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Abstract

We develop a framework to infer joint inflation-growth risks by combining survey density
forecasts with inflation derivative prices. Survey histograms discipline marginal physical dis-
tributions of inflation and GDP growth, while inflation swaps, caps, and floors discipline the
marginal nominal risk-neutral distribution of inflation. These marginal distributions leave
the dependence between inflation and real activity only partially identified. Identification
comes from the stochastic-discount-factor link between physical and risk-neutral distribu-
tions: since the market value of an inflation payoff depends on the real-activity state in which
the inflation outcome occurs, differences between physical and risk-neutral inflation distri-
butions are informative about joint outcomes for inflation and real activity. We implement
this idea in a tractable Epstein-Zin model with a flexible joint distribution of inflation and
real growth. Applied to the euro area, the framework uncovers substantial time variation in
inflation-growth dependence and shows how this dependence shapes inflation risk premia
and the pricing of inflation tails.
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1. Introduction

Macroeconomic tail risks depend not only on the probability of extreme outcomes, but
also on the states in which those outcomes occur. A high-inflation tail may reflect strong
demand, with inflation accompanied by robust real activity, or an adverse supply shock, with
inflation coupled with weak activity. These scenarios have different implications for policy
and asset-pricing. The market value of an inflation payoff depends not only on the likelihood
of the inflation outcome, but also on whether it materializes when marginal utility is high.
Measuring inflation tail risk therefore requires information about the joint distribution of
inflation and real activity, rather than the marginal distribution of inflation alone.

Forward-looking information about these risks comes from several sources, two of which
are central to our analysis. Survey density forecasts describe beliefs under the physical mea-
sure. In the euro area, the ECB Survey of Professional Forecasters (SPF) is a central refer-
ence for policy analysis and is particularly useful because it reports probabilistic histogram
forecasts for both inflation and GDP growth. Inflation derivative prices, by contrast, reveal
Arrow-Debreu prices for future inflation outcomes-that is, how markets value payoffs con-
tingent on different inflation states—and therefore discipline the nominal risk-neutral distribu-
tion of inflation. The wedge between the physical and risk-neutral measures is economically
informative rather than incidental: it reflects which inflation outcomes provide insurance
value and which correspond to costly states of the world. The empirical challenge is to ex-
ploit this wedge without treating it as a statistical adjustment, because the change of measure
is governed by the stochastic discount factor linking beliefs, real activity, and asset prices.

Despite the richness of these data, they have not been used jointly to study inflation and
GDP-growth risks. Inflation options are typically used to recover marginal risk-neutral dis-
tributions of inflation, while survey histograms are used to estimate marginal physical dis-
tributions. However, identical inflation and growth histograms can correspond to very dif-
ferent macroeconomic environments, depending on the dependence structure between the

two variables. To our knowledge, inflation option-implied probabilities and SPF histogram



forecasts have not been jointly exploited to infer the joint distribution of inflation and GDP
growth.!

Existing approaches typically exploit only one side of this information set. Some studies
use inflation options to recover risk-neutral distributions and, in some cases, infer physical
probabilities through a change of measure. Others rely on survey histograms to measure
subjective distributions under the physical probability measure. Although both approaches
are informative, neither on its own identifies how inflation tail risks are linked to real activity
or priced across states of the world. This paper addresses this question.

This paper brings these two perspectives together. We estimate a tractable structural
model using three empirical inputs: inflation derivatives, SPF inflation histograms, and SPF
GDP-growth histograms. The survey histograms discipline the physical marginal distribu-
tions of inflation and real activity, while inflation swaps, caps, and floors identify the nominal
risk-neutral distribution of inflation. Preferences pin down the stochastic discount factor link-
ing the two measures, so that the wedge between them becomes informative about the joint
distribution of inflation and growth. The model delivers closed-form expressions for both
survey-bin probabilities and inflation-derivative prices, enabling all three data sources to be
matched jointly at each point in time.

The key mechanism is straightforward. When low inflation occurs in weak-growth states,
it is associated with high marginal utility and therefore receives greater weight under the risk-
neutral measure. As a result, the risk-neutral distribution of inflation shifts toward lower
outcomes relative to the physical distribution. Conversely, when high inflation occurs in
weak-growth states, as in an inflationary recession, the risk-neutral distribution shifts toward
higher inflation outcomes. The sign and magnitude of the inflation risk premium therefore
depend on the joint distribution of inflation and real activity, rather than on the marginal
distribution of inflation alone. Our framework is designed to allow this relationship to vary
over time, rather than imposing a fixed disaster channel or a constant adjustment between

risk-neutral and physical probabilities.

!Comparisons between inflation option-implied probabilities and survey-based inflation probabilities re-
main relatively rare; see, for example, the ECB boxes on inflation options (European Central Bank, 2013; Bon-
inghausen et al., 2018) and Gimeno and Ibafiez (2018). These contributions focus on inflation distributions in
isolation.



Our empirical analysis focuses on the euro area and combines data from euro-area in-
flation derivatives with the ECB SPF over the period from October 2009 to December 2025.
The model fits both market prices and survey histograms for inflation and GDP growth, and
uncovers substantial variation in the wedge between physical and risk-neutral distributions.
In periods when weak activity is associated with low inflation, risk-neutral inflation distri-
butions place greater weight on disinflationary outcomes. By contrast, during the inflation
surge of 2021-2023, when high inflation becomes increasingly associated with adverse real
outcomes, risk-neutral tails put more weight on high-inflation states. The results therefore
show that the pricing of inflation tail risk varies systematically with the real-activity states in
which those inflation outcomes are expected to occur.

The paper makes two main contributions. First, it develops a framework that uses the
stochastic-discount-factor link between survey beliefs and derivative prices to infer joint
inflation-growth risks. The framework is analytically tractable: it delivers closed-form ex-
pressions for both forecast-bin probabilities and inflation derivative prices, and it makes ex-
plicit which features of the joint distribution are disciplined by each data source. Second,
the paper provides new evidence on the time variation and asymmetry of inflation and real-
activity risk premia in the euro area. By integrating asset prices and survey information,
the framework shows how macroeconomic tail risks are shaped by the interaction of beliefs,
market prices of state-contingent payoffs, and the joint inflation-output structure.

The closest strand of the literature extracts inflation risk-neutral distributions from op-
tion prices. Kitsul and Wright (2013) use U.S. inflation caps and floors to recover option-
implied inflation densities, while Gimeno and Ibéfiez (2018) estimate euro-area inflation risk-
neutral densities from inflation swaps, caps, and floors. Related measures are also employed
in central-bank analyses of option-implied inflation probabilities (European Central Bank,
2013; Boninghausen et al., 2018). More recently, Hilscher et al. (2025) develop a structural
framework that infers the probability of inflation disasters from inflation options and maps
risk-neutral probabilities into physical probabilities through preferences. Their paper is an
important benchmark because it places inflation options at the center of tail-risk measure-
ment. Our contribution differs in an important respect. Rather than relying solely on option
prices to infer physical inflation tails, we combine option-implied information with survey

distributions for both inflation and GDP growth in order to discipline the joint inflation-



activity structure. This distinction matters because, as emphasized by Renne et al. (2026), the
change of measure generally depends on states, horizons, and joint macroeconomic dynam-
ics, rather than on a single scalar risk adjustment.

The paper also relates to work that extracts physical distributions directly from survey
data, including studies of survey density forecasts and subjective uncertainty (Tay and Wallis,
2000; Engelberg et al., 2009; Boero et al., 2014), recent work that constructs, evaluates, or
combines SPF predictive densities (Galvao et al., 2021; Clark et al., 2022, 2024), and analyses
of euro-area SPF inflation risks (Andrade et al., 2014; Grishchenko et al., 2019; Mouabbi et al.,
2025; Bassetti et al., 2024). More broadly, the paper complements the disaster-risk and tail-risk
pricing literature, which shows how small probabilities of severe macroeconomic events can
generate large asset-pricing effects (Barro, 2006; Gabaix, 2012; Wachter, 2013) and uses option
prices to infer market compensation for tail events (Backus et al., 2011; Kelly and Jiang, 2014;
Bollerslev et al., 2015; Barro and Liao, 2021). Relative to these strands of the literature, our
focus is on how inflation tails interact with real activity, and on how inflation tail risks interact
with real activity, and on how this interaction shapes the wedge between physical and risk-
neutral macroeconomic distributions.

