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Motivation and Research Interests

Kensuke Sakamoto | Department of Economics, McGill University

Workshop on Development Economics and Networks for Early-Career Researchers
December 5, 2026

My research focuses on developing econometric methods for analyzing social and economic networks
with applications to labor markets, education, and development economics. I am particularly
interested in developing estimation and inference methods for network models with unobserved
heterogeneity and applying these methods to uncover spillover effects of interventions and hetero-
geneities in networks. The workshop on development economics and networks is an ideal venue for
me to present my current work, receive feedback from applied researchers, and learn about recent
advances in empirical network research.

In the project I propose to present, Design-based and Network Sampling-based Uncertainties in
Network FExperiments, Yuya Shimizu and I study the causal interpretability of OLS estimands for
spillover effects in network experiments when the network is sampled. We show that the OLS
estimand can be contaminated and have the opposite sign to the true causal spillover effect. We
find that the contamination is due to heterogeneities in spillover effects combined with the network
dependence in regressors, which can be exacerbated by network sampling. We propose some solutions
to mitigate the contamination and provide practical guidance for applied researchers. Using the
network experiment data of Cai, de Janvry, and Sadoulet (2015), we examine how information-
session attendance by friends of friends affects understanding of an insurance product. We find that
contamination makes the OLS estimate of this second-order spillover effect more negative than the
estimate obtained using our proposed method.

In another project, Network Robust Inference for Fized-Effect Regressions, I develop a novel inference
method for unobserved heterogeneities estimated by fixed-effect regressions using network data. The
proposed method is robust to network dependence in edge-level outcomes, which is often abstracted
away in applied research that uses matched employer-employee data. Relatedly, in Estimation and
Inference for Peer Effects Model under Heteroskedasticity, Long Hong, Mikkel Sglvsten, and I develop
a new estimation and inference method for spillover effects from peers’ unobserved heterogeneities
in network data. Unlike existing methods, our method is robust to heteroskedasticity, which can
cause inconsistent estimation and invalid inference on peer effects.

I am eager to receive feedback on these projects and discuss potential collaborations with researchers
working on empirical networks and development economics. I would particularly appreciate feedback
from researchers conducting network experiments on how our paper can be improved to provide more
practical guidance for applied researchers. I am also interested in how unobserved heterogeneity in
networks can be relevant to development economics, and I would like to discuss potential applications
with applied researchers at the workshop.



DESIGN-BASED AND NETWORK SAMPLING-BASED UNCERTAINTIES IN
NETWORK EXPERIMENTS

KENSUKE SAKAMOTO AND YUYA SHIMIZU

ABSTRACT. Ordinary least squares (OLS) estimators are widely used in network experiments to esti-
mate spillover effects. We study the causal interpretation of, and inference for the OLS estimator under
both design-based uncertainty from random treatment assignment and sampling-based uncertainty in
network links. We show that correlations among regressors that capture the exposure to neighbors’
treatments can induce contamination bias, preventing OLS from aggregating heterogeneous spillover
effects for a clear causal interpretation. We derive the OLS estimator’s asymptotic distribution and
propose a network-robust variance estimator. Simulations and an empirical application demonstrate

that contamination bias can be substantial, leading to inflated spillover estimates.

Keywords: Network Sampling, Design-based Inference, Network Experiments, Spillover Effects,
Potential Outcomes

JEL classification codes: C13, C21

1. INTRODUCTION

Network experiments, or randomized controlled trials (RCTs) on networks, have become in-
creasingly common in applied economics (e.g., Cai, de Janvry and Sadoulet, 2015; Dizon, Gong
and Jones, 2020; Carter, Laajaj and Yang, 2021; Fernando, 2021; Beaman, BenYishay, Magruder
and Mobarak, 2021). A central objective of these experiments is to estimate the “spillover effect”
of policy interventions as they propagate through networks. For example, Cai et al. (2015) estimate

spillover effects from randomly assigned information sessions on rice farmers’ decisions to purchase
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‘Wisconsin-Madison.
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a weather insurance product in Chinese villages. In this paper, we develop a comprehensive the-
oretical framework for ordinary least squares (OLS) estimators in network experiments, explicitly
accounting for both design-based uncertainty, arising from randomness in treatment assignment,
and sampling-based uncertainty, arising from randomness in sampling units and network links.
Our theory is motivated by two key gaps between empirical practice in applied work and existing
econometric theory.

The first gap lies in the choice of estimator. In applications, researchers predominantly use OLS
estimators to estimate spillover effects, employing exposure mappings that summarize treatment
status and network structure. In our survey of 29 papers analyzing network experiments, published
in the “top 5” economics journals and two leading field journals, all of the studies report using
the OLS estimator, while only two papers use propensity score-based estimators.! This pattern
stands in contrast to the theoretical literature on inference in network experiments (e.g., Aronow
and Samii, 2017; Leung, 2022; Gao and Ding, 2023), which provides inference results for inverse
probability weighting (IPW) estimators that directly estimate average spillover effects.

The other gap is due to ignoring a source of randomness. In many applied cases, researchers
need to collect network information through surveys. This collection process can introduce an
extra layer of uncertainty beyond design-based uncertainty. Moreover, the collected network may
only partially capture the true network governing the propagation mechanism. By contrast, the
theoretical literature on causal inference in network experiments typically abstracts away from
sampling-based uncertainty, assuming that the data correspond to the entire population and that the
observed network is complete.

To address these gaps, we make three contributions. First, we develop a novel framework

that jointly incorporates design-based randomness in treatment assignment and sampling-based

1Specifically, we considered papers published between April 2010 and April 2025 in the following journals:
American Economic Review, Econometrica, Quarterly Journal of Economics, Journal of Political Economy, Review
of Economic Studies, American Economic Journal: Applied Economics, and Journal of Development Economics.
We searched for articles that listed “networks” and either “field experiments” or “randomized trial” as keywords on
the Web of Science platform. This search resulted in 52 papers, of which 29 conducted network experiments and are

mentioned in the text. These papers are referenced in Appendix E.
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randomness in network links. Our framework considers a finite population of # units, from which
units are randomly sampled and treatments are assigned. We explicitly model the network sampling
process, focusing on two common sampling methods: (i) induced subgraph sampling, where each
sampled unit reports friends within the sample, and (ii) star sampling, where each sampled unit
reports friends from the entire population. In this setup, unlike in non-network experiments,
sampling-based uncertainty arises from two sources: (i) which units are sampled, and (ii) which
links are observed. We consider potential outcomes that depend on the entire treatment vector,
thus violating the Stable Unit Treatment Value Assumption (SUTVA). To address the resulting
dimensionality problem, we assume that the potential outcomes are linear in an exposure mapping,
a set of user-specified sufficient statistics summarizing treatment status and network structure. For
example, a common exposure mapping includes the fraction of one’s friends who are treated.
Importantly, we do not assume that the user-specified exposure mapping is correctly specified; it
may differ from the true exposure mapping in both functional form and dimension. This flexibility
also allows us to incorporate censored network links in a unified way.

As our second contribution, we investigate whether the estimands associated with the OLS
estimator can be interpreted as causal spillover effects. We distinguish between two causal targets:
a population-level estimand and a sample-level estimand. The population-level estimand is defined
as the weighted average of the treatment effect vector across the entire population, including those
who are not sampled, with complete network information. On the other hand, the sample-level
estimand is defined as the sample average of the treatment effect vector across the sampled units,
with the sampled network information. We show that both types of estimands can be contaminated:
each element of the multi-dimensional estimands may reflect causal effects from other elements of
the exposure mapping vector. With heterogeneous treatment effects, correlations among elements in
the exposure mapping vector (e.g., the proportion of treated friends and the proportion of friends’
treated friends) blur the distinction between the true causal effects in one element and those in
another. Although the population-level causal estimand can be free from contamination if the
exposure mapping is defined such that there is no correlation among its elements, the sample-level

causal estimand can still be subject to contamination, and thus lacks causal interpretability due to
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network sampling. Missing links can create undesirable correlations between the observed and true
exposure mapping across different elements. As a result, the two estimands can remain distinct
even in large samples unless the exposure mapping is correctly specified and the network links for
the neighborhood are completely sampled.

In our third contribution, we derive asymptotic theory for the OLS estimator and find conditions
under which the OLS estimator approximates the estimands. We show that the OLS estimator
is consistent for the sample-level causal estimand, conditionally or unconditionally on the sam-
pling uncertainty. However, because the sample-level causal estimand generally lacks causal
interpretability, results from OLS estimation should be interpreted with caution. If the exposure
mapping is correctly specified and there is no potential correlation between the true and observed
exposure mappings, the sample-level causal estimand is consistent for the population-level causal
estimand; thus, we can guarantee a clear interpretation of the OLS estimator. We further derive
the estimator’s asymptotic distribution and provide a conservative network heteroskedasticity and
autocorrelation consistent (HAC) variance estimator.

This paper contributes to the literature on design-based inference in network experiments
(Aronow and Samii, 2017; Leung, 2022; Gao and Ding, 2023; Hoshino and Yanagi, 2024). Previ-
ous works have primarily focused on design-based uncertainty, where treatment assignment is the
only source of randomness and complete network information is assumed to be available without
sampling uncertainty. Additionally, these works have mainly considered IPW estimators, which
allow for direct estimation of causal spillover effects, while the OLS estimator has received less at-
tention. To focus on IPW estimators, these works typically assume that the exposure mapping takes
discrete values, such as an indicator of whether a unit has at least one treated friend.2 In contrast,
this paper considers both design-based and sampling-based uncertainties with an explicit network
collection process, and focuses on the OLS estimator with exposure mappings as regressors, which
is widely used in empirical applications and allows for continuous exposure mappings.

This paper also relates to the literature on simultaneous design-based and sampling-based in-

ference (see Abadie, Athey, Imbens and Wooldridge, 2020; Xu and Wooldridge, 2022; Abadie,

2Gao and Ding (2023) discuss the potential application of IPW-based estimators to continuous exposure mappings.
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Athey, Imbens and Wooldridge, 2023; Viviano, 2024). Our framework extends the approach of
Abadie et al. (2020) to the network setting by allowing for both design-based and sampling-based
uncertainties in network experiments, and by focusing on both population-level and sample-level
estimands. We differ from Abadie et al. (2020) in several important respects. First, we explicitly
model network sampling, where the observed network may be only partially observed. Second, we
study the OLS estimator with exposure mappings as regressors, which induces dependence among
outcomes and between regressors and sampling indicators, features not present in their analysis.
Third, we provide an element-wise causal interpretation of the estimands and the OLS estimator,
which is not addressed in their work. Relatedly, Viviano (2024) also considers both design-based
and sampling-based uncertainties, including uncertainty arising from network sampling. However,
while his approach assumes that all relevant network information for computing the true exposure
mapping is observed, our framework allows for the possibility that some relevant network infor-
mation is unobserved due to sampling uncertainty. Additionally, while Viviano (2024) focuses on
a sample-level estimand that maximizes a welfare measure, our study is concerned with inference
for both population-level and sample-level causal estimands, emphasizing the potential divergence
between the two.

This paper is also related to the literature studying the impact of network data collection on
parameters of interest (Chandrasekhar and Lewis, 2016; Griffith, 2022; Lewbel, Qu and Tang,
2023; Hsieh, Hsu, Ko, Kovarik and Logan, 2024). While these papers share a similar motivation
in that the network sampling process can affect the estimation of spillover effects, they primarily
focus on the potential bias of estimators with respect to homogeneous parameters due to network
sampling. In contrast, this paper focuses on the causal interpretability of the OLS estimator
with heterogeneous spillover effects. This distinction is important because attenuation bias, as
highlighted for example in Chandrasekhar and Lewis (2016), does not necessarily hinder learning
about spillover effects if the estimator preserves the sign of the underlying effects. However, we
show that the OLS estimator with exposure mappings may not preserve the sign of the true spillover

effects due to contamination bias, potentially leading to misleading conclusions.
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More broadly, this paper contributes to the literature on the causal interpretability of estimators
in linear regressions with heterogeneous treatment effects (Angrist, 1998; Goldsmith-Pinkham,
Hull and Kolesér, 2022; Borusyak and Hull, 2024). In particular, Goldsmith-Pinkham et al. (2022)
show that the OLS estimator with multi-dimensional treatment indicators can be contaminated in the
presence of heterogeneous treatment effects, which aligns with our findings in Corollary 1. There
are two important differences. First, we consider a finite population model, whereas Goldsmith-
Pinkham et al. (2022) focus on an infinite population model, making it nontrivial to extend their
results to our setting. Second, we allow for general exposure mappings as regressors, while
Goldsmith-Pinkham ez al. (2022) restrict attention to mutually exclusive multi-dimensional treat-
ment indicators. In our context, contamination bias arises from overlaps in the treatment status
across elements of the exposure mapping, whereas such overlaps are not possible in the non-network
setup of Goldsmith-Pinkham et al. (2022).

The remainder of this paper is organized as follows. Section 2 introduces the framework for
network sampling, the model, and assumptions. Section 3 presents the main results, including a
causal interpretation and asymptotic theory. Section 4 proposes a network heteroskedasticity and
autocorrelation consistent (HAC) estimator for the standard errors. Section 5 provides a simulation
study to illustrate the finite sample properties of the proposed estimator. Section 6 applies the
proposed method to a real-world dataset. Section 7 concludes the paper and provides a flowchart
(Figure 5) outlining recommended steps for conducting inference in network experiments using the
OLS estimator. Appendix A discusses how to estimate the nuisance parameters consistently, Ap-
pendix B contains technical lemmas, Appendix C contains proofs, Appendix D presents additional
simulation results, and Appendix E lists the papers included in the survey of network experiment

research presented in the Introduction.

2. MODEL

In this section, we first outline our framework for modeling network experiments. We then
introduce the estimands of interest, which are defined both for the entire population and for the

sampled group, as well as the OLS estimator used to estimate these estimands.
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2.1. Population. As in Abadie et al. (2020), we consider a sequence of finite populations. There
are finitely many units (n < oo0) in the population, denoted by N, = {1,...,n}. These units are
connected through the network represented by an adjacency matrix A, = [A,; j]i jen, € {0, 1}
We define A, ; ; = 1 if there is a network link between units i and j, and A,,; ; = 0 otherwise. We
assume that the network is undirected (A, ; ; = A, ;) and has no self-loops (A4,;; = 0). Each unit
i is characterized by a vector of covariates Z,; € Z, C R potential outcomes Y;’l.(-) eY,CcR
that depend on the entire vector of binary treatments D, = [D,;licn, € {0,1}". We consider
the setup where the researcher assigns treatments only to the sampled units, but spillovers to non-
sampled units are allowed. The covariates Z, ; include both network information (e.g., number of
i’s neighbors, degree: deg,; = 2.4 An;;) and individual information (e.g., i’s age). Also, the
potential outcomes may violate the Stable Unit Treatment Value Assumption (SUTVA) by allowing

for others’ treatment status as inputs.

2.2. Sampling. From a finite population of n units, we draw a sample of N = 3", R,; units
(hence n > N), where R,; € {0, 1} is the sampling indicator for the i-th unit: R,; = 1 if i is in the
sample and otherwise R,,; = 0. Given the sampling indicator vector R,,, partial elements of the true
network A, are sampled. We denote the sampled network, given the sampling indicator vector R,,,
as Z,,(Rn). When the dependence on R, is clear from context, we simply write A,. The sampled
adjacency matrix A, = [Avn,,-, ilijen, € {0, 1} has (i, j)-element gn,,-, ;> which equals one if there
is a true network link between units i and j and the link is sampled, and zero otherwise.

In this paper, we focus on two canonical network sampling methods: (i) induced subgraph
sampling, and (i1) star sampling. In the induced subgraph sampling case, we sample A, =
R, R, © A, where O is the element-wise product and the (7, j)-element of Zn, Avn,i,j =Ry iRy jAn; |
represents a network link between the units i and j, which is sampled if both units are sampled.
In the star sampling case, we sample A, = (1,1, - (1, - R,)(1, - R,)’) © A,, where Xn,,-,j =
max{R,;, R, j} A, represents a network link between the units i and j, which is sampled if at
least one of the two units is sampled. Sampled networks under induced subgraph and star sampling
are illustrated in Figure 1. In the figure, the sampled units are in blue, and the non-sampled units

are in light gray. The sampled links are shown as solid black lines, and the non-sampled links as
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dashed gray lines. In practice, if the researcher asks the sampled units to list their friends from the
list of sampled units, the induced subgraph sampling network is sampled (e.g., Conley and Udry,
2010; Dizon et al., 2020; Carter et al., 2021). If the researcher asks the sampled units to list their
friends from the population, the star sampling network is sampled (e.g., Banerjee, Chandrasekhar,
Duflo and Jackson, 2013; Cai et al., 2015; Beaman et al., 2021). See Section 5.3 of Kolaczyk and

Csardi (2014) for further examples of network sampling.

