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Dear Professors Breza, Viviano, and Chandrasekhar,

I am applying to participate in the Workshop on Development Economics and Networks for Early-Career
Researchers on December 5, 2026. I am a Postdoctoral Fellow in Digital Inclusion and Governance and
a Faculty Affiliate in the Department of Economics at William & Mary. I received my Ph.D. in Economics
from Southern Methodist University in 2025. I propose to present my working paper, “Recovering La-
tent Heterogeneity in Network Formation Using Triads.”

The paper develops an identification and estimation strategy for dyadic network formation models with
unobserved degree heterogeneity. Comparisons of complementary anchored-triad configurations iden-
tify realized agent effects rather than eliminating them as nuisance parameters. Conditional on those ef-
fects, dyadic link probabilities identify the systematic component of link formation. The triad-anchored
likelihood estimator combines triad anchoring, stabilized dyadic refinement, common-parameter bias
correction, and bias-reduced effect profiling. Applications to 43 Indian village networks and the Nyaka-
toke risk-sharing network show how accounting for latent link propensities changes the interpretation
of observed matching patterns.

The workshop directly connects to both this paper and my broader research agenda in econometrics,
development economics, and social networks. I would especially value feedback on the empirical inter-
pretation of recovered household effects, the support and network-density conditions behind the esti-
mator, and extensions to partially observed networks. These questions also arise in my ongoing field
research on digital-payment adoption and network diffusion in Tanzanian markets. I would contribute
experience with network formation, endogenous social interactions, egocentric network data, and field
experiments in development settings.

If I am shortlisted, Daniel L. Millimet, Dedman Trustee Professor in the Department of Economics at
Southern Methodist University, can provide arecommendation. His email address is millimet@smu.edu.
Professor Millimet chaired my dissertation committee and is familiar with the development of the pro-
posed paper.

Thank you for considering my application.

Sincerely,

Jhuo Q.

Shuo Qi
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Motivation and Current Research Interests
Shuo Qi

Postdoctoral Fellow, Global Research Institute, William & Mary | shuoqi@wm.edu

I would like to attend the Workshop on Development Economics and Networks because my current work combines
econometric methods for network data with empirical research on risk sharing, technology adoption, and market
coordination in low-income settings. The workshop would give me a focused setting in which to improve a
work-in-progress paper while learning how other researchers connect network measurement and identification to
substantive development questions.

I propose to present “Recovering Latent Heterogeneity in Network Formation Using Triads.” The paper studies a
dyadic logit model in which observed homophily and unobserved degree heterogeneity jointly determine links.
Standard conditional-likelihood methods identify homophily by removing agent effects. My approach instead uses
the log-odds ratio of two complementary anchored-triad configurations to isolate each focal agent’s latent link
propensity. Once those effects are recovered, dyadic variation identifies the systematic component of link formation.
The triad-anchored likelihood estimator combines triad anchoring, stabilized dyadic refinement, common-parameter
bias correction, and bias-reduced effect profiling. Large-network asymptotics provide inference when dyads and
triads overlap and the nuisance-parameter dimension grows with the number of nodes.

The empirical applications show why the latent effects are economically useful. Across 43 Indian village networks,
incorporating household effects changes the sign of several estimated matching coeflicients; the recovered effects
also show that larger households, households with more housing resources, and households containing a designated
leader tend to have higher latent link propensities. In the Nyakatoke risk-sharing network, households with the
same observed degree can have substantially different covariate-adjusted link propensities, while kinship, religion,
and physical proximity remain important predictors of support links. I would particularly welcome feedback on the
support conditions used for anchored-triad comparisons, the dense-network approximation, the interpretation of
recovered effects in development networks, and extensions to partial or directed network data.

My broader research asks how to identify social interactions when networks are endogenous, incomplete, or
expensive to measure. One project uses expected degree as a control for selection into peer groups in a large
endogenous network. Another identifies strategic spillovers from egocentric network samples and studies how
survey breadth and depth should be allocated under heterogeneous interference. I also study how approximate
economic restrictions can be used through risk-optimal shrinkage rather than imposed exactly.

At William & Mary, I apply these ideas in field research on digital inclusion. One program studies cash persistence,
digital-payment adoption, and network diffusion across Tanzanian markets. A second examines whether voice-based
generative Al and social learning can reduce barriers to technology use among women. Across these projects, my
interest is the same: network formation, measurement, and behavior should be analyzed together when the policy
effect depends on who interacts with whom. I hope to contribute this econometric perspective to the workshop
and to leave with a sharper empirical strategy for connecting recovered network heterogeneity to development
mechanisms.



Recovering Latent Heterogeneity in
Network Formation Using Triads”

Shuo Qi

September 14, 2026
Abstract

This paper studies identification and inference in an undirected dyadic logit
model with unobserved degree heterogeneity. A comparison of two comple-
mentary anchored-triad configurations eliminates the effects of the comparison
agents while retaining the focal agent’s effect. Under a diagonal normalization
and continuity conditions, this relation identifies each fixed realized agent ef-
fect in a single growing network, and dyadic link probabilities then identify
the unknown surplus function. I develop the triad-anchored likelihood esti-
mator (TALE), which combines triad anchoring, stabilized dyadic refinement,
common-parameter bias correction, and bias-reduced effect profiling. Dense-
network asymptotics provide inference for the surplus parameter, individual
effects, and parameters governing their conditional mean given observed at-
tributes. Monte Carlo experiments examine precision, coverage, and com-
putational performance. Applications to 43 Indian village networks and the
Nyakatoke risk-sharing network illustrate two uses of recovered heterogeneity.
Accounting for household effects changes the sign of several estimated matching
coefficients in India. In Nyakatoke, households with the same observed degree
can have substantially different covariate-adjusted link propensities, while kin-
ship, religion, and physical distance remain important predictors of links.
JEL: C14, C31, D85

Keywords: Dyadic link formation; homophily effects; individual fixed effects;
triad configuration; dense networks.

*This paper originates from the first chapter of my doctoral dissertation, Identification and Es-
timation of Discrete Choice Models with Spillovers Using Partial Network Data. While the original
chapter primarily studied discrete games with partial network data governed by a dyadic link forma-
tion model, this paper specifically advances the econometric treatment of the underlying formation
process itself. I am deeply indebted to Daniel Millimet for his invaluable guidance. I also thank Hao
Dong and Omer Ozak for helpful discussions and support. I thank Eric Auerbach, Xiaohong Chen,
Xun Tang, Haiqing Xu, and Wan Zhang for insightful comments. All the errors are mine.

fGlobal Research Institute and Department of Economics, College of William & Mary. 400
Landrum Drive, Williamsburg, VA 23186, United States. E-mail: shuoqi@wm.edu.



1 Introduction

Empirical models of network formation are increasingly central to understanding how
social and economic relationships emerge, persist, and govern the flow of information,
credit, and trade. The theoretical and empirical literature has long recognized that
the architecture of a network critically dictates economic outcomes, ranging from
the diffusion of microfinance (Banerjee et al., 2013) and technology adoption (Oster
and Thornton, 2012; Bryan et al., 2014; Ferrali et al., 2020; Islam et al., 2023), to
informal risk-sharing and insurance (De Weerdt and Dercon, 2006; De Weerdt and
Fafchamps, 2011; Cai et al., 2015), and the manifestation of peer effects in education
and labor markets (Manski, 1993; Hoxby, 2000; Calvé-Armengol et al., 2009; Lund-
borg, 2006; Moretti, 2011; Billings and Hoekstra, 2023). In modeling the formation of
these networks, researchers consistently seek to disentangle two fundamental, often
confounding forces: assortative matching on observable characteristics (homophily)
and persistent, unobserved heterogeneity across agents in their baseline propensity to
form links (degree heterogeneity). In standard dyadic link formation models, these
two forces enter the latent bilateral surplus simultaneously. Consequently, observed
link frequencies alone cannot readily distinguish whether two highly connected in-
dividuals are linked because they share similar observable traits, or simply because
they both possess high latent sociability. Failing to formally account for this unob-
served degree heterogeneity naturally biases estimates of homophily, typically leading
researchers to severely overstate the importance of observable similarity in the for-
mation of social ties.

This paper develops identification and inference for both components in an undi-

rected dyadic logit model. For distinct agents ¢ and j, a link forms according to
Dij = l(w(XZ,X]) + Az + Aj Z Uij),

where X; denotes observed attributes, A; is a latent agent effect, and w is an unknown
symmetric dyadic surplus function. Homophily is an important special case of w,
rather than a restriction on its general form. Agent types are independently and
identically distributed across agents, while A; may depend arbitrarily on X;. Dyadic
shocks are independent standard logistic variables, independent of agent types. The
researcher observes a single network and agent attributes, but not the realized effects.

I show how anchored-triad comparisons identify those effects and, subsequently, the



surplus function without imposing a parametric form on it. I then develop a likelihood
estimator under a parametric surplus specification.

The identifying comparison uses three distinct agents, with one designated as the
anchor. Fix a focal agent ¢ and comparison agents j and k. In one configuration,
7 is linked to both comparison agents, who are not linked to each other. In the
complementary configuration, the comparison agents are linked to each other, while
neither is linked to ¢. Let S; ;i equal one and minus one for these configurations,
respectively, and zero otherwise. For these informative anchored triads, the logistic

specification implies

Pr(S; =115 =1, X;, Ai, X;, Xy

The effects of the two comparison agents cancel, but the focal agent’s effect remains.
Thus, conditioning need not remove all the heterogeneity: it can isolate a partic-
ular agent’s contribution. Triads serve here as econometric comparisons within a
dyadic formation model, not as primitives representing preferences over three-agent
structures.’

The remaining step separates the focal effect from the surplus contrast. In
the large-network experiment, comparison pairs vary while the focal agent is held
fixed, revealing its conditional configuration probabilities. Under the normalization
w(z,r) = 0 and continuity at diagonal points, the surplus contrast vanishes as the
comparison agents’ attributes approach those of the focal agent. The limiting condi-
tional probability is therefore A(2A;), which identifies A;. Discrete attributes permit
exact matches, whereas continuously distributed attributes require a diagonal-limit
argument. These comparisons involve distinct agents and do not require self-links.
The result identifies every fixed realized agent effect in a single growing network.
Given these effects, inversion of dyadic link probabilities identifies w almost every-
where, and global continuity extends identification to its full covariate support. The
diagonal normalization fixes the decomposition between dyadic surplus and agent
heterogeneity, so the recovered effects are interpreted relative to that decomposition.

Identification does not by itself resolve the estimation problem. With n agents,

!The anchored-triad relation builds on Qi (2023), which studies discrete-choice spillovers with
partial network data. The present paper develops identification and inference for the formation
model without requiring a preliminary tetrad-logit step.



the effect vector contains n parameters, and errors in estimating these parameters
enter the common-parameter score. Under dense-network asymptotics, the result-
ing incidental-parameter bias is of the same order as the sampling uncertainty in
the common parameter. There is also a distinction between the information used
for identification and that used for estimation: the anchored-triad criterion retains
selected configurations, whereas the dyadic likelihood uses every observed link and
nonlink. Moreover, anchored-triad contributions overlap through shared link indica-
tors even though dyads are independent conditional on agent types. The estimation
procedure must therefore combine the anchoring relation with dyadic refinement, bias
correction, and appropriate variance estimation.

I propose the triad-anchored likelihood estimator, abbreviated TALE, as a single
procedure with four stages. Triad anchoring obtains preliminary estimates of the com-
mon parameter and agent effects from informative anchored triads. Stabilized dyadic
refinement then uses all dyadic link indicators, initially penalizing departures from
the available triad estimates and gradually relaxing the penalty. Common-parameter
bias correction removes the leading incidental-parameter bias using a weighted ad-
ditive projection of the dyadic regressors and a second-order likelihood expansion.
Finally, bias-reduced effect profiling holds the corrected common parameter fixed
and re-estimates the agent effects using the Jeffreys—Firth adjustment (Firth, 1993).
Triad anchoring supplies the starting point, dyadic refinement incorporates the re-
maining link information, and the final two stages address bias in the two parameter
blocks.

The large-sample analysis establishes convergence rates and feasible asymptotic
inference for this sequence. Under dense-network regularity conditions, the com-
mon dyadic-surplus parameter is estimated at rate n~!, while each fixed agent effect

/2 These different rates reflect the order n? dyads avail-

is estimated at rate n~
able for common-parameter estimation and the order n dyads involving any par-
ticular agent. Sufficiently small stabilization and numerical errors make the dyadic
refinement asymptotically equivalent to joint maximum likelihood. The common-
parameter correction removes its leading bias, and the final effect adjustment pre-
serves the fixed-agent first-order distribution. The resulting variance estimators ac-
count for estimation of the agent effects rather than treating them as observed.
Recovering the effects also permits analysis of how latent link propensity varies

with observed attributes. Subject to integrability, the identification result determines



¢(r) = E[A; | X; = z] almost everywhere. For estimation, I specify ¢(X;) = h(X;) 70
and project the final TALE effect estimates on the known regressors h(X;). Although
the effects are estimated from the same network, their covariate-weighted average
estimation error is negligible at the n=/2 scale relevant for 7. I establish asymptotic
normality and a feasible covariance estimator for this conditional-mean parameter.
The coefficients describe the relationship between observed attributes and normalized
latent link propensities; they do not identify causal effects of those attributes.

Monte Carlo experiments evaluate estimation of the dyadic-surplus parameter,
realized agent effects, and conditional-mean coefficients. The designs vary network
size, link density, and the dependence between observed attributes and latent ef-
fects. The benchmarks are tetrad logit, joint maximum likelihood, and analytically
bias-corrected joint maximum likelihood. Intermediate TALE stages are reported to
distinguish their contributions. The analysis considers both precision and confidence-
interval coverage, together with whether the numerical routines return estimates. The
design parameters remain fixed as network size grows, so the lower-density cases are
finite-sample stress tests within a dense-network framework, not evidence for a sepa-
rate sparse-network asymptotic result.

Two applications illustrate the distinction between matching patterns and latent
link propensities. The first uses 43 Indian village networks collected by Banerjee
et al. (2013), containing 9,126 households in the retained sample. A pooled specifi-
cation shares dyadic-surplus coefficients across villages while allowing each household
to have its own effect. Several estimated matching patterns change after household
heterogeneity is incorporated. For example, the coefficient on same leader status
changes from —0.289 under pooled logit to 0.159 under TALE, and the coefficient
on the rooms gap changes from positive to negative. The recovered effects provide
a complementary household-level result: larger households, households with more
housing resources, and households containing a designated leader tend to have higher
latent link propensities. These associations remain similar after village fixed effects
are included in the projection. The application therefore distinguishes the relation-
ship between a household’s characteristics and its overall link propensity from the
relationship between similarity across households and their propensity to link to one
another.

The second application studies reported risk-sharing relationships among 116

households in Nyakatoke, Tanzania (De Weerdt, 2004). Kinship, common religion,



and physical proximity remain important predictors of links after allowing for house-
hold heterogeneity. The recovered effects are strongly related to observed degree,
but the relationship is not one-to-one. Among the 13 households with five observed
links, the effects span approximately 1.71 logit-index units. This difference reflects
adjustment for observed dyadic characteristics and the link propensities of poten-
tial partners: the same number of connections need not imply the same conditional
propensity to form a link. Religion and wealth explain little of the recovered het-
erogeneity, even though common religion helps predict which households are linked.
Together, the applications show why the dyadic and household components should be
studied jointly, rather than interpreting either observed matching patterns or degree

in isolation.

Related literature.

This paper contributes to the econometrics of network formation with unobserved
degree heterogeneity; see de Paula (2020) and Graham (2020) for surveys. Graham
(2017) develops both tetrad logit, which conditions out agent effects to estimate
common parameters, and joint maximum likelihood, which estimates both parameter
blocks and consistently recovers the agent effects under dense-network conditions.
Jochmans (2018) develops a related conditional approach for directed networks. The
present paper uses a different conditional comparison: anchored triads eliminate the
effects of the comparison agents while retaining the focal agent’s effect. This relation
provides a route to identifying realized heterogeneity and forms the basis of TALE.
Its subsequent dyadic refinement uses the full dyadic likelihood, linking the procedure
to the joint-likelihood benchmark rather than replacing likelihood-based estimation.

The identification analysis is closely related to Gao (2020), who establishes identi-
fication of the surplus function, realized agent effects, and an unknown shock distribu-
tion under his maintained conditions, and to Zeleneev (2026), who allows unobserved
heterogeneity to enter network interactions nonparametrically. The present paper
maintains additive agent effects and logistic shocks. These restrictions yield an ex-
plicit anchored-triad relation that, together with diagonal continuity and normaliza-
tion, identifies each fixed realized agent effect in a single growing network. Dyadic link
probabilities then identify the surplus function. The identification argument does not

impose a parametric form on this function or on the conditional distribution of agent



effects given observed attributes. Parametric specifications of the surplus function
and the conditional mean of the effects are introduced subsequently for estimation.