The remainder of the paper is organized as follows. Section 2 develops the identification
intuition, and Section 3 introduces the model. Section 4 describes the data, while Section 5
presents and discusses the empirical results. Section 6 concludes. Technical details and addi-

tional results are deferred to the appendices.

2. Identification intuition

This section explains why the three data sources used in the paper are jointly informative.
The objective is to identify the joint distribution of next-period inflation (7r1) and GDP growth
(Acy). Survey histograms for inflation and GDP growth provide direct information about the
corresponding physical marginal distributions, while inflation-derivative prices reveal how
markets value payoffs contingent on inflation outcomes. Taken separately, neither source
identifies an unrestricted joint distribution of inflation and real activity. However, their com-
bination, disciplined by a stochastic discount factor, is informative about the dependence
structure that governs risk pricing and helps distinguish demand-driven from supply-driven

tail risks.



2.1. Why marginals are not enough

Suppose that each variable can take only two values, labeled low (L) and high (H). That
is,
7T1 < {LTL'I Hn’}, ACl & {Lc, Hc}.

The joint distribution of (711, Acy) is then summarized by four probabilities:
prL =Po(rm1 = Lr, Ac1 = Le),  pLu = Po(m1 = Ly, Acy = He),

puL = Po(m1 = Hy, Acy = L), pun = Po(m1 = Hy, Acy = He),
with
pLL + PLH + PHL + PHE = 1.

Hence, the unrestricted joint distribution has three free parameters.
Assume first that we only observe the marginal distributions of inflation and GDP growth,
as would be the case if we relied solely on survey density forecasts (e.g., using the SPF). These

marginals imply
Po(mry = Lr) = prL + pPLH, Po(Acy = L) = prr + pHL-

Since the probabilities sum to one, these two marginal restrictions are not sufficient to identify
the dependence structure between inflation and GDP growth. In particular, distinct joint dis-
tributions may share exactly the same marginals. Figure 1 illustrates this point: Panels (a) and
(b) display two different joint distributions with identical marginals. In Panel (a), inflation
and GDP growth are negatively associated, whereas in Panel (b) they are positively associ-
ated. If one considered inflation or growth in isolation, the two economies would appear
identical. From a policy perspective, however, they differ markedly, because the dependence
structure determines whether inflation tail risks coincide with weak or strong economic ac-

tivity.

2.2. How asset prices help

Asset prices provide additional information because they weight states of the world through

the stochastic discount factor. To see this, suppose that the stochastic discount factor between



Figure 1: Discretized bivariate distributions of inflation 77; and GDP growth Ac; with identical marginal
distributions and different dependence structures. In both panels, the marginal distributions of inflation and
GDP growth assign a probability of 50% to each state. Panel (a) depicts a situation with negative correlation
between 7t and Ac, while Panel (b) displays a positive correlation. Darker cells correspond to larger joint prob-
abilities.
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dates 0 and 1 is given by M3, and depends on consumption growth Ac;.? Consider now a
digital inflation claim that pays one unit at date 1 if inflation turns out to be low, that is, if

11 = L. Its date-0 price is
Eo (Mlﬂ{m:Ln}> = pLL M(L¢) + pra M(He),

where M (L) and M (H,) denote the realizations of the stochastic discount factor in the
low- and high-growth states, respectively. If the stochastic discount factor were the same in
the low- and high-growth states, this price would be redundant with the marginal physical
probability of low inflation. It is not redundant when M (L.) # M (H,). The pricing equation
then delivers an additional restriction that depends on the joint distribution of inflation and
GDP growth, not only on the marginal distribution of inflation.

The key point is that the price of this claim depends on how the low-inflation outcome is
distributed across low- and high-growth states. If low inflation tends to occur in bad states,

that is, when Ac; = L. and the stochastic discount factor is high, then the claim is more valu-

2 A specific functional form for M; will be introduced in the model section.



able than if the same low-inflation outcome mostly occurs in good states. Hence, comparing
inflation tails under the physical and risk-neutral measures reveals information about how
inflation outcomes are linked to real activity. This is the central idea of the paper: use the
wedge between IP and Q, together with preferences, to infer the joint distribution of inflation
and GDP growth.

This simple example is intended only to build intuition. In principle, one could attempt
to recover an unrestricted discrete joint distribution from survey marginals and a sufficiently
rich cross-section of prices for state-contingent payoffs. That is not the approach pursued in
this paper. Instead, our empirical exercise is model-restricted: we impose a parsimonious
parametric specification for the joint distribution of inflation and consumption growth and
use preferences to discipline the change of measure. The specification is sufficiently flexible
to capture rich dependence patterns, while remaining tractable and adequately disciplined

by the joint information embedded in survey histograms and inflation-derivative prices.

2.3. A tractable illustration

Before turning to the baseline Epstein-Zin model, we illustrate the same mechanism in a
static CRRA setting with a two-component Gaussian mixture. This example is not the empir-
ical model employed in the paper; its purpose is purely pedagogical. Because the risk-neutral
distribution is available in closed form, the setup provides a transparent illustration of how
the pricing kernel reweights different regions of the joint inflation-output distribution. The
assumptions and derivations underlying the illustration are presented in Online Appendix C.

The example starts from a benchmark in which inflation and consumption growth are
Gaussian and independent. In that case, risk-neutral reweighting of inflation does not con-
tain a real-activity component: inflation outcomes are not associated with high- or low-
consumption states. By contrast, the risk-neutral distribution of consumption growth shifts
toward lower outcomes, because low-consumption states have high marginal utility and
therefore receive greater weight under the pricing kernel.

Figure 3 then varies the dependence structure. The second row introduces positive co-
movement through a shared Gaussian shock. High-inflation states then tend to coincide with
high consumption and low marginal utility, so this covariance component pushes the risk-

neutral inflation distribution toward lower outcomes. The third row introduces a recession



Figure 2: Densities of Ac; and 777 in the benchmark illustration. Panel (A) shows the joint physical and risk-
neutral densities of consumption growth Ac; and inflation 771, together with their means; Panels (B) and (C)
report their corresponding marginal densities. This benchmark Gaussian specification features independent
inflation and consumption shocks, so there is no covariance-driven reweighting of inflation outcomes through
real activity.
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regime in which consumption falls but inflation is unchanged. The pricing kernel assigns
more weight to this low-consumption regime, shifting the risk-neutral distribution of con-
sumption without materially changing the inflation distribution. The fourth row considers
an inflationary recession: low consumption and high inflation occur jointly. In that case, high-
inflation outcomes are bad states of the world and therefore have high value in the market,
pushing the risk-neutral inflation distribution to the right.

The key lesson is that the sign and magnitude of the inflation risk premium cannot be
inferred from the marginal distribution of inflation alone, and depend on the joint distribu-
tion of inflation and real activity. This is why the empirical model combines SPF histograms
for GDP growth with inflation-option prices and SPF inflation histograms: information on
the distribution of GDP growth helps identify whether high- or low-inflation outcomes are

associated with states of high marginal utility.



