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Abstract
This paper identifies the origins of welfare gains and losses in economies with
accumulation technologies. Welfare gains from any perturbation originate through
five components: cross-sectional and aggregate investment efficiency, cross-sectional
capital use efficiency, and accumulation and production technology change,
regardless of the institutional or market structure. In frictionless competitive
economies, allocative components vanish, and a new accumulation Hulten’s theorem
values improvements in accumulation technologies by accumulation Domar weights:
the value of capital stocks relative to consumption expenditures. In distorted
economies, marginal social values equal discounted prices plus the present value of
wedge revenues. In U.S. data for 1947-2024, the accumulation Domar sum exceeds
the production Domar sum every year: Innovations to accumulation technologies
can be more valuable than innovations to production technologies. A credit
crunch application separates three sources of welfare losses — capital misallocation,
intertemporal-sharing, and redistribution — from a perhaps unexpected gain:
collateral constraints induce overinvestment, so a credit crunch shifts resources from

investment toward consumption, where they are more valuable.
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1 Introduction

Capital accumulation determines how economies transform current resources into future
consumption possibilities. Because capital is durable, resource constraints are linked
across dates: a perturbation that modifies investment today changes the capital available
tomorrow, which in turn determines the goods produced and the capital accumulated at
every subsequent date. Assessing the welfare impact of changes in technologies, policies,
or allocations in economies with capital is consequently far from trivial. It requires tracing
how a perturbation propagates through production and accumulation over time.

In this paper, we systematically identify the origins of welfare gains and losses in
economies with accumulation technologies. We consider a general dynamic environment
with multiple goods and multiple capital goods: goods are contemporaneously produced
using capital, while capital is created over time through accumulation technologies
that use capital and investment. Our environment nests the workhorse models of
capital accumulation, including the neoclassical growth model (Ramsey, 1928; Cass,
1965; Koopmans, 1965), investment-specific technological change (Greenwood, Hercowitz,
and Krusell, 1997), two-sector growth models (Uzawa, 1965; Lucas, 1988; Rebelo, 1991),
investment networks (Horvath, 2000; vom Lehn and Winberry, 2022), and credit cycles
(Kiyotaki and Moore, 1997).!

Origins of Production Efficiency Gains. Our first main result, Theorem 1, shows
that in this environment welfare gains coincide with production efficiency gains, and
attributes them to five components: (i) cross-sectional investment efficiency, which
measures the gains from reallocating investment across capital goods; (ii) aggregate
investment efficiency, which measures the gains from adjusting the share of the aggregate
supply of goods devoted to investment rather than consumption; (iii) cross-sectional
capital use efficiency, which measures the gains from reallocating capital across producers;
(iv) accumulation technology change; and (v) production technology change. The first
three components capture allocative efficiency gains, since they are associated with the
reallocation of resources across the economy; the last two capture technical efficiency gains

from primitive changes in technologies. A defining feature of our approach is that the

'For clarity, the main text studies a deterministic economy with a single (representative) individual;
the Online Appendix extends our results to heterogeneous individuals, elastically supplied factors,
intermediate inputs, and uncertainty.



decomposition is exclusively based on preferences, technologies, and resource constraints:
it makes no reference to prices, budget constraints, or equilibrium notions. It therefore
identifies the origins of the welfare gains from any perturbation of any feasible allocation
— efficient or not — under any institutional or market structure, and none of the results
rely on optimality conditions.

The decomposition is built from two sets of objects. First, we identify propagation
matrices — an accumulation inverse matrix along with goods, goods-capital, capital-
goods, and capital inverse matrices — that characterize how changes in capital and
investment at a given date translate into goods and capital at all subsequent dates. These
are purely technological objects, defined at a given allocation without reference to prices
or competitive notions. Second, we characterize welfare-relevant statistics — marginal
social values and marginal welfare products — that combine the propagation matrices
with preferences to translate changes in allocations and technologies into welfare.

Since the allocative components are systematically expressed in terms of changes
in allocation shares, the decomposition separates gains due to reallocation — holding
aggregate investment, goods supply, and capital use fixed — from gains due to changes
in aggregates. We also present, to our knowledge, the first characterization of efficiency

conditions in economies with capital and investment at this level of generality.

Technology Change in Frictionless Competitive Economies. Our second main
result, Theorem 2, characterizes the decomposition in frictionless competitive economies.
Since the competitive allocation is efficient, marginal reallocations of investment or capital
have no welfare impact: all allocative efficiency components vanish, and production
efficiency originates exclusively in primitive changes in technologies, valued at equilibrium
prices — an additional unit of good j is worth its discounted goods price, and an additional
unit of capital good z is worth its discounted capital price. Expressed in proportional
terms, this result extends Hulten’s theorem to accumulation technologies: while the
welfare gain from a one-percent improvement in a production technology equals its
production Domar weight — the value of its gross output relative to nominal consumption
expenditures (Hulten, 1978) — the welfare gain from a one-percent improvement in an
accumulation technology equals a new statistic, its accumulation Domar weight, defined as
the value of the corresponding capital stock relative to nominal consumption expenditures.

The value of assets emerges as the key object for the welfare assessment of technological



change. The date-t price of capital, ¢7, is sufficient to value improvements in accumulation
technologies, even though the additional capital generates goods and further capital at
every subsequent date. The reason is that the price of installed capital already capitalizes
the entire sequence of future propagation, so a single date-t price suffices. This logic
also determines how welfare gains depend on the persistence of a technology change: a
transitory improvement in a production technology raises output at a single date, while
a transitory improvement in an accumulation technology delivers durable capital whose
services decay only at the rate of depreciation — yet its welfare gain is still summarized
by a single accumulation Domar weight. Permanent changes in accumulation technologies
can consequently have large welfare effects, as they correspond to a discounted sum of
capital prices, not of capital rents.

Moreover, we show that there exists an unambiguous relation between production and
accumulation Domar sums: at every date, the accumulation Domar sum weakly exceeds
the production Domar sum, which weakly exceeds one. The proof relies on finding a chain
of valuations: consumption expenditures fall short of gross output because part of output
is invested; gross output equals capital rentals in our baseline environment, in which
capital goods are the only production inputs; and rentals fall short of the value of capital
because installed capital carries continuation value into the future. When production
technologies also use intermediate inputs and additional factors, the ordering can in
principle reverse, so whether across-the-board improvements in accumulation technologies
are more valuable than improvements in production technologies is an empirical question

— the subject of our first application.

Welfare-Relevant Statistics in Distorted Economies. Our third main result,
Theorem 3, characterizes the welfare-relevant statistics in distorted competitive
economies, in which wedges — a reduced-form representation of taxes, subsidies, markups,
or financial frictions — separate the marginal valuations of individuals and firms from
prices along every margin. We show that the marginal social value of any good or capital
good equals its discounted price — the frictionless statistic — plus the present value of
the wedge revenues that the marginal unit generates as it propagates through production
and accumulation. The propagation matrices determine exactly where these revenues are
collected: the additional output that a marginal unit generates at every subsequent date

crosses the consumption or investment margin, while the additional capital it puts in place



crosses the rental market. Two features distinguish this result from its static counterpart.
First, the leading term for capital goods is the discounted price of capital rather than
a stream of discounted rentals, since the price of capital already capitalizes the after-
wedge rentals that the individual receives; only the net wedge in the rental market — the
use-weighted demand-side wedge net of the supply-side wedge — enters the correction.
Second, whereas a good crosses its margin only once, a unit of capital is rented anew at
every date at which it remains in place, so rental wedge revenues accrue at every future
date and must be discounted. A converse accumulation Hulten’s theorem, Corollary
4, follows: as long as aggregate goods wedges and net capital rental wedges vanish at
every date, prices remain sufficient statistics, so changes in production and accumulation
technologies are still valued by production and accumulation Domar weights, even though

individual wedges need not vanish and the competitive allocation need not be efficient.

Measuring Accumulation and Production Domar Weights. Our first application
measures production and accumulation Domar weights for the postwar U.S. economy.
Using Bureau of Economic Analysis (BEA) input-output and fixed-asset data for 20
industries between 1947 and 2024, we find that the accumulation Domar sum exceeds the
production Domar sum in every year of the sample: the former fluctuates between 3.4 and
4.4, while the latter remains between 2.0 and 2.5, so their ratio ranges from 1.4 to 1.9. A
permanent one-percent Hicks-neutral improvement in all technologies yields welfare gains
of 6%, with roughly 61% originating in accumulation technologies. Domar weights are
concentrated: Real Estate, Public Administration, and Manufacturing jointly account for
almost two thirds of the total, and, across capital-good categories, Structures absorb 79%
of the accumulation total. An interpretation of these magnitudes is that technological
innovations to accumulation can be more valuable than technological innovations to

production.

Origins of Welfare Losses in a Credit Crunch. Our second application identifies the
origins of the welfare losses induced by a credit crunch. We study a two-sector economy
in which manufacturing operates subject to a collateral constraint — a two-individual
variant of Banerjee and Moll (2010), with the credit-crunch experiment of Buera and
Moll (2015) — so that a change in the tightness of the borrowing constraint operates

simultaneously through several margins. Our decomposition separates the welfare losses



into capital misallocation across producers, aggregate capital accumulation, and transfers
between constrained and unconstrained individuals. A marginal credit crunch reduces
utilitarian welfare at every level of credit-market tightness: capital misallocation and
transfers between constrained and unconstrained individuals generate losses that grow as
the constraint tightens. Perhaps unexpectedly, the aggregate investment margin generates
a welfare gain: collateral constraints induce overinvestment — every unit of wealth
relaxes future constraints — so a credit crunch shifts resources from investment toward
consumption, where their marginal social value is higher. This is the type of phenomenon

that our approach is designed to uncover.

Related Literature. Our results connect to classical studies of optimal capital
accumulation — Ramsey (1928), Cass (1965), Koopmans (1965), and Uzawa (1969) — and
to the characterizations of dynamic efficiency in Cass (1972) and Abel, Mankiw, Summers,
and Zeckhauser (1989). While this work characterizes efficient accumulation paths in
aggregative economies, our decomposition identifies the origins of the welfare gains from
any perturbation of any allocation — efficient or not — in economies with multiple goods,
factors, and capital goods. Our results also connect to neoclassical investment theory and
g-theory, as in Jorgenson (1963), Tobin (1969), Abel (1981), Hayashi (1982), and Abel and
Eberly (1994). In frictionless competitive economies, we show that asset values embed the
welfare-relevant statistics of our decomposition, and we use the shadow price of installed
capital to value improvements in accumulation technologies rather than to characterize a
firm’s investment rule.

The characterization of welfare gains in frictionless competitive economies relates our
results to Hulten’s theorem (Hulten, 1978) and to the growth accounting literature that
follows Solow (1957), including Hall (1990), Basu and Fernald (2002), and Baqaee and
Farhi (2020). The welfare content of measured national aggregates in economies with
accumulation is the subject of Kuznets (1941), Nordhaus and Tobin (1973), Weitzman
(1976), and Hulten (1979), and, more recently, of Barro (2021) and Basu, Pascali,
Schiantarelli, and Servén (2022). Relative to this work, the way in which we attribute
welfare gains to sources (i) makes no assumptions about individual behavior, budget
constraints, prices, or equilibrium notions, and (ii) decomposes welfare gains rather than
changes in output or measured productivity. Our accumulation Hulten’s theorem shows

that changes in production technologies are valued by production Domar weights, while



changes in accumulation technologies are valued by a new set of weights — accumulation
Domar weights — that measure the value of capital stocks relative to nominal consumption
expenditures. Business cycle accounting (Chari, Kehoe, and McGrattan, 2007) shares
our goal of attributing observed outcomes to distinct margins, including an investment
wedge, and Berger, Bocola, and Dovis (2023) show that heterogeneous-agent economies
with imperfect risk sharing admit a representative-agent representation with wedges.
These approaches account for output dynamics through the lens of a representative agent
equilibrium model with prices, whereas we decompose welfare gains without taking a
stance on the underlying market structure.

Since our decomposition places no restrictions on market structure or individual
behavior, it applies directly to the workhorse macroeconomic models with capital:
economies with investment-specific technological change (Greenwood, Hercowitz, and
Krusell, 1997; Fisher, 2006), investment networks (vom Lehn and Winberry, 2022;
Foerster, Hornstein, Sarte, and Watson, 2022), financial frictions (Kiyotaki and Moore,
1997; Brunnermeier and Sannikov, 2014), and capital misallocation (Restuccia and
Rogerson, 2008; Hsieh and Klenow, 2009; Buera, Kaboski, and Shin, 2011; Moll, 2014;
David and Venkateswaran, 2019).> Our second application illustrates this generality by
tracing the welfare losses of a credit crunch back to their origins: while output-based
measures attribute the losses of financial crises to capital misallocation, our decomposition
separates the losses due to misallocating capital across producers from the effects of
changing aggregate accumulation and of transferring resources between constrained and
unconstrained individuals.

Our results also relate to recent work on capital accumulation. Bagaee and Malmberg
(2025) represent balanced-growth paths of models with capital as equivalent static
economies in which capital services act as intermediate inputs; their analysis is positive
and concerns comparisons across steady states, while ours is normative and values
the entire sequence of allocations generated by transitory or permanent perturbations,
including economies away from steady state and allocations that need not be competitive
or efficient. Gaillard, Morrison, and Wangner (2026) derive a criterion for over- or under-
saving in overlapping generations economies with household heterogeneity, extending

the golden rule to account for uninsurable risk and shifts in the income distribution.

ZWork on sectoral shocks and comovement in economies with capital includes Horvath (2000), Foerster,
Sarte, and Watson (2011), Atalay (2017), and Buera and Moll (2015).



Carvalho, Covarrubias, and Nuno (2026) quantify the welfare costs of disasters in dynamic
production networks, in which a planner self-insures both by accumulating more capital
and by reallocating capital across sectors — margins connected to the aggregate and
cross-sectional investment efficiency terms of our decomposition.

Finally, this paper extends the welfare accounting framework of Davila and Schaab
(2025, 2023) to economies with accumulation technologies. This approach systematically
identifies the origins of welfare gains in economies with rich heterogeneity, exclusively
based on preferences, technologies, and resource constraints. In those papers, all goods
are nonstorable, so production and valuation take place within each date. Here, we
explicitly model accumulation technologies, which link resource constraints across dates.
These links create three new allocative margins — aggregate investment efficiency, cross-
sectional investment efficiency, and cross-sectional capital use efficiency — in addition to

technological changes in accumulation.

2 Environment

We first introduce preferences, production and accumulation technologies, and resource

constraints, and then define feasible allocations and perturbations.?

Preferences. We consider a deterministic economy with a single (representative)
individual. Time is discrete, with dates indexed by t € {0,..., T}, where T' < co. The
individual consumes J > 1 perishable goods and services — goods for short — indexed
by 5,0 € J ={1,...,J}. There are also Z > 1 durable goods — capital goods or capital
for short — indexed by z € Z = {1,...,Z}. Goods are contemporaneously produced
using capital goods as inputs. Capital goods are created using goods as inputs through
investment.

Individual preferences are represented by

(Preferences) V = ; Bluy <{C‘Z}j€j> ; (1)

3For clarity, the main text focuses on a deterministic economy with a single individual and only capital
goods as production inputs. Section B of the Online Appendix shows how to accommodate heterogeneous
individuals, elastically and inelastically supplied factors, intermediate inputs, and uncertainty.



where ¢! denotes final consumption of good j at date ¢, 8 € [0, 1) denotes the time discount

factor, and w; (-) corresponds to date-t instantaneous utility.

Production and Accumulation Technologies. Goods are produced using
technologies that take capital goods as inputs. The production technology for good j
at date ¢, denoted by G7 (-) > 0, is given by

(Production Technologies) yl = GY <{kiz’d}zez : 9> , (2)

where 3! denotes the amount produced (output) of good j at date ¢, and k! >4 denotes the
amount of capital good z used in the production of good j at date ¢ (the superscript d
stands for demand). We parametrize GJ (-;6) by 6 to consider perturbations to production
technologies, as described below.

Accumulation technologies govern the dynamics of capital: they specify the stock
of capital available at date ¢t + 1 as a function of how capital is used at date ¢ and of
investment at that date. The accumulation technology for capital good z between dates

t and t + 1, denoted by Hf_, (-) > 0, is given by
. . z . z jz,d zj .
(Accumulation Technologies) ki, =Hi, ({kt }jej : {Lt }jej ; 9) , (3)

where k7, denotes the aggregate supply of capital good z at date ¢ + 1, and i7" denotes
the amount of good j invested in capital good z at date t. We parametrize H7 , (-;6) by

f to consider perturbations to accumulation technologies, as described below.
Resource Constraints. The resource constraint for good j at date ¢ is
(Resource Constraints: Goods) yi =l + 4, (4)

where J = >, 177 denotes the aggregate investment of good j at date t.

The resource constraint for capital good z at date t is
(Resource Constraints: Capital Goods) k? = kY, (5)

where k; 4 — > k! #4 denotes the aggregate use of capital good z at date t (the superscript



d stands for demand).

Feasible Allocations and Perturbations. Here we define a feasible allocation.

Definition. (Feasible allocation).  An allocation {CZ, Wl kT kf} is feasible if
equations (2) through (5) hold and the non-negativity constraints ¢, >0, 17/ >0, yl >0,
k** >0, and ki > 0 are satisfied.

We assume throughout that preferences and technologies satisfy standard regularity

conditions, so that all variables are smooth functions of a perturbation parameter 6.
de)  dif dki=?

o> df > do

Perturbations df may represent changes in production or accumulation technologies,

Derivatives such as and are therefore well defined.

in policies (e.g., taxes) or any other primitive of a fully specified model (e.g., borrowing
constraints). Under this interpretation, the mapping from 6 to allocations emerges
endogenously and accounts for equilibrium effects. Alternatively, a perturbation may
correspond to a direct change in feasible allocations selected by a planner — an

interpretation useful to characterize efficient allocations, as in E.4.

Examples. The environment just described nests a wide range of settings involving

accumulation, as the following five examples illustrate.

Example 1. [Neoclassical Growth Model]. The neoclassical growth model (Ramsey,
1928; Cass, 1965; Koopmans, 1965) is the workhorse model of capital accumulation. It
features a deterministic economy with a single good (J = 1) and a single capital good
(Z = 1), with preferences V' = 3, f'u; (¢;), after dropping indexes of unit dimensions.
Production and accumulation technologies are vy, = G (kf) and ki = (1—9) kf + 1
where ¢ denotes the depreciation rate. Resource constraints are y; = ¢; + ¢4 and k; = kf.A‘
Introducing adjustment costs (Uzawa, 1969; Hayashi, 1982) simply entails switching to
ki1 = (1—0) K+, (k,‘f, Lt), where Ty (+) captures adjustment costs.

Example 2. [Investment-Specific Technological Change]. The one-sector
Greenwood, Hercowitz, and Krusell (1997) model is the canonical environment to study
investment-specific technological change, a leading instance of technological progress

embodied in accumulation technologies. Relative to Example 1, this economy features

4The neoclassical growth model often features capital reversibility. Section E.6 of the Online Appendix
shows that capital reversibility can be represented using two production technologies.
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two capital goods (Z = 2) instead of one, with a single good (J = 1) whose index we omit.
The production technology becomes y; = Gy (ktl a k? ’d>, and accumulation technologies
are ki, = (1—24') ki + 1} and k., = (1—067) k" + 0.2, where 6 scales investment
in capital good 2 to capture an (unanticipated) investment-specific technology shock.

: 1,d 2,d
Resource constraints are y; = ¢; + ¢} + (2, k} = k%, and k? = k"

Example 3. [Two-Sector Growth Model]. The two-sector growth model (Uzawa,
1965; Lucas, 1988; Rebelo, 1991) is the benchmark economy with multiple goods and
capital goods. Relative to Example 2, this economy adds a second good (J = 2), with
preferences V = Y, Bu; (c}) — good 2 serves only as an input into capital accumulation.
P . . 1 1 11,d ;.12,d 2 2 21,d 1.22.d
roduction technologies become y, = G, (kt , Ky ) and y; = Gj (kt , ki ),
accumulation technologies are kj,, = (1 —0)>; kM 40} and kK, =(01-0)%; K242,

: 11,d | 121d 12,d | 1.22d
and resource constraints are y} = cf +¢}, y? =2, kl =k, + k% and k2 = k00 + k0

Example 4. [Investment Network]. Horvath (2000) and vom Lehn and Winberry
(2022) study a canonical investment network model. Relative to Example 3, this
economy generalizes to an arbitrary number of goods and capital goods, Z = J > 1,

with preferences V. = Y, fluy ({CZ },67). The production technology of good j is
J

yl = G (k;g’d), and its accumulation technology is k/,; = (1 — &) k4 3 ({L{Z}eej)
where 3{ captures the investment network across goods used as investment inputs, with

: P ' o . .
il = 3,1, Resource constraints are y/ = ¢} + ¢ and kj = k.

Example 5. [Credit Cycles]. Kiyotaki and Moore (1997) introduce a benchmark
economy in which a capital good in fixed supply is reallocated across technologies.
Farming (j = 1) and gathering (j = 2) produce two perfectly substitutable goods (J = 2)
using a single capital good (Z = 1), land, whose index we omit.” Production technologies
are y} = G} (ktl’d) and y? = G? (kf’d), where G} (-) is linear (farming) and G%(-) is
strictly concave (gathering). Because land neither depreciates nor can be produced, the
accumulation technology is ki1 = ki 44 k? 4 — I at all dates. Hence, i) =0 for all j, and

: 1d | .2d6
resource constraints reduce to y; +y? = ¢; + ¢ and k, = k" + k.

SKiyotaki and Moore (1997) feature a single homogeneous good (fruit). We equivalently represent it
with two perfectly substitutable goods, one produced by each technology. This model also features two
types of individuals (I = 2) — impatient farmers and patient gatherers — but individual heterogeneity
does not impact the aggregates described here.

6Cross-sectional capital use efficiency is the only active allocative component in models in which
capital is in fixed supply and its productivity depends on who uses it. Other examples include Section

11



We conclude the description of the environment by highlighting its generality beyond

the examples presented above.

Remark 1. (Generality of the environment) The environment covers a broad range of
settings with accumulation. In particular, it allows for (i) accumulation technologies that
link capital and investment across several dates, as with time-to-build in Kydland and
Prescott (1982); (ii) capital goods that enter utility directly, by introducing technologies
that transform capital into goods; (iii) interactions among capital goods in accumulation,
which can be captured by production technologies that generate investment in other
capital types; (iv) variable capital utilization, through the specification of (3); and (v)

human capital as another type of capital good.

3 Origins of Welfare Gains

We now show that the welfare gains from any perturbation in the environment considered
here are solely driven by production efficiency gains, which can be attributed to changes in
allocations (allocative efficiency), or technological changes in production or accumulation
(technical efficiency). The allocative gains can in turn be due to: (i) reallocating
investment towards different capital goods (cross-sectional investment efficiency); (ii)
adjusting the aggregate level of investment (aggregate investment efficiency); (iii)
reallocating capital towards the production of different goods (cross-sectional capital use

efficiency).

3.1 Welfare Assessment

The welfare assessment of any perturbation with a representative individual is given by the

. s dv T .. . . o utils

change in utility %;. Dividing by a normalizing factor A, with units [A] = ——8"5
. . . A

expresses the assessment in units of a chosen welfare numeraire, % = % /AT To compare

welfare gains across dates, we similarly normalize date-t utility gains by a factor \;, with

2 of Eisfeldt and Rampini (2008), the baseline model of Fuchs, Green, and Papanikolaou (2016), and
Dévila, Jeenas, and Philippon (2026).

