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Abstract

We show that powerful autonomous learning does not ensure trading dominance in com-

petitive markets, even when humans hold systematically biased beliefs. We character-

ize how information structure and market sophistication bound reinforcement-learning

traders’ performance relative to humans. Humans receive private signals, potentially

including soft information unavailable to algorithms, and differ in their ability to ex-

tract information from prices and anticipate others’ trading, as captured by level-k

reasoning. AI traders learn demand schedules from prices and realized profits and may

also receive private signals. Despite heterogeneous initial conditions and persistent

differences in learning parameters, all AI traders converge to a common probabilistic

trading policy, generating algorithmic herding, which amplifies the equilibrium-price

response to aggregate AI demand and compresses profits. Without an informational

advantage, AI is outperformed by the most sophisticated humans because it learns from

market data generated by average, rather than frontier, human sophistication. Even

the least sophisticated humans can outperform AI when their private information is

either very precise or very imprecise. AI sophistication rises with that of the humans

who compete with and train it.
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1 Introduction

Artificial intelligence is rapidly transforming how investors acquire information, develop trad-

ing strategies, and execute trades. Reinforcement-learning (RL) systems are especially conse-

quential for financial trading because they learn directly from realized trading outcomes and

adapt autonomously without requiring an explicit, fully specified model of the market. Their

performance, however, cannot be evaluated in isolation because prices and trading profits

are endogenously determined by the market’s information structure and the strategic sophis-

tication of human investors. This paper characterizes the performance of RL traders relative

to human investors across market environments, identifies the conditions under which RL

traders outperform humans, and explains how information structures and human strategic

sophistication determine the boundaries between AI and human advantage.

Characterizing these boundaries requires separating the contribution of algorithmic learn-

ing from other potential sources of trading advantage, including superior information and

market power, commonly bundled with AI. It also requires an equilibrium framework in which

human investors respond strategically to AI rather than serve as a fixed background. We

develop such a theoretical framework, rather than adopt the simulation-based experimental

approaches in existing work (e.g., Dou, Goldstein, and Ji, 2023, 2026; Colliard, Foucault, and

Lovo, 2026). By modeling all human and AI investors as atomistic price takers, we abstract

from individual market power and AI-driven price manipulation. We allow either group to

possess superior private information and allow human investors to differ in strategic sophis-

tication. This structure isolates how relative performance is shaped by private-information

quality, inference from prices, and human strategic sophistication, which also shapes the

market environment in which AI learns.

The competitive market setting we study is also increasingly relevant in practice. Au-

tonomous AI trading is no longer confined to large financial institutions. Platforms such as

Robinhood now allow retail investors to connect AI agents directly to brokerage accounts,

where the agents can make investment decisions and execute trades on their behalf. Our

model captures the competitive limit of this development, in which a positive mass of atom-

istic investors delegates trading to autonomous RL algorithms while each investor remains a

price taker. The framework therefore studies the market consequences of broad AI adoption

under competition, rather than strategic interactions among a small number of AI traders

with market power (e.g., Dou, Goldstein, and Ji, 2023, 2026).

The economy is a repeated competitive market for a risky asset. Continua of human and

AI investors submit demand schedules and trade against noise traders. Both groups may

receive conditionally independent private signals about the asset payoff. Human investors
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know the relevant payoff distribution but differ in how deeply they reason about price forma-

tion. Cursed investors use their private signals correctly but neglect the information about

other investors’ signals embedded in prices, following the central friction in Eyster, Rabin,

and Vayanos (2019). More sophisticated humans perform progressively deeper rounds of rea-

soning. At each higher level, strategic human investors best respond to a perceived market

in which other strategic humans reason one level less deeply and AI investors follow policies

learned in that lower-level market. This recursive structure builds on the level-k approach

to bounded strategic reasoning1 and extends it to human-AI competition by embedding

endogenous AI learning within the level-k reasoning hierarchy.

AI investors begin without knowledge of the payoff distribution, the price-formation

rule, or other investors’ demand schedules. Instead, they learn complete signal- and price-

contingent demand schedules from their own realized trading profits. Our leading implemen-

tation uses stateless tabular Q-learning with Boltzmann exploration. AI investors may also

receive private signals whose precision can be higher or lower than that of human signals,

allowing the information advantage to lie with either group. The boundary case in which

AI receives no private signal provides an especially sharp benchmark. Price-only AI has

no direct fundamental information and must learn entirely from equilibrium prices, thereby

isolating the value and limits of algorithmic price inference.

Human reasoning and algorithmic learning are linked through market clearing. At each

level of the hierarchy, human demand, learned AI demand, and noise trading jointly deter-

mine a distinct price process. AI investors learn from the resulting prices and profits, while

human investors at the next level anticipate the AI policy learned in the preceding environ-

ment when forming beliefs about price formation. Humans therefore hold explicit beliefs

about the price process, whereas AI investors encode an implicit model of that process in

their learned action values and trading policies. The resulting level-k hierarchy embeds a

positive mass of autonomous RL traders within an equilibrium model of information ag-

gregation, making market prices endogenous training data rather than externally supplied

inputs.

Our first set of results characterizes AI learning within any fixed human-sophistication

environment. Each AI investor learns a complete demand schedule from realized trading

profits, choosing how its position responds to its private signal and the market price. Un-

der regularity conditions, despite heterogeneous initial Q-values and persistent differences

across algorithms, the policy-implied population-average demand converges almost surely

1See, e.g., Stahl and Wilson (1994, 1995), Nagel (1995), Costa-Gomes and Crawford (2006), and Crawford,
Costa-Gomes, and Iriberri (2013). For an application of level-k reasoning to financial markets, see Zhou
(2022).

3



to a unique learning fixed point. In the atomistic limit, this fixed point coincides with the

unique rational-expectations demand rule available to AI given its information. The rule

optimally combines the AI investor’s private signal, when available, with the information

extracted from the equilibrium price.

These results formalize algorithmic herding at the level of trading policies, not merely

at the aggregate level. All AI investors converge to the same probabilistic policy, although

their realized trades need not coincide because each investor independently draws a demand

schedule from that policy and may observe a different private signal. The mechanism oper-

ates through market-clearing feedback. Each algorithm learns independently from its own

realized profits, but those profits depend on a market price jointly determined by aggregate

human and AI demand. Prices therefore provide a common endogenous feedback channel

that aligns the learned policies without communication or coordinated exploration. Because

each AI investor remains an atomistic price taker with vanishing individual price impact,

this convergence does not arise from market power or the internalization of price impact.

Algorithmic herding therefore means convergence to a common probabilistic trading policy,

not synchronization of realized trades.

To establish the fully sophisticated human benchmark, we also characterize the limit

of increasingly deep human reasoning. We derive primitive conditions under which human

beliefs, human demand, learned AI policies, and equilibrium prices converge. Whenever

this level-k hierarchy converges as k approaches infinity, its limit is a rational-expectations

equilibrium in which fully sophisticated humans and AI traders correctly understand the

same price process and best respond to one another, while cursed investors continue to

neglect the information embedded in prices.

Our main results map the boundaries of AI performance across information environments.

We impose equal trading costs so that profit differences reflect information and the ability to

extract it from prices. Because AI and fully sophisticated humans interpret the equilibrium

price correctly, they share the same price information, and their ranking depends entirely

on their private signals. AI outperforms fully sophisticated humans if and only if its private

signal is more precise. A more informative price narrows the profit gap by improving the

common information available to both groups, but cannot reverse their ranking. Algorithmic

learning alone therefore cannot overcome inferior private information.

The comparison with cursed investors is different because they do not extract information

from prices. AI outperforms them if and only if the combined informativeness of its private

signal and the equilibrium price exceeds the informativeness of their private signal. Correct

price inference can therefore compensate for inferior private information, but only when

informed trading makes prices sufficiently revealing.
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This distinction produces especially sharp results when AI traders have no private signal.

Fully sophisticated humans always outperform price-only AI traders because they observe

the same price, add a private signal, and use both sources of information correctly. Relative

to cursed investors, however, AI performance is non-monotonic in human signal quality.

Highly precise human signals give cursed investors a strong direct information advantage,

whereas highly imprecise signals generate too little informed trading for prices to reveal

much. Price-only AI can outperform cursed investors only between these extremes, when

human trading makes prices informative but the direct human signal is not overwhelmingly

valuable.

Noise trading further narrows the conditions under which AI has an advantage. Above

an explicit threshold of noise-trader volatility, cursed investors outperform price-only AI for

every level of human signal precision because noise obscures the private information embed-

ded in prices. When noise trading is sufficiently limited, price-only AI can outperform cursed

investors, but only over an intermediate range of human signal precision. Complementary

numerical results show that these limits extend beyond cursed investors to humans with finite

but nontrivial reasoning depth. Price-only AI outperforms these more sophisticated humans

only within a narrow range of market conditions, and even informed AI can underperform

them when their private signals are more precise.

These results identify three forces that limit AI’s relative performance. First, AI can-

not directly use information possessed by human investors but unavailable to the algorithm.

When AI has inferior private information, learning from prices can compensate only if prices

reveal enough of the information held by humans. Second, the information content of prices

is endogenous and multifaceted. Human signals must be sufficiently precise for human trad-

ing to convey meaningful fundamental information to prices, while noise trading must be

sufficiently limited for AI to recover that information. Human sophistication also matters.

More sophisticated humans better understand how prices aggregate information and shade

their demand accordingly, making prices less informative and weakening AI’s ability to infer

human private information from them. Human sophistication therefore shapes both the in-

formation available in prices and the market environment from which AI learns, ultimately

influencing the sophistication of the policies learned by AI. Third, although each AI trader

is an atomistic price taker with no individual price impact, endogenous algorithmic herding

leads all AI traders to adopt a common probabilistic trading policy. The aggregate de-

mand generated by this common policy affects equilibrium prices, compressing the trading

opportunities available to the AI sector and limiting the profitability of all AI traders.

Together, these mechanisms explain why powerful autonomous learning does not ensure

trading dominance in a competitive market, even when human investors form systematically
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flawed beliefs. AI can learn the rational-expectations demand rule that makes optimal use

of its available information, but learning cannot create missing private information, remove

noise from prices, or fully prepare AI for sophisticated human behavior absent from its

training environment. Algorithmic herding imposes a further limit. As AI traders converge

to a common probabilistic policy, their policy-implied demands respond to market conditions

in the same way. This alignment strengthens the response of equilibrium prices to the AI

sector’s aggregate demand, thereby compressing its trading profits. The effect arises at the

population level even though each AI trader remains an atomistic price taker with vanishing

individual price impact. Convergence to a sophisticated trading policy therefore need not

translate into superior trading performance.

Our final results isolate how the sophistication of the training environment shapes AI

performance at deployment. We focus on price-only AI traders, which receive no private

information. We train them in markets populated by humans with different depths of rea-

soning, freeze the resulting policies, and deploy each pretrained policy in a common test

environment. In this environment, fully sophisticated humans understand the deployed AI

policy and respond optimally to the price process it generates. Market primitives and pop-

ulation shares are held fixed across test markets. Because price-only AI contributes no

independent fundamental information to aggregate demand, differences in its deployed poli-

cies rescale and shift equilibrium prices without changing their signal-to-noise ratio. Fully

sophisticated humans correctly account for these transformations when extracting informa-

tion from prices. Equilibrium price informativeness is therefore identical across test markets,

so differences in AI performance isolate the sophistication embedded in the policies learned

during training rather than differences in the information available at deployment.

AI’s relative profit in the test market separates into a fixed information component and

deployment regret. The information component reflects the relative value of the information

contained in prices and human private signals. Deployment regret is the profit lost because

AI uses a policy learned in the training market with lower sophistication level, rather than

the policy that would be optimal in the test market with fully rational-expectations human

investors as sophisticated ones. The same deployment-regret term enters AI’s profit gaps

relative to cursed and fully sophisticated humans. Consequently, both gaps change by exactly

the same amount across training environments. Under regularity conditions, we show that

training against more sophisticated humans produces a policy better adapted to the test

market, reduces deployment regret, and improves AI’s relative performance against both

human benchmarks. Strict stability guarantees that this improvement occurs at sufficiently

high levels of training sophistication, even if it does not occur at every earlier level. More

sophisticated training can enable price-only AI to overtake cursed investors in a favorable
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low-noise environment. It cannot overcome the information advantage of a fully sophisticated

human who observes the same price, adds a private signal, and reoptimizes in response to

the deployed AI policy.

Contributions and related literature. First, this paper contributes to the growing body

of work on how AI market participants compete and influence the market environment. A

closely related stream of this research investigates the impact of AI on financial markets,

with a specific focus on the interactions among algorithms.2 For instance, Dou, Goldstein,

and Ji (2025) study informed speculators who use Q-learning algorithms. They find that

these agents can autonomously learn to sustain collusive, supra-competitive profits without

explicit communication, which harms competition and market efficiency. Colliard, Foucault,

and Lovo (2026) focus on algorithmic market makers using Q-learning algorithms to set

prices. They also show that these algorithms fail to learn competitive pricing strategies,

a failure they attribute to limited experimentation and noisy feedback. Routledge (1999)

and Routledge (2001) explore whether adaptive algorithms can converge to a rational ex-

pectations equilibrium within a repeated Grossman and Stiglitz (1980) model. They prove

convergence for adaptive learning and provide examples for genetic algorithms, showing that

both can converge to the rational expectations equilibrium. In these cases, their algorithms

learn to make correct inferences about a signal from the market-clearing price. Other notable

works studying the impact of AI algorithms on financial markets include Marimon, McGrat-

tan, and Sargent (1990), Cartea et al. (2022), and Cartea, Chang, and Penalva (2022).

Our work differs from the existing literature in several important ways. First, while

much of the literature focuses on the interaction among multiple reinforcement learning

agents or the convergence of algorithms to rational expectations, we center our analysis on

the competition between humans and AI. Our paper provides a framework for understanding

the distinct comparative advantages of humans and AI and for analyzing how the market

environment affects this human-AI competition. Second, whereas most existing works rely

on simulation-based analysis, we provide an analytical characterization of the equilibrium

and how changes in key factors affect competition and market outcomes. We also establish

analytical conditions for AI algorithms to learn and converge to rational expectations in

our setting. Third, unlike research that focuses on a single algorithm (e.g., Q-learning), our

analysis is not restricted to one type but applies to a broad class of algorithms. We thereby

offer a more general theoretical framework.

A related contemporaneous work by Banerjee and Szydlowski (2025) studies a mar-

2Another stream of literature focuses on algorithmic collusion in retail markets, e.g., Waltman and Kay-
mak (2008); Calvano et al. (2020, 2021); Hansen, Misra, and Pai (2021); Abada and Lambin (2023); Johnson,
Rhodes, and Wildenbeest (2023); Banchio and Mantegazza (2024).
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ket with rational investors and a single Q-learning trader. They find that the Q-learner’s

feedback-driven trading generates stochastic volatility and predictable returns, and can some-

times improve overall investor utility despite increasing price volatility. While their focus on

human-AI interaction is similar to ours, our paper differs and contributes in three significant

ways. First, we incorporate information asymmetry, allowing humans and AI to possess

distinct informational advantages. This asymmetry captures a key difference between hu-

mans and AI in financial markets and is crucial for understanding the competition between

them. Second, our analysis applies to a wide range of reinforcement learning algorithms

post-convergence to a stable policy. We abstract from the proprietary details of both the

specific type and the training process of the algorithm. It is unrealistic for human investors

to know the details of the algorithm being used by their AI competitors, such as the exact

type of algorithm, specific hyperparameters, or its stage of training, all of which greatly

affect how the algorithm evolves and converges. Our focus on the post-convergence phase

therefore reflects a more realistic scenario where investors compete with stable, deployed

trading strategies used by other market participants. Third, we introduce the concept of

bounded strategic thinking for human investors, allowing them to have misperception about

others’ behavior when facing a complex market environment that includes AI traders. By

using the Cognitive Hierarchy framework, we provide a comprehensive framework to model

human perception of AI. This approach more closely captures the diverging sophistication

levels of real-world investors.

Furthermore, this paper contributes to the theory literature on imperfect competition

and bounded strategic reasoning in financial markets. Our work introduces different levels

of bounded strategic thinking into an imperfectly competitive financial market in the spirit

of Kyle (1989).34 We model human investors’ strategic thinking using the Cognitive Hier-

archy framework of Camerer, Ho, and Chong (2004), which posits that agents have iterated

levels of reasoning about others. This approach is related to, but distinct from, the level-k

thinking models used in papers like Zhou (2022). Unlike standard level-k models where a

player believes all others are level-(k-1), the CH framework assumes a player best responds

to a distribution of lower-level types. Zhou (2022) uses level-k thinking to model human

speculators and focuses on how bounded strategic reasoning can generate momentum and

contrarian trading strategies. In contrast, our application of the CH model provides a game-

3See Crawford, Costa-Gomes, and Iriberri (2013) for a review on recent theory and evidence on strategic
thinking and the applications of level-k models. Many other experimental papers show direct evidence of
level-k thinking (Stahl and Wilson, 1994, 1995; Nagel, 1995; Costa-Gomes, Crawford, and Broseta, 2001;
Costa-Gomes and Crawford, 2006).

4A recent literature studies the impact of bounded strategic thinking in macroeconomics (Garćıa-Schmidt
and Woodford, 2019; Farhi and Werning, 2019; Angeletos and Lian, 2023).
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theoretic foundation for understanding how the distribution of human sophistication levels

affects the competition between humans and AI. Other works study the effect of higher-order

beliefs and the perception of information in asset prices on financial markets (Allen, Morris,

and Shin, 2006; Han and Kyle, 2018; Eyster, Rabin, and Vayanos, 2019). Eyster, Rabin,

and Vayanos (2019) studies how the presence of investors who do not fully invert prices to

uncover others’ information (cursed) affects the financial markets and considers the degree of

cursedness as the measure of sophistication. This paper considers sophistication as the level

of iterated reasoning, which incorporates human investors’ reasoning about AI investors’

behavior.

2 The Baseline Model

2.1 Model Setup

Assets. Time is discrete and infinite, indexed by t = 1, 2, . . . . A single risky asset is traded

in each period. The asset has a per capita supply of S. Its payoff, vt, is realized at the end

of the period and follows a normal distribution: vt ∼ N (v̄, σ2
v). Let τv ≡ σ−2

v denote the

payoff precision. The asset payoffs are independently and identically distributed (i.i.d.) over

time.

Human investors. There is a continuum of human investors with total measure ψ who

differ in sophistication. Sophistication determines how accurately an investor understands

price formation and interprets the information contained in prices. Each investor forms

subjective beliefs about asset payoffs and equilibrium prices and chooses a demand schedule

that maximizes expected utility under those beliefs. Investors are therefore rational in the

sense that their trading decisions are optimal given their beliefs, even when those beliefs are

incorrect. Rational expectations imposes the additional requirement that subjective beliefs

coincide with the objective equilibrium distribution.

Each human investor, indexed by i ∈ M, maximizes the expected present value of net

trading profits:

E

[
∞∑
t=0

ρtπi,t

]
, (1)

where 0 < ρ < 1 is the discount rate. The trading profit πi,t is determined by

πi,t = (vt − pt)xi,t −
γM
2
x2i,t,
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where pt is the equilibrium asset price, and xi,t is the number of shares of the risky asset that

investor i purchases at the beginning of period t. The term 1
2
γMx

2
i,t represents transaction

costs, and γM controls the level of these costs.5

Human investors may possess informational advantages. They observe private signals

about future fundamentals, such as soft corporate information from management interac-

tions, customer and supplier conditions, channel checks, expert-network insights, and pro-

prietary forecasts. These signals are neither publicly disclosed nor directly accessible to AI

systems through internet-based data, allowing investors to form superior beliefs about future

asset payoffs.

Specifically, at the beginning of each period t, each human investor i observes a private

signal about the end-of-period payoff of the risky asset. The private signal is given by

ηi,t = vt + ei,t,

where ei,t are i.i.d., ei,t ∼ N (0, σ2
M), and τM ≡ σ−2

M denotes the human-signal precision. The

errors are independent of the fundamental and all other shocks.

