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1 Introduction

One of the central questions in asset pricing is: why do some assets have higher ex-
pected returns than others? Classical models offer a simple answer: comovement. Since
idiosyncratic risks cancel out in a diversified portfolio, investors should only demand
compensation for common risks that create comovement across assets. Thus, two assets
that comove strongly with each other should earn similar expected returns. Otherwise
an investor could earn extreme Sharpe ratios by buying the cheap asset and shorting
the expensive one, pocketing the expected return spread while bearing little risk since
the common movements cancel. Since a few common risk factors dominate comovement
across stocks, in classical models those few factors should explain most of the cross-
sectional variation in expected returns (Ross, 1976; Kozak et al., 2018a).

However, empirically a ”zoo” of hundreds of factors is required to explain cross-
sectional differences in expected stock returns (Cochrane, 2011; Lettau and Pelger, 2020;
Lopez-Lira and Roussanov, 2023; Kelly et al., 2024). Moreover, even though many of
these factors are “weak” — they create little comovement across assets — empirical
Sharpe ratios remain moderate.

We propose an explanation for the factor zoo: investors weakly substitute across
stocks. Substitution refers to how readily investors reallocate capital across stocks that
comove when their expected returns diverge. In classical models where investors have
mean-variance preferences, substitution is strong: if expected returns diverged between
two stocks that strongly comove, investors would aggressively buy the cheap one and short
the expensive one, since doing so barely raises portfolio volatility. In contrast, we show
empirically that substitution is two to three orders of magnitude weaker than implied by
unconstrained mean-variance optimization. Weak substitution arises because, in reality,
investors face many considerations beyond portfolio expected return and volatility (e.g.,
uncertainty about expected returns or frictions such as benchmarking). These other
considerations reduce the emphasis investors place on minimizing portfolio volatility,

thereby reducing the incentive to reallocate between stocks that strongly comove.



Without aggressive reallocation across stocks that strongly comove, such stocks can
sustain different expected returns in equilibrium. As a result, many factors, including
weak factors that create little comovement, can contribute to expected return variation.

Crucially, this situation arises not from investors leaving profitable trades on the
table, but because investors demand less compensation for comovement. Under weak
substitution, investors place less emphasis on minimizing portfolio volatility, and so the
equilibrium premium on non-diversifiable risk is small. As a result, expected returns are
low and dispersed across many factors rather than high and concentrated in a few. Thus,
unlike other potential explanations for the factor zoo (e.g., limits to arbitrage), weak
substitution allows a factor zoo to coexist with moderate Sharpe ratios.

We establish that weak substitution gives rise to the factor zoo in two steps. First,
we show theoretically that a factor zoo with moderate Sharpe ratios arises if and only
if investors treat stocks as weak substitutes. Second, we provide evidence from three
sources that substitution is empirically weak enough to generate the observed factor zoo:
the cross-section of expected returns, cross-stock spillovers of demand shocks ( “cross-price
multipliers”), and cross-stock reallocations in holdings data (“cross-price elasticities”).

Overall, our results suggest that comovement-based explanations for the cross-section
of expected stock returns are fundamentally incomplete. Investors’ willingness to substi-
tute across stocks shapes which assets earn higher expected returns.

We begin by presenting a parsimonious model to formalize the link between substitu-
tion and equilibrium expected returns (in Section 2). In particular, we extend the model
of Kozak et al. (2018a). A representative investor has mean-variance preferences but, cru-
cially, is also subject to an /5 penalty that dissuades her from taking extreme positions
in any single stock. This penalty arises in many different microfoundations, including
uncertainty about expected returns or covariances, frictions such as benchmarking or ad-
justment costs, or behavioral biases such as correlation neglect or narrow framing. We
label all of these deviations from mean-variance preferences and full information rational
expectations as “portfolio-choice frictions”.

These frictions introduce a reason — beyond risk aversion — for not fully exploiting



high expected return opportunities. Suppose the investor seeks to take a larger position
in one stock because its expected return has idiosyncratically risen. The per unit cost to
do so is comprised of a risk cost — due to raising portfolio volatility by taking on more
idiosyncratic risk — and a friction cost — due to taking on larger positions.

The composition of this idiosyncratic position cost determines how strongly the in-
vestor substitutes across stocks. The overall degree of substitution is controlled by a single
parameter, which we denote by . Formally, 1 is the proportion of the total idiosyncratic

position cost that comes from the risk cost:

B Risk Cost
"~ Risk Cost + Friction Cost’

(0

Intuitively, in mean-variance preferences, substitution arises from the investor’s desire to
minimize portfolio volatility. Two assets are substitutable if the investor can swap one
for the other without significantly altering portfolio volatility, which occurs if two assets
strongly comove. Thus, the greater the investor’s desire to minimize volatility — that is,
the greater the risk cost — the greater is the degree of substitution. Note that while 1
captures the overall degree of substitution, the investor’s willingness to substitute across
two particular stocks also depends on the covariance between those stocks: substitution
is asset-specific and our model allows for rich heterogeneity in substitution across stocks.
The core comparative static we evaluate throughout this paper is: holding all else fixed
(i.e., holding the total idiosyncratic position cost fixed), what happens as substitution
weakens (i.e., as the friction cost replaces the risk cost so ¢ decreases)? We show that as
substitution weakens, the number of factors required to explain cross-sectional variation
in expected stock returns grows and the maximum attainable Sharpe ratio shrinks.
When substitution is strong, investors aggressively trade away differences in expected
returns between stocks that strongly comove, so such stocks must earn similar equilibrium

expected returns. As a result, the few factors that contribute most to comovement

'For example, Apple and Google, which strongly comove, are always better substitutes than Apple
and Caterpillar. But holding the covariance between any two stocks fixed, lower ¥ means the investor is
less willing to substitute between them.



between stocks also explain most differences in expected returns. However, as substitution
weakens, stocks that strongly comove can earn different expected returns. As a result,
expected-return variation becomes dispersed across many factors, including those that
contribute little to return comovement. Moreover, the relationship is if and only if: weak
substitution implies many factors are required to explain expected returns, and a high-
dimensional factor structure in expected returns can only be sustained in equilibrium if
investors weakly substitute across stocks.

Moreover, equilibrium Sharpe ratios remain moderate despite this dispersion in ex-
pected returns across many factors. As substitution weakens, the risk cost is replaced with
the friction cost and so the investor cares less about minimizing volatility. As a result,
the investor demands less compensation for bearing non-diversifiable risk, which lowers
expected returns for all factors. Thus, the maximum attainable Sharpe ratio decreases,
preventing near arbitrage opportunities.

We next provide empirical evidence that weak substitution gives rise to the factor
z00. As a benchmark for the degree of substitution, we use the ¢ value that arises in the
classical mean-variance benchmark with no ¢y penalty: ¥ = 1.

First, we empirically show that the factor structure in expected returns is consistent
with weak substitution (in Section 4). We use Kelly et al. (2019) instrumented principal
components analysis (IPCA) to estimate the factor structure in realized returns. In
particular, we use as stock characteristics nonlinear transformations of 120 monthly stock
characteristics built using Random Fourier Features (RFF). This procedure delivers 200
latent factors and associated factor variances that explain realized return comovement.
Our results prove robust to using standard PCA (using the deflated heteroskedastic PCA
of Zhou and Chen, 2025) on daily returns for individual stocks. In theory, under strong
substitution, the few factors that contribute most to comovement (i.e., those with largest
factor variances) should explain most variation in expected returns.

We test this theoretical prediction by running cross-sectional predictive regressions
of future returns on stock-level factor loadings. We find that the explanatory power

(R?) of these regressions empirically rises much more slowly than it would under strong



substitution. While under the classical strong substitution benchmark the first 9 factors
would explain 75% of cross-sectional expected return variation, empirically 139 factors
are required. Theoretically, our model implies this situation can only arise under weak
substitution. Based on the empirical dispersion in explanatory power across factors, we
estimate the degree of substitution to be ¢ = 0.011 — two orders of magnitude smaller
than the benchmark ¢ = 1.

Is such a weak degree of substitution realistic? Yes. Next, we directly measure the
degree of substitution in four different ways, and find v estimates that are quantitatively
consistent with the ¢» = 0.011 our model requires to rationalize the empirical factor zoo.

First, we estimate the degree of substitution from the empirical distribution of factor-
level Sharpe ratios (in Section 5). As explained above, our model implies that, ceteris
paribus, weaker substitution implies lower equilibrium Sharpe ratios. This creates a
natural “pick your poison” dilemma: either Sharpe ratios are counterfactually large or
substitution is weak. Using a factor model estimated through 1999 and returns from 2000
through 2023, the cross-factor pattern of Sharpe ratios implies ¢y = 0.025, far below the
classical benchmark ¢y = 1 and similar to the ¢» = 0.011 our model requires to rationalize
the empirical factor zoo. Given our estimated factor model, the maximum attainable
out-of-sample annualized Sharpe ratio is 1.8. In contrast, if, ceteris paribus, substitution
were as strong as in classical models (1) = 1), then the maximum attainable Sharpe ratio
would be 26.6, which is unrealistically high.

Second, we estimate the degree of substitution from the relative magnitudes of price
multipliers at the stock (“micro”) and aggregate (“macro”) levels (in Section 6). At
the micro level, a multiplier of 2 means that buying 1% of shares outstanding raises a
stock’s price by 2%. At the macro level, a multiplier of 2 means that a 1% purchase
of the aggregate stock market raises the overall market by 2%. Strong substitution im-
plies large cross-price multipliers, which capture how much a stock’s price rises when
1% of shares outstanding of another stock are purchased. If micro multipliers are 1 and
cross-price multipliers are 0.1, then buying 1% of the aggregate stock market raises its

price by 1% + 0.1% x (N — 1) where N is the number of stocks. For example, with 2,000



stocks this would yield a macro multiplier of about 200, far larger than previous empirical
estimates (Gabaix and Koijen, 2021). We generalize this argument to a setting with het-
erogeneous cross-price multipliers; the intuition remains the same. This presents a “pick
your poison” dilemma: either macro multipliers are unrealistically large or substitution
is weak. The relative magnitudes of micro- and macro-multipliers from previous work
imply 1 = 0.0014, three orders of magnitude smaller than the benchmark ) = 1 and
similar to the ¥» = 0.011 our model requires to rationalize the empirical factor zoo.

Third, we estimate the degree of substitution from cross-price multipliers (in Section
7). We use three plausibly uninformed demand shocks from previous work to measure
cross-price multipliers: changes in benchmarking intensity around Russell index reconsti-
tutions (Pavlova and Sikorskaya, 2023), mutual fund flow induced trading (Lou, 2012),
and order flow imbalance (Li and Lin, 2025). Consistent with previous work, we find that
own-price multipliers are large: buying 1% of shares outstanding for a given stock raises
its price by 1% to 3% across the three shocks. However, we find that cross-price multi-
pliers are very small: two to four orders of magnitude smaller than own-price multipliers.
Through the lens of our model, these small cross-price multipliers map to v values from
0.001 to 0.007, two to three orders of magnitude smaller than the benchmark ¢) = 1 and
similar to the ¢» = 0.011 our model requires to rationalize the empirical factor zoo.

Fourth, we estimate the degree of substitution from cross-price elasticities in insti-
tutional investor holdings data (in Section 8). We estimate cross-price elasticities of
demand for institutional investors in the U.S. stock market using holdings data from the
SEC Form 13F. We examine how investors adjust their holdings for a particular stock in
response to exogenous price variation in other stocks. We find that cross-price elasticities
are small — two to four orders of magnitude smaller than own-price micro elasticities.
Through the lens of our model, these small cross-price elasticities map to ¢ = 0.001, three
orders of magnitude smaller than the benchmark ¢ = 1 and similar to the ¥» = 0.011 our
model requires to rationalize the empirical factor zoo.

While we do not take a strong stance on the primitive source of weak substitution, we

provide one potential mechanism that can quantitatively rationalize our results: optimal



shrinkage of portfolio weights due to estimation error. An investor who seeks to maximize
her out-of-sample Sharpe ratio but who understands that she faces estimation error in
expected returns and covariances will optimally choose to shrink extreme position sizes
(Jorion, 1986; DeMiguel et al., 2009a,b). We find that the optimal level of shrinkage is
quite high and implies a weak degree of substitution around ¢ = 0.019, similar to the
1 = 0.011 our model requires to rationalize the empirical factor zoo.

Thus, we provide a parsimonious explanation for the factor zoo that is quantitatively
consistent with the empirical behavior of prices and quantities. We do not necessarily
rule out all other potential explanations for the factor zoo. Nevertheless, we make two
observations. First, our explanation does not require unobservable “dark matter” like
hedging demand for non-tradable risks (Merton, 1973), and can be rationalized with
Sharpe-ratio maximizing behavior (Chen et al., 2019). Second, while other explanations
for the factor zoo — like hedging demand, limits to arbitrage (Novy-Marx and Velikov,
2016; Chu et al., 2020; Gongalves et al., 2025), or priced idiosyncratic risk (Merton et al.,
1987; Dello Preite et al., 2024) — also raise the maximum attainable Sharpe ratio, weaker
substitution lowers Sharpe ratios (Kozak et al., 2018a). Thus, weak substitution explains
how a factor zoo can arise without creating near arbitrage opportunities.

More generally, our results provide guidance on how to interpret observed portfolios
and evaluate positive portfolio choice models. Recent work in demand-system asset pric-
ing argues that models that impose limited or homogeneous substitution across assets
can bias own-price elasticities downward, thereby overstating the role of flows in moving
prices (Chaudhary et al., 2023; Fuchs et al., 2023, 2025; Haddad et al., 2025). In contrast,
our results lend support to such models: they may over-restrict substitution, but they do
so in a way that is broadly consistent with the data, and the resulting own-price elasticity
estimates are likely credible. In Sections 7.3.3 and 8.3.3 we show that, given our small
estimates of 1, failing to control for substitution creates only small biases in own-price
elasticity and multiplier estimates.

The rest of the paper proceeds as follows. Section 2 develops our theoretical frame-

work. Section 3 describes the data used in the paper. Section 4 empirically demonstrates



that far more factors are required to explain cross-sectional variation in expected returns
than would theoretically be required under strong substitution. Section 5 measures the
degree of substitution using the distribution of factor-level Sharpe ratios. Section 6 mea-
sures the degree of substitution from the relative magnitudes of market-level macro and
stock-level micro multipliers. Sections 7 and 8 estimate the degree of substitution from
cross-price multipliers and cross-price elasticities, respectively. Section 9 demonstrates
that Sharpe-maximizing behavior in the presence of estimation error can quantitatively

rationalize the weak degree of substitution we find. Section 10 concludes.

1.1 Related Literature

This paper relates to three strands of literature: work demonstrating that many factors
are required to explain cross-sectional variation in expected stock returns, work studying
why investors do not trade away these expected return differences, and work on demand-
system asset pricing.

First, a large literature studies cross-sectional variation in expected stock returns
(Fama and French, 1993, 2015; Hou et al., 2014; Barillas and Shanken, 2018). Recent work
argues that high-dimensional factor models explain much more cross-sectional expected
return variation than more parsimonious models (Lettau and Pelger, 2020; Gu et al., 2021;
Lopez-Lira and Roussanov, 2023; Kelly et al., 2024; Dello Preite et al., 2024; Baba Yara
et al., 2021; Bessembinder et al., 2025). Our contribution to this literature is to provide
an economic rationale for how such a “factor zoo” can emerge in equilibrium: we show
theoretically that a factor zoo arises if and only if substitution is weak.

Second, previous work studies how portfolio-choice frictions can give rise to a factor
zoo by preventing investors from trading away differences in expected returns between
stocks. One strand of this literature argues that uncertainty about expected returns can
prevent investors from trading away the expected returns earned by anomaly portfolios
(Martin and Nagel, 2019; Da et al., 2024; Gongalves et al., 2025). A separate strand

emphasizes trading frictions like short sales constraints (Jones and Lamont, 2002; Nagel,



2005; Drechsler and Drechsler, 2016; Chu et al., 2020) or trading costs (Novy-Marx and
Velikov, 2016; Patton and Weller, 2020; Frazzini et al., 2018). These are the types of
portfolio-choice frictions that the ¢, penalty in our model captures in reduced form.?
Our explanation for the factor zoo differs from these existing explanations because weak
substitution is fundamentally about risk aversion being small, not about these portfolio-
choice frictions being large. More severe frictions lower own-price elasticities and so raise
Sharpe ratios. In contrast, lower risk aversion can weaken substitution while holding fixed
own-price elasticities, thereby giving rise to a factor zoo while lowering Sharpe ratios.
Third, we contribute to the literature on demand system asset pricing. A large lit-
erature finds that own-price elasticities are small (Koijen and Yogo, 2019; Gabaix and
Koijen, 2021; Davis et al., 2025; Haddad et al., 2022; van der Beck, 2022), or equivalently
that own-price multipliers are large (Shleifer, 1986; Harris and Gurel, 1986; Chang et al.,
2014; Hartzmark and Solomon, 2022; Li, 2022; Huebner, 2023; Pavlova and Sikorskaya,
2023; Chaudhry and Li, 2025). However, in theory, failing to properly account for substi-
tution patterns across assets can bias elasticity and multiplier estimates (Haddad et al.,
2025; Chaudhary et al., 2023; Fuchs et al., 2023, 2025). Indeed, previous work shows
that properly accounting for substitution is quantitatively important in corporate bond,
Treasury, and currency markets (Chaudhary et al., 2023; Jansen et al., 2024; An and
Huber, 2024; Chaudhary et al., 2026). Our contribution to this literature is to measure
the degree of substitution in the cross section of stocks. While previous work suggests
that substitution may be far from perfect in the cross section of stocks (Wurgler and
Zhuravskaya, 2002), this paper is the first to directly measure cross-price elasticities and
cross-price multipliers for individual stocks. We find substitution across stocks is weak,
and, accordingly, demonstrate that biases in elasticity and multiplier estimates are small.
We also establish a link between the degree of substitution across assets and the number

of factors required to explain cross-sectional variation in expected returns.

2In contemporaneous work Chaudhary et al. (2026) study the implications of the tradeoff between
portfolio volatility versus portfolio-choice frictions for comovement between yields and arbitrage spreads
in fixed income markets.



2 Theoretical Framework

In this section, we present a simple model to characterize the relationship between stock-
level substitution and equilibrium expected returns. At a high level, the model features a
representative investor who has two motives for not taking large positions in high expected
return assets: she dislikes portfolio volatility due to risk-aversion, and she also faces a
direct /5 penalty on large position sizes. This penalty captures in reduced-form many
different portfolio-choice frictions. Substitution across stocks is governed by how strongly
the investor weighs portfolio volatility relative to the portfolio-choice frictions: lowering
the weight on portfolio volatility weakens substitution. We show that weaker substitution
increases the number of return factors required to explain cross-sectional expected return

variation and simultaneously lowers the maximum attainable Sharpe ratio.

2.1 Model Setup

We extend the setup from Kozak et al. (2018a).

Assets There are N stocks and two periods. Each stock n pays a risky dividend in the

second period:

D, =g, + 0, F +e,.

F € R¥*! is a vector of common, orthogonal factors with V[F| = E = diag(e;)~_,. The
factor variances are in decreasing order: ey > -+ > eg. €, is the idiosyncratic return
with Ve, = o2

The factor loadings 6,, are orthonormal: © = [0, ]V_, satisfies @@ = I € RE+IxK+1,
The first factor k = 0 is a “market” factor, so the first column of © is [1/v/N]Y_,. This
market factor does not contribute to cross-sectional variation. Since the first factor is a
market factor, orthonormality implies that all factors k& > 0 are zero-exposure long-short

portfolios: all columns k > 0 of © satisfy ¢/©j,. = 0, where ¢ is a vector of ones (as in
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Kozak et al., 2018a).

Let P, be the price of asset n. Define D = [D,]Y_, and P = [P,])_, to be the vectors
of dividends and prices across all stocks.

Each risky asset has supply of 1/N + 6’ 7 shares, where w € RET! controls the supply
of each factor.® This supply should be interpreted as the residual supply absorbed by
the representative investor: the total fixed supply less the demand from noise traders
outside the model. Higher 7, means a larger supply of that factor must be absorbed by
the representative investor.

The exogenous risk-free rate is normalized to zero.

Agents and Preferences There is a representative investor who has mean-variance

preferences over terminal wealth, but faces an ¢y penalty on the size of her positions:
/ Y A A 2
naxQE(D - P~ 1V (D]Q - S1IQIE 0

For analytical simplicity, we follow Kozak et al. (2018a) in using the mean-variance for-
mulation associated with CARA preferences over dollar wealth. The main difference
between this model and Kozak et al. (2018a) is that the latter has A = 0. Appendix A
derives the entire model starting with CRRA preferences over wealth and shows that all
of our theoretical results continue to hold.

Moreover, our theoretical results do not depend on this specific functional form for
preferences. We find similar results in a generalized model in Appendix B.4 that fea-
tures non-pecuniary preferences (representing hedging demand, sentiment, or tastes for
particular assets) and shrinkage toward an arbitrary target portfolio (e.g., a benchmark).

An /5 penalty arises in many realistic models of portfolio choice. There are at least
three broad classes of microfoundations that give rise to this behavior.

First, the classic motivation for penalizing large weights is uncertainty about expected

returns or covariances. A rational Bayesian agent will optimally shrink portfolio weights

3The supply of each factor k > 0 is © (¢ + ©m) = m; by the orthonormality of © and the fact
that /O, . = 0.
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toward a conservative benchmark, with the penalty strength governed by the degree
of posterior variance (Barry, 1974; Klein and Bawa, 1976; Frost and Savarino, 1986;
Black and Litterman, 1990; Péstor, 2000; Ledoit and Wolf, 2004; Kozak et al., 2018b).*
Moreover, since empirical estimates of expected returns and covariances involve significant
estimation error, previous work shows that this shrinkage improves out-of-sample portfolio
performance (Jorion, 1986; DeMiguel et al., 2009a,b).

Second, a penalty for large weights arises from many frictions. Inventory costs directly
penalize large positions (Amihud and Mendelson, 1980; Ho and Stoll, 1981). Benchmark-
ing (Roll, 1992; Petajisto, 2009; Pavlova and Sikorskaya, 2023) and adjustment costs
(Garleanu and Pedersen, 2013, 2016) penalize deviations from a target portfolio (either
the benchmark index or the lagged portfolio). Even short-sales constraints can be inter-
preted through shrinkage (Jagannathan and Ma, 2003).

Third, behavioral biases can also give rise to this penalty. Correlation neglect leads
investors to act as if the covariance matrix is more diagonal than in reality (Ellis and
Piccione, 2017; Enke and Zimmermann, 2019; Guo and Wachter, 2025). Narrow framing
induces investors to consider each asset as a separate mental account, leading them to
dislike large positions in any asset regardless of its covariance properties (Barberis et al.,
2006; Barberis and Huang, 2009). Lastly, naive diversification pushes investors to hold
equally sized positions across all (risky) assets (Benartzi and Thaler, 2001).

Though these mechanisms appear diverse, they share a common implication: they
all introduce “portfolio-choice frictions” that give investors an additional reason — be-
yond risk aversion — to not exploit high expected return opportunities. Crucially, these
portfolio-choice frictions are unrelated to covariances.

Moreover, our goal is not to isolate a particular microfoundation for the /¢, penalty.
Indeed, many of these mechanisms likely operate simultaneously. Rather, our goal is
to characterize how the relative strength of volatility concerns versus frictions weakens

investors’ willingness to substitute across stocks and shapes equilibrium expected returns.

4This penalty can also arise from non-Bayesian uncertainty, such as from ambiguity aversion (Maen-
hout, 2004; Garlappi et al., 2007).
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2.2 Optimal Portfolio Choice & Elasticities

We now define the own- and cross-price elasticities of demand and develop the intuition for
how they shape the cross section of expected returns, which the next section formalizes.