"Common choices of welfare numeraires are aggregate perpetual consumption (Lucas, 1987; Alvarez
and Jermann, 2004), date-0 aggregate consumption, and date-0 consumption. These choices respectively

imply
ouy Jug Oug
)\:E tE —c, )\:E —c), and M= —.
t 0 e t j dcy ’ j dcy

J
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: _ utils :
units [/\t] ~  date-t welfare numeraire ’ and write

avr 4o v} A
5 = d—/\e = zt:wtd—é, where w; = Xt (6)
is the marginal rate of substitution between the date-t and the lifetime welfare numeraires

(a time discount factor). The date-t flow gain

. t Ouy
th)‘ - dcl - B
= AMRS] .— h AMRS] . = L

7 gj RS]. 7p Where RS}, N (7)

values changes in consumption at the aggregate marginal rate of substitution between
good j and the date-t numeraire, AM RS{;C.8 Since welfare is determined entirely by
changes in final aggregate consumption, Lemma 1 reformulates these results in terms of

production efficiency.

Lemma 1. (Welfare as Production Efficiency) In deterministic economies with a single

individual, welfare assessments are solely driven by production efficiency, given by

av> - dc]

—E,P j aC —E,P
— = = =% wy AMRS].— =) w=; 8
S S AL R R 8
N—~— Production J
Welfare Efficiency
Gains :Ef’P

where w; and AMRS{C are defined in (6) and (7).

Equation (8) simply states that welfare gains can be expressed as the discounted
value — using w; — of the date-t changes in aggregate consumption of each of the
goods — each contemporaneously valued at AM RS,?;C. Therefore, identifying the origins
of welfare/production efficiency gains boils down to tracing back changes in aggregate

consumption ¢ to primitive changes in technology, and capital and investment allocations.

A nominal numeraire can be accommodated as well, as in Section 4. Section E.5 of the Online Appendix
shows how to derive (6) from a global consumption-equivalent formulation and how to compute A for
different welfare numeraires. Section B of the Online Appendix shows how to make welfare assessments
for welfarist planners with heterogeneous individuals.

8We add the qualifier aggregate to the AM RS to highlight that it is a marginal rate of substitution
for aggregate consumption. This distinction becomes relevant in models with heterogeneous individuals,
as explained in Section B of the Online Appendix.
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Shares Definitions. Working with shares, rather than levels, is critical to distinguish
gains due to reallocation from those due to changes in aggregates. Formally, changes in

capital and investment uses can be expressed as

Ak L adki i dxy . Ldd
de - d@ t + Xt,k de an W - de Lt + Xt,L@’ (9)

where the date-t capital use share of capital good z used to produce good j is given by
X{fk’d = k> /k7?, and the date-t investment use share of good j used to invest in capital
good z is given by X7} = 1’ /]

We also define good j’s date-t investment share by (]5{7L =4 / y?, which represents the
share of good j’s date-t aggregate supply v devoted to investment. Therefore, changes

in aggregate investment of good j can be expressed as

% . d¢z,L 7

_ ; dyi
a0~ do

t,L de °

+ ¢ (10)

3.2 Propagation and Welfare-Relevant Statistics

Understanding the forces that shape production efficiency requires tracing how
perturbations affect the allocations of goods and capital. The economy has two types
of quantities — goods, produced and used within a period, and capital goods, which
accumulate over time — and each type propagates impulses to the other: capital produces
goods, while goods are invested to produce capital. We characterize this propagation with
five inverse matrices: the accumulation inverse matrix, which carries capital forward in
time, and the goods, goods-capital, capital-goods, and capital inverse matrices, which
form the four blocks of the economy’s propagation system. Relying on these propagation
matrices, we define welfare-relevant statistics that translate changes in allocations and

technologies into welfare changes.

3.2.1 The Propagation System: Inverse Matrices

Lemma 2 derives the inverse matrices that characterize how changes in technology and
input allocations propagate and accumulate through the economy to determine the

ultimate change in the aggregate supply of goods and capital goods.”

9To simplify the exposition, we denote all identity matrices by I; their dimensions are conformable to
the relevant expression and are suppressed throughout, except in the Appendix.

14



Lemma 2. (Propagation System) Changes in the aggregate supplies of goods and capital

dy dk
goods, =5 and %,

&y Yy Py Gy + G d);gd k! (11)

where, letting

can be expressed in terms of the goods and capital impulses as

(Accumulation Inverse) A, = (I —Hpx) ', Z(T+1)xZ(T+1) (12)

denote the accumulation inverse matriz, the four blocks are given by

(Goods Inverse) U, = (I - GxaAH X, $,) ", J(T+1)xJ(T+1)
(Goods-Capital Inverse) W, =¥, GpxpaAr, J(T+1)x Z(T+1)
(Capital-Goods Inverse) V., =AHx,o¥,,, Z(T+1)xJ(T+1)

(Capital Inverse) Vi = A + A H X, 0, P . Z(T+1)xZ(T+1)
(13)

The remaining matrices are defined in Appendix A.

Lemma 2 characterizes how the aggregate supplies of goods and capital goods ultimately
change in response to the goods and capital impulses, which represent the first-round

impact of the perturbation on the supply of goods and capital goods, respectively. A
ngkd

perturbation that changes capital use shares at date t by mechanically changes

Capltal use k:] in proportion to k , which raises the Supply of good j at date t by

oG
8k3z d

and the supply of capital good z at date ¢t + 1 by akjtj 7. A perturbation that
zj

d .
changes investment use shares at date ¢ by z“ mechanically changes investment use

(77 in proportion to ¢, raising the supply of capital good z at date t 4+ 1 by 3” —L A
dg},

o
proportion to y, and hence 1nvestment use ¢;” in proportion to Xf{yg , raising the supply

perturbation that changes investment shares by changes aggregate investment ¢ in

of capital good z at date t + 1 by oic t“ . Finally, changes in production and accumulation

technologies mechanically raise aggregate supplies by a% and GHZ.

Such first-round changes trigger knock-on effects beyond their impact dates, through
two mechanisms: capital accumulates, carrying impulses forward in time, and goods and

capital goods feed into each other, passing impulses back and forth between them. The
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key determinant of dynamic propagation is the accumulation inverse matrix Ay.
An additional unit of capital good z at date ¢ contributes to current production

while also generating additional capital at date ¢t + 1, through the use-weighted marginal

jz,dOHZ

th ak{tj’ 7. This additional capital contributes to production

accumulation products >-; x
and accumulation at ¢+ 1, generating capital at t+2, and so on. Adding up these rounds,
A, =1+ Hyxpa + (Hkxkd)2 + ... characterizes the ultimate change in the aggregate
supply of capital goods induced by unit impulses in the supply of capital goods, holding
all shares fixed. Because capital is the only connection between dates, A, is what pushes
every propagation channel forward in time: any effect of a perturbation on dates beyond
its impact date must travel through the accumulation of some capital good, and therefore
through \A;.*°

Example. (Neoclassical Growth Model). In the neoclassical growth model, the

OHi1
okd

single use, so x¢x = 1. The matrix H )X}« is then a one-period-lag operator with entries

accumulation technology is ki = (1 —8) kZ + 14, so = 1— 6, and capital has a

1 — 9, so the accumulation inverse matrix is

1
1—4 1
A, =T -Hpxa) '=| 1-0° 1-9¢ 1

u;5F (1-6)"" .. 1-6 1

The entry in row s and column ¢, given by (1 — 5)5_t for s > t, measures the increase in
the supply of capital at date s induced by a unit impulse to the supply of capital at date
t: the fraction of the impulse that survives depreciation between dates ¢ and s. With full
depreciation (§ = 1), Ay = I, so impulses to the supply of capital do not propagate over
time. Without depreciation (6 = 0), all entries on and below the diagonal equal one, so

impulses to the supply of capital are permanent.

Propagation continues through the interaction between goods and capital goods.

Additional capital raises the supply of goods contemporaneously through the use-weighted

10The accumulation inverse matrix Ay, is nonnegative and block lower triangular with identity diagonal
blocks: capital propagates only forward in time, while contemporaneous capital supply shocks pass one
for one.
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marginal products, Gy Xxq, while, for given allocation shares, the invested share of any
additional output becomes additional capital at the next date, H,x,®,. The goods inverse
matrix W, characterizes the ultimate change in the aggregate supply of goods induced by
unit impulses in the supply of goods: the impulse passes through one for one; its invested
share becomes capital, which accumulates through .4, while raising the supply of goods
at subsequent dates, part of which is reinvested, and so on — each round of the series
v, =1+ GixAcH, x,¢, + ... completes one pass of this investment-accumulation-
production loop. The goods-capital inverse matrix W, characterizes the ultimate change
in the aggregate supply of goods induced by unit impulses in the supply of capital goods:
reading ¥, = ¥, Gpx;aAr from right to left, the impulse first accumulates through
A, the resulting trajectory of capital is harvested into goods through Gjx;q, and the
harvested goods then propagate as goods impulses through ¥, .

Symmetrically, the capital-goods inverse matrix ¥y, characterizes the ultimate change
in the aggregate supply of capital goods induced by unit impulses in the supply of goods:
reading ¥y, = AH,x,¢,¥,, from right to left, the impulse first propagates to the
ultimate response of goods through ¥,,, the invested share of that response is planted
into capital through H,x,¢,, and the new capital accumulates through A;. Finally, the
capital inverse matrix Wy, = Ay + A H,x,¢, ¥, characterizes the ultimate change in
the aggregate supply of capital goods induced by unit impulses in the supply of capital
goods, which it splits into two parts: the direct impact of the impulse itself, captured by
A, and the capital created by reinvesting part of the output that the surviving capital
produces along the way.

The propagation system can thus be understood in terms of three basic operations:
G X« converts capital into goods, H, x,¢, converts goods into capital, and Ay
propagates capital through time. Each block of the propagation system simply combines

these operations as needed to map its source into its destination.!!

Remark 2. (Propagation Matrices are Purely Technological) While propagation matrices

abound in the study of models with rich production structures, the propagation matrices

HUnlike the accumulation inverse matrix, Wy, Wiy, Wyr, and Wy typically do not admit closed-form
expressions. Nonetheless, for the same reason as the accumulation inverse matrix, all four blocks are
block lower triangular: every propagation channel runs forward in time. The diagonal blocks of ¥, and
W, are identity matrices: contemporaneous impulses pass through one for one. The diagonal blocks of
W, equal the corresponding blocks of G x )« — capital raises goods contemporaneously — while ¥y,
is strictly block lower triangular: goods become capital with a one-period lag.
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introduced in Lemma 2 are purely technological objects at a given allocation.'? That is,
v, Y, ¥, and Wy, as well as the accumulation inverse matrix Ay, are exclusively
based on production and accumulation technologies, and are defined without relying on

prices or competitive notions.

3.2.2 Welfare-Relevant Statistics

Finally, understanding the origins of production efficiency gains requires defining the
welfare-relevant statistics that translate changes in allocations and technologies into
welfare changes: M SV, MW P, and AMW P.

Definition 1. (Marginal Social Value) The marginal social values of good j and capital
good z available at date t, MSng and MSV,, are defined as the elements of the
1xJ(T+1) and 1 x Z(T + 1) vectors M SV, and MSV, given by

MSV,=wAMRS.¢,¥,, and MSV)=wAMRS.¢,¥,, (14)

where w is the 1 x (T 4+ 1) wvector of wy, AMRS. is the (T +1) x J(T + 1) matriz
of AMRS{C for all goods at all dates, ¢, is the J(T +1) x J(T + 1) matriz of the
consumption shares gzﬁic = cg/yi for all goods at all dates, ¥, is the J (T'+ 1) x J (T'+ 1)
goods inverse matriz, and Wy, is the J (T + 1) x Z (T + 1) goods-capital inverse matriz.

The marginal social value of good j (capital good z) available at date t captures the welfare
gain associated with having an additional unit of that good (capital good) leaving shares
unchanged. While a unit impulse in the supply of goods (capital goods) generates an
ultimate increase in the aggregate supply of goods given by the goods inverse matrix ¥,
(goods-capital inverse matrix W), only the aggregate consumption share ¢, is consumed
by the individual. AM RS, captures the gain associated with increasing aggregate
consumption expressed in units of the date-t welfare numeraire. This definition highlights
that the social value of a good or a capital good emanates from the final consumption —

potentially of other goods at different dates — it ultimately generates.

Definition 2. (Marginal Welfare Product) The marginal welfare products of investment

12The allocations at which the inverse matrices are evaluated can themselves be endogenously
determined within a particular economic or market structure.
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z and capital z for technology j at date t are given by

OH? oG] OH?
MWPH = MSV7, ,—= and MWP/; = MSV} s

abfj ) yaka YREX] + S‘/{j—l,k 8]{352 d- <15)

Marginal welfare products capture the welfare gains associated with increasing investment
or using a capital good. Marginal increases in ¢/ increase the amount of capital good z

available at date t+1 at impact by the corresponding technological marginal accumulation

product, ijl. As just described, the social value of a capital good at date t + 1 is
summarized tby MSV}i, - Hence, the marginal welfare product of investment is given by
the product of the marginal accumulation product of investment and the marginal social
value of capital.

Marginal increases in &/ “ have two effects. First, they increase the supply of good j

at date t at impact by the technological marginal product of capital Second, they

7ajzd

increase the amount of capital good z available at date t+1 at impact by the corresponding

technological marginal accumulation product, ;;tj +. The social value of the first effect is
equal to the product of the social value of good j available at date ¢, given by MSV/,,
and the marginal product of capital. The social value of the second effect is equal to the
product of the social value of capital good z available at date ¢ + 1, given by MSV}7 ;,
and the marginal accumulation product of capital. And the marginal welfare product of

capital is the sum of the social value of both effects.

Definition 3. (Aggregate Marginal Welfare Product) The aggregate marginal welfare

products of investment j and capital z at date t are given by

AMW P; Z XOMWPE and AMW P}, = Z XL MW Pl (16)

The aggregate marginal welfare product of investment for technology j at date t
corresponds to the efficiency gain associated with increasing the amount of aggregate
investment of good j in proportion to the investment use shares. The aggregate marginal
welfare product of capital for capital good z at date t corresponds to the efficiency gain

associated with increasing the use of capital z in proportion to the capital use shares.
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3.3 Origins of Production Efficiency Gains

Once we have defined the welfare-relevant statistics, we are ready to present the first
main result of the paper. Theorem 1 shows that it is possible to attribute all production
efficiency gains to allocative efficiency gains due to adjusting investment and capital uses

as well as technical efficiency gains from primitive changes in technologies.

Theorem 1. (Production Efficiency Decomposition) Production efficiency gains, =E7,

can be attributed to (i) cross-sectional investment efficiency, (ii) aggregate investment
efficiency, (iii) cross-sectional capital use efficiency, (iv) accumulation technology change,

and (v) production technology change, as follows

Investment Efficiency

AP . \dél,
=P =3"%"Cov’ [MWij, d;(évbl d+> (AMWP,, - w, AMRS],.) d dévbyg
toJ tog

Cross-Sectional Aggregate
Investment Efficiency Investment Efficiency

Capital Efficiency

S o Dait| . OHf ; 0G}
—i—ZZ(Covj MW P, 70 kT4 > MS kg +> > MSVY, 50
t =z t z t g
Cross-Sectional Accumulation Production
Capital Use Efficiency Technology Change Technology Change
(17)
where Cov? [,-] = Z - Cov.[-,] and Cov} [-,-] = J - Cov;|[-,-] denote cross-sectional

covariance-sums among capital and goods, respectively.

Cross-sectional components correspond to covariances across uses, measuring gains from
reallocating investment or capital goods from low to high marginal welfare product uses,
for given levels of aggregate investment or capital use. The aggregate investment efficiency
component measures the gains associated with adjusting the share of the aggregate supply
of goods devoted to investment, for a given level of aggregate supply. Consequently, for
good 7 available at date t, it is determined by the product of the difference of the value of
investing relative to consuming, AM WPtJ ,—wi AM RS{C, and the change in the investment

d¢] ,
do

share, y!. These three components capture allocative efficiency gains since they are
associated with the reallocation of resources across the economy.
The final two components are associated with efficiency gains due to primitive changes

in technologies for given allocations. The gain from changes in the production technology
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Figure 1: Production Efficiency Decomposition

Note: This diagram illustrates the production efficiency decomposition introduced in this paper.
Theorem 1 decomposes production efficiency in deterministic economies with a single individual into
investment efficiency, capital efficiency, accumulation technology change, and production technology
change. Theorem 4 in Section B generalizes this decomposition to economies with intermediate inputs
and factors; the corresponding diagram is reported in Figure OA1L.

of good 7 available at date t is given by its marginal social value, M S Wy The gain from
changes in the accumulation technology of capital good z available at date t is given by
its marginal social value, M SV;7.. These last two components capture technical efficiency
gains since they are associated with changes in technologies.

Corollary 1 presents several properties that production efficiency satisfies. These are

helpful to understand the economics behind each term, and to justify each of the labels.

Corollary 1. (Properties of Production Efficiency Decomposition)

(a) (Single Good Economies) In economies with a single good (J = 1), cross-sectional

capital use efficiency is zero.

(b) (Single Capital Good Economies) In economies with a single capital good (Z = 1),

cross-sectional investment efficiency is zero.

(c) (Specialized Investment/Capital Economies) In economies in which all capital goods
(investment) are specialized with ka’d =1 (Xf{ = 1) for all z (j) at all dates, cross-

sectional capital use (investment) efficiency is zero.

21



(d) (Equalized MWP,{TZ or MWPt]Z) If marginal welfare products of capital (investment)
are equalized across all goods j (capital goods z) with k¢ > 0 (L{ > 0) at all dates,

cross-sectional capital use (investment) efficiency is zero.

(e) (Fized Investment Shares Economies) In economies in which all investment shares,

gb{?“ are fixed for all 7 at all dates, aggregate investment efficiency is zero.

In Section E.9 of the Online Appendix, we apply Theorem 1 to each of the five examples
described in Section 2. Table 1 summarizes which components are active in each of these

examples.

Table 1: Allocative Production Efficiency

Example Cross-Sectional ~ Aggregate  Cross-Sectional
Investment Investment Capital Use
Efficiency Efficiency Efficiency
Neoclassical Growth/ _0 v _0
Adjustment Costs - -
Investment-Specific
Technological Change v v =0
Two-Sector
Growth Model =0 v v
Investment Network v v =0
Credit Cycles =0 =0 v

Note: This table illustrates which components of the production efficiency decomposition in Theorem
1 are non-zero in each of the examples. Both technology change components — accumulation and
production — are possible in all examples, so the table only reports the allocative components.

Insights from Production Efficiency Decomposition. The following remarks

highlight insights that emerge from the production efficiency decomposition.

Remark 3. (Technological and Preference Origins of Production Efficiency Gains).
Theorem 1 traces the origins of efficiency gains under any perturbation to changes in the
allocation of resources and to primitive changes in technology. Since this decomposition is
purely based on preferences, technologies, and resource constraints, it is useful to quantify,
compare, and contrast different economic environments, e.g., competitive, strategic,
search, bargaining, or contracting. Note also that none of our results so far — Lemma 2

and Theorem 1 — rely on any optimality conditions (i.e., the envelope theorem).
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Remark 4. (Social Value of Changes in Accumulation or Production Technologies).
Theorem 1 shows that the efficiency gains from pure technological change are summarized
by M S ng and M SV5,, without making assumptions about individual behavior, budget
constraints, prices, or equilibrium notions. The technology change components are always
positive if technology improves since M Sthy > 0 and MSV;7 > 0. However, production
efficiency can be negative after a technological improvement if its impact on allocative

efficiency is sufficiently negative, which can only happen at inefficient allocations.

Remark 5. (Rationale and Uniqueness of the Decomposition). By design, the allocative
efficiency components are systematically expressed in terms of changes in allocation shares.
Working with shares allows us to separate changes due to reallocation (holding aggregate
investment, goods supply, and capital use fixed) from changes in aggregates. This
separation would not be possible if the decomposition were expressed in levels. This is the
unique decomposition that, at each step, separates changes in variables into components

reflecting changes in shares and changes in aggregates.

Remark 6. (Efficiency Conditions). The decomposition in Theorem 1 can also be used
to characterize the set of Pareto efficient allocations. As we show in Appendix E.4,
an allocation is efficient when no feasible perturbation of investment, investment use,
or capital use shares makes any allocative efficiency component positive. Theorem 5
translates this requirement into conditions on marginal welfare products, providing, to
our knowledge, the first characterization of efficiency conditions in economies with capital

and investment at this level of generality.

4 Frictionless Competition

Up to this point, the analysis has remained agnostic about optimizing behavior and
equilibrium. We now turn to frictionless competitive economies, where we exploit
optimality conditions to show that equilibrium prices encode the welfare-relevant statistics
identified in Theorem 1. This allows us to define a new set of Domar weights that
determine the pure impact of changes to accumulation technologies — accumulation
Domar weights — in addition to the well-understood production Domar weights. A
central result of this section is Corollary 3, which shows that the accumulation Domar

sum is larger than the production Domar sum.
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4.1 Competitive Equilibrium

We consider a competitive equilibrium in which the individual consumes goods, owns
and accumulates capital, and rents capital to firms who operate production technologies.

Formally, the individual utility maximization problem is given by

' (i =) Zt:ﬁtut ({c{}jw) ’

subject to the predetermined date-0 supply of capital goods k§, accumulation technologies

(3), and the date-t budget constraint
S (d 4 ) = ot + X
J Z Z J

where p! denotes the price of good j at date ¢, r; denotes the rental rate of capital good
z at date t, and 7 denotes the profits of production technology j at date ¢.

Firms operating production technology j rent capital to maximize their date-t profits,
given by

J _

o= {maX plyl — Z'r’szZd
t

Since firms solve a sequence of static problems, all intertemporal decisions rest with the

individual, who owns and accumulates the capital stock.

Definition 4. (Frictionless Competitive Equilibrium) Given the date-0 supply of capital
goods {k§},.z and taking the nominal numeraire to be the date-t welfare numeraire, a
frictionless competitive equilibrium is given by a feasible allocation {c{,afj,yg,kfz’d,kf}
and prices {pg, qf,rtz} that satisfy resource constraints for goods and capital (4) and (5),
such that the following conditions hold:

(i) The aggregate marginal rates of substitution satisfy: AM RStj’C =p}

(ii) Investment satisfies the optimality condition: p] = w;thtﬂa;[‘zjl, for all z and

t <T; at the terminal date, no resources are invested, sz = 0.

iii) The capital Euler equations hold: ¢ = r? + ““Lq? on t;LSI , forall j andt <'T', with
t t wt t+1 8kj

terminal condition ¢7 = r7.

(iv) Firms operate technology to maximize profits: ) oG

z
~ = Tr;.
ok t
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Conditions (i) through (iv) equalize marginal valuations along every margin of adjustment.
In (i), the representative individual equates aggregate marginal rates of substitution to
goods prices. In (ii), they equate the discounted marginal revenue accumulation product of

. OH? . . i L. ceey - .
investment, “’El qiq Z’;jl, to the price of good j, pi. Condition (iii) is the Euler equation
t

governing the dynamics of capital goods prices. In (iv), firms equate the marginal revenue
product of capital, p{%, to the rental rate 7.