The estimation analysis builds on likelihood methods for models with growing
numbers of incidental parameters. Hahn and Newey (2004) develops analytical and
jackknife bias corrections for nonlinear panel models, while Dzemski (2019) and Yan
et al. (2019) study likelihood estimation and inference in directed network models with
unobserved heterogeneity. Jochmans (2023) develops modified-likelihood methods for
fixed-effect models with dyadic data. TALE combines triad anchoring and diminishing
dyadic stabilization with an analytical correction for the common parameter and a
final effect profile using the Jeffreys—Firth adjustment of Firth (1993). The weighted
additive projection underlying the common-parameter correction accounts for the
linear nuisance-score component, while a separate second-order correction removes the
leading incidental-parameter bias. The analysis also develops inference for individual
effects and for parameters governing their conditional mean.

Subnetwork comparisons also arise in models with strategic link interdependence.
For example, Sheng (2020) uses subnetwork probabilities to construct identifying re-
strictions for network formation games with multiple equilibria. A different use of
subgraphs appears in Chandrasekhar and Jackson (2025), whose subgraph-generated
models form networks as unions of generated subgraphs. The role of triads in the
present paper is distinct from both approaches. I maintain a dyadic formation rule
with links independent conditional on agent types and use anchored triads as econo-
metric conditioning devices. The resulting comparisons isolate latent heterogeneity
without treating triads as primitives of the formation process or introducing strategic
link externalities.

Finally, recovering agent heterogeneity is relevant to research on endogenous net-
works and outcome equations. Johnsson and Moon (2021) develops control-function
methods for peer-effect models, including approaches based on estimated agent ef-
fects and on degree-based controls. Auerbach (2022) uses similarity in network link-
ing patterns to control for latent heterogeneity in a partially linear outcome model.
The present paper studies the formation model itself. It provides identification and
inference for realized link propensities and their conditional mean given observed at-
tributes, rather than establishing a correction for endogeneity in an outcome equation.
The empirical projections therefore describe how normalized latent link propensities

vary with observed characteristics.



Outline. The remainder of the paper is organized as follows. Section 2 introduces the
dyadic link formation model, normalizations, and maintained assumptions. Section
3 establishes the nonparametric identification of the realized agent heterogeneity and
the homophily function. Section 4 develops the four-step semiparametric estimation
procedure and derives the asymptotic properties of the orthogonally corrected and
profiled estimators. Section 5 presents Monte Carlo simulation evidence assessing
finite-sample performance. Section 6 applies the framework to the Indian village
and Nyakatoke applications. Section 7 concludes. Proofs of the main theorems and

additional results are collected in the Appendix.

2 A Dyadic Link Formation Model

Consider an undirected network on n agents. For each agent i, X; € X C R% denotes
a vector of observed attributes and A; € A C R denotes a latent agent effect, where X
and A are their marginal supports. For each unordered dyad (i, j) with 1 <i < 7 <mn,
D;; = Dj; € {0,1} indicates whether agents ¢ and j are linked, and U;; = U;; € R
denotes a dyad-specific shock. The researcher observes X" = (X{,..., X/ ) and {D;; :
1 <i < j <n}, but does not observe A" = (A;,...,A,) or {U;; : 1 <i<j<n}.

I model link formation through the latent-surplus representation
Dy = 1{w(X;, X;) + A + A; — Uy; > 0}, 1<i<g<n, (1)

where w : X X X — R is an unknown dyadic surplus function. Thus, agents ¢ and j
form a link when the sum of the dyadic surplus component w(X;, X;) and their latent
link propensities A; + A; exceeds the dyad-specific shock Uj;.

Because the network is undirected, I impose w(zx, ) = w(Z, x) for every x,7 € X.
Homophily is an important special case of the dyadic surplus. For example, under
the parametric specification w(z;, z;) = ZZ”:l |Zik — ;x| Bok, & negative value of By
implies that similarity in characteristic k raises link surplus, whereas a positive value
implies that dissimilarity raises link surplus. The agent effect A; captures persistent
agent-specific heterogeneity in the propensity to form links that is not represented by
w. In the empirical applications, these effects are referred to as economy effects or

household effects according to the unit of analysis.



For the large-network analysis, the network observed at sample size n is the sub-
network induced by the first n agents of an infinite population. The maintained

data-generating process is as follows.
Assumption 1 (Data generating process) The following conditions hold.

(i) The pairs (X;, A;) are independent and identically distributed across agents
i > 1, with joint support Sxa C X x A.

(1t) The shocks {U;; : 1 < i < j < oo} are independent and identically distributed
across unordered dyads, are independent of {(X;, A;) : i > 1}, and have the

standard logistic distribution, with cumulative distribution function

Au) = exp(u)

- eR.
1 + exp(u) !

Assumption 1(i) imposes random sampling at the agent level while allowing ar-
bitrary dependence between X; and A;. In particular, the joint support Sx4 need
not equal the product space X x A. Although (X;, A;) is randomly sampled at the
population level, the analysis below takes the realized sequence (A;, As,...) as an
object of identification and estimation.

Assumption 1(ii) specifies the dyad-specific shocks to be standard logistic, as in
Graham (2017), thereby fixing the scale of latent surplus. Together with (1), it implies

Conditional on agent types {(X;, A;) : @ > 1}, link indicators are independent across
unordered dyads. Unconditionally, they are independent for disjoint dyads but gen-

erally dependent for dyads sharing an agent due to the common agent type.

3 Identification

This section establishes identification of the realized agent effects and the dyadic
surplus function under the large-network experiment introduced in Section 2. The
argument proceeds in two steps. First, anchored triad comparisons identify every
fixed realized agent effect from the limiting distribution. Once the realized effects are

recovered, dyadic link probabilities identify the dyadic surplus function.



Fix three distinct agents 4, j, k. The tuple (i, j, k) is an i-anchored triad, where j
and k are referred to as the comparison agents. Define the anchored-triad configura-
tion statistic

Sijk = DijDi(1 — Djr) — (1 = Dij)(1 = Dig) Djp.

Because links are undirected, S;x; = Sijx € {—1,0,1}. The event S, = 1 cor-
responds to D;; = Dy = 1 and Dj, = 0, whereas S;;; = —1 corresponds to
D;; = D, = 0 and Dj;, = 1. I refer to the cases |S; ;x| = 1 as the informative

anchored triad configurations. These configurations are depicted in Figure 1.

) ®

@ OO ®

(a) (b)

Figure 1: Informative i-anchored triad configurations. Panel (a) corresponds to
Sijk = 1, with D;; = Dy = 1 and Dj; = 0. Panel (b) corresponds to S; jx = —1,
with Dij = le =0 and Djk =1.

Let X(i,j,k) = (XZ, Xj, Xk) and Aw(Xia Xj, Xk) = w(XZ, X])+w(X,, Xk)—w(X], Xk)
By Assumption 1(ii), conditional on the types of agents i, j, k,

Pr(Sije = 1| Xgjn), Ai Aj, Ax)
Pr(Sijn = —1| Xa k), Ais Aj, Ap)

= eXp (Aw(X“ Xj, Xk) + QAZ) .

The right-hand side does not depend on A; or Aj. Integrating over their conditional
distribution therefore preserves the odds ratio. Moreover, the logistic specification

gives both informative configurations positive conditional probability. Hence,
Pr (Si,jk: =1 | |Si,jk‘ = 17X(i,j,k)7 Al) =A (Aw<X,L, Xj,Xk) -+ QAZ) . (2)
Thus, the anchored-triad comparison eliminates the two comparison-agent effects,
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while retaining the focal-agent effect and a contrast of dyadic surplus terms.
For a fixed focal agent i, varying the comparison pair (j, k) under the large-network
experiment identifies the conditional distribution of (S; jx, X;, Xx) given the realized

type (X;, A;). Consequently, the conditional probability
Ti(tl,tg) = PI‘ (Si,jk =1 | |Si,jk’ = 1, Xj = tlka = tQ,Xi, A,L) (3)

is identified for Py ® Px-almost every (t1,t2) € X x X.

Identification of A; evaluates 7; at the diagonal point (X, X;). If X; is discretely
distributed, then the event X; = X; = X, occurs with positive probability, so
Ti( X, X;) is directly identified. When X; contains continuously distributed compo-
nents, however, (X;, X;) may have probability zero, so almost-everywhere identifica-
tion alone does not determine 7;(X;, X;). The following continuity and normalization

conditions extend identification to these diagonal points.

Assumption 2 (Diagonal continuity and location normalization)
(i) For every x € X, w is continuous at (x,x).
(it) For every x € X, w(z,z) = 0.

By Assumption 2(i) and continuity of A, 7;(t1,%2) is continuous at (X;, X;) €
X x X. Hence, its value at the diagonal is uniquely determined as the limit of
identified values 7;(t1,, t2,) along any sequence of identified points (¢, ta,) converging
to (X, X;). By Assumption 2(ii), 7;(X;, X;) = A(24;), which uniquely determines the

realized value of A,.

Theorem 1 (Identification of agent effects) Suppose Assumptions 1 and 2 hold.
Then, for each fized agent i, the realized agent effect A; is identified, i.e.,

1 1 (X, X))
A 1/ X, ) = 21 7 iy <\q .
Ai= A7 (X Xi) = 3 Og(l—n(X,-,XQ)

Hence, the realized sequence (A1, Ao, ...) is coordinatewise identified.

Theorem 1 formalizes the anchored-triad argument developed above. Because

the identification steps have already been established explicitly, its proof is omitted.

10



Given the identified agent effects, the population distribution of (D;;, X;, A;, X, A;)
identifies the conditional link probability

pp(z,a,2',d") =Pr(Dy; =11 (X;, Ai, X;, Aj) = (z,a,2",ad)) = AM(w(z,2') + a+d)

for Pxa ® Pxa-almost every (z,a,z’;a’), and hence identifies w Px ® Px-almost

everywhere. To extend the result, I impose the condition below.

Assumption 3 (Global continuity) w is continuous on X x X.

Assumption 3 strengthens the diagonal continuity in Assumption 2(i). The two
conditions serve different roles. Assumption 2(i) is sufficient to identify the realized
agent effects, whereas Assumption 3 extends the almost-everywhere identified w to
its full support. In particular, under Assumption 3 and continuity of A, pp(z,a, 2, da’)
is continuous on Sy 4 X Sxa, so its almost-everywhere identified values uniquely de-
termine it everywhere. Together, Assumption 2(ii) and Assumption 3 match the

normalization and continuity conditions in Gao (2020) and Qi (2023).

Theorem 2 (Identification of dyadic surplus) Suppose Assumptions 1, 2(ii),
and 3 hold. Then w is identified on X x X, i.e., for every (x,a), (2',a’) € Sxa,

/ /
w(z,2’) = A (pp(z,a,2",d")) —a—a = log (1 ﬁDp(Dxé;Z:;:, ’;’)a/)) —a—ad.

Since the result follows directly from the preceding argument, the proof of Theo-
rem 2 is omitted. Because X; is observed and A; is identified, the joint distribution

of (X;, A;) is therefore identified. The following result is immediate.

Corollary 1 (Conditional mean of agent effects) Suppose Assumptions 1 and 2
hold and E[|A;]] < co. Then ¢(x) = E[A; | X; = x| is identified Px-almost surely.

4 Estimation

This section translates the identification results into a feasible likelihood-based pro-

cedure. I impose the parametric specifications
w(Xza Xj) = Q(Xian>/B07 QO(XJ = h(Xz')/’Yo,
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where g : X x X — R% and h: X — R% are known, dg and d, are fixed, g(z, ) =

g(z,x), and g(z,z) = 0. The latter restriction preserves the location normalization
in Assumption 2(ii). Write W;; = ¢(X;, X;) and Z; = h(X;). Equivalently,

Let BC R%, Ay C R, and I' C R% denote the parameter spaces for the dyadic-surplus
parameter, an agent effect, and the conditional-mean parameter, respectively. The
parameters of interest are 3y € B, the realized agent effects A" € A, and v € I
The proposed triad-anchored likelihood estimator (TALE) has four stages. The
first stage uses informative anchored triads to obtain initial estimates of §y and A™.
The second stage refines these estimates using all dyadic link indicators with dimin-
ishing stabilization. The third stage corrects the leading incidental-parameter bias in
the estimate of 3y, and the fourth stage bias-reduces the agent-effect estimates and

uses them to estimate vy. The resulting estimate is

ATALE _ [ 2TALE 4n,TALE ~TALE
QTALE _ (ﬁ | A TALE, )

4.1 The Triad-Anchored Likelihood Estimator

Stage 1: Triad anchoring. For an i-anchored triad (7,7, k), define A, j, = W;; +
Wix—Wji. Under the parametric specification above, the argument of A in (2) becomes
2A; + Al jpBo. For s € {=1,0,1} and n € R, define

lr(s,n) = |s|log A(sn) = |s| [sn — log (1 + exp(sn))].

Let Zp, = {i:{-1,1} C{Sijx: 1 <j<k<mn, jk#i}} contain the agents for
which both informative anchored-triad configurations are observed. The anchored-

triad conditional log-likelihood is

Lrn(BAai: i €Trnd) = > Y o (Sige 20 + A ) . (4)
i€lr, 1§j:£§n
7 1
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The first-stage estimates are given by

<§T, {A\ZT 1€ ITyn}) € arg max L (B,{a;:1€Ir,}).

)

a;€Ao, i€LT,n

For i ¢ Ty, 1 set AT =0 by convention.

Stage 2: Stabilized dyadic refinement. The second stage uses all dyadic link
indicators to refine the first-stage estimates. For d € {0,1} and n € R, define

{p(d,n) = dn —log (1 +exp(n)),

and let
Lon(B.a")y = > lp(Dy, W8+ a;i+ay) . (5)

1<i<j<n

The full dyadic likelihood uses link information discarded by the anchored-triad
criterion and hence has the potential to improve estimation precision. Direct joint
estimation of the high-dimensional agent effects, however, can be unstable in finite
samples. I therefore refine the first-stage estimates using the full dyadic likelihood
while initially penalizing departures of a; from fAlzT for i« € Zr,, with the penalty

gradually relaxed as the refinement proceeds.
Write A»T = (AT)™_, and initialize (3©,a™(©) = (37, A»T). At iteration ¢, define

pg) =A (W{jﬁ(t) + al(-t) + ag”) ; H£ = Zp(t) ( pm ) :
JF#i

The quantity H. Z-Pt is the negative second derivative of Lp ,, with respect to a;, evaluated

at the current iterate. I use this curvature to scale the agent-specific penalty. Let
kip =1(i € ITn)CtH Ct = Copt7

where ¢ > 0 and p € (0,1) are fixed constants. This scales the penalty to the local
likelihood curvature for each agent while allowing its influence to decline geometrically

as the refinement proceeds.
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Given k4, define
n " 1 — ~\ 2
0ualf ") = Lon(8,0) = 5 3w (o= A7) (©

Conditional on f®), update the agent effects according to

a1 e arg gle% Ot (5(t)7 an) )
a 0

and then update the dyadic-surplus parameter according to
1) ¢ argmax £ a™ ) |
5 g 3eB Dmn (57 )

Only the agent effects are penalized, whereas [ is re-estimated from the full dyadic
likelihood at every iteration. Alternating between the two parameter blocks is used
for computational convenience, replacing joint optimization over n + dg parameters
by successive conditional optimizations.

Let R,, be the first iteration for which cg, <6, and

ot - 5+ o

Rn+1 R
G,(- ) _ (12(' " < En,
1<i<n

where 9,, and ¢,, are positive sequences converging to zero at rates specified in Sub-

section 4.2. The second-stage estimates are
(Bs 1@,3) _ (5(Rn+1) an,(RnJrl)) .
For an interior solution, the S-maximization step implies

;j [Dij — A(VVJJB\S + A\zS + A\f')] Wi; = 0. (7)

Stage 3: Bias correction for the common parameter. The third stage corrects
the leading bias in BS induced by estimating the growing vector of agent effects.
Holding AS fixed, for a candidate b define

) = A(Wib+ B+ A5), w50) =0) {1-0)}-

)
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Let (a’g(b), . ,gnvg(b)) solve the weighted additive projection

min Z ”sz 62 _§j|’27
('51 ~~~~~ ﬁn)e 1<j
and define
Wi (b) = Wij — &.5(b) — &,s(D).