The investor’s optimal portfolio choice is given by:
Q = [YOE®' + (A ++0*)1] 'E[D - PJ. 2)

By the Woodbury matrix identity, the investor’s own-price and cross-price elasticities

for all stocks are given by the following elasticity matrix:

= [YOE®' + (A +70?) 1]

1 -1
- I+ @[El LI} Q. (3)

- +
A+ vyo? ()\—1—702)2 A+ ~vyo?

We follow Haddad et al. (2025) and label the derivative of the level of holdings with
respect to the level of prices as the elasticity matrix, since these are the natural units to
measure price sensitivity in our setting. In Appendix A we derive the full model starting
from CRRA preferences and define elasticities with log-quantity and log-price units (the
natural units in that setting): the key expressions that we map to the data are unchanged.

The “micro” (Gabaix and Koijen, 2021) or “relative” (Haddad et al., 2025) own-price

elasticity is®

1
Oun — __ ~ 4
¢ A+ vyo? (4)

The micro elasticity captures how aggressively the investor exploits a purely idiosyncratic

expected return deviation. Consider two stocks m and m that have the same factor

5For analytical simplicity, the main model uses share quantities and dollar expected returns, while
the empirics use log shares and log prices. Appendix A derives the log-share elasticities from a standard
CRRA problem. Their cross-to-micro ratio converges to (6) as N becomes large. The appendix also
allows for a common dynamic price pass-through (i.e., a 1% change in price does not necessarily create a
1% change in the one-period expected return): it changes the levels of the elasticities but not their ratio.
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loadings but different expected returns.® Intuitively, the investor would want to long the
high expected return stock and short the low expected return stock. The cost (i.e., the

per-unit compensation the investor requires) to do this idiosyncratic trade is

Cidio = ~g? 4 A , (5)

~—~ ~~
Risk Cost Friction Cost

which reflects two components.” First, the risk cost vo? compensates the investor for the
additional portfolio volatility this trade creates, which arises purely from idiosyncratic
volatility since the stocks’ common movements cancel out because they have the same
factor loadings. Second, the friction cost A compensates the investor for the larger posi-
tions she will hold as a result of this trade. The micro elasticity is the inverse of this cost:
higher C*¥° makes the investor less willing to take larger idiosyncratic positions and so

renders demand more inelastic.

The cross-price elasticities g:fjgs = % are the off-diagonal elements in (3):
Cross K ~
n,m wek
- = en em Pu———— 6
gown kZ:O IR e (©)
2
Yo
= . 7
v A+ o2 (7)

¢r = ey/0? are the factor variances scaled by idiosyncratic variance. Cross price elastic-
ities reflect how aggressively the investor reallocates from stock n to stock m when the
expected return on stock m changes.

Which stocks the investor substitutes between is determined by the stocks’ factor
loadings. Two stocks have a larger cross-price elasticity (i.e., are more substitutable) if

they have similar factor loadings (i.e., 6, and 6, have the same sign), especially for

SFormally, the micro elasticity measures the change in quantity demanded for stock n relative to
another stock with the same factor loadings m due to a relative price change: (O%" = —M.

"Consider stocks n and m with identical factor loadings and let the investor trade ¢ shares in each
leg: long g shares of stock n, short ¢ shares of stock m. From (1), this position costs her C(q) =
(702 + )\) q%> = cq?, since the common movements cancel and only the idiosyncratic risk and the size of
the two positions are penalized. The first-order condition Ay = C’(q) = 2 - ¢ - g states that the investor
requires compensation of ¢ per gross unit of the trade (i.e., trading ¢ shares in each leg involves gross
exposure of 2¢ shares).

n
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the high-variance factors. Intuitively, if the price of stock m goes up, the investor will
want to substitute to “similar” stocks — those that comove strongly with stock m.

The overall degree of substitution is controlled by the parameter ¢ in (7). For any
pair of stocks, smaller ¢ indicates smaller cross-price (relative to micro) elasticities and
weaker substitution. 1 captures how strongly the investor weighs portfolio volatility
relative to portfolio-choice frictions. It is a unitless number between 0 and 1 that reflects
the proportion of the idiosyncratic position cost C*¥* that comes from the risk cost yo?.

Intuitively, large v indicates that the investor places significant weight on minimizing
portfolio volatility. In this case, the investor will fund purchases of stock n using funds
from stocks that comove strongly with n, since doing so minimizes volatility. This is the
strong substitution case. We define the classical benchmark as 1) = 1, which arises when
vo? /X — oo (e.g., as in standard mean-variance preferences where A = 0).

In contrast, small ¢ indicates that the investor places more weight on frictions. In this
case, the investor will fund purchases of stock n using funds from many other stocks (and
the risk-free asset) in order to avoid taking extreme (short) positions in any particular
stock. This is the weak substitution case.

Thus, the main comparative static we study is: what happens if, ceteris paribus,
substitution is weaker? That is, what happens if we hold fixed the total idiosyncratic
position cost (Ci%° = ~vo% + )), reallocate its composition from risk (yo?) to frictions
(A), and so move from the classical benchmark (¢» = 1) toward the weak substitution
regime (¢» — 0)7 This comparative static isolates the impact of substitution: it changes
how the investor funds her trades — from close comovers versus from many stocks —
without changing how aggressively she exploits expected return deviations overall. In
other words, this comparative static holds the micro elasticity fixed and shrinks the

cross-price elasticities.®

8In terms of the model’s primitives, this comparative static lowers v while adjusting A to maintain

the fixed total idiosyncratic position cost: A = C?4%° — yo2.
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2.3 Equilibrium Expected Returns

As shown in Appendix B.1.1, market clearing

1
Q:NL—F@T&'

yields the following equilibrium expected returns as the number of assets N grows large:

ED| - P = <01wn O [m (Ve + DX, . (3)

Consider simulating this economy many times and drawing a new factor supply vector
7 each time, where each element 7 is i.i.d. both within and across draws. Appendix
B.1.2 proves that, across many realizations, the proportion of cross-sectional expected

return variance explained by (exposures to) the k-th factor (for £ > 0) is on average

(Vér +1)°
Zngl (1/153' + 1)2'

Tk = (9)

Note that f; increases with the scaled factor variance é,. Thus, the factors with
higher variances — those that explain more comovement across stocks — explain more
of the cross-sectional variation in expected returns, as in Kozak et al. (2018a).

However, the relative importance of the high-variance factors decreases as substitution

weakens. If substitution is strong — so v approaches 1 — we have:

wﬁl\ (1 + ék>2

S T

(10)

In this case, the higher variance factors explain a greater proportion of expected return
variation. Intuitively, since the higher variance factors create more comovement across
stocks, they contribute more to portfolio volatility, and so the investor demands more
compensation for exposure to these factors. This situation arises when the risk cost is

large relative to the friction cost and so the investor cares a lot about portfolio volatility
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(and so about covariances) .

By contrast, if substitution is weak () — 0), we have:

P—0 1

In this case, all factors explain the same proportion of expected return variation, regard-
less of their variances. Intuitively, shutting down substitution leads the investor to not
demand compensation for comovement across stocks. Instead, the investor just demands
compensation for holding large quantities of a given factor (since A > 0). This situation
arises when the risk cost is small relative to the friction cost and so the investor places
little emphasis on portfolio volatility (and so on covariances).

Thus, as substitution weakens, so does the link between equilibrium expected returns
and covariances. Weak substitution spreads out expected return variation across many
factors, including those that explain little comovement across realized returns. There-
fore, a factor zoo in expected stock returns arises if and only if substitution is weak, as

formalized in the following proposition (proven in Appendix B.1.3).

Proposition 1 (A Factor Zoo If and Only If Substitution is Weak). Let the factor
variances be in decreasing order (eq > --- > ex). The average proportion of cross-
sectional expected return variation explained by the first J factors (after the market factor)
Zgzl fr is increasing in 1. Equivalently, the number of factors required to explain a given

proportion of expected return variation increases as i decreases.

Crucially, weak substitution does not create near arbitrage opportunities (i.e., very

high Sharpe ratios), as established in the next proposition (proven in Appendix B.2).

Proposition 2 (Weaker Substitution Lowers Sharpe Ratios). The mazimum attainable

squared Sharpe ratio in this economy is

1+¢6k
€k+

K
Mazx Sharpe Ratio® = (C* QZ’/T (11)
k=0
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which decreases as 1 decreases and substitution weakens (as 1 decreases while holding the

idiosyncratic position cost C'° fized).

Intuitively, lowering v» while holding the idiosyncratic position cost Ci%° fixed reallo-
cates the cost from risk to frictions. As a result, the investor demands less compensation
for bearing non-diversifiable risk, which lowers expected returns for all factors (as can be
seen in (8)). Thus, the maximum attainable Sharpe ratio decreases.

Figure 1 graphically illustrates both propositions. The vertical axis measures the risk
cost yo? while the horizontal axis measures the friction cost A. The dashed blue “iso-
cost” curve displays all combinations of risk and friction costs that yield the same total
idiosyncratic position cost C*¥°, and so the same micro own-price elasticity. The classical
benchmark is the point where the blue line intersects the vertical axis (i.e., where A = 0).

The solid red line is an “iso-substitution” curve: it displays all risk and friction cost
combinations that yield the same degree of substitution ¢. Moving down along the iso-
cost curve replaces the risk cost with the friction cost, and so lowers ¢ and weakens
substitution. Thus, per Proposition 1, moving down along the iso-cost curve raises the
number of factors required to explain cross-sectional expected return variation.

The solid green line is an “iso-max Sharpe” curve: it displays all risk and friction
cost combinations that yield the same maximum attainable Sharpe ratio. Moving down
along the iso-cost curve replaces the risk cost with the friction cost, which reduces how
much the investor cares about minimizing volatility, and so lowers compensation required
to bear non-diversifiable risk. Thus, per Proposition 2, moving down along the iso-cost
curve lowers the maximum attainable Sharpe ratio.

These two solid lines create four quadrants that represent whether or not a factor zoo
exists and whether or not the maximum attainable Sharpe ratio is unrealistically high.
The green shaded area indicates the region where a factor zoo with moderate Sharpe
ratios arises. Crucially, these two phenomena coexist if and only if substitution is weak.
Classical models without frictions in which comovement alone shapes the cross section of

expected returns cannot rationalize a factor zoo with moderate Sharpe ratios.
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Figure 1: The blue iso-cost curve holds fixed total idiosyncratic position cost C'%° = \ 4+ yo2,
and thus the micro own-price elasticity. The red iso-substitution curve holds fixed the degree
of substitution ¥. The green iso-max Sharpe curve holds fixed the maximum attainable Sharpe
ratio. Moving down and to the right along a blue curve replaces the risk cost with the friction
cost. As a result, substitution weakens, expected returns spread across more factors, and the
maximum attainable Sharpe ratio falls. The green shaded area indicates the region where a

factor zoo with moderate Sharpe ratios arises.

19



2.4 Comparison to Other Explanations for the Factor Zoo

We do not necessarily rule out all other potential explanations for the factor zoo. Never-
theless, we make two observations. First, our explanation does not require unobservable
“dark matter” like hedging demand for non-tradable risks (Merton, 1973; Chen et al.,
2019). Second, whereas many other channels that give rise to a factor zoo — like hedging
demand, sentiment (Kozak et al., 2018a), or priced idiosyncratic risk (Merton et al., 1987;
Dello Preite et al., 2024) — also raise the maximum attainable Sharpe ratio, weaker sub-
stitution lowers the maximum attainable Sharpe ratio (Kozak et al., 2018a). Intuitively,
these channels create stock-specific demands unrelated to covariances. These are isomor-
phic to large stock-specific supply shocks that create large expected returns unrelated to
exposures to tradable risk factors. As a result, investors can earn high Sharpe ratios in
the space of tradable assets. The generalized model featuring non-pecuniary preferences
in Appendix B.4 formalizes this argument in Proposition 3.

Similarly, other explanations generate a factor zoo by adding limits to arbitrage that
prevent investors from exploiting high Sharpe ratio opportunities (Novy-Marx and Ve-
likov, 2016; Chu et al., 2020; Gongalves et al., 2025). As these limits grow stronger, the
expected returns on weak factors grow larger, thereby allowing weak factors to contribute
more to cross-sectional expected return variation. However, in doing so, these limits to
arbitrage also raise the maximum attainable Sharpe ratio and can create near arbitrage
opportunities. This situation corresponds to starting at the “Classical Models” point in
Figure 1 and moving directly right by increasing .

In contrast to all these other explanations, weak substitution lowers expected returns
on all factors, especially those that contribute most to comovement. In doing so, weak
substitution simultaneously generates a factor zoo while keeping Sharpe ratios moderate.

This situation corresponds to moving down along the iso-cost curve in Figure 1.
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3 Data and Factor Structure in Returns

We use three sets of data in this paper: stock characteristics and returns, plausibly
exogenous demand shocks, and institutional holdings data. Table 1 displays the summary

statistics for the key variables.

Percentiles
Obs Mean StDev 1% 5%  25% 50% 7%  95%  99%
(1) (2) (3) (4) By (6 (M) @ (9 (10

Quarterly Return (%) 479,317 4.63  25.21 -51.54 -31.33 -8.59 298 1520 44.19 87.31
OFT (%) 330,138 025 3.87 -10.71 -4.8 -1.10 0.03 1.38 597 13.50
FIT (%) 470,178 0.06 056 -1.33 -0.69 -0.14 0.00 0.19 097 2.01
ABMI (%) 25,461 0.08 0.66 -1.84 -0.79 -0.15 0.01 0.24 122 235
Shares Held (Rescaled, Basis Points) 59,174,552 65.70 459 0.00 0.03 049 3.30 19.02 190 848
Log Market Equity 59,174,552 8.50 1.93 4.47 552 7.08 839 9.87 11.88 12.73
Koijen-Yogo (2019) Instrument 59,174,552  8.01  1.26 428 565 733 819 894 9.69 10.08

Table 1: Summary statistics

This table reports summary statistics. Column (1) reports the total number of stock-quarter observations
for the quarterly return and the OFI, FIT, and ABMI demand shocks, and the total number of institution-
stock-quarter observations for the Shares Held (which has been rescaled such that each stock has one
share outstanding), log market equity, and the Koijen and Yogo (2019) market equity instrument. As
described in the paper, we have rescaled ABMI so it is expressed as a fraction of total shares outstanding.
The sample for the three demand shocks spans 1998 to 2018 for ABMI, and 1993 to 2022 for FIT and
OFI. The BMI sample is limited by the period for which we observe Russell index constituents. The
OFI sample is limited by the availability of the signed OFI measure from WRDS. We constrain the FIT
sample to match that of OFI. The sample for the holdings data spans 1980 to 2021, with the start date
limited by the availability of the 13F data from Refinitiv.

3.1 Stock Characteristics and Returns

We use the CRSP daily returns data from the Center for Research in Security Prices
(CRSP) from 1980 onward. We retain firms with at least one year of data and drop the
bottom decile of market capitalization each month.

To estimate the factor model in returns, we use 120 monthly stock characteristics
built from the Jensen-Kelly-Pedersen global factor data (Jensen et al., 2023). Appendix
C lists all 120 variables. We only use characteristics that are not functions of stock prices.

All characteristics are lagged as in Kelly et al. (2019). We follow Kelly et al. (2019) and
Kozak et al. (2020) by normalizing characteristics each month into percentiles in [0, 1]
and subtracting 0.5. This transformation ensures characteristics are on a comparable,

centered scale with bounded influence.
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3.2 Estimating Factor Structure in Realized Returns

We estimate a nonlinear factor model in daily returns using Kelly et al. (2019) instru-
mented principal components analysis (IPCA) on nonlinear transformations of the 120
monthly stock characteristics described in Section 3.1.

Following Kelly et al. (2024), we map characteristics into a high-dimensional Ran-
dom Fourier Features basis. This kind of high-dimensional nonlinear specification is
natural here because, when expected returns are dispersed across many weak directions,
simple low-dimensional predictor sets can miss economically important return-predictive
structure that richer machine-learning specifications can recover (Kelly et al., 2024). In
particular, we use M = 3,000 features, which is slightly less than the number of stocks
in the month with the fewest stocks. We orthonormalize the features using a standard
right-whitening to form our final set of stock characteristics.

We then do IPCA with these characteristics, which has a convenient closed-form
solution due to the orthonormalization. The first factor is the market factor that we
constrain all stocks in each cross-section to have the same loading on. We use K = 200
cross-sectional factors after this, giving us 201 factors in total. We use a large number
of factors K to allow for the possibility that weak factors explain much expected return
variation. Using a five-factor model, for example, with just a few characteristics would
force a strong factor model to hold. The factor betas, written as an M x (K +1) matrix By,
are naturally orthonormal. Appendix D gives the details of the feature map, whitening
step, and the construction of factor returns and variances.

Since the estimated factors are not necessarily orthogonal, to map more closely to
the model in Section 2, we eigendecompose the systematic covariance matrix B;YXpB;,
where Y is the covariance matrix of estimated factor returns and B; is the matrix of
factor loadings. In particular, we can write B;XpB; = 0,0}, where O, represents the
month-specific orthonormal loadings and F; is a diagonal matrix with factor variances
e+ in descending order.

Given this estimated factor model, we find the average monthly per-stock idiosyncratic
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variance is about 0.0078, which we round to 0.01 for simplicity.

3.3 Plausibly Exogenous Demand Shocks

We use three plausibly uninformed demand shocks from previous work to measure own-
and cross-price multipliers in Section 7. Here, we briefly explain the construction and

logic for these shocks; we refer the reader to the original papers for further details.

Benchmarking Intensity (BMI). Our first demand shock is exogenous changes in
benchmarking intensity around Russell index reconstitutions from Pavlova and Sikorskaya
(2023). Russell index reconstitution occurs each June and is a mechanical function of
market capitalization. Each May, Russell ranks eligible stocks by market capitalization.
Stocks above a specified rank cutoff join the Russell 1000, while those below join the
Russell 2000.° The Russell 2000 has historically attracted more benchmarked institutional
capital than the Russell 1000. Hence, a stock that starts in the Russell 1000 but falls
below the cutoff in May moves to Russell 2000 and experiences inflows of benchmarked
capital in June. Conversely, stocks that move from the Russell 2000 to 1000 experience
outflows. Conditional on the market cap as of the May ranking date, Russell index
membership in June is exogenous to June cash-flow news, and so these reconstitution-
driven flows are uninformed demand shocks (Chang et al. (2014); Crane et al. (2016);
Glossner (2019)).

Moreover, stocks can move across multiple Russell indices simultaneously. Every stock
in the Russell 2000 Blend index is also in the Russell 2000 Value or Growth indices, which
have different levels of benchmarked capital. Every stock in the Russell 1000 Blend index
is also in the Russell 1000 Value or Growth indices, and some — those with market cap
rank below 200 — are in the Russell Midcap Blend, Value, and Growth indices. Thus, a

stock moving from the Russell 1000 Value to the 2000 Value experiences different inflows

9More specifically, prior to 2007 the rank cutoff was the 1,000th stock. To reduce turnover, since
2007 Russell has used a “banding policy” under which there are two separate cutoffs for stocks starting
in the Russell 1000 and 2000 pre-reconstitution, both of which are still mechanical functions of the firm
size distribution. Thus, there is a “band” of market caps including stocks from the Russell 1000 and
2000. Appendix E.1 explains the Russell methodology we use to calculate these cutoffs.
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of benchmarked capital than a stock moving from the 1000 Growth to the 2000 Growth.
The Pavlova and Sikorskaya (2023) benchmarking intensity (BMI) measure captures

this heterogeneity in Russell index reconstitution-induced demand shocks:

Institutional AUM Benchmarked to Index j in Month ¢
X Weight of Stock n in Index j in Month ¢
BMIL = Y : J

Stock n Market Value in Month ¢

Index j

BMI depends on which indices stock n is part of and on the proportion of n’s market
value that is held by benchmarked investors. BMI is calculated from thirty-four indices,
including the nine Russell indices, that cover 90% of mutual fund and ETF assets under
management.'°

We focus on exogenous changes in BMI due to the Russell index reconstitution each
June. Specifically, we consider June BMI changes, denoted ABMI, for stocks in a narrow
window around Russell 1000/2000 reconstitution thresholds (500 stocks on both sides of
the threshold). The change ABMI for stocks in this window is driven by Russell index
membership changes, which are exogenous to June cash flow news conditional on the May
rank-date market cap.

We use the BMI and Russell index constituent data provided by Pavlova and Siko-
rskaya (2023). All of our specifications include the stock-level controls used by Pavlova
and Sikorskaya (2023): May rank-date log market cap, one-year monthly average bid-ask
percentage spread, and the banding controls from Appel et al. (2019).'" Whereas Pavlova
and Sikorskaya (2023) use the proprietary Russell market cap, we calculate market cap

from standard databases using the method of Ben-David et al. (2019).'

10Since ABMI measures the Russell index reconstitution-induced change in demand for a stock by only
benchmarked mutual funds and ETFs — not the total change in demand by all institutional investors
— we scale it to have the same units as OFI and FIT. Pavlova and Sikorskaya (2023) find that a 1%
reconstitution-induced BMI increase raises total institutional ownership by 0.2%, so we multiply the raw
ABMI by 0.2. See Column 3 of Table 3 in Pavlova and Sikorskaya (2023) for justification for this scaling.

"The banding controls include an indicator for rank-date market cap in the “band” with stocks
from the Russell 1000 and 2000, an indicator for being in the 2000 in May, and the interaction of these
indicators.

12Gince Russell ranks stocks using a proprietary market cap that we lack access to, we use the method
of Ben-David et al. (2019) to approximate this market cap using standard databases. Doing so accu-
rately predicts assignment to the Russell indices. We use May, not June, market caps to calculate the
reconstitution thresholds to avoid selection bias (e.g., Chang et al., 2014; Appel et al., 2021; Wei and
Young, 2021).
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Flow-Induced Trading (FIT). Our second demand shock is flow-induced trading
(FIT) from Lou (2012), which captures the predicted, mechanical stock-level trading of
mutual funds and ETFs in response to flows.

Funds tend to scale their pre-existing holdings in a non-discretionary fashion in re-
sponse to flows (Coval and Stafford, 2007; Lou, 2012). For example, if Apple’s weight
is 5% in a fund’s portfolio, a $1 inflow (outflow) induces the fund to allocate about five
more (fewer) cents to Apple. This predicted mechanical component of the cross-sectional
trading induced by flows is uninformed.

To construct FIT, we first calculate the quarterly percentage flow to fund i as

f» . TNALt — TNAi,tfl : (1 + Reti,t)
o TNA; -1

where TNA,;,; and Ret,, are fund i’s end-of-quarter-¢ total net assets and return from
end of quarter ¢t — 1 to ¢, respectively.

The predicted non-discretionary trading by fund ¢ in stock n due to this flow is
proportional to (Shares Held; ,,;—1) - fi ;. Following Chaudhry and Li (2025), we allow for
heterogeneous flow-to-trade relationships, by estimating a scaling factor b(w; -1, fit)
that is allowed to flexibly vary with realized fund flow f;; and pre-existing portfolio
13

weight w; 1.

Aggregating across all funds and dividing by shares outstanding yields:

Shares Held; ,, ;1
Shares Outstanding,, ; ;

FIT,e = Y b(wini-1, fir) - fit, (12)

fund i

~~
Esi,n,tfl

where 5; ,, ;-1 is the proportion of stock n’s shares owned by mutual fund 7 in quarter
t—1.
Previous work argues that FIT is unrelated to cash flow news because a large fraction

of flows are driven by unsophisticated retail investors who do not respond to cash flow

13Empirical estimates of this scaling factor are approximately one and vary little across funds. We
refer the reader to Appendix A.2. in Chaudhry and Li (2025) for further details.
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news (Lou, 2012; Li and Lin, 2022; Huang et al., 2024). Moreover, previous work also
shows that the price impact of FIT reverts over time, which suggests these shocks are

unrelated to cash flow news.

Order flow imbalance (OFI). Our third demand shock is signed order flow imbalance
(OFI) from Li and Lin (2025). We classify all stock-level trades as buyer- or seller-initiated
using the Lee and Ready (1991) algorithm. Specifically, we download daily Lee-Ready
signed OFT data from WRDS intraday indicators, aggregate to quarterly frequencies, and
then normalize by lagged shares outstanding.

