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ABSTRACT: It is well established that the U.S. prewar output was more volatile and less shock-
persistent than the postwar output. This is often attributed to the data interpolation employed to
construct the prewar series, rather than the postwar stabilization policies and institutional changes.
Our analytical results, however, indicate that commonly used linear interpolation has the opposite
effect on shock persistence and volatility of a series—it reduces short-run volatility and raises shock
persistence. Therefore, interpolation does not seem to explain away the observed gaps between the
volatility and shock persistence of the prewar and postwar series. If anything, it may hide part of the
true gap. Consequently, our results strengthen the case that the prewar-postwar difference reflects real
economic changes rather than interpolation, leaving stabilization policies and institutional changes as
possible explanations. Our results hold for parsimonious stationary and nonstationary time series
commonly used to model macroeconomic data. Our theoretical finding is also supported by a
counterfactual empirical exercise we conduct using U.S. postwar series.

JEL Codes: E32, EOI, N10, C02, C18, C22, C82

Keywords: Business Cycles, Output Volatility, Shock Persistence, Prewar and Postwar U.S. Time
Series, Linear Interpolation, Variance Ratio, Stationary Series, Nonstationary Series, Periodic Non-
stationarity, Missing Observations, Macroeconomic Stabilization, Economic Policy

* This is a significantly expanded version of a working paper we had circulated earlier with the title “The Role of Interpolation in the
Prewar-Postwar Output Volatility Debate: A Closer Look and New Results.” We thank Theodoros Bratis, Bob Chirinko, Caroline
Fohlin, Philip Franses, Louis Johnston, Daniel Kaufmann, Lutz Kilian, Dmitry Kulikov, Essie Maasoumi, Hugo Mialon, Marco Olivari,
Luis Puch, Juan Rubio Ramirez, Kung Tian, Joseph Zeira, Jesus Vazquez, and Tao Zha for helpful discussions and comments on earlier
drafts of the paper, and the participants of the 2026 Royal Economic Society Annual Conference, the 2026 International Economic
Association’s World Congress, the 2026 Georgian Economic Association Annual Conference, the 2026 University of Warsaw
International Economic Meeting, the 2026 Nordic Econometric Society Conference, the 2026 Midwest Macroeconomics Conference,
the 2025 Annual Conference of the Economic History Association of Israel, and the 2025 Annual Conference of the Society for
Economic Measurement for useful suggestions. Any remaining errors are ours.

Note: We received no funding for this project, and we have no conflicts of interest.

** Corresponding author: Daniel Levy, Daniel.Levy@biu.ac.il




“The existing estimates of gross national product for the 70 years before World War II have done more to shape
economists’ perceptions of prewar business cycles than any other macroeconomic series... Hence, much of what
economists believe about prewar cyclical fluctuations is derived directly from the cyclical behavior of prewar GNP. As a
result, the accuracy of the prewar estimates of GNP is one of the main determinants of the accuracy of our views about
the prewar cycle.”

Christina Romer (1989, p. 1)

“There are two possible explanations of [the] apparently different behavior [of GNP] before and after World War 1. The
first is that shocks to GNP have in fact been more persistent in the latter part of the twentieth century than they were in
the nineteenth and early twentieth centuries. The second explanation is that the relatively low serial correlation is a
spurious result of the interpolation procedure used to construct the annual estimates for the early period.”

James Stock and Mark Watson (1986, p. 149)

1. Introduction

A large body of research by macroeconomists and economic historians is devoted to studying
the difference between the characteristics of prewar (WWI) and postwar (WWII) output and other
macroeconomic aggregates. Analyses of these differences contribute importantly to our
understanding of the macroeconomy and business cycles as well as the role that stabilization
policies and institutional changes play in macroeconomic fluctuations (Burns 1960, Lucas 1977,
Romer 1989, Bergman et al. 1998, Basu and Taylor 1999). The two particularly important
characteristics that these studies focus on are (i) the volatility and (ii) persistence of short-run
movements in output and other macroeconomic aggregates (Romer, 1991).

Burns (1960), Lucas (1977), Bailey (1978), Tobin (1980), Taylor (1986), DeLong and
Summers (1986, 1988), Cochrane (1988), Backus and Kehoe (1992), Zarnowitz (1992, 1998),
Fuhrer and Schuh (1998), and Samuelson (1998), among others, argue that the prewar U.S.
economy was far more volatile than the postwar economy. Stock and Watson (1986), DeLong and
Summers (1986), and Campbell and Mankiw (1987a, 1987b) also report that prewar series exhibit
lower shock persistence than the postwar series.

Romer, however, states (1986a, p. 314) that the prewar-postwar difference in output behavior is
a figment of the data. She argues that much of what we know about the behavior of output, prices,
employment, and more generally, business cycles before World War I might have been influenced
by the interpolation of prewar historical time series (Romer 1986a, 1986b, 1989, 1991, 1992, 1994,
and 1999). This argument draws on the fact that many prewar macroeconomic series were observed
at low or irregular frequencies or contained missing observations, so to increase the frequency or
generate missing observations, linear interpolation was commonly used because of its simplicity and

intuitiveness. Interpolation is, therefore, viewed as one of the key factors that may have contributed



to the differences found between the prewar and postwar business cycles.!

In this paper, we present analytical results that are contrary to this viewpoint. Specifically, we
show that linear interpolation reduces the volatility and increases the shock persistence of both
stationary and nonstationary series. This is the opposite of what is conjectured in the literature
about the effect of interpolation. We reach this finding by analytically modeling linear
interpolation of time series and deriving volatility and shock persistence measures for both original
(non-interpolated) and interpolated time series and comparing them. We study five parsimonious
data-generating processes (DGPs) commonly used in modeling macroeconomic time series,
including stationary and nonstationary (difference-stationary) processes.

More specifically, our findings are as follows. First, linear interpolation reduces the volatility
of the series and increases their shock persistence in all models we examine, regardless of whether
the original series is a pure random walk, a random walk with ARMA (1,1) errors, or a stationary
AR(1), MA(1), or ARMA(1,1) process. Second, the size of these changes depends on the
underlying DGP and the length of the interpolated segment (number of missing data points). Third,
for all interpolated series, the variance ratio measure of shock persistence is larger than the
corresponding theoretical value of the original noninterpolated series. Fourth, the variances of all
interpolated series we derive exhibit periodicity.

We adopt the analytical approach because it is not feasible to empirically examine the
conjectured effect of interpolation on time series data, given the limited availability of non-
interpolated prewar data. However, we also conduct a counterfactual empirical exercise using real
postwar U.S. series to see how linear interpolation affects the actual postwar U.S. data. The results
of this exercise are consistent with our theoretical findings.

Our findings imply that the difference between the volatility and shock persistence of the U.S.
prewar and postwar macroeconomic series reported in the literature is not necessarily the artifact of
linear interpolation of prewar data, as argued. If at all, linear interpolation (a) should have reduced
the volatility of the output series, not increased it, and (b) should have increased shock persistence,

not reduced it. To the extent that linear interpolation was employed to generate the prewar data

' Romer (1986¢, p. 343, and 1989, p. 18) also argues that the use of linear interpolation to construct the missing prewar
unemployment data is a possible source of the excess volatility found in Lebergott’s (1964) labor force participation and
unemployment series. Moreover, Stock and Watson (1986), Jaeger (1990), and Dezhbakhsh and Levy (2022) suggest
that the prewar-postwar differences in macroeconomic time series properties may be due to the interpolation procedure
used to construct the prewar series. Charles and Darné (2010) draw similar conclusions based on robust unit root tests
and also point to linear interpolation as the probable cause. Dezhbakhsh and Levy (1994) show that interpolation
introduces periodicity in the moments and the cross-moments of the series, further conjecturing that it might affect a
series’ shock persistence properties. Franses (2022) and Dezhbakhsh and Levy (1994) show that linear interpolation
alters the autocorrelation structure of the time series, which, if ignored, can lead to spurious results.
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series, and low-order, parsimonious time series DGPs can approximate them well, our findings lead
to a surprising conclusion that the true differences in the shock persistence and volatility of the
prewar and postwar series may be far larger than the existing literature recognizes. That is because
without interpolation, the prewar output would have been even more volatile and less shock
persistent.

The merit of our work is borne out by the importance of historical data in shaping our
macroeconomic understanding and the widespread use of linear interpolation in historical data
construction. Refuting the argument that interpolation drives the widely accepted stylized fact that
the postwar output was less volatile and more shock-persistent than the prewar output, and
presenting analytical results that show the opposite, suggests that the effectiveness of postwar
stabilization policy and institutional changes may have indeed contributed importantly to prewar-
postwar differences, as argued by Burns (1960) in his AEA Presidential address, as well as by
others.

The paper is organized as follows. In section 2, we discuss linear interpolation, its widespread
applications in economics and other fields, and its expected impact on time series and their
properties. In section 3, we develop a framework for modeling linear interpolation and describe the
measures of volatility and shock persistence we employ. In section 4, we derive the shock
persistence properties of a stationary series with and without interpolation for a variety of
parametric specifications. In section 5, we do the same for nonstationary series by deriving the
shock persistence properties of a nonstationary series with and without interpolation. In section 6,
we examine the effect of interpolation on volatility by comparing the short and long variances of the
non-interpolated and the corresponding interpolated series. In section 7, we report the results of a
counterfactual exercise with actual postwar U.S. aggregate data. In section 8, we conclude by

discussing the macroeconomic implications of our findings and offering some caveats.

2. Interpolation and Economic Time Series

Some economic time series, and particularly historical data, are available only at low frequency.
Examples include prewar data in the US, Europe, and other countries that were not available on an
annual basis, quarterly series extracted from annual data, or weekly retail data that contain missing
observations. Moreover, the Census of Manufacturers Data—one of the most important historical
series that also includes GDP, GDP deflator, and unemployment rate—were collected once every 10
years during the period 1869—-1899, once every 5 years during the period 1899-1914, and once every
2 years during the period 1914-1919 (Stock and Watson, 1986).



In such situations, linear interpolation was often used to increase the frequency of the available
data. For example, much of the prewar data on output and other aggregate variables posted at

www.MeasuringWorth.com, a popular historical data archive, was constructed using linear

interpolation. Other examples include the widely used time series constructed by Kuznets (1946,
1961), Shaw (1947), and Friedman and Schwartz (1982). The calendar period averaging, which
statistical agencies like the U.S. Bureau of Labor Statistics often employ for data estimation, is also
a form of interpolation. For example, monthly CPI data for the period January 1913—August 1940
were constructed by the U.S. Bureau of Labor Statistics using calendar period averaging (BLS
1966, p. 10).2

The use of linear interpolation to generate missing observations is not limited to statistical
agencies. For example, Lebergott (1964) constructed an annual labor force participation rate for the
1900-1939 period by linearly interpolating between census years and applying the interpolated rates
to population data for the intercensal years. Other applications include Levy and Chen (1994) for
constructing aggregate quarterly capital stock series from annual data, Ma and Chu (2014) for
constructing China’s GDP data for 1840—-1912, Johnson and Williamson (2018) for constructing
GDP series, and Levy et al. (2020) for generating the missing observations of weekly time series of
retail price series for the 1989-1997 period. Karger and Wray (2024) use linearly interpolated
income data to study the lifetime earnings gap between whites and blacks.

Moreover, many international historical series have a linearly interpolated component. Cogley
(1990), for example, analyses historical data for 9 countries: Australia, Canada, Denmark, France,
Italy, Norway, Sweden, the UK, and the US, where the source of these data, except for the US, is
Madison (1982).° In discussing his data, Maddison (1982, Appendix A) refers to country-specific
sources for this data. Our examination of these sources reveals, perhaps not surprisingly, that various
types of linear interpolation were used in building country-specific historical series; e.g., linear
interpolation of the output series, linear interpolation of the component series, linear interpolation of
the price indexes used to deflate the nominal output values, etc.

Other interpolation examples are prevalent in historical studies of financial markets where

2 Linear interpolation is also widely used in other disciplines. In epidemiology, COVID-related death figures that were reported
during the pandemic were mostly based on interpolation (Katz and Sanger-Katz, New York Times, March 28, 2020). In Archeology,
Carleton et al. (2014) show that the reported effects of cyclical droughts in the 1st millennium on Classic Maya society are artifacts of
bias introduced by linear interpolation. Other data interpolation examples include Adorf (1995) in astronomy, Jane et al. (2016) in
bioinformatics, Liu (2016) and Liu and Hauskrecht (2016) in medicine, Shi (2015) and Shi et al. (2017) in forestry, and Brye et al.
(2026) in environmental science.

3 For the US, Cogley uses data from Balke and Gordon (1986), who do not employ interpolation methods for estimating their output
series. Some of the international data series that Backus and Kehoe (1992) employ are either interpolated or contain interpolated
components.
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observed asset prices are often treated as representative of the market to address thin trading that is
endemic to such data (Rousseau 2009, Campbell et al. 2018a and 2018b). For example, Case et al.
(2025) show that on the Brussels Stock Exchange, on average, 42.5% of corporate bonds did not
trade at all in a given year. To overcome this problem, linear interpolation is frequently employed to
fill in for the missing data (see, e.g., Fohlin 2025).