Thus, Wg (b) is W;; residualized with respect to additive agent-specific terms under

the likelihood weights 7 (D).
Define

Ls(b) = D O5OWS WS Y, Hysb) = > 0;(0)

i<j J#i

and
Ris(b) =Y _ —05(b) {1 =255 (b)} W5 (b)
J#
A second-order expansion of (7), accounting for estimation of the agent effects, yields

the estimated leading bias at b,

§O>
@

(8)

[\Dlr—t

bs,5(b)

m>

Let (, be a positive sequence converging to zero at a rate specified in Subsection
4.2. The third-stage estimate FTALE satisfies

Jpros - {5 s (5705) | < 0

Because the bias map depends on the corrected value of b, (9) is solved iteratively.
Starting from b® = 39, iterate bV = 35 —Egvs(b(")), holding AS fixed, until the

tolerance is met.
Stage 4: Bias-reduced effect profiling. The third stage applies a bias correction

to the second-stage estimate B\S while retaining AmS . The fourth stage therefore fixes

3 at BTALE and re-estimates the agent effects using a bias-reduced likelihood.
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For any (/3,a"), define
vij(B,a") = A(WB + a; 4+ a;) [1 — A (W5 + a; + a;)] -

Let Ja(B,a") = [Ja4;(B,a"™)]};=, denote the fixed-3 information matrix for the agent
effects, with

JA K1) ﬁa ZVU n 7 JA,ij(/Baa'n) = Vij(ﬁvan)’ i 7é ]
J#i

To reduce finite-sample bias in the agent-effect estimates, I use the Jeffreys—Firth
adjustment of Firth (1993). The final agent-effect estimates are

R 1
APTALE ¢ oo max {ﬁDn (@TALE, a") + 3 log det J4 (ETALE, a”) } : (10)

For computation, A™S serves as the initial value for this fixed-3 optimization.
Finally, using the specification ¢(X;) = Z!, estimate the conditional-mean pa-

rameter by

-1,
/\TALE (Z 7. Z) Z ZZ'JZQI‘ALE. (11)
i=1

Together, (9), (10), and (11) complete the construction of TALE.

4.2 Large-sample properties

I now establish the large-sample properties of TALE as n — oo, with dg and d,, fixed.

The following conditions are maintained throughout this subsection.
Assumption 4 (Parameter spaces and regressor variation)

(i) B is compact and convex, with By € int(B). The set Ay is a compact interval

containing zero, and A C int(Ap).
(1t) Wi; and Z; are uniformly bounded.

(iii) The matrices Q. = E[W;W3'], Qz = E[ZZ]), and Q, = E[Z,Z]V?] are
positive definite, where Wz = Wi; — E[Wy; | Xi] — E[Wy | Xj] + E[W;].
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Under Assumption 4(i) and the boundedness of W;; in Assumption 4(ii), the logit
index Wj; 8+ a;+ a; is uniformly bounded over (3, a;, a;) € B x A2. The resulting link
probabilities are therefore uniformly bounded away from zero and one, and expected
degrees are of order n. The asymptotic analysis is thus for a dense-network sequence.

Assumption 4(iii) supplies the nondegeneracy conditions for estimation of 3y and .

Proposition 1 (Availability and convergence rates)  Suppose Assumptions 1
and /(i)-(ii) hold, Q. is positive definite, 6, = O(n~*/?), and ¢, = O(n™1). Then
Pr(Zr, = {1,...,n}) = 1. Forr € {T, S, TALE}, 3" — 8o = O,(n"1), and AT — A; =
O,(n=Y2) for every fized agent i. Moreover,

logn

The availability result implies that the fallback ﬁ;f = 0 is asymptotically irrele-
vant. The proposition also shows that 3" — 3y = Op(n~') and 2: — A; = 0,(n71/?)
for each fixed agent.

Let (B\J | And ) denote the joint maximum likelihood (JML) estimator obtained
from Lp,. If the rate conditions in Proposition 1 are strengthened to d,, = o(n=1/?)
and e, = o(n™1), then 35 — 37 = 0,(n"!) and, for each fixed i, AS — A7 = 0,(n"1/2).
Thus, the stabilization is asymptotically negligible relative to the estimation errors
of the JML estimator.

For first-order inference, strengthen the stopping-rate conditions to d,, = o(n~/?)

A7 — A

%zz;: (/Al: - Ai>2 =0,(n™"), max

1<i<n

and ¢, = o(n™!), and let the Stage-3 fixed-point tolerance satisfy ¢, = o(n™!). These
conditions make the remaining stabilization and numerical errors negligible relative
to the n~! stochastic scale of the dyadic-surplus estimator.

For first-stage inference, let ¢; denote the ith coordinate vector and define z; ;, =

(Al x> 2¢;)". At the true parameters, let

HT,O = Ui,jkxi,jkx@jm QT,O = Var ( Ti kUi jk ‘ ]:n) .
i §<k;gk#i 1 j<k;jk#i

Write Vro = Hy, %)QT,OH:F é, and let Vg1 denote its 8 block and v; 1y its diagonal

entry corresponding to A;.

Assumption 5 (Nondegenerate first-stage variance) For every fized nonzero
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c € R% and every fized agent i, there exist constants 0 < ¢ < ¢ < oo such that,

with probability approaching one, ¢ < n*d'Vgroc < ¢ and ¢ < nv;ro < C.

The first-stage variance estimator accounts for the dependence between anchored-

triad scores that share link indicators. At the first-stage estimates, define

~ ikl + Sk
Qi ik = A(2A + A/ ]k;ﬁ uz,]k = |]‘—J ‘S,]k’(b,jka
Ok = S0l gi (1 — Qi) HT = Z Z Uzgkl’zgkx”k

i j<k;gk#i

For an unordered dyad d, let @d be the sum of z; jzu; ;i over anchored triads whose
three constituent dyads include d. All sums use focal agents in Zr,; when Zr,, is

a proper subset, the matrices are formed over the corresponding estimated effect

(Z GdG’) Hi'. (12)

Write \A/B,T for its 8 block and v; r for its diagonal entry corresponding to A;.

coordinates. Define

For the dyadic estimates, use the quantities defined in Stage 3 to set

?ﬁ(b [Z {Dw ng } )] FS(b) : (13)

1<J

For r € {S, TALE}, set Vj, = Vg(ﬁ ) and v;, = [JA(BT Anry=1 4

Let br, and bp, denote the leading conditional bias termsu in the expansions
of BT and the dyadic JML estimator, respectively. Their expressions are derived
in Appendix A.2, and both are of order n=!. The dyadic term is the population
counterpart of the Stage-3 bias map, whereas the first-stage term additionally reflects

the random curvature of the anchored-triad criterion. Set bg,, = bp, and brarg,, = 0.

Theorem 3 (Asymptotic normality) Suppose Assumption 1, Assumption 4(@')7
(i), and Assumption 5 hold, and Q) is positive definite. Suppose further that &,
o(n=1?), g, = o(n™'), and ¢, = o(n"'). Then, for every fived nonzero c € R%, every
fized agent i, and r € {T,S, TALE},

B P b gy, AA

— Y ) = :
\/ ' Vsc Yir
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The variance estimators are ratio consistent for the conditional variances of the cor-
responding leading linear terms. In particular, the dyadic-surplus variances are of

2 -1

order n=* and the fized-agent variances are of order n

The plug-in first-stage bias estimator defined in Appendiz A.2 satisfies
BTJL — b, = o0p(n7 1),
and the Stage-3 bias map satisfies
bs.5(8%) = b = 0,(n 7).

Hence the same normal limits hold after replacing br, and bp ,, by these feasible bias

estimates. All limits above also hold conditionally on JF,, in probability.

The first-stage and stabilized dyadic-surplus estimates therefore have leading bi-
ases of the same order as their standard errors. Feasible centered inference uses
BT _/b\T,n at the first stage and BS —3515(35 ) after dyadic refinement. Stage 3 incor-
porates the latter correction into BTAMF. For a fixed agent, by contrast, the Jeffreys—

1

Firth adjustment changes the fixed-f effect profile by order n~", which is negligible

1/2

relative to its n~"/= stochastic scale.

Finally, define V; = EZIALE — Z!7"™LE and

V, = (Z ZZ-Z{> _ (Z ZiZ{XA/f> <Z ZZ-Z;> _ . (14)

Corollary 2 (Conditional-mean parameter) Suppose Assumptions 1 and 4 hold

and the conditions of Theorem 3 are satisfied. Then YTALE —  ~y and
Vi (ATARE — ) = Q) \F Z ZiVi + 0,(1) = N (0,Q5'Q,Q,") .

U -1 -1
Moreover, nV, =, Q, Q,Q, .

Thus, averaging the estimated agent effects makes their estimation error second
order for estimation of ~o. Specifically, £ 3" | Z; (ﬁALE Ai> = Op(n™1).
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5 Monte Carlo simulation

This section evaluates the finite-sample performance of the triad-anchored likelihood
estimator (TALE) and its four stages in designs that reproduce the main empirical dif-
ficulties motivating the paper: unobserved degree heterogeneity, dependence between
observables and latent link propensities, and low-density realized networks. The sim-
ulations focus on three margins that are central to the paper’s contribution. The
first is the performance of Stage 1 triad anchoring relative to tetrad logit for estimat-
ing the dyadic-surplus parameter. The second is the improvement in the recovered
realized agent effects as TALE moves from triad anchoring to stabilized dyadic refine-
ment and then to bias-reduced effect profiling. The third is computational feasibility
when informative local conditioning configurations become scarce, a setting in which
direct joint fixed-effect methods often return estimates only on a selected subset of
replications.

The designs are motivated by Appendix D of Graham (2017), but are tailored to
the present paper because the target includes both the dyadic-surplus parameter and
the realized vector of agent effects. For each unordered dyad 1 < i < j < n, links are

generated according to
Dij = {Wy;80 + Ai + A; > Ui},

where the shocks U;; are i.i.d. standard logistic. The dyadic regressor is W;; =
| X; — Xj|, with X; ~ Unif[—2,2] independently across agents, and I set 5, = —1.
Thus, in these designs, fy is a homophily coefficient: holding the unobserved agent
effects fixed, similarity in the observed characteristic raises the probability of a link.

The agent effect is generated as
Ai=r+nXi+V;,

with
Ao

Ao + A1

‘/; = 31gn(XZ) |:Bl — :| s Bl ~ Beta()\g, )\1),

where B; is independent of X;. This construction keeps E[V; | X;] = 0, while allowing
the shape of latent heterogeneity and its dependence on observables to vary across

designs. The parameter vy shifts the overall link propensity and hence network den-
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sity, whereas 7, controls the systematic dependence of latent link propensity on the
observed characteristic.

The main tables use 500 independent replications with n = 100 agents. Table 1
reports the six designs and the resulting network statistics. Designs S.1-S.3 set 73 = 0
and (Mg, A1) = (1, 1), so that latent agent effects are conditionally mean independent
of X; and symmetrically distributed around ~y. Designs S.4-S.6 set v; = 0.25 and
(Mo, A1) = (0.25,0.75), producing agent effects that are correlated with observables
and skewed. In both groups, 7o € {—0.5, —0.75, —1} moves the network from moder-

ately dense to relatively low density.

Table 1: Simulation Designs and Network Summary Statistics

Symmetric Uncorrelated Right-Skewed Correlated

Agent Effects Agent Effects
S.1 S.2 S.3 S.4 S.5 S.6
Panel A: Design parameters
Yo -0.5  -0.75 -1 -0.5  -0.75 -1
o0 0 0 0 0.25  0.25 0.25
Ao 1 1 1 0.25  0.25 0.25
A1 1 1 1 0.75  0.75 0.75

Panel B: Network statistics
Largest Component Fraction 1.000 0.998  0.984 0.998 0.991 0.966

Network Density 0.121  0.079  0.051 0.127  0.085 0.055
Avg. Degree 11.946 7.798 5.013 12.574 8.415 5.456
Std. of Degree 4.521 3437  2.619 5.941 4.528 3.332
Network Transitivity 0.161 0.108  0.072 0.206  0.149 0.104
Informative Triad Fraction 0.105 0.072 0.048 0.108 0.076 0.051
Tetrad Tetrad Fraction 0.025 0.013 0.006 0.024 0.013 0.007

Notes: Panel A reports the parameter values used in each simulation design. Panel B reports
averages across 500 Monte Carlo replications with n = 100. Largest Component Fraction is the
fraction of agents contained in the largest connected component. Network Density is the fraction
of realized links among all unordered dyads. Avg. Degree and Std. of Degree are the mean and
standard deviation of agent degree. Network Transitivity is the global clustering coefficient: the
number of closed triples divided by the number of connected triples. Informative Triad Fraction is
the fraction of anchored triad configurations satisfying |.S; jx| = 1. Informative Tetrad Fraction is
the fraction of two-link tetrad configurations in which the two links share no agents, as used by the
tetrad-logit estimator of Graham (2017).

The designs deliberately avoid a trivial fragmentation problem. Even in the

lowest-density correlated design, the largest component contains about 97 percent
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of agents. The difficulty instead comes from the declining amount of local condi-
tioning information. As 7 falls, density decreases from about 0.12 to about 0.05
and average degree falls from roughly 12 to roughly 5. At the same time, transi-
tivity and the frequency of conditioning configurations fall sharply. The informative
anchored-triad fraction declines from about 0.11 to about 0.05, while the tetrad con-
ditioning fraction falls from about 0.025 to about 0.006. Thus the difficult cases are
lower-density networks in which the graph remains largely connected but the local
configurations used by conditional procedures become increasingly rare.

Table 2 reports the performance of three benchmarks and the four stages of TALE
for 5y and the realized agent effects A". Tetrad logit provides a conditional-likelihood
benchmark for 5y. JML is direct joint maximum likelihood, and JML + RBC is the
residualized bias-correction benchmark applied to JML. The remaining rows corre-
spond to the four stages of the proposed estimator. TALE Stage 1 is triad anchoring.
Stage 2 performs stabilized dyadic refinement using the full dyadic likelihood. Stage
3 applies the analytical bias correction to BS while retaining the Stage-2 agent effects.
Stage 4, which delivers the final TALE estimate, fixes § at the Stage-3 estimate and
bias-reduces the agent-effect profile. Accordingly, the Stage-3 entries for A™ coincide
with Stage 2, while the Stage-4 entries for (3, coincide with Stage 3. This layout
shows which stage is responsible for each finite-sample gain without presenting the
four stages as separate proposed estimators.

For the dyadic-surplus parameter, the main message is that recovering agent ef-
fects does not come at the cost of a weak estimate of §y. Tetrad logit performs well,
as expected: it has small bias and coverage near or above the nominal level in all
six designs, but it does not estimate A”. TALE is competitive on the same parame-
ter. Stage 3, which is also the § component of the final TALE estimate, has smaller
RMSE than tetrad logit in every design in Table 2, with RMSE between 0.068 and
0.103 compared with 0.075 to 0.123 for tetrad logit. Its coverage remains close to
nominal, ranging from 0.942 to 0.960. Thus the simulations do not indicate a trade-
off in which latent heterogeneity can be recovered only by sacrificing precision in the
dyadic-surplus parameter.

