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Abstract

I study the optimal size of the central bank’s balance sheet in a continuous-time, incomplete-
markets economy where households self-insure against income and expenditure risk by accu-
mulating two nominal assets, liquid money and illiquid bonds. The balance sheet determines
the supplies of the two assets and, through them, two taxes on household wealth, the inflation
rate and the liquidity premium. Optimal policy trades off public insurance, financed by the
two taxes, against the private self-insurance the taxes discourage. The resolution depends on
the ability of the planner to commit and if monetary and fiscal policy are jointly optimized,
or if the central bank is separate and responds to a fiscal rule of the Treasury. When monetary
and fiscal policy are jointly chosen, discretion resolves the tradeoff entirely toward redistribu-
tion and inflation rises without bound, while commitment rewards self-insurance and pushes
deflation close to the Friedman rule. Separating the central bank from fiscal policy ties the
two taxes together through the central bank’s budget and blunts the redistributive power of
inflation. Under commitment the separated central bank still satiates the economy with lig-
uidity, now at only mild deflation rather than near the Friedman rule. Under discretion it
reaches a stationary optimum with moderate inflation, a strictly positive liquidity premium,
and a balance sheet that deliberately stops short of satiation.
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LEMMA at Paris Pantheon Assas University, and Rice University.
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1 Introduction

Since 2008, central bank balance sheets in the United States and other developed economies
have expanded to historically high levels. Policymakers have increasingly called for reducing
the size of these balance sheets, even though the process of balance sheet normalization has
proven difficult in practice.!

feasibility (Acharya et al., 2022; Duffie, 2026): can the central bank shrink its balance sheet while

Much of the discussion has focused on a positive question about

maintaining liquidity regulation and monetary policy implementation? This paper instead asks
a normative question: should the central bank aim to have a smaller balance sheet?

I approach this question starting from a simple observation that the assets that comprise the
two sides of a central bank’s balance sheet differ in their characteristics. On the liability side,
a central bank primarily issues short-term, money-like assets, such as reserves or currency in
circulation. On the asset side, the composition includes a mix of government debt and private
assets that tend to be less liquid, longer maturity, and more risky. By expanding or shrinking the
balance sheet, the central bank influences the aggregate supply of assets on either side, and in
turn, their prices and spreads. The goal of this paper is to study the determination of the optimal
size of the balance sheet based on the distortions in asset prices and spreads it should support,
which can be viewed as an optimal taxation problem in the spirit of Phelps (1973), Lucas and
Stokey (1983), and Chari and Kehoe (1999).

This paper focuses on the liquidity difference between central bank assets and liabilities and
the two prices they influence: the liquidity premium and the inflation rate. When the central
bank expands its balance sheet, it buys less-liquid assets and pays for them by issuing money-
like liabilities. The purchase makes liquid assets abundant relative to less-liquid ones, and the
compensation the public requires for holding the less-liquid ones—the liquidity premium—falls.?
The same transaction also moves the inflation rate. Since asset purchases are made with newly
issued money, a path for the size of the balance sheet is a path for money creation, which becomes
inflation unless fiscal policy absorbs it (Sargent and Wallace, 1981; Hall and Reis, 2015; Del Negro
and Sims, 2015). Both the inflation and the liquidity premium are taxes on the assets the public
holds. Inflation taxes nominal wealth while the liquidity premium is a tax on money.

I study the optimal balance sheet problem in a continuous-time, incomplete-markets economy
in the tradition of Bewley (1980, 1983), with expenditure risk following Rocheteau et al. (2018a)
and two assets as in Kaplan et al. (2018). Households face persistent shocks to labor produc-

tivity and random, idiosyncratic lumpy expenditure shocks. They self-insure by accumulating

1For instance, Federal Reserve Chair Kevin Warsh has stated that the Fed’s balance sheet is “too big” and has called
for a return to a smaller footprint (confirmation testimony, U.S. Senate Committee on Banking, Housing, and Urban
Affairs, February 2025).

2For evidence that the liquidity premium moves with the supply of money-like assets, see Krishnamurthy and
Vissing-Jorgensen (2012) and Nagel (2016). Copeland et al. (2025) document its return when the balance sheet shrank
and repo rates spiked in September 2019.



two publicly-supplied nominal assets: money, which is liquid and can finance lumpy consump-
tion, and bonds, which cannot. The liquidity premium compensates households for holding the
illiquid asset, and the government’s balance sheet determines the supply of both assets in the
hands of the public.? I study optimal policy in two institutional arrangements: i) a consolidated
government that can jointly set the supply of money and bonds as well as transfers versus ii) a
monetary authority separated from the fiscal authority that issues money in exchange for bonds
— equivalent to a restriction on remittances between the two authorities — and takes a fiscal rule
as given. Within each arrangement, I solve for optimal policy under full commitment and under
tull discretion, following the approach of Roberds (1987) and Davila and Schaab (2023).

To start, I consider the case in which fiscal transfers are rich, able to condition on each house-
hold’s idiosyncratic state. In this case, the fiscal tax and transfer system can directly redistribute
and provide insurance, except for lumpy expenditure risk subject to the liquidity constraint.*
The optimal policy, under commitment or discretion, then satiates the economy with liquidity.
The planner sets the relative bond supply low enough that the liquidity premium hits zero, and
money earns the rate of time preference. This result is the classic Friedman (1969) rule which
says, since public liquidity is socially costless to produce, it should be costless for private agents
to hold.”> The size of the balance sheet is indeterminate in the sense that the ratio of money to
bonds in the hands of the public must be high enough to yield a zero liquidity premium, but set-
ting it any larger is neutral. In other words, at the optimum, marginal open market operations are
neutral, which echoes the irrelevance results of Wallace (1981) and Chamley and Polemarchakis
(1984).

When transfers are restricted to lump sum, markets are incomplete and in any decentral-
ized equilibrium marginal utilities of consumption are not equalized across households, they fall
with wealth and income. This introduces a tradeoff in optimal policy between public and pri-
vate insurance. Increasing transfers financed by inflation or low liquidity premia provides public
insurance through redistribution. For instance, inflation taxes high nominal wealth households
and redistributes through lump-sum transfers to low nominal wealth households. Reducing the
liquidity premium, under a fixed inflation rate, taxes high bond-holding households and redis-
tributes to lower bond-holding households, which in a decentralized equilibrium redistributes
from those with low to high marginal utility. A planner who wants to provide more public

insurance would be pushed toward higher inflation and a lower liquidity premium. This pol-

3Introducing lumpy expenditure risk in an otherwise frictionless two-asset economy is a way to introduce liquidity
differences between assets while keeping the idiosyncratic state space small to only total wealth and income. In
Section 6, I extend the optimal policy problem to an environment with continuous portfolio adjustment costs as in the
Heterogeneous-Agent New Keynesian (HANK) literature following Kaplan et al. (2018) and show qualitatively the
results carry over.

“This is true because I assume transfers are in flows while the liquidity constraint is on lumpy purchases.

5The optimality of the Friedman rule survives distorting taxes and redistributive motives when the tax system is
rich enough (Kimbrough, 1986; Chari et al., 1996; da Costa and Werning, 2008).



icy, however, destroys the incentive for wealth accumulation and self-insurance since it reduces
the real returns to savings. A planner that wants to encourage self-insurance would be pushed
toward lower inflation and a higher liquidity premium.

How this tradeoff is resolved depends on the planner’s ability to commit. I show, under
discretion, the push for public insurance through redistribution wins and the planner increases
inflation without bound. To a discretionary planner the inherited buffer stock of nominal wealth
is sunk. Dilution through additional nominal asset creation looks like free redistribution since
its cost is the wealth accumulation it deters through lower expected returns. This inflation temp-
tation echoes the classic time-consistency problem (Calvo, 1978; Barro and Gordon, 1983), but
its source here is a redistribution incentive under incomplete markets. Under commitment, the
planner instead rewards self-insurance by pushing inflation close to the Friedman rule (deflation),
stopping only when the lump-sum taxes required to finance it begin to reach their upper bound
of the lowest income households. The commitment planner internalizes the wealth accumulation
that the path of future policy induces. Higher sustained expected returns induce households to
hold larger buffer stocks, substituting self-insurance for public insurance. The liquidity premium
itself closes to zero, since deflation carries both the money and bond returns toward the rate of
time preference.

I then turn to studying optimal policy when the central bank is separated from the Treasury.
The central bank controls the money supply through open market operations—swapping money
for bonds on its balance sheet—but makes no direct transfers. Fiscal policy sets transfers and
debt issuance by a debt-stabilizing rule, as in Leeper (1991). Separation changes the nature of the
optimal policy problem by removing the independence of the two tax instruments: inflation and
the liquidity premium. Whereas the consolidated government can independently determine in-
flation and liquidity premium, the separated central bank’s budget constraint ties them together.
Higher inflation lowers real money balances and with them the real size of the balance sheet,
leaving more real bonds in the hands of the public and a higher liquidity premium. Hence, a
planner that wants high inflation must also accept a higher liquidity premium.

Under discretion, the separated central bank faces a different redistributive calculation com-
pared to the consolidated government. Since higher inflation also raises the liquidity premium,
the inflation tax falls disproportionately on money holdings, which are less dispersed than total
wealth. Inflation has less redistributive power and the discretionary optimum of the separated
central bank stops inflating when the smaller redistributive gain balances the cost of more ex-
pensive liquidity.® The optimal liquidity premium is strictly positive, which implies the balance

sheet is set so that liquidity is not abundant.

®The result that separating the monetary and fiscal authority leads to a smaller discretionary incentive for inflation
echoes Sargent (1982) in which the hyperinflations in Austria, Hungary, Poland, and Germany each ended abruptly
when the government paired a change in the fiscal regime with an independent central bank legally barred from
financing the government. In the model, that pair of measures requires no commitment power.



Under commitment, the separated central bank is also limited but, as in the consolidated
problem, is pushed the other way from the discretionary planner and aims to incentivize self-
insurance. It optimally satiates the economy with liquidity by setting inflation low enough so
that the liquidity premium reaches zero. Lowering inflation raises real money demand, grows
the real balance sheet, and pulls the premium down.

I calibrate the model to match features of the wealth and income distribution in the United
States. Income risk is set to match flows into and out of unemployment and the replacement rate
of unemployment insurance. Expenditure risk is set to match the level and interest sensitivity of
money demand, and the supplies of money and bonds match the ratio of government liabilities
held by domestic private investors to GDP of fifty-two percent and a liquidity premium of two
percent. Under discretion, the separated central bank’s stationary optimum inflation is 1.79 per-
cent and the optimal liquidity premium is 4.17 percent. Liquidity remains scarce at the optimum.
Under commitment, the central bank reaches the zero-premium corner at a deflation rate of half
a percent. In Section 5, I study the optimal balance sheet along transitions following aggregate
shocks, a productivity contraction and a rise in unemployment risk. In both cases it is optimal
to keep the size of the balance sheet relatively fixed and let the two prices absorb the shock.
The adjustment is spread across inflation and the liquidity premium, cheapening liquidity when
households value it most. Fixing either price instead relocates the burden of the shock onto the
other margin, forces large movements in the size of the balance sheet, and raises consumption
dispersion. The optimal balance sheet absorbs shocks through its prices rather than its size.

Section 6 examines the robustness to three extensions. First, I show allowing the central bank
to pay interest on money, as the Federal Reserve has since 2008, does not alter the policy pre-
scriptions. Any pair of a nominal rate on money and an inflation rate that delivers the same real
return as in the baseline implements the same optimum. Additionally, the promised nominal
interest rate on money is still a nominal claim that dilution reaches, so the temptation to inflate
is unchanged. Second, I add productive capital which anchors the return on illiquid assets to
the marginal product of capital, so inflation passes into the liquidity premium one for one so
even a consolidated planner faces the trade-off that only separation created in the baseline. The
asymmetry between discretion and commitment survives even though capital shrinks the nomi-
nal tax base by an order of magnitude. Third, I consider portfolio adjustment costs and a richer
income process which jointly match the empirical wealth distribution. Optimal policy keeps its
qualitative features. Discretion still leans toward inflationary redistribution while commitment
still leans toward rewarding self-insurance.

The rest of the paper proceeds as follows. Section 1.1 summarizes the contribution relative
to the literature. Section 2 presents the model and characterizes the decentralized equilibrium.
Section 3 studies optimal policy for the consolidated government, under discretion and under

commitment. Section 4 studies the optimal balance sheet of a central bank separated from the



Treasury. Section 5 studies the optimal response of the separated central bank to aggregate shocks

along transitions. Section 6 presents the three robustness exercises, and Section 7 concludes.

1.1 Literature

A long literature studies the optimal supply of government debt in incomplete-markets economies,
where public liabilities provide liquidity, self-insurance, and safe collateral that private markets
cannot fully replicate (Woodford, 1990; Aiyagari and McGrattan, 1998; Holmstrém and Tirole,
1998; Azzimonti and Yared, 2019; Gorton and Ordofiez, 2022; Angeletos et al., 2023; Aguiar et al.,
2024); Bhandari et al. (2017a,b) extend the question to the dynamic management of the govern-
ment’s debt portfolio, chosen to hedge aggregate fiscal risk. That literature tends to treat public
liabilities as a single asset, or as a portfolio distinguished by returns, while this paper starts
from the observation that central bank liabilities (money) and Treasury debt (bonds) differ in
their liquidity properties, so the optimal-supply question is jointly one of quantity and compo-
sition, with the composition margin turning on liquidity roles rather than fiscal hedging. In this
way, the paper relates to another long-standing literature on the optimum quantity of money,
in which money is the vehicle for self-insurance (Bewley, 1980, 1983; Kehoe et al., 1990; Molico,
2006; Bhattacharya et al., 2005; da Costa and Werning, 2008; Lippi et al., 2015; Chien and Wen,
2024). Relative to both, I characterize the joint optimum over the quantity and the composi-
tion of the government’s nominal liabilities—the optimal inflation rate and the optimal liquidity
premium—under both commitment and discretion.

The asset structure follows the New Monetarist literature on the coexistence of money and
less-liquid assets (Lagos and Wright, 2005; Rocheteau and Wright, 2005; Lagos et al., 2017), with
lumpy expenditure risk within an incomplete-markets framework as in Rocheteau et al. (2018a),
who study money alongside illiquid bonds and show that a positive liquidity premium and a
positive inflation rate can maximize steady-state welfare, but do not solve a full optimal-policy

problem.”

The result that a positive liquidity premium can be socially optimal connects the
paper to the literature on the societal role of illiquid bonds, including Kocherlakota (2003), Shi
(2008), Berentsen et al. (2007), Andolfatto (2011), and, with heterogeneous households, Boel and
Camera (2006). By assuming bonds and money differ in their liquidity, I connect to the literature
on open market operations; Rocheteau et al. (2018b) show that liquidity differences give open
market operations real effects, and Sterk and Tenreyro (2018) and Bustamante (2023) trace their
redistributive incidence; here those channels become the objects of optimal policy design. The

balance sheet is thus a permanent redistributive instrument rather than a crisis intervention.

"Maximizing steady-state welfare over stationary policies is neither the Ramsey (commitment) problem nor the
Markov-perfect (discretion) problem: it compares steady states while ignoring the transition between them and the
dynamic feedback of policy. Klein et al. (2008) call a planner who ignores that feedback ‘myopic’; Aiyagari and
McGrattan (1998) adopt the steady-state-welfare criterion for the optimal quantity of debt.



Bianchi and Bigio (2022) and Bigio and Sannikov (2026) develop this view on the bank side of
the economy. In their work the central bank’s balance sheet sets the scarcity of reserves, and
through it the credit spread, so balance-sheet policy has real effects in the long run. Bigio and
Sannikov (2026) show that this power carries a trade-off between insurance across households
and insurance against aggregate shocks, and they pose solving for the optimal balance sheet as
an open question. This paper takes up that question in a complementary setting. The liquidity
margin here sits in household portfolios rather than in bank settlement. Their spread taxes
borrowing after the shock; the premium here taxes the buffer held against it. I characterize the
optimal balance sheet in full, under both commitment and discretion.®

Methodologically the paper follows the continuous-time heterogeneous-agent optimal-policy
literature (Achdou et al., 2022; Nufio and Thomas, 2022; Davila and Schaab, 2023; Bhandari et al.,
2026; Le Grand et al., 2022; Challe, 2020; Acharya and Dogra, 2020; Hurtado et al., 2023), adopting
the approach of Davila and Schaab (2023). I depart by working in a Bewley-type model where
money is essential and the instruments are the nominal quantities on the government balance
sheet, activating seigniorage and revaluation channels.® Closest on the revaluation margin, Bhan-
dari et al. (2021) deploy surprise revaluations of household nominal claims as state-contingent
fiscal insurance under commitment; here the same margin is a permanent redistributive levy
whose incidence the covariance conditions price and whose time consistency is the central ques-
tion.

The discretionary analysis belongs to the literature on time-consistent monetary and fiscal
policy, from the inflation bias of Kydland and Prescott (1977), Calvo (1978), and Barro and Gor-
don (1983)—here redistributive rather than expansionary—to Markov-perfect monetary—fiscal
equilibria (Lucas and Stokey, 1983; Obstfeld, 1997; Chang, 1998; Albanesi et al., 2003; Persson
et al., 2006; Alvarez et al., 2004; Klein et al., 2008; Martin, 2009, 2011, 2013, 2015; Niemann et al.,
2013; Straub and Werning, 2020; Bassetto and Cui, 2024). In Diaz-Giménez et al. (2008) nominal
government debt is the burden tempting a Markov-perfect authority, and Hurtado et al. (2023)
is the closest continuous-time treatment of discretionary inflation as nominal dilution; here the
burden is the entire distribution of household nominal claims, and the temptation’s measure is a
covariance. Separating monetary from fiscal policy connects to the delegation tradition (Rogoff,
1985; Walsh, 1995), to work on central-bank solvency, remittances, and fiscal backing (Wallace,
1981; Del Negro and Sims, 2015; Hall and Reis, 2015; Benigno and Nistico, 2017), and to the fiscal—-
monetary regime literature (Sargent and Wallace, 1981; Leeper, 1991; Sims, 1994; Woodford, 1995;

80n implementation and central-bank balance sheets, see Martin and Monnet (2011), Lagos and Navarro (2023),
Benigno (2020), Benigno and Nistico (2020), Herrenbrueck (2019), Schulhofer-Wohl (2025), and Williamson (2025);
on floor versus corridor operating systems, Ctirdia and Woodford (2011) and Arce et al. (2020); on asset purchases,
Gertler and Karadi (2011) and Greenwood et al. (2015).

9Kaplan (2025) catalogs these fiscal-monetary interconnections in HANK models.



Bassetto, 2002).10

2 Model

I consider a continuous-time, incomplete-markets economy with two publicly-supplied nomi-
nal assets: money and bonds. Households receive idiosyncratic labor-productivity and lumpy-
expenditure shocks, and self-insure by accumulating wealth in money and bonds. Money is
liquid in the sense that it is used as a transaction account and means of payment for consump-
tion. There exist continuously-open, frictionless markets in which households can trade money
for bonds and, likewise, money for a flow of consumption goods. However, in the event of a
lumpy expenditure shock, I assume that households can only access money (bonds are illig-
uid).!! In equilibrium, bonds earn a weakly higher return than money—a liquidity premium
that compensates households for the inability to use bonds in all transactions. Policy takes the

form of a portfolio of public, nominal assets and a transfer rule.

2.1 Households

Time is continuous, t € [0, o), and there is a single, perishable consumption good. There exists
a unit measure of households that discount the future at rate p > 0 and value flows of con-
sumption, ¢;, according to the instantaneous utility function u(c;). In addition to consuming in
flows, households receive random, idiosyncratic preference shocks to consume discrete (lumpy)
amounts of the consumption good, denoted y;. These shocks arrive at Poisson rate « > 0 and
consuming y; delivers the household a lump of utility U(y;).

Given adapted, left-continuous processes (c;, yt), a household’s lifetime expected discounted

utility at time zero is given by

E /Oooe_"t u(cy) dt + ie‘pT”U(]/Tn) , ()

n=1

where the sequence {T,}?”, represents the Poisson arrival times of lumpy expenditure shocks.
The functions # and U are strictly increasing and concave, and satisfy the Inada conditions

u'(0) = U'(0) = co and u'(o0) = U'(0) = 0. Households supply one unit of labor inelastically

10A recent literature re-examines price-level determination with non-Ricardian (heterogeneous) households: Hage-
dorn (2017) develops a demand theory of the price level; Hagedorn (2024b,a) argues that the fiscal theory’s founda-
tions are fragile; and Angeletos et al. (2024) show that deficit-driven inflation in HANK economies operates through a
classical non-Ricardian demand channel rather than the fiscal theory’s valuation equation. The nominal anchor used
here—quantity targeting combined with real fiscal transfers (Section 2.3)—sits in this non-Ricardian determinacy
tradition.

1 An alternative formulation is to have portfolio rebalancing as a continuous flow d; subject to a strictly convex
adjustment cost ®(d;), following Kaplan and Violante (2014) and Kaplan et al. (2018). I present this alternative in
Appendix G and show that the optimal policy results are similar.



and face idiosyncratic labor productivity given by an exogenous Markov process z;. Let Z stand
for the support of z. A household’s labor earnings are z;w;, where w; is the wage rate in a
competitive labor market. There is a representative firm that produces output Y; using a linear
production technology Y; = L;, where L; is aggregate labor.

The first-best allocation under a utilitarian social welfare function is

M/(CFB) — u/(yFB), (2)

B+ ayt® = E,[2], (3)

where [, denotes an expectation under the ergodic distribution of productivity. In (2), the
planner equalizes the marginal utility of consumption across agents, states, and dates, using

total resources, subject to the resource constraint (3).

2.2 Assets and government

There are two publicly-supplied, risk-free nominal assets: money M; and bonds B;. Both are
nominal claims on the same unit of account and trade at real price ¢; per nominal unit. Bonds
pay a nominal interest rate i’ > 0, whereas money pays no interest.”> The corresponding real

returns are

=g/ = —m, =il + e/,

where 7; is the rate of inflation and i = ¥ — 7 > 0 is the liquidity premium.

From the standpoint of households, the assets differ in only one substantive way: money can
be used to finance lumpy expenditures and bonds cannot. At every instant between Poisson
lumpy shocks, the household freely allocates total real wealth between money and bonds at zero
cost. At the moment a lumpy shock arrives, however, only money already held can be used to
finance the purchase. Let w; denote a household’s total real wealth, a; its real money holdings,
and by = wy — ay its real bond holdings. I assume that money and bond holdings are non-negative,
at, by > 0. The household’s law of motion for total real wealth (outside lumpy-expenditure events)
is

w; = r‘fat+rtbbt+zt—ct+7§ = rfwt—ii’at+zt—ct+7§, 4)

where the second equality uses rf =rf+ if. Holding wealth in money rather than bonds sacrifices

121 assume the government is not allowed to pay interest on money following the classical literature in monetary
theory, e.g. Lucas and Stokey (1983). One can view money as central bank liabilities (currency in circulation and
reserves) paired with a competitive narrow banking system that converts these one for one into deposits or other
transaction accounts that households hold. I study the possibility of allowing interest on money (in line with the
practice of paying interest on reserves) in Section 6.1.



the bond return at rate i/. At the moment of a lumpy expenditure shock, the household consumes
yt < a;, and total wealth jumps to w; — yt.m

I distinguish between the policy of the fiscal authority (Treasury) and that of the monetary
authority (central bank). Let B/ denote the total outstanding nominal debt of the Treasury, which
is held either by the public, By, or by the central bank, B¢, so that Bl = B; + BCE. The Treasury
sets transfers 7;(w, z), that can generically depend on a household’s state, and issues debt B/.

Given a remittance R; from the central bank, the Treasury’s budget constraint is
| Tiw,2)dGy+ {9 BT = Ri+ giB. (5)

Since the household freely allocates wealth between money and bonds at every instant, the port-
folio split (a,b) is endogenously pinned down by (w, z) in equilibrium, so there is no loss of
generality in conditioning transfers on total wealth rather than on the portfolio composition.
The left-hand side of (5) represents the Treasury’s total expenditures from transfers and inter-
est on Treasury debt, while the right-hand side represents its total revenue from central bank
remittances and debt issuance.

The central bank sets the supply of money M; by conducting open market operations—

swapping money for bonds on its balance sheet. Its budget constraint is
R; + 471}3?3 = Z?(PtBtCB + (PtMt- (6)

The left-hand side of (6) represents the central bank’s expenditures from remittances and bond
purchases, while the right-hand side represents its total revenue from money creation and interest
on Treasury debt.

Adding (5) and (6), the remittance R; cancels and the consolidated government’s budget con-

straint is
/ 7?((4), Z) th + Z?(PtBt = 4)tMt + ¢tBt- (7)

When monetary and fiscal policy are jointly optimized (Section 3), the relevant constraint is (7).
When they are separated (Section 4), the individual constraints (5)—(6) are considered separately
along with a fiscal policy rule.

In addition to the flow budget constraint, the government is subject to a no-Ponzi condition

13To make money essential for trade, one can imagine that households can commit to deliver their bond positions
across time but cannot access their commitment technology in the instant they receive a lumpy expenditure shock.
Further, a long position of bonds cannot be authenticated quickly. See Rocheteau et al. (2018a) for a related discussion.

10



ruling out indefinite accumulation of real liabilities:
lim e Pl (M; +By) < 0. (8)
—00

Combined with (7) and the household budget constraints aggregated over the distribution of
households, condition (8) delivers the intertemporal government budget constraint: the present
value of real government liabilities equals the present value of future primary surpluses (trans-

fers, net of seigniorage and interest costs).!*

2.3 Decentralized equilibrium

Given a linear production function, the labor market clearing condition requires w; = 1 for all t.
Households take policy and prices (¢, i) as given. Let Wi(w, z) represent a household’s value
function at time t, with w total real wealth and z idiosyncratic productivity. It satisfies the

Hamilton-Jacobi-Bellman (HJB) equation

pWi(w, z) = max u(cy) + al(y;) + Ai(w, z, ¢, y, a) [W] + 0: Wi, 9)

Ct,Yt,0¢

where the constraints on choices are ¢; > 0, 0 < y; < a4, a; € [0, wy] (equivalently by = w; —a; >
0), and the state constraint w; > 0. The operator A, represents the infinitesimal generator of the

idiosyncratic state (w, z) and is given by
AW] = [rPw — ibay + 2 — c + 7?] 0uwW +a [W(w —y,z) — W(w, 2)] + AW (w, 2). (10)

The generator has three components: continuous changes in total real wealth (first term), discrete
jumps from lumpy consumption at a Poisson rate (second term), and idiosyncratic productivity
transitions (third term).

The household has three controls: flow consumption c;, intended lumpy consumption y;, and
money holdings a;. The optimization problem leads to three optimality conditions. The first is

the flow consumption Euler:
u'(ct) = 0 Wi(w, 2). (11)

The second governs the money-holdings choice. Differentiating with respect to a; in the HJB and

14Household optimization combined with the debt limit by > 0 implies the standard household transversality
lim;_ye0 e PE0 Wi - (wy) = 0. Together with (8), this rules out paths where real wealth or real liabilities grow at a rate
exceeding p.

11



applying complementary slackness on the bounds y; < a; and a; < wy yields
if 0, Wi(w,2) = & — L, (12)

where ¢; > 0 is the multiplier on y; < a; (with ¢¢(a; — y:) = 0) and {; > 0 is the multiplier on
ar < wy (with {(w; — a;) = 0). When the liquidity premium is strictly positive (i > 0), the LHS
is strictly positive since d,W; > 0, and so ¢y > {; > 0, which forces a; = y;: the household
holds money exactly equal to its intended lumpy purchase. Holding money in excess of y; is
strictly costly (the household marginally sacrifices i/ 9,W;) and provides no marginal benefit,
because the household will not consume more than its planned y; at the shock. When i = 0 (the
liquidity-trap case), the constraint y; < a; need not bind and the household is indifferent over
any a; € [y, w]. Without loss of generality, let a; = y; in this case also.

The third optimality condition is the first-order condition for lumpy consumption. Differen-

tiating with respect to y; and substituting the binding a; = y;:

a[U'(yr) — 3 Wi(w — 1, 2)] > 1000 Wi(w, 2), (13)

with equality if y; < w;. The LHS is the marginal expected lumpy benefit per unit time—the
n-weighted gap between the marginal utility of the lumpy purchase U'(y;) and the post-shock
marginal value of wealth d,Wi(w — y¢,z). The RHS is the marginal cost of holding wealth in
money (rather than bonds), i? 0wWi(w, z). When y; = w; (full depletion), the upper bound on
money holdings a; < w; binds, the household holds no bonds, and the FOC holds as a strict
inequality.

Substituting the household’s optimal a; = y; into the wealth dynamics, the law of motion
simplifies to w; = rfwt — ifyt + 2zt — ¢t + 7. With the optimal policies substituted, the HJB takes

the compact form
th = M(Ct) + &U(yt) + At [Wt] + d; Wi, (14)

where A; = Ay(w, z, ct,Yt,yt). The equilibrium measure G; over household states (w, z) satisfies

the Kolmogorov forward equation (KFE):
9:Gt = Aj[Gi], (15)

where A is the adjoint of the generator .A;. The stationary distribution may contain a mass
point at the borrowing constraint w = 0 for each z. The mass point is denoted by m;(z), and
the absolutely continuous part of G; is given by the density g:(w,z). Let F(@, z) stand for the

measure over nominal wealth @; = w;/¢; and productivity.
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Market clearing requires real money demand to equal real money supply, and likewise for
bonds:

/ yi(w, 2) dGi(w, 2) =g M, (16)

/ [w — y(w, 2)] dGi(w, z) =P1Bt, (17)

where a4(w, z) = y¢(w, z) and by(w, z) = w — y(w, z). Collect government policy starting in time ¢

as P; = { M, Bs, Ts(w, z) }s>¢. The decentralized equilibrium is defined as follows.

Definition 1 (Decentralized competitive equilibrium). Taking as given an initial nominal wealth
distribution Fo(@, z), initial nominal asset supplies Mo > 0 and By > 0, and a path of policy Py, a decen-
tralized competitive equilibrium consists of value functions and decision rules {W;, c;, y; } >0, equilibrium

measures { Gy }y>0, and prices {¢y, i }1>0, such that:
i) value functions and decision rules satisfy (11)—(14) with a; = y; and by = w; — Y4,
ii) the equilibrium measure Gy satisfies (15),
iii) the government budget constraint (7) holds at each date t,
iv) and both market clearing conditions (16)—(17) hold at each date t.

Equations (7) and (11)-(17) serve as implementability constraints for optimal policy. Market
clearing for labor is implemented by setting w; = 1, and the market clearing condition for goods
is satisfied by Walras’ law when both asset market clearings (16)—(17) and the government budget
constraint (7) hold, with total output given by Y; = L; = f z; dGi(w, z).

Determination of the initial price level ¢p. A subtle but important feature of Definition 1
is how the initial price level ¢p is determined by the equilibrium conditions. First, note that
aggregate wealth market clearing at t = 0 reduces to the tautology ¢o(My + Bo) = ¢ f @ dFy, given
consistency of the inherited nominal distribution Fy with the total nominal asset stock My + By.
The substantive equilibrium conditions at ¢t = 0 are the money market clearing condition (16)

together with the government budget constraint (7):
/yo(w, z;ig)dGo = poM, /76(x) dGo +i§ ¢oBo = doMo + o Bo. (18)

These two equations jointly determine the pair (¢, iS). With To(x), My, By, My, By all specified as
policy or initial conditions (and 7; in real terms), this joint system has a unique solution among

the non-explosive equilibria.!> The price path {¢;,i’};~¢ is then determined by market clearing

157 restrict attention to equilibria that converge to a steady state with finite inflation. Hyperinflationary paths with
¢+ — 0 and a non-monetary equilibrium also exist under the same policy path, as in any economy with unbacked

13



at each subsequent date.!®

2.4 Characterization of the decentralized equilibrium

Before studying optimal policy, it is useful to first establish some properties of the decentralized
equilibrium. I impose the following condition on the transfer rule that guarantees all households
can finance a strictly positive consumption flow, a condition that will be slack in the optimal

policy problem.
Assumption 1 (Feasibility). For all t, transfers and the lowest productivity state satisfy z, + T(0,z) > 0.

Assumption 1 rules out confiscatory transfers that would leave a household at the constraint
w =0 (i.e.,, a = b = 0) with non-positive resources. The characterization of the equilibrium begins
with establishing that the value function is a constrained viscosity solution of the HJB equation
on [0,0) x Z, deriving the boundary condition at w = 0, and establishing some useful properties
of the value function W;. Proofs of all propositions and lemmas in the paper are collected in

Appendix A.
Lemma 1 (Value function properties and boundary conditions). Under Assumption 1:
i) Wi(w, z) is a constrained viscosity solution of the H]B equation (14) on [0, ) x Z.

ii) Boundary condition. For each t and z € Z, d,W;(0,z) < co. At w = 0, the consumption Euler

u'(ct) = 0w Wi holds and the state-constraint boundary condition satisfies
awwt(of Z) Z M,(Zt + 7;(0/ Z)) ’ (19)

with equality iff w;(0,z) = 0.
iit) Monotonicity and concavity: Wy is strictly increasing and strictly concave in w for each z.
iv) Asymptotic: limy e 0w Wi(w, z) = 0.

Lemma 1 extends Rocheteau et al. (2018a, Theorem 1) to a non-stationary environment with
idiosyncratic productivity risk. Part (ii) shows that households at the no-borrowing constraint

have a strictly positive but bounded marginal value of additional wealth. Part (iii) establishes

nominal assets. Only under commitment can the selection be supported by policy, through an arbitrarily small
promise to redeem money at a price floor (Obstfeld and Rogoff, 1983).