FIGURE 1. Comparison of induced subgraph sampling (left) and star sampling (right).

O O
O

(A) Induced subgraph sampling (B) Star sampling

Note: Blue nodes indicate sampled units, while light gray nodes denote non-sampled units. Solid black links are
observable to the researcher; dashed gray links are unobserved.

We denote the observed covariates by Zn,,-, which may differ from Z,; due to network sampling.
For example, if Z,; includes i’s degree, then Zn’,- contains i’s degree computed from the sampled
network Zn: (Eén’i = Z#i Zn,i,j. Note that we allow both Z,; and Z”v to depend on R,,.

Throughout the paper, we maintain the following assumption regarding the sampling process

and the assignment mechanism.

Assumption 1. (i) Random sampling:

R,.; ~ Bernoulli(p,) i.i.d.,
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where p, € (0, 1] is a sequence of sampling probabilities such that p, — p € (0, 1].

(ii) Network sampling: Given a fixed entire network sequence A, € {0, 1}Y™", the (i, j)-element
of sampled network Zn is generated by the induced subgraph sampling Zn’,‘,j =R, iRy jAy; j orthe
star sampling Avn,i,j =max{R,;, Ry} An,i ;.

(iii) Treatment assignment mechanism: Let R, _; denote the vector R, excluding the i-th element,
Ry. The assignment mechanism D, ; is independent of R, _; and drawn independently (but not
necessarily identically) from a known distribution. The distribution of D, ; is degenerate at 0 if

and only if R, ; = 0.

Assumption 1 (iii) implies D,; = 0 if R,; = 0, which means we treat only the sampled units.

The simplest example is
D, ; ~ Bernoulli(R,;p, ;) independently. (D)

While we use the Bernoulli assignment in (1) for all illustrations in the paper, our theoretical results
accommodate more general assignment mechanisms, as specified in Assumption 1 (ii1). Since
Assumption 1 (ii1) does not require the identical draws, p,; could depend on A,, Z,; or other
observed characteristics of unit ;. We can equivalently write Assumption 1 (iii) as D, ; = Rn,iD;‘M.,

where D7 . is defined as the latent treatment indicator generated by D), ~ Bernoulli(p,;) (or
more general distribution satisfying the assumption) independently. Note also that the treatment
assignment mechanism is known to the researcher, which is satisfied in a randomized controlled

trial and commonly assumed in the design-based inference literature.

Remark 1. Assumption 1 (i) rules out cluster sampling and multi-wave network sampling, because
in such designs R,; may depend on R, ; for some j # i through the cluster or the network,
respectively. Assumption 1 (ii) prohibits censoring of A,; when censoring occurs, it can be treated
as misspecification of the exposure mapping (see Example 4). Assumption | (iii) excludes complex

assignment schemes, such as matched-pair or blocked randomization. m

2.3. Potential Outcome. As discussed above, each unit’s potential outcome Y .(-) is a function

*

»» Where

of the full treatment vector D,,. By Assumption 1 (iii), we can write D,, = R, © D
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D) = [D,*“.],-e ~,- Following the literature (e.g., Aronow and Samii, 2017), we assume that there
is an exposure mapping T,; € 7, C R that essentially determines i’s potential outcome by
summarizing the network structure and the treatment status vector. See Section 2.4 below for a

detailed definition and discussion on the exposure mapping. We consider a linear potential outcome

model, so that for each 7 € 7y, Y,';(7) is defined as follows.
Assumption 2. Forallt € 7,

Yy () =16, + Vi,
where 6, ; and v, ; are non-stochastic.

Note that 6,,; is a vector of heterogeneous treatment effects. Each element 6, ; (x) represents the
marginal effect of the k-th component of the exposure mapping 7}, ; on the potential outcome ¥, ().
For example, if the k-th component of 7,,; is the share of treated friends, then 6,,; () captures the
causal spillover effect from i’s treated friends on i’s outcome. Since 6, ; is non-stochastic, it may
depend on the population network A,, allowing for heterogeneity based on network structure and
unit i’s position.

Although a linear model may seem restrictive, when |7,| is finite (e.g., 7, = {0, 1}?), this
assumption is without loss of generality as discussed in Abadie et al. (2020). The realized outcome

isY,; = Yn*,i(Tn,i)' Thus, the outcome depends on D), only via the exposure mapping 7}, ;.

2.4. Exposure Mapping. Let the true exposure mapping be T,; = g(i,D,,A,) € 7, c R,
where g : N, x {0, 1}" x {0, 1}’ — 7, is a function that generates the true exposure mapping
for each unit. Specifically, for unit i, it takes (i) i’s index, (ii) the treatment vector D,,, and (iii)
the true network A, as inputs, and returns a lower-dimensional vector of summary statistics for the
outcome. For example, applied researchers use the presence of i’s treated friends and the share of
i’s treated friends as the exposure mapping.

This paper allows the researcher to misspecify the functional form of g. For example, if the
researcher uses the presence of treated friends as the exposure mapping, while the true potential

outcome is linear in the share of treated friends, then the exposure mapping is misspecified. We
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denote this misspecified exposure mapping function by g, : N, x {0, 1}"* x {0, 1}’ — 7, where
7, € R4 . Note that the dimensions d7 and d7 may differ. The functional form g, could depend
on the sample size n (as in Example 3), but for notational simplicity, we omit the subscript n. We
assume that dimensions dr and d5 are constants independent of n.

If ¢ = g, then the observed exposure mapping T;l,,- can be written as 7:;1,,- = g(i, Dy, Zn). That
is, the only difference between the true exposure mapping and the observed exposure mapping is
the network input, between A,, and A,.. More generally, if the researcher misspecifies g as g, then
the observed exposure mapping is 7~’n,l~ =g(i,Dy, X,,) In this case, the dimensions dr and dz may
differ.

Below, we provide some examples of exposure mappings.

Example 1. Suppose that the true exposure mapping is i’s own treatment indicator:
Tn,i = g(i, D,, An) = Dn,i = Rn,iD;;,l*

Note that the exposure mapping does not depend on the network information, and as long as the

researcher correctly specifies the exposure mapping g = g, we have Ty, ; = T;w- foralli € N,.

Example 2. Suppose that the true exposure mapping is an indicator of the existence of at least one

treated friend:

Tn,i = g(l, Dn,An) =1 {Z An,i,jRn,jD;:,j g 0} ’

J#
and the researcher correctly specifies the exposure mapping as fn,i = g(i, Dy, Zn). Thus, for the

induced subgraph sampling case (Zn,,-,j = RpiRy jAni )

fn,,‘ =1 {Z Rn,iRn,jAn,i,jRn,jD:’j > 0} =1 {Rn,i Z An,i,jRn,jD:’j > 0} .
J#i j#i
Thus, when R,,; = 1, we have T, ; = T’m For the star sampling case (Kn,i,j =max{R,;, Ry j}Ani ;)

= is ¥ iR ;‘; — iR :; ,
Ti=1 {Zmax{Rn, Ruj}AnijRujD}y ;> o} ]I{ZA,“JRMD J> 0}

J# J#
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and we have T, ; = fn,,- foralli € N,.

Although the two preceding examples correctly specify the exposure mapping, the subsequent

example fails to do so.

Example 3. Suppose that the true exposure mapping is a vector of a direct treatment, a spillover

treatment through a fraction of treated peers, and their interaction term:

) . Zj:/:i An,i,jRn,jDZ’j . Zj;ti A",i,]‘Rn,]‘D;:,j
Tn,i = g(l,Dn, An) = R"yiDn,i’ > Rn,iDn’l’ X
Zjii An,i,j Zjii An,i,j
By convention, we usually set ) ;; Anvi,jRn,jD:,j/Z_/# Apij = 01f X s Anij = 0 fo negate the

spillover effect. Suppose that the researcher misspecifies g as

Tni =800, D, Ay) = | RyiD5y 18 > Aui iR Dy > 0]
J#i

In this specification, it is evident that g # g because dr > dz. The misspecified g accounts only for
the direct effect and the spillover effect represented by an indicator of the presence of at least one
treated friend. Consequently, not only do the dimensions differ, but the structures of the variables

capturing spillover effects are also distinct.

2.5. Censored Network. We can also treat censoring on a sampled network as arising from a
misspecified exposure mapping as g can specify which links in a sampled network A to be used to
compute the exposure mapping. This is empirically relevant as in practice, some studies impose
a cap on the number of links each sampled unit can report, leading to a discrepancy between the
sampled and censored networks. For example, in Cai et al. (2015), each sampled unit was asked to
report up to five closest friends, which potentially introduces censoring in the observed network.
See also Griffith (2022) for further examples and a detailed discussion of censoring in network
data collection. The following example illustrates how censoring can be framed as a misspecified

exposure mapping:
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Example 4. Let g be the same as in Example 2. Suppose that the researcher misspecifies g due to

the censoring as

Toi = 8(i, Dn, An) = 8(i, D, Co(A,) © 4,) = 1 {Z Crvij(An)Ani jRu D} ;> o} :
Jj#i
where Cn(Z,,) is the censoring indicator matrix whose (i, j)-element is C,; (Zn) € {0,1}, a
binary variable that indicates whether unit j is censored from i’s perspective. The censoring
indicator can be a random variable, as we allow it to be an unknown function of the sampled
network Zn For example, C,; ; = 1 when unit i (or j) with R,; = 1 (or R, ; = 1) is asked to
list their five closest friends and j (or i) is one of them.’ In this example, g # g in general and

misspecification occurs due to the censoring.

We distinguish between the sampled network A,, and the censored network C n(;in) ©A,, and
the discrepancy is framed as the misspecification of the exposure mapping. This framework is
useful for separating the sampling effect from the censoring. In the extreme case with p, = 1, we
sample the entire network X,, = A,, but the censoring still matters as we observe C,(A,) © A,.
For convenience, we will omit the notational dependence of C,, on A n-

The dependence of C,, on A, is motivated as follows. In practice, the censored induced subgraph
sampling network is observed if the researcher asks the sampled unit to list a fixed number of
closest friends from the sampled friends. Thus, it usually depends on [Zn,i, iljen,. The censored
star sampling network is observed if the researcher asks i with R,; = 1 to list a fixed number of
closest friends from their friends in population [A,; ;] jen,. Since Ani. j =Ap,i;holds for R,; =1
for the star sampling network, the censoring depends on [Zn,,-, iljen,. We also allow the arbitrary

dependence of C,, on other deterministic variables, such as individuals’ preferences regarding their

friends, which is a benefit of the design-based framework.

2.6. Estimands and Estimator. To facilitate the introduction of our estimands and OLS estimator,
we first transform the exposure mappings. Recall that the exposure mappings 7, ; and 7~"n ; arerandom

vectors that depend on R, and D,,, and the covariates Z,,; and Zn,i are random vectors that depend

3We can define cn,l-,l-(fx,,) arbitrarily because A, ;; = 0.
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only on R,,. Define

where

and
-1

Ay

D RyEIT,|R,)Z,,

n
= =
D RuiZniZ),;
i=1 1

i=1
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That is, Xj,; is the population residual of the regression of 7;,; on Z,, ;, and )?n,i is the residual of the

regression of T’m on FZV,” using sampled units. Since we know the treatment assignment distribution

with known p,,; and observe R,, we can calculate E[ﬁ,,ian] analytically.

Table 1 summarizes the conditional expectation of widely used exposure mappings when the

assignment probability is homogeneous: D; . ~ Bernoulli(p,) ii.d. The table focuses on the

case where the exposure mapping is scalar. The researcher applies it element-wise for multi-

dimensional cases. For the second neighborhood, the expectation can be calculated similarly.

See also Example 10 below for the modification on multi-dimensional cases with the second

neighborhood.

TABLE 1. Conditional Expectation of Exposure Mappings Frequently Used in Ap-

plied Research
Exposure Mapping T’n,,- =g(i,D,, Zn) E ]~"n,,- | R,
Individual Treatment R,;D} , Rpipn
. Z Ed Xn,i,_fRfl-jD* i Z i 'Xn i 'Rn j
Treated Friends Share ! _ L) x S RLI
2jxi Ani,j Pn 2jzi Anyi,j
Treated Friends Number Zj# An,i,jRn,jD:;’j Pn X Zj# AnijRn;

Treated Friends Existence 1 {Zj# Zn,,-,jRn,jD; ;> 0} 1-(1- Pn)z-"” AR

Note: Assume that R, ; ~ Bernoulli(p,) i.i.d. and D;, ; ~ Bernoulli(p,) i.i.d. By convention,
we usually set 3 j.; An,i jRn,jD, 1/ 2 ji Anij = 01f Xji Anij = 0.
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To summarize relevant moments of the data, define the population matrix €, and the sample

matrices Q,, and ﬁn:

[ i || Y | (e o o
Qn=;;E i || X [ =] @ @ QX2 |,

. wi |\ Zua Qrr ofX QfF

) Yoi || Y o," ot Q)
Gr=y D Rei| %ot || % | 2| G 3% 327 |,

“ o\zo\z.) o7 o o7

and ,

n Vi \[ Y o orx gre
0=y D RE|| R || R | 1R =] B2 B0 o
. Zoi |\ Z Gz GIX G

Note that the expectation for Q,, is taken over D, and R, while the conditional expectation for ﬁn
is taken over D, conditional on R,,.

Our estimands of interest are

-1

ggausal _ Q;)z(X Q’){Z Q’}q(Y ’ @
,yzausal QfX Q’%Z Q%Y
and -
eflausal,sample ) ﬁ;)fx ﬁr)l(z ﬁr}l( Y
y;ausal,sample - ﬁ%x ﬁgz ﬁgy . (3)

These are causal estimands in the sense specified by Abadie et al. (2020). (23!, y<ausal)’ concerns

. . . . sal,sample _ causal,sampl
the population-level causal effects of intervention while (@, """ "¢ 2SS4y concerns the

sample-level causal effects when the sampling is governed by R,,. (85253, ycausal) ig a solution for
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the population moment condition:

1 - E X”vi Y. X’ ecausal 7' causal \ | _ 0 4
Z Z 7 ni = AniY%n ~ LyiVn - )
i=1 n,i
and (Qf,ausal’sample, y;ausa]’sample) is a solution for the sample moment condition:
1 - X’l,i 7 causal,sample ~r _ causal,sample
N Z Rn,iE - Yn,i - Xn,ien - Zn,i')/n | R,| =0. (5)
i=1 Z

n,i

We study (i) whether the sample-level estimand can be estimated consistently (internal validity),
and, if so, (ii) how closely it approximates the population-level estimand (external validity). We
will also discuss whether each element of these estimands admits a causal interpretation, namely,
whether each OLS coeflicient represents a convex combination of the corresponding heterogeneous
treatment effects, which is not discussed in Abadie et al. (2020).

For the sample-level causal estimand, we consider the ordinary least squares estimator:

-1

)

(2 e (@)
Yn 0" Oy 0
Equivalently, the moment condition is
1 L Yn,i —_~ —_
= Ru| | (Y- X0~ Z,0) =0, )
= Z

n,i

An alternative approach is to use the inverse probability weighting (IPW) estimator (e.g., Leung,
2022; Gao and Ding, 2023). A usual condition for the IPW estimator to work in a network
experimental setting is the individual-level overlapping condition; in our notation, we need to have
P[T’m =t|R,] € (n,1 —n) almost surely for all i € N, and ¢t € 7, for some € (0,1/2). This
overlapping condition is difficult to maintain in the network sampling framework. For example,
consider a population of two connected units. Suppose the first unit is sampled, while the second

is not. The exposure mapping is defined as the number of treated neighbors. In this case,
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P[fn,l = 1|R,] = 0, thereby violating the overlapping condition. Also, it is notable that the [PW
estimator typically targets a quantity that differs from our estimands, which are defined through
moment conditions in (4) and (5).

Throughout this section, we have defined the network sampling framework, the exposure map-
ping, and the potential outcome model. We have also defined the population- and sample-level
estimands, which are the solutions to the population and sample moment conditions, respectively.

The next section provides our main theoretical results within this framework.

3. MAIN RESULTS

In this section, we present the main results of this paper. We first discuss the population- and
sample-level estimands’ causal interpretation, then derive the asymptotic properties of the OLS
estimator for both. Since we have assumed that the sequence of sampling probabilities p, is
bounded away from 0 (Assumption 1-(1)), it follows that N > 0 a.s. for large enough n (Lemma 4
in the Supplemental Appendix). Thus, there is no additional concern for the degeneracy of the
estimands and the OLS estimator in a large population, relative to the standard design-based setting

with p,, = 1.4

3.1. Interpretability of the Causal Estimands. We impose the following regularity conditions
for the causal estimands to be well-defined. These conditions require boundedness of the outcome,

exposure mappings, and covariates, as well as full rank of the exposure mappings and covariates.

Assumption 3.

(i) (Uniform Boundedness): The sequence of potential outcomes Y, ;(+) is uniformly bounded,
i.e., there exists some constant Y > 0 such that Y, (D] < Y <o foralln, i € Ny, and
teqT.

