

where Y™ is real Social Security plus the modeled real value of the nominal pension-income
proxy. Let @ip(c, H,m) denote the implemented terminal flow utility: it includes the age and
health felicity weights, the source-dependent split between income and portfolio drawdown
when that exploratory channel is active, and the public-care consumption transformation

when the floor binds in Poor health. The code-consistent terminal condition is

V(W,A,H,T) =E,,| max ){ﬂT(c, H,m)+ pv(Rr(m) —c)}

c<c<Rr(m

Medical expenditure first absorbs the period’s income flows and then liquid wealth, and
that source accounting affects @ only when source-dependent utility is active. Absent

medical risk, the expectation degenerates. Without a bequest motive, the terminal household
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consumes all Ry(m).

Fort =T-1,...,1, the value function was computed at each grid point (W;, A;, Hy,). Af-
ter the medical draw, resources include private-annuity income A; and pre-existing annuitized
income Y;”. If post-medical resources fall below ¢, the public-floor branch consumes ¢ and
saves zero. Otherwise the search considered consumption from ¢ to post-medical resources,
subject to the certified continuation domain. The continuation value V(W' A’ H' t+1) was
evaluated by piecewise-linear interpolation over the wealth grid.

The search partitioned this feasible interval at the consumption levels corresponding
to continuation-wealth knots and, when source-dependent utility was active, the income-
financed-consumption threshold. Within each smooth segment, the objective is concave and
its derivative decreases. The solver evaluated every boundary and used derivative bisection
when the derivative changed from positive to negative across a segment. It then selected the
candidate with the greatest represented Bellman value. CPU and CUDA implementations
used the same scalar search in double precision, without fast-math transformations. This
procedure globally maximizes the represented objective up to Float64 arithmetic and the
root-bracket tolerance, but it does not eliminate interpolation or quadrature error. A Brent
search in the code serves only the regression tests and produced no reported value.

Production solves constructed the admissible domain backward. At each annuity—health—
age state, the search was restricted to the largest contiguous wealth prefix whose positive-
probability next-health interpolation stencils were already certified at ¢ + 1. A current
node was certified only when every positive-mass medical node produced an optimal W’
strictly inside that clean continuation domain, using an optimizer-scale boundary tolerance.
Flat extrapolation remains an interpolation-library convention, but no certified production

optimization was permitted to query or select it.

K.2 Expectation computation

The Bellman expectation combines:

1. An outer expectation over the current medical draw m;, observed before the consump-
tion choice, evaluated with state-split probability-domain Gauss—Legendre sums at

order 32 on each nonempty accounting subinterval plus an exact saturated-tail mass.
2. Conditional on survival, an inner sum over next-period health H' weighted by Q,(H;, H").

The number of medical-shock nodes is state dependent: each nonempty probability segment
receives an order-32 Gauss—Legendre rule, while the saturated upper tail enters as one exact

mass. Consequently there is no valid fixed nodes-per-grid-point arithmetic. The transition
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diagnostic records the realized node counts and probability mass; the run validator checks
positive, internally consistent counts and that the recorded probability mass aggregates to
the state count, while unit mass for each individual state is enforced inside the solver itself.

The pre-draw Bellman value integrates shock-contingent consumption optima over the
current medical draw and, conditional on survival, next-period health; the object carried
backward is the value function V(-,t 4+ 1). Forward simulations are shock-contingent: at
each simulated period the consumption choice is re-optimized against the realized health state
and medical-expenditure draw using the stored continuation value, rather than applying the
quadrature-weighted average consumption stored for diagnostics. This matters because the
medical-expenditure distribution is heavy-tailed and interacts with the public consumption
floor, so applying an averaged policy to realized tail draws would misstate spend-down

behavior near the floor.