Figure 3: Densities of Ac; and 711 under four illustrative specifications. Panels A.i show joint physical and
risk-neutral densities of consumption growth and inflation, and Panels B.i—C.i their corresponding marginals.
Specification 1 reproduces the benchmark Gaussian case. Specification 2 introduces positive comovement via a
shared shock. Specification 3 adds a recession regime with lower consumption growth. Specification 4 features
an inflationary recession with both lower output and higher inflation in the bad state.
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3. Model

This section presents the baseline model used in the empirical analysis. Its role is to pro-
vide the disciplined change of measure needed to combine physical survey distributions with
risk-neutral derivative prices. The framework extends the intuition developed in Section 2.3
along two dimensions. First, inflation and consumption growth are driven by a finite-state
Markov process, allowing the joint distribution of nominal and real outcomes to vary across
persistent macroeconomic regimes. Second, the representative agent has Epstein-Zin prefer-
ences, so the stochastic discount factor depends not only on contemporaneous consumption
growth but also on continuation values. The resulting structure remains tractable while al-
lowing the pricing of inflation tail risks to depend both on the macroeconomic regime pre-

vailing at the payoff date and on the future prospects associated with that regime.

3.1. Macroeconomic dynamics

We begin by specifying the physical law of motion. The Markov state z; summarizes the
macroeconomic regime prevailing at date t. Conditional on the next-period regime, inflation

and consumption growth are drawn from a regime-specific distribution.

Assumption 1 (Macroeconomic dynamics). The regime vector z; is a [-dimensional regime indi-
cator vector taking values in {ey, ..., e}, with e; denoting the jth column of the identity matrix 1d;.
It follows a time-homogeneous Markov chain with physical transition matrix P = {p;;};icr1,. 2

whose rows sum to one. Transition probabilities are given by
Pi,j = IP; (Zt—l—l = e]' | Z; — ei) .

The horizon is normalized to one period. The notations Acy1 and 71,11 generalize the one-period Acy
and 71 used in Section 2, and are specified as consumption growth and inflation between dates t and
t + 1 are specified as
Acry1 =X 1Zi1,  and T = X, 1 Zis. (1)
The vectors X1 = (xclllt,...,xC,],t)’ and Xy = (xnlllt,...,xn,],,})/ are serially independent. For a
given regime i, the distribution of X;; 1= (X.;t, Xzit) is characterized by its log-Laplace transform
Pi:
¢i(v) :=log Elexp (v'xi)], )

11



for any admissible vector v € R?. We denote by

@r(v)

the vector of regime-specific log-Laplace transforms.

Under Assumption 1, the physical dynamics of (w}_,z; )", with wi 1 = (Acyy1, 71e41),

are characterized by

Pr(v,s) = E; [exp(vV'wiiq +8'2141)] = exp [p(v) + 5] Pz, 3)

This expression is useful because it summarizes both the conditional distribution of macroe-
conomic outcomes and the transition probabilities across regimes. It also makes the change

of measure induced by the stochastic discount factor transparent.

3.2. Preferences and continuation values

We next specify preferences, whose role is to determine the stochastic discount factor
that maps physical probabilities into risk-neutral probabilities. Here C; denotes aggregate

consumption at date ¢ and [E; is the expectation conditional on date-t information.

Assumption 2 (Preferences). The representative agent has Epstein-Zin recursive preferences,

1

1 1-

U= |-pc +p(E[ul) T @

1

Sl

)

where B € (0,1) is the subjective discount factor, p > 0 the intertemporal elasticity of substitution,

and vy > 0 the coefficient of relative risk aversion.

The recursive structure implies that the stochastic discount factor depends not only on
contemporaneous consumption growth, but also on how the state reached next period changes
expected utility from future consumption. In our finite-state economy, this continuation-
value channel is therefore state dependent.

This state dependence admits a finite-dimensional fixed-point characterization. The vec-

tor u below collects the continuation-value component associated with each regime.

12



Proposition 1. Under Assumptions 1 and 2, a value function of the form
Ut = (u’zt) Ct

solves the Epstein-Zin recursion (4) if and only if the vector u € IRLr satisfies

1
1-+ | 121
[

T—v F

u= (1—/3)1]+,B<P(g®u1_7)> , (5)

2

where 1j denotes a | x 1 vector of ones, © denotes element-wise multiplication, all power operators
are applied element-wise, and
1—o

g =exple(x)], with x = : (6)
0

Proof. See OA.B.1. O

3.3. Nominal risk-neutral dynamics

A risk-neutral measure is a change of probability induced by the stochastic discount factor
and a choice of numeraire. It is not a description of agents’” subjective beliefs. Rather, it
is the probability measure under which prices can be written as expectations once payoffs
are expressed in units of the chosen numeraire. Since the payoffs priced in our empirical
application are nominal, we work with the nominal risk-neutral measure, denoted by Q("),

which uses the one-period nominal bond as numeraire. For any one-period nominal payoff

Yt—|—1/

(n)
ER" (Vi) =

EF M}, Vi)

EP M) ]

(7)

Equivalently, ME'ZLI / IE]tP M (n)

i 141) 18 the Radon-Nikodym derivative that maps conditional

probabilities under IP into conditional probabilities under Q™).

Other choices of numeraire would lead to other risk-neutral measures; for instance, a
real risk-neutral measure would use the one-period real bond. The nominal measure is the
relevant one here because inflation swaps, caps, and floors are nominal claims.

This change of measure is economically informative because differences between expec-

tations under P and Q") summarize risk premia, as in Section 5.2. The tractable feature of

13



the model is that the change of measure preserves the structure of the dynamics: under Q"),
the process remains conditionally specified by the same Markov state, with tilted conditional
distributions and reweighted transition probabilities. The vector u summarizes continuation
values across regimes; through the Epstein-Zin stochastic discount factor, these continuation
values affect the tilting. The following proposition characterizes the nominal risk-neutral law

of motion for next-period inflation, consumption growth, and the Markov state.

Proposition 2. Under Assumptions 1 and 2, with w1 = (Acyy1, 7111)’, define

o= , m™ := exp [p(a) + 0log(u)], 6= :—) e (8)
-1

where the exponential and logarithm are applied element-wise. Under the nominal risk-neutral mea-

sure (Q)), the conditional law of (Wii1,2¢11) iven zy is characterized by

¥R (v,8) = 2" [exp(vwir +5'200)] = exp [¢2 (V) 5] @'z, )
where
Q" := diag (ﬁ) P diag (m(”)) , (10)
and
02" (v) = pi(vre) — i), i=1,...,]. (an
Proof. See OA.B.2. O

The proposition shows how the nominal risk-neutral dynamics are obtained from the
physical dynamics. The conditional transform remains in the same form as under IP, but
with two adjustments. First, the conditional distribution within each destination regime is
exponentially tilted through goQ(n). Second, the transition matrix is changed from P to Q.

Equation (10) shows that this transition matrix is obtained by reweighting each destination
(n)
]

probabilities differ from physical probabilities both because outcomes within a regime are

regime by m; "’ and then normalizing each row to sum to one. Hence nominal risk-neutral
tilted and because future regimes receive different weights. This is the formal counterpart of
the intuition in Section 2: inflation outcomes receive different market weights depending on
the real-activity states and continuation values with which they are associated.

For the empirical implementation, we use a conditionally Gaussian specification.

14



Assumption 3 (Conditionally Gaussian case). Conditionally on the regime, the distribution of

W1 is bivariate Gaussian:

Wil | {Zt+1 = ei} ~ N(,ui/ Zi)-

Under Assumptions 1 and 3, the physical log-Laplace transform is
/ 1 / .
Q’i(V):V}li—i‘EVZiV, i=1,...,]. (12)

The nominal risk-neutral distribution remains conditionally Gaussian, with shifted condi-

tional means.

Corollary 1 (Risk-neutral conditional distribution of w;; in the Gaussian case). Under As-

sumptions 1, 2, and 3,
(n) . (n)
Wi | {z1 = e} ~ N(ﬂ? ,Zi> , with y? =, + L.
The nominal risk-neutral transition matrix of the Markov state is Q™ in (10).

Proof. See OA.B.3. [

3.4. Survey probabilities and pricing

The model delivers the objects matched in estimation: physical probabilities for SPF his-
togram bins and risk-neutral prices for inflation derivatives. These objects are generated
from the same underlying state dynamics, but under different measures. SPF probabilities
are computed under the physical measure, using P. Inflation derivative prices are computed
under the nominal risk-neutral measure, using Q).