(ii) The sequences of exposure mappings T, ; and 7~",1,,- satisfy the following.

4This is why we have a stronger statement than Abadie et al. (2020) who allow p,, — 0 as n — oo and use “with
probability approaching 1 instead of “almost surely” in their results. Note that Lemma 4 allows p,, — 0 as long as

Pt — 0.
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(a) (Uniform Boundedness): There exists some constant T such that ||T,,], ||7~“n,l~|| <T<
oo almost surely for all n,i € N,,.

(b) (Variation): (1/n)x}en;, Var(T,;) is invertible and (1/N)XY;en;, Rui Var(]ﬁrn,i | R,)
is almost surely invertible for large enough n.

(iii) The sequences of covariates Z,; and Zn,,- satisfy the following.

(a) (Uniform Boundedness): There exists some constant Z such that || Zy, ||, ||Zl,,~|| <Z<
oo almost surely for all n,i € N,,.

(b) (Full Rank): (1/n) x ¥, Z,,Z,, ; is almost surely full-rank for large enough n, and

(I/N) x X0, Rn,,-FZVn,l-FZV;l,i is almost surely invertible for large enough n.

Assumption 3 (iii) implies that the sequences of residualized exposure mappings X, ; and fn,i

satisfy the following.

(a) (Uniform Boundedness): There exists some constant X such that || X,,;, ||)?,,,,~|| <X <o
almost surely for all n,i € N,,.
(b) (Full Rank): (1/n) X ¥ex, B[X,: X ] is invertible and (1/N) X T Ry E[ X, X ;| R,]

is almost surely invertible for large enough n.

The uniform boundedness of the potential outcomes in Assumption 3 (i) is a standard assump-
tion in the literature (e.g., Gao and Ding, 2023; Leung, 2022). Assumption 3 (ii-a) rules out
some network statistics in a large, dense network (e.g., a diverging degree). Assumption 3 (ii-b)
requires that the exposure mappings are not degenerate across the units. For example, in Exam-
ple 2, Assumption 3 (ii-b) is violated if the network is empty, A,;; = O for all i, j € N,, as
{2 2 RnjAni, D, > 0} =0 for alli € N,. Assumption 3 (iii-b) does not exclude the constant
term in Z,; and Z” Assumption 3 (ii-b) and (iii-b) are not as restrictive as they seem since we
have N > 0 a.s. for large enough n.

We impose an additional condition on the exposure mapping:

Assumption 4. There exists a sequence of matrices L,, such that

E[T.:|R,] = L,Z,; a.s.
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for large enough n. Similarly, there exists a sequence of matrices L,, measurable with respect to

o (Ry,) such that
E[T;z,t|Rn] = zn2;1,t' a.s.

for large enough n.

This assumption is fairly weak, as it is automatically satisfied if E[7},;|R,] and E[fn,ian] are
included in Z,; and Zn,i, respectively. Typically, in a field experiment, the experimenter knows
the assignment mechanism, so E[T},,ian] can be computed either analytically or numerically and
included as covariates. As the following example shows, in some cases, it is sufficient to include

some network statistics in the covariates to satisfy this assumption.

Example 5. Consider a variant of the exposure mapping in Miguel and Kremer (2004) that counts

the number of treated friends:
Toi=g(i Dy An) = > AnijRy Dy .
J#
If there is no censoring, then g = g. The conditional expectations of exposure mappings are derived

as E[ nllR ] = Zj;f:i An,i,jRn,jpn,j, and E[’fn,ian] = Zj;ti Zn,i,jRn,jpn,_/’ = Zj;f:i An,i,jRn,jpn,j for
R, = 1. Thus, Assumption 4 holds if the weighted degree Z#i A iR jpn,j is included in Z,;
and an

We obtain the following transformations of the estimands in terms of the individual causal effects

6, in the linear potential outcome model in Assumption 2:

Theorem 1. Under Assumptions I to 4, for large enough n,

Hcausal (Z E X ’ix/ Z E X X/ n i

and

n
gzausal,sample _ (Z Rn,iE[Xvan Z R,E[ X ,iX;l,i|Rn]0n,i a.s.
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Theorem 1 shows that #2535 expressed as a weighted sum of causal effects 6,,; induced by

the exposure mapping. On the other hand, 85""5**™" ig not necessarily a weighted sum of 6,

because of the difference in X,,; and fn’,- in the numerator. Moreover, the dimension of Hzausal’sample
is dz, which can be different from dr, the dimension of 6,, ;.

In the absence of Assumption 4, it is known that the formula in Theorem 1 does not hold due to
the omitted variable bias (OVB). Assumption 4 and Theorem 1 suggest a takeaway for practitioners:
under the linear propensity scores, the researcher can select necessary controls easily to avoid the
OVB.

The linear propensity score assumption Assumption 4 is a weak assumption in design-based
causal inference. This assumption also appears in Abadie et al. (2020) and Borusyak and Hull
(2023). In the latter, the OVB is removed by using the recentered instruments. Theoretically,
including the controls and using the recentered instruments are equivalent, but including the controls
is more frequently used in practice. While Borusyak and Hull (2023) focuses on homogeneous
treatment effects, this paper allows for heterogeneous treatment effects.

Note that in general, the k-th elements of 6523 and Hflausal’sample do not directly correspond to
the causal effect of changes in the k-th element of the exposure mapping on the outcomes. For
example, if the exposure mapping is two-dimensional, we could have the first element of #5252 to

be negative while the first element of 6,; is positive for all i € N, if the second element of it is

significantly negative.

3.2. Causal Interpretation. To provide a causal interpretation for each element Ozazllfi‘l and

ecausal,sample

n.(k) , we develop an element-wise version of Theorem 1. To this end, we let T, ; (x) denote

the k-th element of 7, ;. Similarly, we write Tn,i,(k), Xni (k) fn,i,(k). For each k, let U, ; ) be the
residual when projecting X, ; (x) onto the X, ; (—x) = (Xpi,(1))izk:

-1
n n
Un,i,k) = Xni,(k) = (Z E[Xn,i,(k)X,',,i,(_k)]) (Z ElXni -0 Xni ]| Xni(-h-
i=1 i=1
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Similarly, define
-1

n
Uni(6) = Xni.(k) — ZRME i, (k) ',i’(_k)an] ZRn,iE[Xn,i,(—k)X,/l,i,(_k)|Rn] Xoni,(~k)-
i=1

Then, we have the following decompositions:

Corollary 1. Under Assumptions I to 4, for large enough n,

> El nz(k)an(k)]en,i,(k) it BlUni) X5y 16

Hcausal — (8)
k 2 2
(0 ?:IE[Un,i,(k)] ?—IE[Un,i,(k)]
foreach k =1, ...,dr, and
Qcausal,sample _ Zln 1 Ry iE[Uni (k)X/ ‘|Rn]9n,z 9
n(k) = W E[ R a.s. 9
n, (k)
foreach k =1, ..., d7. Under an additional assumption dz = dr, we can simplify it into
Hcausal,sample _ ?:1 Rn,iE[ﬁn,i,(k)Xn,i,(k)|Rn]0n,i,(k)
J(k B T
() L RuBLO?, IR,

?:1 R, iE[Un i, (k)X, ; )an]Gn,i,(—k) s, (10)

foreachk =1,...,dr.

Corollary 1 shows that Hcazllf;ﬂ and H;a?]:? Lsample can be influenced by effects from other elements
0,,i,(1) with [ # k. However, the residualization does not eliminate contamination bias, because the

definition of U, ; (x) and ﬁn,i,(k) only implies
n n _
Z E[Un,i,(k)X,;’,',(_k)] =0and Z Rn,iE[Un,i,(k)X,/,J,(_k) |IR,] =
' i=1
respectively. Moreover, E[U,,; ()X, k)] and E[ ni, (k) Xn,i (k)| R,] are not guaranteed to be non-

negative.

Example 6. Suppose the true exposure mapping is the number of treated friends, Ty = Y. j+; An.ijRn, D*

and that T, ; takes three possible values 1, 2, or 3. Suppose the researcher misspecifies the exposure
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mapping as dummy variables: 7~”n,,- = (ﬁl,,-,(l), 7~",1,,~,(2), Tn,i,(3)); where ﬁ,i,(k) = 1{X s Zn,i,jRn,jD;,j =
k}. Thus, dw= = 3 > dr = 1. For simplicity, consider star sampling, which provides all network links
in the first neighborhood. Then, Tn,i,(k) = 1{T,; = k}. Equation (9) in Corollary I implies that the
coefficient for fn’,‘,(k) has no contamination term because X, ; is a scalar in this example. However,

causal,sample

each element of 0, captures a different weighted sum of 0,;; thus, the interpretation is

unclear.

Remark 2. (i) Assuming d7 = dr requires the researcher to correctly specify the dimension of the
exposure mapping (dr = dz). However, this assumption allows the researcher to misspecify the
shape of g # g or mismeasure the network.

(ii) Our result for 654! is a design-based analogue of Proposition 1 in Goldsmith-Pinkham
et al. (2022). The main differences are that their analysis is model-based and focuses on mutually
exclusive treatment indicators (e.g., K-arms).>¢ In contrast, we allow more flexible treatments,
including network spillovers. Our decomposition for H,C,ausal’sample additionally accommodates both

misspecification of the exposure mapping and mismeasurement of the network.

(iii) If the distribution of 7},; does not depend on i, a result in Corollary 1 can be strengthened to

causal _ i1 BLUn i (k) X, (k)10 (1)

(k) 2
! ?=1 E[Un,i,(k)]

for any k. That is, we do not have a contamination bias. However, the weight can be negative.
Moreover, the homogeneous requirement of the treatment variable 7}, ; is usually violated in design-
based network experiments since the exposure mapping depends on the network information for

each i and the population network A, is treated as non-random.

SMutually exclusive treatments guarantee that each treatment’s own effect receives a non-negative weight.

6Goldsmith-Pinkham et al. (2022) propose three approaches to eliminate contamination bias, but all require
modeling the conditional expectation of heterogeneous treatment effects based on observed covariates. In a design-
based setting with deterministic treatment effects 6, ;, such modeling is not appropriate. Even if the modeling
assumption is justified, their methods may be unreliable for network experiments due to weak overlap in propensity

scores, which is often violated for common exposure mappings.
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(iv) The weight for 55! is clearly non-negative if the dimension of the treatment variable T,
is one (dr = 1) because no contamination occurs when dr = 1. This result is consistent with

Borusyak and Hull (2024), but our result in Corollary 1 is more general (dr > 1). =

3.3. When Can We Avoid the Contamination Bias? The following statement provides sufficient
conditions to avoid contamination bias. Define the conditional covariance for randomvariables W;

and W; given R, as Cov(Wy, Wz|R,,) = E[(W; — E[W1[R,]) (W2 — E[W2|R,])|R,].

Corollary 2. Assume that Assumptions I to 4 and dz = dr hold. Suppose that E[Cov(T,; (k) Tni )| Rn)] =

0 for alli € N, and for any | # k. Then, for large enough n, there is no contamination bias for

Qcausal

n (k) €

Z?;] E[Xr%,i,(k)] en,i,(k)

n, (k) 2
lr'l=1 E[)(n,i,(k)]

Qcausal _

foreach k =1, ...,dr. Suppose that Cov(ﬁl,[,(k), Toiy|R,) =0 foralli € N, with R, ; = 1 and for

causal,sample .

any | # k. Then, for large enough n, there is no contamination bias for 6 ) , Le.,

Hcausal’sample _Z?:] Rn,iE[Xn,i,(k)Xn,i,(k)|Rn]9n,i,(k)
(k) a Y2
" ?:1 Rn,iE[Xn’L(k) |Rn]

foreachk =1,...,dr.

The weights of Hza?]fi‘l for 0, ; (k) are always non-negative. If we further assume that Cov(fn,i,(k) i () [ Ry) =

0 a.s. foralli € N, with R,; = 1 and for all k = 1, ...,dr, then the weights of Hzagl]j;‘l’sample for

0,,i,(k) are non-negative, i.e.,

R i B[ Xoni. (k) X (k) | R
n,rll [ n,l,(k)~2”’l’(k)| n] >0 a.s.

foralli € N,, and each k =1, ..., dr.

The zero conditional covariance assumption is satisfied if elements of 7,,; and ]N"n,,- are mutually
independent. The positive conditional covariance assumption is satisfied under the censored

network (see Example 7 below).
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Remark 3. Under homogeneous treatment effects 6,,; = 6,,, we have Hﬁausal =46,, but

n -1 n
1, 1 S < o o
gzausa SAmPE = gn - Z Rn,iE[Xn,iX;l,ian] Z Rn,iE[Xn,i(Xn,i - Xn,i)/an]en-
i=1 i=1

. 1,sampl
Thus, 652 does not have contamination bias for homogeneous treatment effects, but g, > "**"P¢

causal,sample _ 9
n = Un.

does. Under homogeneous treatment effects and X,,; = fn,i, we have anusal =0 [ ]

Example 7. Consider the exposure mapping in Example 4. The misspecified exposure mapping

is T‘ni = §(i,Dn,Zn) =1 {Zjil- Cn,,-,jgn,,-,jRn,jD; P> 0}. Assume that D), ; ~ Bernoulli(p,) for

i =1,...,nindependently. By adapting Corollary 2, Hflausal’sample is a convex combination of 0.

Indeed, we can calculate

Gcausal,sample _
" =

) Rai (1= (1= py) 2w Crs iR )

and the weights are non-negative. In general, if both mappings Tn,,-,(k) and T, ; ) are weakly
increasing (or both weakly decreasing) in {Dz,i}ieNm then the weights are non-negative. Thus,
censoring does not cause negative weight problems when g is weakly monotone on {D), ;}ien, for

the first neighborhood exposure mapping.
3.4. More Examples.

Example 8. Consider a general form of exposure mapping. For some function g : R> — R, let
Thi= (RuiD;, 1 q(2 2 AnijRnj D, i X jzi AnijRn,j)) andT,; = (RniDy, 1 q(Xj4i Avn,i,jRn,jD:’j,

2 j#i Zn, jRn.j)). For example, the share of treated friends is covered by the following q:

%
Zj;ti An,i,jRn,an,j

*
q An,i,'Rn,'Dn ‘s An,[,'Rn,' =
Y S > s AniiRu

i J#i JFLLL) T

It also covers the indicator function as in Example 2. Since D, . 1L D) I this satisfies the no-
correlation conditions. If q is non-decreasing with respect to the first argument, then T, ; and T, ;
causal,sample

are positively correlated, giving 0, a clear causal interpretation. This type of exposure

mapping is used in Cai et al. (2015) and Carter et al. (2021). As we illustrated above in the
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special case, the censoring T, ; = (Rn’,-D,*“., q(Z#i Cn,,-,jAn,,-’jRn’jD;‘:’j, 2 j#i ChijAnijRnj)) does

not cause negative weight problems since the exposure mapping g is weakly monotone on {D .}icN, -

Example9. LetT,; = (Rn,iDZ’l.Gn,i, Rn,iDZ’i(l_Gn,i)a (l—Rn,iDZ’i)Gn,l-), where Gy j = 1{X ;4 Anij
R, J'D:,j > 0}. The exposure mapping categorizes each unit i into one of three mutually exclusive
exposure types, based on their own treatment status and the presence of treated friends.” The
elements are mutually exclusive but dependent, so the no-correlation conditions are violated, and
we have a contamination bias. This exposure mapping is used in Aronow and Samii (2017).
For the exposure mapping with dependence among its elements, we recommend using the inverse

propensity score weighting (IPW) estimators to avoid contamination bias.

Remark 4. (Comparison with IPW estimators) The causal estimand for the IPW estimators is the
average treatment effect (ATE), (1/n) 231, Y, i (1) for each 7. In other words, the IPW estimator and
the regression estimator are for different causal estimands. While the IPW estimator works well for
cases like Example 9, it is not suitable for cases like Example 10 because the overlapping condition
of the propensity score is easily violated. For example, suppose that 7, ; is the treated friends
share (24 Ani.jRn, D, j) /(2 j#i An.i.j), and there are two units having three and two friends in
the population network, respectively. The former can take 7,,; = 1/3 with positive probability,
but the latter never takes the value. Thus, the overlapping condition fails to hold. Moreover, the
overlapping condition can be violated in the sampled network even if it is satisfied in the population
network, since the sampled network is a sub-network of the population one.