The comparison with JML and JML 4+ RBC highlights the computational role
of triad anchoring. The direct JML benchmarks perform reasonably in the denser
designs conditional on convergence, but their success counts deteriorate quickly as
network density falls. At n = 100, JML and JML + RBC succeed in only 116 of 500
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Table 2: Monte Carlo Results for (5, A™)

Design Method Dyadic-surplus parameter (o Realized agent effects A™ Su({cess.ful
Bias SD RMSE 95% Cov. Bias SD RMSE 05% Cov. ‘cPlications
Tetrad logit -0.004 0.075 0.075 0.982 500
JML -0.027 0.069 0.074 0.904  -0.085 0.040 0.366 0.967 499
JML + RBC  -0.003 0.068 0.068 0.942  -0.041 0.038 0.361 0.954 499
S.1 TALE: Stage 1 -0.023 0.071 0.075 0.968  -0.098 0.069 0.540 0.958 500
TALE: Stage 2 -0.027 0.069 0.074 0.932  -0.032 0.040 0.366 0.953 500
TALE: Stage 3 -0.003 0.068 0.068 0.956  -0.032 0.040 0.366 0.950 500
TALE: Stage 4 -0.003 0.068 0.068 0.956 0.000 0.036 0.337 0.955 500
Tetrad logit -0.014 0.091 0.092 0.976 500
JML -0.036 0.084 0.091 0.899  -0.133 0.049 0.461 0.977 405
JML + RBC  -0.010 0.081 0.082 0.926  -0.067 0.045 0.450 0.960 405
S.2 TALE: Stage 1 -0.029 0.089 0.094 0.974  -0.323 0.178 1.538 0.953 500
TALE: Stage 2 -0.033 0.085 0.091 0.948  -0.107 0.116 0.845 0.957 500
TALE: Stage 3 -0.008 0.082 0.082 0.958  -0.107 0.116 0.845 0.954 500
TALE: Stage 4 -0.008 0.082 0.082 0.958  -0.002 0.044 0.415 0.955 500
Tetrad logit -0.013 0.118 0.119 0.968 500
JML -0.033 0.098 0.103 0.879  -0.190 0.060 0.557 0.985 116
JML + RBC  -0.005 0.095 0.095 0.922  -0.094 0.055 0.537 0.963 116
S.3 TALE: Stage 1 -0.027 0.117 0.120 0970 -1.089 0.371 3.454 0.901 500
TALE: Stage 2 -0.029 0.107 0.110 0.940 -0.433 0.292 2.625 0.949 500
TALE: Stage 3 -0.002 0.103 0.103 0.942  -0.433 0.292 2.625 0.946 500
TALE: Stage 4 -0.002 0.103 0.103 0.942  -0.004 0.055 0.513 0.952 500
Tetrad logit -0.022 0.075 0.078 0.958 500
JML -0.026 0.071 0.076 0.906  -0.086 0.044 0.378 0.967 415
JML + RBC  -0.003 0.070 0.069 0.920 -0.043 0.042 0.374 0.955 415
S.4 TALE: Stage 1 -0.026 0.074 0.078 0.952  -0.206 0.136 1.184 0.950 500
TALE: Stage 2 -0.027 0.070 0.075 0.934  -0.076 0.108 0.731 0.952 500
TALE: Stage 3 -0.003 0.068 0.068 0.942  -0.076 0.108 0.731 0.948 500
TALE: Stage 4 -0.003 0.068 0.068 0.942  -0.001 0.040 0.353 0.954 500
Tetrad logit -0.031 0.090 0.095 0.970 500
JML -0.024 0.078 0.082 0.919 -0.124 0.052 0.453 0.974 221
JML + RBC 0.001 0.076 0.076 0.932  -0.061 0.048 0.443 0.957 221
S.5 TALE: Stage 1 -0.026 0.089 0.093 0.964  -0.570 0.257 2.365 0.928 500
TALE: Stage 2 -0.029 0.084 0.089 0.950 -0.254 0.234 1.821 0.948 500
TALE: Stage 3 -0.004 0.081 0.081 0.960 -0.254 0.234 1.821 0.944 500
TALE: Stage 4 -0.004 0.081 0.081 0.960 0.001 0.046 0.427 0.951 500
Tetrad logit -0.038 0.117 0.123 0.970 500
JML 0.010 0.104 0.102 0.885  -0.178 0.070 0.540 0.982 26
JML + RBC 0.037 0.101 0.105 0.808  -0.085 0.062 0.521 0.962 26
S.6 TALE: Stage 1 -0.031 0.117 0.121 0970 -1.402 0.425 3.970 0.869 500
TALE: Stage 2 -0.026 0.104 0.107 0.940 -0.769 0.418 3.900 0.932 500
TALE: Stage 3 0.001 0.101 0.101 0.946  -0.769 0.418 3.900 0.929 500
TALE: Stage 4 0.001 0.101 0.101 0.946 0.000 0.058 0.517 0.951 500

Notes: Entries, including 95% coverage rates, are based on successful replications among 500 Monte
Carlo replications with n = 100, where success means that the computation completed and returned
estimates. JML denotes joint maximum likelihood; JML + RBC is the residualized bias-correction
benchmark. TALE Stages 1-4 are triad anchoring, stabilized dyadic refinement, bias correction for 3,
and bias-reduced effect profiling, respectively. Stage 3 retains the Stage-2 A™, while Stage 4 retains
the Stage-3 3. Bias, SD, RMSE, and 95% Cov. denote Monte Carlo mean bias, standard deviation,
root mean squared error, and coverage. For A", Bias and SD use the average error n=1 Y, (4; — 4;),

RMSE uses {n~1 Zl(ﬁz — A;)?}/2 and coverage is averaged across agents.
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replications in Design S.3 and only 26 of 500 replications in Design S.6. Their re-
ported bias, RMSE, and coverage in those designs are therefore computed on selected
successful replications. By contrast, all four TALE stages return estimates in all 500
replications in every design. This distinction is important empirically: the relevant
comparison concerns not only accuracy conditional on numerical success, but also
whether the procedure remains operational when heterogeneous degree propensities
and scarce conditioning events make direct high-dimensional likelihood optimization
difficult.

The rows for A™ show why the four-stage construction is useful. Stage 1 already
produces estimates of both 3y and the realized agent effects, reflecting the constructive
content of the identification argument, but its role is to provide an anchored starting
point. Its RMSE for A" rises in the lower-density designs because each focal agent
is supported by fewer informative anchored triads. Stage 2 improves these estimates
by incorporating all dyadic link indicators. The largest improvement in the realized
effects comes from Stage 4, which bias-reduces the fixed-/3 effect profile. In Design
S.3, the RMSE for A” falls from 2.625 at Stage 2 to 0.513 at Stage 4. In Design S.6,
it falls from 3.900 to 0.517. The resulting coverage for the agent effects is close to 95
percent across all designs. Hence the simulation evidence supports the paper’s central
empirical premise: the latent effects can be treated as estimable economic objects,
rather than only as nuisance parameters to be conditioned out.

Table 3 examines the next step, namely whether the recovered agent effects can be
used to estimate the systematic component A; = v9+7v1X;+V;. The table reports this
target for the final TALE estimate; the benchmark rows are omitted. The estimates
use the Stage-4 agent effects and project them on (1, X;), exactly as in the final step
of the estimation procedure.

The low-dimensional heterogeneity parameters are recovered accurately. For 7y,
the absolute bias is at most 0.006 and the RMSE is at most 0.066 across the six de-
signs. Coverage ranges from 0.956 to 0.976. For 74, the absolute bias is at most 0.008,
the RMSE is at most 0.049, and coverage ranges from 0.966 to 0.982. These results
are important because they evaluate a target that conditional likelihood methods
cannot deliver. TALE not only controls for latent degree heterogeneity when esti-
mating the dyadic-surplus parameter; it also recovers enough information about that
heterogeneity to study its systematic relationship with observed characteristics.

Appendix Tables B.1-B.3 and B.4-B.6 repeat the exercise with n = 50 and n =
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Table 3: Monte Carlo Results for (v, 1)

7o ga!
Design  Bias SD RMSE 95% Cov. Bias SD RMSE 95% Cov.
S.1 0.001 0.047 0.047 0.964 -0.002 0.036  0.036 0.982
S.2 -0.004 0.053 0.053 0.974 0.000 0.040 0.040 0.982
S.3 -0.006 0.062 0.062 0.976 0.007 0.047 0.048 0.982
S.4 -0.002 0.050  0.050 0.956 0.001 0.039 0.039 0.972
S.5 -0.003 0.055 0.055 0.968 -0.002 0.044 0.044 0.966
S.6 0.000 0.066  0.066 0.964 -0.008 0.048 0.049 0.972

Notes: Entries, including 95% coverage rates, are based on successful replications among 500
Monte Carlo replications with n = 100. The estimates of (yy,71) are obtained by projecting
the final TALE agent-effect estimates AnTALE o (1, X;). Bias, SD, RMSE, and 95% Cov.
denote Monte Carlo mean bias, standard deviation, root mean squared error, and coverage.

150. The same pattern appears at both sample sizes. With n = 50, the direct
JML benchmarks succeed in only 10 replications in Design S.3 and 5 replications
in Design S.6, whereas all four TALE stages remain feasible in all 500 replications.
With n = 150, the benchmark algorithms improve but still have only 88 successes
in the lowest-density correlated design. The final TALE estimates of A™ and (o, 71)
become more precise as n grows. Overall, the Monte Carlo evidence supports three
conclusions: informative anchored triads provide a useful first-stage anchor for S,
and A"; stabilized dyadic refinement preserves numerical feasibility while using the
full network; and the final bias corrections deliver accurate inference for the dyadic-

surplus parameter and economically useful estimates of latent heterogeneity.

6 Empirical Applications

6.1 Microfinance Village Networks

I apply TALE to the village networks collected by Banerjee et al. (2013) in their study
of the diffusion of microfinance in Karnataka, India. The data contain household
socioeconomic characteristics and nominations across multiple types of social and
economic relationships. I define an undirected link between two households if either
reports a relationship with the other. For each of the 43 villages, I retain the giant
component and treat it as a separate network.

The retained sample contains 9,126 households. Table 4 summarizes the six house-
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hold characteristics used in the analysis: private electricity, latrine ownership, num-
bers of beds and rooms, household size, and an indicator for whether the household
contains an individual designated by the microfinance program as a leader. About
63 percent of households have private electricity, 27 percent own a latrine, mean

household size is 4.8, and 12.5 percent are leader households.

Table 4: Household characteristics across 43 villages

Variable Mean Std. dev. Min. Max.
Private electricity 0.628 0.483 0 1
Owned latrine 0.273 0.446 0 1
Beds 0.874 1.424 0 50
Rooms 2.367 1.327 0 20
Household size 4.776 2.218 1 31
Leader 0.125 0.331 0 1

Notes: Summary statistics use all 9,126 retained households. Binary variables are indicators; beds,
rooms and household size are counts in levels. Supplied data and existing imputations are retained.

I first estimate a common link-formation specification across the 43 networks. For
the binary household characteristics, the dyadic regressors indicate whether the two
households have the same status. For beds, rooms, and household size, the regressors
are absolute differences. The common dyadic-surplus coefficients are pooled across
villages, while TALE allows each of the 9,126 households to have its own latent link
propensity. All within-village household pairs enter the likelihood, giving 1,024,042
dyads in total.

Table 5 compares pooled logit with TALE. The pooled specification omits house-
hold effects, whereas the TALE column reports the Stage-3 bias-corrected dyadic-
surplus estimates. The comparison shows that controlling for latent degree hetero-
geneity can materially change the estimated pattern of matching on observed char-
acteristics.

For the two binary measures of household infrastructure, TALE finds positive
assortative matching. Households with the same electricity status and the same
latrine-ownership status are more likely to be linked, with estimated coefficients of
0.323 and 0.324, respectively. For the count variables, similarity in beds and rooms
is also associated with link formation: the corresponding gap coefficients are —0.067
and —0.018. The household-size gap is small and statistically insignificant.

The contrast with pooled logit is particularly informative. The pooled coefficient
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Table 5: Link Formation Estimates across 43 Indian Villages

Variable Pooled Logit TALE
Same private electricity status 0.298*** 0.323***
(0.010) (0.011)
Same owned latrine status 0.163%** 0.324%**
(0.010) (0.012)
Beds gap 0.004 -0.067***
(0.003) (0.006)
Rooms gap 0.028%** -0.018%#*
(0.004) (0.006)
Household size gap 0.039%** -0.005
(0.002) (0.004)
Same leader status -0.289%** 0.159%**
(0.011) (0.017)
Constant -3.293%** -
(0.015)
Household effects No Yes
Villages 43 43
Households 9,126 9,126
Dyads 1,024,042 1,024,042
Log likelihood -181,465.73 -155,580.39
Pseudo R? 0.0065 0.1483

Notes: All within-village household pairs enter the estimation; cross-village pairs are excluded. The
six dyadic covariates have common coefficients across villages. Binary characteristics are represented
by same-status indicators, while count characteristics enter as absolute gaps. Pooled Logit includes
a common intercept and omits household effects. TALE includes unrestricted household effects and
reports the Stage-3 bias-corrected dyadic-surplus estimates BTALE, Fit statistics are evaluated at
the final TALE estimates. Standard errors are in parentheses; TALE uses the nuisance-adjusted
dyadic sandwich estimator. McFadden pseudo-R? uses a pooled intercept-only model as the null.
*p < 0.10, ***p < 0.05, ***p < 0.01.
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on the beds gap is essentially zero, while the rooms and household-size gaps have
positive coefficients. After household effects are introduced, the beds and rooms
coefficients become negative and the household-size coefficient moves close to zero.
The coefficient on same leader status changes even more sharply, from —0.289 under
pooled logit to 0.159 under TALE. Thus, some apparent differences in linking across
household types are reversed once persistent household-specific link propensities are
accounted for. In this application, treating degree heterogeneity as an omitted com-
ponent can therefore alter not only the magnitude but also the sign of estimated
homophily patterns.

The improvement in in-sample fit is also substantial: the McFadden pseudo-R?
rises from 0.0065 under pooled logit to 0.1483 under TALE. Because TALE introduces
a large collection of household effects, this comparison should not be interpreted as
formal model-selection evidence. Its main role is to indicate that household-specific
link propensities capture an empirically important dimension of the observed net-
works.

A distinctive feature of TALE is that this heterogeneity is recovered rather than
removed from the analysis. I therefore next examine the final Stage-4 household
effects @{,ALE, where ¢ indexes households and v villages. These effects are obtained
by bias-reduced profiling with the Stage-3 dyadic-surplus estimate held fixed. To
illustrate their network interpretation, I display one of the 43 village networks. The
effects are centered within the displayed network for graphical presentation.

Figure 2 shows pronounced heterogeneity in latent link propensity within a single
village. Households with large positive effects tend to appear in the densely connected
part of the network, whereas households with low effects tend to have fewer observed
connections. This relationship is expected because A;, shifts the probability of every
link involving household . The recovered effect, however, is a model-based link
propensity conditional on observed household similarity and on the effects of potential
partners, rather than simply the household’s observed degree.

To examine this relationship directly, let d;,, = > ki D;j, denote household ’s
observed degree within village v.

Figure 3 shows that the two objects are very strongly related in Village 1. The
Pearson correlation is approximately 0.935 and the Spearman rank correlation is
approximately 0.991. This close relationship is economically natural: households with

a high persistent propensity to form links should generally have high observed degree.
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o
Stage-4 TALE household effect (centered)

Figure 2: Microfinance Village Network: Recovered Household Effects and Observed

Links

Notes: The figure displays the giant component of Village 1. Each node represents a household,
and edges indicate observed social or economic relationships. Node size and color reflect the mean-
centered Stage-4 TALE household effects; larger nodes and warmer colors indicate higher recovered
link propensities.
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Recovered Household Effects and Observed Degree
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Figure 3: Microfinance Village Network: Recovered Household Effects and Observed

Degree
Notes: The figure displays households in the giant component of Village 1. The horizontal axis
reports the mean-centered Stage-4 TALE household effect and the vertical axis reports observed
degree.

It also clarifies what is gained by estimating the household effects. Degree is a realized

network count, whereas ATALE

places households on a common covariate-adjusted
link-propensity scale. This adjustment is precisely what permits the comparison
between pooled logit and TALE above and, more importantly, allows the recovered
heterogeneity itself to become an object of economic analysis.

I finally examine the systematic relationship between the recovered household
effects and observed household characteristics. This is the empirical counterpart of
the conditional-mean specification A; = Z!vy + V; introduced in Section 4.

Table 6 relates the final Stage-4 TALE household effects to observed household
characteristics. The first column pools the 43 villages without village fixed effects,
while the second adds village fixed effects and therefore identifies the household-
characteristic associations from within-village variation.

The estimated relationships are remarkably stable across the two specifications.
Private electricity has a small and statistically insignificant coefficient in both columns.
By contrast, latrine ownership, the numbers of beds and rooms, household size, and
leader status are all positively and precisely associated with the recovered household

effects. With village fixed effects, the corresponding coefficients are 0.136 for latrine
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Table 6: Recovered Household Effects and Household Characteristics

Variable No Village FE Village FE
Constant -2.663%** -2.598%**
(0.027) (0.070)
Private electricity -0.031 -0.028
(0.019) (0.020)
Owned latrine 0.114%** 0.136%**
(0.022) (0.022)
Beds 0.037*** 0.041%**
(0.008) (0.008)
Rooms 0.035%** 0.029%**
(0.008) (0.008)
Household size 0.106*** 0.108***
(0.004) (0.004)
Leader 0.388*** 0.386***
(0.028) (0.027)
Villages 43 43
Households 9,126 9,126
R? 0.1412 0.1729

Notes: The dependent variable in both columns is the uncentered final Stage-4 TALE household
effect E};ALE from the link model pooled across all 43 villages. Both regressions include a constant
and all six household characteristics in levels. The first column omits village indicators; the second
includes 42 village indicators, with village 1 as the reference category. SEs in parentheses incorporate
household-effect estimation uncertainty, covariance across villages from the shared estimated £, and
the noise-adjusted residual-variance correction. R? includes all regressors in the respective column.
These coeflicients describe associations. *p < 0.10, **p < 0.05, ***p < 0.01.
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ownership, 0.041 for beds, 0.029 for rooms, 0.108 for household size, and 0.386 for
leader status. The leader coefficient is the largest: conditional on the other household
characteristics and village fixed effects, households containing an individual desig-
nated by the microfinance program as a leader have substantially higher recovered
link propensities.

The similarity of the coefficients with and without village fixed effects is infor-
mative. For example, the leader coefficient changes only from 0.388 to 0.386, while
the household-size coefficient changes from 0.106 to 0.108. The positive associations
therefore primarily reflect within-village differences across households rather than
differences in average latent link propensity across villages. Adding village fixed ef-
fects raises the R? from 0.141 to 0.173, indicating that village-level heterogeneity
contributes additional explanatory power but leaves the main household-level rela-
tionships largely unchanged.

These results give economic content to the latent degree heterogeneity that mat-
ters for the link-formation estimates. Larger households, households with more hous-
ing resources, and especially households containing a designated leader tend to have
systematically higher underlying propensities to form social and economic relation-
ships. At the same time, the specification with village fixed effects explains only
about 17 percent of the variation in the recovered household effects, leaving most of
the household-specific heterogeneity unexplained by the available observables.

