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Research Statement

My research interests lie at the intersection of causal inference and network analysis, with a particular
focus on the design and analysis of randomized experiments under interference. Network experiments
have become increasingly important across economics and other social sciences, but they also raise
econometric challenges that are absent in settings without social interactions. My research develops
methods to address these challenges while remaining closely connected to empirical applications.

A central theme of my current work is that social networks need not be fixed or exogenous. In my
paper, “Endogenous Interference in Randomized Experiments,” I study identification and estimation
when network formation may be endogenous and the network itself may evolve in response to an
intervention. I develop a framework that distinguishes direct treatment effects from indirect effects
mediated by treatment-induced network changes. The paper proposes shift—share instrumental-
variable methods to address network endogeneity, studies their validity under relatively sparse
networks, and develops a denoising approach for denser networks. An empirical application to Prina
(2015) illustrates how an intervention can affect outcomes both directly and through changes in
social connections.

More broadly, I am interested in how endogenous, dynamic, and partially observed networks should
change the way researchers design and analyze experiments. One project I am developing studies
optimal treatment allocation when the intervention itself may alter the network, motivated in
part by empirical evidence such as Carrell et al. (2013) showing endogenous changes in social
relationships after randomized treatment. Another project studies uncertainty arising from network
sampling. Existing work often assumes that the network is fully observed, while in practice researchers
frequently observe only a sampled or partially measured network. I am interested in understanding
how alternative network sampling schemes affect identification and estimation of causal effects, and
in viewing network sampling itself as part of experimental design.

The Workshop on Development Economics and Networks would provide an ideal setting in which
to advance this research agenda. I would greatly value feedback from researchers working at the
frontier of development economics and network econometrics, particularly on the empirical relevance
and potential applications of my methods. The workshop would also help me identify substantive
questions in development economics where endogenous network formation and experimental design
are especially important.

At this early stage of my career, I hope to build a research agenda in which econometric methodology
is closely connected to empirically relevant questions. The workshop would be a valuable opportunity
to learn about recent developments in the field, refine my ongoing projects, and develop lasting
connections with researchers working on related questions.



Endogenous Interference in Randomized Experiments

Mengsi Gao

University of Southern California*

September 15, 2026

Abstract

This paper studies identification and inference for treatment effects in randomized
trials with social interactions. Two features introduce endogeneity: (1) latent variables
that affect both networks and outcomes, and (2) treatment-induced network changes
that mediate treatment effects. I develop a potential-outcome framework with post-
treatment networks and define direct and network-mediated effects. For estimation,
I propose a shift-share IV strategy with asymptotic theory for sparse networks, but
it fails in denser settings. I then develop a denoised SSIV estimator that restores
consistency in denser networks and improves the convergence rate. An application to
Prina (2015) illustrates both direct and network-mediated effects.

1 Introduction

Investigating spillover effects among units is a central task in many social science prob-
lems, but identifying them can be difficult without randomized experiments. Recent studies
combine peer effects with randomized controlled trials (RCTs) to improve identification in
economics and the social sciences (Sobel, 2006; Banerjee et al., 2013; Cai et al., 2015; Paluck
et al., 2016). These studies examine how interventions spread through social networks, po-
tentially amplifying or weakening their effects. This phenomenon is known as interference,

violating the “stable unit treatment value assumption” (SUTVA).
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The peer effects literature typically assumes that networks are exogenous and fixed, so
that unobserved factors do not jointly affect network formation and outcomes, and the net-
work does not change after the intervention. However, both assumptions can fail. First,
latent traits such as ability, preferences,or socioeconomic background may affect both whom
individuals connect with and the outcomes they realize. Second, the intervention itself may
alter the network structure. Several studies emphasize this latter concern. Carrell et al.
(2013) find that a group formation experiment intended to help low-ability students back-
fired, as it led them to form stronger ties with other low-performing peers. Prina (2015) find
that offering savings accounts in Nepalese villages significantly changed financial relation-
ships among households. Chetty et al. (2016) analyze the Moving to Opportunity (MTO)
experiment, in which housing vouchers were intended to improve outcomes by moving fami-
lies to better neighborhoods, but such moves could also disrupt social networks, especially for
adolescents. Paluck et al. (2016) study a school-based anti-conflict intervention and reported
a substantial turnover in the school social network, measured by students’ nominations of
peers with whom they spent time, with only 42.2% of nominations persisting after about
nine months. Banerjee et al. (2023) show that introducing formal financial institutions in
Indian villages weakened social ties by reducing reliance on informal networks. Motivated by
both concerns, this paper studies the identification and inference of causal effects in RCTs
with interference, explicitly accounting for both latent confounding and treatment-induced
changes in network structure.

Latent variables complicate identification and can bias causal estimates. Moreover, when
treatment affects network structure, it becomes difficult to separate the direct effect of treat-
ment from indirect effects mediated through the network. Yet distinguishing these channels
is crucial for uncovering intervention mechanisms and designing effective policies. Although
post-intervention networks capture how treatment and latent traits jointly shape networks,
using post-intervention networks introduces endogeneity even in randomized settings. Con-
sequently, researchers often rely on pre-intervention network data to estimate treatment
effects, either by assuming the network is static or, even when network changes are acknowl-
edged, by using the pre-intervention network to control for unobserved confounders (Carter
et al., 2021). However, this approach can be problematic: if outcomes depend on the post-
intervention network, then using only pre-intervention data introduces measurement error.
This paper proposes a novel approach that leverages panel network data. Specifically, it fits
outcome regressions using post-intervention networks while constructing instruments from
pre-intervention networks to correct for endogeneity and achieve consistent estimation.

A common approach to capturing interference is effective treatment, or exposure mapping,

which maps units, treatment assignments, and network structures into some low-dimendional



exposure levels (Manski, 2013; Aronow and Samii, 2017). In my setting, to accommodate
treatment-induced network change, I adopt the mediation analysis framework (Pearl, 2001;
Heckman and Pinto, 2015), treating exposure mapping as a mediator to distinguish between
the direct effect of treatment and the indirect effect mediated by network changes. Within
this framework, I define causal parameters that separately capture these effects. Under a
linear outcome model that includes both treatment and the network mediator, and allowing
for flexible, additive unobserved confounding, I show that the coefficients have clear causal
interpretations.

For estimation and inference, I focus on a specific mediator: the fraction of treated friends.
This yields a linear model that is a special case of the linear-in-means (LIM) framework
(Manski, 1993), capturing contextual peer effects, or the mean impact of peers’ treatments.
To address endogeneity, I use shift-share (or “Bartik”) instrumental variables (SSIV) (Bartik,
1991), which combine numtiple shocks with exposure shares. I extend this approach to
network settings by constructing the instrument as a combination of the random shock
(others’ treatment assignments) and the non-exogenous exposure (pre-intervention network),
following Borusyak and Hull (2023). I examine the conditions for the validity of this IV,
with particular attention to the relevance condition under varying levels of network sparsity.
I show that as networks become denser, the SSIV fails the relevance condition because
overlapping friendships reduce cross-unit variation in exposure. As a result, IV estimators
based on SSIV are consistent only in relatively sparse networks.

To address the inconsistency that arises in denser networks, I propose a modified SSIV es-
timator that projects out latent traits, which are approximated using an eigen-decomposition
of the pre-intervention network. This modification restores consistency in denser networks
while remaining valid in sparse settings. I then establish asymptotic normality for both the
SSIV and modified SSIV estimators, and provide consistent variance estimators that account
for cross-unit dependence induced by the network, enabling valid inference. Finally, within
the regimes where both estimators are consistent, I show that the modified SSIV delivers
faster convergence rate for estimating spillover effects. While the paper focuses on a partic-
ular form of peer effects, the analysis of the relevance condition and the denoising procedure
provides broader insights into the general application of SSIV.

This paper contributes to three strands of the literature. First, it builds on peer ef-
fects research, following the seminal work of Manski (1993), which examines how individual
outcomes are influenced by peers’ behaviors, actions, or characteristics. The literature out-
lines four broad strategies for identifying peer effects: random peers, random shocks, struc-
tural endogeneity, and panel data (Bramoullé et al., 2020). Existing approaches to network

endogeneity include the matching method (Auerbach, 2022), the control-function method



(Johnsson and Moon, 2021), and the parametric framework of Griffith (2022), which enables
the identification of counterfactual treatment effects while accounting for network-structure
changes. All of these methods assume dense networks for validity. This paper contributes
by developing estimation and inference tools for social interactions with treatment-induced
network changes under general endogeneity. I use randomized treatment assignment and
panel network data to construct valid shift—share instruments across a wide range of sparsity
regimes. The SSIV approach is closely related to IVs constructed based on leave-one-out net-
works (Bramoullé et al., 2009; Jochmans, 2023). The work most closely addressing dynamic
network evolution is Comola and Prina (2021). They allow for endogenous peer effects but
assume conditional exogeneity of pre- and post-intervention networks, addressing different
endogeneity sources. They use “lagged” partner characteristics as instruments and focus on
deriving identification conditions rather than asymptotic properties.

Second, I contribute to the shift-share IV literature by demonstrating SSIV’s relevance
condition across a broad range of network sparsity regimes. Shift-share designs are widely
used in many contexts, including labor, public policy, development, macroeconomics and
international trade. There are two main approaches to identification in the SSIV literature:
one relies on exogeneity of the share (Bartik, 1991; Goldsmith-Pinkham et al., 2020), and
the other on exogeneity of the shift (Adao et al., 2019; Borusyak et al., 2022; Borusyak and
Hull, 2023). However, these papers impose a crucial relevance condition: most observations
must be exposed to only a small number of shocks that influence treatment. In this paper,
I identify the network-sparsity regimes that guarantee the SSIV relevance condition and
introduce a denoising procedure to restore consistency of IV estimates when that condition
is violated. I also develop asymptotic theory by accounting for the randomness from the
network generation, while Adao et al. (2019) treat the shares as fixed. I also connect my
framework to Li and Wager (2022). Their estimator can be rewritten as exploiting the
same shift—share variation as my SSIV estimator, but it is motivated by a design-based
identification argument for indirect effects under a fixed interference graph, rather than by
mediation endogeneity in a treatment-induced network. Moreover, my paper allows the
network to respond endogenously to treatment, whereas Li and Wager (2022) do not. I
further establish consistency of the modified SSIV over a substantially wider range of sparsity
regimes than those considered in Li and Wager (2022) under weaker network assumptions.

Third, I contribute to the interference literature by allowing networks to be both stochas-
tic and treatment-induced. The interference literature studies causal effects when one unit’s
treatment can affect other units’ outcomes. Much of this literature is design-based (Hud-
gens and Halloran, 2008; Abadie et al., 2020): it avoids assumptions on outcome models

and network formation, and bases inference on random treatment assignment. When net-



works are themselves stochastic, it is natural to ask how uncertainty in network forma-
tion affects identification and inference, and how to distinguish direct effects from effects
operating through network-mediated channels. Recent work models network formation as
realizations from an (unknown) graphon (Auerbach, 2022; Li and Wager, 2022), but does
not consider how treatment-induced changes in network structure further influence causal
effects. To fill this gap, I introduce a mediation framework that explicitly accounts for
the treatment-induced network changes, thereby disentangling direct treatment effects from
indirect, network-mediated channels.

The remainder of the paper proceeds as follows. Section 2 introduces the framework and
defines the parameters of interest. Section 3 develops an SSIV estimator and establishes its
asymptotic properties under relatively sparse networks. It then proposes a denoised SSIV
estimator to handle cases in which the network becomes denser. Section 4 presents the results
of the Monte Carlo simulations. Section 5 illustrates the results in an empirical application
based on the RCT in Prina (2015). Section 6 concludes. The appendix of the paper collects

all of the proofs, as well as some intermediate results.

Notation I use O(),Op(),0p(), <, >, <, =, =< as follows: a, = O(b,) if |a,| < Cb, for n
large enough; X,, = Op(b,), if for any § > 0, there exists M, N > 0, s.t. P[|X,| > Mb,] <o
for any n > N; X,, = op(b,), if limP[|X,,| > eb,] = 0 for any € > 0; a,, < b, if there exists
ki, ks > 0 and nyg, s.t. for all n > ng, kia, < b, < keay; a, > b, if lima, /b, = c0; a, < b,
if lima, /b, = 0; a, = b, if b, = O(a,); a, < b, if a, = O(b,). Let 1, and 0, denote
n-dimensional vectors of ones and zeros. Let || - ||op denote the operator norm. Let X_;
denote the collection {X};;.

2 Setup

2.1 Framework and Notation

Consider an RCT with n participants. For each i € 1,...,n, let T; € {0,1} denote the
treatment assignment, with 7; ~ Bernoulli(7) for some 0 < 7 < 1. Let ¥; € R denote
the outcome of interest and w; denote unobserved covariates. 1 consider a single large
network that permits arbitrary interference. The network is represented by an adjacency
matrix A = {Ay}7_;,

The matrix A is undirected, unweighted, and with no self-links. I distinguish between two

where A;; € {0,1} indicates whether units ¢ and j are connected.

network structures observed by the researchers: AP™ (before the intervention) and AP

(after the intervention). The paper adopts a super-population framework to accommodate



randomness and dynamics in the network.

Figure 1 illustrates the causal mechanism considered in this paper. I assume that the
post-intervention network AP°*  influenced by the treatment vector, plays a critical role in
determining the outcome. In particular, the exposure mapping that maps {7;} , and AP
into low-dimensional statistics defines a mediator M;, through which treatment can indirectly
affect the outcome. Common examples include the number or fraction of treated friends after
the intervention. Specifically, T; affects Y; both directly and indirectly through changes in
M;, while others’ treatments T_; affect Y; only through M;. Moreover, AP*" is shaped by
both the treatments and the latent variable w;, which may also affect the outcome, thereby

confounding the mediator-outcome relationship.

Figure 1: Causal mechanism.

Potential Value Notation To define the causal parameters of interest, I introduce the
potential value notation for both the mediator and the outcome, following the mediation
analysis literature (Pearl, 2001; Heckman and Pinto, 2015). First, consider a hypothetical

intervention on the treatment vector ¢, and define the potential mediators for unit ¢ as
{M;(t) :t €{0,1}"}.

Note that M;(t) depends on t in two ways: directly, and indirectly through the network
structure AP°, which is itself affected by ¢. Consider a hypothetical intervention on both ¢;
and m;. Define the potential outcomes for unit ¢, corresponding to interventions on t; and

on the mediator m; = M;(t;,t_;), as
{Yi(t;,m;) : t; € {0,1}, m; € M},

where M is the set of all possible mediator values. This notation indicates that the potential

outcome Y;(t;, m;) depends both on unit i’s own treatment and on the network changes

6



induced by the intervention (as captured by M;), with the treatment assignments of others
influencing Y; only through M;. I also define the nested potential outcomes corresponding

to an intervention on 7T; = ¢; and the mediator M;(t},t_;) as
{Yi(ts, My(t),t_y)) : t; € {0,1}, ¢, € {0,1}, t_; € {0,1}"1}.

Here, Y;(t;, M;(t;,t_;)) denotes the hypothetical outcome when unit ¢ receives treatment level
t; while its mediator takes the potential value M;(t},t_;), corresponding to treatment ¢, for
unit ¢ and t_; for the remaining units. Allowing ¢; and ¢, to differ enables us to disentangle the
direct and indirect channels through which the unit ¢’s treatment affects the outcome. This
definition differs from the interference framework in Hudgens and Halloran (2008), which

does not account for intervention-induced network change and instead considers
{Yi(ti,t) : t; € {0,1}, t_; € {0,1}" '}

The observed values of M; and Y; coincide with the corresponding potential outcomes under

the realized treatment and mediator values. Specifically,
Mi = Ml(t“t_z) if T; = tz and T—i = t_i,

and

Data-Generating Process for Networks [ assume that the relationship between any

two units ¢z and 7, both before and after the intervention, is governed by the following random

graph models:

1

Ay =1y < a7 (wi,wy) 145 # 4, 1)
{

At =1y < g g7 iy, T T) b1 # 1), (2)

where {w;};-, are i.i.d. latent variables and {n;;}';_; is a symmetric matrix of unobserved
scalar disturbances with independent upper-diagonal entries. The distribution of n;; is not

separately identified from the graphons and sparsity parameters, so it is typically normalized

<&

to be standard uniform. Under this normalization, for ¢ € {pre, post}, the product ¢°

g° gives
the link probability for a given pair. The sparsity parameters ¢°™ and ¢P** are theoretical
devices that allow link probabilities to vanish as n — oo, and I allow them to differ across

the pre- and post-intervention networks.



The graphon-based network models in (1) and (2) take the form of inhomogeneous Erdés—
Rényi graphs. Motivated by the Aldous—Hoover theorem for exchangeable arrays (Aldous,
1981; Hoover, 1979), this framework has become increasingly common in econometrics (Gra-
ham, 2020; Parise and Ozdaglar, 2023), including recent work on stochastic models of net-
work formation (Auerbach, 2022; Cai, 2022; Li and Wager, 2022). In this paper, I use these
models to capture network change following the intervention.! The pre-intervention graphon
g°™ depends only on the latent pair (w;,w,), whereas the post-intervention graphon gP°*
may additionally depend on the treatment assignments (7;,7};). Because neither the id-
iosyncratic term 7;; nor the latent variables w; is assumed to vary over time, the model also
nests the case in which the network remains unchanged after the intervention, namely when
qPregPTe = gPostgPost 2 More generally, differences between gP™ and gP*' capture changes in
network formation unrelated to the intervention, while the dependence of gP°** on treatment
captures network responses induced by the intervention. The models in (1) and (2) therefore
incorporate the two sources of endogeneity emphasized in this paper: latent variables that
jointly affect network formation and outcomes, and endogenous network evolution following
the intervention.