OFT only captures all aggressively executed trades; slowly and passively executed
trades by sophisticated institutional investors are not captured. While OFI has been
used extensively in the microstructure literature to study price impact at daily or higher
frequencies, recent work also uses OFI to measure price multipliers at monthly or lower
frequencies (Li and Lin, 2025; Chaudhry and Li, 2025). Li and Lin (2025) conduct
extensive tests and do not find evidence that OFT is related to various measures of cash-
flow news. However, they acknowledge that one cannot be fully certain that OFI is

unrelated to cash flow news.

3.4 Institutional Holdings Data

The own- and cross-price elasticity estimation in Section 8 uses institutional holdings
data from the SEC Form 13F provided by Refinitiv through WRDS. The SEC requires
all institutional investors with at least $100 million in assets under management (AUM)
to report stock-level long positions each quarter. Following Koijen and Yogo (2019), we
construct a residual “household” sector that comprises direct holdings by households and

those by non-13F institutions (i.e., institutions with less than $100 million AUM).
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4 Evidence from Returns: Many Factors are Re-
quired to Explain Expected Returns

In this section, we measure the degree of substitution v by measuring the proportion of
cross-sectional expected return variation explained by different sets of return factors.
From (9) in Section 2, the proportion of expected return variation explained by the

first J factors (after the market factor) is:

i (Ve 1)2.
Zf:l (wék + 1)2

Ry(J) = f (13)

We can measure this proportion using cross-sectional predictive regressions of returns
on factor loadings. Realized returns are expected returns plus unforecastable noise: D,, —
P, = E[D,] — P, + v,, where v, ~ N(0,02) is i.i.d. Thus, the R? from a cross-sectional

regression of returns on factor loadings for the first J factors

J
k=1

is

RQ (J) _ Zgzl (@Dék + 1)2

= 15
S w17 4o =

on average across many realizations of factor supply 7 (as proven in Appendix B.3).

Note that R} (.J) is biased downward from R} (J) due to the variance of unexpected

reg

returns o2. However, since this bias is also present in the R? from the predictive regression

with all K factors, we can cancel it out and recover Ri(J ) using the ratio
R?lata(‘]> = = = Rzzb(‘]) (16)

This normalization in the denominator of (16) provides a simple and powerful way to
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measure explained variation in expected returns using realized returns, despite the pres-
ence of unforecastable noise. Comparing R,(J) with a high 1 value to R, (J) thus
provides a clean way to assess the degree to which weak factors govern expected returns

(i.e., the extent to which there is a factor zoo).

2

>.q(J) as the average R* from monthly cross-

Empirically, we estimate the empirical R

sectional predictive regressions of returns on the first J factor loadings 0,%):

_ (J)
Tnir1 = Bl + eny.

We show that VJ < K, R2, (J) < R, (J). Thus, far more factors are required
to explain cross-sectional expected return variation than would be required under the
classical benchmark of ¢» = 1. We find that Rj,,,(J) = R}, (J) for only small values of ¢.
To address the concern that R3,,,(J) is inflated by overfitting, we re-estimate the factor

model out-of-sample in Section 4.2 and show that the results are similar.

4.1 Empirical Results

Figure 2 displays the results. The data-based regression curve R3,, (/) lies far below
the benchmark R%,,(J) curve. Under the classical benchmark of ¢ = 1, the first factor
would explain about 54% of cross-sectional expected-return variation, the first 9 factors
about 75%, the first 50 factors about 87%, and the first 100 factors about 94%. This
concentration arises because the first few factors explain far more comovement (i.e., have
far larger factor variances) than the remaining factors. In contrast, empirically the first
factor accounts for only 6.7%, the first 10 factors for 16.1%, the first 50 factors for 35.2%,
and even the first 100 factors for only 58.1% of expected return variation. Thus, many
factors are needed to explain the cross section of expected returns.

The figure also compares the R% , (J) curve to the model-implied curve obtained by
choosing 1) to best match the shape of the empirical R? path. The best-fitting value is
approximately 1) = 0.011, with a quarter-block bootstrap standard error of 0.0025. This

estimate is two orders of magnitude smaller than the classical benchmark ¢ = 1, and
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Figure 2: The black data curve is the normalized cross-sectional R? from regressing next
month’s average excess stock returns on the first J orthonormal loading directions, averaged
across months. The shaded region is a 95% confidence band based on 100 quarter-block boot-
strap replications. The orange benchmark curve is Ri evaluated at the classical benchmark of

1p = 1. The blue curve is the Ri curve for the best-fitting value of ¢ = 0.011.

the implied curve closely tracks the R2,, (J) curve. The shaded region reports a 95%
confidence band based on the same 100 bootstrap replications.

Figure 3 displays the relationship implied by the model in Section 2 between the
number of factors required to explain cross-sectional expected return variation and the
degree of substitution . Under the classical benchmark of ¢» = 1, only 9 factors would
be required to explain 75% of expected return variation. In contrast, empirically we find
that 139 factors are required to explain 75% of expected return variation, as displayed in
Figure 2.

Thus, empirically, far more factors are required to explain cross-sectional expected

return variation than suggested by classical models with strong substitution.

4.2 Robustness

To demonstrate the robustness of the results in Figure 2, we estimate the factor structure
in realized returns in several alternate ways. Across these alternate specifications, we

continue to find that far more factors are required to explain cross-sectional expected
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Figure 3: This figure in Panel A plots the model-implied number of factors required to
explain 75% of expected return variation as a function of the degree of substitution 1.
The overlaid points correspond to ¥ values and required numbers of factors estimated
across the different empirical strategies, as detailed in the table in Panel B.
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return variation than in classical models with strong substitution.

Out-of-Sample Estimation Because the factor model is estimated from returns, an
in-sample regression may overfit. To address this concern, we also estimate the factor
model on the pre-2000 sample and then run the return-prediction regressions out-of-
sample from 2000-2023. Appendix F.1 Figure F.1 shows that the normalized out-of-
sample data curve remains far below the strong-substitution benchmark at ¢» = 1, and
the best-fitting ¢ remains small. In summary, the result that the factor structure of
equilibrium expected returns is consistent with weak substitution is not an artifact of

in-sample overfitting.

Daily RFF Appendix F.2 Figure F.2 repeats the expected-return spanning exercise
using the daily returns. The same qualitative pattern appears: the daily data curve lies

far below the ¥ = 1 benchmark, and the best-fitting value of ¢ remains small.

Standard PCA To address the concern that the IPCA construction with RFF char-
acteristics imposes too much structure on the factor loadings, Appendix F Figure F.3
repeats the analysis using standard PCA (specifically, we use the deflated heteroskedas-
tic PCA method of Zhou and Chen (2025)). The same qualitative pattern appears: the
daily data curve lies far below the vy = 1 benchmark, and the best-fitting value of

remains small.

5 Measuring Substitution Using Sharpe Ratios

In this section we measure the degree of substitution v using the distribution of factor-
level Sharpe ratios. We then argue that strong substitution would generate unrealistically
high Sharpe ratios.

As proven in Appendix G, the annualized squared Sharpe ratio of factor k is:

(14 1péy)?

SRy = Car(¥),  au(¥) = 0t o0

C = 12E[r}] (QO%)Q (17)
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The common scale C' moves all Sharpe ratios together. ¥ determines how quickly Sharpe
ratios rise with factor variance.!* The relative magnitudes of Sharpe ratios across factors
identify ¢. Intuitively, stronger substitution means investors care more about minimizing
portfolio volatility, and so require greater compensation for bearing non-diversifiable risk.
As a result, higher ¢ implies that factor Sharpe ratios rise faster as factor variances rise.

Thus, we estimate ¢ using a nonlinear regression of relative squared factor Sharpe

ratios on factor variances:

K 9 2

Given 1, we can then identify C' using the maximum-attainable Sharpe ratio. From (11)

in Proposition 2,

Max Annualized Sharpe Ratio®

C = —
ZkK:o gk(qu))

(18)

Appendix G provides estimation details.

To calculate Sharpe ratios empirically, we use the same calendar split as in the out-
of-sample expected-return exercise in Section 4.2: we estimate the factor model through
1999 and evaluate factor-level moments out-of-sample from 2000-2023. We also estimate
the max-Sharpe (i.e., mean-variance-optimal) portfolio across the 201 factors using the
pre-2000 sample and hold its weights fixed thereafter. This portfolio’s out-of-sample
annualized Sharpe ratio is 1.812. The standard error from 1,000 calendar-quarter block
bootstrap samples of the post-2000 period is 0.197.

Through this estimation procedure, we find that substitution is weak. We find
¢ = 0.02484 (standard error 0.00702) and C' = 0.001361 (standard error 0.000429),
as displayed in Appendix Table G.1. This v estimate is two orders of magnitude smaller
than the classical benchmark ¢ = 1. Figure 3 shows that this ¢ estimate implies that

122 factors are required to explain 75% of expected-return variation. This is close to the

4The factor of 12 annualizes the squared Sharpe ratio; the factor (ej) and idiosyncratic (2) variances
remain in monthly units.
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139 factors we find are empirically required to explain 75% of expected return variation,
and far more than the 9 factors required under the classical benchmark of ¢ = 1.

We emphasize that this procedure provides an independent estimate of 1) separate
from that in Section 4.1, since each exercise uses different empirical moments. Section
4 uses cumulative R%s from cross-sectional return prediction regressions. In contrast,
here we use factor-level Sharpe ratios, and so incorporate data on factor variances. This
variance adjustment is the critical difference.

Moreover, the C estimate implies that strong substitution would generate unrealisti-
cally high Sharpe ratios. We hold C fixed and calculate the counterfactual model-implied
maximum Sharpe ratio that would arise under different 1) values. This exercise corre-
sponds to moving up the blue iso-cost curve in Figure 1. Following (18), the fixed-C

counterfactual maximum Sharpe ratio is

(19)

Moving toward higher 1 along an iso-cost curve shifts a fixed total idiosyncratic position
cost from frictions to risk. As a result, investors care more about minimizing portfolio
volatility, and so demand more compensation for bearing non-diversifiable risk. Thus,
the maximum annualized Sharpe ratio increases, reaching an unrealistically high 26.63
(standard error 3.92) at the classical benchmark of ¢ = 1, as shown in Figure 4.

This result gives quantitative content to Figure 1. Weak substitution creates a factor
zoo not by raising expected returns on weak factors, but by reducing the equilibrium
compensation for non-diversifiable risk and compressing the spread in expected returns
across factors. Stock-level expected returns, therefore, spread across many factors while

attainable Sharpe ratios remain moderate.
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Figure 4: Maximum Sharpe ratios along the fixed-cost counterfactual. The point combines
1 = 0.02484, estimated from the relative pattern of factor-level Sharpe ratios, with the 1.812
annualized out-of-sample Sharpe ratio of the mean-variance optimal portfolio whose weights are
estimated over 1980-1999 and held fixed over 2000-2023. The curve holds C and the post-2000
factor eigenvalues fixed as 1) varies.

6 Measuring Substitution Using Micro- and Macro-
Multipliers

In this section we measure the degree of substitution 1 using the relative magnitudes of
stock-level and market-level price multipliers.

The economics are familiar from the distinction between demand for a brand and
demand for a product category. Suppose the quantity of Cheerios available to consumers
falls by one percent. Its price rises, but consumers substitute toward other cereals, lim-
iting the price response. This substitution also creates cross-price effects: a shortage
of Corn Flakes redirects some consumers toward Cheerios and therefore raises the price
of Cheerios. If the quantity of every cereal falls simultaneously, the price of Cheerios
reflects both its own shortage and the cross-price effects created by shortages of every
other cereal. Thus, saying that consumers cannot absorb a category-wide shortage by
substituting across brands is equivalent to saying that the cross-price effects accumulate
under a category-wide shock. This is why demand for an individual brand is more elastic

than demand for the category as a whole.
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The same logic applies to stocks. A micro multiplier measures the price response to
buying one percent of a single stock. A macro multiplier measures the market response
to buying one percent of every stock. The macro response combines each stock’s own-
price response with the cross-price effects generated by purchases of all other stocks. The
difference between the micro and macro multipliers therefore measures the strength of
substitution across stocks.

A simple example shows why these spillovers matter. Suppose the own-price multi-
plier is mqen and, for illustration, every pair of distinct stocks has the same cross-price
multiplier me.oss. With N stocks, an equal purchase of every stock produces the macro

multiplier

M™2 = mgen + (N — 1)Mcross- (20)

Thus, even a small pairwise spillover can become large after it is summed across thousands
of stocks. If N = 2,000, mown = 1, and Meposs = 0.1, then the macro multiplier is about
201, meaning a purchase of one percent of the market portfolio generates a price response
of about 201 percent. Conversely, a macro multiplier of 5 and a micro multiplier of 2
imply an average cross-price multiplier of only (5 — 2)/(2,000 — 1) ~ 0.0015. Moderate
macro multipliers are therefore compatible with observed micro multipliers only when
pairwise cross-price multipliers are very small.

The model in Section 2 allows these effects to vary across pairs of stocks according
to their factor exposures. Nevertheless, the general mapping is nearly as simple as (20).

Let M™<° = X\ + v02 denote the micro multiplier. The model implies

macro

Mmicro

where k), measures the systematic-risk exposure of a marketwide demand shock, normal-
ized by idiosyncratic variance. We estimate s, = 1044.45 from the factor loadings and

normalized factor variances in Section 3.2; Appendix H.1 gives the exact construction
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and shows how (21) follows from the model.

Equation (21) allows multiplier evidence to discipline the mechanism behind our ex-
planation of the factor zoo. A larger ¢ means stronger substitution and therefore larger
cross-price multipliers. Because a marketwide purchase activates the cross-price effects
associated with purchases of all stocks, these effects accumulate into a large macro mul-
tiplier. Conversely, the relatively modest macro multipliers observed in the data can be
reconciled with sizable stock-level micro multipliers only if cross-price effects, and hence
1, are small.

We discipline 1) using existing multiplier estimates. Stock-level studies generally find
micro multipliers in the neighborhood of 1 to 3.!> Appendix Table H.1 reports these
estimates study by study. We use 2 as our representative micro multiplier. Gabaix and
Koijen (2021, Table 1) estimate a macro multiplier between 2.2 and 6.5, with a point
estimate of 5. Substituting these two point estimates and ry; = 1044.45 into (21) gives

5/2—1
1044.45

b= = 0.0014. (22)
Figure 5 shows how the implied macro multiplier varies with ¢ for micro multipliers of
1, 2, and 3.

The sensitivity analysis reinforces the point-estimate result. At the classical strong-
substitution benchmark ¢ = 1, the model implies macro multipliers above 1,000 for each
micro multiplier in Figure 5. Across the full set of micro estimates and the empirical
macro range, Appendix Table H.1 implies small values of ¢y and average absolute cross-
price multipliers of only 0.0001 to 0.0016.

Figure 3 displays that under the » = 0.0014 estimate in Figure 5, the model in Section
2 implies that 148 factors would be required to explain 75% of expected return variation.

This is consistent with the 139 factors we find are empirically required to explain 75% of

expected return variation, and far more than the 9 factors required under the classical

15We use “micro” rather than “own-price” deliberately. Under the identifying assumptions in Had-
dad et al. (2025), which are satisfied by our general factor structure for returns, standard stock-level
regressions identify the micro, or relative, multiplier M™® = X\ + y02, rather than the full own-price
multiplier MOVD"™ = M™icro 4 4527, . See also Fuchs et al. (2023).
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Figure 5: Model-implied macro multipliers. Each curve starts from a stock-level micro mul-
tiplier and uses the estimated factor structure to calculate the macro multiplier at each value
of ¢y. The shaded band is the macro-multiplier range of 2.2 to 6.5 estimated by Gabaix and
Koijen (2021, Table 1). Panel (a) shows that the strong-substitution benchmark ¢ = 1 im-
plies extremely large macro multipliers. Panel (b) shows that the empirical macro range can
be matched only when substitution is weak. The top axis reports the corresponding average
absolute cross-price multiplier for the M™° = 2 curve.

benchmark of ¢» = 1. Thus, the empirical weak degree of substitution implies that

far more factors are required to explain cross-sectional expected return variation than

suggested by classical models.

7 Measuring Substitution Using Cross-Price Multi-
pliers

In this section, we estimate the degree of substitution v from own- and cross-price mul-
tipliers. We find 1 is empirically two to four orders of magnitude smaller than the

benchmark v = 1, which indicates investors weakly substitute across stocks.

7.1 Empirical Approach

As proven in Appendix B.1.1, we can write the equilibrium price for stock n as

P, =E[D,]+ (A +70%) Qp" + > ¥7um Q™. (23)
—_—— ™ \]\?r/
=)MOwn = ﬁt‘gﬂss
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where 7, ,, = Zszo €k0n 10m i is the systematic covariance between stocks n and m, and
Qrosc = —@, 7 is the total (negative) supply shock to stock n. Note that, under this sign
convention, larger Q"°"*¢ reduces the number of shares held by the representative investor
and so raises the price.

The “micro” (Gabaix and Koijen, 2021) or “relative” (Haddad et al., 2025) own-price
multiplier is MP%" = X\ 4 y02. It captures the direct price impact on stock n of a supply
shock to stock n. For m # n, the cross-price multiplier Mg:rfss = YTu,m captures the
price impact on n of a noise shock to stock m. Intuitively, cross-price multipliers are
smaller for less “similar” stocks — those with lower covariances. Thus, given residual
supply shocks that are unrelated to expected cash flows, we can estimate the own- and
cross-price multipliers by regressing the price of stock n on shocks to all stocks.

Since these multipliers are functions of A and +, they jointly identify the degree of

substitution 1):

MSZ;SSS o Tnm
M Own o w o2 (24)

If cross-price multipliers are small relative to own-price multipliers, then 7 is small relative
to A, ¢ is small, and substitution is weak. Intuitively, if the investor weakly substitutes
across stocks, then she does not reallocate from stock m to stock n when the price of stock
m increases due to noise buying. As a result, the price impact of a shock to stock m stays
localized and does not spill over to stock n, resulting in small cross-price multipliers.

Thus, we run the following regression motivated by (23):

Appi = 7" dny+ B dIP 4 @as + Ens (25)
N——

— Tn,m,t
=2 g dmt

Apy,; is the percentage change in the price of stock n in quarter ¢. d,; is one of the
three plausibly exogenous demand shocks discussed in Section 3.3 (FIT, OFI, or BMI),
expressed as a percentage of total shares outstanding. Mapping to the model in Section

2, these demand shocks are the residual supply shocks Qm°*¢ that are uncorrelated with

38



expected cash flows: they reduce the number of shares held by the representative investor.

Ccross
dn,t

=, (Tumi/0?)dm, is the covariance-weighted sum of demand shocks to all stocks.
We measure the covariance 7, ,,; between all pairs of stocks n and m using the factor
model from Section 3.2.'6

Per (24), we identify 1 as

ﬁCross 70.2

BOwn - )\+fy0-2 -

7.2 Empirical Results

We find that cross-price multipliers are empirically small, which indicates that substitu-
tion is weak and v is small. Table 2 displays the results of regression (25).17

The own-price coefficients S°“" range from about 1 to 4 across the three shocks.
These estimates imply that buying 1% of shares outstanding for a given stock raises its
price by 1% to 4%, consistent with estimates from previous work.

The cross-price coefficients 3°7°** are smaller and imply small 1) values. We find
values of 0.003 for FIT, 0.001 for OFI, and 0.007 for BMI. Thus, across all three shocks
1 is two to three orders of magnitude smaller than the benchmark @) = 1. Therefore,
substitution is empirically far weaker than implied by the classical benchmark.

Figure 3 displays that under the ¥» = 0.001 to » = 0.007 estimates in Table 2, the
model in Section 2 implies that 143 to 149 factors would be required to explain 75% of
expected return variation. This is consistent with the 139 factors we find are empirically
required to explain 75% of expected return variation, and far more than the 9 factors
required under the classical benchmark of v = 1. Thus, the empirical weak degree of

substitution implies that far more factors are required to explain cross-sectional expected

16Since FIT and OFT are quarterly shocks, we use the quarterly covariance matrix and idiosyncratic
variance in those regressions. Since BMI is a monthly shock, we use the monthly counterparts.

1"We account for estimation uncertainty in the covariances 7, ; by drawing bootstrapped samples
of quarters, estimating the factor model from Section 3.2 in each sample of quarters, computing the
implied covariances 7, in each sample, and running regression (25) in each sample. Thus, we obtain
bootstrapped sampling distributions of 3°“™ and B¢7°*¢. We report the standard deviations of those
bootstrapped sampling distributions as the standard errors for these coefficients.
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FIT OFI BMI

ﬂOwn 4.030%F*%  (.896%**  1.024%**
(0.382)  (0.069)  (0.139)

jCross 0.012%%  0.001  0.008
(0.006)  (0.001)  (0.011)

Y=L 0.003*  0.001  0.007

(0.002) (0.001) (0.013)
Observations 470,178 330,138 17,091
R? 0.027 0.022 0.008

Table 2: This table displays the results of regression (25) for the three demand shocks: the own-
price coefficient 5°“™, the cross-price coefficient S°%°) and their ratio y. We report quarterly
bootstrapped standard errors over 100 simulations that account for uncertainty in the estimated
systematic covariances 7, ., ¢. Levels of significance are presented as follows: *p<0.1; **p<0.05;
**p<0.01.

return variation than suggested by classical models.

7.3 Robustness and Associated Results

7.3.1 Addressing Measurement Error in Estimated Covariances

One may be concerned that classical measurement error in the estimated covariances
Tom.t could lead to attenuation bias in 3°7°%¢ that gives the misleading impression that 1)
is small. We address this concern in two ways and find that the amount of measurement

error is small and does not account for the small v estimates in Table 2.

Quantifying measurement error in estimated covariances In Appendix I.1, we
conduct bootstrap simulations to quantify the amount of measurement error in the cross
regressor di'¢** and find that it is small. We construct derose) = Zm(ﬂ(;)m [0 d s

n,t
: (s)
usimeg T,

am,e estimated from different bootstrapped samples of quarters indexed by s.

Since this bootstrapping procedure injects estimation error into dfl”fs(‘;) compared to the

Cross

nt°, it allows us to quantify how much measurement error this

full-sample cross term d

estimation error can create. In particular, we calculate the classical measurement error

Cross,(s)

attenuation factor Var[d,, |/ Var[dS,°s*], which represents how much measurement
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error this estimation error adds on top of the baseline variation in d%oss.lg A higher
attenuation factor ratio indicates more measurement error. A ratio of one indicates no
measurement error.

Appendix 1.1 Table 1.1 displays the results of this simulation exercise. The attenu-
ation factors are small for all three demand shocks. For the FIT and OFI shocks, the
attenuation factors are 1.01, implying that 3°7°* (and so also 1) is underestimated by
one percent. Due to the much smaller sample size of the BMI shock (only stocks in
a narrow window around Russell reconstitution thresholds in June of each year), the
attenuation factor is slightly larger at 1.39, implying that 3°7°** (and so also 1) is un-
derestimated by about 40%. But even accounting for this attenuation would yield a

1 = 0.007 x 1.39 = 0.01, still far below the benchmark of ¢ = 1.

Alternate estimation approach based on nonparametric sorts In Appendix [.2,
we estimate 1 from own- and cross-price multipliers using an alternate approach based on
nonparametric sorts. For each stock n, we sort all other stocks m into 100 bins based on
their pairwise covariances, and estimate bin-specific cross-price multipliers. We then find
the 1) value that best aligns the model-implied cross-price multipliers from (23) with the
empirical cross-price multipliers across all bins. As we explain in Appendix 1.2, because
this approach does not use the estimated covariances 7, ,,, + directly in any regression, the
associated 1 estimates cannot suffer from attenuation bias due to classical measurement
error in the covariances 7, ;-

Appendix 1.2 Table 1.2 shows that this approach yields similar 1) estimates to those
in Table 2: ¢ = 0.005,0.002, and 0.046 (with large standard errors on 0.046) for FIT,
OFI, and BMI versus ¥ = 0.003,0.001, and 0.007, respectively, in Table 2.