The choice between the IPW estimator and the regression should be decided by the exposure
mapping formula that the researcher wants to use. We recommend using the IPW estimators to
avoid contamination bias when the overlapping condition is satisfied. On the other hand, if there
is any doubt about the overlapping condition or the exposure mapping takes (nearly) continuous
values, we suggest using the regression model since it does not require the overlapping condition.
We leave a more detailed comparison between the IPW estimator and the OLS estimator for future

research. m

"The slope of the OLS estimator captures the effect associated with the group of units that are untreated and have

no treated friends.
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Example 10. Consider an exposure mapping

1= RuD?, 2 An,i,jRn,jD:;j’ 2 ji 2kij AnijAnjkRni D ,
’ o 2jzi Anij 2jzi 2ukij AnijAnjk

where the first element indicates whether unit i is directly treated or not, the second element captures
the treated friends share among i’s first neighbors, and the third element captures the treated friends
share among i’s second neighbors. There are overlaps in D, in the second and third elements if
there are triangles in the network, so no-correlation conditions are generally violated. Figure 4a
shows an example of a network with triangles. The second element of T, ; is the average of the
neighbors’ treatment status including D, ;, and D, ;,. The third element is the average of the first
neighbors’ treatment status, including D, ;, and D, ;,, again. Thus, the second and third elements
are correlated. This setting is employed in Cai et al. (2015). An easy way to avoid contamination
bias is to modify the exposure mapping g to eliminate the double counting. For example, we can
use

T R..D* Zj;ti An,i,jRn,jD;’j Zj;ti Zkii,j An,i,jAn,j,k(l - An,i,k)Rn,kD:,k
ni — n,i i
i Y Anig  Djei ki AnijAng k(1= Anix) ’

(1)

instead. Although we miss some of the second-order links, we still manage to avoid the double

counting and hence contamination bias.

FIGURE 3. Networks with triangle links

(A) Without censored links (B) With censored (dashed) links

Example 11. Consider the setup in Example 10 but with censoring caused by naming up to four
friends. As illustrated in Figure 4b, suppose that the sampled network link between iy and i, is not

observed due to the censoring. Then, iy is misclassified as a second neighborhood friend in the
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observed network while i> is a first neighborhood friend in the population network. Thus, if we
consider the true exposure mapping T, ; as in (11), and a misspecified exposure mapping for the

sampled network

%
~ w Zjii Cn,i,jAn,i,jRn,an,j
Tn,i = Rn,iDn’," =
Zj;ti Chi,jAni,
Zjii Zk;&i,j Cn,i,jAn,i,jCn,j,kAn,j,k(1 - Cn,i,kAn,i,k)Rn,kD:’k
i ki CnijAnijCnjkAnj k(1 = CrikAnik)

9

then, there is a correlation between T, ; (2) and T},,i,@). An easy way to avoid contamination bias is
to modify the exposure mapping g so that Tn,i’@) equals zero for individuals subject to censoring.
For example, if the censoring happens by asking up to four friends, we can eliminate the individuals

with four observed links from consideration

~ Zj;&i qu&i,j Cn,i,j;{n,i,jCn,j,kgn,j,k(1 - Cn,i,kgn,i,k)Rn,kDZ,k ~

Tn,i,(3) = — — — 1 Z Cn,i,jAn,i,j <4;.
Zjii Zk;&i,_/ Cn,i,jAn,i,jCn,j,kAn,j,k(1 - Cn,i,kAn,i,k) J#

Note that the censoring for i does not matter for the first neighborhood element fn,i,(Z) by the same

logic as Example 8. Moreover, the censoring for i does not matter for the second neighborhood

element T, ; (3) of i because it does not introduce any misclassification.

3.5. Asymptotic Theory. We mostly follow the notation of Kojevnikov, Marmer and Song (2021).
Let N, = {1,...,n} be the set of population units and d,(i, j) be the shortest distance between
i,j € Nyon A, (setd,(i,i) = 0; set d,(i, j) = oo if there are no paths between i and j). Define
Ly, ={Lia:a €N}, where Lyg = {f :R”™ - R [[fllo < eo,Lip(f) < oo}, || - [loo is
the sup-norm, and Lip(f) is the Lipschitz constant of f. Let $,(a,b;s) = {(A,B) : A,B C
Ny, |Al = a,|B| = b,d,(A, B) > s}, where d,,(A, B) = min;ca min;cp d,(i, j). Foreach A C N,

and triangular array (U, ;), let us write U, 4 = (Upi)ica.

Definition 1. A triangular array {U,;},n > 1,U,; € R", is called conditionally y-dependent given
R,, if for each n € N, there exists a o (R,)-measurable sequence &, = {&,.5}5>0,&n0 = 1, and

a collection of nonrandom functions (¥4 p)a.pensYap @ Lva X Lyp — [0, 00) such that for all



DESIGN-BASED AND NETWORK SAMPLING-BASED UNCERTAINTIES IN NETWORK EXPERIMENTS 28

(A,B) € Py(a,b;s) withs >0andall f € L,,and g € L, ,

|C0V(f(Un,A)’ g(Un,B))l < wa,b(f’ g)fn,s a.s.

Define
Nu(i5s) ={j € Ny : dn(i,j) < s},

which is the set of i’s neighborhood within s-distance. First, we assume that the network dependence

of the exposure mappings is local.

Assumption 5. There exists some K € N such that for any i € N,,n € Nand d,, d], € {0, 1}" such

that d, N, (ik) = d:z,Nn(i,K)’
g(l, dn, An) = g(l, d:la An)9 and E(l, dn,zn) = g(l’ d;l’Zn) a5

Let d,(i, J) be the shortest distance between i, j € N, on A,. Assumptions 1 and 5 imply
that 7,,; W T, ; if d,(i,j) > 2K. They also imply that 7~"n,,- A T;Lj if d,(i, j) > 2K because
d,(i, j) > du(i, j) almost surely and because i and j do not share R, and D , forany k # i, j in
their K-neighborhoods.

Under the correctly specified exposure mapping, g = g, the condition g(i,d,, A,) = g(i,d,, A,)
automatically implies g(i, d,,, A,) = g, d), X,,) a.s. because the distance on a sampled network is
always weakly longer than that on the population network: d, (i, j) = d,(i, j). For the same reason,
the distance on a censored network is always weakly longer than that on sampled or population
networks.

Define N2(i;s) = {j € Ny : du(i, j) = s}, which is the set of i’s neighborhood with exact
s-distance, and its p-th sample moment 6% (s; p) = n™' ;¢ N, IN9(i;5)|P. The next assumption

requires that the sum of these p-th sample moments within 2K-distance is bounded.

Assumption 6. The sequence of networks (A,) satisfies

Z 62(s;1) = O(1).

1<s<2K
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By a simple calculation and p > 0, we can show that Assumption 6 is equivalent to (1,0,,) ! 2

ZjeN,izk) 1 = O(1). Also note that Assumption 6 is weaker than the bounded network degree
since this assumption only requires the boundedness on average.

Then, we show that our estimator is consistent for the sample-level causal estimand:

Theorem 2. Under Assumptions I to 6,

R
=~ causal,sample P =~ causal,sample P
w— 0, — 0 and 06,-6, — 0,

>

R
P . . . .
where — denotes convergence in probability conditional on R,, that is, for any € > 0,

a.s

P (”é\n _ Ozausal,sample” <e | Rn) 450

asn — oo,

Theorem 2 establishes the internal validity of our network experiment. However, in general,

—

6, — sl 25 0 because geausal _ geausabsample 7y que to misspecification of the exposure
: . causal,sample . .
mapping. Moreover, as shown in Corollary 1, 6, does not have a clear causal interpretation.
Consequently, Theorem 2 does not guarantee the external validity of our network experiment.
. . -~ p —

Ideally, our network experiment would satisfy 6, — #5253l — 0 so that each element of 6,, can be
interpreted as a causal spillover effect. We show that this consistency is achieved when there is no
misspecification and no mismeasurement (YF:,,’,' =T, for each i € N,) and the observed covariates
coincide with those in the population (Z,,i = Z,; for eachi € N,). We are essentially assuming

that each ﬁ,i is computed by g(i, D,, A,) = T,; where we replace g with g and Z,, with A,. Under

the linear propensity scores, we can show that X,,; = fn,i a.s. (Lemma 7).

Assumption 7.

(i) We have the following equalities almost surely for R, ; = 1: T;,i =T, and Zn,,- = Zn,i for
alli € N, and n € N.
(ii) Each element of T, ; and Z,; either does not depend on R, ;, or depends on it only through

a multiplicative form.
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(iii) At most one element of T, ; depends on i’s own treatment R, ;D’, , and the element does not

depend on R, j and D, ; for any j # i.

Assumption 7 (i) holds when there is no misspecification and no mismeasurement for sampled
units, i.e., g = g and A, = A, locally. For example, under star sampling with an exposure mapping
restricted to the first neighborhood, all relevant links are correctly observed for sampled units.
However, Assumption 7 (i) may not hold for exposure mappings with higher-order dependence,
since more global measurement of the network is then required up to the relevant order. Nonetheless,
in such cases, researchers can apply our results to Gf,ausal’sample instead of #5*53! and interpret it as a
convex combination of heterogeneous treatment effects. Assumption 7 (ii) means some components
of the covariate vector are independent of the sampling indicator, while others incorporate R, ; in
a multiplicative way—for example, Z,,; (x) = R, ;pn;. We can always pick covariates Z,; having
Assumption 7 (i1) since R,; enters only multiplicatively for 7;,; by Assumption I if we include
the direct effect without any transformation. Thus, we can choose covariates Z,; satisfying
Assumption 7 and Assumption 4 simultaneously. Assumption 7 (iii) is satisfied if we do not
include the cross term of the direct effect R, ;D ; and a spillover effect. Excluding the cross term
is also used to guarantee no contamination (Corollary 2).8

Under Assumption 7, we can show the consistency of the OLS estimator 9, for the population-

level causal estimand 6<3%s;

Theorem 3. Under Assumptions 1 to 7,

-~ p
Qn _ Qrclausal 50.

It is worth noting that Theorem 3 does not hold if Zn,i # Zn, since we cannot ensure )?n,i ~ X

>

asymptotically. Instead, under no misspecification, Corollary 1 implies

lr'l:] Rn,iE[ﬁiL(k) |Rn] gn,i

(k) B 2
" ?zl Rn,iE[Un’l-’(k)an]

gcausal,sample _

8We can allow the violation of Assumption 7 (iii) if we modify 6, in the same manner as Yn in Appendix A.
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foreach k = 1, ..., d7. Thus, although the consistency for 6253 may fail in this setting, the absence
of misspecification alone recovers the causal interpretability of 6°****™'® and by extension, that
of 5,,

Next, we consider the asymptotic distribution of 6,. Now, we introduce additional dependence
measures of the network. Define A, (s, m;k) = % 2iieN, MAX jend gy INu (B5m) \ Ny (35 — D%,
and ¢, (s, m; k) = infos1 [An(s, m; ka)]V® [53 (s; ﬁ)] =l/a cn(s, m; k) measures the density of

the network and is used as a sufficient condition for the CLT.

Define
~ o pcausal,sample 5, causal,sample
Eni = Yn,i - Xn lgn - Zn,i n ’
_ 1 pcausal 7 causal
Eni = Yni— Xn,ign - Zn,i n ’
and
n n
2n = Var Z Rn,an,ign,i | Rn s 2n = Var Z Rn,an,ign,i

i=1 i=1
We impose the following assumption, which requires a weak dependence structure in the network

and rules out overly dense networks.

Assumption 8. There exists a positive sequence m, — oo such that for p = 1,2,

2K 2K
n§;(1+p/2) Z cn(s,my; p) &5 0, nZ,_Z(Hp/Z) Z cn(s,my; p) — 0.
s=0 s=0

Then, we show that 8, is asymptotically normal relative to Qf,ausal’sample:

Theorem 4. Under Assumptions I to 6 and 8,

’i—l/Z XX /A causal,sample dR S-123XX 7 causal,sample d
n Qn (9}1 - gn ) B N(O’ Idf) and z“n Qn (en - 0}1 ) - N(O’ Idf)a

dR e e . .. .
where — denotes convergence in distribution conditional on R, that is,

a.s.
— 0

‘P (‘ir—ll/ZQ’r}l(X(é‘n _ Hzausal,sample) <t | Rn) _ F(Z‘)
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as n — oo for any t € R letting F(t) be the distribution function of N(0, L)

We also show that the absence of misspecification and access to the variables in the population

yield asymptotic normality of 0, relative to geavsal;

Theorem 5. Under Assumptions I to 8, we have

_ ~ -~ d
an/zQ,)fX(en _ ezausal) 4 N(O, IdT)-

1,sampl
Remark 5. When we have a homogeneous effect 6,,; = 6,,, we have g 1SS AmPE H,Cf‘usal a.s. for

large enough n under X,,; = fn,i. Hence, we can use the same asymptotic distribution among them.

4. VARIANCE ESTIMATION

In this section, we provide a conservative network heteroskedasticity- and autocorrelation-
consistent (HAC) variance estimator for 0,. Note that even when treatments and samples are
randomly assigned and drawn, dependence can persist within a 2K-neighborhood because expo-
sure mappings 7, ; may share elements of D, and R,. As a result, the variance estimator must
account for this local dependence structure. However, for any pair i, j with d,,(i, j) > 2K, the ex-
posure mappings 7,,; and T, ; are independent. When the exposure mapping is correctly specified
(g = g), the researcher can directly choose a finite K based on the functional form. If there is
potential misspecification in g, K should be selected conservatively, reflecting the maximum range
over which the exposure mapping may induce dependence.

Define
Noliss) = {j € Ny : du(i, j) < s},

which is the set of i’s neighborhood within s-distance on a sampled network A,. Note that N, (i;5) s
arandom set because Jn (i, j) is arandom variable depending on R,,. On the other hand, d,,(7, j) and
N, (i; s) are non-random. Recall that we also have cZ,(i, 7) > du(i, j) as., thus, N, (i3 s) C N, (i3 s)

a.s.
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Let

Wi = Xni€nis ‘f’n,,- = ~n7,~'§”,,~, and ‘/I\’n,i = ~,1,,~§n,,-, where we define 7y, later in Theorems 6 and 7.
By orthogonality conditions, )7 | E [‘Pnl] =0,2", RyE [ ni | R ] =0,and 2, Rn,,-"f’n,i =0.

Then, the variances of interest can be written as

1 ~
2, = Var
npn

n
Z Rn,an,ign,i | Rn

Z 2 R iR B (Vs =B [@ | Ra|) (T — B [Ty | Ra|) 1 R

]eNn(z 2K)

and

1
2, = Var
npn

ZR,”X Eni

Z E [(Rn,i\Pn,i - an [\Pnt]) (Rn,j\Pn,j - an [T”J]),] :
nPn i3 JENL(i,2K)

1

M:

We consider the following feasible estimator:
1 ~ ~
N Z Z Ry iRy %P, .
]ENn(l 2K)

To show the consistency of the variance estimator, we assume an additional sparsity condition.
The assumption requires a few more notations. Let 6,(s; p) be the p-th sample moment of the set
of i’s neighborhood within s-distance: &, (s; p) =n~! 1 INu (@5 5)|P. We also define (s, m) as
the set of quadruples (i, j,i’, j’) such that i’ and j” are m-neighbors of i and j, respectively, and the

distance between i and j is exactly s:
Fu(s,m) ={(i,j,i',j') € N 1 i € Ny(iym), j' € Nu(j,m), du(i, j) = s}

Assumption 9. (i) 6,(2K;2) = o(n). (ii) X5, | Fu (5, 2K)| = o(n?).
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Assumption 9 is a version of Assumptions 7c¢ and 7d of Leung (2022). This assumption is

satisfied if network links are not too dense.

Theorem 6. Let y,, = y,. Under Assumptions 1 to 6, 8 and 9, we have

1~
NS

%, + B, +o,r(1),
npn

R
where Uy, = 0,r (1) means U, Lz, 0, and

1 ¢ — 5 ’
B, :n— Z Z Rn,iRn,jE [an,i | Rn] E [\Pns]' | R”] :
=

Let y, = ysusal op(1). If, in addition, we assume Assumption 7 and cﬁ(i, Jj)=dy(i,J) a.s. for

all (i, j) € N? with R,; = 1 and R, ; = 1 and for all n € N, then,

1 ~
=3, =
N

1 -
X+ B, +o0p(1),

n

where

n

Bo=r Y ) pE[lE[¥.]"

i=1 jeN,(i,2K)

An estimator satisfying ¥, = &4l + 0,,(1) is given in Appendix A. In general, y, # ysal +

0,(1), and we need a modification on y,. The condition cZ,(i, Jj) = d,(i,j) a.s. for units with
R,; =1 and R, ; = 1 is satisfied, for example, when the network is sampled using star sampling
and the exposure mapping is restricted to the first neighborhood.

Theorem 6 implies that we can only estimate the variance up to the ones with bias terms B,
and B, since there is no hope to estimate each heterogeneous expectation consistently. This bias
is inevitable in heterogeneous treatment effect settings (Abadie er al., 2020; Leung, 2020; Gao

and Ding, 2023). Combining this convergence and the asymptotic normality, we can estimate the

variance of 8, by

(ax)” (%i) ()" (12)
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The above variance estimator has a problem because we cannot guarantee conservativeness.