Human investors also differ in strategic sophistication. All investors choose optimally

given their subjective beliefs, but less sophisticated investors may misperceive the sophis-

tication and trading behavior of other market participants. They therefore form incorrect

beliefs about how equilibrium prices aggregate private information and, as a result, draw

imperfect inferences about asset payoffs from prices.

We model this heterogeneity using two groups of human investors. The first group consists

of cursed investors, with measure ψc, indexed by i ∈ Mc. These investors do not fully account

for the information about fundamentals that is revealed through equilibrium prices. The

second group consists of relatively sophisticated level-k thinking investors, also referred to

as strategic investors, with measure ψs, indexed by i ∈ Ms. These investors perform a finite

number of iterative reasoning steps when inferring information from prices and anticipating

the behavior of other investors. Thus, ψc + ψs = ψ, Mc ∪Ms = M, and Mc ∩Ms = ∅.
Because investors submit limit orders, a cursed investor i submits a demand schedule

that depends on the trading price and the investor’s private signal:

xM,c
i,t (pt; ηi,t) ≡ µM,c + βM,c

η ηi,t − βM,c
p pt, (2)

where the coefficients µM,c, βM,c
η , and βM,c

p are chosen optimally given the cursed investor’s

5The transaction cost term is similar to that in Gârleanu and Pedersen (2013). This setup simplifies
the comparison of profitability between human and AI investors. Assuming investors have CARA or mean-
variance utility over end-of-period wealth with a given level of precision of human investors’ private signals
would yield similar results and not change our analysis in the following sections.
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subjective beliefs. Cursed investors use their private signals to form beliefs about fundamen-

tals, but they do not use prices to infer the private information or trading behavior of other

market participants.

A strategic investor i, who is a level-k thinking investor, submits a linear limit-order

schedule that depends on both the trading price and the investor’s private signal:

xM,k
i,t (pt; ηi,t) ≡ µM,k + βM,k

η ηi,t − βM,k
p pt. (3)

The coefficients µM,k, βM,k
η , and βM,k

p are chosen optimally under the investor’s level-k sub-

jective price-formation rule. Thus, a level-k investor uses the price both as the trading price

at which demand is submitted and as an informational signal about fundamentals and other

investors’ trading behavior. Let PM,k(·) denote the price-formation rule that is perceived by

level-k thinking investors.

AI investors. AI investors execute algorithmic trading based on the autonomous, self-

learned trading strategies by reinforcement learning (RL), rather than rigid human-defined

trading strategies. There is a continuum of atomistic AI investors in the market, with total

mass of ϕ. By design of the algorithms, each AI investor, indexed by j ∈ A, aims to maximize

its total expected discounted trading profits:

E

[
∞∑
t=0

ρtπj,t

]
. (4)

The net trading profit, πj,t, is determined by

πj,t = (vt − pt)xj,t −
γA
2
x2j,t, (5)

where γA controls the level of an AI investor’s transaction cost, and xj,t represents the shares

of the risky asset that it chooses to purchase at the beginning of period t.

Each AI investor begins with no direct knowledge of the market environment. It does

not know the distribution of asset payoffs, the price-formation rule, the strategies of other

market participants, or how to use available information optimally. In the informed case,

the AI nevertheless observes a period-specific private signal

ηj,t = vt + ej,t, ej,t ∼ N (0, σ2
A),

where the errors are i.i.d. across AI investors and time and are independent of human signal

errors and all other shocks. For finite σ2
A, let τA ≡ σ−2

A denote the AI-signal precision.
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Such signals can be produced by data acquisition and information technologies paired with

the trading algorithm. The human signal is more precise than the AI signal when σM < σA

(equivalently when τM > τA); the AI signal is more precise when σM > σA (equivalently when

τM < τA). Thus, the model allows the information advantage to run in either direction. We

also allow the boundary τA = 0, interpreted as σ2
A → ∞, which nests the benchmark in

which AI investors receive no private information and learn only from prices.

The AI learns how to combine its private signal with prices through repeated market

interactions. In each period, the algorithm chooses a signal- and price-contingent demand

schedule, observes the realized trading profit as its reward, and updates its action values and

trading policy to maximize expected discounted profits.

Let PA,k(·) denote the price-formation rule implicitly encoded in an AI investor’s learned

value function and trading policy when the training environment is populated by level-k

human investors. Unlike human investors, who form explicit subjective models of price

formation, AI investors do not reason through an explicit pricing rule. Instead, the relevant

mapping is learned indirectly through action values. Demand schedules that generate higher

realized profits under market-clearing prices receive higher values and are selected more

frequently over time. The learned value function and policy therefore embed an implicit

model of how prices respond to trading behavior in the level-k environment.

This paper studies relatively less sophisticated AI-powered trading algorithms adopted

by a broad set of atomistic investors, such as retail investors trading through platforms like

Robinhood. We therefore model AI investors as using stateless Q-learning algorithms, in the

spirit of Colliard, Foucault, and Lovo (2026) and Banerjee and Szydlowski (2025). This focus

contrasts with Dou, Goldstein, and Ji (2025, 2026), who study intertemporally sophisticated

AI trading by oligopolistic, advanced informed speculators and its implications for market

efficiency and stability. Specifically, following the definition in Watkins (1989), stateless Q-

learning is detailed as follows. Let X be the action space. For AI investor j, the problem is

to choose a sequence of demand schedule xj,t(·) ∈ X , where X is a linear functional space to

maximize the expected total discounted rewards, using the following algorithm for Q-value:

Qj,t+1 (xj,t(·)) = (1− αj,t)Qj,t (xj,t(·)) + αj,t

[
πj,t + ρ max

x̃j(·)∈X
Qj,t (x̃j(·))

]
, (6)

where πj,t is defined in (5), and αj,t ∈ [0, 1] controls the learning rate of the Q-function with

αj,t → 0 as t→ ∞. A larger learning rate means that the algorithm puts more weight on the

new observation and updates the Q-function more quickly. This temporal-difference update

method bootstraps from current estimates and does not require a model of the environment’s

dynamics.
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Practitioners often do not set learning rates, or equivalently step sizes, to converge liter-

ally to zero, especially in modern deep reinforcement learning. Sutton and Barto (1998) em-

phasize that shrinking learning-rate sequences are primarily used in theoretical work and are

seldom used in applications and empirical research. They further note that constant learn-

ing rates are natural in potentially nonstationary environments because they place sufficient

weight on recent observations, a consideration particularly relevant for financial markets.

Consistent with this practice, constant-learning-rate reinforcement learning is widely used

in applications and studied as a practically relevant alternative to diminishing-learning-rate

algorithms, because it is simple to implement, can improve convergence speed over finite

training horizons, and remains more responsive to new data. Our objective here, however,

is theoretical: to characterize asymptotic algorithmic herding and the limits of atomistic RL

trading performance. We therefore impose the standard Robbins–Monro restrictions on the

learning-rate sequence, which provide the appropriate benchmark for convergence analysis.

Each AI investor j explores using a Boltzmann (softmax) policy over its learned action

values. Let Qj,t(x) denote AI investor j’s estimated Q-value of demand schedule x(·) at time

t, and let κj > 0 be its exploration temperature. The decision policy assigns to a demand

schedule, x(·), with the probability

qj(x(·)) ≡
exp
(
Qj,t(x(·))/κj

)∑
x̃(·)∈X exp

(
Qj,t(x̃(·))/κj

) . (7)

A higher temperature κj flattens the distribution toward uniform exploration, while a lower

temperature concentrates choice on the highest-valued actions. Boltzmann exploration keeps

every action’s probability strictly positive, so each demand schedule continues to be sampled

and its value estimate keeps improving. We allow the temperatures κj to differ across AI

investors, capturing heterogeneity in how aggressively each algorithm explores.6

The linear demand-schedule space X is three-dimensional. In an environment populated

with level-k thinking investors, each AI investor j’s demand schedule is given by

xA,kj,t (pt; ηj,t) ≡ µA,kj,t + βA,kη,j,tηj,t − βA,kp,j,tpt. (8)

Hence, each arm in the Q-learning problem is a complete signal- and price-contingent sched-

ule, represented by the coefficient triple(
µA,kj,t , β

A,k
η,j,t, β

A,k
p,j,t

)
.

6The smoothness of these choice probabilities, rather than the hard switching of an ε-greedy rule, permits
the contraction and local-stability arguments under the conditions stated in Appendix A.

13



Noise traders. A unit measure of noise traders trade for non-informational reasons, such

as hedging needs, estimation errors, or sentiment. Their aggregate demand is zt shares of

the risky asset, where zt ∼ N (0, σ2
z), and τz ≡ σ−2

z denotes its precision. The demand zt is

independent of other shocks and across time.

Equilibrium. An equilibrium in a trading environment populated by cursed investors,

level-k strategic investors, and AI investors consists of a sequence of cursed-investor demand-

schedule collections, {(
xM,c
i,t (·)

)
i∈Mc

}
t≥0

,

a sequence of level-k strategic-investor demand-schedule collections,{(
xM,k
i,t (·)

)
i∈Ms

}
t≥0

,

a sequence of AI-investor demand-schedule collections,{(
xA,kj,t (·)

)
j∈A

}
t≥0

,

and a sequence of market-clearing prices,

{pt}t≥0,

such that the following conditions hold in each period t:

1. Human investors update beliefs according to Bayes’ rule. Each cursed investor i com-

bines its prior and its private signal ηi,t. Thus, its information set is

IM,c
i,t = {ηi,t} .

Each human investor i combines its prior, its private signal ηi,t, and the information

inferred from the equilibrium price under its perceived price-formation rule. Thus, its

information set is

IM,k
i,t =

{
ηi,t,P−1

M,k(pt)
}
.

AI investors update their implicit beliefs through the Q-value updating rule in (6),

which revises the valuation of trading actions based on realized rewards. Each AI

conditions its chosen schedule on its private signal and on the price information encoded
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by its learned price-formation rule. Thus, its effective information set is

IA,kj,t =
{
ηj,t,P−1

A,k(pt)
}
.

2. At the beginning of period t, each cursed investor i ∈ Mc chooses a demand schedule

xM,c
i,t (·) to maximize expected trading profits, as in (1), taking prices as trading terms

but not as signals of other investors’ private information. Each level-k strategic investor

i ∈ Ms chooses a demand schedule xM,k
i,t (·) to maximize expected trading profits, as in

(1), under its level-k subjective price-formation rule.

3. At the beginning of period t, each AI investor j ∈ A chooses a demand schedule xA,kj,t (·)
according to the Q-learning decision rule in (7).

4. The market clears at the end of period t. Total demand from cursed investors, level-k

strategic investors, AI investors, and noise traders equals the asset supply S:∫
Mc

xM,c
i,t (pt; ηi,t) di+

∫
Ms

xM,k
i,t (pt; ηi,t) di+

∫
A
xA,kj,t (pt; ηj,t) dj + zt = S. (9)

Equilibrium price formation. We characterize the post-learning benchmark in environ-

ments in which the Q-learning algorithms converge to steady-state action values. Let Q
(k)
j

denote the limiting Q-value function of AI investor j in the environment populated by cursed

investors and level-k strategic investors.

Given the equilibrium demand schedules of the different investor types, the market-

clearing condition implies a noisy linear relationship between the equilibrium price and the

fundamental payoff. In particular, suppose cursed investors use the demand schedule coeffi-

cients (
µM,c, βM,c

η , βM,c
p

)
,

level-k strategic investors use (
µM,k, βM,k

η , βM,k
p

)
,

and the AI population has policy-implied average coefficients

(
µA,k, βA,kη , βA,kp

)
.

Then the equilibrium price aggregates information from the private signals of cursed,

level-k, and AI investors, together with noise-trader supply. A rational-expectations in-

vestor can infer additional payoff information by correctly inverting the true price-formation
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rule. Level-k strategic investors also extract information from prices, but they do so un-

der their subjective price-formation rule. In particular, a level-k investor believes that other

strategic investors use level-(k−1) demand schedules and that AI investors follow the policies

learned in the corresponding level-(k − 1) environment. Hence, relative to a fully rational-

expectations investor, the level-k investor may misperceive price informativeness because

it underestimates the sophistication of other strategic investors’ demand schedules and the

sophistication embedded in the AI policies learned from interacting with those investors.

The price is determined by the market-clearing condition in (9). By the exact law of

large numbers for a continuum of i.i.d. private-signal errors in the cross section,∫
Mc

ηi,t di = ψcvt and

∫
Ms

ηi,t di = ψsvt and

∫
A
ηj,t dj = ϕvt. (10)

Using the demand schedules of cursed investors, level-k strategic investors, and AI investors,

the market-clearing condition can therefore be written as

ξ(k)pt = ζ(k)vt + zt + µ(k), (11)

where the superscript (k) means the equilibrium of a trading environment populated with

level-k thinking investors, and the coefficients are

ζ(k) ≡ ψcβ
M,c
η + ψsβ

M,k
η + ϕβA,kη , (12)

ξ(k) ≡ ψcβ
M,c
p + ψsβ

M,k
p + ϕβA,kp , (13)

µ(k) ≡ ψcµ
M,c + ψsµ

M,k + ϕµA,k − S. (14)

We restrict attention to price-admissible environments, in which

ξ(k) ̸= 0, (15)

so market clearing determines a unique finite linear price. Equivalently,

pt =
µ(k)

ξ(k)
+
ζ(k)

ξ(k)
vt +

1

ξ(k)
zt. (16)

Thus, the equilibrium price is a noisy linear signal of the fundamental payoff. The ratio

ζ(k)/ξ(k) is the loading of the equilibrium price on fundamentals, and 1/ξ(k) is the loading

on noise-trader demand. In particular, parameter ξ(k) is a measure of market liquidity – i.e.,

the inverse of “Kyle’s lambda” (Kyle, 1985) – which captures the market depth: a higher
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ξ(k) means that noisy trading has a smaller price impact, and so the market is deeper.7

The noisy relationship between equilibrium price and the fundamental then implies the

signal

s
(k)
p,t ≡

ξ(k)

ζ(k)

(
pt −

µ(k)

ξ(k)

)
= vt +

1

ζ(k)
zt. (17)

The standard deviation of the noise term in this price-implied signal is

σ(k)
p =

σz
|ζ(k)|

, (18)

and its precision, a measure of price informativeness, is

τ (k)p =
1(

σ
(k)
p

)2 =
(
ζ(k)
)2
τz. (19)

Price informativeness about vt is therefore governed by the magnitude of the aggregate sig-

nal loading ζ(k): stronger signal-based demand from either human or AI investors makes the

price-implied signal less noisy and increases the precision with which prices reveal funda-

mentals.

2.2 Equilibrium Demand Schedules

Human investors differ in sophistication, which we define as their capacity to reason strategi-

cally about price formation. This heterogeneity affects both how investors extract informa-

tion about fundamentals from prices and how they form beliefs about the trading behavior of

other market participants, including cursed investors, more sophisticated human investors,

and AI investors. In this section, we characterize the equilibrium demand schedules of human

investors with different degrees of sophistication. We begin with level-0 investors, whom we

specify as cursed investors. These investors use their own private signals when forming beliefs

about fundamentals, but do not correctly account for the information about other investors’

signals that is embedded in equilibrium prices. We then construct level-k strategic investors

recursively. A level-1 investor best responds to a perceived environment in which other

strategic investors behave as level-0 investors and AI investors follow the policies learned

in that level-0 environment. More generally, a level-k investor best responds to a perceived

environment in which other strategic investors behave according to level-(k − 1) reasoning,

AI investors follow the policies learned in the corresponding level-(k − 1) environment, and

7Price admissibility does not itself require ζ(k) ̸= 0. If ζ(k) = 0, the price is independent of vt and we set

τ
(k)
p = 0. Along the level-k hierarchy considered below, ζ(k) > 0.

17



Figure 1: The Level-k Iteration. The AI node tracks the learned aggregate AI demand rule
in each training environment, rather than any individual algorithm’s realized action.
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cursed investors continue to trade according to their level-0 demand schedules. This recur-

sive structure differs from the standard level-k hierarchy because the market also contains

a positive measure of autonomous Q-learning investors. AI investors do not reason through

an explicit finite hierarchy of beliefs. Instead, for each perceived level-k environment, they

learn trading policies from repeated market interactions generated by the demand schedules

of human investors and by market-clearing prices. The level-k iteration is illustrated in

Figure 1.

Cursed investors. They do not understand the information contained in prices at all.

They only use their private signal ηi,t to form their posterior belief about vt and make

trading decisions. Specifically, the conditional expectation of vt given the private signal ηi,t

is

E [vt | ηi,t] = hcvv̄ + hcη ηi,t, (20)

where the coefficients hcη and hcv are the Bayesian update weights

hcη ≡
τM

τv + τM
and hcv ≡

τv
τv + τM

. (21)
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The optimal demand schedule of the cursed investor i is:

xM,c (pt; ηi,t) =
E [vt | ηi,t]− pt

γM
(22)

= µM,c + βM,c
η ηi,t − βM,c

p pt, (23)

where

µM,c = γ−1
M hcvv̄, βM,c

η = γ−1
M hcη, and βM,c

p = γ−1
M . (24)

Cursed investors are not noise traders. They use their own private signals correctly when

forming beliefs about fundamentals, but they do not fully internalize the price-formation

process. In particular, they do not correctly account for the existence and behavior of AI

investors, nor do they account for the information about other investors’ private signals

that is embedded in equilibrium prices. As a result, they under-infer the information about

fundamentals contained in prices. Their optimal demand schedule is characterized by (23).

AI investors: Algorithmic herding in a level-k environment. Section 3 shows how

independent learning can align AI trading through market-clearing price feedback. Each

AI investor learns only from its own realized trading profits and explores independently.

Nevertheless, market-clearing price feedback makes the profitability of any demand schedule

depend on the aggregate behavior of AI investors. This feedback aligns the learning incen-

tives of different AI investors and drives their population demand, i.e., the policy-implied

population average of the coefficient triple (µA,k, βA,kη , βA,kp ), toward a common rule. The lim-

iting common rule has a sharp interpretation. Under the convergence and ordered-refinement

conditions stated in Section 3, the population-average AI demand converges to the demand of

an informed atomistic rational-expectations investor who observes the private signal ηj and

the equilibrium price, understands the true price-formation rule, and uses the price to infer

payoff information. Convergence of these aggregate coefficients does not require individual

algorithms to adopt identical policies or take identical realized actions: each AI conditions

its demand on its own signal.

We now focus on characterizing (µA,k, βA,kη , βA,kp ) for each level-k environment. In the

limit, all AI investors become homogeneous in learned Q-value.8 Thus, the representative

AI investor behaves as if it correctly anticipates that the ψc cursed investors use the demand

rule in (23), the ψs level-k investors use level-k human strategies, and the remaining AI

sector follows the aggregate learned level-k AI rule. Each AI investor conditions on (ηj,t, pt).

Equivalently, it combines its private signal with the price-implied signal s
(k)
p,t in (17). Its

8In the limit, all AI investors learn the same relative Q-values across actions; their Q-value levels may
differ by investor-specific additive shifts that do not affect their Boltzmann policies.
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posterior is

E[vt | ηj,t, s(k)p,t ] = hA,kη ηj,t + hA,kp s
(k)
p,t + hA,kv v̄,

where

hA,kη ≡ τA

τv + τA + τ
(k)
p

, hA,kp ≡ τ
(k)
p

τv + τA + τ
(k)
p

, hA,kv ≡ τv

τv + τA + τ
(k)
p

.

The first-order condition gives

xA,k(pt; ηj,t) =
E[vt | ηj,t, s(k)p,t ]− pt

γA
= µA,k + βA,kη ηj,t − βA,kp pt,

with signal coefficient

βA,kη =
hA,kη

γA
=

τA

γA(τv + τA + τ
(k)
p )

.