Assumption 1 below summarizes the key features of the network model used throughout

the paper.

Assumption 1. The latent variables {w;}!, are i.i.d. and independent of {n;;} where

ij “E Ul0,1] for j > i and n;; = n;i. The networks are randomly generated according

n
ij=17

to (1) and (2), where g’ is a symmetric measurable function of w; and w;, and g'** is a
symmetric measurable function of (T;,w;) and (T}, w;), both mapping into [0, 1]. The sparsity

-1

parameters satisfy n=' X ¢¢ < 1, for o € {pre, post}.

The sparsity regimes considered in this paper are broad, covering (a) ¢¢ < n~! (bounded
degree): each node has about a constant number of links as n grows; (b) lim,_,~ ¢ = 0 and
lim,, .~ ngS = oo (sparse but growing): connection probabilities are shrinking, but average
degree grows with n; (c¢) ¢¢ =< 1 (dense): each node links to a nontrivial fraction of the

sample; average degree is proportional to n.

'T impose this pairwise network formation model to obtain a sharper characterization of instrument
relevance. The SSIV framework, however, is not limited to this class and can accommodate richer network
formation models, including ones in which link formation depends on the full latent vector or admits multiple
equilibria. See Section 3.1 for further discussion.

2The assumption that 75 is time-invariant can be relaxed. For example, the pre- and post-intervention n;;
may be modeled as independent draws from the same distribution, or as draws from correlated distributions.
In either case, the SSIV constructed from AP™ may be weaker, since additional exogenous shocks can reduce
instrument relevance.



2.2 Causal Parameters of Interest

Now I define the causal parameters of interest in my setting.

Definition 1. Fort € {0,1}, define

(1) the own-treatment effect OTE as

(2) the own-treatment direct effect OTDE(t) as

(3) the own-treatment indirect effect OTIE(t) as

(4) the spillover effect SE(t) as
SE(t) =E[Y; (t, M; (t: = t,t_; = 1,.1)) = Vi (t, M; (t; = t,t_; = 0,-1))].  (6)

The own treatment effect captures the overall change in unit i’s outcome induced by a
change in its treatment status, and it is identified under randomized assignment. I further
decompose OTE into the own-treatment direct effect which measures the impact of changing
T; while holding the mediator at the level it would have under T; = ¢, and the own-treatment
indirect effect which measures the change in the outcome that operates solely through the
treatment’s impact on the mediator when 7; remains fixed at t. The spillover effect captures
the effect on unit i’s outcome when all other units are switched from control to treatment,
keeping unit i’s treatment fixed at ¢.*> In all three definitions, the expectation is taken
with respect to all sources of randomness, including the potential outcomes, the treatment
assignments of other units, and the randomness in the graph.

A regression of Y; on a constant and 7; identifies the own treatment effect under random-

ized assignment, but it does not distinguish the channels through which unit ¢’s treatment

3The SE(t) in (6) is one way to define spillover effects; alternatively, spillover effects may be defined
as the change in unit i’s outcome due to differences between any two distinct intervention programs via
variations in the treatment of others.



T; operates. This distinction is substantively important. For example, in the MTO experi-
ment, Chetty et al. (2016) show that moving to a lower-poverty neighborhood at a young age
improves later-life outcomes. At the same time, such moves may disrupt social networks, es-
pecially for adolescents, potentially offsetting some of these gains. Focusing only on the total
effect could therefore suggest that the intervention has little or no impact, while obscuring
the mechanisms through which it operates.

This distinction is also important for the identification strategy developed in Section 3.
As discussed there, the shift-share instrument is constructed from peers’ treatment assign-
ments and therefore generates exogenous variation in the mediator through 7"_;, rather than
through 7;. It is thus naturally informative about outcome variation induced by peer-driven
changes in the mediator, rather than about the indirect effect of unit ¢’s own treatment.
In particular, without additional structure, the SSIV does not separately identify the indi-
rect effect defined by contrasts in 7;. At most, it can be interpreted as identifying a local
spillover-type effect associated with exogenous peer-induced variation in the mediator.* Un-
der additional structural assumptions, however, it can identify the common causal effect of

the mediator on the outcome, which enters both the indirect effect and the spillover effect.

2.3 Under linear outcome model

These considerations motivate the benchmark outcome specification introduced in Assump-
tion 2. Following the classical Baron—Kenny framework (Baron and Kenny, 1986), I impose
a linear and additively separable potential outcome model in treatment and mediator. This
assumption provides a tractable benchmark under which the direct, indirect, and spillover
channels admit transparent interpretations.® In contrast, I do not impose linearity on the

mediator M; in T; and w;.

Assumption 2. Assume the (partially) linear model for the potential outcome:
Yi(ti, mi) = Bo + Buti + Bami + Nw;) + &, ° (7)

where A(+) is an unknown measurable function with E(A(w;)) = 0. Additionally, assume that
{e:}", are i.i.d., E(e?) < oo, and E(g;|T;, T—;, AP*s*) = 0.

4See Borusyak and Hull (2024) for discussion.

5More generally, one could consider alternative parametric outcome specifications. I focus on the linear
model because it offers a simple and transparent benchmark for illustrating the main identification challenge
and the properties of the SSIV solution.

6The specification A\(w;) + &; is imposed for simplicity. The SSIV framework is compatible with richer
structural errors, including those that depend on latent characteristics of other units or even on the full latent
vector {w; };’:1, provided the instrument is appropriately recentered to remain orthogonal to the relevant
structural error. See Section 3.1 for further discussion.
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Under Assumption 2, the observed outcome also follows the linear model:
Y; = Bo + BiT; + Bo M + AMw;) + €. (8)

Let u; denote the error term in the outcome model: u; = A(w;) + ;.

Remark 2.1. Auerbach (2022) studies a partially linear model Y; = BT X; + Mw;) + &,
where the latent variable w; also drives network formation, as in (1) with g, = 1. They use
a matching approach based on network data to identify and estimate § and Aw;), with X; =
(1,T;, M;) in this paper. Their estimation method relies on dense networks to enable codegree-
based matching and on sufficient covariate variation conditional on w;. In contrast, my
approach exploits exogenous variation from randomized treatment and addresses endogeneity

using an SSIV-based 1V strategy, without attempting to identify A(w;).

Proposition 2.1 provides the causal interpretation of the coefficients in (7), which is

analogous to the Baron-Kenny formulas for mediation (Baron and Kenny, 1986).
Proposition 2.1. Under Assumption 2, it follows that

(1) OTDE(1) = OTDE(0) = OTDE = p;;

(2) OTIE(1) = OTIE(0) = OTIE = By - {E(M;|T; = 1) — E(M;|T; = 0)};

(3) OTE = E(YIT; = 1) — E(YViITs = 0) = By + B - {E(Mi|T, = 1) — E(M|T; = 0)};
(4) SE(t) = Bo - {E(M;|T; = t,T_; = 1,,1) —E(M;|T; =t,T_; = 0,-1)}.

Under Assumption 2, the treatment 7; does not interact with the mediator M;, so neither
OTDE(t) nor OTIE(t) depends on the value of t. Proposition 2.1 therefore implies that (;
captures the direct effect of the treatment, whereas the indirect and spillover effects are
governed by [, scaled by the extent to which the mediator responds to changes in T; and
T_;." Moreover, if the post-intervention network APt is uncorrelated with treatment, then
the mediator does not vary with 7;. In that case, the indirect effect is zero, so the total
effect coincides with the direct effect, while the spillover effect may still be present.

If one estimates (8) by OLS, the endogeneity of the mediator M; generally biases the

estimate of 5. Because T; and M; are correlated, this bias also carries over to the estimate

"Recall that the total effect is always identified under randomized assignment regardless of Assumption 2.
If Assumption 2 holds, then OTE also admits the alternative representation given in Proposition 2.1. Thus,
Assumption 2 imposes testable restrictions and can, in principle, be evaluated through specification tests. I
do not pursue such specification tests here; rather, I impose Assumption 2 to provide the linear coefficients
with a transparent causal interpretation and to obtain a benchmark setting for illustrating the SSIV approach.
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of B1. As aresult, both 5, and p5 are generally biased, so the direct effect, indirect effect, and
spillover effect are not identified. Empirical studies often assume that networks are fixed,
or they rely on pre-intervention network data to avoid the selection bias that may arise
from using post-intervention networks. However, replacing AfOSt with AP in the regression
introduces measurement error and therefore does not recover the direct, indirect, or spillover
effects. Define M as the variable obtained by replacing AP** in M; with AP* and let gP™
denote the population coefficients from regressing Y; on X = (1, 7T;, M}*). Then

Cov<ﬂ Mz) COV(.]\4~pre Mz)
pre: ) :OTE d pre: 1 Y
A and " = B )

Hence, 87" recovers the total effect, while 5™ is an attenuated version of ;. In other words,
pre-intervention network data suffice to estimate the total effect, but they do not allow the
direct and indirect effects to be disentangled or the spillover effect to be recovered.

This discussion highlights the importance of accounting for both sources of endogenous
network formation when estimating causal effects in network settings, especially when the

effects of interest operate through treatment-induced changes in network structure.

3 Theoretical Results

3.1 SSIV as a general solution

Endogeneity may arise because of the latent variable w; affecting both the network formation
and the outcome. To identify parameters, one needs instruments that are both uncorrelated
with u; and sufficiently relevant for M;. Under randomized treatment assignment, a natural
strategy is to exploit other units’ treatment assignments together with the pre-intervention
network, and consider instruments of the form: Z; = f;(AP™ T_;). Such an instrument ex-
ploits exogenous variation in other units’ treatment assignments and leverage the variation
in exposure to others’ treatment. In this sense, it is a network analogue of a shift-share IV.
Following Borusyak and Hull (2023), a convenient way to ensure validity is to recenter the
instrument: Z; = f;(AP*, T_;) — E[fi(AP*,T_;) | AP*]. Using AP* as the share component
avoids contamination from endogeneity in the post-intervention network, while recentering
removes systematic dependence on latent heterogeneity. This approach guarantees exogene-

ity under relatively weak conditions:

E[Ziu] = E[(fi(A”, T_;) — E(fi(A”, T-;)|A”)) u;] = 0. (9)
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Thus, for a broad class of mediators, exogeneity is relatively straightforward once the treat-
ment assignment mechanism is known and recentering is feasible. The same logic extends
beyond Bernoulli randomization and, more generally, to other moment-based settings and
richer network formation models, provided the instrument is recentered to be orthogonal to
the relevant structural error.

Common choices of f; include weighted sums of peers’ treatment assignments, normalized
variants of such sums, and peer-of-peer constructions based on higher-order network structure
(Borusyak et al., 2022; Bramoullé et al., 2009; De Giorgi et al., 2020). More generally,
the framework also allows for nonlinear functions of treatment assignments and the pre-
intervention network. The specific form of f matters mainly for relevance.

The more substantive issue is whether the instrument generates enough cross-sectional
variation in the mediator. This becomes difficult in dense networks. As overlap in the rows
of AP™ increases, units are exposed to increasingly similar combinations of treatment shocks,

so the share component ceases to distinguish them. To illustrate, consider the linear SSIV:
Z3N = Z AT, (10)

Its exogeneity follows immediately from randomization and recentering:
E[Z5Vu;) = E Z AP(T, ZIE (APu;) - E(T; — ) = 0. (11)

Relevance, however, can fail when the network is too dense. In the extreme case of a fully
connected network, each row of AP™ is essentially identical, so Z*" = 7" (T; — ) is
nearly the same for all 7, differing only through the negligible effect of unit i’s own treatment
status. More generally, greater neighborhood overlap compresses the heterogeneity that
converts randomized treatment shocks into useful instrument variation. This problem is not
unique to the linear specification in (10): it also affects other SSIV constructions, including
peer-of-peer instruments, whenever the share component becomes too similar across units.®

Taken together, SSIV provides a general way to address endogeneity in network-mediated

settings. Under randomized treatment, recentering delivers exogeneity under weak condi-

8In Appendix E, I discuss the performance of the IV estimator based on the normalized SSIV: W.
j=1
Rather than centering treatment around the assignment probability, this construction normalizes the total

number of treated friends, thereby ensuring exogeneity. However, as the network becomes denser, this ratio
converges to the assignment probability as the sample size grows. When the assignment probability is fixed,
this convergence may generate a weak-IV problem. See Theorem E.1 for the corresponding consistency
condition for IV estimators based on this normalized SSIV.
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tions. The main challenge is relevance, which depends on whether the network share pre-

serves enough cross-sectional heterogeneity.

3.2 A leading example of mediator: fraction of treated friends

The sparsity regimes under which the relevance condition holds depend on the specific form

of M;. In the remainder of this section, I focus on the fractional exposure measure:
n n
t t
M= 3 S A 12
=1 j=1

with the convention that 0/0 = 0. This specification reflects a widely used form of the
anonymous interference assumption (Hudgens and Halloran, 2008), and with M; as defined
above, the linear outcome model in Assumption 2 becomes a special case of the linear-in-
means model (Manski, 2013).? Additionally, with M; in (12), E(M,|T; = ¢,T; = 1,1) —
E(M;|T; =t,T_; = 0,_1) = 1, indicating that 3, captures the spillover effect SE(¢) defined in
(6). While the focus here is on this particular form of peer effects, the discussion of the SSTV
relevance condition yields insights that extend naturally to other settings. More broadly, the
paper serves as an illustration of how SSIV performs in the identification and estimation of
peer effects.

As a fractional measure, M; may exhibit limited variation and potential near-collinearity
with the constant. Moreover, its cross-unit dependence can affect the convergence rate. To
better understand the properties of M;, I decompose it as M; = &; + r; This decomposition
separates M; into an individual-specific component &;, and a remainder r; that depends on
all others’ treatment and characteristics. For the specific M; in (12) as an example, the term
&; takes the form:

E(AF™T; | T, wi)

& = =P(T; = 1|AY™ = 1,T;, wy), (13)

and r} captures deviations from this expectation. Intuitively, &; reflects the conditional prob-
ability that a neighbor of unit 7 is treated, given unit i’s own treatment and characteristics.
The asymptotic analysis in later sections considers two cases, depending on whether &; is

constant:

(a) & isi.i.d. across ¢ with nonzero variance;

9To accommodate the endogenous peer effect in the linear-in-means model, one can use the recentered
treatments of peers of peers as an additional instrument, constructed using the same shift-share IV approach.
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(b) & = m, implying zero variance.

The variation of &; reflects whether network changes are induced by treatment. Case (b)
arises when AijSt is mean independent of T; given T; and w;, i.e., ]E(]HA%Q“,Ti,wi) = .
This includes scenarios where the network is static (AP = AP*") evolves exogenously, or
depends on 7j only in a mean-independent way. Comparing the asymptotic properties of the
estimators under Cases (a) and (b) highlights how the network’s responsiveness to treatment
affects inference.

Case (b) has two important implications. First, in Case (b), there is no endogeneity even

in the presence of unobserved confounders:

n postr
2 Ay T

E[Mzuz] =K Py ost
> -1 A%

=1 E[u;] = 0.

Us

The second equality follows from the conditional mean independence of AijSt and T}, and
from Assumption 1, which ensures AP™" is independent of T} for k # j. This uncorrelat-
edness, which arises from the row normalization of the mediator, has been exploited in the
construction of the normalized SSIV (Adao et al., 2019; Goldsmith-Pinkham et al., 2020;
Borusyak et al., 2022). Second, whether ¢; is degenerate determines the variation in the
regressor M;, influencing the consistency conditions and convergence rate of the IV esti-
mator. Treatment-induced network changes introduce additional variation in the mediator,

potentially improving convergence.

3.3 Asymptotic properties of SSIV estimators

This subsection provides the asymptotic properties of the SSIV-based estimator under the
linear specification of M; in (12). For this specification, I focus on the linear SSIV defined
in (10) as a natural choice. I estimate S using the instrument vector Z; = (1, T;, Z3%").
Stacking {Z;}_, across units yields the instrument matrix Z, and stacking the corresponding
regressors {X;}7, and outcomes {Y;}! , yields the matrices X and vector Y. The resulting
IV estimator is % = (ZTX)'Z7Y.

As discussed in Section 3.1, the relevance condition for SSIV may fail as the network
becomes denser. This concern parallels the assumptions in the shift-share IV literature:
Adao et al. (2019, Assumption 2), Borusyak et al. (2022, Assumption 2), and Borusyak and
Hull (2023, Assumption 3) impose weak mutual dependence conditions on the instrument.
In Theorem 3.1, T characterize the sparsity regimes under which SSIV remains consistent

and show that both the pre- and post-treatment networks must be sufficiently sparse.
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Theorem 3.1. Under Assumptions 1 and 2,

(a) if V(&) > 0 with max{q?™, ¢?*'} < n=Y/2, then
BY — B = Op (Vnmax{g’™, ¢"**'}) ;

(b) if V(&) = 0 with max{qgE™, ¢2°'} < \/ng?°*, then

max ;olre’ 7z’iost
— 561 = Op < max{%,l}) .

Moreover, with max{q2™, ¢*°*} < n=/2, then
— By = Op (\/ﬁmax{qgre>qnost}) and Bév — By = Op (\/ﬁmax{qgre7qnost}) .