Indeed, bias matrices B,, and B,, are not necessarily positive semi-definite.” Conservative guarantee

modification is possible. We can write (l/N)fn = (I/N)@;En@n, where

/7
—
n,nsn,n) 5

D

Ran = (Rn,lj?n,lgn,l’ Ty, Rn,n
K, = [1{d,(i, j) < 2K}, ;.

Eigendecomposition gives K, = Q,E,Q,. By replacing K, by I?,j = Q, max{0, E,}Q; (max is
taken element-wise), the variance matrix estimator
s, 1 =/, .
Nzn—NR\PKR\P ZZR”,R PP, K
=1 j=

becomes positive semi-definite. We also have E,j = Q,| min{0, E,}|Q), = E; — K,,. This modifi-

cation is provided by Gao and Ding (2023). The modified variance estimator is given by

o1 (1 ~ 1
XX s+| (Axx
=) (ex) 13
(2xX¥) ( = ) 0} (13)
Define K, = [1{d,(i, j) < 2K}]; j, and define K} and K, in a similar manner to E;{ and I?,;.
Define
P p
- 1 n n — ~ 1 n n B
5n(2Kap):;lZ Z|Kn,i,j| ’ 5n(2K7P):ZZ Z|Kn,i,j P
i=1 \ j=1 i=1 \ j=1
and

N

T 620012 3 Y iy =3 | S 1Rl || 1Rz,

i=1 j=1 i'=1 j=1

|J:,—<s,2K>|:ZZn{d (i.j) = 5) Z| ZIK Y

i=1 j=1 i'=

9 Alternatively, we can implement the randomized inference as Borusyak and Hull (2023). For multidimensional

0., the randomized inference do not guarantee conservativeness, too.
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Assumption 10. (i) 6; (2K;1) = 04 (1) and §;(2K;1) = O(1). (ii) 5, (2K;2) = O,y (n) and
57 (2K;2) = O(n). (iii) 32519, (5, 2K)| = O4s.(n?) and $2K 19,7 (5, 2K)] = O (n?).

Assumption 10 is a version of Assumptions 7b-7d of Gao and Ding (2023). The assumption is

a modified version of Assumption 9 for the eigenvalue modification.

Theorem 7. Lety, = y,. Under Assumptions I to 6, 8 and 10, we have

%EZ = npnin +B'+ of(1),
where
—_ 1 &< _ _ ,
D o S o
# e 20 2 Ruiku B (%0 — BT | Ra|) (B~ B [Ty | RA|) 1 R B

i=1 j=1

causal

Let y, = y;** + 0,(1). If, in addition, we assume Assumption 7 and EZ;(i, Jj) =d,(i,J) as. for

all (i, j) € N2 with R,; = 1 and R, ; = 1 and for all n € N, then,

S 1 ~
NZ; = npnzn + B, +0p(1),
where
~ I
B; =— pnE [T’”] E [\P”J] K;,i,j
n i=1 j=1
1 ¥y
+ np E [(Rui¥ni = pnB [Pni]) (Ru;¥nj = puB [¥n]) | Koy ;-
=1 j=1

5. SIMULATION

In this section, we conduct a simulation exercise to illustrate the potential severity of contamina-
tion bias. We focus on a case where T,,; # T,,; and contamination bias can arise. See Appendix D
for results when 7,,; = T,;, where no contamination bias occurs and our inference procedure is

valid under correct model specification.
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In the following exercise, we use network link information from Banerjee et al. (2013) to simulate
variables based on a real-world network structure, rather than on an artificially generated population
network. That study conducted a network survey among randomly selected respondents across 75
villages in rural southern India, where respondents were asked to name 5 to 8 contacts across 12
interaction dimensions (e.g., house visits, borrowing goods). We focus on the borrowing network
among individuals, specifically whether a person borrows rice or kerosene from others.’ To
illustrate the applicability of our framework to a single large network without relying on many
clusters, we focus on the largest village and use its borrowing network as the population network
A,. Basic network statistics for this village are presented in Table 2:

TABLE 2. Network Information

Nodes Edges Mean Degree Mean 2nd Order Degree
1770 5556 6.28 11.44
Notes: Nodes reports the number of individuals in the village; Edges reports the number of links

based on borrowing relationships; Mean Degree reports the mean degree; Mean 2nd Order Degree
reports the mean count of friends-of-friends not directly connected to node i.

In this exercise, we consider a scenario in which the true and observed exposure mappings differ.
The main objective is to quantify the severity of contamination bias. Specifically, we focus on
a case where there is no contamination bias at the population level, but bias can arise due to the
choice of g. We specify the exposure mapping as in Example 10:

. Zjri AnijRnj D) ;o 2 jzi Dkrij AnijAn,jk (1 = Apii) Rak D),
n,i

T, .
l M Y Anig T Xy ki AnijAnj k(1= Apik)

: (Dn,i’ netn,ia Weakn,i),

and ﬁ,i is the same as T}, ; except that its second and third elements are replaced by

net 2j#i AnijRn; D), ; weak 2 j#i 2kt R jAnijAn k(L= Anii) R D}
net,; = ; weak,; =
2 i RnjAnij 2z 2ukinj RnjAnijRukAnjk (1= Anik)

10Banerjee et al. (2013) also collected household-level network data; we use individual-level network data, which

is sparser than the household-level networks.
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Y’E’overlap

n,i

For comparison, we also consider , which is the same as T,,; except that each 1 — A, x in

weak,,; is replaced by 1. As discussed in Example 10, due to overlaps in the second and third

]’:’overlap

i will be contaminated. In contrast, the

elements, the sample-level causal estimand based on
estimands based on 7,; and 7~"n,i are not, as they are free of such overlaps and correlations.

We implement the following simulation design. First, we set individual-specific parameters as
On,i,(1) ~ Exponential(1/3) i.i.d., 0, (2) = My, 6,3y = 0,and v,,; ~ N(0,2) i.i.d., where M,,; is a
clustering coeflicient given by M,,; = (100/n) X >} (Z ik AnijAn, j,k)z. Specifically, we draw
these 6, ; and v, ; once and treat them as fixed for each Monte Carlo iteration to simulate design-
based and sampling-based uncertainties. We choose 60,,; () = M,; to mechanically maximize
contamination bias, as M,,; correlates with the contamination weights appearing in Corollary 1.
The average spillover effect from net,,; (i.e., the average of M,, ;) is about 1/2. We also set8,,; 3y =0
for all 7, so any deviation from O can be interpreted as contamination bias. Given the fixed population
adjacency matrix A, from Banerjee et al. (2013), we can calculate the population-based causal
estimand 5253,

Next, for each iteration, we draw D ; ~ Bernoulli(0.5) i.i.d., and R,; ~ Bernoulli(p,) i.i.d.
for varying sampling probabilities p, € {0.1,0.5,1.0} to see the impact of sampling uncer-
tainty on inference. For each realization of R,, we compute "™ " Subsequently, using
each realization of R, and D,, we estimate 5,1 from the regression Y,; ~ fn,i + Z,,i, where
Zyi = (RuiPus Pal{ Y ji RujAnij > 0% pul{Z 1 Shwij RujAni Rk Anjk (1 = Anix) > 0}),
restricted to units with R,,; = 1. Finally, we compute the standard errors based on (13) withy,, = ¥,

for geausalsample a5 with 7, from Appendix A for 654 as well as the conventional Eicker-Huber-

White (EHW) standard errors, which are computed from the following variance estimator:
~xx\ [ 1 X Y v 2
(@) |5 2 ReiZniXo i,
i=1

When computing the standard errors based on (13), we use the observed network A n = [RuiXRp ;X

(@)

A, jli.j» which is the sampled network with induced subgraph links. We repeat this process 2,000
7“:0verlap

n,i

times. The overlapping case is implemented in the same manner, except that we use instead

of T‘n,i, and the third element of Zn,,- is replaced by pn]l{zj# 2ki,j RnjAnijRnkAnjx > 0}.
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Simulation results for p,, € {0.1,0.5,1.0} are summarized in Table 3. In Panel A, we use T‘,”-

whose weak,,; does not have an overlap in D* for any j with netn, In Panel B, we use TOVerlap

——overlap

whose weak,, ; ~ does share some D* with net,;. Also note that, in both panels, the true exposure

mapping is fixed to 7,,; defined above. Hence, the population-level causal estimands 652"54! are the

overlap is used.

same regardless of which Tn ; or T
From Panel A of Table 3 (no overlap case), we can observe that the sample-level estimand and
estimator largely deviate from the population-level estimand for net, ;. This deviation is driven not

by contamination, but by the difference between net,; and rﬁn,i:

%k *
( Zj;ti An,i,jRn,an,j 4 Zj;tt AntJR D i
net,; = =net,;.
2 Anij j#i Rn,jAn,i,j

When p,, is small, the denominator of vagaikn,i tends to be smaller than that of net, ;, which results
in a downward bias.

Because of the bias, the coverage probabilities against #<**2 are close to 0 with both EHW
standard errors and those based on (13), especially when p,, is small. However, as p, increases,
the bias and coverage probabilities tend to improve with our proposed standard errors (13) because
the difference between 7,,; and ﬁ,,i becomes smaller and the standard errors are designed to be
conservative. In contrast, the EHW standard errors fail to capture the dependence structure and
thus severely under-cover the causal estimands as p, increases.

From Panel B of Table 3 (with overlap case), we can observe a similar pattern as in Panel A when

causal,sample

n.(3)

and 5,,,(3) are largely biased downward compared with Oca(“;;‘l, with a magnitude similar to that of

Gcag)dl Since the true 6,,; (3 = 0 for all 7, this bias is mainly driven by contamination, as suggested

by Corollary 1. The contamination bias is also reflected in the average absolute deviation of the

Py 1s small. However, a crucial difference arises when p,, = 1.0. We can observe that 6

estimator and the coverage probabilities against Qcaés)al for both EHW standard errors and those
based on (13), resulting in under-coverage.

In summary, the simulation results in Table 3 show that the deviation of il,i from 7}, ; can lead to
severe bias and under coverage for the population causal estimands. The results also highlight the

potential severity of contamination bias when there is a small overlap in elements of 7~"n,l-, whose
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data application.

TABLE 3. Simulation Results: 7}, ; # Tn,,- case

size can be comparable to the true spillover effects. This emphasizes the importance of choice
of g in practice and calls for caution when interpreting the results based on the linear regression

framework. In the next section, we discuss whether the contamination bias is present in the real

Panel A: No Overlaps

p=0.1 p =035 p=1.0
D net weak D net  weak D net  weak

geavsal 0.348 0.567 0.0 0.348 0.567 0.0 0.348 0.567 0.0
geausal,sample 0.347 0.153 0.0 0.348 0.282 0.0 0.348 0.567 0.0
0 0.347 0.139 0.009 0.346 0.28 -0.004 0.347 0.565 -0.01
SE EHW 0.163 0.251 0.475 0.087 0.113 0.128 0.068 0.11 0.111
SE (13) geavsal 0.165 0.263 0.549 0.102 0.135 0.175 0.108 0.191 0.233
SE (13) geausal.sample 0.163 0.248 0.398 0.1 0.133 0.153 0.104 0.198 0.173
|5— geausal| 0.182 047 0.696 0.08 0.292 0.159 0.058 0.141 0.153
|§— geausal.sample | 0.18 0.289 0.696 0.08 0.124 0.159 0.058 0.141 0.153
Coverage EHW geausal 0.844 0.56 0.703 0.908 0.335 0.797 0.938 0.775 0.74
Coverage EHW gcausalsample (846 0.819 0.703 0.909 0.836 0.797 0.938 0.775 0.74
Coverage (13) geausal 0.847 0.577 0.768 0.942 0.443 0.922 0.997 0968 0.964
Coverage (13) geausabsample (844 (0.813 0.618 0.939 0.898 0.87 0.995 0.971 0.915

Panel B: With Overlaps

p=0.1 p=0.5 p=1.0

D net weak D net  weak D net  weak
geavsal 0.348 0.567 0.0 0.348 0567 0.0 0.348 0.567 0.0
geausal.sample 0.347 0.149 0.032 0.348 0.279 0.008 0.348 0.773 -0.356
7 0.347 0.135 0.037 0.346 0.28 0.0 0.347 0.783 -0.374
SE EHW 0.163 0.269 0.447 0.087 0.155 0.176 0.068 0.249 0.264
SE (13) geausal 0.165 0.279 0.492 0.102 0.186 0.22 0.105 0.419 0.452
SE (13) geausal.sample 0.163 0.265 0416 0.1 0.18 0.204 0.104 0.394 0.395
|5— geausal| 0.181 0476 0.59 0.08 0.297 0.204 0.058 0.279 0.439
|§— geausal.sample | 0.179 0.295 0.589 0.08 0.147 0.204 0.058 0.211 0.295
Coverage EHW gcausal 0.845 0.584 0.756 0.908 0.528 0.828 0.936 0.854 0.65
Coverage EHW geausalsample 84 (0845 0.752 091 0.896 0.828 0.936 0.928 0.834
Coverage (13) geausal 0.848 0.597 0.8 0938 0.653 0.918 0.996 0.987 0.902
Coverage (13) geausal.sample 0.84 0.837 0.714 0.936 0933 0.886 0.995 0.995 0.96
Note: Panel A reports the results when Ty, ; is used while Panel B reports the results when 7°""* is used. The first

n,i

three rows report the averages of the population and sample-level causal estimands and the OLS estimator. The fourth
and fifth rows report the averages of the EHW standard errors and our proposed standard errors based on (13). The
sixth and seventh rows report the average absolute deviations of the estimator from the two causal estimands. The
last four rows report the coverage probabilities of the 95% confidence intervals constructed using the EHW standard
errors and the standard errors based on our proposed method (13) for the two causal estimands.
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6. EMPIRICAL ILLUSTRATION

In an influential study, Cai er al. (2015) conducted a large-scale network experiment in which
they randomly assigned information sessions on weather insurance products to rice farmers in rural
villages in China. Out of 185 randomly selected villages, all rice farmers were invited to participate,
and approximately 90% agreed to attend. The researchers administered both a household survey
(to gather farmer characteristics) and a network survey (to collect friendship links). In the network
survey, household heads were asked to list their five closest friends with whom they discussed rice
production and financial matters, which provides a star sampling network. They were allowed to
list friends outside of their village.

The information sessions were conducted in two rounds (first and second) and with varying
intensity (simple or intensive). Farmers were randomly assigned to one of four possible sessions.
The main outcome here, Y,;, is a test score measuring understanding of the insurance product,
taking 10 values between 0 and 1 (test). The treatment variable, D, ;, indicates whether a farmer
was assigned to an intensive session (intensive). To measure the spillover/diffusion effects of the
information sessions on farmers’ knowledge, the researchers focused on a subsample of farmers
who were not invited in the first round and defined (i) the fraction of a farmer’s friends who
attended an intensive session in the first round (net) and (ii) the fraction of those friends’ friends
who attended an intensive session in the first round (weak).

As discussed in Example 10 and the simulation section, including first-order overlaps between
net and weak can significantly affect inference through induced contamination bias.'> Here, we
empirically examine whether such overlaps make a significant difference by comparing results

when these overlaps are included or excluded in net and weak. Specifically, we run the following

1Cai et al. (2015) conducted a pilot network survey in two villages without limiting the number of friends, but
found that most farmers listed five or fewer friends. We take this analysis at face value and assume that there is no

concern about censoring the number of friends.

12We found that Cai et al. (2015) included such overlaps in their version of weak; see the data/do/rawnet.do
file in their replication folder: https://www.openicpsr.org/openicpsr/project/113593/version/V1/view;

jsessionid=743ABAC8AEBB3E612D4250D02BE40429.


https://www.openicpsr.org/openicpsr/project/113593/version/V1/view;jsessionid=743ABAC8AEBB3E612D4250D02BE40429
https://www.openicpsr.org/openicpsr/project/113593/version/V1/view;jsessionid=743ABAC8AEBB3E612D4250D02BE40429
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regression for the overlap and no-overlap specifications:

test ~ intensive + net + weak + controls.

For estimation, unlike in the simulation exercise above, we use all the available villages in the
sample, as done in Cai et al. (2015). We control for household characteristics, village fixed effects,
and network information (degree dummy) to satisfy Assumption 4. Standard errors are calculated

via our proposed method (13), with K = 2.

TABLE 4. Regression Results for Cai et al. (2015)’s data

With Overlaps No Overlaps

intensive 0.0752 0.0734
(0.0159) (0.0164)

net 0.3110 0.2879
(0.0527) (0.0500)

weak -0.1511 -0.0741
(0.0453) (0.0383)

Notes: The number of villages is 47, and the total sample size is 1247. The first and second columns
report estimates with and without overlaps in first-order links between net and weak. All regressions
include household characteristics, village fixed effects, and network information as controls. Standard
errors, computed using our proposed method (13) with ,, = %,,, are reported in parentheses.