The AI signal coefficient and price precision are jointly determined. Write the human-

sector signal loading as ζ
(k)
M ≡ ψcβ

M,c
η + ψsβ

M,k
η . Because AI investors also trade on private

information, their signal coefficient contributes to price informativeness: ζ(k) = ζ
(k)
M + ϕβA,kη .

Price informativeness is obtained by solving the fixed-point problem:

τ (k)p = τz

(
ζ
(k)
M +

ϕτA

γA(τv + τA + τ
(k)
p )

)2

. (25)

When ζ
(k)
M > 0 or ϕτA > 0, the left-hand side of (25) is strictly increasing in τ

(k)
p , while

the right-hand side is positive and weakly decreasing. The solution is therefore unique,

continuous, and strictly increasing in the human-sector loading ζ
(k)
M . When τA = 0, the

equation reduces to βA,kη = 0 and τ
(k)
p = τz(ζ

(k)
M )2, recovering the benchmark with uninformed

AI investors who learn only from prices. Solving the price coefficient and intercept yields

βA,kp =
1− hA,kp

ψcβ
M,c
p +ψsβ

M,k
p

ζ(k)

γA + hA,kp
ϕ
ζ(k)

, (26)

µA,k =
hA,kv v̄ − hA,kp

ψcµM,c+ψsµM,k−S
ζ(k)

γA + hA,kp
ϕ
ζ(k)

. (27)

These expressions show how AI demand depends on the information embedded in prices.

The numerator of βA,kp reflects the direct response of demand to price, adjusted for the

fact that price also carries information about fundamentals. The denominator captures the

equilibrium feedback from the positive mass ϕ of AI investors: because AI demand affects
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the market-clearing price, the representative learned AI rule internalizes the price signal

generated by aggregate AI trading.

Thus, despite starting from heterogeneous learning algorithms and exploring indepen-

dently, AI investors endogenously converge to a common demand rule. This common rule

coincides with the optimal trading rule of informed rational-expectations investors in a

rational-expectations equilibrium (REE) of the trading environment populated by level-k

strategic investors. Algorithmic herding therefore carries the AI population to the rational-

expectations demand rule associated with the level-k environment.

The superscript (k) emphasizes that the price-formation rule, price informativeness, and

the learned AI demand coefficients all depend on the sophistication of the strategic investors

in that environment. AI investors do not directly observe the private signals of human

investors, nor do they reason through an explicit hierarchy of beliefs. Instead, they learn

from realized profits which price-contingent demand schedules perform well. In the limit, this

learning process selects the same demand schedule that an informed rational-expectations

investor would choose when extracting information from prices, as in the benchmark of

Grossman and Stiglitz (1980). This characterization is also the key input into the level-k

recursion. When a level-k strategic investor forms beliefs about price formation, she assumes

that average AI investors follow the demand rule learned in the perceived level-(k − 1)

environment:

xA,k−1(p; ηj) = µA,k−1 + βA,k−1
η ηj − βA,k−1

p p.

Thus, the recursive step is precise: level-k strategic investors best respond to a perceived

market in which other strategic investors use level-(k−1) demand schedules, cursed investors

continue to use their level-0 demand schedules, and AI investors use the rational-expectations

demand rule learned from interacting with the level-(k − 1) environment.

Strategic investors: Level-k thinking investors with k ≥ 1. Level-k thinking in-

vestors, with k ≥ 1, know the population shares of cursed investors and AI investors in the

market. Their reasoning is anchored at level 0, which we specify as cursed-investor behavior.

For k ≥ 1, a level-k investor forms beliefs about price formation by assuming that other

sophisticated investors reason at level k − 1, while AI investors follow the trading policies

learned in the corresponding perceived environment. In particular, the level-k investor be-

lieves that AI investors have been trained in an environment with measure ψs of level-(k−1)

investors. Given this perceived price-formation rule, the level-k investor chooses a demand

schedule that maximizes expected trading profits. Higher k therefore corresponds to a deeper

ability to infer information from prices and to anticipate the trading behavior of other market

participants.
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Starting from level-0 investors, we recursively construct level-k investor strategies and AI

policies learned in the corresponding level-k environment, for k = 0, 1, 2, . . .. This recursion

differs from the standard level-k reasoning hierarchy because the market contains a positive

measure ϕ of autonomous Q-learning investors. These AI investors do not reason through a

finite hierarchy of beliefs. Instead, for each perceived level-k environment, they learn trading

policies from repeated market interactions generated by the strategies of level-k investors.

For each k ≥ 1, consider a level-k investor’s perceived market environment. The investor

assumes that non-AI investors other than itself use the demand schedules associated with

level-(k − 1) reasoning. She also takes as given the AI trading policy that would be learned

when AI investors are trained in an environment populated by a measure ψs of level-(k −
1) investors. Thus, in the level-k investor’s subjective model, prices are formed from the

aggregate order flow generated by level-(k − 1) non-AI investors, AI investors following the

policy learned in the corresponding level-(k − 1) environment, and any exogenous noise

supply.

Given this perceived price-formation rule, the level-k investor chooses her own demand

schedule to maximize expected trading profits. The expectation is taken under her perceived

joint distribution of fundamentals, private signals, aggregate order flow, AI trading, and

prices. Its optimization therefore treats the strategies of lower-level non-AI investors and

the learned AI policy as fixed components of the pricing rule, while choosing her own demand

schedule as the best response to that perceived rule.

The Bayesian posterior is

E[vt | ηi,t, pt] = hM,k
η ηi,t + hM,k

p s
(k−1)
p,t + hM,k

v v̄, (28)

where the posterior weights are

hM,k
η ≡ τM

τv + τM + τ
(k−1)
p

, hM,k
p ≡ τ

(k−1)
p

τv + τM + τ
(k−1)
p

, hM,k
v ≡ τv

τv + τM + τ
(k−1)
p

.

The first-order condition gives xM,k(pt) ≡ (E[v | ηi,t, pt] − pt)/γM . Therefore, according to
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the expression of s
(k−1)
p in terms of p, it holds that

βM,k
η =

hM,k
η

γM
=

τM

γM(τv + τM + τ
(k−1)
p )

, (29)

βM,k
p =

1− hM,k
p

ξ(k−1)

ζ(k−1)

γM
, (30)

µM,k =
hM,k
v v̄ − hM,k

p
µ(k−1)

ζ(k−1)

γM
. (31)

3 Algorithmic Herding

We now show that, in any fixed level-k market environment, the population average of AI

investors who independently learn through reinforcement learning endogenously converge to

a common demand rule. As the auxiliary learning environments are refined, this aggregate

demand rule converges to the optimal trading rule of informed rational-expectations investors

in the atomistic rational-expectations equilibrium (REE) of that environment. Throughout

this section, we hold fixed the distribution of human investors with heterogeneous sophisti-

cation.

We say that the limiting aggregate AI strategy are consistent with rational expectations

if two conditions hold. First, each AI investor’s policy-implied mean demand rule is optimal

given the investor’s private signal and the fundamental information it can infer from prices.

Second, the price-formation rule embedded in the aggregate learned policy, denoted by PA,k,
coincides with the actual market-clearing price rule generated by aggregate demand. Thus,

when AI investors use P−1
A,k(pt) to extract payoff information from the equilibrium price pt,

this inference is correct under the true price-formation rule.

We approximate the original trading environment by a sequence of finite-N , discretized

economies that are tailored to the tabular Q-learning problem. In each approximating econ-

omy, a finite number of equal-weight AI investors choose demand coefficients from a finite

grid X∆, and the fundamental, noise-trader, and AI signal-error shocks are truncated at finite

bounds. The market-clearing equation and the demand schedules of human investors with

heterogeneous sophistication are otherwise kept fixed at their values in the original model.9

As the grid becomes finer, the truncation bounds grow, and the finite AI population becomes

large, these finite approximating economies recover the original trading environment.

For each fixed approximating economy, the limiting object of AI learning is a mean-field

9This approximation mirrors the algorithmic environment faced by tabular Q-learning. The algorithm
does not choose from a continuous action space; it selects from a finite grid of actions and updates action
values using realized trading profits.
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fixed point. This object imposes two consistency requirements. First, taking the population-

average AI demand rule as given, each AI investor learns action values from the trading

profits generated by the corresponding market-clearing prices and chooses demand coeffi-

cients according to its limiting learning policy. Second, the population-average demand rule

induced by these individual limiting policies must coincide with the population-average AI

demand rule that was used to generate prices. Thus, the fixed point is not a new economic

equilibrium concept separate from market clearing. It is the consistency condition that closes

the learning problem in a finite economy with many atomistic AI investors.

This formulation follows the standard mean-field logic: each individual AI investor has

vanishing price impact as the AI population grows, while the aggregate state must be repro-

duced by the population of individual decisions. In our setting, the relevant aggregate state

is the population-average AI demand schedule, because it enters the market-clearing price

and therefore determines the rewards from which AI investors learn. The atomistic rational-

expectations demand rule of the original model is then obtained as the limit of these learned

mean-field fixed points as the auxiliary economies are refined and the finite AI population

becomes large.

Definition 1 (Discretized bounded environment). Fix a level-k trading environment and a

finite AI population N . A discretized bounded environment is a finite approximating economy

for the AI learning problem in that environment. Each AI investor chooses a complete signal-

and price-contingent demand schedule from an equally spaced Cartesian grid

X∆ ⊂ [−Bη, Bη]× [−Bp, Bp]× [−Bµ, Bµ]

of coefficient triples y = (βAη , β
A
p , µ

A). The fundamental, noise-trader, and AI signal-error

shocks are truncated at finite bounds, and each AI investor represents the same share of the

AI sector. The demand schedules of cursed and level-k strategic investors and the market-

clearing equation otherwise remain the same as in the original level-k environment. The

auxiliary price rule projects the realized aggregate coefficient triple onto a compact set on

which aggregate price sensitivity is bounded away from zero. Appendix A gives the grid

construction, truncations, finite-population signal-error aggregation, and projected market-

clearing rule.

If y(a) = (βAη (a), β
A
p (a), µ

A(a)) denotes grid arm a and investor j uses the Boltzmann

policy σj(Q
j
t , a), the policy-implied population-average coefficient triple is

(
β̄Aη,∆,B,N(Qt), β̄

A
p,∆,B,N(Qt), µ̄

A
∆,B,N(Qt)

)
:=

1

N

N∑
j=1

M∑
a=1

σj(Q
j
t , a)y(a). (32)
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This conditional mean differs from the realized average of the arms selected at date t. Both

the realized arm average and the cross-sectional average of AI signal errors continue to

fluctuate under positive exploration even when (32) converges.

Definition 2 (Mean-field fixed point in a discretized bounded environment). In a fixed

discretized bounded environment, a finite-population mean-field fixed point is a fixed point

Q∗ of the discounted Bellman equation. For each investor and arm, the Bellman value

equals conditional expected trading profit plus the discounted maximal continuation value,

integrating over the other investors’ arm draws and all current shocks. The fixed point

induces the policy-implied population-average coefficient triple(
β̄A,∗η,∆,B,N , β̄

A,∗
p,∆,B,N , µ̄

A,∗
∆,B,N

)
:=
(
β̄Aη,∆,B,N(Q

∗), β̄Ap,∆,B,N(Q
∗), µ̄A∆,B,N(Q

∗)
)
.

Thus, the policy profile used to evaluate conditional payoffs is reproduced by the Bellman

values calculated from those payoffs.

The mean-field fixed point imposes two economic consistency requirements. First, taking

as given the price process generated by the market-clearing equation under the aggregate de-

mand, each AI investor evaluates every demand schedule using its expected trading profit at

those prices and its discounted maximal continuation value. The resulting Q-values therefore

correctly rank the schedules under the price process generated by the population policy; the

Boltzmann rule assigns greater probability to schedules with higher values while preserving

exploration. Second, the Q-values reproduce the same policy-implied population-average

coefficients—and hence the same aggregate AI demand—that generates the distribution of

market-clearing prices. Thus, the distribution of AI demand schedules that determines prices

and learning rewards is reproduced by the values learned from that same distribution.

Boltzmann policies remain exploratory at a mean-field fixed point. Changing discount

factors shifts each investor’s fixed-point value vector by an arm-independent amount but

leaves the policy profile and its population-average coefficient triple unchanged.

3.1 Theoretical Results

The next three results establish the main claims on convergence and algorithmic herding

for heterogeneous Q-learning investors. Proposition 1 studies learning in a fixed discretized

bounded environment and gives a global convergence result under a contraction condition.

Proposition 2 shows that mean-field fixed points approach the informed atomistic rational-

expectations demand rule as the auxiliary environment is refined and the AI population
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grows. Proposition 3 establishes uniqueness and local stability near this limit. The theorem

then combines the approximation and local learning results.

Proposition 1 (Convergence of fixed-environment learning). Fix a finite population size

N and a discretized bounded environment populated by informed AI investors. Suppose the

algorithm types and learning steps satisfy the boundedness and stochastic-approximation con-

ditions in Appendix A. If the fixed-environment contraction condition (A30) holds, then the

discounted max-Q recursion has a unique mean-field fixed point Q∗ and

Qt −→ Q∗ almost surely.

Consequently, the policy-implied population-average coefficient triple in (32) converges almost

surely to the triple induced by Q∗. The conclusion holds from every initial Q-value profile in

the invariant box of the fixed environment. In particular,

(
β̄Aη,∆,B,N(Qt), β̄

A
p,∆,B,N(Qt), µ̄

A
∆,B,N(Qt)

)
−→

(
β̄A,∗η,∆,B,N , β̄

A,∗
p,∆,B,N , µ̄

A,∗
∆,B,N

)
almost surely.

(33)

The proof is in Appendix A. This proposition is pointwise in a fixed discretized bounded

environment and a fixed finite AI population. Heterogeneity in exploration temperatures af-

fects the limiting mixed policies over grid actions, while heterogeneity in learning rates affects

the speed of adjustment. Under the contraction condition, neither source of heterogeneity

prevents convergence of the policy-implied population-average coefficients.

The economic force behind the contraction is market-clearing price feedback. When

AI investors collectively tilt their demand toward a different set of schedules, the market-

clearing price changes, altering both trading profits and the information conveyed by price.

The contraction condition ensures that these responses do not amplify differences in learned

values. Heterogeneous AI investors then herd onto a single mean-field fixed point rather

than drifting toward persistently different aggregate trading rules.

The bounded action space, shock truncations, and denominator-safe projection ensure

that exploration produces finite prices, positions, and rewards at every history. Because each

AI investor has weight 1/N , changing one investor’s demand schedule has a bounded effect

on market-clearing prices and on the profits of other investors. Boltzmann choice also bounds

how strongly a change in Q-values shifts action probabilities, while discounting bounds the

response of continuation values. The contraction condition requires the combined feedback

through current trading profits and continuation values to be weaker than one. Full-support

exploration and the stochastic-approximation steps then average out realized shocks and pull

every initial Q-value profile in the invariant set toward the same fixed point.
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The informed atomistic REE coefficient triple is (βA,∗η , βA,∗p , µA,∗). Appendix A derives

this triple as the unique fixed point of the informed AI best-response map.

Proposition 2 (Mean-field fixed points converge to informed rational-expectations de-

mand). Suppose the primitive conditions in Assumption 3 hold, and use the denominator-safe

projection set constructed in Appendix A. For every ε > 0, choose a sufficiently fine action

grid and sufficiently wide action and shock bounds, followed by a sufficiently large population.

Then every mean-field fixed point Q∗ satisfies∥∥∥(β̄A,∗η,∆,B,N , β̄
A,∗
p,∆,B,N , µ̄

A,∗
∆,B,N

)
−
(
βA,∗η , βA,∗p , µA,∗

)∥∥∥
∞
< ε. (34)

The bound is uniform across the bounded heterogeneous algorithm types allowed in the ap-

pendix, whose raw exploration temperatures lie in a compact positive interval.

In the atomistic environment, expected trading profit is a strictly concave quadratic

function of the three demand coefficients. AI investors therefore have a unique price-taking

demand rule given the market-clearing price function, and the informed REE is the fixed

point of this optimal-demand map. Exploration changes the dispersion of individual choices

across nearby schedules, but not the mean of the continuous Boltzmann rule. The informed

best-response map has a triangular structure: the signal loading first determines how much

fundamental information enters prices; conditional on that price informativeness, the price

sensitivity and intercept solve separate linear equations. This structure identifies a unique

informed rational-expectations demand rule even when the slopes of the individual feedback

channels are not themselves contractions.

The discretized bounded environments approximate this continuous problem in two steps.

Fine grids and wide shock bounds make the discrete Boltzmann mean map and its derivative

approach the continuous best-response map. With the auxiliary environment fixed, finite-

population demand-schedule sampling errors and the cross-sectional average of idiosyncratic

AI signal errors vanish at rate N−1/2, while each investor’s own price impact vanishes at

rate N−1. The finite-population mean-field fixed points therefore inherit the informed atom-

istic demand rule as the population grows. Economically, strict concavity gives AI investors

a well-defined optimal demand schedule against the market-clearing price function, while

discretization, truncation, and finite-population errors disappear as the approximating envi-

ronments are refined.

Proposition 3 (Uniqueness and local stability). Fix an accurate discretized bounded en-

vironment and consider an admissible sequence of bounded heterogeneous populations, as

defined in Appendix A. Under the regularity conditions stated in the appendix, all sufficiently
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large populations have a unique mean-field fixed point. This fixed point is locally exponentially

stable under the mean discounted max-Q dynamics.

The appendix proves that, in a neighborhood of the reference fixed point, the finite-

population mean learning dynamics and their local responses approach the deterministic

atomistic reference dynamics. The regularity conditions make demand-schedule sampling

errors, the cross-sectional average of idiosyncratic AI signal errors, rare profiles on which the

price projection is active, and individual price impact small. For populations with positive

discounting, local stability additionally requires the finite-population approximation error

to be asymptotically negligible relative to the payoff gap between the best and second-best

continuation arms, as stated in (A69). This condition keeps the same continuation arm

optimal near the fixed point, so the Bellman maximum is locally smooth. The gap is not

needed for fixed-point uniqueness and is vacuous in undiscounted populations.

Local stability comes from price feedback near the informed REE. The signal loading

first determines price informativeness, after which price sensitivity and the intercept adjust

through the triangular best-response system. Strict concavity disciplines each investor’s

response, while the induced price feedback makes local aggregate deviations mean-reverting.

Because the aggregate response has a triangular structure, this feedback can remain locally

stable even when neither individual feedback channel is itself a contraction. Boltzmann

averaging transmits this stability from individual values to the policy-implied population-

average demand rule.

Theorem 4 (Algorithmic herding toward atomistic rational-expectations demand). Fix a

level-k trading environment, and let
(
βA,∗η , βA,∗p , µA,∗

)
denote the informed atomistic rational-

expectations coefficient triple.

Global convergence. Maintain the assumptions of Proposition 1. In any discretized

bounded environment satisfying its contraction condition, learning converges almost surely

from every initial Q-value profile in the invariant box to the unique mean-field fixed point.

Whenever the environment and population are also sufficiently accurate and large for Propo-

sition 2 to give an error below ε, this convergence satisfies

lim
t→∞

∥∥(β̄Aη,∆,B,N(Qt), β̄
A
p,∆,B,N(Qt), µ̄

A
∆,B,N(Qt)

)
−
(
βA,∗η , βA,∗p , µA,∗

)∥∥
∞ < ε, almost surely.

(35)

Local lock-in. More generally, maintain the assumptions of Propositions 2 and 3 and the

learning-step conditions in Appendix A. For every ε > 0, a sufficiently accurate discretized

bounded environment and sufficiently large population have a unique locally stable mean-field

fixed point within ε of
(
βA,∗η , βA,∗p , µA,∗

)
. For any probability tolerance υ > 0, once learning

enters an inner neighborhood at a sufficiently late deterministic date b, conditional on the
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observed history Fb and on that entry, it stays in the stable neighborhood and converges to

this fixed point with probability at least 1 − υ. The same conclusion holds after an almost-

surely finite stopping time at which sufficiently little squared learning gain remains. On the

lock-in event, the limiting coefficient triple lies within ε of
(
βA,∗η , βA,∗p , µA,∗

)
.