Taken together, the 43-village application illustrates two roles of latent degree
heterogeneity in network formation. First, allowing for household effects materially
changes the estimated pattern of matching on observed characteristics, including sev-
eral sign reversals relative to pooled logit. Second, because TALE recovers rather than
eliminates these effects, their systematic relationship with household characteristics
can be studied directly. The application therefore separates observable assortative
matching from persistent household-specific propensity to participate in the village

network.

6.2 Nyakatoke Village Network

I apply TALE to a household risk-sharing network from Nyakatoke, a village in Tan-
zania studied by De Weerdt (2004). A link is present if either household names the

other as someone it can rely on for help in cash, kind, or labor. The resulting undi-
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rected network therefore records reported support relationships among households.
The sample contains 116 households and 480 links among 6,670 unordered household

pairs, giving a network density of 0.072 and an average degree of 8.276.

Table 7: Nyakatoke Village Network: Summary Statistics

Variable Obs. Mean SD Min Med Max

Panel A: Household characteristics
Age of household head 116 45509  15.820  21.000  42.000  89.000

Female head 116 0.267 0.444 0.000 0.000 1.000
Head born in NYK 116 0.526 0.501 0.000 1.000 1.000
Catholic household 116 0.422 0.496 0.000 0.000 1.000
Muslim household 116 0.207 0.407 0.000 0.000 1.000
Log wealth 116 12.531 1.908 0.000 12.678  15.783
Panel B: Dyadic link outcome and link shifters

Link indicator 6,670 0.072 0.258 0.000 0.000 1.000
Age gap of heads 6,670  17.862  13.474 0.000 15.000  68.000
Same-sex head pair 6,670 0.605 0.489 0.000 1.000 1.000
Same NYK-born status 6,670 0.497 0.500 0.000 0.000 1.000
Same religion 6,670 0.353 0.478 0.000 0.000 1.000
Close kin 6,670 0.016 0.126 0.000 0.000 1.000
Extended kin 6,670 0.015 0.121 0.000 0.000 1.000
Other blood relation 6,670 0.025 0.156 0.000 0.000 1.000
Log wealth gap 6,670 1.437 2.284 0.000 0.882 15.783

Log physical distance 6,670 6.049 0.708 2.667 6.138 7.460

Notes: Obs., Mean, SD, Min, Med, and Max denote the number of observations, sample mean,
standard deviation, minimum, median, and maximum, respectively. Panel A reports household-
level characteristics. Panel B reports variables defined for unordered household pairs. The link
indicator equals one if either household names the other as someone one can rely on for help in cash,
kind, or labor. Log wealth is defined as log(1l 4+ wealth), where wealth is measured in Tanzanian
shillings. Age gap of heads is the absolute age difference between the two household heads. Same
head sex is an indicator equal to one if the two household heads have the same sex. Log wealth
gap is the absolute difference in log wealth. Physical distance is the absolute geographic distance
between households, measured in meters before taking logs. The network has 480 links, density
0.072, average degree 8.276, largest-component fraction 1.000, global transitivity 0.188, and usable
triad fraction 0.066.

Table 7 summarizes the household and dyadic characteristics used in the analysis,
including religion, kinship, wealth, demographic similarity, and physical distance.
I first estimate the link-formation model. The baseline specification includes same

religion, indicators for close kin, extended kin, and other blood relations, the log
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wealth gap, and log physical distance. The extended specification also includes the

age gap between household heads, same head sex, and same Nyakatoke-born status.

Table 8: Nyakatoke Village Network: Link Formation Model Estimates

Pooled Logit TALE
Baseline Extended Baseline Extended
Constant 2.586%** 2.582%*
(0.378) (0.396)
Same religion 0.350%#* 0.357#%* 0.430%+* 0.429%#*
(0.105) (0.105) (0.106) (0.106)
Close kin 2.615%** 2.562%** 2.666*** 2.612%**
(0.244) (0.248) (0.291) (0.289)
Extended kin 1.757%** 1.811%** 1.719%** 1.781%**
(0.245) (0.248) (0.250) (0.254)
Other blood relation 1.390%** 1.403%** 1.295%** 1.297%**
(0.205) (0.205) (0.234) (0.236)
Log wealth gap -0.053* -0.048* -0.095* -0.076
(0.027) (0.027) (0.056) (0.057)
Log physical distance -0.936*** -0.9527%** -0.948%** -0.94 7%
(0.065) (0.065) (0.071) (0.071)
Age gap of heads -0.007* -0.013%***
(0.004) (0.005)
Same head sex 0.336%** 0.315%*
(0.110) (0.126)
Same NYK-born status -0.003 0.021
(0.105) (0.099)
Obs. 6,670 6,670 6,670 6,670
Log likelihood -1434.432 -1427.352 -1269.045 -1262.199
Pseudo R? 0.169 0.173 0.265 0.268

Notes: The dependent variable is the link indicator. The pooled logit columns omit household effects
and include a constant. The TALE columns report the bias-corrected dyadic-surplus estimates
ﬁTALE from Stage 3. Quantities that depend on household effects are evaluated using the final
Stage-4 estimates A™TALE  Standard errors are in parentheses; TALE uses the nuisance-adjusted
dyadic sandwich evaluated at the final estimates. Log likelihood and McFadden pseudo-R? use the
unpenalized dyadic likelihood at the reported estimates. Significance levels: *p < 0.10, **p < 0.05,

**p < 0.01.

Table 8 compares pooled logit with TALE. The pooled specifications impose a
common link propensity across households, whereas TALE allows each household to

have its own latent propensity to form links. The TALE columns report the Stage-3
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bias-corrected dyadic-surplus estimates.

The main patterns in link formation remain after allowing for household hetero-
geneity. In the extended TALE specification, the coefficient on same religion is 0.429.
The coefficients on close kin, extended kin, and other blood relations are 2.612, 1.781,
and 1.297, respectively, while the coefficient on log physical distance is —0.947. Kin-
ship, common religion, and geographic proximity are therefore strongly associated
with whom households rely on even after household-specific differences in overall link
propensity are taken into account.

The extended specification also identifies additional matching patterns. The age-
gap coefficient is —0.013, indicating that households whose heads are farther apart
in age are less likely to be linked. The same-head-sex coefficient is 0.315, while same
Nyakatoke-born status has little association with link formation. I therefore use the
extended specification for the analysis of household heterogeneity below.

Allowing for household effects also changes the estimated association with wealth
differences. In the extended specification, the coefficient on the log wealth gap changes
from —0.048 under pooled logit to —0.076 under TALE, while its standard error
rises from 0.027 to 0.057. The point estimate becomes somewhat more negative,
but the evidence for wealth homophily becomes less precise once latent household
heterogeneity is allowed for. The log likelihood and pseudo-R? also improve relative
to the pooled specification, although these comparisons are descriptive because TALE
introduces household-specific parameters.

A central advantage of TALE is that the household-specific heterogeneity is re-
covered rather than eliminated as a nuisance component. I therefore turn to the
final Stage-4 household effects fAl;rALE from the extended specification. These effects
are obtained by bias-reduced profiling with the Stage-3 dyadic-surplus estimate held
fixed. For graphical presentation, I center the recovered effects at their sample mean.

Figure 4 shows substantial variation in the recovered household effects. House-
holds with larger effects tend to have more observed connections, as expected. Holding
the partner’s effect and the observed dyadic characteristics fixed, a larger A; implies
a higher propensity for household ¢ to form a support relationship. The recovered
effect is therefore a conditional link propensity rather than simply the household’s
observed number of connections.

To clarify this distinction, let d; = Zj 4 Dij denote observed degree. Under

the link-formation model, observed degree depends on A;, but also on the observed
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Figure 4: Nyakatoke Village Network: Recovered Household Effects and Observed
Links

Notes: Each node represents a household, and edges indicate reported support relationships. Node
size and color reflect the mean-centered Stage-4 TALE household effects from the extended specifi-
cation; larger nodes and warmer colors indicate higher recovered link propensities.
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characteristics of household i’s potential dyads and on the latent effects of its potential
partners. Recovering A; therefore adjusts observed connectivity for these differences

in link opportunities.

Recovered Household Effects and Observed Degree

[ ]

30 1

25
° [ ] ° [ ] ®
g
o 20 1 [ ]
[0}
2 [ ]
® °
> 15
§ [ ] .g..‘ [ .‘
o

0 ¥ L P

Q.a :?. [ ] ....O“O
5 .‘. '.‘ ...‘ 'ag. [ ]
° o® o o
O- T T T T T T T T
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Centered ATALE

Figure 5: Nyakatoke Village Network: Recovered Household Effects and Observed
Degree

Notes: Each point represents a household. The horizontal axis reports the mean-centered Stage-4
TALE household effect from the extended specification, and the vertical axis reports observed degree.
Mean-centering does not affect cross-household differences or the correlation with degree.

Figure 5 compares the recovered effects with observed degree directly. The two are
strongly related: the Pearson correlation is approximately 0.826 and the Spearman
rank correlation is 0.794. The relationship is nevertheless not one-to-one. Among the
13 households with five observed links, for example, the centered household effects
span approximately 1.71 logit-index units. Thus, households with the same observed
degree can have substantially different recovered link propensities once their dyadic
characteristics and potential partners are taken into account.

Having recovered the household-specific component of link propensity, I finally
examine its systematic relationship with observed household attributes. This exer-
cise corresponds to the conditional-mean specification A; = Z!v, + V; introduced in
Section 4.

Table 9 projects the final Stage-4 TALE household effects on observed household
characteristics. The baseline projection includes religion and log wealth, while the

extended projection additionally includes female head, Nyakatoke-born status, and
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Table 9: Recovered Household Effects and Household Characteristics

Baseline Extended
Constant 0.530 1.074
(0.881) (0.906)
Catholic household -0.046 -0.092
(0.141) (0.146)
Muslim household -0.021 -0.027
(0.176) (0.180)
Log wealth 0.059 0.071
(0.067) (0.064)
Female head -0.115
(0.158)
Head born in NYK -0.166
(0.143)
Head born in 1930s -0.375
(0.310)
Head born in 1940s -0.628**
(0.290)
Head born in 1950s -0.546**
(0.249)
Head born in 1960s -0.643%**
(0.240)
Head born in 1970s+ -0.677F*K
(0.249)
Households 116 116
R? 0.030 0.127

Notes: The dependent variable is the final Stage-4 TALE household effect EZIALE
from the extended link-formation specification. Effects enter the projections with-
out mean-centering. The regressions are descriptive projections of recovered house-
hold effects and should not be interpreted as causal effects. The baseline column
includes religion and log wealth. The second column additionally includes female
head, head born in Nyakatoke, and household-head birth-cohort indicators. Birth
cohorts are decade indicators constructed from the 2000 survey year and the house-
hold head’s reported age; the omitted category is pre-1930. The cohort indicators
capture cross-sectional cohort differences and do not imply that the time-invariant
household effect changes as the head ages. Standard errors account for uncertainty
in the bias-reduced household effects and include the beta plug-in correction. Sig-
nificance levels: *p < 0.10, **p < 0.05, ***p < 0.01.

38



household-head birth-cohort indicators.

Religion and wealth explain little of the recovered heterogeneity. The coefficients
on Catholic household, Muslim household, and log wealth are small and statistically
insignificant in both specifications. Female head and Nyakatoke-born status are also
statistically insignificant in the extended specification. The additional household
characteristics raise the R? from 0.030 to 0.127, but most of the variation in the
recovered effects remains unexplained by the available observables.

The clearest systematic pattern is across birth cohorts. Relative to households
whose heads were born before 1930, the estimated effects are lower for the later
cohorts. The coefficients for heads born in the 1940s, 1950s, 1960s, and 1970s or
later are statistically significant, whereas the coefficient for the 1930s is not. These
estimates describe cross-sectional cohort differences and should not be interpreted as
implying that the time-invariant household effect changes as a household head ages.

Overall, the Nyakatoke application separates two dimensions of network forma-
tion. Observable dyadic characteristics—most prominently kinship, religion, demo-
graphic similarity, and physical proximity—help determine which households form
support relationships. At the same time, households differ substantially in their un-
derlying propensity to form links even after these characteristics are held fixed. Re-
covering these household effects makes it possible to distinguish latent link propensity
from observed degree and then to study its systematic relationship with household

characteristics.

7 Concluding Remarks

This paper develops a framework for identifying and estimating dyadic link formation
models with latent agent heterogeneity. Informative anchored triads identify realized
agent effects rather than merely difference them out, after which dyadic variation
identifies the systematic component of link formation. Building on this identification
strategy, the triad-anchored likelihood estimator (TALE) combines triad anchoring,
stabilized dyadic refinement, bias correction for the dyadic-surplus parameter, and
bias-reduced profiling of the agent effects. The large-sample analysis establishes con-
vergence rates and asymptotic inference for both the dyadic-surplus parameter and
fixed agents’ latent effects.

Monte Carlo experiments show that the different stages of TALE improve finite-
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sample accuracy and stability relative to simpler alternatives, while the empirical
applications illustrate the economic value of recovering agent heterogeneity. In the
Nyakatoke risk-sharing network and across 43 Indian village networks, latent degree
heterogeneity both affects estimates of observable matching patterns and contains
systematic information about household link propensities. More broadly, the frame-
work makes latent agent heterogeneity an estimable object rather than a nuisance to
be eliminated. Extensions to directed networks, downstream outcome models, and

strategic link formation are directions for future research.
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A Proofs

A.1 Proof of Proposition 1

Throughout the appendix, let F, = o(X", A"). For any (8,a") € B x A, define
pi(B,a") = AW/ 8+ a; + a;), and write p;j0 = pi;(Bo, A), Vijo = Pijo(l — pijo), and
eij = Dij — pijo. For an anchored triad (7, j, k), define g; jr0 = A(24; + Aj ;1 0) and
figro = Pr([Sinl = 1] Fr).

By Assumption 4(i)-(ii), there exists p > 0, independent of n, such that p <
pij(8,a™) < 1 — p uniformly over (8,a") € B x Aj and i # j. Consequently, g; ko
is uniformly bounded away from zero and one, and p; ji o is uniformly bounded away

from zero.

Lemma A.1 (Availability of informative configurations) Suppose Assumptions
1 and 4(i)-(ii) hold. Then Pr(Zr, ={1,...,n}) — 1.

Proof. Let F, = o(X™, A"). By compactness of the parameter spaces and bounded-
ness of W,

IR
i

Fix ¢ and choose m, = [(n — 1)/2] disjoint comparison pairs (j,, k,) among

there exists p > 0 such that p < Pr(D;; = 1| F,,) < 1~ p uniformly over

the remaining agents. Conditional on JF,, the corresponding anchored triads de-
pend on disjoint sets of dyadic shocks and are therefore independent. For each pair,
Pr(Sijk, = 1| Fn) > p* and Pr(S; jx, = —1| F,,) > p®. Hence,

Pr(i ¢ Iy, | Fn) < Pr(Sijm #1LVYr=1,...,m,|F,)
+ Pr(Si,jrkr # _1,\V/ r= 17 sy Mp ’ Fn) < 2(1 _]_)3)mn

Taking expectations and applying a union bound over 7 gives

Pr(Zr, # {1,...,n}) < 2n(1 — p*)L=D72 5 ¢

For the remaining arguments, work on the event Zr,, = {1,...,n}, whose prob-
ability approaches one by Lemma A.1. For a triad with focal agent ¢, define w; ;; =
1(Sijk = 1) — |Sijklgijko and v; ik = i jk.0Gik0(1 — ¢ijro). The first quantity is the
derivative of £7(S; jx,n) with respect to n, evaluated at n = 24; + A} ixBo, and satisfies
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Elu; i | Fu] = 0. The second is the conditional expected negative second derivative
of the same contribution.

For each focal agent 7, let Lr,,,(8,a;) = ZKk;j’k# Cr(Si ik, 2a; + Ag,jkﬁ), so that
Lrn(B,a") =, Lrni(B,a;). At (Bo, A;), define the score contributions

U/}TJ- = aﬂET,n(ﬁmAn) = Z Ai,jkui,jka UL = aaiﬁcT,n(ﬁ()aAn) =2 Z Ui, jk-

J<k;jk#i J<k; j,k#i

The conditional expected negative Hessian blocks of Lr,,; at the true parameters are

-62£Tni(ﬁ7ai) ]

Hgﬁ’i =-F W Fn| = Z Ui,jk:Ai,jkA;,jk,
L (B,a:)=(Bo,A:) ] G<k;j ki
-a2£ n,t B?ai ]
L @i (B,a:)=(Bo,A:) ] j<k;j ki
-82£ n,i\2, Ai ]

H?‘;A,z’ =-F —T’a7 gﬁ ) ]:n =4 Z Ui,jk = 4Ki,T-
i a; (B.a:)=(Bo,A:) ] <k g ki

The residualization used below follows directly from the linearized score equations.
To see this, let dg = 8 — 5y and d; = a; — A; be deviations from their true values. A
Taylor expansion of the global g first-order condition and the ¢th agent-effect first-

order condition takes the form

0= Ui — > Higids— Y Hhaudi + 15,
0= UZJ‘ - H?A,idﬁ - HEA,z‘di + A, 1=1,...,n,

where rg and 74, collect the centered-Hessian and higher-order Taylor terms. Solving

the second equation for d; and substituting into the first gives

0= (UL, —Hha,(Hha ) UL =) [Mhss — Hha,(Hha ) HEL,] ds + .