Theorem 3.1 characterizes the regimes under which 3" is consistent under Cases (a) and
(b). The consistency conditions and convergence rates for G and B are the same across
the two cases: they depend on ¢P™ and ¢°**, can be slower than the standard \/n rate, and

the scaling is governed by the degree in the denser network, n max{¢P™, ¢?°*'}. In contrast,

3V converges faster in Case (b) than in Case (a), and remains consistent under weaker
conditions. In Case (b), the leading component &; of M; is uncorrelated with 7;. As a result,
the estimation of 3 is less affected by cross-unit dependence in M; and therefore converges
more quickly than the estimator of Sy. Thus, although Case (b) features no endogeneity and
OLS is valid, using SSIV can lead to slower convergence for Bév and even inconsistency in
denser networks, while Bi\’ remains consistent. Gao (2025) studies the properties of the OLS
estimator in this setting and leverages them to propose a Hausman-type test for endogeneity.

Theorem 3.1 shows that the consistency of SSIV estimators fails when networks are
relatively dense, i.e., max{qP™, g°°**} 3= n~'/2. This echoes the intuition: SSIV leverages the
individual-level variation in the treated friends, driven by random treatment assignment. As
networks become denser, this variation diminishes and weakens identification.

Corollary 3.1 simplifies the results of Theorem 3.1 under ¢P™ < .

post pre
n

Corollary 3.1. Suppose ¢ . Under Assumptions 1 and 2,

(a) if V(&) > 0 with ¢P°s* < f’ then BV — 8 = Op(\/ngt?s);

(b) if V(&) =0 it holds that BIV—Bl = Op (L) Moreover, with ¢Ps" < \/Lﬁ, then Bév—ﬁo =
Op (Vngs™') and By — By = O (\/ngh?™).
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I then establish the asymptotic normality of the IV estimator BIV in the regimes where
consistency holds. Let VY = V(3" | Ziu;) denote the variance of the numerator in the

centered estimator BIV — B. It can be shown that

S E(u?) w fjl E(u2) 0

7> E(u? ﬁnEu2 m(l—m E (AP u;u;
VIV _ Z:Zl (z) lzzl (z) ( )(%) ( 1) J) . (14)

num 9
0 m(1—m) S E (AXwu;) (1 — ) ;E (]2 Agjreuj>

(4,9

The (2, 3), (3,2) and (3, 3) elements of V¥ in (14) account for the dependence of Z3*" across

num

1, even though wu; is i.i.d.. Let ;" denote the residual from the IV fits with Z;. Define Vv

num

as the plug-in estimator of V), obtained by replacing w; in V¥ with u;". The asymptotic

num.?’ num

variance of A" is then estimated by

VY = (ZTX) VL (X T2)
where X and Z are the stacked matrices with ith rows X,” and Z,', respectively. Theorem
3.2 establishes the asymptotic normality of the IV estimators BIV, along with a consistent

variance estimator.

Theorem 3.2. Under Assumptions 1 and 2, if max{q?", ¢?°**} < n=/2, then

(VIV)—1/2(BIV _ 6) i} N(O, 13>.

Theorem 3.2 highlights two key insights. First, the asymptotic normality result features

a self-normalization property that eliminates the need to know the sparsity rates ¢°™ and

n

q2°t. While the convergence rate of B‘V may depend on ¢P™ and ¢°°*, this dependence is
absorbed by the scaling of the variance estimator, ensuring that conventional ¢-tests remain

valid. This robustness is particularly valuable given that ¢P°" is typically unidentifiable in

n
practice (Bickel et al., 2012). Similar self-normalization behavior arises in network central-
ity regression (Cai, 2022) and cluster-robust inference (Hansen and Lee, 2019). Moreover,
the same variance estimator applies in both Case (a) and Case (b). Second, the standard
heteroskedasticity-consistent IV variance estimator assumes i.i.d. data and overlooks the
cross-unit dependence introduced by the shift-share instrument Z>*", leading to misleading
inference. In contrast, the proposed estimator anlvlm explicitly accounts for this dependence,

yielding more accurate standard errors. The estimator VY coincides with that of Adao et al.
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(2019), who adopt a design-based perspective. In contrast, I establish its properties under a
superpopulation framework, accounting for all sources of randomness.

There is a notable connection between SSIV and other indirect effect estimator in the
interference literature. Li and Wager (2022) analyze treatment effect asymptotics under
network interference in graphon-based networks with confounders. Unlike my setting, their
interference graph is fixed after treatment assignment: they do not allow the network itself

to respond to the intervention. They propose an unbiased estimator for the spillover effect:

TIND = ZY < J#A”T - Z]7&114 7r1 =) ) ZYZ#Z 1w:) W)v (15)

which arises from a particular difference of Horvitz—Thompson estimators for the total and
direct effects, and is therefore unbiased. Rewriting the estimator as in the second equality
of (15) makes clear that it exploits the same shift-share variation as the estimator in this
paper. The key difference is conceptual: 1i and Wager (2022)’s estimator is justified by
a design-based argument for indirect effects under a fixed interference graph, whereas my
SSIV approach is introduced to address endogeneity of a post-treatment network media-
tor when the network itself may change in response to treatment. Still, the comparison is
useful because it shows that recentered shift-share constructions can unify a range of inter-
ference estimators. More generally, the IV perspective suggests that such constructions can
be extended beyond the particular neighbor-treatment share and randomized assignment
considered by Li and Wager (2022), and may be adapted to alternative exposure mappings

and experimental designs.

3.4 Modification of SSIV

I begin with formally examining the failure of the SSIV relevance condition, which motivates
the proposed modification. To simplify the argument, consider the special case where ¢?™ =
@ = ¢,, and recall the decomposition M; = & + r, where & is defined in (13). The

first-stage relevance term can be decomposed as:

1 — ] — ] —
- MiZsSIV —— izssw 4+ = * 7SSIV.
TLZZI 7 nzzlg 7 nizlrz 1

Since §; is a function of 7; and w; by construction, it is uncorrelated with Z7*V, making
the first term mean-zero and purely noise, with variance O(ng?) that increases with network
density due to stronger cross-unit dependence. In contrast, r incorporates information from

other units and can be shifted by Z'", yielding a stable signal with nonzero mean O(1) and
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small variance O(1/n). As networks become denser, the growing noise from &; overwhelms
this signal, weakening the relevance and resulting in inconsistency.

To address this issue, the goal is to remove noise without attenuating the identifying
signal. Ideally, one would project Z*" onto ; and use the residual as the new instrument,
exploiting their orthogonality. Although &; is unobserved, it is a function of the latent trait
w;, whose structure can be recovered from the pre-intervention graphon matrix ¢2"*GP*™,
where G0 = gP*°(w;, w;), via spectral analysis. Under the approximate low-rank condition
in Assumption 3 below, it is therefore sufficient to remove only the first r eigencomponents,
since the remaining spectral mass is asymptotically negligible. Accordingly, the (oracle)
modified SSIV is defined as the residual from projecting Z7*"v onto the leading r eigenvectors
of gP**GP™. In practice, I approximate this projection using the top r eigenvectors of AP™.
Writing the eigen-decomposition as AP = ), S\kz/;kz/},;r, with Ay > Ay > -+ > j\n, the
denoised SSIV ZP™ is defined by

ZPN = Z5Y =N " A (w;), where g =Yy (w;) Z5. (16)
k=1 i=1
By construction, Z"~ is orthogonal to span{@l, e ,1/37.}. This projection removes the com-

ponent of Z>" most aligned with w;, thereby weakening the dependence induced by &; while
preserving the variation in Z7*" driven by w_;, which provides the identifying signal. Conse-
quently, this residualization reduces noise in the relevance term and can restore consistency.

Assumption 3 formalizes the approximate low-rank condition for the graphon matrix.

Assumption 3. Write the eigen-decomposition as ¢?°GP™ =S 1 Npbrbr " with Xj > N3 >
-+ > \i. There exists a constant r < n such that ||>p_ . Nibi || = Op(g).

n

‘op
In the network literature, particularly in work on graphon-based models (Cai, 2022; Li
and Wager, 2022), it is common to impose an exact finite-rank structure on the graphon via

its eigenfunctions:

g(wi,wy) =Y Netop(wi) e (wy), (17)
k=1
where the eigenfunctions {¢}} are orthonormal in L? meaning that E[¢?(w;)] = 1 and

E[tr (w;)i(w;)] = 0 for k # . This restriction is satisfied by several canonical models,
including the stochastic block model (Holland et al., 1983) and random dot product graphs
(Young and Scheinerman, 2007). Assumption 3 relaxes this benchmark. It maintains the
idea that a finite number of leading eigencomponents contain the dominant information, but
requires only that the pre-intervention graphon matrix ¢2"*GP™ be approximately low rank,

in the sense that its leading eigencomponents capture most of its spectral mass and the
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remaining components contribute only weakly. This is analogous to sparsity assumptions
in high-dimensional statistics, where the signal is concentrated in a small number of com-
ponents, and the remainder contributes only weakly. The resulting condition encompasses
a broader class of models, including latent space models (Hoff et al., 2002), which are a
subclass of inhomogeneous Erdés—Rényi graphs and include the homophily and beta models
as special cases.

I now estimate § using the modified SSIV vector ZP¥ = (1, T}, ZP). Stacking {ZP}7,

yields the instrument matrix Z°. Let BN denote the resulting IV estimator:
BDN _ ((ZDN)TX) _1(ZDN)TY

log(n

—10g Tlog( /n. Under Assumptions 1-3,

Theorem 3.3. Suppose ¢-™ >

(a) if V(&) > 0 with max{ql™, ¢t*'} < \/¢h’", then
SDN _ _ O l’I’laX{qpm,quét} ’
6 6 P ( \/qﬁw

(b) if V(&) =0, then f° — 8 = Op <\/iﬁ> Moreover, with max{q?™, ¢?°'} < \/¢h'"*, then

ADN - 0 max{gh"*,qh"*'} and QDN - 0 max{gh"*,qh"*'}
0 50 P ( \/qu ﬁ2 52 P \/F

The modified SSIV reequires accurate eigenvector estimation, which can be difficult in
very sparse networks. However, this requirement only demands pre-network sparsity on the
order of 102)53 oGy /T, which is far weaker than the n ~1/2 threshold at which standard SSIV
breaks down. In addition, the consistency condition max{g™, ¢P**} < \/ﬁ is weaker

than max{qP™, ¢°°*} < n='/2. As a result, the modified SSIV preserves most of the original
SSIV’s consistency region and extends it to denser regimes where the original SSIV estimator
becomes inconsistent. This highlights the robustness of the modified SSIV across a broader
range of sparsity levels.

Theorems 3.1 and 3.3 together imply that there is a range of sparsity regimes in which
both BIV and BDN are consistent, lolgol%‘n /n < g, < n~'/2. These overlapping regimes naturally
raise the question of which estimator performs better. Beyond consistency, Theorems 3.1
and 3.3 show that the denoised estimator BDN converges strictly faster than the standard SSIV
estimator 4V. Thus, the modification is valuable not only because it restores consistency
where standard SSIV breaks down, but also because it improves convergence even in regimes

where standard SSIV is already consistent.
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Given the connection between Li and Wager (2022)’s spillover estimator and our IV
approach, the two methods face a common challenge: consistency can break down as the
network becomes denser. Under their exact low-rank condition in (17), Li and Wager (2022)
propose a principal-components (PC) balancing estimator that modifies the weights in (15)
to partial out the signal components associated with the leading eigenfunctions; in practice,
these are implemented using eigenvectors estimated from the adjacency matrix. In finite
samples, their reweighting procedure coincides with the linear projection used here. The
main difference is that my consistency result applies under weaker graphon assumptions
and delivers a wider admissible sparsity regime. Specifically, Li and Wager (2022) estab-
lish consistency of the PC balancing estimator for n=%/? < ¢, < 1, whereas I show under

logn
loglogn/n = n < L.

Assumption 3 that consistency continues to hold over the broader range

Remark 3.1. To clarify the condition max{qt™, q?**'} < \/q, consider two cases:

n

(1) If g™ < qP°%, then the condition holds when \/qh'® = qP°%, meaning the pre-intervention

network must not be too sparse relative to the post.

(2) If 2™ = qP°', then the condition reduces to q?™ < 1, ruling out dense networks.

Remark 3.1 suggests that the modified SSIV approach is not applicable when either
network is dense. In that case, alternative strategies such as the matching method (Auerbach,
2022) or the control-function approach (Johnsson and Moon, 2021) may be appropriate,
provided suitable regularity conditions hold.

Corollary 3.2 simplifies the results of Theorem 3.3 under ¢P** = gP™.

n

pre log(n)

n Togtesy) - Under Assumptions 1-3,

Corollary 3.2. Suppose ¢t*** = q

(a) if V(&) > 0 with /@ = @22, then B> — 8 = O (a2/\/alT")

(b) if V(&) = 0, it holds that B> — 8, = Op (\%) Moreover, with \/qh© = qE°*, then
35" — Bo = Op (a27'//aT") and B3 = By = O (2"/V/aT")..

Corollary 3.2 shows that under Case (a), BDN converges at a rate slower than y/n, but
faster than the SSIV estimator 5. In Case (b), when the post-intervention network AP is
conditionally mean independent of treatment, BA'fN is less affected by dependence across units

and achieves the usual /n rate. In contrast, BgN and BSN may still converge more slowly.

Remark 3.2. A key takeaway is that the relevance analysis yields broader guidance for SSIV
applications. In general, the endogenous regressor admits a decomposition M; = &4}, where

& collects the component driven by unit i’s own informtion while r; aggregates information
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coming from other units. The idiosyncratic component &; is uncorrelated with the SSIV and
therefore enters only as noise, potentially weakening instrument relevance. The proposed
denoising procedure offers a simple and broadly applicable way to remove this noise and

strengthen relevance, which can in turn restore consistency and improve convergence rate.

I now establish the asymptotic normality of 3°~. Define =0 wii(w;) and nt =
— > i i (w;), where n¥ is the residual component of u; after projecting out the top r
elgenvectors. Define V8 =V (Z?Zl ZZDNUZ>

num

S E() 73" E(u?) 0

i=1
o | TEE@) wSE) (1= %) % B )

2
0 (1 —m) Y E(AY uny) w(1—m) Y E (Z AF “)
(4,9 =1

,7—

Let 4PN denote the residual from the IV regression that uses the modified instrument ZP~.
Define ajf = Y0, AP efy,; and 7 i =aN =37 ,ukwk] Define V2N as the plug-in estimator
of Viim, obtained by replacing u; and i} in V55, with @™ and 7 77j , respectively. The variance

num?’ num

estimator for BDN is then constructed as

VDN — ((ZDN)TX) lvDN (XTZDN)

num

Theorem 3.4. Under Assumptions 1-3, if ¢gv™ = %ﬁ?(n)) and max{qP™, ¢?>*'} < \/¢h'",
then

(VDN)71/2(BDN . 6) £>N<07[3)

Theorem 3.4 establishes the asymptotic normality of the modified-SSIV IV estimator "
and shows that the associated variance estimator VPN is consistent. The variance estimator

VN is new to the literature and enables valid inference for S using the usual ¢-test.

Remark 3.3. Borusyak and Hull (2025) study asymptotically efficient instruments within
the class of recentered formula IVs and propose an algorithm for constructing feasible approx-
imations. Their Algorithm 1 includes an optional residualization step, in which the recentered
instrument is residualized on or controls for functions of unobserved w that predict the error
term w. Qur modification is in the same spirit: we project out the components associated
with the latent variable w using eigenvector-based controls. The key distinction is feasibility:
we provide a practical way to approrimate this unobserved variable by extracting information

from the network data.
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4 Monte Carlo Simulation

In this section, I present simulation evidence to support the theoretical results. Treatment
assignments are drawn independently as T; "~ Bern(0.5), and the latent variable is drawn

independently as w; N (0,1). I consider two graphon specifications:

g M (ui, uy) = 21{(us, uy) € 0, 317} 4+ 31{(us, uy) € (3, 317} + 31{(us, uy) € (3,17} + £,

and

gHomo(ui’ Uj) =1- (U,Z — Uj)Q.

The first corresponds to a stochastic block model (SBM) with rank r = 3, while the second
corresponds to a homophily graphon with rank r = 3. Let ® denote the CDF of N(0,1).
Define

U (w, Th) = @(w) (1 - 2T;),  UP(w;, Ty) = @(w; (1 — 2T7)) .

To describe the simulation designs compactly, I write
97" (wiywy) = g™ (D (wi), D(wy)),

ngSt<wi7 Wy, E7 CF]) = gHomO (\I](EE) (wia E)7 \IJ(EH) (w]7 7}))7

where x € {SBM, Homo} indexes the pre-intervention graphon, and B € {A, B} determines
how treatment enters the homophily-based post-intervention graphon. Crossing the two pre-
intervention graphons, SBM and homophily, with the two post-intervention transformations,

VA (w, T) and UPB) (w, T), generates four data-generating designs, summarized in Table 1.

Table 1: Network designs

Post-intervention transformation

Pre-intervention graphon W) (w, T) VB (w,T)
SBM Design 1 Design 3
Homophily Design 2 Design 4

The adjacency matrices AP™ and AP for each design are generated according to (1) and
(2), with n;; B Ul0,1] for i < j, and n;; = nj. I set ¢ = ¢°** = ¢,,. To examine how

different ways in which treatment enters the post-intervention network affect the properties
of M;, Table 2 reports the within-sample standard deviation of M; across different sample

1

sizes and sparsity levels. When ¢, = n™", the dispersion of M, is essentially unchanged
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across designs and between n = 200 and n = 800. When ¢, = n~"/?