Characterizing the welfare-relevant statistics in competitive economies is critical
because they determine the efficiency gains from technology change as well as the marginal
welfare products behind every production efficiency component. Combining conditions (i)
through (iv), it is straightforward to show that the welfare-relevant statistics in frictionless

competitive interior economies are given by
AMRS], =p|, MSV{, = MWPF =wp], MSV; =MWP;=wqg.  (18)

That is, in frictionless competitive economies, (i) the aggregate marginal rates of
substitution are given by the prices of goods, pl; (ii) the marginal social value of goods
and the marginal welfare product of investment are given by the discounted prices of
goods, wpl: and (iii) the marginal social value of capital goods and the marginal welfare

product of capital are given by the discounted prices of capital goods, w.q;.

4.2 Frictionless Competition: Production and Accumulation

Hulten’s Theorem

Substituting the welfare-relevant statistics (18) into the production efficiency
decomposition of Theorem 1 yields the next result. Since marginal welfare products
are equalized across uses — M WPth = wpl, Yz, and M WPt]i = wiq;, Vj — the cross-
sectional covariance terms of Theorem 1 vanish, and since AM WPtJ; , = wiAM RS,?;C = wpl,
the aggregate investment margin vanishes as well. Production efficiency is then only due

to changes in technology.

Theorem 2. (Technology Change in Frictionless Competitive Economies) In frictionless

competitive economies,

a) (Production Efficiency) allocative efficiency does not contribute to production

25



efficiency, which is given by

OH? 0G]
—E,P _ z t 7 t.
=0 = E Wy E q; + E Wi E Dt 3
- - 00 - 4 00
J
Accumulation Production
Technology Change Technology Change

b) (Production and Accumulation Hulten’s Theorem) taking date-t aggregate
consumption as date-t welfare numeraire and perpetual aggregate consumption as
lifetime welfare numeraire, the welfare gains from a one-percent Hicks-neutral
change at date t in the production technology of good j and in the accumulation

technology of capital good z are respectively given by
wﬂ?iy and thf,k,

where production and accumulation Domar weights are given by

: : i
(Production Domar Weights) D], = -
Y Zj p{ci

. : . q; ki
(Accumulation Domar Weights) D;, = -
Sl

Theorem 2a) exploits the First Welfare Theorem. Since the competitive allocation is
efficient, reallocating investment or capital across uses at the margin can have no welfare
effect: the covariance and aggregate-investment components of Theorem 1 are identically
zero. All production efficiency gains originate in primitive changes in technologies, valued
at equilibrium prices — an additional unit of capital good z is worth w.;qf, and an
additional unit of good j is worth w;p!, in units of the lifetime welfare numeraire. This
result explains why the value of capital is the central object of this section: the entire
welfare impact of a change in accumulation technologies is mediated by the prices of
capital goods.

Theorem 2b) restates part a) in proportional terms and extends Hulten’s theorem

(Hulten, 1978) to accumulation technologies.'?

The welfare impact of a proportional
improvement in a production technology equals its production Domar weight, the value

of its gross output relative to nominal consumption expenditures. The new result is

13Formally, one can explicitly introduce production and accumulation technology shifters 19?31 and 97 ;,
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the accumulation counterpart: the welfare impact of a proportional improvement in
an accumulation technology equals its accumulation Domar weight, the value of the
corresponding capital stock relative to nominal consumption expenditures. In both
cases, equilibrium prices are sufficient: no knowledge of the production network or of
the accumulation technologies themselves is required to value technology changes. This
formula allows us to compute the welfare impact of any change in technology, in production

or in accumulation, at any date.

Remark 7. (Capital Prices as Sufficient Statistics for Changes in Accumulation
Technologies). While both production and accumulation Hulten’s theorems rely on prices,
they do so in different ways. Production Domar weights value gross output at goods
prices, p!, while accumulation Domar weights value capital stocks at capital prices, q5 .
The key insight of Theorem 2b) is that the date-t price of capital is sufficient to value
the contribution of new capital, even though this capital subsequently generates both
future goods and additional capital through the accumulation process. The reason is
that the capital price ¢; already capitalizes the entire sequence of future propagation. A
single date-t price therefore suffices to value the technological change. To our knowledge,
this result has not previously been formalized. It highlights capital markets as a central

determinant of the social value of technological innovations.

4.3 Transitory vs. Permanent Technology Changes

Having valued individual technology changes, we now examine how welfare gains depend

on the persistence of the change: whether it is transitory or permanent. Consider a

so that

=Gl ({W"} o, ) and wip =g ({RY) L i),
t( t ez Uty 11 t+1 t+1 t ies 2 ier t+1,k

in which case production efficiency is given by

. 9G] dInv] O1n H; dInvs,
=E.P _ J ty
- ;wt%:ptyal gl do Z“”‘meamﬁz o

Production Accumulation

Technology Change Technology Change
. . . dlnGJ
which covers arbitrary technology changes. A Hicks-neutral change at date ¢ corresponds to o = - =
) ty
Oln Hf __ dlnﬁf,y - dlnﬂf,k -
sy = 1, and a one-percent change to —=* = —~* = 1.
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one-percent Hicks-neutral change taking place at date 7, applied either to the production
technology of good j or to the accumulation technology of capital good z, and either
transitory — affecting date 7 only — or permanent — affecting all dates ¢ > 7. Theorem

2b) characterizes the answer for all four cases.

Corollary 2. (Hicks-Neutral Technology Changes) In frictionless competitive economies,
the welfare gains from a one-percent Hicks-neutral change in the production technology of
good j or in the accumulation technology of capital good z at date T are — depending on

whether the change is transitory or permanent — given by

Transitory — Permanent

Production Di,y Dty wipi

wr t7y
. z wt Tz
Accumulation Zk Yisr Dy

Consider first a transitory improvement in a production technology. Output rises at
date 7, and no effect remains afterward: the welfare gain is the date-7 production Domar
weight, and the persistence of the welfare gain mirrors the persistence of the change — a
permanent improvement adds the discounted production Domar weights of all subsequent
dates.

Consider next a transitory improvement in an accumulation technology. The
improvement itself lasts a single period, but it delivers additional capital, and capital
is durable: the additional units provide productive services at every subsequent date,
decaying only at the rate of depreciation. The welfare gain is nonetheless captured by
a single date-7 statistic, the accumulation Domar weight, because the price of capital
capitalizes the entire stream of rentals the additional capital will earn. A permanent
improvement in an accumulation technology can in turn be interpreted as a sequence of
transitory improvements, one at each subsequent date, each with a persistent welfare effect
of its own. Permanent changes in accumulation technologies can consequently have large
welfare effects. The discounted sum of accumulation Domar weights, >°;>, *+ Dy, prices
exactly this process: each term already capitalizes an entire stream of future rentals, and

the sum adds these capitalized streams across all dates t > 7.
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4.4 Domar Sums

Summing the transitory entries of Corollary 2 across goods and across capital goods
yields the production Domar sum, 3, Df,y, and the accumulation Domar sum, 3>, Df:
the welfare gains from a one-percent Hicks-neutral change applied to all production or
to all accumulation technologies at date t. There exists a clear relation between the two
sums, and comparing them reveals whether across-the-board production or accumulation

technology shocks carry higher value.**

Corollary 3. (Domar Weight Ordering) In frictionless competitive economies, at every

date t < T at which investment is positive and capital does not fully depreciate

z J
Z Dt,k = Z Dt,y > 1.
> -
— L/_/
Accumulation Production
Domar Sum Domar Sum

The proof of Corollary 3 is a chain of valuations:

Sopld < Yoplyl = Soriki < Y qik;
J j E z

[ N —

—— ——
Consumption Gross Output Capital Rentals Value of Capital

The first gap is the value of investment: consumption is the only final good, and
investment goods are intertemporal intermediate inputs, so gross output exceeds
consumption expenditures — just as intermediate inputs push the standard Domar sum
above one. The second gap is the stock-flow distinction: rental payments already account
for the value of gross output, and the price of installed capital adds the continuation value
on top, since capital is valued for the output it yields today and for the undepreciated
stock it carries into the future. At the terminal date, both gaps close: investment is zero
in any interior equilibrium — it reduces consumption with no offsetting benefit — and
the price of capital equals its rental rate, so both sums equal one.

Formally, multiplying the capital Euler equations — condition (iii) — by k/*° and

14T simplify the exposition, we assume constant-returns-to-scale in production for this section, which
ensures that profits are zero.

29



summing across pairs yields

At+1

S qiki =Y riki +C,, where C, = Z G Z akﬂt;‘i k25 > 0,
The continuation value C; is the discounted value of the capital that survives into date
t+1, and A; denotes the Lagrange multiplier associated with the date-t budget constraint.
When accumulation technologies also exhibit constant returns to scale, iterating this
identity forward yields A¢Y, gik; = Yo5¢ Asd;plel: the value of capital equals the

present value of consumption, so the accumulation Domar sum satisfies 3, D7) = > .5, Z—t

Remark 8. (Beyond the Baseline Environment) The unambiguous ordering of the Domar
sums in Corollary 3 can in principle be reversed when production technologies also use
intermediate inputs and additional factors. As shown in the Appendix, in this case, the
gross output identity becomes >, plyl =3, riki 43¢ wtf nf?4+ ; plad, and the difference

between the Domar sums becomes

y .
— (S winf!+ 5, pla)
ijgcg

Z Dfik - Z Di,y = J
z J

so the accumulation Domar sum exceeds the production Domar sum if and only if the

continuation value of capital exceeds date-t payments to factors and intermediate inputs.

Equivalently, in ratio form,

DZ 2 1.2
Zz ?k _ Z Ttk > <1+ Ctz Z) )
Zj Dt,y Z pjyt > Tiki

H/—’
Capital Share of<1 Caupltahzautlon21
Gross Output — Factor

The first term falls below one when payments to other factors or intermediate inputs are
positive; the second always exceeds one when capital survives. Since the two terms push in
opposite directions, whether the accumulation Domar sum exceeds the production Domar

sum is an empirical question, which we study in Section 6.

30



5 Distorted Economies

We now turn to distorted economies, in which wedges separate the marginal valuations of
individuals and firms from prices. Wedges provide a reduced-form representation of taxes,
subsidies, markups, financial frictions, or other constraints on behavior. We first define
a competitive equilibrium in which every choice margin is saturated with a wedge. We
then show that the marginal social values in distorted economies equal their frictionless
counterparts — discounted prices — plus the present value of the wedge revenues that
marginal units generate as they propagate through the economy, and we identify the

conditions under which prices remain the welfare-relevant sufficient statistics.

5.1 Competitive Equilibrium with Wedges

To allow for distortions, we saturate all choices with wedges, which we take as primitives.

Formally, the representative individual faces the following date-t budget constraint
S i ((1+Tt{c) +Z(1+T“) )zer(l—i—Ttk)kz—l—Zwt—i-Rt,
i z

where R; denotes transfers that rebate wedges back to the representative individual.

Date-t profits from operating production technology j are given by
j z,d jz,d
Wﬁ:{r}gax}pt (1+Tty> Zrt <1+7't]k )k‘{ )
t

Definition 5. (Competitive Equilibrium with Wedges) Given the date-0 supply of capital
goods {k{}

the date-t welfare numeraire, a competitive equilibrium with wedges is given by a feasible

d . : )
ez, wedges {th,Tt“th,f,thz ,Tty} and taking the nominal numeraire to be

allocation {cz, Ly ,yt,k:JZd k:"‘} and prices {p{, a5, rf} that satisfy resource constraints for

goods and capital (4) and (5), such that the following conditions hold:
(i) The aggregate marginal rates of substitution satisfy: AMRSt{C = p! (1 + th;c).

Investment satisfies the optimality condition: p] (14 777 7)) =g aHt}l, or all z
wt t+1 8 J
b

and t < T'; at the terminal date, no resources are invested, L;j =0.

(iii) The capital Euler equations hold: qf = r} (1 + Tz}:) + “lgr ijji, for all j and

Wi

t < T, with terminal condition ¢5 = 1% (1 + 7‘%2)
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. . . P0G 14751
(iv) Firms operate technology to mazximize profits: p{mjd =r} < 1+:’k )
t t,y

In a competitive equilibrium with wedges, individuals and firms equalize marginal

valuations along every margin of adjustment with the corresponding prices cum wedges.

5.2 Marginal Social Values in Distorted Economies

In frictionless competitive economies, the welfare-relevant statistics are given by
discounted prices, as shown in Equation (18). In distorted economies, wedges break that
and the marginal social values are no longer tantamount to discounted prices. Theorem

3 characterizes the marginal social values in distorted economies.

Theorem 3. (MSV in Distorted Economies) In distorted competitive economies, the

marginal social values of goods and capital goods are given by

MSV, =wp+wpt,¥,, +wrt; ¥, and MSV, =wq+wpT, YV, +wrt, ¥y,
(19)
where T, = T ¢, + T,X, P, denotes the aggregate goods wedge and T = TraXpe — Tks

denotes the net capital rental wedge.

The theorem states that, in distorted economies, the marginal social value of any good
or capital good equals its market price plus the present value of the wedge revenues that
the marginal unit generates as it propagates through production and accumulation.

The leading terms, wp and wgq, are the welfare-relevant statistics of frictionless
competition: absent wedges, the discounted price of a marginal unit already capitalizes
the value of the final consumption that the unit ultimately generates. With wedges,
individuals and firms equate their marginal valuations to prices cum wedges, whenever
the marginal unit — or any of the output and capital it subsequently generates — crosses
a distorted margin, the value society places on that unit differs from the price at which
it trades, and the difference is exactly the wedge revenue collected at that margin.

The correction terms in Theorem 3 collect these revenues margin by margin and date
by date. Consider M SV ,. A unit impulse in the supply of a good generates additional
output for all goods at all dates, given by the goods inverse matrix ¥,,. Each additional
unit of output is disposed of according to the allocation shares: its consumed share

crosses the consumption margin, which collects th;c per unit of expenditure, while its
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invested share crosses the investment margin, which collects the use-weighted investment
wedge >, Xf{Tff The aggregate goods wedge, with elements 7_—tj;y = TZCQZ){’C +>. Xf’{th’f ib,
therefore measures the wedge revenue collected per additional unit of output, in proportion
to its price, so wpT,¥,, is the present value of the wedge revenues collected along the
goods trajectory. The impulse also generates additional capital for all capital goods at
all dates, given by the capital-goods inverse matrix Wy,, and each additional unit of
capital in place crosses the rental market, where firms pay the demand wedges while

the individual receives the supply wedge. The net capital rental wedge, with elements
- ari
TtZJc = Ej Xg,zk t1k+Tg’yt Yy

unit of capital, in proportion to its rental rate, so wrT, Wy, is the present value of

— 773, therefore measures the net wedge revenue collected per

the wedge revenues collected along the capital trajectory. The expression for M SV
is identical, with W, and Wy in place of ¥,, and W;,: goods and capital impulses
collect wedge revenues at the same two margins; what differs is the trajectories along
which they propagate, which are exactly the blocks of the propagation system.

Two features of Theorem 3 make it truly dynamic. First, the leading term of M SV
is the discounted price of capital rather than a discounted stream of rental rates: as we
show in the Appendix, wr (I 4+ T4s) Ar = wgq, so the price of capital already capitalizes
the after-wedge rental stream that the individual receives as the marginal unit survives
through the accumulation inverse matrix. This is why only the net rental wedge appears
in the correction: supply-side wedge revenues are already embedded in wgq. Second, in
the static economies of Davila and Schaab (2023), the analogous result corrects prices
only for the aggregate goods wedge. In dynamic economies, wedge revenues accrue at all
future dates — hence the discounting by w — and the rental market for capital opens a
margin with no static counterpart. Whereas a good crosses its margin only once — it is
consumed or invested at the date it exists, and used up — a unit of capital is not used
up when it is rented: it survives into the next date and is rented again. The rental wedge
is therefore collected anew at every date at which the capital generated by the marginal

unit remains in place, and wrT, ¥y, capitalizes this stream.

Corollary 4. (Converse accumulation Hulten’s theorem: conditions for M SV, = wp
and M SV = wq) The conditions that ensure that prices remain the welfare-relevant
sufficient statistics are that aggregate goods wedges and net capital rental wedges are zero

at all dates: 7, =0 and T, = 0.
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Individual wedges need not vanish. Within a good, consumption and investment wedges

may offset in the aggregate, th;cgb{ﬁ +>, XfiTZf {’L = 0; within a capital good, the use-

weighted demand-side composite may equal the supply wedge, ; X{fk’d (W) =Tk
— symmetric treatment of the two sides of the rental market. The competitive equilibrium
can thus be inefficient while wp and wgq still price marginal units correctly. This
generalizes the static converse (production) Hulten’s theorem of Davila and Schaab (2023)
with a new condition: in dynamic economies, prices are sufficient only if, in addition, the

rental market for every capital good is undistorted on net.

6 Application 1: Measuring Accumulation and

Production Domar Weights

Motivated by Theorem 2 and Corollaries 2 and 3, we now proceed to measure and analyze
accumulation and production Domar weights in the U.S. economy and their evolution.
An interpretation of the finding that accumulation weights are larger than production
weights is that technological innovations to accumulation can be more valuable than

those to production.

Data Description. We focus on the postwar U.S. economy between 1947 and 2024. For
each of the 20 2-digit North American Industry Classification System (NAICS) industries,
we observe nominal gross output and aggregate nominal final consumption from the BEA
input-output (I-O) Use tables. This allows us to compute production Domar weights
at each date. For each of those 20 industries, we also observe nominal capital from the
BEA’s Fixed Asset tables, split into three categories: (i) Equipment, (ii) Structures,
and (iii) Intellectual Property Products (IPP). This allows us to compute accumulation

Domar weights aggregated and disaggregated per category per industry.'” When needed
cl
1t—'y

to compute w;, we assume an isoelastic flow utility such that V = Y, 3¢ where

—1

C, = {Z}le (cz) 7 r_l is a CES consumption aggregator. We use standard values:
p =098, v =2, and 0 = 0.349 as in Schaab and Tan (2025). Section D.1 of the Online

Appendix includes a more detailed description of the data.

5Hence, we implicitly map the 20 2-digit industries to .J, and then assume that Z = 3.J when reporting
disaggregated numbers, or Z = J when aggregated.
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Figure 2: Application 1: Measuring Domar Weights

Note: Discounted sums of production and accumulation Domar weights, 3, w¢D} , and 3, wﬂ){) e by
industry — the welfare gains from permanent one-percent Hicks-neutral technology changes — under
the lifetime welfare numeraire A = ), A; (postwar U.S., 1947-2024; 8 = 0.98, v = 2, 0 = 0.349). Data
on nominal gross output and final consumption are taken from the BEA I-O Use tables and data on
nominal capital are taken from the BEA’s Fixed Asset tables. Industries are sorted by total contribution
in the left panel; the three largest are annotated with their totals and shares of the aggregate 6.087. The
right panel plots each industry’s discounted sum of accumulation Domar weights against its production
counterpart; the dashed line is the 45-degree line and p denotes the correlation.

Findings: Industry Weights. The left panel of Figure 2 reports the discounted
production and accumulation Domar weights by industry, >°, th{',y and >, thik. These
can be interpreted as time-averages of Domar weights and, by Corollary 2, as the
welfare gains from permanent one-percent Hicks-neutral improvements in each industry’s
production and accumulation technologies. Summing across industries, a permanent
one-percent improvement in all technologies yields welfare gains of 6.087% of lifetime
consumption, with 2.391 percentage points originating in production Domar weights and
3.695 in accumulation Domar weights (roughly 61%).

Weights are significantly concentrated, as shown in the left panel of Figure 2. Real
Estate and Rental and Leasing alone accounts for 1.501 (24.7% of the total), Public
Administration accounts for 1.228 (20.2%), and Manufacturing accounts for 1.127 (18.5%);
together these three industries contribute 63.4% of the total. Industries also differ in

the composition of their contribution: accumulation Domar weights dominate for Real
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Estate and Public Administration, whereas production Domar weights dominate for
Manufacturing. Transportation and Warehousing (0.362), Retail Trade (0.231), Utilities
(0.202), Agriculture (0.196), Information (0.179), and Construction (0.155) follow. Table
OA2 in the Appendix reports the exact values. The right panel of Figure 2 plots
each industry’s discounted sum of accumulation Domar weights against its production
counterpart: Real Estate and Public Administration lie far above the 45-degree line,

whereas Manufacturing lies far below it.

w
|

Domar Sums

(S}

—— Accumulation, >, Di.
J— +i J
Production, 3, Dy,

1947 1960 1970 1980 1990 2000 2010 2024
Year

Figure 3: Application 1: Evolution of Domar Sums

Note: Accumulation and production Domar sums, >, Dj ; and >, D{’y,

U.S., 1947-2024; 8 =0.98, v = 2, 0 = 0.349). The dashed line marks 1.

computed year by year (postwar

Findings: Domar Sums. Figure 3 plots the accumulation and production Domar
sums, >, D, and 37, D{y, year by year. The Domar weight ordering of Corollary
3, 2:2Dip > X5 vay > 1, thus holds in every year of the sample: the accumulation
sum fluctuates between 3.4 and 4.4 — peaking around 1980 — while the production
sum remains between 2.0 and 2.5, so their ratio ranges from 1.4 to 1.9. This finding
indicates that technological innovations to accumulation can be more valuable than those
to production.

Figure 4 separates each sum into a Hodrick—Prescott trend and a cyclical component:
the accumulation sum is substantially more cyclical than the production sum, while the

two cyclical components strongly comove positively.
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Figure 4: Application 1: Domar Sums Cyclicality

Note: Accumulation and production Domar sums, ). Dy, and Zj Dg’y (postwar U.S., 1947-2024;
B =0.98, v =2, 0 =0.349). The left panel reports the Hodrick—Prescott cyclical components; the right
panel illustrates their comovement, with p denoting the correlation between the two cyclical components.

Additional Findings. We report several additional findings in Appendix D.1. Three
are worth highlighting. First, time variation in the industry-level weights is minimal for
the discounted sums: replacing each industry’s Domar weight path by its unweighted time
mean leaves the discounted sum of accumulation Domar weights essentially unchanged and
lowers its production counterpart by 4.1%, so Figure 2 should be read as a description of
the w;-weighted postwar path, dominated by the early decades. Second, the industry-
level series reallocate substantially over the postwar period: Real Estate and Public
Administration carry the two largest accumulation Domar weights throughout, while
production Domar weights decline in Manufacturing and rise in service industries (Figure
OA4). Third, Structures absorb 79% of the discounted sum of accumulation Domar
weights (Table OA1). Accordingly, the accumulation Domar weights of the U.S. economy

are dominated by Structures.
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7 Application 2: Origins of Welfare Losses in a
Credit Crunch

This application identifies the origins of welfare losses associated with a credit crunch. A
large literature studies the output losses associated with financial crises (Buera, Kaboski,
and Shin, 2011; Moll, 2014; Buera and Moll, 2015). Output-based measures, however,
cannot determine whether the associated welfare losses stem from misallocating capital
across sectors, from accumulating too little capital in the aggregate, or from reallocating
resources between constrained and unconstrained individuals. Theorem 1 separates these
margins. A credit crunch is therefore an ideal setting to put the results to use, as a change
in the tightness of a borrowing/collateral constraint operates through multiple margins

at once, and we are able to quantify the contribution of each.