3 K3

where rp =rg — ), HgA,i<H£A,i)_1TA»i'

- _1 ~ o ~ . T o
Now define A; = K+ Zj<k;j7k# i jeligr and Ay = Agjp — Ay Since Hpyy; =

45



QKLTZZ» and HE A = 4K 7, the first bracket above satisfies

T T T N—177T X
UB,i_HﬁA,i<HAA,i> Uyi = Z A ki k-

<k; ikt

Similarly,

T T T —144T A A
%Bﬁ,i_HﬁA,i(HAA,i) Hﬁ,/ax,i: Z Ui,jkAi,jkA;,jk'

j<k; gkt

Accordingly, define I'r,, = >, Zj ki jkti vwkﬁwkﬁi jx- The leading part of the pro-
filed /3 score is therefore > . > i<k gkt A; jku; ji, while the remaining terms are col-
lected in 7.

The dyadic likelihood admits the same type of residualization. Recall e;; = D;; —
pijo and V0 = pijo(l — pijo). At the true parameters, dyad (i, ) contributes W e;;
to the 3 score and e;; to each of the A; and A; scores. Eliminating the additive agent-

effect directions from the linearized [ score is equivalent to the weighted projection

{aip}i, €arg min ) Z vijo Wi — o — ]

aq,...,an€R i<j

Define Wj p = Wij—a; p—a; p. The profiled score and conditional expected negative

. I1r _ Irr N, .
Hessian for 5 are Zz’<j Wi;pei; and I'p,, = ZK]. vijoWij pWi; p, respectively.

Lemma A.2 (Profiled curvature and score orders) Suppose Assumption 1, As-
sumption 4(i)-(it) hold, and Q, is positive definite. Then there exists cr > 0 such
that, with probability approaching one, Amin(I'rn) > crn® and Apin(Tpn) > crn.

Moreover, uniformly in i, K;7 < n* and Z#i Vijo < n. The corresponding score

orders are
‘ Z Z zz‘,jkui,jk = Op(ng), max Z Ui k| = Op (n?’/g\/@) ,
i <k gk j<k; j ki
Z W’iijeij = Op(n)a m?X Z €ij| = Op(\/ n log n)
i<j i

Proof. By Assumption 4(i)—(ii), the logit indices are uniformly bounded. Hence

there exist constants 0 < v <7 < oo and 0 < ¥ < 7 < oo such that, uniformly over
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all relevant indices,

V< v S,

Since each focal agent has (";1) comparison pairs, it follows immediately that K; r <
n? uniformly in 4. Similarly, > i Vij,0 = n uniformly in .

We next establish the curvature bounds. Define m(z) = E[Wy, | X; = z,
W = E[Wy,), and f(z) = m(z) — W. Then

Wi =W+ f(Xi) + f(X;) + Wi,

where E[W;; | Xi] = E[W;; | X;] = 0.
For any unit vector 1 € R%, the definition of the weighted additive projection

implies

VTt =miny vijo (VWi =& = &)" Zvminy_ (IWy =& =)
i<y

&i} =
Because W + f(X;) + f(X;) is additive in i and j, the last minimum equals

. 2
s 2 (VWi =G =)

Let R, (9) = >, 9'W;;. The normal equations for the additive projection imply
that its fitted sum of squares is bounded by a constant multiple of n=' 3~ {RD, (9)}*.
Conditional degeneracy gives E[{R] (9)}?] = O(n) uniformly over [|J| =1, and

LIS Wi - min S 0WE G- )| = 0,(1).

2
1<j (G} 1<J

On the other hand, the dyadic law of large numbers gives

1 119 1
w2 W) 2 s

Consequently,
1 1
— min YW — & — ) =, =0'Q 0.
n2 {e) Kj( J 3 53) L) Q1

Since dg is fixed, the convergence holds uniformly over the unit sphere. Because @)
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is positive definite, this yields Apin(I'p ) > crn? with probability approaching one.

For the triad criterion,
Aije = W +2f(X;) + R i, R jx = VV; + Wy — Wﬁg.

Conditional degeneracy implies E[R; j; | X;] = 0. Moreover, the cross-products among

1 1 :
W5, Wi, and Wy, have zero expectation, so

E[R1,23R/1,23] =3Q ..

For any unit vector o, the definition of A; gives the exact representation

ﬁ/FT,nﬂ = Z Iglelﬂl?l Z Vi jk (ﬁ,Ai,jk — > v Z IIllIl Z 19 Ai,jk - 5)2 .

J<k; j,k#i J<k’ Jik#1

Since W +2f(X;) is constant across the comparison pairs for a given focal agent, the

'Ume Z (V'R ji — 5)2

i<k;j,k#i

last expression equals

The inner minimum is Zj<k.j ot {ﬁ’(Ri,jk — Rm)} , where R; ,, is the within-i aver-

age of R; ;,. Hence

1 ‘ , 1 , 1 n—1 —
= mém Z (VR —€)* = w3 Z Z (V' Ri k) — 3 Z ( 9 )(79 Rin)?.

i G<ks j ki i j<k; ki

The first term converges by an order-three law of large numbers to
]‘ / 2 3 /
§E[<19 R1,23> ] = 519 QJ_19

The second term is 0,(1) because conditional degeneracy implies R;,, = O,(n~"/?) in

mean square, uniformly after averaging over i. Therefore

/ 3 /
= me Z (VA i — £)? —, 519 Q..

j<k;j.k#i

Again, fixed ds makes the convergence uniform over the unit sphere, and positive

definiteness of @, yields A\yuin(I'1,) > crn® with probability approaching one.
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[t remains to establish the score orders. Conditional on F,,, the dyadic shocks are
independent, while each w; ;i is centered and uniformly bounded. For a fixed focal
agent i, changing one dyadic shock associated with (i,7) can affect at most n — 2
terms in » i<k ki Wisjks whereas changing a shock associated with a dyad between
two comparison agents affects only one term. Thus the sum of squared bounded-

difference constants is O(n?®). McDiarmid’s inequality gives
cx?
Pr | Z ‘ui,jk > ‘ Fn |l <2exp 5 )
J<k;jk#i
A union bound over i then yields

E Us 5k

j<ks jikti

=0, (ng/Q\/@> .

max
3

Because W;; is uniformly bounded, so are A, jx, A;, and A, . A change in a

single dyadic shock affects only O(n) summands in

D > A
i<k ki
There are O(n?) independent dyadic shocks, so the sum of squared bounded-difference

constants is O(n?). Applying McDiarmid’s inequality coordinatewise and using fixed

dg gives

= 0,(n?).

E E Ai,jkui,jk

1 g<k;jk#i

Finally, conditional on JF,, the dyadic residuals e;; are independent, centered, and

satisfy Ele}; | Fn] = vij0. Since /V[Z] p is F,-measurable,

E

(Z Wij,Deij> (Z fW/ij,D@j) ‘ fn] = Z Vij,O/—MZj,Dva@'/j,D = FD,n-

1<j 1<j 1<j

Moreover, tr(I'p,) = O,(n?), so the profiled dyadic score is O,(n). For each i,
> i €ij 1S a sum of n — 1 conditionally independent, centered, uniformly bounded

variables with conditional variance of order n. Bernstein’s inequality followed by a
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union bound therefore gives max; |3, €ij| = Op(v/nlogn). =

The preceding lemma provides the two ingredients needed for localization: the
curvature of the profiled criteria and the stochastic orders of their scores. The next
lemma converts these bounds into convergence rates for the first-stage estimates and
for the unpenalized dyadic joint maximum likelihood estimator. The latter is intro-

duced only as a benchmark for the stabilized dyadic refinement.

Lemma A.3 (First-stage and JML rates) Suppose Assumptions 1, /(i)-(ii) hold,
and @ is positive definite. Then, for r € {T,J}, B’“ — Bo = Op(n™1), and, for every
fiwed i, AT — A; = O,(n"2). Moreover,

1<i<n n

1~ ~ 1
SN (A - 4 =0,(n7Y),  max |A - A =0, ( Og”> .
n
i=1
Proof. For d = (V,a4,...,a,), define the scaled norm

1 n
ldllz = llo* + — > al
i=1

Equivalently, if 2(8, a™) = (8, a™/\/n)’, then ||z(8, a"™) — z(By, A™)|| is the correspond-
ing Euclidean distance.

We first obtain preliminary rates. By Lemma A .2, the profiled curvature for 3 is
of order n? for the triad criterion and n? for the dyadic criterion. The curvature for
each agent effect is of order n? and n, respectively. After the rescaling a™ — a"/\/n,
the smallest eigenvalues of the full negative Hessians are therefore of order n® for Lr,,
and n? for Lp,.

The score vectors have the corresponding orders. For the triad criterion,

1

S W) | F

n <
=1

E = 0O(n?),

so that [[(U4,...,UL,) || = Op(n?). The § score is Op(n®) by the same bounded-

difference argument used in Lemma A.2. Hence the score with respect to z =

(8,0 /\/n)" is Oy(n®?).
For the dyadic likelihood, let Uy, = > ., €;;. Conditional independence of the
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dyadic residuals gives

= 0()

n

1
E; UAz

Wijei; = Op(n). The score with respect to the rescaled parameter z is

while >,
therefore O, (n%/?).

Bounded regressors, compact parameter spaces, and bounded derivatives of the
logit likelihood imply that the realized Hessians inherit these curvature orders uni-
formly on a sufficiently small neighborhood of the truth. A standard concavity argu-

ment therefore yields

157 = Boll + 5 S(AT = AP = Oy(n™),

157 = Boll> + = (A — 402 = 0,7,

=1

We next sharpen the rate for the common parameter. For the first stage, elimi-
nating the agent-effect components from the Taylor expansion of the score equations,

as in the construction preceding Lemma A.2; gives

0= Z Z A jruigi — Dra(BT = Bo) + R

i<k gk

The bounded third derivatives of the triad likelihood and the preliminary rates imply

IRzl < Op(n?) + { 18" — o’ +n22 —A) } = 0y(n?).

Here the first term collects the centered-Hessian contribution, whose order follows

from the same bounded-difference argument as in Lemma A.2. Since

E: E: A ki i

i <k g ki

= Op(n2)

and Apin(T'7,,) > cn® with probability approaching one,

BT - 60 = Op(n_l)'
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The same argument applies to the dyadic likelihood. Profiling out the agent effects
gives

0= Z Wij,Deij - FD,n(EJ — Bo) + Rpn,

i<j

where

”RD,n

| < Op(n) +C {HZHEJ = Boll® +n ) (A - Ai)z} = Op(n).
i=1

By Lemma A2, [| >, W;j,Dein = O,(n) and Apin(Cp,) > en? with probability
approaching one. Hence

B — By = Op(n7").

It remains to sharpen the coordinatewise rates for the agent effects. For the triad
criterion, the A; score is monotone in a;, with curvature of order K;r =< n?. A

mean-value expansion around (fy, A;) therefore gives
AT - A < ¢ {n 20|+ 157 - Aol }
For every fixed i, U} ; = O,(n*?), whereas Lemma A.2 gives
max U], = O,(n¥*/ogm).
Together with 7 — 3, = O,(n™'), these bounds imply
AT — A, = 0,(n"V?)

for every fixed ¢, and

n

max|2fir — A =0, ( logn> .

The average squared-error rate was already obtained from the preliminary localiza-
tion.
For the dyadic likelihood, the A; first-order condition and a mean-value expansion

give

- _ ~ 1
|A] — Ay < C’{n ORI+ 167 = Boll +EZ|A3']_Aj|}'
j=1
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By the preliminary mean-square rate and Cauchy—Schwarz, %Z?Zl |121\37 — A =
Op(n='2). For every fixed i, UY; = O,(y/n), while Lemma A.2 gives max; |UY;| =
O,(v/nlogn). The stated fixed-agent and maximal rates for A follow.

Lemma A.3 provides two reference points for the remaining stages. The first-
stage estimates are sufficiently localized to serve as stabilization centers, while the
JML estimator provides the unpenalized dyadic benchmark. The next lemma shows
that the diminishing stabilization does not alter these rates and that the subsequent

bias correction and effect profiling preserve them.

Lemma A.4 (Propagation through Stages 2—4) Suppose Assumptions 1, 4(i)-
(ii) hold, Q is positive definite, 6, = O(n~Y?) and e, = O(n~'). Then

n 1/2
SO 1 U
185 - 3711+ {5 S - A{)Q} = 0,(n™).
i=1

Moreover, BTALE — S — O,(n™1), and, for r € {S, TALE}, AT — 4 = O,(n=%2) for
every fized 1, %Zle(ﬁf — A))2 = 0,(n™Y) and max; |AT — A;| = O, (, / 1"%) :

If, in addition, 6, = o(n""/2) and e, = o(n™Y), then B — B’ = o,(n1), and, for
every fized i, AS — A7 = 0,(n=1/2).

Proof. We first compare the stabilized dyadic refinement with JML. Define

2(B,a") = (B0 [v/n),

and write 27, 2%, and 27 for the corresponding parameter vectors.

For the comparison it is convenient to divide the dyadic criterion by n?. This
rescaling does not change its maximizer. By Lemma A.2 and the boundedness of the
logit derivatives, the negative Hessian of n™?Lp,, with respect to z has eigenvalues
bounded above and away from zero on the local neighborhood containing z? and 2/,
with probability approaching one.

At iteration R,, the stabilization weight for agent 7 is

D
KiR, = CrR,H; R, Cr, < Op.

2y

Since HERn = n uniformly on the local neighborhood, the gradient of the normalized
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penalty with respect to z satisfies

< Ccg, |z — zTH

1 AT 2
HVZ [2—712 ;K’i,Rn(Gi — AZ )

The final agent-effect update solves its conditional penalized first-order conditions,
and the final § update solves the corresponding unpenalized [ first-order condition.

Lipschitz continuity of the score, together with the stopping rule, implies
Hvz{n_QED’n}(zS)H <C {cRnHzS — 27| + €n} )

Since V.Lp,(27) = 0 and the normalized dyadic criterion is locally strongly concave,

the mean-value theorem gives
12° = 27|l < C {er, 2% — 27| + e}
Using [|2% — 27| < [|2° — 27| + ||z — 27| and Lemma A.3,
l27 = 2| = Op(n"2).

Since cg, < 8, — 0, the term involving ||z% — 2”7|| can be absorbed into the left-hand
side. Hence
12° = 27| = O, (6,072 + £,) = Op(n?).

By the definition of z, this is exactly

1/2
18° = 871l + {%Z(ﬁf - E{)?} = 0p(n7).

]

Combining this result with Lemma A.3 immediately gives the average mean-square

rate for A™%. Moreover,
i

1/2
max |fAlf —All< {Z(A\f _ ;1;1)2} = 0,(n"17?),

so the fixed-agent and maximal rates of the JML benchmark carry over to Stage 2.

Under the stronger conditions 8, = o(n~/?) and ¢, = o(n™!), the preceding
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argument instead gives ||z% — 27| = 0,(n71). It follows that BS — B = 0,(n~!) and,
for every fixed i, AS — A7 = 0,(n"1/2).

We next consider the Stage-3 bias correction. On an O,(n™!) neighborhood of
Bo, the profiled information matrix satisfies fg(b)*l = O,(n~?) uniformly. Moreover,

ITIZ-,S(b) = n and }3175(1)) = Op(n) uniformly in i. Consequently,
sup [ (1) = Oy (™)

over this neighborhood.

The fixed-point iteration is initialized at 5® = 35 and satisfies bT+1) = 35 —
/b\/&s(b(T)). Since BS — Bo = O,(n 1), the preceding bound implies inductively that
every iterate remains in an O,(n~') neighborhood of both B\S and ). Because the

B\TALE

returned is one of these iterates,

BTALE o B\s _ Op(n_l).

The tolerance used to stop the fixed-point iteration is needed for the later first-order
expansion of the bias correction, but not for this rate statement.
It remains to consider the final bias-reduced effect profile. For ¢;; = e; +¢;, where

e; is the 1th canonical basis vector,

Ja(B,a") = wii(B,a")cicl;.
i<j
Uniformly on the local neighborhood, the logit weights are bounded above and away

from zero. Since
Z ¢ijcij = (n—2)I, + 1,1,
i<j
the eigenvalues of J4(3,a") are of order n and ||J4(3,a")" || = O(n™1).
For the ith coordinate, the Jeffreys—Firth contribution to the score is

O Jogdet Ja(8.a") = L tr {”6)%}

28&1'
1 al/i (67 aTL) / n\—1
— §Z]a—aZCZ]JA(ﬁ,a ) 07/.7

JFi
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The derivative of the logit weight is uniformly bounded, while
cg-jJA(ﬁ, a™) ey =0,

There are n — 1 terms in the sum, so the Jeffreys-Firth score adjustment is O(1)
uniformly in 7.