, the dispersion declines
with n in all designs, with a noticeably larger reduction under Designs 3-4. In the dense
case ¢, = 1, Designs 1-2 continues to exhibit stable dispersion, whereas Designs 3—4 display
a 50% reduction. This pronounced contraction indicates that M; becomes much less variable
in finite samples under Designs 3—4 in the dense regime, making M; nearly collinear with the
constant. Motivated by this diagnostic, I use Designs 1-2 to illustrate Case (a), where &; is
non-degenerate. Designs 3-4 are intended to capture a Case (b)-like regime: as the network
becomes denser, the within-sample variation of M; becomes very small, so the exposure is

nearly constant across units.

Table 2: Within-sample standard deviation of M;

Design qn

P 1 ‘ e 1
n = 200 n = 800

land 2 | 0.422 0.170 0.085 | 0.424 0.134 0.085

3and 4 | 0425 0.141 0.012 | 0.427 0.099 0.006

The outcome is generated as follows:

t
i AL T
S pest T U

Y = fo+ BT + B S

with (5, f1, 52) = (1,1,0.5) and u; = w; + €; where ¢; big Ul-1,1] and ; 1L w;.
Table 3b and 3¢ report simulation results for SSIV, modified SSIV, and OLS when

/5 respectively. Each subtable represents results for n = 200

¢, = n%° and ¢, = n~
and n = 800, based on 5,000 replications. The first column indicates the design, and the
second column lists the coefficient being estimated. The SSIV panel reports the mean, stan-
dard deviation, the average estimated standard error, and the empirical coverage of the 95%
confidence interval (CI) of the IV estimator using SSIV, labeled as “gve. “std(BW)”, “s.e.”,
and “coverage”. The modified SSIV panel shows the corresponding statistics for the mod-
ified SSIV estimator, denoted “BDN.” The OLS panel also reports the corresponding OLS
estimates using MP™ and M, to illustrate the bias from different sources. Results for S, are
omitted for brevity.

I begin with Table 3b, which considers a relatively sparse network. As discussed above,
Designs 1 and 2 involve endogeneity, whereas Designs 3 and 4 do not. In this regime,
Theorems 3.1 and 3.3 guarantee consistency of the SSIV estimator AV and the modified
SSIV estimator BDN, which is supported by the simulations: the estimates cluster around
the true values. As the sample size increases from 200 to 800, the standard deviation of

fy roughly halves, in line with a y/n convergence rate, whereas (5 converges more slowly.
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Likewise, SN converges at a /n rate, while S9N converges faster than £5. In line with

Theorems 3.2 and 3.4, the empirical coverage of the 95% confidence intervals is close to the
nominal level under the proposed variance estimators. Comparing Designs 1 and 2, and
likewise Designs 3 and 4, shows that the results allow for the changes in the types of the
pre- and post-intervention graphons, provided they remain sufficiently correlated through
the common latent variables. Although Designs 3 and 4 feature no endogeneity, both SSIV
and modified SSIV still produce consistent estimates.

Table 3c reports the simulation results for g, = n~"/®, a denser regime than the validity
threshold for SSIV. In Designs 1 and 2, BV is inconsistent, as predicted by Theorem 3.1:
the estimates are highly dispersed and their standard deviations do not decline with sample
size. In Designs 3 and 4, B{V exhibits y/n-type concentration, while Bév is still inconsistent.
Applying the modified SSIV reduces noise and recovers consistency in all designs. In partic-
ular, A{’N is y/n-consistent, and BSN converges at a slower rate 1/,/q,, with both estimators
delivering nominal 95% CI coverage.

For both regimes, I also report OLS estimates from regressions using MP™® and M as
regressors to illustrate the bias. In Designs 1 and 2, the OLS estimator based on MP™ is
biased because of measurement error, with the bias larger in Design 1 because the pre- and
post-intervention networks are generated by different graphons. The OLS estimator based
on M is also biased because M is endogenous; the bias is large, can even reverse the sign of
the coefficient, and leads to severe attenuation. In Designs 3 and 4, the OLS estimator of
[1 based on MP™ is unbiased because the total effect coincides with the direct effect. For
the estimator of [y, in Design 3, the bias in the OLS estimator of 5, using MP*® persists
because the pre-intervention and the post-intervention graphons differ. In contrast, the bias
in Design 4 disappears as the sample size increases, since the pre- and post-intervention
networks share a similar homophily structure and the post-intervention network does not
respond to treatment. As a result, both MP™ and M are essentially random fluctuations
around 1/2. The OLS estimator based on M is unbiased in Designs 3 and 4, since these
designs correspond to Case (b), where no endogeneity arises.

Overall, the simulations suggest that the modified SSIV estimator is robust over a wider
range of sparsity levels than the standard SSIV estimator, and delivers faster convergence
in regimes where both estimators are consistent. By contrast, OLS regressions using M or

MP* as regressors are biased because of endogeneity or measurement error.
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Table 3: Simulation results

(a) Results with ¢, =n~

1

Design p SSIV modified SSIV OLS
gy  std(BY) s.e.  coverage ‘ B°N  std(BPN)  s.e.  coverage ‘ e oot
n = 200
1 b1 = 0.998 0.167 0.168 0.948 0.998 0.168 0.168 0.945 1.035 1.011
B2 =0.5 | 0.500 0.462 0.449 0.945 0.501 0.456 0.445 0.944 0.310 0.292
9 b1 = 0.997 0.163 0.165 0.948 0.997 0.163 0.165 0.948 1.035 1.012
B2 =0.51]0501 0295 0.295 0943 | 0.499 0297 0.296 0.944 | 0.430 0.291
3 6= 1.002 0.167 0.169 0.948 1.002 0.167 0.169 0.948 1.009 1.002
B2 =05 1] 0509 0448 0.448 0946 | 0.508  0.443 0444  0.947 | 0.310 0.503
4 b1 = 0.996 0.163 0.166 0.949 | 0.996 0.163  0.166  0.949 1.003  0.996
B2 =0.5 | 0.492 0.272 0.274 0.945 0.492 0.275 0.275 0.947 0.460 0.496
n = 800
1 /=1 1.000 0.082 0.081 0.947 1.000 0.082 0.081 0.946 1.038 1.015
B2 =0.5 | 0.501 0.221 0.219 0.945 0.501 0.218 0.217 0.949 0.311 0.298
9 6= 1.000 0.081 0.081 0.950 1.000 0.081 0.081 0.951 1.038 1.015
B2 =0.51]0502 0.146 0.144 0946 | 0.502  0.146  0.145 0.947 | 0.435 0.298
3 b1 = 1.001  0.082  0.082  0.947 1.001 0.082  0.082 0.948 1.008  1.001
B2 =0.5 | 0.504 0.223 0.219 0.943 0.503 0.219 0.218 0.947 0.310 0.500
4 b1 = 1.001  0.082  0.082  0.947 1.001 0.082  0.082 0.946 1.009 1.001
B2 = 0.5 | 0.497 0.135 0.135 0.947 0.497 0.134 0.135 0.947 0.464 0.499
(b) Results with g, = n=3/5
Design S SSIV modified SSIV OLS
gY  std(BY) s.e.  coverage ‘ BN std(BPY)  s.e. coverage ‘ e oot
n = 200
1 =1 1.007 0.156 0.156 0.944 1.005 0.162 0.161 0.942 1.054 1.123
B2 =05 10509 0.874 0.870 0945 | 0.518 0.799  0.787  0.946 | 0.143 -0.643
9 /=1 0.999 0.153 0.156 0.948 0.999 0.153 0.156 0.950 1.052 1.121
B2 =0.5 | 0.504 0.533 0.542 0.940 0.503 0.532 0.531 0.939 0.414 -0.640
3 b1 = 0.998 0.170 0.171 0.949 0.998 0.169 0.170 0.948 0.999 1.002
B2 =0.5 | 0.484 0.921 0.918 0.947 0.495 0.840 0.834 0.949 0.124  0.486
4 b1 = 1.000 0.169 0.167 0.940 1.000 0.169 0.167 0.942 0.999 1.000
B2 = 0.5 | 0.500 0.524 0.532 0.947 0.498 0.521 0.521 0.944 0.449 0.498
n = 800
1 fr=1 0.999 0.076 0.076 0.946 0.999 0.080 0.079 0.948 1.052 1.211
B2 =0.5 | 0.512 0.612 0.614 0.949 0.508 0.514 0.518 0.950 0.166 -1.461
9 £ = 0.997 0.074 0.074 0.948 0.997 0.074 0.074 0.948 1.051  1.209
B2 =05 ] 0.500 0.366 0.366 0944 | 0.500  0.364  0.363  0.946 | 0.432 -1.458
3 b1=1 0.999 0.083 0.083 0950 | 0.999 0.082  0.083  0.949 | 0.999 1.002
B2 =0.5 | 0.483 0.650 0.650 0.944 0.490 0.551 0.550 0.948 0.149  0.501
4 /=1 1.000 0.082 0.083 0.950 1.000 0.082 0.083 0.949 0.999 1.000
B2 =0.5 | 0.502 0.358 0.359 0.950 0.502 0.357 0.355 0.951 0.458  0.500
(¢) Results with g, = n=1/5
Design S SSIV modified SSIV OLS
gy std(BY) s.e. coverage ‘ BPN  std(BPY)  s.e. coverage ‘ re oot
n = 200
1 fr=1 0.821 3.675 3.766 0.959 0.996 0.248 0.247 0.944 1.052  1.727
B2 =0.5 | 3.070  53.292 52.878 0.920 0.563 1.890 1.890 0.955 0.160 -6.509
9 fr=1 0.987 0.251 0.277 0.949 1.002 0.195 0.193 0.944 1.056 1.731
B2 =0.5 | 1.008 3.395 3.587 0.93§ | 0.549 1.339 1.349 0.953 0.428 -6.506
3 fr=1 1.000 0.205 0.209 0.957 0.999 0.167 0.169 0.948 0.994 0.996
B2 =0.5 | 0.550 6.426 6.625 0.943 0.497 2.000 2.040 0.951 0.113 0.514
4 Br=1 1.000 0.183 0.184 0.951 1.000 0.169 0.168 0.947 0.999 1.000
By =0.5 | 0.450 3.097 3.252 0.940 0.467 1.315 1.313 0.948 0.401 0.469




5 Empirical Application

In this section, I revisit Prina (2015), which conducted an RCT in 19 villages in Nepal (915
households) to study the effects of offering formal savings accounts on households’ financial
outcomes.’’ Half of female household heads were randomly offered an account, with the
remainder assigned to the control group. Outcomes are measured in Nepalese rupees over
the 30 days prior to the endline survey and include spending on festivals, fish, and education-
related items such as textbooks and supplies. Education-related outcomes are restricted to
households with school-age children (ages 6-16). Financial links are measured using survey
questions such as, “With whom did you exchange loans or gifts?” The network was reshuffled
substantially even though the total number of links was nearly unchanged (328 at baseline
and 329 at endline). Only 73 links persisted, while 255 links disappeared and 256 new links
formed by endline.

Table 4 reports the OLS and IV estimates (using both SSIV and modified SSIV) across
various household expenditure categories, with standard errors in parentheses. Results for 3
are omitted for brevity. The divergence between OLS and SSIV estimates, whether in sign or
statistical significance, highlights bias from endogeneity induced by unobserved confounders.

The SSIV estimates further suggest that the intervention operates through distinct chan-
nels. For fish consumption, the direct effect of access to a savings account is not statistically
significant, whereas the indirect effect, operating through treated peers, is significantly pos-
itive. In particular, moving from having no treated friends to having all friends treated
increases fish expenditure by Rs. 252.91. In contrast, for total education expenditures, text-
books, and school supplies, the direct effects of access to a savings account are positive and
statistically significant, while the indirect effects via the fraction of treated friends are not.
Holding peer treatment constant, access to a free savings account increases spending by Rs.
574.43 (total education), Rs. 223.26 (textbooks), and Rs. 104.47 (supplies). These patterns
show that our method separates direct effects from network-mediated effects, clarifying the
channels through which the intervention affects outcomes. When Bg’ is not significant, B?LS
and Bi" are closely aligned, reflecting that random assignment mitigates the omitted-variable
bias in the direct effect. Finally, the IV estimates based on SSIV and modified SSIV are
highly similar, despite the sparsity of both networks: the average degree is about 0.72 links
per individual in both the pre- and post-intervention networks. This similarity suggests that
the eigenvector-based modification does not introduce substantial additional noise into the

estimation.

107 integrate the panel network data released by Comola and Prina (2023) with the outcome variables
from Prina (2015), and the treatment assignment is available in both datasets.
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For comparison, Table 4 also reports the estimates from Prina (2015, Tables 5 and 6).
They regress outcomes on treatment assignment, controlling for baseline outcomes and co-
variates, and interpret the treatment coefficient as the intention-to-treat (ITT) effect in the
presence of non-compliance. Align with the OLS results in the top panel, for outcomes in
which BYY is not statistically significant, the ITT estimates from Prina (2015) and IV esti-
mates B{V are very similar, suggesting that random assignment largely mitigates bias from

unobserved confounders when estimating the direct effect.

Table 4: Estimation result based on data from Prina (2015)

Method B8 Festivals & Fish Total Exp. Exp. on Exp. on
Ceremonies in Education Textbooks Sch. Supplies
OLS Af"s 267.112* 48.505 562.276%* 246.481** 103.767**
(141.412)  (39.683)  (281.922)  (105.114) (45.880)
ASLS -157.612 -55.696 87.445 -91.316 22.194
(119.425) (35.796) (336.824) (111.511) (56.184)
SSIV v 232.207 33.276 574.427* 223.261* 104.469**
(152.369) (42.002) (299.153) (117.319) (48.935)
Aév 549.756 252.913* -109.182 284.441 10.823
(961.761) (150.221) (1299.093) (666.867) (219.498)
Denoised PN 272.332 27.030 576.798* 211.983* 100.048**
SSIV (155.618) (42.708) (295.529) (114.828) (48.519)
ASN -263.414 379.510* -147.559 466.935 82.376

(1314.334)  (206.481)  (1395.153)  (644.052)  (219.500)
Prina (2015) ITT  248.070%F  45.756 667.560%%  213.740F  115.950%%
(123.670)  (39.055)  (320.630)  (120.220) (49.980)

Note: Dependent variables are expressed in Nepalese rupees (the exchange rate was roughly Rs. 70 to USD 1
during the study period). The significance level of the estimators is indicated with stars in the usual manner:
“RFE? means significant at o = 1%, “**” means significant at a = 5%, and “*” means significant at o = 10%.

6 Conclusion

This paper studies the identification and inference of causal effects in RCTs with network
interference, focusing on two key challenges: (1) unobserved confounders affecting both net-
work formation and outcomes, and (2) treatment-induced changes to the network structure.
To account for network changes, I embed mediation analysis within a potential-outcomes
framework under interference, which distinguishes direct effects from indirect effects op-
erating through network evolution. To address endogeneity, I propose an SSIV-based IV
approach for relatively sparse networks and develop a denoised modification that remains
valid across a broad range of sparsity regimes, including denser networks. I develop asymp-

totic results and consistent variance estimators for both procedures to enable valid inference.
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The easy-to-implement modification not only restores consistency in regimes where standard
SSIV fails, but also delivers faster convergence even when standard SSIV is already consis-
tent. More broadly, the paper highlights how increasing network density can weaken SSIV
relevance, and the proposed modification offers guidance for other network-mediated set-
tings. Simulation evidence supports the theoretical results, and I apply the methods to the
RCT studied by Prina (2015) as an empirical illustration. Accordingly, I recommend using
the modified SSIV as the default specification in empirical work.

This paper opens several avenues for future research. A natural extension is to apply
the SSIV approach to more general spillover settings, including applications in trade and
labor markets. In addition, a growing literature emphasizes the importance of measuring
and accounting for network changes when assessing the welfare impacts of policies. Although
existing work has studied optimal treatment assignment under interference, the problem of
designing effective policies that account for endogenous network evolution remains unre-
solved. Finally, my methods rely on detailed panel network data, and it would be valuable
to relax this requirement to settings with only a single network snapshot or more aggregated

network measures. I leave these directions for future research.
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Supplementary Material

The supplementary materials contain the following sections.

Section A gives the proofs for the identification in Section 2.2.

Section B provides proofs for the IV results using the SSIV in Section 3.3.

Section C provides proofs for the I'V results using the modified SSIV in Section 3.4.

Notation Let NN; denote the degree of unit i in network A, ie., N; = Z?:l A;j. Define
90(i-7) = g7 (s, w;), 1(057) = g7 (wiywy, T T5), and golk) = Ego(j, k) ). Let X, —
Qp(by), if for any 6 > 0, there exists M, N > 0, s.t. P(|X,| < Mb,) < 6 for any n > N.
Let diag(aq,...,ax) be the k x k diagonal matrix with diagonal entries ay,...,a,. Denote
by || - ||r the Frobenius norm. Define X;0 = 1,X;; = T;, Xj2 = M;. Define E,, () as the

expectation with respect to the marginal distribution of w;.

A Proof of results in Section 2.2

Proposition 2.1 is proved by establishing a more general identification result that does not
rely on the linearity condition in Assumption 2. To relax Assumption 2, the mediation

analysis instead imposes the following alternative assumption.

Assumption 4. Foralli=1,--- ,n,

(a) M; 1L Y;(t;;m;) | T,w; for all t; € {0,1} and m; € M;

(b) M;(t;,t_;) 1L Y; (t;,m;) | w; for all t; € {0,1}, t, € {0,1}, t_; € {0,1}*"* and m; € M.

Assumption 4(a) assumes that the variable w; captures all the confounding factors be-
tween the mediator and outcome conditional on the treatment. Assumption 4(b) assumes
the cross-world independence between the potential outcomes and potential mediators. Fur-
thermore, randomized treatments rule out both treatment-outcome and treatment-mediator
confounding.