Environment. We consider a deterministic economy with I = 2 individuals, two
intermediate goods, one final good, and a single capital good. Time is discrete, with
dates indexed by t € {0,...,T}, where T < oco. The environment is a two-individual
variant of Banerjee and Moll (2010); the credit-crunch experiment follows Buera and
Moll (2015). Intermediate good ¢ = 1 is produced by services, a small-scale industry,
and intermediate good i = 2 by manufacturing, a large-scale industry.'® Guided by
the evidence on establishment scale, we model services as the unconstrained sector and
manufacturing as the constrained sector.'”

Individual ¢ derives utility from consuming the final good,

T
. AN T .

V' = ;) (5Z> u (cé) where u(c) = —

Using the final good as numeraire, individual ¢’s budget constraint is

¢+ apy = (e +1=0)ay +my,

where a! denotes individual i’s wealth, r; the rental rate of the capital good, and 7! the

6Note that to simplify the exposition, we are implicitly mapping j = {1,2} to i = {1, 2}.

17Scale is the defining sectoral characteristic in Buera, Kaboski, and Shin (2011): manufacturing
operates at roughly three times the establishment scale of services, and larger scale means larger per-
establishment financing needs, so financial frictions fall hardest on manufacturing. Mirroring their
mechanism, we assign the collateral constraint to the manufacturing industry.
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profits of production technology .
Intermediate good ¢ is produced by a firm owned by individual ¢ that rents capital
and maximizes date-t profits subject to a collateral constraint tied to its owner’s wealth,

i
%

m=maxply; — k! stoyi= (KT and <

t

where 6 € [0,1] indexes the tightness of the credit market: a higher 0 raises the wealth
required per unit of capital rented. The final good is produced with the constant-returns

Cobb-Douglas technology
i\
Y = H (xt) )

where ¢} > 0 and Y7, ¢} = 1."* The single accumulation technology is given by
ko1 = (1—6) Zk;*d + 1.
Finally, the resource constraints are
y=c+u, Y=gz, and k = Zkf’d =k,
where ¢; = 3, ¢l

Origins of Efficiency Losses. We consider the welfare effects of the credit-market
perturbation for a utilitarian planner, W = 3=, V. We use date-t aggregate consumption
as date-t welfare numeraire and perpetual aggregate consumption as lifetime welfare

numeraire,

N = (ﬁi)tu’ (ci) ¢ and A=)\,
t

A )
so that MRS, = M = %, which in turn implies that M RSj . is equalized across
I t K

individuals and exchange efficiency vanishes. The welfare decomposition is given by

dWA de, Wi . dc - dViA
= AMRS,; .~ Cov;” | £, MRS, ,—*| + Cov]” |w', ——
p7. zt:wt te —|—zt:wt ov; L}t, te g + Cov;” |w', |
EAE (Aggregate Efficiency) =!S (Intertemporal-Sharing) ERD (Redistribution)

18The unit-elastic aggregator follows Buera, Kaboski, and Shin (2011), who set the elasticity of
substitution between services and manufacturing to one and argue that the choice is conservative.
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Table 2: Parameter Values (Application 2)

Description Parameter(s) Value(s)
Preferences Utility Curvature ~ 2
Discount Factors B, B2 0.9937,0.9390
Capital Share Cr 0.4505
Technology Depreciation Rate ) 0.0483
Final-Good Production Shares 0 G 0.4915, 0.5085
Credit Market Collateral Parameter 0o 0.2410
Initial Conditions Initial Wealth ag, a 19.124,2.332

Note: This table summarizes the choice of parameter values used in Section 7.

where the normalized individual weights, dynamic weights, and average dynamic weights

are
i X' i A d 1 i
W=7, W=+, and w=-> w
1 ) t 9 t ty
IS ST Y I
and Cov [-,-] = I - Cov; [, -] denotes a covariance-sum across individuals.

Transfers between constrained and unconstrained individuals affect welfare through
two distinct components. Their efficiency content appears as intertemporal-sharing:
constrained and unconstrained individuals value date-t resources differently relative to
their lifetime valuations — their normalized dynamic weights w! differ — so transferring
resources toward the individual who values them relatively more at a given date increases
efficiency. Their equity content appears as redistribution, which captures the equity
concerns embedded in the social welfare function through the covariance between the
normalized individual weights w® and individual lifetime welfare changes.

Because M RSIZ’c are equalized, aggregate efficiency involves only production efficiency.
With a single capital good, cross-sectional investment efficiency vanishes, and absent

technology changes the decomposition reduces to two possibly nonzero components,

j,d
—AFE —AE,P P t,k d t,e
24P = 54 = Z(Covj MWPt{k, 20 K} —I—Z (AMWP,, — wy/AMRS, ) 7 Ys .
t t
Cross-Sectional Aggregate )
Capital Use Efficiency Investment Efficiency
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Figure 5: Application 2: Origins of Welfare Losses in a Credit Crunch

Note: Panel (a): welfare accounting decomposition for a utilitarian planner. Panel (b): efficiency and
its two components, aggregate efficiency and intertemporal-sharing. Panel (c): production efficiency and
its two components, cross-sectional capital use efficiency and aggregate investment efficiency. All objects
are in units of perpetual aggregate consumption.

Calibration. Table 2 summarizes our parametrization. We set 7 = 2 and take
the remaining parameters from postwar U.S. data (1947-2024): (¢ = 0.4505 is one

minus the average aggregate labor share, 6 = 0.0483 the average depreciation rate, and

r* = 0.0546 the average real interest rate, so that f! = Tl*—(s = 0.9937; ¢, = 0.4915
and C; = 0.5085 are services’ share of total nominal gross output and its complement.
The credit-market parameters are disciplined by external finance: 6y = ﬁ = 0.241

adopts the U.S. collateral parameter of Moll (2014), and 3% = 0.9390 is calibrated so that
steady-state external finance matches the U.S. external-finance-to-GDP ratio of Beck,

Demirgiic-Kunt, and Levine (2000). We start every transition from the steady state,
ap = a* (90) = (19124, 2332)
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Results. We model a credit crunch as an increase in 6, that is, a tightening of the
aj
R
reduces utilitarian welfare at every level of tightness. Near the status quo 6, = 0.241,

collateral constraint k:z’d < so the experiment is df > 0. A marginal credit crunch
the efficiency loss is small, and driven by both intertemporal-sharing considerations (as
the initially constrained individuals can borrow even less) and production efficiency. The
same forces increase the marginal efficiency loss as the constraint keeps tightening.

The split of production efficiency losses is somewhat surprising. First, at all times,
tightening the borrowing constraint generates losses due to capital misallocation, as
captured by the cross-sectional capital use efficiency term. However, this tightening is
associated with a positive aggregate investment effect. At each date, a marginal unit
of the final good is worth w,AMRS,;. if consumed and AMWPF,, if invested. In a
frictionless equilibrium, individuals equalize both margins, but with collateral constraints,
the constrained individual’s private return to saving includes the collateral shadow value
— every unit of wealth relaxes tomorrow’s constraint — so there is too much investment
in equilibrium, leaving the marginal invested unit socially worth less than the marginal
consumed unit (AMWP,, < wAMRS; ). Because a credit crunch lowers the investment
share at essentially every date (d¢y,/df < 0), it moves final goods from investment to
consumption and each shifted unit yields a positive welfare gain on this margin.

Since the tightening of the borrowing constraints already hurts the borrowing-
constrained individuals, an equal-weighted utilitarian planner perceives an additional

redistribution loss, as shown in panel (a) of Figure 5.

8 Conclusion

This paper systematically identifies the origins of welfare gains and losses in economies
with accumulation technologies, in which capital links resource constraints across dates.
It draws four main conclusions.

First, welfare gains coincide with production efficiency gains and originate through
five channels: cross-sectional and aggregate investment efficiency, cross-sectional capital
use efficiency, and accumulation and production technology change. A defining feature of
our approach is that it is exclusively based on preferences, technologies, and resource
constraints, without invoking prices, budget constraints, or equilibrium notions. It

therefore identifies the origins of the welfare gains from any perturbation of any feasible
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allocation — efficient or not — under any institutional or market structure.

Second, in frictionless competitive economies all allocative efficiency components
vanish, and the value of assets becomes the key object for the welfare assessment of
technological change. We show that the welfare gain from a one-percent improvement
in a production technology equals its production Domar weight — the well-known
production Hulten’s theorem — while the welfare gain from a one-percent improvement
in an accumulation technology equals its accumulation Domar weight: the value of the
corresponding capital stock relative to nominal consumption expenditures — a new
accumulation Hulten’s theorem. A single date-t capital price is sufficient to value a
technology change whose effects extend over every subsequent date, since the price of
installed capital already capitalizes the entire sequence of future propagation through
production and accumulation. At every date, the accumulation Domar sum (the sum
of all accumulation Domar weights) weakly exceeds the production Domar sum, which
weakly exceeds one.

Third, in distorted economies, in which wedges separate the marginal valuations of
individuals and firms from prices, the marginal social value of any good or capital good
equals its discounted price plus the present value of the wedge revenues that the marginal
unit generates as it propagates through production and accumulation. Because the price
of installed capital already capitalizes the after-wedge rentals that the individual receives,
only the net wedge in the rental market enters the correction, and because capital is rented
anew at every date at which it remains in place, rental wedge revenues accrue at every
future date. Prices remain the welfare-relevant sufficient statistics — and technology
changes are still valued by production and accumulation Domar weights — as long as
aggregate goods wedges and net capital rental wedges vanish at every date, even if
individual wedges do not.

Fourth, the decomposition can be taken directly to the data and to quantitative
models. Between 1947 and 2024, the accumulation Domar sum exceeds the production
Domar sum every year, with a ratio between 1.4 and 1.9. Our measures imply that a
permanent one-percent Hicks-neutral improvement in all technologies would yield welfare
gains of 6%, with roughly 61% originating in accumulation technologies, suggesting
that technological innovations to accumulation can be more valuable than technological
innovations to production. In a credit crunch, our approach allows us to separate the

welfare losses due to misallocating capital across producers from the effects of changing
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aggregate accumulation and from transfers between constrained and unconstrained
individuals, who value consumption differently at different dates. Capital misallocation
and reallocating resources away from already constrained individuals generate losses at
every level of the collateral constraints, while the aggregate investment margin generates
a gain: collateral constraints induce overinvestment, so a credit crunch shifts final goods
from investment toward consumption, where their social value is higher.

Our results imply that assessing the welfare impact of technological change in
economies with capital critically hinges on valuing stocks of assets in addition to flows of
output. As long as national accounts measure capital stocks at the industry and asset
level, accumulation Domar weights can be computed wherever production Domar weights
can — across countries, time periods, and finer industry and asset categories. We hope the
approach developed in this paper, which the Online Appendix extends to heterogeneous
individuals, elastically supplied factors, intermediate inputs, and uncertainty, proves
useful to identify the origins of welfare gains in the rich class of economies with

accumulation.
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ONLINE APPENDIX

Section A of this Online Appendix provides explicit definitions of the vectors and matrices used in
the paper. Section B generalizes our results in the body of the paper to account for intermediate
inputs, multiple factors, and endowments, and to allow for heterogeneous individuals. Section
C presents proofs and derivations. Section E includes additional results.

To simplify the exposition, we assume throughout that (i) consumption is (weakly) desirable,
ie., 8ut/8cz > 0; (ii) the marginal products of capital goods are weakly positive, i.e.,
8G{ /8kzz’d > 0; (iii) the marginal accumulation products of capital goods and investments
are weakly positive, i.e., OHZ, /0ki™® > 0 and OH7,, /017’ > 0; and (iv) the no-free-lunch
property holds, i.e., GJ (-) = 0 if k/*% = 0, Vz, and H7,, (-) = 0 if &/ = 0 and {7 = 0,
Vj. Many of our results, including the welfare accounting decomposition, do not require such

restrictions.

A Matrix Definitions

This section defines all matrices used in the body of the paper and in this Appendix. To simplify
the exposition, we represent all matrices for the I = 2, J = 2, Z = 2, F' = 2 case, although
we define matrix dimensions for the general case. For clarity, we typically use L to denote the
number of intermediate inputs, although L = J.

. . i . e d
Allocations. We collect capital good uses at date t, k=%, in the JZ x 1 vector k;, factor

uses at date t, n{f’d, in the JF x 1 vector ¢, and investment allocations at date t, ij, in a

ZJ x 1 vector iy, given by

11,d 11,d 11
ky ny

Lt
21,d 21,d 21
];d . kt od ny 0 by
t = 12,d o My = 12,d b= 19
ky U Lt
22,d 22,d 22
ki JZx1 & JFx1 b ZJx1

. od .
We stack capital good uses kiz’d, for all dates in the JZ (T + 1) x 1 vector k , factor uses, ngf’d,
for all dates in the JF (T'+ 1) x 1 vector n?, and investment allocations, 7’ for all dates in a
ZJ(T +1) x 1 vector i, given by

o d o
kO n Lo
od . o d " d .
= k, , = o , L= Lt
od d o
n L
kr JZ(T+1)x1 T 7 Jgr(r+1)x1 T/ zyr+1)x1
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Aggregate allocations. We collect aggregate consumption at date t, ¢!, aggregate
inyestment at date t, ], aggregate intermedigte use at date t, x], goods’ supply at dape t,
yl®, aggregate goods endowment at date t, ¢’°, and aggregate goods supply at date ¢, ¥/, in

J x 1 vectors ¢, ¢, T, Y3, Yi, and yq, given by
ct 0 @i
Ct = 2 ) Ly = 2 ) Ty = 2 )
¢/ 1x1 /1 e /) gx1
yl,s gl,s yl
s __ t —-s _ t _ t
yt—<275> ) yt—<275> ) yt—<2> .
Yt JIx1 Yi Jx1 Yt J 1

Similarly, we collect aggregate use, k2%, supply, k7, aggregate endowment, k;*°, and aggregate
supply, k7, of capital goods at date ¢ in Z x 1 vectors kf, k7, Ef , and k¢, given by

d ktl’d s ktLS 1.5 ];:tl’s ktl
ki = 24 . ki = LS . ki = s ;o ke = 12 .
t Zx1 t Zx1 t Zx1 t / zZx1
Analogously, we collect aggregate use, ny ’d, aggregate elastic supply, n{ * aggregate endowment,
ﬁ{ * and aggregate supply, n{ , of factors at date ¢ in F' x 1 vectors n¢, n¢, nj, and ny, given by

nl,d nl,s ﬁl,s nl
d _ t s _ t —s __ t _ t
=24 v e =2 L = o :
t Fx1 t Fx1 i Fx1 i Fx1
We stack aggregate consumption, ct7, aggregate investment, Li, aggregate intermediate use, xi,

goods’ supply, yf’s, aggregate goods endowment, gjz’s, and aggregate goods supply, yf, for all
dates in J (T'+ 1) x 1 vectors ¢, ¢, , y°, y°, and y, given by

Co Lo )
c=| ¢ , ot=| u , = x4 ,
T J jrsyx1 77 jrenxt LT/ jr+1)x1
Yo Yo Yo
v =\ yi TS @t Y=\ y
Y7 /) s @éf J(T+1)x1 Y1/ jr1)x1
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Similarly, we stack aggregate use, k7%, supply, k7, aggregate endowment, k", and aggregate
supply, k7, of capital goods for all dates in Z (T + 1) x 1 vectors k¢, k?, k*. and k, given by

Z(T+1)x1

k

[e=)V}

E=| k

gy o

ki Z(T+1)x1

k§
ki

ki

Z(T+1)x1

kr

Z(T+1)x1

Analogously, we stack aggregate use, n; ’d, aggregate elastic supply, n{ * aggregate endowment,

ﬁ{ * and aggregate supply, n{ , of factors for all dates in F'(T'+ 1) x 1 vectors n

n, given by
n
nd = n ,
d
nr F(T+1)x1

Allocation shares.

S
ow

S ..
H(‘A

F(T+1)x1

We collect factor use shares at date ¢, x

nr

]f?d
t,n

F(T+1)x1

d

no

nr

, n®, n’ and

F(T+1)x1

ina JE X F matrix x; ,d,

intermediate use shares at date ¢, Xzﬁc, in a JL x L matrix X ,, intermediate-supply shares at

date t, ggf, in a JL x L matrix &, capital use shares at date ¢, x

jz7d
tk o

and investment use shares at date ¢, Xfi, ina ZJ x J matrix x;,, given by

11,d
an 0
21,d 0
_ t,n
Xtnd = 0 12,d
an
22.d
0 t,n
Xt,kd =

)

11
me 0
21
_ me 0
v Xtx = 0 y2
t,x
22
JFXF 0 Xia
11,d
Xé’fd )
Xtk 0
(’) 12,d o Xt —
Xtk
0 9.4
Xtk / jzxz

JLXL
11
XLL
21
XLL
0
0

11
t
21
5 t
¢ 0
0
0
0
12
XLL
22
Xtw / zyxg

0
0
12
t

22
t

JLXL

ina JZ x Z matrix x; yd,

We collect aggregate consumption, aggregate intermediate input, and aggregate investment
shares, gb{,C, qbix, and gb{w at date ¢t in J x J diagonal matrices, ¢;., ¢, and ¢, ,, given

O >
¢2L IxJ

by

(4. 0
¢“_< 0 ¢,

o
>J><J t 0

bt O
bra
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We stack factor use shares, X{f;’d, for all dates in a JF (T'+ 1) x F' (T + 1) block-diagonal matrix
Xnd, intermediate use shares, xii, for all datesina JL (T'+ 1) x L (T + 1) block-diagonal matrix
X, intermediate-supply shares, 5?6, for all dates in a JL(T'+1) x L(T + 1) block-diagonal
matrix &, capital use shargs, kafd, inaJZ(T+1)x Z(T+ 1) block-diagonal matrix X, and
investment use shares, x;7, for all dates in a Z.J (T + 1) x J (T 4 1) block-diagonal matrix x,,

given by
Xnd = diag (x07nd, cos X - XT’nd) , X, = diag ()(07967 cos Xt ,XT7x> ,

&€ =diag(&y,...,&, ..., &), X = diag (Xo’kd, o Xy - - ,XT’kd) ,
x, = diag (Xo,u s Xt XT,L) .

We stack aggregate consumption, aggregate intermediate input, and aggregate investment
shares, ¢]., ¢],, and ¢, for all dates in J (T 4 1) x J (T + 1) block-diagonal matrices, ¢..,

¢, and ¢,, given by

¢, = diag (Goc s Prer - brc) s Po = diag (Bowr- - Bra- b1
#, = diag (¢>07L, P ,¢T7L) .

Marginal accumulation products/accumulation technology change. We collect
marginal accumulation products of capital at date t +1 in a Z x JZ matrix H;; j, marginal
accumulation products of investment at date t +1 in a Z x ZJ matrix H;;1,, and accumulation
technology changes at date ¢ + 1 in a Z x 1 vector H; g, given by

a11151+1 aHtlJrl 0 0
H kbt ok
t+1,k — 0 0 3Ht2+1 aHt2+1 ;

~.12.d 22.,d
Ok, Ok ZxJZ

OH} OH} o771

st 0 HE 0 Oins

Ht+1 L= “ 2 b 2 Ht+1 9 = 82 .
) 0 0HZ, | 0 OHY ’ ’ OH7y,
a7t 0 ) zxzg 0 Zx1

We stack marginal accumulation products of capital for all dates ina Z (T +1) x JZ (T +1)
matrix Hj, marginal accumulation products of investment for all dates in a Z(T'+1) X
ZJ (T + 1) matrix H,, and accumulation technology changes for all dates in a Z (T + 1) x 1
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vector Hy, given by

Hk = Srdiag (Hl,k7 .. .,Ht,k, .. -,HT,k) SC,
Hgy

HL:Srdiag(Hl,L,--~3Ht,L,~~-,HT,L)SC7 H@Z Ht,& y

Hry Z(T+1)x1
where diag (H1 k,...,Hyp,...,Hry) and diag (H1,,...,Hy,,..., Hr,) denote block-diagonal
matrices of dimensions ZT x JZT and ZT x ZJT, respectively, whereas S, and S, are selection

matrices given by

S, — ( Ozxzr

7 ) and S.= ( Iz O5z1%52 )
ZT ) z(r+1)x2ZT

JZTxJZ(T+1)’

where 0z«z7r and 0jz7rxjz denote zero matrices of dimensions Z x ZT and JZT x JZ,
respectively, whereas Izp and Ijzp denote identity matrices of dimensions ZT and JZT,

respectively.

Marginal products/production technology change. We collect marginal products of
capital at date ¢ in a J x JZ matrix G j, marginal products of factors at date ¢ in a J x JF' matrix
G, marginal products of intermediates at date ¢ in a J x JL matrix G¢,, and production

technology changes at date ¢ in a J x 1 vector Gy, given by

G} OG} dG! 0G;
. 0 t t
G, . — Ak, 1 ok, G . — | o 0 dz12 0
tk = 0 G2 G2 ) ta = 0 G2 0 G2 )
oKy k7> ) gz Ox7! 923 /gy gL
G} 9G] 1
5 llt,d 0 9 12t,d 0 8Gt
G — my n, G — 00
& 0 G2 0 G2 ) t,0 G2 :
8”?11(1 8n?2’d IXJF a0 Jx1

We stack marginal products of capital for all dates in a J (T + 1) x JZ (T + 1) block-diagonal
matrix G, marginal products of factors for all dates in a J (7' + 1) x JF (T + 1) block-diagonal
matrix G, marginal products of intermediates for all dates in a J (T + 1) x JL (T + 1) block-
diagonal matrix G,, and production technology changes for all dates in a J (7'+ 1) x 1 vector
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Gy, given by
Gk = diag (GO,k7 ey Gt,k, ceey GT,k) N Gx = diag (GQ,I, ceey Gt@, ey GT@) s
Goyg

Gn = dlag (GO,na-~-aGt,n>~--,GT,n)a G9 = Gt@

)

Gro J(T+1)x1

Aggregate marginal rates of substitution. We collect aggregate marginal rates of
substitution at date ¢ in 1 x J and 1 x F' vectors AM RS, . and AM RS, ,, given by

AMRS, .= ( AMRS}, AMRS}, ) and AMRS,, = ( AMRS}, AMRS}, ) .
5 ,C ,C 1xJ ’ T 1 I1xF

We stack aggregate marginal rates of substitution for all dates in (T'+ 1) x J(T + 1) and
(T'+1) x F(T + 1) block-diagonal matrices AMRS. and AMRS,,, given by
AMRS. = diag (AMRS,.,..., AMRS,....., AMRST.),
AMRS,, = diag(AMRS,,,,..., AMRS,,,..., AMRST,).

Marginal social values. We collect marginal social values at date ¢t in 1 x J and 1 x Z
vectors M SV, and MSV,;, given by

MSViy = ( MSVyy MSV, )1><J and - MSVy). = ( MSVf’l’f MSVt?k )1><Z'

We stack marginal social values for all dates in 1 x J(T'+ 1) and 1 x Z (T + 1) vectors M SV,
and M SV, given by
MSV,=(MSVyy,..., MSV,,, ... 7MSVT7Z/)1><J(T+1) ,
MSV,=(MSVyi,....MSVy,..., MSVTJC)MZ(TH) ,
where M SV, = wAMRS ¢ .V, and MSV), = wWAMRS ¢ ¥ .
Marginal welfare products. We collect marginal welfare products for all dates in

IxJZ(TH+1),1xZJ(T+1),1xJL(T+1),and 1 x JF (T + 1) matrices MW Py, MW P,,
MWP,, and MW P,,, given by

MWP, = MSV,Gy, + MSV Hy, MWP, = MSVH,,
MWP, = MSV,G,, MWP, = MSV,G,.