K.3 Annuitization optimization

At purchase period 7, the global search evaluates zero, every feasible node of the 101-point
uniform grid on [0, 1], and the exact minimum-premium and maximum-feasible-share end-
points whenever those endpoints are feasible. Let P, denote the minimum premium, set to
$10,000. Positive candidates satisfy aWWy > P, and (1 —a)Wy— F > 0. Each respondent is
priced at the observed age. For a feasible candidate, post-purchase wealth is (1 — a)Wy — F
and the fixed nominal-payment state increases by aWy(1 + 7)™ !p,, where p, is the age-
specific first-year real payout rate, and F' is omitted for & = 0. This gross-up makes the real
payment in period 7 equal to aWyp,. Bilinear interpolation over the (W, A) grid evaluates

the value function at the resulting state for the relevant health state and period.

K.4 Population evaluation

The purchase propensity is evaluated on 1,896 eligible HRS person-waves with observed
initial wealth, age, and health. Retirement income is assigned at the wealth-band level,
while the equal-PV off-state endowment is priced at each respondent’s age. Purchase is
a* > 0. For each solve, the code first constructs the exact set of initial and purchase-state
interpolation stencils reachable by the population under the configured age-specific pricing,
annuitization candidates, equal-PV endowments, and any fixed-cost wedge. Every required
stencil must lie in the backward-certified domain described above; the same certificate is
checked again by welfare and forward-simulation consumers. The disclosure-safe population-
grid aggregate independently verifies the corresponding exogenous support. A supplemental

endogenous-boundary artifact summarizes realized production transitions, but certification
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does not rely on a rectangular Wi, X Apnax corner that no household can jointly reach.

K.5 Computational performance

The reported GPU computation used one NVIDIA H100. Its CUDA kernels batched the
shock-contingent consumption searches, with one scalar optimization assigned to each GPU
thread. Medical-quadrature construction, continuation-value assembly, probability-weighted
aggregation, and support certification remained on the CPU. Both backends preserved the
same numerical rules and summation order. Runtime depends on grid size, the number of
state-dependent probability segments, and reuse of solved value functions; stage timings are
retained with the run record. All focal solves used the common order-32 state-split rule and

the grid reported above.

Numerical-diagnostic scope. Independent scalar tests compared the interval optimizer
with separately implemented piecewise and high-precision references, including separated
local maxima and source-income kinks. CPU-CUDA comparisons checked value functions,
support certificates, and purchase decisions on public test populations. Numerical approx-
imation was assessed separately through wealth—annuity and purchase-grid refinement, the
H2-versus-H3 Monte Carlo-parameter stress design, and the HO order-32-to-48 and H2 order-
48-t0-64 medical-integration checks. Limiting-case tests, the backward clean-domain certifi-
cate, and the endogenous next-period-wealth audit supplied additional checks. No single
Euler-residual scalar is reported. The consumption problem has corner KKT inequalities
and a piecewise-linear continuation value with kinks, so a smooth finite-difference residual
has no uniform interpretation across states. These checks do not give a uniform error bound
for the continuous-state model. Exact Shapley enumeration establishes accounting condi-

tional on the computed coalition values and supplies no separate lifecycle-solver validation.

L Pricing-Frictions-Split Shapley Decomposition

The nine-player game bundles the money’s-worth wedge, fixed purchase cost, and minimum-
purchase requirement. Table L.1 reruns an eleven-player game with the components sep-
arated; its full coalition reproduces the focal configuration (37.7%). Pre-existing annuiti-
zation leads at 16.2 pp, followed by the MWR wedge (14.9 pp), fixed cost (9.7 pp), and
medical /mortality (9.2 pp). The minimum purchase contributes 1.3 pp and bequests 2.5 pp.
Shapley values depend on the player partition, so the pricing components need not sum to
the bundled attribution.
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Table L.1: Pricing-Frictions-Split Shapley Decomposition (11 Players, 2,048 Subsets)

Channel Shapley (pp)
Pre-existing annuitization (SS+pension-income proxy) +16.2
MWR wedge +14.9
Fixed purchase cost +9.7
Medical process and health-dependent mortality +9.2
Subjective survival pessimism +7.0
Bequests +2.5
Minimum-purchase requirement +1.3
Nominal-payment erosion +1.1
Public-care aversion +0.2
State-dependent utility +0.1
Age-varying consumption needs +0.0