7.3.2 Cross-Price Multiplier Estimates

Given the estimates of ¥ from Table 2, we can compute the model-implied structural

cross-price multipliers. From (24), we see that the ratio of the cross- to micro-price

18n particular, we calculate Var[dg;oss’(s)] /Var[d$7°**], where the tilde variables have been residual-

ized with respect to the own-stock demand shock d,, ;.
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multipliers is given by Thus, for each stock n, we sort all other stocks m into
B = 100 bins based on their absolute covariance |7, ,|. Then we compute the average
absolute scaled cross-price multiplier for all stocks in each bin. Appendix 1.4 Figure 1.3
displays the results. For the ¢ = 0.007 estimate from the BMI demand shock, the scaled
absolute cross-price multipliers range from 0.001 to 0.01 across bins, one to two orders
of magnitude smaller than the 0.04 to 0.4 range for » = 1. For the v = 0.003 and
1 = 0.001 estimates from the FIT and OFI demand shocks, the scaled absolute cross-

price multipliers range from 0.00005 to 0.002 across bins, two to four orders of magnitude

smaller than the range implied by ¢ = 1.

7.3.3 Implications for Biases in Estimated Multipliers

Previous work argues that failing to appropriately control for substitution can bias own-
price multiplier estimates (Fuchs et al., 2023, 2025; Haddad et al., 2025). In Appendix 1.3
we quantify these biases. We find that, given the weak degree of substitution indicated
by the small ¢ estimates in Table 2, these biases are quantitatively small. Even after
removing the bias from failing to control for substitution, own-price multipliers remain
large. Moreover, since these biases are small, full own-price multipliers and micro mul-
tipliers are nearly identical, and methods from previous work to control for substitution

yield nearly unbiased estimates of these parameters.'”

8 Measuring Substitution Using Cross-Price Elastic-
ities

In this section we estimate the degree of substitution v from own- and cross-price elas-
ticities in institutional investor holdings data from the SEC Form 13F. We find that v is
three orders of magnitude smaller than the benchmark 1 = 1, which indicates investors

weakly substitute across stocks.

Y0ur results are consistent with those in Chaudhary et al. (2023) Appendix J, which shows that
grouping stocks on Fama-French three-factor characteristics or on 27 GICS industry and controlling for
group-quarter fixed effects has little impact on the estimated own-price multipliers.
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8.1 Empirical Approach

From (2) in Section 2, we can write the quantity demanded for stock n as

K ~
1 Vey,
E —— - P,).
N v , =
EC wn N

—(Cross
—5Sn,m

Given exogenous price variation that is unrelated to the investor’s expected cash flows
(i.e., price variation driven by the exogenous supply shocks), we can estimate the own-
and cross-price elasticities via a regression of the quantity demanded for stock n on the
instrumented prices for all stocks. Then from (6), we can infer the degree of substitution

1 from the relative magnitudes of own- and cross-price elasticities:

CT‘OSS
pey,
O, kO,
COwn Z k ke 1+ ¢ek
Thus, we estimate the following demand curve
K
log Qe = ™" (—log Py + Wi (V) + Z Bt k.t + €imt (27)

Wi,n,t (w> = Z Z bk n k,tem,k,t log Pm,t-

mELt k= 0_ ¢ek

T 14+ve

log Qi n: is the log quantity of shares held by investor ¢ in stock n in quarter ¢. log P, ;
is the log market equity. Z,; is investor i’s investment universe in quarter ¢, which we
define as all stocks held in this quarter or in the past 11 quarters following Koijen and
Yogo (2019).

Importantly, the log prices in (27) are not exogenous to the residual demand shocks
eint. Through market clearing, increases in this investor’s demand for stock n raise the

price of stock n. Thus, we instrument for the log prices using the investment mandate

43



instrument from Koijen and Yogo (2019). Specifically, the instrument is

1;4(n)
Zing = log <Z Aj,t—ll n ZN 1o(m) )
-]’

j#i m=1

where 1;,(n) is an indicator for if stock n falls into the universe of investor j and A;,_; is
the lagged assets under management of investor j. This instrument represents the coun-
terfactual market equity of stock n if all investors held an equal-weighted portfolio of the
stocks in their investment universe. This instrument exploits cross-sectional variation in
which investors’ investment universes stock n falls into. Investment universe membership
is plausibly exogenous to the residual demand shocks in this quarter because universes
are defined by investment mandates: predetermined rules that do not respond to current
demand shocks. Thus, if stock n exogenously falls into the investment universe of more
or larger investors, it will face greater demand and will have greater market equity.
Using this instrument, we estimate (?“" and v using generalized method of moments

(GMM) and the following two moment conditions:

E [(log Qi — (7" (= 1og Pot + Wint(¥))) Zint | O] =0 (28)

E¢ [(log Qine — ¢ (=108 Dot + Wina(¥))) Z705" | O] =0 (29)

cross — K 1 1
where 777703 = Zmelm Y pe0 On it k.t Zimy. That is, we use two instruments (Z; ,; and

Zross) and two moment conditions ((28) and (29)) to identify two parameters (¢ and

¥). Appendix J.1 provides additional estimation details.

8.2 Empirical Results

We find that v is empirically small, which means cross-price elasticities are small and
substitution is weak.

Table 3 displays the GMM estimation results.? We find (°“" = 0.54, meaning an

20We account for estimation uncertainty in the covariances 7, ,,+ by drawing bootstrapped samples
of quarters, estimating the factor model from Section 3.2 in each sample of quarters, and conducting the
GMM estimation of moment conditions (28) and (29) in each sample. Thus, we obtain bootstrapped
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exogenous 1% increase in price for stock n lowers the quantity demanded by 0.54%. More
importantly, we find ¢ = 0.001, three orders of magnitude smaller than the benchmark
1 = 1. Therefore, substitution is empirically far weaker than implied by the classical

benchmark.

COUJTL w
Average Point Estimate 0.540**  0.001350**
(0.004)  (0.000143)

Table 3: This table displays the results of estimating (?*“™ and 1 in demand curve (27) with
GMM and moment conditions (28) and (29). We estimate these parameters in each quarter
and report the time series average. We report quarterly bootstrapped standard errors over 100
simulations that account for uncertainty in the estimated factor loadings 6, ; and scaled factor
variances €. Levels of significance are presented as follows: *p<0.1; **p<0.05; ***p<0.01.

Figure 3 displays that under the ¢ = 0.001 estimate in Table 3, the model in Section
2 implies that 148 factors would be required to explain 75% of expected return variation.
This is consistent with the 139 factors we find are empirically required to explain 75% of
expected return variation, and far more than the 9 factors required under the classical
benchmark of ¢y = 1. Thus, the empirical weak degree of substitution implies that
far more factors are required to explain cross-sectional expected return variation than

suggested by classical models.

8.3 Robustness and Associated Results

8.3.1 Addressing Measurement Error in Estimated Covariances

One may be concerned that classical measurement error in the estimated factor loadings
0,,, and factor variances ej, could lead to attenuation bias in 1 that gives the misleading
impression that substitution is weak. We address this concern in two ways and find that
the amount of measurement error is small and does not account for the small 1) estimates

in Table 3.

sampling distributions of (%™ and 1. We report the standard deviations of those bootstrapped sampling
distributions as the standard errors for these coefficients.
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Quantifying attenuation bias due to measurement error in estimated factor
loadings In Appendix J.2, we conduct bootstrap simulations to quantify how much
attenuation bias measurement error in 6, ; and factor variances e can create in 1. We
find this attenuation is small. We conduct the GMM estimation of ¢ using factor loadings
and variances estimated from different bootstrapped samples of quarters indexed by s.
Since this bootstrapping procedure injects estimation error in the factor loadings and
variances compared to their full-sample counterparts, it allows us to quantify how much
attenuation bias this estimation error can create. In particular, we measure Ews] —
2@, where @/AJ is the full-sample estimate of ¢ and E[@&S] is the average estimate of
across all bootstrapped samples. A more negative difference indicates greater attenuation.

As displayed in Appendix J.2 Table J.1, estimation error into the factor loadings and

variances creates almost no attenuation.

Alternate estimation approach based on nonparametric sorts In Appendix J.3,
we estimate ¢ from own- and cross-price elasticities using an alternate approach based
on nonparametric sorts. For each stock n, we sort all other stocks m into 100 bins
based on their pairwise factor loading similarity, and estimate bin-specific cross-price
elasticities. We then find the ¢ value that best aligns the model-implied cross-price
elasticities from (26) with the empirical cross-price elasticities across all bins. As we
explain in Appendix J.3, because this approach does not use the estimated factor loadings
directly in any regression, the associated 1) estimates cannot suffer from attenuation bias
due to measurement error in the loadings.

Appendix J.3 Table J.2 shows that this approach yields similar i) estimates to those
in Table 3: ¥ = 0.0017 versus ¥ = 0.0014 in Table 3.

8.3.2 Cross-Price Elasticity Estimates

Given the estimates of 1 from Table 3, we can compute the model-implied structural cross-
price elasticities. From (6), we see that the ratio of the cross- to own-price elasticities

is given by Zf:o Gn,ka,k%. Thus, for each stock n, we sort all other stocks m into
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B = 100 bins based on the absolute value of this summation. Then we compute the
average absolute scaled cross-price elasticity for all stocks in each bin. Appendix J.5
Figure J.3 displays the results. For the ¢» = 0.0014 estimate, the scaled absolute cross-
price elasticities are two orders of magnitude smaller and much less dispersed (ranging
from 0.0002 to 0.0003 across bins) than under the benchmark i) = 1 (where they range
from 0.00008 to 0.02).

8.3.3 Implications for Biases in Estimated Elasticities

Previous work argues that failing to appropriately control for substitution can bias own-
price elasticity estimates (Fuchs et al., 2023, 2025; Haddad et al., 2025). In Appendix J.4
we quantify these biases. We find that, given the weak degree of substitution indicated
by the small ¢ estimates in Table 3, these biases are quantitatively small. Even after
removing the bias from failing to control for substitution, own-price elasticities remain
small. Moreover, since these biases are small, full own-price elasticities and micro elastic-
ities are virtually identical, and methods from previous work to control for substitution

yield nearly unbiased estimates of these parameters.?!

9 A Potential Mechanism: Optimal Shrinkage Due
to Estimation Error

We do not seek to distinguish among the potential sources of weak substitution. We
nevertheless briefly examine one force—estimation error—to ask whether it alone can
rationalize the small ¢ values we estimate. An investor who seeks to maximize her out-
of-sample Sharpe ratio but who understands that she faces estimation error in expected
returns and covariances will optimally choose to shrink extreme position sizes (Jorion,

1986; DeMiguel et al., 2009a,b). If we express the model in Section 2 in terms of portfolio

21Our results are consistent with those in Tamoni et al. (2024) Appendix B.2.2, which shows that
controlling for up to 49 Fama-French industries interacted with time fixed effects has little impact on
the estimated elasticities.
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weights, we can write the portfolio choice expression (2) as

g

~ -1
w, (1) o <I+w2t2 > 1. (30)

This is the expression for the vector of portfolio weights demanded, up to an overall scale
factor that does not affect Sharpe ratios.

Here 1, is the expected-return forecast, f]fom is the estimated common, or systematic,
component of the covariance matrix excluding idiosyncratic variance, and o2 is idiosyn-
cratic variance. In our baseline analysis, we construct igom from the estimated factor
loadings and variances from the factor model in Section 4. Appendix K details the exact
construction and provides an alternate covariance estimate.

Lower 1 places less weight on this common covariance structure and shrinks the
portfolio toward a rule that treats stocks independently. This raises a simple question:
how much shrinkage would an investor who seeks to maximize out-of-sample Sharpe ratio
choose, given the empirical difficulty of estimating expected returns and covariances?

We estimate expected returns and the factor-model covariance structure before 2000,
form portfolios strictly ex ante from 2000 through 2023, and choose ¥ to maximize the
realized hold-out Sharpe ratio. Figure 6 reports the benchmark exercise using the pre-
2000 Fama—MacBeth expected-return forecast.

The Sharpe-maximizing value is ¥ = 0.0188, compared with the classical benchmark
1 = 1. Estimation error therefore gives investors a conventional reason to choose portfolio
behavior associated with weak substitution. Appendix K provides the full construction
and considers nine alternative combinations of mean and covariance estimates. Eight
select a 1) below 0.0188, and several select ¢y = 0, making this baseline ¢» = 0.0188

estimate conservative about the amount of shrinkage favored by the data.
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Figure 6: Out-of-sample Sharpe ratio by i in the baseline specification. The Sharpe-
maximizing value is 1°F = 0.0188, well below the classical benchmark ) = 1.

10 Conclusion

We argue that weak substitution across individual stocks provides a simple, unified ex-
planation for the existence of the factor zoo in expected stock returns. In our theoretical
framework, an otherwise standard mean—variance investor faces an ¢y penalty on portfolio
positions. Lower risk aversion relative to this ¢, penalty weakens substitution without
generating near-arbitrage opportunities. When substitution is strong, the factors that
contribute most to return comovement explain most of the cross-sectional variation in
expected returns. As substitution weakens, expected returns disperse across many fac-
tors, including many weak factors that contribute little to comovement. The model thus
maps the degree of substitution to the strength of the factor structure in expected returns
and shows how a genuine factor zoo arises in equilibrium.

Our empirical work shows the U.S. equity market lies firmly in the weak-substitution
region described by the model. First, predictive regressions using factor loadings esti-
mated with both IPCA and standard PCA on individual stock returns confirm that many
factors are needed to explain the cross section of expected returns, far more than theory
would predict under strong substitution. Second, the distribution of factor Sharpe ra-
tios implies that substitution must be weak, since stronger substitution would generate

implausibly large maximum attainable Sharpe ratios. Third, a calibration linking mi-
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cro and macro price multipliers shows that cross-price spillovers must be tiny — and so
substitution must be weak — in order for aggregate market multipliers to have reason-
able magnitudes. Fourth, direct estimates of cross-price multipliers using three plausibly
exogenous demand shocks are far smaller than own-price multipliers, implying 1 values
far below the classical benchmark. Finally, cross-price elasticities in institutional hold-
ings data are far smaller than own-price elasticities, which reinforces the conclusion that
investors only weakly substitute across stocks.

While we do not take a strong stance on the mechanism behind the weak substitution
we document, we provide one candidate. An investor who seeks to maximize her out-
of-sample Sharpe ratio but who understands that she faces estimation error in expected
returns and covariances will optimally choose to shrink extreme position sizes. We find
the optimal level of shrinkage leads to a weak degree of substitution that is quantitatively
consistent with our empirical results.

These findings have implications for how asset-pricing models are specified and how
empirical evidence on anomalies is interpreted. Portfolio choice models that impose
limited substitution or coarse substitution patterns, which might seem overly restrictive
relative to the classical mean-variance benchmark, appear well aligned with the data once
weak substitution is taken seriously. In a market where investors only partially substitute
when prices change, it is natural that expected returns do not collapse onto a small set of
dominant risk factors and that a large number of characteristics and portfolio strategies

appear to earn distinct premia.
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Appendix

A CRRA Equilibrium in Log-Share Units

The main text uses a static mean-variance problem in share quantities because it makes
the economic mechanism transparent. This appendix embeds that problem in a standard
CRRA portfolio-choice model and carries the model through market clearing. We write
demand in log shares and prices in logs, matching the units used in the empirical analysis.
The CRRA economy delivers the same substitution parameter, elasticity and multiplier
restrictions, equilibrium expected-return equation, expected-return spanning result, and
Sharpe-ratio result as the main model. We first derive the investor’s objective, then map

portfolio weights into log shares, and finally solve for equilibrium.

A.1 From CRRA Utility to Portfolio Demand

Returns. For stocksn=1,..., N, let x,, be stock n’s next-period log payoff and p,, its

current log price. Its log excess return and simple excess return are

0y, = T = Pa, r, = exp(fy) — 1. (31)

Let p = E[r€] and
> =V[] =OE® +5°I. (32)

Here the columns ©.4, for £ = 0,..., K, are orthonormal factor-loading vectors. The
diagonal matrix E has element e, for factor k, and o2 is idiosyncratic variance. As in the
main text, ®. o = ¢/V N is the market direction, where ¢ is the N-vector of ones; every

column k£ > 0 is orthogonal to ¢.
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A second-order expansion of the exponential in (31) gives
e 1 :
p =~ B[] + Sdiag(E) =v — p, (33)

where v collects expected log payoffs and the Jensen adjustment from log to simple

returns.?? Equation (33) implies —Ou/0p’ = I in the static model.

CRRA objective. Normalize the risk-free gross return to one. Let W be the vector
of risky-asset portfolio weights; the risk-free asset finances the remaining position. The
portfolio’s simple excess return is 75 = W'r¢. The log-share approximation below is
taken around positive reference weights, as in standard log-share demand systems. A

second-order expansion of £, = log(1 + ;) gives

E[(,) ~ W'y — %szw, (34)
Ve, ~ WEW. (35)

Let terminal wealth be Wy = exp(£,) and utility be u(W;) = W7 /(1 — ), with relative

risk aversion v > 0 and the log-utility limit at v = 1. Under conditional lognormality,

B = exp { 1=l + L v}

It follows that expected utility is increasing in E[£,] + (1 —~)V[{,]/2. Combining (34) and

(35) therefore gives the standard Campbell-Viceira objective (Campbell et al., 2003):

Wi — %W’EW. (36)

The —1/2 variance term in expected log returns and the (1 — 7)/2 variance term from

CRRA utility combine to produce the coefficient —v/2.

22This is the standard Campbell-Viceira approximation (Campbell et al., 2003). Under short-horizon
scaling, expected log returns and return variances are first order, whereas squared expected log returns
are second order; the approximation therefore retains the Jensen variance adjustment and omits squared
expected returns.
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As in the main text, the investor also faces an ¢5 penalty on portfolio positions, with

penalty strength A > 0. Her portfolio problem is therefore
max  Wh— JW'SW - W2 (37)
w 2 2 2
The first-order condition and portfolio-weight demand are

X+ AW, (38)

“ =
W = [y®E® + (A +~s)I]| ' p. (39)

Thus, the mean-variance problem in the main text is the standard quadratic representa-

tion of CRRA portfolio choice.

A.2 From Portfolio Weights to Log Shares

Let ),, be the number of shares held, P, the price per share, and A assets under man-

agement. Portfolio weights satisfy the accounting identity

W, = . (40)

Writing ¢, = log Q,,, p, = log P,,, a = log A, and w,, = log W,,, the same identity becomes

Gn = @+ Wy — Pp. (41)

This price term matters. Even if an investor holds a portfolio weight fixed, a higher price
requires fewer shares.
Fix reference AUM a, reference log prices p, and reference weights W7/, The corre-

sponding reference log shares are

Gn = a+logWrel — . (42)
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Define deviations from this reference by

ATEan =dq4n — Qn7 Arefpn = Pn — ]an, Arefa =q — d,

A" w, = w, — log W,:ef.

Subtracting the reference version of (41) from its current version gives the exact relation-

ship
Aw = A"q+ A™'p — A" q. (43)
Portfolio weights satisfy
W = W @ exp(A™ w) =~ W™ + diag(W™ A" w, (44)

where the exponential and © operate element by element.

We use the equal-weight reference, W'/ = 1/N. This choice gives every stock the
same conversion between an active portfolio weight and an active log-share position. It
does not require the investor’s equilibrium portfolio to remain equal weighted. Under

this reference,
1
W -Wr ~ NAmfw. (45)

Subtract the first-order condition at the reference portfolio from (38). Terms involving
the reference portfolio lie in the market direction because W/ = ¢/N. We absorb
those terms into the expected return on the market and use p below for expected-return
deviations from the reference. The results for the long-short factors £ > 0 are then
immediate. We include k£ = 0 in the formulas below by absorbing the reference-market
term into the definition of the market-factor supply. Equations (38) and (45) then imply

1
n= [YOE®' + (A + yo)I] A" w. (46)
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Solving this equation for active log weights and using the accounting identity (43) gives

raw log-share demand:
A"g =N [y®OE®' + (A +~yo*)I] - Apy Aan (47)

The three terms have distinct economic meanings. The first is the investor’s portfolio
response to expected returns. The second converts a desired portfolio weight into shares
as prices change. The third is the common change in shares induced by AUM. Under the
equal-weight reference, the AUM term lies entirely in the market direction and drops out

of all long-short comparisons below.

A.3 Elasticities and the Degree of Substitution
Define, as in the main text,

2

Yo ~
=\ 2 - ==, 48

Il
D
B
I

Thus ¢ € [0,1]. The classical CRRA benchmark has no portfolio-choice penalty, A = 0,
and hence ¢ = 1; lowering ¢ weakens substitution while holding total idiosyncratic
position cost ¢ fixed. The matrix that maps expected returns into portfolio weights has

the spectral representation

[VOE® + cI]™

I — ©dia ( ver )K o’ (49)
& 1+e, ), '

Cc

To see why, note that the curvature in factor-k portfolios is ¢(1 + t€), while curvature
in a portfolio orthogonal to every factor is simply c¢. Equation (49) takes the reciprocal

of each of these eigenvalues.
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All large-N limits below hold K and the primitives ¢, ¥, 02, and {e;, }H*_, fixed. More

generally, the finite-N corrections vanish along any sequence satisfying

02}%}% v — 0. (50)

When the primitives vary with /V, the limiting formulas below are understood as asymp-

totic equivalents under (50). The exact finite- N formulas do not require this condition.

In the dynamic extension, we additionally hold the common pass-through ¢ > 0 fixed.
Hold AUM and expected payofts fixed. Since dpu = —dp in the static model, differen-

tiating (47) gives the finite-N log-share elasticity matrix

0 -
X _NRHOE® +cI ' -1 (51)
op’

The —I term is the mechanical share adjustment from (41); it affects the same-stock

response but not cross-stock responses.

The literal own-price elasticity is the magnitude of the diagonal derivative:

Own — _aqn
N T Oy
K ~
N N wek
=14+ =——=) ¢ — 52
c s R ey, (52)

The first two terms are the covariance-independent response. The final term removes the
part of the response that would change the portfolio’s systematic risk.

The micro, or relative, elasticity isolates the covariance-independent response. Con-
sider stock n and a hypothetical stock n with the same factor loadings. Raise p, and
lower p; by equal amounts, so the experiment changes only their relative price. Their

systematic responses are identical and cancel. Therefore

- 9(an — gs) N
Micro — _ n n =14+ —. 53
N a<pn - pﬁ) enzeﬁ ¢ ( )
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Because an active log-share position is N times its active portfolio-weight position under

the equal-weight reference,

) ]]\\[47;07'0 1 o
L (54

which is the covariance-independent portfolio response in (4).

For m # n, the cross-price elasticity is the off-diagonal derivative

Cross — aqn
Nmnom — apm
Yex
= N0 0 55
z T (59
Dividing (55) by (53) yields
Nowm _ N 539 e
g%icra N +ec n,k mvkl +w€k
00 (&
Novoo, ZQ"’“Q’”’H f Jek (56)

The limiting expression is exactly (6). Thus, the ratio of cross-price to micro elasticities

identifies the same 1) in the CRRA log-share model as in the main model.

A.4 Price Multipliers

The multiplier matrix maps a reduction in the shares the representative investor must

absorb into the resulting price increase. It is

Inverting the negative of the elasticity matrix in (51) gives

-1

My = {N WOE® + I + I} . (58)
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This is a full matrix inverse, not the element-by-element reciprocal of the elasticity matrix.
For a relative supply change between two stocks with identical factor loadings, the

systematic part again cancels. The micro multiplier is

c
N +c

M]]\\74icro — (59)

This multiplier is expressed per unit of raw log-share supply. Since an active log-share

position is N times its active portfolio-weight position,

lim NMMZCTO c = Mmicro’ (60)

N—o0

which is the micro multiplier used in the main model. Thus both the elasticity and
multiplier levels differ across the two representations only by their quantity normalization.