Proposition A.1 below states the identification result under Assumption 4. It expresses
the causal estimands of interest in terms of observable quantities, with dependence on the
latent distribution of w; left unspecified. Thus, the causal effects are identified up to the

distribution of w;.
Proposition A.1. Under Assumption 4,

(1) OTE = E(Y;|T; = 1) — E(Y;|T; = 0);
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E[E (Y| M, T; = t,w;) |T; = t,T_; = 1,_1, wy] }

4 SED { “E[E(VIM, T, = t,w) [T, = T, = 0,1, w)]

If the parameter of interest is solely OTE, it can be identified, and consistent estimators
can be obtained by regressing the outcome on the treatment indicator with an intercept, or
equivalently, by using the difference-in-means estimator, provided the treatment is randomly
assigned. However, if the focus is on distinguishing between the direct and indirect effects,
or when the spillover effect is of interest, these causal effects are identified only up to the

unknown distribution of w;.

Proof of proposition A.1. The proof follows the standard mediation analysis framework. We
focus on the discrete case; the continuous and mixed cases follow analogously. It suffices to
show that

E[Y: (¢, Mi(t;ani)) \w; = w] = E[E (Y;|M;, T; = t;, w; = w) |T; = t;7wi =w]. (18)
To establish this, fix T_; = t_; and w; = w and consider:

EY; (t, M;(;,T-)) |1 = t-i, wy = w]
m;EM

= Z E (Yi(t;, m)|To; = t—j, w; = w) P (M;(t],t—) = mu|T-; = t_j, w; = w)
m; EM

= > E(Yi(tym)|wi = w) P (M; = my|T; =}, T_; = t_;, w; = w)
m;EM

= Z E (Yi|T; = t;, My = my, w; = w) P (M; = my|T; = ), T = t_;, w; = w)
m;EM

Taking expectations over T_;|w; = w yields the desired conditional equality in (18). Finally,

marginalizing over the distribution of w completes the proof. m

Proof of Proposition 2.1. The result follows from Proposition A.1 under Assumption 2. [
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B Proof of results in Section 3.3

B.1 Taylor expansion of )

To simplify the notations, define

B Azpf)stTj A’Lpost
Rij = IE(AP.OS{T-|T- wi) (AP?Sg\T- w;)’ (19)
Uy = AR'T; — B(ARTS|T;, wy), (20)
Wi = AW — B(A™|T, wy), (21)

which satisfies E(R;;|T;, w;) = E(U;;|Ti, w;) = E(W;;|T;,w;) = 0 by construction. Define
x; = %Z#i AE’;)StTj and y;, = %Z#i Aff“. To facilitate the proof, we expand M;
at the conditional mean of (z;,v;): 6; = (E(AZQSW}]E,@UZ-) (APOSt\TZ,wZ)), we have M, =
& + 1o + 11, where & is defined in (13) and

1
ro; = fz’n 1 ZRiky
k#i
_ 1 Uy W, 207 () 1,72 1 Uy W 207 (z
T oy 2 <_ o 9;@)3%@) * (n—1)2 2 < GOEREG <y>3W““m’)
ki (k,0):k£

for some 0F = (07 (x),0f(y)) between 6; and (z;,y;). Under the sparse-network scaling,
0f(y) < g, and 0} (x) = O(q,) with probability approaching one. Note that &; is either a
function of T; and w;, making it i.i.d. across units and independent of n, or it equals 7 when
APt is conditionally independent of T'. Define p,, ; = E(r1,|T;,w;). By direct algebra, we

can show that

1 ) ) 0F(x
s = ——B (<G8 1 2O 7, 0) = Oy (ko). (22)

Lemma B.1. Define a; and b; as any functions of T; and w; with constant variance. Under

Assumption 1, we have

E [(To,z‘ + 71— /~bm,z‘)2] =0 (ﬁ) ; (23)
Cov (ai(ro; + 11 — toryi), bj(ro; +r1; =t ;) =0 (%) for any i # 7. (24)
Proof. See proof in Section D.1 of the Online Appendix. m
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Lemma B.2. Let a; € {1,T;}. Under Assumption 1, then

1 n
Dl =) = Or () (2

qgost ’
lia.M-_lia»(g-w )+ O0n [ —1 (26)
n Z:1 (A (A n (A 1 71,2 n\/w .

Proof. The equation (25) follows directly from Lemma B.1. The equation (26) is an imme-
diate result of (25) and the decomposition of M;. O

B.2 Auxiliary Lemmas

Lemma B.3 is a key lemma that established the performance of the SSIV estimator.

Lemma B.3. Define ¢; as an i.i.d. random variable with constant variance. Define the

pre g

conditional expectation Qf =E |:quT¢ wj]. Under Assumptions 1 and 2,
b i Z5vg, = L i(T QP 4+ 0p [ ——). (27)
g 2o 0= 2 e N

Proof. See proof in Section D.1 of the Online Appendix. n

Lemma B.4. Under Assumption 1, we have

1 - E[ZY (roq + 1 — bl 1
W z_; Z'LSSIVMi = nqﬁr@ - + OIP <\/_ﬁ> . (28)

Furthermore, we can show that

pre

n an ~ N — (-
l Z ZSW N — 75V . = Op (max{qme,q’"’“}) +Op (\f pos’) V(&) =0 (29)
i Or <max{qp—'”> + Op (Vng®) if V(&) > 0.
Proof. See proof in Section D.1 of the Online Appendix. n
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B.3 Consistency

Define D)Y = diag (1, 1,1/(ngb™)), the diagonal matrix that scales the third coordinate. The
closed-form of (DY ZT X /n)~! is

bll b12 b13

-1 1
AD. ¢ _
(D;V n ) 7 det(DIVZTX/n) b21 b22 b23 (30)

b31 b32 b33

where

b = spre (T - MZ5V — TM-TZSSW) big = e (=T - MZSV + M -TZ5V)
b1z = T. (1 — T)M by = ( T . M Zssiv + 7SS, TM)
byy = pm (MZSSIV M - ZSSIV) , boy = T.M— TM

bglz 3o (T-TZSY =T - Z5V) | byy = b (-TZ5V + T+ Z5V) | byy = T(1-T),

and det(DYZT X /n) = basbas — basbs. Define by = E[Zmrf;iri””')] = . Below,
we show the probability limit of (DYZT X/ n)fl
Theorem B.1. Define bj; = —mE((1 — 1;)(& + try ). Under Assumption 1, then
Case (a)
mhyy  —mby, bis
—7rb§2 632 —COV(TZ', fl + MTM') + Op (ﬁ)
<DW2T_X> - 0 0 (1 —m) '
" (1 —m)bsy + Op (\%)
Case (b)
ror(3) Brorl)  or(on)
Os (L) ( 1 ) w1+ 0r (&)
(DW ZTX> vn Viy/nal” Ve
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Proof. By Lemma B.2 and Lemma B.4, we have

biy = mby+ O ( ) brs = —7biy+Op ( ) bis = bty +Op (\%) byr = —7by+ O (%ﬁ) .

By Lemma B.3, we have b3; = Op (\%) and b3y = O With i.i.d. data, we

1
v (ﬁ\/nqsre)'
have b3z = (1 — m) + Op (\%) For other terms, we consider Cases (a) and (b).
Case (a) Lemmas B.2 and B.4 imply that

b22 = b;Q + O]p <\/Lﬁ> ) b23 = _COV(E7§i + :U“r‘l,i) + O]P’ <\/Lﬁ> )

and hence det(DYZ" X) = m(1 — )b, + Op (\/Lﬁ)
Case (b) Similarly, Lemmas B.2 and B.4 imply that

by = b, +OP<W>, b23_0p(\/qgm)’

and hence det(DYZ" X) = m(1 — )b, + Op (W) u

Proof of Theorem 5.1. By Lemma B.3, we have
1 - SSIV 1 1 - SSIV 1
W Z Zz == O]PJ <\/—’7L> and W Z Zz U; = OP <\/_ﬁ> . (31)
"= "=

(31) then implies that # Yo (ZFY = Z5VVu; = Op (\%) Under i.i.d. data, = >°7"  u; =
Op <\/Lﬁ> and %Zyzl(Tz —T)u; = Op <\/Lﬁ)

Case (a) By Theorem B.1 and the closed form of BY — 8. we conclude:

)+op( )

15,02 () ~00(1)-02
m(1-m)b35+O0p
w(1—n)-op(\/—ﬁ)+oﬂ»(;)
W(lfﬂ)b§2+0p(%ﬁ) '

B ==

Y

@a

=

Hence, 3" is consistent when max{gP®, ¢°>} < \/iﬁ, with AV — 8 = Op (v/nmax{qPre, gL},
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Case (b) By Theorem B.1, for BA{V — (1, we have

b22 O]P’ +O]P’ <ﬁ> pre post
. /81 <f) n\/ ngn O]P’ < . max {max{qn sdn }7 1}) )

1 t
71'(177T)b§2+0]]>(m) V™
n

where the second equality follows from b3, =<
V/ngPost. For Bé" — (5, we have

: : pre ,post
—nmax{qpregpost} Thus, B is consistent if max{g®, g2} <

r(1—m)- o]p(f)Jrop( )
7r(1—7r)b’2‘2+0n»(m)

By = = Op (Vnmax{g;", ¢;*'}) .

Therefore, 55 is consistent if max{g?™, ¢2°'} < 1/y/n. The same condition implies consis-
tency of B, with 3§ — By = Op (v/nmax{gi™, ¢2>'}). O

B.4 Asymptotic normality

Theorem B.2 below establishes the CLT with weak dependence, which makes uses of the
proof of Ross (2011, Theorem 3.6) and is the unconditional version of ?, Theorem 4. Let
H,,..., H, be real-valued random variables. Define the dependency indicator as D;; =
1 {A° + max; A3 Ay, + 1{i = j} > 0} where o € {pre,post}. In words, two units are de-
pendent if they are directly connected, share at least one common friend, or correspond to
the same index. An n xn symmetric binary matrix D with (4, j)th entry D;; is a dependency
graph on {H;}" | if, for any two disjoint subsets 1, I C{1,...,n}, {H;:ie L} L {H;:i¢€
I} conditional on the event that D;; = 0 for all i € I; and j € I,. By construction, D;; =1
for all i. Define S; = {j : Dy = 1} and S; = |S;| = >_7_, Dij. Define o} =V (3°1, H;). Let
(D?);; denote the (4, j)th entry of the third matrix power of D.

Theorem B.2 (CLT for local dependence). Under the following assumptions, we have
o> H; N N(0,1) as n — oo: (a) 02 = O(n); (b) max; E(|H;|*) = O(1); (c)
nTt Y SE=op(vn), nT 300 S = op(n), and nTt 30 (D) = op(n).

Proof. Convergence in the Wasserstein distance A(U, V') implies convergence in the Kol-
mogorov metric (see Ross (2011, Proposition 1.2)), which in turn implies weak convergence.
Thus, the theorem holds if A (Ui S Hi, N(0, 1)) % 0. The distance is bounded above by

2
H; Z H;
JES;
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n n 4 4 n 3 n
<npen ) 525t et L ] 1551+ 250,
In 1t =17

-1 =1
which is op(1) under Assumptions (a)—(c). O
We verify Assumption (c¢) in Theorem B.2 when ng® =< 1 for ¢ € {pre, post}.
Lemma B.5. Suppose ngt =<1 for o € {pre, post}. Then
(i) 3 3oims St = op(V/n); (i) 5 300, 7 = op(n); (iii) 3 32 ;(D*)ij = op(n).

Proof. See proof in Section D.1 of the Online Appendix. m

Proof of Theorem 3.2. We complete the proof in three steps.

Step 1: Asymptotic normality. We establish the asymptotic normality of the numerator
DV.1 23" 1 Ziu;, considering two cases.

Case 1: ng™ > 1. By (31), we have

; i Z.SSIVU' — l i(T _ W)E Agreuj ’U) + OIP’ 1
n2qn i=1 t o i=1 l Gn ' Van/nge )’

n

which is the average of i.i.d. terms plus a negligible remainder op(1/4/n). Therefore, asymp-
totic normality of D)’ - % >y Ziu; follows from a standard Cramér—Wold argument and the
Lindeberg—Lévy CLT.

Case 2: ngE™ =< 1. It suffices to verify the assumptions in Theorem B.2. Assumption (a) holds
since D)YVIv DI = O(n). Assumption (b) is satisfied by boundedness of X;. Assumption

num

(c) follows from Lemma B.5, applied to AP™ under the regime ng?® =< 1. By Theorem B.2
and the Cramér—Wold device, we conclude that (VY )~Y2S""  Zu, LN (0, I3).

num

Step 2: consistent variance estimator. We show that DY (VY. — VIV )DIV = op(1). We

num num

verify the consistency of each entry separately.
(1): Consistency of the (1,1)th element of V¥ . We can show 2 37 (al¥)? = E(u2) + op(1)

num

holds by BV — 3 = op(1), and bounded support of T; and M,;.
(2): Consistency of (3,3)th element of V. . Expanding the square:

ﬁ (Z Apreqv) __ Jj=1 =1 \i#j . (32)
j=1

oy 2y <z Agmm Z APy g)T )

J=1 \i#j
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2
For the first term of (32), the expectation is E [% > i (Zi# Afjreui> } = O ((ngf™)?). The

variance involves at most six-way dependence from adjacency terms and is

2
1 . re re
Var - Z (Z A u,) =0 (nS(qE )4) )

i#]

Hence, by Chebyshev’s inequality:

E(TE) -nS(ThE) o) w

i#] i#]

For the second term of (32), we apply the triangle inequality:

n Z <Z Apre BIV )TX1> < Z( Allcv - Z <Z ApreXZk> = op ((nqgre)2)
i#] k=0 _ it
(34)

. 2
by % — = op(1) and ;37" (Zi# AfjreXik) = Op ((ngP™)?) for k = 0,1,2 by bounded-
ness of X;,. For the third term of (32):

5 () (S o)

j=1 \i#j 7]
2 1 <& ’ :
ST AEDD (Z Af;m) ¥ (Z A%“X&) = oz (ng?™)%). (35)
prd =1 | \'izj 7

R 2
where the final equality follows from 5" —3 = op(1), and . 37", (zz oy Afjreui) = Op ((ng™)?).
Combining (33), (34), and (35), we conclude:

5 (S = s S (S s

i) i)

(3): Consistency of (2,3) element of V. . By expanding @!:

num *

3% AY uiuy —2 30 3 A ui(BY - B)TX;

- Z Z Apre ALV o IV _ i=1j#i . i=1 j#4 ) (36)
i=1 j#i n + E E AE);G(BIV - ﬁ)TXiXJT(BIV - ﬁ)

i=1j#i
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By analogous argument to the (3, 3) element of anlvlm, so we can show that

2 ZZAPTG puy = P ZZE Apreu u] + op(1).

i=1 j#i =1 j#i

Step 3: Combine the results. By Steps 1-2 and CMT, (V2 )"Y2 5" Zau; 5 N(0, Is).

num

Applying Theorem B.1 and CMT again then completes the proof. O

C Proof of results in Section 3.4

C.1 Useful lemmas

Define qgreégfe = > AT, which is formed from the leading r terms of gE*GP™.

logn
loglogn

1/4
re re re / Te logn 3
(1) ||Ap _qg Gg ||op:O]P( nqg <10g1gogn> )’
1/4
TE logn
=0 (\/nqﬁ (o) )

Proof. See proof in Section D.2 of the Online Appendix. O

Lemma C.1. Suppose q, = /n. Under Assumptions 1 and 3, we have

(2) HApre . qgreégre

Lemma C.2. Suppose ¢&™ > lolg‘;’ign/n Let i denote the vector of Vi (w;). There ezists

~

an r X r orthogonal matrix R, where r is defined in Assumption 3, such that if we write
UR = UR, and let ) be the k-th column of UE for k < r, then under Assumptions 1 and

3, forl=1,--- ,n, we have

@) (98 — i) =Oe (e st ) (37)

Proof. See proof in Section D.2 of the Online Appendix. m

Let ¢; be any i.i.d. random variable with constant variance. Consider the projection
of ¢; onto {4 (w;)};_,. Define the projection coefficient as pu? , = 27, ¢ibi(w;) and the
projection residual as 5y = ¢; — S_r_, u® i (w;).

logn

Lemma C.3. Suppase que loglogn

/n. Under Assumptions 1 and 3, we have

1 & 1 .

=32 ==Y 2 o (V). (38)
i=1 i=1
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Proof. See proof in Section D.2 of the Online Appendix. O]
Define the coefficient pj, , = > (1o + 11 — piry,5)¥5(w;) and the projection residual
N = (Toq + i = Hryi) = Dy Mo 1k (w3).

logn
loglogn

Lemma C.4. Suppose ¢?"™ > /n. Under Assumptions 1 and 3, then

- Z ZPN M, = Z ZSVpM 4 O ( p’“ﬁ) . (39)

=1

Proof. See proof in Section D.2 of the Online Appendix. m

C.2 Consistency

Define DN = diag(1,1,1/+/n¢h"™). We first show the probability limit of (D2¥(Z")TX)~!

which has the closed-form expression:

-1 1 €11 Ci2 C13
DN (Z277) X _
(Dn n ) - det(DDN(ZDN)TX/n) Co1 C22 Ca3 (40)

C31 C32 (33

= T -MZPN —TM -TZPN =
C11 m( )7012 \/W

= T-MZ™ +Z° - TM =
C21 \/W ( + ) , C22 m

C31 = \/W (T T 7PN — T . W) , C32 = Tlilqgre (_TZDN +T . W) , C33 = bgg7

(=T - MZN + M -TZ), c13= b,

(MZDN - M- ZDN) , Co3 = by,

]E[ZqGIV(TO i+r1 'L)] _ mln{qprc q})Lost}

pre - post pre °
nqn ngn

and det(DgN(ZDN)TX/n) = (33C99 — C32C23. Define b, =

Theorem C.1. Suppose ¢7" >~ %/n Under Assumptions 1 and 3, then
Case (a):
TCh  —TChy bis
—mCyy Gy —Cov(Ti, &+ pry i) | +Op (\%)
<DDN (ZDN)TX)—I _ O O 7T(1 — 7T)

(1 —m)csy + Op (\%)
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Case (b):

1 1 .
e (# e (&) wi-m+ 0 ()
' (1 ko 4+ Op | ——=
Proof. The proof is analogous to Theorem B.1 with Lemmas C.3 and C.4. O]

We show the consistency by Theorem C.1.