The potential adverse impacts of interpolation on stochastic properties of series and inference
drawn from them have been suggested by several authors. For example, Balke and Gordon (1989)
and Romer (1989) discuss the extent to which interpolation might have tainted key macroeconomic
findings. Kaufmann (2020) suggests that CPI interpolation may have caused a misclassification of
the 19™-century inflationary and deflationary periods as well as the underestimation of the shortfall
in economic activity during deflationary periods. Charles et al. (2014) find that if one uses the
interpolated real GDP series of Johnston and Williamson (2018), then more than 50% of the peaks
and troughs in the U.S. business cycles, as identified by the NBER and Davis (2006), are altered.
Cheung and Chinn (1997) and Murray and Nelson (2000) also conjecture that linear interpolation
may have altered the statistical properties of historical time series. In line with Dezhbakhsh and Levy
(1994), Franses et al. (2006) and Franses (2013) argue that interpolation is a possible cause of the
periodicity found in the variance of many macroeconomic series they analyze. Moreover, Johnston
and Williamson (2003) find that interpolated historical U.S. GDP series exhibit fragile short-term
properties, while Ehrmann (2000) discusses the challenges that interpolated series pose when
assessing the monetary policy transmission across EU countries.*

Several studies conjecture that interpolation might have changed the shock persistence
properties of the prewar macroeconomic series (e.g., Stock and Watson 1986, Jaeger 1990,

Dezhbakhsh and Levy 1994, and Charles and Darné 2010).° Others have argued that interpolation

4 Several studies have also pointed out the drawbacks of using interpolation on methodological grounds. For example,
Douglas (1930, p. 56) argues that the convenient assumption of even changes is not only logically improbable but also
refutable given the uneven changes in observed data. Hanes (2006, p. 156) holds similar views about Long’s (1960)
CPI series constructed from scanty retail price and rent data. Keating and Valcarcel (2015) highlight the quality
differences between the interpolated pre-1929 and actual post-1929 real GDP data. Johansson (1967) provides GDP
estimates for Sweden for 1861—-1955 but warns against using his data for studying Swedish business cycles because, in
his view, short-term cyclical fluctuations are likely to be concealed by various types of interpolations and extrapolations
used in constructing the GNP data.

5 Some studies suggest that interpolation can distort the statistical properties of time series (e.g., Stock and Watson 1986,
Jaeger 1990, Dezhbakhsh and Levy 1994, Cheung and Chinn 1997, Murray and Nelson 2000, Charles and Darné 2010,
among others). Moreover, some authors suspect that interpolation can potentially taint macroeconomic findings
(Ehrmann 2000, Franses et al. 2006, Davis 2006, Franses 2013, Charles et al. 2014, Williamson 2018, and Kaufmann
2020). Douglas (1930), Hanes (2006), and Keating and Valcarcel (2015) emphasize other shortcomings of linear
interpolation, noting that the approach is logically improbable and easily refutable when contrasted with the observed
data and that the final result is data of inferior quality.



might have been the cause of the lower shock persistence observed in the U.S. prewar economic
series (e.g., Stock and Watson 1986, Jaeger 1990, Dezhbakhsh and Levy 2022).°

In this paper, we go beyond criticism of linear interpolation through cautionary notes or
conjecturing about its likely impact. Instead, we analytically assess the effect of linear interpolation

on the statistical properties of time series.

3. Framework for Analyzing Linear Interpolation
Consider a DGP denoted by {YT} where T denotes time. To model missing values and

interpolation effects, we divide the series generated by this process into segments of equal length s,

where only one observation is available in each segment, and the rest may be missing. Based on this
segmentation, the series {YT} can be denoted by ,;, where the two subscripts, respectively, identify
the segment and the location of the period within a segment.

Accordingly, the series Y, can be rewritten as Vi»i=12,..,5, s>1land 1 =1,2,..., with the
following equivalency:
(1) Y=y». Y=y, ¥ =y, Y =y Y, =y, and ingeneral, ¥, =y, .
For example, for quarterly data, the subscripts for );; denote years ¢ and quarters i. Thus, a 10-year-

long quarterly series will be denoted by y,;, £=1,2,...,10 and i=1,2,3,4, while the original series

are 1,Y,,...,Y,,. In the context of historical settings cited in section 2, ¢ and i, respectively, denote

decades and years within the decades, where s =10, and ¢ denotes decades. This would fit the case
of interpolating missing annual observations from decennial benchmark data, as it was often done
by economic historians and macroeconomists.

More generally, however, if ¢ is an arbitrary time interval, then i denotes equal, non-

overlapping sub-periods within that time interval. Therefore, when the series contains no missing

values, we observe y,,V¢,i, but when there are missing values, we only observe y, Vi|i=s.
Linear interpolation is used to obtain the missing values of the latter series V¢ |i # s, resulting in a
new series which we denote by x, ;, where x,, =y, l.Vt|i = s for the benchmark observations.

As noted, many historical series that were not collected on a regular basis had to be constructed

6 Jaeger’s (1990) finding that interpolation reduces shock persistence is based on a simulation where he assumes that the
interpolation involves a padding term that is identical to the moving average component of the assumed true DGP.
Dezhbakhsh and Levy (2022) show that Jaeger’s simulation results can be analytically verified. However, his
assumption that interpolated series are constructed with full knowledge of the true DGP is unrealistic.
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by means of linear interpolation of benchmark observations. The missing s —1 observations were
generated for each 7 using a segmented linear interpolation. Following this practice, we define
i i s—1
@ x == (Ve ) = Y, -
N N N
Note that in the benchmark periods, the original non-interpolated series y,; and the corresponding
interpolated series X, ; coincide by construction; e.g., x,; = y,, when i =s.
To characterize shock persistence properties, or long memory, of a time series, we adopt

Cochrane’s (1988) measure of shock persistence, which for the series Y is given by V =0, / ko,
where of =var(Y,—Y,,) denotes the “short variance,” i.e., the variance of the series’ 1-period

growth, and o] =var(¥,—Y,_,) denotes the “long variance,” i.e., the variance of the series’

cumulative growth over k-periods. As Stock (1994, p. 2741) notes, “... the presence of a unit root
in output implies that shocks to output have great persistence through base drift, which can even
exceed the magnitude of the original shock if there is positive feedback in the form of positive
autocorrelation” (Campbell and Mankiw 1987a, 1987b, Cochrane 1988). In other words, the
variance ratio measure of Cochrane (1988) is intended to ascertain whether or not the series
converges to previous forecasts following a shock or diverges from these forecasts (Campbell and
Mankiw 1987a, 1987b). The variance ratio reflects the magnitude of the variance of the shocks to
the permanent component of the series relative to the variance of yearly growth rates. A larger value

reflects a longer memory and thus more persistence.

Additionally, we use the variance of 1-period output growth, & =var(Y,—Y,,), as a measure of

output volatility similar to Acemoglu et al (2003) and Ramey and Ramey (1995), for example.

In our analysis, we consider both stationary and nonstationary series. We use canonical models
such as AR(1), MA(1), and ARMA(1,1) for stationary cases and random walk with i.i.d. errors and a
random walk with ARMA(1,1) errors for nonstationary cases. Our modeling choices are justified by
the fact that such low-order processes are commonly used for their parsimony to model stationary,
nonstationary, or even mixed (random walk plus a stationary) economic time series (e.g., Cochrane
1988, Campbell and Mankiw 1987a, 1987b).

To implement interpolation, in each model, we assume that in each s-period time segment ¢,

i=1,2,...,s, only one data point, the benchmark observation, is observed. The remaining s —1

missing observations are generated using linear interpolation. Without loss of generality, we assume



that the benchmark observations are y, .,7 = L,2,...,1.e., the s” observation for each .’
To examine the effect of interpolation on shock persistence or volatility, we derive the variance
ratio measure for (i) the original non-interpolated series ), ;, and for (ii) the linearly interpolated

series X, ;, obtaining

2 2
_ovar(y,, —y.,) | Ok, _ovar(x, —x,) O

g kVar(yz,i _yt,[fl) kGlz,y ,

and

€)

. kvar(xt,i _xt,i—l) - ko—lz,x

and assuming, without loss of generality, that the displacement-lag k equals s.* The two measures
are then compared to identify the effect of interpolation on the persistence properties of the

interpolated series.

4. Effect of Interpolation on Shock Persistence of Stationary Series

4.1. Stationary AR(1) Process

Consider a stationary AR(1) model, ¥, =a¥, | +E,, T =12,..., where |a| <1 and
E, ~ i.i.d.((), O'j) . Using the notation above, the process can be rewritten as
Vii=ay, té,t=12,.,andi=12,....s, where &, ~i.i.d.(0,6§) corresponds to £ in the
same way as y,; corresponds to ¥..°

Setting i =s, we havey, ;= ay, , +¢& . After successive backward substitution (s times),

we obtain

5

4) yo=a'y,+y.a e, .

j=1
4.1.1. Shock Persistence of the Original, Non-Interpolated Stationary AR(1) Series

To obtain the shock persistence measure V, for the process in (4), we need to derive the short and
the long variances, o} , and o; , » respectively. Consider the process y, ( =ay, ., + &, and subtract

¥, from both sides. The short variance can be expressed as

7 The formulation is general, and it applies to all observations, J,,, £ =1,2,...,and i =1,2,...,s.1f § = 1, then there is no

interpolation, and thus the original and the interpolated series coincide.
8 We dropped this convenient assumption for the random walk model by setting k as a multiple of s, but the main finding did not
change.

’ Note that lag of ¥,, =), , =

=15 °



2 2
(5) Glz,y = Var(yt,s _yf,s—l) :(a—l)z Var(yt’s_l)—i_aj B lf; ’

2
o

using the fact that the Var( Y, H) =7 —.
’ -a

To obtain the long variance O',i ,» Werewrite Y, =Y, by substituting for y, A from (4).

Accordingly, y, -y, = (Of - 1) Y1, + 2,0’ e, . The long variance can then be derived as
j=l '

o, = Var(ytys - y,_l,s) Var[( l)yt g ZS: as—fgw}
=

2
e s (e’ -1) 1= o 2(1-a')

6 =(a’ —1) var +var| Y a’g . |= o+ o.=———"0"
( ) ( ) I:y’*I’S] (]ZI l,/J l_az £ l_az £ l_az &
Note that the above derivation uses the fact that V&I‘(Z a e, J o’ [Z 26 )] (Zaz(] K J

Jj=1 Jj=1
s ) 1 _ 2s
Z o’V = — . The latter equality is used in the proofs below.

j=l l_a

The variance ratio for our original, non-interpolated time series y, ( is obtained by substituting (5)
and (6) into (3), which yields

2
_ O-k,y _ 1-af

7V =k
™ kofy s(l-a)

¥

<1,

where the last inequality, which is in line with Cochrane (1988) and Cogley (1988), is formally
proved in Appendix A.L

4.1.2. Shock Persistence of the Interpolated Stationary AR(1) Series
The linearly interpolated series, as denoted by (2), is given by

i i s—1i . i—1 s—i+1
xt,i = ;(yt,s - yt—l,s)+ yt—l,s = ;yt,s + s yr—l,s 2 Where S 22 : Wlth xt,i—l = P yt,s + s yr—l,s as

a one-period displacement, the short variance of the interpolated series will be the variance of

X,; —X,;, or the variance of ~ ( Yiu— Vo1, ) givenby

2(1—0[‘

5 1Y 1Y 2 ) 2
3 O, = Var(xt,l. _xt,i—l) = (;j Var(ym _yt—l,s) = (;j Oky = mgg :



The long variance is the variance of the s-period differenced series x,, —x,_,;.'"" The interpolated series’
k-period difference can be expressed as follows (recalling that k =5 >2):

_i S—1I I S—I . Vs T Vs
xt,i TN T _yt,s + yt—l,s __yt—l,s - yt—Z,s =1
S S S S

2

o yt—l,s _yt—2,s
- +(s—1) B

where the bracketed terms are obtained from equation (4). The long variance is, therefore, given by

yt’s - yt_LS i (S _ 1)2 var yt—l,s _yt—Z,s

): i*var
s s

2 _
Orx ™ Var(xt,i — X1

. . Vis — Vi, Yicts = Viea,
+2i(s—i)cov| | —=——= || =
s s

This shows that the k-period growth variance of the interpolated series depends on i, implying that it
is characterized by periodic variation. This is a recurring property in the results we report for the
interpolated models we examine.!!

To eliminate the dependence of the variance on i, we compute the expected value of the
variance, conditional on i. As shown in Appendix A-II, this yields

2
©) o, = m ((1-a)3s*+a's ~a* +3)].

The variance ratio statistic for the interpolated AR(1) process is obtained using (3), (8), and (9):

2
O, K 2 s 2 K
—————— || (-’ )3s" +a’s"—a’ +3)
10 V- of, |3s(1-a?) [ ]_s2(3+of)+(3—0f)>1
* kofx 2(1_as) ) 6s .

We show in Appendix A-III that for the AR(1) process, the variance ratio for the interpolated series

is larger than 1.

Two other observations are noteworthy. First, recall that for the original AR(1) series, V, <1.

After linear interpolation, however, we have V. >1. For a simple random walk process, V' =1 (e.g.,

10 We envision the case where annual data are interpolated using decennial “benchmark” observations, consistent with many
historical applications of linear interpolation, as discussed earlier. That would fit the interpretation of Cochrane’s measure of shock

persistence as is often employed by practitioners—a ratio of the variance of the series’ cumulative growth over, say, £ =10 years, to
the variance of the series’ 1-year growth.

1 Our findings here are also consistent with the findings of Dezhbakhsh and Levy (1994), that linearly interpolated series exhibit
periodic variation in their moments irrespective of the true nature of the original, non-interpolated series. They study the effect of
linear interpolation on the moments a trend stationary series and report that linear interpolation introduces non-stationarity in the
series variance-covariance structure. Specifically, they find that the interpolated series’ variance, covariance, and the autocorrelation
function, all vary with i leading to “periodic variation.”

10



Cochrane 1988, Cogley 1988). It follows, therefore, that linear interpolation of a stationary AR(1)

time series yields a time series that is more persistent than the original series, V, >V, . Moreover,

interpolation makes a series more persistent than a random walk.

2 s 8
Second, the limV_ = lim{@} +lim{%} diverges, so for a stationary AR(1)
§—>00 §—>00 S §—>00 S

process, as the number of sub-periods in between the benchmark observations increases, the
interpolated series becomes more persistent. In other words, the persistence of the series obtained
through a linear interpolation of a stationary AR(1) series increases with s.
4.2. Stationary ARMA(1,1) Process

Consider a stationary ARMA(1,1) process ¥, =a¥, , +U, where U, =E, +0E, | and

Ep ~ i.i.d.(O, 652 ) , '=12,..., a| <1 for stationarity, and |9| <1 for invertibility. The process can be

rewritten as y,, =&y, +u,; and u,, =¢,,+0¢,, |, where t=1,2,...,i=12,...,s, and

ti-1°

£, ~ i.i.d.(O, 082), where u,; and ¢,, correspond to U, and E; the same way as y,, corresponds
to Y.