Table 4 reports the OLS estimator 5,1 and its standard errors, both with and without overlaps in the
exposure mappings. When overlaps are included, the coefficient for net remains largely unchanged,
but the estimate for weak becomes substantially more negative. Specifically, the coefficient on
weak is statistically significant at the 95% confidence level under the overlap specification, and
its magnitude nearly doubles compared to the no-overlap specification—becoming comparable in
size (but opposite in sign) to that of net. This highlights the risk of overstating the effect of weak
connections due to contamination bias, even when the true effect may be small or absent.

This pattern in the empirical results is consistent with the simulation findings in Table 3, where

overlaps in the exposure mapping lead to substantial contamination bias in the estimates of weak,

3Note that Cai ez al. (2015) specified the exposure mapping as either (intensive, net) or (weak), running regressions
separately. Here, we consider a hypothetical scenario where both net and weak are included in the regression

simultaneously, rather than replicating their original results.
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while the estimates of net remain largely unaffected. Overall, this exercise highlights that correla-
tions among elements of the exposure mapping can potentially lead to misleading assessments of

causal spillover effects.

7. CONCLUSION

In this paper, we study a linear regression framework for estimating causal spillover effects in
network experiments. We show that, due to contamination bias, the OLS estimator for spillover
effects does not bear a causal interpretation unless the exposure mapping is free of correlation
among its elements. We also develop a novel asymptotic theory for inference on causal spillover
effects, allowing for explicit sampling of units and networks, as well as network dependence.

Based on our theoretical analysis and simulation/empirical exercises, we recommend that re-
searchers follow the flowchart in Figure 5 when estimating causal spillover effects in network
experiments using linear regression. A crucial step is to ensure that the exposure mapping is free of
correlations among its elements to avoid contamination bias and to ensure a causal interpretation
of the OLS estimator. If the exposure mapping implied by plausible economic theories is not free
of correlations but is sufficiently discrete (e.g., binary) to satisfy the overlap condition, we suggest
avoiding the OLS estimator and instead using alternative methods, such as inverse probability
weighting (e.g., Aronow and Samii, 2017; Leung, 2022; Gao and Ding, 2023), to directly estimate
the causal treatment effects.

While this paper establishes a comprehensive framework for network experiments on sampled
networks, several avenues for future research emerge. First, relaxing the sampling assumptions
to accommodate cluster and multi-wave designs, as well as allowing more complex assignment
mechanisms, would broaden applicability. The present analysis permits assignment conditional on
observed covariates but excludes matched-pair and blocked randomization. Second, a systematic
comparison between regression-based estimators and inverse-probability-weighting approaches for

spillover effects in network experiments is important, but lies beyond the scope of this paper.
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FIGURE 5. Flowchart for Valid Inference with Linear Regression
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This supplementary appendix contains proofs of the results in the main text as well as auxiliary
results. Appendix A discusses how to estimate the nuisance parameters consistently. Appendix B
contains technical lemmas. Appendix C contains proofs. Appendix D presents additional simu-
lation results. Appendix E lists the papers included in the survey of network experiment research

presented in the Introduction.

APPENDIX A. EXAMPLE FOR y,, = yflausal +0,(1)

In Theorems 6 and 7, we need some 7, satisfying 3, = &%l +0,(1). By Assumption 7 (ii), we,

without loss of generality, assume that the first m elements of Z, ; depend on R,,; multiplicatively.

We allow general heterogeneous treatment assignment in Assumption 1 (ii1). We also assume that

’ ’

the researcher knows p,, or the population size n. Let Z,,; = (Z(lzm)m, L (tmym,

l.)’, where Z(1.m)n,i
is the first m elements of Z,; and Z_(;.,,) ,; are the remaining elements. Recall that Zn,i = Zni
under Assumption 7.

Define

Yo = (PE5)1PZY, (14)

4In the usual applications, it is enough to consider the m = 1 case.
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where

ﬁZZ _ l R.. an(lzm),n,iZEhm),n,i an(l:m),n,iZ/_(lzm),n,i
" N , , ’
i=1 an—(ltm),n,iZ(lzm),n’i Z—(l:m),n,iz_(l:m),n’i
~ 1 z an(lzm),n,i
P;%Y N Rn,z n,i
i=1 Z—(l:m),n,i

Note that some elements of ﬁfz and ﬁ,{Y are rescaled by p, from sz and Q,%Y pn can be replaced

with its consistent estimator N /n. The consistency of y, is shown in Lemma 15.

APPENDIX B. PRELIMINARY RESULTS

Remember that for each i € N,

ni = g(i,Dn, An);
T, = g(i,Dna Zn),

Xn,i = Tn,i - AnZn,i;

where
n
An:(Z Tan, )(ZEZHIZ, -
=1
n—(ZanE nl|R an)(ZRnlzn,iZ;l,i)_]a
and ,
L Yoi || Yui QY QX Qr?
QH:ZZE X || X | =] @ @ ¥ |;

zY zZX Z7Z
Zn,i Zn,i Qn ‘Q‘n ‘Q‘n



DESIGN-BASED AND NETWORK SAMPLING-BASED UNCERTAINTIES IN NETWORK EXPERIMENTS 49

’

(| (ar @ e
Qn_NZRn,i Xn,i Xn,i = Qi{y Qi(X QIJSZ ;

i=1 _ —~ ~ ~ ~

Zn,i Zn,i Q;%Y Qr{x Q%Z
1n v \[ 7 5 G
Q=) RuB|| X || X | | Ra|=| QF QXX QY7

0OZY OZX (OZZ
Zn,i Zn,i Qn .Q.n ‘Q‘n

B.1. Preliminary Lemmas. We will use the following results from Kojevnikov et al. (2021). We
will only state the conditional version of the results, but also use the unconditional version of the
results, which can be understood analogously.

Define
oy = Var(S, | Ry),

where S, = Yien, Uin.

Condition 1. A triangular array {U,;} is conditionally y-dependent given R, with &, satisfying

e For some constant C > 0,

Yab(f,8) < Cxab(| flle +Lip(f))(llglleo +Lip(g)).

® Sup, Max>1 &y < © a.S.
e For some p > 4, sup,.; max;en, E[|U,,|? | R,] < o0 a.s.

o There exists a positive sequence m, — oo such that for k = 1, 2,

n 1-== a.s.
— Z cn(s,mp; k)&p s © — 0,

On s>0

2.1-1/p

n §n7mn a.s. 0
o '

o E[U,,; | R,] =0.
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Lemma 1 (CLT, Theorem 3.2 in Kojevnikov et al., 2021). Under Condition 1,

sup
teR

P{&Sthn}—d)(t) @

— 0asn — oo,
On

where @ denotes the distribution function of N (0, 1).

Lemma 2 (Linear Transformation, Lemma 2.1 in Kojevnikov et al., 2021). For each n > 1, let

{an,,-}l.e N be a sequence of o (R,)-measurable vectors such that max;en;, an,,-” < 1 a.s. Under
the first condition of Condition 1, the array a,, Un,i is conditionally y-dependent given R, with the

dependence coefficients {&,}.

Condition 2. Let w(x) = 1{|x| < 1}. There exists p > 4 such that

® sup,.; max;en, E[|U,;|” | R,] < oo a.s.
o lim, o Yoy lw(s/2K) — 1169 (s, 1)ér ;2P = 0 aus.
o lim,oon ! 3 o0 cn (5,2K; 2)§1 @/~ 0 qs.

Lemma 3 (Variance Consistency, 2K Local Case of Proposition 4.1. in Kojevnikov et al., 2021).

Suppose that Conditions | and 2 hold. Then as n — oo,

Sy 5.
Z Z Un,iU;lz,j — Var (% | Rn) | R, 2’ 0,

L jeN, (i2K) F
where || - ||F is the Frobenius norm. By Markov’s inequality, we also have
Z Z UniU,, ; ( | R ) LAY
- —
" jeR) " Vi

B.2. Main Lemmas.

Lemma 4. Under p,n — oo,

N > 0 a.s. for large enough n
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Proof. Since the result is trivial for p, = 1, we focus on the case p, € (0,1). By the inequality
1 —x < e*forx e (0,1), wehave (1 — p,)" < e "n. Thus,

00 %) n %) o0
ZP(N =0) = ZP(ZRM- = 0) = Z (1-pp)" < Ze—"Pn.
n=1 n=1 i=1 n=1 n=1
pnn — oo implies the right-hand side is bounded. By the Borel-Cantelli lemma, we can conclude.

O

Lemma 5. Under p,%n — 00,

N a.s.

— 1
npn

as n — oo,

Proof. Pick any £ > 0. By Hoeffding’s inequality with R; € [0, 1],

P( anRi—npn

i=1

N
nPn

-1

>8) =P (|N — np,| >8np,,):P(

> snpn)

2(enpy)?
< 2exp (—M) =2exp (—232npi) .
n

N
npn

p2n — oo implies pI P( — 1‘ > 8) is bounded. From the Borel-Cantelli lemma, we can

conclude. O

Lemma 6. Assume that Assumptions 3 and 4 hold. Then, for large enough n,
Ny=Ly, X,;=T,;— E[Tn,ian] a.s.,

and

X,; =Tni —E[T,;IR,] as.

1
S

I
l
3
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Proof. Observe that A,, = L, a.s. for large enough n as

Ay Z]E [T,:|R,] (ZE [Z,.:Z),,]

n n -1
= Ln Zl E[Zn,iz;l,i] (Zl E[Zn,iz;l,i]

= Li’l’

-1

where A, is well-defined by Assumption 3 and the second equality holds by Assumption 4.

Similarly, A, = L, as. for large enough n as

S
e
Ni
N
—

where A, is well-defined by Assumption 3 and the second equality holds by Assumption 4.
Since we define X,,; = - N, Z,; and X ni = ~-A Z,, i» Assumption 4 and the above two
displayed qualities imply for large enough n, X,,; = T,,; —E[T,;|R,,] a.s. and Xn,i = Tn,l- —E[Tn,i|Rn]

a.s. O

Lemma 7. Suppose that ﬁl,i =Ty and Zn,i =Z,iforalli € N, and n € N. Under Assumptions 3
and 4, (i) Kn = A, a.s. and (ii) fn,i = X, a.s.

Proof. The results follow directly from Lemma 6. O

Lemma 8. Assume that Assumptions I to 5 hold. The following sequences of triangular arrays are

Y-dependent with &, ¢ = 1{s < 2K}:

X X,’”,

Xn.iZ!

I’ll’

XoYois ZniZ,

nl’

Zn,iYn,i-
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The following sequences of triangular arrays are conditionally y-dependent given R, with &, s =

1{s < 2K}:

Rn,ijzn,izl

n,i°

Rn,ijzn,ifl P9 Rn,ijzn,iYn,i’ Rn,iZn,iZ/

N n,i’

Rn,iZn,iYn,i .

N

Proof. By Assumption 5, wecanseté&, s = 1{s < 2K} fors > 1sinceifd,(A, B) > 2K, f(U,.4) L
g(U,p) forany f € L, ,and g € L, as long as U, ; are based on YN",,, T, Z“ Zni, 17,,, Y,.i. For
large enough n, Lemma 6 implies X,,; = T,,; — E[7,,;|R,] and )F(Vn,i = Tni - E[T}L,ARn] almost surely.
Thus, for large enough n, X,,; and )?,m also have the local dependence with 2K. By Assumption 3,
each element is uniformly bounded. Thus, we can set ¢, (f, g) = 2|/ fll~llgllw for any f € L, ,

and g € L, 5. This completes the proof. O

Lemma 9. Under Assumption 3,

max |g,,;| < oo a.s. and max |g,,;| < oo a.s.
1 l
. . s " . . causal,sample
Proof. Under the uniform boundedness and the invertibility condition (Assumption 3), ||6, | <

causal,sample
n

oo a.s. and ||y || < oo a.s. Thus, by the Schwarz Inequality,

causal,sample

€l < max [ Y| + max |1 X x 16 I+ max [1Z 1] [l
< oo as.
for all i. The bound for |g,;| can be derived similarly. O

Lemma 10. Under Assumptions I to 6,
~ = pK ~ < p
0,-Q, —0 and Q,-Q,—0.

Proof. Let W,; = (Yn,,-,fn,,-,zn,i)’. Then,

-~ ~ 1 - / ’
0n = Q=5 ) Rui(WaiW, ; ~ E[W, W, i R, ))
i=1

n
np 1 , ,
SN s ; R (Wn,,w,”. - E[Wn,iWn’ian]) .
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R
Since (np,)/N 25 (Lemma 5) implies (np,)/N r, 1, it suffices to show that

RN : : a
> R (WaiWi, ~ E[W, W, [R,]) 0.
nPn i3

We will show it by verifying

2
a.s

|R.| 250

1 n
E (np Z Rui Wiy Waio) — EMWoi.cyWai o) | Rnl)
n =1

forall k,£=1,...,dz. Observe that

2
| R,

1 n
: (np Z Rii Wiy Wii(e) = EIWoni, () Wai (o) | Rnl)
ni=1

1 n
- Z Ru B [(Woi. (Wi o) = LW (k) Wi (0| Ru1)* | Ry (15)
P i3

1
t g D RuiRo JEL (Wi ) Wi 0y = BIWai. 6y Wai o) | Ra])
n iz

X W j.oWajoo = EIWa .o Wy IR2]) | Ry (16)
For (15), since there is some absolute constant C such that |W,, ; (xyW, ;. ¢)| < C by Assumption 3,

1« 1
(15) < — ) (20)*=4C*x — — 0
n?p; ;‘ np;

where the inequality and the convergence do not depend on R,,.

For (16), note that if d,,(i, j) > 2K, then

El(Whi,()Whi,e) = ElWni. () Wi (o) | R2]) (War i ) Wi o) = EIWaj. ()W o |1 RaD) | Rp] =0
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as R, isi.i.d and (7, ﬁ,,[) L (T, ﬁl,_/) with no overlap in D, and R,,. Thus,

l n
(16) = = Z Z R iR JEL (Wi (k) Wi (o) = BEIWnii, () Whi. o) | Ru])

°Pn 521 jeN(i2K)\ (i}

X (Wi ()Wa,jo) = EIWn j,()Wh,j0)|Ra]) | Ryl

1
<402 x — Z 62(s;1) > 0,
Pn 1 <50k

where the last line holds by Assumption 6, and the inequality and the convergence do not depend
onR,.

n

2
Thus, by Markov’s inequality for (# S Rui Wiy Waiio) = EMWai () Whin(o) | Rn])) ,

R

1 < p
o Z Rui Wiy Waio) — ElWaicyWaio) | Ra]) — 0,
=1

and

Qn _Qn - 0

Unconditional consistency can be shown easily from this result. Since a conditional probability is
. . Lo ~ = P
bounded, the dominated convergence theorem and the law of iterated expectations imply 0, -, —

0. m|

Lemma 11. Let W,,; be a scalar random variable satisfying |W, ;| < W < 0 a.s. We allow Wi to
depend on R, and D, but assume that Wy, ; 1L R, ; and W,,; L W, ; if d,,(i, j) > 2K. Then, under

Assumptions I and 6,

Proof. By Lemma 5,

1 Rni
— R, ;E|W,i|R,] = — “E[W,.;|R,] + 1).
2 R BIWailRa] = & 3 B Wail Rul + 0p(1)
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Thus, it suffices to show that

2
1 < Ry 1<
E((= ), =“BIWulR,] -~ > E[W,]| |0 (17)
i Pn i
The left-hand side of (17) is given by
1 n R. . 2
= D B |[ZEEIWi,lR,] - E[W,] (18)
- Pn
1 R, R,
o 2| (BB R - B (PLEw R R | a9
n iz Pn n
For (18), we have
) n R. . 2
(18) < = > B ( ) (E[W,-,n|Rn])2+(E[Wn,mz]
i=1 "
— o)
2W Ry
— |E ( ) +1],
n Pn

where the first inequality holds from the inequality (a — b)? < 2(a? + b?) for any a, b € R and the

second inequality holds by the uniform boundedness. Note that

2|
Pn

n

1
= =o(1).
npn

For (19),

- n,i Ry, j
=53 Y e |[Beiwr) - B (LR - B

=1 jeNL(i,2K)\{i}

S

—2

L YD Y-

i=1 jeN, (i2K)\{i}

IA

[\S]

IA
| =
M=

2
R
Z E ( n,l _1)
3 jenazkngy L\ Pn
—2

L )KZZ > 1=0( 1) D, s =o(1),

Pn 0 jeNu 2K\ i) Pn) 1 Sk

—
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where the first equality holds by W,,; 1L R, j, W,,; IL W, ; if d,,(i, j) > 2K, and Assumption I, the
first inequality holds by the uniform boundedness, the next inequality holds by the Cauchy-Schwarz
inequality, and the last step follows from Assumption 6.