Using the eigenvalues described after (49), the full multiplier matrix can be written as

M :MMicro
NN N + (1 + ey

I+ @diag( Nyer )>K_O @’] . (61)

The literal own-price multiplier is the diagonal element of this matrix,

N ¢€k;
MOwn Mzcro 1+Z

For m # n, the off-diagonal element is the cross-price multiplier. The common-factor

covariance between stocks n and m is

K
Tn,mE § en,kem,kekr

k=0
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Dividing the cross-price multiplier by the micro multiplier gives

MCross K NUe
]]:f/[,nm = Z Qn kem k ,l/}ek —~
Myrere =N+ o(1 + 1e)

K
N—oo ~ Tn,m
—_— 1/} kzg Hn,kem,kek = 1/} 0_2 . (63)

This is the multiplier restriction in (24). Hence the elasticity and multiplier evidence
identify the same 1), even though elasticities and multipliers involve different covariance

kernels.

A.5 Market Clearing and Equilibrium Expected Returns

Residual supply is most naturally expressed in the same log-share units as demand. Let
qg=q+ NOm, (64)

where @ is the reference log-share portfolio and mw € RX+! collects the factor-supply tilts
the representative investor must absorb. The factor N puts these tilts on the portfolio-

weight scale at the equal-weight reference. Equivalently, market clearing requires
A"'q = NOm. (65)

Set the reference expected-return intercept to zero and suppress the pure-market
AUM term. With expected payoffs held fixed, (33) gives u = —A"/p. Substituting this

relationship into log-share demand (47) gives
A''qg=NRHOE® +cI| ' u+ p. (66)

The first term is the desired portfolio adjustment. The second appears because the price
decline that raises expected returns also increases the number of shares associated with

a given portfolio weight.
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Equating demand (66) with supply (65) gives
NOr = {N WOE® +cI™' + I} . (67)

This equation can be solved factor by factor. The curvature matrix has eigenvalue ¢(1 +

wey) for factor k. Therefore factor k’s equilibrium expected return is

png = O p = by gy, (68)
bk = —
N + C(l + wek)

(69)

The numerator is the compensation implied by portfolio curvature and factor supply.
The denominator accounts for the fact that a price change alters both expected returns
and the number of shares associated with a given portfolio weight.

Under (50), the finite- N correction vanishes factor by factor:

bnge N N—soo
c(1+ver) N+ c(l+peg)

) 1. (70)

Consequently,

N—oo

oun © [ (1 + e, - (71)

because 1/(%%" = ¢. This is exactly the equilibrium expected-return equation (8) in the

mailn text.

Expected-return variance shares. Orthonormality of ® implies that factor k con-
tributes b?\,’kwi to the squared norm of equilibrium expected returns. Suppose factor

supplies are independent and have a common second moment. Averaging each factor’s

69



contribution over supply realizations before normalizing gives the finite-N share

_ E[b?VkWiz]
E]K:l E[b?\],jﬂjz]
DXk
= —1 k> 0. (72)
K )
Zj:l b?V,j

Ik

Using (70),

(1 + @ng)z
Z]K:l(l + ng)

vak N—>oo>

_ = fi. (73)

Thus Proposition 1 applies to the CRRA equilibrium: weaker substitution spreads equi-

librium expected-return variation across more factors.

Expected-return spanning. The same calculation connects the CRRA equilibrium
to the return-spanning regressions. Suppose realized returns equal equilibrium expected
returns plus a mean-zero residual v that is orthogonal to the factor-loading space in
population. Under the same equal-second-moment assumption used above, averaging
over factor-supply realizations implies that a cross-sectional projection on factors 1,...,.J
captures expected-return variation proportional to Zgzl b?\,,k. The total cross-sectional
variance of realized returns is the same in the regressions with J and K factors. It

therefore cancels when their R? values are divided, leaving

R2 I3 dN(J) zz—l b?Vk: N—oo !
realized, o = s N Z fk (74)
k=1

2 - K ;9
Rrealized,N <K) k=1 bN,k

This is the normalized spanning restriction used in the empirical analysis.

Maximum attainable Sharpe ratio. At finite IV, the expected-return vector has

factor coefficient by jmi. Because

' o, (75)

> le., = .
ok e +02 7
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the maximum squared Sharpe ratio is

SR‘N max — M E B = Z T (76)

€k+0'2

Taking the factor-by-factor limit and using e + 02 = (1 + €;)o? yields the main-text

expression:

K

SR2 N—)oo Z + ’l/]@k (77)

N,max - ]-‘I‘ek 0_2

Holding ¢ and factor supplies fixed, each by is increasing in . Therefore weaker substi-
tution lowers the maximum attainable Sharpe ratio in both the finite-N CRRA economy

and its limiting representation.

A.6 Common Dynamic Price Pass-Through

The baseline model is static: holding the next-period payoff fixed, a one-percent increase
in the current price lowers the expected return one for one. With a long-lived asset,
however, the current price may also change investors’ beliefs about the future price and
dividend. Campbell-Shiller log-linearization makes the mechanical and belief effects ex-
plicit.

Let P,; denote stock n’s ex-dividend price, let D, ;1; be its next dividend, and write

Pnt = log P, and d,,; = log D,, ;. The stock’s realized gross log return is

P, D,
o1 = log ( ’Hl; ’Hl) ‘ (78)
n,t

Linearizing this identity around a constant reference log dividend-price ratio gives (Camp-

bell and Shiller, 1988)

U1 = KOS+ Pcspn,t+1 + (1 - pcs)dn,t—H — Dnyt) (79)

71



where

N

cSs

5 = [1+exp(d- P K= —p%log pF — (1 - p©) log(1 — p°).

BN
Il

P

_I_

(80)

Both p©¥ and k% are constants of the log-linearization, not time-varying state variables.
The coefficient p©* € (0, 1) is the reference continuation-price share of next period’s cum-
dividend payoff. Equivalently, the reference gross payoff-price ratio is (P+D)/P = 1/p°%;
it is the reciprocal of the coefficient in (79).

Let (¢, = logsr — gy and i, = Eofl5 4], where (y, is the log risk-free return.
Under the normalization above, ¢;; = 0; retaining it here makes the distinction between
log and simple excess returns explicit. The risk-free return is known at time ¢ and is locally
unaffected by stock n’s own price. Holding the Jensen adjustment locally fixed, the price
derivative of 1}, , is also the first-order derivative of the expected simple excess return f,
used in the portfolio problem. Taking conditional expectations in (79) therefore gives the
local price pass-through of prices into expected returns (see Davis et al., 2025, for more

discussion on this pass-through term):

on =

Ot N aﬂfx,t 1 _ ,C8 OE, [pn,tﬂ] (- pcs)aEt [dn,t+1]‘

B apn,t

_ ~ — 81
apn,t apn,t apn,t ( )

If expected future prices and dividends are held fixed, both belief-response terms are zero.

The current price then enters (79) with coefficient minus one, so

aﬂ’fz,t

It 1 =1 82
s ¢ (82)

This is the mechanical, static benchmark. It is not generally the investor’s full response:
an observed price movement is informative, and a rational investor may revise beliefs
about the continuation price and dividends.

To isolate the continuation-price channel, consider a price movement unrelated to

cash-flow news, so that expected future dividends remain fixed, and define its perceived
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persistence by

OE4[pn t41]
n = : ) 0 S n S 1. 83
X Dpns X (83)
Equation (81) reduces to
¢ =1 p"xn. (84)

If the price movement is expected to reverse fully by ¢ + 1, then x,, = 0 and ¢,, = 1. If it
is expected to persist partly, then 0 < x,, < 1 and pass-through lies strictly between the
two bounds. If the future price is expected to move one for one with the current price,

then x,, = 1 and ¢, = 1 — p“°. Hence

1—p% < ¢, <1. (85)

The lower endpoint is the dividend share of next period’s payoff, 1 — p“* = D/(P +
D), which is approximately the dividend-price ratio when that ratio is small. Even
with one-for-one continuation-price persistence, this dividend component prevents the
expected-return response from disappearing. Davis et al. (2025) develop and estimate
this price pass-through object in depth and emphasize the same interpretation: lower
pass-through means that price movements associated with expected-return variation are
more persistent.

For the comparative statics below, assume a common local own-price pass-through

¢ > 0 and no cross-stock belief response. In matrix form,

—ao =0l ¢e[l-pT1] (86)

This is a local restriction on expected-return responses; it does not require expected

returns to be globally linear in prices. A smaller ¢ means that a given price change
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produces a smaller change in expected returns. Differentiating (47) now gives

=~ = ¢YN[OE® +cI| ' — 1.
oy~ ONOES +cl (87)
Accordingly,
- N
C]]{f/lzcro(ﬂs) =14+ ng’ (88)
K ~
Cross ¢N wek
= — 0,10 r———.
N,nm (¢) c kz:% n,k m,kl T 'l/)gk (89)

Their ratio is

K (9 N ¢ g
Noam (@) ¢ Zenkﬁmk ey

CNe(d)  oN +e 1ty
N—>oo Wfk
Z en kem k7~ 1 + wek (90)

The dynamic multiplier matrix is the inverse of the negative derivative in (87). Its

micro multiplier and finite-N cross-to-micro ratio are

C

My*(¢) = ¢N 0 (91)
Mo ( SN,
Mo () ¢ Z Okl SN o1 + 02

N, g (92)

o2

Thus a common dynamic pass-through changes the levels of elasticities and multipliers,
but not the limiting relative-response restrictions that identify ¢). Heterogeneous or cross-
asset pass-through need not cancel in this way.

The CRRA model therefore reproduces the paper’s complete economic mechanism in
the units used by the empirical analysis. The parameter @ controls substitution, market
clearing maps substitution into the factor structure of expected returns, and weaker

substitution simultaneously produces a factor zoo and lowers the maximum attainable
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Sharpe ratio.

B Theoretical Proofs and Extensions

B.1 Equilibrium Expected Returns and the Factor Zoo

B.1.1 Proof of (8)

E[D] — P = [YOEO' + (A +~0?) 1] (%L + @n)
2% [YOEO' + (A +10°) 1] O (93)

= ()\+702) ® {¢%E+I} T

K

= © [(\+70%) m (Ve + 1),

~\~
=V

where the third line follows from the orthonormality of ©.

B.1.2 Proof of (9)

Since O is orthonormal, the cross-sectional variance of expected returns is:

VE[D,] — P.] = E[(E[Dy] — F)*] = (E[E[D,] — P.))”

= v = 5 (A +790%) m (e + 1)

K
= % (A +90%)" > 7k (e +1)° (94)
k=1

The third line follows from the orthonormality of ® and because the first column of ©
is [1/v/N]N_, while all columns k > 0 of © satisfy ¢'0;,. = 0.

The proportion of cross-sectional expected return variance explained by (exposures
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to) the k-th factor (for k > 0) is:

P m e+ 1)
S T (%5)

Consider simulating this economy many times and drawing a new 7 each time, where
each element 7, is i.i.d. both within and across draws. Then we can linearize (95) around

72 = E[r?],Vk to obtain:

fio ~ (Weér + 1)2 (Yér + 1)2 72 —E [n?
Jr Z]K:1 (wéj+1)2+2§<:1E[ﬂﬂ (¢éj+1)2 ( k [ k])
B Wi W

=l

Taking the expectation E[f] yields (9):

fr = E[fy]
_ Er e+ 1)’
S Bl (ve; +1)°
(e +1)?
Y (e + 1)

(96)

B.1.3 Proof of Proposition 1

We use the following lemma, which is proven in Appendix B.1.4.

Lemma 1. As substitution increases (i.e., as 1 increases), the importance of stronger
factors relative to weaker ones in explaining cross-sectional variation in expected returns

increases. Specifically, for any ey > e;, the ratio fi,/f; is increasing in 1.

Fix J < K and let ¢, < 5. For any k£ < J < m, we have e, > e,, by ordering, so

Lemma 1 implies that

fi(2) fi(¥1)

>

fm(wQ) fm<¢1)
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Summing this inequality over k =1,...,J gives

i Feln) _ iy fultn)

fn(¥2) fn(¥1)
© kZ:fk(%) S (1) > kZ:fk(wl) S (42)
%ki;fk(%)' ilfm(wl) > kzj;fk(wl)‘ :Hfm(wz)
© ;fk(%) - (1 - ;fk(%)) > kz:fk(@/h) - (1 - ;ﬂ(%))
© ;fk(wz) > ;fk(wl),

as desired.

B.1.4 Proof of Lemma 1

Let e, > e;. Then

fe _ (wék+1>2
fi \wé+1)

Since (¢é; +1)/(vé; + 1) > 0, it suffices to show that

9 ey + 1
o ve+1

Note that
0 Ve, +1 6 — €

MWe;+1 (e +1)2

>0

since €, > €; because e, > e;.
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B.2 Absence of Near Arbitrage Opportunities

The maximum Sharpe ratio portfolio is
Q.=X"'E[D - P].

So the maximum attainable (squared) Sharpe ratio is

(QE[D - P])*
Q.2Q.
(E[D — P]'S'E[D — PJ)”
- ED-PI'S1EY-1ED — P]

Max Sharpe Ratio® =

—ED - P]S~"'E[D — P]

! ! 1 1
o g

where the fourth line follows from the matrix expression for equilibrium expected returns

rom Appendix B.1.1. Since > = + o°1, we have
(93) from Appendix B Since ¥ = OE®’ + ¢°I, we h

Y0 - (OEO + 0—21> o)

O (E +0°1),

using the orthonormality of ®. Therefore,

1

Y le=0 (E + 021)_ ,
and so

/ 1
Max Sharpe Ratio? = ()\ + 702)2 3 o'z 'e (I + ¢—2E> L3
o

(1)
(vt o) <I+¢01 E) (E +0%1) " <I+¢%E>ﬂ-




Note that we have reparameterized the model in terms of the micro elasticity (°*" and
degree of substitution ) instead of in terms of risk aversion v and the ¢y penalty .
Since (9¥" and 1) are parameters of both 7 and ), any comparative static that involves
changing ¢ while holding (?*™ fixed can be expressed as a comparative static that involves
changing v (to change 1) while adjusting A appropriately (to maintain fixed ¢9*").
Thus, if we hold the micro elasticity (9*™ fixed (i.e. hold A + vo? fixed) and reduce
substitution ¢ by lowering v (and increasing A appropriately), the maximum Sharpe

decreases.

B.3 Measuring Proportion of Cross Sectional Expected Return
Variation Explained
B.3.1 Proof of (15)

We can measure the proportion of cross-sectional expected return variation explained
by the first J factors (Z,{:l fx) using cross-sectional predictive regressions of returns on
factor loadings.

Realized returns are expected returns plus unforecastable noise: D,, — P,, = E[D,] —

P, + v, where v, ~ N(0,0?) is i.i.d. Then the variation in returns (following (94)) is:

V[D,, — B,] = VIE[D,]| — P,] + V[v,]
1 K
:N()\—i—’y 2)2 Wz(wék+1)2+ag
k=1

In this case, the R? from a cross-sectional regression of returns on factor loadings for

the first J factors

J
Dn - Pn = Zﬁkgn,k+vn
k=1
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is for A=+ A+ vo?)?

A m (e + 1)
AR 72 (e + 1) + o2
~ AE [WI%] 22:1 (véx + 1)2 AE [71%] EZ:I (vey + 1)2 ( 2_ | [ 2])
AE [m) Sy mf (e + 1)° + 02 AR [n3] 30,0, 7} (véx + 1)* + o
_ — AE (7] Zi_;(%békf 1)° (Zbéj + 12)2 (n2 — E [x2])
= AR S (e + 1) + 02
_ Zgﬂ (@Zjék + 1)2 + Zgﬂ (¢ék + 1)2 (le _E [ QD
Sin a1+ Y e+ )’ + gy
< i—l &+ 1) ej +1 ’ 2 2
_Z Do (e +1)7 (v ‘C )2( —E[ ])7
>

R} catizea()

realized

where the second line follows from a linearization around 77 = E[r2]. Taking the expec-

tation over many draws of w we have on average

Z;c]:1 (¢ék + 1)2

R2 (J) — 2
i W+ 1) + 5

realized

The following ratio of R? (J)/R? (K) recovers the desired sum:

realized realized

Rzealized(‘]) _ Zgzl (¢ék + 1)2
R%ealized(K> Zi(:l (wék + 1)2

J
=> fe
k=1

B.4 Generalized Model

In this appendix we present a generalized version of the model from Section 2 that allows
for a more flexible specification of preferences. We show that our main theoretical results
continue to hold in this generalized model.

Assets are as specified in Section 2.1.
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The representative investor has a more general utility function:
/ Y A A 112 /
max Q'(E[D) - P) - 2Q2Q - 7@ -Q;+5Q.

This setup generalizes the preferences in Section 2.1 in two ways. First, we now allow for
an arbitrary shrinkage target @, whereas our baseline model shrinks toward zero. The
target @Q can naturally be interpreted as a benchmark portfolio or the investor’s lagged
portfolio in a dynamic model with quadratic adjustment costs. Second, we now allow for
non-pecuniary preferences, as captured by the vector §. For example, each 9, can repre-
sent the investor’s preference for green stocks times stock n’s greenness characteristic. &
can also represent hedging demand for particular assets or sentiment. If parameterized
as 0, = ko2, where o2 is stock n’s idiosyncratic variance, then idiosyncratic risk will be
priced and this model can nest the channels of Merton et al. (1987); Dello Preite et al.
(2024).

Given these preferences, the optimal quantity demanded of each stock is given by:
Q = [YOE®' + (A + 7)1 (E[D] — P + AQ + ).

Elasticity matrix is unchanged The derivative of quantity demanded with respect

to price is

gg/ = —[yOE®' + (A + vo)] - (97)

which matches the elasticity matrix in the baseline model (3).

Equilibrium expected returns Imposing market clearing Q = ¢/N + O and letting

N — oo yields

E[D] — P = (A + vo?) @(I+¢%E)ﬂ- - \Q - 4. (98)
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We can decompose the target portfolio Q and taste vector § into factor-spanned and

orthogonal components:
Q=0q+Q", §=0d+4",

where § = ©'Q € RE*! and d = ©'§ € RE*! are the projections onto the factor
space, and Qt = MoQ, 6+ = Mgd with Mg = I — ©©’ are the orthogonal residuals.

Substituting into (98),
ED]-P=0[y] , - \@* — &
where v}, is the expected return on factor-k:
ve = AN +70%) (1 +é)m — MG — dy. (99)

Thus, the target portfolio and non-pecuniary preference generate two wedges in factor-k’s
expected return beyond the supply-driven term from (8) in the baseline model.

To simplify notation, redefine factor supply as

_ Ay + di;
= — . 100
M= T T N 02 (1 vér) (100)

Then (99) simplifies to
v = A+ 70°) (1 + Pé) o, (101)

which is analogous to (8) in the baseline model. Thus, we can express stock-level expected

returns as:

E[D] - P = ©[(A + 70?)(1 + vép)i] ., — AQ+ — &*. (102)

82



Proportion of Cross-Sectional Expected Return Variation Explained Writing

factor k’s second moment as

equation (101) immediately yields E[v?] = (A + v02)*(1 4+ ©é;)*mz . The total cross-

sectional expected-return variance following (102) and the orthonormality of ® is then:

VIE[D,] = Pa] =Y 7 + 1AQ" + 6. (104)
k=1
The orthogonal residuals Q* and &% generate expected-return variance that is purely
idiosyncratic — it does not load on any factor — but contributes to total cross-sectional
variance.
The proportion of total cross-sectional expected-return variance explained by factor

k is therefore

(1 + Q/Jék)Q mﬁ—’k

fr = — .
T (L8 may + [|(L - 9)Q + (Ot

(105)

When § = d = 0 and Q+ = 6t = 0, @, = m, and p; = 0, so (105) reduces to (9)
of the paper exactly. The factor shares f, in general sum to strictly less than one be-
cause the target portfolio and non-pecuniary preference generate a non-zero idiosyncratic
component of expected-return variance.

The economic content of target portfolio and non-pecuniary preferences is captured

by how they make ms j vary across factors. Expanding this second moment gives

2 2 pix (AGk + di) (AGr, + dy.)?
(A +v02)(1 + 9éy) (A +702)2(1 + ég)?

(106)

We now reparameterize in terms of (°"® and 1. Substituting A +vo? = 1/¢°"" and
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A= (1 —1)/¢°" into the intercept term Ay + dj yields

AQy + dg

Nt or (1=¢) G+ """ di = hi(¥),

where the function A (1)) collects the target portfolio and non-pecuniary preference pieces.

Equation (106) then simplifies to

2 i I (1) n hi()?

1+ ey (1 +pex)? (107)

which depends on v only through h; (1) and the (1 + &) denominators, and on (O"®
only through hy(¢)).

Heterogeneity in g or dj, across factors mechanically generates heterogeneity in ms; z,
which generates heterogeneity in the explained variance share f; beyond what the factor
variances alone would predict.

A factor zoo arises in equation (105) when mz j, is large for weak-variance factors and
small for strong-variance factors.

Note that in this general case, we empirically identify in (16):

S i _ YL+ ver)’ Mk
S fe (I +0é)2may,

This ratio is the proportion of total factor-spanned expected return variation explained
by the first J factors. This ratio is greater than the proportion of total expected return

. : J
variation explained ) i _; fx

if’f _ Sy (14 9ér)? ma .
k=1 Z]I'(:1(1+¢éj)2 mz; + H(l —¢)QL+COW116LH2

Z,‘izl fr is smaller because the orthogonal components of the target portfolio and non-

pecuniary preferences add expected-return variance that is not spanned by the factors.
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Maximum attainable Sharpe Ratio The maximum attainable squared Sharpe ratio
is that attained by the mean-variance efficient portfolio Q. = X~ '(E[D] — P). Using the
orthogonality ¥Q* = o2Q* (since @E@®’'Q* = 0), and likewise for §+, the factor and
orthogonal pieces decouple. Substituting (101), the factor-space term inherits the same

structure as (11):

K 2
2 Own -2 ]‘ + 1/}6’9 7T ||/\QJ_ 6l H
Max SR* = (C Z Gt 1)02 + = .

k=0

Setting @ = & = 0 recovers (11) of the paper. The first term collects factor-level contribu-
tions written in terms of redefined supply 7; the second term collects idiosyncratic alpha
created by orthogonal components of the target portfolio and non-pecuniary preferences.

In expectation over 7,

(e | Q]

2
E[Max SR”| Gt 1) 02 =

(108)

Can target portfolios generate a factor zoo without weak substitution? No.
Set d = 0 and consider only the target portfolio channel. If substitution is strong,

then from (107) we have
max ~ E[r2).

Thus, from (105) we have (using that 7 is i.i.d.)

fk 1[1*)1/ (ék + 1)2
258 +1)?

This expression is the same as the strong substitution limit in the baseline model (10).
Thus, if substitution is strong, then factor-level explained variance shares are tightly

linked to factor variances, which precludes a factor zoo: the few factors that explain

the most comovement will also explain most expected-return variation. Therefore, if

substitution is strong, then a non-zero target portfolio cannot generate a factor zoo.
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Intuitively, the strong substitution limit emerges when A is small (relative to v); that is,
when the entire /5 penalty is small. If the /5 penalty is small, then it doesn’t matter what
the shrinkage target is.

However, conditional on substitution being weak, then a non-zero target portfolio can
exacerbate the factor zoo. As can be seen from (105), a non-zero target portfolio can
lower all f; (e.g., @+ # 0 adds expected-return variation that cannot be spanned by the

factors).