Let A" denote the unadjusted fixed-3 dyadic profile evaluated at ETALE. Since
ETALE — By = Op(n~1), the same score and curvature argument used for the JML

agent effects gives

S A AP =0, A A= Oy

for every fixed i, and

n

max |4, — A;| = O, ( 10gn> .

The vector of Jeffreys—Firth score adjustments has Euclidean norm O,(y/n), whereas
the smallest eigenvalue of the fixed-8 agent-effect information matrix is of order n.

A mean-value expansion of the adjusted first-order conditions around A" therefore

gives
|AmTAE A" | = Oy (n11?).
Hence 1 L2
{5 SO (AL 1)?} = 0,(n”"),
and

max | AP~ 7 = 0,(n V).

Combining these bounds with the rates for A" proves the claimed fixed-agent, average,
and maximal rates for the final agent-effect estimates. m

The proof of Proposition 1 is now immediate from the preceding lemmas.
Proof of Proposition 1. By Lemma A.l, Pr(Zy,, = {1,...,n}) — 1, so the
fallback definition for agents outside Zr,, is asymptotically irrelevant. On this event,
Lemma A.3 gives the stated rates for the first-stage estimates and for the JML bench-
mark. Lemma A.4 transfers these rates to the stabilized dyadic estimates and then

to the final TALE estimates. This proves all claims. =
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A.2 Second-order bias expansions

This subsection derives the second-order bias terms used in Theorem 3. Through-

out, work on the event Zp, = {1,...,n}, whose probability approaches one by
Lemma A.1. For the first-stage criterion, let 8] = (3, A") and, for each anchored
triad, define z;; = (A] 4, 2¢;)", where ¢; is the ith coordinate vector in R". Re-

call w; j, = 1(S;jx = 1) — |Sijk|¢ijko- Define the first-stage score at the truth by
ST = D04 Djk jeti Tisik Wi, jh-
Let R jko = |Si k|G jko0(1—ai jko), and define the realized and conditional expected

negative Hessians

I ! I
Ty = E E Ri k0% kT ks Hpo = E[7, | Fl.
i <k ki
Since Elh; jko | Fn] = vijk, this agrees with
/
Hro=Y_ Y vijslijd
i <k ki

Write Cr,, = 1, — Hrp.
For vectors a and b of the same dimension as 6!, define the bilinear action of the

third derivative of the first-stage criterion by

Trnla,0) = =Y > 18 elgijeo(l = qigro) (1= 261 jio)i () 340) (2] 3b).

i j<k;jki

Finally, let ¢r,, = HiésT,n.
Let Pz select the 8 coordinates from (f’,a™)’, and let P, select the coordinate

corresponding to A;. Define

1
bryn = PsHyoE [—CT,n¢T,n + §9T,n [T, Y7 0]

]—“n} . (A1)

The first term in (A.1) accounts for the random curvature of the anchored-triad
criterion, while the second is the usual nonlinear likelihood term.
For the dyadic likelihood, define

Hipo= E 2

J#
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and
Ripo=— Z Vijo(1 — 2pij0)Wij,p-
J#
The leading incidental-parameter bias is

n

1 Ripo
pE— 1 Z? b
bD,n = FDJ”IQ E m (AZ)

i—1
By Lemma A.2, an = 0,(n"?), Hipo < n, and R;po = O(n), so bp,, = Op(n™1).

The same order for by, follows from the curvature and score bounds in Lemma A.2.

Lemma A.5 (Second-order bias expansions) Suppose Assumption 1, Assump-
tion 4(i)—(1i) hold and Q| is positive definite. Then

BT - ﬁO - bT,n = PﬁHiéST,n + Op(n71>7

AT A, = PiHi%)sT,n + op(n’1/2)

i J—

for every fixed 1.
Let sp, = ZK]. Wijﬂeij. Then B\J —Bo—bpn = FL_),lnSD,n + 0,(n~1). Moreover, if

/
SAn = (Z@lj, .. .,Z@nj>
i# J#n
and Jao = Ja(Bo, A™), then, for every fized i,

Al A = LQJ;})SAJL + op(n’l/Q).

)

Proof. Let dr = (B\T’ — ﬂ(’),zzl\"’T’ — A™). A third-order Taylor expansion of the

first-stage score around 61 gives
_ 1 3)
0= STin — %,ndT + §yT,n[dT7 dT] + TT’nJ
where bounded fourth derivatives of the logit likelihood imply that the contribution

of r? L to any fixed 8 coordinate after premultiplication by Hp, b is 0p(n71), and its

contribution to any fixed agent-effect coordinate is o,(n~1/?).
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Since 7, = Hro + Cr,, the preceding equation can be written as

1
Hrodr = srpn — Crpdr + 5%,71[61% dr] + T?ZL
The preliminary rates in Lemma A.3 imply that, inside the two second-order terms,
dr may be replaced by ¢r, = Hy, 05Tn at a cost that is o,(n~1) for the 3 coordinates

and o0,(n~Y/2) for every fixed effect coordinate. Hence

1
dr = Y1y, + Hi%) {—CT,n¢T,n + §9T,n (U1, 1/’Tn]} + 17,

where

Parppn = Op(n_l)v Pirrpn = Op(n_l/Q)
for every fixed 1.
The dependency structure of the triad scores and the bounds in Lemma A.2 further
imply that the centered part of the second-order term is of smaller order:

1
PﬁHﬂj,(l) - CT,n,lvbT,n + 5%,71[%1717 wT,n]

1 _
- E |:_OT,n¢T,n + EyT,nWJT,nv 'lvbT,n] fn:| ] - Op(n 1)-
Indeed, each component is a finite sum of products of bounded triad-score contribu-
tions. Terms based on disjoint sets of dyadic shocks are conditionally independent,
while the number of overlapping terms is lower by one order in n than the number of
unrestricted pairs. The curvature bounds in Lemma A.2 then give the stated order

after premultiplication by Hié. This proves
BT — By — by = PsHy gs75 + 0p(n").

The second-order term in a fixed effect coordinate is O,(n™!), and hence negligible
relative to its n~='/? first-order scale, which proves the expansion for EZT

We next consider the dyadic likelihood. Let dj = B7 — By and d/ = A7 — A;. The
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linearized agent-effect score equations and Lemma A.3 yield

= Hijl%,o Z eij + Op(n"!

J#i

for the purpose of evaluating the leading quadratic contribution to the g score. Con-

sequently,
E((d])* | Fal = Hipo + Op(n?),

whereas, for i # 7,
[d‘]d‘] | Fu] = O,(n7?).

Expanding the profiled 8 score to second order gives

1
0= SDmn — FD,ndg + 5 Z {—l/”7 (1 QpUQ)VVU D} (d;] + d}j)Q + Dn-

1<j

Terms containing dg in the second-order part, together with the third-order remain-
der, are 0,(n) before premultiplication by I';} . Since E[d/d] | F,] = Op(n~?) for
i # j, the aggregate contribution of the cross-products dy d‘] is also o, (n).

The conditional expectation of the remaining quadratic term is

_ - B 1< R;
b Z { Vijol 2pij,0)Wz'j,D} (Hz’,z%,o + Hle),o) ~ 35 Z H»?Z‘
i=1 Th

z<]

Its centered fluctuation is o,(n). Therefore

~ 1 R,
_ J i,D,0
0=s5p,—Lpn(B8? —Bo) + 3 XZ: Hino + 0p(n).

Premultiplying by Ff),ln and using (A.2) gives
B\J —Bo—bpn = FB?nSD,n +o0p(n71).
For the fixed effects, the full vector score expansion gives
AT A = JX})SAM +TaAn,
where every fixed coordinate of 74, is op(n_l/ 2). The result follows. m
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We next define the feasible first-stage bias correction. Let ET denote expectation
under the fitted first-stage model in which, conditional on (X", A»T), the dyads D},

are independent Bernoulli variables with probabilities

Pt = A(W[BT + AT + A7),

? J

For a generic draw D™, construct S;;, and define

/q\ij:jk - A(2A +A/ ]kﬁ ) zgk - ( i*,jk ) | ]k|Qz,]k7 hz]k - | ]k|Qz]k(]‘_(/1\ij>
Set
Sta =D DL Tigtige Ha=Y, Y hipwigain. Hry, = Bl
1 j<k:jk#i 1 j<k:jk#i

*

and Cr,, = A7, — H;n. Also define o, = (Hp,,)"*sh,,,. For vectors a and b, let

)

nla, 0] = — Z Z S jqul,jk @Tﬂf)(l - 2/q\%k)xi7jk(‘T{i,jka)(‘r;,jkb)'

1 j<k;jk#i

The feasible first-stage bias estimate is

T T7* -1 * * 1 * * *
bT,n = Pﬁ(HT,n) 1ET |:_CT,an,n + 5%,71[?%@7 wT,n] . (A3>

Because the fitted probabilities converge uniformly on the local neighborhood relevant
for the bias functional and all derivatives of the logit likelihood are bounded, the rates
in Lemma A.3 imply

BT,n — bT,n = op(n_l).

Likewise, uniformly over [|b — fy|| = O,(n™'), the Stage-3 bias map satisfies
bps(b) = bpy + 0p(n71).

In particular,
b675(55> —bpn = op(n_l),

and the same relation holds when the map is evaluated at ETALE.
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A.3 Proof of Theorem 3

The rate results and second-order expansions are now combined with conditional
central limit arguments.

Proof of Theorem 3. We begin with the first-stage estimator. By Lemma A.5,

BT — By — brn = PgHT_,’(l)sTm +o0,(n71),
Ef — A, = PiH;})STm + op(n_l/Q)
for every fixed 7.

Conditional on F,, each contribution x; jzu, j is a bounded function of the three
dyadic shocks associated with the triad (i, 7, k). Two contributions are conditionally
independent when their sets of dyadic shocks are disjoint. The resulting dependency
graph has O(n?) vertices and maximal degree O(n).

For a fixed nonzero ¢ € R%, write Qi jkn = C PsHp (l):pmk. The curvature bounds in
Lemma A.2 imply that the largest coefficient is negligible relative to the conditional
standard deviation of the sum. Together with Assumption 5, the dependency-graph

central limit theorem therefore gives

C/PBHiéSTm
\/Var (C'P,BHE})ST,n | ]—“n)

= N(0,1)

conditionally on F,,, in probability.

The same argument applies to every fixed effect coordinate. In particular,
PiHi%)ST,n

\/Var (PiHiésT,n | .Fn)

= N(0,1)

conditionally on F,,, in probability.
We next verify the first-stage covariance estimator. For an unordered dyad d,
define at the truth
Gao = Z T kWi jk -
(i.5.k):dC {ij,ik,jk}
Distinct triad-score contributions can have nonzero conditional covariance only when
they share at least one dyadic shock. Hence ), GqoGy, contains every leading

covariance contribution from overlapping distinct triads.
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The same-triad terms are counted three times rather than once, and distinct
triads based on the same three dyads can also be counted more than once. There are
only O(n?®) such contributions, whereas the leading order of the (-score covariance
is n*. For any fixed effect coordinate, the corresponding excess terms are of order
n?, whereas the leading score variance is of order n®. These overcounting terms are
therefore asymptotically negligible.

The same dependency-graph counting argument gives concentration of the overlap
covariance estimator around its conditional expectation. Together with ]?IT — Hrp

being negligible at the relevant blockwise orders, it yields, for every fixed nonzero c,

C,‘/}B,TC
Var (cfpﬂﬂi})sT,n | F)

—p 1,

and, for every fixed 1,
Ui T

Var (P,Hy o570 | Fn)

—p L.

Slutsky’s theorem proves the stated first-stage normal limits.

We next turn to the dyadic estimator. By Lemma A.5,
37— Bo—=bpn =T, spm + 0p(n71).

Conditional on F,,, the residuals e;; are independent, centered, and uniformly bounded.

Moreover,
Tir i
Var(sp | Fn) = E VijoWioWiip = Toam.

i<j
Since Apin(T'p.n) > cn? with probability approaching one, the conditional Lindeberg

condition holds. Thus, for every fixed nonzero c,
m—1
AT’ DnSDn

T—1
\/ T

conditionally on F,,, in probability.

= N(0,1)

Under 6, = o(n"'/?) and ¢, = o(n™'), Lemma A 4 gives

B =B = op(n7").
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Therefore

65 - BO - bD,n = FB}nSD,n + Op(nil)-

For Stage 3, the approximate fixed-point condition gives
BTALE _ B\S +BB,S(3TALE) _ Op(nfl)’

because ¢, = o(n~'). By the uniform bias-map consistency established in Appendix
A2,
bg,s(grALE) = me + 0p(77,_1).

Consequently,
BTALE _ 5 = FE)}nSD,n +op(nh),

so the leading incidental-parameter bias has been removed.
We next establish consistency of the dyadic variance estimator. Uniformly over
16— Boll = Op(n~1), the convergence rates already established and bounded logit

derivatives give I'g(b) =T Do+ 0p(n?). Similarly,
g~
> ADy = PO} WEOWS0) =T+ op(n?).
i<j

It follows that, for r € {S, TALE} and every fixed nonzero c,

dVs.c
Ars 1.

p

1
I'p

Together with the preceding linear representations, this proves the dyadic-surplus
limits for Stages 2 and 3.
It remains to establish the fixed-agent limits for the dyadic stages. Recall

/
SA’":<E €ljyevy E enj>

J#1 j#n

and Jao = Ja(Bo, A™). Since Var(san | Fn) = Jao, for every fixed i, Lemma A.5
gives
A7 — A = L;JZ})SAW + op(n_l/Q).

]

Conditional on F,,, the leading term is a linear combination of independent dyadic
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residuals. Uniform boundedness of the logit probabilities and ||J;})|| = O(n~!) imply

the conditional Lindeberg condition. Hence

1 7—1
LiJA,OSAJl

= N(0,1)
[T a0l

conditionally on F,,, in probability.

The stronger Stage-2 rate conditions imply AS — A7 = o,(n~Y/2) for every fixed i.
For the final effect profile, B\TALE — B\J = O,(n™'), whose effect on a fixed agent-effect
estimate is O,(n™!). Moreover, by Lemma A.4, the Jeffreys—Firth score adjustment is
0,(1) while the fixed-effect likelihood curvature is of order n. Therefore, ATALE_ 47 —
0,(n"1/?%).

Continuity of Jy, together with the established convergence rates, gives

~
Ui,r

[ Tx ol

— 1, r € {S, TALE}.

The fixed-agent limits follow by Slutsky’s theorem.
Finally, (A.3) and the bias-map consistency established in Appendix A.2 give

brp — by = 0p(n7),  bss(B%) —bp, = 0,(n71).

Replacing the theoretical bias terms by their feasible estimates is therefore asymp-
totically negligible.

All preceding central limit arguments hold conditionally on F,, in probability.
The corresponding unconditional convergences follow by iterated expectations. This

completes the proof. m

A.4 Proof of Corollary 2

The asymptotic distribution of the conditional-mean estimator follows by averaging
the final agent-effect estimates.
Proof of Corollary 2. Define Qz, = %Z?:l Z;Z!. Since A; = Z!vo + Vi and

1 n
~TALE -1 E TALE
Y = QZ,nE - ZzAz 9
1=
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we have the exact decomposition

1 n 1 n
~TALE -1 TALE
— = Q — E Zz h + — E Zz (A — Az) .
~ Yo Z,n{n — n p % }

We first show that the second term is of order n~!. The fixed-effect expansion in
the proof of Theorem 3 gives
A\n,TALE A

-1
= Ja084n T PAn;

where the effects of estimating [, the Jeffreys—Firth adjustment, and the nonlinear

likelihood remainder satisfy
1 5” Zipain = Op(n™h)
n a— iMAjin p .

To see the order of the leading term, let Z denote the n x d, matrix with ith row Z.
Conditional on F,,, Var(sa, | F,,) = Jao. Therefore

1
Var (EZ'J;BSAJL

1 B B 1 _
]—"n) = EZ’JA})JA,OJA%Z = EZ’JA’})Z.

The regressors Z; are uniformly bounded and ||J;BH = O(n™!). Since || Z]]* = O,(n),
it follows that Z’ J;})Z = O0,(1). Hence

% é Z (EEALE - Ai) = 0,(n").

Consequently,
" RIS
\/ﬁ (VTALE o 70) - QZ’IH% ZZI Z;Vi + Op(l).

By the law of large numbers, @)z, —, @z. Because Z; is a function of X, and

E[V; | X;] = 0, the random vectors Z;V; are iid with mean zero and covariance €2,,.
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The multivariate central limit theorem gives

1 n
— Y ZV; = N(0,Q,).
Vi
Slutsky’s theorem therefore yields

Vi (AT —0) = N (0,Q5'2,Q7") -

Consistency of y™LE follows immediately.

It remains to establish consistency of the covariance estimator. By definition,
V=V + <A\’i1“ALE _ Ai) s @TALE — ) .