16The fact that real transfers 7; are exogenously specified policy — from the standpoint of the decentralized equi-
librium — is essential for this argument: if instead 7; adjusted passively to balance the budget at any price level (a
“Ricardian” regime in the language of Leeper, 1991 and Woodford, 1995), ¢y would be indeterminate. Conversely, if
the central bank instead pegged a price (ii’, say) and let nominal quantities adjust passively, classical indeterminacy
results (Sargent and Wallace, 1975) would arise. Quantity targeting combined with real fiscal transfers leads to a
nominal anchor.
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the strict monotonicity and concavity of the value function, which will deliver a redistributive
motive for optimal policy. Part (iv) is the standard transversality property in w. The next result

also extends Rocheteau et al. (2018a, Proposition 1).

Lemma 2 (Endogenous segmentation). For each t > 0 and z € Z, there exists a threshold w(z) > 0
such that the household optimally chooses y:(w, z) = w for all w € (0, w,(z)] (holds all wealth in money),
where the threshold satisfies

a[U'(w(2)) — 0Wi(0,2)] = if 90 Wi(w;(2), 2). (20)

For w > wy(z), yi(w,z) < w and the lumpy FOC (13) holds with equality. For each w > 0, 0 <
aw]/t(w/ Z) S 1.

Below the threshold w;(z), the household is too wealth-poor to keep any positive bond hold-
ings. It holds all of its wealth in money, a; = w;. In the event of a lumpy shock, it fully depletes
its money balance (y; = a; = wy), leaving total wealth at the borrowing constraint w = 0. The
lumpy FOC (13) holds with slack in this regime because the upper-bound constraint a; < w;
binds and contributes a positive Kuhn-Tucker multiplier. Above the threshold, the household
holds both money a; = y; < w; and bonds b; = w; — y; > 0, the lumpy FOC (13) holds with strict
equality, and the household partially depletes money while keeping a positive bond position.
This endogenous segmentation—wealth-poor households hold all wealth in money, wealth-rich
households hold both money and positive bonds—is a key feature of the two-asset structure

relative to the pure-currency benchmark.

Stationary equilibrium. This section discusses the existence and uniqueness of a stationary
equilibrium given a stationary policy, with the restriction to lump-sum transfers.!” A policy is
stationary if both nominal stocks grow at a common rate g™ and real lump-sum transfers are
constant. A stationary equilibrium under a stationary policy is then a decentralized equilibrium
in which all policies and value functions, the distribution of real household wealth and income,
Gt(w, z), and real returns, rﬁ’ and r{ (and hence i?), are constant. Constancy of G; and market
clearing imply that real balances ¢:M; and real bonds ¢;B; are constant, so the growth rate
determines inflation, ¢M = —¢/¢: = 7. The common growth rate across nominal assets implies
the composition B = B;/M; is constant at its initial level, chosen by policy. A stationary policy

can then be described by a pair (¢, B).

Lemma 3 (Existence of stationary equilibrium). Fix a stationary policy (¢M, B) with ¢M > —p and

B > 0, and let the constant transfer implied by the budget satisfy Assumption 1. There exist thresholds

7Most of the optimal policy analysis restricts transfers to be lump-sum. For existence and uniqueness, any transfer
schedule satisfying Assumption 1 suffices.
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0< é(gM) < B(gM) < oo such that a stationary monetary equilibrium exists for every B € [0, B(g™)).
The equilibrium premium is strictly positive if B € (B(g™), B(g™)) and zero if p < B(g™).

Rocheteau et al. (2018a) establish existence in the same two-asset economy without idiosyncratic
income risk, including the threshold structure of the zero-premium region. At fixed inflation, the
feasible premia lie between zero and p + gM. At the upper end, the real bond return approaches
the rate of time preference and the demanded ratio of bonds to money rises toward its upper limit
B(gM), which may be infinite. Uniqueness, left unproven, holds if the demanded bond-money
ratio rises strictly with the premium. In partial equilibrium, a higher premium raises the return
on bonds and household portfolios shift toward them. The difficulty in proving uniqueness is
that, in general equilibrium, the transfer adjusts with the liquidity premium and feeds back into
demand. Uniqueness requires that the wealth demand not fall too strongly in the lump-sum
transfer. The quantitative results explicitly check for multiplicity of this kind and find none.

2.5 Comparative statics: 77 versus i’

Finally, before introducing the optimal policy problem, it is instructive to study how stationary
equilibrium allocations vary with changes in the inflation rate 77 and the liquidity premium
i’ (induced by changes in government policy (¢™, B)). Specifically, Figures 1 and 2 trace the
stationary equilibrium along each instrument, holding the other fixed and letting lump-sum
transfers adjust to balance the government budget constraint. First, I introduce a calibration that

will be used throughout the paper.

Calibration Normalize a unit of time to one year. Flow and lumpy utility are CRRA with
curvature parameters ¢ = 2 and 0y, respectively. Income follows a two-state employment process.
Employed households earn z, = 1 and unemployed households earn z, = 0.5, targeting a fifty
percent replacement rate. The job-finding rate A = 4.28 per year matches a monthly job-finding
probability of 30%, and the separation rate of A = 0.27 delivers a steady-state unemployment
rate of six percent, in line with postwar averages (Shimer, 2005).

Money in the model is treated as transaction balances and its empirical counterpart as the
adjusted M1 aggregate of Lucas and Nicolini (2015)—M1 plus money-market deposit accounts—
whose demand is stable over the postwar period. Money growth is set at g™ = 2% so stationary
inflation is two percent. Bonds are treated as the stock of marketable Treasury debt held by

domestic private investors, including both short-term and long-term debt.!®

18While bonds in the model are zero maturity, one can re-interpret them as pure-discount nominal claims that
mature into money at a Poisson rate u and trade at price g below the price of money. Since households rebalance
freely between expenditure shocks, allocations depend on the maturity rate and the price discount only through
the nominal spread i = u(¢/q — 1). Hence, the economy is therefore identical to that of Section 2 along any perfect-
foresight transition path and at steady state. The only meaningful difference would be at time zero if an unanticipated
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Parameter Value Target / source

Independently calibrated

o risk aversion 2 standard

2y lumpy-utility scale 1 normalization

Zes Zu income states 1, 0.5 fifty percent replacement ratio

Af, As job-finding, separation 4.28, 0.27 monthly job-finding 0.30; u = 6%

ae money growth 2% two percent inflation

Jointly calibrated

« lumpy-expenditure arrival 0.49 _ i . e

oy lumpy-utility curvature 0.45 } Q/Y =0.30; semi-elasticity = 2.1

P discount rate 3.4% Govt liabilities to GDP ¢(M + B)/Y = 0.52
B/M balance-sheet composition 0.73 i’ =2%

Table 1: Baseline calibration.

The remaining parameters are jointly calibrated. The lumpy-expenditure parameters («, )
target the level and interest sensitivity of money demand. Transaction balances averaged thirty
percent of GDP post-1980, with an interest semi-elasticity of 2.1 (Ireland, 2009). This results
in « = 0.49 and 0, = 0.45, which imply an expenditure shock roughly every two years with
an average size of thirty percent of annual income—relatively large but infrequent expenditure
risk. The discount rate p is set to target government liabilities held by domestic private investors
at fifty-two percent of GDP. Money is held domestically by construction. For bonds, I exclude
the holdings of the Federal Reserve, foreign investors, and government accounts, which do not
respond to the liquidity premium. Over the 2010s, these exclusions leave thirty-one percent of
marketable Treasury debt outstanding, or twenty-two percent of GDP. Finally, the balance-sheet
composition B/M is set to clear the bond market at a liquidity premium of i’ = 2% to target the
convenience-yield for near-money assets (Krishnamurthy and Vissing-Jorgensen, 2012).!Y Table 1

summarizes the parameter values and Table 2 compares model and data moments.

Comparative statics. Figure 1 illustrates the effect of changes in money growth (inflation) while
holding the liquidity premium at its calibrated value. Higher inflation at a fixed premium low-
ers the real return on money and bonds. Households respond by holding less wealth (top-left
panel). Lump-sum transfers rise with inflation via seigniorage revenue (bottom-left), which fur-
ther incentivizes the reduction in precautionary savings. Money demand falls more slowly than

total wealth (top-middle), which reflects that even though the premium is fixed, lower wealth

shock arrives. The finite-maturity bond price changes on impact and revalues the outstanding stock, while instantly-
maturing debt reprices its interest rate instead. I shut this channel down throughout.

19The two-percent target is measured at the short end, as the spread between short-term Treasury yields and the own
rate on transaction balances. Spreads between money and longer maturities add a term premium that compensates
for interest-rate risk, which the model does not price.
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Moment Model Data Source

Targeted

Unemployment rate 0.06 0.06 postwar average

Transaction balances / GDP ~ 0.30  0.25-0.30 M1, post-1980 (Lucas and Nicolini, 2015)
Liquidity premium i* 2% ~ 2%  short-rate spread, post-1980 (Ireland, 2009)
Public liabilities / GDP 0.52 0.52 money plus domestically, privately held debt
Interest semi-elasticity 2.1 2.1 post-1980 (Ireland, 2009)

Table 2: Model and data moments.

households plan smaller lumpy purchases and so hold less money. Bond demand falls faster

than money demand, so sustaining the liquidity premium requires tilting the composition of

public assets toward money (top-right panel). Dispersion in consumption rises for both ¢ and y

(bottom-middle panel) and the average wedge between the marginal utilities of flow and lumpy

consumption widens — the allocation gets further away from first best as inflation rises. Intu-

itively, despite the fact that the government is providing more insurance through transfers, the

inflation tax on households’ precautionary wealth buffers is stronger, leading to less consumption

insurance.

Total wealth ¢(M + B)/Y

Money demand ¢M/Y Money to bonds M/B

0.341
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Figure 1: Stationary equilibria across inflation rates, at the calibrated liquidity premium i’ = 2%.

Figure 2 illustrates the effect of changes in the liquidity premium while holding inflation

at two percent. Increasing the liquidity premium with fixed inflation raises 7’ and i’ one for

one. Households increase their demand for both bonds and money, even though the latter has
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become relatively more expensive. Supporting a higher premium requires supplying more bonds
relative to money (top-right panel). Transfers fall as the real interest bill on the growing bond
stock increases. Both dispersion measures fall, and the average marginal-utility gap closes toward

one; rising real wealth improves households’ self-insurance.

Total wealth ¢(M + B)/Y Money demand ¢M/Y Money to bonds M/B
2.04
2.01 0.320 A
0.3151 1.5
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0.3101
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1.0 0.305 1
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0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
liquidity premium i® (%/yr) liquidity premium i® (%/yr) liquidity premium i® (%/yr)
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Figure 2: Stationary equilibria across liquidity premia, at the calibrated money growth ¢M = 2%.

While the two figures only illustrate slices of the set of stationary equilibria along each in-
strument, they point to where stationary welfare is highest: every real outcome improves as
bond returns increase. The stationary, welfare-maximizing policy is 7 = —2% and i’ = 1.2%,
so 1’ = 0.94p, but stationary welfare is relatively flat over policies that imply the same bond
return.?’ This policy represents a myopic optimum since it ignores transitional dynamics and
that the optimal stationary policy is not equivalent to the stationary point of an optimal plan.

This is the focus of the rest of the paper.

3 Optimal joint monetary-fiscal policy

This section consolidates the Treasury and the central bank into a single planner while Section 4

separates them. The consolidated problem serves as a useful benchmark in which an optimizing

20Comparable exercises across stationary equilibria appear in Aiyagari and McGrattan (1998) for the supply of
government debt and in Rocheteau et al. (2018b) for open-market operations. In the same two-asset environment
here, without income risk, Rocheteau et al. (2018a) compute this optimum and find positive inflation and a positive
premium, with the real bond return just inside the rate of time preference.
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central bank has unrestricted remittance power to and from the Treasury, which allows it to
independently determine the growth rate of nominal assets and their composition. We will see
that separation restricts the set of tools and creates a meaningful trade-off that determines the
optimal size of the balance sheet.?!

I consider cases in which the government can perfectly commit to future policy plans and
in which it cannot and have discretion. To do so, I follow the stochastic-replanning approach of
Roberds (1987), later developed by Schaumburg and Tambalotti (2007) and applied to heterogeneous-
agent economies by Dévila and Schaab (2023). A planner at time ¢ chooses policy P; = { M, B, Ts(w, 2) }s>
to maximize a utilitarian social welfare function, taking as given the initial measure over nominal
wealth and income, Fi(@, z), and the initial supply of public assets, M; > 0 and B; > 0. With
Poisson intensity A > 0, a “regime change” occurs: the current planner is replaced by a new
planner who re-optimizes, given the state of the economy at that time. The current planner takes
into account the probability of being replaced in the future. The case with full commitment is
captured by A — 0, while the case with discretion as A — 00.22 Finally, I consider two cases
that differ in how effectively redistribution can occur through fiscal transfers: i) unconstrained

transfers and ii) lump-sum transfers.

3.1 Planner’s problem

Let Wy(Fy, My, Bp) denote lifetime discounted social welfare at time 0, and let 7y denote the time
of the first regime change. The planner inherits the nominal wealth distribution Fy(@, z) and the

nominal asset stocks My and By. The planner’s problem is
T
Wo(Fo, Mo, By) = max Eo [ | e [ U aG ) ds+ e W By, Me B | @D)

subject to (11)—(17), where x = (w, z) is the real idiosyncratic state and Us(x) = u(cs) + al(ys). The

planner’s controls are the endogenous equilibrium objects subject to implementability,

X = {ci(x), yi(x), Wi(x), Ge(x), 1, 101520, (22)

2lWith remittances flowing freely between the two authorities, the central bank in this section is really just an
accounting partition of the government. One can think of the central bank’s balance sheet here as the composition of
government liabilities. Its size becomes an independent object only under separation.

22A subtlety of this formulation is that for intermediate A, the planner faces genuine aggregate uncertainty about
the timing of the regime change, yet the household implementability constraints are derived from a deterministic
competitive equilibrium in which households take the policy path as given with certainty. In principle, households
should also account for the Poisson arrival of a new planner and the associated potential jump in policy. This
inconsistency vanishes at the two limits since under full commitment (A — 0) there is no regime change and hence
no aggregate uncertainty, and under full discretion (A — o) the Markov-perfect equilibrium has continuous policy
paths so households face no jumps. For intermediate A, a fully consistent formulation would augment the household
HJB with a Poisson term A[W; — W;], where Wy is the household’s value under the successor planner’s policy,
and analogously augment the planner’s backward HJB (26) with A[yf(x) — vs(x)] and the forward KFE (33) with
AlE (x) — s(x)], where 4} and ¢ are the co-states under the successor’s optimum.
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together with the policy instruments
P = { My, By, Ti} - (23)

The nominal asset supplies M;, B; are state variables with initial conditions My, By, evolving

through the policy rates M;, B;. The planner also chooses the price-of-money path ¢ and the

liquidity premium i¥ as equilibrium prices subject to the market-clearing implementability con-

ditions. The real money return r# = ¢;/¢; and the real bond return 1/ = r¢ + i’ are then derived

objects, not separate controls. Real money and bond aggregates are A7 = ¢:M; and AY = ¢;B;,
with total real liabilities A; = A% + AV = ¢;(M; + By).

The planner’s problem can be re-written in terms of finding a saddle point of the Lagrangian:
Wy = max rrlbi[n IEo [L(0, 71, Fo, Mo, Bo) + e P W], (24)

where the Lagrangian is

t

L=[" eps{ / U.(x)dGy(x) (25)
5]

+ {lps(x) [ - PWs +Us + s W5 + .Asws:|

+ Xs(x) [ul(cs) - aw‘/vs:|

+775(x) [sz’(ys) — 2 Ws(w — ys, 2) — 10 0 Wis(w, z)} Hw > wy(z)}
+75(x) [A;*[Gs] - ascs] }dx

16, {qubs + Bogs — s Bs — / T dGs}

- Uy dG, — ¢5M5}

+ 4’5 |:/((,¢) - ys) dGs - 4)SB5:| }dsr

where the real wealth drift is s = riw + ié’ (w—ys)+z—cs+ Ts with r? = ¢5/¢s. The real dis-
tribution G; is the image of the nominal distribution F; under the price level: with w = ¢s@,
dGs(w, z) = dFy(@, z). The multipliers are M = {i(x), x¢(x), 7:(x), v(x), 6, e, @t tTiO. In (24)-(25),
for any transition time, 7y, the planner solves a constrained optimal control problem between
[0, 71). The Lagrangian in (25) captures the implementability conditions of the planner from the

decentralized equilibrium. The second line encodes that the planner’s choices induce a particular

21



set of expectations and lifetime welfare for each agent, which determine their individual behav-
ior encoded in lines three and four.?? The fifth line captures the law of motion of the distribution
of wealth and income, while the remaining lines represent the consolidated government budget
constraint and the market clearing conditions for money and bonds, respectively. Substituting
the household’s optimal 4, = y, into the market clearing conditions, money demand is [y, dG;
and bond demand is [(w — ys) dGs.

One feature of the saddle-point problem (24)—(25) worth flagging before deriving first-order
conditions: the Lagrangian L is integrated over [0, 71) for a given realization of the regime-change
time 71, with the expectation over 7; taken outside. Because the implementability constraints
(the household HJB and FOCs, the KFE, the government budget constraint, and market clear-
ing) must hold at every date s along any sample path, the resulting Euler-Lagrange first-order
conditions on [0, 71) are pointwise-in-s conditions that are identical for every realization of 7.
The Poisson handoff rate A therefore enters the optimality system only through the terminal and
initial conditions at the handoff date (discussed in Section 3.2). This simplicity was first pointed
out in Dévila and Schaab (2023) and I leverage it here.

3.2 The optimality system

Taking first-order conditions of the Lagrangian L with respect to the controls X and the policy
instruments P delivers a coupled forward-backward system that characterizes optimal policy in
the two limit cases A — 0 (full commitment) and A — oo (full discretion). Proposition 1 states the
system in full. The focus of this section is on giving the intuition of each set of equations while

the detailed derivations are in the proof in Appendix C.?*

Proposition 1 (Consolidated optimality system). For A € {0, 00}, the optimal controls, policy instru-
ments, and multipliers (X, P, M) satisfy the equilibrium conditions of Definition 1 together with:

i) Social value. 7y solves the backward HJB

P7s =U; — 957;"']45 Ys + @s (w _ys)"'As[')/s]"'at')’s/ (26)

with terminal condition at the handoff date vy, (x) = 0OWx, /OF (@, z), where @ = w /¢, .

23The Euler-y implementability constraint on line four is imposed only in the interior (no-depletion) region w >
wq(z), where w(z) is the full-depletion threshold from Lemma 2(i); the integral in this line is restricted to that domain.
For w < wq(z), the household’s optimality condition for ys is a Kuhn-Tucker corner solution: the constraint ys < w
binds, giving ys(w, z) = w and a strictly positive multiplier on the constraint. The Euler equation therefore holds as a
strict inequality. The indicator 1{w > wy(z)} captures the complementary slackness condition expressed as a domain
restriction. The result ys = w for w < w,(z) is imposed into all other terms of the Lagrangian (e.g. the KFE equation,
social welfare, etc.).

24Appendix C follows the discretize-first method of Davila and Schaab (2023): time and the idiosyncratic state
are discretized and the planner’s first-order conditions are taken in the discrete problem, with wealth expressed in
detrended-nominal units (relative to the money stock). I then show the limit as the time step and grid mesh — 0 to
derive all optimality conditions of the continuous time planner’s problem.
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ii) Revenue shadow price. 6; satisfies

s = 0w Ys + ZS u'(cs) forall x, (27)
S
0 = / 0w 7Ys AGs + / s u'(cs)dx  under lump-sum transfers, (28)

and evolves according to

gs = (,0 - 1’?) 05 — Us, (29)
95 = (P - 7’5) 95 — @s, (30)

with terminal condition at the handoff date 0, = —(1/¢¢) OWy, /OMy = —(1/¢r) Wy, /9By,
iii) Household optimality. (X, 1s) satisfy

0w Ys — u'(cs)

I Y
aw s — Ys, —u’ s g a(u s ’ — Us
= 200 (wuc[L][/”(;:) ¥ lélwg/m)/]&l . y:z(ﬁd D= forwsw . (32)

iv) Promise multiplier. Under discretion, s = 0. Under commitment, 15 solves the forward KFE

Betps = ATl + B s + Do L L g:(;z( CSd(xz; Z)] 3l 4, (33)

where w™(x) solves w™*(x) — ys(w*(x), z) = w, with initial condition Py(x) = 0.

v) Optimal prices. The liquidity premium and the price of money satisfy

/ bs(0wYs gs + Ps ' (cs)) dx

/cu (Dwys s + s u'(cs)) dx

0 AV + /175 u'(cs) dx, (34)

0, As, (35)

where bs = w — ys.

Parts i) through iv) of the optimality system in Proposition 1 can be thought of as a set of
shadow-price relationships, giving the planner’s valuation of each constraint through the mul-
tipliers. Part i) characterizes the social value 7,(x), the welfare value of an additional household
at (w,z). It satisfies a backward HJB in (26) that takes the same form as the household’s pri-
vate value W;, with the same flow utility ¢/s(x), generator A,, and discount rate p. There are
three additional terms that capture fiscal externalities: the cost of transferring resources to the
household, valued at —6; 7;(x), and the benefits of the household’s money and bond demands,

valued at p; ys and @5 (w — y5), which add to the base for fiscal revenue. The derivative d,,s is
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the planner’s social marginal value of wealth—the counterpart of the household’s private marginal
value of wealth 9, Ws = u/(cs).

In part ii), the revenue shadow price s values a unit of resources in the government budget
while the multipliers (ys, ¢s) value marginal units of real money and bonds. In (27), when
transfers can condition on the state of the household x, the planner equates the shadow value
of revenue 6; to the marginal social value of wealth d,,7s plus the value of the utility a marginal
unit of resources delivers to household, given by su'(cs)/gs. The term ¢ is the promise multiplier,
the shadow value of the lifetime utility implicitly promised to households at (w, z) by past policy
choices and u'(cs) captures the additional units of lifetime value since the household converts a
marginal unit of resources into d,W; = u'(cs). If transfers are lump-sum, the planner equalizes
the shadow value of revenue to the population average marginal social value and promise terms,
in (28).

The co-state equations (29) and (30) price government revenue as an asset, against each lia-
bility the government issues. Revenue appreciates at the discount rate net of the liability’s real
return, p — % against money and p — ¥ against bonds, and pays a “dividend” equal to the social
value of the marginal unit outstanding, ys for real money and ¢; for real bonds. Subtracting (30)

from (29) gives the government’s no-arbitrage condition across its own liabilities,
Hs — @s = 13 Bs. (36)

The social value of a unit of real money exceeds the social value of a unit of real bonds by exactly
the fiscal cost of paying interest on bonds.

In part iii), the multipliers (xs,#s) price households” private consumption choices through
two wedges. The numerator of (31), ¥s = dwYs — u'(cs), is the flow consumption wedge: the gap
between the planner’s social marginal value of wealth and the household’s private marginal
valuation. When §s; > 0 the planner would like to reduce the household’s flow consumption.
The opposite holds if s < 0. There is an analogous lumpy consumption wedge in the numerator of
(32),

ﬁs = Dé[aw’)’s(w —Ys, Z) - u/(]/s)] + ls [aw')/s(wr Z) - 95] + gs(w/ Z) : ﬂ{wg%(z)}/ (37)

where ¢s(w,z) > 0 is the household’s Kuhn-Tucker multiplier on the corner constraint y; < w;
the indicator extends the wedge to households at w < w,(z). It has three parts. The first is the
same wedge as in flow consumption, evaluated at the post-depletion wealth w — y; and scaled
by the arrival rate a. The second term captures a portfolio wedge that arises because y; also pins
down money holdings (as = y5). A marginal increase in y, raises the household’s real money

holdings by one unit, valued by the planner at d,7s — 0s and scaled by the marginal cost of
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liquidity i{. The third term, &, is the corner wedge: zero on the interior region, where the Euler-
y condition (13) holds with equality, and strictly positive on the full-depletion region, where
Ys = w is pinned by the binding constraint.> When 7 > 0, the planner would like to reduce the
household’s lumpy purchases and, with them, its money holdings.

In part iv), the promise multiplier s(x) gives the shadow value of the lifetime utility implicitly
promised to households at (w, z) by past policy choices. Under discretion, s(x) = 0 at all dates
since the planner is never bound by any past promises. Under commitment, 1s(x) satisfies a
KEFE (33) that evolves with the same generator as the distribution G, plus three additional terms
that give the rate at which promises accumulate at each state, one for each margin the planner
distorts: flow consumption, lumpy consumption, and the money-bond portfolio.?® The planner
values changing the promise of utility W;(x) according to the effect on the multipliers (s, 77s).
Since household decision rules depend on the marginal value d,W;s, an increase in W;(x) raises
0w W; for households just below w and lowers it for households just above, relaxing the planner’s
constraint on one side and tightening it on the other. What accumulates then in the value of
the promise is the marginal effect on the multipliers. Notice when 1(x) > 0, the planner values
higher utility promises for households in state x, and when s(x) < 0 they perceive it as a cost.

Part v) of Proposition 1 gives the key conditions that guide optimal policy: the optimality
conditions for the liquidity premium and value of money (equivalently, inflation). Equation (34)
equates the marginal benefit of a higher liquidity premium to the marginal cost. The marginal
benefit, on the left-hand side, is equal to the bond-wealth-weighted marginal social value, d.,s,
plus marginal promise value, {su’(cs). The marginal cost, on the right-hand side, is equal to the
fiscal cost QSAE of paying higher interest on outstanding bonds plus the welfare cost f nsu'(cs) dx
of reducing liquidity by tightening the lumpy margin.

The optimal-inflation condition (35) is best read through a devaluation. Consider a marginally
lower price of money ¢s at date s, holding the nominal wealth distribution F; and the nominal
stocks (M, Bs) fixed. Because money is the numeraire for all nominal claims, every household’s
real wealth w = ¢s@ scales down in the same proportion, a uniform capital levy on nominal

claims. A devaluation dilutes the real value of the government’s outstanding liabilities A; =

25The unified household lumpy KKT condition
al'(ys) = adoWs(w —ys,2) + 2 0uWs(w,2)+ 85, 8§20, & [(w)—ysl=0

nests the interior Euler-y (s = 0) and the corner ({s > 0) into a single statement. In the corner region, the imple-
mentability multiplier #s from (32) is not defined (the Euler-y implementability constraint is replaced by the binding
policy; see footnote 23), but the corner KKT premium ¢; still enters #js as the social shadow value of relaxing the
constraint.

26This interpretation connects to the recursive contracts literature (Marcet and Marimon, 2019): the planner carries
utility promises as state variables, the envelope condition on those promises is the promise-keeping constraint, and
the co-state on that constraint is the shadow price of the promise. Here W;(x) plays the role of the promise—the
continuation value implicitly delivered to household (w, z) by past policy choices—and the HJB equation is its law of
motion. The multiplier 1s(x) is therefore the shadow price of that promise.
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¢s(M;s + Bg), a revenue gain valued at 0;A;. The welfare cost is the wealth-weighted marginal
social value of the claims destroyed—the left-hand side of (35), denoted R; = f w (0wYs &s +
s 0w W) dx in what follows. At the optimum the two offset.

Boundary conditions. In time, the terminal conditions equate each backward co-state to the
successor’s valuation of the state it prices. The two expressions for 6, coincide because the
consolidated successor freely re-mixes its liability composition. The initial condition 1y = 0 holds
because date-0 household values are not inherited. This is the only place the replanning rate A
enters. The interior conditions are the same under commitment and discretion.”’ In terms of
boundary conditions over wealth, the conditions in Proposition 1 are stated for the interior of
the state space. At the borrowing constraint, the same logic applies with the mass point density
ms(z) in place of gs, aggregate conditions integrate over both, and the adjoint equations carry

boundary conditions at w = 0. These are derived carefully in Appendix C.

3.3 Optimal consolidated policy with unrestricted transfers

First, consider optimal policy with unrestricted transfers 7;(w, z), in which the planner can condi-
tion the flow transfer on each agent’s idiosyncratic state (w, z). The following Lemma shows that
the multiplier on utility promises vanishes for either A — 0 or oo, and the planner can achieve

the first-best allocation.

Lemma 4 (Commitment premium vanishes under unrestricted transfers). Under full discretion
(A — 00) or full commitment (A — 0), if transfers are unrestricted then y(x) = 0 for all (x,t), and the

transfer first-order condition (27) reduces to
Ot = 0w ye(x) forall (x,t). (38)

When transfers are unrestricted, the planner equates the marginal social gain of transfers across
agents. The proof shows that this implies the constraints on utility promises are completely
relaxed for all time and for all agents, ;(x) = 0. This holds not only under full discretion A — oo,
where each instantaneous planner has no past promise obligations by assumption, but also under
full commitment A — 0. Intuitively, if the planner can equate marginal social values across agents
through transfers, terms that differentiate promises across agents in (33) collapse to zero.

By equating the marginal private value of wealth d.,,W; across the state space, the fiscal side of
policy removes every redistributive motive for policy—in both flow consumption ¢; and lumpy

consumption y;. The monetary side then corrects the one margin transfers cannot reach: the

?In the long-run limit 7 — oo used for the stationary analysis, the terminal matching is replaced by a transversality
requirement that the discounted co-states not explode—in particular e **6;A; — 0 at the optimum—selecting the
bounded, saddle-path solution.
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common distortion in the level of lumpy expenditure. Since the lumpy purchase must be financed
from pre-accumulated real balances, y; < wy, a liquidity cost (r{ < p and ii’ > 0) depresses lumpy
expenditure uniformly across agents; eliminating it requires both the Friedman rule (r{ = p) and

a zero liquidity premium (i¥ = 0).

Proposition 2 (Policy under unrestricted transfers). Under unrestricted transfers and either full dis-
cretion (A — o) or full commitment (A — 0), the optimal policy sets By = 0 and M; > 0 with the real
return on money at the Friedman rule, r? = p. The liquidity premium is zero (i’ = 0) and the allocation is

time and state invariant, coinciding with the first-best in (2)—(3).

Two aspects of this result deserve emphasis. First, bonds are redundant at the Friedman rule.
With r{ = ri’ =p (itb = 0), money and bonds offer the same real return, and households are no
longer penalized for holding wealth in money. Any small positive bond supply in the hands
the public would also clear markets at i = 0, so setting B; = 0 is therefore without loss but
not unique. Second, perfect insurance over flow consumption does not eliminate the demand
for money. Even when 1/(c;) = 6; is equalized across agents, households still need to accumulate
liquid wealth to finance lumpy purchases. The fiscal side cannot undo this friction since transfers
are not allowed to be lumpy. Policy distorts this margin twice. A positive liquidity premium
distorts the composition of wealth, steering savings toward bonds. A real return on money
below the rate of time preference distorts the level of wealth, even at i’ = 0. Removing both
distortions requires r{ = p, and since the bond return cannot exceed the rate of time preference
in equilibrium, the premium goes to zero.”

In terms of a central bank balance sheet, its size is defined only through what assets it leaves
in public hands. A larger balance sheet holds more of the debt and issues more money against it,
so bonds held by the public fall and the real supply of money rises. The benchmark pushes this
exchange to its limit. The optimum drives the public’s bond holdings low enough to eliminate
the liquidity premium and supplies high enough real money balances, financed by deflation at

the rate of time preference.

3.4 Optimal consolidated policy with discretion and lump-sum transfers

When transfers are restricted to be lump sum, any redistributive effect depends on how the
transfers are financed. Inflation is a proportional tax on all nominal claims, redistributing from
wealth-rich to wealth-poor households. The liquidity premium taxes wealth according to its
composition, falling on the share held in money. In this section, I study the stationary optimum

under full discretion, where the two taxes map one-to-one into the planner’s two instruments.

ZBUnrestricted transfers also restore the feasibility of the Friedman rule. With lump-sum transfers, aggregate wealth
diverges as r{ — 0% due to the precautionary savings motive. With unrestricted transfers, the planner controls the
savings drift s{’(x) pointwise and can pin aggregate wealth at a finite level even at r{ = p.
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Both nominal stocks must grow at the common rate —r{; for real wealth to remain stationary,
so the growth rate sets the inflation tax; the balance sheet composition M;;/Bss sets the liquidity
premium through bond-market clearing.

Under full discretion (A — o0), the multiplier on utility promises collapses to ¢;(x) = 0 at
every instant—each planner is only constrained by the state it inherits at time t, (F;, My, By), but
not by past promises. Under lump-sum transfers, the marginal cost of government revenue 6;

equals the average social marginal value of wealth, (28) becomes

6 = / 9071(x) dGy(x). (39)

A lump-sum transfer reaches every household equally, so revenue is valued at the population
average. Setting 1ss = 0 in the two pricing conditions of Proposition 1, the optimal-inflation
condition reads [ w9y YssdGss = OssAss and the bond-rate condition [(w — Yss) 0wYss AGss =
GSSAES + f 11ss U'(Css) dx. Each compares a wealth-weighted marginal social value of wealth against
fss times the corresponding asset stock. With 60, the unweighted average, each condition is a

statement about a covariance.

Assumption 2 (Bounded relative risk aversion). There exists ¢ < oo such that —cu" (c)/u'(c) < ¥

for all ¢ > 0. In addition, absolute risk aversion —u"(c)/u’(c) remains finite as ¢ | 0.

Proposition 3 (Optimal consolidated policy under full discretion). Under Assumptions 1 and 2, full
discretion, and lump-sum transfers, the optimal steady state has riy < p, and the optimal-inflation and

bond-rate conditions (35) and (34), with yss = 0O, take the covariance form

Cove, (W, 9uwYss) =0, (40)

COVG55<W — Yss, acu’)/ss) = /7’]ss ul(css)dxr (41)

where Covg,, is the cross-sectional covariance under Gss and 1ss is the lumpy implementability multiplier
(32).