We stack aggregate marginal welfare products for all dates in 1 x Z(T'+1), 1 x J(T + 1),
I1x L(T+1),and 1 x F(T + 1) matriccs AMW Py, AMWP,, AMWP,, and AMWP,,,
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given by
AMW P = MW PjX}d, AMWP, = MWRP,x,,

AMWP, = MWP,x,, AMWP,, = MW P, x,..

Prices. In competitive economies, we collect goods’ prices p{ at date t in the 1 x J vector p;,
capital goods’ prices ¢f at date ¢ in the 1 x Z vector q,, and capital rental rates r; at date t in
the 1 x Z vector r, given by

o= (o i), a=(d @), n=(d ),

We stack goods’ prices p{ for all dates in the (T'+1) x J (T + 1) block-diagonal matrix
p = diag (pg,...,Dy,-..,Pr), capital goods’ prices ¢f for all dates in the (T'+ 1) x Z (T + 1)
block-diagonal matrix ¢ = diag(qq,-..,q;,---,qr), and capital rental rates r} for all dates in
the (T'+ 1) x Z (T + 1) block-diagonal matrix r = diag (ro,...,T¢,...,TT).

Wedges. We collect consumption wedges at date ¢ in the J x J matrix 7¢ ., investment wedges
at date ¢ in the J x ZJ matrix 1,, capital supply wedges at date ¢ in the Z x Z matrix 7 s,
intermediate use wedges at date ¢ in the J x JL matrix 7 ,, capital demand wedges at date ¢
in the Z x JZ matrix 7, 4, and factor demand wedges at date ¢ in the F' x JF matrix 7,4,

given by
.0 20 0 e 0
P _ t,c T _ t,e t,e T _ t,k
t,c — 0 T2 ’ t,e — 0 0 T12 T22 ) t,ks — 0 7_2 )
te J gxd te e S gxzg Lk ) zxz
11 _ 1 21 _ 2
Tt Tiy  Tiae iy 0 0
1+Tt1y 1+7'to
Ttx = ’ ’ A2 222 s
0 0 t,x lt,y t,x 2t,y
7y It7y, JxJL
11,d 1 21,d 2
Tek Tty ek " Thy 0 0
1+Ttly 1+Tfy
Tid = ’ ’ A2,d_ 1 22,d_ 2 s
0 0 t,lk - ty t,lk > ty
iy Ty ZxJZ
11,d 1 21,d 2
Ttm Tty Ttm Tty O 0
1+Tt1y 1+thy
Tind = ’ ’ 12,d__1 22,d__2
’ 0 0 Ttm Tty Tt Tty
T i
1+Tt‘y 1+7’t7y FxJF

We stack consumption wedges for all dates in the J (T'+ 1) x J (T'+ 1) block-diagonal matrix
T =diag (Toc, ... Tte,-- -, TT,c), investment wedges for all dates in the J(T'+ 1) x ZJ (T + 1)
block-diagonal matrix 7, = diag(7o,,...,T¢.,...,7TT,), capital supply wedges for all dates
in the Z(T'+1) x Z(T +1) block-diagonal matrix 7ps = diag(Toks,. ., Tt ks, TTks)s
intermediate use wedges for all dates in the J(T'+1) x JL(T+1) block-diagonal
matrix 7, = diag(Toz,...,Tte,--.,TTe), capital demand wedges for all dates in the
Z(T+1) x JZ(T+1) block-diagonal matrix 7,4 = diag (T()’kd, ey Ty ke 77'T7kd), and
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factor demand wedges for all dates in the F (T 4+ 1) x JF (T + 1) block-diagonal matrix

T,4 = diag (Tomd, s Tpdy ey ’TT’nd>.

B Extensions: Generalized Environments

In this section, we extend our results to more general environments. Section B.1 extends the
production efficiency decomposition to economies with intermediate inputs, multiple factors, and
endowments of goods, factors, and capital. We work directly with production efficiency, =A%,
which makes the results directly applicable to models with a single (representative) individual.
Section B.2 shows how welfare assessments in economies with heterogeneous individuals recover

EAEP a5 one of their components.

B.1 Intermediate Inputs, Multiple Factors, and Endowments
B.1.1 Preferences, Technologies, and Resource Constraints

Here, we extend the production efficiency decomposition to economies with multiple factors,
intermediate inputs, and endowments of goods, factors, and capital. We consider an economy
with a single individual, which allows us to abstract from redistributional considerations and to
focus on characterizing (Kaldor-Hicks) efficiency gains associated with the economy’s production
side.’® Throughout this subsection, we work directly with production efficiency, =4¥*  which
coincides with the welfare assessment of a perturbation in economies with a single individual —
Lemma 1. Section B.2 shows that 245" remains one of the components of welfare assessments
in economies with heterogeneous individuals.

We extend the baseline environment by assuming that there are F' > 0 factors, indexed by

feF=A{1,...,F}. In that case, preferences are given by

V= ztjﬁtut ({d}jej ’ {n{7s}f€}') )

where n]"® denotes the amount of factor f supplied at date ¢.
Goods are produced using technologies that take goods, capital goods, and factors as inputs.
The production technology for good j at date ¢ is given by

JS _ gl Jz,d Jf.d .
v =G ({wt }éej’{kt }Zez’{nt }fef’9>’ (OA1)
where ytl’s denotes the supply of good j produced at date t, x{g denotes the amount of good /¢
jf.d

used in the production of good j at date ¢, and n;”"" denotes the amount of factor f used in the

9Kaldor-Hicks efficiency corresponds to the unweighted sum of individual willingness-to-pay for the

erturbation in units of the lifetime welfare numeraire. Hence, perturbations in which Z* > 0 can be
perturbation i its of the lifeti 1f ire. H perturbations in which =¥ > 0 b
turned into Pareto improvements if transfers are feasible and costless.
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production of good j at date t. The accumulation technologies are the same as in the body of
the paper.

The economy is also endowed with exogenous amounts of goods, factors, and capital, denoted
by 7 (0), 2" (6), and k* (A), which are potentially impacted by the perturbation. The
resource constraints are given by

yl=cl+d+al, k=k" and nf'=nl*+al*©),

where yg = yg’s + ?j{’s (0) denotes the aggregate amount of good j available at date ¢, kf =
k2 4+ k7° () denotes the aggregate amount of capital good z available at date t, 27 = S,z
and n{ 4 — > nif 4 When gt = n{ ¥ = k7° = 0 for all dates, this environment reduces to the

one in the body of the paper, augmented with intermediate inputs and factors.

B.1.2 Production Efficiency

The normalized date-t welfare gains — Equation (6) — now account for changes in factor supply,
so production efficiency is given by

ZABP Zw 2AELP  where AP — % = Z AMRS! d—ci — Z AMRS/ dnits
P,‘—'d t., - =t ) =t do - t,c d6 - t,n do ’
roauction

Efficiency

+ 3ut
where AMRS{H =
supply of factor f and the date-t welfare numeraire, which is positive when supplying factors is

undesirable. Production efficiency is the object we decompose in the remainder of this subsection.
In addition to the shares defined in the main text, we define (i) intermediate share,
{@ =y / yt, which represents the share of good j devoted to intermediate use in production at
date t, (ii) intermediate-use share, Xt,w = xt /a:t, which represents the share of good ¢’s aggregate
intermediate input used in the production of good j at date ¢, and (iii) intermediate-supply share,
ie X} xqﬁt . x{e/yf, as the product of the two.

Hence, changes in intermediate use are given by

da]” _ dgl’ edyt dgj’ dxt o 49f
— Ey e here LA = < OA2
de de Yt 5 wher d9 ¢t x t T de ( )
We also define the factor use share, X] fid — ngf 4 /n; ’d, which represents good j’s factor f use as
a share of the aggregate use of factor f at date ¢, so changes in factor use are given by
dngﬁ defd Iy jfddn{,d dn ,d dn \S dn. ,S
, , h t =t L. OA3
do dg "t T X Tggm VRO T = e T g (0A3)
. . . dg?®  dnf® dk>®
Finally, changes in the goods, factor, and capital endowments, =, —jf—, and —j—, are

exogenously determined by the perturbation.
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B.1.3 The Propagation System: Inverse Matrices

Lemma 3 generalizes Lemma 2 to account for intermediate inputs, factors, and endowments.

Lemma 3. (Propagation System) Changes in the aggregate supplies of goods and capital goods,

?Tg and ‘fi’;, can be expressed in terms of the goods and capital impulses as

d
(35):(‘11% ‘I’yk>( Go+ G5y + Gy Xkdkd+G”d9+d9— ), (OA4)

d
% Wiy Wik Hy+ H,; ijgdkd—kHde)gL[,—i—Hbe y+ d9

where, letting Ax, = (I — Hkxk.d)_l denote the accumulation inverse matriz, the four blocks are

given by
(Goods Inverse) O, = (I - Gpxp AcH X, ¢, — Go€)™", J(T+1)xJ(T+1)
(Goods-Capital Inverse) W, =Wy GrxpaAs, JT+1)xZ(T+1)
(Capital-Goods Inverse) W, = A H, x, ¢y, Z(T+1)xJ(T+1)
(Capital Inverse) W, = A, + AH X, 0,9 . Z(T+1)xZ(T+1)
(OA5)

We highlight several features of Lemma 3. First, there are two “goods impulse” terms in
addition to the ones in the main text due to the existence of intermediate inputs and factors. A
perturbation that changes intermediate-supply shares at date ¢ by —; ft mechanically increases
the amount of good ¢ devoted to the productlon of good j in proportlon to ¢, which in turn

Slmﬂarly, a perturbation that changes the use

of factor f i

20

good j at date t by o ifd
Second, changes in endowments act as additional impulses. Changes in goods endowments,

%7 are direct goods impulses. Changes in capital endowments, %, are direct capital

goods impulses. Changes in factor endowments enter through changes in factor use, since
dnf{* d{s+d Tk
de  —  df d@ '

Third, first-round changes in the aggregate supply of goods induce further changes in the level

of intermediate inputs, which in turn induce further changes in the supply of goods in addition
to the goods’ knock-on effects due to investment previously explained in the main text. Hence,
we have static propagation due to input-output linkages emerging from intermediate inputs,
and dynamic propagation due to capital accumulation. The remaining mechanisms behind the

propagation inverse matrices remain identical.

20The goods inverse matrix generalizes the one introduced in Davila and Schaab (2023) to economies
with capital accumulation and investment.
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B.1.4 Welfare-Relevant Statistics

The marginal social values are identical to the ones in Definition 1. As for the marginal welfare
products, we define them for factors and intermediate inputs in addition to the ones previously
defined in Definitions 2 and 3.

Definition 6. (Marginal Welfare Product) The marginal welfare products of input ¢ and factor
f for technology j at date t are given by
e : e

MW P, Msvtfya ~ and MWP/] Msvfya -

Marginal welfare products capture the efficiency gain associated with using a factor or an

intermediate input. Marginal increases in ac]e or nif d mechanically increase the supply of good
J

7 at date t by their corresponding technological marginal products, SG;Z Hence, the

marginal welfare product of intermediate inputs and factors are given by the product of the

and aﬂfd

corresponding marginal product and the marginal social value of goods.

Definition 7. (Aggregate Marginal Welfare Product) The aggregate marginal welfare products
of input j and factor f at date t are given by

AMW P}, ZX? MWP  and AMWP], fof’

The aggregate marginal welfare product of intermediate inputs captures the efficiency gains
associated with increasing the amount of aggregate intermediate use of good j in proportion
to the intermediate use shares. The aggregate marginal welfare product of factors captures the
efficiency gains associated with increasing the use of factor f in proportion to the factor use
shares.

B.1.5 Production Efficiency Decomposition

AEP - con be

Theorem 4. (Production Efficiency Decomposition) Production efficiency, =
decomposed into (i) cross-sectional intermediate input efficiency, (ii) aggregate intermediate
input efficiency, (iit) cross-sectional investment efficiency, (iv) aggregate investment efficiency,
(v) cross-sectional factor use efficiency, (vi) aggregate factor efficiency, (vii) cross-sectional
capital use efficiency, (viii) accumulation technology change, (ix) production technology change,

(x) good endowment growth, (xi) factor endowment growth, and (xii) capital endowment growth,
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as

The new cross-sectional components correspond to covariances across uses, measuring gains from

Intermediate Input Efficiency

dX dg;
—=AE,P _ b e tx 4 LI
EAEP = NN Couvs [M P, zf+ Z Z (AMW P!, - w AMRS},) —,
t 7
Cross-Sectional Aggregate
Intermediate Input Efficiency Intermediate Input Efficiency
Investment Efficiency
2] dX;ijL i J j dqbi L g
+ Z Z Cov? | MW P, =241 + 303 (AMWP], — w AMRS], ) —ty]
t g
Cross-Sectional Aggregate
Investment Efficiency Investment Efficiency

Factor Efficiency

i f,d

dX.jfv d'n/ sS

pif t,n fid f f t

+ Z Z Cov; l Pl =5 [T+ 222 (AMW P/, - w AMRS], T

tf
Cross-Sectional Aggregate
Factor Use Efficiency Factor Efficiency
Capital Efficiency
d .
L Ay OHf oG]
t k t t
ST [wwrty S i S wsva e 3w, B
t z
Cross-Sectional Accumulation Production
Capital Use Efficiency Technology Change Technology Change
Endowment Growth
> Ly d9 i gg
t z
Capital Good Factor
Endowment Growth Endowment Growth Endowment Growth

reallocating intermediate inputs or factors from low to high marginal welfare product uses, for
given levels of aggregate intermediate use or factor use.
The endowment growth components value changes in endowments at the corresponding
welfare-relevant statistics: changes in goods endowments are valued at the marginal social value
of goods, changes in factor endowments at the aggregate marginal welfare product of factors,

and changes in capital endowments at the marginal social value of capital.

B.2 Heterogeneous Individuals

to production efficiency, =
foresight economy populated by a finite number I > 1 of individuals, indexed by i € 7 =

...

Here, we show how to go from welfare assessments in economies with heterogeneous individuals

I}.

OA-12
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An individual ¢ derives utility from consuming goods and (dis)utility from supplying factors,
with a lifetime utility representation given by

vi=) (5i)t“§ ({Cij}jej ’ {niﬁs}f@f) ’

where 8¢ € [0,1) denotes individual i’s discount factor, and u (-) corresponds to individual i’s
instantaneous utility, cij denotes individual ¢’s final consumption of good j at date ¢, and nif *
denotes individual i’s supply of factor f at date t.

We consider welfare assessments for welfarist planners, that is, planners with a social welfare
function W (-) given by

W:W(vl,...,vi,...,vf).

A welfare assessment can be expressed as

aw oW av'i oW \;dv
g~ 4~ oVide S oviT de

where the normalized individual lifetime welfare gains, %, are given by

) . . it Oul . it Aut .
gy g O g O o i
o~ N AN df o~ N b4 \ o’

where A\’ is a normalizing factor that allows us to express individual welfare gains or losses in
units of a common lifetime welfare numeraire and A is a date-t normalizing factor that allows
us to express individual welfare gains or losses in units of a common date welfare numeraire.
These normalizing factors must be strictly positive for all individuals.

Lemma 4 derives Davila and Schaab (2025)’s welfare decomposition. Afterwards, we
decompose aggregate efficiency as in Davila and Schaab (2023) into exchange and production
efficiency.

Lemma 4. (Welfare Decomposition) A normalized welfare assessment for a welfarist
planner can be decomposed into (i) aggregate efficiency, (ii) intertemporal-sharing, and (iii)
redistribution, as

= (Efficiency)

A A i il il
dW e Z wt% + Z wt(COU,E ﬂ d‘/t + (CO'UAZ w’l M
do do Clw’ d ! Tdo |’
~—— t t
Welfare v - .
Assessment  =AE (Aggregate Efficiency) — EIS (Intertemporal-Sharing) — ERP (Redistribution)

where the normalized individual weights, w*, the normalized dynamic weights, wi, and the average
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of the normalized dynamic weights, w¢, are given by

oW i
4 5
wt =9 T— W (Normalized Individual Weight)
151 v
wl = % (Normalized Dynamic Weight)
1 ,
=7 Zwé (Average Normalized Dynamic Weight)

Aggregate efficiency can be decomposed into (i) exchange efficiency and (ii) production efficiency

as
Zf7

d d
Z Wy Z Cov?” [MRSt o Xt £ Z Wi Z Cov;’ [MRSt ns fltgn
EAE.X (Exchange Efficiency)

+ZthAMRSng9 ZthAMR tfndz; ,
J

t

f7S
ny

EAE.P (Production Efficiency)

where the individual and aggregate marginal rates of substitution are given by

i\t 81@
MRSY, = — %% AMRS], =" X MRSy,
t i
it 8ut
. 8 Z »S
MRS}/, v M AMRS], Z X MRS,

where Xtc = ct /c7 denotes individual i’s consumption share of good j at date t, and Xzf’ =
Zfs/nt’ denotes individual i’s factor supply share of factor f at date t.

—=F

The efficiency component, =%, corresponds to Kaldor—Hicks efficiency, that is, it is the sum

of individual willingness-to-pay for the perturbation in units of the welfare numeraire. The

ERD  captures the equity concerns embedded in a particular social

redistribution component, =
welfare function.

The aggregate efficiency component corresponds to the discounted sum — using average
dynamic weights as a discount factor — of the aggregate willingness-to-pay for the perturbation.
The intertemporal-sharing component captures the contribution to efficiency due to differences
in valuation over time across individuals.

The exchange efficiency component corresponds to the efficiency gains associated with the
reallocation of consumption and factor supply across individuals. The production efficiency
component corresponds to the efficiency gains associated with higher aggregate consumption
and lower aggregate factor supply. See Davila and Schaab (2025) and Davila and Schaab (2023)

for a detailed discussion of the properties of each component.
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The production efficiency component, Z4%F  is exactly the object characterized in Section

B.1, with the aggregate marginal rates of substitution now defined as share-weighted averages
of individual marginal rates of substitution. Hence, Theorem 4 applies unchanged to economies
with heterogeneous individuals. When I = 1, the exchange efficiency, intertemporal-sharing, and
redistribution components are zero, and welfare assessments coincide with production efficiency,
recovering Lemma 1 in the body of the paper.

B.3 Uncertainty

The results in this appendix extend to economies with uncertainty. Allocations, allocation
shares, and welfare-relevant statistics are then indexed by histories, and dynamic weights
value consumption across dates and histories. With heterogeneous individuals, the efficiency
component of a welfare assessment includes a risk-sharing component, which captures the gains
from reallocating consumption risk across individuals, in addition to the aggregate efficiency
and intertemporal-sharing components — see Dévila and Schaab (2023). Aggregate efficiency
— and with it the production efficiency decomposition — is unchanged in form, now applying
date-by-date and history-by-history.

While extending the results is conceptually straightforward, operationalizing the matrix
representation under uncertainty involves additional challenges — the propagation matrices
acquire a dimension for each history — which we leave for future research.

C Proofs and Derivations

C.1 Sections 3.1 and B.2
Proof of Lemmas 1 and 4. (Welfare Accounting)

Proof. A welfare assessment can be expressed as

i dv'
Wy IV
do ; oV df ; oV o\

The normalized welfare assessment takes the form

df i _db dh b )

— e w4 — —  + Cov;” |w '
A ST R T
———— —_———

EF (Efficiency) EFP (Redistribution)
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Note that the normalized individual welfare gains can be expressed as

‘ ) it Oul . iyt Ouj
W _ g N —ZWdCt oy O it
o~ N =N df o S A df N0
\,_: T —— f N——
=w} :MRS:{C :7MRSZ,fn

Hence, the efficiency component can be decomposed as

A A A
dVZ' dvt s [wi dv;
= +>» wCouv;* | —, ——|,
Yy SuS U T[4 2
ZAE (Aggregate Efficiency) =I5 (Intertemporal-Sharing)
where w; = %Zi wi denotes the average dynamic weights. Given that ch = cij /cg and

X;L;f/z = nils/ ny®, we can express changes in individual consumption and factor supply as

diij _ dXtccj dfq{ an dnif’ _ desfﬁ s Xmsdn{"g.
do “de db ag ! tno 4o

Hence, starting from the definition of aggregate efficiency:

dct

% 7 dn
:zt:wtzj:zi:MRSt]C o zt:thZi:MRSt]; dtH

Zf7

d
_ZthZMRStC z;;ca ZthZMR st XM nf*
+ZthZMRSthtC ZthZMRSt”; ?:L dnt

=AMRS], =AMRS],
dXt Xmztﬁ
= Zwt Z Cov?® [MRSZJC, - Zwt Z Covy” [MRSZ];, d@n ni*
ZAE.X (Exchange Efficiency)
;i dcl s dnl”®
+ D wi ) AMRS; —p =) wr ZAMRS tn g
¢ j ¢
EAE.P (Production Efficiency)
Lemma 1 corresponds to the case where I = 1 and F' = 0, which illustrates that d%A =z=F =
ZAEP i the body of the paper. O

C.2 Sections 3 and B.1
Proof of Lemmas 2 and 3. (Propagation System)
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. . . 7 dk;
Proof. Given (3) and the capital resource constraint, kf = k;* 4+ k;*°, we can express —4=+ as

dki.y _ OHf, > OHF, | dik]™* 5 OHF,  dif N Ak},
do 0 — oK1 do g7 do " df

Using (9), (10), and (5), we can write

jz,d
dki,, OH{., OHF (A3 .4 i.qdk?
= ! k4 =
a0 20 +Z akzzvd a0 "t TXue g
OHE tL J d ib J oz g dy] dktzfl
+; abfj +th do Yi +Xt,L Ty do + do .