The theorem combines learning within a discretized bounded environment with approxi-

mation across environments. The construction is ordered: the action grid and shock bounds

are chosen first, the population is then made sufficiently large, and learning time tends to

infinity with the auxiliary environment and population fixed. The two claims describe com-

plementary routes to algorithmic herding. Under global contraction, differences in learned

values are attenuated throughout the discretized bounded environment. Under local lock-

in, the same force operates near informed rational-expectations demand: deviations change

prices, expected profits, and price informativeness in a way that pulls the policy-implied

population average back toward the fixed point. Once the remaining squared learning steps

are small, realized shocks are unlikely to dislodge the learning process from this stable neigh-

borhood.

The result formalizes algorithmic herding: although AI investors may differ in explo-

ration temperatures, learning rates, discount factors, and initial Q-values, their population-

average demand converges to a single mean-field fixed point in any fixed sufficiently accurate

discretized bounded environment. As the approximating environment and population size

approach the original level-k trading environment, this common learned demand rule con-

verges to the atomistic rational-expectations AI demand rule. Thus, algorithmic herding

and rational-expectations price inference arise as the two components of the same limit-

ing argument: learning selects a common rule, and approximation identifies that rule with

rational-expectations demand.

When τA = 0, the signal coordinate is removed rather than treated as a finite-variance

third coordinate. Restricting the action grid to βAη = 0 removes the idiosyncratic AI

signal-error term from finite-population market clearing and reduces the problem to the

two-coefficient economy in which AI investors receive no fundamental signal and learn only

from prices. Appendix A gives this dimension reduction and recovers the uninformed-AI

REE coefficients.

3.2 Limit of Level-k Strategic Reasoning

We next consider the limit of the level-k reasoning hierarchy as k → ∞, maintaining ψs > 0.

This limit corresponds to the case in which strategic investors perform arbitrarily many

rounds of reasoning about price formation. The key question is whether the recursive con-
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struction of perceived price-formation rules, strategic demand schedules, and the associated

learned AI demand rules converges to a well-defined limiting level-∞ trading environment.

Proposition 5 (Convergence of the level-k recursion). For every σM > 0, every driven

initialization whose finite hierarchy is price admissible converges to a unique fixed point if

ψs

(
8ψ

27γ2M
+

ϕ

γMγA

τA
τv + τA

)
τz
τv

≤ 1. (36)

When τA = 0, this condition reduces to

ψs ≤
27γ2Mσ

2
z

8ψσ2
v

. (37)

Proposition 5 gives a uniform sufficient condition for dynamic stability, conditional on

finite-level price admissibility. The condition requires the mass of strategic investors not to

be too large relative to the stabilizing effects of transaction costs and noise-trader volatil-

ity. The sufficient stability region shrinks when noise trading is less volatile or when the

informed AI sector contributes more signal-based demand. In both cases, prices reveal more

information, so small changes in how higher-level investors extract that information generate

larger changes in subsequent price responses. Greater fundamental uncertainty also tightens

the stability condition because changes in price inference then produce larger revisions in

perceived payoff information and subsequent demand. The bound isolates this destabilizing

signal-loading channel; the exact dynamics also include within-level damping generated by

informed AI demand. When the condition holds, the recursion dampens these changes across

successive reasoning levels and converges to a unique limiting trading environment.

Proposition 6 (Convergent level-k limit is a linear REE). Suppose every finite environment

in the level-k hierarchy is price admissible and the coefficients converge to a fixed point:

lim
k→∞

(βM,k
η , βM,k

p , µM,k) = (βM,∞
η , βM,∞

p , µM,∞),

lim
k→∞

(βA,kη , βA,kp , µA,k) = (βA,∞η , βA,∞p , µA,∞).

Then the limit constitutes a linear rational-expectations equilibrium: level-∞ humans and

AI investors are mutual Bayesian best responses given the equilibrium price generated by the

limiting aggregate coefficients, with cursed investors taken as given.

The proposition identifies the economic meaning of a convergent reasoning hierarchy.

Once the human and learned AI coefficient sequences settle down, both sophisticated groups

condition on the same price map that their limiting demands generate. Level-∞ humans use
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their private signals and price, while AI investors use their own private signals and price;

neither group retains a mistaken belief about price formation. Appendix B proves both

propositions.

3.3 Simulation Evidence

Theorem 4 establishes the convergence and herding result analytically. We now provide

complementary numerical evidence by simulating the tabular Q-learning algorithm described

in (6). The simulation asks whether a large finite population of independently learning AI

investors converges to the rational-expectations AI demand rule predicted by the theory.

We focus on the boundary case in which AI investors cannot receive fundamental signals,

τA = 0, and use a centered environment with S = v̄ = 0.

We simulate N atomistic AI investors trading in the level-k market environment. The

continuum of AI investors in the model is approximated by a large finite population. Each

AI investor learns independently from its own realized trading profits. To match the tabular

implementation for AI investors without fundamental signals, we restrict the AI action space

to a finite grid of price-sensitivity coefficients βA,kp,t , set β
A,k
η,t = 0, and fix the intercept at

µA,kt ≡ 0. In each period t, an AI investor selects a grid point according to the Boltzmann

rule and updates the estimated value of the chosen coefficient toward the realized trading

profit generated by that choice.

Market clearing links the learning problems of the AI investors. In each period, the price

clears the market given the realized population-average AI demand, the demand schedules

of human investors with heterogeneous sophistication, and noise-trader demand. Thus, al-

though AI investors update their Q-values independently, their realized rewards are jointly

determined through the market-clearing price. The simulation therefore directly imple-

ments the mechanism behind the theory: individual reinforcement learning interacts through

prices, and price feedback can cause heterogeneous AI investors to herd toward the rational-

expectations demand rule.

Simulation setup. Each AI investor chooses a price-sensitivity coefficient βA,kp,t from a

finite grid on [0, 0.6] with mesh size 0.002. To focus on learning over price sensitivity, we

hold the intercept fixed at µA,kt ≡ 0. AI investors use a common Boltzmann exploration

temperature κ. For each grid point, an investor updates its estimated value as the running

average of realized trading profits, corresponding to the reward-averaging version of tabular

Q-learning in this stateless bandit environment.

We simulate N = 100 AI investors. The remaining market parameters follow the bench-

mark calibration: σv = 2, σz = 0.2, γM = γA = 0.2, asset supply S = 0, total human-investor
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Figure 2: Learning Convergence to the Rational-Expectations Benchmark
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measure ψ = 1.5, and aggregate human-investor coefficients β̄kp = 4.0 and β̄kη = 4.5.

Results. For this initialization, learning converges to the rational-expectations demand

rule. In Figure 2, the cross-sectional average of learned price sensitivities converges to βA,kp in

Panel (a), while the average estimated reward converges to its equilibrium level in Panel (b).

This convergence occurs despite heterogeneity in initial value estimates and independent

exploration across AI investors. Over the learning horizon, the cross-sectional dispersion

of learned coefficients declines and the learned population average approaches the rational-

expectations demand. The simulation therefore illustrates the price-feedback mechanism

behind local algorithmic herding. Appendix A.12 reports the full cross-sectional distribution

of learned coefficients and documents its concentration over time.

4 Market Sophistication and the Limits of AI Perfor-

mance

This section studies how human sophistication shapes market competition and AI perfor-

mance. First, we derive per-period expected trading profits for human and AI investors in a

fixed market. Second, we characterize the limits on AI performance first with finite level-k

humans and then in the convergent level-∞ market. Third, we separate training from de-

ployment and study how training-market sophistication affects AI performance in a common

test market. Holding the test environment fixed isolates the sophistication acquired from

the market data generated during training.
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4.1 Expected Trading Profits

Fix a market after AI strategies have converged. Given the investor composition (ψc, ψs, ϕ)

and the sophistication level k of strategic investors, the equilibrium price function is sum-

marized by aggregate price sensitivity ξ, aggregate signal loading ζ, and intercept µ.10 Sec-

tion 2.1 defines πi,t and πj,t as the per-period net trading profits of human investor i and AI

investor j, respectively. Define their per-period expected net profits as

ΠM
i ≡ E[πi,t], i ∈ M,

ΠA
j ≡ E[πj,t], j ∈ A.

The expectations are taken under the objective equilibrium distribution of the fixed market.

The formula below applies to any admissible human-investor and AI coefficients evaluated

against the same equilibrium price function.

Proposition 7 (Expected profit). Let ℓ ∈ {M,A} index investor type. Consider an investor

with demand intercept µℓ, private-signal loading βℓη, and price loading βℓp, whose demand is

xℓi = µℓ + βℓηη
ℓ
n − βℓpp

and trading-cost parameter γℓ, evaluated against the equilibrium price function summarized

by (ξ, ζ, µ), where σ2
ℓ denotes the variance of investor type ℓ’s idiosyncratic signal noise. The

investor’s per-period expected net profit is

Πℓ
i =

1

ξ2
{
[(ξ − ζ)v̄ − µ]

[
(βℓηξ − βℓpζ)v̄ + ξµℓ − βℓpµ

]
+(ξ − ζ)(βℓηξ − βℓpζ)σ

2
v + βℓpσ

2
z

}
− γℓ

2ξ2

{[
(βℓηξ − βℓpζ)v̄ + ξµℓ − βℓpµ

]2
+(βℓηξ − βℓpζ)

2σ2
v + ξ2(βℓη)

2σ2
ℓ + (βℓp)

2σ2
z

}
. (38)

The formula applies to cursed and level-k human investors and to AI investors after sub-

stituting their respective coefficients. When AI private-signal precision is zero, τA = 0, the

AI signal coordinate and its variance term are absent, nesting the benchmark in which AI

investors learn only from prices.

10For ease of notation, we drop superscripts on (ξ, ζ, µ) in this section except where needed to distinguish
training and deployment environments. We focus on per-period expected profits in the stationary market
after AI strategies have converged. Because the primitive shocks are i.i.d. over time and the post-learning
demand coefficients are time-invariant, we also suppress the time subscript t on expected profits.

33



The proof, including the gross-profit and trading-cost decompositions, is in Appendix C.

The first brace is gross expected trading revenue. Its first product equals unconditional

average excess payoff times unconditional average demand. The remaining terms measure

how the investor’s position covaries with payoff-relevant shocks. Signal exposure loads de-

mand directly on the fundamental; price sensitivity responds to both payoff information and

noise-trader demand embedded in the equilibrium price.

The second brace is the expected quadratic trading cost. Costs rise with the mean posi-

tion, net exposure to fundamental variation, idiosyncratic signal noise, and positions induced

by noise trading. This decomposition isolates the tradeoff below: a more precise private sig-

nal improves payoff forecasts directly, whereas learning from prices requires responding to

order flow that also contains nonfundamental noise.

4.2 Information Environment and AI Performance

Human information has two opposing effects on AI performance. It gives humans a direct

forecasting advantage, but human trades also supply the fundamental information that AI

extracts from equilibrium prices. AI benefits from human information only to the extent that

informed order flow reaches prices without being obscured by noise trading. We first study

a market with AI, cursed investors, and level-3 humans, who reason strategically through a

short belief hierarchy. Even against these moderately sophisticated humans, private-signal

precision and noise trading sharply limit AI profitability. Appendix C.3 repeats the com-

parisons for level-2 and level-4 investors. We then study the convergent level-∞ market, in

which rational-expectations demands permit analytical profit comparisons.

Throughout this subsection, impose equal human and AI trading-cost parameters, γM =

γA ≡ γ. This benchmark isolates information-channel limitations. Profit comparisons there-

fore reflect how investors use private signals and learn from prices, rather than differences in

the cost of taking a given position.

4.2.1 Markets with Limited Strategic Sophistication

AI versus Cursed Human Investors. Figure 3 compares AI and cursed-investor profits

as AI private-signal precision rises.11 Cursed investors use their private signals correctly

but do not use price to update their payoff forecast: a higher price lowers perceived trading

surplus without raising the expected payoff. AI interprets price information correctly and,

when τA is positive, combines the equilibrium price with its own signal. With equal trading

11Appendix Figures A2–A9 repeat all four limited-sophistication comparisons for k = 2 and k = 4.
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costs, the comparison pits the AI’s total usable information—its private signal plus the price

signal—against the cursed investor’s private signal.

Panel (a) sets AI private-signal precision to zero, τA = 0, so AI relies entirely on the

equilibrium price. Start on the right side of the panel, where noise trading volatility, σz is

large. Large noise trading makes the price channel too noisy for AI. AI investors benefit

from private information only when other investors’ trades make prices sufficiently informa-

tive. When noise trader demand is volatile, price movements mostly reflect nonfundamental

demand rather than payoff information. The panel is blue throughout this high-noise region:

cursed investors earn more for every displayed value of human signal noise.

Now move to the left side, where noise-trader volatility is low. AI dominance over cursed

investors is a window, not a universal result. When human private signals are very precise

(σM is small), cursed investors can have accurate forecasts of the payoff. They fail to extract

information from prices, but this mistake does not offset the value of a highly accurate

private signal. AI observes only the price, which aggregates information indirectly through

equilibrium trading, so the direct private-signal advantage dominates.

When private signals are very noisy (σM becomes sufficiently large), cursed investors also

dominate. Their own signal is weak, but that signal is also the input that makes prices

informative. Cursed and level-k investors then trade only weakly on payoff information, so

prices contain little useful variation for AI to exploit. AI gains little from observing prices

when the trades that form prices carry little information about fundamentals.

AI can outperform cursed human investors only in the middle. Human signals must be

precise enough to make the equilibrium price informative, but not so precise that their direct

value dominates the information AI recovers from that price. Small noise trading makes this

middle region possible: prices can aggregate private information without being swamped by

noise-trader demand. The AI advantage is therefore bounded on both sides by the quality

of the information that prices aggregate.

Panel (d) gives AI private-signal noise σA = 1. If human private-signal noise, σM , is

at least one, the AI signal is at least as precise as the human signal, and AI also extracts

information from the equilibrium price. AI therefore earns more. When human private-

signal noise is below one, humans have the more precise private signal. The substantial

blue region shows that this advantage can outweigh AI’s additional price information: even

cursed investors can earn more than an informed AI when they retain sufficiently better

private information.

The axes illustrate two distinct forces. Moving upward weakens the cursed investor’s

private signal but also reduces the human information entering the equilibrium price. In

panel (d), the direct effect dominates and the AI–cursed profit gap rises. Moving right raises
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Figure 3: AI and Cursed-Investor Profit Gaps with Limited Strategic Sophistication
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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(d) τA = 1 (σA = 1)

Notes: Each panel plots the AI net expected profit minus the cursed investor net expected profit,
ΠA−ΠM,c, in a market with level-3 strategic investors. The horizontal axis is noise-trader volatility,
σz, and the vertical axis is human private-signal noise, σM . Red regions favor AI, blue regions favor
cursed investors, and the solid black contour marks equal profits. Dashed contours report labeled
nonzero profit gaps. Colorbar limits are panel-specific, so color intensity is not comparable across
panels. Parameters are v̄ = 0, S = 0, σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈
[0.05, 2], and σM ∈ [0.05, 3]. Panels (a)–(d) set AI private-signal precision, τA ∈ {0, 0.04, 0.5, 1},
corresponding to AI private-signal noise, σA ∈ {∞, 5,

√
2, 1}.

36



noise-trader volatility and generally lowers the gap in the displayed panels. Noisier order

flow removes an information source that AI uses correctly but cursed investors ignore, so the

blue region expands.

Panels (b) and (c) trace the transition as AI private-signal precision rises. A more precise

AI signal improves its payoff forecast directly and contributes fundamental information to

aggregate order flow. The resulting equilibrium price precision, τp = ζ2τz, also depends on

human signal quality and noise-trader volatility, where τz is the precision of noise-trader order

flow. In the displayed panels, better AI information expands the region in which AI earns

more, but it does not make relative performance independent of the market’s information

environment.

Figure 4 reports cursed investors’ profit levels. Their net expected profits remain positive

over most of every panel. Under the displayed calibration, more precise AI information

widens the negative-profit wedge at very low noise-trader volatility, where informational

competition is strongest. Yet broad positive-profit regions remain even in panel (d). Noise-

trader demand creates price-payoff wedges, and cursed investors still use their private signals

to forecast payoffs. Thus, even a substantially better-informed AI does not eliminate positive

expected profits for the least sophisticated humans in the market.

AI versus Level-k Investors. Level-3 investors provide a more sophisticated human

benchmark. They combine private signals with strategic inference from prices, although

their belief hierarchy remains finite and thus their learning from price is still biased. Both

AI and level-3 humans observe the same realized price, but they interpret it differently.

Level-3 investors infer from their perceived level-2 equilibrium price function, whereas AI

correctly learns its demand in the actual equilibrium populated by level-3 humans.

Panel (a) of Figure 5 again sets AI private-signal precision to zero, τA = 0. Begin on

the right side, where noise-trader volatility, σz, is large. Noisy order flow removes AI’s only

source of fundamental information. Level-3 humans retain a private signal and also infer

from the equilibrium price, so they earn more throughout this high-noise region.

Now consider low noise-trader volatility. When human private-signal noise, σM , is small,

level-3 investors have precise direct information that AI lacks. The same force still operates:

when human private-signal noise is sufficiently large, informed human order flow conveys little

about fundamentals, leaving little price information for AI to recover. AI can earn more only

between these extremes, where human trades make prices revealing but the human private

signal is not too precise. Even this advantage erodes as humans become more sophisticated.

A human who interprets the same price more correctly and also observes a private signal must

earn more than price-only AI. The red region is therefore tiny: level-3 humans outperform
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Figure 4: Cursed-Investor Profits with Limited Strategic Sophistication
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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(d) τA = 1 (σA = 1)

Notes: Each panel plots cursed-investor net expected profit ΠM,c in a market with level-3 strategic
investors. Red regions indicate positive profit, blue regions indicate negative profit, and the solid
black contour marks zero profit. Dashed contours report labeled nonzero profit levels. Colorbar
limits are panel-specific, so color intensity is not comparable across panels. The horizontal axis is
noise-trader volatility, σz, and the vertical axis is human private-signal noise, σM . Panels (a)–(d)
set AI private-signal precision, τA ∈ {0, 0.04, 0.5, 1}, corresponding to AI private-signal noise, σA ∈
{∞, 5,

√
2, 1}. Parameters are v̄ = 0, S = 0, σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40),

σz ∈ [0.05, 2], and σM ∈ [0.05, 3].
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price-only AI across almost the entire displayed parameter space.

Panel (d) sets AI private-signal precision to τA = 1, corresponding to AI private-signal

noise σA = 1. The comparison turns approximately at human private-signal noise σM = 1,

where the human and AI private signals are equally precise.12 Below that value, level-3

investors have the more precise private signal and earn more than AI over nearly the entire

region. The large blue area shows the key limit of AI performance: an informed AI that also

uses price signal correctly can still earn less than humans who perform only three rounds

of strategic reasoning. Above that value, AI has the more precise private signal and earns

more over most of the panel.

The broad pattern follows the relative precision of private information. In the displayed

calibration, when noise-trader volatility rises, the equilibrium price becomes a less useful

common signal. This raises the importance of whichever private signal is more precise.

Finite-depth inference also changes with the information environment. Panels (b) and (c)

show the transition as AI information improves. A better AI signal raises its relative profit

in the displayed panels, but human signal quality and noise-trader volatility continue to

determine whether that informational improvement is enough.

Figure 6 shows an even stronger persistence result. Level-3 investors earn positive net

expected profits over nearly the entire displayed domain in every panel; losses appear only in a

thin region with extremely low noise-trader volatility. More precise AI information modestly

widens this region because informational competition is strongest when prices contain little

noise. Still, level-3 investors combine their private signals with price inference, while noise-

trader demand leaves price-payoff wedges for informed investors to absorb. The limit on AI

profitability thus appears in both comparisons: AI often earns less than finite-level humans,

and it does not eliminate their positive expected profits.