The two conditions share a similar structure: optimal consolidated policy targets the covari-
ance between an asset position and the social marginal value of wealth d,,ss. The inflation tax
falls on total wealth w, so (40) sets the optimal r{; where Covg_(w,dw7Yss) = 0: when wealthier
households have a lower social value of wealth the covariance is negative and the planner wants
more inflation, and when higher it wants less. The optimum balances at zero. The liquidity
premium instead falls on bond holdings w — s, so (41) is the same trade-off for ié’;‘—except that
raising the premium also tightens the household’s lumpy implementability constraint, so the op-
timum equates the bond-holdings covariance to that implementability cost [ #ssu/(css) dx rather

than to zero. Assumption 2 is a standard preference regularity condition (Achdou et al., 2022): it
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keeps the consumption policy increasing in wealth.

The sign of each covariance depends on how the social marginal value of wealth varies across
the distribution. Substituting the stationary co-state values us = (0 — 1%)0ss and @55 = (0 —
12)8ss from (29)—(30), together with the stationary transfer Ty = —r% Ags — i, AL, implied by the
government budget constraint, where Ay = f w dGg; is total real wealth, we can write the social

value of wealth (26) as

PYss = Uss + pBss Ass + (0 — ¥s)0ss [w - Ass] - ifs 955[(60 — Yss) — ASS] +Ass[Yss], (42)

inflation-tax redistribution  liquidity-premium redistribution

where A% = ¢ssMss = [ Y55 dGss is total real money holdings and A% = ¢ssBss = [(w — yss) dGss
is total real bond holdings. The two underlined terms capture the net fiscal externality of the
household, relative to the mean. The inflation-tax redistribution term (p — r%)0ss[w — Ass] is
positive when w > Ass: a household with above-average total wealth is a net contributor to the
government’s inflation-tax revenue. The inflation tax erodes their real balances at rate (o — rZ,),
and this revenue is redistributed uniformly via lump-sum transfers. Since the household pays
more in inflation tax than they receive in transfers, adding them improves the government’s fiscal
position, which the planner values at shadow price ;. Conversely, a household with below-
average wealth is a net recipient of transfers—adding them tightens the government’s budget.
The liquidity-premium term —i%0ss[(w — yss) — AL] captures an analogous fiscal externality from
bond interest payments: a household with above-average bond holdings w — yss receives more
interest from the government than the average, imposing a fiscal cost. The term pfssAgs is a
constant that captures the average social benefit of aggregate real wealth.

What forces stand behind the covariances in (40) and (41)—and hence behind the temptation
to inflate and the temptation to tax liquidity—is clearest after decomposing the social marginal

value of wealth.

Lemma 5 (Decomposition of the social marginal value of wealth). At any stationary equilibrium of

the consolidated problem, the social marginal value of wealth satisfies

OwYss = ul(css) + Oss aw’)’{w (43)

where 'yéfs(x) =E f0°° e P[0 — %) ys + (0 — %) (ws — ys)] ds is the expected discounted stream of revenue

the government will collect from the household’s future asset positions.

The social marginal value of wealth can be decomposed into the household’s private marginal
value of wealth, equal to d,W = u'(c), plus the marginal fiscal value of its wealth, 09,7 . A
marginal unit of wealth flows into future money and bond holdings, on which the household

forgoes the returns p — % and p — %, relative to the planner’s discount rate—the user costs
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of money and of bonds. Since both assets are government liabilities, the forgone returns are
government revenue valued at the shadow price Bs.2°

Substituting (43) into (40), the optimal-inflation condition becomes a balance of two channels,
Cove, (w, 1'(css)) + Bss Cove,, (w, dwrls) = 0. (44)

The first term is the redistribution channel. Consumption rises with wealth, so marginal
utility falls with it and the covariance is negative. Taxing nominal wealth and rebating the
proceeds uniformly moves resources toward households whose marginal utility is high. This is
the temptation to inflate. The second term is the fiscal-value channel, and it is what restrains
the temptation. Since wealth compounds, a marginal unit given to a higher wealth household
keeps generating user-cost revenue. The fiscal value d,, ’)f{s therefore tends to rise with wealth and
the second covariance in (44) tends to be positive. A stationary optimum exists exactly where
the fiscal-value channel grows strong enough to absorb the redistributive pull. Whether any

stationary policy achieves this balance is a quantitative question, which I turn to next.

Quantifying the temptation to inflate. Figure 3 illustrates the two channels of (44) at the cali-
brated steady state of Section 2.5. The left panel plots the marginal social value of wealth and its
decomposition across the wealth distribution. Private marginal utility falls steeply with wealth
while the fiscal value rises with wealth. The fiscal value is an order of magnitude lower than
private marginal utility across the wealth distribution, so private marginal utility comprises most
of the social marginal value of wealth. The right panel plots each household’s contribution to
the marginal benefit and cost of inflation. The red-dashed line shows the redistributive gain
—positive below average wealth and negative above—and it dominates the fiscal cost of higher
inflation. The gain integrates to +0.044, while the fiscal cost integrates to +0.010, so the net
marginal gain from inflation is +0.034 at the calibrated policy. At two percent inflation and the
observed liquidity premium, the discretionary planner gains from a marginal increase in the

inflation tax.

Quantifying the temptation to increase the liquidity premium. Figure 4 repeats the exercise
for the optimal steady-state bond-rate condition (41). The left panel plots the household’s portfo-
lio choice by wealth. Money holdings flatten quickly with wealth, so bond holdings absorb nearly
all wealth growth above a certain level. The premium is therefore a payment to households who
look much like the inflation tax’s contributors.

The right panel of Figure 4 plots the three integrands of (41). The dashed-red line illus-

trates the redistributive cost of raising i, by wealth. Increasing the liquidity premium taxes high

The proof (Appendix A.8) uses only the linearity of the social-value equation (42), so the decomposition holds
under discretion and commitment alike, with the regime determining only the value of 6ss.
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Figure 4: The temptation to tax liquidity at the calibrated steady state.

marginal-utility, low-wealth households and subsidizes bond holdings of low marginal-utility,

high-wealth households. This term integrates across the wealth distribution to —0.027. The

dash-dotted green line shows the fiscal value of increasing the liquidity premium. Households

with below-average bond holdings receive less in premium payments than the per-capita fiscal

cost they bear, so a higher premium drains their wealth and, with it, the future revenue the gov-

ernment would have collected on that wealth. For higher wealth, this flips and increasing the

liquidity premium improves the fiscal value of the high-wealth households. This term integrates

to +0.006. The dotted-orange line shows the liquidity effect of increasing the premium. Retained

we

alth keeps generating user-cost revenue, and households do not value this revenue when they

spend, so the planner prefers less spending than households choose (77 > 0). A higher premium

raises the cost of carrying the money that funds this spending, moving every household’s choice

in the planner’s preferred direction; the multiplier 7, translates the wedge through the house-

hold’s own first-order condition, whose concavity gives it the opposite sign, so —#ssu/(css) is
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positive household by household. The liquidity term integrates to +0.045. Collectively, the three
areas sum to +0.024. In sum, keeping inflation fixed, the discretionary planner wants a higher

liquidity premium.

Optimal time-consistent hyperinflation. Figure 5 evaluates both optimality conditions as steady-
state money growth (left-side panels) or the liquidity premium (right-side panels) change, keep-
ing the other fixed.>Y The top-left panel plots the redistributive gain and the fiscal cost of inflation.
The gain exceeds the cost even as steady-state inflation reaches 25%. While the redistributive ben-
efit falls with higher inflation, so does the fiscal cost since the wealth distribution starts to shift
left and narrow. The two lines never cross: extending even to 150% inflation, the gain exceeds the
cost at every point. The bottom-left panel shows what this pursuit costs. Stationary welfare falls
monotonically with inflation even as the planner’s condition points toward more of it, because
the condition prices the initial revaluation of nominal wealth that comparisons across stationary

equilibria omit.
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Figure 5: The optimal-inflation and liquidity-premium conditions across stationary equilibria.

The top-right panel repeats the exercise for the optimal liquidity-premium condition. Keeping

30Lump-sum transfers always change to balance the government budget constraint. For the right-side panels, the
mix B/M is adjusted to target a particular liquidity premium.
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inflation fixed, the optimal liquidity premium is i¥* = 3.7%, above the calibrated steady-state
value of two percent. Beyond that point, the redistributive costs outweigh the fiscal and liquidity
benefits. If the planner were prevented from running inflation high, the optimal time-consistent
mix of money and bonds should be Bs;/M;s = 1.2, tilted further toward bonds than the mix in

the data. The inflation margin is where discretion fails.

3.5 Optimal consolidated policy with commitment and lump-sum transfers

The central difference between commitment and discretion is the promise multiplier ;. House-
holds build their wealth in anticipation of the returns policy will deliver. A committed planner
internalizes this, and the returns it commits to are what sustain precautionary saving. The
promise multiplier records the value of honoring this obligation. Figure 6 illustrates the promise
multiplier at the calibrated steady state, across the distribution of wealth. As in Section 3.4, I

focus on the stationary optimum.
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Figure 6: The promise multiplier at the calibrated steady state.

The promise multiplier is negative below average wealth and positive above. Promised utility
at high wealth is the reward that sustains savings, so the planner values honoring it, ¢y > 0,
since the savings it sustains generate revenue. Conversely, promised utility at low wealth acts as
insurance against not accumulating, so at the margin it dulls precautionary saving, reduces the
tax base, and its shadow value is negative, ¢ < 0.

The promise multiplier affects both the marginal benefits and costs of inflation and the lig-
uidity premium in (34) and (35). Reducing inflation subsidizes nominal wealth and increases
promised utility, worth f w Pssut’(css) dx to the planner. However, the lost revenue reduces trans-
fers (or increases taxes), worth 6;sAss. From (28), 6,5 = f 0wYss AGss + f Pss 1 (Cs5) dx, where the
second term is the promise effect of the change in transfers. Proposition 4 nets them into a single

premium on each margin. The bond-rate condition carries the same structure with bond holdings
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w — Yss in place of w.

Proposition 4 (Optimal consolidated policy under full commitment). Under Assumptions 1 and 2,
full commitment, and lump-sum transfers, the stationary equilibrium satisfies reg™™ < p, and the

optimal-inflation and bond-rate conditions are:

Cove, (W, 9wYss) + ¥ss =0, (45)

COVGSS (w — Yss, aw')’ss) +‘F§s = /7755 u/(css) dx, (46)

where the commitment premiums are given by Y5 = f (w — Ass) Pss 1 (css) dx for total wealth and ‘I’fs =
f ((w — yss) — AES) Pss U (css) dx for bond wealth, and s solves the forward KFE (33) with 0415 = 0

Proposition 4 identifies the optimal stationary inflation (via M, = B = —rl;) and balance-
sheet (M;;/Bss) policies under commitment. Each condition is identical to its discretion counter-
part in Proposition 3, but adds a commitment premium—WYs; for inflation, Y%, for the liquidity
premium—that the discretion planner sets to zero. Each premium is itself a covariance. For ex-

ample, ¥ = Covg, (w, Pssit’(css)/gss), and ‘st is the same with bond holdings w — y,s replacing

w.
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Figure 7: The commitment premium at the calibrated steady state.

Figure 7 illustrates how the promise multipliers convert into the commitment premiums. The
left panel plots the integrands of ¥s; and Y%,. Both integrands are positive at every wealth level,
with twin peaks on either side of average wealth. A marginal increase in inflation shifts delivered
utility from households with above average wealth to those with below average wealth—it breaks
valuable promises and enriches costly ones—so both tails contribute positively to the premium,
and the contribution vanishes at average wealth. The right panel computes the premiums against
the redistributive terms of the two optimality conditions. With respect to inflation, the premium

Y5 is roughly eleven times the redistributive covariance, so the condition fails in the opposite
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direction from discretion. Honoring promises makes marginal inflation costly, and the committed
planner is pulled toward deflation and higher returns to wealth. With respect to the liquidity
premium, the promise channel adds to the discretionary push toward a higher premium.

The commitment premium Y can be characterized further by re-writing the individual
promise multipliers ¢ss(x) that comprise it. These solve the forward equation (33), and the im-
plementability multipliers, xss(x) and 7ss(x), drive it. As a household saves, spends, and switches
income states, the multipliers it carries accumulate, and g5(x) records the total amount accumu-
lated along the histories that bring households to state x. The promise multipliers are therefore
built up from the implementability multipliers, and those are scaled versions of the wedges. It
is helpful to first re-write the wedges, using the decomposition of Lemma 5, as functions of the

fiscal value of a household’s wealth, awg;, alone.

Lemma 6 (The wedges price fiscal externalities). At any stationary equilibrium of the consolidated
problem, the flow consumption wedge and, on the interior region w > w,,(z), the lumpy consumption

wedge satisfy
Roo = 007l T = Oss| 007w~ 2) — (1 - 37w, 2))]. (47)

Every private marginal-utility term cancels from the wedges. The first identity is immediate from
Lemma 5; the second uses the household’s lumpy Euler (13) (Appendix A.10). What remains
is the fiscal externality alone. The planner disagrees with a household’s consumption-savings
choices only because saved wealth generates future fiscal revenue—worth 60,s; per unit—that the
household does not internalize. In the flow consumption wedge, the planner values marginal
wealth above the household by exactly the fiscal value Bw’){s. In the lumpy wedge, two fiscal ef-
fects compete. Spending vy, at an expenditure shock destroys post-shock wealth and the revenue
attached to it (the first term, arriving at rate «). Holding the marginal unit in money rather than
bonds saves the government interest costs (the second term).

The promise multiplier in (33) can then be read as the accumulation, along household his-
tories, of the wealth-gradients d,,xss and 9., 77ss—how the fiscal externalities carried by a house-
hold’s spending margins change with its wealth. The next result says that the planner does not
need to track this accumulation over time and across households. It is enough to know two
objects for each household: the fiscal externality the household carries today, and how one more
unit of wealth would move its standing in the redistribution the planner engineers — what I refer
to as the household’s entry in a redistributive ledger.

First, collect the implementability multipliers into a single term, &g = x5 + [27ss/(1 —
dwlss)] (w(x),z) + it Nss, with w®(x) the pre-depletion wealth. Second, define g(x) = (w —
Ass) ' (css) — Covg,, (w, u'(css)), which records a household’s marginal-utility-weighted exposure

to the inflation tax, net of the uniform rebate, and expressed relative to the population average
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— their entry in a ‘redistributive ledger’. Wealth-rich households carry positive entries in the
ledger. They lose from marginal inflation and are its net contributors. Wealth-poor households
carry negative entries and are its net recipients. Like any ledger, it balances—the entries integrate
to zero across the population, |, + 9(xX)dGgs(x) = 0. Let §ss(x) = Ey fooo 4(xs) ds denote a household’s
entry cumulated over its expected future path. It solves the Poisson equation Ag[fss] = —g on
the household’s stationary generator.>! The wealth-gradient d,,4ss then answers a simple ques-
tion. Suppose the household received one more unit of wealth today. Over its remaining lifetime,
would its losses to the inflation tax, net of the rebates it receives and valued at its marginal utility,

be larger?

Lemma 7 (A dual representation for the commitment premium). The commitment premium of

Proposition 4 satisfies
oo = — 0 [ 00 D) dx. (48)

In (48), the premium pairs the planner’s pressure for more saving, ®ss, with the additional life-
time tax contributions that an extra unit of wealth brings, d.,§ss. The premium leans against the
redistributive pull toward inflation. The reason is that the tax base is endogenous. Households
accumulate against the return they anticipate, so anticipated inflation means under-accumulation
of exactly the wealth the planner is counting on. The promise multiplier records this margin, and
it is concentrated on exactly the households who built wealth against the promised return. Inflat-
ing collects the base but breaks the promises that make the base accumulate. Only the committed
planner prices the second effect, and it tilts policy toward a higher anticipated return on nominal

assets.

Existence of a stationary optimum under commitment As alluded to in Section 3.4, under dis-
cretion the redistributive gain from inflation exceeds its fiscal cost at every stationary monetized
equilibrium. Left to itself, consolidated discretion inflates the economy toward demonetization.
Commitment reverses the direction into a push toward the Friedman rule. The push runs up
against a tax limit. Wealth demand grows as the gap p — ¥ closes, and the lump-sum tax that
finances the deflation rises with it, toward the income of the poorest households. The planner
weighs that tax by their marginal utility, so the pull toward the Friedman rule cannot survive
all the way to the limit. A stationary optimum is then the point at which the deflationary pull

and the cost of the tax balance out, equal to 77* = —3.35% and i’* = 0 in the calibrated economy

31The integral converges because entries integrate to zero under the stationary distribution, and 4ss solves the
Poisson equation uniquely up to an additive constant that drops from everything that follows; see the proof of
Lemma 7 in Appendix A.11.
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illustrated in Figure 8.2
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Figure 8: The commitment optimal-inflation condition along the deflation path, at the premium
floor.

Taken together, the two consolidated regimes resolve the tension between financing social
insurance and incentivizing self-insurance at opposite corners. Discretion taxes the buffer stock
all the way to demonetization. Commitment protects it nearly all the way to the Friedman rule,

surrendering the financing instead.

4 Optimal central bank balance sheets

I now turn to the case where monetary and fiscal policy are separate, each with its own policy
instruments and budget constraints. Specifically, I assume the central bank controls its monetary
liabilities, assets, and remittances, (Mt, BtCB, Ry), subject to (6), while the Treasury sets transfers
and debt issuance (T}, B]), subject to (5).

To study the central bank’s problem in isolation I impose two restrictions: i) the Treasury
follows a passive fiscal rule and ii) the central bank faces constraints on remittances. First,

following Leeper (1991), the Treasury sets lump-sum transfers by a debt-stabilizing rule:
Tt=T+K(l_J—4)tBtT>, (49)

where T is the intercept of the rule, b is a target for the real value of outstanding government

$2Wealth demand diverges slowly as the bond return limits toward the rate of time preference. Households spend
wealth on lumpy expenditure at a rate that rises with wealth, which tempers the standard incomplete-markets diver-
gence. At the baseline calibration the balancing point sits two hundredths of a percentage point from the Friedman
rule, where stationary wealth reaches eleven times output and the tax reaches three quarters of the income of the
poorest households.
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debt, and ¥ > 0 governs the speed of fiscal adjustment. When real debt 4)th rises above its
target b, the Treasury lowers transfers, raising the primary surplus, and reducing real debt back
toward target. Assume x > p, which makes the rule passive: real debt ¢;B] is stationary under
(49) for any path of monetary policy.33 Given the fiscal rule (49), the fiscal budget constraint (5)
determines the path of Treasury debt Bf:

¢:Bf = T+xb — Ry — (k — %) ¢:BT. (50)

Second, I assume that the central bank makes no remittances, R; = 0, so its seigniorage and
interest income can fund only open-market purchases of Treasury debt, never direct transfers to
the Treasury>* This makes the balance sheet a binding constraint and the separated problem
genuinely distinct from the consolidated one: the central bank operates only through its balance
sheet—money growth, which sets inflation, and in turn determines its holdings of Treasury debt
BB, which fix the public’s bond supply B; = Bf — BB and hence the liquidity premium i/

through bond-market clearing, which becomes:

/ (w — y1)dG; = ¢y(BT — BEE). (51)

Later, I relax this constraint to allow for R < R; < R, where R < 0 < R. The upper bound
R caps the remittances the central bank can send to the Treasury. The lower bound R caps the

recapitalization it can receive in return.

4.1 Central bank’s problem

The planner’s —central bank’s— policy choices now reduce to the size and composition of its
balance sheet, P = {Mt, BtCB }+. Its problem is the analog of (22)—(25), extended to incorporate the
behavior of fiscal policy. The saddle-point problem is

Wo(Fo, Mo, By, B§") = max min Ey [L(O, 7, Fo, Mo, BY, BS®) + e ¥ W, (F,, My, BT, BgB)} . (52)

3Substituting the rule (49) into the fiscal budget constraint and using APT = r?Af’T + ¢:BJ, real Treasury debt
Af’T = ¢:B] obeys APT =T +xb— Ry — (x —1¥) Af’T, which mean-reverts (toward Atb’T = (T +xb — Ry)/(x — r?)) when
x > ! and explodes when x < r¥. Since in equilibrium 1! < p, the condition x > p is sufficient to guarantee x > 7,
hence stationarity, along any monetary path. Fiscal solvency is then independent of the central bank, which is what
lets us study its problem in isolation. The implied stationary transfer is Tss = erbSAS;T, the surplus that services the
debt.

34Were the central bank free to choose R;, the separated problem would collapse to the consolidated one. Summing
(5)-(6) eliminates R; and returns the consolidated budget (7), with the added fiscal rule, which the central bank can
undo with its balance sheet. Holding Treasury debt AggCB =b—(T*-T)/x — Ags* makes the rule (49) return exactly
T*, where (AL}, T*) are the consolidated optimum’s public-bond supply and transfer. The position may be negative,
in which case the central bank issues bonds rathe r than holds them.
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with Lagrangian:

L(t, t2, Fs, M;, BT, BP) = /t fz P { / Us(x)dGs(x) (53)
+ {IPS(X) { — pWi(x) + Us(x) + s Wi (x) + As(x)Ws(x)}
000 () = B0
10U — 00l — 31, 2) = 3, W, ) [ 1o > 02)
#2200 [ A G )] - .. }dx

+ 2 _4>SBST T« (E - ¢SBST> - ié’gbsBsT}

+ 0 :Msgbs +i¢;BSB — ¢SBSCB]

- [ vedGat) - ¢5Ms]

T Ps /(w - ]/s) dGs(x) - qbs(BsT - BEB):| }dS.

The controls are X = {c¢(x), y¢(x), Wi(x), G(x), ¢t, ii’, B! }20, and the multipliers are

M = {y(x), xe(x), (), ve(x), Ct, O, pis, qot}tzo. The fiscal rule (49) is also substituted into the
household budget constraints, so the generators A; and 4; depend on the aggregates ¢s and
B! directly through their effect on transfers Ty = T + k(b — ¢sBl). The household block of the
Lagrangian—the HJB (multiplier 5), the two Euler implementability constraints (xs,#s), and
the KFE (7;)—is identical to the consolidated problem (25); the separation changes only the
government side: the single government budget splits into a Treasury budget (with multiplier
s) and the central bank’s budget (with multiplier ¢s), and bond-market clearing now references
bonds in the hands of the public, B; = BST — BSCB , rather than total bonds outstanding. The real
values of the asset stocks are A] = ¢sM; (money), Ag’T = cpsBsT (Treasury debt), and AE’CB =
¢sBSB (central-bank holdings); real bonds in the hands of the public are then A? = ¢B; =
A?’T — Aé”CB , and total real public liabilities are A; = A? + Aé’ =A%+ A?’T — A?’CB .

4.2 The optimality system

The first-order conditions of the Lagrangian (53) follow closely those of the consolidated problem.
Proposition 5 states the system in full, mirroring Proposition 1. The discussion below focuses on

the differences; the detailed derivations are in Appendix D.
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Proposition 5 (Separated optimality system). For A € {0, 00}, the optimal controls, policy instru-
ments, and multipliers (X, P, M) satisfy the equilibrium conditions of Definition 1 and the fiscal rule (49)
together with:

i) Social value. 7y solves the backward HJB

07s =Us — s Ts"',”s Ys + @s (w _ys)"'AS[’YS]"'at’YS/ (54)
with terminal condition at the handoff date vy, (x) = OWx, /OF:, (@, z), where & = w /¢x,.
ii) Revenue shadow prices. The central bank’s shadow price O, satisfies

195 = (P - TZ) 195 — Us, (55)
ds=(0— 1" — i) 8 — @5, (56)

and the Treasury’s shadow price {, satisfies

==L -grx@-0), 6= [(ns Pu@)ac, @)

S
with terminal conditions at the handoff date 8¢, = —(1/¢) OWy, /OMq, and {, = —(1/ ) Wy, /OBL.

iii) Household optimality. (s, 115) satisfy (31)—~(32), with the central bank’s shadow price U5 in place
of 05 in the portfolio component of js.

iv) Promise multiplier. Under discretion, {5 = 0. Under commitment, s solves the forward KFE

(33) with initial condition Po(x) = 0, unchanged from the consolidated system.

v) Optimal prices. The liquidity premium and the price of money satisfy

/ bs (0w ys s + s 1’ (cs)) dx

/w (0w s &5 + Ws 1 (cs)) dx

LAV = 0,42+ [ ul(edx, (58)

O AL + T AV — 9, ALCE, (59)

where bs = w — ys.

The system is nearly identical to the consolidated optimality system of Proposition 1, with the
exception that under separation the planner accounts for which government budget constraint
revenue and spending show up in, with different shadow values. Seigniorage accrues to the
central bank, valued according to #:. Bond interest payments leave the Treasury budget but
arrive in the Central Bank budget. Transfers are paid by the Treasury, so (s prices them.

The scalar 6 in (57) retains its consolidated interpretation as the social value of a uniform

transfer, but under separation it equals neither budget multiplier. With no free transfer to op-
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timize over, the first-order condition that would tie the budget multipliers to 6, is absent. The
tiscal-rule feedback x((s — 6s) prices the rule. As debt rises, transfers fall, which eases the Trea-
sury budget, valued at {;, and cuts household wealth, valued at 6;.

Part v) contains the change that is most consequential for the results that follow. In the
liquidity-premium condition (58), the fiscal cost of a higher premium is the net inter-budget
interest cost QSAE’T — 19SA§’CB , the Treasury’s interest expense net of the central bank’s interest
income. In the optimal-inflation condition (59), the devaluation revenue accrues separately, the
central bank gaining on its net money issuance and the Treasury on the dilution of its real debt.
Both conditions collapse to their consolidated counterparts when (s = &;. The wedges among the
three shadow prices are the objects that organize the next two subsections.

The remaining parts carry over. The promise multiplier and the implementability multipliers
are unchanged in form, and the system retains its forward-backward structure, with A entering
only through the conditions on . At the handoff date each backward co-state matches the
successor’s valuation of the state it prices, and because the successor cannot re-mix liabilities
across the two budgets, 9; and (s are generically distinct. Appendix D contains the derivations

and boundary conditions.

4.3 Optimal central bank balance sheets with full discretion

Under discretion, the central bank at each time period is constrained only by the state (F;, M;, BtT , BtCB)
it inherits, not by past promises (s = 0). In a stationary equilibrium: real aggregates are constant
while the nominal stocks grow at the common rate Mss/Mss = BL/BL = B$8 /BSE = —r4..

With no remittance, R = 0, the central bank is constrained to set policy through open-market
operations—swapping money for Treasury bonds on its balance sheet—so its balance-sheet share
BCB /BT fixes the bonds in the hands of the public and directly affects the liquidity premium
i through bond-market clearing. The real return on money, —r*, however, is not a separate
instrument: the central bank can only affect it through its balance sheet, which must be self-
financing. In steady state, its budget constraint equates the real return rf; paid on its money

b — b

liabilities AZ, to the real bond return r/; = rf +iJ; earned on its asset holdings AYCE,

rgs AZS = rss AE§CB' (60)

This is the central distinction from the consolidated problem. Under separation, the budget
constraint (60) leaves the central bank with effectively a single instrument: choose the money
growth rate to achieve a stationary inflation rate, then (60) then pins the nominal interest rate
i, through the effect on debt held in the hands of the public. Or, vice-versa, target a liquidity
premium and the separated central bank gives up an independent inflation target. The central

bank must therefore trade off the inflation tax against the liquidity premium along the budget
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Figure 9: The separated equilibrium locus.

Figure 9 illustrates this trade-off under the calibration from Section 2.5. The Treasury’s real
debt target is set to match the calibration target of 22% of GDP, b = 0.22 x Y. The parameter «
is the Treasury’s reaction of the primary surplus to real debt above target, which Bohn (1998)
estimates between 0.028 and 0.054, depending on the sample period within 1916-1995, and finds
rising with the level of debt. I use x = 0.10.° The left panel shows the liquidity premium rises
sharply with inflation, from 0.9 percent at around price stability to 7.4 percent at four and a half
percent inflation. The middle panel plots the real bond return along the same locus. Since the
liquidity premium rises more than one-for-one as inflation rises (r¢ falls), the real bond return
rises with inflation. The right panel illustrates the fiscal effect on transfers.

How does the discretionary central bank weigh the trade-off between inflation and the liquid-
ity premium? The central bank’s optimality conditions for the liquidity premium and inflation,
(58) and (59) respectively, are now not independent since they share a common inter-budget
cost. Writing these conditions in covariance form—subtracting the average social value 6;5 on
each household asset position—and differencing, gives the separated analog of the consolidated

discretion optimum of Proposition 3.

Proposition 6 (Optimal separated policy under full discretion). Under Assumptions 1 and 2, full

discretion, and the passive fiscal rule (49), a stationary optimum satisfies

(1955 - 955) A?s - COVGSs ((U, aw'}’ss) = /7755 u/(css) dx — COVGSS (w — Yss, aw')/ss); (61)

inflation margin

premium margin
where Covg,, is the cross-sectional covariance under G, 055 = f 0wYss AGss 1s the social value of a
uniform transfer, and 1ss is the lumpy implementability multiplier (32).

Marginally higher inflation leads to a higher liquidity premium, along the locus of Figure 9.

The discretionary central bank understands that any redistributive gain from inflation, equal to

BD’Erasmo et al. (2016) estimate x = 0.078 with data through 2014.
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—Covg,, (W, 9w7ss), must be evaluated against the redistributive cost of higher interest payments
to wealthy bond owners, equal to —Covg, (W — Yss, 0w?ss).- The two redistributive incidences
that the consolidated planner can target separately, in Proposition 3, now work against each
other and net to Covg,_ (V/ss, 0w Yss), the cross-sectional incidence on money holdings alone. Since
the distribution of money holdings is more condensed than for bonds or total wealth, this redis-
tributive effect is naturally much smaller. In addition, a higher premium carries the liquidity cost
f s’ (css) dx, as before, and the additional seigniorage from higher inflation is evaluated at the
wedge (0ss — 055) on the money base. This last term is new and captures that if the central bank’s

value of seigniorage is below the social value, higher inflation is costly.
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Figure 10: The combined optimality condition under separated discretion.

Figure 10 illustrates these margins under the calibration of Section 2.5. The left panel shows
a discretionary optimum at 77* = 1.79 percent, where the market-clearing premium is i** =
4.17 percent. To the left of the equilibrium, the marginal benefit of higher inflation exceeds
the marginal cost of a higher liquidity premium and the central bank gains from faster money
growth. To the right, the opposite is true. The right panel reports the four terms of (61) at the
optimum. The two covariance terms dominate in magnitude but largely cancel, +0.045 against
+0.036, because their bases differ only by money holdings. The net marginal redistributive benefit
of higher inflation is the difference —Covg, (Vss, 9w?ss) = 0.009. What keeps inflation in check
for the discretionary central bank is the net of the fiscal wedge, (8ss — 0ss) A%, = —0.024, and the
liquidity cost of a higher premium, [ #su’(css) dx = —0.015.

The fiscal wedge ¢ss — ;s measures the difference between the value of real seigniorage inside
the central bank’s budget and the value of seigniorage transferred uniformly to households. To
sign it, first solve for the social value of wealth from the central bank’s standpoint by substituting

the steady-state transfer Tss = —(ris + ifs)Aé’;T and the co-states (55)—(56) into (54), and using the
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budget (60):

0Yss = Uss + PﬂssAss + (P - rgs)ﬁss [w - Ass] - i?s Uss [(w - yss) - Afsl + stAng (Css — Uss) +Ass [Yss]-

inflation-tax redistribution  liquidity-premium redistribution inter-budget revaluation

(62)

The social value of wealth mirrors that of the consolidated planner in (42), with two differences.
The redistributive terms are now valued at the central bank’s shadow price 9 rather than 0,
and a new revaluation term.3® Notice, every term in (62) that varies with individual wealth is
priced at the central bank’s shadow value ¢s5. The argument of Lemma 5 therefore applies with

U5 in place of Os;:

aw')’ss = u,(css) + Uss aw')’é[s, (63)

f

with the same fiscal externality s as in the consolidated problem. With no remittances, the
user-cost revenue a household’s wealth generates accrues to the central bank, so it is the central
bank’s valuation that prices it. Averaging (63) across households gives ;s = f 1 (css) dGss + OssEss,

where Fs = f aw'yé; dG;s is the average marginal fiscal value of household wealth, and therefore
ﬁss - Gss = 1955(1 - Fss) - /U/(Css) dGss- (64')

The wedge compares the two uses of a public dollar that separation severs. A dollar transferred
to households buys consumption at average marginal utility and returns the fraction F; of itself
as future user-cost revenue. A dollar inside the central bank buys only the revenue services. The
wedge is negative whenever the central bank’s dollar is worth less than average marginal utility;
Oss < [ u'(css) dGss is sufficient.

What determines the sign of the wedge is the stance of fiscal policy. Were remittances un-
constrained, the wedge would close: the choice of R; would equate (s and s, and the fiscal
rule’s feedback would pass the equality on to 65, so a dollar inside the central bank could always
become a dollar in households’ hands. The zero-remittance statute severs that conversion, and
the wedge records which side the rule leaves short. A generous rule leaves households wealthy
and average marginal utility low. Government revenue is then the scarcer object, and by (64) the
wedge tends positive, rewarding inflation. The calibrated rule is the opposite case. In a stationary
equilibrium it collects a net tax, Tys = —rESAf;T < 0, so households are the short side and average

marginal utility is high. The wedge is negative and acts to constrain inflation.

36Each household’s tax payment —Tss services Treasury debt, a fiscal benefit valued at (ss, while the central bank
values resources at ¥, so the payment carries the revaluation ({ss — 9ss).
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Figure 11: Comparative statics of the separated stationary optimum.