Consider first the survey probabilities. Conditional on the current regime z; = e;, the
one-period-ahead physical mixture weights are given by the ith row of P, denoted A} = P'z;.
In the conditionally Gaussian case, the model-implied c.d.f.s of inflation and consumption
growth are

FP.(a) = 2] AP & (%) (13)
7Tt 7t . 4
=

O j

P (a) = ﬁ AP @ (“ — e ) (14)
ot 7t 4
j=1

U'C,]'

15



where i i and p; are the inflation and consumption-growth entries of #j, and 07%/ i and (TCZ/ i
are the corresponding diagonal entries of Z;. Hence, for any SPF bin (a, b], the model-implied
physical probability is FE,(b) — FL ,(a) for inflation and Fi;(b) — F¥,(a) for real activity. In
the empirical implementation, GDP-growth histogram probabilities are matched using the
model-implied consumption growth distribution as the counterpart for real activity.

We now turn to inflation derivatives. Since these payoffs are nominal, they are priced

under the nominal risk-neutral measure characterized in Proposition 2.

Proposition 3. Under Assumptions 1, 2, and 3, the annualized inflation swap rate between dates t

and t 41 is
() 0

7[21 = log gb? ,0 (15)
Equivalently, denoting by e, = (0,1)" and by i the current regime, z; = e;,

. Z}Zl pijuf exp(¢j(x +ex))

exp(rfy) = =T — . (16)
):]':1 piju; exp(qoj(oc))

Proof. See OA.B.4. 0

In estimation, the observed one-year inflation swap and the SPF point forecast are used as
two exact restrictions on the two regime-specific inflation means. The first restriction matches
the nominal risk-neutral exponential mean in (16); the second matches the physical mean
of inflation. This joint normalization anchors the observed inflation-compensation wedge,
while the survey histograms and option prices discipline the shapes of the physical and risk-

neutral distributions. Appendix Appendix C provides the construction.

Proposition 4. Under Assumptions 1, 2, and 3, the date-t prices of an inflation floor and cap with

strike K and maturity t + 1 are

Floorn;(K) = e " KpeQ" k) —etH (62" ,1,K),

Tt/ Tt/

Capn,t(K) = ¢t [exp(nf’l) —exp(K)] + Floory +(K),

where 1y is the continuously compounded one-period nominal risk-free rate, h and H are given in (A.1)

and (A.5), respectively, and

/

02 = (42", 0, A2"), with A" = Q"' (17)
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Proof. See OA.B.5. O

4. Data

Our empirical implementation combines three euro-area data sources at the one-year hori-
zon over the period from October 2009 to December 2025. The first source consists of the ECB
SPF histograms for one-year-ahead inflation and GDP growth. The second source is the cross
section of inflation-linked derivative prices. These market prices summarize how financial
markets value future inflation outcomes and therefore discipline the risk-neutral distribution
of inflation, while the survey histograms reflect forecasters” assessments of the corresponding
physical distributions of nominal and real outcomes. Bringing these sources together allows
the estimation to jointly discipline inflation tail risks and the real-activity states with which
they are associated.

On the survey side, we use the SPF histograms for one-year-ahead inflation and GDP
growth. Because the published bins vary over time, and their endpoints can shift substan-
tially during episodes of unusually large inflation or GDP fluctuations, we reconstruct the
relevant support separately for each survey round and for each variable. The estimation then
matches the cumulative probabilities implied by the harmonized histograms at the corre-
sponding bin thresholds. For inflation, we additionally use the cross-sectional average of the
SPF one-year point forecasts. This series anchors the physical mean through the joint normal-
ization described in Appendix Appendix C. For GDP, the model counterpart is consumption
growth, which we interpret as the representative-agent aggregate measure of real activity.

On the market side, we use one-year euro-area inflation swaps together with one-year
zero-coupon floors and caps. The swap rate anchors the level of market-implied expected
inflation, while floor and cap prices provide information about the shape of the risk-neutral
distribution, especially its downside and upside tails. Although all market instruments have
a one-year maturity, their payoffs are delivered in the regime reached at date t + 1. With
persistent regimes, this destination regime contains information about future consumption

prospects, so the continuation-value vector u affects the one-period stochastic discount factor
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and hence the risk-neutral distribution.? In the baseline estimation, floor strikes are set at —1,
0, 1, and 2 percent, while cap strikes are set at 2, 3, 4, and 5 percent. To account for time-
varying market liquidity, we smoothen the daily market series using a backward-looking
22-trading-day moving average before aligning them with the survey dates.

The estimation sample begins with the first survey-round for which both inflation-option
data and SPF distributions are jointly available. Additional details on data construction and

recursive estimation are provided in Appendix B.

5. Estimation and Results

5.1. Model fit and estimation approach

We first describe how the model is brought to the data, and then use the fitted distribu-
tions to study the joint behavior of inflation and real activity under the physical and risk-
neutral measures. At each survey round in the common sample, the estimation targets four
sets of objects: the cumulative probabilities from the SPF inflation histogram, the cumulative
probabilities from the SPF GDP-growth histogram, the cross section of inflation floor prices,
and the cross section of inflation cap prices. The one-year SPF point forecast and the one-year
inflation swap are imposed as exact restrictions on the physical and nominal risk-neutral
inflation means, respectively. Section 3 describes the normalization. Since the model deliv-
ers closed-form expressions for all targeted objects, the estimation can be implemented date
by date while preserving the structural link between physical and risk-neutral distributions
through the stochastic discount factor.

The estimation is recursive. At each date, the loss function measures the discrepancies
between observed and model-implied survey probabilities and option prices, together with
regularization terms that discourage abrupt changes in parameters across adjacent dates.
This smoothing is useful in a nonlinear environment with several cross-sectional objects ob-
served at each date: it reduces the influence of local noise without imposing a constant pa-

rameter vector over the whole sample. The objective also penalizes implausibly high maxi-

%In a time-additive CRRA benchmark, this channel is absent because the one-period stochastic discount
factor depends only on contemporaneous consumption growth. Under Epstein-Zin preferences, the stochastic
discount factor also prices the continuation value associated with the future macroeconomic environment.
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mum Sharpe ratios, and the preference parameters are restricted to economically meaningful
ranges. Additional implementation details are collected in Appendix B.

Figures 4 and 5 illustrate the fit for two representative dates, January 19, 2010 and Jan-
uary 9, 2025. In each case, the model is compared with the inflation and GDP survey c.d.f.s
and with the observed cap and floor price schedules. For visual comparison, the figures also
report beta-smoothed distributions, constructed in the spirit of the procedure described in
Appendix 6.5 of Grishchenko et al. (2017). These smooth curves are not used in the structural
estimation; they are included only to show how the model-implied distributions compare
with flexible reduced-form summaries of the same survey data. Time-series fit diagnostics
for all estimation dates are reported in Appendix D. These diagnostics are important for in-
terpretation: the joint distributions studied below are only credible if the model first matches
the marginal survey information and the inflation-option cross sections that discipline them.

Figure 6 then shows what the fitted model implies for the joint distribution on the same
two dates. The figure displays the physical and nominal risk-neutral distributions of one-
year-ahead inflation and GDP growth, together with the associated marginal distributions. It
therefore moves from fit diagnostics to the central object of the paper: which regions of the
inflation-growth distribution are reweighted by the pricing kernel. In January 2010, the nom-
inal risk-neutral distribution assigns substantially more weight to states combining weaker
real activity with different inflation outcomes than the physical distribution, implying a siz-
able wedge between survey beliefs and market prices. By contrast, in January 2025 the phys-
ical and risk-neutral distributions are much closer, consistent with a smaller reweighting of
the joint distribution at that date. The comparison illustrates that the model is not only fit-
ting marginal inflation and GDP distributions; it also recovers how markets price particular

regions of the joint inflation-growth space.