Alternatively, in matrix form, we can write

dk dXpd ;4 dx dd)
g k' + H,~2t0 + H,x
ap ~ Mot HE gy He gt xSy
dk: dk’
+ HLXL¢L do + Hka’d d0 d9

Given (OA1) and the goods resource constraint, yf = yf ® yj{ *| we can write

dyl 9G] ZaGg dal’ iy oG] dk{z’d+z oG] dnl"  agl”
o 00 T Soxt 0 okl do T S onifd Ao T do

Using (9), (5), and (OA2), we can write

dy]  0G] oGY dg 0G] jedyf dgg?s
P D vl Zaﬂft a6
oG] dxizkd o ]dek:f’d oG] dni’"
+ ; 8k§‘z,d + Z 8kad Xtk do +; 6n{f’d do

Alternatively, in matrix form, using the capital resource constraint, we can write

dg
a0Y

dxwi 4 .t dg® dy dk
an . G
Q0 TG T +G5d + GRXk -

dy

g9~ G0t G

+ Gy,

Stacking changes in aggregate supplies of goods and capital goods, we get

( a ) - G9+Gmdey+Gk Xkdk’dJan de + d; +< o ) < ZT%
% H9+H Xkdkd‘FHde%le‘FHLXL d9y+ d0 HLX[,¢L Hka:d do
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Therefore, we have

d
<%>:<%yww>( Go+ Gy + Gy gl 1 G, a0y 4 )

: _
‘I’ky Wi Hy+ H, ggdkd-i-HLdggLL‘FHLXLd%y“‘ a0

where

-1
< Vyy Wy > _ ( IJ(T+1 G:¢ — G X} >
Wiy Wik Hx ¢, Iz — HiXpa

The Schur complement of I;7y1) — HyXya 18 Iy — Gexpa ArH X, @, — G2€ where we
defined Ay = (I zr+1) — H kxkd)il. The standard partitioned-inverse formulas then deliver
the four blocks

Oy, = (L) — GoxpAH x,$, — Go€)

W, =W, Grxpa A

W, =AH,x, ¢,y

W, = A, + AH X, 0,9 .
That corresponds to Equation (OA5). Equation (13) in the main text corresponds to the

case without factors other than capital goods, without intermediate inputs, and without

endowments. O

Proof of Theorems 1 and 4. (Production Efficiency Decomposition)

Proof. We can express production efficiency in matrix form as

=ABP _ b AM RSc% —wAM RSndd%. (OAG)

Note that the change in aggregate consumption is given by

de _dy dv dx _dy _ <¢+¢dy dg, d%) dy de, ~_ d¢,
o do  do do  df ‘ B

vag T ¥ ap Y cap " a0y a0 Y

Using (OA4), we can write % as

de d¢

kad kd
df " de do

dnd  dg\  dg,  dg,
a0 7" ap Y

(OAT)

kad d dXL d¢h dk’
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Combining (OA2), (OA3), (OA6), and (OAT), yields

Intermediate Input Efficiency

d
=48P _ pwp,Xeg L (AMWP, - wAMRS,) 282y
a0 " a0 Y
Cross-Sectional Aggregate
Intermediate Input Efficiency Intermediate Input Efficiency

Investment Efficiency

d d
+ MwP. X, L (AMWP, — wAMRS,) Py
d@ d9
Cross-Sectional Aggregate
Investment Efficiency Investment Efficiency
Factor Efficiency
dXpd dn’®
+ MW P, X nd \ (AMWP, — wAMRS,,) =
Cross-Sectional Aggregate
Factor Use Efficiency Factor Efficiency

Capital Efficiency

dX 1.d
+ MWP, 2‘9’“ k' + MSV,H, + MSV,Gy
— %/—/
Accumulation i
Cross-Sectional Technology Change Techiiﬁgg;%)}?ange

Capital Use Efficiency
Endowment Growth
dk’ 4y’ dn®
MSV MSV AMWP,—
* Fag T vag T a0

Capital Good Factor
Endowment Growth  Endowment Growth  Endowment Growth

Theorem 1 corresponds to the case without factors other than capital goods, without
intermediate inputs, and without endowments. ]

Proof of Corollary 1. (Properties of Production Efficiency Decomposition)
Proof. Proceeding item-by-item:

dX]z ,d

(a) When J =1, Cov [MWPtJZ, — } =0, Vz.

(b) When Z = 1, Cov® {MWPtj dX“} =0, Vj.

d jz,d
(c) If all capital goods are specialized at all dates, Xée" = 0, Vj, Vz. If all investment uses

d
are specialized at all dates, Xt Lt =0, Yy, Vz.

gzd

(d) When the marginal welfare products of capital are equalized, (Cov M WPt] Z, de =
0, Vz. When the marginal welfare products of investment are equalized,
Cov® [MWPff, dxh} — 0, V5.
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d)tL

(e) When the investment shares are fixed for all goods at all dates, =0, Vj.

C.3 Sections 4 and 5

We prove our results in interior economies With intermediate inputs and factors. Formally, firms

k,]Zd vad

operating production technology j choose :L't , and n;”" to maximize their date-t profits,

given by
= g2 (3 ()~ (1) (10

where w[ denote the price of factor f at date t, and production technologies are given by (OA1).

The optimality conditions can be compactly expressed as

AMRS.=p+pr., wqH X, ¢, = wpo, +wpT @, pG.X,=Dp+PTs,

(OAS)
PGrXpd =7+ 71Tra and pGpX,d =W+ WT 4

where we used that T, = T,X,, To = T2 Xy Tid = TrdXpd, a0d Tpd = TdXpd-

Proof of Theorem 3 and Equation (18). (Welfare-Relevant Statistics in
Competitive Economies)

Proof. The marginal social value of goods is given by
MSV,=wAMRS ¢.¥,, = wpd ¥, +wpT P .¥y,.
Next, the market value of the change in aggregate consumption, can be expressed as

p¢cq’yy = p\Ilyy - p¢L‘I’yy - pop, ¥

=P+ pGrxpa AcH X, ¥y + PGo€¥yy — P, ¥y — pp, ¥

—_———

=r+r7,.4
=p+ (r+r7) AcH X, 0,y + (PGeXy — P) 6. ¥y — PO, Y

| o ———
=pT=z
=p+ (7' + r?kd) Ak‘HLXLd)LlIIyy + p?zd’xq’yy - p¢L‘I’yy7
where we used that ¥y, = Iy + Gixpit AcH X, 0, %y + G€¥,, and the optimality

conditions (OAS8). Iterating the Euler equations forward from the terminal condition, ¢7 =
T4 (1 + T;’i), we can get the following, for ¢ < T,

T—t A
OH} OH?
t+1 z 2,8 t+m
Wi1Gi11 7 k" Z Wi+ ATE+A (1 + Tt+A,k> H ok J
A=1 m=1 "~ ""t+m-1
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OH? iz dOH?
where 8k2ﬁ3 =2 iz}c’d 8}9}: L. Consequently, the date-t elements of wr (I Z(T+1) + Tks) Ay can
t ’ t
be expressed as
T—t A HHz 0H}
2,8 z,8 t+m Z,8 t+1
wry (1 + Tt,k)JF Z Wrr AT A (1 + Tt—l—A,k) H o wiry (1 + Tt,k)+wt+1qtz+178ktz,s = Wi,
A=1 m=1 t+m—

where the last equality is the date-t Euler equation for t < T'; at the terminal date, the sum is
empty and the equality is the terminal condition. In matrix form,

wr (IZ(T+1) +'Tk3) A, =wq:

the market price of capital capitalizes the after-wedge rental stream received by the individual.

Defining the net capital rental wedge, Tp = Tya — Tgs, With elements 77, = %; }gd - th,}: and

jz,d_ _j

—z,d jz.d [ Teke Tty :

Tk = 225 Xtk <1+th , we can therefore write
'Y

w(r+r7) A =wr (IZ(T+1) + ’Tks> A + wrTp Ay = wq + wrTpAg.

We can then show that

MSV,=wp+w(r+r74) AtH,x,¢,¥yy — wpd, ¥y, +wpT,0, ¥, +wpt . ¥y,
=wp+wqH,x,¢¥,, +wrt, AtH x,¢,¥,, —wpd ¥, +wpT,¢,¥,, +wpT .. ¥,
Ty
=wp +wpdp, ¥y, +wpT, @, ¥y, +wrt ¥y, — wpp ¥, +wpT,0, ¥y, +wpT P Py
=wp +wpT, ¢ ¥y, +wpT,0, ¥y, +wpT P ¥, + wrT ¥y,

=wp + wpTy Wy, + wrT ¥y,

where 7y = 7., + T, P, + T2,
Next, the marginal social value of capital goods is given by

MSV; =wAMRS ..V
= MSV ,Grx Ak
= wpGrxpa Ay + wpTy ¥y + wrT ¥y GrXxpa Ay
=w (r+r74a) Ay + wpTy Wy + wrT A H X, 0, P i

= wq + wp%y\Ilyk + wTi’k\I’kk,

where we used that ¥, Gpx e Ar = A H x, ¢, ¥ 1. Equation (19) in the main text corresponds
to MSV, and M SV, we just proved but without intermediate inputs.
In the frictionless competitive case, 7’75]70 = f{ =77 = Tﬁ;d = th,i = thj{d = Tt{y = 0.

Consequently, M SV;{y = wipl and M SVi = wiqi as in Equation (18). The marginal welfare
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product of capital is then given by

le

Y okl " gpld

3G] OH?
akad + tHQtﬂil

MWPJ; = MSVY,

= wip] —

z

z z t+1

= Wiy + Wi41G541 = d
‘727

ok

= MW P/} = wif,

where we used the optimality conditions (OAS8). Lastly, the marginal welfare product of

investment is given by

| OH? OH? |
MW P[] = MSVE =5 = Wipidi 1 — = wi}
o’ o’
t t
where we used the optimality conditions (OA8) in the last step. O

Proof of Theorem 2a). (Production Efficiency in Frictionless Competitive
Economies)

Proof. Theorem 2a) follows immediately when Theorem 1 and Equation (18) are combined with
Corollary 1. 0

Proof of Theorem 2b). (Production and Accumulation Hulten’s Theorem)

Proof. Define the following normalized prices

f

i p y @ , rf v w
pg: tj X QE: t‘ ) Tf:%¢ and Wi :72
ijtcg ZJPH ijicg ijtcg

We can then show that the first-order conditions can be written as
AMRSC = 167 wéHLXL = wi)a Iv)Gme = i)a i)Gkad =7 and ijGand = ﬁ’a

and that the Euler equations can be written as
OHf,,
81@‘?2’8

wrds = Wty for t=T.

~Z

wiGi = Wity +wir1Gi ——5 for t<T

Using the same steps as in the derivation of Equation (18), we can show that

MSVJ, =i, MSVi =wdi, and MWP = wj.

OA-23



Analogously to Theorem 2, we can express production efficiency as

EAE,P Z Wy Z Qt 60

which can be expressed as

ZAE,P Z Z giky® dln Hf dlnvy, Z Z plyl 9InGy dh“gty‘
JCJ Olnvz, > plcl 811119 do

Using the definitions of the Domar weights, we get Theorem 2b). O

C.4 Section E

Proof of Lemma 5. (Existence of the Propagation Matrices)

Proof. a) Since capital available at date ¢ 4+ 1 is produced from capital used at date t, the only
nonzero date blocks of Hjx e« map date ¢ into date ¢ + 1. A product of T'+ 1 such matrices
would have to advance the date T+ 1 times, which is impossible with dates 0,...,7T; hence
(Hixpa) ™ =0and Ay = (I — Hyxpa) ' = X1 (Hpxpa)® always exists.

b) Ordering all variables chronologically, I — B is block lower triangular with date-¢ diagonal
block I — Dy, so that det (I — B) = [[1_qdet (I — Dy). Since Dy is block upper triangular with
diagonal blocks (G;£), and 0, we have det (I — D;) = det (I ; — (G,£),), which yields Equation
(OA10). Moreover, since Ay, always exists, the determinant factors along the Schur complement:
det (I — B) =det (I — Hyxya)det (I — Grxpa ArH X, ¢, — Gz§), where det (I — Hyxa) =1
by the nilpotency established in part a). Hence, the goods inverse — and, by Equation (OA5),
the goods-capital, capital-goods, and capital inverses — exists if and only if det (I — B) # 0,
that is, if and only if I; — (G.€), is invertible at every date t.

c) Without intermediate inputs, G,& = 0. Assign to capital goods at date ¢ the index 2¢ and
to goods at date t the index 2¢t+ 1. Each of the three remaining blocks of B strictly increases the
index: Gx« maps capital at date ¢ (index 2t) into goods at date ¢ (index 2t+1); H,x,¢, maps
goods at date ¢ (index 2t+1) into capital at date t+1 (index 2t+2); and H X« maps capital at
date ¢ (index 2t) into capital at date ¢t + 1 (index 2t + 2). Since the index takes 2 (T + 1) values,
any product of 2 (T + 1) blocks of B vanishes, so that B2T*) =0 and (I — B)™' = Y2I1 B*
always exists. O

Proof of Lemma 6. (Nonnegativity and Monotonicity)

Proof. Since B is block lower triangular in dates, its eigenvalues are those of its date-
diagonal blocks Dy, whose nonzero eigenvalues are in turn those of (G.£),; hence, p(B) =
max; p ((G4£),) < 1 and the Neumann series (I — B) ™' = s>0 B? converges, which establishes
i). Every term of the series — and, similarly, every term of A, = Y1 o (Hyxpa)® — is a

nonnegative matrix whose entries are polynomials with nonnegative coefficients in the entries of
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B, which establishes iii) and the nonnegativity part of ii). Finally, the s = 0 terms of both series
equal the identity, while all remaining terms have nonnegative diagonals, so that the diagonal
entries of Ay, ¥,,, and Wy, — the diagonal blocks of (I — B)f1 — are weakly greater than
one. O

Proof of Lemma 7. (Existence at Competitive Allocations)

Proof. The frictionless optimality conditions — Equation (OA8) with all wedges set to zero —
read pGy X, = P, PGrXre = 7, and wgH ,x, ¢, = wp@,, while the capital supply optimality
condition implies wr Ay, = wq. Therefore, using that € = x, @,

wpG € = wpGX, ¢, = wpp, and wpGrxpcArH, x,¢, =wrAH, x,¢, =wqgH x,¢, = wpo,.

Adding both equations and using that ¢. + ¢, + ¢, = I, with gf){,c > ¢, and wp entrywise
positive, yields Equation (OA11). Denote M = G.§ + GixaArH, x,¢, and v = wp, so
that Equation (OA11) reads vM < (1 — @C) v, where M is entrywise nonnegative under our
maintained sign assumptions and v is entrywise positive. We now show that any such pair
satisfies p (M) < 1 — ¢.. Let p be an arbitrary eigenvalue of M with associated — possibly
complex — right eigenvector u # 0, and let |u| collect the absolute values of the entries of w.
Taking entrywise absolute values in pu = Mwu and applying the triangle inequality — valid

entry by entry because M is nonnegative — yields
ul [u] = |Mu| < M |u].
Premultiplying by the positive row vector v and using vM < (1 — @C) v, we obtain
il wlul < oMlul < (1-6,) vlul.

Since v is entrywise positive and |u| is nonnegative and nonzero, the scalar v |u| is strictly
positive, and therefore |u| < 1 — ¢ . As p was arbitrary, p(M) < 1 — ¢, 21 Finally,
GrxaArH x,¢, only has blocks strictly below the date diagonal, so the eigenvalues of M
are those of its date-diagonal blocks (G,£),; hence, p ((G:€),) <1—¢_ <1 at every date t. [

Proof of Lemma 8. (Structure and Spectra)

Proof. a) By Lemma 5a), Ay, = Y- (Hyxya)® is block lower triangular in dates with date-
diagonal blocks Iz, since the s = 0 term is the identity and every s > 1 term lies strictly below

21The inequality p (M) < max; (vM) ; Jv; for an entrywise positive row vector v is the upper
Collatz—Wielandt bound from the Perron-Frobenius theory of nonnegative matrices; taking the infimum

over v recovers p (M) exactly. Equivalently, vM < <1 — QC> v states that the operator norm of M
induced by the weighted norm |lul|, = v |u| is at most 1 — ¢, and the spectral radius is bounded

above by any induced matrix norm, consistent with Gelfand’s formula p (M) = lims_,o | M 5||1/ ®. The
argument in the text proves the direction we use from first principles.
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the date diagonal. Similarly, the inverse of the block lower triangular matrix I — B is block
lower triangular with date-diagonal blocks

(I - Dt)_l _ ( (Is— (ng)t)il Ly — (ng)t)il (GrXpa) ) 7
0 I,

whose four blocks are the date-t diagonal blocks of ¥,,, W, ;., W, and Wy, which yields

Equation (OA12).

b) The eigenvalues of a block triangular matrix are those of its diagonal blocks, and its
determinant is the product of their determinants. Applying this observation to part a): Ay
and Wy, have all date-diagonal blocks equal to Iz, so their eigenvalues all equal one and
their determinants equal one; the eigenvalues of W,, are those of its date-diagonal blocks

(I — (G.€),)”", which reduce to I; without intermediate inputs. O

Proof of Lemma 9. (Propagation in Levels)

Proof. By Euler’'s homogeneous function theorem, the supply of each good satisfies yi =
i i i .
S %xif Ty, 9% k= 4 > Bcﬁdnif’d +y°. Substituting the definitions of the use shares
T

Z oK) o’
j j j jz,d jz,d if.d if.d,_f.d .
— xie = X{i,;(bf,xyf = géyf, k= 2 {f’ = X%J; n{ — and stacking across goods

= X; 1 ki, and n
yields, date by date,

Y = (G28), Yy + (GrXga)y ke + (GnXpna), ngl + ¥,

which is Equation (OA13) after rearranging.

a) Fix a date t and denote M = (G.§), and vy = (I; — M)y,, so that My, = y, — vy,
where M > 0 under our sign assumptions and v; > 0 by Equation (OA13). Since My, > 0,
the supply vector satisfies y, > v; > 0, and therefore, entry by entry,

vl
My, =y, — v <y, where e =1 —mjn—z. <1:
7Y
the within-date intermediate input loop returns at most the fraction €; of every supply. The
proof of Lemma, 7 established the spectral bound for exactly this configuration — a nonnegative
matrix shrinking a positive vector — with the vector multiplying from the left. Transposing
converts one configuration into the other: M’ is nonnegative, the positive row vector y} satisfies
Yy, M' = (My,) < ey}, and M’ has the same eigenvalues as M — they share the characteristic
polynomial. Therefore p ((G;€),) < e < 1 at every date, and Lemma 6 delivers existence,
nonnegativity, and the convergent Neumann series.

b) Euler’s theorem applied to the accumulation technologies gives k;’} = >°; a;’;lbfj +

> ZZFZE kfz’d, and substituting ij = Xfi g}byg, kgz’d = X?i’dkf, and ki1 = ki | + l_sfﬂ, with
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ko = Eg at the initial date, and stacking all dates together with the goods identity above yields
Y = Go&y + Gixpak + Grx,an® +9° and k= H,x,¢,y + Hyxpak +

that is, in terms of the system matrix of Equation (OA9),

(I_B)<y ) _ ( Grxpm + 4 )
k k

Whenever the propagation matrices exist, the four blocks of (I — B)_1 are the inverses of
Equation (OA5), and premultiplying by it yields Equation (OA14). O

Proof of Lemma 10. (Valuation in Levels)

Proof. a) Premultiplying the goods block of Equation (OA14) by wAM RS ¢, yields
wAMRS,$.y = wAMRS 4,9, (anndnd + @S) + WAMRS. 0,9, k".

Using ¢ = ¢,y on the left, and the definitions of the welfare-relevant statistics, M SV, =
wAMRS ¢ ¥, and MSV ), = wAMRS ¢ ¥, on the right, delivers Equation (OA15).
b) The definitions of the welfare-relevant statistics imply the stacked recursions

MSV, =wAMRS . +MSV . H,x,¢,+MSV,G.& and MSV) = MSV,Gpxa+MSV . Hxa,

as established in the proof of Lemma 11. Since H,x,¢, and HXxa are date-subdiagonal, the
date-t blocks of these recursions read

MSVt,y = WtAMRSt,cd)t,c + MSVt+1,k (HLXL¢L)t + MSVt,y (Ga:s)t )
MSVp=MSV,, (Gixga), + MSV i1 (HpXgd),

where (H,x,¢,), and (Hjxa), denote the blocks mapping date ¢ into date t + 1, with the
convention M SV 1 = 0. Postmultiplying the first recursion by y,, using ¢; = ¢, .y,, and
substituting the date-t goods identity from the proof of Lemma 9, (G.€), y; = ¥, — (GrXpa); ke —
my with my = (GpXpa), nd + 3, yields

MSVt,y (kakd)t k; = thMRStCCt — MSmemt + MSVH»Lk (HLXLd)L)t Y-

Postmultiplying the second recursion by k., substituting the expression above, and using the
date-t capital identity ki1 = (H,X,®,),; Ys + (HrXya), k¢ + Ky, 1, we obtain

MSVka?t = thMRStjcCt — MSVwmt + MSVt+1,k (kt+1 — ’;3;_1) :

the welfare value of installed capital equals the welfare value of current consumption, net of the
social value of the current goods impulses, plus the value of the capital carried into the next
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date net of its endowed component. Iterating forward until the terminal date yields Equation
(OA16).

c) and d) As shown in the proof of Theorem 3, the optimality conditions in Equation (OAS8)
imply

MSV,=wp+wpty¥,, +wrt; ¥, and MSV, =wq+ wpT,¥, +wrt ¥y,

where 7y = T.¢. + T, + Tz¢p, and T = Tpa — Tys. For part c), all wedges are zero,
so MSV, = wp and MSV; = wgq; substituting into Equation (OA15), together with
AMRS,. = p and the factor demand optimality condition pG,x,« = w, yields Equation
(OA17). For part d), substituting the expressions above into Equation (OA15) and using
Equation (OA14) to recombine the propagation terms, ¥, (anndnd +@S> + \I'ykch =y

and ¥y, (anndnd + ;178) + \Ilkkl;:s = k, we obtain

wAMRS .c = wp (anndnd + @S) + wgk’ + wpT,y + wrTik.

Finally, using 7,y = T.c+T,t+T,x, the consumption optimality condition AM RS, = p+pT.
— which cancels the consumption wedge revenues wpT.c on both sides — and the factor demand
optimality condition pG,,X,,« = w + wT,a yields Equation (OA18). O

Proof of Lemma 11. (Recursive Marginal Social Value)

Proof. Using the fact that W, = Ijpy1) + Wy Gexpae AcH X, @, + Wy G2€ = 1 jrpy +
v, .Hx ¢ + ¥y, G.§, we can express the marginal social value of goods as

MSV,=wAMRS.$.¥,,
= wAMRS,¢, + MSV . H,x, ¢, + MSV ,G,£
= wAMRS. p. + MSV . H,x,¢, + MSV ,GoX, b,
— WAMRS.¢.+ AMWP,$, + AMWP,é,,

which corresponds to M .S V;]y in Equation (OA19) in matrix form.
Next, using the fact that Ay = T z(r+1) + Ay H . xa, we express the marginal social value

of capital as
MSV, =wAMRS ¢ ¥,

= WAMRS . $,0,,Gx 1A

= MSV ,GixaAx

=MSV ,Gipxpi + MSV ,Gpxa A HiXa
=MSV,

= MSV ,Gyxpa + MSV  Hyxpa

— AMWP,,
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which corresponds to M SV, in Equation (OA19) in matrix form. O

Proof of Theorem 5. (Production Efficiency Conditions)

Proof. Fach condition follows from requiring that the corresponding allocative component of
Theorem 1 is non-positive for every feasible perturbation of the associated shares. Because
the decomposition is additive and each component involves a separate set of shares, the three
margins can be considered independently.

First, consider cross-sectional investment efficiency. For goods with L{ > 0, the investment

use shares satisfy >, Xf{ = 1, so any feasible perturbation satisfies >, X“ = 0 and the

covariance-sum reduces to

dXt L dXt L j

Cov” [MWPfj, Z MWP/]

Consider a perturbation that reallocates an investment share € > 0 from capital good 2’ towards
capital good z”, which is feasible whenever Xt > 0. Its contribution to production efficiency
is € (M WPtzlj - M WPZL] ) tJ. No such perturbation is welfare-improving if and only if the
marginal welfare products of investment are equalized across all capital goods with positive
shares — in which case the common value is AM WPtJ > Xf] M WP;“:{ — and weakly lower
for capital goods at the corner, which can only receive shares. This is Theorem 5a).

Second, consider aggregate investment efficiency, whose component in Theorem 1 is

. o dd?
(AMWPgL - thMRSZ’C) j;’Lyg

When (b{’L € (0,1), perturbations of either sign are feasible, so efficiency requires AM WPt]; L=

J

wAM RSI{;C. When qﬁj =1, only - < 0 is feasible, so efficiency requires AM WPtj L 2

wiAM RSg,c. When (ﬁz = 0, only ﬁ;L > 0 is feasible; since good j is not invested, the investment
use shares are unrestricted, so the planner directs the first unit of investment towards its best
use and the relevant statistic is max, {M WP;:{ }, which efficiency requires to be weakly below
wAM RStj,C. This is Theorem 5b).