Comparative statics. Figure 11 shows comparative statics of the discretionary stationary opti-
mum (77,i’) and the size of the central bank’s balance sheet to GDP, A»CB /Y, with respect to
fiscal policy. The left column varies the fiscal reaction k. Across reactions from 0.05 to 0.30,
optimal inflation rises by about a percentage point, from 0.96 to 2.05 percent, flattening above
k ~ 0.15. A weak fiscal reaction lets debt drift above target, and the larger bond supply pulls
optimal inflation down. The debt target matters more (middle column). Scarcer debt raises opti-
mal inflation, the premium, and the size of the short position. When the Treasury supplies less
of the bond stock households want to hold, the central bank supplies the remainder and services
it with a larger inflation levy. In the other direction, at a debt target near forty percent of GDP
the optimum reaches price stability, 7* = —0.1 percent, with an essentially empty balance sheet,
and no interior optimum exists beyond it. The right column raises the limit on remittances the
central bank can transfer to the Treasury R; < R. Optimal inflation rises with R since the central
bank wants R = R, and the short position shrinks. The stationary point disappears near R = 0.7

percent of GDP, before the central banks” position turns positive.
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The sign of the balance sheet. Across all three experiments the central bank’s stationary bond
position is short, which is counterfactual. The sign is an artifact of a stationary optimum featuring
r?, < 0 < rf,. With zero remittances, stationarity forces the interest on the bond position to absorb
the seigniorage flow, ré’sAfgCB = ri; A%, so any inflationary stationary policy with a positive real
bond return requires AYCE < 0. The computed locus delivers r%, > 0 throughout, so the condition
is not restrictive here. One way to generate a long central bank bond position is to allow for
growth. In a growing economy the same accounting delivers the opposite sign. Keeping real
balances in line with output requires nominal money growth 77+ ¢, and the seigniorage this
generates finances a growing asset portfolio rather than interest on a short position: the stationary
position becomes A»E = (R — (7t + g)A%) /(r* — g), which is positive for any remittance below
seigniorage whenever ’ < g—the empirically relevant case.’ The short positions here are the
zero-growth image of the actual arrangement, in which central banks remit profits and hold

assets that grow with money demand.

4.4 Optimal central bank balance sheet with full commitment

Commitment changes the separated problem exactly as it changes the consolidated one (Sec-
tion 3.5): the promise multiplier ¢ss is no longer zero, and the same wealth- and bond-weighted
promise channels—the commitment premiums of Proposition 4—enter the optimal conditions,
attached to the redistributive (covariance) side. The inter-budget wedges are untouched. Writing
the two price conditions in covariance form and differencing, exactly as in the discretion case,

gives the combined stationary condition.

Proposition 7 (Optimal separated policy under full commitment). Under Assumptions 1 and 2, full

commitment, and the passive fiscal rule (49), a stationary optimum satisfies

(055 — Oss) AZS - COVGSS (wr aw’)’ss) — ¥ = /7755 ul(css) dx — COVGSS (w — Yss, aw’)’ss) — TSS/ (65)

inflation margin

premium margin

where the commitment premiums Y5 = f(w — Ags) Pss ' (css) dx for total wealth and ‘I’é’s = f((w —
Yss) — AL) es ' (css) dx for illiquid wealth are those of Proposition 4, 8ss is the promise-augmented social
value of a uniform transfer from (57), and ss solves the forward KFE (33) with dspss = 0.

Condition (65) adds a commitment premium subtracted from each margin. The premiums
are exactly the consolidated ones, so their interpretation in Section 3.5 carries over unchanged.

In the combined condition (65), the two premiums net to ¥ — ‘Pé’s = f (Yss — AL) Pss 1 (Css) dX,

37In 2023 the Federal Reserve’s securities portfolio earned $163.8 billion on average holdings near $7.9 trillion (Board
of Governors of the Federal Reserve System, 2024), a nominal yield of about 2.1 percent against nominal output growth
of 6.3 percent (U.S. Bureau of Economic Analysis, 2024). The portfolio’s real return averaged roughly 0.5-1.5 percent
in the decades before 2021 and turned negative during the inflation of 2021-2023.

46



the promise content carried on money holdings—the promise analog of the covariance netting
in Proposition 6. The term is positive at every stationary equilibrium, so honoring promises
tilts the trade-off toward less inflation and the lower premium that comes with it. The resulting

stationary optimum is at a corner where the premium reaches zero and 7 = —0.5%.

4.5 Summary: optimal stationary policy in the four regimes

Table 3 collects the stationary optima of the four regimes of Sections 3 and 4. The tension a
planner faces between raising fiscal revenue to provide public insurance and preserving the
returns households respond to when they save to self-insure, is resolved in different directions
depending on the ability to commit. Under consolidated discretion, the tension resolves entirely
toward inflationary redistribution so much so the economy heads to demonetization. Under
consolidated commitment, the tension resolves in the other direction pushing returns as high as
possible, stopping just short of the Friedman rule. Separating the central bank from the Treasury
provides a brake in either direction. Separation forces a discretionary planner to trade off the
redistributive benefits of inflation with the redistributive costs of a higher liquidity premium. The
result is a moderate stationary inflation rate and positive liquidity premium. For a committed
planner, separation halts the push toward the Friedman rule at the zero-premium corner, where

the premium hits its floor before inflation close to Friedman deflation.

Discretion Commitment
Consolidated none—inflates toward demonetization * = —3.35%, i?* = 0
Separated ™ = 1.79%, i = 4.17% corner: m* ~ —0.5%, i’* =0

Table 3: Stationary optima across the four regimes.

5 Optimal time-consistent central bank responses to shocks

This section studies how the separated discretionary central bank optimally responds to two
types of unanticipated shocks: (i) a negative total factor productivity shock and (ii) a temporary
increase in unemployment risk. Together, these shocks highlight two channels through which ag-
gregate shocks reach the planner’s problem. The productivity contraction changes total resources
available in the economy by scaling all incomes proportionately. The rise in unemployment risk
also reduces resources but also introduces a direct redistributive effect; job loss becomes both
more likely and longer lasting, which concentrates losses on the unemployed and strengthens
the precautionary motive of everyone else. For both, I compute perfect-foresight transitions

around the stationary optimum of Section 4.3. The transitions solve the time-varying optimality
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system of Appendix E.3 by the sequence-space Jacobian method of Appendix E.4.38

5.1 A total factor productivity contraction

Figure 12 shows the optimal response to an unanticipated one percent fall in total factor produc-

tivity that decays exponentially, the remaining gap proportional to e~

with t in years, so roughly
a third of the contraction remains after one year. The solid blue lines illustrate the optimal dy-
namic responses. The dotted and dashed lines illustrate the equilibrium response if instead the
central bank fixed one instrument at its stationary value, the inflation rate and the liquidity pre-
mium, respectively. Since the central bank has only one policy tool through its balance sheet,
fixing inflation lets the liquidity premium be determined in equilibrium by market clearing. The

same is true fixing the liquidity premium.

TFP Shock Inflation m; Liquidity Premium i?
0.0 e e s 2 N —
Nameeo—/—
4.6
—-0.2 04
4.4
-0.4 n =2 9
2 2 .
R Rao4 e

— optimal 4.0 4

- fixed inflation
fixed liquidity premium

% change from baseline

| |
<) o
© o
| |
o I
o
©
s N

T T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

years years years
Consumption Dispersion Money-Bond Ratio Q/A® Money Growth gi”
. 64 vans 69
154 e e
Q PR Q 4 et .,
- g5 41
% et 8,
> 1.01 * > B e e E T
3 3 K 24 L N T e
2 8 3 o =
® 0.54 2 K :\: 1
g g 24 £ o |
& &
T e —— g1 ] [
° o \
X X 0 74% ,,,,,,,,,,,
—0.51
-4 4
T T T T T _1 L T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
years years years

Figure 12: Impulse response to a one percent productivity contraction.

The central bank meets the productivity contraction with disinflation, 7r; falling from 1.79
to 1.54 percent on impact and hitting a minimum at 0.76 percent around nine months, before
increasing back toward its stationary level. A negative TFP shock reduces the nominal wealth
base that the discretionary central bank can tax through inflation, while the redistributive benefit
of the temptation barely moves, so the optimal inflation levy falls. The contraction scales all
incomes proportionately, so the shape of the wealth distribution is roughly unchanged, and

with constant relative risk aversion a proportional fall in consumption raises every household’s

38The transition system is linearized in the size of the shock. Appendix E.4 gives details.
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marginal valuation by a common factor. The bottom-left panel illustrates this; consumption
dispersion falls roughly three quarters as much as the contraction and recovers with it.

The optimal liquidity premium also falls, from 4.17 to a trough of 3.75 percent, and recovers
slowly. The premium is the levy on liquidity, and the same logic applies. Lower incomes shrink
the demand for liquid balances, so the base of the levy falls, while the proportional contraction
leaves its redistributive benefit per unit of base unchanged. Because marginal valuations are ele-
vated during the contraction, the utility cost of the premium is temporarily high, and the central
bank cheapens liquidity when it is most valuable. The bottom middle and right panels show
how the optimal policy maps into the instruments, the money-bond ratio and money growth,
respectively. Under the optimal policy the composition barely moves, while both fixed policies
swing it several percent away from its stationary level.

Both responses also have a dynamic component. The social valuations that price the two
levies are forward looking, and wealth carried through the contraction has elevated social value
because it buffers the remaining downturn and rebuilds the tax base for the recovery. The planner
therefore keeps both levies low while wealth is depleted, which is why the responses hit their
minimums months after the shock rather than at impact.

Suppose instead the central bank fixes a policy instrument. Fixed inflation leads to a rise in
the liquidity premium since the fall in TFP reduces real wealth (including bond) demand but
the supply adjusts slowly via the fiscal rule. With the return on money pinned by the inflation
target, the bond return must rise to keep the outstanding stock willingly held. The premium
climbs six tenths of a percentage point above its stationary level and real balances fall just over
four percent, more than twice the optimal decline. Fixing the liquidity premium instead removes
the bond-return margin, and the whole adjustment loads onto inflation. The disinflation is front
loaded, arriving as a one-time fall in the price level of about three quarters of a percent, and
recovers faster. In both cases the burden of the shock is relocated rather than reduced. The
balance sheet composition drifts far from its stationary level, while the optimal policy spreads
the adjustment across both prices and keeps both distortions small. Under either fixed policy,

consumption dispersion is higher than is socially optimal (bottom-left panel).

5.2 A rise in unemployment risk

This section considers a shock to unemployment risk (a fall in the job-finding rate and an increase
in the separation rate) that raises unemployment from six to near ten percent. In line with
the results of Shimer (2005, 2012), I assume two thirds of the movement in unemployment is

generated by the finding rate while one third is through the separation rate.>* Figure 13 shows

3 At impact the job-finding hazard falls from 4.28 to 1.85 per year, a decline of 57 percent, and the separation hazard
rises from 0.27 to 0.42 per year, an increase of 52 percent. Both revert with the same e~ decay as the productivity
shock. The finding-rate decline is somewhat larger than its Great Recession counterpart.
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the responses in the same format as Figure 12.
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Figure 13: Impulse response to a rise in unemployment risk. Unemployment peaks at ten percent
five months after impact.

The central bank responds to the rise in unemployment risk by providing insurance through
lower inflation and liquidity premia. Inflation rises about a quarter of a percentage point at im-
pact and then falls steeply, turning into deflation and reaching roughly -0.2% before recovering.
The liquidity premium falls from 4.17 to 3.47 percent over the same horizon.

While the responses look similar, the two levies fall for a different reason than under the TFP
contraction. Here, the redistributive incentive to inflate rises, because losses concentrate on the
unemployed and the social value of wealth steepens at the bottom of the distribution. However,
the same shock raises every household’s demand for a buffer—since job loss is now more likely
and spells last longer. In response, the central bank raises the return on money and cheapens
liquidity, letting households build the buffers they demand. The initial rise in inflation is the one
concession to the levy. It taxes nominal wealth once, at the moment the redistributive value of
doing so is highest. The composition of the balance sheet dips as bond demand recovers first
and returns to its stationary level within two years.

Fixing a policy instrument again relocates the burden. With inflation pinned, the surge in
wealth demand meets a slowly adjusting bond supply and the market imposes a higher pre-
mium, which jumps above five percent, further taxing liquidity when households value it. With
the premium pinned, inflation carries the adjustment and front-runs the optimal disinflation.

Consumption dispersion rises under every policy, the direct incidence of the larger unemploy-
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ment pool. However, the optimal response contains the rise while holding inflation fixed raises
it by half again on impact, since the premium spike falls hardest on the households least able to

bear it.

6 Robustness

6.1 Nominal interest on money (reserves)

The stationary optimality conditions of Sections 3 and 4 pin down the real returns on nominal
wealth. Inflation is then determined directly since money pays no interest. Suppose instead
the central bank pays a nominal rate i}, on money, similar to an interest-on-reserves policy the
Federal Reserve has employed since 2008. Every stationary condition holds unchanged with
ris = los — Tlss in place of rl; = —7Ts. The same optimum is implemented now by any pair (i%;, 7Tss)
that delivers the optimal real return.*’ Importantly, allowing the central bank to pay nominal
interest on money balances does not relax the budget constraint or balance sheet. The aggregate
supply of real money balances, the composition of money and bonds, and the central bank’s
position are the same at every implementation. Paying interest on reserves is not a requirement
to reach a zero liquidity premium.

Further, allowing interest on money does not blunt the temptation to inflate. Whatever nom-
inal rate accrues to money, the interest is itself a nominal claim. It sits inside household nominal
wealth, and a devaluation dilutes it. Households rebalance freely, so the inherited state a dis-
cretionary planner acts on is total nominal wealth, and its ex-post margin is the price level. The
temptation to redistribute through surprise inflation is unchanged, and the pull toward demon-
etization operates exactly as before. Interest on money changes what the government pays on

nominal wealth. It cannot insulate nominal wealth from the price level.

6.2 Productive real capital

In the baseline economy all wealth is nominal and exposed to inflationary devaluation. Suppose
instead household also have access to real productive capital. Firms produce with constant
returns from capital and labor, capital depreciates, and households accumulate it freely alongside
money and bonds. I assume bonds and capital are equally illiquid, so arbitrage ties the real bond
return to the net marginal product of capital, and neither the Treasury or the central bank holds
private assets. Appendix F details the environment and re-derives the optimality systems.

The optimality systems keep their structure relative to the baseline, with two changes to the

conditions that set inflation and the premium. First, the devaluation margin taxes smaller base

40The same is true of the separated problem. A separated central bank that pays interest on money expands the
nominal money supply by the interest it pays, but its real budget is unchanged: the position identity holds with

13 = gy — Tss in place of iy = —7Tss, and the set of real stationary configurations it can reach is the same.
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since capital absorbs a portion of household wealth. However, though the nominal base that
remains still covaries negatively with the social value of wealth exactly as in the baseline which
continues to drive towards inflationary redistribution. Second, the real capital stock anchors
the illiquid return to the marginal product. As a result inflation is passed into the liquidity
premium one for one, and the composition of the balance sheet loses its grip on the premium. In
the baseline only a separated central bank faced a trade-off between inflation and the premium.
With capital every planner faces it. A third wedge prices the capital-accumulation margin, and
under commitment the promise premium concentrates there.

The open question is then whether the consolidated discretionary planner still is driven to
hyperinflation in a calibrated economy. I set the capital share to one third and depreciation to six
percent per year, and carry over all preference and income parameters from the baseline. One
parameter is re-fit, the arrival rate of expenditure shocks, which targets the same liquid balances
of thirty percent of GDP. The implied capital-output ratio is 3.6, in line with fixed private assets,
and the calibrated liquidity premium is 5.3 percent. I find that optimal consolidated discre-
tionary policy still has no stationary optimum. Even though the base is an order of magnitude
smaller than in the baseline, the marginal value of a surprise dilution remains positive at every
inflation rate. Under commitment, the consolidated government sets inflation so that the return
on money equals the return on illiquid assets, zero-premium corner. Separation under discre-
tion continues to deliver an interior stationary optimum with deflation of 3.0 percent, a liquidity
premium just below one percent, and a central bank position of roughly thirty percent of output.
The baseline’s optimum pairs moderate inflation with a short position; capital flips both signs.
While the quantitative results change, the primary qualitative results—the asymmetry between

commitment and discretion and the role of separation—remain intact.

6.3 Portfolio adjustment costs and a richer income process

Finally, I extend the model to incorporate portfolio adjustment costs and a richer income process,
along the lines of Kaplan and Violante (2014) and Kaplan et al. (2018), which leads to a more
realistic joint distribution of wealth and income. For instance, the wealth Gini rises from 0.32 in
the baseline to 0.84, against 0.85 in the data. The model also relocates the liquidity premium.
Since money is held not only for lumpy purchases, the premium is priced on the deposit margin
(to and from the illiquid account). While adding adjustment costs increases the liquidity pre-
mium, ceteris paribus, the conditions determining optimal policy continue to have the similar

covariance forms. Appendix G details the environment and re-derives the optimality systems.
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7 Conclusion
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A Proofs of Propositions and Lemmas

Throughout these proofs we use the adjoint identity: for the household generator A and its
adjoint A} (Appendix B) and any smooth s,

[ 7@ Ailgoldr = [ Alrl@- g dx, (66)

where As[7vs] = 8¢ 0w ys + a[vs(w — s, 2) — vs] + Az[vs] and s€ = 1w + il (w — ys) + 25 — cs + Ts is
the wealth savings rate (using as = ys, bs = w — ys). It moves the adjoint generator off the density

onto the social value v, by integration by parts.

A.1 Proof of Lemmal

We establish the viscosity solution property, boundary condition, monotonicity, and concavity
results on the state space [0, ) X Z. Define the H]B operator H; : [0, 0) x Z x R — R by

Hi(w,z, pw) = pWr —ulcr) — all(y:)
—[rhw — ity +zt — ¢ + Tel puo

- “[Wt(w - yt,Z) — Wi(w, Z)] — AW — oW, (67)

where we have already substituted the household’s optimal a; = y; (Section 2.3), so the HJB
equation (14) reads H(w, z, dwWt) = 0.
A continuous function v is a constrained viscosity subsolution of (14) if, for each (wo,z0) €

(0,00) x Z and each smooth ¢ such that v — ¢ attains a local maximum at (wy, zg) with v(wy, zo) =

$(wo, 20):
H(wo, 20, dwP(wp)) < 0. (68)

A continuous function v is a constrained viscosity supersolution of (14) if, for each (wy, zo) € [0, o) X
Z (including the boundary wy = b) and each smooth ¢ such that v — ¢ attains a local minimum

at (wo, zo) with v(wo, zo) = P(wo, zo):
Hi(wo, 20, dwP(wp)) = 0. (69)

Note the asymmetry: the subsolution condition is required only on the interior, while the su-
persolution condition is required on the full domain including the boundary wy = b. This is
the standard definition for state-constrained viscosity solutions; see Achdou et al. (2022, Ap-

pendix D).

Part (i): W; is a constrained viscosity solution. Fix (wy, zp) € (0, ) x Z and let ¢ be a smooth
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test function such that W; — ¢ attains a local maximum at (wy, zo) with Wi(wo, zo) = ¢(wo, z0). By

the Dynamic Programming Principle applied to W4 for any h > 0,
t+h
Wi(wo, z0) = IEwo,z(] |:/ e—p(s—t)us* ds + e_‘ohwt+h(w;k+h/ Zgsh) | -
t

Applying Dynkin’s formula to e *¢(ws, zs) over [t,t+ h], using the local-maximum property
of ¢ on continuous and Poisson-jump segments, dividing by &, and sending i — 0 yields the
subsolution condition (68). The supersolution argument is symmetric, using the DPP inequality
Wi(wo, zo) > E[- - -] for any admissible control and applying Dynkin’s formula to ¢ under W; > ¢
throughout. The argument extends to the boundary wy = b by restricting the admissible-control

set to policies that maintain ws > b.

Part (ii): Boundary condition at w = 0. At w = 0, the constraints a; > 0 and by > b with
ar+b; = w = 0 force a; = 0 and by = b, and the constraint y; < a; then forces y:(b,z) = 0.
Assumption 1 guarantees positive resources net of debt-service costs: z; + Ti(b, z) + ri’b > 0 for

any 1"?

€ [0,p], hence z + T;(b,z) + r?b > 0 for all z. The Inada condition u/(0) = co ensures
ct(b,z) > 0. The Euler condition gives d,W;(b,z) = t/(ci(b,z)) < 1'(0) = oo, so the marginal
value at the boundary is finite. The state constraint w; > 0 at w = 0, using a; = y; = 0, gives

wr=1b+z+Ti(b,z) —c; > 0,ie, ¢; < z+Ti(b,z)+1rb. Since u”’ <0,
duWilb, z) = /'(cy) > u(z+ Te(b, z) +7}b),

establishing (19). Equality holds iff «w; = 0.

Part (iii): Monotonicity and concavity. Fix t, z, A € (0,1), and w® # w! with @ = A® + (1 —
MNw!. Let ' = (c},y!)s>; denote the optimal plan from (w',z), and define the mixture plan
A = A’ + (1 — A)rtl. Since the wealth budget (4) is affine in (w,c,y) for given z, the mixture
wealth @5 = Aw? + (1 — A)w! satisfies the budget constraint under 7. By strict concavity of u
and U, the mixture plan yields strictly higher utility than the convex combination of 0 and

! on a set of positive measure (since w’ # w! implies the paths differ near t). Therefore

T
W@, z) > AW, 2) + (1 — M)Wi(w?, z). Strict monotonicity follows from the strict relaxation of
the budget constraint by additional wealth: more w allows strictly more consumption (flow or

lumpy) or strictly more saving, both of which raise W;.

Part (iv): Asymptotic d,W; — 0. As w — oo, the marginal lumpy benefit a[U'(y) — Wy (w —
y,z)] — 0 (since U'(y) stays bounded and W, (w — y,z) — 0 by the same logic). The lumpy FOC
(13) then implies 9, Wi(w,z) — 0, which gives 9,Wi(w,z) — 0 for i’ > 0. (For i’ = 0, the

#Invoking the DPP and Dynkin’s formula requires that the optimal drift |} | is bounded along optimal paths. The
drift rlw — ily* + z5 — ¢* + T; is bounded because c¢* and y* are finite, extending the regularity results of Rocheteau
et al. (2018a, Lemmas 1-2) to the present setting.
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asymptotic limit follows from the Inada condition u'(c0) = 0 applied to the consumption Euler.)
O

A.2 Proof of Lemma 2

The household chooses vy € [0, w] to maximize the right-hand side of the HJB at state (w, z). The
upper bound is the maximum money the household can hold given the debt limit b > b: with
a = y (binding when i’ > 0) and b = w —a > b, we get y < w. Substituting the optimal a = y
(which holds whenever i’ > 0; see Section 2.3), the lumpy choice problem reduces to

max {a[U(y) + Wi(w — v, 2) — Wi(w, 2)] — iy - 0 Wi(w, 2)}.

0<y<w
The objective is strictly concave in y by strict concavity of U and of W;(-,z) (Lemma 1(iii)), so the
maximizer is unique. The Karush-Kuhn-Tucker conditions give the lumpy FOC (13): «[U'(y) —
dwWi(w —vy,2)] > iPd,Wi(w, z), with equality whenever y < w and inequality (slack) at the corner

y=w.

Part (i): Existence of the full-depletion threshold. The corner y = w is optimal iff
a[U' (@) = 9 Wi(b, 2)] > {90 Wilw, 2),

i.e., the marginal lumpy benefit at the full-depletion endpoint exceeds the marginal cost of hold-
ing wealth in money form. (After full debt-financed depletion at w, the household’s post-shock
state is w — y = b.) By the Inada condition U'(0) = oo, 9,Wi(b,z) < oo (Lemma 1(ii)), and the

asymptotic d,W; — 0 as w — co (Lemma 1(iv)), the function
Aw; 2) = a[U'(@) — dWilb, 2)] — 23 Wi(w, 2)

satisfies Ai(b";z) = +oo (since U'(w) — o0 as w — b") and A(oo;z) < 0 (negative because
U'(0) — 0 Wi(b, z) < 0 when 9, Wi(b,z) > 0). By the intermediate value theorem and the strict
monotonicity of A; in w (which follows from U”(-) < 0 and dwwW; < 0), there exists a unique
w,(z) > 0 solving A¢(w,(z);z) = 0, which is precisely (20). For w € (b, w,(z)], Ay(w;z) > 0, so the
corner y = w is optimal: y4(w, z) = w. For w > w,(z), A(w;z) < 0, the corner is not optimal, and

the interior FOC (13) holds with equality, giving y:(w, z) < w.

Part (ii): Monotonicity 0 < d,y; < 1. For w € (b, wi(2)], y+(w, z) = w, so 9wyt = 1. For w > wy(z),
the interior FOC a[U'(y;) — duwWi(w — yt,2)] = i?&th(w, z) holds. Implicit differentiation with

respect to w:
“[U/,(yt) + awwwt(w — Yt Z)]awyt - “awwwt(w — Yt Z) = i?awwwt(w/ Z)-
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Solving;:
%0 Wir(w — Y, z) + i?awwwt(w/ z)
a[U" () + 0w Wi(w — yp, 2)]

awyt =

Both numerator and denominator are negative (by concavity of U and W;), so d,y; > 0. More-
over, |U"(y;)|> 0 implies the denominator’s absolute value exceeds the absolute value of the
numerator’s first term; the second term in the numerator if dwwWi(w, z) adds a small magnitude.
So duyr < 1. O

A.3 Proof of Lemma 3

b b

Fix ¢M =7 > —p,s07" = —gMand r* = r"+i® = i* — 7. What is left is to argue there exists
a liquidity premium such that both markets clear at the given inflation rate. Prices and the
transfer enter the household problem as constants. Steps 1 through 3 treat both as parameters,
and the budget determines the transfer in Step 4. For i’ in Z = (0, p + g™) the state x = (w, 2)
follows a piecewise-deterministic Markov process: between jumps wealth drifts at w(w,z) =

b

w — iby(w, z)+z — c(w, z) + T, income switches between states at rates A % and Ag, and at rate «
wealth jumps from w to w — y(w, z).

Step 1: policies are jointly continuous in i¥. Let i — i¥ in Z. The coefficients of the HJB (14)
converge locally uniformly — uniformly on every compact subset of [0, ) X Z — so by stabil-
ity of constrained viscosity solutions together with a comparison principle for state-constrained
problems of this class (see Achdou et al., 2022), W,, — W, locally uniformly on [0, c0) x Z. Each
Wi (-, z) is strictly concave (Lemma 1(iii)) and the limit is differentiable on (0, ), so convergence
carries to the derivatives d,W, — 9, W locally uniformly. The consumption Euler equation and
strict monotonicity of u’ give ¢, — ¢ locally uniformly. On the interior region the left side of the
lumpy condition (13) is strictly decreasing in y and its right side is continuous, so y is the unique
root and converges; on the depletion region y = w; and the threshold w(z), the unique crossing
in (20), converges as well. Policies are therefore continuous in (w, z, i’y on [0,00) x Z x Z. The
same argument applies to the constant transfer, so continuity holds jointly in the premium and
the transfer.

Step 2: each premium admits a unique stationary distribution. First, a drift bound at the top.
Since y > 0, the mean drift of wealth satisfies w(w,z) — ay(w,z) < Pw+z+T — c(w,z). With
b < p, consumption is asymptotically bounded below relative to wealth, liminf,, . c(w, z)/w >
* + (0 — ) /o. The argument adapts the asymptotic analysis of the one-asset CRRA problem in
Achdou et al. (2022): differentiating the HJB and using both first-order conditions, the marginal
value m = 9,W satisfies a linear equation whose lumpy terms preserve the one-asset decay
bound, and the consumption asymptotics follow from ¢ = (u/)~!(m). Hence there exists w* such
that the flow drift w(w, z) is strictly negative for all w > w* in both income states. Because lumpy

shocks only reduce wealth, every path enters the interval [0, w*] in finite time and never leaves
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it. Any stationary distribution therefore has support in [0, w*] x Z, and existence follows from
the standard argument on a compact state space.

Step 3: the stationary distribution and its aggregates are continuous in the premium and the transfer.
By Step 1 the confinement bound w* can be chosen uniformly on compact sets of premia and
transfers, so along (i, T,,) — (i%, Tw) the invariant measures have uniformly bounded supports.
Let G’ be any weak limit point. The extended generators converge on smooth test functions by
Step 1, so G’ is invariant for the limit process, and uniqueness in Step 2 forces G’ to be the in-
variant measure at (i%,, Too). With uniformly bounded supports, weak convergence directly gives
convergence of the aggregates, so money demand Q(i®, T), wealth A(i%, T), and the demanded
ratio D(i’, T) = (A — Q)/Q are continuous in the pair, with Q > 0 from U’(0) = co.

Step 4: a budget-consistent transfer at each premium. Integrating the wealth law of motion against
the stationary distribution, stationarity of mean wealth, jump terms included, gives the account-

ing identity
/ cdG + a / ydG = Y + T + FPAG,T) — Q@ T), (70)

where Y = [zdG is aggregate income. Using * =i’ — 7w and A” = A — Q, the budget (7) holds

at the demanded aggregates exactly when
T =i*Q@, T) — r"AGY, T). (71)

Define H(T) = T — i’Q(i%, T) + "’ A(i’, T), continuous on the feasible interval by Step 3, and let
T* C T collect the premia at which H changes sign, so that a budget-consistent transfer T(i’)
exists by the intermediate value theorem. The first term of H has unit slope in the transfer, while
the remaining terms are scaled by the rates i’ and 7, both below p + ¢M. A change of sign can
therefore fail only if the demand for money or wealth responds to the transfer by more than the
reciprocal of those rates. When the consistent transfer is unique at each premium in Z*, its graph
is closed by Step 3 and lies in a compact set, so T(i’) is continuous and the relative demand along
the equilibrium branch, D(i*) = D(®, T(i%)), is continuous. If several transfers are consistent at
some premium, the construction selects one, and the same discussion gives the condition for
uniqueness.

Step 5: market clearing. As i’ | 0 the policies converge to their zero-premium limits, where
a = y is still imposed, and Steps 2—4 apply at i’ = 0, so D(0*) = D(0) = é(gM) € (0, 0). Define
B(gM) = max{sup;cz: D), B(g™)}. For any B € (B(g™), B(g™)) there are premia at which
D < B (near zero) and premia at which D > f, so by continuity of D and the intermediate value
theorem the bond market clears at some i (B) € Z;, and the premium is strictly positive. For

B < E(gM), set i’ = 0: money and bonds are perfect substitutes, each household is indifferent
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over money holdings in [y, w], and aggregate money demand can be assigned any value in
[Q(0), A(0)]; since B < é(gM) is equivalent to A(0)/(1+ B) > Q(0), the composition is absorbed

along the indifference with the same real allocation. O

A.4 Proof of Proposition 1

Proposition 1 is proved in Appendix C, which derives the full optimality system—both the com-
mitment (A — 0) and discretion (A — oco) limits—by the discretize-first method of Davila and
Schaab (2023) in detrended-nominal variables, with the joint continuum limit recovering the con-

ditions of Proposition 1.

A.5 Proof of Lemma 4

The proof has two steps. Step 1 establishes that s = 0 is self-sustaining: whenever it holds, all
source terms in the forward KFE (33) vanish, so i = 0 remains consistent going forward. Step 2
establishes the initial condition g = 0 under each regime, and then invokes forward uniqueness
of the linear PDE to conclude ¢s = 0 for all s.

Step 1 (Self-sustaining property). Suppose s(x) = 0 at date s. The transfer FOC (27) immedi-
ately gives d,,ys(x) = 65 for all x: the social shadow value of wealth is uniform across the state
space. We now show this forces x;s = 177, = 0.

Flow consumption (xs): From (31), the flow consumption wedge is {s = xsu”(¢s)/gs = 9w Ys —
u'(cs). Here 0y,7ys = 65 is the planner’s fiscal shadow price—the social value of a marginal unit of
wealth at x—while 1/(c;) is the household’s marginal utility of consumption at that point. With
an unrestricted transfer, the planner can independently adjust the consumption of each agent
x by varying 7Ts(x). Optimality of the transfer therefore requires the planner to equate these:
1'(cs) = 0wys = 05, 80 xs = 0.

Lumpy consumption (1s): From (32), the lumpy consumption wedge is 7js = a[d,Ys(w — Vs, 2) —
U'(ys)] + ié’ [0wYs(w, z) — 6s]. With d,,ys = 05 uniform, the second (portfolio) term vanishes. For
the first (lumpy) term: with an unrestricted transfer, the planner uses 7; to implement U'(ys) =
0wYs(w —ys,z) = 05 for all x, so 77; =0 and 7, = 0.

With xs = 77, = 0 at every x, all source terms in (33) vanish. The KFE reduces to 015 = A% [s],
which is satisfied by ¢ = 0.

Step 2 (Initial conditions and uniqueness). Step 1 shows that i; = 0 is self-sustaining. It remains
to establish ¢y = 0 in each case.

Full discretion (A — o0). s = 0 by definition.

Full commitment (A — 0), standard Ramsey. The initial condition in Proposition 1 gives iy = 0.

With zero source terms (Step 1), the forward KFE propagates s = 0 uniquely.
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Full commitment (A — 0), stationary equilibrium. The stationary s satisfies 0 = A% [4ss] +
(source terms). Step 1 shows the source terms vanish when 95 = 0, so A%[¢s] = 0, whose
unique solution is s = 0.

In all cases ¢s = 0. Substituting into (27) yields (38). 0

A.6 Proof of Proposition 2

By Lemma 4, s = 0 under both full discretion and full commitment with unrestricted transfers.
The optimality conditions therefore coincide across regimes.