Can non-pecuniary preferences generate a factor zoo without weak substitu-
tion? Yes, but in doing so they inflate the maximum attainable Sharpe ratio.
Set ¢ = 0 and consider only the non-pecuniary preference channel. The maximum

attainable Sharpe ratio is given by (108) with g = 0 and substituting (107):

K ~ K ~
— 1 —|—’l/16k)2 -1 (1 +77Z}€k) dk
E[Max SR?| = (¢ R[n? (N— — 2E|7 Own -
From Bas;ﬁne Model Cros;jl"erm
+ i di + H(SLHQ (109)
> 2 2 '
— (éxr+1)o N
~ -~ Non-pecuniary Alpha, Idiosyncratic Part

~
Non-pecuniary Alpha, Factor Part

The first term is the maximum squared Sharpe ratio in the baseline model (11). The
cross-term can be either sign depending on sgn(E[mg]d); the third and fourth terms are
always positive.

Before stating the main proposition, it is useful to identify the configuration of d that
minimizes E[Max SR?]. The first-order condition 9y, E[Max SR? = 0 in (109) yields

_ Efm](1 + e
COWn ’
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At this profile, substituting into (107) with g, = 0 gives
Mkl = Bl — (Blmel)? = Viml, (110)

which is constant across k. The associated minimum possible maximum squared Sharpe

ratio is

Swmin = E[Max SR?] = (COW“)_QV[wk] Z M (111)

d=a,61=0

Let F;(8,8%) = Zgzl fr be the cumulative expected return variance share of the first
J factors given the preference profile (§,8%). Let F'9 be the baseline F; when d = 0 and
5t =0:

J .
F9 = F;(0,0) = Do (L4 1pég)?

Zjl‘(:l(l + wéj)Q .

(112)

It turns out that FY is the same as Fj(a,0), the cumulative variance share under the

Sharpe-minimizing preference profile d = o = [ay | ;:

Fi(a,0) = FY. (113)

This is because at d = «, the numerator of f; in (105) is (1 + vég)*(E[r7] — (E[m])?),
which is proportional to the numerator that prevails when d = 0: (1 + é;)*E[r7].
Since 4+ = 0 in both the baseline and in the Sharpe-minimizing preference profile, the

idiosyncratic-alpha term in the denominator of fj vanishes in both cases. As a result,
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the ratio defining F'; is unchanged:

(o, 0) = Z’é{ (1 + pép)*(E[ry] — (E[m])?)
> i (L +9é;)2(E[r?] — (E[m])?)
_ Sy (14 1)
S (1 ;)
_ ZZ: (1 +¢€k>2E[ il
1 ;)

Now let Jk = d; — ay denote the deviation from the Sharpe-minimizing preference
profile. We have the identity
K ~
||<5LH2

S(d, %) — Suin > 0, 114
(d ;ek—i-l o? = (114)

with equality iff d = 0 and 6+ =

The following proposition demonstrates that any non-pecuniary preference profile that
strictly flattens fr (i.e., that spreads out the explanatory power over expected return
variance across more factors) raises Sharpe. That is, larger non-pecuniary preferences
(i.e., larger |d|) raise the number of factors required to explain expected return variation,
but in doing so raise the maximum attainable Sharpe ratio. Note that this is the opposite
of what weak substitution accomplishes: ceteris paribus, weaker substitution raises the
number of factors required to explain expected return variation, but in doing so lowers

the maximum attainable Sharpe ratio.

Proposition 3 (Flattening forces Sharpe inflation). Take § = 0 and Q*+ = 0, and let
J satisfy e; > ejy1. With Sy and F9 defined in (111) and (112), if a configuration

(d,8%) strictly flattens fy in the sense

F;(d,6") < FY, (115)
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then
S(d,6%) — Spin > 0. (116)

Therefore, under strong substitution, non-pecuniary preferences can create a factor
zoo, but only if the maximum attainable Sharpe ratio is high. This is exactly the point
made in Kozak et al. (2018a) (where they label § as sentiment shocks instead of non-
pecuniary preferences). In the model in that paper, large || creates a factor zoo, but

also gives rise to near arbitrage opportunities.
Proof of Proposition 3. We work in the variables Jk =d — ay. Let V, be the numerator
of fi in (105):

Vi = (14 ¥ér)*ma .

Let V¥ = (1+4¢;)*E[r?] be the baseline numerator when d = 0 and §+ = 0. Substituting

drp = oy, + dk into the expression for V4,
Vi = Vi) = 2B[mJ¢O"™ (1 + vé)di + (CO)*d} = Vi + (¢O)?[d} — i,

where we used 2E[m;,]¢OV (1 + ¥ér)ap = 202 (1 + ¥é;,)? = 2(¢O")2a2.
Note that af = (E[m])%(1 + é)?/(¢9")?, which is proportional to V2. Hence

Zlizl 0‘%/ 22(:1 ai = Zi:l Vko/ Zf:l Vko = w.

The flattening condition (115) expands to

it Vi

) R 117
Zle Vk + pPL ( )

where p; = (¢O¥)?[|64|2. Substituting Vi — V2 = (¢°"*)?[d? — a?] and using Y;_, a2 =
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w Zszl a2, (117) simplifies (after cross-multiplication and division by (¢°"*)?) to

S

e
Q.

Y

K
w Y dp w8t > (1

k=J+1 k=1

(118)

For (116), we bound S — S, from below using (114):

d; H5LH2
r+1 o2

J 2 K

kzzoek—i-l ; (e
K
Z
k=J+

| 2

>0+ —
(€J+1+1

> 42 + |6+ 2]
s [Z t

> 0.

The second line follows from dropping the non-negative ZZZO ﬁ term and using
ér < €y for k > J. The third line follows from 1/((€541 +1)0?) > 1/((é;+ 1) c?)
(strict since €5 > €541) and 1/0% > 1/((és + 1)o?). The final strict inequality follows

from (118), which gives Z,I::JH a2+ |6+ > Lw S &>

C Characteristic Definitions

This appendix lists the 120 monthly stock characteristics used in the IPCA and RFF
factor-model exercises. We use 106 characteristics directly from the Jensen, Kelly, and
Pedersen global factor data and 14 additional variables constructed from Jensen-Kelly-
Pedersen inputs so that these transformed variables are not themselves price-scaled char-
acteristics. All underlying Jensen-Kelly-Pedersen variable names and definitions follow

Jensen et al. (2023) and the accompanying Global Factor Data Documentation.
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Table C.1: Stock Characteristics Used in the Returns Analysis

Variable Description

Jensen-Kelly-Pedersen characteristics used directly

cowc_grla Change in current operating working capital
oaccruals_at Operating accruals scaled by assets
oaccruals_ni Operating accruals scaled by net income
taccruals_at Total accruals scaled by assets

taccruals_ni Total accruals scaled by net income

capex_abn Abnormal corporate investment

debt_gr3 Total debt growth over three years

fnl gria Change in financial liabilities over one year
ncol_grla Change in non-current operating liabilities over one year
nfna_gria Change in net financial assets over one year
ni_aril Lagged net income to assets

noa_at Net operating assets scaled by total assets
aliq-at Liquidity scaled by lagged assets

at_gri Asset growth over one year

be_grila Change in book equity scaled by assets
capx_grl Capital expenditure growth over one year
capx_gr2 Capital expenditure growth over two years
capx_gr3 Capital expenditure growth over three years
coa_grla Change in current operating assets over one year
col gria Change in current operating liabilities over one year
emp_gril Employee growth over one year

inv_gri Inventory growth over one year

inv_gria Change in inventory over one year

lnoa_gria Change in long-term net operating assets
mispricing mgmt Management-based mispricing

Continued on next page
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Variable

Description

ncoa_grla
nncoa_grla
noa_grila
ppeinv_grila
sale_grl
sale_gr3
saleq_grl

age

at_be
bidaskhl_21d
cash_at
ni_ivol
rd_sale

rd5_at
tangibility
beta_60m
beta_dimson_21d
betabab_1260d

betadown_252d

Change in non-current operating assets over one year
Change in net non-current operating assets over one year
Change in net operating assets over one year

Change in property, plant, equipment, and inventories
Sales growth over one year

Sales growth over three years

Quarterly sales growth

Firm age

Book leverage

21-day bid-ask high-low spread

Cash scaled by assets

Earnings volatility

Research and development scaled by sales

Research and development capital scaled by assets
Asset tangibility

60-month CAPM beta

21-day Dimson beta

Betting-against-beta

252-day downside beta

Earnings variability

earnings_variability

ivol_capm_21d
ivol_capm_252d
ivol_f£3_21d
ivol_hxz4 21d
ocfq-saleq_std
rvol_21d

turnover_126d

21-day CAPM idiosyncratic volatility

252-day CAPM idiosyncratic volatility

21-day Fama-French three-factor idiosyncratic volatility
21-day HXZ four-factor idiosyncratic volatility
Volatility of quarterly operating cash flow to sales
21-day return volatility

126-day share turnover

Continued on next page
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Variable

Description

zero_trades_21d
zero_trades_126d
zero_trades_252d
dsale_dinv
dsale_drec
dsale_dsga
niqg-at_chgl
niq_-be_chgl
nig_su
ocf_at_chgl
sale_emp_gri
saleq_su
tax_grila
dolvol_var_126d
ebit_bev
ebit_sale
f_score

ni_be

niqg_be

o_score

ocf_at

ope_be

ope_bell
turnover_var_126d
at_turnover
cop-at

cop-atll

dgp-dsale

21-day zero-trade measure

126-day zero-trade measure

252-day zero-trade measure

Change in sales minus change in inventory

Change in sales minus change in receivables

Change in sales minus change in SG&A

Change in quarterly net income scaled by assets
Change in quarterly net income scaled by book equity
Quarterly earnings surprise

Change in operating cash flow scaled by assets
Sales growth relative to employee growth

Quarterly revenue surprise

Change in effective tax rate over one year

126-day dollar-volume volatility

EBIT scaled by business enterprise value

EBIT scaled by sales

Piotroski F-score

Net income scaled by book equity

Quarterly net income scaled by book equity

O-score

Operating cash flow scaled by assets

Operating profitability scaled by book equity
Operating profitability scaled by lagged book equity
126-day turnover volatility

Asset turnover

Cash-based operating profitability scaled by assets
Cash-based operating profitability scaled by lagged assets

Change in gross profit minus change in sales

Continued on next page
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Variable Description

gp-at Gross profits scaled by assets

gp-atll Gross profits scaled by lagged assets

ni_inc8q Number of consecutive earnings increases
niq.at Quarterly net income scaled by assets

op-at Operating profits scaled by assets

op_atlil Operating profits scaled by lagged assets
opex_at Operating leverage

qmj Quality minus junk

qmj_growth Quality minus junk: growth

qmj_prof Quality minus junk: profitability

qmj_safety Quality minus junk: safety

sale_bev Sales scaled by business enterprise value
corr_1260d Market correlation

coskew_21d Coskewness

dbnetis_at Net debt issuance scaled by assets

lti_grila Change in long-term investments over one year
pimnix Taxable income scaled by net income
sti_grila Change in short-term investments over one year
ami_126d Amihud illiquidity measure

iskew_capm_21d 21-day CAPM idiosyncratic skewness

iskew f£3_21d 21-day Fama-French three-factor idiosyncratic skewness
iskew_hxz4_21d 21-day HXZ four-factor idiosyncratic skewness
rskew 21d 21-day return skewness

chcsho_12m 12-month change in shares outstanding
eqnetis_at Equity net issuance scaled by assets

netis_at Net issuance scaled by assets

Other variables (not as a ratio of market equity as in Jensen et al., 2023)

netdebt Net debt

Continued on next page
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Variable Description

rd Research and development expense
at Total assets

be Book equity

debt Total debt

divi2m Trailing 12-month dividends
ebitda EBITDA

eqnpo Equity net payout

eqpo Net equity payout

fcf Free cash flow

ival Intrinsic value

ni Net income

oct Operating cash flow

sale Sales

Notes: The first block reports the 106 characteristics taken directly from the Jensen et al.
(2023) global factor data. The second block reports the 14 additional characteristics
we construct by recovering underlying accounting quantities from Jensen-Kelly-Pedersen
variables that are distributed in market-equity-scaled form. These transformations ensure
that the variables in the second block enter the factor-model instrumentation as under-
lying accounting quantities rather than price-scaled ratios. Characteristics are lagged by
one month when matched to returns, and each month we apply the rank-to-percentile

transform and recenter at zero, following Kelly et al. (2019) and Kozak et al. (2020).

D RFF Factor-Model Construction

This appendix provides additional details for the RFF orthonormal factor model intro-
duced in Section 3.2. Let 2, € R'20 denote the vector of rank-normalized characteristics

for stock n in month t. We first standardize characteristics using moments from the train-
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ing sample and then apply a Random Fourier Features map that approximates an RBF

kernel:

2
d(z) = 7 [cos(w)z + by), sin(w)z 4 by), ..., cos(Why ez + barja), sin(why z + bagya)] |

where the draws (wj, b;) are fixed across all months. Stacking these rows gives the month-t
feature matrix ;.

Because the raw RFF columns are not orthonormal, we right-whiten within each
month,

U, = O,(D)d,) /2,

so U/U; = I exactly. We then estimate a standard IPCA model with U;. The proposi-
tion below shows that with orthonormal characteristics, IPCA just collapses to PCA on

characteristic-managed portfolios x4 = U1y 1.

Proposition 4 (Orthonormal IPCA Collapses to PCA). Suppose returns satisfy
rir1 = UiC fip1 + €41,

where UlUy = I for every t and C'C = 1. Then the IPCA objective

min r — UC 2
C,{fm}zt:H 41— UC fip ||

15 equivalent to

Jnax ; |C 2412 where Ty = Ureyq.

Hence C is given by the top eigenvectors of Y, xi124,, so estimation is just PCA on
the managed-portfolio time series x;.1. The resulting loadings satisfy By = U;C and are

automatically orthonormal because

Bth - C/Ut/UtC - C/C - [
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Proof. For fixed C, the first-order condition for f; ; is
ft—i—l = (C/Ut/UtC)_lclUt/TH_l = C"Ut'TtH = C/.IH_l.

Substituting back into the objective gives

D el = 0"zl
t t

so minimizing squared residuals is equivalent to maximizing Y, [|C'x.41]|* subject to
C'C = I. This is the standard PCA variational problem, solved by the leading eigenvec-

/
tors of >, w1125, O

As usual with IPCA, the resulting stock-level loading matrix is By = U;C. These

loadings remain orthonormal because C'C' = I. Factor realizations are therefore
f _ B/ _ C/U/ _ Cl
t+1 = Dil't41 = tTt+1 = U Ty

Their covariance matrix X determines the systematic covariance matrix B;XrB;. We
use the eigendecomposition of this matrix to recover the orthonormal loading directions
©, and factor variances ey ; that enter the theoretical and empirical R? curves in the main

text.

E Supplements for Section 3

E.1 Description of Russell Banding Methodology Starting in

2007

This appendix describes the methodology used to calculate the market cap rank cutoffs
for the annual Russell index reconstitutions.
Prior to 2007, Russell reconstitution rules were simple. Firms with market capital-

izations on the May rank date that fell between ranks 1 and 1000 were assigned to the

97



Russell 1000, and those with market caps ranked between 1001 and 3000 were assigned
to the Russell 2000.

To reduce turnover, since 2007 FTSE Russell has used a “banding policy” under which
there are two separate cutoffs for stocks in the Russell 1000 and 2000 in the previous year,
both of which are based on a mechanical function of the firm size distribution in the year.

Under this policy:

e Stocks in the Russell 2000 in the previous year are assigned to the Russell 1000 if

their rank date market cap ranks fall between 1 and 1000 — ¢;.

e Stocks in the Russell 1000 in the previous year are assigned to the Russell 2000 if

their rank date market cap ranks fall between 1000 4 ¢ and 3000.

To calculate ¢; and ¢ Russell first computes the cumulative market cap of the largest 1000
stocks (i.e., those with ranks 1 through 1000). Let C'(N) represent the cumulative market
cap of the largest N stocks. ¢; is calculated such that C'(1000—¢;) = 0.95-C(1000). ¢ is
calculated such that C'(1000 + ¢) = 1.05 - C'(1000). That is, the band of stocks between
ranks 1000 — ¢; and 1000 + ¢, constitutes a 5% band around the cumulative market cap
of the largest 1000 stocks.

Thus, even after the introduction of the banding policy, assignment to the Russell
1000 or 2000 is still based on a mechanical rule. After the introduction of the banding

policy, this mechanical rule changes each year with the distribution of firm sizes.

F Supplements for Section 4

F.1 Out-of-Sample Return-Spanning Exercise

This subsection reports the out-of-sample analogue of Figure 2. We estimate the RFF
orthonormal factor model on the training sample from January 1980 through December
1999, and then construct both the return-spanning and model-implied curves using only

the out-of-sample period from January 2000 through December 2023. As in the main
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Figure F.1: Out-of-sample RFF orthonormal factor-model evidence on the factor structure of
expected returns. The factor model is estimated on January 1980-December 1999, and both
the data and model-implied curves use January 2000-December 2023. The black curve is the
out-of-sample R?lata path, the orange curve is the strong-substitution benchmark pr evaluated
at ¢ = 1, and the blue curve is the out-of-sample best-fitting Ri path, which corresponds to
1 =~ 0.0425.

text, we normalize the resulting R? curve at J = 200 factors. Figure F.1 shows that the
out-of-sample data curve still lies far below the strong-substitution benchmark at ¢ = 1,
while the best-fitting 1) curve remains much flatter than the classical benchmark, with a
best-fitting value of approximately ¢ = 0.0425.

One subtlety is that the normalized out-of-sample curve is somewhat higher than the
in-sample one. This does not mean the full return-spanning fit improves out of sample.
In raw terms, the regression R? is slightly higher out of sample at J = 1 (20.2% versus
18.7%), but lower thereafter: for example, it falls from 26.8% to 21.9% at J = 10, from
44.3% to 23.7% at J = 50, and from 79.5% to 27.6% at J = 200. So the out-of-sample

exercise should be read as a robustness check on the shape restriction, not as evidence

that the absolute level of return-spanning fit is stronger after 2000.

F.2 Daily-Return RFF Exercise

This subsection repeats the expected-return spanning exercise using the daily RFF factor

model. We estimate the factor space from daily excess returns, force the first loading to
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Figure F.2: Full-sample daily RFF factor-model evidence on the factor structure of expected
returns. The black curve is the normalized empirical Rﬁata path, the orange curve is Ri evalu-
ated at ¢ = 1, and the blue curve is the best-fitting be path, which corresponds to ¢ =~ 0.0225.

be equal across assets in each cross section, and then compare the normalized empirical
R? curve to the model-implied R} curves exactly as in the monthly analysis. Figure F.2
shows that the daily data curve also lies far below the strong-substitution benchmark at

1 = 1, while the best-fitting value of 1) remains small at approximately 0.0225.
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Figure F.3: Standard PCA on daily CRSP stock returns.

G Supplements for Section 5

G.1 Factor-level Sharpe ratios and the fixed-micro counterfac-

tual

Consider the factor-mimicking portfolio associated with factor k. From (8), its expected

return is

1 .
k= 0,(E[D] — P) = COwnﬂ—k(l + véy), (119)
while its variance is
Var(0,(D — P)) = (1 + é&)0”. (120)
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Consequently, conditional on the factor-supply shock 7, the monthly squared Sharpe

ratio is

1\ (1 +é)?
2 _ 2
Sharpek,momhly = Mg <<’Own> (1 n é«k>o_2 : (121)
Taking expectations over i.i.d. factor-supply shocks and annualizing squared Sharpe gives
(17), with

2

>2 = 12E[m}] (M™°)" . (122)

C = 12E[r}] (COIM
Our counterfactual holds fixed both the second moment of primitive factor-supply shocks
and the micro multiplier, and therefore holds C' fixed. Because the micro elasticity and
micro multiplier are inverses, this is equivalently a fixed-micro-elasticity counterfactual.
Under the maintained fixed supply-shock distribution, fixing C' in the empirical exercise
implements this restriction, so varying 1 changes only the covariance-based amplification
of a systematic shock.

In the model, summing the factor contributions gives the annualized maximum at-

tainable squared Sharpe ratio:

=

1 + wek
MaxSh =C g 123
axSharpe?( . (A (123)

The exact time-specific expression replaces the common scale C' with 1204%15, where aj,; =
(A + v0?) T4, inside the sum. The counterfactual holds these primitive coefficients fixed
rather than holding fixed reduced-form factor premia, which themselves change with .

The summation in (123) is a model result. At a given date, the model’s covariance

eigenportfolios satisfy

Var(f | ©,F) = 0'Y0 = E + o°1, (124)

102



so their conditional covariance is diagonal. Across time, however,
Cov(fy) = E[Var(f; | /)] + Var(E[f; | Fi). (125)

The first term is diagonal, but the second need not be. The empirical maximum squared
Sharpe ratio is therefore generally /X! 11, not the sum of the individual squared Sharpe
ratios. We use the factor-level Sharpe ratios only to identify ¢ (which is pinned down
by their relative magnitudes) and obtain the aggregate Sharpe anchor from actual mean-

variance-optimal portfolio returns.

G.2 Estimation

We estimate the RFF factor model through December 1999 and reserve January 2000
through December 2023 for evaluation. For each evaluation month, let fx; = ©],r
denote the return on the month-specific covariance eigenportfolio and let e, denote its

eigenvalue. We calculate

- T

S AT B Ch L M EE)

TV IR TR
F sd(fx) o T — e + o2

where 02 = 0.01 and both variance objects remain monthly. To remove the unidentified

common scale, define the empirical and model-implied shares

S/’Rraw 2
Sk = %, my(¢) = M (127)
S (SR, )? > 9i ()
The shape estimate is
. 201
Y = argmin Y _ [s; — mp(¢)]* = 0.02484. (128)
1116[071} k=1

We identify the level separately. Let F} be the returns on the 201 fixed factors from

the pre-2000 estimation. Using 1980-1999, we calculate w = i}lﬁp. We then hold w
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fixed and evaluate w'F}; over 2000-2023. Its annualized Sharpe ratio is

—~ 00S w' F
SR =V12 ————~ = 1.812. 129
sd(w'Fy) (129)

Writing G(v) = >, gx(¢), the implied annualized scale is

(,S/'ROOS)Q
C ="~ =0.001361. (130)
G(¥)

Finally, we hold C and the post-2000 mean eigenvalues fixed and evaluate

MaxSharpe(t; ) = /CG() = SR, /%. (131)

Re-estimating C' as 1 changes would hold Sharpe fixed by construction. Freezing C
instead holds fixed the micro multiplier and primitive factor-supply-shock scale, giving
the iso-cost counterfactual in the main text.

Table G.1: Sharpe-ratio estimation results

~ ~ -~

Calibration (0 C SR(y) SR(0.1) SR(1)

Fixed-split OOS  0.02484 0.001361 1.812 3.648 26.629
(0.00702)  (0.000429) (0.197) (0.536)  (3.92)
Note: The factor model and fixed factor-portfolio weights are estimated over 1980-1999; factor-
level Sharpe ratios and the fixed portfolio are evaluated over 2000-2023. Parentheses report
calendar-quarter block bootstrap standard errors. The realized portfolio Sharpe SR(y) =
1.812 anchors C. The last two columns hold C and the post-2000 mean eigenvalues fixed
while changing .

G.3 Concentration of Sharpe-ratio contribution

To make the concentration logic explicit, define the model-implied share of total Sharpe
ratio squared accruing to factor k at a candidate v by

(1+1pég)?

éx+1)o?
ar(Y) = W (132)
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This object strips out the common scale C' and isolates how substitution reallocates
Sharpe-ratio mass across factors. Small ¢ makes the distribution of g (¢) diffuse across

many factors; large 1 shifts that mass toward a small number of high-variance factors.

Table G.2: Concentration of model-implied Sharpe-ratio contribution across factors

() Top 10 share Top 50 share Factors for 50% Factors for 90%

0.02484 6.9% 23.5% 109 185
0.01 3.2% 17.5% 121 187
0.1 19.2% 39.7% 74 175
1.0 32.4% 54.8% 40 156

Note: This table uses the post-2000 mean RFF factor eigenvalues and reports concentration
statistics for the normalized factor-share object gx(v). “Top 10 share” and “Top 50 share”
are the fractions of total model-implied Sharpe ratio squared contributed by the 10 and 50
largest-variance factors. “Factors for 50%” and “Factors for 90%” are the numbers of factors
needed to reach 50% and 90% of total Sharpe ratio squared.