Setting i =s, we have y, =ay,  +¢, +0¢ , which, after successive backward substitutions s

t,s—1>°

times, yields

s—2
— J s—1
(1 1) yt,s =a yt—l,s + za (gt,s—j + egt,s—j—l ) ta (gt,l + egt—l,s ) ’

j=0

where the last term is written separately because its subscripts do not correspond to the summation index.

4.2.1. Shock Persistence of the Original, Non-Interpolated Stationary ARMA(1,1) Series

Because y,, —y,,, =(a—1)y, , +¢&, +6¢, , wehave

t,s—12

2
o, = Var( A ) = var [(0{ 1)y, +&,+ HEI’H]

12
B e (1467)0 +2(a-1) 02

‘ . . _ (1+6° +200)
where the last term in equation (12) is the covariance of , , and €, |, and 0, =———0;
’ i l-a

is the variance of the process y:.

The long variance can be obtained by subtracting y, |, from both sides of (11), which yields

11



s=2
yt,s - yt—l,s = (aS - l)yt—l,s + z aj (gt,s—j + Hgt,s—j—l ) + akl (81,1 + ggt—l,s ) :
7=0
Then, for k =5 >2, we have

sz,y = Var(yt,s _yt—l,.s-)
(13) = (0[" - 1)2 o, +(1 + 492)0'82 [2 az(j_l)) +200° (bz_l a’a’’ j + 2(053 —l)a“"l@of
=1 =l

=(a' —1)2 o, +(1+6’2 + 2056?)082 (11_ az:

J— 20" 0o
~a

The variance ratio is then computed using (12) and (13):

- -

2s 25+l1
) (as—1)20'2+(1+02)0'2 I=a +2002| C7% | —20"00°
V _ O_k’y _(lj y & 1 2 & &
"okoy, s (0{—1)2O'yz+(1+02)0'j+2(0{—1)t90'g2

(14)

m[(uez +2a6’)a”(l+a9)(a+6’)}

s)| (146 +2a0)-(1+ab)(a +0)

The derivation details for the long variance and variance ratio are provided in Appendix A-IV.
This expression does not lend itself to easily assessing the value of the variance ratio. We can

show, however, that if the first-order autocorrelation o, <0, then v, <1.1f p, >0, then v, <1 as

ong as p, <
S —

(see Appendix A-V for the proof). So, the variance ratio is less than one when

s—1

the first-order autocorrelation of the ARMA(1,1) series is either negative or positive but less than

s—1

s—

Ss—a

. But over what segment of the parameter space (a x ) is the latter condition satisfied?

s—1

The limiting value of is 1 when s is large. In such cases, the variance ratio will always

s—1

s—a
be less than 1. For example, in the case of decennial data with s = 10, we have

s—1

s—1

S—a

0.81<

<1.00 Ya € (—1,1). Therefore, as long as p; <0.81, the variance ratio is less than 1.

To examine the segment of the parameter space over which O, is positive but larger than

s—1

s—1
s—a’

(which yields a variance ratio larger than 1), we compute the variance ratio for different

values of |a| <1,

(9|<1, and s > 2. Note that because a €(—1,1), @ (—1,1) ands>2, the

denominator of the ratio is s [(1 +60° + 2a49) -(1+ab)(a+ 6’)] # 0. Therefore, the variance ratio

12



function ¥, («,8) is continuous in its domain.

Because the variance ratio here depends on «, 6, and s in a complicated manner, we plot the
ratio over the relevant segment of the parameter space for various values of s. Figure 1 shows a 3D

surface plot of ¥, (a,8) for the non-interpolated ARMA(1,1) series for & € (=1,1) and 6 € (-1,1)

for various values of s>2.!2 According to the plots, the range of the function is positive, as it
should be because the numerator and the denominator of the function are variances. However, the
function’s upper bound, as indicated by the highest value along the vertical axis, changes with s but
more importantly, over the domain defined by a € (=1,1) and 8 e (-1,1)."?

The function’s upper bounds, as measured by the vertical axis—the largest value that the
variance ratio can achieve over the relevant region of the parameter space—are approximately 1.5
for s=2, and 1.8 for s =4. Nonetheless, the surface achieves a height of less than 1 for the vast part

of the domain « € (—1,1) and & €(—1,1). A surface lift is noticed in the northeast corner that

corresponds to the boundary values where o and @approach 1. Variance ratio values larger than one
are only observed in this corner. The surface has a similar pattern across all values of s except for
the location of this lift, which varies slightly with s. The lift is observed over smaller and smaller
regions of the parameter space as s increases. The change is more noticeable when comparing s =2
to s =25.!% This suggests that in most cases, the variance ratio for a non-interpolated ARMA(1,1)

series is less than one.

4.2.2. Shock Persistence of the Interpolated Stationary ARMA(1,1) Series

The interpolated series X, ; is given by x = i( Vo=V, ) +y,,,»with a one-period lag

i =W , ,

. i—1 s—i+1 1
displacement x, . = y, .+ v, ,,andthus x —x =~
: PR 5 ; : : P

(¥, = ¥.1,)- Substituting for

Y, from equation (11), we obtain the short variance

12 Incremental information from figures for other values of s adds very little to the findings and does not alter our conclusions.

13 We use “upper bound” and not “maximum” because the function K (0! ,0 ) has no maximum. It is a continuous function that is

defined on the rectangular domain, a subset of R’ , formed by @ € (=1,1) and @ € (=1,1), which is an open set.

14 Notes: (a) The vertical axis scale used in Figure 1, as well as in Figures 2, 3, and 4, was set by the Mathematica software. (b) The
values along the vertical axis at the origin are not always 0. (c) The numbers along the vertical axis correspond to the long tick marks.
(d) We have produced the plots for the following values of s: 2, 3,4, 5, 6, 7, 8, 9, 10, 15, 20, 25, and 30. For brevity, however, we
only present the plots for s =2, 4, 5, 10, 15, and 25.
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2
1 s=2 )
2 _ s J s—1
o, = Var(xt,i - xm._l) = (— var (a - 1)%_1,s + E o (gtys_j +0&,, ) +a (5,,1 + ‘95;_1,5)

S

(15) =
2 ’ s 2 =2
:ﬂ%ﬁgoﬁ)[(l—a‘)(l+a9+9)+a9(l—a ]

Proofs are presented in Appendix A-VI.

The s-period difference is given by i [Mj +(s—i )[Mj , as shown in section
s s

4.1.2. Therefore, the long variance equals

2 _
O-k,x - Var(xt,i - xt—l,z‘)

:l-zvar|:yt,s _yt—l,s:|+(s_l-)2 Var|:yt—l,s _yt—2,s :|+ Zi(S—i)COV|:[yt’S _yt—l,s j’(yt—l,s _yt—Z,s J:|
S S S S

[ +27 _zsi]{i}[(l_as)(1+ae+ez)+ae(1_as2)]

s’ (1-a’)
2i(s'_i) sl 25
+ 2 |:(2(Z -—a )7/1_70]
2
where the autocovariances in the last equation are given by y, = Hfa#of , and
-a
_(I+ab)(a+6)

o’. See Appendix A-VI for derivation details.

! 1-a?

The expected value of the long variance is given by
5 25" +1 207 \ ) o
= £ I-a' )(1+a0+6° )+al|l-«a
O-k,x ( 3 SZ(I—OCZ) |:( )( ) ( ):|

+(sz _1]{(2053-1 _az‘g_l)(1+a9)((x+9) . _(1+2a9+92j02}

3s? - ¢ 1-a? ¢

See Appendix A-VI for the above (and the following) derivation details.

(16)

The ratio of (15) and (16) divided by s yields the variance ratio.

a7 V.= Ois _(25°41) (57-1) a"'@-a )1 +ab)a+0)-(1+2a0+0")
ke, U3 ) Ues L (—a)+2a0+6)+ab(-a)

sSSG+a’)+(B-a')
6s

If we set =0, then (17) simplifies to V, = which is the variance ratio of an

interpolated AR(1) process, given in equation (10), in section 4.1.2.
Because (17) depends on the parameters of the model as well as s in a complicated manner, we

plot it over the relevant segment of the parameter space for various values of s. Figure 2 shows a 3D
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surface plot of V, (a, 9) for various values of s >2. According to the plots, the range of the function

is positive, but the function’s upper bound, as indicated by the highest value along the vertical axis,

changes with s as well as over the domain « € (—1,1) and € € (-1,1).

Unlike Figure 1, here, variance ratio values larger than 1 are prevalent over much of the parameter
space. These values increase significantly with s, because the larger s, the more observations are
interpolated, leading to more “contamination.” For example, the largest value that the variance ratio
attains is around 1.5 for s =2 but it equals 16 for s =25. This is due to the order of s in (17). We also
notice that the contour of the surface is different for odd and even values of 5. Also, for odd values of s,
the ratio is more affected by a change in the AR parameter « than a change in the MA parameter 6.

Finally, to assess the impact of interpolation on the variance ratio of the ARMA(1,1) model, we
compute the variance ratio for the original series and its interpolated version, for various values of

a,0,and s. The parameter values chosen represent the relevant region of the parameter space that

satisfy stationarity and convertibility conditions, and two values of s, 4 and 10, which are a
reasonable representation of historical uses of interpolation (quarterly and decennial).'

The results of our numerical evaluation of the variance ratios for the two series (Vx and Vy) are
presented in Table 1 (for s =4) and Table 2 (for s =10). Results reported in the tables indicate
that interpolation increases the value of the variance ratio. For example, for all parameter values
examined, the ratio for the non-interpolated ARMA(1,1) series is smaller than the ratio for the
interpolated ARMA(1,1) series. The results are more pronounced when s increases from 4 to 10.
Note that the variance ratio for the original series, V), has some values that are larger than one for
smaller s values. This is not surprising given that the variance ratio limiting values are
approximations achieved when s approaches infinity (See, e.g., Cochran, 1988, pages 895, 897, 906,
and 908, and his discussion about parameter k, which we denote by s). Tables 1 and 2 show that, in
general, the V), values are smaller for larger s, as expected.

Moreover, in all interpolated ARMA(1,1) cases, the values of the variance ratio are larger than
1, and often significantly so. Such large variance ratio values are usually expected from series with
a random walk and not stationary ARMA series (Cochrane, 1988). For the non-interpolated
ARMAC(1,1) series, however, the variance ratio values are less than 1 over most relevant parameter
values, and they decrease as s increases from 4 to 10. These results are consistent with, and further

strengthen, our theoretical finding for AR(1) series in previous sections that interpolation of a series

15 Note that the long difference values commonly used are 10, 20, and 25, but we observed that the variance ratios for the non-
interpolated and interpolated series do not change much for values of s above 10.
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increases its shock persistence.

4.3. MA(1) Process
Using the results in section 4.2, we can set the AR parameter « equal to 0 to examine the

impact of linear interpolation on series generated by a stationary MA(1) process.
4.3.1. Shock Persistence of the Original, Non-Interpolated MA(1) Series
Consider an MA(1) process y,; =¢,; +0¢,, , where t=1,2,..., i=1,2,...,s, and

&~ i.i.d.(O, o ) By substituting the autoregressive parameter & =0 in equations (12) and (13),
we obtain the short and long variances for the original, non-interpolated MA(1) process

o7, =[2(1+6°)-20]0?
and

o, =|2(1+6")]o?
The variance ratio statistic of the original, non-interpolated MA(1) process is, therefore, given by

2 2
o, \s)U+60"-0

where the inequality holds because s > 2 and |9| <1. The result that ¥, <1, is consistent with the

fact that the underlying MA(1) process is stationary.

4.3.2. Shock Persistence of the Interpolated MA(1) Series
To derive the variance ratio for the linearly interpolated above MA(1) series, we set the
autoregressive parameter ¢ =0 in equations (15) and (16), yielding the short and long variances of the
interpolated MA(1) series
2
ol ==|(1+86%)|c’
1,x S2 |:( ):| &

and

Ors :(Sz jlj(1+02)aj

S

The variance ratio statistic of the interpolated MA(1) series is, therefore, given by

2 2
o, 1
Vv, =—t =S fors>2.
" ko 2s

1,x
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It follows that linear interpolation turns the stationary MA(1) process into a nonstationary process

2
. . : . [ sT+D)
that is more persistent than a random walk. Moreover, limV, = hm[ > J diverges. Thus, as the
§—>0 §—>0 S

number of interpolated sub-periods between the benchmark observations increases, the more

persistent the resulting interpolated series will become.

5. Effect of Interpolation on Shock Persistence of Nonstationary Series
Next, we examine the effect of interpolation on the shock persistence of a nonstationary
(difference stationary) series with i.i.d. errors and a nonstationary series with ARMA(1,1) errors.
The advantage of these models is that they are widely used in modeling macroeconomic time series,
and also, as Cochrane (1988) argues, they can be shown to be equivalent to mixed models with a

random walk and a stationary component.

5.1. Nonstationary Series with i.i.d. Errors

Consider Y, = u+Y,  +E,, T'=12,.. where U is the drift, and E, is the error term. We
rewrite itas y,, = u+y,_ ., +¢&,,i=12,...,5, s 22, where ¢, ~ i.i.d.(O, 0'3) corresponds to £ the

same way as ), corresponds to Y. After successive substitutions, y,, can be written as
(18) Y, =Su+y, ., +D.&,, i=12..s.
J=1
5.1.1. Shock Persistence of the Original, Non-Interpolated Nonstationary Series with i.i.d. Errors

The short variance is

_ _ _ 2
Glz,y - Var(yt,i _yt,i—l) - Var(gt,l.) =0,

£

while the long variance is given by

N
2 2
O, = Var(y,,l. - y,_u) = Var(z 8,,1.] =so; .
j=1

The variance ratio for the non-interpolated random walk is, therefore,

2 2
V, = Tty _ 59, =1
v 2 2 7

ko, ko

&

which is in line with the results reported by Cochrane (1988), Cogley (1990), Levy and Dezhbakhsh
(2003), and the studies cited therein.