5.2. Dependence and risk premia

We next examine how the dependence between inflation and real activity is priced over
time. Figure 7 reports the model-implied covariance between one-year-ahead inflation and
GDP growth under the physical measure, together with the corresponding mean wedges

between the physical and nominal risk-neutral distributions. The covariance summarizes the
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Figure 4: Fit of the model on January 19, 2010. The figure reports the fit of the model to the one-year-ahead SPF
inflation and GDP distributions and to the cross section of one-year inflation floor and cap prices for January

19, 2010.
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nature of macroeconomic risk; the mean wedges summarize how this risk is valued by the

estimated nominal pricing kernel.

The interpretation follows from a simple pricing identity. Let ME? =

) (n)

tt+1

MU JEF M

denote the normalized nominal pricing kernel. For a generic one-period payoff X, the

fixed leg of a swap that exchanges this payoff against X} satisfies

() —
X; = E2" (X141) = Ef (Xp41) + Covf (Mﬁ,’I)H,Xm
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Figure 5: Fit of the model on January 9, 2025. The figure reports the fit of the model to the one-year-ahead SPF
inflation and GDP distributions and to the cross section of one-year inflation floor and cap prices for January 9,

2025.
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Thus, the mean wedge for any payoff is its covariance with the normalized nominal pricing

kernel. A payoff has a high risk-neutral mean relative to its physical mean when it pays

in high-marginal-utility states. This identity is the asset-pricing content of the comparison

between survey-implied physical distributions and derivative-implied nominal risk-neutral

distributions.

We report two such wedges. For inflation,

(n)
IRP; = IE? (711) — IE]tP(ﬂt—i—l)r
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Figure 6: Fitted physical and risk-neutral bivariate distributions on selected dates. The figure reports the
fitted one-year-ahead distributions for January 19, 2010 (row 1) and January 9, 2025 (row 2). Panels A.i show
the joint density of GDP growth Ac;;1 and inflation 71,1 under the physical measure (black contours) and the
nominal risk-neutral measure (grey contours), together with their means. Panels B.i report the corresponding
marginal densities of GDP growth, and Panels C.i report the corresponding marginal densities of inflation.
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which is the mean risk-neutral inflation wedge implied by the model.* For real activity, we

report the wedge with the opposite sign,

(n)
GRP; = EF (Acs1) — ER" (Acyy1). (20)

With this convention, a positive GRP; means that the nominal risk-neutral distribution puts
more weight on weak-growth states than the physical distribution. This GDP-growth pre-

mium is model-implied rather than directly traded: it is the premium on a cash-settled pay-

IEP (7Tt 41)-

The traded inflation swap in our data satisfies 7'ct 1 = log ]EQ [exp(7t¢41)] and therefore also contains convexity
terms associated with the risk-neutral distribution of 1nﬂat1on The general logic is standard in the literature on
inflation risk premia, where inflation compensation reflects both expected inflation and compensation for bear-
ing inflation risk (Ang et al., 2008; Haubrich et al., 2012; Grishchenko and Huang, 2013; Hordahl and Tristani,
2010).

4This object is closely related to, but not identical to, the observed inflation swap wedge nfl
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off indexed to real GDP growth, using consumption growth as the model counterpart of real
activity.”

Panel (a) is informative because the inflation-growth covariance determines how inflation
loads on marginal utility. This link is transparent in the static CRRA-Gaussian benchmark,
where the nominal SDF is proportional to exp(—yAc;+1 — 7141). Exponential tilting of a

Gaussian distribution then gives

EL" (1) — BF (misa) = —y Covf (i, Aevin) — Varf (1), @
Thus, the inflation-growth covariance is not itself the primitive pricing covariance in (18); it
enters through the exposure of the nominal SDF to real activity. A negative covariance means
that high-inflation outcomes occur when consumption growth is low and marginal utility
is high, which raises the real-activity component of the inflation premium. The variance
term reflects the nominal nature of the pricing measure: inflation also enters the nominal
SDF because it erodes nominal payoffs. In the Epstein-Zin baseline, this mechanism remains
present, but the mapping from the covariance to the premium is no longer linear because the
SDF also reflects continuation values, regime probabilities, and state-dependent risks.
Figure 7 shows that the inflation-growth covariance changes sign over the sample. This
time variation is economically important. Negative covariance corresponds to episodes in
which high inflation is associated with weak real activity, so inflation risk is concentrated in
high-marginal-utility states and the inflation risk premium tends to be positive. When the
covariance is positive, or when low-inflation outcomes are the ones associated with weak
activity, the same pricing logic lowers the inflation premium and may turn it negative. The

GDP-growth premium provides the complementary view from the real-activity margin: it

°It is not a premium on nominal GDP growth, which would involve the sum of real growth and inflation.
The object is related to the macro-finance literature on GDP-linked securities, where growth-indexed claims
embed risk premia because their payoffs are procyclical and therefore low in bad states (Athanasoulis et al.,
1999; Borensztein and Mauro, 2004; Blanchard et al., 2016; Consiglio and Zenios, 2018; Eguren-Martin et al.,
2021; Mouabbi et al., 2024). Since liquid GDP-linked bonds have not been issued by large advanced economies,
this literature typically studies hypothetical or model-implied premia. Reported magnitudes range from a few
tens of basis points to several hundred basis points, and signs depend on the convention. In Eguren-Martin
et al. (2021), the premium is a component of the conventional-minus-GDP-linked yield breakeven for nominal
GDP-linked bonds; because compensation for GDP risk raises GDP-linked yields, that component is negative
and reaches about 700 basis points in absolute value at short maturities. Our GRP; uses the opposite convention.
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summarizes how much the estimated pricing kernel tilts the distribution of activity toward

low-growth states.

Figure 7: Time variation in dependence and risk premia. Panel (a) reports the model-implied covariance
between one-year-ahead inflation and GDP growth under the physical measure. Panel (b) reports the inflation

risk premium, defined as IE?(”) (7t41) — EF (71441), and the GDP-growth risk premium, defined as E} (Ac;y1) —

(n) . . .
]EP (Act11). Both premia are expressed in percentage points.
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5.3. Tail-environment probabilities

The covariance and risk premia are useful summaries, but they compress the joint distri-
bution into a small number of moments. Figures 8 and 9 provide more localized views by
translating the estimated distributions into probabilities of selected regions of the one-year-
ahead inflation-growth space. These probabilities should not be interpreted as probabilities
of new structural shocks. They describe the likelihood that one-year-ahead inflation and
growth fall within particular regions of the conditional joint distribution, given information
available at the survey date.

The two figures are complementary. Figure 8 uses fixed regions of the (Ac;11, 714+1) space,

allowing probabilities to be compared over time in levels. Figure 9 instead uses thresholds
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that move with the model-implied physical expectations at each date, which focuses on ad-
verse deviations relative to the current expected macroeconomic environment. In both cases,
each region is evaluated under the physical measure and under the nominal risk-neutral
measure. The gap between the two measures is informative about which parts of the joint
distribution are especially valuable to insure against.

When the risk-neutral probability of the low-growth /low-inflation region exceeds its phys-
ical probability, financial markets attach extra value to insurance against disinflationary reces-
sion states. Conversely, when the low-growth /high-inflation region is more heavily weighted
under the risk-neutral measure, markets are particularly concerned about stagflationary or
adverse supply-side outcomes. The time variation in these wedges provides a tail-based
complement to the covariance and risk-premium evidence in Figure 7: rather than summa-
rizing the pricing distortion with a single premium, the figures show which parts of the joint
distribution are being reweighted by the pricing kernel.