Finally, the argument for capital use shares is symmetric to the one for investment use shares.
d jz,d
For capital goods with kt > 0, feasible perturbations satisfy > Xt o

share of capital good z from use j’ towards use 7" contributes (M WPtJ ;Z -M WPtj ;f) kf 4 to
production efficiency. Ruling out welfare-improving perturbations requires the marginal welfare

= 0, and reallocating a

products of capital to be equalized across all uses with positive shares — the common value
being AMW P} = 3=, Xj =dpr W P/ — and weakly lower for uses at the corner. This is Theorem
5¢). O
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D Applications

D.1 Measuring Accumulation and Production Domar Weights
D.1.1 List of Sectors

We use the following J = 20 industries: Agriculture, Forestry, Fishing, and Hunting (NAICS
11); Mining (NAICS 21); Utilities (NAICS 22); Construction (NAICS 23); Manufacturing
(NAICS 31-33); Wholesale Trade (NAICS 42); Retail Trade (NAICS 44-45); Transportation
and Warehousing (NAICS 48-49); Information (NAICS 51); Finance and Insurance (NAICS 52);
Real Estate and Rental and Leasing (NAICS 53); Professional, Scientific, and Technical Services
(NAICS 54); Management of Companies and Enterprises (NAICS 55); Administrative and
Waste Management Services (NAICS 56); Educational Services (NAICS 61); Health and Social
Assistance (NAICS 62); Arts, Entertainment, and Recreation (NAICS 71); Accommodation and
Food Services (NAICS 72); Other Services (except Public Administration) (NAICS 81); Public
Administration (NAICS 92).

D.1.2 Data Construction

Data on nominal gross output and aggregate nominal final consumption are taken from the BEA
I-O Use tables. For each year we aggregate the BEA industries and commodities to our J = 20
two-digit NAICS partition. Nominal gross output of sector j is the “Total Industry Output”
row of the Use table summed across the BEA industries that map to j. Aggregate nominal final
consumption, > p{ cz, is the sum of the BEA “Personal consumption expenditures” column and
the three general-government consumption columns of the Use table. Data on nominal capital
are taken from the BEA’s Fixed Asset tables (3.1E, 3.1S, 3.1I for the 19 private industries; 7.1
for Public Administration). Real aggregate consumption, Ct, is a Térnqvist chain index of real
personal consumption expenditures and real government consumption expenditures, anchored at
the 2017 nominal aggregate. To construct the Torngvist chain index, we use NIPA’s chain-type
quantity indexes (personal consumption expenditures (PCE) quantity index from NIPA Table
2.3.3 and government-consumption quantity index from NIPA Table 3.9.3) and we compute
nominal consumption shares using NIPA’s annual nominal series (PCE from NIPA Table 2.3.5
and government consumption from NIPA Table 3.9.5).

D.1.3 Deriving the Dynamic Weight

Let A; denote the Lagrange multiplier associated with date-t budget constraint. The first-order
condition with respect to ¢! is then given by

A
N »
/Btct 7 (é) = AtPi'
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This can be expressed as

o—1

J\ .
t) :Atpgczu

t 1=y [ “t
B Ct (Ct

which implies that
Ay ople =BG
J

Now recall that o
N MY pld
W= —=—"—"
A A
Taking A = >, \¢, we get
8'C

S, 55051*“/'

Wt =

D.1.4 Time Variation in Industry Domar Weights

Time variation in the industry-level weights is small for the discounted sums. The dynamic
weights spend half of their mass by 1959, roughly three quarters by 1970, and only 5% after
2000, so the discounted sums value the postwar path largely at its early-postwar levels. Formally,
replacing each industry’s Domar weight path by its unweighted time mean leaves the discounted
sum of accumulation Domar weights essentially unchanged (3.701 versus 3.695) and lowers its
production counterpart by 4.1% (2.294 versus 2.391). Almost all of the difference reflects
Manufacturing, whose total contribution of 1.127 exceeds its flat-path counterpart of 0.942
because the dynamic weights are largest in the decades in which Manufacturing was largest;
the mirror image applies to late-rising service industries such as Health (0.099 versus 0.164) and
Finance and Insurance (0.117 versus 0.183). Figure 2 should accordingly be read as a description
of the w;-weighted postwar path, dominated by the early decades, rather than of the present-day

economy.

D.1.5 Decomposing Accumulation Domar Weights

Table OA1 reports the weighted accumulation Domar weight >, wﬂ)i ;. broken down by industry
j (rows) and capital good z € {Equipment, Structures, IPP} (columns). The row totals match
column 2 of Table OA2 (within rounding); the column totals show that Structures absorb 79%
of the entire accumulation channel, Equipment 17%, and Intellectual Property Products 4%.

. . . > ZkZ
Figure OA2 plots the same three column totals as time series: Df; = >, Dii = H% - for

>, pict
z € {Equipment, Structures, IPP}, 1947-2024.

In levels, Structures absorb 2.917 of the 3.695 discounted sum of accumulation Domar
weights, Equipment 0.632, and Intellectual Property Products 0.146. The accumulation Domar
weights of the U.S. economy are dominated by Structures.

This is consistent across industries. Real Estate’s accumulation Domar weight of 1.340 is
essentially all Structures (1.316, or 98%), which in turn captures the economy’s housing stock.
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Public Administration’s 0.981 is also Structures-dominated (0.738, or 75%) — the highways,
schools, federal facilities, and military structures — with sizable contributions from government
Equipment (0.177, or 18%) and government Intellectual Property Products (0.066, or 7%). The
next two largest holders — Transportation and Warehousing and Utilities — are also Structures-
dominated: the rail, port, warehouse, power-plant, and grid infrastructure they carry on their
books makes Structures three quarters or more of their accumulation weight.

There are some exceptions. Manufacturing is the only large sector with a balanced capital
mix — 0.137 Equipment, 0.111 Structures, and 0.037 IPP — reflecting the heavy machinery,
plant, and process-control systems that together constitute manufacturing capital. Information
is the only sector in which Intellectual Property Products are quantitatively comparable to
the other two types (0.030 IPP versus 0.031 Equipment and 0.046 Structures); this is the
welfare-weighted footprint of the late-1990s and post-2000 rise of software and digital intangibles,
captured at the industry that holds them rather than at the professional-and-technical-services
industry that produces much of them. Construction’s accumulation Domar weight is the smallest
in the table (0.021) and is overwhelmingly Equipment (0.018, or 86%). Mining’s 0.097 is 86%
Structures because BEA classifies mines, wells, and shafts as structures rather than equipment.

Table OA1: Accumulation Domar Weights by Capital Good

Sector Equipment Structures IPP  Total
Agriculture, Forestry, Fishing, and Hunting 0.040 0.054 0.000 0.094
Mining 0.014 0.083 0.000 0.097
Utilities 0.031 0.129 0.000 0.160
Construction 0.018 0.003 0.000 0.021
Manufacturing 0.137 0.111 0.037 0.285
Wholesale Trade 0.015 0.007 0.000 0.023
Retail Trade 0.013 0.054 0.000 0.067
Transportation and Warehousing 0.073 0.189 0.000 0.262
Information 0.031 0.046 0.030 0.107
Finance and Insurance 0.012 0.018 0.001 0.031
Real Estate and Rental and Leasing 0.023 1.316 0.000 1.340
Professional, Scientific, and Technical Services 0.005 0.004 0.004 0.014
Management of Companies and Enterprises 0.004 0.020 0.000 0.024
Administrative and Waste Management Services 0.003 0.007 0.000 0.011
Educational Services 0.002 0.021 0.001 0.024
Health and Social Assistance 0.011 0.035 0.001 0.046
Arts, Entertainment, and Recreation 0.003 0.014 0.004 0.021
Accommodation and Food Services 0.013 0.028 0.000 0.042
Other Services (except Public Administration) 0.007 0.040 0.001  0.047
Public Administration 0.177 0.738 0.066 0.981
Total 0.632 2.917 0.146  3.695

. . i i Z I
Note: Accumulation Domar weights 3°, w; D/} where D} = Zq:t b
j tt

We define J as the set of 2-digit
NAICS industries and Z := {Equipment, Structures, Intellectual Property Products}.
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Figure OA2: Application 1: Accumulation Domar Weights by Capital Good Dj,

Note: Accumulation ~ Domar  weight by capital good Dj, = qufl;f for

z € {Equipment, Structures, Intellectual Property Products}, 1947-2024.
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0.01+

0.00 : : :
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Figure OA3: Application 1: Dynamic Weight

. . Btclf'v
Note: Dynamic weight w; = 257‘01_7

denotes real aggregate consumption (Tornqvist chain index), 1947-2024, with 8 = 0.98 and v = 2.

under the lifetime welfare numeraire A\ = >, Ay, where C;
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Table OA2: Production Efficiency Decomposition (Application 1)

Sector > thg}y Do thf,k Total

Agriculture, Forestry, Fishing, and Hunting 0.102 0.094 0.196
Mining 0.051 0.097 0.148

Utilities 0.042 0.160 0.202

Construction 0.134 0.021 0.155

Manufacturing 0.843 0.285 1.127

Wholesale Trade 0.103 0.023 0.125

Retail Trade 0.164 0.067 0.231

Transportation and Warehousing 0.099 0.262 0.362
Information 0.072 0.107 0.179

Finance and Insurance 0.086 0.031 0.117

Real Estate and Rental and Leasing 0.161 1.340 1.501
Professional, Scientific, and Technical Services 0.051 0.014 0.065
Management of Companies and Enterprises 0.028 0.024 0.051
Administrative and Waste Management Services 0.019 0.011 0.030
Educational Services 0.011 0.024 0.035

Health and Social Assistance 0.052 0.046 0.099

Arts, Entertainment, and Recreation 0.013 0.021 0.034
Accommodation and Food Services 0.060 0.042 0.102
Other Services (except Public Administration) 0.053 0.047 0.100
Public Administration 0.247 0.981 1.228

Total 2.391 3.695 6.087

Note: Production efficiency decomposition of permanent Hicks-neutral technology shocks under the
lifetime welfare numeraire A\ = >, As. We define J as the set of 2-digit NAICS industries and
Z := {Equipment, Structures, Intellectual Property Products} and we compute the accumulation Domar

i > Gk

weight of industry j as Dy ; = S
J

D.1.6 Industry Domar Weight Time Series

Figure OA4 reports the accumulation and production Domar weights industry by industry over
the postwar period.

The series display substantial reallocation over the postwar period. Two stocks dominate the
accumulation weights. Real Estate carries an accumulation Domar weight between 1.3 (1947)
and over 1.6 (2024), reflecting the rapid postwar buildup of residential and commercial structures.
Public Administration is the second largest accumulation stock throughout the postwar
period, with Dik in the 0.8-1.2 band. Among the remaining capital stocks, Manufacturing,
Transportation and Warehousing, Utilities, and Information stand out; each contributes an
accumulation Domar weight in the 0.1-0.4 band, with Information rising sharply after the
late 1980s. The production Domar weights tell the textbook structural-transformation story:
Manufacturing has been on a declining trajectory, while service-producing industries — Finance
and Insurance, Real Estate, Professional and Technical Services, and Health — rise steadily
over the same period. Agriculture’s production weight is small throughout and trends modestly
downward.

OA-34



—
=8
1

=
=
|

Accumulation, D/,

o o
[CRNS

S
o

-
o
1

,_.
e~
|

Production, D},

=
e~
|

0.21

OO T T T
1947 1960 1980 2000 2024

=
o
M

-
o
!

S
o0
A

<
o
1

=
)
)

-
o
!

<
o0
A

=
o
!

e

Year

Real Estate

Public Admin.

Manufacturing
Information
[ransp. & Wareh.

Manufacturing
Real Estate
Finance & Ins.
Health

Prof. & Tech.

Figure OA4: Application 1: Industry Domar Weights

Note: Accumulation and production Domar weights, Df’k and D

are drawn in

gray.

J
t,y’

D.2 Origins of Welfare Losses in a Credit Crunch

D.2.1 Equilibrium Characterization

Individual ¢ chooses {cé, ai 41} to maximize V? subject to the budget constraint and, as owner

of firm ¢, internalizes that an additional unit of wealth relaxes the collateral constraint by 1/6
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units of capital. The first-order conditions are given by

(ﬂi)tu/(cg):/\g and A} = A} 4 <rt+1+1—5+%1>,

where /{é is the shadow value of the collateral constraint per unit of capital and is given by

i\ Cx—1
. . al
ki = max < (xD; (;) — 1,0

Firm ¢’s capital demand is given by

1
) ' al AR
kz’dzmln —t (( pt)

97 Tt

Final-good profit maximization yields the inverse demands and the ideal price index

2 N

i i Yt ii_ i d 1= Pt !
Py =5 = pi; =y, and 1=]] il
Ly i=1 \>¥

; ; j,d\ Sk . - , N » . .
Because z; = y; = (kz ) in equilibrium, firm 4’s revenue is p;y; = (,yr and its marginal

revenue product of capital is

Ckpt (k; ) = Ckg‘;W, so that k; = max {qu'ki’d — T, 0} and = Cuyr — rekp”.
t t

We use date-t aggregate consumption as date-t welfare numeraire and perpetual aggregate
consumption as lifetime welfare numeraire, which implies that

A =Aje; and N =) AL
t

In welfare-numeraire form, the Euler equation reads

. . Ct
T __ 1
Ci+1

“%H
Tt+1+1_5+7 .

D.2.2 Steady State

Consider a steady state with 31 > 32: individual 1 (services) is unconstrained and prices capital,
individual 2 (manufacturing) is permanently constrained (k2 > 0). Individual 1’s Euler equation

pins down the rental rate,

1=B'[1+r—§=r"=—- -1+
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Individual 2’s Euler equation, with the constraint binding, pins down the shadow value

Q2 - o
1=5 7 2 A

2 1 1
1+r*—5+ﬁlzm2:0< - >>0,

so each firm equates its marginal revenue product of capital to the effective rental rate r! = r*

and r* = r* + k% =r* 4+ 0 (i - L). Using (i(} (kf’;)

72~ Bl = = r', the steady-state capital-output

ratios are

. : ) ¢y
and substituting (kl’d)* = n'y* into the final-good technology y* =[], Kl{:”d) *} o gives

Sk

)= [ﬁ (ni)C;] T (ki,d)* i
i=1

The binding constraint and capital market clearing then deliver the wealth distribution
* *
((12) =0n*y* and (al) = nly* + (1 — 0) n’y*.

D.2.3 Calibration

Every parameter is calibrated to postwar U.S. data; unless noted otherwise, a calibrated
parameter is the time average of an annual series over 1947-2024.

Real interest rate and the patient discount factor. The date-t real interest rate is
measured as the ten-year Treasury constant-maturity yield net of expected inflation (measured
as a five-year moving average of PCE inflation) plus a 3% risk premium (which avoids negative
values of the real interest rate). The steady-state rental rate is the time average. The patient
individual is unconstrained in steady state, so their Euler equation holds with a zero collateral
shadow value and pins the discount factor 1 = B! [1 +r* — §] = B! = ﬁ = 0.9937.

Credit-market tightness. The collateral constraint is the constraint of Moll (2014) with
the maximum leverage ratio equal to the reciprocal of the tightness parameter. We adopt his U.S.
estimate, itself disciplined by the U.S. external-finance-to-GDP ratio, so that 6y = Tlls = 0.2410.
Impatient discount factor. With the patient services individual pricing capital, the
manufacturing individual’s collateral constraint binds in steady state, so their external finance
is the levered part of their capital (k> — a? = (1 — 0) k*?), and their Euler equation holds only
because the collateral shadow value tops up the return on wealth, making their effective rental

r2:r*+9(ﬁ12—611>.
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Combining these with the steady-state characterization above, the external-finance-to-output is

E2d g2\ " Gy (1—0)
(y ) =(1-0)n = &

In these expressions, A
= CkCZZ/

TZ

with 7! = r*.

When 0 = 0y, we set (’“2’2’7_“2>* = 2.53 corresponding to the U.S. value of the measure of
Beck, Demirgiic-Kunt, and Levine (2000) — private credit by deposit-money banks and other
financial institutions, plus stock-market capitalization, plus private bond-market capitalization,
all relative to GDP — which is the same data that disciplines the leverage estimate behind the
tightness parameter, making the two credit-market targets internally consistent.

Because the Cobb-Douglas revenue shares are constant, the moment condition solves in

closed form,

1—9)044'2 1 P2 p* -1

2 ( 0) M5y 2

=——F=0068T = p" = | =+ ——— = 0.9390.

2.53 =15t

Initial wealth distribution. The economy starts at the pre-crunch stationary equilibrium:
evaluating the steady-state expressions above at the calibrated parameters,

ag = a* (6y) = (19.124,2.332) .

D.2.4 Numerical Solution Along the Transition

For each 6 we solve the perfect-foresight path {a%}fzo as a two-point boundary-value problem
with aj) given and af = (a’)" (). Given a candidate wealth path with k; = 3, a}, the static
equilibrium at each date is one of two cases:

1. Both individuals unconstrained: each firm’s capital demand satisfies ag“;yt / kz’d =7y, SO
capital is allocated in proportion to the Cobb—Douglas weights and the rental rate follows

from capital market clearing,

2

5 ’ )
i i a ) v - AR
kt’d = Cykta Y = kt | | (Cy)CkCy y Tt = C_:k’%i = Ck:ktCk ' H (Cy)Ck ' ’

i=1 =1

2. Individual 2 constrained: kf 4 a? /o, ktl 4=y — kf ’d, and the rental rate is individual
1’s marginal revenue product,
2

)\ SkCE Y
w=1]] <ki’d) ' and = Ck(;kad-
i—1 ¢
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The relevant case is selected by checking the shadow values ! implied by each candidate. The
Euler equations are then imposed through the forward update

S . . _1
(14+r —0)a;+m — g; (Theq — ajio) , , Ky g
al . here g = |81+ 71 — + ,
S 1+g; (1+re41 = 0) v 9= 1P g 9

with df) = a% and the terminal condition above. An equilibrium is a fixed point @ = a, which we
compute with a Newton—Krylov solver warm-started from the status quo 6y along the 6 grid.

E Additional Results

E.1 Propagation Matrices: Existence and Properties

In this section, we characterize the existence and the properties of the five propagation matrices

in Lemma 3. Throughout, we order all variables chronologically and work with the system

B:( Got  Gixpe ) (OA9)
HLXL¢L Hkad

matrix

so that the goods, goods-capital, capital-goods, and capital inverses in Equation (OA5) are
the four blocks of (I — B)_l, whenever this inverse exists, while the accumulation inverse is
Aj = (I — Hixpa) ™'

The blocks of B share a common date structure. Because production is dated, G.&€ and
G e are date-diagonal: the supply of goods at date t uses intermediate inputs and capital

services at date t. We denote their date-t blocks by (G xf)t, the J x J matrix with entries

oG .
o dxgzkd. Because accumulation takes

o ﬂﬁ , and (GrXxpa);, the J x Z matrix with entries

tlme H, x,¢, and HjXx,a are date-subdiagonal: their only nonzero blocks map date ¢ into date
t+ 1, since capital available at date ¢t + 1 is produced from investment and capital used at date
t. Hence, B is block lower triangular in dates, with date-t diagonal block

D, = ( (G2€); (Grxpa), > '
0 0

This triangular structure underlies every result in this section.

Lemma 5. (Ezistence of the Propagation Matrices) a) The accumulation inverse always exists:
H X is nilpotent, with (Hyxpa)' ™ =0, so that Ay, = Y1 (Hyxga)®. b) The goods, goods-
capital, capital-goods, and capital inverses exist if and only if I; — (G.§), is invertible at every

date t, since

det (I — B) Hdet I;—-(G.6),). (OA10)

c) Without intermediate inputs, B is nilpotent, with B2T+Y) — 0, so that the five propagation
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matrices always exist, with (I — B)’1 - Z?Zgﬂ Bs.

We highlight two features of Lemma 5. First, existence is a static, within-date property. The
determinant in Equation (OA10) features exclusively the within-date intermediate input loops:
existence can only fail if the input-output structure at some date is singular. The capital side
— Gy, H,, and Hp — can never threaten existence, no matter how productive accumulation
is, because accumulation propagates strictly forward in time and cannot generate a within-date
loop. Second, in the environment of the main text, which features no intermediate inputs, the
propagation matrices always exist and are polynomials in the primitives. The Neumann series
terminates because every round of propagation from goods into capital and back advances the
date: with dates 0,...,T, propagation exhausts itself after at most 2 (7" + 1) rounds.

Lemma 6. (Nonnegativity and Monotonicity) Suppose that all marginal products and all shares
are weakly positive, so that B is entrywise nonnegative, and that p ((G.€),) < 1 at every date
t, where p(-) denotes the spectral radius. Then, p(B) = max;p ((Gz€),) < 1, and the five
propagation matrices i) exist and are given by convergent Neumann series; i) are entrywise
nonnegative, with the diagonal entries of Ay, W, and Wy weakly greater than one; and iii)

are entrywise nondecreasing in the entries of B.

The spectral condition in Lemma 6 is a Hawkins—Simon condition on the input-output structure
(Hawkins and Simon, 1949), imposed date by date; notably, it involves no capital-side primitive.

In competitive economies, the condition is implied by optimality.

Lemma 7. (Ezistence at Competitive Allocations) Consider an interior frictionless competitive
equilibrium in which the consumption share of every good is bounded below by ¢, =ming; qﬁic > 0.
Then, the optimality conditions imply

wp (G + GixALH X, $,) = wp (¢, + ¢,) < (1- 6, ) wp, (OAL1)

so that p ((Gz§),) <1 — ¢, <1 at every date t, and the conclusions of Lemma 6 apply.

Remark 9. (Prices Guarantee Ezistence) Equation (OA11) rearranges the frictionless optimality
conditions into a statement about propagation. Read it entry by entry: an additional unit of
good j at date t is worth wtpg . Of that value, the fraction ¢{7m is passed on to the next round of
propagation through intermediate uses, the fraction qb{,L is passed on through investment, and
the remaining fraction qﬁ%c exits the production loop into consumption. Valued at equilibrium
prices, each round of propagation therefore carries at most the fraction 1 — ¢ of the value of
the round before it, so the value of successive rounds is dominated by a geometric series — this
is precisely the spectral bound p <1 — [ that the proof establishes.

Lemma 8. (Structure and Spectra) Suppose that the five propagation matrices exist. Then, a)
all five are block lower triangular in dates — impulses at date t only affect supplies at dates
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t' >t — with date-t diagonal blocks

(Ak)tt =1z, (\I’yy)tt =1 - (G:vg)tyl ’ (‘I’kk)tt =1z,

- (OA12)
(Byr), = Ly — (G2£),) " (Grxra), » (Pry),, = 0;

b) the eigenvalues of Ay and Wy all equal one, so that det Ay = det Wiy = 1; the eigenvalues
of W, are those of its date-diagonal blocks (I ; — (Gmﬁ')t)_l; and, without intermediate inputs,
every eigenvalue of Ay, Wy, and Wy, equals one.

Remark 10. (Eigenvalues are silent about dynamic propagation) Lemma 8b) has a sharp
implication: the eigenvalues of the propagation matrices carry no information about dynamic
propagation. The capital side enters the propagation matrices exclusively through blocks below
the date diagonal — triangular shears that leave every eigenvalue unchanged. The accumulation
and capital inverses are unipotent regardless of how productive accumulation is, and the
spectrum of the goods inverse reflects exclusively the static, within-date intermediate input
loops. Dynamic amplification is instead encoded in the off-diagonal entries of the propagation

matrices.