5.1.2. Shock Persistence of an Interpolated Nonstationary Series with i.i.d. Errors
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Linearly interpolated series are given by x , = L Y, + 57t y,_, > and its one-period lag equals
' s N '

1

i—1 s—i+1
= 1:—
s

xt,i—l yt,s
S

v, Thus, x, —x, (¥, = .., )- Then, (18) yields the short

variance of the interpolated series:

2 1 2 1 ? 9 1 )
0'1,x=Var(xtﬂi—xt,i_l)= " Var(yt’s—yt_lﬂs): " sol==-c".

The long variance is obtained by expressing x in terms of y and using (18):

I
s S

. S . R N2 N2
= Var| - SU+ D&, +2L SH+D 6, :(i) sof+(uJ 5o
s = s = s s

Glix = Var(xt,i X1 ) :Var|: (yt,s Vs ) + Sl (yt—l,s ~Vicas ):|

Therefore, the variance ratio of the interpolated random walk is given by

2
O 2s* +1

19 V =
(19) Y kot 3s

1,x

Thus, for s22, V_> Vy =1.1 Moreover, the higher the value of s, the greater is V. In other

words, the persistence of a series obtained through linear interpolation increases with the extent of
interpolation. This implies that by linearly interpolating a difference-stationarity series, we generate

a new series which are characterized by greater shock persistence than the original series.

5.2. Nonstationary Series with ARMA(1,1) Errors

Next, we generalize the random walk model by allowing the error terms to follow an

6 Substituting s =1 into (19), which is equivalent to not interpolating the series, yields V, =V =1.
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ARMA(1,1) process: Y, =u+Y, ,+U,, T=1,2,. where M is the drift parameter and U ,
follows an ARMA(1,1) structure. We rewrite the model as y,, = ¢+, +u,;, where y,; and u,,

correspond to ¥, and U, and the error term follows ARMA(L,1), u,, =au,, , +&,, +b¢,, ; where

&~ i.i.d.(O, o’ ) , and the stationarity and the invertibility conditions,

c9|<1 and |a|<1, are

satisfied. After successive substitution, we can write
(20) 3 =SHEY 4 H DU,
J=1
5.2.1. Shock Persistence of a Non-Interpolated Nonstationary Series with ARMA(1,1) Errors
We obtain the one-period and the s-period variances for this series as follows: The short

variance is

140*+2a0

2 _ _ _
O, = Var(yt,i ~Viin ) = Var(ut,i) O, =70>

1-a’
where y is the variance of the ARMA(1,1) error process.

The long variance attains a more complicated form.

s s—1
O',iy = Var(yl’[ —yH,[) = Va{Zuwj = 5%, +2Z(s—j)7/j ,
=l

J=1

I+af)(a+6 . . .
where y, = ( 1_)0(52 ) o. and vi=oy,, 2 2, are the covariance functions for the error

term. The long variance expression is equivalent to equation (9) in Cochrane (1988, p. 906), and to
equation (1) in Cogley (1990, p. 503), for a difference-stationary process.

As we show in Appendix B-I, the variance ratio statistic can be expressed as

s—1

2 2 (s—j)a (1
(21) V:Uk,y _ =1 =1+2p1|:2(s—j)0{/l:|=1+2’01!S(1 0{) (l a)]

" ko, S%o s LA s (1-a)

where p,, the first-order autocorrelation of the error process u, ;, is given by

/4 _(1+0{9)(6¥+9).17

” "y 146 +2a0

In Appendix B-II, we prove the following properties of (21). First, the bracketed expression in

(21) is positive because |a| <1 and s>1, implying that v,>11f p > 0, which is the case for many

17 Equation (21) is equivalent to a similar equation that Cochrane (1988) derives in his Appendix A, page 917.
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economic series. Moreover, 1, <1 if p, <0, and y, =1 if p, =0, which is the case of a random walk.
Thus, the size of the variance ratio statistic depends on the sign of the first-order autocorrelation: the
greater the first-order autocorrelation of the ARMA(1,1) errors p, , the more shock persistent the

nonstationary time series is.

Second, if & =—6, (21) implies that p, =0 and thus V,=1. Also, If a =0, then the error

process is an MA(1) and p, = % In this case, the variance ratio is ¥ =1+ 2( 4 j[s - 1] .
+

2 1+ 6> s

s—1

But because s >1, we have > 0, and since |6?| <1, the variance ratio satisfies 0 < v, <2 and,

N

therefore, the size of V/, depends on the sign and magnitude of 0. In particular, V,>1if 0>0,
V, =1 if =0 (which is the case of a random walk), and ¥, <1 if 6<O0.

Third, in a more general case with s=2, o >0, and >0, we have v, >1,if a<0 and <0,
then ¥, <1, andif & =0 and 0=0, then v, =1.

To supplement the above theoretical assessment, we compute the variance ratio for the original,
non-interpolated series over the relevant regions of the parameter space where the stationarity and
invertibility conditions hold. Figure 3 presents these as 3D surface plots of the variance ratio function
V,(a,0) for various values of s 22 . According to the plots, the range of the function is positive, but
the function’s upper bound, as indicated by the highest value along the vertical axis, changes with s as
well as over the domain of & € (1,—1) and 9 € (1,-1).

Consider first the diagonal that connects the southern corner of the figure (where « is close to —
1.0 and €@ is close to 1.0) to the northern corner (where « is close to 1.0 and € is close to —1.0).
Along this diagonal, the value of the variance ratio equals 1. That is because at these points a+6 =0
and thus the RHS term in the expression for 7/ vanishes. For the parameter value combinations that
lie on the northeast side of the diagonal, the variance ratio is greater than 1, while for the parameter
value combinations that lie on the southwest side of the diagonal, the variance ratio is less than 1.

Next, consider the effect of an increase in s from 2 to 25. As the plots indicate, the values of the
variance ratio in the northeast half of the plots increase with s. For example, the variance ratio values’
upper bounds as measured along the vertical axis, is around 2.0 for s =2 but it increases to 20 for
s =25. A surface lift is noticed along the northeast side of the figures that corresponds to the

boundary value where « approaches 1. The surface lift gets sharper and steeper as the value of s
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increases. The variance ratio of the series is particularly high for values of « near 1.

5.2.2. Shock Persistence of the Interpolated Nonstationary Series with ARMA(1,1) Errors

Recall from section 5.1.2 that x,, —x, .,

1Y 1Y 1Y ! |
O-lz,x :(;j Var(yt,s—y,_l,s):(gj Uf,y Z(;J {570 +27/]Z;(S—j)a”}.
=

The derivations for all results reported in this section are presented in Appendix B-III.

= l( V= Vi, ) , and its the short variance
PR .

The long variance can be obtained using the facts that

I > s — i[&
xt,i:;[slu-’_yt—l,s-’_zut,jJ ytlé_lﬂ+[sﬂ+yt23+zut 1]) ;[Zut,jlﬂand
j=1

J=1 j=1

. l‘ S S
X =i+ Y, +;[Z”tuj' Therefore, x,, —x,_,; = s,u+—(2ut ljj (Z z,./)’ and thus
Jj=1 Jj=1

g )

{ﬁﬂyzyzmm}z(—)( DS+ |

J=1 §

The expected value of the variance, conditional on i, is given by

s—1

Gi,x—(%}{%+2712(S—j)a"1}+(s;_21j{ (s—j)7s_j+2(s—j)7s+j}-

Jj=1 J=1 Jj=0

The variance ratio, therefore, is then given by

S—

1
(s—j)a "+

5§ — . as+j—l
o (25741 (s*-1 = ,:0( /)
Vx = 2 = + pl A s—1 A
ko, 3s 3s ) = )
» -j)a

where, the equality p, = 7\ s used to obtain the above expression. The variance ratio can be further
7o

simplified, as shown in Appendix B-III. This yields

(2541), (1+a0)(a+0)(s* -1)(1-a*)
22 V"_( 3s j 35* (1-a) (140 +2a0)+ 65 (1+ a0)(a+0)[ s(1-a)-(1-a") |
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Note that in the special case with @ =0 and 6=0, we have that p, =0 and therefore the variance

257 +1

3s

ratio becomes ¥, =( j, which is identical to (19), the variance ratio we obtained in the case

of an interpolated random walk.

The variance ratio values in (22) depend on the parameters of the ARMA(1,1) model and s in a
complicated manner. We, therefore, plot the ratio over the relevant segment of the parameter space
for various values of s to gain insight into the variance ratio pattern. Figure 4 presents a 3D surface

plots of V,(e,0) for various values of s >2. As the plots show, irrespective of the value of @ and &

, for all values of s > 2, the variance ratio statistic attains values that exceed 1, which means that
the interpolated nonstationary series with ARMA(1,1) errors, will always exhibit more shock
persistence than a pure random walk. The variance ratio statistics’ upper bound, as indicated by the
highest value along the vertical axis, changes with s as well as over the domain of & € (1,-1) and
0e(,-1).

The variance ratio attains its highest values along the upper edge, where « is near 1. The
contour of the surface is different for odd and even values of s. The lowest values that the variance
ratio attains vary correspondingly. If s is even, then the lowest value of the variance ratio occurs
when a =0. If s is odd, then the lowest value of the variance ratio occurs when « is near —1. The
surface slope changes along the top and bottom edges, which correspond to the boundary values of
a, in the proximity of 1 and —1. The surface slope changes are sharper as the value of s increases.

To assess the impact of interpolation on the variance ratio of a nonstationary series with
ARMAC(1,1) errors, we evaluate the variance ratio for the original series and its interpolated version,
for various values of «, 8, and s. As before, the parameter values are chosen in an encompassing
fashion, satisfying stationarity and convertibility conditions, and two s values of 4 and 10.

Numerical evaluation of the variance ratios for the two series (¥, and V) are presented in

Table 3 (for s =4) and Table 4 (for s =10). Results reported in both tables indicate that
interpolation increases the value of the variance ratio for a difference-stationary ARMA(1,1) model.
Moreover, the difference between the variance ratios for the non-interpolated and interpolated series
becomes more pronounced as s increases from 4 to 10.

Moreover, when the series is a random walk with no ARMA component (& =6 =0), then the
variance ratio for the original series is 1, and for the interpolated series it is significantly larger than

1. For positive & and €, while the variance ratio for the original series is larger than 1 over the
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most relevant region of the parameter space, the interpolated series exhibits even more shock
persistence as its variance ratio is larger. These results are consistent with, and further strengthen,

our theoretical finding that interpolation increases the shock persistence of a series.

6. Effect of Linear Interpolation on Variance Components and Volatility of Time Series

In previous sections, we reported that for all five DGPs we study ¥, >V , that is, the variance

ratio of the interpolated series x always exceeds the variance ratio of the original, non-interpolated
series y, irrespective of the DGP, and regardless of whether or not the original series is stationary or
nonstationary.

To further understand the reason behind this result, we examine the effect of linear

interpolation on the numerator and denominator of the variance ratio of both the original and

2 2
o
. . . . . k,y k,
interpolated series, which are the short and long variances, respectively, V, =—=- and V, =—-.
(o
1

Ly X

In next section, we show that in all cases, O'l2 < 0'12 , and O',ix < O']iy . In other words, interpolation
decreases both the short and long variance of the series. However, we find that the effect on the

short variance, the term in the denominator, is relatively greater than on the long variance, and

consequently, the overall effect of linear interpolation is an increase in the variance ratio.

6.1. The Effect of Linear Interpolation on the Volatility of Stationary Series

First, we consider the stationary series we studied in previous sections.

6.1.1. Stationary AR(1) Process

In the case of a stationary AR(1) model, we reported in section 4.1 that the short variances of

. . . . . 2
the non-interpolated and interpolated series are given, respectively, by ny = 1—082 and
' +ta

2(1-a’
O-l,x :ﬁag .

The corresponding long variances of the non-interpolated and interpolated series are given,

2(1;05)0'5 and G,ix = 0'—52 [(1—0{“)(352 +a's’—a’ +3)].

respectively, by O',f,y =T o 3s° (1—0{2)

Comparing the short variances, we have
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2(1-¢’ 1-a'
e

where the inequality holds because <1 for |a| <1 and s >2. It follows that the short

-’
s’(1-a)
variance of the interpolated AR(1) series is smaller than the short variance of the corresponding

2(1-a’
non-interpolated AR(1) series. Moreover, limo;_ = lim [2((1—2)) aﬁ} =0 for ‘a‘ <land s>2,
§—>0 ’ §—>0 Ky —a

which means that as s increases, the short variance of the interpolated AR(1) series shrinks. On the

other hand, (,—% does not depend on s. Therefore, as s increases, the gap between the short variances

¥
of the non-interpolated and the interpolated AR(1) series expands.

Next, comparing the long variances, we have

(l—as)(3s2+ass2—as+3) g [s2(3+a")+3—as]
357 (1-a) sk 65>

2 2
O = <0y,
[s2(3+as)+3—as]

2 <1 for |Ot| <1 and s >2. It follows that
S

where the inequality holds because

the long variance of the interpolated AR(1) is smaller than the long variance of the corresponding

[sz (3+as)+3—as]
non-interpolated AR(1) series. Moreover, lim

1 .
. =—, which means that as s
50 6s 2

increases, the long variance of the interpolated AR(1) series approaches %O']i , - Thus, the effect of

interpolation is indeed bigger on the short variance of an AR(1) series than on its long variance.

6.1.2. Stationary MA(1) Process
As we showed in section 4.3, the short variances of the non-interpolated and interpolated

MA(1) series are given, respectively, by
op, = [2(1 + 92)— 26’] ol and o), = %[(1 +6? )} o’
s

The corresponding long variances of the non-interpolated and interpolated MA(1) series are given,

2

respectively, by o; = [2(1 +6’ )] o’ and o], = (SZ - IJ(I + 6?2)052
s
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Comparing the short variances, we find that

2
oy, = s%[(l +6? )] o, =0, [52(11:—;—9)} <o,

1+6°

———5—~ <1 for |6’| <1 and s> 2. It follows that the short
s’ (1+6° -0)

where the inequality holds because

variance of the interpolated MA(1) series is smaller than the long variance of the corresponding

: . . .| 2 .
non-interpolated series. Moreover, limoy, = 11m{ (1 +6° ) of} =0 for [¢|<1 and 5 >2. which

SZ
means that as s increases, the short variance of the interpolated MA(1) series decreases. On the

other hand, 0'12’ , does not depend on s. Therefore, as s increases, the gap between the short variances

of the non-interpolated and the interpolated MA(1) series increases.