Figure 9 complements the fixed-threshold evidence by measuring tail environments rel-
ative to the macroeconomic outlook prevailing at each survey date. The figure therefore
asks whether markets place extra value on outcomes that are bad relative to current expec-
tations, rather than on outcomes that are bad only in absolute terms. A widening gap be-
tween the risk-neutral and physical probabilities indicates that the corresponding relative
tail-disinflationary recession or inflationary recession-has become particularly valuable to

hedge.
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Figure 8: Physical and risk-neutral probabilities of selected macroeconomic tail environments. Panels (a.1)-
(b.1) define fixed regions in the (Ac;y1, 71411) space. Panel (a) corresponds to Acyy1 < 0.5% and 71511 < 1%.
Panel (b) corresponds to Ac;11 < 0.5% and 7141 > 3.5%. The shaded areas show the regions whose probabil-
ities are computed. Panels (a.2)—(b.2) report the corresponding time series of probabilities under the physical
measure (solid line) and under the nominal risk-neutral measure (dashed line).
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Figure 9: Physical and risk-neutral probabilities of relative tail deviations. Panels (a.1)—(b.1) define regions
in deviation from the model-implied physical means. At each date, the growth threshold is E} (Ac;11) — 0.5%.
Panel (a) uses the inflation threshold E} (71, 1) — 1%, while Panel (b) uses the inflation threshold E¥ (77;41) + 1%.
The shaded areas show the regions whose probabilities are computed after centering both variables at their
physical means; the red cross marks the reference point (0, 0), corresponding to the physical means. Panels (a.2)—
(b.2) report the corresponding time series of probabilities under the physical measure (solid line) and under the
nominal risk-neutral measure (dashed line).
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6. Concluding remarks

This paper develops a framework for recovering joint inflation-growth risks from two
forward-looking sources of information: survey density forecasts and inflation derivative
prices. Survey histograms discipline physical distributions of inflation and real activity,
while inflation swaps, caps, and floors discipline the nominal risk-neutral distribution of in-
flation. The identifying mechanism is the stochastic discount factor. Because it maps physical
probabilities into risk-neutral probabilities, the wedge between survey-implied and market-
implied inflation distributions is informative about the real-activity states in which inflation
outcomes occur. This is the central contribution of the paper: the framework does not only
ask how likely high- or low-inflation outcomes are, but also whether these outcomes are as-
sociated with weak or strong real activity.

The euro-area application shows that this joint perspective is empirically important. The
dependence between inflation and growth varies substantially over time, and these move-
ments are closely related to the sign and magnitude of inflation risk premia. Periods in
which high inflation is associated with weak real activity generate a very different pricing
of inflation tails from periods in which low inflation is associated with weak activity. The fit-
ted model also delivers physical and risk-neutral probabilities of specific macroeconomic tail
environments, such as disinflationary recessions and inflationary recessions. These probabil-
ities show not only how likely such environments are perceived to be, but also which regions
of the joint distribution are especially valuable to insure against. The broader message is that

distributional surveys and derivative prices are most informative when used jointly.
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Appendix A. Properties of mixtures of Gaussian distributions
The proofs of the results in this appendix are reported in Online Appendix A.

Definition 1 (Gaussian mixture distribution). We say that the random variable X follows a Gaus-
sian mixture distribution, which we denote X ~ G(0), with @ = (uy, ox, Ax)’, where uy, cx, and
Ax are J-dimensional vectors (and the components of Ax are non-negative and sum to one), if

X =B'Y,
where B and Y are independent, with
Y ~ N (uy, diag(o'gg)), and P(B=ej)=Ax;, j=1,...,],
where {ey, ..., ey} is the canonical basis of R/.

Lemma 1 (C.d.f. of a mixture of Gaussian distributions). Let X ~ G(0), with0 = (uy, ox,Ax)’,
where uy = (p1,...,1;), ox = (01,...,07),and Ax = (A1,...,A;)". Then, forany a € R,

P(X < a) = h(6,a),

where

ZA@( _”f> (A1)

7j

Lemma 2 (Laplace transform of a mixture of Gaussian distributions). Let X ~ G(0), with

0 = (uy, ox,Ax), where yy = (ua,...,15), ox = (01,...,07)", and Ax = (Ay,...,A;)". Then,
foranyu € R,

Elexp(uX)] = ¢(u,0),
where
1202
(u, Z Ajexp <uy] + T]) (A.2)
j=

The next lemma is used to compute the truncated Laplace transform of a Gaussian mixture
distribution:

Lemma 3. If X ~ N (u,0?), then

E |exp(X)1(x<q)| = (1, 0,a), (A3)
where ) )
o —u—c

g(p,0,a) =exp (y + 7) O} <%) , (A.4)

where ® is the c.d.f. of N'(0,1).
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Lemma 4 (Truncated Laplace transform of a mixture of Gaussian distributions). Let u > 0
and X ~ G(0), with @ = (py, 0x,Ax), where uyy, = (y1,...,415)", ox = (01,...,07)", and
AX = ()Ll, .. .,/\])/. Then

E [exp(uX)]l{X@}] = H(0,u,q),
where |

H(6,u,a) = Y Ajg(upj, uoj, ua), (A.5)

j=1

and the function g is defined in (A.4).
Lemma 5 (Bivariate c.d.f. of a mixture of Gaussian distributions). Let (X,Y)’ follow a bivariate
Gaussian mixture distribution, that is

(X,Y) =B'Z,
where B takes values in {ey, ..., ey}, is independent of Z = ((X1,Y1)',...,(X], Y])’)’, and
(X;,Y;) ~ NwiZj), j=1....],

with P(B = e;) = A;. Let 0 = {puy, ox,Ax}, wherepy = {py,...,p;}, ox = {£1,..., Ly}, and
Ax = {A1,..., Aj}. Then, for any (u,v) € R?,

J
P(X <uY<v)= Z/\j CIDZ(u,U;yj,Zj),
j=1
where (-, -; u, L) denotes the c.d.f. of a bivariate Gaussian distribution with mean p and covariance
matrix X.

Appendix B. Data Construction and Estimation Details

This appendix provides additional details on the data construction and estimation proce-
dure discussed in Section 4.

Appendix B.1. SPF histograms

The inflation and GDP data are extracted from the ECB SPF individual-forecast files. For
each survey round, we retain the one-year-ahead histogram forecast and aggregate proba-
bilities across respondents to obtain a cross-sectional average histogram. The target period
associated with the one-year-ahead horizon depends on the survey round and on the variable
considered, so the preprocessing code reconstructs the relevant target period separately for
inflation and GDP growth.

For inflation, we also extract the individual one-year point forecasts from the same ECB
tiles and average them across respondents. This series is read directly by the estimation code
from the original SPF files, rather than being passed through the MATLAB preprocessing.
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A practical difficulty is that the SPF bin structure changes over time, especially around
periods of very low inflation or large GDP contractions. We therefore rebuild the support
date by date, using the relevant lower and upper tail bins and the appropriate interior bin
widths for each vintage. After harmonizing the support, each histogram is transformed into
observed cumulative probabilities evaluated at the published bin thresholds. These cumula-
tive probabilities are the survey probabilities targeted by the estimation.

Appendix B.2. Inflation derivative data

The market data are read from Bloomberg-based daily files containing euro-area inflation
swap rates, zero-coupon floor prices, and zero-coupon cap prices. The empirical analysis
focuses on one-year maturity instruments. The floor strike grid is {—1,0,1,2} percent and
the cap strike grid is {2,3,4,5} percent. All rates and prices are converted to decimal units.

To reduce high-frequency noise, raw daily observations are replaced by a backward-
looking 22-trading-day moving average. The resulting smoothed series contain the inflation
swap, the nominal swap rate used for discounting, and the floor and cap price schedules.
Before using the option prices, the option cross section is adjusted when needed to respect
the monotonicity restrictions implied by static no-arbitrage across strikes.

Appendix B.3. Export to the estimation code

The preprocessing produces a market-data panel, an inflation SPF panel, and a GDP SPF
panel. Dates are harmonized across sources, while the SPF histograms are stored in long
format because the number of bin thresholds varies across survey rounds. The inflation
SPF panel also contains the cross-sectional average point forecast. The resulting estimation
dataset contains, for each survey date, the observed cumulative probabilities, the correspond-
ing bin thresholds, the inflation swap rate, the nominal rate used for discounting, and the
floor and cap price schedules.