Combining the arguments for (18) and (19), we have shown the convergence (17) asn — co. O

Lemma 12. Let W,,; be a scalar random variable satisfying |W, ;| < W < oo a.s. We allow Wi to
depend on R, and D, but assume that W,,; 1L R, ; and W,,; L. W, ; if d,,(i, j) > 2K. Then, under

Assumptions 1 and 6,

1 < 1
~ R ;E[R, W, ;|R,] - E[RniWni] = Ry E[W,iR,] — - E[W,,
N;,[,,ann;[,,] ;,[,H;[J
5o
Proof. The result follows by the same logic as Lemma 11. m|

Lemma 13. Under Assumptions I to 6 and 8,
=12\ = d®
502 Ry iXniEni — N(O, ;).
i=1
Proof. We use the Cramer-Wold device and verify Condition 1 for any given a € R!71.

First, we will transform the statistics and verify the zero expectation condition. The orthogonality

. 1,sampl. .
condition for @, " 5*MPE (5) implies

D RuB X | Ry| = 0. (20)
i=1

T = v = -1/2 vy = Ss-1/2
Define Un,i = Rn,an,isn,i -E [Rn,an,ign,i | Rn] . Then’ 2n / ?:1 Rn,an,ign,i = Zn / ;'1:1 Un,i
and we have E[U,; | R,] = 0 for all i.

By the Cramer-Wold device, it suffices to show that

Z?=1 a,Un,i dr
_—

\/a’ina

N(0, 1)

for any a € R% with a’a = 1.
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By Lemmas 2 and 8, a’U,; is conditionally ¥-dependent with &, ; = 1{s < 2K} given R,,. The
other conditions are assumed in Assumption 8 or automatically satisfied under the local dependence

(Assumption 5). m|

Lemma 14. Under Assumptions I to S,
< d
-1/2
z:n / Z Rn,an,ign,i - N(O, IdT)-
i=1

Proof. An orthogonality condition for 853953 (4) implies

Z E [X,ieni] = 0. (21)
By Assumptions 2 and 7 (i),

_ 1 pcausal s causal
Xn,zgn,z = n,l(Yn,z - XnJ@n - Zn,iyn

’ 1 pcausal 7 . causal
= Xn,iTn’ign,i + X,,,,'Vn,i - Xn’l‘X .0 — Xn,iZ Y .

ni’n ni’n

By Lemma 6 and Assumption 7 (ii), R,; enters only multiplicatively for 7,,; and X,; = T,; —
E[T,|R,]. By Assumption 7 (ii), each element of Z,; is multiplicatively in R, ;. Thus, each

element of X, ;&,; 1s multiplicatively in R,,; by Rﬁi = R, ;. Combining it with the orthogonality,
n
Z E[Rn,an,ign,i] =0.
i=1
Define U,; = RyiXni€ni — E[RniXni€ni]. Then, we have

" n
Zr_zl/z Z Rn,an,ign,i = 2;1/2 Z U”’i + 2;1/2 Z E[Rn,an,iEn,i]
1 i=1

n
i=1 i=

n
i=1

and E[U, ;] = 0.

The remaining parts of the proof are similar to Lemma 13. O
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Lemma 15. Under Assumptions I to 6,

R
~ causal,sample P
n— Vn — 0.

If we assume Assumption 7 additionally,

7n _ Zausal ﬁ) 0,
where vy, is defined in (14).
R
Proof. We can show v, — yf,ausal’sample 50 by Lemma 10 as the proof for Theorem 2.

~ R —~ — R .
Next, we show 7, — ycausal %0, By Lemma 10, P%% r, E[P#%|R,] and PZY r, E[PZY|R,].
By Lemma 11 and Lemma 12, E[P%?|R,,] KN Q%7 and E[P?Y|R,,] LN QZY Thus, we can conclude

by the continuous mapping theorem. O

APPENDIX C. PROOFS

C.1. Proof of Theorem 1.

Proof. Lemma 6 implies that
Q)% =0 = E[(T,; - E[T,,IR:])Z;,;] = 0
for large enough n. Similarly,
QX = E[X,;Z,;|R:] =E[(T; - E[T,4IR.))Z,;|R:] =0 as.

for large enough n since FZvn,,- is measurable with respect to o (R,).

Therefore, for large enough n,
eflausal — (91}1()()_1 Qi(Y’
and

-1
causal,sample = =
peusalsamp :(ijx) QY s,
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They are well-defined under Assumption 3. Then, it suffices to show that for large enough n,
E[ Xy Ynil = B[ X0 X, ;10,5
and
E[X, Y, R,] = E[Yn,iX,;,ARn]@n,i a.s.
The following transformations hold for large enough n:

E[Xn,iYn,i] = E[Xn,iTy;’i]gn,i + E[an] Vn,i
= E[Xn,iX;,,i] 6’n,i + E[Xn,i(Tn,i - Xn,i)/] Qn,i
= E[Xn,iXy,l,i] Hn,i + E[Xn,i] Zl 'A, Hn,i

n,i‘*n

= E[Xu,i X, 10ns

where the first equality holds by Assumption 2, the second and the last equalities follow by
E[X,.i] = 0, which is implied by Lemma 6, and the third equality follows by the definition of X, ;.

Similarly, the following transformations hold almost surely for large enough n:

E[Xvn,iyn,i] = E[Xvn,iTy;,ian]‘gn,i + E[Xvn,ian]Vn,i
= E[yn,ixn,ian]en,i + E[Xvn,i(Tn,i - Xn,i)lan]en,i
= E[?n,iX;,ian] gn,i + E[fn,ian]Z;l,[A;zen,i

= E[fn,ix;l,i |Rn] Hn,i»

where we used E[X,,;|R,]| = 0. This completes the proof. O

C.2. Proof of Corollary 1.

Proof. By the population version of the Frisch-Waugh-Lovell theorem,

causal _ Z?zl E[Un,i,(k)Yn,i]

() T 2
" lr'l=1 E[Un,i,(k)]
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By the linearity of the model (Assumption 2), the numerator can be transformed as

n n n
Z E[Un,i,()Ynil = Z E[Un,i, k)T 16 + Z ElUn.i.(6)]Vn.i
i:l l=1 2

i=1

n
= Z E[Un,i,(k) (Xn,i + E[Tn,i | Rn]),]en,i
i=1

n
= > ElUni()Xni.(k) | Onik) +
i=1 i=1

n
E[Un,i,(k)Xr/,’i,(_k)] gl’l,i,(—k)a
where the second equality holds as E[U,,; (x)] = 0, which is implied by E[X,,;] = 0, a consequence

of Lemma 6 and the last equality follows from the law of iterated expectations and E[ X,,; | R,] = 0.

Similarly,

Hcausal,sample _ er‘lzl E[Un,i,(k)yn,ian]
(k) - 72 )
! ?=1 E[Un,i,(k)lR”]

The numerator is given by

n n
D RuBlUni (0 Ynil Rl = > RuiB[Uni 0T, ;| Ra100,i
i=1 i=1

n

dr
= Z Rn,i Z E[Un,i,(k)Xn,i,(l) |Rn]9n,i,(l)~
i=1 =1

Under dr = d7, the last equation can be simplified further to

n n
Z Ry ElUn i k) X, (k) 1R 21 Oni (k) + Z Z Ry ElUwi k) Xni, (1) | RR1Oni 1)
P =1 17k

as above. This completes the proof. O

C.3. Proof of Corollary 2.
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Proof. By Lemma 6,

E[Xoi,(k) Xn.i. (1) | Rn]
=E[(Ti.k) — Bl Ti) | Rn)) (T ) — B[ Ti ) IR]
=E[(Tni,k) = ETni, (k)| Rn)) (Toisty = [T, | Rl + E[ T, | Rn] = [T ]) IR
=E[(T,6) = BT, 1) | R2D (T 1y = LT )| RAD)IR]

= Cov(Tpi.(k)» T, ()| Rn).-
Also, by the law of iterated expectations,

B[ X0 Xni,1)] = BIE[ X, (k) Xn,i, 1) | Rn]]
= E[E[(Thi,x) — ElTni,() | R2]) (T, 0y — Bl T,y I RuD1IR ]

= E[CoV(Tyi,k)> Tni,1) | Rn)].

By Theorem 1 and the above equivalences, the no contamination result follows if the covariance

condition is satisfied.

causal,sample .

Moreover, the numerator of Qn *)

n n
2 RuiBl X Xnio RalOnio + ) D, RudBlLXuio Xai) | Ral6uir
P i=1 le{l,dr )\{k}

n
= Z Ry B[ Xoi (k) Xni, (k) | Rn1Oni (k)
P

and Rn,iE[fn’i,(k)Xn,i,(k) |R,] > 0 if we assume that Cov(fn,i,(k), Thi)|Ry) > 0. O

C.4. Proof of Theorem 2.

Proof. By Lemma 6, we have E[X,,;Z,,;|R,] = 0 a.s. for large enough n. Thus, Q%X, 0X* 2500.
Since |
O oxx x| [ ox

Y o 0 | \ o



DESIGN-BASED AND NETWORK SAMPLING-BASED UNCERTAINTIES IN NETWORK EXPERIMENTS 63

Lemma 10 implies that

—

R
causal,sample ~ AXX\-1AXY p
R P =0, - (7' +0,r(1) — 0,

)

which further implies

6, — Qzausal,sample ﬁ) 0.

C.5. Proof of Theorem 3.

. ) 1,sampl p
Proof. Since we have already shown Theorem 2, it suffices to prove gy *"P¢ — geausal —, (),

By Lemma 6, we have E[X,,;Z,;|R,] = 0 a.s. and E[X,,;Z,;] = 0 for large enough n. Thus,
for large enough n, O™ — (QXX)-IQXY 35 and geusil = (QXX)~1QXY . Without loss

of generality, assume that the first element of 7,,; depends on R, ;D; ;. By Assumption 7 (i) and

causal,sample causal,sample
" P and 9 P

(iii), we can treat the first element of Hn, ) n(1)

the other elements separately as

1 _ XX \-10XY 1 _ XX -10XY causal,sample _ '\ 3XX \-1QXY
efza,lzlls)a - (Qn,(l,l)) £2n,(l,l)’ HZ?F—S?) - (Qn,(—l,—l)) Qn,(—l,—l)’ Hn,(l) - (Qn,(l,l)) Qn,(l,l)’
1,sampl. ~ = )
and HZ?F_S?)Samp = (Qif_L_l)) 192{1{_1,_1), where Q,, (1 1 is the (1, 1) element of Q, and Q, (_; _1)

is the submatrix of €, except for its first row and first column. ﬁn,(l, 1) and ﬁn’(_ 1,-1) are defined

analogously. By Lemma 11,

(@K )T S0

causal,sample causal _ /XX -1~ XY
0 -0 (Q _1)) Q n,(-1,-1) n,(-1,-1

n,(—1) n,(-1) — n,(—1, n,(—1,—1

By Lemma 12,
causal,sample 1 _ (XX \-1_XY XX -1 XY p
9,1’(1) - Hff(uls)a = (Qn,(l,l)) Q‘n,(l,l) - ((l/pn)gn,(l,l)) (1/Pn)gn,(1,1) — 0.

We can conclude by stacking them. O

C.6. Proof of Theorem 4.
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Proof. We have QX% £ 0 and (np,)/N = 1 under the invertibility and the moment conditions.

Thus,
é‘ _ Qcausal,sample
n
P
—~ causal,sample
Yn n
-1 \/_
— — A, ~
_ Q;)q(x Qr}fz a i= 1 R, Xn,isn,i
QZX égz \/T ",lz RniZn igni
-1
XX Y =
_ Qn 0 to R(l) (1+0 R(l))W anX i€n,i
_ p ~ >
0 Q%Z (1 +o0 R(l))WZ Rn,iZn,ign,i
and it suffices to show?®
1 Z”: -
Rn,an,ign,i = OpR(l)’ (22)
VItPn i

niZni€ni = 0pr(1), (23)
5% = 045.(1) (24)

N

since these conditions imply that

S-123xx (A causal,sample
z:n Qn (Qn - en )

1 < ~ _
W Z Rn,an,ign,i + OpR(l)a
n =]

and we can conclude the convergence in conditional distribution with Lemma 13. The dominated

1 =~ 1~ -]
=—5,'70X* (o))
npn

convergence theorem and the law of iterated expectations imply the unconditional result.

15A random variable X, is O & (1) if for any & > 0, there exist some constant M < oo such that
P(IXull > Mz | Ry) <& as.

for large enough n.
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We show (22)-(24). By Chebyshev’s inequality, it suffices to show that its conditional variance

is almost surely bounded.

1 v Ry~
Var| — ) —=X,&.; | R
\/;l;\/p—n n, cn, n
1< (Rni~~ 1< Rui= - Ruj= _
=— Var _7Xn,i8n,i | Rn + —Z Z Cov —’Xn,,-sn’l-, —’Xn,jsn,j | Rn
i n T jem(izkoN ) VPn VPn
Il R [~ = —
<=3 B XX, 2, | R (25)
n& p, e

1 & RuiRnj (L= = ~ ~ X & X8 ’
L Z Z n,itin,j (E [Xn,anJSn,ign,j | Rn] —]E [X”,ign’i | Rn] E [Xn,jgn,]‘ | Rn] ) .
T jenlizong P
(26)

Each element of the first term (25) is almost surely bounded by

N —~ -
( ) -max || X,,;[|* - max |&,,|>.
npy, i !

Thus, the first term (25) is O, (1) by Assumption 3 and Lemmas 5 and 9. The second term (26)
is also Oy 5.(1) by a similar argument as the first term and Assumption 6. Hence, (22) is O & (1).
Similarly, we can show that (23) is O, (1). (24) is also O, (1) by the invertibility assumption

(Assumption 3). O

C.7. Proof of Theorem 5.



DESIGN-BASED AND NETWORK SAMPLING-BASED UNCERTAINTIES IN NETWORK EXPERIMENTS

Proof. Since fn,i = X,; and Zn,i =Zni,

n 1
9, — ezausa

npn| |
Y — ,y;:lausa
_ _ -1
_ Q;)fx Qr);(z ;l\}ron ?:1 Rn,an,i (Yn,i
Q%X Q%Z % w\ RuiZni (Y
-1
Q‘xx
= " | *er (1)
o 0

(1+ Op(l))\/n;ﬂ er'lzl Ry iXni€n,i
(1 + Op(l))\/n;ﬂ Z;‘LI Rn,iZn,ign,i

-X . Qcausal

n,i n

-X . gcausal

ni n

By an argument similar to the proof of Theorem 4, we can show that

1 n

Z R, Xy i€ni = Op(l)a
nPn
1 n

RuiZyi€ni=0,(1),

m; n,i4n,icn,i p
| Y
—2 =0,(1).
N p(1)
Thus, (27) to (29) imply that
125 ry

Zn / Qr}l(X (Qn _ Qzausal) — - .

and we can conclude with Lemma 14.

C.8. Proof of Theorem 6.

Proof. [Proof for ﬁin]
Let

Pn = e

\Vnpn

71 A C
Zn,i7n

71 A C
Zn,iyﬂ

ausal )

ausal)

- —_—on-1 1 n
~1/2
s/ oXx (Qr)l(x) _pZanan’ign,ﬁop(l),
ni=]

1 o 1 < — ~ - _ .
B2 Y RuRey (P =BT | R} (P - B[y | R ) -

66

27)

(28)

(29)
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Under the boundedness (Assumption 3) and the local dependence (Assumption 5), Condition 2 is

automatically satisfied. Then, Lemma 3 implies that

1 = 1 =
2, = n
npn npn
Hence, it suffices to show that
| IS 1 = =
Nzn :npnzj’ + By, + 0,r(1).
Here, max; |&,,; — €| = 05(1) by Assumption 3, Theorem 2, and Lemma 15. Also,

Z Z Rann]anX 8n18n] = 0,5.(1)

L jeN, (i,2K)

by Assumptions 3 and 6, p € (0, 1], and Lemma 9. Thus, we can show that

1 :_Z Z RuiR ;¥

jeNn(tZK)
:_Z Z Rann]anX 8n18n]
]eA/n(lZK)
Z Z RuiRnj Xni X)) EniEnj + 0pr (1), (30)
jeNn(z2K)

where the last equality holds by Lemma 5.
Then,

(30) = Z Z RuiRnj¥ni¥,, ; +0,r(1)

]eN (i,2K)

1 - -
=—30 + B, + 0,z (1) (31)
npn

ZZRH,RM( i =B [T | Ry |) BT | Ra| T4 ) <26}, (32

=1 j=1

}’l

thus, it suffices to show that the remainder term (32) = o, (1).
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We will show it element-wise. Take the (k, k’)-element of (32). Let
n o~ S~
Bi= ) RufB By | R 1, ) < 2K},
J=1

Then,

E[|(k, k")-element of (32)| | R,]

=E Rnt( ni — [ n,i |Rn])~l

i=1

2 - ~ ~ _
<E o Z Rn,i (an,i -E [‘Pn,i,(k) | Rn]) Qi

i=1

1 v ~ ~
pn ( ZV&I’( n,i,(k) | R ) ;ZZ ‘COV (‘I’n,i’(k),‘l’n’j’(k) | Rn)

i=1 j#i

| Ry,

5 1/2

| Ry

1/2
X |@5j|) ,

where the first inequality follows from Jensen’s inequality.