4.2.2 Markets with Infinite Strategic Reasoning

We next consider a convergent market with AI, cursed, and level-∞ investors. Proposition 6

shows that level-∞ humans and AI are mutual Bayesian best responses to the same equilib-

rium price. Convergence removes finite-depth errors in price inference and enables analytical

profit comparisons. We first record the general profit comparison propositions and then focus

on the price-only AI benchmark.

Proposition 8 (AI–human profit comparisons). Consider an informative, price-admissible

limiting environment in which AI is a Bayesian best response to (ηj, p) and the level-∞
12Although this is not an exact boundary at level-3, it becomes exact in the limit market with level-∞

human investors in the next section.
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Figure 5: AI and Level-3 Profit Gaps
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)

0.4 0.8 1.2 1.6 2.0
Noise-trader volatility z

0.5

1.0

1.5

2.0

2.5

3.0

Hu
m

an
 si

gn
al

 n
oi

se
 

M

-0.37

-0.18

0.00

0.18

0.37

Ne
t p

ro
fit

 g
ap

 
A

M
,3

(d) τA = 1 (σA = 1)

Notes: Each panel plots ΠA − ΠM,3, the AI net expected profit minus the level-3 investor net
expected profit. Red regions favor AI, blue regions favor level-3 investors, and the solid black
contour marks equal profits. Dashed contours report labeled nonzero profit gaps. Colorbar limits
are panel-specific, so color intensity is not comparable across panels. The horizontal axis is noise-
trader volatility, σz, and the vertical axis is human private-signal noise, σM . Panels (a)–(d) set
AI private-signal precision, τA ∈ {0, 0.04, 0.5, 1}, corresponding to AI private-signal noise, σA ∈
{∞, 5,

√
2, 1}. Parameters are v̄ = 0, S = 0, σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40),

σz ∈ [0.05, 2], and σM ∈ [0.05, 3].
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Figure 6: Level-3 Investor Profits
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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(d) τA = 1 (σA = 1)

Notes: Each panel plots level-3 investor net expected profit ΠM,3. Red regions indicate positive
profit, blue regions indicate negative profit, and the solid black contour marks zero profit. Dashed
contours report labeled nonzero profit levels. Colorbar limits are panel-specific, so color inten-
sity is not comparable across panels. The horizontal axis is noise-trader volatility, σz, and the
vertical axis is human private-signal noise, σM . Panels (a)–(d) set AI private-signal precision,
τA ∈ {0, 0.04, 0.5, 1}, corresponding to AI private-signal noise, σA ∈ {∞, 5,

√
2, 1}. Parameters are

v̄ = 0, S = 0, σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and σM ∈ [0.05, 3].

41



investor is a Bayesian best response to (ηi, p). Then

ΠA − ΠM,∞ =
τA − τM

2γ(τv + τA + τp)(τv + τM + τp)
, (39)

ΠA − ΠM,c =
τA + τp − τM

2γ(τv + τM)(τv + τA + τp)
. (40)

The proof is in Appendix C.2. The optimal-demand identity separates a common trading-

opportunity term from posterior uncertainty. AI and level-∞ humans both interpret the

equilibrium price correctly and face the same trading cost. They observe different private

signals. Conditional on the price, those signals lower posterior uncertainty about v, and the

lower conditional variance raises the expected square of the optimal trading return. Their

comparison therefore depends only on AI private-signal precision, τA, relative to human

private-signal precision, τM . AI earns more if and only if its private signal is more precise.

Greater equilibrium price precision, τp, supplies more common information and compresses

the absolute profit gap toward zero, but it cannot reverse the ranking. The profit gap is

exactly the value of that extra signal after conditioning on the price signal.

Cursed investors do not learn from prices: a high price lowers the trading surplus they

perceive, but it does not raise their estimate of the asset payoff. Their information advantage

comes only from the private signal. AI investors have an additional price-signal channel.

Because both investor types trade the same asset at the same price and face the same

trading cost, the comparison does not come from unconditional mean mispricing or the

price paid per share. It depends on whose total signals improve payoff forecasts more. AI

therefore earns more than they do if and only if total AI signal precision—AI private-signal

precision plus equilibrium price precision, τA + τp—exceeds human private-signal precision,

τM . Correct price inference can compensate for an inferior AI private signal, but only when

the equilibrium price is sufficiently informative.

AI without Private Signals. To connect this limit to panel (a) above, set AI private-

signal precision to zero, τA = 0. AI then learns only from the equilibrium price. The first

comparison in Proposition 8 becomes a uniform human advantage.

Proposition 9 (Level-∞ investors always outperform AI without private signals). In any

nondegenerate convergent environment with cursed investors, level-∞ investors, and AI in-

vestors without private signals,

ΠA − ΠM,∞ =
−τM

2γ(τv + τp)(τv + τM + τp)
< 0 (41)
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for all τM > 0.

Level-∞ investors observe the same equilibrium price as AI and add a private signal.

Conditional on price, that signal lowers posterior uncertainty; the gap in (41) is its exact

value. Greater equilibrium price precision makes this additional signal less valuable and

shrinks the profit gap, but the gap remains strictly positive at every finite admissible price

precision. Unlike at finite k, no mistaken human price inference remains for AI to exploit.

The cursed comparison instead pits direct private information against information ex-

tracted from prices.

Lemma 10 (Cursed investors versus AI without private signals). In any informative, non-

degenerate environment in which AI is a Bayesian best response to the equilibrium price,

ΠA − ΠM,c =
hp − h

2γτv
, h ≡ τM

τv + τM
, hp ≡

τp
τv + τp

. (42)

Therefore,

ΠM,c > ΠA ⇐⇒ τM > τp.

The private-information weight, h, measures the value of the cursed investor’s signal

channel. It approaches zero when the human signal is mostly noise and approaches one

when that signal is highly precise. The price-information weight, hp, measures the value

of AI’s price-signal channel. It is high when informed order flow makes prices precise and

low when price movements mostly reflect noise-trader demand. Equal trading costs remove

the common trading-opportunity term, so the profit ranking depends on which usable signal

reduces payoff uncertainty more. Noise trading directly limits AI by reducing equilibrium

price precision, τp.

Proposition 11 (Large noise trading: cursed investors dominate). Suppose AI private-

signal precision is zero, τA = 0, and, for every positive human private-signal noise, σM > 0,

the level-k hierarchy converges to an informative, nondegenerate, price-admissible limiting

environment. If

σz >
ψσv
2γ

, ψ ≡ ψc + ψs,

then, for every σM > 0,

ΠM,c > ΠA.

The condition in Proposition 11 is sufficient. When noise-trader volatility, σz, exceeds this

bound, equilibrium prices reflect too much nonfundamental demand for AI’s price signal to

match the human private signal. If human signals are weak, little fundamental information
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enters prices. If they are strong, volatile noise-trader demand still keeps the price signal

inferior. Cursed investors therefore earn more for every human private-signal precision.

Proposition 12 (Small noise trading: AI-dominance window). Suppose AI private-signal

precision is zero, τA = 0, and that, for every positive human private-signal precision, τM > 0,

the level-k hierarchy converges to an informative, nondegenerate, price-admissible limiting

environment. Suppose also that the fixed-point price precision τ ∗p (τM) is well defined and the

intercept channel converges. If

σz <
ψcσv
2γ

,

then there exist thresholds σLM < σHM such that

ΠM,c < ΠA ⇐⇒ σM ∈ (σLM , σ
H
M).

When noise-trader volatility is below the bound in Proposition 12, AI earns more only

within an intermediate range of human private-signal noise. Precise human signals favor

cursed investors directly. Very noisy human signals generate too little informed order flow

for AI to learn from equilibrium prices. AI earns more only in the middle, where human

information enters prices but does not dominate as a direct private signal.

Appendix Figure A10 displays these comparisons. The AI–cursed panel retains the low-

noise, intermediate-signal window from the level-3 market. The AI–level-∞ panel is blue

throughout: infinite-depth of strategic reasoning eliminates the biases in learning from prices,

and thus eliminates the tiny region in which price-only AI earns more than level-3 humans.

4.3 Training-Environment Sophistication and AI Performance

We now show that another important limit of AI performance is their training environment.

We analyze the effect by separating AI’s training from deployment. AI sophistication inherits

the sophistication of the market in which the AI is trained. For each k, AI investors train

to convergence in a market with cursed investors, and level-k strategic investors. We then

deploy the pre-trained AI algorithms in a common test market that holds all primitives

and population shares fixed, retains the cursed investors, and replaces the level-k humans

with rational-expectations (RE) investors. These investors know the pre-trained AI demand,

correctly infer information from the actual equilibrium price, and adjust their demands.

To isolate AI sophistication from any direct informational advantage, we focus on AI in-

vestors with no private information. Allowing the AI to observe a private signal would make

its relative profits jointly reflect the quality of its information and the sophistication embed-

ded in its learned trading rule. Without a private signal, the AI learns about fundamentals
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exclusively from prices. The information embedded in prices depends on the strategic trad-

ing of informed humans, so the AI’s ability to anticipate their behavior directly shapes its

performance. Throughout this subsection, AI private-signal precision is zero, τA = 0.

Training against more sophisticated humans raises the AI’s relative performance over

both cursed and RE investors. This finding creates a tension with a purely informational

account of AI learning. More sophisticated humans may shade their trades more effectively

to conceal their private information, leaving an AI trained against them with less informa-

tive market prices. Why, then, should training in such an environment make the AI more

sophisticated?

The increase in AI sophistication comes from the anticipation of humans’ strategic be-

havior embedded in the AI’s trading rule through the training process. When the AI is

trained against lower-level human investors, it learns in an environment in which other mar-

ket participants only imperfectly understand how the AI extracts information from prices

or how they might strategically respond to its behavior. Therefore, the trained AI rule does

not adequately anticipate such strategic responses. When the trained AI is subsequently

evaluated against rational-expectations investors, these investors can better understand and

strategically respond to the AI’s trading behavior, leaving greater scope for its strategy to

be exploited.

By contrast, training against more sophisticated investors exposes the AI to an environ-

ment in which other traders behave more strategically. The resulting trading rule therefore

incorporates richer anticipation of how other investors trade, draw inferences from prices, and

adjust their strategies in response to the AI. Training in a more sophisticated environment

can thus increase the AI’s own strategic sophistication—even if prices in that environment

are no more informative in a purely statistical sense.

Rational-Expectations (RE) Human Investors. RE investors correctly understand

the demand of the pre-trained AI algorithm and the demands of cursed and other RE in-

vestors. They therefore know how the equilibrium price aggregates information. After

observing their private signal and the price, they use Bayesian updating to form a posterior

belief about the future payoff and choose demand optimally. Their demand is

xM,RE
i =

E[v | ηi, p]− p

γM

= βM,RE
η ηi − βM,RE

p,k p+ µM,RE
k , (43)
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with coefficients

βM,RE
η =

τM
γM τ̂M,RE

, (44)

βM,RE
p,k =

1− hM,RE
p ξk→RE/ζ

RE

γM
, (45)

µM,RE
k =

hM,RE
v v̄ − hM,RE

p µk→RE/ζ
RE

γM
. (46)

Here equilibrium price precision is τRE
p , total human posterior precision is τ̂M,RE ≡ τv+τM +

τRE
p , the price-information weight is hM,RE

p ≡ τRE
p /τ̂M,RE, and the prior-information weight

is hM,RE
v ≡ τv/τ̂

M,RE. The coefficients (ξk→RE, ζ
RE, µk→RE) characterize the equilibrium price

function. Appendix D.1 derives the RE equilibrium and solves the fixed point for price preci-

sion. RE investors adjust their demand to each pre-trained algorithm, but equilibrium price

precision remains the same across training levels of the algorithms. This invariance isolates

the mechanism: changes in relative AI performance cannot come from a more informative

deployment price. They must come from the price-contingent demand carried from training

into deployment.

The expected-profit formulas can be obtained by applying Proposition 7 after substi-

tuting the equilibrium price coefficients (ξk→RE, ζ
RE, µk→RE), the cursed and RE demand

coefficients, and the pre-trained AI coefficients (µA,k, βA,kp ). The AI private-signal loading is

zero, βA,kη = 0, because AI private-signal precision is zero, τA = 0. Let ΠA
k→RE, Π

M,c
k→RE, and

ΠM,RE
k→RE denote the resulting per-investor test profits. Define the two relative-profit gaps by

∆c(k) ≡ ΠA
k→RE − ΠM,c

k→RE, ∆RE(k) ≡ ΠA
k→RE − ΠM,RE

k→RE. (47)

Lemma 13 (Relative-profit decomposition). Suppose v̄ = S = 0, γM = γA ≡ γ, and ψs > 0.

Suppose the training coefficient system converges, all training markets are well defined, and

every induced rational-expectations equilibrium is nondegenerate. Then there is a constant

CRE > 0, independent of k, such that

∆c(k) =
τRE
p − τM

2γ(τv + τM)(τv + τRE
p )

−Rk, (48)

∆RE(k) = − τM
2γ(τv + τRE

p )(τv + τM + τRE
p )

−Rk, (49)

Rk = CRE

(
|βA,kp − βA,∞p |
|ψ/γ + ϕβA,kp |

)2

. (50)

The two gaps therefore have identical first differences.
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Lemma 13 separates information from deployment mismatch. In the AI–cursed gap, the

first term is the information advantage of a reoptimized price-only AI relative to the cursed

investor. In the AI–RE gap, it is the negative incremental value of the RE investor’s private

signal conditional on the price both types observe. The second term, deployment regret

Rk, is the exact profit loss from using the pre-trained AI demand rather than the demand

that is the best response to the test-market price. In the centered benchmark, equation (50)

measures this error by the squared, normalized distance between the learned AI price loading,

βA,kp , and the price loading in the limiting environment with infinite-level humans, βA,∞p . The

normalization accounts for how the pre-trained AI demand affects aggregate price sensitivity.

Because equilibrium price precision, τRE
p , does not vary with training sophistication, k,

the information term in each comparison is fixed. All variation across training environments

enters through deployment regret, Rk, and the two profit gaps have identical first differences.

An RE human always outperforms the frozen AI when human private-signal precision is

positive, τM > 0: she observes the same price, adds a private signal, and optimizes against

the actual equilibrium price function. AI can outperform cursed investors only when its

price-information advantage is large enough to cover deployment regret.

Proposition 14 (Training sophistication and relative AI performance). Maintain the as-

sumptions of Lemma 13. Suppose the regularity condition defined in Appendix D.1 holds.

Then both relative-profit gaps are weakly increasing in training sophistication:

∆h(k + 1) ≥ ∆h(k), h ∈ {c,RE}, k ≥ 0. (51)

Higher-k training improves AI relative performance in competing with both types of

human investors. Under the stated regularity condition, training against more sophisticated

humans reduces the normalized distance in (50). Deployment regret falls, so AI performance

improves by the same amount relative to both human benchmarks. 13

Low-sophistication training exposes AI to a market in which other investors perform

only a few rounds of strategic reasoning about prices and the price feedback created by AI

demand. The trained demand can fail to anticipate the higher-order responses present in the

test market with RE human investors. RE investors know AI’s trading rule, infer correctly

from the equilibrium price and best respond. The mismatch leaves greater scope for the AI’s

demand to be exploited and widens its profit shortfall relative to RE investors.

Higher-sophistication training instead exposes AI to demands that embody richer antic-

ipation of how investors trade, infer from prices, and respond to AI demand. Under the

13The result concerns relative profit gaps. Absolute AI profit need not move monotonically because the
frozen algorithm changes both the equilibrium price and the profit available to a reoptimized AI.
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proposition’s regularity condition, the learned demand has a smaller normalized mismatch

with the best-response demand in the test market. Training against more sophisticated hu-

mans can therefore improve AI’s relative test-market performance by reducing deployment

mismatch.

Figure 7 shows that both relative-profit gaps weakly increase with training-market sophis-

tication across the three test environments. Most of the adjustment occurs at low training

levels, after which the series plateau. The information environment determines how much

this improvement can achieve. When noise-trader volatility is high, (σM , σz) = (1, 0.8), both

gaps improve only slightly and remain negative: noisy order flow weakens the price signal

on which AI exclusively relies. When human private-signal noise is high, (σM , σz) = (4, 0.2),

both gaps again improve only slightly and remain negative. In that environment, humans

trade on little fundamental information, so little information reaches the equilibrium price

for AI to extract. More sophisticated training reduces deployment mismatch in both cases

but cannot create the missing information.

The most favorable case combines low noise-trader volatility with moderately precise

human signals, (σM , σz) = (1, 0.2). The AI–cursed profit gap rises from about −0.010 at

training sophistication k = 0 to 0.043 at k = 8, becoming positive at k = 1. The AI–RE

profit gap rises by the same amount, from about −0.114 to −0.061, but remains negative

because RE investors retain their private-information advantage. Thus sophisticated training

can improve AI’s relative performance and can overturn its ranking against cursed investors

in a favorable information environment. It does not remove the profitability ceiling created

by AI’s lack of private information: AI earns less than RE investors in every displayed case.

Appendix D.2 repeats the exercise with the level-∞ humans from the previous subsection.

Their demand is held fixed as different pre-trained algorithms enter the test market, so it

need not remain optimal for each resulting price.14 The same qualitative pattern emerges:

AI performance relative to both cursed and level-∞ humans weakly improves, mainly at low

training levels, in the three displayed calibrations. More sophisticated training narrows AI’s

disadvantage

In summary, AI performance is greatly limited by the sophistication of its training en-

vironment. Even in a market with an information environment favorable to AI, training

against low-level humans leaves the AI vulnerable to exploitation by more sophisticated in-

vestors. Training against higher-level humans improves AI’s relative performance, but it

cannot overcome the fundamental disadvantage of lacking private information.

14The RE exercise removes this mismatch by allowing humans to best respond to each pre-trained AI
algorithm.
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Figure 7: Training Sophistication and Performance in a Rational-Expectations Test Market
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(a) AI profit gap relative to cursed investors
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(b) AI profit gap relative to RE investors

Notes: The horizontal axis is the sophistication k ∈ {0, . . . , 8} of strategic investors in the AI
training market. For each k, we compute the converged AI algorithm and deploy it without further
updating in a market with rational-expectations investors. AI receives no private signal in either
market (AI private-signal precision is τA = 0). The RE investors know the pre-trained algorithm
and best respond to the equilibrium price; cursed investors follow the cursed demand. Each profit
symbol below is the corresponding investor’s per-investor net expected profit in the test market.
Panel (a) plots ΠAk→RE − ΠM,c

k→RE, and panel (b) plots ΠAk→RE − ΠM,RE
k→RE. Positive values favor AI.

From top to bottom, the pairs of human private-signal noise and noise-trader volatility, (σM , σz),
are (1, 0.2), (1, 0.8), (4, 0.2). Other parameters are v̄ = 0, S = 0, σv = 1, γM = γA = 1, ψc = 0.30,
ψs = 0.30, and ϕ = 0.40. Training and test markets share these primitives and population shares.
Vertical scales differ across the six plots.
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Cartea, Á., P. Chang, M. Mroczka, and R. Oomen. 2022. Ai-driven liquidity provision in otc

financial markets. Quantitative Finance 22:2171–204.
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Appendix

A Proofs of Algorithmic Convergence and Herding

This appendix establishes when informed AI investors who learn from trading profits herd

on a stable aggregate demand rule. The economic force is market-clearing price feedback.

When AI investors shift toward different demand schedules, their aggregate demand changes

the market-clearing price. The new price changes both expected trading profits and the

information that investors extract from price, which in turn changes the rewards used for

learning. The proof determines when this feedback stabilizes the learning process and when

its limiting aggregate demand rule coincides with rational-expectations equilibrium (REE)

demand.

The learning argument begins with a finite, bounded economy tailored to tabular rein-

forcement learning. Each AI investor chooses from finitely many complete demand schedules,

and all shocks are bounded so that prices, positions, and rewards remain finite. An auxiliary

projection keeps market clearing well defined even for demand profiles that arise only be-

cause exploration assigns positive probability to every schedule. These restrictions preserve

the economic price-feedback mechanism while providing a well-defined learning problem at

every history.