Appendix B.4. Recursive estimation

The baseline Epstein-Zin model is estimated recursively over the common sample. At
each date, the objective combines discrepancies between model-implied and observed infla-
tion SPF cumulative probabilities, GDP SPF cumulative probabilities, floor prices, and cap
prices. The objective also includes a penalty on excessive maximum Sharpe ratios. The two
regime-specific inflation means are jointly backed out so that the model exactly matches both
the observed inflation swap and the SPF point forecast.

To stabilize the nonlinear estimation, the criterion includes smoothing penalties on devi-
ations of the current parameter vector from the previous date’s estimate. A separate penalty
discourages abrupt movements in the baseline-regime inflation mean implied by the joint
normalization. The Epstein-Zin calibration fixes f and p, and estimates the remaining pa-
rameters within pre-specified bounds, including the risk-aversion parameter y. In the base-
line calibration, the maximum Sharpe-ratio penalty is activated above a value of 4, and the
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upper bound on 7 is set to 40. The optimization uses recursive starting values and retains the
solution associated with the lowest objective value. The estimated parameters are then used
to compute the model-implied survey c.d.f.s, option prices, joint physical and risk-neutral
distributions, risk premia, and tail-environment probabilities reported in the main text.

Appendix C. Joint normalization of inflation means

This appendix describes the temporary implementation that exactly matches, at each date,
the one-year SPF inflation point forecast and the one-year inflation swap rate. Let 777°F denote
the cross-sectional average SPF point forecast and suppose that the current regimeisi = 1, as
in the empirical implementation. The physical mean implied by the two-regime mixture is

Ef (741) = p1ifing + Prafin2. (C.1)

We impose the physical-mean restriction exactly. Hence, for any candidate value of the
baseline-regime mean, the second-regime mean is given by

= (C.2)

P12

Ur2 =

The swap restriction then reduces to a scalar nonlinear equation. We substitute (C.2) into
the swap equation (16). The numerator of that equation does not depend on either inflation
mean because « + e; = (—7,0)". The continuation-value vector is also unaffected by the
inflation means, since the fixed point in Proposition 1 depends on the log-Laplace transform
evaluated at (1 — 7,0)’. Consequently, conditional on all other parameters, the swap restric-
tion is a scalar nonlinear equation in 1. We solve this equation numerically and recover
Hrp from (C.2).

The two inflation means are therefore removed from the date-by-date optimizer. By con-

struction, the fitted physical mean equals 77 "

and the fitted swap rate equals the observed
swap rate. If the scalar equation admits more than one root, we retain the solution whose pair
of regime-specific inflation means is closest to the SPF point forecast in squared Euclidean

distance.

Appendix D. Model Fit Diagnostics

This appendix reports time-series diagnostics for the fit of the baseline Epstein-Zin spec-
ification. For each survey date, we compute root mean squared errors (RMSEs) separately
for the four blocks of observations entering the estimation: inflation SPF cumulative prob-
abilities, GDP-growth SPF cumulative probabilities, inflation floor prices, and inflation cap
prices. The SPF errors are reported in probability points, while option-pricing errors are re-
ported in basis points. The inflation point forecast and swap rate are not included because
the two inflation means are jointly backed out to match them exactly.
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To provide a benchmark, the figure also compares the model RMSE with the RMSE ob-
tained from the beta-smoothed distributions used in the fit figures. For survey data, the
benchmark is the beta c.d.f. evaluated at the SPF bin thresholds. For option prices, it is the
price schedule implied by the beta-smoothed inflation distribution. The relative RMSE is
the ratio of the model RMSE to the beta-benchmark RMSE, computed within each block and
date; values below one indicate that the structural model fits better than the beta benchmark
for that block and date.
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Figure D.10: Fit diagnostics for the baseline Epstein-Zin model. The left column reports RMSEs for inflation
SPF cumulative probabilities, GDP-growth SPF cumulative probabilities, inflation floor prices, and inflation cap
prices. SPF errors are expressed in probability points; option-pricing errors are expressed in basis points. The
right column reports the ratio of the model RMSE to the RMSE obtained from the beta-smoothed benchmark
used for comparison in the fit figures. A value below one means that the structural model fits the corresponding
block better than the beta benchmark on that date. The beta benchmark is not used in the structural estimation.
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Online Appendix A. Proofs of Gaussian-mixture properties

OA.A.1. Proof of Lemma 1
Proof. Recall that X = B'Y, where B takes values in {ey,...,e;} and is independent of ¥ =
(Yi,...,Yp), with Yj ~ N (j,07).

We write

IP(X < El) =1 [1{X<a}] =FE [1{B’Y<a}} .
Conditioning on B yields
J
IP(X < El) = Z]E[l{B’Y<a} | B = e]} IP(B = e])
j=1
Since B = e; implies B'Y = Y}, and using independence, we obtain
I

P(X <a)=)_P(Y; <a)A,

Finally, since Y~ N (plj, (sz ),

which gives the result.

OA.A.2. Proof of Lemma 2
Proof. We have

Elexp(uX)] = E[exp(uB'Y)].



Conditioning on B yields
J
Elexp(uX)] = ) E [exp(u B'Y)|B = e]} P(B = e;).
j=1

Since B = e; implies B'Y = Y}, and using independence, we obtain

J
Elexp(uX)] = ) Elexp(uY;j)] A;.

j=1

: : 2
Finally, since Y; ~ N (j, 07),

u?g?
Elexp(uY;)] = exp (uptj + T]> p
which gives the result.

OA.A.3. Proof of Lemma 4
Proof. We have

E [exp(uX)]l{X<a}] =E [exp (u B/Y)l{B’Y<a}] .
Conditioning on B yields
J /
E [exp(uX)]l{X@}} =) E [exp (uB'Y) gy |B= e]} P(B = e)).
j=1
Since B = e; implies B'Y = Y}, and using independence, we obtain
J
E [exp(uX)]l{X@}} =) ME [exp(uY]')]l{qu}} .
=1

Since u > 0, we can equivalently write {Y; < a} = {uY; < ua}, hence

E [exp(ux)]l{XQz}} - il/\]IE [exp(uyj)]l{ul/j<ua}} .
j=

Applying Lemma 3 to each Gaussian component yields

E [exp (01 uy,cuay | = 8 gy, ur, ua),

which gives the result.



OA.A.4. Proof of Lemma 5
Proof. B = e; implies (X,Y)" = (X, Y;)". Hence
]P(X <uY< Z)) = ]E[I{X<u,Y<v}] = ]E[l{B’Z<(u,v)’}]'
Conditioning on B yields
J
]P(X <uY< Z)) = Z]E[I{B’Z<(u,v)’} ’ B = e]] IP(B = e])
j=1

Using independence, we obtain
]
P(X <u,Y <v)=) AMP(X;<u,Yj<v),
j=1
which gives the result. O

Online Appendix B. Proofs

OA.B.1. Proof of Proposition 1

Posit a value function of the form U; = (u’z;)C;, and substitute it into the right-hand side
of (4). Using
Cry1 =G eXP(Xé,tHZtH)f

we obtain

‘ _

1

Ui = [(1=B)C; 7+ B (B [{Crexp(Xlzien) (w2} 7] ) T

—_
|
= ‘"Q\»—l
I |
—
|
ol

Factoring out Ct1 “Yf and simplifying yields

1
— 1—
-7

E; [eXp{(l - 7)X2¢+12t+1}(u’Zm)l_q = (g0 111_7)/PIZt-

—

Sl
el

)|

u'z = {(1 —B)+B (Et [exp((l — V)Xt 1Zt4+1) (ulzf“)l_ﬂ)

Using the Markov property of z; and the definition of g,

Since the equality must hold for all realizations of z;, (5) follows.