With ¢s = 0, the transfer FOC (38) gives d.,ys = 05 for all x. The planner uses 7;(x) to
enforce u'(cs(x)) = 05 for all x, so consumption is equalized across all wealth levels and d,,cs = 0.
Differentiating the household HJB with respect to w and applying the envelope theorem gives
0, = (o — rH)fs. Combined with the money supply FOC (29), 0, = (o — r2)0s — s, this requires
us = 0.

From (36): us — ¢s = if@s, SO @5 = —iSGS. The bond supply FOC (30), 0, = (o — ré’)@s — @,
combined with 7 = 7 +i% and s = 0, is automatically consistent. With consumption and lumpy
allocations equalized across x, the planner has no remaining motive to drive a wedge between
the returns on money and bonds, so i = 0 and hence ¢; = 0.

Since u'(c;) = 65 holds at all x, the equilibrium allocations are determined pointwise by 6;
alone: cs = c*(6s) and ys = y*(0s). Goods-market clearing requires c*(6s) + a y*(6s) = E;[z], which

uniquely determines 6; = 6FB (time invariant). Since 65 = 0, (o — r?)@F B

= 0 forces r¢{ = p. The
conditions (2)—(3) are satisfied.

Finally, B; = 0 is optimal: with 7f = ¥ = p (i? = 0), money and bonds are perfect substitutes in
return; bonds lack only the lumpy-financing role of money. Each household is indifferent across
any portfolio composition with at least y*(9f?) held in money, so an equilibrium with B; = 0—in
which all wealth is held as money—is consistent with optimal household behavior and clears

both markets when ¢:M; = [ y*(0F8) dG;. O

A.7 Proof of Proposition 3

Under full discretion (s = 0) in steady state (d;y = /W = 0;,G = 0 = 0), the optimality system
of Proposition 1 reduces to: 6 = [9,7dG, = (o — )0, ¢ = (p — r* —i¥)6, and the stationary
backward HJB, private HJB, and KFE.

Part: r{; < p. The proof follows Achdou et al. (2022) Proposition 4, adapted to our setting with

lumpy consumption. Differentiating the private HJB with respect to w (envelope condition) and
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using 9, W = 1/(c):

(0 = ") u'(€) = 1"(€) Q) s + Azl (O] + afu (c(w — y,2)) — ' (€)], (72)
incor;’eEk lumpy precaution

where s¢ = 7P

w — i’y +z—c+T is the wealth drift (with the household’s optimal a = y sub-
stituted). Set r* = p (Friedman rule for money), so rb = o+ it > p, and z = z (highest pro-
ductivity). The income-risk and lumpy-precaution terms are strictly positive. With 1’ > p the
left-hand side is non-positive, so 1" (c)(dc)s” < 0; since u” < 0 and d,¢ > 0 (Assumption 2),
sY(w, z; r* =p) > 0 for all w > b.

As 1" 1 p, the upper bound of the support of the wealth distribution diverges (wWmax(r") — 0),
and aggregate wealth demand A(r") = [wdG — oco. A stationary equilibrium requires A =
¢(M + B) finite, so no finite ¢ clears the asset markets at * = p. The Friedman rule for money is

therefore infeasible under lump-sum transfers, establishing ri; < p.

Part: Optimal i¥’. In steady state, the bond supply FOC (30) with 8 = 0 gives ¢ss = (0 — 1% —
i%.)0ss. From the money supply FOC: pss = (0 — 7%)0ss. Subtracting, piss — @ss = i%0ss. The i%, FOC

(34) in steady state, with s = 0 under discretion, becomes

/(w - yss) aw’)’ss dGss — /7755 u/(css) dx = 0y CPSSBss = O Afs,

the bond first-order condition in level form. The first term on the left captures the social value
of household bond holdings weighted by their portfolio choice w — ys; the second is the im-
plementability cost of tightening the lumpy /portfolio FOC by raising i’; the right-hand side is
the fiscal cost of paying interest on outstanding bonds at the shadow price 6. Substituting
Oss = f dwYss dGss and A?s = f (w — Yss) dGss (bond-market clearing) and using f dGss = 1 yields

the covariance form (41). O

A.8 Proof of Lemma 5

The reduced social-value equation (42) is linear in s, so its solution decomposes by source. The

three sources deliver the level decomposition

f Oss Tss

Yss = Wss + OssVss — 5 p’ysfs = (0 — 1) yss + (0 — %) (W — Yss) + Aslvhl @3

First, the household welfare flow Us,: the component 7y, solving p7yys = Uss + Ass[74] has the same
flow and the same generator as the household’s own stationary HJB evaluated at the optimal

policy, so 7y = W, and by the consumption first-order condition d,7yy = 0uwWss = u'(css)-
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Second, the terms linear in the household’s position: using w = yss + (W — yss) and % = 1% +iL,,

(0= 15055 @ — i6s (W = Yss) = Bis (0 — 75 Yss + (0 = 13) (W — Y |,
which sources 955755 in (73); the Feynman-Kac representation of 755 in Lemma 5 is immediate
from (p — ASS)'y{S =(o—1i)yss + (0 — rﬁ’s)(w — Yss). Third, the constants: pOssAss — (0 — 12,)0ss Ass +
2 0ss AL, = B (18 Ags + ié’sAé’s] = —0,;Tss by the stationary consolidated budget, and since Ag[1] =0
a constant source « contributes «/p to the level of 7, and nothing to its slope. Summing the
three parts gives (73); differentiating in w gives (43). The reduction uses only the adjoint equation
(26)—in which the promise multiplier 1;; does not appear—the stationary co-state relations pss =
(o —1%)0ss and @ss = (0 — rES)HSS from (29)-(30) with 65, = 0, and the stationary budget; the
transfer first-order condition, the only optimality condition that differs across regimes, is never
invoked. The decomposition therefore holds under discretion and commitment alike, with the

regime determining only the value of 0. ]

A.9 Proof of Proposition 4

We work in the stationary equilibrium of the commitment problem with lump-sum transfers.

The key departure from Proposition 3 is that i, is generically nonzero.

Part: Fiscal shadow price. From (28) using d,Wss = u/(css):

Oss = /[awr)’ss + Z:SS ”/(Css)} dss dx = aw')’ss + / Pss u,(css) dx.

Part: Backward HJB and co-state equations. The backward HJB (26) does not contain s directly.
Stationarity and the government budget constraint give pss = (0 — 1%)0ss and @ss = (0 — 12, — ifs)(?ss
by the same argument as Proposition 3. These depend only on stationarity and the government
budget constraint, not on tss. The backward HJB (42) is therefore structurally identical to the

discretion case.

Part: Optimal 7™ (covariance form). The optimal-inflation condition (35), Rs = 65As, holds

under commitment exactly as under discretion (Appendix C); the regimes differ only through the

promise channel f w Pss 0w Wss dx carried in Rgs. Evaluated at the stationary commitment equi-

librium, Rgs = 055 Ass; subtracting 05 Ass and using 0ss = [ (0w Yss + Zssu’(css))dGss with [dGg =1
ss

gives the covariance form (45), Covg, (w, 0w Yss) + ¥ss = 0, with the inflation commitment pre-
mium ¥ = [(w — Ass)sstt (css) dx.

Part: Optimal ibeomm - nder commitment with Pss # 0, the bond-rate FOC (34) in steady state
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with ¢ssBss = AL becomes

/(w - ]/ss)(aw’)’ss Zss + Pss awwss)dx - /7755 u/(css) dx = s A§s~

Using the household envelope condition d,Wss = u/(css), then substituting 6ss = [ 9, 7yss dGss +
[ st/ (css)dx and AL, = [(w — yss) dGss, [ dGss = 1, this is the covariance form (46), Covg,, (w —
Vss, 0w Yss) + YL = [ nsstt’(css) dx, with the bond commitment premium Yoo = J((w — yss) —
Afs)lpssu’ (css) dx. The discretion condition (41) obtains when ¢5; = 0, hence ‘I’ES = 0.

Part: Forward KFE for ;. Setting ;15 = 0 in (33) immediately gives the stationary forward KFE
for 1. O

A.10 Proof of Lemma 6

The first identity is the definition of the flow consumption wedge under Lemma 5: {ss = 9 Yss —
u'(css) = GSSaw’yﬁ;. For the second, write the lumpy consumption wedge (37) on the interior region
(Css = 0) and substitute the decomposition at both evaluation points, using the envelope condition
0w Wss = 1 (css):

&[0 Yss (W — Yssy 2) — U (yss)] = a1 (ss(@ — Yss, 2)) — U (Yss)] + & Oss Doy ls(w — viss, 2)

= — % u'(cos(w, 2)) + at s By hs(w — Yss, 2),

where the second line uses the interior lumpy Euler (13) with equality, al’(yss) = & 9 Wes(w —
Yss, 2) +i% 0, Wss(w, z). Adding the portfolio gap i% [ Yss(w, 2) — 0ss] = i% 1t/ (css(w, 2)) + 18055 aw'yérs(w, z) —

i’.0s, the marginal-utility terms cancel and

7755 = Oss “aw’YéIS(W — Yss, z) — iss(l - aw’)’é[s(w/ Z))] ’

which is (47). O

A.11 Proof of Lemma 7

Write h = aw%fs throughout. The proof proceeds in three steps: linearity of the stationary

promise multiplier in 0, its normalization, and the pairing that delivers (48).

Step 1 (6-linearity). The stationary version of the forward equation (33) is A% [ss] = — 0, Pss, with
D, the flux potential defined in the text. By the multiplier definitions (31) and (32) together with

Lemma 6,

[(X h(w — Ysss Z’) B 125(1 B h(cu, Z))] 8ss
“[u”(yss) + dwewWss(w — Yss, Z)]

hgss

u"(css)”

Xss = Gss Nss = Gss

7
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so g = 955q>gs where quS contains only household objects and /. The solution set of the stationary

equation is therefore 0551k + ¢ ¢ss, ¢ € R, since the stationary density spans the null space of AZ.

Step 2 (zero mass). Pairing the forward equation with the constant function: (1, A% y) = (A1, ¢) =
0, while the right side integrates to the boundary flux of ®ss;, which vanishes—the multipliers
carry the density g, which decays at the top of the wealth distribution, and the boundary
condition from the W;(b, z) variation absorbs the residual at the constraint. Hence jt f Prdx =0
along any commitment transition; since the commitment problem starts unencumbered, 1y = 0,

the stationary limit inherits f Pssdx = 0, which selects ¢ = 0. In particular s = 9551/1515 with
f 110515 dx = 0.

Step 3 (pairing). Let g = (w — Ass) 1/ (css) — Cove,, (w, u'(css)) denote the household’s ledger entry,
so the Poisson equation defining §ss reads Ass[§ss] = —¢, solved by the cumulated entry §s(x) =
E, fooo q(xs) ds. The Poisson equation is well posed: integrating any candidate solution against the
stationary distribution gives [ As[dss]dGss = 0, so solvability requires the compatibility condition
[ qdGss = 0, which g satisfies by construction; existence then follows on the ergodic generator,
with §ss unique up to an additive constant because the null space of A;; is spanned by constants.
The constant is annihilated below because A1 = 0 and f Pss dx = 0. Then

Y = /(cu—Ass)u'(css)lpsS dx = /qlpss dx = —/.,455[1755]1/755 dx = —/0755 Al [wss] dx,

where the second equality uses [ 95 dx = 0 to add the constant —Covg,_ (w, u'(css)) at no cost—
this is where the normalization of Step 2 is essential—and the last moves the generator to its
adjoint. Substituting the forward equation and integrating by parts in w with vanishing boundary

flux,
Y = /1755 0wPss dx = — / aqus D5 dx = — Oss /aqus cDgS dx,
which is (48). -

A.12 Proof of Proposition 5

Proposition 5 is proved in Appendix D, which derives the separated optimality system—both
the commitment (A — 0) and discretion (A — o) limits—by the discretize-first method of Davila
and Schaab (2023) in detrended-nominal variables, with the joint continuum limit recovering the

conditions stated in Section 4.2.
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A.13 Proof of Proposition 6
Under full discretion (s = 0) in steady state, the optimality system of Proposition 5 reduces to

the discretion conditions (197) and (198) of Appendix D, with 6, = f 0w Yss AGss:

/w OwYss AGss = Uss(AL, — A?;CB) + @’SSAE;T, /(w — Yss) O Yss AGss — /qssu/(css) dx = gssAE;;T — ﬁssAé’;CB.

Covariance form. Subtract 6 f w dGgs = 055 Ass from the first condition, using Ass = A% + AE;T —
AfgCB and f 0wYss AGss = Oss. The left side becomes Covg, (w, d,Yss) and the right collects into
(055 — Bss)(AL — ALY 4 (Lss — 05) A%T, which is (76). Subtracting s [(w — yss) dGss = 05 AL, (with

AES = Aé’;T — A?;CB ) from the second condition gives (77) the same way. ]

A.14 Proof of Proposition 7

Under commitment ¢s; #Z 0, so the wealth- and bond-weighted social values in the optimal-
inflation and bond-rate conditions (59) and (58) keep their promise terms. In steady state, with
9w Wss = 1/(css) and Oss = [ 97Yss AGss + [ Pssut’(css) dx, they read
/w OwYss AGss + / W Psstt (Css) dx = Bgs (AL, — AZCBY 1 7, ALT,
/(W — yss) aw'}’ss dGgs + /(w - yss) lpssu,(css) dx = gssAséT — ﬂssASQCB + / Wssu,(css) dx.

Subtract 055 Ags from the first (Ags = f wdGg = Al + AggT — AE;CB ). The 9,7 terms give Covg, (w, 9w Yss),
the ¢ terms give f(a) — Ass) Psstt' (css) dx = s, and the right collects to (8ss — 0ss)(AL — A?;CB) +
(Css — GSS)AS;T. Subtracting GSSAES from the second (Aé’s = AE;T — AE;CB) works the same way, with
YE = [((w — yss) — AY)pssut’ (css) dx. The covariance-form conditions are

COVGSs (w/ aw')’ss) + ¥ = (ﬁss - Gss)(Ags - AE§CB) + (gss - 955) AgéTr (74)

COVGSs (w — Yss, aw'Yss) +Tss = /7’]55 u/(Css) dx + (Css — Oss) ASQT — (s — Oss) ASQCB~ (75)

Subtracting the first from the second cancels the shared terms ({ss — GSS)AggT and —(&ss — GSS)AE;CB
and gives the combined condition (65) of Proposition 7. Setting s = 0 gives the discretion

covariance conditions

Cove,, (W, 3wYss) = (Lss — 0ss) ALT + (055 — 0ss) (AL, — AYCE), (76)

COVGSS (w — Yss, aw')/ss) = /7755 u/(css) ax + (gss - 955) A?;T - (ﬁss - ess) AE§CB- (77)

Subtracting the first from the second cancels ({ss — GSS)AEgT and (s — 955)A§;CB and gives (61), the

condition of Proposition 6. ]

72



B Derivation of Kolmogorov Forward Equation and Adjoint Operator

We derive the Kolmogorov forward equation (15) and the adjoint operator A} by taking limits
of a discrete-time economy as the length of a period goes to zero, following closely to Achdou
et al. (2022). The derivation is presented for the one-asset (liquid wealth only) case for clarity; the
extension to the two-asset model follows analogously with additional drift terms for the illiquid
account. I focus on the case of two income states, but the argument extends straightforwardly
to any finite, discrete state space for z. Assume time is discrete and the length of a period is A.
We assume there are only two productivity states, where the transition rate from state z; = z; to
state z;.p = z_ is AA;. The probability of a lumpy expenditure shock is Ax. Given beginning of
period t wealth 4;, households first make their flow savings/consumption decisions, As(d;, z),
then learn about their lumpy expenditure shock and choose an amount of lumpy consumption
y(as, z¢), where 4; is wealth after flow savings/consumption, and then finally households learn
about their productivity shock.

A household’s beginning of period t + A wealth, 4;.5, depends on if they receive a lumpy

expenditure shock at time t. The law of motion of their wealth is

drep =0y + Asy(dy, z¢), or (78)

Grep =Ar + Asy(dr, z¢) — yi(ds, 2t), (79)

where 4; = d; + As¢(d;, z¢). Notice, there is a important distinction between flow savings, As,
that depends on the length of a period versus lumpy (dis)savings, y, that does not. We can

alternatively write the law of motion (78)-(79) backwards in time as

ar =g p — Aspip(dren, 2t), OF (80)

Gt =Apep — Dspn(ran, 2t) + Ye(Gran, Zt).- (81)

Let G(a,zj) = Pr(a; < a,Z; = z;) denote the CDF of the wealth distribution of type-j households

at time f. We can write

Pr(apa < a,Zua = zj) =(1 = AA)(A — Aa)Pr(d; < a — Asa(a, 2j), 2t = z)) (82)
4 (1= AA)ARPr(r < 0 — Dstaa(a,2) + Yia(@,2)), 2 = 2)
+AA_j(1 — Aa)Pr(a: < a— Aspa(a,z—j), 2t = z—j)

+AA_jAaPr(d; < a — Asppla,z-j) +yala, z—j), Z2r = z_j).

In (82), the first term captures the event when the household a type (4, Z;) household does not

receive either a productivity or lumpy expenditure shock. The second and third terms capture
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the events when the household only receives a lumpy expenditure or productivity shock, respec-
tively. The last term captures the event when both shocks occur. Notice, in (82) we implicitly
replaced d;a with dya in yi a4 which is a good approximation when we take limits as A — 0.

Using the definition of the CDF, we can write

Graa(a,2)) =(1 = AN — A)Gi(a — Asyia(a, 7)), 7)) (83)
++ (1 — AX)AaGHa — Aspa(a, z)) + Yisa(a, 2)))
+AA (1 — Aa)Gi(a — Aspala, z—j),z—j)

+AA_jAaG(a — Aspn(a, z—j) +Yrea(a,z—j), z—)-
Subtracting Gi(a, zj) from both sides and taking limits as A — 0, we get

9Gi(a, zj) = —51(a,2))04G(a, 2j) — a [Gi(a, z)) — Gi(a +y1(a, 2)), 2))] (84)
—A]-Gt(a, Z]) + )L_]'Gt(ﬂ, Z_]').

Differentiating (84) with respect to a, using g:(a, z) = 9,G¢(a, z), yields the KFE (15). The drift term
gives —0,[s:g:] directly. For the jump term, the chain rule applied to G¢(a + y:(a, z), z) produces
gr(a +ye(a, z),z) - (1 + 9ay+(a, z)), which is the source of the Jacobian correction (1 + d,y;) in the

adjoint generator. This correction is generically non-zero wherever y:(a, z) varies with a.
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C Proof of Proposition 1

This appendix proves Proposition 1. It re-derives the full optimality system with the discretize-
tirst method of Davila and Schaab (2023) by first setting up the planner’s problem in detrended-
nominal variables. The conditions of Proposition 1 are then recovered by taking the joint contin-

uum limit (time step and mesh — 0) of the discretized first-order conditions.

C.1 The detrended nominal economy

We set up and solve the planner’s problems — both commitment and discretion — in detrended-
nominal variables, expressing household wealth and the nominal stocks relative to the money
stock M;. This is a convenient normalization for two reasons. First, nominal quantities trend
with My, so dividing by it removes the common trend and leads to a well-defined steady state.
Second, the detrended variables make each date’s problem local — a date’s conditions reach into
the future only through the forward value (see Lemma 8) — which is particularly useful for the

discretion case.

C.1.1 Change of variables

Generally, we denote nominal variables with a tilde (%) and detrended nominal variables with
a hat (£). Let @ = w/¢; denote a household’s total nominal wealth and M; the nominal money
stock. Define
N w w B; M M;
= — = ——, = ¢:M; , = —, = —, 85
Wi M, S Qs P M; Bt M, S (85)
so that real wealth is w = Q; @;. The aggregate state inherited by a planner is the single distri-
bution F;, the measure over (&, z). Two reductions deliver this. First, the level of M; is payoff-
irrelevant by nominal homogeneity (scaling all nominal objects jointly scales ¢ inversely and
leaves all real objects unchanged), and detrending by M; removes it. Second, the bond-money
ratio B; is not independent: asset-market accounting fixes f @wdb =1+ B¢, so Bt = f @&dE —1is
a function of the mean of F;. The return on money is a derived object,
A= ﬂ _ Qt M M Qf .

— a __
=~ — &t/ =1 =& —@/

T T (86)

inflation is money growth net of real-balance growth. At a stationary equilibrium Q = 0 and

_ oM
TTss _gSS'
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C.1.2 Household problem in detrended units

Money pays zero nominal interest and bonds pay nominal i¥; real flow income z + T; — ¢; converts
to nominal at rate 1/¢;. Nominal wealth therefore accumulates as @& = i’b + (z + T — c1) /¢,
with nominal money d = y;/(¢:M;) - M; chosen so that real lumpy consumption y; is financed:

a=vy;/¢r, ie. d/M; = y;/Q;. Dividing by M; and subtracting the dilution term &y gM:

Z+Tt—Ct n

Qr b

& = §(d,2) = b(w—ﬂ)Jr

3 (87)

Notice we can write Q;& = w. Let the household’s value over the detrended state, Vi(,z) =
Wi(Q1@, z), satisfies

pVi = max u(c) + al(y) + 8 0o Vi + a[Vi(@ — v/ Qt, 2) — Vi@, 2)] + A, Vi + 0+ V4, (88)
oy

where the jump in detrended nominal wealth after a lumpy expenditure is @ — y/Q;. The house-

hold’s first-order conditions are

2o V(@ — yi/Qt, 2) + 10 95 Vi@, 2)
Q:

W (cy) = ét, all'(yy) = when @ < @,(2). (89)

where @,(z) = w;(z)/Q; is the full-depletion threshold in detrended nominal wealth.

Borrowing constraint. The real constraint w > b becomes @ > b/Q;. We consider the case

where b = 0, so the constraint is the fixed grid boundary @ = 0.2

C.1.3 Aggregates, market clearing, government

Real money demand is [y df; (each household holds real balances equal to intended lumpy

consumption), so market clearing in real units is

money: /yt df; = Qy, bonds: /(Qt )dFt Q: Bt (90)

Total real public liabilities are A; = ¢;(M; + B;) = Qi(1 + B¢), with A7 = Q; and Alt’ = QiBt. The
consolidated nominal budget constraint M + B = i’ B+ ( [ T dF)/¢, multiplied by ¢; = Q;/M; and
written in (¢M, B):

QigMA+B) + Qifr — P QB — /Ttdﬁt =0, (91)

using ¢M = Qg™ and ¢ = Q(f + gV ).

42For b < 0 the boundary @& = b/Q; moves with the control Qy, so the §Q,, variation acquires Leibniz terms at the
boundary, proportional to —b/Q? times boundary-row objects (mass point, flux, and the /¢ boundary values); the
other variations (gM BT, i’) do not move the boundary and are unaffected. Deriving these terms is mechanical but
should precede quantitative work with b < 0; alternatively, verify numerically that results are continuous as b 1 0.
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C.1.4 The planner’s problem

Controls and states. The planner controls, per slot: household objects (c,y, V, F) subject to
implementability; the static price-like controls Q; (real balances) and i¥; the policy flows gM
(money growth) and the bond-composition state B;; and transfers T;. The map (Q;, g{VI, Bt)
(¢+, My, By) is a bijection (given M), so the space of controls is identical to the real formulation’s
(¢o, {r?}, {M:}, {B:}, {T;}) — only the coordinates differ. The aggregate state the planner inherits
is the detrended pair (Fy, Bo).

Objective. Following the stochastic-replanning approach of Davila and Schaab (2023), a planner
in office at date 0 maximizes utilitarian welfare until the next regime change, which arrives at the

Poisson time T, with intensity A, taking (Fy, Bo) as given:
. T . .
Wo(Fo, fo) = max Eo [ | et [uatids + e WPy Bo) | U= uie) el (92)
0

subject to the decentralized equilibrium imposed as implementability constraints: the household
HJB (88); the consumption and lumpy Euler conditions (89), the latter on the no-depletion (inte-
rior) region where it holds with equality; the forward Kolmogorov equation dsfs = AZ[f] for the
detrended density; the government budget (91); and money- and bond-market clearing (90). Full

commitment is A — 0; discretion is A — 0.

Lagrangian. Attaching the multiplier functions ¢s (HJB), £s (consumption Euler), /s (lumpy
Euler) and 4, (Kolmogorov equation), and the scalar multipliers 65 (budget), s (money clearing)

and ¢s (bond clearing), the within-slot Lagrangian is

L‘,:/le*f’s{ /Z/{sdﬁs + /g@s[—pVS+L{s+asVs+AsVs]chdz
0

v [ Rle) - 55

+ /ﬁs[lej'(ys) — é(zx 9o V(@ — ys/Qs, 2) + it 05 V)| 1M d dz

o Ve] d dz

¥ / FolA o — 0 fi] dodz + 0,]QegM(1+ Bs) + Qufs — iPQuBs — [ TodEy]
+ ]/ls[fys dﬁs - QS] + @S[I(st_ys)dﬁs - Qs,Bs] }ds + eipﬁWTl(pfl,,BT]). (93)

The eight terms are social welfare followed by the seven implementability blocks (HJB, consump-
tion Euler, lumpy Euler, Kolmogorov equation, government budget, and the two market-clearing
conditions). The three aggregate multipliers 0s, us, s deliberately carry no hat: the government
budget and the two market-clearing conditions are scalar, real-unit equations that are identical

to those of the real-variable formulation so the same scalar constraint carries the same multiplier.
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The distributional multipliers 1/35, Xs, s, ¥s instead pair with pointwise constraints integrated over
the state, so they relate to their real-formulation counterparts by the change-of-variables factors
¥ =Qvy, X = Qx, 7 = Qy, and § unscaled.®3

Section C.2 discretizes (93) term by term — time derivatives become forward differences,
As and its adjoint become the matrices A,, Ay, and the state integrals f (-)d@ dz become the

weighted inner product (-, -) — yielding the slot-n integrands below.

C.1.5 The locality lemma

The benefit of formulating the planning problem in detrended nominal variables is that the
planner’s controls at time period n affect future periods only through the state they bequeath
— the detrended distribution £,,; and the bond-money ratio B,+1 — with no successor-dated
price entering the time period n problem. In the real formulation, the return rj at time period
ndepends on the price ¢,.1, an extra forward channel that is absent here. The only forward-
looking object in period 7 is then the household continuation value V,,,;. This is stated formally
in the following lemma. The benefit of this formulation will be clear when considering the

problem under discretion.

Lemma 8 (Slot locality). In the detrended, nominal formulation, every slot-n term of the planner’s
Lagrangian (welfare, H|B, c-Euler, y-Euler, KFE, government budget, both market-clearing conditions)
depends only on slot-n objects (cy, Yn, Vn,fn,Qn,iz,gflVI, T, Bn, Bn+1) and on the forward value V41
(through the HJB time difference). No slot-n term references Q,,, ¢, or any other successor-dated price

form>n+1.

Proof. By inspection of (87)—(91): the drift, jump, market clearing, and budget all involve (Q,, i, ¢M, T,,, B.)
only. The inherited distribution f, is nominal-detrended and requires no price to be interpreted:
unlike the real formulation, there is no revaluation map g, = ¢, f4(-/¢n) tying the slot-n density

to a price the planner influences. The single forward-looking object is V},.1. ]

C.2 Discretized Lagrangian

In this section, we first take a discrete approximation of the detrended nominal economy across
time and the state space, take first-order conditions with respect to all the planner’s controls,
and then take limits as the time and grid intervals go to zero. We compare the resulting first-
order conditions to those derived in the main body of the paper in the continuous time, real
economy and discuss some subtleties. We discretize the detrended economy in time and across
the idiosyncratic state, following the upwind finite-volume scheme of Achdou et al. (2022) and
Davila and Schaab (2023, Appendix C).

BThe mapping for all terms from the nominal-detrended economy to the real economy are provided in Table 4.
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C.2.1 Preliminaries

Time. Discretize time into N steps of length dt, with t, = (n — 1)dt. Time derivatives become
forward differences, e.g. 9;V; — (V41 — V,,)/dt and o f — (fn+1 - fn)/dt.

State space and inner product. Letj € {1,...,];} index the detrended-wealth grid with val-
ues @; (potentially non-uniform, e.g. finer near the constraint @ = 0) and k € {1,...,],} the
productivity grid with Gauss—Hermite values z;. The combined index i € {1,...,]}, | = JoJz,
enumerates grid points (@j), zx;))- With cell widths A®; and Az, set

Ai = A(f)]'(i) AZk(i), DA = diag(Al, ey A]). (94)

Functions on the grid become vectors h = (hy,...,h ])T with h; = h(@j), zk(;)); for two such vectors

h, g the weighted inner product is
(h,g) =Y higiAi=hDyg, /‘Fdﬁ ~ (¥, ), (95)
i
so the slot-n density vector f, represents the detrended distribution F,.

Discrete generator. The detrended generator Aulh] = 8, 00k + a[l(@ — yn/Qn, z) — h] + A;[h] of
(88) is discretized into A, € R/*/ piece by piece. Let DL, DE be the forward/backward finite-
difference matrices on the w-grid (one-sided atj =1, J).

(i) Drift (upwind). With §} ; = max($,,;, 0) and §,; =min($,;0),

sdrift = diag(s}) DL + diag(s;) DZ, (96)

where §, is the grid evaluation of the detrended drift (87) (equivalently S{"ift = diag(s,) D%
with D% below).

(ii) Lumpy jump. The postjump state (&; — yn,i/Qu, Zki)) generally lies between grid points;
the linear-interpolation jump matrix J, encodes h(c; — Yn,i/ Qn, Zk()) ~ Zj(jn)ij hj. If @; —
Yn,i/ Qu € [@j, @j41] on the slice z = zy(;), then with w; = (Djr41 — (@ — Yu,i/ Qu)) /(@1 — Dpr)
row i has (jn)i,(j’,k(i)) = w; and (jn)i,(j/+1,k(i)) = 1 — w; (all other entries zero). The discrete
lumpy operator is a(j, — I).

(iif) Productivity. The z-process is a Markov chain with generator A, acting only on the z-index

(block-diagonal across w-slices, rows summing to zero).

Combining the three pieces,
A, =S¥ 4 a(f, — )+ A, (97)
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Upwind derivative. The household Euler equations involve 9 V,, evaluated with the same up-
wind logic as the HJB. Define

DY = diag(1{8, > 0}) DL +diag(1{8, < 0}) D&, (98)

the upwind first derivative (the same one-sided choice as S but without the drift prefactor).
The post-jump derivative 0 V(& — yn/Qn, z) in the y-Euler is the composition jnDn‘:’ V. (Recall
from (89) that the household derivatives carry a 1/Q, relative to their real counterparts, 9,V =

Qa,W.)

Adjoints. The KFE pairs the co-state 4, against A, f,,, so we need the adjoint of A, in the inner
product (95), defined by (h, A,,g) = (A%h, g). For any B € R/*/,

(h,Bg) =h"DaBg = (D;y'B ' Dyh) ' Dpg=(Dy'B'Dal, g),
so B* = D, 'BT D,, the Dy-conjugated transpose. Applying this to each piece,

A5 =D'A)Dp = (SI%)* + a(Dy'f, Da — I) + A (99)
In components (DA’lj,;r Dp)ij = (4 / Ai)(jn)ﬁ, which measures how density at j feeds the adjoint
flow at i through lumpy jumps landing near 7; in the continuous limit it becomes the integral

operator with the inverse-Jacobian kernel 1/(1 — dy) of the pre-jump map.

Boundary at @ = 0. With b = 0 the constraint is the fixed grid edge @w; = 0. At the cells (1, k):
(a) lumpy consumption y,, (1 x) = 0 (the household holds a = y and a = 0 at the constraint), so the
post-jump state is @; itself, row (1, k) of jn is the identity row, and oc(jn — I) contributes nothing
there; (b) the state constraint @ > 0 forces a non-negative drift, §, 4 > 0 for every zx — a
household at the constraint cannot dissave below it (the state-constraint boundary condition of

the household value function).

Time summation by parts. For any test sequence ¥, € R/ and state sequence ¢,

N—
Z e Pl dt“I’TC"Jrl Cn = Z e Phn dt%

n=s

Eo+ e PINYL By —e PR & | (100)

This is ordinary summation by parts: with a, = e P"¥Y, and b, = C,, ZnN;sl Ay by — by) =
an—1by — asbs — YN 1 (ay — ay_1)by, and a, — a,_1 = e P[¥, — e, _1]. The right-hand side
moves a backward difference onto the multipliers and isolates the boundary terms at n = s (the
inherited state) and n = N.
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C.2.2 The discretized Lagrangian

Discretizing the eight terms of the Lagrangian (93) by the rules above (forward differences for 9s,
the matrices A,, A}, for fls, fl;‘ , and the inner product (-, -) for the state integrals) gives the slot-n

integrand 7, as the sum of:

I;;velfare — < fn> (101)
T = (i, —Varthy+ 2V A, (102)
I;—Euler — <7€ ,(Cn)—QlD‘;:)Vn>/ (103)
zyEuler _ < , diag(1in) [au’(yn)—Ql(ain+iZI)D;§’Vn}>, (104)
TKFE _ < Afy — fuer = f”> (105)
5~ 6,[Quli1+ ﬁn+1>+Qnﬁ”” be_gQupu - f)], a0s
TN = pallyn f) — Q. (107
I}k;ondMC _ qm[(aniJ—yn,fn)—Qnﬁn]/ (108)

where @ € R/ is the grid vector (w); = @j(;) and the drift vector is §,, ; = iﬁ(cﬁ)i —Yni/Qn)+(zi+ T, —
cni)/Qn — §M@;. The discrete government budget (106) comes from dividing the nominal budget
M1 — M, + B, — B, = dt ibB +dt T, /¢n by M, multiplying by Q,, and writing By.1/M, =
Bri1(1+ gMdt) the cross term yields the g, ﬁn+1 inside g;, M1+ Bu+1)-

Translation dictionary. The co-states share a letter with their real counterpart, distinguished by
the hat (7, 1/3, X 1 vs. 7,9, x,1); the value function, density, and distribution instead use distinct
letters for detrended vs. real (V/W, f/g, F/G). Generic functions are written /. The slot subscript
n (and t,s in the continuous-time limit) is a time index, orthogonal to the detrended-vs-real
distinction. Table 4 translates the detrended objects to the paper’s real notation, using w = Qw
and dw = Qdw.