H Supplements for Section 6

H.1 Derivation and construction of the macro—micro mapping

From optimal demand (2) and the market-clearing condition in Section 2.3, equilibrium

prices satisfy
P =E[D] - [(A+70°) 1+ 1OE@’] (%L + @71') : (133)
Define
Q™ = _On.

The vector O is the factor-driven residual supply that the representative investor must
hold. The minus sign converts this supply shock into an outside-purchase shock: a
positive element of Q"¢ reduces the shares available to the representative investor and

therefore raises prices. Under the same large-N approximation used to derive (8), we
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drop the equal-weight component ¢/N, so (133) becomes

P =E[D] + [(A+70°) I+ yOEO'] Q™. (134)

Demand shocks are expressed as fractions of shares outstanding. Differentiating (134)

with respect to Q"°*° gives the multiplier matrix

oP
M = — = (A +70%) 1+ 1OE®’ (135)
aQnmse
— M (L4 ), (136)
where
Mmicro )\+ 2 w 70_2 T 1 @E@l @E@/ (137)
= =— T=— =
7 A+ yo?’ o2 ’

where E = E/o? is the diagonal matrix of factor variances normalized by idiosyncratic
variance. We use 02 = 0.01, the same rounded idiosyncratic-variance calibration used
elsewhere in the paper.

The entries of M make the distinction between micro, own-price, and cross-price

multipliers explicit. For stock n, the full same-stock response is
MO = N, = MM 4 yg?F = MM (1 4 )7, L) (138)
whereas, for m # n, the cross-price multiplier is
M = My = 70 Tm = M™ YTy . (139)

The relative-price regressions described in Haddad et al. (2025) hold fixed the systematic
component of the price response and therefore identify M™° not the full diagonal
element M°"™" under their identifying assumptions. This is why the stock-level estimates

used in the calibration map directly to M™°. Related distinctions appear in Fuchs et al.
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(2023, 2025). Empirically, the average same-stock systematic moment is 1.0831, so the
full own-price and micro multipliers are nevertheless nearly identical in the low-1 region.

We next derive the multiplier for an arbitrary portfolio and demand shock. Let v be
a vector of purchases and let w be the weights of the portfolio whose price response is
measured. Normalize the response by the portfolio-weighted size of the purchase, w'v.

Equations (136) and (137) imply

M(w,v) = "“‘ﬁf” (140)
= M™°[1 + Yr(w,v)], (141)
K(w,v) = u;ljjy. (142)

Thus, x(w,v) is the systematic covariance exposure of the demand shock per unit of
portfolio-weighted shock size, normalized by idiosyncratic variance.
For the macro experiment in month ¢, the shock purchases the same fraction x of

every stock, v"*° = x1, and the response is measured using market weights w;**™.

Since the market weights sum to one, w}**'y*** = z:. Therefore,
Mtn1acro(,[7b) — Mmicro (1 + w'%M,t) , (143)
Ky = w'0,E,0/1. (144)

The shock size x cancels, so a one-percent shock and a unit shock imply the same multi-
plier. We compute ks, from the estimated factor loadings, normalized factor variances,
and market weights in each of the T" = 528 sample months. Averaging across months

gives

T
1
Fv = ; Fonrg = 1044.45., (145)

Because the micro anchor is held fixed across months, the average model-implied macro
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multiplier is consequently

M

macro (

V) = M™ (1 + Ryy) . (146)

Solving this equation for 1, for any macro target m, yields

m / Mmicro -1

wm) = 2o (147

In particular, M™° = 2 m =5, and Ky = 1044.45 imply 12 = 0.00144, which we report
as 0.0014 in the text.

The homogeneous calculation in the text is a special case. If every diagonal element
of M equals mq., and every off-diagonal element equals m..ss, then an equal-fraction
purchase of all N stocks raises every stock price by mewn + (N — 1)meress. The estimated
factor structure relaxes this symmetry and allows each pairwise spillover to depend on
the stocks’ factor exposures through (139).

Finally, the average absolute cross-price multiplier reported in Table H.1 and on the

top axis of Figure 5 is

T
NS (g ey = L Z Nt—l DM ] (148)

n;ém

It summarizes the magnitude of a typical pairwise price spillover while allowing the
spillovers to vary across pairs through their factor exposures. To avoid constructing every
element of the large N; x N; matrix, we estimate this average using a fixed random sample
of 1,000 off-diagonal pairs in every twelfth month. The same fixed-seed approximation is

used for the top axis of Figure 5 and the last two columns of Table H.1.
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Table H.1: Implied degree of substitution and average absolute cross-price multipliers
under Gabaix and Koijen (2021) macro multiplier estimates

Source Method Mo 4)(2.2) ¥(6.5) MIoS(2.2) MI%S(6.5)
Greenwood and Sammon (2023) Additions (2010-2020) 0.4 0.00431 0.01460 0.000463 0.001568
Chang et al. (2014) Russell RD 0.7 0.00205  0.00793  0.000386 0.001491
Greenwood and Sammon (2023) Deletions (2010-2020) 0.7 0.00205  0.00793  0.000386 0.001491
Schmickler (2020) Mutual-fund flow surprises 0.8 0.00168  0.00682 0.000360 0.001465
Harris and Gurel (1986) S&P 500 additions BOE 1.1 0.000957  0.00470  0.000283 0.001388
Pavlova and Sikorskaya (2023) Benchmarking-intensity shocks 1.5 0.000447  0.00319 0.000180 0.001285
Li and Lin (2025) OFTI idiosyncratic component 1.6 0.000359  0.00293  0.000154 0.001260
Chaudhry and Li (2025) BMI shock 1.8 0.000213  0.00250  0.000103 0.001208
Chang et al. (2014) Passive-asset estimate 2.5 -0.000115  0.00153 0.001028
Shao et al. (2026) Tick Size Pilot 2.6 -0.000147  0.00144 - 0.001003
Chaudhry and Li (2025) OFT shock 3.1 -0.000278  0.00105 - 0.000874
Chaudhry and Li (2025) FIT shock 3.9 -0.000417  0.000638 - 0.000668

Note: For each row, M™® is the micro, or relative, multiplier from the cited study. Under the
mapping in (146), the implied v(m) solves m = M™°(1 + ¢)Fy;), where m € {2.2,6.5} is the macro
target and Ky = 1044.45. We compute ®p; from monthly RFF factor loadings and normalized factor
variances using a market-cap-weighted portfolio and an equal-fraction marketwide shock, as described
in Appendix H.1. The reported M 19s8(m) is the corresponding average absolute off-diagonal multiplier
defined in (148). The Harris and Gurel (1986) value is 3.13%/2.96% = 1.1, using their announcement-
day price increase and approximate index-fund share. “~” indicates that no nonnegative v matches
the 2.2 target for that micro anchor.

I Supplements for Section 7

I.1 Measurement Error Simulation Results

Reliability Ratio Attenuation Correction Factor

FIT 0.990 1.010
OFI 0.988 1.012
BMI 0.721 1.386

Cross,(s)

et and attenuation
2

Table I.1: This table displays the reliability ratio Var[dTCL;oss /Varld
factor Var[dCross/Var[dCross,(s)

n,t n,t

Section 7.3.

for each of the three demand shocks, calculated as described in

1.2 Alternate Estimation Approach Based on Nonparametric

Sorts

In this section, we estimate the degree of substitution 1 using an alternate estimation

approach based on non-parametric sorts.
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1.2.1 Empirical Approach

We empirically sort stocks into bins based on covariances, and infer the degree of substi-
tution from the magnitudes of own- and cross-price multipliers in each bin. Specifically,
we measure the covariance 7,,,; between all pairs of stocks n and m using the factor
model from Section 3.2. We then sort all other stocks m into B = 100 bins based on
Tnmt- Thus, the b = 1st bin contains the 1% most “similar” stocks to stock n (i.e., the
1% of stocks with the largest covariances with n), while the b = 100th bin contains the
1% most “dissimilar” stocks.

We then run the following regression for each bin b:

Apny = B0y + BT Dpy(b)  + CyTns + o, (149)
N——

EZmESnﬁt(b) dm,t

Ap,; is the percentage change in the price of stock n in quarter ¢t. d,,; is one of the three
plausibly exogenous demand shocks discussed in Section 3.3, expressed as a percentage
of total shares outstanding. Mapping to the model in Section 2, these demand shocks
are the residual supply shocks @), that are uncorrelated with expected cash flows: they
reduce the number of shares held by the representative investor. S, (b) is the set of
stocks m # n such that 7, ,,, is in one of the top b bins (e.g., S, +(10) contains the 10%
most “similar” stocks to stock n). D, () is the sum of all shocks d,,; for m € S, ;(b).
X, is a vector of stock-level controls (none for FIT and OFI, and the banding controls
discussed in Section 3.3 for BMI).

In reduced form, 37*" reflects the own-price multiplier: the impact of demand shocks
to stock m on the price of stock n. ;7 reflects the cross-price multiplier: the impact
of demand shocks to other stocks m in the top b bins on the price of stock n. Weaker

substitution implies smaller 3;"*%°.

Yet these reduced-form coefficients are not the structural own- and cross-price param-
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eters. (23) implies the following structural forms for own- and cross-price multipliers®

Apn,t = <)\ + 7 (02 + E[Tn,n,t])) dn,t + 7Wn,t + en,t (150)
Wn,t = Z Tn,m,tdm,t~
m#n

Thus, we can express Bg*" and 3;"*° in terms of the underlying structural parameters:

7 = A+ (07 + ElTnng]) + Ky (151)
—~—

— COU(Wn,t’d_n,t(b))
V[‘ib,n,tw)]

g’f‘OSS — fy /{/g’V'OSS , (152)

_ CO”(Wn,tan,t(b>)
V[Dn,t(b)}

where czn,t(b) and Dn,t (b) are the residuals from regressing each of d,,; and D,,; (b) on the

other variable and all controls. See Appendix 1.2.3 for the derivation.

own

Intuitively, g™ reflects A (E [7,.4] is quantitatively small) and 55 reflects v. Yet
both reduced-form coefficients also reflect the correlations between the residualized de-

mand shocks and the true substitute term W), ;.

The term kp“" captures the correlation between the own-stock shock d,,; and the

shocks to other stocks in W, ;. So x*" = 0 if d,,; is uncorrelated across stocks.?

Cross

The term x§™°% captures the correlation between the cross-stock shocks D, ; (b) and

W,.t, which is essentially the average covariance for stocks in the top b bins.?® Thus,
intuitively, 5;7°® should decline as b increases and more dissimilar stocks are included in

the regression.

Crucially, since we can construct W,,; from all d,,; and 7, ,,;, we can measure the

23Tn particular, this form arises if Cov (Tn’n,t, cim) = 0. A sufficient condition for this covariance to

be zero is that the residualized demand shocks are independent of the covariances: dy, ; L Ty p¢-

Cov(W,v,dn (b)) own 9
TV ®] 0— B =X+ ~(0? + E[1nn])

251f dy+ is uncorrelated and has the same variance across stocks, then x;"?*% is exactly the average

24Hence, in this uncorrelated case, K" =

. ros Cov Wnyt,Dn,t(b)
Tn,m,t for all stocks in Sy, 4(b): K{™** = (V[bm(b)] ) =E [\Sn,lt(bﬂ Emesn,t(b) Tn,m,t]~ In general,
kg %% is a linear combination of the 7, ., for all stocks in S, ;(b), with higher weights on stocks m that

have larger covariances of de’t with Dnyt(b).
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correlation terms Koy, (b) and Keqoss (b) empirically.  Moreover, classical measurement
error in the covariances 7, ,,¢, and so in W, ;, does not bias the estimates of these terms
since it is by definition uncorrelated with the demand shocks d,, ;.

Given this structure, we can compare our empirical estimates of 3;"°*® to the theoret-

ical values B¢ %" (1) that would prevail under different values of 1

gross,theoretical (w> — fy(w)ﬁlc)ross

() =E v

" o2 + Y (E [Tn,] + ’fﬁw")

(153)

The second equation follows from (151) and Ey is the average across all bins b. Intuitively,
larger own-price coefficients 57" imply larger A values, and hence large v values for any
given 1. These higher v values imply higher cross-price coefficients 5;7*.

Hence, we can estimate ¢ with generalized method of moments (GMM) and this

moment condition?®:

By 877" = y()k57™"] = 0.

1.2.2 Empirical Results

We find that cross-price multipliers are empirically small, which indicates that substitu-
tion is weak and v is small.

Figure 1.1 displays empirical estimates of the reduced-form cross-price coefficients
Bpres® for the three demand shocks. We compare the empirical estimates of 35"°* to the
theoretical values that arise under smaller values of ¢ (holding the estimated "™ fixed).
For FIT and OFI, the empirical estimates are precise enough to statistically distinguish

various small degrees of 1. For BMI, although the 5;7*° estimates are precise enough to

26Tn particular, we solve

mlbingw)’vvgw),

. B
where g(¢) = [5§TOSS - 5gross’theoremal () and W is the optimal two-step GMM weighting matrix.
b=1
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reject 1» = 1, since BMI has far fewer observations than the other shocks, these estimates
are not precise enough to distinguish various small degrees of ¢. The GMM estimation
discussed in Section 1.2.1 simply finds the value of ¢ that minimizes the distance between
the empirical 3{"°** coefficients (displayed in the solid red line) and their theoretical
counterparts (displayed in the dashed lines).

Table 1.2 displays the GMM estimates of ¢ for the three demand shocks. We find ¢
values of 0.005 for FIT, 0.002 for OFI, and 0.046 for BMI (with large standard errors).
Thus, across all three shocks v is two to three orders of magnitude smaller than the

benchmark v = 1, which indicates that investors weakly substitute across stocks.

FIT OFI BMI

¢ 0.00542°*  0.00209*  0.04631
(0.00166)  (0.00117) (0.18876)

Table I.2: This table displays the GMM estimates of ¢ implied by the reduced-form own- and

cross-price coefficient estimates 5" and 3;"°%° for the three demand shocks. The second row

displays quarterly block-bootstrapped standard errors over 500 simulations. Levels of signifi-
cance are presented as follows: *p<0.1; **p<0.05; **p<0.01.

Therefore, substitution is empirically far weaker than implied by the classical bench-
mark.
1.2.3 Proofs

Let d~n¢ (b) and Dnyt (b) be the residuals from the regressions of each of d,,; and D,,.(b)
on the other variable and all controls.

Given the reduced-form equation (149),

I
Apn,t = l()mmdn,t + Bgross Dn,t(b) + CyLp ¢ + €bn,ts
——

Ezmesn,t (b) dm,t
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Figure I.1: This figure displays the reduced-form cross-price coeflicients feross, from regression
(149) for selected bins b. The three rows display the results for the FIT, OFI, and BMI demand
shocks, in order. The left column compares the empirical S.ross,, estimates to their theoretical
counterparts under the benchmark ¢ = 1. The right column compares the empirical Bepossp
estimates to the theoretical counterparts under smaller values of ¥. Shaded regions indicate
95% confidence intervals.
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Figure [.2: This figure displays the reduced-form own- (left) and cross-price (right) coefficients
B and B;7°%° from regression (149) for all bins b. The three rows display the results for the
FIT, OFI, and BMI demand shocks, in order. Shaded regions indicate 95% confidence intervals.
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we have by the Frisch-Waugh-Lovell theorem that

Cov (Apnt it (b)>
oot = N T2k, )

Cov (dnt, dys (b)) Cov (Wm, d,. (b)>

= (A +1E [T i) +70?) [ ] Ty [d (b)] (154)
=A+7E|r ]—l—'yaQ—l—”yOOU (thd t(b)) (155)
v | 0]
Cov (Apm, [?n,t (b)) 7
Beross,p = .
Y [Dm (b)}
) )\Cov (dn: o (b)) . 7Oov <WT¢, Dy, (b)) 56,
\% [Dn,t (b)] \% [Dm (b)]
_ f}/CO’U (Wm, Dy (b)) (157)
% [Dn,t (b)]

(154) and (156) follow from substituting in the structural equation (150)

Apn,t = ()\ + P)/E[Tn,n,t] + 70'2) dn,t + ’}/Wn,t + €nt

Wn,t = E Tn,m,tdm,t-

m#n

(155) follows since C'ov (dn,t, dnt (b)) =V [czm (b)} . (157) follows since C'ov (dmt, Dy (b)) =
0.
Note that if Cov (d,, ¢, dm ) = 0 for all m # n, then

Cov (Wn’t, Jmt (b)) = Z Tnm.tCov (dmi, cin’t (b)) =0,

m#n
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and so k§*" = 0. In this case, we also have:

If all stocks have the same demand shock variance
V [dm,t} = 0'37
then we have:

) Tr,mit
I{zross =F |: m#n :| )

|5, ()]

I.3 Implications for Biases in Estimated Multipliers

Previous work argues that failing to appropriately control for substitution can bias own-
price multiplier estimates (Fuchs et al., 2023, 2025; Haddad et al., 2025). However, the
weak degree of substitution indicated by the small 1) estimates in Table 2 suggests that
this bias is likely small. The bias in own-price multiplier estimates is controlled by the
vry™ term in (151), which shrinks as 1 decreases since smaller ¢ implies smaller ~
relative to .

We quantify the magnitude of this bias given the 1 estimates in Table [.2. We regress
price changes Ap,, ; on the three demand shocks d,, ; without controlling for any substitute

terms

Apyy = B7"dp + Clmn,t + €nt- (158)
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Following (151) from Appendix 1.2, we have

ﬁown = \+ v (0‘2 + E[Tn,n,t]) + 7y @

— COU(Wn,t 7‘1~n,t(b))
V[dp,n,e )]

Wn,t - Z Tn,m,tdm,t7
m#n
where Jn,t is the demand shock residualized with respect to all characteristic controls x,, ;
discussed in Section 3. Given the v estimates, we then compute the implied v(¢)) as in
(153). We can then compare the estimated 5" to the de-biased own-price and micro

multipliers

Own-Price Multiplier = X +~(¥) (0% 4+ E [T, 04]) = 87" — v(¢) " (159)

Micro Multiplier = A + vo? = B°" — () (E [Tyns] + K5“") . (160)

Appendix Table 1.3 demonstrates that even after removing the bias from failing to
control for substitution, own-price multipliers remain large, ranging from 0.9 to 4.1. Since
the v(¢)E [T,,n¢] term is small given the small ¢ estimates, full own-price multipliers and
micro multipliers are virtually identical. The bias in S°*“" varies across demand shocks
based on how strongly correlated d,,; is across stocks, which controls k.

We also run the regression suggested by Haddad et al. (2025) and often used in
previous work (e.g., Chaudhry and Li, 2025) that uses time fixed effects and characteristics

interacted with time fixed effects to control for substitution:
Apns = Btnxcrdne + €i@ne + FE + eqy, (161)

using the following characteristics: accruals, asset growth, beta, gross profitability, 1 year
issuance, 5 year issuance, and net operational assets. Table 1.3 shows that the 8% nxr
estimates are close to the de-biased own-price and micro multipliers.

Thus, own-price multipliers are virtually identical to the micro multipliers, both pa-
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OFI FIT BMI

pgeen 1.002%*  6.139™*  1.064***
(0.109)  (0.993)  (0.394)
KL 0.871***  3.563*** (0.857***

(0.073)  (0.343)  (0.243)

Debiased Full Own-Price Multiplier 0.915***  4.091** 1.046***
(0.100)  (0.745)  (0.387)

Debiased Micro Multiplier 0.9127* 4.070"* 1.033"**
(0.100)  (0.742)  (0.382)

Table I.3: This table displays in the first two rows the estimated 5™ and B9} from (158)
and (161) for the three demand shocks. The last two rows display the de-biased full own-price
and micro multipliers using the () estimates from (159) and (160) given the 1 estimates in
Table 1.2. Quarterly block-bootstrapped standard errors over 500 simulations are displayed in
parentheses. Levels of significance are presented as follows: *p<0.1; **p<0.05; **p<0.01.

rameters remain large even after controlling for substitution, and methods from previous

work to control for substitution yield nearly unbiased estimates of these parameters.?”

1.4 Additional Empirical Results
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5035 —— ¥=0003 — y=0.007 S 0.010 — y=0.001

s s

> 0.30 9

1) —

& 0.25 & 0.008

& o

w %)

8020 8 0.006

(&) (@]

20.15 o

5 5 0.004

E 0.10 §

< < 0.002

Zoo0s <

2 2

©0.00 & 0.000

v 1% 25% 50% 75% 100% 1% 25% 50% 75% 100%

Percentile of Absolute Covariance Distribution Percentile of Absolute Covariance Distribution

Figure 1.3: This figure displays the model-implied ratios of absolute structural cross-price
multipliers to micro own-price multipliers under different values of ¥. The right panel compares
these ratios under the empirical estimates of ¢ for the FIT, OFI, and BMI demand shocks from
Table 2 while the left panel overlays the ratios that would emerge under the benchmark ¢ = 1.

2TQur results are consistent with those in Chaudhary et al. (2023) Appendix J, which shows that
grouping stocks on Fama-French three-factor characteristics or on 27 GICS industries and controlling for
group-quarter fixed effects has little impact on the estimated own-price multipliers.
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J Supplements for Section 8

J.1 GMM Estimation Details

We start with demand curve (27)

K
log Qine =" (—log Py + Wi (¥)) + Z Bt kt + €imt
k=1

K
Wit () = D> b () On ksl et 108 P

mEIm k=0 _ wéy,

= 1+9¢;

and the instruments

1 .
Zi,n,t = log (Z Aj,tfl j,t(n) )

N
j#i 1+ 1 Lie(m)

K
cross __ § : 2 :
Zi,n,t - en,k,tem,k,tzi,m,t-

mEIL-,t k=0

For any candidate 1, we first residualize log Qi .t Zints Xint(¥) = —1og P14 Wit (1)

and Z{7°¢° with respect to the factor loadings 6,, ; within each quarter to obtain ; ,, , Zi,m, Xint(Y)

2,n,t

and Z{7%7° respectively.

We then compute the following two sample moment conditions in each quarter t:

own . 1 ~ own v 7
g1t (C >¢) - m Z Z <yi,n,t - C Xi,n,t (¢)> Zi,n,t

[ nEIi,t

own o 1 ~ own v 7Cross
g2t (C ﬂﬁ) = Zz |Iz‘,t| Z Z (yznt —¢ Xi,n,t (@U)) Zz',n,t (@/)) ‘

i n€l;y

Stacking these moment conditions in quarter ¢

g (C™" ) = g1 (¢ ), g2 (¢, )]
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we find (¢P¥",1);) in quarter ¢ that minimize the following GMM objective function:

min g (¢, 9) g (¢, 1))

Cown ,¢

Own

We then report the average (CP“", ;) across all quarters ¢ as the (¢9“", ) point

estimate.

J.2 Measurement Error Simulation Results

(G
Full-sample mean 0.001344
Bootstrap mean 0.001350

Measurement-error bias 6.0e — 6

Table J.1: This table displays the estimated attenuation bias due to measurement error arising
from estimation noise in the estimated factor loadings 68,; and variances ey, calculated as
described in Section 8.3.

J.3 Alternate Estimation Approach Based on Nonparametric

Sorts

In this section, we estimate the degree of substitution ¢ using an alternate estimation

approach based on non-parametric sorts.