Proof of Theorem 3.3. By Lemma C.3, we can show that

T A = Sz w0 (M) = 0 (3)

and thus

L (o z)

Case (a): By the closed-form of (° — ) and combining Theorem C.1:

o, (@) (F) o (F)o(sm) o)

7r(1—7r)632+011)(\/_~) W(l_W)C§2+OP<\/Lﬁ ’
oy (oo o) o)
7r(1—7r)032+011»(\/Lﬁ> 7r(1_7r)032+011’(\/Lﬁ>

Therefore, 57N is consistent when max{gP™, g2t} < 1/¢E™ with 32— = Op (%) :
q

Case (b): By combining the results from Theorem C.1, we have

I e o e )

1
7r(1—7r)022+01p< post)
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The consistency of B?N always holds with B?N — (1= 0Op (ﬁ) For B‘;N, we have

o _ g, _ o) Jor(Gh) o),

B 1
m(1—m)cy+O0p <W>

Therefore, B2 — By = Op <%\/1—;§Lm}) provided max{g®™, ¢®**'} < \/gn . Under the
@
pre

N ost
same condition, it follows that SN — By = Op <M). O

C.3 Asymptotic normality

Proof of Theorem 3.4. We complete the proof in three steps.
Step 1: asymptotic normality. By Lemma C.3, we have

Y A= e S A o () 2
n n re 7 7 n/n re 7 ) \/ﬁ ‘
an — an —

By Theorem B.2 with each index corresponding to a pair, we have

+\/\;§% Var(ZHi' Z Hkl)

(4,9) (k,DES (4,5

2
Hij( > Hk:l)
(k,DES(4, 5y

+\/\7§2 Var (ZHz > Hkl>. (42)

(4,5) (k,D€S(,5)

1 1
A (%(E;Hij,/\f(o,l)) < a;”;(z%E
27‘7 Zhj

2
<52E[A%w( > H)
" (5,9) (

k,l)GS(i,j)

Define Hy; = AY°(T; — m)n}* and o), = Var (Z(m) Hij>. It suffices to show the asymptotic
normality of o, 37, s Hy; by showing

2_

LZE H;; Z Hy :O<\/F>a (43)

\/_TLZ% Var ZHij Z ‘Hkl = <\/ﬁ> (44)

Then by (42) with (43) and (44), we show o' 37, + AV (T; — m)n} % N(0,1). Together
with Cramér-Wold Theorem and (41), we can show that (V2N)"Y2 3" ZP%y, % A/(0, I).

num
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We defer the details of (43) and (44) to Section D.2 of the Online Appendix.
Step 2: consistent variance estimator. By definition and Lemma C.2, we have

n

,akR_,Uk:Z< DN_UZ)(wkz Vi (w;) +Z 07— i)y (w; +Zul wkz Vi(w;))
i=1

=1 =1
B \/7 HlaJX{qpre post}
_OIP’ ( /_qﬁm )

where each term is bounded as follows:
- For the first term,

n

D (@ — w9 i) = (37 = 5T 30Xl - wiw) = Os (/e e )

i=1

- For the second term, Y7 (i —u;) i (w;) = (B"=8)T S0, X (w) = (f‘“a"{qi‘;i })
q
- For the third term, by Lemma C.2

Zuz Qﬂm Vi(wy) —Z (Z Mk%m) %m — Yr(wi)) + ZU?N@J}; — Yp(wi))

i=1 =1

=0 1 logn 174
—-P \/QELT (loglogn) )

Now we show the consistency of the variance estimators one by one.

(1): Consistency of the (1,1) element of V2 . The proof is analogous to that of Theorem
3.2 and follows from ™ — 3 = op(1).

(2): Consistency of the (3,3) element of VX . By definition, 7% = a” — S _| jiay,; =

num * ’l

(™ — u;) — A;, where nj' = u; — Zk:l pii(w;) and Ay = 22:1((11;6)5"% — pgp(w;)). We

decompose the variance estimator as:

2 2 2
1 n n o 1 n n o u 1 n n ro s il "
T 9] o) ISR o 0 oA PR of D S AU R)
=1 i=1

i=1 \j=1 j=1 J=1

S pa
2 - & e, U - re [ A1 u
> () (St ).
"oi=1 \j=1 =1
S5

We analyze each term separately.
Sz Define Q; = 377 | AY°n¥. Define E(AJ°) = P and RE™ = 37, Npyp". By direct

)
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algebra, the expectation is:

n n 2
WZQQI = e | D Py(l— P (n;)2+2(21%‘;”n;>
i=1 \j=1

(3.5)

The first term is O(1) by E((n})?) bounded away from 0. For the second term,

2
Z (Z By “) IBRen” |l < RSl 1l = Op(n(gh™®)?)

=1

by Assumption 3 and the projection orthogonality. Therefore, £ [# > Qf} = O(1).

By expanding the variance: Var (31, QF) = Y1 Var (QF) + 3, Cov (QF, Q7).
For the diagonal term, >_7  Var (Q?) < > | E(Q?). To bound the 4th-moment for sums

of independent Bernoulli-weighted terms:

Y (L) R CER R ()

Bound each term above:

S PR = Oyt s0 8 ( (S P ) ) = Otag)
- ST PRt < Capre ST ()t so B (01, PRE0)*) ) = Olnaie).
(T ) < e < B I = Opn®(az)). so B ((z;zl Bjn}-‘)4) -
O(n*(g5™)").
So overall, B (Q7) = O,(n*(¢}"®)?) and 377, Var (Q7) = Op(n’(¢5")?).
For the off-diagonal term of the variance, the covariance is non-zero only when the index
sets have overlaps. By expanding Q? and the covariance, we bound
= D EPE Py ngmi Py Prning) = Op (n(gh)").
Z(zl E(P prep?renfﬁf) Or (n(g5")?).
Therefore, Var (3", QF) = Op(n®(¢2)?). Thus,

n n 2
n2 preZ(ZA?;en:) —E | (zAf;en;) 20 (£).

=1
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So: For Sy, we decompose it as:

n

A ) = AT )~ oA = SRS ) -
7=1

For the first term, we first analyze ||a”~ — u"¥||5. By Cauchy-Schwarz,

=[5 = @™ = w) — A <2 ™ = ull} +2r

. N 2
(i) of = v

It is bounded as:

2 n
~ N . max 7p{re gost 2
™ =y < DAY = )P X5 = Op (nrmexldhdi™)) (45)
k=0 j=1
and
N A 2 . N 2 . - 2
O iy ™o — i |, <CG0® = wiy? |0 = i)+ (0" = w)? + (a? |8 — i
—Os <nmax{§; p““}?)
using

()0 — i = ()" — ) (bf — ) + ()™ — i) + pr(0f — g, (46)

Therefore,

1 w 2 n max pre7 posty2
i = ||y = O (=) — o (), (47)

Then, by the operator norm bound,

2
1 A 2 2
pre pre AU
n2 "2, Pre § : <§ :R ) §n2q5re ij N n Hz
7 Toglog ) mmas (g g
o " log(log(n)) nmax{qg;, _
—O]P nzqgre qg — O]ID(l),

which follows from

‘ ‘ Rpre
op

= HA _ (Apre)rHop < HA — qgreégre

1/4
= Op (\/nqgre (@%) ) . (48)

op
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For the second term, we have

n

> (A = X ) Z% Yy
k=1 j=1

j=1

by the orthogonality of 7} and ¢}, for k # r. Given >y Ny, = 0 for k < r, we expand

DN

. . £ 1n . w « . n 2 u

u™ in the basis {y;}i_, 1, le, nf = > o apf; with >0 ap = n. Thus, ¥ =
n *

> hrt1 @y, Then we bound

n n

> Wiy — iy =Y e (VF — 7).
j=1 t=r+1
Therefore,
2 n ) 2 )
(Z 1/11” Uy wz))) = ( Z a€¢;(¢l§_¢2)> =Op (” (ﬁ 102)532”) )
{=r+1

By combining the above results, we have

n n 2 i 2

i=1 j=1 =1

n

2
. zzxzwm (z Guy %W)
k=1 7j=1

=1

pre\2 2
_op( m il (nqgre,/logign) ) —op(1).  (49)

Therefore, we show that Sy = op(1).
S3: S = op(1) follows from S; = Op(1) and Sy = op(1).
Therefore, 5153 together imply the desired result:

) (ZA) —e| S (zAw) o).

(3): Consistency of the (2,3) element of V>N . We decompose the term as:

num *

nqgre ZAPTEADN nil _n ZApre an + ZAZreuz 77] 77] + ZApre DN __ )

(4,9) (4.4)
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:281 + SQ + Sg.

For S, similar to the proof of (49), we can show that Sy = op(1). For Ss,

Z AP X it

(4,9) =0 (4,9)

2

Since

xSy

AU

n

_ ’XTRpre A

< HX/CH HApre qprerre }2
op

re ogn re ogn 1/4
=Op (\/ﬁ\/nqﬁ <101glgogn> \/ﬁ> = Op (n\/nqﬁ <—1o;ign> ) .

Therefore, S5 = op(1) by A — 8 = op(1).
Si: We show that S; = op(1) by bounding its expectation and variance:

E (Sl> = pre meuﬂb = n\/:WE ZRz]uz"ﬁ

(ZA*ZWZW) o (V&) =)

k>r

and

).

3=

1
Var Sl 3 Ere Z E Apre 2 ) + W Z Cov (PZ?reUZT]J s Pp /U,l/T]j ) O (
) (1:3,7,3")

Therefore, S7 = n\/jﬁE (Z(i’j) Aijum;f> + op (\/g). Overall, we show that

it =op (1).

Step 3: Combine the results. By Steps 1-2 and CMT, (V¥ )=V2((Z2°%)Ty) <5 A/(0, I5).

Applying Theorem C.1 and CMT again completes the proof.
O
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Online Appendix to “Endogenous Interference in

Randomized Experiments”

This document has two sections. Section D contains proof of lemmas omitted from the

paper. Section E presents results of IV estimation with normalized SSIV.

D Proof of Auxiallary Lemmas

D.1 Proof of Lemmas in Appendix B

Proof of Lemma B.1. We first show (23). By C, inequality, we have
E [(roq + i — #ria)?] < 2° [E(rg,;) + E(7 ) + E(u7, )] - (D.1)

Bound for E[rj,]: By E[R;; | T;, w;] = 0:

2
Z sz | ani
J#i

Recall the definition of R;; in (19) and moment bounds on the treatment and adjacency

[TOZ | anz} =

= ZE 2 Thywi) .

J#i

(n — 1)

terms, we obtain E[r§,] < gost

Bound for E[r{;]: Define O;; = U;;W;; and Vi; = W7 Expanding 77, and applying the
AM-GM inequality:

2 2 2 2
2 23 1 20 (z) 1 207 (z)
i S e [ (9:@)2 ; OU) + (%(y)s ; Vij) + (9;@)2 %) UUWil) + <e =) Z Wi Wi '

For the first term, we expand E [(Z#Z > | T, wz] =FE [(Z#i ij + Zméjz Oij, Om) | T;, wl} )

2
Each moment is bounded by C' - g2, so: E {(Z] i Oz-j> ] < C(ngh™*)?.




2
For the third term, we expand: E {(Z#z UijI/Vﬂ) | T3, wi] =E [( i UZWj) | T3, wi] by
(

2
the definition of U;; and W;;. It yields: E {(Z#l UZ']‘VVil> ] C(ngP*")2. The second term

and the final term are bounded analogously. Hence, E[r?,] < it

Bound for E[y? ;]: From the definition of y,, ;, we have E[u2 ;] = O <m> Combining
the terms in (D.1), we complete showing (23).

We complete the proof of (24) by showing the following terms. To simplify presentation,
we define Ejj = =G + ZHGW2 and By, = — G0 + Zan Wi W,

07 (y)
(a) The first term is nonzero When R, and Rjk share a common second index k:

COV(CLZ'T’QJ‘, bjro,j) (n Z COV zgz ik b; 6] jk?) (1) .

k#i,j

(b) The second term is nonzero when the two sides share a common index:

1
3 Z [ Cov (aifiRik, bjEj]g) + Cov (aiﬁiRik, bjEj]gi) } - O <ﬁ> .

Cov(airog, bjry;) = mo1)p o
kti

(c) The last term is nonzero when the two sides share a common index:

Z Cov (aiEik7 bjEjk) + Z Cov (aiEik7 bjEj/ﬂ‘)

1 . .
. b, D = k#i,j k#i,j
Cov(a;ri;, bjri;) (n—1)* | + X Cov(aiEu;bjER)+ > Cov(aiBir,bjEjx)
ki, (kD) k£l

=0 () + O Gh).

We omit the proof for the remaining terms involving p,,;, which can be shown by (22).
Combining results from parts (a)—(c) above, we conclude (24).
O

Proof of Lemma B.5. By index reordering,

n

e Yo 2 e 3 Y A ) = 1 D0 = ) 3 A

n
i=1 i=1 j##i n i#£j



pre

APreg, .
Given wj, the terms —pre are i.i.d.. Then we have

2
Apreqbl o B 1 Apreqsl & 1 Apre¢2 c
E (Z Ea Q) - —E [( b — QF) } < oot ] <

1#]

We complete the proof by showing that

9 2
n pre — = o @i —C

i=1 i i=1 i
O]
Proof of Lemma B.J. To show (28), we decompose it into
1 n
n Z 27 M; = 21: Z7(& A+ i) + n Z; Z7 (1o + 110 — Hoi)-
For the first term, we can show by Lemma B.3 and (22) that
re 1 - S nre
- Z Z7Ve; =Op (Vngh'®) and - Zl Z3 pryi = Op (ﬁ) : (D.2)

For L 5™" | Z%Wry;, the expectation satisfies

<O —
. n
— max{qgre ngSt}

E &S AT, — m) R

ki

1 n
= Zro| = § E
n 4 n(n — 1
=1 =1
: : 1 n SSIV _ 1 n SSIV 1 SSIV SSIV
The variance is Var (1 Y% | Z5Vrq ;) = 53" | Var (Z5Vrg )+ >izj Cov (Z55ro, Z3Vro ;).

For the diagonal terms,

Var (ZiSSIVT()’i) <E [(ZiSSIV)Q,,,g,i] — ﬁl@ (Z Apre — ) (Z Rz])

J#i J#

512 re re qgre
" (n— 1)2]E ZA% A (T = m)(Ty, — ) Z RiyRim | < C- s (D.3)
(4:k) (¢,m) n

For the off-diagonal terms,

]_ re re
ST AP(T), — Rix, APE(T, — R
Cov (Z,;SIVT‘(]’Z‘, Z;SIVTOJ‘) —WCOV ( & Z ( k 71-) kz#:Z k §J %é:] ( k 7T) kgj gk >



prey2
:O ( (qgre) poqt}2> . (D4)

nmax{qrn

b

Combining both terms: Var (% Z?:l Zfswro,i) =0 ( (;pc,bt) Therefore,

1 Op (ﬂ) | (D.5)

1< 1<
SSIV SSIV
E E Zz TO,i:E ﬁ E Zz T0.4
i=1 i=1

For L ™" | Z%Vry;, the expectation satisfies

1 n re U.. W, 207 (x) min{g5"® ¢5°"
= EZZESIvrl’i] - n(n—1)? ZE ZAZC - ) <_ rwr T (y)3W ) = ¢ ”{(qqposg)2 .

=1 i=1 k#i

The variance is Var (£ Y7 Z3Vr ;) = 5 370 Var (Z55Vry ;) +75 30, Cov (255, Z59Vr ).
For the diagonal terms, similar to the argument of (D.3), Var (Z"Vry,;) = <n(q§::t )
For the off-diagonal terms, similar to the argument of (D.4), Cov (Z5Vr i 230 1) =

@) <n((?1%:)t;> Therefore, Var (% Z?:l Zfswrl,i) =0 (quct)) Hence,

n2(q

1 < 1 «
— E ZiSSIvrli:E — E ZiSSIV
n ' n

i=1 i=1

Combining (D.5) and (D.6), we obtain

+Op (\/_) + Op (f ) : (D.6)

1 — - I SSIV Van© n
o Zl Z; (To,i + 7"1,i) =E ” Zl Z; (To,i + 7“1,i) + Op g + Op (\/%qgost> (D.7)

Therefore, (D.2) and (D.7) together imply (28).