By Assumption 3 and Lemma 9, ‘?’n,,-,(k) is uniformly bounded, thus max; Var (q’n,,-,(k) | Rn) =
0,5 (1) and 9512 < C X (27:1 ]l{cﬁ(i,j) < 2K})? < C x |N,(i;2K)|? for some constant C > 0.
Hence, niz iy Var (‘FIv’n,,-,(k) | R,,) [0? < C’6,(2K,2)/n for some constant C’ > 0. By Assumption 9
(1), 6,(2K,2)/n — 0 as n — oo.

By Lemma 8, @n’i’(k) is conditionally ¥-dependent with &, = 1{s < 2K} given R,, thus

)Cov (‘AI}n’i,(k),‘AI]n’j,(k) | Rn) < C” 35, I{s < 2K} x 1{d,(i, j) = s} for some constant C” > 0.

Thus,
2ZZ|COV( i (0> ¥y | R ) x |@igjl
=1 j#i
S S S -t Y, Y
s=1 i=1 j#i i’eN(i,2K) j'eN(j 2K)
C,,, 2K
= > 1a(s.2K)|

s=1

for some constant C”” > 0. By Assumption 9 (ii), Z L Tn(s, 2K)/n* — 0 asn — oo.
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Therefore, we have shown that E [|(k, k)-element of (32)| | R,] = 0,5.(1). By Markov’s in-

equality, we can conclude that the remainder term (32) = 0,z(1).

[Proof for ﬁZn] Let

1 < ,
Z;; = (Rn,iLPn,i - PnE[an,i]) (Rn,jlpﬂ,j - an[Tn,j‘]) .
nPn nPn ; je/\%;zK)

‘We can show that

1= 1 <
—5 = Z Z Ry i¥niRn ;¥ ; +0p(1)
N MPn 7 jeny G.2K)

1 _
> +B, +0,(1

2
NPy

DD (R = puE[W,1) paBIW,, 1 11{d, (i, /) < 2K}
i=1 j=1

+

1 _
> +B,+0,(1),
npn n n Op( )

where the first equality follows by the similar arguments as we derive (30) and by Lemma 7, the
second equality is a simple transformation, and the last equality holds by the similar arguments for

the remainder term (32). We can conclude by applying Lemma 3 to (npn)_lZZ. O

C.9. Proof of Theorem 7.

Proof. Let %i; = % 2y ;:1 Rn,iRn,j"I\’n,,-‘/I\” K. .. Since E;{ =K, + E;, we have

n,jooni,j

1= 1< I~

[Proof for ﬁfn]
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Theorem 6 implies

N

1
Y, +B,+0 pr(1)
np,,

1 - 1 & _ _ _
=St — D" iR B [T | Ra| B [Ty | R (R = K y) + 01,

"Pn on T A

By the same logic as in the proof of Theorem 6 after replacing 1{d,(i, j) < 2K} by K. . and

n,i,j

Assumption 9 by Assumption 10, we can show that

I YAN MPAEI LI

=1 j=1

e 2o 2 ook (B2 [P ) (B 2 [ ) 0] R

i=1 j=1

+ OpR(l).

We get the conclusion by substituting these results into (33).
[Proof for annZ,,]
The proof is similar. By the same logic as in the proof of Theorem 6,

% ;:—Zzpn anl]E ”]] ’:l]

i=1 j=1

ZZE n,i nz an [anz] an,j_an [\P”J]),] Kl;l]

ll]

+0,(1).

We get the conclusion by combining it with the result of Theorem 6. O
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APPENDIX D. ADDITIONAL SIMULATION RESULTS

We consider the following exposure mapping:

T, = Rn,iD;,iaZAn,i,jRn,jDZ,j = (Dn,ia netn,i)-
Jj#i
We set Tn,i = T,;. Note that, since D,; 1L net,;, no contamination bias would arise. Our focus
here is to evaluate our inference procedure based on the asymptotic approximation in this correctly

specified model.

We follow the same implementation procedure as in the simulation exercise in Section 5, except

Zj:&i An,i,f
maxy Xk An,k k

for the definition of 7, ; and T‘n,i, and 6, (1) ~ Exponential(1/3) and 6,,; (2) = . Here,
the average direct effect is 1/3 and the average spillover effect is about 2/9.

In Table 5, Panels A and B, we report the results of this simulation when we vary p,, from 0.1 to
0.5 and from 0.6 to 1.0, respectively. Since the population size (the number of nodes) is 1770, the
sample size varies from about 177 to 1770. In each panel, the first three rows report the averages
of the population and sample-level causal estimands and the OLS estimator. The fourth to sixth
rows report the averages of the EHW standard errors and the averages of our proposed standard
errors in Equation (13). The seventh and eighth rows report the average absolute deviations of the
estimator from the causal estimands. The last four rows report the coverage probabilities of the
95% confidence intervals constructed using the EHW standard errors and those based on (13) for
the two causal estimands.

The first three rows in Table 5 show that the estimator closely approximates both estimands,
as expected from our asymptotic theory (Theorems 2 and 3). The difference between 6522 and

Gflausal’sample is negligible because 7;,; = fnl We also observe that while the direct effect estimands

causal causal,sample
0 ) and 9( D
I,sample
9causa1 and ecausa,
() (2

spillover effect estimands place greater weight on nodes with more connections, who tend to have

are close to the average direct effect of 1/3, the spillover effect estimands

are larger than the average spillover effect of 2/9. This occurs because the

larger spillover effects, resulting in an upward bias. The seventh and eighth rows, showing the
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average absolute deviations of the estimator from the estimands, also confirm that the estimator
closely approximates the estimands, especially as p,, increases and the sample size becomes larger.

The fourth to sixth rows show that our proposed standard errors based on (13) tend to be larger
than the EHW standard errors, especially as p, increases. This is because (i) the EHW standard
errors do not account for the network dependence structure, and the observed network becomes
denser as p, increases, and (ii) our standard errors are designed to be conservative, as established
in Theorem 7. When p, is small, the difference between the two types of standard errors is
less pronounced because (i) the observed network is sparser and the dependence structure is less
important, and (ii) the sample-to-population ratio approaches the infinite population case, where
the standard model-based inference is valid. Additionally, we observe that our proposed standard
errors based on (13) for 65! tend to be slightly larger than those for 65" ™ reflecting the

additional adjustment for sampling variation in the former.

The last two rows in Table 5 show that the coverage rates based on our proposed method (13) are

causal,sample
causal and 9 p

reasonably close to the nominal 95% target. We observe under-coverage for 6 ) n.(2)

when p,, is small, likely due to the small sample size and limited variation in the net variable in
sparse networks. In contrast, the coverage rates for Hfla(“;)al and Qzaés)a Lsample 1, ced on the EHW
standard errors are substantially below the nominal level as p,, increases. This is because the EHW
standard errors ignore the network dependence structure and finite population bias, which likely
leads to over-rejection of the null hypothesis.

Overall, our simulation exercise shows that as long as the model is correctly specified and relevant
network information is observed, reliable inference for the causal estimands is possible even when
not everyone in the population is sampled. Since exhaustive network collection can be costly in

practice, our results provide a rationale for collecting network data based on sampled units, which

is less costly.
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TABLE 5. Simulation Results: 7,,; = T;,i case

Panel A: p =0.1-0.5

0.1 0.2 0.3 0.4 0.5
D net D net D net D net D net
geausal 0.348 0.312 0.348 0.312 0.348 0.312 0.348 0.312 0.348 0.312
geausal.sample 0.346 0.311 0.349 0.311 0.349 0.312 0.349 0.311 0.349 0.312
0 0.347 0.285 0.350 0.305 0.348 0.308 0.352 0.310 0.350 0.305
SE EHW 0.214 0.265 0.216 0.268 0.153 0.136 0.153 0.136 0.126 0.093
SE (13) geausal 0.214 0.263 0.215 0.265 0.156 0.146 0.156 0.145 0.132 0.109
SE (13) geausal.sample 0.214 0.263 0.215 0.265 0.156 0.147 0.156 0.146 0.132 0.110
|§— 6°ausal| 0.172 0.233 0.174 0.223 0.119 0.122 0.128 0.118 0.097 0.093
|§ - Gcausal’samplﬂ 0.172 0.232 0.171 0220 0.118 0.120 0.126 0.117 0.096 0.092
Coverage EHW geausal 0945 0920 0958 0.937 0.953 0.907 0.942 0.919 0.953 0.879
Coverage EHW geausalsample () 948 (0.914 0.955 0.933 0.951 0.908 0.945 0.920 0.954 0.886
Coverage (13) geausal 0941 0904 00953 0926 0953 0924 0.944 0.937 0.963 0.931

Coverage (13) geausabsample (0 946 0.907 0.952 0.924 0.955 0.925 0.949 0.939 0.963 0.928
Panel B: p = 0.6 - 1.0

0.6 0.7 0.8 0.9 1.0
D net D net D net D net D net
geavsal 0.348 0.312 0.348 0.312 0.348 0.312 0.348 0.312 0.348 0.312
geausal,sample 0.348 0.312 0.348 0.312 0.348 0.312 0.348 0.312 0.348 0.312
0 0.352 0.311 0.348 0.305 0.350 0.306 0.348 0.305 0.350 0.307
SE EHW 0.126 0.092 0.110 0.071 0.110 0.071 0.099 0.058 0.100 0.058
SE (13) geavsal 0.132 0.109 0.119 0.091 0.119 0.091 0.110 0.082 0.110 0.083
SE (13) geausal.sample 0.132 0.110 0.119 0.093 0.119 0.093 0.110 0.084 0.110 0.085
|§— geavsal| 0.105 0.089 0.086 0.076 0.092 0.076 0.078 0.067 0.084 0.067
|§— geausal.sample| 0.104 0.088 0.086 0.076 0.091 0.075 0.078 0.067 0.084 0.066
Coverage EHW gcausal 0.942 0.899 0.955 0.845 0.943 0.859 0.952 0.832 0.936 0.816
Coverage EHW gcausalsample (0 948 0.904 0.954 0.850 0.940 0.862 0.954 0.831 0.940 0.822
Coverage (13) gcausal 0.946 0.940 0.969 0.933 0.953 0.935 0.969 0.951 0.962 0.956
Coverage (13) gcausabsample (0 953 0.949 0.970 0.936 0.959 0.940 0.970 0.950 0.966 0.959
Note: Panel A reports the results for p,, = 0.1,...,0.5 and Panel B reports the results for p,, = 0.6, ...,1.0. The first three

rows report the averages of the population and sample-level causal estimands and the OLS estimator. The fourth and fifth
rows report the averages of the EHW standard errors and our proposed standard errors based on (13). The sixth and seventh
rows report the average absolute deviations of the estimator from the two causal estimands. The last four rows report the
coverage probabilities of the 95% confidence intervals constructed using the EHW standard errors and the standard errors
based on our proposed method (13) for the two causal estimands.

APPENDIX E. SURVEY OF OLS USAGE IN NETWORK EXPERIMENT APPLICATIONS

In this section, we summarize our survey of the usage of OLS in network experiment applications
in economics, as introduced in the second paragraph of the introduction. Our survey provides an

overview of the prevalence of OLS in estimating spillover effects in network experiments.
We considered papers published from April 2010 through April 2025 in the following journals:

American Economic Review, Econometrica, Quarterly Journal of Economics, Journal of Political
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Economy, Review of Economic Studies, American Economic Journal: Applied Economics, and
Journal of Development Economics. We searched for articles that included both “networks” and
either “field experiments” or “randomized trial” as keywords on the Web of Science platform. This
search yielded 52 papers, as listed in Table 6. We then reviewed each paper to determine whether
it conducted a network experiment and estimated spillover effects using regression. Among these,
29 papers ran regressions to estimate spillover effects; all 29 used the OLS estimator, while only
two papers (Coutts, 2022 and Fafchamps and Vicente, 2013) mentioned propensity scores or used

related estimators.

TABLE 6. Survey of OLS usage in network experiment applications

Citation Field/Lab Exp w/ RegressionforCausal Estimator(s) Used
Network? Effects?

Evsyukova, Rusche and Mill Yes Yes OLS, Causal Forest

(2024)

Batista, Costa, Freitas, Limaand No Yes OLS

Reis (2025)

Karing (2024) No Yes OLS, Logit

Chegere, Falco and Menzel Yes Yes OLS

(2024)

Deutschmann, Lipscomb, Yes Yes OLS

Schechter and Zhu (2024)
Barsbai, Licuanan, Steinmayr, No Yes OLS

Tiongson and Yang (2024)

Banerjee, Breza, Chandrasekhar No Yes OLS, IV

and Golub (2024)

Colonnelli, Li and Liu (2024) No Yes OLS, DiD
Hernandez-Agramonte, Namen, No Yes OLS, IPW, Logit

Naslund-Hadley and  Biehl
(2024)

Continued on next page
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Citation Field/Lab Exp w/ Regression? Estimator(s) Used
Network?

Borusyak and Hull (2023) No Yes OLS, 2SLS

Banerjee, Breza, Chan- Yes Yes OLS

drasekhar, Duflo, Jackson

and Kinnan (2023)

Soldani, Hildebrandt, Nyarko Yes Yes OLS

and Romagnoli (2023)

Bobonis, Gertler, Gonzalez- No Yes OLS, IV

Navarro and Nichter (2022)

Alan, Corekcioglu and Sutter Yes Yes OLS

(2022)

Coutts (2022) Yes Yes Propensity score

matching, OLS

Leung (2022) No (method) - -

Bjorkegren and Karaca (2022)  Yes No, Structural OLS

Beaman, BenYishay, Magruder Yes Yes OLS

and Mobarak (2021)

Hess, Jaimovich and Schuendeln  Yes Yes OLS

(2021)

Meghir, Mobarak, Mommaerts No Yes OLS

and Morten (2022)

Carter, Laajaj and Yang (2021)  Yes Yes OLS,

Hardy and McCasland (2021) Yes Yes OLS

Breza, Chandrasekhar, Mc- No (method) - -

Cormick and Pan (2020)

Abel, Burger and Piraino (2020) No Yes OLS

Continued on next page
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Citation Field/Lab Exp w/ Regression? Estimator(s) Used
Network?

Afridi, Dhillon, Li and Sharma Yes Yes OLS

(2020)

Drago, Mengel and Traxler Yes Yes OLS

(2020)

BenYishay, Jones, Kondylis and Yes Yes OLS

Mobarak (2020)

Cai (2020) No Yes OLS, Propensity

Score Matching

Banerjee, Chandrasekhar, Duflo Yes Yes OLS

and Jackson (2019)

Kandpal and Baylis (2019) No (natural experi- Yes OLS, IV
ment)

Benyishay and Mobarak (2019)  Yes Yes OLS

Boltz, Marazyan and Villar Yes Yes OLS, Logit

(2019)

Breza and  Chandrasekhar Yes Yes OLS

(2019)

Flory (2018) Yes Yes OLS

Chandrasekhar, Kinnan and Lar-  Yes Yes OLS

reguy (2018)

Cai and Szeidl (2018) Yes Yes OLS

Di Falco, Feri, Pin and Vollen- Yes Yes OLS

weider (2018)

Gine and Mansuri (2018) No (cluster) Yes OLS, IV

Kessler (2017) No Yes OLS,

Continued on next page
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Citation Field/Lab Exp w/ Regression? Estimator(s) Used
Network?

Cruz, Labonne and Querubin No Yes OLS, 1V,

(2017)

Barnhardt, Field and Pande Yes Yes OLS

(2017)

Belloni, Chernozhukov, No (method) - -

Fernandez-Val and Hansen

(2017)

Pallais and Sands (2016) No Yes OLS

Alatas, Banerjee, Chan- Yes Yes OLS

drasekhar, Hanna and Olken

(2016)

Nagavarapu and Sekhri (2016)  No Yes OLS

Levine, Polimeni and Ramage No Yes OLS

(2016)

Jakiela and Ozier (2016) Yes Yes OLS

Cai, De Janvry and Sadoulet Yes Yes OLS

(2015)

Callen and Long (2015) No Yes OLS

Fafchamps and Vicente (2013)  Yes Yes OLS, Propensity

score matching
Robinson (2012) No Yes OLS
Godlonton and Thornton (2012) Yes Yes OLS

Notes: The first column lists the citation of the paper. The second column indicates whether the
paper uses a field or lab experiment with a network structure. The third column indicates whether the
paper uses regression to estimate causal effects, and the fourth column lists the specific estimator(s)
used in the regression analysis. Methodological papers are marked with “No (method)” in the second

column and do not have the third and fourth columns filled in.
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