Next, comparing the long variances, we find that

st +1 sT+1
O',ix =(—S2 (HHZ)O'&,2 :a,iy —2S2 <0,f’y

2

where the inequality holds because S2 tl
s

<1 for s > 2. It follows that the long variance of the

interpolated MA(1) series is smaller than the long variance of the corresponding non-interpolated

2
: +1) 1 . . .
MA(1) series. Moreover, llm[s j = 5 which means that as s increases, the long variance of the

§—0 2S2

: : 1 . : .
interpolated MA(1) series approaches Ea,iy . This demonstrates that the effect of interpolation on

the short variance of an MA(1) series is indeed bigger in relative terms than on the long variance.

6.1.3. Stationary ARMA(1,1) Process
As we showed in section 4.2, the short variances of the non-interpolated and interpolated

stationary ARMA(1,1) process are given, respectively, by

(a-1) (1+ &’ +2a6?)

-

2 _
Oy =

+(1+«92)+2(a—1)¢9 o’ and

, 2[(1—0{“')(1+a9+92)+a9(1—a‘_2)]
O, = 2 2 o,
sT(1-a”)

The corresponding long variances of the non-interpolated and interpolated stationary ARMA(1,1)

25



processes are given, respectively, by

(@ ~1) (1+6* +240)

-

o, = +(1+92+2a9)(11—a

and

i (2S2+1j 2[(1—as)(1+a0+92)+a0(1—a“2)}
- op
S-a) :

+(Sz 1]{(20{51 ~a*)(1+ab)(a +6) _[1+2a9+92 ]]02

l1-a - s

s 0+ 0> 01— a2
Here also, the !1_1)1;(712)(:!1_1}; 2[(1 - )(1+f2(:_—az;_a (1 - )]0,92 =0 for |a|<1,

|«9| <1, and s =2, which means that as s increases, the short variance of the interpolated

ARMAC(1,1) series decreases. On the other hand, af , does not depend on s. Therefore, as s

increases, the gap between the short variances of the non-interpolated and the interpolated
ARMA(1,1) series gets larger and larger.
Because it is impossible to directly compare the variances analytically because of the

complexity of the expressions, we have compared the short and long variances numerically for

|a| <1, t9| <l,and s=2,3,4,5,10,15,20,and 25 . As expected, we find that O'fx <ofy and

J,ix < G,iy , with properties similar to the other DGPs we study.

6.2. The Effect of Linear Interpolation on the Volatility of Nonstationary Series
Next, we examine the difference-stationary series commonly used in macroeconomics

applications.

6.2.1. Difference Stationary Process with i.i.d. Errors

As we showed in section 5.1, the short variances of the non-interpolated and interpolated
. : . . 1
nonstationary series are given, respectively, by 012 L= 052 and o] =—0".
TS

The corresponding long variances of the non-interpolated and interpolated nonstationary series are
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. . 2s° +1
given, respectively, by G,iy = SO'j and o} = ( 3 joﬁ
' S
Thus, comparing the short variances of the non-interpolated and interpolated nonstationary

series, we find that

1 2 2

2 _ _ 2
Gl,x __05 _Gl,y_<al,y’
S S

where the inequality holds because 1 <1 for s > 2. It follows that the short variance of the
s

interpolated nonstationary series is smaller than the short variance of the corresponding non-

) 11,
interpolated series. Moreover, lim O'12 L= hm{— 0. |=0 for s > 2, which means that as s increases,
§—>0 §—>0 S

the short variance of the interpolated nonstationary series gets smaller and smaller. On the other
hand, of , does not depend on s. Therefore, as s increases, the gap between the short variances of
the non-interpolated and the interpolated nonstationary series gets larger and larger.

Next, comparing the long variances of the non-interpolated and interpolated nonstationary

series, we find that

257 +1 257 +1
ot~ 2 oo, (253 e,

2

where the inequality holds because <1 for s > 2. It follows that the long variance of the

2
S

interpolated nonstationary series is smaller than the long variance of the corresponding non-

. . . (257 +1) 2 . .
interpolated nonstationary series. Moreover, lim 3 = E , which means that as s increases, the
§—>0 S

. . : . 2 .
long variance of the interpolated nonstationary series approaches —o; . This demonstrates that the
3 5y

effect of interpolation on the short variance of a nonstationary series is indeed bigger in relative

terms than on the long variance.

6.2.2. Nonstationary Process with ARMA(1,1) Errors
As we showed in section 5.2, the short variances of the non-interpolated and interpolated

nonstationary process with ARMA(1,1) errors are given, respectively, by

, 14+460*+2a60 ,
R :
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and

1

2 —_—
Gl,x - (_

S

I

1+ 60* +2a6

(I+ab)(a+0)

s—1

2

I

l-«

-

e

/=1

s

The corresponding long variances of the non-interpolated and interpolated nonstationary process

with ARMA(1,1) errors are given, respectively, by

§—

1

O-Iiy =57 +2Z(S_j)7//

Jj=

1

1+6° +2a0 1+ab)(a+0
where Yo = O-l) ? gz’ 1:( 1_)(22 )
2 2 1+ af a+0
o = 2s :rl 140 +§a90_§ o ( )(
. 3s - l1-a*

s —1

{5

!

s—1

d(s=j)r.,+
Jj=1

As in all previous cases,

limo;, =lim

§—>00 §—>00

=lim

§—>0

=0

for |a|

grows at most linearly in s because the geometric factor o’

1+6*+2a6

1 1+6%*+2a6

vl
S J]/A+j:|
Jj=0

S

Il

-

2

lim< 2

§—»00

s(l—az)

8

c.and ¥, =0y, j2 >2 and

s—1

e

Fl

T s—1
(retlesl§ (o par o
L - =
v—l( ) )
_ - s—j)o’
(1+0;6’)(iz+6’) =R 5
-a s

<1, and s > 2, where the second term vanishes because the sum in the numerator

decays and caps the effective sum,

while the coefficient (s -Jj ) is at worst O(s), whereas the denominator s° grows quadratically.

Thus, the ratio of O(s) over s° must vanish in the limit. On the other hand, O'f , does not depend

on s. Therefore, as s increases, the gap between the short variances of the non-interpolated and the

interpolated non-stationary series with ARMA(1,1) errors gets larger and larger.

Here also, it is impossible to directly compare the variances analytically because of the

complexity of the expressions. We have therefore compared the short and long variances

numerically for |a|

afx<ofy and 02 <o,

k,y»
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with properties similar to the other DGP’s we study.



Thus, one systematic finding we are reporting here is that 0'12 < o, which means that the

Ly>
short variance of the interpolated series is always smaller than the short variance of the original,
non-interpolated series, and that is irrespective of the DGP we employ, and irrespective of whether
the process is stationary or nonstationary.

Short variance is a standard volatility measure of a time series. Our findings, therefore, indicate
that linear interpolation reduces the volatility of a time series, and that seems to be independent of
the true stationarity properties of the original series. To the extent that linear interpolation was
employed in constructing the prewar series, the consensus view that prewar macroeconomic series
were more volatile than the postwar series because of the interpolation used in constructing the
prewar series is not in line with our findings. Our findings suggest the opposite: linear interpolation
would make the prewar series more stable (under the assumption that the “true” prewar and postwar

series followed approximately the same DGP).

7. Counterfactual Exercise with Actual Data

Our theoretical results show that linear interpolation of time series generated by parsimonious
models commonly used to characterize macroeconomic data reduces volatility and increases shock
persistence of the series. The findings, however, are subject to the same assumption-related caveat
as any other analytical examination, because we do not really know what the true DGP is.

To make this rhetorical caveat less relevant, we ran a counterfactual exercise using the actual,
postwar U.S. macroeconomic data as well as a revised version of these data with prewar-style gaps
artificially created by systematically removing consecutive observations and replacing them through
segmented linear interpolation. The volatility and persistence measure for the actual and
interpolated series are then compared to ascertain the impact of interpolation on actual economic
series below.

More specifically, we proceed as follows. First, we compute the volatility and shock
presentence measures for the original series. We choose quarterly real GDP and unemployment rate
data that are seasonally adjusted covering the period 1949-2023.!% Second, we set s = 4 (because
our time series are quarterly), we “pretend” that we only observe the 4"-quarter data (‘“benchmark

observations”) for each year, and apply segmented linear interpolation to the series to replace the

18 The series were downloaded from FRED. The specific series we employ are as follows. For real GDP, we use the series
https://fred.stlouisfed.org/data/GDPC1. For the unemployment rate, we use the series https://fred.stlouisfed.org/data/UNRATE. We
start the sample period from 1949 because it is the first year with no missing observations.
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data for the other three quarters with their interpolated values using the process described in section
3 of the paper.

In the table below, we report for both series, the real GDP and unemployment, the short
variance (1-period growth variance), which serves as a measure of volatility, the long variance (4-

period growth variance, for displacement lag k£ = 4), and the variance ratio statistic for log-

2

vy, <y _ o
4 Var(yt — Vi ) 40—12

transformed series; e.g., V = where o7 is the short variance, while o, is the

long variance. We present these measures for both the original non-interpolated series and the

corresponding interpolated series.

Series o, o} V=0;/40]
Real GDP 0.000665 0.000126 1.3226
Interpolated Real GDP 0.000418 0.000037 2.8242
Unemployment Rate 0.054485 0.010326 1.3192
Interpolated Unemployment Rate 0.028366 0.002588 2.7402

The figures in the table are in line with our theoretical results. The short variance o}, a

measure of volatility, is lower for the interpolated series than the corresponding original series. The

long variance o , is also lower for the interpolated series than the corresponding original. The

relative effect of the interpolation, however, is greater on the short variance. For both time series,
interpolation more than doubles the shock persistence. For real GDP, shock persistence increases
from 1.32 to 2.82, and for the unemployment rate, from 1.31 to 2.74.

The alignment of our theoretical findings, which hold for the canonical models commonly used
to characterize macroeconomic data, with the results of the counterfactual exercise for the actual
U.S. GDP and unemployment series makes our theoretical findings more compelling and relevant

for actual economic series.

8. Macroeconomic Implications and Concluding Remarks
Macroeconomists have documented that the postwar U.S. output and other aggregate series
exhibit lower volatility and higher shock persistence than the corresponding prewar series (e.g.,
Burns 1960, Lucas 1977, Gordon 1986, DeL.ong and Summers 1986 and 1988, Stock and Watson
1986, DeLong and Summers 1986, and Campbell and Mankiw 1987a and 1987b, and Backus and
Kehoe 1992). While some economists have attributed the change to the success of the postwar

macroeconomic stabilization policies, others see the change as an artifact of interpolation schemes

30



used to construct prewar series that had many missing values.!

Our analytical results indicate that linear interpolation of time series leads to (a) a decrease in
the volatility, and (b) an increase in shock persistence of the series, irrespective of the interpolated
segment size or which parsimonious model we use as the DGP. This theoretical result is also
supported by a counterfactual empirical exercise we conduct using real U.S. series. These findings
are contrary to the prevailing notion that interpolation is a cause of higher volatility and lower shock
persistence in U.S. prewar series. If anything, interpolation seems to hide part of the true gap
between the volatility and shock persistence of the prewar and postwar series, so one can argue that
the gap would have been even larger in the absence of interpolation. Therefore, the true prewar
output series were most probably even more volatile and less shock persistent than the existing
literature recognizes.?’

Our findings align with the results that various international prewar macroeconomic series that
were also interpolated do not exhibit low shock persistence like U.S. series; e.g., DeLong and
Summers (1988) report that the U.S. prewar GNP exhibits much lower shock persistence than
comparable prewar European output series like Sweden’s and the United Kingdom.?! This can be
viewed as an indirect evidence against the proposition that linear interpolation lowers the shock
persistence of a series, and thus it is the reason for the U.S. prewar-postwar macroeconomic
differences. >

An important implication of our finding is that alternative explanations for the difference
between the shock persistence and volatility of the U.S. prewar and postwar macro data merit
further exploration given that the gap does not seem to be an artifact of linear interpolation. What
are the likely culprits: institutional changes, policy variables, war-driven influences, data collection

practices, or other differences between prewar and postwar economies? This needs further

19 To emphasize the stabilization consensus, Gordon (1986) points to a 1969 conference volume titled “Is Business
Cycle Obsolete?” (Bronfenbrenner 1969) and cites Samuelson (from Zarnowitz 1972), who said that “the NBER has
worked itself out of one of its first jobs, namely, the business cycle.” For interpolation impact argument, see DeLong
and Summers 1986, Campbell and Mankiw 1987a and 1987b, Balke and Gordon 1989, and Romer 1999.

20 Qur results also show that linear interpolation introduces periodic variation in the k-period growth variance of the
interpolated series. This finding might be related to Romer’s (1986a, 1986b, 1986¢, 1986d, 1989) observations about
the amplified cyclical volatility in prewar data. She explores the accuracy of these historical data (which, as she notes,
economists have rarely done) in great detail and concludes that the methods used to generate much of the prewar series
have amplified the cyclical volatility in the prewar series, mistakenly leading to a conclusion that the postwar data
exhibits less volatility in comparison to the prewar period.

2l Maddison (1982, Appendix A) refers to country-specific sources for the series that pertain to Australia, Canada,
Denmark, France, Italy, Norway, Sweden, and the UK. As noted earlier, our examination of these sources reveals that
linear interpolation was used in building output series for most of these countries, including the UK.

22 Sheffrin (1988, p. 81), in a rare disagreement with the consensus view, argues that “... the heavy reliance on methods
of interpolation ... [for constructing the prewar series, is unlikely to] bias the data in favor of excessive volatility for the
earlier periods.”
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examination. For example, one possible explanation might be a change in output composition after
the war, as government spending, which exhibits more persistence, became a large component of
the output. A decomposition of the income side might also point to other factors contributing to the
difference between the prewar and postwar macroeconomic cycles.