E.2 Constant Returns to Scale: Results in Levels

In this section, we characterize the propagation system under constant returns to scale.
Throughout, we assume that each production technology GY is homogeneous of degree one

in its inputs ({m{e} , {k:gz’d} ) {nif’d}> jointly, and that each accumulation technology Hf,; is

homogeneous of degree one in its inputs ({ij } , {kiZdD jointly. Lemma 9 shows that the
existence of the propagation matrices is then guaranteed and that the propagation system holds
in levels, and Lemma 10 values the levels to characterize the welfare value of the consumption
stream and of the capital stock at any feasible allocation.

Lemma 9. (Propagation in Levels) Suppose that production and accumulation technologies
exhibit constant returns to scale, and consider any feasible allocation. a) If all marginal products
and all shares are weakly positive and, at every date, every good derives a positive part of its

supply from capital services, factor uses, or endowments, i.e.,
(L7 = (G28)) yr = (Grxga)y ke + (Grxna)y i + 55 > 0, (OA13)

then p((Gz€),) < 1 at every date: the spectral condition of Lemma 6 holds, so the five
propagation matrices exist, are entrywise nonnegative, and are given by convergent Neumann
series. b) Whenever the propagation matrices exist — in particular, under the conditions of part
a) — the aggregate supplies of goods and capital goods satisfy, in levels,

v\ _( Ty Ty Grxpan® +9° (OA14)
k Ty, Ur K’ '
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Part a) closes the only gap left by Lemma 5: under constant returns to scale, the Hawkins—Simon
condition of Lemma 6 does not need to be assumed. Euler’s homogeneous function theorem turns
the spectral condition into a statement about quantities: when capital services, factor uses, and
endowments account for a positive fraction of the supply of every good, intermediate inputs
alone regenerate at most the remaining fraction of every supply, so successive rounds of the
within-date input-output loop shrink geometrically, and the propagation matrices exist. Part b)
states that the propagation system is exact in levels. The impulses are the economy’s primary
inputs — factor uses, goods endowments, and capital endowments — and the five propagation
matrices resolve the level of every supply into its direct and indirect primary input content. In
particular, endowed capital acts as a primary factor: for instance, \Ilykch measures the goods
produced, directly and indirectly, from capital endowments.?”

The reason why the matrices that propagate marginal changes in Lemma 3 also account
for levels is that, under constant returns to scale, marginal and average products coincide.
Expanding Equation (OA14) in the Neumann series of Lemma 9a) delivers a dynamic
generalization of the Leontief decomposition: the s-th term traces the primary inputs through
s rounds of propagation, static — through intermediate inputs, within a date — and dynamic
— through investment and accumulation, across dates.

Lemma 10. (Valuation in Levels) Suppose that production and accumulation technologies
exhibit constant returns to scale and that the propagation matrices exist. a) At any feasible
allocation, the welfare value of the consumption stream equals the social value of the economy’s
primary inputs:

wAMRS.c = MSV, (Gux,un + ") + MSV k. (OA15)

b) At any feasible allocation, at every date, the welfare value of the capital stock equals the
present value of consumption, net of the social value of the primary inputs supplied from that

date onward:

S MSViKk; =Y |ws Y AMRS] ol =Y MSVI ml| =Y > MSV;k?®,  (OA16)
z y J

s>t 7 s>t 2

dGY
onil?
s. ¢) At frictionless competitive allocations,

where mJ, = >f ngf’d + 2% collects the factor content and the endowment of good j at date

wpe = wwn’ + wpy® + wqk’. (OA17)
d) At competitive allocations with wedges,

wpe = wwn’ + wpy® + wak’ + wwi—ndnd + wpT L+ wpTx + wrTik, (OA18)

wedge revenues on non-consumption margins

22Tf each production technology is instead homogeneous of degree xk # 1, Euler’s theorem yields an
additional goods impulse (1 — k) y® of residual profits in Equation (OA14), so that decreasing returns
act as the income of an implicit fixed factor.
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where ¢ = @,y and x = ¢,y denote aggregate investment and aggregate intermediate input use.

Lemma 10 values the level system of Lemma 9 under increasingly restrictive assumptions. Parts
a) and b) require feasibility only: no prices and no optimality are involved. Part a) values
the whole horizon: the welfare value of the consumption stream equals the social value of
the economy’s primary inputs. Part b) characterizes the welfare value of the capital stock:
capital is the economy’s only store of value, so the value of the date-t stock equals the present
value of subsequent consumption, net of the social value of the primary inputs still to be
supplied. In the baseline environment of the main text, in which capital services are the
only production inputs and the initial stocks the only endowments, Equation (OA16) reduces
to X2, MSViRki = Y osiws ), AMRSLZ;’ch: the value of capital equals the present value of
consumption, extending the value-of-capital results of the main text to any feasible allocation,
with welfare-relevant statistics in place of prices. Parts ¢) and d) specialize the valuation to
competitive allocations. At frictionless allocations, where M SV, = wp and MSV;, = wq,
Equation (OA17) states that the present value of consumption equals the present value of factor
income plus the market value of goods and capital endowments. With wedges, consumption
wedges net out, and the identity picks up exactly the revenues of the wedges on the non-

consumption margins.

E.3 Recursive Marginal Social Value

Lemma 11. (Recursive Marginal Social Value) The marginal social values of good j and capital
good z available at date t, MSVtJ’y and MSVy%., can be expressed as

MSV}, = ¢ wi AMRS] .+ ¢ ,LAMWP], + ¢} AMWP], and MSVj, = AMW P},
(OA19)

Lemma 11 provides an alternative for Definition 1. It shows that the marginal social values of
goods and capital goods equal the share-weighted sum of the social values of their uses. Good j
can be either consumed or used as investment or as an intermediate input, and therefore, its social
value corresponds to the sum of the value of consuming its consumption share gb{’c, the value of
using its intermediate share ¢g7w in producing other goods, and the value of using its investment
share <Z>{7L in accumulating capital goods. Capital good z is not consumed, and therefore, its
social value equals the aggregate marginal welfare product of capital. These definitions are
recursive because AM WPtJ; ,and AM W Pf) depend on MS thy and M SV, respectively.??

23Note that the marginal social value of capital can be expressed as
MSVk = MSVkaXdek,

where we used that ¥y, = ¥,, GiXx e Ar. Hence, we can express the aggregate marginal welfare product
of investment as

AMWPL = MSVka‘Xk'dAkHLXL'
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E.4 Efficiency Conditions

In this section, we exploit Theorem 1 in order to define the conditions that characterize the set
of efficient allocations. In deterministic economies with a single individual, welfare assessments
are solely driven by production efficiency (Lemma 1), so we adopt the conventional definition of
Pareto efficiency: An allocation is efficient when there is no feasible perturbation in which any
of the allocative efficiency components is positive. For this exercise, a perturbation is a direct
change in the feasible allocation selected by a planner, for given technologies. The technical
efficiency components of Theorem 1 — accumulation and production technology change — are
then identically zero, so production efficiency gains reduce to the three allocative components:
cross-sectional investment efficiency, aggregate investment efficiency, and cross-sectional capital
use efficiency.

Working with shares makes the set of feasible perturbations transparent. At each date,
the planner controls (i) the investment use shares Xfﬁ, which satisfy ), XfL =1 and Xf{ > 0;
(ii) the investment shares d){L € [0,1], whose complement Qﬁic =1- d){L is the consumption
share; and (iii) the capital use shares X{i’d, which satisfy 3, X{fk’d =1 and x{fk’d > 0. When
a non-negativity constraint binds, only one-sided perturbations are feasible: it is not possible
to reallocate investment away from a capital good that receives no investment, or capital away
from a technology that uses none. Properly incorporating these constraints is essential for
characterizing efficiency conditions in disaggregated economies, where investment networks are
sparse and capital goods are specialized. Theorem 5 provides the necessary conditions for

production efficiency.?*

Theorem 5. (Production Efficiency Conditions) An efficient allocation satisfies, at all dates t:

(a) (Cross-Sectional Investment Efficiency) For goods with &} > 0, it must be that MWP;Z =
AMWP},, ¥z s.t. xi, > 0; and MWP;;] < AMWP],, ¥z s.t. x7, =0.

(b) (Aggregate Investment Efficiency) For goods with y{ > 0, it must be that
max, {MWP/} < wAMRS],, ¥j st. ¢, = 0; AMWP], = wAMRS],, ¥j s.t.
!, €(0,1); and AMW P}, > w AMRS], Vj s.t. ¢], =

(¢) (Cross-Sectional Capital Use Efficiency) For capital goods with kf’d > 0, it must be that
MWP); = AMW P}, Vj s.t. x]3% > 0; and MW P}, < AMW Py, ¥j s.t. x]3% =0.

Pareto efficiency requires the equalization of M WPZZ across all capital goods that receive
investment of good j, with M WP;Z potentially lower for capital goods in which good j is
not invested. Otherwise, it is feasible and welfare-improving to reallocate investment from low
to high marginal welfare product uses, for given aggregate investment L{. At the corner where
capital good z receives no investment of good j, it is not feasible to reallocate investment away

24Under standard concavity assumptions on preferences and technologies, the conditions in Theorem 5
are also sufficient.
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from z, even though marginal welfare products are not equalized. The same logic applies to the
allocation of capital across uses in Theorem 5c).?

Theorem 5b) characterizes the consumption-investment margin. For interior investment
shares, the value of investing a marginal unit of good j, AM WPtj; ,» must equal the value of
consuming it, wy AM RSg’c — a generalized Euler equation. Since the marginal welfare products
embed the marginal social values of capital, which account for the full propagation of investment
through accumulation and production, this condition disciplines the entire path of allocations.
At the corner ¢{’L = 0, good j is not invested at all, and efficiency only requires that its best

investment use, max, {M WPff }, is weakly dominated by consumption. Alternatively, at the

corner i,L = 1, the individual does not consume good j, and the value of investing must weakly
exceed the value of consuming.

Example 6. [Efficiency Conditions in the Neoclassical Growth Model]. In the
neoclassical growth model (J = Z = 1), conditions a) and c) of Theorem 5 are vacuous, and
condition b) recovers the standard Euler equation. With a single capital good, AMWP,, =
MWP,, = MSV;1, since 821722'1 = 1. At an interior allocation, Lemma 11 yields M SV; 1, =
Wi 1AM RSy 11,0 and MSViyo, = AMWDP, 11, = w1 AM RS 41, so condition b) at dates t

and t 4+ 1 implies

WAMRS; o = w1 AMRS 1|1 -0+ aGfl—H — % — 5aut+1 1—6+ 8G;fl—i—l ’
akt+1 dey

where the equivalence uses w AMRS; . = ,Btg—z: /A. At the corner ¢;, = 0 — investment
irreversibility binding — condition b) instead delivers the familiar inequality

Ouy Ougy 0G41
— > 1-9 .
de = P er ( T

Remark 11. (Interior Economies) When all shares are interior — Xfi > 0, <Z>{L € (0,1), and
X{i’d > 0 for all j and z at all dates — Theorem 5 reduces to a system of equalities: marginal
welfare products of investment equalized across capital goods, marginal welfare products of
capital equalized across uses, and the generalized Euler equation AM WPt{ , = wAM RS{C for
every good. These are the classical efficiency conditions. The inequality conditions become
relevant at finer levels of disaggregation, where investment matrices are sparse — each capital
good is typically accumulated from few goods — and capital goods are specialized in production.
In such economies, marginal welfare products need not be equalized at an efficient allocation,

and inferring inefficiency from dispersion in marginal products is unwarranted.

Remark 12. (Planning Problem and Lagrange Multipliers) Each allocative efficiency component
maps into an optimality condition of the planning problem that maximizes V subject to the

ZWhen ] = 0, the investment use shares are indeterminate and cross-sectional investment efficiency
is vacuous; the relevant condition is the corner condition in Theorem 5b).

OA-45



production technologies, accumulation technologies, resource constraints, and non—negativity
constraints. At an efficient allocation, the marginal social values M S V;] and MSV7, equal the
Lagrange multipliers on the date-t resource constraints for good j and capital good z, normahzed
by A, and the inequality conditions in Theorem 5 correspond to the complementary slackness
conditions on the non-negativity constraints. The decomposition delivers these conditions
directly, without setting up the planning problem: away from efficient allocations, the allocative
components quantify the welfare gains from violations of each condition separately.

E.5 Welfare Numeraires and Global Assessment

The welfare assessments in the body of the paper are marginal. In this section, we show how
to recover Equation (6) from a global consumption-equivalent formulation, how the choice of
welfare numeraire determines )\, and how marginal assessments aggregate to global ones. The
global assessment of a discrete change from a baseline 6 to 6 can be expressed as a consumption
equivalent (Lucas, 1987), V* (0]0), implicitly defined by

Xt:BtUt ({03(9)}]6 (1+v*@10) )) Zﬁt“t ({ }jej>'

That is, VA (0]0) is the uniform proportional increase in baseline consumption of every good at
every date that leaves the individual as well off as the change in 6. Note also that marginal
assessments can be integrated to yield global assessments, using V> (0]0) = 00 v’ (9 9) g
Differentiating both sides with respect to 6 and evaluating the derivative at 9 = 0, where
VX (8]9) = 0, yields
dv> % Ouy

__ do t
= where \ = Zﬁzwc’

That is, the consumption-equivalent formulation selects aggregate perpetual consumption as
welfare numeraire. Decomposing A = >, \¢, where \; = 6tz 8utcj is the marginal value of
a uniform proportional increase in date-t consumption, recovers Equatlon (6), with dynamic
weights wy = % that add up to one.

The remaining welfare numeraires considered in the body of the paper follow from modifying
the consumption-equivalent formulation. Applying the uniform proportional increase only to

date-0 consumption yields A = 37, %c{) (date-0 aggregate consumption numeraire), while
0
an additive increment of V* (0]@) units of every good at date 0 yields A = > % (date-0
0

consumption numeraire).

E.6 Capital Reversibility with Non-negativity Constraints

The neoclassical growth model of Example 1 features investment irreversibility: since investment
is a use of the good, ¢; > 0, and the stock of capital cannot be run down faster than depreciation.
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Capital reversibility — the ability to convert installed capital back into consumption — can be
represented with two production technologies, using the same device as in Example 5.

The economy features two goods (J = 2), perfect substitutes in consumption, with V' =
>, Bluy (c% + c%), and a single capital good (Z =1). Technology 1 produces the good, with
yt = G} (kztl ’d). Technology 2 disassembles capital, with y? = /<cl<:t2 ’d, where x € (0, 1] denotes the
scrap recovery rate: k = 1 captures full reversibility and k < 1 captures scrap losses. Capital
allocated to disassembly exits the stock, so the accumulation technology is ki1 = (1 — ) ktl ’d—l—L%,
and resource constraints are yi = c; +1f, y? = 7, and ky = ktl 4 —|—kt2 ! Because allocation shares

are non-negative, reversibility operates one-sidedly through the disassembly share Xf ’,f > 0.

When disassembly is inactive (X? ’,‘j = 0), Theorem 5¢) only requires M VVPEJ€ < AMWP, j;:

the scrap value of capital, kwsAM RSEC, is weakly dominated by its value in production and
continuation, so the value of installed capital can exceed what it can be converted back into.

When disassembly is active (xfj;f > O) , marginal welfare products are equalized across capital
uses, which pins the value of installed capital to its scrap value. That is, the non-negativity
constraint on the disassembly share — rather than a separate constraint on gross investment —
makes capital reversibility one-sided, and the corner conditions of Theorem 5 characterize when
running down the capital stock is efficient.

E.7 Time to Build

Time-to-build (Kydland and Prescott, 1982) is nested in the environment of Section 2 by
modeling an n-period gestation lag as n capital goods — project stages: investment enters
the first stage, projects advance one stage per period, and only the final stage is productive.
Formally, with n = 3, investment in new projects accumulates stage-1 capital, with k&)l = LS),
and stage advancement operates through linear production technologies that convert each stage
into investment for the next one, as anticipated in Remark 1: technology j = 2 uses stage-1
capital to produce a good that is invested one-for-one into stage-2 capital, so that kgr)l = k,gl)’d,
and analogously kﬁ)l =(1-9) k§3) oy k?)’d, where only stage-3 capital enters the production
technology for the consumption good.

Time-to-build changes welfare accounting in two ways. First, an accumulation impulse to a
project m stages from completion reaches the productive stock with an m-period delay, and then
decays at the depreciation rate: gestation stages empty out every period, so projects in process
are a conveyor, not a stock. Second, the marginal social value of a project rises as it approaches
completion, by exactly the foregone discounting and depreciation, so welfare accounting prices

goods in process stage by stage.

E.8 [Illustrating the Accumulation Inverse Matrix

In this section, we compute the accumulation inverse matrix A, = (I — H kxkd)il, introduced
in Lemma 2, in closed form for several of the examples of the paper. Define the Z x Z survival
matriz a;, which collects the share-weighted marginal accumulation products of capital uses.
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Since the accumulation of capital good z depends only on its own uses, a; is diagonal with

entries .

z jZ,daHt—i-l

at - Xt,k 8ka,d :
j t

Since capital supplied at date ¢ only affects capital supplied at date ¢ + 1, the matrix Hxa is
a one-period-lag operator, and

I I
—Qag I ag I
I-Hpxa = —a; I = A, = aiag a; 1
—a7_1 I ar_1---ag - ar_1 I

whose (s,t) block for s > t is the cumulated survival as_jas_ - - - @;. Three structural properties
hold in every example below. First, Ay is block lower triangular: capital propagates only forward
in time. Second, the diagonal blocks are identity matrices: a contemporaneous impulse to the
supply of capital passes through one for one. Third, the Neumann series A = 2 >0 (Hpxpa)"
terminates after T'+ 1 terms: round n collects the knock-on effects that arrive n periods after
the impulse.

Neoclassical growth model. In Example 1, with H;,; = (1 — 6) k + ¢; and a single use
(xtx = 1), the survival rate is a; =1 — 6, so

1
1—46 1
A.=| 1-6* 1-9 1

(1;5)T (11—t ... 1—.5 1

with (s,t) entry (1 —6)°": one extra unit of capital at date ¢ raises the supply of capital at
date s by its surviving fraction. Two polar cases are instructive. With full depreciation (§ = 1),
A, = I: capital is intertemporally inert and all propagation must come through investment,
that is, through the goods inverse matrices. With no depreciation (6 = 0), e.g., land, every entry
below the diagonal equals one: impulses to the stock are permanent. With adjustment costs,
Hip=(1-9) k’f + Ty (kf, Lt>, the survival rate becomes a; =1 —9 + oy

Fied 0 and the same matrix
t
applies with 1 — ¢ replaced by the cumulated products of a;.
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Investment-specific technological change. In Example 2, the survival matrix is a; =
diag (1 —6%,1 —62). For T = 2,

1 0
0 1
1—61 0 1 0
A:
k 0 1— 62 0 1
(161 0 1-6' 0

0 (1-62*] 0 1-62|0 1

The matrix factors capital good by capital good into scalar matrices of the neoclassical form:
with own-capital accumulation there is no cross-capital propagation inside Ay; capital goods
interact only through goods, that is, through the goods inverse and goods-capital inverse
matrices. The investment-specific shock itself enters the accumulation impulse Hy, not the
inverse matrix: A then converts this one-time impulse into the lasting response of the

corresponding capital stock.

Invariance to capital reallocation. When both technologies use both capital goods and
marginal accumulation products are equalized across uses — e.g., a common depreciation rate,
with k7 = (1-6)>; kgz’d + 1 — the survival rates satisfy

ai =Y it (1-8)=1-4
J

because capital use shares add up to one. The accumulation inverse matrix is therefore invariant
to the allocation of capital across technologies: reallocating capital changes welfare through the
goods inverse matrices, never through A;. The same logic applies to the investment network
economy of Example 4, where a; = diag (1 -6t ... 1—467 ): the network operates through
investment, and thus through the goods inverse matrices, while Ay remains diagonal. This
invariance locates exactly where each economic mechanism lives inside the propagation matrices.

E.9 Examples from Section 2: Continued

Example 1. [Production Efficiency in the Neoclassical Growth Model]. We

consider the same environment as in Example 1. By construction, all of the cross-sectional

components of allocative efficiency of the production efficiency decomposition are zero, so this

economy features only technical efficiency gains and aggregate investment efficiency.
Production efficiency is given by

OH,

yr + ; MSVip—a + ; MSV;,

oG,
00 -

d¢t,L
de

EABL =N (AMWP,, — w AMRS, )
t

The adjustment-cost variant of Example 1 has the same production efficiency decomposition.
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Nonetheless, with adjustment costs the accumulation technology component would capture
perturbations to the depreciation rate or to the adjustment costs, whereas under linear

accumulation it captures only perturbations to the depreciation rate.

Example 2. [Production Efficiency with Investment-Specific Technological
Change]. The environment in Example 2 is the simplest to study cross-sectional investment
efficiency. By construction, the cross-sectional capital use efficiency component is zero, so this
economy features technical efficiency gains as well as investment efficiency gains.

Production efficiency is given by

dgbt L
do

OH} 9G
+ DD MV 3 M8V
t z t

dx z
EAE’P = Z (AMWPt,L - WtAMRSt,C) Yt + Z (COU |:MWPt L } bt
t

dao

The accumulation technology component captures the welfare implications of investment-specific

technology shocks or shocks to the depreciation rates.

Example 3. [Production Efficiency in the Two-Sector Growth Model]. The
environment in Example 3 is the simplest to study cross-sectional capital use efficiency.
By construction, the cross-sectional investment component is zero, so this economy features
technical efficiency gains, aggregate investment efficiency, and cross-sectional capital use
efficiency.

Production efficiency is given by

o d jz,d
2ABP = S (AMWP, - thMRS;C) 2, yi + Z Z Cov;' | MW P/}, 939’“ ki

t

+ZZMSVtk
t z

OH?

+ZZMsvgy R

Example 4. [Production Efficiency in the Investment Network Model]. The
environment in Example 4 features specialized capital, since each good is produced using only
its own capital good. By construction, the cross-sectional capital use efficiency component is
zero, so this economy features technical efficiency gains, aggregate investment efficiency, and
cross-sectional investment efficiency.

Production efficiency is given by

J
U

j
SAB,P ZZ(AMWPgL thMng’C) tLJ+ZZ(C0v [MWP“,d;;,L

OH? ; 9G]

+ZZMSV7y R

+ZZMSV;k
t z
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The accumulation technology component captures perturbations to the investment network
technologies J7 or to the depreciation rates 67 (6).

Example 5. [Production Efficiency in the Credit Cycles Model]. The
environment in Example 5 features no investment margin, since land cannot be produced. By
construction, both cross-sectional and aggregate investment efficiency are zero, so this economy
features technical efficiency gains and cross-sectional capital use efficiency.
Production efficiency is given by
jd

- d e
SALP _ S Coo® [ MW RS, SR |l 1SS SV, oG,
t t g

90

do

where ng = ki’d/ k¢ denotes the share of land used by technology j and ki = k. Since
the accumulation technology has no primitive parameters, its technology change component
is identically zero. For perturbations to policies or constraints — e.g., relaxing the collateral
constraint in Kiyotaki and Moore (1997) — production technologies are also unaffected, and
all production efficiency gains come from the cross-sectional capital use component, which is
positive when land is reallocated toward the use with the higher marginal welfare product.
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