Exact Shapley values over all 2! = 2,048 subsets of the game that replaces
the bundled pricing-frictions channel with its three components as separate
players: the money’s-worth wedge (MWR = baseline vs. 1.0; the only
component that changes the payout rate), the fixed purchase cost, and the
minimum-purchase requirement. All other channels and the production grid
match the nine-channel headline game; the full coalition reproduces the
nine-channel full model. Shapley values are not additive across game
partitions, so the three components need not sum to the bundled channel’s
value. Positive values are demand-suppressing.
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M Mortality-Convention Robustness

The focal calibration uses the sex-blended, aggregate-anchored life table (Section 3). Ta-
ble M.1 recomputes the full nine-channel game under the prior convention in this literature:
the male SSA 2003 table from the Lockwood (2012) replication files, with unnormalized
health hazards, used for both survival and pricing. Purchase propensity becomes 21.9%.
Pricing frictions remain first at 26.5 pp, medical /mortality rises to second at 23.9 pp, and
pre-existing annuitization moves to third at 17.2 pp. Bequests contribute 4.4 pp. This joint

convention changes both the population table and health-hazard normalization.

Table M.1: Nine-Channel Shapley Decomposition under the Prior Mortality Convention
(Male Table, Unnormalized Hazards)

Channel Shapley (pp)
Loads +26.5
Medical+R-S +23.9
Pre-existing annuitization (SS+pension-income proxy) +17.2
Pessimism +6.4
Bequests +4.4
Inflation +0.1
State utility +0.1
Age needs +0.0
Public-care aversion -0.5

Exact Shapley values over all 22 = 512 subsets under the prior mortality
convention: the male SSA 2003 table used by Lockwood (2012), with
unnormalized health hazards, for both agent survival and annuity pricing.
The headline game instead uses the sex-blended, aggregate-anchored table.
All other channels and the production grid match the headline game. Rows
are ordered by signed Shapley value; positive values are demand-suppressing
and negative values are demand-raising.

N Constant Hazard-Ratio Sensitivity

The focal model interpolates the HRS health-hazard ratios across age because mortality
after the purchase age enters every continuation value. Table N.1 recomputes the complete
game under the alternative convention that holds the entry-age ratio vector fixed through age
110. This sensitivity changes the mortality correlation while preserving the focal sex-blended

population survival target through age-specific normalization.
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Table N.1: Nine-Channel Shapley Decomposition with Constant Entry-Age Health Hazards

Channel Shapley (pp)
Pricing frictions +28.3
Pre-existing annuitization (SS+pension-income proxy) +15.1
Medical+R-S +8.7
Pessimism +6.3
Bequests +2.8
Inflation +1.3
Public-care aversion +0.8
Age needs +0.0
State utility -0.0

Exact values over all 27 = 512 coalitions. This sensitivity holds the HRS
entry-age hazard-ratio row fixed through age 110; the focal model instead
interpolates all three age-band estimates. Equal-resource and full-model
propensities are 100.0% and 36.8%. All other primitives and the production
grid are unchanged.

O Additional Tables and Figures

This section collects the lifecycle moment diagnostic (Table O.1) and supporting sensitivity
figures. Figure O.1 shows the risk-aversion path, Figure O.2 provides the health-hazard
sensitivity discussed in the main text, Figure O.3 displays selected purchase policies, and

Figure O.4 displays the no-bequest access-value grid.

P HRS Variable Codes

Evaluation sample. Respondent weights are RAND RwWTRESP. “Single” requires RAND
RWMSTAT code 4 (separated), 5 (divorced), 6 (separated/divorced), 7 (widowed), or 8 (never
married), together with RWMPART=0. Code 3 (partnered) is excluded. For the earnings screen,
both each wave’s earnings and Lockwood’s 2005-dollar reference cutoff are restated with
prior-calendar-year CPI-U. Baseline wealth is RAND total nonhousing wealth, h{w}atotn,
and focal Social Security is built from RAND retirement-benefit income, RwISRET. The
pension-income proxy uses RAND employer-pension income, RwIPEN, which refers to the
prior calendar year and excludes annuity income. In Table D.6, the narrow liquid-wealth
row uses RAND non-housing financial wealth, h{w}atotf: stocks and mutual funds; check-
ing, savings, and money market accounts; CDs, government savings bonds, and Treasury
bills; bonds and bond funds; and other savings, net of other debt. That measure excludes
IRAs, real estate, vehicles, and businesses. The financial+IRA row adds IRA and Keogh
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Table O.1: Simulated Lifecycle Bequest Diagnostics