The boundedness of Z;, the mean-square rate in Proposition 1, and 3™LF —

O,(n~12) imply

Yo =

1 & N 2
=322, (Vi Vi) = 0,(n7).
i=1
By Cauchy—Schwarz,

%il 22Vi (Vi = Vi) = 0,(1).

Therefore
1 & ~
=3 2.2, (V2 = V) = 0,(1).
i=1

The law of large numbers then gives
1 1772
- Y ZZVE =, Q.
i=1

Finally,
~ 1< ~
nV, = Qy, (5 > Zz'Z{VQQ) Q7
=1

SO nlA/7 —p Q;QVQ;. This completes the proof. m
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B Monte Carlo Results

Table B.1: Simulation Designs and Network Summary Statistics

Symmetric Uncorrelated Right-Skewed Correlated

Agent Effects

Agent Effects

S.1 S.2 S.3 S.4 S.5 S.6
Panel A: Design parameters
Yo -0.5  -0.75 -1 -0.5  -0.75 -1
" 0 0 0 0.25 0.25 0.25
Ao 1 1 1 0.25 0.25 0.25
A 1 1 1 0.75  0.75 0.75
Panel B: Network statistics
Largest Component Fraction 0.994 0.963 0.866 0.982 0.942 0.843
Network Density 0.121 0.078 0.051 0.128 0.085 0.055
Avg. Degree 5.930 3.826 2.484 6.276 4.180 2.691
Std. of Degree 2.710 2.089 1.656 3.292  2.546 1.941
Network Transitivity 0.161 0.103 0.068 0.205 0.142 0.098
Informative Triad Fraction 0.105 0.072 0.048 0.109 0.077 0.051
Tetrad Tetrad Fraction 0.025 0.013 0.006 0.024 0.013 0.006

Notes: Panel A reports the parameter values used in each simulation design. Panel B reports
averages across 500 Monte Carlo replications with n = 50. Largest Component Fraction is the
fraction of agents contained in the largest connected component. Network Density is the fraction
of realized links among all unordered dyads. Avg. Degree and Std. of Degree are the mean and
standard deviation of agent degree. Network Transitivity is the global clustering coefficient: the
number of closed triples divided by the number of connected triples. Informative Triad Fraction is
the fraction of anchored triad configurations satisfying |.S; jx| = 1. Informative Tetrad Fraction is
the fraction of two-link tetrad configurations in which the two links share no agents, as used by the

tetrad-logit estimator of Graham (2017).
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Table B.2: Monte Carlo Results for (/5y, A™)

Design Method Dyadic-surplus parameter (o Realized agent effects A™ Su({cess.ful
Bias SD RMSE 95% Cov. Bias SD RMSE 05% Cov. ‘cPlications
Tetrad logit -0.016 0.162 0.163 0.978 500
JML -0.058 0.151 0.161 0.872  -0.158 0.092 0.544 0.979 383
JML 4+ RBC  -0.004 0.142 0.142 0.909  -0.080 0.084 0.535 0.960 383
S.1 TALE: Stage 1 -0.058 0.164 0.173 0.952  -0.657 0.389 2.515 0.930 500
TALE: Stage 2 -0.058 0.153 0.163 0.932  -0.188 0.269 1.270 0.952 500
TALE: Stage 3 -0.007 0.144 0.144 0.940 -0.188 0.269 1.270 0.946 500
TALE: Stage 4 -0.007 0.144 0.144 0.940 -0.002 0.080 0.492 0.958 500
Tetrad logit -0.032 0.205 0.207 0.984 500
JML -0.076 0.195 0.208 0.795  -0.199 0.099 0.605 0.988 112
JML 4+ RBC  -0.018 0.182 0.182 0.857  -0.087 0.089 0.588 0.969 112
S.2 TALE: Stage 1 -0.076 0.213 0.226 0976 -1.916 0.710 4.717 0.832 500
TALE: Stage 2 -0.077 0.190 0.205 0.946  -0.825 0.620 3.788 0.934 500
TALE: Stage 3 -0.020 0.179 0.180 0.936  -0.825 0.620 3.788 0.928 500
TALE: Stage 4 -0.020 0.179 0.180 0.936  -0.004 0.090 0.587 0.960 500
Tetrad logit -0.047 0.256 0.260 0.988 500
JML 0.016 0.186 0.177 0.800 -0.249 0.128 0.629 0.992 10
JML + RBC 0.070 0.174 0.180 0.800  -0.097 0.104 0.594 0.972 10
S.3 TALE: Stage 1 -0.088 0.270 0.284 0972  -3.988 1.018 6.908 0.647 500
TALE: Stage 2 -0.072 0.226 0.237 0.938 -2.376 1.135 7.208 0.862 500
TALE: Stage 3 -0.008 0.211 0.211 0918 -2.376 1.135 7.208 0.856 500
TALE: Stage 4 -0.008 0.211 0.211 0.918 0.002 0.108 0.684 0.950 500
Tetrad logit -0.048 0.153 0.160 0.992 500
JML -0.059 0.130 0.142 0.892  -0.138 0.084 0.525 0.979 223
JML 4+ RBC  -0.004 0.122 0.122 0.951 -0.062 0.077 0.518 0.959 223
S.4 TALE: Stage 1 -0.081 0.161 0.180 0.956  -0.956 0.498 3.214 0.900 500
TALE: Stage 2 -0.078 0.145 0.164 0.940 -0.422 0.453 2.445 0.938 500
TALE: Stage 3 -0.025 0.136 0.138 0.948  -0.422 0.453 2.445 0.933 500
TALE: Stage 4 -0.025 0.136 0.138 0.948 0.009 0.080 0.503 0.956 500
Tetrad logit -0.034 0.186 0.189 0.988 500
JML -0.060 0.157 0.167 0.887  -0.167 0.099 0.590 0.985 53
JML + RBC  -0.003 0.147 0.146 0.943  -0.061 0.089 0.579 0.958 53
S.5 TALE: Stage 1 -0.055 0.198 0.205 0.980 -2.113 0.738 4.941 0.809 500
TALE: Stage 2 -0.053 0.177 0.185 0.948  -1.189 0.795 4.802 0.912 500
TALE: Stage 3 0.003 0.167 0.166 0.944  -1.189 0.795 4.802 0.907 500
TALE: Stage 4 0.003 0.167 0.166 0.944 0.002 0.095 0.589 0.956 500
Tetrad logit -0.069 0.242 0.251 0.990 500
JML 0.014 0.180 0.162 0.800  -0.225 0.129 0.619 0.992 5
JML + RBC 0.067 0.169 0.165 0.800  -0.076 0.116 0.590 0.976 5
S.6 TALE: Stage 1 -0.096 0.246 0.264 0.982  -3.991 0974 6.860 0.640 500
TALE: Stage 2 -0.078 0.219 0.232 0.938 -2.680 1.201 7.673 0.846 500
TALE: Stage 3 -0.013 0.203 0.203 0.952  -2.680 1.201 7.673 0.839 500
TALE: Stage 4 -0.013 0.203 0.203 0.952 0.026 0.104 0.668 0.949 500

Notes: Entries, including 95% coverage rates, are based on successful replications among 500 Monte
Carlo replications with n = 50, where success means that the computation completed and returned
estimates. JML denotes joint maximum likelihood; JML + RBC is the residualized bias-correction
benchmark. TALE Stages 1-4 are triad anchoring, stabilized dyadic refinement, bias correction for 3,
and bias-reduced effect profiling, respectively. Stage 3 retains the Stage-2 A™, while Stage 4 retains
the Stage-3 3. Bias, SD, RMSE, and 95% Cov. denote Monte Carlo mean bias, standard deviation,
root mean squared error, and coverage. For A", Bias and SD use the average error n=1 Y, (4; — A4;),

RMSE uses {n~1 Zl(ﬁz — A;)?}Y/2 and coverage is averaged across agents.
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Table B.3: Monte Carlo Results for (yo,71)

7o gj!
Design  Bias SD RMSE 95% Cov. Bias SD RMSE 95% Cov.
S.1 -0.001  0.092  0.092 0.966 -0.002 0.069  0.069 0.980
S.2 -0.007 0.100 0.101 0.984 0.004 0.074 0.074 0.984
S.3 0.005 0.118 0.118 0.962 0.004 0.077 0.077 0.992
S.4 0.010 0.093 0.093 0.972 0.000 0.068 0.068 0.986
S.5 0.001 0.108 0.108 0.968 -0.017 0.071  0.073 0.982
S.6 0.026 0.113 0.116 0.964 -0.034 0.076  0.083 0.978

Notes: Entries, including 95% coverage rates, are based on successful replications among 500
Monte Carlo replications with n = 50. The estimates of (vp,v1) are obtained by projecting
the final TALE agent-effect estimates AnTALE o) (1, X;). Bias, SD, RMSE, and 95% Cov.
denote Monte Carlo mean bias, standard deviation, root mean squared error, and coverage.

Table B.4: Simulation Designs and Network Summary Statistics

Symmetric Uncorrelated Right-Skewed Correlated

Agent Effects Agent Effects
S.1 S.2 S.3 S.4 S.5 S.6
Panel A: Design parameters
Yo -0.5 -0.75 -1 -0.5 -0.75 -1
Y1 0 0 0 0.25 0.25 0.25
Ao 1 1 1 0.25 0.25 0.25
A 1 1 1 0.75 0.75 0.75

Panel B: Network statistics
Largest Component Fraction 1.000  1.000  0.997  1.000  0.998 0.988

Network Density 0.120  0.079  0.051 0.127  0.086 0.055
Avg. Degree 17.934 11.769 7.537 18.932 12.768 8.250
Std. of Degree 6.220 4.651  3.466  8.463  6.519 4.733
Network Transitivity 0.161 0.109 0.072  0.205 0.152 0.106
Informative Triad Fraction 0.105 0.072  0.048 0.108 0.077 0.052
Tetrad Tetrad Fraction 0.024 0.013 0.006 0.024 0.013 0.007

Notes: Panel A reports the parameter values used in each simulation design. Panel B reports
averages across 500 Monte Carlo replications with n = 150. Largest Component Fraction is the
fraction of agents contained in the largest connected component. Network Density is the fraction
of realized links among all unordered dyads. Avg. Degree and Std. of Degree are the mean and
standard deviation of agent degree. Network Transitivity is the global clustering coefficient: the
number of closed triples divided by the number of connected triples. Informative Triad Fraction is
the fraction of anchored triad configurations satisfying |S; ;x| = 1. Informative Tetrad Fraction is
the fraction of two-link tetrad configurations in which the two links share no agents, as used by the
tetrad-logit estimator of Graham (2017).
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Table B.5: Monte Carlo Results for (5, A")

Design Method Dyadic-surplus parameter (o Realized agent effects A™ Su({cess.ful
Bias SD RMSE 95% Cov. Bias SD RMSE 05% Cov. ‘cPlications
Tetrad logit -0.002 0.050 0.050 0.958 500
JML -0.015 0.046 0.048 0.914  -0.057 0.026 0.288 0.962 500
JML + RBC 0.000 0.045 0.045 0.922  -0.027 0.025 0.285 0.954 500
S.1 TALE: Stage 1 -0.012 0.048 0.050 0.946  -0.051 0.028 0.305 0.956 500
TALE: Stage 2 -0.015 0.046 0.048 0.932  -0.021 0.025 0.285 0.954 500
TALE: Stage 3 0.001 0.045 0.045 0.934  -0.021 0.025 0.285 0.951 500
TALE: Stage 4 0.001 0.045 0.045 0.934  -0.001 0.024 0.273 0.955 500
Tetrad logit -0.005 0.060 0.060 0.970 500
JML -0.017 0.056 0.058 0.903  -0.092 0.033 0.362 0.968 483
JML + RBC  -0.001 0.055 0.055 0.936  -0.047 0.032 0.355 0.956 483
S.2 TALE: Stage 1 -0.015 0.059 0.061 0.958  -0.112 0.058 0.571 0.958 500
TALE: Stage 2 -0.018 0.055 0.058 0.944  -0.046 0.043 0.412 0.955 500
TALE: Stage 3 -0.002 0.054 0.054 0.956  -0.046 0.043 0.412 0.952 500
TALE: Stage 4 -0.002 0.054 0.054 0.956  -0.002 0.030 0.332 0.954 500
Tetrad logit -0.009 0.075 0.076 0.968 500
JML -0.017 0.071 0.072 0.910 -0.142 0.041 0.462 0.980 334
JML + RBC 0.001 0.069 0.069 0.907  -0.073 0.038 0.448 0.962 334
S.3 TALE: Stage 1 -0.019 0.074 0.076 0.962  -0.375 0.154 1.753 0.952 500
TALE: Stage 2 -0.020 0.071 0.074 0.940 -0.132 0.110 1.026 0.958 500
TALE: Stage 3 -0.003 0.070 0.070 0.944  -0.132 0.110 1.026 0.956 500
TALE: Stage 4 -0.003 0.070 0.070 0.944  -0.003 0.036 0.415 0.953 500
Tetrad logit -0.017 0.050 0.053 0.956 500
JML -0.016 0.046 0.048 0.914  -0.059 0.028 0.302 0.961 479
JML + RBC 0.000 0.045 0.045 0.952  -0.029 0.027 0.299 0.953 479
S.4 TALE: Stage 1 -0.012 0.048 0.049 0.956  -0.081 0.060 0.540 0.954 500
TALE: Stage 2 -0.015 0.045 0.048 0.946  -0.030 0.044 0.372 0.952 500
TALE: Stage 3 0.001 0.044 0.044 0.962  -0.030 0.044 0.372 0.950 500
TALE: Stage 4 0.001 0.044 0.044 0.962 0.000 0.026 0.284 0.952 500
Tetrad logit -0.029 0.062 0.068 0.950 500
JML -0.015 0.057 0.059 0.893  -0.092 0.035 0.377 0.967 347
JML + RBC 0.002 0.056 0.056 0.919  -0.048 0.033 0.370 0.954 347
S.5 TALE: Stage 1 -0.016 0.063 0.065 0.950 -0.240 0.117 1.360 0.947 500
TALE: Stage 2 -0.018 0.058 0.060 0.930 -0.098 0.100 0.913 0.951 500
TALE: Stage 3 -0.001 0.057 0.056 0.940  -0.098 0.100 0.913 0.949 500
TALE: Stage 4 -0.001 0.057 0.056 0.940 -0.001 0.031 0.349 0.951 500
Tetrad logit -0.031 0.078 0.084 0.962 500
JML -0.004 0.065 0.065 0.875  -0.141 0.040 0.463 0.975 88
JML + RBC 0.014 0.064 0.065 0.909  -0.075 0.037 0.449 0.958 88
S.6 TALE: Stage 1 -0.018 0.076 0.078 0.948  -0.657 0.219 2.598 0.924 500
TALE: Stage 2 -0.018 0.070 0.073 0.926  -0.323 0.202 2.307 0.947 500
TALE: Stage 3 -0.001 0.069 0.069 0.932  -0.323 0.202 2.307 0.945 500
TALE: Stage 4 -0.001 0.069 0.069 0.932  -0.002 0.037 0.429 0.951 500

Notes: Entries, including 95% coverage rates, are based on successful replications among 500 Monte
Carlo replications with n = 150, where success means that the computation completed and returned
estimates. JML denotes joint maximum likelihood; JML + RBC is the residualized bias-correction
benchmark. TALE Stages 1-4 are triad anchoring, stabilized dyadic refinement, bias correction for 3,
and bias-reduced effect profiling, respectively. Stage 3 retains the Stage-2 A™, while Stage 4 retains
the Stage-3 3. Bias, SD, RMSE, and 95% Cov. denote Monte Carlo mean bias, standard deviation,
root mean squared error, and coverage. For A", Bias and SD use the average error n=1 Y, (4; — 4;),

RMSE uses {n~1 Zl(ﬁz — A;)?}/2 and coverage is averaged across agents.
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Table B.6: Monte Carlo Results for (yo,71)

7o ga!
Design  Bias SD RMSE 95% Cov. Bias SD RMSE 95% Cov.
S.1 0.000 0.035 0.035 0.956 0.000 0.026 0.026 0.972
S.2 -0.001 0.038 0.038 0.966 0.000 0.030 0.030 0.964
S.3 -0.002 0.045 0.045 0.958 0.002 0.034 0.034 0.978
S.4 0.000 0.038 0.038 0.952 -0.002 0.029 0.030 0.962
S.5 0.000 0.040 0.040 0.966 0.001  0.033 0.033 0.962
S.6 -0.001 0.042 0.042 0.964 0.002 0.035 0.035 0.968

Notes: Entries, including 95% coverage rates, are based on successful replications among 500
Monte Carlo replications with n = 150. The estimates of (yg,71) are obtained by projecting
the final TALE agent-effect estimates AnTALE o (1, X;). Bias, SD, RMSE, and 95% Cov.
denote Monte Carlo mean bias, standard deviation, root mean squared error, and coverage.
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