The multiplier scalings follow from requiring the constraint pairings to be invariant: e.g.

[ 9(@) HBl(@)d® = [ p(w) [HJBl(w)dw with the HJB bracket itself invariant (shown below),
forces § = Q.

Remark 1. The detrended §-HJB is equivalent to the real <y-HJB. For any smooth function h(w) with
o, 1) = th| o= 0th|w+Q @ dh and § 35k = (Q8) dwh with Q8 = s™ — Q& (from (87) and
(86), s = 1w +i’(w — y) +z+ T — ). The =Q@ dh terms cancel in the sum Alh] +0:h = A[h] + 0k,

and the jump and z-pieces are invariant (& — y/Q <> w — y). So every backward equation derived below
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detrended object real object rule

V(,z) W(w, z) V = W(Qw), Q@V < QoW

(@, z) 1w, z) 7 =7Q®), DU} < Qduvy

f (density in @) ¢ (density in w) f(@)=Qg(Qa), (Y,f)=[YdG

¥, %, 1 (paired with d@) ¥, x, 1 (paired with dw) ¥ =Q¢, ®x=Qx, 7=Qn

0,u, i same unchanged (real-unit constraints)

Qﬁg — Q=¢M, p=B/M, g"=M/M
=Q, A" =QB, A=Q(1+B) ¢M, ¢B, p(M+B) via (90)

_ 7 r"=Q/Q — gM (derived)

Table 4: Detrended-to-real translation dictionary.

in w-coordinates is pointwise identical to its real-coordinates counterpart. The same cancellation holds

for the forward (adjoint) equations after the density change of variables.

C.3 Full commitment: A — 0

The slot-0 commitment planner’s Lagrangian is LC = ZHN:Bl e Pt dt T, with the integrands (101)-
(108). Following Dévila and Schaab (2023, Appendix B.4), we sum by parts both the KFE term
(multiplier 4) and the forward-looking HJB term (multiplier ¢), with predecessor convention
l[) 1 = 0. Concretely, the two terms carrying a time difference are the HJB term (1/),1,( el —
V,,)/dt) and the KFE term — (9, (fus1 — fu)/dt). Applying the time-SBP identity (100) to each
and, for the KFE, using the adjoint (¥, A}, fn) = (Aufn, fn> to move the generator onto 4, the

time differences shift onto the multipliers,

~ Vi —Vy 1/371 - epdtl/}nfl o fn+1 fﬂ — epdt’)/” 1 2
oy =) = _< it ’V”>’ g < dt ’f”>’
(109)

and the commitment Lagrangian becomes

€= NZfe—P At Ty +e P (Fo, fo) — e PN (N, ) — e PO (o, Vo) + e PN (-1, Vi), (110)
n=0

where Z,, is (101)—(108) with the two time-difference brackets replaced as above: the HJB term
contributes (b, —oVy, + Uy + Ay Vi) — (P, — P, _1)/dt, V) and the KFE term contributes (A, 4, +
(0 — eP¥*4,_1)/dt, fu). The lower boundary couples the slot-0 multipliers to the inherited density
fo and to the promise §_; = 0; the upper boundary at n = N supplies the terminal conditions.
The government budget constraint’s own B = (8,41 — Bn)/dt difference is not summed by parts
here — it is handled directly in the 68, variation via two adjacent budget rows. The variations
below read the FOCs off Z,, and these boundary terms. Throughout, “—" denotes the continuum

limit — the time step dt — 0 and the state-space mesh (Aw, Az) — 0, under which grid vectors
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become functions and the discrete operators pass to their continuous counterparts (DY — 9,
A, — A, (-,-) = [(-)d@® dz) — followed by translation to real notation via Table 4. (For the static
FOCs, e.g. (114), only the mesh limit and the real translation are at work; the time-difference

recursions also use dt — 0.)

C.3.1 Household-block variations: 6V}, dc,, oy, 6 fnﬂ

Private valuations, 6V, (n > 1). V, enters the post-SBP Lagrangian through the HJB constant
pieces (¢, —pVy + A, V), the SBP recursion —[(, — ePdttPn_l)/dt]TDAVn, and the two Euler

equations. Collecting coefficients:

pn — e 0 n 1 ol S ) inty A
% = Apn — pn — 7-(Dy) [Xn + (afy, +151) diag(1) 7, |, (111)
n

and in the limit, 9, = A*[{] — é(a@)*[x +(af* +i*)1"%) |. Translating with ¢ = Qy, ¥ = Qyx,
7 =Qn, dp = Qdw, and the density change of variables, the Q cross terms cancel exactly as in
Remark 1 (the adjoint drift —9,(5 ) produces —Qd.(sy) + Qi + QQW I, ¥, and the left side’s

01| o= Ql/) + Qat¢]w+QQdJ dw1p absorbs both extra terms), leaving

an(wt,z)

P = A [P] + dw)x + O [WW

] + [’ 7], (112)
identical to the paper’s (33). The interior indicator 1"t is held fixed in this variation, as it is in
the instrument variations below. A perturbation of V;, moves the full-depletion threshold, but
the Euler-y residual vanishes at the threshold by (20) and the lumpy policy is continuous there,
so the moving boundary contributes only at second order. Its one first-order effect is through
the Poisson inflow to the boundary mass point, which the boundary conditions of Section C.5

collect.

Flow consumption, dc,. Flow consumption enters through welfare u/(c)f; HJB welfare u’(c)
and HJB drift — D®V /Q (which cancel pairwise by the household c-Euler (89)); c-Euler u”(c)%;
KFE volume drift —f D?4/Q. Hence

o = ding (1)) diag(f) [ 5-DE 40 — '), (113)
with continuum limit 5 o
_ dwy —U'(c

X - u/,(c) 4 (114)

equivalent to the paper’s (31).
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Lumpy consumption, dy,. The free variation Jdy, is restricted to the no-depletion (interior)
region: where y, is an interior choice, dy, ; is free; in the corner y,; = @; is pinned by full
depletion, so dy,,; = 0 there. (Those pinned corner values still enter welfare, the jump, and market
clearing, and hence the other FOCs — “interior” qualifies only the y-Euler equation derived here.)
Restricting to the interior, y, enters 7, through: (i) welfare, aU(y,); (ii) the HJB term — but the
l/?n—weighted y-derivative, al’(y,) — 1 (afn + iZI)Dn‘f’ Vy,, vanishes by the household’s own lumpy
Euler (89), so the HJB contributes notﬁing; (iii) the y-Euler implementability bracket (multiplier
fin); (iv) the post-SBP KFE term (A, 4y, fx), via the drift §, and the jump J,; and (v) money- and
bond-market clearing, linearly.

Two derivative identities drive the algebra. The jump lands at @ — y,,/Q,, so for any y,-
independent f, 00.f)i/ WYy,j = —0ij Q
the bracket containing the post-jump point (so [DE! fli = 9o f(@Wi —Yui / Qu, zi)); the 1/Q,, is the
chain-rule factor from the jump size y/Q. The drift gives 9, ;/dy,,; = —&;;i5 /Qu. Collecting the

[DF ost f1i, where Dpos f1i is the slope of f’s interpolant on

five channels (dividing out e 'ndt D,), the interior dy, FOC is, componentw1se for 1lnt =1,

fn,j

0= fuj U'(Yn) + Huj finj — @[iﬂni’%)]- +a [DE™ 31 + (i — @) foujs (115)

where H,, ; = = a[U" (y, )+ @[DPOStD“’V ]j] is the curvature from channels (i) and (iii). Solving

for the multiplier,

ib

[Ql (DR, U’(yn,f)] + &(D%n)j +(n — ). (116)

. ‘=fn,j77n,j i
n,j Hn’j 7 7’1,]

b

Taking the limit — l[DPOS“n] — duY(w—y,2), 2LDYG, — ?,7(w,z2), iDE"StD;?Vn —

Qn Qn Qi
dwwW(w—y,z), and /1 = Qy, f = Qg (Table 4) — gives
81 , 7= a[duy(w—y,z) — U'(y)] +i[0uy(w,z) — 6], (117)

= a[U"(y) + 0w W(w — v, 2)]

the paper’s (32)~(37), where the last step substitutes  — ¢ = i’0 from Section C.3.2.

Distributional state, J fn+1. After the SBP, the density fn+1 enters linearly through: welfare
<Z/In+1,fn+1>; the two post-SBP KFE terms <An+1’?n+1,fn+1> and (41 — e?'4,,) /dt, fn+1>; the trans-
fer term of (106), —0,,.1(T,+11/, fn+1>; and the two market-clearing conditions, p,+1(Yn+1, fn+1> and
Prs1{Qui1@ — Yus1, fuse1). Setting LE /df,.1 = 0 and dividing out e P'w1dt Dy,

Yn+1 — epdt'?’n

it + Uns1Yn+1 + Pna1(Qui1 @ — Yna1) — Opia Tn+11]- (118)

0=Up1 +Api1¥n +
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As dt — 0 the difference (§,,1 — e*4,)/dt — 9§ — p5; rearranging (118) (and dropping the

now-redundant slot index) gives the backward §-recursion

(0 — An)¥n — Y = U + pnyn + @n(Qn@ — yn) — GnTnlj, (119)

which under Q@ <> w and Remark 1 is identical to (26).

C.3.2 Aggregate variations: 0T}, 5i£’1, 5gnM, 0Bn+1, 0Qn

Transfers, 5T,. Lump-sum transfers, T,, enter (106) (—6,(1/, fn>) and the drift (95, /0T, =1/ /Q,,
weighted by the KFE volume and the 1-HJB):

O
n = o [(DFFn fo) + (90, DIVa) |, (120)
n
with continuum limit
6= /aw'de+/l/)8dew, (121)
_TF/_/

equivalent to (28) with commitment premium Y.

Nominal bond rate, §i’. The scalar i, enters through the drift, 95, ;/9i, = &; — y,;/Qu, which
appears in the i,-weighted HJB and in the post-SBP KFE volume term (A, 4, fu); through the

1 .
y-Euler bracket, with coefficient ———D{’V,, on the interior; and through the government budget

n
(106), with coefficient —0,,Q,B,. Setting oLC / 81”,’Z =0 and dividing out e *'ndt,

1 ~ in @

@<77n/ lntDn Vn> = QnQn,Bn
(122)

In the limit — @ — yn/Qn = (w - y)/Q/ an'?’n — Qaw'Y/ lIA)n = Qt,b/ D‘;?VH/Q — u/(c), ﬁn = Q77;

and Q,fB, = AY (Table 4) —

(diag(@ — yun/Qn) Df'?n/ fn> + <’~/A’ﬂr diag(w — yﬂ/Qn)Dn@Vﬁ -

/(w—y)aw’YdG+/(w—y)lpadew—/iyu/(c)lmtdw = 9 A?, (123)

pb

equivalent to (34) and (46) with portfolio premium ¥?.

Money growth rate, 6g. The money-growth rate ¢M appears only at slot n (Lemma 8; the level
of M is detrended away): in the budget (106) with coefficient 6,,Q,(1 + B,+1), and in the drift with
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95, /0gM = —@ (dilution), weighted by the KFE volume and the y-HJB. The FOC is:

On Qu(1+ Bus1) = (diag(@) Dy Fu, fu) + (P, diag(@) DYV,). (124)
Translating ((diag(@)D?%, f) = [ w 3wy dG, likewise for the ¢ term, and Q(1 + B) = A):

R = / 371 dGy + / WP d Widw = 6, A, forall . (125)
which is equivalent to (35).

Bond-money ratio, 65,.1. The ratio of bonds to money, 8,41, appears in the slot-n government
budget (coefficient 0,Q,(¢M + 1/dt)), the slot-(n+1) budget (coefficient 8,41 Qys1(—1/dt — b)),
and the slot-(n+1) bond market clearing (—¢;.+1Qy+1). The FOC is:

0,Q,(1 + gMdt) = e Qg [9n+1(1 +i0 4db) + i dt] (126)

Equation (126) links the co-state at adjacent slots; the continuous-time co-state equation follows
by expanding each dt-dependent factor to first order. Write Q,41 = Qu(1 + §,dt) with §, =
(Qui1 — Qu)/(Qudt) — Q/Q; use e = 1 — pdt + O(dt?) and 6,1 = 6, + 0,dt + O(dt?); and,
wherever a factor already multiplies an explicit dt, replace i¥,,, ¢,+1, ¢M by their slot-n values.
Dividing (126) by Q,, the prefactor is e (1 + d,dt) = 1+ (4§, — p)dt + O(dt?) and the bracket is
0,:1(1+ibdt) + @ dt = 0,41 + (8i° + @)dt + O(dt?), so

0,(1+ gMdt) = 0,41 + [0@n — p) + 0i° + p]dt + O(dt?).

The O(1) terms give 6, = 0,41 (the co-state is continuous); the O(dt) terms, with 6,1 = 0, + 0,,dt
and dividing by dt, give

b = (p+8M — 0 —i1)0— g1 = (0~ 1 —i)0— 1 = (0~ 116 — g, (127)
using the definition r* = Q/Q~— gM from (86), which is equivalent to (30).

Real balances, 6Q;,. The scalar Q, enters more channels than any other control: the drift, with
08,/9Q, = [iﬁynli — (zi+ Ty — ¢4,1)]/ Q3 (through the ¢,,-HJB and the KFE volume term); the jump,
through its location & — yu/Qu, with 3(4/)i/3Qu = (v,i/ QD™ f1; (again the HJB and KFE
volume); the c- and y-Euler brackets, through their 1/Q, factors (and, for the y-Euler, through jn) ;
both market-clearing conditions; and the government budget. Setting L€ /9Q, = 0 and dividing
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out e Pindt,

0 = (diag(@,5:) DY 4u, fu) + (Pu, diag@g,5s) DY Vi)
+a(diag(yn/Q2) DE ' 9, fu) +a(Pu, diag(y./Q2) DE>'Vy)
+ 1 (y, DIV + (0, 100, EY)

Qi
AL\ 9 1 ﬁn+1 ﬁn b 12
+ @ul(@, fu) = Bu] — pin + 0u[81 (1 + Brsa) + — inBnl, (128)
n ; & XlYn,i 0Sty~
where 9,8, =[5y, — (zi + Ty — ¢,,))]/ Q2 and aQnE = Q2 (] +5D)DL V], — gg [D} tD Vi

is the Q,-derivative of the y-Euler bracket.

Multiply (128) by Q, and translate via Table 4. Three of the terms simplify immediately: the
household lumpy Euler (89) reduces the 7, bracket in the third line to a[U'(y) — ¥ dwwW(w — y)];
the market-clearing identity (@, f,) = 1+ B, reduces the market-clearing terms on the last line to
(¢n — un)Aj; and the government budget term on the last line reduces to 0, T,. Taking limits as

the time and grid steps to to zero yields:

0= /[by z+T=0](0urg+ P duW)dw + w/y doV(W=Yy) g+ duW(w—y)) dw
+/Xu (0)dw + (x/iy {U’(y)—yawwW(w—y)} 1" dw + (@n — pn) A% + 6,T,. (129)

We now reduce (129) directly using other optimality conditions in the continuous time/state

limit. The key step is to use the un-substituted lumpy wedge

firaw = a[du YW=y, 2) — U )] +i duy(w, 2) — (1 — @), (130)

i.e. (117) before the replacement (u — @) — i’0. The (4 — @) here is the dy FOC’s market-clearing
residual (+y ¢ from money clearing, a = y; —¢ ¢ from bond clearing, b = w — y); the substituted
form i?[9., — 6] of (117) would presuppose i — ¢ = i, so (4 — @) is kept symbolic.

Step 1 (drift bracket). With the identity i’y — (z+ T —¢) = rPw — 8, where § = r"w +i’(w —
y)+z —c+T, and the shorthands, (h), = [hd,ygdw and (h)y = [h1pd,W dw (for a generic
function ), the first term of (129) simplifies to r’R — (§), — (8)y, where R = (w), + (w)y and,
by the transfer FOC (121), 6 = (1), + (1)y. Group (129) by channel. With the Step-1 identity

—(z+T —c)=r"w — § and & = s the real drift, the first four terms can be written as

drift: (r'w —38), + (rP'w — §)y = ¥"R — (8), — (8)y,
jump: uc/yaw'y(w—y)dG +uc/y8wW(w—y)1/de,

X: /)(u/(c) dw = /)(awW dw, n: a/;y[ll’(y) — Y e W(w—y)| 1M dw, (131)
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using u'(c) = d,W throughout. We reduce the - and p-channels that show up in the drift and
jump terms in parallel using two results presented in the following lemmas, then assemble them

with the x- and #-blocks.

Lemma 9 (Pointwise commutation). For any smooth f, the wealth generator Ah = s“0,h+ua [ h(w—y, z) —

h 1+ A.h satisfies the pointwise identity

WAf] = Alwf] + ay flw-y,2) — s°f. (132)

Proof. The z-generator and the —ah term are unweighted, so they drop out of the difference:

wWA[f] — Alwf] = ws¥duf — s“(f + wouf) + awf(w—y) — a(w—y)f(w—y) = —s“f +ay f(w—y).
OJ

Lemma 10 (Flow-derivative identity). Under the household c-Euler and interior lumpy Euler condi-
tions, the flow utility U = u(c) + aU(y) satisfies

Aol = (1" —00,5“) 0 W + a 9oy Dy W(w—). (133)

Proof. Differentiating U = u(c) + aU(y) and inserting the c-Euler u/(c) = d,W and the interior
lumpy Euler all’(y) = a 9, W(w—y) + i’ u'(c),

Ol = 1/ ()dC + &' (Y)Y = dW (B + 00 y) + & Dol D W(w —). (134)

b

With 9,59 = ¥ — ',y — 9,c (from s¢ = r"w +i’(w —y) +z+ T — ¢, r* = r* +i’) we have 9,c +

9,y = 1’ — 9,5, which turns (134) into (133). O

Step 2 (vy-channel). Differentiate the y-HJB (119) (in real coordinates by Remark 1) in w.
Writing the clearing term as uy + ¢(w — y) = ¢w + (4 — @)y so its w-derivative is ¢ + (4 — ¢)duYy
(the constant —0T drops): p 9wy — 0:(0wY) = 0wld + @ + (4 — @)Y + Iw(A7y). Weighting by w and
integrating against dG,

/wa (A7) dG = p(w /wat(awy)dc /wawUdG QA — (i — qo/wi) ydG,  (135)

using [wdG = A and (w), = [ wd,ydG. To connect (135) to the drift/jump blocks of (131),
apply the commutation 1dent1ty 0w(AY) = Al0w Y] + (0w5“)0wY — & Y 0wy (w—Yy), then Lemma 9
with f = 0,y under [(-)dG. The forward KFE A*g = 0;g gives [ A[w d,,7]dG = fwaw'y d:g dw,
50 [ w A[0wY]dG = a [ y 0w y(w—y)dG — [ s“0,vdG+ [ wd,ydigdw = (]umpv)— v+ [ wo,yoigdw.
Hence the 7-drift-plusjump block r*(w), — (8), + (jump,) equals P {w)y + [ w A[0wy]dG —
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J w9, 0:g dw, and substituting (135) for [ w 9, (A7) dG and the commutation expansion gives

(drifty +jump, ) = (@) + (W) — W)y — /wawu dG — A — (u — (p)/wawde

. / W0(D05“)30y dG +a / © 3y dy(w—y) dG, (136)

where the time derivative collects the two pieces just isolated, 0;(w), = [ w[0:(0eY) § + 0wy 0¢8] dw
(the v-HJB term and the KFE term).

Step 3 (p-channel). Lemma 9 again, now with f = 9, W, integrated against the signed measure
pdw, gives [w A[d W]pdw = [(wdoW)A* [Yldw +af yo,W(w—y)pdw — (8)y, where the
first term used the adjoint [(Ah)ydw = [ h A*[¢]dw. Thus the ¢-drift-plus-jump block is

(drifty +jump,) = r*{w)y + / w0 Al W] ¢ dew — / w W A*[p] dw. (137)

For the second term in (137), differentiate the private HJB oW — ;W = U + AW in w and apply
the commutation identity: A[d, W] = p0duW — 9:(0w W) — 00ld — (055“)0W + 2 9yl 9 W(w—Y).
Substituting the flow identity (Lemma 10) for d.,U, the (9.,5)d,W and post-jump terms cancel
exactly, leaving A[d,W] = (o — ) 0w W — 9:(d,W); hence fwA[awW] Ypdw = (p — rb)<w)¢ —
| w010 W)  dw. For the third term in (137), the -KFE (112) reads A*[¢] = 0¢p — dwX — 9 GL —
dwli’n] with G, = an(w*,z)/(1 — duy(w*,2)), so — [ wIW A*[Y]dw = SRC — [ wd,W 3¢ dw,
where SRC = [ wd,W (dw) +0,GL + 0. [i’y]) dw. Therefore

(drifty +jump,,) = p(w)y — d¢{w)y + SRC, (138)

where, as in the y-channel, the two time-derivative pieces collect into d;(w)y = f w[0¢h 0, W +
1 94(dwW)] dw (the 1-KFE term and the private-HJB term). The ip-flow /drift/post-jump structure
collapses to p(w)y — 9;(w)y; only SRC remains, to be matched against x, 77 in Step 4.

Step 4 (assembly, pairwise cancellation). Collecting (136), (138), the x, 1 blocks of (131), and the
terms (¢ — u)A” +6T:

0 =r"{w)y +p{@)y +p(w)y — (B{w)y +0:{w)y) — @A — (4 — qv)/wawde +(p —wA" +0T
=pR =R
— /w dold dG — /w(aws“’)E)w’y dG + (x/ W 0wy 0w Y(w—Yy)dG + SRC + x-block + r7-block.
(139)

(i) Clearing. With A = A"+ A?, the clearing line is —¢A” — pA" + 0T — (4 — ¢) [ WA,y dG =
Q- —¢) [ wd,ydG, where Q = 0T — pA* — pAL.

(ii) The «y-flow term becomes a pure wedge. Substituting the flow identity (Lemma 10) for d U
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in — [ wd,UdG and combining with the -y drift-derivative and post-jump terms of (139)
produces, with ¥ = 9,y — 9 W,

/w(rb —aws”)XdG+a/wawa(w—y)dG = /w(ibawy+awc)XdG+uc/wawy)z(a)—y)dG,
(140)
formed as follows: the y-channel’s r’(w), and the —" [ w d,W dG from (133) combine into
1 [ w ¥ dG; the commutation term — [ w(dws“)dwydG and the + [ w(3,5)dwW dG from
(133) combine into — [ w(dws?)x dG; and the post-jump y-term pairs with the post-jump

b

flow term into the f(w—y) integral. The final equality uses r* — 9,5 = id,y + d,C.

(iii) SRC against x, 7. Integrate SRC by parts, moving d,, onto w d,W (so 9 (w W) = d,W +
w dwwW). The leading d,W pieces cancel the x- and 7-blocks of (131) termwise: the
— [ X9uW from SRC, cancels [ x9,W; the —i’ [ 9,W from SRC; cancels the i’ u/(c)
piece of the -block (after all’'(y) = a d,W(w—y) + i1’ (c)); and a change of variables w =
w™ —y(w*) in SRCy, (Jacobian 1 — 9,y cancels the G; denominator) turns its leading piece
into —a [ 79, W(w—y), cancelling the aU’(y) — 9, W(w—1y) piece of the 5-block. What sur-

vives is the w 9, W remainder
—/w;(awww dw — ib/w N 0wwW dw — tx/w 7 dwwW(w—y)dw, (141)

where in the SRC; remainder the weights (w—y) and the bracket’s —y post-jump term
combine to w (so [(w—y) +y] = w). Now insert the wedge definitions (114) x = ¥ g/u"(c)
and (116) n H = g7j with H = a[U"(y) + dww W(w—1)], together with the differentiated Euler
conditions 9,¢ = dwwW/u"(c) and Hdwy = & duwW(w—y) + i’ W (differentiating the
interior lumpy Euler). The first term of (141) becomes — f w dwe X dG, cancelling the d,,c
part of (140); the last two combine to — [ w d,,y 77 dG. Writing the un-substituted raw wedge
(130) in terms of § via the lumpy Euler, 77 = a ¥(w—y) + it — (4 — @), this is

—a/wawa(w—y)dG — ib/wawadG +(u— q))/wawy aG, (142)

whose first two integrals exactly cancel the i’d,,y and post-jump pieces remaining in (140).

The net of (ii)+(iii) is therefore +(i — ¢) [ w 9,y dG, which cancels the leftover — (i — ¢) [ w I,y dG
from (i). Every flow, post-jump, x, and 7 term has cancelled pairwise; the two surviving time

derivatives combine into R = 9;({w), + (w)y), and (129) collapses to the co-state ODE
R=pR+Q, Q=0T —uA"— A, (143)

holding at every t. This is the detrended price-path first-order condition; in forward-integral
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form, Ry = — f:o e PT=9)(). dT under the transversality condition e "R — 0.

Boundary terms. The integrations by parts in Step 3 ([(Ah)yp = [ h A*, and the SRC reduc-
tion) generate boundary contributions at w — co and at the lower bound w = b. At w — oo they
vanish under the finite-moment decay of g and ¢ (and of x,7 ~ g). At w = b = 0 every sur-
viving boundary term carries an explicit weight w (from the w-weighting and from 0., (w 9., W)),
so the factor w = b = 0 annihilates it, and the adjoint step uses zero-flux/mass conservation
at the lower bound. For b < 0 the explicit weight is b # 0 and a genuine boundary term
—b[0,W(x + G + i )] w=b survives; this moving-boundary Leibniz term — noted at the borrow-
ing constraint above — is set aside under the maintained b = 0.

Step 5. Write Q) = 0T — ¢A — (u — ¢)A® and substitute the government budget T = A —
A — it A together with the bond co-state ¢ = (o — )0 — 6 from (127). Using ' ="+’ and
A% = A — AY one finds 0T — @A = %(HA) — pBA +i’0 A%, so (143) becomes

;%m—ﬁA)=pm—ﬁA)—Awy—¢—ﬁm. (144)

The coefficient on (4 — ¢ — i’0) is —A? < 0, so imposing R = 0A does not render (144)
vacuous: 0Q carries information independent of & ¢M. The static revaluation FOC (125) (R = 0A

at every t) annihilates both R — 6 A and its time derivative, leaving the relation
we— e =il 0, (145)

equivalent to (36).

Initial conditions. The SBP boundary terms at n = —1 carry the inherited promise, {1 = 0.
There is no separate ¢y FOC: the date-0 revaluation margin is the 6g}!/6Qq pair, because every

slot’s price variation in this formulation already revalues the (nominal) inherited state.

C.3.3 Summary: the commitment systems coincide

Proposition 8 (Commitment cross-check). In the continuum limit (time step and mesh — 0), the
detrended-nominal commitment optimality system is, condition for condition, the commitment system

used in the main body of the paper:
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detrended variation discretized FOC  continuum limit  paper counterpart

¢ (113) (114) (31)

5y (115) (117) (32)

1% (111) (112) (33)

SF (118) (119) (26)

5T (120) (121) (28) (with ¥)
5ib (122) (123) (34) (with ¥)
sgM (124) (125) (35) (Vt)

5B (126) (127) (30)

5Q (128) (144) (29)

C.4 Discretion: A — o©

We now characterize the problem of a planner under full discretion as a Markov perfect equilibrium
(MPE) in the discretized economy: The slot-s planner maximizes welfare from s onward, taking
the successor’s value Wi,1(Fs11, Bs+1) as a fixed function of the state it bequeaths — it shapes the
continuation only through the inherited (E.1, Bs+1)- Since Ws,q is the successor’s own optimum,
best-responding slot by slot makes the plan subgame-perfect. The dt — 0 limit of this slot game
is the continuous-time A — co system.

The slot-s discretion planner’s Lagrangian is £P = Y3 1e=f dt T, plus the continuation
value e P W, 1 (Fuyq, Bs+1), with the integrands (101)—(108). The one operational difference from
commitment is that, following Davila and Schaab (2023), we sum by parts only the KFE and leave
the HJB term raw: the commitment time-SBP carries the promise co-state ¢ backward across
slots, whereas discretion does not, so ¥ cannot transmit promises and the JV; variation forces
s — 0 (148) — the discrete counterpart of the A — oo condition ¢ = 0. The structure of most of
the variations exactly mirrors the commitment case, so we record the steps compactly and dwell

only on what is new.

Private values, 0V;. V; enters the slot-s Lagrangian in two places: the HJB term, where it ap-

1
pears inside the multiplier product ' [ TR A; 1V (the discount, the generator, and the un-

1 1 . N
summed time difference carrying the E)' and the two Euler brackets, —@<D§“ Vs, Xs + (&) +
i*T)diag(1i")y;). Differentiating in V; (and moving each operator onto its adjoint) sets 9L /9V; =

0:
* 1 1 O\ * T* : in
Al—p— | (D2 [xe + (o + i2diag1)) = b, (146)
S
The source bs is built from the slot-s multipliers x;,#7s and spatial operators only, so it carries

no factor of 1/dt; on the left, because the HJB was not summed by parts in time, the operator
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on 1, is dominated by the time term —% (the A} — p block does not scale with 1/dt). Writing
1 1

Al —p— FTARRrT [I —dt(A} — p)] and inverting,

s = —dt [I — dH(AY — p)] 'bs = — dt by + O(d#?), (147)
so s is first order in the slot length and vanishes in the continuum limit,
Ps = O(dt) — 0. (148)

1
Under commitment the time-SBP instead couples slot s to s — 1, replacing the bare —alps by the

finite difference %(l[)s —efype 1) — 9 — pyp — the recursion (111) that propagates ¢ across slots

rather than pinning it to zero.

The remaining variations With ¢ = 0, the variations Jc;, dys, o ﬂ+1, oTs, (Sié’, 5g£4, 6Q; are
identical to Section C.3 with the y-channels deleted, because each is supported on slot s only
(Lemma 8) and the commitment/discretion distinction enters solely through which terms are
summed by parts — which affects only the V- and time-boundary structure, not the slot-local
channels.

The variation 6f,.1 deserves comment: S, is a state handed to the successor, so the slot-(s+1)
terms in (126) are replaced by the continuation derivative 0WV;,1/9Bs+1. By the successor’s en-
velope condition this derivative equals the same multiplier combination e PUQ1[0ss1(1 +i0dt) +
@s+1dt] evaluated at the successor’s optimum (the MPE consistency condition, exactly parallel to
the 6M;,1,0Bs41 treatment behind the paper’s terminal condition for 6), so the limit recursion

is unchanged. The system is:

S T s e SR T R PR
(149)
(o — Ayt —orye =Ur + pyr + pr(w —ye) — 0Ty, Py =0, (150)
6 = / 971G, bi=(0— M0 — g Hi— g =%, (151)
/ (@ — y)@wi — 6:)dG: = / e () T deo, (152)
/ W0yt dGr = 01 Ay ((Sg,{\4 : optimal-inflation condition). (153)

Proposition 9 (SPE discretion = commitment with ¢ = 0). Under subgame-perfect discretion the

optimality system is (149)—(153): the commitment system of Proposition 8 with = 0 (hence ¥ = ¥? = 0
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and Ry = [ w 9y, dGy).

C.5 Spatial boundary, terminal, and initial conditions

The adjoint equations (26)—(33) of Section 3.2 require boundary conditions at w = b. For the back-
ward HJB (26), the mass variation 6L/éms(z) = 0 gives a backward HJB for -, at the constraint,
with two simplifications relative to the interior: agents there have a; = 0 and cannot make lumpy
consumption (ys(b,z) = 0), so the Poisson jump term drops; and the effective discount rate is
p + «, since agents at the mass point cycle through Poisson meetings at rate & without changing
their wealth. The social value at the constraint is governed by the flow welfare U (b, z), the fiscal
cost of transfers, the market-clearing cost ¢sb (with ys = 0), and the productivity-transition dy-
namics, all discounted at p + a. For the forward KFE (33), the condition L/5W;s(b, z) = 0 collects
the w-direction integration-by-parts residuals at w = b": a contribution from the HJB wealth
drift (the shadow price of the promise times the exit rate ws(b, z)), shadow-cost terms from the
flow and augmented-lumpy implementability constraints, and a contribution from the endoge-
nous full-depletion threshold w(z), whose response to 9., Ws(b, z) alters the Poisson mass flow of
agents depleting into the constraint.

The terminal and initial conditions of Proposition 1 follow from the time-boundary residuals.

Varying G and integrating the KFE Lagrange terms by parts in time generates the residual

e PT [ / (’Yn(x) - 5?:}&)

which for arbitrary (g, 1) gives the terminal condition on 7, (the functional derivative eval-

R N (z)] -0,

uated as 6W, /g4 in the interior and Wy, /dm-, at the constraint). Varying W, and integrating
the HJB multiplier term —e *4sgs0;W; by parts over [0, 7;] gives the dual residual at s = 0,
yielding the initial condition ¥p(x) = 0.