Moment Simulated
Mean bequest $125627
Median bequest $19143
Fraction bequest > $10K 58.1%

Simulated: 100,000 trajectories, initial wealth and health
drawn jointly from the weighted model-eligible HRS
sample (single respondents ages 65-69 who pass the
labor-force and prior-year-earnings screens and have
wealth of at least $5,000), all initialized at age 65, with
band-level Social Security plus the
employer-pension-income proxy; no annuity purchased.
These are untargeted model implications, not an empirical
validation target. Reported-estate measures are not used
because their asset definitions and imputation conventions
do not match the model wealth state.
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Figure O.1: Predicted purchase propensity by coefficient of relative risk aversion (). Infla-
tion and MWR remain at baseline values (7 = 2%, MWR = 0.87); the linked DFJ intensity
is recomputed at each v by the portability rule in Section C.1. Separate horizontal lines show
the untargeted HRS 286 ownership stock and any-annuity-income proxy; they are distinct
measures and do not bound a model-fit interval.
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Figure O.2: Predicted purchase propensity by raw health-hazard specification. Constant-
ratio rows vary the Good- and Poor-health multipliers while normalizing Fair to 1.0; the
focal row interpolates three age-band vectors with the same raw normalization. The age-
specific common anchor described in Section A.3 then restores population survival. In the
axis labels, the [0.45,1.0,3.5] vector (“R-S functional”) and the [0.60, 1.0, 2.0] vector (“con-
servative SRH”) are researcher-specified stress mappings, and the other three come from
HRS estimates. Separate horizontal lines show the untargeted HRS 286 ownership stock
and any-annuity-income proxy; they are distinct measures and do not bound a model-fit
interval.
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Figure O.3: Optimal annuitization fraction («*) at age 65 by initial wealth, for Good health
(H = 1). Left panel: no bequest motive and zero medical expenditure, with pricing frictions,
inflation, and survival pessimism active. Right panel: full nine-channel structural model
(DFJ bequests, the medical-expenditure/health-mortality player, survival pessimism, the
focal null age-needs player, state-dependent utility, public-care aversion, pricing frictions,
and inflation). Both panels use MWR = 0.87, 7 = 2%, and a uniform flow equal to the
sample mean of real Social Security plus the modeled nominal employer-pension-income

proxy.
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Figure O.4: Subjective ex ante consumption-equivalent variation (%) from annuity market
access at age 65, by initial wealth and health status. No-bequest specification (6 = 0).
Nine-channel structural welfare specification with medical costs, health-dependent mortality,
MWR = 0.87, and 2% inflation.

balances, h{w}aira, and the liquid-band row assigns each observation’s retirement-income

band by h{w}atotf while keeping nonhousing net worth as model wealth.

Mortality and life-table inputs. For the hazard multipliers, next-wave RAND interview-
status code 5 identifies death since the preceding interview, codes 1 and 4 identify survival,
and indeterminate interval outcomes are excluded. The life-table blend uses RAND’s binary
ragender field, with code 2 mapped to the female schedule and code 1 to the male schedule.

Missing or other codes fail validation.

Ownership measures. The 286 series comes from the HRS annuity-income loops in
waves 5-9. Wave 5 uses Fat-File items gb494_ 1 and gb494_2, and waves 6-9 use the two
wave-prefixed q286 contract slots. The any-annuity-income proxy is RAND r{w}iann. For
both measures’ descriptive Wilson-type intervals, the effective sample size is

o (Zimi ?

Neff = —— o

2 )
dim;

where m; is each person’s number of eligible observations, under the conservative assumption

of within-person correlation one.
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