Within one fixed bounded economy, changing a single investor’s schedule has only a

limited effect on prices and profits. A sufficient contraction condition then gives a unique

Bellman fixed point and global convergence of the stochastic learning process. This condition

uses worst-case feedback over the entire finite action set.

When the sufficient contraction condition cannot hold, as may occur when the action set

expands and the shock bounds are relaxed, we provide a separate local argument for the ap-

proximation. The local argument first solves the atomistic informed benchmark. Expected

profit is strictly concave in the coefficients of a complete demand schedule, and a continuous

Boltzmann policy is Gaussian around the price-taking best response. Its dispersion depends

on exploration, but its mean does not. Market consistency has a sequential structure: signal

demand determines price informativeness, after which price sensitivity and the demand inter-

cept are determined. This structure identifies the informed rational-expectations equilibrium

and supplies the local feedback signs used in the stability proof.

The remaining steps connect discretized bounded economies to this benchmark in an

ordered way. Fine action grids and wide shock bounds approximate the continuous best-

response map; a large finite population then makes demand-schedule sampling noise, id-

iosyncratic signal noise, and individual price impact small. Under the local regularity and
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continuation-gap conditions stated below, the resulting mean-field fixed point is unique and

locally stable. Once the stochastic process enters its local basin, declining learning gains

make escape unlikely and yield convergence with high conditional probability. The con-

vergence object is the population-average demand schedule implied by the investors’ mixed

policies. Continued exploration leaves realized schedules fluctuating, and heterogeneous in-

vestors may retain different mixed policies, even after this aggregate object converges.

A.1 Discretized bounded environment

We first define the discretized bounded environments used throughout the learning proof.

They preserve the asset-market structure, human demand schedules, informed AI demand

schedules, noise-trader demand, and market-clearing equation of the original model. They

modify only the objects required to make tabular learning well defined: AI demand coeffi-

cients lie on a finite grid, shocks are truncated, and a projection maps exploratory aggregate

profiles into a region in which market clearing yields a bounded price.

These restrictions have distinct roles. The finite grid makes each arm a complete signal-

and price-contingent schedule. Truncation bounds realized prices, positions, and trading

profits. Projection supplies a bounded off-equilibrium price for profiles that full-support

exploration can generate, while leaving market clearing unchanged whenever the aggregate

coefficients remain in the admissible region. The approximation proof chooses this region

around the informed atomistic equilibrium, where projection is inactive, and makes the grid

sufficiently fine and the truncation bounds sufficiently wide before increasing the finite AI

population. The finite-population formulation also retains the cross-sectional average of AI

signal errors, which remains a source of price and payoff noise at every fixed population size.

Market structure. Time is discrete. A single risky asset with per capita supply S is

traded in each period. Its payoff and noise-trader demand are

v ∼ N (v̄, σ2
v), z ∼ N (0, σ2

z), v ⊥ z.

Write τv = σ−2
v , τM = σ−2

M , τA = σ−2
A , and τz = σ−2

z . The main informed case has τA > 0.

Section A.10 treats τA = 0 by removing the signal coordinate.

Human investors. A measure ψc of cursed investors and a measure ψs of level-k investors

observe ηi = v + ei, where ei ∼ N (0, σ2
M). Cursed investors ignore the information in price

and use

xM,c
i (ηi, p) = βM,c

η ηi − βM,c
p p+ µM,c, (A1)
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where

βM,c
η =

τM
γM(τv + τM)

, βM,c
p =

1

γM
, µM,c =

τvv̄

γM(τv + τM)
. (A2)

Level-k investors use

xM,k
i (ηi, p) = βM,k

η ηi − βM,k
p p+ µM,k,

with finite coefficients determined by the level-k recursion in the economic model. We fix

these coefficients throughout the learning proof.

Aggregate human demand. Idiosyncratic human signal errors average out in the con-

tinuum. Define the fixed aggregate human coefficients

β̄Mη := ψcβ
M,c
η + ψsβ

M,k
η , β̄Mp := ψcβ

M,c
p + ψsβ

M,k
p , µ̄M := ψcµ

M,c + ψsµ
M,k. (A3)

Thus aggregate human demand is

β̄Mη v − β̄Mp p+ µ̄M .

AI investors and discretized demand schedules. AI investor j observes ηj = v + ej,

where ej ∼ N (0, σ2
A) independently across investors and independently of (v, z) and all

human signal errors. Each arm is a complete signal- and price-contingent demand sched-

ule: it maps the investor’s private signal and the market-clearing price into demand and is

represented by a coefficient triple rather than by a single realized position.

For coordinate meshes δη, δp, δµ > 0, positive action bounds Bη, Bp, Bµ, and translations

sη, sp, sµ, define one-dimensional lattices by

E∆ = {sη + kδη : k ∈ Z} ∩ [−Bη, Bη],

B∆ = {sp + kδp : k ∈ Z} ∩ [−Bp, Bp],

U∆ = {sµ + kδµ : k ∈ Z} ∩ [−Bµ, Bµ].

The action grid is the equally spaced Cartesian product X∆ = E∆ × B∆ × U∆. Assume X∆

is nonempty and write M := |X∆|. Every interior grid cell has common volume

h∆ := δηδpδµ, (A4)

which cancels from the numerator and denominator of every discrete Boltzmann policy.

Along a refinement, each coordinate mesh tends to zero and each pair of action bounds

tends to infinity. The translations may vary with the refinement but remain within one
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mesh of a fixed origin.

An arm a ∈ {1, . . . ,M} is the coefficient triple

y(a) =
(
βη(a), βp(a), µ(a)

)
∈ X∆,

with

|βη(a)| ≤ Bη, |βp(a)| ≤ Bp, |µ(a)| ≤ Bµ.

Arm a represents the complete rule

x(a; η, p) = βη(a)η − βp(a)p+ µ(a). (A5)

The coefficient order is (βη, βp, µ) throughout.

Finite number of AI investors. The learning economy represents the measure-ϕ AI

sector by N investors, each with market weight ϕ/N . Investors may differ in exploration

temperature, discount factor, and learning speed. The fixed-environment result holds for

finite N ; the REE approximation lets N grow only after the action grid and truncation

bounds have been fixed.

Population profiles and signal-error averages. For an assignment A = (A1, . . . , AN),

define its empirical arm profile and unprojected coefficient mean by

f̂N(A, a) =
1

N

N∑
j=1

1{Aj = a}, (A6)

m(A) =
1

N

N∑
j=1

y(Aj) =
(
β̄η(A), β̄p(A), µ̄(A)

)
. (A7)

The idiosyncratic signal aggregate is

wN(A, e) =
1

N

N∑
j=1

βη(A
j)ej. (A8)

Projected aggregate coefficients. Full-support exploration can generate coefficient pro-

files with nearly singular price denominators. The bounded learning economy therefore in-

cludes a projected clearing rule.
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Assumption 1 (Projected admissibility). There is a compact rectangle

Kproj = [βproj
η,− , β

proj
η,+ ]× [βproj

p,− , β
proj
p,+ ]× [µproj

− , µproj
+ ]

such that

ξ
proj

:= inf
m∈Kproj

{β̄Mp + ϕm2} > 0.

Let mproj(A) = projKproj
m(A) be coordinatewise Euclidean projection and write its coordi-

nates as (β̄η,proj(A), β̄p,proj(A), µ̄proj(A)).

The projection is part of the auxiliary learning economy, not the atomistic benchmark. It

clips the three aggregate coefficients but leaves the realized idiosyncratic term wN unchanged.

In the approximation argument, Kproj is a compact neighborhood of the informed REE, so

the projection is inactive near the limiting equilibrium. If m(A) ∈ Kproj, (A9) equals the

market-clearing price in the unprojected finite economy. When the projection binds, the

same expression provides a bounded off-equilibrium continuation for tabular rewards. Thus

the auxiliary economy preserves projection-inactive fixed points and their local dynamics

without attempting to reproduce distant singular paths.

Truncation and payoff bounds. In a fixed bounded economy, condition the Gaussian

shocks independently on

|v − v̄| ≤ Bv, |z| ≤ Bz, |ej| ≤ Be.

Here truncation means conditioning each Gaussian variable independently on the displayed

event. The conditional signal-error distribution remains centered.

Market price, demand, and profit. Given (A, e, v, z), market clearing yields the pro-

jected price

p(A, e; v, z) =
[β̄Mη + ϕβ̄η,proj(A)]v + z + µ̄M + ϕµ̄proj(A)− S + ϕwN(A, e)

β̄Mp + ϕβ̄p,proj(A)
. (A9)
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Set Vmax = |v̄|+Bv and

Mη,proj = sup
m∈Kproj

|m1|, Mµ,proj = sup
m∈Kproj

|m3|,

Amax = (|β̄Mη |+ ϕMη,proj)Vmax +Bz + |µ̄M − S|

+ ϕMµ,proj + ϕBηBe,

Pmax = Amax/ξproj, Xmax = Bη(Vmax +Be) +BpPmax +Bµ,

ΩB = (Vmax + Pmax)Xmax +
γA
2
X2

max.

The realized profit of investor j when it uses arm a is

πj(a;A, e, v, z) = [v − p(A, e; v, z)]x(a; v + ej, p(A, e; v, z))−
γA
2
x(a; v + ej, p(A, e; v, z))

2.

(A10)

Assumption 1 and the truncations give

|p| ≤ Pmax, |x| ≤ Xmax, |πj| ≤ ΩB.

Definition 3 (Discretized bounded environment). A discretized bounded environment is

the finite-grid, shock-truncated economy described in this subsection. AI investors choose

complete signal- and price-contingent demand schedules from X∆, each investor represents

mass ϕ/N , market clearing uses (A9), and rewards are the raw trading profits in (A10).

Projected admissibility keeps the price denominator bounded away from zero for every realized

arm assignment.

A.2 Realized profiles and the conditional payoff map

We next link learned values to the demand schedules that enter market clearing. Each AI

investor stores one value for every complete schedule. The Boltzmann policy converts these

values into probabilities, and independent draws from these policies produce the realized

cross-section of schedules in each period. Market clearing depends on this realized cross-

section and on the contemporaneous signal errors, whereas the aggregate object used in the

mean dynamics is the conditional mean implied by the policies.

The payoff assigned to one schedule is counterfactual. To evaluate a particular investor’s

schedule, hold that investor’s arm fixed and average over the other investors’ independent arm

draws and all current shocks. Adding the discounted maximal continuation value gives the

Bellman map. A mean-field fixed point requires the policies used to form these conditional

payoffs to be reproduced by the resulting Bellman values. Because the continuation term is
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common across an investor’s arms at a fixed point, discounting shifts values without changing

Boltzmann odds, fixed-point policies, or their policy-implied coefficient mean.

Policies and types. Investor j has raw exploration temperature ϑj > 0 (denoted κj in the

main text), learning-speed multiplier cj > 0, and discount factor ρj ∈ [0, 1). Its Boltzmann

policy is

σj(Q
j, a) =

exp(Qj(a)/ϑj)∑M
b=1 exp(Q

j(b)/ϑj)
. (A11)

Assumption 2 (Algorithm types and stepsizes). There are constants

0 < cmin ≤ cj ≤ cmax <∞, 0 < ϑ ≤ ϑj ≤ ϑ̄ <∞, 0 ≤ ρj ≤ ρ̄ < 1.

The stepsizes have the common-base form 0 < αj,t = cjᾱt ≤ 1, where (ᾱt)t≥0 is a determin-

istic positive sequence satisfying∑
t

ᾱt = ∞,
∑
t

ᾱ2
t <∞.

Definition 4 (Admissible population sequence). An admissible population sequence is a

triangular sequence {(cj,N , ϑj,N , ρj,N)}Nj=1, N ≥ 1, satisfying the uniform bounds in Assump-

tion 2 for every N . When a population size is fixed, we suppress the second subscript.

Conditional mean and realized profiles. For a value profile Q = (Q1, . . . , QN), the

policy-implied conditional mean arm profile is

f̄(Q, a) :=
1

N

N∑
j=1

σj(Q
j, a), a = 1, . . . ,M. (A12)

Its coefficient triple is

m∆,B,N(Q) :=
M∑
a=1

f̄(Q, a)y(a) =
1

N

N∑
j=1

M∑
a=1

σj(Q
j, a)y(a). (A13)

The realized arm profile is f̂N(A, ·) from (A6). Unlike f̄(Q, ·), it fluctuates across periods

under positive exploration. Market clearing also depends on the realized signal-error average

wN(A, e), so it cannot in general be recovered from the realized arm profile alone.
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Conditional sampling protocol. Define the information available before date-t choices

and shocks by

Ft := σ(Q0, {As, es, vs, zs : 0 ≤ s < t}) , (A14)

where es = (e1,s, . . . , eN,s). The value profile Qt is Ft-measurable. Conditional on Ft,

investors draw arms independently using (A11). Current truncated shocks and signal errors

are independent of both the history and the arm draws. To evaluate investor j’s arm a, hold

that arm fixed and integrate over every other investor’s draw. Formally, let Aj→a replace Aj

by a while the other arms follow their current policies, and define the conditional raw payoff

Π̄j
B,N(Q, a) := E

[
πj(a;Aj→a, e, v, z) | Q

]
. (A15)

The discounted Bellman map is

BB,N(Q)j(a) = Π̄j
B,N(Q, a) + ρj max

b
Qj(b). (A16)

Definition 5 (Mean-field fixed point in a discretized bounded environment). A value pro-

file Q∗ is a finite-population mean-field fixed point if Q∗ = BB,N(Q∗). Its policy-implied

coefficient mean is m∆,B,N(Q
∗).

Lemma 15 (Existence and discount invariance). Every fixed discretized bounded environ-

ment admits a mean-field fixed point. If Q∗ is a mean-field fixed point, then Q∗ lies in

QB :=
N∏
j=1

[
− ΩB

1− ρj
,

ΩB

1− ρj

]M
. (A17)

At such a mean-field fixed point,

Qj,∗(a) = Π̄j
B,N(Q

∗, a) +
ρj

1− ρj
max
b

Π̄j
B,N(Q

∗, b), (A18)

σj(Q
j,∗, a) =

exp(Π̄j
B,N(Q

∗, a)/ϑj)∑
b exp(Π̄

j
B,N(Q

∗, b)/ϑj)
. (A19)

Thus changing the discount vector sends a mean-field fixed point to a mean-field fixed point

with the same policy profile and coefficient mean, while each investor’s value vector changes

by an arm-independent shift. Reversing the discount change reverses this mapping.

Proof. The payoff bound implies that the Bellman map sends (A17) into itself. Each condi-

tional payoff is a finite sum of bounded shock expectations weighted by products of contin-

uous Boltzmann probabilities. The maximum is continuous as well, so Brouwer’s theorem
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gives a fixed point. Conversely, taking sup norms in the fixed-point identity places every

mean-field fixed point in the stated box.

At a fixed point, investor j’s continuation term is common across all of its arms. The

term therefore cancels from Boltzmann odds, which gives (A19). Taking the maximum of

the Bellman identity and solving for maxbQ
j,∗(b) gives (A18). Conversely, (A18) lifts any

policy profile satisfying (A19) uniquely to a value profile for every discount vector. Applying

the construction in both directions proves discount invariance.

A.3 Lipschitz continuity of conditional expected payoffs

The global contraction and the later finite-population derivative argument both require a

bound on the effect of one investor’s schedule. Changing one arm moves the aggregate signal

loading, price sensitivity, and intercept. It also changes the realized loading on that investor’s

idiosyncratic signal error. The market-clearing price transmits these changes to the demands

and profits of investors whose own schedules are held fixed.

Projected denominator safety and bounded positions make this feedback Lipschitz. Since

each investor represents an equal share of the AI sector, the price and recipient-profit effects

of a single arm swap are proportional to the investor’s population weight. The next lemma

records explicit bounds. They provide the primitive input for the whole-environment Bellman

contraction and, later, for comparing derivatives of the finite-population and atomistic payoff

maps.

Lemma 16 (Single-swap payoff sensitivity). Suppose assignments A and A′ differ only in

investor ℓ’s arm. Holding (e, v, z) fixed,

|p(A, e; v, z)− p(A′, e; v, z)| ≤ 2Lp,B
N

, (A20)

where

Lp,B := ϕ

[
AmaxBp

ξ2
proj

+
Bµ +Bη(Vmax +Be)

ξ
proj

]
. (A21)

For any recipient whose arm is unchanged,

|πj(a;A, e, v, z)− πj(a;A′, e, v, z)| ≤ 2Lπ,B
N

, (A22)

where

Lπ,B :=
[
(Vmax + Pmax + γAXmax)Bp +Xmax

]
Lp,B. (A23)

Proof. An arm swap changes each unprojected coefficient mean by at most twice the corre-
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sponding grid bound divided by N . Coordinatewise projection is nonexpansive, and the same

swap changes (A8) by at most 2BηBe/N . Subtract the two price ratios in (A9). Bounding

both denominators below by ξ
proj

and both numerators by Amax gives (A20). The bound

includes the change in the projected fundamental loading, the intercept, the price sensitivity,

and the realized idiosyncratic term.

For a fixed recipient and arm, the swap affects demand only through price, so

|x(a; η, p)− x(a; η, p′)| ≤ Bp|p− p′|.

Use this inequality in (A10), and then apply the uniform bounds on v, p, and x. The result

is (A22).

A.4 Contraction and fixed point

To compare expected payoffs at two value profiles, change the other investors’ mixed policies

one at a time. The single-swap bound limits each payoff change, while the Boltzmann policy

limits how much arm probabilities respond to learned values. Adding the continuation term

gives the total strength of payoff and discounting feedback in the Bellman map.

Exploration governs one side of this trade-off. Lower temperatures make arm probabilities

more responsive to value differences and strengthen feedback through market clearing; higher

temperatures flatten the policy response. When the combined payoff and continuation feed-

back is weaker than one, the contraction-mapping theorem gives a unique mean-field fixed

point. The condition is imposed over the entire finite action grid and supports the global

fixed-environment result below.

Lemma 17 (Conditional payoff and Bellman contractions). For Q, Q̃ ∈ QB,

max
j,a

|Π̄j
B,N(Q, a)− Π̄j

B,N(Q̃, a)| ≤ ΛB,N∥Q− Q̃∥∞, (A24)

where

ΛB,N = 4Lπ,B max
j

1

N

∑
ℓ ̸=j

ϑ−1
ℓ .

Consequently,

∥BB,N(Q)− BB,N(Q̃)∥∞ ≤ (ΛB,N + ρ̄)∥Q− Q̃∥∞. (A25)

Proof. Fix recipient j and counterfactual arm a. Replace the product distribution of the

other investors’ arms one marginal distribution at a time. Lemma 16 bounds the payoff

oscillation associated with investor ℓ’s arm by 2Lπ,B/N . The total-variation comparison and
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the softmax Jacobian give

|EPh− EP̃h| ≤ osc(h)∥P − P̃∥1, ∥σℓ(Qℓ)− σℓ(Q̃
ℓ)∥1 ≤

2

ϑℓ
∥Qℓ − Q̃ℓ∥∞.

Summing over ℓ ̸= j proves (A24). Since the maximum is one-Lipschitz and ρj ≤ ρ̄, adding

the continuation term gives (A25).

A.5 Mean-field Q-learning with heterogeneous learning speeds

This section proves convergence of heterogeneous Q-learning in one fixed discretized bounded

economy. In each period, investors draw complete demand schedules using their Boltzmann

policies, trade at the price generated by the realized cross-section, and update only the values

of the schedules they selected. The expected update holds an investor’s own arm fixed and

averages over the other investors’ randomized schedules and the current shocks, exactly as

in the conditional payoff map above.

The value and reward bounds keep every learning update in a fixed range, while positive

Boltzmann probabilities ensure that every schedule continues to be sampled. Investors may

differ in learning speeds, exploration temperatures, and discount factors. A common base

stepsize places their updates on a common time scale, and the type bounds rule out vanishing

or explosive responses.