To show (29), we can rewrite the expression as

1 < e — 1 S—
=~ LM = 75V M= = Y 7 (S i) = 75— D (&t i)
i=1 i=1 i=1
1 & SSIV SSIV 1 &
+ o Z Z7 N (rog + 11— feyi) — Z I Z(To,i + 71— Hrpi)
i=1 i=1

By the argument in the proof of Lemma B.4 (see (D.7) for details), we show that

1 &
- Z ZPV(roi + 11 — pryi) = E[Z2Y(ros + 114 — o i)] + Op <\f post>
=1



pre

where E[Z3" (ro; + 71 — fryi)] X ——F 52— By Lemmas B.2 and B.3, we have

max{gk " )

n

—1 pre
SSIV . R ngn 1 — dn
7 2 (s s = ) = OP(W>OP(M/W) O<¢—)

=1

For the sum of the first two terms, we consider Cases (a) and (b), respectively.
Case (a) By Lemma B.3, we have

n

I S—
ﬁ ; Zz'SSIV(Si + ,um,i) - ZSSIVE Z(& + ,um,z) O]P (\/_qpre) :

i=1
Case (b) By Lemma B.3 and (22), we have

n

1 Z” v | -
- ZSSIV i i) — ZSSIV_ i 1.4 O ( post) .
nz‘:l i (§+M17> nz(é—i_’ul’) P Vng

=1

By combining these results, we complete the proof.

[]

Proof of Lemma B.5. We omit the proof for (i) since it is analogous to that of (ii). For (ii),
we bound it in L; norm: E (2377 S3) < C-E[LS0 (0f + HY)’], where Of = > Ay s
the degree of node ¢, and Hy =}, Aj Ay, counts 2-hop paths through neighbors. By the
inequality (a + b)® < 4(a® + b%), we have:

1< 1<, 1

where for the first term, we have E[(Of)’] = E[(3_; A5;)*] < C since Af; € {0,1} and entries
are sparse, and for the second term, E[(H?)*] = E[(3_; ) A%A7,)?] < C by expanding and
bounding cross-products. Thus, E (£ 3" | S3) < C.

For (iii), by definition: (D) = n_ 1 (D?)ixDyj = > ksy DD Dyj. We show that

+4-E

Z S (D% < Z S Z <A° + max A Ahl> (Afk + max A;hA;;k) (Azj + max A;hA;j)

=1 j#i =1 j#i (
< 21 ; (Z <A;>l + Z A5 AZ!) (A?k + Z Aj A?m) (AZJ- + g AZhAij> < C(ng)® <C,
? J7#e (K,

where the first inequality follows from D;; < Af, 4+ max;, A3, A7, the second inequality follows

from max;, X;, < >, X), for nonnegative Xj, and the third inequality follows from the fact



that each term contains six adjacency indicators. The other cases are handled similarly, so

we omit them. By combining these results, we can show that - Z(i,j)(D?’)ij =op(y/n). O

D.2 Proof of Lemmas in Appendix C

Proof of Lemma C.1. We first show (1). Suppose ¢? = log(n)/n. By Theorem 5.2 in
Lei and Rinaldo (2015) with d = ng®*™, there exists some constant C' such that ||AP™® —
PG| op < C'\/ngh® with probability approaching to 1.

Suppose instead —2&%_ /n < P < log(n). By Corollary 3.3 in Benaych-Georges et al.

loglogn
(2020) and by setting their £? = lolgof’; o/ (ngh™®), we have that with probability approaching
1/4
to 1, AP — gereGrre|| < k /e <lolgoirgzn> , where k is a universal constant. For (2),
by the triangle inequality, we have
re n 1/4
|4 — | < v - g, + | 3 vt =0r (Vo () ).
op k=r+1 op
O
Lemma D.1. Suppose '™ > 1o§ign/” Under Assumptions 1 and 3, for k € {1,---,r},
then
N * /  pre logn 1/4
’/\k — )\k‘ = O]p ngn <log10gn> .
Proof. For (1), by Weyl’s Inequality and Lemma C.1, we have
3 * pre pre ypre pre logn 1/4
= Xi| < 14 = g, = Op ( Vid™ (o)
By the proof of Lemma C.1, we can also show that when ¢2™ 3= log(n)/n,
’j\k - )\Z) == Op (\/ nqﬁre> .
O

Proof of Lemma C.2. By Lemma C.1 and Theorem 2 in Yu et al. (2015), we get that there

exists an 7 X r orthogonal matrix R such that

1/4
logn
=0 (\/nlq_ &= ) . (D.8)

Define U = UR. Let wk and ¢} denote the k-th columns of U® and U* respectively. Then

VR — U~




we have

|0 - vi

1 logn 1/4
= Op m(loglogn) . (D.9)

For | < r, we will show that H(\I/*)T (BF — w)

is small. Let VTV = O;DOJ be the
F
singular value decomposition of VTV, then O is constructed by taking O = 0,0, . The

construction of O ensures that (VO)TV is symmetric, ie., (VO)TV = 0,0 0;DO] =
O2DO, . This implies that (\i/R)T\I/* is symmetric. By definition,

VO~ V|2 =tr (OTVTVO — WOV -VTVO + vTv) —24e(I, — D).
If we write (UR)T0* = Oy Dy Oy, then by (D.8), we have

2
= (= Dy) = e (e )

Note that (0*)T (TR — %) = (U*) TR — [, = Oy DyO}, — I,. Therefore,

VR — U~

2

! ((00u0] - 1) e 1001 =0n ( (e ) ).

It implies that (37) holds for any k,l € {1,...,7}.
For [ > r, we have (1) " (IR — ) = (¢7)" UF by orthogonality. Note that

o )

i@

=|[@n™ ] <

where A, is the r x r diagonal matrix with 5\1, e A, on its diagonal. We complete the proof
by bounding || (¢7)" ¥, A, R||. Note that
(W) WA R = () T AP = () T (AP — gReGE) (U — W7 + () T (AP — gheGE) Uy

T

The first term can be easily bounded by

| are = ey (05— w) | < g | - gzecre| | -
= 0 (/). (D.10)

where the last inequality follows from Lemma C.1 and (D.8). For the second term, we rewrite



it in the summation form:

() (AP = oG ) i = ()T (AP = g GR) i+ () ( > Amw;) v

h=r+1

= Z Uity (A5 — arg™ (wi, wy)) -

(4,3)
As AJ® are independent given w, we have:

2

E || X vih; (A5~ aao(i.5) | | = DB i3, E [(A5° — a2 a0 ) ] |

< R [0 W) g0, 5)] < aEE > ()2 (wi)? | < Coi. (D.11)
(4,3) (4,3)

Combining (D.10) and (D.11), we can show that || (¢7)" U, A, R| = Op < logn ) More-

loglogn
over, Ay = Qp (ngt™) for k < r by Lemma D.1. Thus

i er

— 05 (/122 /(ngi))

It implies that (37) holds for k € {1,...,r} and [ > r, and we complete the proof.
O

log)i"n/n Define @bk as in Lemma C.2. Under Assumptions

_ logn
o OP <\/ 1oglogn>'

Proof of Lemma D.2. By decomposing the target expression:

Lemma D.2. Suppose g7 >
1 and 3, then HAPT@ <wk — wk>

o (i u2)

oG (V- ;)
S i (98 - i)
=1

— Op ( log n

loglog n>

(A — oG (0 - vi)

R
— ¥

pre __ ,pre ypre
+ HA @ Gn op

by (D.9) and Lemma C.1 and Lemma C.2.

Lemma D.3. Suppose g™ > 1olgof=ogn/"' Define R and UF as in Lemma C.2, and let 4% =
RT4. Under Assumptions 1 and 3, it holds that Y ret At = Y ret ARGE and 4R =

O (nq").




Proof of Lemma D.5. The first result holds by construction. Multiplying both sides by R,

we obtain

AF = Z%Z:*W = Zw ZS“V+Z (98 - vilw)) 25 = $1 + 5.

We analyze two terms separately. Rewrite S1 = 3, iy ¥} (w;) A7 (T; — ). We bound Sy in

Lo norm:

n

E[Sf]=m(l—n Z ZE V(w2 AT+ Y B[ (wi i (wi) ARTARS] | < C(ngi™)?.

(i1,92)

Hence,

Ziﬂ?é(wi)zf "= Op(ng"). (D.12)

For So = 370 (1) — ™) 2. Apre(w,ﬁ —};), we bound it in Ly norm: E[S3] = 7(1 — ) -
B | ave(ir - v

loglogn

} = ( logn > by Lemma D.2. Therefore,

D W =) ZPN = Op ( log;agn) . (D.13)

i=1

Combining (D.12) and (D.13) gives 4% = Op(ngt™) as claimed.
O]

By construction, the residual is orthogonal to each basis function: > 7 | 7] S (w;) = 0

for £ < r. Furthermore, we have uil = Op(y/n), which follows from the bound on its second
moment: E ((uf,)*) = X1y B (62(65)) + L) E (0i0505) = O(n).

Proof of Lemma C.3. Define uk >y ditbr: and 17Z Gi— Y py ﬂf&m By direct algebra,

% Z ZZDNQSZ' = ! Z <Z55IV Z ’kakz) ¢z
=1

i=1

= Z (Z?SW - Z’%ﬂ&m) <77? + Z [, Wz)
i—1 =1 k=1

:% Z ZEVp + Z (Zzssw Z %1%) s — % (Z vkvﬁkz> il
i—1 =1 k=1 =1 =1 \ k=1



By the orthogonality of projection, we can show that the second and third terms are zero.:

% Z (Zissw - Z &k&kz) Z /l](fqﬂkz :% Z ﬂ;f Z (ZESIV — Z %lﬁ;ﬂ) '(&kz =0
=1 k=1 k=1 k=1 i=1 k=1

and

n

2 Z (Z Vk?/%z) n; = Z% Z . <¢z’ - Z ﬂf%z) =0.
=1 k=1 k:l =1 k=1

Therefore, 237" | ZPN¢; = £ 370 | Z5Vi? . Then we show D Zsvpd = 1 SN LTIV O+
<\/ qﬁre> We can rewrite the expression as:

1 o 1 . o
LSz Ly zever 4 L z 2 Y™ (bwi(us) — GO
=1

i=1 k=1

For the first term, since 7} is mean-zero after centering and ¢} is mean-zero and independent

of Tj, the expectation is zero. Its variance is given by

n

n n 2
" (%Zzssw ) e DB - ) + G Y (Za@f%?N)

i=1 j=1 i=1

=0 (q}i“’) :

which follows from the fact that E ((¢P¥)?) is bounded and

> (ZP‘“ ) < R, 1672 = Oy (na2)?).

7j=1 =1

Thus, we have = 37" | Z5VoPN = (x/qﬁre) Then we bound the remainder term. By
definition,

() s — i = (D) = ) (W = i) + (D)™ = i) + i (W = 4). (D.14)

For the first term and the third term on the right-hand side of (D.14), we have,

r 1 n ) . pre
L Z Zssw Z — /Lk)<wkz 1/};;) = Z((ﬂﬁ)R - Mﬁ)ﬁ Z Zibsw(z/}lfi B wZJ - OIP <q\;ﬁ>

k=1 k=1 i=1

10



and

1 n r . ) r 1 n . . qEre
n Z zZ; Zﬂf(%i — V) = ZMZ% Z ZIN (s — ;) = Op (\/ﬁ)
i=1 k=1 k=1 i=1

by (D.13). For the second term, we have

T

_Zzsswz = i = S~ ) ZZ“% Oe (/i /)

k=1 k=1

Therefore, the leading term is = " Z5Vi? = Op(+1/q5"), and we can show (38).

Proof of Lemma C./. By the decomposition of M;, we have

n n

1 A
- Z Zssw + 5 Z(ZSSIV + 5 )(& + ,Url,i) + E Z(Zissw + 51')(7“0,1' + T4 — ﬂm,i)'

i=1 i=1

First, by Lemma C.3, we can show

%i(zissw + 52)(& + Hrl, Z 75V, £l+/14T1 )4 Op (7°) = Op (\/ﬁ) .

Second, we have
BN sstv | % 1 SSIV - A7 - o (§ithiry,i)
- Z(Zi +0;)(ro; + 11 — fry i) = - Z Zi "+ Z VeWki Z Pt + 105
57«+ Tl 74 % ~
. Z (Z + zwkl) et 4 1 z i z (z + Zwm> (vis - 0k)

2251 -+ SQ.

For Si, we have S; = S1; + Si2. For Sip, we have

2 :z : pre §z+ﬂr )| _ min{gd™ g2}
S]_l ( A v > — qgost

i=1 j#i

11



and

Z Var (A?;e(Tj _ W)n£§i+ﬂrl,i)) -
(4,5)
+ (Z) Cov (Af;e( L W)n££i+ur1,i),Apye(Ti B W)T?N>
i,
1 re (&it+piry,i) re (&i+tr i) bre
| 3 o (A o€ g€ ) | 2o ()
Var(S11) n2 (irg,k) ( ) 0 )
+ 3 Cov (AP_fe(Tj_W)ngmum) A _W)Tk>
) " i
5 Cov (AT, w0 AT - )

ij
L (4,,k,0) i

Therefore,
Sip = Op (—2— ) + Op n
max{qgre ,ngSt} nqgost .

For Si», we can show that

()
=1 k=1

by Lemma C.2 and Lemma D.3. Therefore,

1 * - - (&tar,i) pre pre
=25 (1 o0 () 0 ()

i=1 k=1

3 |<>

fz'ﬂlr z * 1 !
(Z v wk’l wk‘l)) = OP (n\/ngSt logoign/n)

1

For S, we apply the same proof in Lemma C.3. By definition and Lemma B.2,

=Y (roq+ i — pr i)t = Op (ﬁ) :

i=1

and this implies that Sy = Op ( \/1p05t logn_ / n) To conclude,
ny\ qn

loglogn

1 < . pre
- § : ZZSSIV + 5z Toi+ T1i — [y Z — 2 :ZSSIV +0 ( V. an ) '
n — ( )( 07 17 /"L 1, ( ) P /’anOSt

Below we provide the proof of (43) and (44).

Proof of Theorem 3./ (Step 1). By definition of S(; j), we have

Z Hkl:Hij+Hji+ZHik+ZHki+Zij+Zij- (D.15)

(kDES(.) ki, ki, ki, ki,

12



Then we bound the first term of (42) by considering the terms in (D.15).
(1) Hz_] + sz By deﬁnltlon,

v

E [AY° (Hyj + H;)'] = B |AZ° (T = mnl + (T — )| < Cai

(2): >_psi; Hix- We bound it by independence between (Tj, — ) and (T, — 7):

Py 7 PR(T = 7)) | < On(g™)?

ki,

APre (Z Hm> -

k#i.,j

2
(3): gz, Heiv Tt can be bounded by E [Ag’;e (zk s HM> } < COn(gP™)?, which follows

from

E|AD(T, —m)® ) Alonr Ay,
(k1,k2)
=m(1—m)g R | fo(i,5) D D Ak (we )it f (wi) > ) A (wiy )i v, (wi) | < Cn(ge)?.
ki1 lLi>r ko lo>r

By the variance calculation, we have 02 = O(n?¢?™). By combining these three cases, we
show (43). To show (44), we decompose it into several pieces in terms of (D.15), and consider
these terms one by one.

(1): H;; + Hj;. By definition,

v (> Hy(Hy+ Hyp) | = Var | Y AY(T, — m)nt (T; — m)nt + (T; — m)n)
(4,9) (1,9)
(Z) Var (Af're( i — ) ((Tj —mnit + (1; — 77)773‘ ))
+ . Zk) Cov (AY(Ty — mmg ((Ty — g + (Ti — )yt ) , AL (T — m)mit (T — )it + (T; — m)ng))
<O7’L ( pre)2'

(2): >_psi; Hix- We bound the variance:

Z Hy S Hy | < Var | S0 AZCARS(T, — 7)(T, — m)(n)?

(4,9) k#i,j (4,5,k)

13



25, Var (AGEARHT; = m(Th = m)()?)
= R pre pre\4
S|V mlararare A - mrm - mey | S O Gl @)

= 117 i1 k? i) “ ok
(31,i2,7,k)

(3): 2 ki j Hri- We bound the variance:

25, Var (AEALE(T = m (T = mn)
E E = ., < pre\2
HZ] sz + Z [ApreApreApre( _ 7_{_)2(1} _ 7_[_)2(771 )2 w o } Oln ( ) .

k11 kot e, Mk
(ig)  k#ij (g ks) v L

(4): D4z, Hij- Recall that Y70 | niy(w;) = 0 for k < 7.

2
Z Hi Z Hy; ) <E Z A?jre(Tj - 77)277?142;’6771?
ki, (4,3,k)
= Z E [(TJI o 7T)2(TJ2 ) AflrjelnllAgijlnklAerenZAZ;‘;an]
(41,51,k1)
(i2,j2,k2)
e[S ELARARGr@) - S BATAGN]
m m (4,51,32,k) (4,51,32)
all distinct
<Ot (@) + Con®(g2™)>.
By combining these results, we show (44). ]

E Normalized SSIV

Borusyak et al. (2022) suggest the following normalized SSIV for M;:

ZM = Z AVCT;/ Z AP, (E.1)

7j=1

The exclusion restriction holds by the randomness of the shocks and the normalization of the
shares: E [Zy,;] =7 - E [% Z} = 0. Borusyak et al. (2022) state that the relevance
condition holds when individual units are mostly exposed to only a small number of shocks.
In this section, we quantify the regime where the normalized SSIV in (E.1) yields consistent

estimators.

14



E.1 Consistency

For estimation, we consider the IV estimation with the IV vector: Z&* = (1,7}, Z*). Let
371t denote the vector of coefficients obtained from the above IV regression. Define Z2! ag
the n x 3 matrix obtained by stacking Z2'.