OA.B.2. Proof of Proposition 2

Given the value function, the real SDF implied by Epstein-Zin preferences is

1_
oY

1
L (C1\ P Up 1
Mia = () Res
<]Ef[ut+17]>

Substituting the consumption-growth specification and the value function gives

5=
u’zt 1
Mgrt)ﬂ = Pexp (—’Y Xé,t+1zt+1) — T
(e [exp((1 = )%, 41200) (Wze30) 7))
The nominal SDF is Mfﬂl = ME?H exp(—4+1). Hence, up to a normalization known at

date ¢, the nominal change of measure tilts next-period outcomes by

exp («'wip1 +0log(u)'zi1), a=(—7v-1), 6=1/p—1.

It follows that
(n)
(n) M
? (v,s) = E '1'3X]P(V/Wt+1JFS/ZtJrl)t—,t(j;)1
IEt(Mt,t-l—l)

exp [@(v +a) +0log(u) +s]) Pz
exp [p(a) +Olog(u)]' P'z;

Using the definitions of m(") and goQ<n) gives

Q) o Q) "L (n)\ p’Aq; 1
- (v,s) =exp [go (v) + s} diag (m ) P'diag o) ) 2
which is (9) with Q") defined in (10).

OA.B.3. Proof of Corollary 1
Under Assumption 3,

1
@i(v) =vu + EV’Ziv.
Using (11),
(n) 1
9P (v) = 9i(v+ ) — gi(a) = V(i + Ziw) + 5V'E.

Thus the covariance matrix is unchanged and the conditional mean is shifted to u; + L;a.



OA.B.4. Proof of Proposition 3

At date ¢, the fixed and floating legs of the inflation swap have the same value:
By (M explmaa]) = Br(M},) exp(rsy).

Therefore 7'(t511 = log lE(tQ(n) [exp(7ti+1)]. Applying Proposition 2 with v = e; and s = 0 gives
(15). Expanding the same expression conditional on z; = e; gives (16).

OA.B.5. Proof of Proposition 4

The floor price is

_ (n)
Floor,;(K) = e "E2 ([exp(K) — exp(mt41)] L, 1 <x})
_ (n) —rEQ™
— T’H‘K]E? (]l{m+1<1<}) —e ”IE? (eXp(ﬁt+1)]1{m+1<K})'

The first term is the mixture c.d.f. h((-)gtn), K) and the second is the truncated mixture Laplace
(n)
02

transform H(6, ",

1,K). The cap formula follows from put-call parity:
Capn’t(K) — FlOOI‘n,t (K) — e*rt (E?(") [eTEH_l] _ €K> — e*”t (enﬁl _ €K> .

Online Appendix C. CRRA Mixture Illustration

This appendix collects the assumptions and formulas underlying the static CRRA illustra-
tion in Section 2.3 of the paper. The purpose of this benchmark is pedagogical: it isolates the
mechanism through which the pricing kernel reweights the joint distribution of inflation and
consumption growth. The empirical baseline in the paper is the Epstein-Zin Markov model
of Section 3.

Because CRRA preferences are time-additive and non-recursive, the one-period stochastic
discount factor depends only on consumption growth between dates 0 and 1. The illustration
can therefore be written as a two-date economy, with no continuation-value state. This is
precisely the feature that makes the benchmark analytically transparent, and also the reason
why the Epstein-Zin baseline is needed in the main empirical analysis.

OA.C.1. Preferences and risk-neutral dynamics

Consider a two-period economy populated by identical agents with constant relative risk
aversion (CRRA) preferences. The agents’ date-0 utility is

1— 1—
u—COVHE G
0_ 0 7

1—7 11—

where C; denotes consumption at date i, [Eg is the expectation conditional on date-0 informa-

tion, and vy is the coefficient of relative risk aversion.

5



Without loss of generality in this two-period environment, we omit the pure rate of pref-
erence for the present. The real stochastic discount factor between dates 0 and 1 is

M§” = exp(—YdAcy),

where ¢ denotes the length of the period in years, and Ac; = (1/6) log(Cy/Cp) is annualized
log consumption growth. The nominal SDF is

M = MY exp(—omy), (OA.C.1)
where 717 is inflation between dates 0 and 1.

OA.C.2. Consumption and inflation distributions

There are three sources of uncertainty: &9, ¢f, and B. The variable B is Bernoulli with
parameter A, and ¢j and ¢ are independent standard normal shocks, independent of B. Con-
sumption growth and inflation are

Aci = (1—B)(pc+ 0eeq) + B(jfic + c€9), (OA.C.2)
1 = (1= B)(Ur + Once] + Onnel) + B(fix + Tnce] + 0nnel).  (OA.C3)

Let wi = (Acy, 11)" and &1 = (€9, €7)". Then
wi = (1— B) (;; + 21/281> +B (y + 21/281> , (OA.C4)

with

_ <;uc>’ i = (l:%)I y1/2 _ (‘Tc 0 )’ /2 _ <~Uc ~0 ) (OA.C.5)
Ur Ur Once Unm Once Unm

OA.C.3. Risk-neutral transformation

Let
o= (—v6,-0).

Under the nominal risk-neutral measure, the distribution of w; remains a two-component
Gaussian mixture:

wi = (1-BQ) (42 +£/2) + B2 (52 + £2%2),

where BQ ~ B(AQ), e2 ~ N(0,1d), and

(OA.C.6)



The conditional means are tilted according to

pe =+ Za, —ji+ L. (OA.C.7)

=

OA.C.4. Pricing formulas

For a univariate two-component Gaussian mixture with parameter vector 0 = (1, 01, pi2, 02, A),

define
1(6,a) = (1— A (”_”1) AP (”_”Z), (OA.C.8)
(%5} (%]
and ),
2,2
P(u,0) =(1—A)exp <upt1 + %) + Aexp (uyz + u2(72> . (OA.C9)
Also define
H(0,u,a) = (1 —A)g(upq, uoy, ua) + Ag(upp, uos, ua), (OA.C.10)
where

o2 a—u—o?
g(u,0,a) = exp (u+ 7) P (—U ) .

Let 62 denote the risk-neutral mixture parameters of inflation. The inflation swap rate is
1
15 = 5 log ¥ (s, 62). (OA.C.11)
The prices of an inflation floor and cap with strike K are

Floor;(K) = exp(—6r+ 0K)h(62, K) —exp(—or)H(6%,6,K),  (OA.C.12)
Cap,(K) = exp(—odr) [1[)((5, 69) — exp((SK)] + Floor(K). (OA.C.13)

OA.C.5. Maximum Sharpe ratio

Let 1w denote the Laplace transform of wj under the physical measure. Since the nominal
SDF is proportional to exp(a’w; ), the Hansen-Jagannathan maximum Sharpe ratio is

max SR = \/exp [log hw(26) — 21og Py (a)] — 1. (OA.C.14)

OA.C.6. Swap-implied inflation mean

7'[8 — 5108 <(1—/\Q)exp (5ﬂg+ (O'Tr,cz Un,n) +/\Qexp 5]1{7%4— ( rr,c2 n,n) .



Using that y% = Ug — Y00:07,, this gives:

6(02,+02 1)
Unp = YO0Orc — >

1 1 S Q ~Q 52(~72r,c + ~72'[,7T)
+glog { T30 exp(dmy) — A= exp <5yn + 5 .
A first-order approximation gives

1 5(0% . +0% ) 2Q i 52+ 52 )
.”n:’ﬁ(fc(fn,c-i-l_)\@ﬂg— "’Cz A2 - T30 V%—i— n,cz 7,

Online Appendix D. Estimated Parameters

This appendix reports the time series of parameters estimated in the baseline Epstein-
Zin specification. These parameters are obtained from the recursive estimation described
in Appendix B. They are reported for transparency and are not interpreted individually in
the main text, where the focus is on the model-implied distributions, risk premia, and tail-
environment probabilities.



Figure D.11: Estimated parameters of the baseline Epstein-Zin model. The figure reports the date-by-date
estimates of the parameters entering the two-regime conditional Gaussian specification and the calibrated risk-
aversion parameter. The baseline-regime inflation mean is backed out from the inflation swap rate, as described
in Appendix B. The intertemporal elasticity of substitution and subjective discount factor are fixed in the base-
line calibration.
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