Under the fixed-environment contraction, the mean dynamics have a unique globally

stable mean-field fixed point, and the stochastic recursion converges to it almost surely.

Discounting changes the continuation values but not the fixed-point policy profile because it

adds the same shift to all arms. The section also relates normalized-reward implementations

to raw trading profits. That equivalence is pointwise in a fixed bounded economy; the

approximation analysis keeps raw exploration temperatures in a fixed positive range. When

all discount factors are zero, the continuation term and the local maximizing-arm requirement

disappear.

Stochastic recursion. At date t, investor j draws Ajt using (A11), observes

π̃jt = πj(Ajt ;At, et, vt, zt),

and updates

Qj
t+1(a) = Qj

t(a) + αj,t1{Ajt = a}
[
π̃jt + ρj max

b
Qj
t(b)−Qj

t(a)
]
. (A26)
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The box (A17) is invariant when the initial values lie in it. The updated coordinate is a

convex combination of its current value and a target in the same interval. At either face

of the box, the corresponding component of the mean Bellman residual also points weakly

inward.

Mean dynamics. The mean ODE associated with (A26) is

Q̇j(a) = FN,j(Q, a) := cjσj(Q
j, a)[BB,N(Q)j(a)−Qj(a)]. (A27)

The stochastic recursion can be written as

Qt+1 −Qt = ᾱt[FN(Qt) +Mt+1], (A28)

where E[Mt+1 | Ft] = 0. On (A17), let LQ = ΩB/(1− ρ̄). The martingale difference obeys

∥Mt+1∥∞ ≤ 4cmaxLQ, (A29)

because both the realized and conditional update gaps lie in [−2LQ, 2LQ].

All formal results use raw trading profits and raw exploration temperatures. Within a

fixed bounded economy, define the normalized reward

πjt,norm :=
π̃jt + ΩB

2ΩB

,

and let Q̃j follow the same max-Q recursion with πjt,norm in place of π̃jt . With matched draws

and transformed initial values, the normalized- and raw-reward recursions are linked by

Qj = 2ΩBQ̃
j − ΩB

1− ρj
1, ϑj = 2ΩBϑ

norm
j .

The transformation preserves every Boltzmann policy along the recursion and at a mean-field

fixed point. This is a pointwise equivalence for a fixed bounded economy. Along refinements,

the approximation results keep raw ϑj in a fixed compact positive interval. Since ΩB grows

with the action and shock bounds, the corresponding normalized temperature must satisfy

ϑnorm
j = ϑj/(2ΩB) → 0. A refinement that instead holds ϑnorm

j fixed is not covered by the

uniform Gaussian-tail argument below.

Theorem 18 (Global almost-sure convergence in a fixed bounded environment). Under
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Assumptions 1 and 2, suppose

χB,N := ΛB,N + ρ̄ < 1. (A30)

Then the Bellman map has a unique fixed point Q∗ ∈ QB. This point is globally exponentially

stable for (A27) on QB. If Q0 ∈ QB, the recursion (A26) satisfies

Qt → Q∗, m∆,B,N(Qt) → m∆,B,N(Q
∗) almost surely.

Proof. Lemma 17 and Banach’s theorem give a unique Bellman fixed point. Every Boltzmann

probability is strictly positive, so the zeros of (A27) are exactly the Bellman fixed points.

Let δ = Q−Q∗ and V (Q) = ∥δ∥∞. On the invariant box, every softmax probability has

the lower bound

σj(Q
j, a) ≥ 1

M exp(2LQ/ϑ)
=: σmin > 0.

Let I(Q) = {i : |δi| = V (Q)} be the coordinates with the largest absolute error. For every

i = (j, a) ∈ I(Q) with V > 0, the fixed-point identity and Bellman contraction give

sgn(δi)Q̇i = cjσj(Q
j, a) {sgn(δi)[Bi(Q)− Bi(Q∗)]− V }

≤ −cminσmin(1− χB,N)V (Q).

The left side is the instantaneous change in this coordinate’s absolute deviation from the

fixed point. Thus every coordinate with the largest error moves back toward the fixed point

at a uniform proportional rate.

The sup norm need not be differentiable when several coordinates have the largest error.

For V (Q(t)) > 0, we therefore use its upper-right Dini derivative along the mean ODE,

D+V (Q(t)) := lim sup
h↓0

V (Q(t+ h))− V (Q(t))

h
= max

i∈I(Q(t))
sgn(δi(t))Q̇i(t).

If V (Q(t)) = 0, then Q(t) = Q∗ and both sides of the desired inequality are zero. The

preceding bound applies to every active coordinate, so

D+V (Q(t)) ≤ −cminσmin(1− χB,N)V (Q(t)).

The comparison inequality yields

∥Q(t)−Q∗∥∞ ≤ e−cminσmin(1−χB,N )t∥Q(0)−Q∗∥∞,
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which proves global exponential stability.

The drift is Lipschitz on the compact invariant box by Lemma 17, the Lipschitz property

of the maximum, and smoothness of the softmax map. This argument does not require

differentiability of coordinatewise projection. Equation (A29) gives bounded martingale-

difference noise, and Assumption 2 supplies the Robbins–Monro stepsizes. The standard

ODE method for stochastic approximation therefore implies that the interpolated recursion

tracks the mean ODE. Since the preceding strict Lyapunov bound rules out any other limiting

invariant set, Qt → Q∗ almost surely (Benäım, 1999); continuity of the policy mean then

gives the coefficient conclusion.

Undiscounted payoff recursion. If ρj = 0 for every investor, (A26) becomes

Qj
t+1(a) = Qj

t(a) + cjᾱt1{Ajt = a}[π̃jt −Qj
t(a)]. (A31)

Fixed-point values then equal raw conditional payoffs. Equation (A19) shows that fixed-

point policies and their coefficient means are unchanged. The global Bellman modulus loses

ρ̄. The local continuation-value maximum also disappears, so the strict-maximizer condition

used below is unnecessary.

A.6 Atomistic continuous-action benchmark and informed REE

We next identify the continuous-action benchmark that the discretized bounded economies

approximate. The auxiliary bounds and finite action grid are removed, and each AI investor

becomes atomistic. The investor takes the aggregate price rule as given and chooses a

complete linear demand schedule contingent on both its private signal and the market price.

The aggregate coefficients still determine how market clearing loads price on the fundamental,

noise-trader demand, and the demand intercept.

Against any admissible aggregate price rule, expected trading profit is a strictly concave

quadratic in the three individual demand coefficients. The price-taking best response is

therefore unique. A raw-profit Boltzmann policy is Gaussian around this best response:

temperature changes the dispersion of schedules but not their mean. Thus the mean of

every admissible continuous policy implements the same price-taking response, even when

investors have heterogeneous exploration temperatures.

The informed rational-expectations equilibrium imposes consistency between this mean

best response and the aggregate price rule. The consistency problem is triangular. The

coefficient on the private signal determines total signal-based trading and hence price infor-

mativeness. Conditional on that informativeness, the price coefficient and intercept solve
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separate linear fixed-point equations. This structure gives a unique admissible informed

equilibrium and later supplies the signs and nonsingularity needed for localization and local

stability.

Admissible aggregate triples. For an AI population mean m = (a, b, c), define

ζ(m) = β̄Mη + ϕa, ξ(m) = β̄Mp + ϕb, µp(m) = µ̄M + ϕc− S, (A32)

and

τ̂(m) = τv + τA + ζ(m)2τz.

On the domain ξ(m) > 0, the price-taking price is

pm =
ζ(m)v + z + µp(m)

ξ(m)
. (A33)

Continuous-action expected profit. For rm = (η,−pm, 1)′ and y = (βη, βp, µ)
′, demand

is x = y′rm and expected raw profit is

Π(y;m) = y′E[(v − pm)rm]−
γA
2
y′E[rmr′m]y. (A34)

Assumption 3 (Primitive regularity). The variances σ2
v , σ

2
z , σ

2
A and the cost parameter γA

are positive, ϕ ≥ 0, β̄Mη ≥ 0, and at least one of β̄Mη and ϕτA is positive. Moreover,

γAβ̄
M
p + ϕ > 0.

Raw-temperature Boltzmann policies. The continuous benchmark retains the raw

exploration temperatures used by the learning algorithms. Strict quadratic concavity makes

the Boltzmann density Gaussian. Temperature changes its dispersion but not its mean, so

the mean policy implements the same price-taking best response for every admissible type.

Lemma 19 (Strict concavity and the informed best response). For every m with ξ(m) > 0,

Π(·;m) is strictly concave. Its unique maximizer is T (m) = (Tη, Tp, Tµ), where

Tη(m) =
τA

γAτ̂(m)
, (A35)

Tp(m) =
1− ζ(m)τzξ(m)/τ̂(m)

γA
, (A36)

Tµ(m) =
τvv̄ − ζ(m)τzµp(m)

γAτ̂(m)
. (A37)
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For every raw temperature ϑ > 0, the continuous Boltzmann density with kernel

exp{Π(y;m)/ϑ}

is Gaussian with mean T (m) and covariance

ϑH(m)−1, H(m) := γAE[rmr′m]. (A38)

Thus its mean is independent of temperature.

Proof. The Hessian of (A34) is −H(m). Because rm contains a constant, E[rmr′m] is positive
definite if and only if the covariance matrix of (η, pm) is positive definite. Direct calculation

gives

detVar(η, pm) =
ζ(m)2σ2

vσ
2
A + (σ2

v + σ2
A)σ

2
z

ξ(m)2
> 0. (A39)

The determinant is positive, so H(m) is positive definite and profit is strictly concave.

The first-order condition is the normal equation H(m)y = E[(v − pm)rm]. Solving it and

substituting the Gaussian precisions gives (A35)–(A37). Completing the square around this

unique solution yields

Π(y;m) = Π(T (m);m)− 1

2
[y − T (m)]′H(m)[y − T (m)], (A40)

which proves (A38).

Lemma 20 (Unique aggregate signal loading). Under Assumption 3, the equation

ζ = β̄Mη +
ϕτA

γA(τv + τA + ζ2τz)
(A41)

has exactly one nonnegative solution ζ∗, and ζ∗ > 0.

Proof. The right side of (A41) is continuous and weakly decreasing on [0,∞), whereas the

left side is strictly increasing. At zero, the right side is positive under Assumption 3; for

sufficiently large ζ, the left side is larger. The intermediate value theorem gives a positive

solution, and the opposing monotonicities make it unique.

Theorem 21 (Unique informed-AI REE). The fixed-point equation m = T (m) has a unique

admissible solution mREE = (βA,∗η , βA,∗p , µA,∗). Let τ̂ ∗ = τv+τA+(ζ∗)2τz, with ζ
∗ from (A41).
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Then

βA,∗η =
τA
γAτ̂ ∗

, (A42)

βA,∗p =
τ̂ ∗ − ζ∗τzβ̄

M
p

γAτ̂ ∗ + ϕζ∗τz
, (A43)

µA,∗ =
τvv̄ − ζ∗τz(µ̄

M − S)

γAτ̂ ∗ + ϕζ∗τz
. (A44)

The resulting aggregate price sensitivity ξ∗ = β̄Mp + ϕβA,∗p is positive.

Proof. Suppose first that ϕ > 0. The first coordinate of m = T (m) is equivalent to (A41),

so Lemma 20 determines ζ∗ and (A42). If ϕ = 0, aggregate signal loading is instead fixed

at ζ = β̄Mη , and the first-coordinate equation gives (A42) directly. Conditional on ζ∗, the

second and third fixed-point equations are separate linear equations. Solving them gives

(A43) and (A44), whose common denominator is positive. Finally,

ξ∗ =
τ̂ ∗(γAβ̄

M
p + ϕ)

γAτ̂ ∗ + ϕζ∗τz
> 0

by Assumption 3. The solution is therefore admissible and unique.

Lemma 22 (Triangular Jacobian). The Jacobian of T is lower triangular in the coefficient

order (βη, βp, µ). Its diagonal is

(−λη(m),−λT (m),−λT (m)) , λη(m) =
2ϕτAζ(m)τz
γAτ̂(m)2

, λT (m) =
ϕζ(m)τz
γAτ̂(m)

. (A45)

In particular,

det[I −DT (mREE)] = (1 + λ∗η)(1 + λ∗T )
2 > 0. (A46)

Proof. Tη depends only on a, Tp only on (a, b), and Tµ only on (a, c). Differentiating (A35)–

(A37) gives the stated diagonal. Assumption 3 and ζ∗ > 0 make the slopes nonnegative,

proving (A46). The off-diagonal first-column derivatives are finite. Writing ζ = ζ(m),

ξ = ξ(m), µp = µp(m), and τ̂ = τ̂(m), they are

∂aTp = −ϕτzξ
γA

τv + τA − ζ2τz
τ̂ 2

,

∂aTµ =
ϕ

γA

−τzµpτ̂ − 2ζτz(τvv̄ − ζτzµp)

τ̂ 2
.
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A.7 Approximation to the atomistic informed REE

This section turns the continuous benchmark into an approximation result for discretized

bounded economies. The limits are ordered. First choose a sufficiently fine grid and suffi-

ciently wide action and shock bounds. Then increase the number of equal-share AI investors

while holding that auxiliary economy fixed. The learning-time limit is taken only after the

grid, bounds, population, and algorithm types have been fixed.

We first compare the deterministic grid economy with the continuous price-taking bench-

mark. On a compact neighborhood of the informed equilibrium, refining the action grid and

widening the action and shock bounds make the policy-implied average demand coefficients

and their sensitivity to aggregate coefficients converge uniformly to the continuous best re-

sponse. The deterministic grid economy then has a unique fixed point in a fixed neighborhood

of the informed REE. Uniformity requires raw temperatures to remain between common pos-

itive lower and upper bounds. An implementation that normalizes rewards must therefore

adjust its normalized temperature when the payoff bound changes.

We then account for the finite population. Random arm choices and average private-

signal errors each generate errors of order N−1/2, while one investor’s effect on the market

price is of order N−1. Hence the policy-implied demand coefficients at every finite-population

mean-field fixed point nearly satisfy the deterministic grid equilibrium conditions. Those

conditions determine signal loading first, followed by the price coefficient and intercept, and

the benchmark response points back toward the admissible region at its boundary. A small

equilibrium error must therefore place all three coefficients close to the informed REE, where

projection does not bind. This conclusion concerns the policy-implied mean, not the realized

cross-section of schedules, and does not require a global Bellman contraction.

Compact neighborhood of the benchmark fixed point. Construct the localization

rectangle in the same order as the triangular best response. First choose a small interval

Iη around βA,∗η on which ζ > 0. The scalar residual a − Tη(a) is strictly increasing and has

opposite signs at the endpoints, so its unique zero lies inside. Conditional on any a ∈ Iη, each

of the other two fixed-point equations also has a unique solution that varies continuously

with a: its residual has derivative 1 + λT (a) > 0 in its own coordinate. Choose intervals Ip

and Iµ that contain these solutions in their interiors, while maintaining β̄Mp + ϕb > 0, ζ > 0,

and ξ > 0. The resulting rectangle K+ = Iη × Ip × Iµ contains mREE in its interior, and the

mean drift T (m) −m points back into the rectangle at each boundary. Set Kproj = K+ in

every sufficiently accurate auxiliary economy. Projection is then inactive near the REE and

only disciplines far-off-equilibrium exploratory profiles.
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Atomistic deterministic grid map. Let B collect the action and shock truncation

bounds. For m ∈ K+, let ΠB(y;m) denote the expectation of (A10) when a price-taking

investor uses y, aggregate coefficients are m, the term wN is set to zero, and shocks have the

truncated laws. Define

ωj,∆,B(a | m) :=
exp{ΠB(y(a);m)/ϑj}∑M
q=1 exp{ΠB(y(q);m)/ϑj}

, (A47)

T∆,B,N(m) :=
1

N

N∑
j=1

M∑
a=1

ωj,∆,B(a | m)y(a). (A48)

Thus ωj,∆,B(a | m) is investor j’s Boltzmann probability of arm a, and T∆,B,N(m) is the

corresponding population-average coefficient vector. For arguments outside K+, the pro-

jected version is T proj
∆,B,N(m) := T∆,B,N(projK+ m). The notation suppresses the dependence

of T∆,B,N and its fixed point below on the temperature profile.

Define the deterministic best-response error

δBR(∆, B) := sup
N≥1

sup
ϑ

∥T∆,B,N − T∥C1(K+), (A49)

where the temperature supremum is over [ϑ, ϑ̄]N and the supremum also ranges over the

allowed grid translations. Let

P∗ = [I3 −DT (mREE)]−1, χ∗ := ∥P∗∥∞.

Choose r0 > 0 so that K0 := B∞(mREE, r0) ⊂ intK+ and so that (A55) below holds. Call

an auxiliary economy best-response accurate if

χ∗δBR(∆, B) ≤ min

{
1

4
,
r0
2

}
. (A50)

Proposition 23 (Deterministic grid approximation near the informed REE). Let the action

rectangles expand to R3, let δη, δp, δµ → 0, and let all shock bounds tend to infinity. Uniformly

over m ∈ K+, population sizes, admissible temperature profiles, and allowed grid translations,

∥T∆,B,N − T∥C1(K+) −→ 0. (A51)

In every best-response accurate auxiliary economy, the equation

m = T∆,B,N(m) (A52)
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has a unique solution m0
∆,B,N in K0. Uniformly over populations and admissible types,

∥m0
∆,B,N −mREE∥∞ ≤ 2χ∗δBR(∆, B) −→ 0. (A53)

Proof. Strict concavity is uniform on the compact set K+. The same remains true once the

shock bounds are sufficiently wide. Hence there are constants h > 0 and C <∞, independent

of all sufficiently large shock bounds, such that

ΠB(y;m) ≤ C − h∥y∥2, ∥DmΠB(y;m)∥ ≤ C(1 + ∥y∥2) (A54)

for every m ∈ K+ and y ∈ R3. Thus expected profit falls at least quadratically as the

demand coefficients grow, while its derivative in the aggregate coefficients grows at most

quadratically. Because raw temperatures remain in a fixed positive range, the Boltzmann

weights and their derivatives have uniformly negligible tails.

On a bounded action rectangle, the grid sums and their derivatives converge uniformly

to the corresponding Gaussian integrals in the aggregate coefficients, temperature, and grid

translation. The quadratic bound makes the omitted tails uniformly small as the rectan-

gle expands. Lemma 19 identifies the limiting mean and derivative as T (m) and DT (m).

Averaging over investors proves (A51).

It remains to locate the deterministic grid fixed point. Consider the Newton iteration

using the derivative at the benchmark,

N∆,B,N(m) = m− P∗[m− T∆,B,N(m)].

By the choice of r0,

q0 := sup
m∈K0

∥I3 − P∗[I3 −DT (m)]∥∞ ≤ 1

4
. (A55)

Equations (A55)–(A50) imply

sup
m∈K0

∥DN∆,B,N(m)∥∞ ≤ 1

2
, ∥N∆,B,N(m

REE)−mREE∥∞ ≤ r0
2
.

The iteration therefore mapsK0 into itself and contracts distances. The contraction-mapping

theorem gives the unique solution and (A53). The same calculation gives the lower bound

∥[m− T∆,B,N(m)]− [m′ − T∆,B,N(m
′)]∥∞ ≥ 1

2χ∗
∥m−m′∥∞ (A56)

for m,m′ ∈ K0.
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The next lemma records the stronger, pointwise approximation needed only for the local-

stability argument.

Lemma 24 (Local Gaussian approximation of grid policies). Let m0
∆,B,N be the fixed point

in Proposition 23, and put

ω0
j (a) := ωj,∆,B(a | m0

∆,B,N).