In the limit 77y — oo, these terminal and initial conditions are replaced by transversality

conditions on the co-states:
lime ? 6 A, =0, lime * / () dGi(x) =0,  lim et / @0 dx=0,  (154)
f—00 t—o0 t—o0

with A; = ¢¢(M; + By). The first is the planner’s analog of the government no-Ponzi constraint;
the second and third ensure the present-value contributions of the wealth distribution and past
promises do not explode. Together with the household transversality conditions, they select the

unique non-explosive solution to the optimality system.
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D Proof of Proposition 5

This appendix proves Proposition 5, deriving the separated optimality system using the discretize-
tirst approach taken in Appendix C. The discretization method—the discrete generator and its
adjoints, the upwind derivative, and time summation-by-parts—is identical to the consolidated
problem and is not repeated; this appendix only discusses what changes when the consolidated
government budget splits into separate central-bank and Treasury budgets linked by a fiscal rule.
Importantly, it shows the joint continuum limit recovers the conditions of Section 4.2 and those

in Proposition 5.

D.1 The separated, detrended-nominal economy
D.1.1 Change of variables and the household block

Detrend by the money stock M;, with @ = w/¢; as household nominal wealth,

_ Q=M pr=D g B’ g _pr_pen o om_ Moo
; t = @tivit, t_Mt/ t _Mt, == Pt t s t_Mf,

so real wealth is w = Q;@, bonds in the hands of the public are B; = BtT — BtCB (so Bt = Bi/My),

and the real returns are

=== M =i+l (156)

- lof o)
Relative to the consolidated case, we separate Treasury bonds outstanding, 87, from central bank
holdings, B8, relative to the money supply. The household drift, value function, and first-order
conditions are identical to the consolidated case — the household block takes as input only the

prices (%, i’ and the real transfer T:

b~ Y\ Z+Ti—c _ T 7 T
(w Qt)+7Qt M@, Ty =T+xb— QipT). (157)

The one new feature relative to the consolidated drift is that the rule makes T; a function of the
aggregate state Q;3] = ¢;B!: the transfer is no longer a free planner control but a function of
detrended Treasury debt. This single dependence is the source of every separated-specific term

below. We maintain the fixed borrowing boundary @ =0 (b = 0).

D.1.2 Two budgets, market clearing, the fiscal rule

With R; = 0, the detrended Treasury and central-bank flow budgets are
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Treasury ({): Qt(ﬁ'Tt +gMBD — T, —iPQiBF =0, Ty =T+x(b— QB]), (158)
Central bank (89): Q;(B°E, + gMBCB) — QBB — QigM =0, (159)

where we used ¢pB = Q(B +¢MB) and ¢M = QgM. Summing (158)~(159) (with g = BT — BCB)

recovers the consolidated budget. The money- and bond-market clearing conditions are
/yt df = Qy, /(Qt@ —y)dF, = Qi = Qu(Bf — BP). (160)

Total real public liabilities are Ay = Q;(1 + B¢), with A* = Q (money), Ab = Qp (bonds in the hands
of the public), AT = QpT = ¢BT (Treasury debt), and AbCE — QBB = ¢BB (CB bond holdings);
note A® = APT — APCB and A = A% + AV = A® — APCB 4 ADT,

D.1.3 The central bank’s problem and Lagrangian

Controls, states, and objective. The planner controls, per slot, the household objects (c,y, V, j3)
subject to implementability; the static price-like controls (Qy, if), money growth gfw, its bond hold-
ings B8, and the Treasury-debt state B}, whose law of motion is the Treasury budget (158). There
is no free transfer control. The state variables are the detrended aggregate objects (F;, 87, BSE).

The objective follows similarly to the consolidated case.
T
Wo(Fo, BE, BSB) = max g [ / ees / UsdFids + e P Wy (B, BL, BSP) |, (161)
0
where Us = u(cs) + al(ys) is the flow utility.

Lagrangian. Attaching the distributional multipliers s, %s, s, s (HJB, c-Euler, y-Euler, KFE)
and the scalars (s (Treasury budget), ds; (CB budget), us (money clearing), ¢s (bond-market clear-
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ing), the within-slot Lagrangian is
c- /()ﬁe_ps Jusats [ 4] —st F U+ 25V, + AV, ]ddodz
/)(s u'(cs) — =04 Vs]dwdz
+ / As[all’ (ys) — @(aawvs(c& — s/ Qs, 2) + 120, V)| 1M ddz
+/’?S fl*fs — E)sfs]dd)dz
+C[Qu(BT, + 8B — T — £QBIT + 85 Qs + £QuBS” — Qu(B", + gBEP)]

+ Us f]/des - Qs + Qs f(QsaA) _]/s)dFs - Qs(ﬁs ~ Ps )] }ds
+e PWy (B, BL, BSP). (162)

The same hat-scalings hold as in the consolidated case: { = Qy, ¥ = Qx, /i = Qy, 4 unscaled, and
0,0, 1,9, i’ are real-unit scalars carried unchanged. Also, the detrended economy continues to

yield a slot-locality property.

Lemma 11 (Slot locality). Every slot-n term of (162) depends only on slot-n objects

(cn,yn,Vn,fn,Qn, n,gn , CB n+1,,6n,ﬁn+1 ) and on V1. The fiscal rule enters only through Qnﬁz,
which is slot-local. No slot-n term references a successor price Qu, ¢ for m > n+1.

Proof. Identical to the consolidated problem: the drift (157), the budgets (158)—(159), clearing
(160), and the rule all involve slot-n aggregates only, and f, is nominal-detrended so needs no

price to interpret. O

D.2 Discretized Lagrangian

The discretization is identical to the consolidated case: time into steps dt with dyx; — (X1 —
x,,)/dt for any variable x;; the wealth grid with weighted inner product (h,g) = ¥ h;giA; = h ' Dag
and f Y df, ~ (¥, fn> ; the upwind generator A, = Sﬁriﬁ +a(f, — )+ A, with upwind derivative
D¢ and adjoint A}, = D, A, D,; and the time summation-by-parts identity.

Discretizing (162) gives the slot-n integrand Z,, as the sum of the five household pieces (wel-
fare, HJB, c-Euler, y-Euler, KFE), which are verbatim from the consolidated case: Z}" elfare I?IfFE,

and the four separated aggregate pieces

ITreasBC én [Qngn :Bn+1 +Q,Pnl —Pn n+1 IBH - T, <1] ]?n> _ zZinBﬂ , T,= T+ K(E — Qn,BZ)/ (163)
CB

TE%< = 8, | Queh! + i5QuBS" — QughBely — Qu P w1 = i ] (164)

M =l fo) = Qule TN = 9ul(Qu — Y, fu) — Qu(Bl — BEP)1. (165)
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The drift vector §, (in the household HJB and KFE) now carries the fiscal rule, T, = T + x(b —
QuBl), so 8, depends on the aggregate Q,B8% in addition to (c,, yn, Qu, i}, gM). All hat-scalings
and the real-translation dictionary (V = W(Qw), f = Qg, (¥, f = [YdG, D?V < Qo W,

P = Qy, etc.) are exactly as in the consolidated case.

D.3 Full commitment (A — 0)

As in the consolidated case, sum by parts both the KFE term (§) and the HJB term (¢) in time,
with predecessor convention _; = 0; the budgets’ own BT, ﬁCB differences are handled directly
in 6B1,,, 6BSE,. We read the FOCs off the post-SBP integrand.

D.3.1 Household-block variations: 6V}, dc,, dyy, 6 fn+1

The four household variations are unchanged from the consolidated problem except for a single
substitution in the y-equation, because the household integrands are identical and the only gov-
ernment multiplier touching them is ¢ in the lumpy wedge (now on the CB’s budget constraint).

These are repeated here to completeness.

Private valuations, 6V,,. V, enters the post-SBP HJB constant pieces (1/3,1, —oVy + A, Vy), the

time-SBP recursion, and the two Euler brackets. Collecting coefficients gives the {-recursion

lﬁn — epdtll}n—l _OAKD 2 @ %, b . inty 4
R ey L Doy [ + (af + 1) diag(1" f)qn], (166)

where (D)* and J are the Dj-adjoints of the upwind derivative and the jump matrix (Ap-
pendix C). Translating (i = Qy, £ = Qx, /i = Q) and taking dt, A — 0 gives the forward KFE

Aup = A1+ 2+ 2 AT D] ki) (— 69), (167

Flow consumption, dc,. The discretized FOC is

) EE DY SN I SN
o = diag(u(c) ' diag(f)| 5D — (e, (168)
with continuum limit 5 /
x= 2700 ey, (169)

u'(c)

Lumpy consumption, Jy,. Restricting to the interior (1}1“]t = 1), the discretized FOC is

Fui

Qn[ B(DY ) + &l DR )] + (n — @) fun (170)

= "‘fﬂf "W )+ Mo jfnj —
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with curvature H,,; = a[U" (y, ;) + Ql [DPOStD“’Vn] ] and D the post-jump interpolation-slope
operator (Appendix C). Solving for the multiplier,

A fﬂ,]' ﬁn,j ~ post . / i;li O A
Mn,j = Hﬂ,j ’ Nn,j = [Qn [D;, Yn ] -u (]/n,])] + @(Dn ')’n)] + (qon - ﬂn)- (171)

Taking dt, A — 0 and substituting u — ¢ = i’8 (from (193)) gives the lumpy consumption wedge

i =Dy —y,2) — Uy +i"Puy(w,z) — 8] (= (32)), (172)

with ¢ the central bank’s shadow price. All three derivations above are identical to the consol-
idated problem (Appendix C): c,y, V enter only household terms and the two market-clearing
conditions, so the budget split does not touch them (¢ is merely reinterpreted as the CB’s shadow

price).

Distributional state, § fn+1. This is the only change from the consolidated case related to house-
hold objects. The Treasury transfer term —(,,41Ty41 (1, fn+1) now holds the multiplier { associated
with the Treasury budget (163). Setting dLC/df,.1 = 0 and dividing out e *'*1dt D, gives the
discretized FOC

Yne1 — epdt,?n

= A o
0=Up + n+1Yn+1 t it

+ Un+1Yn+1 T §0n+1(Qn+1d’ - yn+1) - §n+1 Tn+11]~ (173)

As dt,A — 0 the difference (§,+1 — ef’dt”yn) /dt — 9§ — pF, and translating to real coordinates
(Qw <+ w) gives the backward y-HJB

s =Us — T Ts + psys + s(w — ys) + As[ys] + 9rys (= (54)). (174)

D.3.2 Aggregate variations: 6855, 6T |, 5gM, sib, 6Qn

Central-bank bond holdings, 55, :
in the slot-n CB budget (164), in the slot-(n+1) CB budget, and in slot-(n+1) bond-market clearing.
Collecting 9L /9BSE, = 0 with the discount factors,

Varying bond holdings of the central bank, <8, appears

8,Qu(1 + gMdt) = e P Q1 [0p1(1 + i, dE) + @iadt]. (175)

Notice, this takes the same form as the consolidated variation with respect to bonds, 6, in (126).

Expanding to O(dt), using r* = Q/Q — ¢M, and taking limits yields

d=(—1r"—i%—pr =@ —")% —¢; (— (56)). (176)
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Treasury debt, 5, ,: BT | enters four channels, each carrying the discount factor of the slot it
sits in:

(i) The slot-n Treasury budget (163): the ¢MBI,, and time-difference terms give coefficient

gn(QngéVI +Qy/dt).

(ii) The slot-(n+1) Treasury budget: entering the time difference (—Q,.1/dt), the interest term
—i%  Qui1BL,, (—i%,,Qns1), and the transfer —T,.1 with Ty = T +x(b — Qua1BlL,,), so
8(—Tn+1)/8ﬁ£+1 = +xQy41; total coefficient {,41(—Qye1/dt — iz+1Qn+1 +KQus1)-

(iii) The slot-(n+1) bond-market clearing: — ;11 Q1.

(iv) The slot-(n+1) household drift: T,.; enters §,.1 through (z+ T —¢)/Q, so 05,11/0Ty+1 =
1/Qu+1 and, with aTnH/aﬁLl = —kQp+1, the chain rule gives BSAHH/E)[)’ZH = —x (a scalar,
uniform in x). Through the $-HJB term (i, AV) and the post-SBP KFE term (A%, f) this
contributes coefficient —x IT,,,1, where IT, = (¢, DZV;,) + (D%4,,, ) is the household-drift

inner product.

Setting 0L¢ /9pL, | = 0:
0=e Phdt Cn (QngnM + %)
v et [ (— L Qo +xQunt) — praQua — K Tht]. (177)

Reduce (177) to a co-state recursion. Divide by e *'n, write t,,1 = t, + dt, multiply by dt, and
distribute Q;1:

CnQn(1+ gﬁ/ldt) = e Pit [€n+1 Qua(1+ (i~ly71+1 — K)dt) + P+l Que1dt + KHn+1dt]~ (178)

This form mimics the central-bank recursion (175) with  instead of ¢, the extra —x from the
rule’s effect on the slot-(n+1) budget (channel ii), and the discrete household-drift source xI1,1
(channel iv).

Now take limits. The finite differences expand to O(dt) as in (175)—(176) above. The
household-drift inner product IT, has an explicit continuum limit. Writing (h,g) = Y, h;gi/A;
and using lﬁ = Qy, DV — Qo,W, DY4 — Qd.7, f = Qg, and the cell-volume rule A; —

dwdz = dwdz/Q, each inner product picks up exactly one factor of Q:

dt,A—0

1, 0, / (3 Wi + Y gn) d, (179)

so the channel-(iv) coefficient —x I'T,, - —xQ,, 6,;, where

05 E/(l/)s 0w Ws + 00 Ys gs) dx = /aw')’s dGs"‘/l/)S deo Wi dw. (180)
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The scalar 0; is the aggregate social marginal value of wealth—the social value of a uniform
lump-sum transfer, unweighted by w (the wealth-weighted object is R). Since the separated
planner has no free-transfer FOC, 6; equals neither ¢; nor ;s (in the consolidated problem the

transfer FOC would set & = 6). Collectively, the limit gives

Gi=( -1 — @ +x(l —0) (= (57)). (181)

The fiscal-rule feedback «({; — 6;) has two pieces: +x({ from the rule’s effect on the Treasury
budget, —«6 from its effect on households. At x = 0 it vanishes and { obeys the same ODE as ¢
in (176).

Money growth 5¢¥:  Money growth ¢M enters: the drift with 93, /9¢M = —& (dilution), weighted
by the -HJB and the post-SBP KFE; the Treasury budget (163) with coefficient ,Q,8.,,; and
the CB budget (164) with coefficient ¢,[Q, — QB8] = 8,Q.(1 — BSE,)). The FOC is

n+1 n+1
(diag(@)DS 4, fn) + (Pu, diag(@)DG Vi) = 9,Qn(1 — B5H) + £nQuPrsr- (182)

Taking limits, ((diag(w)D7, f ) — f w dwydG and likewise for the term involving ¥; Q — A°,
Q,BCB N Ab,CB, Q,BT N Ab,T),

R = / Wyt Gy + / W dWrdw = O(A] — APP)+ AT = Ay WE (183)

equivalent to (59). This is the analog of the consolidated optimality condition for money growth.
A uniform money-growth dilution lowers every household’s real claims (welfare effect R;); the
revenue A; accrues along the two budgets — the central bank gains on net money issuance
A% — APCB valued at ¢ (seigniorage net of the cost of remunerating its own bond holdings), and

the Treasury gains on its diluted debt AT, valued at {.

Nominal bond rate 6i): The bond rate, i, enters: the drift with 93, /9i% = @ — y,,/Qn (HJB and
1 .
KFE); the y-Euler bracket with ——D{'V,;; the Treasury budget (163) with coefficient —(, Qnﬁz

n
(the Treasury pays i’ on all of BT); and the CB budget (164) with coefficient +9, Q.BSE (the CB
earns i’ on BCP). Setting 0L /9il, = 0:

i 0O g £ 1 ; A © 1. intyy@
<d1ag(w - ]/n/Qn)Dn Yns fn> + <7~/«’n/ dlag(w - ]/n/Qn)D(;an> - a <77n1 1, tDZJVn> +0,Qn SB - gnQnﬁg =0.
(184)
In the limit (b = w — y, QB°E — APCB = ¢BCB, QBT — AVT = ¢BT),

/ Do (s 9 Ws + 9y g5 ) dx — / ps ' (cs)dx = CAPT — 9AbCE (185)
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equivalent to (58). The right-hand side, TAPT — 9AbCE s the Treasury’s interest cost (valued at
) net of the CB’s interest income (valued at ). This is the net fiscal cost of raising i’, and it is

balanced against the household-side benefit on the left.

Real balances §Q,: As in the consolidated problem, Q, enters more channels than any other

control. The drift derivative now carries a new rule term: with T, = T + k(b — Qu %),

05, _ i — (zi + Ty — cu) _ By (186)
9Qn Qx Qu '
——

transfer-rule

where the second term captures 0T, /9Q, = —K,BZ, divided by Q. The jump location, the c- and
y-Euler 1/Q factors, and both clearing conditions enter exactly as in the consolidated problem;
the budgets enter through (163)—(164).

Setting L€ /9Q, = 0 and dividing out e~F!"dt gives the raw discretized FOC

— (diag(@0,5) DI Fu, fu) + (i, diag@0,5,) DI V)
+ o (diag( yn/Q% DEOSt Anr]?n> + “<1/Ajnr diag(yn/Q%) DEOStVn>

1 A " A in A F
+ 72<Xn/D$Vn> + <’7n/1ntaQnE%> +@n[(@, fu) — Bu] — pn

Qi
0 [T + PP gt 7y — 1]
CB
0, [ght+ 157 — guipen, — P _Pi) (187)

where B, = BT — BSE, 9g, &, is (186), and dg, EY, = Ql%[(ijn + P )DLV, ]; — "‘é’é’i [DE'DEV,]; is
the Qy-derivative of the y-Euler bracket (as in Appendix C). The first three lines (drift, jump,
c- and y-Euler, and clearing) coincide with the consolidated case; the last two lines replace the
single consolidated budget with the Treasury ({,) and central-bank (8,) budget components.

To consider the continuum limit, follow similar steps to the consolidated case. Multiply
(187) by Q, and translate to real variables. The household blocks (drift consolidated-piece,
jump, x, 17, and the /v channels) reduce identically to the consolidated case via the point-
wise commutation lemma wA[f] = Alwf]+ayf(w —y) —s“f and the flow-derivative identity
AU = (1" — 9,5“)9 W + a3,y dwW(w — ) (Lemmas 9-10): every flow, post-jump, x, and 7 term
cancels pairwise, the two time derivatives collect into R = 9;((w), + (w)y), and the clearing line
assembles (with A = A%+ A, Ab = AT — AbCBY) into —puA" — @ AP. Two pieces are new in the

separated problem:

N

(i) the transfer-rule term —xB!/Q, in 00,31 (186), whose drift contribution is —kBI(DAy, fn) +
(P, DV,)] — —x AT @ (using QBT = APT and (180));
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(ii) the two budget lines: after xQ, and using each budget constraint to substitute its own
bracket, the CB bracket is identically zero (the d-channel contributes nothing), while the
Treasury bracket equals T, plus the rule’s Q-derivative term xQ,8%, so the {-channel con-
tributes (T, + kAPT).

Collecting terms yields a similar co-state ODE to (143),

> — sep sep _ _ a_ b,T _ AbCB b,T b, T
R =pR+ P, Q (T —uA" — p(A A7)+ (kA kA" 0

rule in budget transfer-rule drift

(188)

The source term differs from the consolidated case (where there, Q) = 8T — A" — p A®). The term
includes an additional component kA" ({ — 6) that captures how a marginal price-of-money
change feeds through the fiscal rule: by revaluing real Treasury debt A»T = ¢BT, it shifts the
rule-determined transfer to every household, an effect priced at the Treasury’s shadow value

on the budget side and at the social marginal value of wealth 6 on the household side.

Collapse to 1 — ¢ = i"0. As in the consolidated case, substitute the budgets and co-states
into (188). Using the real-debt laws of motion A% = (r" + gM)A°, AbT = b ABT 4 T (Treasury
budget), AbCB — b AbCB ¢MA" (CB budget), and the co-states (176) and (181), differentiate
A = 8(A" — AYCB) + 7 AT with respect to time:

A =[(p—r")0— g](A" — APCB) + 9 A" — 1P APCE)
+[(o— 1" +x — i — @ — k0] APT + Z(rP AYT + T)). (189)

by =),

Collecting (using r* — r* = —i® and —r" +x — i
A = 8[p(A" — AVCBY — P A% — (A" — APCBY 4 Z[(0 + k) AT + T] — k0 AYT — 9 APT.  (190)

Now form A — pA — Q%P with pA = pd(A* — A¥B) + p7 APT and (%P from (188). The {-terms
(pAb'T, kAPT T), the kAT terms, and the PO(A® — APCBY terms cancel exactly; what remains is

A—pA— Q5P = —BiPA" — pA" + uA" = A" (u — ¢ — i’0). (191)
Since the §Q FOC is R = pR + QP subtracting gives

%(R_A)=p(R—A)—A“(pt—(p—ibl9). (192)

103



The coefficient —A? # 0, so Q is not implied by 6¢gM. Imposing the static revaluation (183)
(R = A for all t, hence R = A) leaves
e — @1 =i} (193)

exactly as in the consolidated case. Combining (193) with the CB bond co-state (176) recovers the

money co-state ¢ = (0 — r*)® — p.

Initial conditions. The initial conditions follow exactly to the consolidated case, with the ex-
ception of the state, here the triple (F, 87, BSP).

D.3.3 Summary: the commitment optimality system

Collecting (167)—(172), (174), (176), (181), (183), (185), and (193), the separated commitment opti-

mality system is collected in Table 5.

variation discretized FOC continuum limit paper counterpart

c (168) (169) (31)
5y (170) (172) (32)
Y% (166) (167) (33)
OF (173) (174) (54)
5BCB (175) (176) (56)
sBT (178) (181) (57)
ogM (182) (183) (59)
it (184) (185) (58)
5Q (187) (188) (36)

Table 5: Cross-check of the separated commitment optimality system: each variation, its dis-
cretized FOC, the continuum limit, and the paper counterpart.

D.4 Discretion (A — o0)

As in the consolidated case, the slot-s discretion planner sums by parts only the KFE, leaving the
HJB raw. The §V; variation then has the bare —1/dt time term dominate, [Af — p — 1/dt]ys = b
with bs = O(1), so s = —dtbs + O(dt?) — 0. By Lemma 11 every other variation is slot-local, so

with i = 0 each reproduces its commitment counterpart.

CB

The only variations needing care are 6g.,; and 6855.

Under commitment the budget co-
states ¢ and ¢ are carried backward across the slot boundary; under discretion the slot-s planner

instead sees these states only through the continuation value W;.1, so the two variations pick

CB

up the marginal continuation values 0W;.1/9BL,; and 9Ws,1 /0BSE.

The key point is that in

a Markov-perfect equilibrium W;,1 is the successor’s own optimized value, so the envelope
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theorem applies: the derivative of an optimized value with respect to an inherited state equals
the successor’s co-state on that state’s law of motion.

The law of motion of BT is the Treasury budget (158) and that of B¢P is the central-bank budget
(159), so the two derivatives are the successor’s budget co-states (1 and ¢s,;, evaluated at its
optimum—the same multipliers the commitment problem propagates backward across the slot
boundary. The limit recursions (181) and (176) are therefore unchanged, as in the consolidated
case with discretion. With iy = 0 the promise term drops everywhere it appeared, leaving
0 = f 0w7YsdGs and Rg = f w 0,7Ys dGs. The discretion optimality system is the continuum-limit

conditions at i = 0 (with their discretized counterparts in Table 5):

= W ;= af0uy(w —y,2) = U'y)] +i’[00y — 8], (194)
o7 = Us — LT+ sy + s — y) + Ayl +37e, 9o =0, (195)
b=(o—™"0—9, (=(—"MI—@+x(—0), p—g=i, (196)
/ Wy dG = O(AT — APCB) 4 7 LT, (197)
[@=auydG ~ [gu'e)dx = BT - 9By, (198)

with 6 = [ 9,7 dG.
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E Numerical Algorithm

This appendix documents the computational procedure for the separated problem of Section 4
under discretion. The approach uses the discretization of the detrended model, outlined in Ap-
pendix D). The stationary optimum is computed by a nested bracketing scheme (Section E.2).
Transition paths after an unanticipated aggregate shock are computed by stacking the discrete
system over a truncated horizon and solving it with a Newton method whose Jacobian is as-
sembled using the sequence-space method of Auclert et al. (2021) (Sections E.3-E.4). Through-
out, ¢; is the multiplier on the central bank’s budget, {; the multiplier on the Treasury’s, and

0; = f 0wt dG; the social value of a uniform transfer; under discretion ¢; = 0 everywhere.

E.1 Discretization

State space. The idiosyncratic state (w,z) is discretized with N, points for real wealth and
N income states, N = N,N; points in total. The baseline uses N,, = 800 on a non-uniform
grid concentrated near the borrowing constraint (power-law spacing with exponent 3), an upper

bound near thirty times annual output, and the two-state income process of Section 2.5.

Detrended-nominal implementation. All computations are carried out in detrended-nominal
units (see Appendix D): household wealth is measured relative to the money stock. Real objects
are recovered by scaling with real balances Af. This removes the price-level path as a numerical

unknown; only the time-0 revaluation survives as a scalar (Section E.3).

Household policies. At each grid point i = (i, ;) and date t, given the value function W; and
prices (r¢,i?): flow consumption inverts the Euler equation, c;; = (1)~ (9, W; ), with forward and
backward difference candidates resolved by upwinding. The lumpy policy is piecewise, y;; = 0
at the boundary mass point, y;; = w; — b in the full-depletion region w; < w,(z), and otherwise

the interior solution of the augmented Euler equation (13),
a[U'(y) — D Wilwi — y,2)] = if 9 Wi(wi, 2), (199)

with the full-depletion threshold w;(z) solved per income state by a one-dimensional root-find

on (20), and between-grid-point values of d,W; obtained by linear interpolation in w.

Generator and time stepping. The wealth drift @;; = rPw; — ily;; +z; — ¢;; + Ty is discretized
by the upwind scheme of Achdou et al. (2022), producing a sparse generator A; € RN*N that
collects the drift, the income transitions, and the Poisson lumpy jumps w — w — y;; (linear

interpolation weights onto the grid); rows sum to zero. The value function steps backward by
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implicit Euler,

1 1
[(p il At] Wi =1+ Weea, (200)

an M-matrix system guaranteeing monotonicity; the distribution steps forward by gi.ar = (I +
At A]") g with unit-mass normalization. The stationary versions iterate (200) to a fixed point and
solve ATg = 0. The backward equation for the social value -y; below uses the same left-hand

operator as (200), so one sparse factorization per date serves both solves.

Derivative moments. The planner-side objects 0.,Yi, dwCit, OwYir, and dww Wi are computed
by centered differences on the non-uniform grid (one-sided at the endpoints), with off-grid eval-

uation at post-depletion wealth w; — y; ; by linear interpolation.

Implementability wedges. At each grid point, matching (31)—(32) with the central bank’s shadow

price in the portfolio term,

Kit = 0wyt — ' (ciy), it = a[@wye(wi — Vi, z) — U'(yi )] + 0 [0wyie — O, (201)

and the multiplier #;; = 7t gi /(@ [U" (i) + 0w Wi(w;i — yiy, 2)]), defined on the interior region

w; > wy(z) only.

E.2 Computing the stationary, separated discretionary optimum

Budget identities. The central bank chooses its remittance flow subject to the limit 0 < R; <R,
where the baseline assumes R = 0. The marginal value of remitting a unit to the Treasury is
(t — Ut. An interior choice would equate the two shadow prices and re-consolidate the budgets;
by the steady state of (57), {ss is a convex combination of ¢ss and 6, so the gap {ss — Uss shares
the sign of 65, — s, which is positive at every computed optimum, and the constrained choice
sits at the limit, Rys = R, with Kuhn-Tucker multiplier {ss — 9ss > 0. The baseline sets R = 0, so
Rss = 0. With Ry = R, the stationary fiscal rule and the two budgets reduce to

T+xb—R

a Ad »;
ri A%+ R
K= rsbs

Ab,T —
58 b
Tss

7 TSS = R - rgsAgéT/ AE§CB = (202)

Inner loop: bond-market clearing. Fix a candidate real money return r*. For each candidate

real bond return 7’ on the admissible set r* € [, p), with =yt

— 1% > 0, solve the stationary
household block at (r%,i?, T) with T from (202), obtaining real balances A* (money-market clear-

ing), total wealth A, and household bond demand AbIR = A _ A%. then evaluate the clearing
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residual

F(; %) = AP (ABT — AbCP), (209)

with AT and AYCB from (202). Bisection solves the market-clearing r?(r?).4*

Co-states. At the clearing point, the stationary social value solves the backward equation (54)
with sources py + ¢ (w — y) and a uniform term —{T, where y = (o — )8 and ¢ = (o — r*)9. The
distributional sources py + ¢ (w — y) are proportional to ¢ and vary across households. The re-
mittance source —{T is uniform across households, so shifts v by a constant. Since only gradient
moments enter the optimality conditions, this term never needs to be tracked. Define 4¥ and 4’

as the solutions of

(PI - Ass) 'AYy =¥ss, (P I- Ass) 'j’b =W — Yss, (204)

where Ay is the stationary generator of the household state. These represent present-value
ledgers of money and bond holdings of a particular household. The term 4¥ is the expected
discounted stream of the household’s future money holdings along its equilibrium path; the

term 4? is the stream of its future bond holdings. Linearity then gives
y=W+uq’+94", (205)
up to a uniform constant from the —(T term.

The central bank’s shadow price. Solve for 9 using the stationary optimal-inflation condition
(59),

Z Wi aw/)’i,ss Qi ss Ai = 19ssA?s + gssAséT - l9ssA£§CB/ (206)
i

together with (s from the steady state of (57) and 605 = }_; 90 iss §iss Ai- By (205) both sides are
affine in 9, so (206) is a scalar linear equation solved exactly for d;s at each candidate r*; {s; and

fss then follow immediately.

#“When evaluating, it is necessary to consider the pole around 7* = 0, if admissible. If #* < 0, the position AYCB in
(202) diverges as ' — 0. If ¥ < 0 (when #? < 0), then the feasible branch carries configurations in which the central
bank is a large net creditor financed by seigniorage—the net-creditor case discussed after Proposition 6—and must be
scanned separately.
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Outer loop: the premium margin. With (9, {ss, 0s5) set, the remaining condition is the bond-

rate optimality condition (58), evaluated using

S(ra) = Z(wz - ]/i,ss) aw’)’i,ss i ss Ai - gssAlgéT - 19SSAE§CB + Z Mi ss u,(ci,ss) Ai] . (207)

i it w;>wg(z)
Because (206) is imposed at every candidate, S(r*) equals the gap between the two margins of the
combined condition (61), and its zero is the interior stationary optimum. S is increasing in r* in
the neighborhood of the root; a bracket walk plus bisection delivers r**, and Figure 10 plots the

two margins whose crossing it computes.

E.3 Transition dynamics: the time-varying discretionary system

Consider an unanticipated date-0 innovation to an exogenous aggregate path Z = {Z;}. The
economy starts at the pre-shock stationary optimum and the discretionary planner re-optimizes
from the inherited state. The transition system is the optimality system of Proposition 5 with ¢ =
0, evaluated date by date on a uniform grid t € {0,A¢t,..., T,At} and closed by the requirement
that the economy is at the (post-shock) stationary optimum from the truncation horizon onward.
The baseline uses a monthly step. The solve horizon requires care: the planner’s co-states spread
the inflation levy over the economy’s slow fiscal and distributional adjustments, so finite-horizon
paths carry truncation error long before the terminal date; reported paths are computed at several
horizons and extrapolated, as described in Section E.4. Transitions are computed at the baseline
remittance limit R = 0, so R; = 0 along the path. The system stacks the unknown sequences U
against an equal number of residual conditions, written R(U; Z) = 0; the blocks below compute
one evaluation of the map, and Figure 14 displays its structure. Section E.4 forms the sequence-

space Jacobian of this stacked system.

Unknowns. The aggregate unknown sequences are
U={r, i, &, Qi} 2", (208)

4T, in total. The discretionary revaluation is the implied jump v = Qp/Qss: in detrended units
a jump in the initial price level leaves the inherited distribution unchanged and rescales real
balances and the initial real stocks, (AS’T, AS’CB ) =v (Aé’gT, AE;CB ). Everything else is computed
from U by the blocks below.

Fiscal block. Treasury debt runs forward from Ag’T = VA’;;T,

Ab,T

bl = AVT 4 AT +xb—R—(k— ) AV, Ty =T+x(b— AYT), (209)
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with r) =71 +1;. e block’s output 1s the lreasury debt pat " ; and the transfer pat Ef-
ith 72 = 7% +il. The block’s output is the T y debt path {AYT} and th fer path {T

Household block. Given {rt, i{, T}, the candidate real-balance path {Q;}, and the shock path:
solve the HJB (200) backward from the terminal condition W, = W, extracting policies, thresh-
olds, and generators A; at each date; run the KFE forward from g; integrate for money demand
Qf"m =Y. Vit Qi+ A, total wealth A; =) ; w; i+ A, and household bond demand A?’hh =A;— Q‘fem.
The block’s output is the policies and generators {A;}, the distribution path {g;}, and the aggre-
gates {Qfem, Ay, Af'hh}.

Central-Bank block. Real balances are the unknown path itself, A} = Q;, with clearing imposed
in the residual stack; the implied money growth ¢M = (Q,ar — Q1)/(Q:At) — 1% is post-processing

b,CB _ , AbCB
Ay " = VAg

and enters no residual. The central bank’s holdings run forward from via its flow

budget in real terms,

AVCE — ADCE 4 A Q”Agt Q r?Af'CB—ert—R] (210)

The block’s output is the central bank’s position path {Af’CB }; it enters bond-market clearing
through the float A?’T - A?’CB and weights the shadow price ¢; in the two optimality conditions.