Moreover, our findings can be viewed as further evidence in support of Balke and Gordon’s
(1989) conclusion that the postwar dampening in business cycles may suggest an even greater
success for the postwar economic policymaking than it was recognized by Burns (1960) and others.
Other avenues for explaining the prewar-postwar changes include the evolving institutional
structures and policy practices that might have altered the short-run and long-run volatility and shock
persistence properties of output and other macroeconomic variables; See, e.g., Acemoglu et al.
(2003, 2005, and 2021), Acemoglu and Robinson (2008 and 2012), and Acemoglu (2025).
Moreover, studies like Basu and Taylor (1999), Blanchard and Watson (1986), Stock and Watson
(2003, 2007), and Dennis et al. (2007) can perhaps provide a road map for identifying temporal
drivers of such changes.

Identification of the factors that may contribute to such differences can also be done indirectly
by focusing on postwar data that is more reliable and drawing parallels with the prewar era similar to
Stock and Watson’s (2003, 2007) who study the postwar trends in U.S. GDP and inflation data and
report a reduction in the volatility of GDP and ease of predictability of inflation over time. They
explore possible causes such as changes in monetary policy conduct, frequency of external shocks to
productivity and oil or commodity prices, financial market frictions, changes in the structure of the
real economy, such as relative growth of various sectors with different levels of stability, etc.

Alternatively, providing convincing empirical evidence on the difference between prewar and
postwar economies requires using (a) data that is not linearly interpolated and is, therefore, more
reliable for such purposes, or (b) methods that account for measurement errors. For example, Cogley
and Sargent (2015) and Cogley, Sargent, and Surico (2015) overcome the difficulties posed by the
inaccuracies found in the prewar data by using methods that account for measurement errors. Franses
(2021) offers a method for estimating the shock persistence of irregularly spaced time series. Balke
and Gordon (1989) employ previously unused output component series to generate a new output
series for the 1869-1928 period. Romer (1989) relies on the actual time-varying relationship between
GNP and commodity output to generate a new output series for the 1869—-1908 period, while Miron
and Romer (1990) use component series for generating a new monthly index of industrial production
for the 1884—1940 period.

We end the paper with a cautionary note. Our goal in this paper has been to examine the effect
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of linear interpolation on time series properties (specifically volatility and shock persistence)
because of the widespread use of linear interpolation in pre-war macroeconomic data construction,
the importance of such data in our understanding of macroeconomic trends before and after the war,
and the fact that interpolation is argued to be, partly, driving the gap between prewar and postwar
shock persistence and volatility measures. The merit of this examination is reflected in the
argument by Romer that our knowledge of the behavior of the prewar output, prices, employment,
and, more generally, business cycles are based on these interpolated historical series. Our goal,
however, has not been to examine various shortcomings of linear interpolation; we referenced
several such studies earlier. We believe that our approach, nonetheless, offers a pathway for
investigating the impact of various interpolation methods in other settings, given that the use of
interpolation goes far beyond macroeconomics or even economics, as interpolation has been an

important data generation tool in other disciplines as well.
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Figure 1. Variance Ratio V («,0) for ARMA(I, 1) Series
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Figure 2. Variance Ratio V («,0) for the Interpolated ARMA(I, 1) Series
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Figure 3. Variance Ratio V/, («,0) for Nonstationary Series with ARMA(1, 1) Errors
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Figure 4. Variance Ratio 1 («,0) for the Interpolated Nonstationary Series with ARMA(1, 1) Errors
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Table 1. Variance Ratio of a Stationary ARMA(1, 1) Model, for the Original Series
V,, and the Interpolated Series V_, for s = 4

2] 0.99 0.90 0.75 0.50 0.10 0.00 |-0.10 |-0.50 |-0.75 | -0.90 |-0.99
o
Vy 1.73 1.72 1.70 1.58 1.13 0,98 0.84 0.40 0.28 0.25 0.25
0 Vx 2.81 2.81 2.81 2.80 2.75 2.72 2.69 242 2.21 2.14 2.12
Vy 1.54 1.53 1.51 1.40 0.99 0.86 0.73 0.36 0.27 0.25 0.25
020 Vx 2.61 2.61 2.61 2.60 2.56 2.53 2.51 2.31 2.17 2.12 2.12
V‘ 1.26 1.25 1.23 1.13 0.79 0.68 0.58 0.31 0.25 0.24 0.23
07 Vx 2.38 2.37 2.37 2.37 2.34 232 2.30 2.19 2.12 2.11 2.10
V‘ 0.91 0.90 0.88 0.80 0.54 0.47 0.41 0.25 0.21 0.21 0.21
030 Vx 2.18 2.18 2.18 2.18 2.17 2.16 2.16 2.12 2.11 2.10 2.10
Vy 0.55 0.55 0.53 0.47 0.31 0.28 0.25 0.19 0.17 0.17 0.17
010 VX 2.12 2.12 2.12 2.12 2.12 2.12 2.12 2.12 2.12 2.12 2.12
Vy 0.50 0.50 0.48 0.42 0.28 NA 0.23 0.18 0.17 0.17 0.17
000 VX 2.12 2.12 2.12 2.12 2.12 NA 2.12 2.12 2.12 2.12 2.12
Vy 0.45 0.45 0.43 0.37 0.25 0.23 0.21 0.17 0.16 0.16 0.16
010 Vx 2.12 2.12 2.12 2.12 2.12 2.12 2.12 2.12 2.12 2.12 2.12
V‘ 0.34 0.34 0.32 0.25 0.17 0.16 0.15 0.13 0.13 0.13 0.13
030 Vx 2.11 2.11 2.11 2.12 2.16 2.16 2.17 2.18 2.18 2.18 2.18
V‘ 0.30 0.29 0.25 0.16 0.10 0.10 0.09 0.08 0.08 0.08 0.08
07 Vx 2.10 2.11 2.12 2.19 2.30 2.32 2.34 2.37 2.37 2.37 2.37
Vy 0.27 0.25 0.17 0.08 0.05 0.04 0.04 0.04 0.04 0.04 0.04
00 Vx 2.12 2.12 2.17 231 2.51 2.53 2.56 2.60 2.61 2.61 2.61
Vy 0.25 0.12 0.03 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0 VX 2.12 2.14 2.21 242 2.69 2.72 2.75 2.80 2.81 2.81 2.81

Variance Ratio of the Original (Non-Interpolated) Series:

S

1| (1+6° +2a6)-a"" (1+ab)(a +0)
y:[_j (1+6’2+2a¢9)—(1+a9)((x+9)

Variance Ratio of the Interpolated Series:

25 +1 . sS =1 &' -1+ ab)a+6)-(1+2a00+6%)
* 3s 6s (I-a)1+2a0+6*)+af(1-a'?)
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Table 2. Variance Ratio for a Stationary ARMAC(1, 1) Model, for the Original Series 1,
and the Interpolated Series V_, for s =10

0 099 [ 090 [ 075 [ 050 [ 010 [ 0.00 [ -0.10 [ —0.50 [ —0.75 [ —0.90 [ -0.99
a
V,| 182 | 182 | 179 | 165 | 113 | 096 | 078 | 027 | 0.3 | 010 | 0.10
o V.| 662 | 662 | 662 | 661 | 657 | 654 | 650 | 610 | 547 | 512 | 5.05
V,| 126 | 126 | 124 | 114 | 077 | 065 | 054 | 020 | 012 | 010 | 0.10
oo V.| 567 | 567 | 567 | 567 | 564 | 562 | 560 | 539 | 515 | 505 | 503
V.| 075 | 074 | 073 | 066 | 044 | 038 | 031 | 014 | 010 | 009 | 0.09
7 V.| 516 | 516 | 516 | 516 | 515 | 514 | 514 | 509 | 505 | 504 | 504
V,| 040 | 040 | 039 | 035 | 023 | 020 | 0.7 | 0.10 | 008 | 008 | 0.8
020 V.| 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505
V,| 022 | 022 | 021 | 018 | 012 | 011 | 010 | 007 | 007 | 007 | 007
o1 V.| 505 | 505 | 505 | 508 | 505 | 505 | 505 | 505 | 505 | 505 | 5.5
V,] 020 | 020 | 019 | 017 | 011 | NA | 009 | 007 | 007 | 007 | 0.07
oo V.| 505 | 505 | 505 | 505 | 505 | NJA | 505 | 505 | 505 | 505 | 5.05
V.| 018 | 018 | 017 | 015 | 010 | 009 | 008 | 007 | 006 | 006 | 0.06
o1 V.| 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 5.05
V.| 013 | 013 | 012 | 010 | 007 | 007 | 006 | 006 | 006 | 006 | 0.06
030 V.| 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505 | 505
V.| o1 | o1l | 010 | 007 | 005 | 005 | 005 | 005 | 005 | 005 | 005
o V.| 504 | 504 | 505 | 509 | 514 | 514 | 515 | 516 | 516 | 516 | 516
V.| 011 | 010 | 007 | 005 | 003 | 003 | 003 | 003 | 003 | 003 | 003
oo V.| 503 | 505 | 515 | 539 | 560 | 562 | 564 | 567 | 567 | 567 | 567
V.| 010 | 005 | 001 | 001 | 000 | 000 | 000 | 0.00 | 000 | 000 | 0.00
o V.| 505 | 512 | 547 | 610 | 650 | 654 | 657 | 661 | 662 | 662 | 662

Variance Ratio of the Original (Non-Interpolated) Series:

y:(IJ (1+6° +2a0) - (1+a0)(a+0)

s (1+92+2a¢9)—(1+a9)(a+9)

Variance Ratio of the Interpolated Series:

25% +1 . sS=1) &' -1 +ab)a+6)-(1+2a0+6%)
! 3s 6s (1-a’)1+2a0+60")+abf(1-a'?)
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Table 3. Variance Ratio of the Nonstationary Model with ARMA(1, 1) Errors, for the
Original Series / , and the Interpolated Series V/, for s =4

0 099 [ 090 [ 075 [ 050 [ 0.10 [ 0.00 [-0.10 [-0.50 [-0.75 [-0.90 [-0.99
a

Vo | 396 | 396 | 396 | 396 | 395 | 395 | 394 | 384 | 338 | 2.04 | 1.00

- Vo| 397 | 397 | 397 | 397 | 397 | 396 | 396 | 395 | 389 | 358 | 275

V, | 366 | 3.66 | 3.66 | 3.65 | 3.57 | 352 | 346 | 276 | 164 | 1.00 | 0.86

oo Vo 371 | 370 | 371 | 371 | 370 | 3.69 | 3.69 | 359 | 326 | 275 | 2.54

Vo | 321 | 321 | 321 | 317 | 299 | 290 | 277 | 179 | 100 | 073 | 0.68

o V.| 338 | 338 | 338 | 338 | 336 | 335 | 334 | 3.16 | 275 | 241 | 232

Vo | 259 | 259 | 258 | 252 | 221 | 206 | 1.89 | 100 | 059 | 049 | 047

030 V.| 307 | 307 | 307 | 306 | 3.03 | 3.02 | 299 | 275 | 239 | 220 | 2.16

V, | 188 | 188 | 1.85 | 175 | 131 | 116 | 1.00 | 047 | 032 | 028 | 0.8

o1 V.| 286 | 286 | 28 | 285 | 281 | 212 | 275 | 248 | 223 | 214 | 212

Vol 175 | 174 | 172 | 160 | 115 | 1.00 | 0.85 | 040 | 028 | 025 | 025

oo V.| 284 | 284 | 284 | 28 | 278 | 275 | 271 | 244 | 221 | 214 | 212

Vo | 163 | 163 | 1.60 | 146 | 1.00 | 086 | 072 | 034 | 025 | 023 | 023

1 Vo| 282 | 282 | 282 | 281 | 275 | 272 | 268 | 240 | 220 | 214 | 212

Vol 128 | 127 | 122 | 1.00 | 053 | 044 | 036 | 020 | 0.16 | 0.16 | 0.16

030 Vo| 277 | 277 | 277 | 275 | 265 | 261 | 256 | 231 | 220 | 217 | 2.16

V., | 113 | 111 | 1.00 | 068 | 028 | 023 | 019 | 011 | 0.10 | 0.10 | 0.10

o V| 275 | 275 | 275 | 273 | 263 | 259 | 255 | 239 | 234 | 232 | 232

V, | 105 | 1.00 | 077 | 037 | 012 | 009 | 008 | 005 | 0.05 | 0.04 | 0.04

0o V| 275 | 275 | 275 | 273 | 267 | 265 | 263 | 2.56 | 2.54 | 253 | 2.53

V., | 100 | 064 | 020 | 005 | 001 | 001 | 001 | 000 | 000 | 0.00 | 0.00

o V| 275 | 275 | 275 | 275 | 274 | 274 | 273 | 273 | 272 | 272 | 272

Variance Ratio of the Original (Non-Interpolated) Series:

4 _1+Z (1+ab)(a+06) s(l_a)_(l_as)
el eoteaa (l—a)2

Variance Ratio of the Interpolated Series:
26?41 (1+a9)(a+6’)(52 —1)(1—as)2
+
3. ) 38 (1-a) (146 +2a0) +65(1+af)(a+0)| s(1-a)—(1-a’) |
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Table 4. Variance Ratio of the Nonstationary Model with ARMA(1, 1) Errors, for the