J.3.1 Empirical Approach

From (2) in Section 2, we can write the quantity demanded for stock n as (26):

K

1 Yoo e

N / = k=0 P
ECOwn

N~
:CC"ross
=Sn,m

Given exogenous price variation that is unrelated to the investor’s expected cash flows
(i.e., price variation driven by the exogenous supply shocks), we can estimate the own-

and cross-price elasticities via a regression of the quantity demanded for stock n on the
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instrumented prices for all stocks. Then from (6), we can infer the degree of substitution
1 from the relative magnitudes of own- and cross-price elasticities:
Cross K ~
Cour = 2 nsbi
n k=0 k
Thus, we empirically sort stocks into bins based on similarity of factor loadings, and
infer the degree of substitution from the magnitudes of own- and cross-price elasticities in
each bin. Specifically, we measure each stock n’s factor loadings using the factor model
in Section 3.2. For each investor ¢ in each quarter ¢ we then sort all other stocks in
her investment universe into B = 100 bins based on factor loading similarity: 6, m,: =
6, ,0,,,.%
Thus, the b = 1st bin contains the 1% most similar stocks to stock n (i.e., the 1%
of stocks with the largest similarities with n), while the b = 100th bin contains the 1%
most dissimilar stocks.?? Following Koijen and Yogo (2019), an investor’s universe is all
stocks held in this quarter or in the past 11 quarters.
In each quarter ¢, we then run the following two-stage least squares regression for each

bin b pooled across all investors and stocks:

own cross § /
10g Qi,n,t - O‘b,t IOg Pn,t + O‘b,t IOg Pm,t + Cb,ten,t + €b,in,t (162)
meES; n,t(b)
~
=Peress(b)
1 P own cross Zi,n,t b/ .
08 L'nt Tipt Tipt 1,bt Ub,in,t
_ S 0, + (163)
Cross own cross i,m,t ! )
log IS Tobt Tobt b2,b,t Ub,iyn,t

mESi’7L7t(b)

In (162), log Q; .+ is the log quantity of shares held by investor ¢ in stock n in quarter

281n particular, we re-orthonormalize the loading directions within each quarter after restricting to the
stocks that appear in the holdings sample. We compute the covariance matrix of the latent factors across
all time periods X, and then in each quarter take the eigendecomposition of the systematic covariance
matrix @tE(BL = (;)t]:]téé. We use én,t as the factor loadings for stock n in quarter ¢ and the diagonal
elements é;; from E, as the factor variances. This step is needed because orthonormality is preserved
in the full return panel, but not automatically after dropping stocks that are absent from holdings data.

29Tf an investor has N < B stocks in her investment universe in this quarter, we assign one stock to
bins b=1,2,..., N, and no stocks to the remaining bins.
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t. log P, is the log market equity. We normalize all stocks to have one share outstanding,
so price equals market equity. S;, () is the set of stocks m # n in investor i’s universe
such that d,,,,+ is in one of the top b bins (e.g., S;,(10) contains the 10% most similar
stocks to stock n).

Importantly, the log prices in (162) are not exogenous to the residual demand shocks
€int. Through market clearing, increases in this investor’s demand for stock n raise the
price of stock n. Thus, we instrument for the log prices in the first stage regression (163)
using the investment mandate instrument from Koijen and Yogo (2019). Specifically, the

instrument is

1;4(n)
Ziny = log <Z Ajia 1+ ZN 1 't(m)) )

i#i j

where 1,;(n) is an indicator for if stock n falls into the universe of investor j and A;,;_; is
the lagged assets under management of investor j. This instrument represents the coun-
terfactual market equity of stock n if all investors held an equal-weighted portfolio of the
stocks in their investment universe. This instrument exploits cross-sectional variation in
which investors’ investment universes stock n falls into. Investment universe membership
is plausibly exogenous to the residual demand shocks in this quarter because universes
are defined by investment mandates: predetermined rules that do not respond to current
demand shocks. Thus, if stock n exogenously falls into the investment universe of more
or larger investors, it will face greater demand and will have greater market equity.

Note that although we use the instrument from Koijen and Yogo (2019), we do not
estimate a logit demand system. In contrast, our empirical approach allows for potentially
rich substitution patterns, leaving the actual degree of substitution to be determined by
the data.

In reduced form, apy™ reflects the own-price elasticity: the impact of exogenous price

changes to stock n on this investor’s holdings of stock n. aj’y** reflects the cross-price
elasticity: the impact of exogenous price changes to other stocks m in the top b bins on

this investor’s holdings of stock n. Weaker substitution implies smaller o'
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However, these reduced-form coefficients are not the structural own- and cross-price

elasticities. (26) implies the following structural forms for own- and cross-price elasticities:

1 1
logQint = —v7—= by 0; log Pt + +———=Win it
Og Q it A + 70—2 % k n,k,t Og )t + A _I_ ’}/0-2 Nt (1/J) + € ,Tut
711)17“5,6

(164)

K
Wint (¥) = Z Z biOn e 4O .t 108 Py 4.

m#n€l; s k=0

where 7, ; is investor ¢’s investment universe in quarter ¢t. Thus, we can express apy"™ and

apr’* in terms of the underlying structural parameters®”
own 1 —E Z b + 1 own (165)
apy" = ] w
bt )\—l-’yUQ t knkt )\+’YU2 bt
:Covt(Wi’nyt(w),log Pi,n,t(b))
- V[log Pi,nﬁ,/(b)]
1
aC?"OSS — wC’l"OSS , 166
b,t Y + 70_2 bt ( )

Covy (Wim’t (¥).log PETOES (b))

pCross
V[log Beros (b)]

where log P,,,,(b) and log chofs(b) are the residuals from regressing each of the instru-

mented log P,; and log P{7°® on the other variable and all controls. See Appendix J.3.3

2,1,
for the derivation.

;0% reflects the cross-

Intuitively, ag}" reflects the micro elasticity 1/(A 4 ~y0?) and wj’
price elasticities 1/(\ + y0?) ZkK:O bibOn k. tOm it Yet both reduced-form coefficients also
reflect the correlations between the residualized instrumented prices and the true substi-
tute term W, .(v).

The term wpy™ captures the correlation between the own-stock instrumented price

log Ent(b) and the prices of other stocks in W, :(¢). So wpt™ = 0if Z; 4 only impacts

the price of stock n.3!

30Tn particular, this form arises if Cov, (Zszl bk,tei,kﬁt, log Ent(b)) =0.

. . . Covg (Wi n,t (Y ,loglsiyn, b
#'Hence, in this no spillover case, wyy" = o V[lo;(ﬁ) 0l )
i,n,t

J— own —
= 0 — ap'y =
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The term wy’,”** captures the correlation between the cross-stock price term log f’f;"fs(b)

and W, ,, (1), which is essentially the average weighted similarity Zi{:o bOn g tOm i+ for

stocks in the top b bins.** Thus, intuitively, o’

should decline as b increases and more
dissimilar stocks are included in the regression.

Crucially, since given a ¢ we can construct W, ;(¢) from all log P, 1, 0,, 1+, and 6y, k. +,
we can measure these correlation terms wyy, (b) and we.ss (b) empirically. Moreover, clas-
sical measurement error in the factor loadings 6, ;, and so in W, (), does not bias the
estimates of these correlation terms: W, (1) only appears in the numerators and clas-
sical measurement error is by definition uncorrelated with the residualized instrumented

prices log P, . ,(b) and log P28 (b).

2,m,t

Given this structure, we can compare our empirical estimates of o;’*® to the theoret-

ical values azj;oss’themetical (1) that would prevail under different values of v:
agzoss,theoretical (¢) _ 1 ngtOSS (167)
’ Li(¢)
LB [ S bl ] + gy
Li() =B, — . (168)
bt

Given ¢, 1/L,(1) is micro elasticity 1/(X 4 v0?) implied by og}", following (165). E,

is the average across all bins b. Intuitively, larger magnitude own-price coefficients oy’

imply larger micro elasticities 1/L;(¢), which in turn imply higher cross-price coefficients

cross
Oéb,t .

Hence, we can estimate ¢ with generalized method of moments (GMM) and this

1 K 2
b et (1 —E, {Zk:o bken,k,t])
321f the instrumented prices log P; ,, +(b) are uncorrelated and have the same variance across stocks,
then wg’?®® is exactly the average weighted similarity Zf:o b k. t0m ke for all stocks in S; . (b):

wp®t = Covt(v{;ig’;(gg;gfg;‘]"" ®) _ E {m Zmesi,n,t(b) Zszo bken,k,tem,m]. A sufficient con-
dition for this uncorreigﬁed case is that each instrument Z; ,, ; only impacts the price of stock n and the
instruments are uncorrelated across stocks. In general, wp’’** is a linear combination of the weighted
similarities for all stocks in S; +(b), with higher weights on stocks m that have larger covariances of

log pi,n,t(b) with log pCToss(b)'

7,mn,t
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moment condition®?:

E agrtoss _ agrtoss,theoretical (¢t) =0, (169)

)

where the expectation is taken across all bins b within each quarter . We then report

the time series average of 1.

J.3.2 Empirical Results

We find that cross-price elasticities are empirically small, which indicates that substitu-
tion is weak and v is small.

Figure J.1 displays the time-series average empirical estimates of the reduced-form

cross-price coefficients «f’*®. These reduced-form coefficients are statistically and eco-

nomically smaller than the time-series average theoretical values aggoss’theoretical (¢) that
would prevail under the benchmark ¢» = 1 (holding the estimated average ap$" fixed),
even among the most similar stocks. Empirically, the average aj”** ranges from 0.00012
to 0.012, statistically significantly smaller than the 0.00023 to 0.023 range that prevails
under ¢ = 1. Appendix Figure J.2 displays the aj?** and ogy" results for all bins. Thus,
we can reject the null hypothesis of maximum substitution: that ~ is far larger than A
and ¢ = 1.

Next, we quantify . Figure J.1 also compares the empirical estimates of af"*** to the
theoretical values that arise under smaller values of ¢ (holding the estimated average apy™
fixed). The GMM estimation discussed in Section J.3.1 simply finds the value of ¢ that
minimizes the distance between the empirical of"** coefficients (displayed in the solid red
line) and their theoretical counterparts (displayed in the dashed lines). The theoretical

curves are close to one another because the instrumented prices log lf’mt(b) are strongly

correlated across stocks, which leads to large wpy™ values in (167). Nevertheless, since

33In particular, we solve
’

Inlgn 9(¥) g(v),

B

where Q(Z/J) _ al(;”rtoss _ agj“toss,theoretical (w):| b:1'
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RN ---- y=0.003
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Figure J.1: This figure compares the time-series averages of the reduced-form cross-price coef-
ficients o"”** from regression (162) for selected bins b to their theoretical counterparts under
different ¢ values. The shaded regions indicate the 95% confidence interval using Fama-MacBeth

standard errors.

(ygTOSS

of .
Table J.2 displays the GMM estimate of 1y = 0.0017. This estimate is three orders

are precisely estimated, we can statistically distinguish between the different values

of magnitude smaller than the benchmark ) = 1, which indicates that investors weakly

substitute across stocks.

(8

Average Point Estimate 0.0017***
(6.2e-05)

Table J.2: This table displays the GMM estimates of ¢ implied by the reduced-form own- and
cross-price coefficient estimates api™ and oy’’**. We estimate ¢y in each quarter ¢ following
(169) and report the time series average. The second row displays the Fama-MacBeth standard

error. Levels of significance are presented as follows: *p<0.1; **p<0.05; *p<0.01.

J.3.3 Proofs

Let log P, . +(b) and log Pros5(b) be the residuals from regressing each of the instrumented

7,m,t

log P+ and log P7%* on the other variable and all controls. Let by = 11’;’%
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Figure J.2: This figure displays the time-series averages of the reduced-form own- (left) and

own

cross-price (right) coefficients o'y and af",’*® from regression (170) for all bins b. Shaded regions
indicate 95% confidence intervals calculated using Fama-MacBeth standard errors (which are

very small for afy™)
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Given the reduced-form two-stage least squares equation (162),

own cross /
log Qine = Q¢ log P ¢ + apf E log P, + beten,t + €int (170)
mESi,n,t(b)
=P ()

log P, gown  pcross Zi,n,t b' Up
g LIt Lot Tipt 1,bit byim,t

Cross own cross g im,t )
log Pznt Tobt Topt b2,b,t Ub,in,t

MES; n,t(b)

we have by the Frisch-Waugh-Lovell theorem that

Cov; (log Qint,log me (b))

apy" = -
V [log Py (8)]
1 [ K , T\ Covy, (log P, +,log ]5””5 (b)) 1 Couvy (Wznt (1) ,log pznt (b))
] -1+ E; Zbkon,k,t = + X+ vo? =
g = ] V [log Pyt (b)) g V [1og Py (8)]
(172)
MK T Covy (Wip (1) ,10g Pi ¢ (b)
1 1 t ;n,t ) 1,
=—— <_1 +E, Zbk(’i,k-,t ) + > ( - ) (173)
A+ Yo Li—0 | A+ Yo AV [10g Pi,n,t (b):|
=w g ()
Ccross COUt (log Qi,n,t, log pﬁ:i?fs (b))
Qe = =
v [log Pyers (b)]
1 Cou, (log P, +,log ]—:’f;"fs (b)) 1 Couv, (Wznt (¥),log Pf:ffs (b))
T Xt 0? P T A+ yo? P (174)
10 log P (0)] o v [log Py (b)]
1 Cou (Wine (1), log Pose () -
= 5 — :
At o v [log Peyer (b))
=wgToe ()
(172) and (174) follow from substituting in the structural equation below:
1 - 1
log Qine = — Nt Ao? 1-E,; kZ:O llk 9n7k,t log P+ + Nt 702 Wing (V) + €,
=Trot

K
Winte @)=Y Y il ibmis10g Ponys.

m#n€l; k=0
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(173) follows since Cov, (log P, log I5mt (b)) =V, [log I5mt (b)} (175) follows since
Covy (log P, log ]5;3;";3 (b)) =0.
Note that if each instrument Z; ,,; only impacts the price of stock n, then the (residu-

alized) instrumented price log 15”“5 (b) is uncorrelated with all of the other prices log P, ;

for m # n in W .4 (). Therefore,

K
Covy (Wing (1) 108 Pons 0) = 32 37 bibupabun i Covi (108 Py 10g Prs (8)) =0,
m#n€Z; , k=0
and so wyy" = 0.
If the (residualized) instrumented prices log p,m (b) are uncorrelated across stocks,

then:

K

Z Z bken,k,tem,k,tvt |:10g p’i,n,t (b)]

MES; n,1(B) b=0

Z V, [log ]5”” (b)] )

meS; n,t(b)

Covr (Wi (1) 108 P15 (0))

v, [log peross (b)}

2,m,t
If all stocks have the same instrumented price variance
Vi [log pi,n,t (b)] = 0123a

then we have:

K
1
CTOSS:E ben Qm
NI (N W S SO
Y meS; n,¢(b) k=0

J.4 Implications for Biases in Estimated Elasticities

Previous work argues that failing to appropriately control for substitution can bias own-
price elasticity estimates (Fuchs et al., 2023, 2025; Haddad et al., 2025). However, the
weak degree of substitution indicated by the small 1) estimates in Table 3 suggests that

this bias is likely small. The bias in own-price elasticity estimates is controlled by the
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1

NozWh  term in (165), which shrinks as 1) decreases. This is a similar analysis to that

in Appendix 1.3, except for cross-price elasticities instead of multipliers.

We quantify the magnitude of this bias given the v estimate in Table 3. We run
in each quarter, pooled across all investors and stocks, the following two-stage least
squares regression of log quantities held on instrumented prices without controlling for

any substitute terms:

log Qint = " log P, + C;en,t + €pint (176)

log Pn,t = Wgwn int T b;Om + Upint- (177)

own __ Covi(Win,t(1)Jog Pin+)
own —

~ where P, ., is the instru-
Villog Py n,t] ’ Lt

Given the 9 estimate, we compute w
mented log price residualized with respect to all controls. We compute the implied L;(1))

as in (168). We can then compare the time-series averages for the estimated of*" and

the de-biased own-price and micro elasticities

K
1 1
Own-Price Elasticity, = ——— [ 1 - E bro? =a"" — w™ (178
t Lt('w) < t kZ:O k ,k,t]) t Lt('w) t ( )
Micro Elasticit ! i ! CHE i bi.0? (179)
icr icity, = ——— = """ — w . .
L)t L)\ fle e

Appendix Table J.3 demonstrates that even after removing the bias from failing to
control for substitution, own-price elasticities remain small, around —0.53. In fact, the de-
biased own-price elasticity is even more inelastic (i.e., smaller in magnitude) than the av-
erage oy because wy"" is empirically negative in our setting. Since the E, [Zszo b;ﬁfbv ki}
term is small given the small 1) estimates, full own-price elasticities and micro elasticities
are virtually identical.?*

Thus, own-price elasticities are virtually identical to the micro elasticities and both

parameters remain small in magnitude even after controlling for substitution.*® Thus,

34Moreover, note that (176) and (177) correspond to the regression suggested by Haddad et al. (2025)
since we control for the factor loadings interacted with time fixed effects.

350ur results are consistent with those in Tamoni et al. (2024) Appendix B.2.2, which shows that
controlling for up to 49 Fama-French industries interacted with time fixed effects has little impact on
the estimated elasticities.
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asset demand systems in stocks that place strong assumptions on substitution do not

lead to large biases in estimated own-price elasticities.

Estimate

(0.040)

Own-Price Elasticity —0.528***
(0.058)

Micro Elasticity —0.529***
(0.058)

Table J.3: This table displays in the first row the estimated o®*™ from (176). The last two rows
display the de-biased full own-price and micro elasticities using the v estimate in Table J.2.
Quarterly block-bootstrapped standard errors over 500 simulations are displayed in parentheses.
Levels of significance are presented as follows: *p<0.1; **p<0.05; **p<0.01.

J.5 Additional Empirical Results

3.2e-4

3.0e-4

Scaled Absolute Cross-Price Elasticity

Scaled Absolute Cross-Price Elasticity
o
o
o
~
w

2.6e-4
2.4e-4

0.0050
2.2e-4

0.0025

0.0000 2.0e-4

1% 25% 50% 75% 100% 1% 25% 50% 75% 100%
Percentile of Absolute Similarity Distribution Percentile of Absolute Similarity Distribution

Figure J.3: This figure displays the model-implied ratios of absolute structural cross-price
elasticities to own-price elasticities under different values of 1. The right panel displays these
ratios under the empirical estimate of ¥ from Table J.2 while the left panel overlays the ratios
that would emerge under the benchmark ¢ = 1.

K Technical Details for the Estimation Error and

Shrinkage Tests

This appendix records the mechanics of the estimation error and shrinkage tests summa-

rized in Section 9.
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Why the exercise can be written in terms of @ alone. Demand is given by

equation (39) in Appendix A:
w; = [ry@tEt@; + ()\ + ’70’2) I} - M- (180)

Now use the paper’s notation (?*" = 1/(\ + v0?) from (4) and ¢ = y0? /(A + v0?) from
(7). Then

©.E©;\ ™
#) L. (181)

w, = (9" (I + ¢ 5

o

Thus, (9" only affects overall leverage. Since multiplying all portfolio weights by a
positive scalar does not change the Sharpe ratio, Sharpe comparisons across candidate

1’s depend only on the portfolio direction

_ O.EO,\ '

This is the benchmark factor-model version of the rule. More generally, in the empirical
implementations below we replace the factor-model common covariance object @,E;®)

by an estimated common covariance component 2. This yields the generic empirical

rule

~ -1
" Ecom .
wy () o< (I + 1 ;2 ) it (183)
where [i; is the expected-return forecast, if"m is the common covariance component, and
02 = 0.01 is the paper’s monthly idiosyncratic-variance calibration. Small ¢ means heavy

shrinkage, while 1) = 1 gives the classical benchmark under this calibration.

Sample split. The hold-in sample is 1980 through the end of 1999. The hold-out
sample is 2000 through 2023. For each specification, the portfolio weights used in month

t are formed strictly ex ante from information available at ¢, and realized returns are then
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evaluated in the hold-out sample.

Mean and covariance specifications. We consider the same ten specifications sum-

marized in Table K.1. On the covariance side, we use two alternatives:

igom, factor _ @tﬁt@;
igom, daily __ (it _ 3;:2 ]> ’
n
where (A) denotes the projection of a symmetric matrix onto the positive-semidefinite
cone, obtained by setting negative factor variances to zero.*® Both covariance specifi-
cations are in monthly units, and we normalize both by the paper’s calibrated monthly
idiosyncratic variance, o2 = 0.01. Thus the new parameter is exactly 0.01 times the
parameter in the original unnormalized exercise, leaving every portfolio and Sharpe ratio
unchanged. Here f]t is the rolling 60-month daily covariance estimate, and
a\tQ = #tr((f - ﬁt)it([ - 131&))
N, — K
is the average covariance in the residual space orthogonal to ©;, with ﬁt = 0,0;. Note
that NN, is the number of stocks and K is the number of factors. This is a natural esti-
mate of the idiosyncratic variance component: under the model covariance decomposition
¥ = 0,E,0, + 21, the residual-space covariance is exactly o2(I — ]3,5), so the trace for-
mula recovers o2. Since finite-sample noise can make 3, — 621 slightly indefinite, we
clip negative estimated common-covariance factor variances to zero before applying the

portfolio rule.

30Equivalently, if A = U diag(d;)U’, then A, = U diag(max{d;,0})U’. This is the Frobenius-norm
projection of A onto the positive-semidefinite cone.
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On the expected-return side, we consider five forecasts:

A = 0,9,
TARRENA(CHE

Ay = f32(0y),

ﬁiVNMXM = f64><64<®t)7

~His 1
T 60 Zrtﬂfj'

These correspond to a fixed pre-2000 Fama-MacBeth forecast, three unregularized neural-
network forecasts fit on the pre-2000 stock-month sample with architectures (8), (32), and
(64,64), and a rolling 60-month stock-level average return. Aside from the rolling 60-
month daily covariance estimate and the rolling historical-average forecast, the inputs

are estimated once in the hold-in sample and then carried forward unchanged.

Evaluation. For each specification and each candidate 1), we use (183) to generate a
time series of ex ante portfolio weights and corresponding realized hold-out returns. This

produces a hold-out Sharpe ratio for each ). We then choose

— eval

5% = arg max SR (1). (184)

0<¥<1

Table K.1 reports the results for all ten combinations of mean and covariance esti-
mates. The first two columns list the mean forecast and covariance-side specification; the
remaining columns report the Sharpe-maximizing 1/, the Sharpe ratio at that value, the
Sharpe ratio at ¢» = 0, and the Sharpe ratio at the classical benchmark ¢» = 1. Within
each covariance-side block, moving to more flexible expected-return forecasts generally
lowers the Sharpe-maximizing 1. Intuitively, a more flexible mean forecast creates more
scope for estimation error, making greater shrinkage valuable.

Because the same hold-out sample is used both to choose @/ZJ\SR and to report perfor-

mance, the exercise should be interpreted as a fixed-split portfolio diagnostic, not as a
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Mean forecast Covariance side PSR Sharpe (°f)  Sharpe (¢» =0) Sharpe (¢ = 1)

Fama-MacBeth Factor model 0.0188 0.5561 0.4173 0.3887
NN (8) Factor model 0.0027 0.5329 0.4642 0.1218
NN (32) Factor model 0.0004 0.3482 0.3468 -0.1073
NN (64,64) Factor model 0.0007 0.2120 0.2050 -0.0415
Historical Avg (60m) Factor model 0.00 0.3744 0.3744 0.1766
Fama-MacBeth Rolling 5-year daily  0.0375 0.7931 0.5705 0.4840
NN (8) Rolling 5-year daily ~ 0.0065 0.6389 0.6041 0.2943
NN (32) Rolling 5-year daily  0.0000 0.5225 0.5225 0.0069
NN (64,64) Rolling 5-year daily  0.0000 0.3666 0.3666 -0.1008
Historical Avg (60m) Rolling 5-year daily ~ 0.0000 0.3649 0.3649 0.0524

Table K.1: Sharpe-based portfolio test across mean-forecast and covariance-side specifications.
Within each covariance-side block, more flexible expected-return forecasts generally require
more shrinkage to maximize hold-out Sharpe, i.e. a lower Sharpe-maximizing . The last
column reports Sharpe at the classical benchmark ¢ = 1. For the rolling daily covariance rows,
we project the estimated common covariance component onto the positive-semidefinite cone by
clipping negative estimated factor variances to zero.

fully out-of-sample structural estimate of .
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