Theorem E.1. Under Assumptions 1 and 2,

(a) if Var(&;) > 0 with max{q?"™, ¢?>*'} < 1/+/n, then B“lt — 8 = Op (y/nmax{q¢e™, ¢2°'});

b) if Var(&;) = 0 with max{g?™, ¢?***} < \/ng"**, then =0 (L max {M, 1}) .
( ) f (5 ) {qn Qn } \/_q 6 /61 P N \/ﬁ
Moreover, with max{ql™, ¢?>*} < 1/\/n, then B8 — By = Op (v/nmax{g?™, ¢***'}) and

n n *in

3t — By = Op (v/nmax{g?’, q**'}).

Theorem E.1 shows that the consistency regime for the normalized SSIV in (E.1) coin-
cides with that of the original SSIV Z" in Theorem 3.1. This is unsurprising, since both
instruments rely on the same core component, Z;‘:l AEfStTj, which is endogenous because
it correlates with the error term u;. Normalizing or centering this sum by its expectation
effectively removes that endogeneity. Corollary S1 simplifies Theorem E.1 to the special case

where qgre ngSt
Corollary S1. Suppose ¢2™ < ¢2°*. Under Assumptions 1 and 2,
(a) if Var(&;) > 0 with ¢2°* < %ﬁ, then B — B = Op(\/ngt™);

(b) if Var(&;) = 0 with g < ==, then B — By = Op(/ngi®™") and Bg — By = Op(y/ngie™).
Moreover, it always holds that 6"” b = O]p (\%)

E.2 Proof of Theorem E.1

We prove Theorem E.1 by first showing Lemma E.1 and Lemma E.2.

Lemma E.1. Define ¢; as an i.i.d. random wvariable with constant variance. Define the

AP, ,
;w?—¢|wj] Under Assumptions 1 and 2,

conditional expectation Qf =E [q

n

%;(Zf” — )i = %Z( —7)Q¢ + Op (W\/—) (E.2)

i=1
Proof of Lemma E.1. By reordering the index, we have

1 " E 1AApre( ) ) B 1 Apre¢z
ﬁlzl(zzl - Z = Z] 1AApre ¢z_ EZ(,TJ_T‘-)Z Nz

=1 i

15



where

Apre ’ Apre ; Apre (N, n— gre 0 i
Z oF :Z( Gi _Z ¢( ( 1)q g()) (E3)

_ pre _ pre

pre

. . . Al .. .
First term in (E.3): Given wj, the terms qpr’g—go(;) are i.i.d. across i, so
n

2
1 PLI . AP .
(n—lz - —Qj> < —F [( NG } <oooae B9

dn gO( ) dn dn

. . . Apre ——/5T7c
This implies that — LYy, 2T i) approximates Q¢ with an error of order Op < qi e>.

Second term in (E.3): We start by noting that

A5 i(Ni — (n = 1)g7"go (1)) _ A5G du(N: — A" + 1) — (n = 1)gp"go(i))
@ go(i)N; gn 9o (1) (N; — A" + 1) '

(E.5)

Conditional on w, the term N; — AP follows Binomial(n — 1,¢k™go(7)). For a binomial
random variable X ~ Binomial(n, p), it holds that E ( (opttt

X+1) = —iDp Applying this
identity, we compute

(Ni— AV +1)—(n—1)g%" g0 (5) | ] _ 1 1
E [ (n— l)qprego(i)(NifAP.reJrl) ’ - ( 1)q5reg0(z) —E |:N17Afjre+1 |U):|
_ 1 1—(1— g g()" _ 1 n (1 —qhgo(i))"
(n—1)gig(i) ngn go(i) n(n — 1)gn " go(7) ngn go(i)
1 e—Cnai'™ c 1 (£.6)
T S+ T < T preng - E.6
n(n —1)gn go(i)  ngn" go(i) (ngn™)?
By the Cauchy—Schwarz inequality and Li and Wager (2022, Lemma 15), we have
g | (AL ) - 1>qpfego<i>>2 |
D @M - AT ) |
< JE (Vi = AP 1) — (0 — 1)g2g0(i)) ")/ ( oo
=@ 90 () iy 90 Ni= AT+
1 pre 1
<C M < (E.7)

> 2 = - 3"
((n = 1)gx™)* (ngh) (ngn')

AV hi(N;i—(n—1)g5" 9o (i)
Let Bj; = (n—1)ah g0 (i) N;

Zi;éj]E[Bizj] + Zi;ék [BijBk’j]-

2
We bound the second moment as E {(Zl 4 Bij> } =

16



For the diagonal term: By using (E.7),

pre pre 2
E[B}] =E [AP% (S ] < ol

v (TZ I)Qn gO( )(N Apre+1) n(nqpre)Q.

pre 4gpre Nj—(n—1)qp °go(w;) N —(n—1)gh" go(wy,)
A Ay, N, and N,

For the off-diagonal term: Conditional on w,

are all independent. By using (E.6):

E[Bij Bl =E | (€2)290(i. 1) 906, k) ognE | =frmtiontin) | [ R galntn) | |

(n—=1)gn “go(w;)N; (n—1)gn go(wk )Ny
<C- L

— (nqgre ) 2°

Combining the diagonal and off-diagonal terms, we conclude:

. (ZAP%(Z <n—1>quego<z'>>> c s

= (n = 1)gn"go(i)Ni

IN

IN

pre 2]
Combining (E.4) and (E.8), we get E |:<Z@7é] AN i — Qf)

39 (25 ) o ()

i#]

% which yields:

and thus completes the proof.

0
Define b
1 n Are,roz
SY = — T, —m —. E.9
P 2 Y e )

Lemma E.2. Under Assumptions 1 and 2, we have

1 - alt o 0 1 1
n;(zi TM; = E(S%) + Os (n\/q_ +Op (ﬁ> (E.10)

Proof of Lemma E.2. By the decomposition of M;, we have

n n

%i(Zialt —7m)M; = %Z(Z?lt — )&+ % Z(Zialt 7“0@ 4= Z Zalt ) N
i=1

i=1 =1

17



First term: By Lemma E.1, we have

1 ~ alt o 1 n Zregj B .
E ;(ZZ 7'(')52 - n ;(7—‘1 71-) |:q$lreg | :| + O]P’ ( \/qn_) — O]P’ (ﬁ) . (El].)
Second term: Rewrite = > | (Z* — 7)ro; = S} — 59 where S defined in (E.9) and

i AP?ETOZ Nz —\n — gre 0 1
N e 12

=1 i

For S, the expectation is

1 & APIE Ry 1
- ZE <Tj — ) Z (n— 1)2 an 90(d) | T nmax{¢E" g2}
" i)

The variance is

noxz (ijﬂ')Af;eTo,i n (Tj—ﬂ')A?r;TQ,il (Tj—7\’)141»)’?7"(],12
ng zé:j Var ( go (i) ) + ng (i§2) Cov ( 9o (ill) ’ 9o (i22) )
1 (Th’fﬂ')A??ero,i (Tj, —m) AL T0 .4
V]SV = + > > Cov ( P E— i )
51 = Ry G it )90; ) ( 9;)(3
le —T Ai;jlrosil Tj27ﬂ' Airj ’I‘o,q;2
+ z Z Cov ( 90(i1) ) go(i;) 2 )

(J1,92) (41,32)

Bounding each component, we find:
- Variance term is O(n?) terms of order O (%)

- Within-j and across-i covariance is O(n?) terms of order O (@ ;

- Across-j and within-i covariances is O(n?) terms of order O ( (qr’i;f post}2>.

2 max{qn
(qpre)Q pre 2
2 max{qpre’ post }2 a‘nd O 2 pObt

- Across-j and 7 covariances is O(n*) terms of order O <

Combining these bounds, we conclude:

= [SO]+OP< \/q_) (E.13)

pre i n— pre i "
Recall (E.5). Define B;; = AT ro (N~ (n— )ak o )), so that S§ = %Ejﬂ(Tj — ) > izj Bij-

(n—1)qn “go(1)N;
We bound the second moment of S9 as follows:

B[] =

E ( ) (ZB + Z BHJBDJ)

i#£j (41,12)

<.

+ Y E

(4:k)

(T — 7)(Ty — ) ( > BijBi+ > BiljBi2k>

i#5,k (i1,i2)

18



We analyze the components of the moment bound for SY in turn. Conditional on w, Af}re

and W are independent.

For E [(T; — 7)?B2]:

pre (n— Ere i 2
E [(7‘!] - 7)2322]} —E |:E [(T’] . 71—)214%%7"877;"[1}] E |:<(N A +1) ( 1)arn “go( )) |'LU:|:|

(n— 1)qpre90(l)(N,‘7Aip;e+1)
f Z R (W) .

k#i
re re Ni;—(n 1)qgreg (i1) Ni,—(n 1)aneg (i2)
For E[(Tj — 7)?By,; Bi,s]: Since A}, APY and the = Erego(’il)(;vill and 25 grego(h)g\,; are

independent conditional on w, we have

<% g
— (nqpre>3

E [(Tj — 7)*B;,; Bisj]
=K [E [(T _W)ZApreAprerour()w'w] [N” (n—1)g5" 90(11)’ } [ LR 1n 1)aE™go 12)’ ”

i17 “tiag (n—1)gk"°go(i1)N. )ah ego(lz

6 1 [ S AT AT ] [0 ] [t |

2J (n—1)qn go(ll)Nil n—l)qgrego(w)]\&2

pre post }2 1

. min{q, . _ 1
SO ( qpost)Q (nqng)AL O (77,6 (qpre)2 max{qpre post}2 ) .

For E((T; — m)(Tx — m)Bi;Bir): By (E.7),
E((Tj — m)(Tk — 7)Bi; Bix)

. {E (T, — m)(Th — 7) AP AZ2 ] B {((w (n=1)g8" go(z)))2|wH

(n—1)an “go(i)Ni

T—m)(Tp—m re re N;—(n—1)q2 g0 (i 2
=K |E [—( ( )T f Ap Ap RURM"IU] E |:<( (n*(l)qzrlzo(;;g\(fi))> |’LU1:| =0 <n5q - pre post}2>

nr¢ max{qh
For B((T; — m)(Tk — ) Bi,;Bik): By (E.0),

E((T; — m)(T), — m) Biyj Biar)
K [E [(T — )T}, — 7T)ApreAp 1o, zlro,z’2|w} E [(Nil—(n—l)qrpzr‘ego(h)) |w} E [(Niz—(n—l)qg‘ego(iz)) ‘w”

BY) (n—=1)gh °go(i1) Ny, (n—1)qn “go(i2) Nig
= [E [(T W)(Tk 2 §Z1§Z2ApreAf2rliRuij2k|T’ w] K [(Nil (npri)aneg()(il)) |w} E [(NZ L |w]}

1nJ (m=1)gn "go(i1) Ny (n—1)gn “go(i2) Ni,

<O—1 mm{qr'ire,qff’“}z —0 1
— (nqg e)4 2( post)2 nb (qgrc)g max{qgrc qgost}g .

By combining these results, we have

E[(89?] =0 (i) + O (srpommsara )

max{qn
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and thus

0 __ I S 1
SQ == O]P’ (n2q£re\/qgm) + O]P’ <n2 pre max{qgre,qEOSt}> . (E14)

Therefore, by combining (E.13) and (E.14), we have

- Z Zalt TO?, — ]E[SO] —+ OIP (n\/(fm) —+ OHD < 2 pre ma}:{qgre’qgost}) . (E15>

Third term: Rewrite = 3" (Z# — 1)r; = S} — S where

1< Z" APy 1 o AP (N (- 1)a g0 (i)
1 § ij 'L, 1 ij 'L,
Sl :ﬁ (T] - 7T) (’fL 1)'7qpre 7/) and S2 p— E Z(TY - 7T) Z . (n_l)qgregO(Z)N'L .
j=1 i#£j Jj=1 i#]

Again, for S}, the expectation is

1 = "L qpre W *
E 1 E 1 Uz (3 291 (x) ‘ 1 }2 ~ 1
[Sl] TL(TL 1)3q7[;re Zj:1 7T> Z go (]1) ( ij(y)g 05 (y)3 ZJ)] n2gL%%" max{gh"®,¢2%*"}’

i#]

and the variance is

non (T —T{')A (Tj—m) AP ey, (Ty—m) AT S
ng gé:j Ver ( 90(3) ) ” le (nz;z) Cov ( go (“1)] ’ 90(122)] )
1 (T, —m)AP™ry ; (T, —mw)AP™ry
17 C ( J1 A Wl J2 ijg b )
Var[51] a (Tl - 1) (nqgre>2 i (jlza;z) i?é]z'l:Jé )go(z) ’( g())( )
—m) AP r1 Ty, —m) A r1
i (ﬁ%) (z‘%) Cov ( go(ul)]1 - go(zf)J2 ) )
1

:<n _ 1)2(nqgre)2 (Slll + 5112 + 5113 + 5114) .

Recall Ey, = — Gt + 2 9* LOWE and By = — Y0y 4 rf)Wde For 51, we bound the
variance of the term:
(T -m) A7, L g @ o (S Byt Y B )| o a2

Var( 900 )S Gy [ sorr i (,fé et kl) = gy (E16)

For S},
(T—m) AL r1 s, (T5—m) A Sre a,
Cov ( 90(111)J ’ 90(222)J )
o (T} W)Af B+ E; (T} ﬂ')Af Eip + E; _ (qpre)z
=1y 1)4COV <_g0(“) 1j < k;d 1k (%:l) LKL ) s 27 < k;é ok (%) 2kl >) = o
(E.17)
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For S}, we have

pre pre

go(z) ’ go()
- 1 (le _ﬂ—)Az EZ + E.: (T]'Q_TF)A'L E?, —+ El N (prE)z
_("—1)4COV< 90(7) N ( ,§ ’ <1§) kl ) 90(2) . < k; ’ %) i )) T 3R max{gh R 2
(E.18)

For S}, we have

C (le W)A?f;l T1 il (T]'2—7T)A$2r§27‘17i2
go(i1) ’ go(i2)

= 11)400\; <( n=mAY, ( > Bik+ > Eiu ) ’%< > Ein+ > Ein )) = (g2°)?

go(i1) ki (k1) g0(%) ki (k1) n3¢R%% max{qh®,qR%"} "

(E.19)

By combining these results, we have Var(S{) = O (W) . In particular, this implies that

5111 - OI[D <W> + O[P’ ( ) EOSt L pre pOSt}> . (E20)

maX{‘]n »dn

APy (Ni—(n—1)qR"go(i))
(n—1)qh"go (i) N;

Next, for S, define C;; = . Then we bound S} in Ly norm:

Ly 1 SE | (1 — )2 Z +§:E (T —m)? 3 Cz‘ljcz'zj]
E[(S2) ] Y J=1 (i1,i2)
4+ Y Y ENT - 7)( k—W)CuCzk]Jr Y. > E(Ty —m)(Tk — 7)CiyiCiyk] -
(4,k) i#] (4,k) (i1,32)

For the first term, by (E.7) and analogous argument to (E.16), we have

pre i 2
E [(T; — 7)2C2] =E [E [(Tj — )2 A7t i |w] B {((N [c=ris v ))> |w”

l

<o (T~ 4577 = O (rgmboes)-

For the second term, by (E.6) and analogous argument to (E.17), we have
2 1
B (T = CsCi] = O (st -

For the third term, by (E.7) and analogous argument to (E.18), we have

pre _post

nﬁ(qpre)S(qpm)?’
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For the fourth term, by (E.6) and analogous argument to (E.19), we have

E((T; — 7)(Ts — 7)Ci,jCink) = O (w) L0 (w) _

nSqh”" (¢h")t n7(gh*™)2(ah")>

By combining these results, we have E[(53)?] = O (W) and thus
5} = Os Gt (B:21)
In particular, combining (E.20) and (E.21) implies that
1 - alt 1 1
E Z;(ZZ - W)rl,’b :OP (W) + O]P (ngqgost ma’x{qgre’qgost}> . (E22)

By combining (E.15) and (E.22), we have

1 n
- (Z" - i +11,:) =E[S]]+ O ). E.23
n;( i m)(roi + i) [S1]+ O T ( )
Combining (E.11), (E.15) and (E.23) together completes the proof.
0

Proof of Theorem FE.1. The proof is analogous to that of Theorem 3.2 but by Lemma E.1
- -1
and Lemma E.2. We start with deriving the probability limit of (Z altT x ) :

. . * ok *
(ZaltTX> - - d22 d23
det(ZatT X

( ) ¥ dsp ds3

where dyy = MZ2 — M - Z8 dog = bog, dgy = —TZ% + T - Z21 dgy = bz and det(Z*7 X) =

d3zdss — dsodaz. Let % denote the terms that are not relevant. By Lemma E.1, we have

= 0n (e ) and 3 5, (20" - 7= 02 ().

We consider the remaining terms under Cases (a) and (b), respectively.
Case (a) By Lemma E.2, we have dyy = E(SY) + Op (\/Lﬁ +op
B.2, we have dog = —Cov(T}, &+ iy, i) +Op (\%) = Op (1). By combining the results above,

we have

W) . By Lemma

nmax{qgn ,q

det( 7T X) =n(1 ~ mE(SY) + Oz (L) + 08 (s

vn nmax{gh"*,gh**"} ) ’
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Case (b) By Lemma E.2, we have doy = E(SY) + Op (W) + op <+pot}) By

nmax{qn ,q

Lemma B.2, we have dy3 = Op ( \/%) Hence,
ny\ qn

det( 2T X) = w(1 — mE(SY) + O (=t ) + 05 (

1
nmax{gh"®,q5°>"} ) ’

The convergence rate of Balt follows from the above results.
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