Original Series Vy , and the Interpolated Series V_, for s =10

2] 099 [ 090 [ 075 050 [ 010 [ 000 [-0.10 [-050 [-0.75 [ —0.90 [ -0.99
a
V, | 972 9.72 | 9.72 9.71 9.69 | 9.68 9.65 | 934 | 7.99 407 | 1.00
0% V.1 979 9.79 | 9.79 979 | 979 | 9.79 979 | 977 | 971 930 | 6.70
V, | 7162 762 | 7.62 7.58 739 | 7.28 712 | 538 | 2.60 1.00 | 0.65
020 V. | 844 8.44 | 8.44 8.44 8.43 8.43 842 | 833 | 7.93 6.70 | 5.64
V, | 536 535 | 5.34 528 | 492 | 4.73 448 | 256 1.00 047 | 038
07 V.| 747 747 | 747 746 | 745 | 7.44 743 | 727 | 6.70 564 | 5.15
V, | 3.40 340 | 3.38 329 | 282 | 260 234 | 1.00 | 038 023 | 020
030 V.| 699 6.99 | 6.99 699 | 696 | 695 693 | 670 | 6.04 529 | 5.05
V, | 2.09 208 | 2.05 1.92 1.39 1.20 1.00 | 035 | 0.16 0.12 | 0.11
010 V.| 681 6.81 | 6.80 680 | 6.76 | 6.73 6.70 | 6.31 5.61 515 | 5.05
v, 1.90 1.89 | 1.86 1.72 1.18 1.00 082 | 028 | 0.14 0.10 | 0.10
000 V. | 6719 6.79 | 6.78 6.78 6.73 | 6.70 6.66 | 623 | 553 514 | 5.05
Vv, 1.74 1.74 | 1.70 1.55 1.00 | 0.83 067 | 023 | 0.2 0.09 | 0.09
010 V. | 617 6.77 | 6.77 6.76 | 670 | 6.67 6.62 | 6.14 | 547 512 | 5.05
v, 131 130 | 1.24 1.00 | 048 | 038 029 | 0.11 0.07 0.07 | 0.07
00 V. | 673 6.73 | 6.72 6.70 | 657 | 6.51 642 | 576 | 525 508 | 5.05
v, 1.13 111 | 1.00 066 | 024 | 0.19 0.15 | 0.07 | 0.06 0.05 | 0.05
07 V.| en 6.71 | 6.70 6.65 642 | 632 6.19 | 553 | 523 515 | 5.14
v, 1.05 1.00 | 0.77 0.36 0.11 0.08 0.07 | 0.04 | 0.03 0.03 | 0.03
00 V.1 670 6.70 | 6.69 6.63 639 | 6.29 6.18 | 579 | 5.66 563 | 5.62
v, 1.00 0.65 | 0.20 0.05 0.01 0.01 0.01 | 0.00 | 0.00 0.00 | 0.00
0 V.1 670 6.70 | 6.70 6.68 6.64 | 6.62 6.61 | 656 | 654 6.54 | 6.54
Variance Ratio of the Original (Non-Interpolated) Series:
sy 2[(rad)(aro)] s(i-a)-(1-a)
2T 140 + 200 (1-a)’
Variance Ratio of the Interpolated Series:
2
(2641 N (1+0a9)(a+0)(s2—1)(1—0f)

C U3 ) 39 (1-a) (1467 +2a0) +65(1+a0) (a+0)| s(1-a) - (1-a') |
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Appendix A. Derivations for the Stationary Process

A-l. Variance Ratio for AR(1) Series is Smaller than 1

Lemma: We shall prove that V', <1, by proving that V; >1 by induction. Thus, we need to prove

L s(l-a)
thatV, = —of >1 for s>2 and ‘04<1.
Proof: Let s=2. Then Sl(l _ Of) = 21(1 — 0;) > 1, which implies that &* —2a +1> 0, which is
-a -
. 2 . . s(l-a)
equivalent to (a - 1) > (0. The latter inequality holds for all ‘64 <l. Next assume that —>1

and prove for s+1: (ST)M>1 — (S+1)(1—a)>(1—0f+1) — s(l—a)>a(1—0f) =

s+1
sd-a) > a , which is satisfied because M

l-o’ l-o’

>l>a.

Q.E.D

sk sk st s o sk ok ok ok sk sk sk sk s sk sk sk sk sk sk sk sk s sk sk sk sk sk sk sk sk sk s sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk s s sk sk sk sk sk sk sk sk s sk sk sk sk ke ke sk sk skoskoskoskosk

A-II. Derivations for the Long Variance of Interpolated AR(1) Series

Following the notation in section 3.1,

2 _
O-k,x - Var(xt,i _xt—l,i)

— l-zvar|:yt,s - yt—l,x + (S _ l.)2 Var|:yt—1,.r - yt—2,s j| + 2I(S _ i)COV |:[ yt,x - yt—l,s j,( yt—l,s - yt—2,s ]:|
S

N N N

—2|:COV (yt,s s Victs ) —cov (yt,s s Vo ) —cov (yt—l,s > Victs ) +cov (yt—l,x s Vo )]

-[ +(s—i)2}{%df]+{w}(% ~ V2V t7,)

S

2 2 . .
where , - 9. ,and , -,/ % _,i, for j>1 arethe covariance functions of the AR(1)
Yo=1om yy=al ey =aly,
series. Further simplification of the long variance expression leads to

2(1-a' - 20° ;
U]ix =(S2 2Sl+212){sz((1—0;2>)0'§]+|:2sls—221j|(20{9 —azs _1)[1_0-;2j,

where we note that the k-period growth variance of the interpolated series depends on i, implying

that it is characterized by periodic variation. This is a recurring property in the results we report in

the paper. This point is consistent with the finding that linearly interpolated series exhibit periodic
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variation regardless of the true nature of the original, non-interpolated series.

To eliminate the dependence of the variance on i, we use the expected value of 7 in the variance

expression.??

B
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(225> +D(1-a")+(s* D2’ —a” -1) |

[(1-a")3s* +a's’ —a' +3) |

3t st st sk s sfe sk sk sk sk sk st sk sk sk sk sk sk sk sk st sk sk sk sk sk sk sk sk ste sk sk sk sk sk sk sk sk st sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk ke sk skoskoskoskoskosk

A-III. Variance Ratio for a Linearly Interpolated AR(1) Series is Larger than One

Lemma: /=

SB+a’)+(3-a’)

6s

>1 for s>2 and ‘04<1.

2 If we have series that consist of equal number of observations from {xl} and { y,} with Var(xl_) = O'X2 and

var(,) =0, where both {

X

1

X. T/2 T/2 1
}:|:E|:Zx2 +in}—=|:
Y. i=1 o AT

T/2 T/2

2 2
2ol +2.0
i=1 i=1

}

2 2
1 o +o

T

v

} and {y,} are zero-mean independent series, then,

, which is the average of the two variances. In

. . 2 . . . .
deriving £ I:O'k,x (Z)‘ l] below, we have s sub-series, and thus we compute the average of s variances.
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s’G+a’)+(3-a') 4B+a’)+(3-a’) 15+3a’
6s 12 12

2 s s +123+ s+l + 3_ s+l

s’G+a’)+(3 a)>1’andpmve (s+)'B+a")+B-« )>1‘
6s 6(s+1)

Then (s+1)°B+a™)+(B—a™)—6(s+1)>0 = 35° +s(sa’™ +2"")>0.

Proof: If s=2, then V, = >1, since ‘04<1.

Next, assume

However, d<1 =o' >-1 D20 >2 D st >—s = 20 +sa >2-5 =

5o +sat) > —s(2+5) = 35 +5Qa™ +sat) > 357 —s(2+5) =
35 +S(20[ngl +S0f+1) >2s(s—1). However, 2s(s —1) > 0 for s>2.
Therefore, 3s” -|-S(20(Y T4 saf +1) >0, QED

sk sk sk ok sk ke sk sk sk s sk s ke sk sk sk sk s ke sk sk sk st s sk sk sk sk s s sk sk sk sk skokosk sk

A-1V. Derivations for the Long Variance and Variance Ratio for ARMA(1,1) Series
The long difference for the ARMA(1,1) series can be expressed as
s—2
s j s—1
yt,s - yt—l,s = (a - 1) yt—l,s + Za] (gt,s—j + egt,s—j—l ) ta (gt,l + egt—l,s )
J=0

Therefore,

2
Gk,y - Var(yt,s - yt—l,s)

&

= (of —1)2 o, +(1+02)02 iaz(";l) +200? [H ajaj_l]+2(as —1)0{“0052

&

:(05“'—1)2 o-y2+(1+(92)02 iaz(j_l) +2¢902( S a*’a*"‘]—2as‘lt90'2

= (as —1)2 o, +(l+6’2)0'g2 Zslaz(”) + 20590'52[ S az('i_l)j—2aS190'2
1

oy 1=a® o
U0 = ——— in the last step of the above derivation.

Again, we have used the fact that Z o

J=1
The variance ratio of the series, therefore, can be computed using the short variance that is
of, =var(y,, ~ v, )=(a-1) o2+ (1+0*)o?+2(a-1)0c? ,and the long variance given above.

Therefore,
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1_ 2s

(a“ —1)2 aj+(1+92)0§(1

J+29

—Q’

a— a25+1

{

o j— 2a°"'00?
~a

2
b2 )

@ f|

(a-1) o, +(1+02)G§ +2(a-1)6bo?

(l

2s+1
1= +200°| 44 — |-2a""60?
1 -«

—a

- °

(a-1) [(1+02 +2a0)

(o 1) (1+6* +200) +(1+6*)(1-a

2
£:l+

2S)+2a49(1—a25)—20(“19(1

(1+6*)o? +2(a-1)00]

(a—1)2(1+492+2a9)+(1+492)(

2(146* +2a0) -2 (1+ab)(a +6)
2(1+ 6" +2a0)-2(1+ab)(a+0)

|

Al -
" (1+0° +200)-a (1+a0) (a+0)

(1+ 6 +220)~(1+ab)(a+0)

sk sk sk sk s ke s sk sk s sk s ke sk sk sk sk sk s ke s sk sk sk sk s ke sk sk sk sk sk skokosk sk

A-V. Assessing Variance Ratio for ARMA(1,1)

|

_az)]

o’ )+20(a-1)(1-a’)

Proposition: Given a stationary ARMAC(I, 1) process, if the first order autocorrelation of the process p, <0,

s—1

s—1 -

o

then V <L.If p,>0, then V <1 as long as P, <

S —

Proof: Define 4=1+67+2a6 and BE(1+(Z¢9)(0€+9).

€

expression (Al) that
(1} (1+t92+2at9)—a“(l+a0)(a+9)
) (1462 +2a0)-(1+ a0)(a +0)

Note that 4 >0 because

(A2) V

y

A=1+6"+206
=1+¢92+2a9+(a2—a2)
:(a+6?)2+(1—a2) >0,

Then it follows from the long variance

1]

A-a''B
A—-B

where the inequality follows from the fact that ‘04 <1 which means that &> <1. Note also that both

49



the numerator and the denominator of the variance ratio in (A2) are positive because they are both

variances. Thus, 4> a'"'B and A>B. Finally, note that the first-order autocorrelation of

ARMAC(1,1) series is given by

(l+ab)(a+0) B

A= 1+ 4200 A

Consider two possibilities: (i) A <0, and (ii) £ >0. 1f £ <0, then B <0 because 4>0.

Consequently, for y, = (l) [%} to be less than 1, we need A—c¢’" B<s (A—B), which
P -

means B(s —0{“'_1) < A(S —1) . We know (S—as_l) > O because ‘04 <1 and since B <0, it should be
that B (s —aH) <0. However, s = 2, which along with 4>0 implies that A(S—l) >0. 1t follows,

therefore, that B(s —a! ) < A(s - 1) , and thus Vy <l.
On the other hand, if O >0, then B>0 by the above formulae for ©O; because 4> 0. Since

B>0 and (1+0!t9) >0, because ‘OKQ <1, then it follows that (OH-@) > 0 as well. From the inequality

s—1 —
T (lj [M} <1, we have %< s=1  But P, = % . Thus, in this case, for the inequality

) s-1 "
! s A-B s—a'

Vy <1 to hold, we need P, < _s-b . Q.E.D

s—1

S—a

sk sk sk sk sk ke sk sk sk sk sk s sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk sk skokosk sk

A-VLI. Variances and Variance Ratio for Interpolated ARMA(1,1) Series
As can be seen from Section 4.1.2, the one-period difference for the interpolated series x: is

1

givenby x,, —x,, =

( Vs = Vicrs ) , where the y’s are the original series that follow an

ARMAC(1,1) and can, therefore, be expressed as
s=2
s j s—1
yt,s _yt—l,s = (CZ _1) yt—l,s + Za] (gt,s—j + egt,s—j—l ) +ta (8t,l + Hgt—l,s ) .
j=0

Accordingly, the one-period differenced interpolated series is

N

1 s s=2 )
_ J s—1
Xei =X i =— ((Z - l)yt—l,s + z a (gz,s—j + 0gr,s—_/—1 ) ta (gt,l + ggr—l,s ) >
Jj=0

and its variance, which is the short variance, can be derived as follows.
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2 S

ittt ]
=0

— 1Y s 12 2 (1307 o2 1—a® 6 o — o> ol
_(;j (a' - ) (Ty+( + )O"g — + 200, - —2a o

2
= (@ 1) (1420040 (100°) (1= ) 20 (1~ )20 0 (1) |

20° ) N
ZSZ(I;T’az)[(I—a‘)(l+a¢9+¢92)+a¢9(1—a 2)}

1+ 60 +2a0
noting that O'i =(+1_——;2a)g€2_

The long variance can be derived by taking the variance of the k-period (s-period) differenced

interpolated series X;; —X._;; which is related to the k-period differenced ARMA(1,1) series
Vi ™V, as follows.

_ [ s—1i i s—1 yt s yt—l,s . yt—l,s _yt—2,s
‘xt,i _xt—l,i __yt,s + yt—l,s B S IR 25 = +(S_l)
S S S S S

Therefore, the long variance is obtained through the following derivation.
Glix = Var(xt,i - xz—l,i)

_ izVaI'|:yt’S ~Vicls :| +(S —i)2 Var{yt—l,s —Vicas :|
S S

+2Z(S . i)COV |:( yt,s - yt—l,s j,[yt—l,s - yt—2,s jj|
S S

[()HL}
2i(s—i)

s S N B GRS U Bl (A U R~ e\d C N |
:[sz+21-2_zsi]{%}[(l_as)(1+ae+92)+ae(1_as2)]
+2i(::2_i)(7s_72s_70+75)

[ +2i2_zsi]{%}[(l_as)(1+ae+92)+ae(1_as-2)]
2i(s=i)r(y o0 e
+S—2[(2a )71 7/0:|

2
where the autocovariances in the last two rows of the equation are given by 5, = MG%
l-a ‘

b
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_(L+ab)(a+0)

" cl,and 7; = o 71 for j > 1. To eliminate the dependency of this expression
-a

1

on i, we compute the expected value of the variance estimate, conditional on i.

o, = s2+2[;i2j—2s(;ij[ 20, }[(l—as)(1+a9+6’2)+a6’(1—a‘*"2)]

s s s’ (1-a?)