Planner co-state block. Given {8;} and the household block outputs:

(i) The market-clearing shadow values are algebraic in the d-path, from the discrete co-state
equations (55) and (56):

l9t+At - 19if

pe=(o—r{) 0 — A Pr =

we—if Oy, (211)

with 07 = .

(ii) The social value runs backward with the same factorized operator as the HJB,

1 1
[(P + = )I - At] Ye=Ur+urye + or(w — yi) + 'Yt+At/ (212)

from 1, = 9ss. The uniform source —(;T; is omitted: it shifts 7; by a time function that

drops from every gradient moment below.

(iii) The average social value is 6; = Y ; 0w Vi &i + Ai, and the Treasury’s shadow price runs back-

ward from {r, = (s via the discrete form of (57),

gt+At + At (q?t + th)

. 213
1+At(p—710 +x) (@13)

G =
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(iv) The wedges and multipliers follow from (201) with 9; in the portfolio term.

The block’s output is the gradient moments of 7, the Treasury shadow price path {{;}, and the
wedges {7+ }; together they assemble the two optimality-condition residuals below.

Residuals. The stacked system R(U;Z) = 0 imposes, at each date t =0, ..., T,, — 1:

1. Bond-market clearing:

Ri]mc = A?’hh _ (A?/T — A?rCB) =0. (214)

2. Optimal inflation): the discrete version of (59),

=Y Wi dwVir Qir A — [ﬂtA? + AN — ﬁtAf'CB} - 0. (215)
i

3. Optimal bond rate: the discrete version of (58),

Z(wz Yit) 0w it it Di — {gtAbT ﬁtAf’CB"' 2 it u/(ci,t)Az} =0. (216)

L wi>wy(2)

4. Money-market clearing:

R} = Q" — Qs =0. (217)
[ Unknown sequences U = {r§, i¥, 8;, Q;},” T” ! }
i Q Hened it o (2 Ghocks) 2
¥ ¥ ¥ Zi ¥
Central-bank block Fiscal block T Household block Planner co-state block
=Q rule (209) > HJB |: policies, A;; KFE 1: g; B — (e, pr) = v L
budget (210) — AVCB - AT, T, — Qdem, A, ALK 0, 0t L, i
lAf'CB AT Qem - AL Or, Gt 10it
Y Y Y
R(U;Z) =0:

bond-market clearing (214): A" — (APT — APCBY — ¢
inflation optimality (215): Y ; w; 0w it Sit Ai — [0 A] + @tAI;’T — ﬁtAI;’CB] =0
bond-rate optimality (216): Yi(w; — i) deoVis 8t D — (Gt AT = O AVP + T 0wy i (i) ] =
money-market clearing (217): Q‘f"m — Q=

Figure 14: The directed acyclic graph of detrended, separated-discretion optimality system.
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E.4 Sequence-space Jacobian and solution algorithm

The residuals depend on U directly through the budget and identity terms and indirectly through
the block outputs. By the chain rule,

B 83 N JR dblocks
~oU blocks fixed 0 blocks ou -

J (218)
The direct terms and the fiscal- and central-bank-block paths are analytic (triangular recursions
in U). The household and planner co-state blocks are differentiated by linearized sweeps. For
the household block, the policies are differentiated in closed form through their first-order condi-
tions, which yields the perturbed drifts, expenditure policies, and generators. The linearized KFE
then runs forward, giving the response of the distribution path, and the perturbed aggregates
{Qfem, Ay, Af’hh} follow by integration. This is the sequence-space Jacobian method of Auclert
et al. (2021), computed as one linearized backward-forward pass per unit direction. For the plan-
ner’s co-states, the same pass in the household block differentiates the v recursion explicitly. The
KFE (212) is solved backward with the same operator, with three sources: the perturbed load-
ings (dut, dgy), analytic in the ¢ direction by (211); the perturbed flow utility and expenditure
policies from the household pass; and the stationary 7 acted on by the perturbed generator. The
perturbed gradient moments then combine three channels, the perturbation of v itself, the per-
turbation of the policies entering the moment weights, and the response of the distribution from
the forward pass. The wedge integral in (216) is differentiated the same way, with its 9; loading
analytic from (201) and the movement of the full-depletion threshold included. All Jacobians are
evaluated once at the stationary optimum and assembled into J;.

The reported impulse responses to transitory shocks, whose paths return to the initial station-
ary optimum, are linear. One linearized pass along the shock path with the unknowns held at
their stationary values gives the direct effect of the shock on the residual stack, (0R/0Z)dZ, and
the response of the unknowns solves Jss dU = —(0R/9Z) dZ.*> Reported paths are the stationary
values plus dU. Larger shocks are solved nonlinearly: initialize U at the stationary values, eval-
uate the blocks and residuals, and take damped Newton steps through the same filtered inverse
with the Jacobian refreshed at the shocked path; reported transitions there are differences be-
tween the shocked and zero-shock solves at the same settings, and departures from proportional

scaling in the shock size measure genuine nonlinearity rather than numerical error.

45For some impulse responses, we use the singular value decomposition of Jss with each direction damped by the
Tikhonov filter s/(s> + A?) — a smooth filter. The filter matters only along a cluster of near-degenerate directions that
reshuffle the timing of inflation at nearly fixed real paths; it selects the minimal-norm member of that family, and the
shocks studied here load on it negligibly.
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F Model with Private Capital

G Model with Portfolio Adjustment Costs

This appendix collects the alternative formulation of the model in which the household’s portfo-
lio rebalancing between liquid (money) and illiquid (bond) accounts is modeled as a continuous
flow d; subject to a strictly convex adjustment cost ®(d;), following Kaplan and Violante (2014)
and Kaplan et al. (2018). This formulation differs from the baseline environment in its treatment
of the household’s portfolio margin but coincides on most of the economic intuition. Each sub-
section mirrors a section of the main body. Propositions are stated with their proofs placed inline

immediately after each statement.

G.1 Environment with adjustment costs

This subsection restates the household and government environment with continuous-flow port-
folio adjustment costs ®(d;). The aggregate preferences and the government budget struc-
ture are unchanged from the main body and are not repeated; we re-state them only where
the adjustment-cost formulation alters the equations. The state space has three dimensions

x = (a,b,z): liquid wealth g, illiquid wealth b, and idiosyncratic productivity z.

Assets and household budget constraints. From the standpoint of households, the assets differ
in two ways: liquidity for lumpy expenditures and in the cost of portfolio adjustment. In the
event of a lumpy expenditure shock, households can only use money. Additionally, transferring
wealth between liquid and illiquid accounts incurs an adjustment cost ®(d;), where d; is the flow
deposit rate. The function ® satisfies ®(0) = 0, ’(0) = 0, and D”(d) > 0 for all d: zero cost and
zero marginal cost at d = 0, with strictly increasing marginal cost for deposits or withdrawals.

The household’s law of motion for liquid wealth (outside of lumpy expenditure shocks) is
ar = ria; +z; — ¢+ Ti(a, b, z) — dy — D(dy), (219)

where 17 = ¢;/¢; is the real return on liquid wealth. The adjustment cost ®(d;) is paid out of
liquid wealth. They face a no-borrowing constraint a; > 0. The law of motion for illiquid wealth

is
bt = T’?bt + dt, (220)

with a borrowing constraint by > b, where b < 0, and the real return is ri’ = if + ¢t/ ¢r. The house-

hold would like to, in the event of a lumpy-expenditure shock, discontinuously withdraw from
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their illiquid account, but this is not allowed—deposits are continuous flows and the adjustment

cost prevents instantaneous rebalancing.

Decentralized equilibrium with adjustment costs. Households take policy and prices (¢;, i%)
as given. Let Wy(a, b, z) represent a household’s value function at time ¢. It satisfies the Hamilton-

Jacobi-Bellman equation

pWi(a, b, z) = max u(c;) +al(y) + Ai(a, b, z,c,y,d) [Wi] +0: Wi, (221)

Ct,Yt,0¢
where the constraints on choices are ¢c; > 0, 0 < y; < a4, and d; subject to the state constraints
a; > 0 and by > b. The operator A; represents the infinitesimal generator of the idiosyncratic

state (4, b, z) and is given by
AW =[P a+z — o+ T — di — D(dy)] 9aW + [r,?b + dt] W (222)
+a[W(a—y,b,z)—W(a,b,z)|+ A, W(a,b,z).
The generator has four components: continuous changes in liquid wealth (first term), contin-
uous changes in illiquid wealth (second term), discrete changes in liquid wealth from lumpy

consumption (third term), and idiosyncratic productivity transitions (fourth term).

The optimization problem leads to three optimality conditions:

u'(cr) =0, Wi, (223)
u,(]/t) Zaawt(a - yf/ b/ Z)/ (224)
(1+@'(d})) 9, Wi =0, W (225)

Equation (223) equates the marginal utility of flow consumption with the marginal value of liquid
wealth. Equation (224) holds with equality if y; < g; it governs lumpy consumption, which can
only be financed with liquid wealth. Equation (225) equates the marginal cost of depositing one
dollar (the dollar plus its adjustment cost, valued at d,W;) with the marginal value of illiquid
wealth d,W;. The strict convexity of ® ensures a unique interior solution for d; at every state.

We can re-write the HJB plugging in the household policies as
th = M(Ct) + IXU(yt) + At [Wt] + atWt, (226)

where A; = Ay(a, b, z, c, yt,d¢). The equilibrium measure G; over household states (a, b, z) satisfies
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the Kolmogorov forward equation:
091Gt = A;[Gil, (227)

where A} is the adjoint of the generator .4;. The stationary distribution may contain mass points
at the borrowing constraints—at a = 0 (for each (b, z)), at b = b (for each (a, z)), or at the double
corner (0, b) (for each z). We denote the mass at a = 0 by m;(b, z), the mass at b = b by 7i1;(a, z), and
the absolutely continuous part of G; by its density g:(a, b, z). The adjoint A} acts as a differential
operator on the density g;; separate boundary ODEs govern the evolution of the mass points.

Market clearing requires

/ 0dGi(a, b, z) =p: M, (228)

/ bdGi(a, b, z) =¢:By. (229)

The decentralized competitive equilibrium under adjustment costs takes the same form as
Definition 1 in the main body, with the household HJB (226), KFE (227), and market-clearing
conditions (228)—(229) replacing their no-adjustment-cost counterparts. The initial price level
¢o is uniquely pinned down by the same fiscal-anchor argument, restricted to non-explosive

equilibria.

Characterization of the decentralized equilibrium with adjustment costs. We re-establish
some properties of the decentralized equilibrium, now with adjustment costs. We impose As-
sumption 3 on the transfer rule that guarantees all households can finance a strictly positive

consumption flow.

Assumption 3 (Feasibility with adjustment costs). For all t, transfers and the borrowing limit satisfy
2+ Tib,2) + 17 b — D(—r2b) > 0, forany 0 < ¥ < p.

Assumption 3 rules out confiscatory transfers that would leave a household at 4 < 0 with non-

positive resources.

Proposition 10 (Value function properties and boundary conditions with adjustment costs). Un-

der Assumption 3:

i) Viscosity solution: Wi(a,b,z) is a constrained viscosity solution of the H|B equation (226) on
[0, 00) x [0,00) x Z.

ii) Boundary conditions. For each t, b, and z € Z, d,W;(0,b,z) < oo. At a = 0, the consumption

Euler u'(ct) = 0,W; holds and the state-constraint boundary condition satisfies

9, Wi(0,b,z) > ' (z; + T{(0,b,z) — dy(0, b, z) — ©(d(0, b, 2))), (230)
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with equality iff 4:(0,b,z) = 0. At b = b, the state constraint by >0 requires dy > —rﬁ’b. At the

double corner (a = 0, b = b), both state constraints are active and the consumption bound satisfies
3Wi(0,b,2) > u' (zt + T b — cp(—r?@) ) (231)

with equality iff a; = by = 0.

iii) Monotonicity and concavity: Wy is strictly increasing and strictly concave in a for each (b, z), and

strictly increasing and strictly concave in b for each (a, z).

iv) Zero savings at the double corner: At the double corner (a,b) = (0, b) with the lowest productivity
type Z, at(ol b/ Z) = bt(ol b/ ;) =0.

Proof. We establish the viscosity solution property, boundary conditions, concavity, and smooth
pasting on the state space [0, ) x [0, 0) x Z. Define the HJB operator H; : [0, 00) x [0,00) X Z X
R? — R by

He(a,b,z, pa, pp) = pWr —ulcr) — al(y:)
—[Ha+ze— i+ Te — d — D(dy)] pa — [r{b +di] py
— a[Wi(a — yt, b,2) — Wi(a, b, z)] — AW — 0s W4, (232)

so that the HJB equation (226) reads H(a, b, z, 9, W, 9, W;) = 0.
A continuous function v is a constrained viscosity subsolution of (226) if, for each (ag, by, z9) €
(0, 00) X (0, 00) x Z and each smooth ¢ such that v — ¢ attains a local maximum at (ay, by, zo) with

U(ﬂo, bO/ ZO) = (P(a()I bO/ ZO):
H¢(ao, bo, zo, dap(ao, bo), dpp(ao, bp)) < 0. (233)

A continuous function v is a constrained viscosity supersolution of (226) if, for each (ap, by, z0) €
[0, 0) x [0, 00) X Z (including the boundaries ap = 0 and by = b) and each smooth ¢ such that

v — ¢ attains a local minimum at (ao, by, zo) with v(ao, bo, zo) = ¢(ao, bo, 2o):

H¢(ao, bo, zo, da¢(ao, bo), dpd(ao, bo)) > 0. (234)

Part (i): W; is a constrained viscosity solution. Fix (ay, by, zo) € (0, 00) X (0, 00) X Z and let ¢ be a

smooth test function such that W; — ¢ attains a local maximum at (ag, by, zg) with Wi(ao, bo, zo) =
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¢(ao, bo, zp). By the Dynamic Programming Principle applied to W% for any h > 0,
t+h
Wi(ao, bo, zo) = E [/ e P ds + e P Wi (af ) b Zen) | -
t

Applying Dynkin’s formula to e *¢(as, bs, zs) over [t,t + h], using the local maximum property
of ¢ on continuous and Poisson-jump segments, dividing by &, and sending i — 0 yields the
subsolution condition. The supersolution argument is symmetric, using the DPP inequality W; >
E[- - ] for any admissible control and applying Dynkin’s formula to ¢ under W; > ¢ throughout;
this extends to ag = 0 and by = b by restricting the admissible control set to policies that maintain

the state constraints.

Part (ii): Boundary conditions. At (0, b, z), Assumption 3 guarantees positive resources and the
Inada condition 1/(0) = oo ensures ¢;(0, b, z) > 0. The Euler condition d,W;(0, b, z) = t/(c;(0, b, 2)) <
1u'(0) = oo gives finiteness. At a = 0, the constraint y; < a = 0 forces y;(0,b,z) = 0 and the no-
borrowing constraint @ > 0 requires ¢; < z; + T — d; — ®(dy). Since 1" < 0, 9,Wi(0, b, z) = u'(ct) >
u'(z¢ + Ty — dy — ®(dy)), establishing (230). At b = b, the state constraint by = ri’ b+d; > 0 directly
requires d; > —ri’b. At the double corner, d; = —rfb and ¢; = z; + T¢ + ri’b — @(—rfb) when both

constraints bind; Assumption 3 guarantees this is positive, and the Euler equation gives (231).

Part (iii): Monotonicity and concavity. Fix ¢, (b,z), A € (0,1), and a® #a' witha = Aa® + (1 — A)a'.
Let it = (cé,yé,dé)szt denote the optimal plan from (@', b,z) and define the mixture plan &t =
Art0 + (1 — A)rtl. Since the liquid budget (219) is affine in (g, ¢, d) for given (b, z), the mixture liquid
wealth 4; = Aal + (1 — A)a! satisfies the budget constraint under 7 (the convexity of ® implies
the mixture wastes weakly more in adjustment costs, preserving feasibility). The illiquid budget
is affine in (b, d), so bs is also feasible. By strict concavity of u and U, the mixture plan yields
strictly higher utility than the convex combination of ¥ and 7! on a set of positive measure. The
analogous argument exchanging a and b gives strict concavity in b. Strict monotonicity in each

argument follows from the strict relaxation of the budget constraint by additional wealth.

Part (iv): Zero savings at the double corner for z. At the double corner with the lowest produc-
tivity, y; = 0, dy = —rf b,and d; =z —c; + Ti + rf? b — CD(—rfb). The same phase-diagram argument
as in Achdou et al. (2022, Section 4.1) applies: if 4; > 0 at (0, b, z), the coupled ODE system for
(0aWi, dr) near a = 0 lies on an unstable manifold that diverges, inconsistent with a globally well-
defined value function. The unique consistent solution requires 4;(0, b, z) = 0, which combined
with d; = —r%’b implies b = 0. O ]

Proposition 10 extends the results in Rocheteau et al. (2018a) and Achdou et al. (2022) to non-

#Invoking the DPP and Dynkin’s formula requires that optimal drifts |a}| and |b}| are bounded along optimal
paths. The liquid drift is bounded because c* and d* are finite (the last ensured by the strictly convex adjustment cost
®). The illiquid drift 7’ + d* is bounded because d* is finite. These extend the regularity results of Rocheteau et al.
(2018a, Lemmas 1-2) to the two-asset setting.
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stationary environments with idiosyncratic productivity risk and lumpy consumption, which

allows the use of (221) to characterize W; uniquely.

Proposition 11 (Lumpy consumption with adjustment costs). Foreacht > 0,b > b, and z € Z: i)
there exists a threshold ay(b,z) > 0 such that yi(a,b,z) = a for all a € (0, a:(b, z)], where the threshold
satisfies U'(ay(b, z)) = 9,Wi(0, b, z), and ii) for each a > 0,0 < d,y¢(a,b,z) < 1.

Proof. At state (a,b, z), the optimal lumpy consumption solves maxogygu{ll(y) +Wi(a—y,b,2)}.
Since U is strictly concave and Wy(-, b, z) is strictly concave in a (Proposition 10(iii)), the objective

is strictly concave in y and the maximizer is unique.

Part (i): Full depletion. The corner y = a is optimal iff U'(a) > 0,W;(0,b,z). By the Inada
condition U'(0) = oo and the finiteness d,W;(0,b,z) < oo (Proposition 10(ii)), the intermediate
value theorem guarantees a unique a,(b,z) > 0 solving U'(a;(b,z)) = 9,Wi(0,b,z). Uniqueness
follows from U” < 0. Fix a € (0,a:(b, z)] and suppose for contradiction that y(a,b,z) < a. The
Euler equation (224) would then hold with equality: U'(y¢) = 0,Wi(a — yt,b,z) < 9,Wi(0,b,z) =
U'(a(b, z)) since 0,W;(-,b,z) is strictly decreasing. By U” < 0, this gives y; > ai(b,z) > a,
contradicting y; < a. Hence y(a, b,z) = a for all a € (0,a(b, 2)].

Part (ii): Monotonicity. For a € (0, a:(b, z)], y«(a, b,z) = a, so 9,y = 1. For a > a4(b, z), the interior
FOC U'(yt) = 0,Wi(a — yt, b, z) holds. Differentiating with respect to a:

aaawt(u — Y, b/ Z)
u"(]/t) + aullwi’(a — Yt b/ Z)

daYt = €(0,1),

where both numerator and denominator are negative. O O

Proposition 11 establishes that households near the liquid borrowing constraint fully deplete

their wealth in the event of a lumpy consumption shock.

G.2 Optimal consolidated policy with adjustment costs

The consolidated planner chooses {MS,BS,’Y;} to maximize utilitarian welfare subject to the
adjustment-cost competitive equilibrium (226)—(229). The optimality system using the same
approach as in Appendix C. The full derivation, together with the four steady-state charac-
terizations below, is collected in a companion note available upon request. It introduces the
social value (x) (the co-state on the distribution), the promise multiplier 1s(x) (the co-state on
the household value, governing commitment), the shadow price of government revenue 6;, and
three household-implementability wedges on the consumption, lumpy, and the (new) deposit
FOCs (223)—(225),

Xs = 0ays — M’(Cs), fls = days(a — ys, b, z) — u/(ys)/ Ss =(1+ cbl(ds)) days — 9pys-  (235)
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The deposit wedge J; is new relative to the baseline: it is the planner’s counterpart of the house-
hold’s deposit FOC residual, generically nonzero, and vanishes when the planner equates the
social marginal values of liquid and illiquid wealth. The lumpy wedge 7, carries no liquidity-
premium term: unlike the baseline, where money is held only to finance lumpy purchases so the
foregone interest enters the lumpy margin, here liquid wealth is a smooth portfolio choice and
the liquidity premium is priced on the deposit margin. Under lump-sum transfers the shadow

price satisfies
0, = / 9a7s dGs + / s 9. Ws dx, (236)
and the inflation and bond-rate margins are governed by the wealth-weighted social value
Ro= [lad,ys+b3yy1dGe + [lad,We + b3, Wl g dx, (237)

through the static revaluation Ry = 6;As (with Ay = ¢s(M; + Bs) = A + AE total real liabilities)
and the bond-rate condition f boyys dGs + f b sy Ws dx = GSAE . The forward equation for
carries an additional source term from the deposit constraint, —0d,[ds(1 + @'(ds))] + 9,05 with & =

55 gs/(®"(ds)d,Ws), alongside the consumption and lumpy sources.

Unrestricted transfers. When transfers can condition on (a, b, z), the planner equalizes the ad-
justed social marginal value of wealth across agents, the promise multiplier vanishes for both

A — 0 and A — oo, and the deposit wedge Js vanishes as well.

Proposition 12 (Friedman rule under unrestricted transfers, adjustment costs). Under unrestricted
transfers and either full discretion or full commitment, the optimal policy in the adjustment-cost model
sets By = 0 and M; > 0 with r{ = p (Friedman rule), ii’ =0, and d; = 0 for all households. The allocation

is time and state invariant and coincides with the first-best in (2)—(3).

At the Friedman rule bonds are redundant: with r¢ = r/ = p they offer no return advantage over
money but lack its liquidity, so any B; > 0 would induce withdrawals at a deadweight adjustment
cost ®(d) > 0. Setting B; = 0 eliminates the illiquid account (b; = 0, d; = 0, ©(0) = 0), and the
model collapses to the pure-money first best of the main body. The transactions motive keeps
the wealth distribution non-degenerate, since the planner cannot replicate the discrete lumpy

purchase with transfers.

Assumption 4 (Bounded relative risk aversion). There exists ¢ < oo such that —cu"(c)/u'(c) < ¥

for all ¢ > 0, and absolute risk aversion —u" (c)/u’(c) remains finite as c | 0.

Discretion with lump-sum transfers. Under full discretion (s = 0), 05 = f 027ss dGss and

the two margins separate cleanly across the assets: subtracting the bond-rate condition from
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Rss = 055 Ass isolates the liquid margin.

Proposition 13 (Optimal consolidated policy under full discretion, adjustment costs). Under As-
sumptions 3 and 4 and full discretion with lump-sum transfers, the optimal steady state satisfies riy < p

and is characterized by the liquid-wealth and illiquid-wealth margins

/ﬂ aa'}’ss dGss = stAZs, /b ab')/ss dGss = stAgl,Js/ (238)
with O = f 047ss AGss. The illiquid margin is the bond-rate ( i) first-order condition; the inflation (5gM)

condition is their sum, Rgs = 055 Ass. Equivalently, in covariance form,
COVGSS<a, ag’)/ss> = O, COVGSS(b, ab755> = _A?S (abrySs — agr)/ss>dGss. (239)

The liquid margin sets the inflation tax so that liquid wealth and its social marginal value are
uncorrelated, exactly as in the baseline. The illiquid margin sets the liquidity premium: its right-
hand side equals —Aé’s f [D'(dss)0aYss — 5] dGss, the average marginal adjustment-cost dissipation
net of the average deposit wedge. When ;s > 0 on average, the planner tilts the balance sheet
toward money to correct the household’s undersupply of liquidity. The liquidity premium does
not vanish as ® — 0: money remains the only lumpy-eligible asset and earns the lower return r{,,
so households still hold a costly liquid buffer and the friction does not disappear. The adjustment
cost is an alternative pricing of this money-demand friction—through the cost of rebalancing
rather than the baseline’s requirement that money be pre-held—and the ® — 0 limit is singular,
approaching the baseline lumpy economy, where the same premium is carried by the bond-rate

condition’s implementability term f Nsst'(css) dx instead of the deposit margin.

Commitment with lump-sum transfers. Under full commitment (A — 0), ¥s; # 0 and the plan-
ner internalizes how policy shapes the distribution future planners inherit, so 0ss = [ 047Yss dGgs +

¥,s with commitment premium ¥ss = [ 155 1/ (css) dx.

Proposition 14 (Optimal consolidated policy under full commitment, adjustment costs). Under

Assumptions 3 and 4 and full commitment with lump-sum transfers, the stationary equilibrium satisfies

a,comm

T'ss < p and the liquid-wealth and illiquid-wealth margins

/[[l aa'}’ss gss 4 l/)ssaawss] dx = GssAZs/ /[b ab')’ss gss + b lpssabwss] dx = GssAgs- (240)

The illiquid margin is again the bond-rate condition, the two summing to the inflation condition Rss =
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Oss Ass. Equivalently, in covariance form,

COVGSS(QI aa')’ss) + ‘i“;s =0, (241)

Covg,,(b, 9p7ss) +\ng = _Ags/(ab%s — 0755 )dGss — A?s/wss D' (ds) 1 (css) dx, (242)

where ¥ = [(a — A% ) st (css)dx and YL, = [(b — AL)ss0yWss dx are the wealth- and bond-

weighted commitment premiums. The promise multiplier ;s solves the stationary forward equation.

Commitment grafts the promise premiums Y% (inflation channel) and ¥’ (portfolio channel)
onto the discretion conditions; the final term in (242) is the promise-weighted deposit-cost term,

using 0, Wss — 0, Wss = D (dss)1t(css) from (225). Setting ¢ss = 0 recovers Proposition 13.

G.3 Optimal separated policy with adjustment costs

In the separated problem of Section 4 the central bank chooses (M, BEB ) with zero remittances,
facing a Treasury that runs the passive rule T; = T + k(b — ¢:B]) from (49); public bonds are
B = BT — BB, with real values A»T = ¢BT and APCE = $BB. The consolidated budget splits
into the Treasury budget (5), with shadow price (s, and the central bank budget (6), with shadow
price 9. The household block, wedges (235), and forward equation for s are unchanged; the
social-value HJB prices transfers at the Treasury value —(sTs, and 9; is now the central bank’s

shadow price. The fiscal rule makes {; its own co-state,
Eo=(0— )0 — @5 +K(Cs — 65), 65 = / 9a7s dGs + / s 9aWs dx, (243)

where 6; is the social value of a uniform transfer; the g™ variation gives the separated revalua-

tion R, = 95(AZ — Aé"CB )+ SAE’T, and the bond-rate variation gives
/ bayys dGs + / by Ws dx = L AVT — 9,ALCE. (244)

The bond-rate condition retains its household-drift term, the direct two-asset analog of the con-
solidated i’ FOC: the household benefit of a higher illiquid return is balanced against the Trea-

sury’s interest cost (valued at ;) net of the central bank’s interest income (valued at ;).

Discretion. Under full discretion (s = 0), 055 = f 047ss AGss, and (243) in steady state gives the

convex combination

Tos = (p—f’gs)l?55+1<955
SS —

PREARE: 25
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so (ss lies between the central bank’s ¢ and the household value 6,5, and the wedges ¢ss — 0,

(ss — Oss share a sign.

Proposition 15 (Optimal separated policy under full discretion, adjustment costs). Under Assump-
tions 3 and 4 and full discretion with the passive fiscal rule (49), the optimal steady state is characterized

by the liquid-wealth and illiquid-wealth margins
/ﬂ aa’)’ss dGss = ﬁssAgs/ /bab’)/ss dGgs = gssAgéT - ﬁssAE;CB, (246)

with {ss from (245). The illiquid margin is the bond-rate (i) condition; the inflation (5¢M) condition is

their sum, Res = Oss(Als — AYCBY 4 g AL Equivalently, centering at the uniform-transfer value 0s,

Cove, (a,0a7Yss) = (0ss — Bss) A%, / b0y Yss AGss — Oss AL = (Lss — Bss) ALT — (95 — 055) ALCE.
(247)

The two conditions are the separated analogs of the consolidated discretion conditions, with the
consolidated ¢ replaced by the balance-sheet pair (9, {ss): inflation revalues the central bank’s
net money issuance at ¢ss and the Treasury’s diluted debt at (s, while the liquidity premium
trades the Treasury’s interest cost against the central bank’s interest income. Summing the two
left-hand sides of (247) reproduces the single-asset separated covariance (0ss — 0s5)(A% — ALCB )+
(Css — GSS)Af;T of the main body, and setting ¢ss = (ss = 855 collapses them to the consolidated
conditions (239). The sign of each wedge tracks the fiscal stance through the transfer condition

ss = Oss that the rule forgoes.
Commitment. Under full commitment the promise multiplier reappears, ss = [ 047ss dGss +
f 550, Wss dx, and the premiums Y%, \ng enter exactly as in the consolidated case.

Proposition 16 (Optimal separated policy under full commitment, adjustment costs). Under As-

sumptions 3 and 4 and full commitment with the passive fiscal rule (49), the stationary equilibrium is
characterized by

Cove,(a,0a7ss) + Vs = (Oss — O55) AL, (248)

[/bab'Yss dGss + / b wssabwss dx:| - essAEs = (gss - gss)AgéT - (1955 - 9ss)Af§CB, (249)

with ¥4, = [(a — A%) st/ (css) dx and the bond-weighted promise contribution on the left of (249), and

Css from (243).

Commitment changes the separated problem exactly as it changes the consolidated one: it adds

the wealth- and bond-weighted promise premiums to the two margins, leaving the balance-
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sheet structure (dss — 0ss, {ss — 0s5) intact. The four cases thus differ only through two switches—
consolidation (¢ = { = 6) and commitment (p = 0)—applied to the same pair of liquid and

illiquid optimality conditions.
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H One-asset model: money only

This appendix solves the planner’s problem when money is the only publicly supplied asset,
B; = 0. With no bonds there is no liquidity premium and no portfolio choice: a household’s real
wealth w > 0 is its real money balance, and the only monetary instrument is the growth rate of
money. The model is a strict simplification of the baseline, and the optimal-inflation condition
is unchanged; the bond-rate condition has no counterpart. The monetary—fiscal separation of
Section 4 also has no counterpart—with no debt the government budget balances period-by-
period, so the separated and consolidated problems coincide—so we treat only the consolidated

case.

Environment. A household with real wealth (real money) w and productivity z solves
pWi(w, z) = max u(cy) + al(ys) + A[Wi] +0tW;, ¢ >0, 0<y; < w, (250)
Ct, Yt

with generator A(W] = [r{w +z; — ¢t + T{10wW + a[W(w — y1,z) — W]+ A, W and 1] = ¢;/¢; the

real return on money. The two household first-order conditions are
w'(cr) =0 We,  U'(ye) = 0 Wi(w — yt, 2), (251)

the lumpy condition holding with equality on the interior and at the corner y; = w in the full-
depletion region. Relative to the baseline, the lumpy condition carries no liquidity-premium
term: with no bond to forgo, the only cost of the lumpy purchase is the marginal value of the
wealth it consumes. The distribution G; over (w, z) solves the Kolmogorov forward equation
0;G¢ = A{[G;], with a single market-clearing condition and the seigniorage-financed government
budget

/Wth = ¢tMt = At, /ﬁth = ¢tMt- (252)

Optimality system. The optimality system is obtained discretize-first, following Appendix C
with the bond, liquidity-premium, and bond-clearing terms deleted; the derivation is collected
in a companion note available upon request. It introduces the social value 7;(w, z), the promise
multiplier i, the shadow price of government revenue 6s, and the consumption and lumpy
wedges {s = duys — U'(cs) and 75 = 0y ys(w — ys,z) — U'(ys) on the first-order conditions (251).
Under lump-sum transfers the shadow price satisfies 5 = f 0w7Ys dGs + f 50, Ws dx, and the infla-
tion margin is governed by the wealth-weighted social value R; = f W Ay ys dGs + f w P50, Ws dx

through the static revaluation R = 6;A;. There is no bond-rate condition.

124



Proposition 17 (Optimal money-only policy under full discretion). Under full discretion with lump-

sum transfers, the optimal steady state satisfies rl; < p and the inflation condition

/waw')’ss dGss = QSSASS/ 955 = /a(u')’ss dGss; (253)

equivalently, in covariance form,
Covg,(w, dw7ss) = 0. (254)

This is exactly the consolidated baseline inflation condition (Proposition 3): the inflation tax
is set so that wealth and its social marginal value are uncorrelated, trading the distortion of
money demand against the redistribution the inflation tax achieves. The only change is that
the baseline bond-rate condition Covg_ (w — ¥, 9wYss) = f Nsstt' (css) dx has no counterpart, so the
single instrument rg; is pinned by (254) alone; the Friedman rule rj; = p obtains only when

transfers can be made state-contingent.

Proposition 18 (Optimal money-only policy under full commitment). Under full commitment with

lump-sum transfers, the stationary equilibrium satisfies
/ [0 B Yes Gos + @ P Wesdx = OsAss,  Oes = / DYes AGes + ¥, (255)
with commitment premium Y5 = f Psst’ (ss) dx; equivalently, in covariance form,
Cove (@, duyss) +¥€ =0,  ¥9 = / (@ — As)Psstt!(css) dx. (256)

The promise multiplier s solves the stationary forward equation, which carries only the consumption and

lumpy sources.

Commitment adds the wealth-weighted promise premium Y, to the discretion condition, exactly
as in the consolidated baseline (Proposition 4); setting 1ss = 0 recovers Proposition 17. Dropping

bonds thus removes the entire bond-rate margin and leaves the inflation margin untouched.
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