+2 4 [(20{5’1 —aZH)yl —7/0}

:[sz+—(”1)g2”1)_s(s+1)}[L}[(1_as)(1+ae+92)+ae(1_as-2)}

sS(1-a?)

s(s+1) (s+1)(2s+1)

+2| —2 = 6 [(20{H —a™! )71 —~ 7/0]

:(2S;+1]L25f§0{2)}[(1—a5)(1+a0+6’2)+a6’(1—as"2)]

+[S; —zlj|:(2as_1 _azs—l) (1+C¥9)(0{ +9) 0.82 _(M]Jj}

s 1-a? 1-a

Therefore, the variance ratio statistic of the interpolated series is given by

oL
V=
© ko,
2s% +1 207 . 2 -2
:( s3+ j{sz(li}az)}[(l—a )(1+a(9+6’ )+0{(9(1—0! )]
2 52 N 2 s=2
) sM[(l—a )(1+a0+(9 )+a0(l—a )}
s -1 (20{5.,1_aZS,l)(1+a<9)(a+<9) » (142204607 ,
. 3s? 1-a? e 1-a e
207 s 2 52
ssz(ff‘gaz)[(l—a‘)(l+aﬁ+0 )+a0(l—a )}

_(28°+1) (8 -1\ @' @-a') 1+ ab)a+6)-(1+2a60 +6°)
| 3 6s (1-a’)1+2a0+60%)+ab(1-a*?)
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Appendix B. Derivations for the Nonstationary Process
B-1. Variance Ratio Derivations for Nonstationary Process with ARMA(1,1) Errors

The one-period, short variance of this process is given by of )= Var( Vi~ ym._l) = Var(um.) =7,, where

146’ +2a0

7o 1 O'j . The k-period, long, variance can be obtained as follows.
-
Gk2,y = Var(yt,i _yt—l,i) = Var[zut,jj
j=1
[Var( )+ +Var( )] [2cov(u“,u )+ +2cov(ut1,u )}
+[2cov( U, ,,u )+ +2c0V( U U ”)]+ +2COV( U, l,um)
=Vttt
2y, + 2y, + 2y + 2y, 4+ 2y, + 2y
+271 +272 +273 +27/4 +"'+27s72
2y, + 2y, + 2y, +2y,
2y, + 2y, + 2y,
2y, +2y,
+2y,
=57, +2(s =Dy +2(s =2)y, +2(s =3y, +--+ 2y,
s—1
=57, +2Z(s—j)7/j
j=1
1+af)(a+6 .
where y, = ( )( )of and ;=075 ] >2 are the covariance functions for the error term.

l-a?

The variance ratio is, therefore,
s—1

e { } . zpllsa—a)—(l—w)],

Bl) V,=—2-= = s—j)a’
(B1) 2 (s-j)e (o)

Y kofy 5%, =
' o 7, (1+ab)(a+0)
where [, the first-order autocorrelation of the error term, is given by p, =—= >
7, 1+6 +2a0

and the last equality in the above expression can be shown to hold as follows:

N

s—1
Let A=) (s—j)a’" | then
=

J=1 1

A-ad {i(s— } {2 (s—j)a’ }:(s—l)—[a+a2+---+a"2+0{”]=(S—1)—Z,

—_ sl . _ S— s—1 _ a_as
where A= ZO!I . Then, A— aAd |:z j| |: o j| =a—a’ which implies that A :ﬁ .
i=1 i=1 -
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s(l—a)—(l—a‘“)

(1-a)

Therefore, 4 — g 4 = (s — 1) — ( a-a j , which, when solved for 4, yields 4=
l-«a

sk sk sk ok sk ke sk sk sk sk sk s ke s sk sk sk sk s ke s sk sk sk sk s sk sk sk sk sk sfeosie s sk sk sk sk sk s ke sk sk sk sk sk sk skeosk skok skokesk

B-I1. Evaluating the Variance Ratio for Nonstationary Process with ARMA(1,1) Errors
What can be said about the values that the variance ratio (B1) can take in this case? While the

expression can not be theoretically evaluated, we can establish some facts about it.
s(l—a)—(l—as)
(1-a)

Proof: Using induction we show that (i) the above ratio is positive when s =2 and (ii) if the ratio

Lemma: >0 for ‘04<1 and s>1.

is positive for a given value s, then it is also positive for s+1. Therefore, the expression is positive

Vs > 2 . These two statements are shown to be true below.

s(l—a)—(l—as)
(1-a)’

(i1) Assume that the ratio is positive for s. We need to show that

(s+1)(1-a)-(1-a"")

(1-a)
1 1_ _ 1_ s+l 1_ _ 1_ s s+l s 1_ s
(s+1)(1-a) 2( a ):s( ) ( a )+a +a' + a:A+1 a

(1-a) (1-a) —a

=1>0.

(1) If s=2,then 4=

>0.But

where the last inequality holds because 4>0 by assumption, and since ‘04 <1, wehave 1-a’ >0

and 1—a >0, regardless of the sign of & ; therefore, 1-a’ >0 QED

-«

Corollary: It follows from the above lemma and the variance ratio expression given by (B1) in

Appendix B-I, that Vy >1if p, > 0—which is the case for many economic series, Vy <lif <0,
and V,=1if 9=0.

Proof: Since =1+ 2P 4 and A>0 as shown by the previous Lemma, we can state that
N

V; =1+a positive quantity | so it is greater than 1. This is similar to the results we obtained for the

nonstationary series with AR(1) errors. On the other hand, if 4 <0, then Vy =1+ a negative quantity
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, soitis less than 1. Clearly, when Q :0, the second term in the variance ratio drops out and it

equals 1. This is what we obtained earlier for a nonstationary series with i.i.d. errors.

The following examples further identify variance ratio values conditional on parametric

2{(1+a9)(a+6’)}{S(1a)(las)

assumptions. Consider V, =1+— ] and consider the following

s| 1+46°+2a0 (1-a)
cases.
1+ad) o+
Example 1: If @ =-6, then (42) implies that 4 Zw =0, and thus Vy =1.

1+ +200

Example 2: If o =0, then the process is an MA(1) and p, = % . Therefore, the variance ratio
+

0 s—1 _
willbe V, =142 — |. But because s>1, we have S—1> 0, and since H<1,the
g 1+t92 S s

variance ratio satisfies 0< Vy <2 and, therefore, the size of V; depends on the sign and magnitude
of 6. In particular, Vy >1if6>0, Vy =1 if #=0 (which is the case of a random walk), and

V,<life<0

Example 3: In a more general case with ¢ #0, 6 # 0, and setting s = 2, we obtain

VyH[(l+a9)(a+e>}[z<1—a>—(l—of)]1{(1+a9>(a+e>}

1+ 6% +2a0 (1_a)2 1+ 6*+2a6

Here, if () >0 and € >0, then ¥, > 1, (ii) if @ <0 and 8 <0, then V', <1, (iii) if «=0 and

€ =0, then Vy =1, and (iv) if @@ <0, that is if & and @have opposite signs, then the size of the

variance ratio depends on their relative values.

sk sk sk sk sk ke sk sk sk sk sk s ke sk sk sk sk sk sk s sk sk skeosk sk sk sk sk sk sk sk ks sk

B-11I. Variance Ratio for Interpolated Nonstationary Process with ARMA(1,1) Errors

Consider the series X;; which is a linear interpolation of the series V;, as discussed before. The

one-period difference for the interpolated series is x, . —x, ., 1 ( Y. =V, S) . The variance of this

N

one-period difference series is given by
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B op, =L var(re )= H ot <L) {% 27,8 (s j)aw} .

s =t

The s-period, long, variance can be obtained using the facts that

i N s—1i i
xt,i:;(sy+yt—l,s+zut,jJ Vs T l:u+[slu+y125+zutljJ+;( “z,/}’and
j=1

Jj=1 Jj=1

' i< s—1i
=IHT Y T ;[Z Uiy, J » and therefore, Xei = Xemr; = SHE (
=

The long variance of the interpolated series is therefore given by

ol g5

_ [?j {s}/o +27,3(s —J)a”} +@ {S% 23 (s

J=1 J=1

(B3)

{WH%M%?S—JW1}2(%)(3{

In obtaining the above result, we rely on the following Lemma.

Lemma: For the above nonstationary ARMA(1,1) process

s s s—1 s—1
COVKZL{,_LJ,[ZL@J j:l Z S — _] ]/S y +Z S — _] 7/5+j
J=1 Jj=1 Jj=1 =0

Proof:
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S S S S
cov| | 2ttyy |b| 2ty || = EN| 2t || 2t
=l =1 =l =
= E[(”z—l,l FU U Y )(ut,l TUu, Ut ):I

= E(ut—l,lut,l TU U T U U U U )

+E (“H,lut,z tu, Uyt U U, U U, )

+
+ E(ul—l,lut,s—l TU QU U U TU U 1)
+ E(“t—l,lut,s + U, U, teeet U, 4 s TU, LUy s )

=Nttty tyste Yyt
RV AT S o P o e b sV ST o e o )
+7/3+7/4+7/5+...+7/S—1+}/S+}/S+1+7/S+2

TV XV TV TV T TV T V050
:71+272+"'+(S_1)7/s—1
+57,+(s=1) 7 +.“+|:S_(S_2):|7/S+(s72) +|:S_(S_1):|7/S+(s71)

S—

1
(s—J/) 75,+ZS )7,
1 Jj=0

j=

where we used the equalities E( u,_u ) j/y,E( U,y U tl):yH,..., E(ut1Y tl) 7,,etc. QED.

It is noted that the long variance depends on the periodicity index i. To remove the dependency of this

expression on i, we compute the expected value of the variance estimate, conditional on i. Therefore,
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Y +2;/12(s—j)06j_1

Jj=1

A, g

) 2{(21]/ };ZHZZZJ/ s} [;Z_?(S_ j)ysﬁjz_;(s— j))/w}

2
- |
s —s(s+1)+ 3

(Hl)(z”l)} {% 273 (5 )aﬂ}

J=1

2
S

) (s+1) { 2132 1} [SZ(S—J')KUJFZ(S_])%H}

N

R e (T e

Jj=1 J=l J=0

Then, using (B1) and (B3) we can obtain the variance ratio for the long difference (k = s) as

follows.
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s ]l Z S+j1
(B4) :(2s2+1}+(s2—1j71 /=1 _ =0
. Jj-1

s /1+ §— 5+/1
_[25°+41) [s7-1 ,:1 Z )
3s 3s P < o Vo

: .. . 7
where, in deriving the last row, we used the equality O, = —

0

(B4) can be further simplified by utilizing simplified expressions for the three arithmetic-

geometric sums in (B4):

SZ—‘: - l—of‘l—(l—a)(s—l)ot”

Jj=1 (1—&)2
H( Yo (1-a)sa’ —a’ +a*
Nt =
j=0 / (1—0{)2
! o S(l—a)—(l—as)

and 3 (s—j)a
Jj=1

The proof of these equalities is included at the end of this appendix. Plugging the above three into

(B4) and simplifying, we obtain
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(257 +1 N 57 -1
3s 3s P

(257 +1 N 57 -1
3s 3s P

25 +1) (s> -1)(1-a)

3s J 36" (1-a) +6sp, [ s(1-a)-(1-") ]

(B5) =(

Using the expression for 0, , we obtain the final expression for the variance ratio of the

interpolated series:

(2521 N (1+a9)(a+9)(s2—1)(1—as)2
(B6) V"_( 3s J 332(1—05)2(14—6’2+2a9)+6s(1+a6’)(0{+9)[s(1—a)—(l—as)]

Lemmas
Simplification for the three arithmetic-geometric sums used to obtain (B5) can be proved using the

following three lemmas.

S‘+j 1

s—l 1_ A 2s
Lemma: If s>1 and ‘04<1 then Z S J ( a) za i
% (-
s—1

Proof: Let B= Z(S —J ) /™" and multiply B by & , and subtract it from itself to obtain
j=0
S— 1

B—-—aB = {

s—1
s+/l Z s— s+/1 :Sas—l_[as+as+1+”'+a2s—2+a23—l].
Jj=0
o —o

Jj=0

But the bracketed expression equals , which upon substitution yields
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QED

s 2s
B—asta‘”—(a @ j or B=
l-«a

(1-a)

s—1 ' 1_ s=1 sl 1_ _1
Lemma: If s>1 and ‘04<1, then Z:(s—j)ags’f’1 __“ (al ( )2 a)(s ) .
J=1 -

s—1

Proof: Let C= Z(S -J )a‘v_j ' and multiply C by @ , and subtract it from itself to obtain
J=1

§—

s—1
C—aCz{ (s—j)asf'l}—a[Z(s—j)asjl}=[1+al+a2+~-~+a”+as2]—(s—1)a“.

J j=1

s—1

The bracketed term equals , which upon substitution and simplification results in the desired

l-a
1-o - = (1-a)(s-1
expression; e.g., C—aC= laa' —(S—l)OlH so, C= - (1 ()2 a)(s ) QED
- -

s(l—a)—(l—a‘“)
(l-a)

s—1
Proof: Let D= Z(S —J ) @’ and, in a manner similar to the previous lemmas, multiply D by & ,
j=1

s—1
Lemma: If s>1 and ‘04<1, then Z(s—j)a” =
j=1

and subtract it from itself to obtain

l(s—j)aj]}—o{t (s—j)ajl} —(s-1)-[a' +at+era ra ]

J=1 J

5

D—aDz[

)

-

The bracketed term equals , which upon substitution and simplification results in the desired

D= . QED
(I—a) QED

o s(l—a)—(l—a‘“)
expression; e.g., D—aDz(s—l)—(al @ jso
-
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