Let fϑ denote the N (mREE, ϑH−1
∗ ) density, where H∗ = H(mREE). Along the refinements in

Proposition 23,

sup
N,ϑ,j

max
1≤a≤M

∣∣∣∣ω0
j (a)

h∆
− fϑj(y(a))

∣∣∣∣ −→ 0. (A57)

The supremum is over N ≥ 1, admissible temperature profiles, investors j ≤ N , and allowed

grid translations. There are constants Cp, cp, CG > 0, uniform across N , admissible types,

and all sufficiently accurate environments, such that

ω0
j (a)

h∆
≤ Cpe

−cp∥y(a)∥2 , (A58)

∥DmΠB(y(a);m
0
∆,B,N)∥ ≤ CG(1 + ∥y(a)∥2). (A59)

Along the same refinements, the truncated payoff derivative converges uniformly to the un-

truncated derivative evaluated at the REE, on grid arms within any fixed distance of mREE.

The convergence is uniform over populations, admissible temperature profiles, investors, and

allowed grid translations. Uniformly over these same objects, each policy mean converges to

mREE, and the maximum distance between a maximizing grid arm and mREE tends to zero.

The same integrable Gaussian upper bound remains valid after multiplication by any fixed

polynomial in ∥y(a)∥.

Proof. On every bounded action set, the grid-sum argument in Proposition 23 gives con-

vergence of the probabilities and payoff derivatives. The fixed-point bound in the same

proposition also gives m0
∆,B,N → mREE uniformly. The cell-weighted normalizing sum con-

verges uniformly to a positive Gaussian integral, so it stays uniformly bounded away from

zero. The quadratic payoff bound (A54) makes the probability outside a sufficiently large

rectangle uniformly small. The bounded-set limits therefore extend to the expanding grids

and imply (A57), the stated upper bounds, and convergence of the policy means.

For the maximizing arms, ΠB(·;m0
∆,B,N) is a strictly concave quadratic whose continuous

maximizer approaches mREE and whose curvature remains bounded away from zero. Com-

pare a grid maximizer with the grid point nearest the continuous maximizer. Uniform upper

and lower curvature bounds imply that the grid maximizer lies within a constant times the
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mesh of the continuous maximizer. Hence every maximizing grid arm converges to mREE.

All bounds are uniform over the compact type ranges.

Theorem 25 (Mean-field fixed-point approximation of the informed REE). Take Kproj =

K+. For every ε > 0, sufficiently accurate grids and truncations followed by sufficiently large

N satisfy

∥m∆,B,N(Q
∗)−mREE∥∞ < ε (A60)

whenever Q∗ is a mean-field fixed point and the algorithm-type profile is admissible. No

Bellman contraction is required.

Proof. Fix the auxiliary economy and use the same fundamental, noise-trader demand, and

signal errors in the finite and price-taking economies. Conditional on Q, the empirical mean

of the other investors’ bounded arm choices differs from its policy mean by O(N−1/2) in ex-

pected magnitude. The average private-signal error also has expected magnitude O(N−1/2).

Forcing investor j to a counterfactual arm changes the coefficient mean and the investor’s

own signal-error term by O(N−1) in expected magnitude. On the bounded admissible set,

these changes alter the projected clearing price and profit by at most a constant multiple of

their size. Thus, uniformly over investors, arms, and value profiles,

∣∣Π̄j
B,N(Q, a)− ΠB(y(a); projK+ m∆,B,N(Q))

∣∣ ≤ CB(N
−1/2 +N−1). (A61)

At a mean-field fixed point, Lemma 15 removes the arm-independent continuation value

from each Boltzmann policy. The Boltzmann probabilities change by at most a constant

multiple of the payoff error, so (A61) implies∥∥∥m∆,B,N(Q
∗)− T proj

∆,B,N(m∆,B,N(Q
∗))
∥∥∥
∞

≤ CB(N
−1/2 +N−1). (A62)

The constants are uniform over temperatures in their compact range.

We next convert this small fixed-point error into distance from the REE. Let q =

projK+ m. On a boundary face, mi − qi and qi − Ti(q) have the same outward sign be-

cause the benchmark response points inward; in the interior, mi = qi. Thus each term

is bounded by |mi − Ti(q)|, so projection cannot conceal a large scalar residual. The first

residual q1 − Tη(q1) is strictly increasing, has derivative 1 + λη ≥ 1, and has the unique zero

βA,∗η . The inward-pointing construction of K+ implies that a residual of size δ bounds both

|q1 − βA,∗η | and |m1 − q1| by a constant times δ. Conditional on q1, the second and third

residuals are also strictly increasing in their own coordinates, with derivatives 1 + λT ≥ 1.

Their cross effects from the first coordinate are bounded on K+. Thus there are constants
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δ0 > 0 and Cloc <∞ such that

∥m− T (projK+ m)∥∞ ≤ δ ≤ δ0 =⇒ ∥m−mREE∥∞ ≤ Clocδ. (A63)

This coordinate-by-coordinate argument also shows that the projection is inactive once the

residual is small enough.

Proposition 23 makes the projected grid map uniformly close to T ◦ projK+ . First choose

the grid and bounds so that this deterministic error is below both δ0/2 and ε/(2Cloc). Holding

that auxiliary economy fixed, chooseN so that the finite-population residual in (A62) satisfies

the same two bounds. The localization inequality then gives (A60). This order of choices is

the ordered limit in the theorem.

A.8 Uniqueness and local stability

The preceding result places the policy-implied average demand coefficients of every finite-

population fixed point near the informed REE. It does not rule out several Q-value profiles

that generate similar averages, nor does proximity alone imply that small perturbations die

out. This section establishes uniqueness of the fixed-point Q-value profile and local stability

of the expected learning dynamics without relying on the global contraction condition.

In the reference grid economy, the value system has one coordinate for every investor–arm

pair, but its feedback to prices and expected profits operates through only three population-

average demand coefficients. Solving each investor’s response in terms of a change in these

three aggregate coefficients reduces local stability to three dimensions. In the continuous

benchmark, Gaussian symmetry aligns this aggregate adjustment with the three-coefficient

best-response map. Its sequential structure—signal loading first, followed by the price coef-

ficient and intercept—rules out locally self-reinforcing price feedback. Sufficiently accurate

grids inherit this property, and sufficiently large finite populations inherit it because their

expected learning dynamics and marginal responses are close to those of the reference grid

economy.

We first prove uniqueness in the undiscounted economy. The local response rules out

multiple nearby fixed points, while the localization result places every fixed point in that

neighborhood. At a fixed point, discounting adds the same continuation constant to all arm

values of a given investor and therefore leaves Boltzmann probabilities unchanged. This

shift gives a one-to-one correspondence between undiscounted and discounted fixed points,

so uniqueness requires no continuation-arm gap. No gap is needed for undiscounted local

stability either. With positive discounting, local stability additionally requires the best

continuation arm to remain unchanged near the fixed point; the rate condition κN/gN → 0
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makes the finite-population approximation error small relative to the arm gap.

Fix an accurate grid and truncation level. Let m0 = m0
∆,B,N be the deterministic grid

fixed point from Proposition 23, and set R0
a(m) = ΠB(y(a);m). The reference Bellman drift

is

F 0
j,a(Q) = cjσj(Q

j, a)

[
R0
a(m∆,B,N(Q)) + ρj max

q
Qj(q)−Qj(a)

]
.

At m0, let R0 = (R0
a(m

0))Ma=1 and

Qj,0(a) = R0
a +

ρj
1− ρj

max
q
R0
q .

Then Q0 is a zero of the reference drift and has policy mean m0.

Restrict attention to accurate action grids with at least two arms. Let gN be the payoff

difference between the best and second-best coordinates of R0. When gN > 0, write a†N for

the unique best arm, and let

D :=

{
N : max

1≤j≤N
ρj,N > 0

}
contain the population sizes with at least one positively discounted investor.

Assumption 4 (Strict continuation arm along the population sequence). If D is infinite,

gN > 0 for every sufficiently large N ∈ D. This requirement is vacuous when D is finite. No

maximizing-arm condition is imposed at population sizes outside D.

The maximizing arm may vary with N . The gap is not needed for uniqueness; it is used

only to make the discounted adjustment dynamics differentiable near the fixed point. The

required rate is stated in Theorem 28.

Reference aggregate response. Three objects summarize how a value perturbation af-

fects aggregate demand. The diagonal matrixDj records investor j’s arm-specific adjustment

speeds, G maps a change in aggregate coefficients into arm payoffs, and Bj maps a change in

values into that investor’s mean demand coefficients. Formally, at the reference fixed point,

put

Dj = cj diag(ω
0
j ), ω0

j (a) = ωj,∆,B(a | m0),

G′
a = DmR

0
a(m

0), Bjh =
1

ϑj

∑
a

ω0
j (a)[y(a)− ȳ0j ]h(a),
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where ȳ0j =
∑

a ω
0
j (a)y(a). Let ℓh = h(aℓ) select a maximizing arm of R0; use aℓ = a†N when

the discounted maximizer is unique. The linearization of the reference drift is

(J0h)j = Dj

[
G

{
1

N

N∑
q=1

Bqh
q

}
+ ρj1ℓh

j − hj

]
.

Use ∥h∥∞,2 = maxj ∥hj∥2 and its induced operator norm. The matrix Aj adds continuation-

value feedback to investor j’s adjustment, Rj(s) gives that investor’s response to a pertur-

bation growing at rate s, and Kℓ
∆,B,N(s) averages the resulting three-dimensional demand

response:

Aj = Dj(I − ρj1ℓ), Rj(s) = (sI + Aj)
−1,

Kℓ
∆,B,N(s) =

1

N

N∑
j=1

BjRj(s)DjG.

Let fϑ be the N (mREE, ϑH−1
∗ ) density, where H∗ = H(mREE). The scalar Gaussian

response is

ϖN(z) :=
1

N

N∑
j=1

∫
R3

cjfϑj(y)

z + cjfϑj(y)

(
[H

1/2
∗ (y −mREE)]1√

ϑj

)2

fϑj(y) dy.

The choice of the first transformed coordinate is immaterial by Gaussian symmetry. Define

δch(∆, B) as the supremum, over all population sizes, admissible type profiles, and selectors

ℓ associated with maximizing arms of R0, of the response error

sup
Re z≥0

∥∥Kℓ
∆,B,N(h∆z)−ϖN(z)DT (m

REE)
∥∥
2
.

Set γ∗ = [1 + ∥DT (mREE)∥2]−2. Call an auxiliary economy stability-accurate when it is

best-response accurate, Kproj = K+, and

δBR(∆, B) ≤ min

{
δ0
2
,
r0

4Cloc

}
, δch(∆, B) ≤ γ∗

4
. (A64)

These are grid-and-truncation accuracy requirements, not additional restrictions on the eco-

nomic primitives.

Proposition 26 (Stability of the reference grid dynamics). Along the refinements in Propo-

sition 23, δch(∆, B) → 0. For every stability-accurate auxiliary economy and admissible

population sequence, consider a population that is either undiscounted or sufficiently large
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along the discounted subsequence covered by Assumption 4. Then every eigenvalue of J0 has

strictly negative real part—that is, J0 is Hurwitz—and Q0 is locally exponentially stable un-

der the reference mean dynamics. After the auxiliary economy is fixed, there are ω0,M0 > 0,

independent of N , admissible types, and the admitted maximizing-arm selector, such that the

inverse response matrix satisfies

∥(sINM − J0)−1∥∞,2 ≤
M0

1 + |s|
(Re s ≥ −ω0). (A65)

Proof. The matrix Aj has positive diagonal entries, nonpositive off-diagonal entries, and

is strictly row-diagonally dominant because ρj < 1; the dominance margin is at least

cj mina ω
0
j (a)(1 − ρ̄). Its eigenvalues therefore lie in the open right half-plane, so Rj(s) is

well defined for Re s ≥ 0. If u = N−1
∑

j Bjh
j, eliminating the investor-specific coordinates

from (sI − J0)h = f gives

hj = Rj(s)[DjGu+ f j], [I3 −Kℓ
∆,B,N(s)]u =

1

N

∑
j

BjRj(s)f
j.

This is the low-dimensional step: stability of the NM -dimensional system depends on a

three-dimensional aggregate response.

Gaussian symmetry identifies its continuous limit. Differentiating (A40) at the REE

leaves one term that is linear in y−mREE and two terms that are even. After multiplication

by y −mREE, symmetry makes the even terms integrate to zero. The remaining term gives

ϖN(z)DT (m
REE). Uniformly over population sizes and admissible types,

ReϖN(z) ≥ 0, |ϖN(z)| ≤ 1, |ϖN(z)| ≤
Cϖ

1 + |z|
(Re z ≥ 0).

The triangular Jacobian in Lemma 22 therefore gives

det[I3 −ϖN(z)DT (m
REE)] = [1 + λ∗ηϖN(z)][1 + λ∗TϖN(z)]

2, (A66)

whose factors cannot vanish on the closed right half-plane. More precisely, the smallest sin-

gular value of this matrix is at least γ∗. To see this, each factor in (A66) has modulus at least

one because ReϖN(z) ≥ 0. The two largest singular values are at most 1 + ∥DT (mREE)∥2,
so the identity expressing the determinant as the product of the three singular values gives

the bound [1 + ∥DT (mREE)∥2]−2 = γ∗ for the smallest one.

Lemma 24 makes the undiscounted grid response converge uniformly to this Gaussian

integral. Its integrable upper bound controls the action tails, while the last bound on ϖN
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controls high frequencies. Discounting adds a one-dimensional continuation-value adjust-

ment. To bound it, write Lj = h∆zI +Dj and separate this adjustment from L−1
j Dj. The

modulus of the resulting denominator is at least 1 − ρ̄. At bounded frequencies, Gaussian

symmetry makes the aggregate factor BjL
−1
j Dj1 vanish in the limit; at high frequencies it

is O(|z|−1). The other factor stays bounded because the maximizing grid arms converge to

mREE. Thus the discounted adjustment also vanishes uniformly, and δch(∆, B) → 0.

Stability accuracy transfers the lower singular-value bound to I3 −Kℓ
∆,B,N(s). Once the

auxiliary economy is fixed, compact type ranges and positive grid probabilities uniformly

bound every investor-level inverse on a fixed strip to the left of the imaginary axis. Dif-

ferentiating the aggregate response with respect to s then gives a uniform bound LK over

populations, types, and selectors. Moving a short distance left from the imaginary axis

therefore preserves the aggregate margin. Substitution into the two block equations above

gives (A65); no factor of N appears because the population weights sum to one. Thus J0 is

Hurwitz. The strict arm gap makes the discounted reference drift differentiable near Q0; the

undiscounted drift is already smooth. Standard linearization then gives local exponential

stability.

Lemma 27 (Finite-population C1 drift approximation). Fix a stability-accurate auxiliary

economy and an admissible population sequence. There are r̄Q, CB, cB > 0, independent of

N and the type profile, such that, with

κN := N−1/2 +N−1 + e−cBN , (A67)

and

VN := {Q : ∥Q−Q0∥∞,2 ≤ r̄Q},

all sufficiently large N satisfy

sup
Q∈VN

∥FN(Q)− F0
N(Q)∥∞,2 + sup

Q∈VN

∥D(FN − F0
N)(Q)∥∞,2→∞,2 ≤ CBκN . (A68)

At points where the two drifts are separately differentiable, the derivative in the second supre-

mum equals DFN − DF0
N . No continuation-arm gap is required for this comparison. The

three terms in κN are, respectively, the sampling and signal-averaging error, individual price

impact, and the probability of reaching the projection boundary.

Proof. Choose r̄Q so that all policy means in VN remain a fixed positive distance from the

boundary of K+. To handle rare arm profiles outside this region, compare the projection

with a smooth coordinatewise saturation that is C2, has uniformly bounded first and second

79



derivatives, maps into a compact subset of intK+, and agrees with the identity on the buffered

set around these policy means. The comparison does not alter payoffs on the interior region.

Hoeffding’s inequality bounds the probability that an arm counterfactual or the segment

used in a derivative comparison leaves this region by CBe
−cBN .

Write the payoff error as Ej,a
N (Q) := Π̄j

B,N(Q, a)−R0
a(m∆,B,N(Q)). Equation (A61) gives

its level bound. For its derivative with respect to investor ℓ ̸= j, condition on all investors

except j and ℓ, force j to arm a, and compare two arms of investor ℓ around the common

coefficient and signal-error average that excludes both investors. Centering removes the

first-order private-signal term. The random base contributes O(N−3/2); individual forcing

and the second-order remainder contribute O(N−2); the rare projection event contributes

O(N−1e−cBN). Conditional expected payoff is linear in each other investor’s policy. There-

fore, along any zero-sum change in investor ℓ’s policy, the leading derivative is N−1DmR
0
a

times the induced change in that investor’s mean coefficients. Its remainder is bounded by

the size of the policy change times CB{N−3/2 + N−2 + N−1e−cBN}. For ℓ = j, the true

conditional payoff has zero own-policy derivative, while the reference derivative is O(N−1).

The derivative of the Boltzmann probabilities is uniformly bounded. Applying it to these

payoff bounds and summing the N Jacobian blocks gives the rate CBκN .

Finally, the common continuation term cancels before differentiation:

FN,j,a(Q)− F 0
j,a(Q) = cjσj(Q

j, a)Ej,a
N (Q).

The drift difference is therefore smooth even when the two discounted drifts are separately

nonsmooth, and its derivative agrees with their derivative difference wherever both exist.

Differentiating the product adds the derivative of the Boltzmann probability times the level

error and the probability times the payoff-error derivative; the preceding bounds control

both. This proves (A68) without using the arm gap.

Theorem 28 (Unique locally stable finite-population mean-field fixed point). Fix a stability-

accurate auxiliary economy and an admissible population sequence. If D is infinite, maintain

Assumption 4 and suppose

lim
N→∞
N∈D

κN
gN

= 0. (A69)

If D is finite, this condition is vacuous. No gap condition is imposed at population sizes

outside D. For all sufficiently large N , the finite-population Bellman map has exactly one

mean-field fixed point Q∗, and

∥Q∗ −Q0∥∞,2 = O(κN), ∥m∆,B,N(Q
∗)−m0∥∞ = O(κN). (A70)
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The finite-population mean ODE is locally exponentially stable at Q∗.

Proof. First set every discount factor to zero, holding learning speeds and temperatures fixed.

Let Fu
N and F0,u

N be the actual and reference drifts, and let Q0,u have every block equal to

R0. The reference inverse bound in Proposition 26, the derivative estimate in Lemma 27,

and a Newton iteration using DF0,u
N (Q0,u) give a unique zero. In particular, on the fixed

grid the reference derivative is uniformly Lipschitz on a fixed neighborhood; after shrinking

that neighborhood, the inverse bound and (A68) make the Newton iteration a contraction.

Its zero Qu,∗ satisfies ∥Qu,∗ −Q0,u∥∞,2 = O(κN).

This local zero is the only undiscounted fixed point. Indeed, let Q̄u be any other undis-

counted fixed point and set m̄ = m∆,B,N(Q̄
u). Its projected best-response residual is bounded

by δBR +CB(N
−1/2 +N−1). The localization bound (A63) places its coefficient mean in K0.

Projection is then inactive, and (A56) together with (A61) yields

∥m̄−m0∥∞ = O(κN), ∥Q̄u −Q0,u∥∞,2 = O(κN).

Every undiscounted fixed point therefore lies in the neighborhood in which the Newton

iteration has a unique zero.

Now restore the original discount factors. The blockwise shift

Lρ(q)
j := qj +

ρj
1− ρj

max
a
qj(a)1

preserves softmax policies and, by Lemma 15, bijects the undiscounted and discounted fixed-

point sets. It is Lipschitz with constant
√
M/(1− ρ̄). Discounted uniqueness and both rates

in (A70) follow. The arm-gap assumption has not been used for uniqueness.

For local stability, let J0
N = DF0

N(Q
0). In discounted populations, the rate (A69) makes

∥Q∗−Q0∥∞,2 = o(gN). The same arm therefore remains optimal throughout a neighborhood

joining the two points; in an undiscounted population the continuation maximum is absent.

On this common differentiability neighborhood, the fixed-grid reference derivative changes

by at most a constant times the change in Q, uniformly over admitted populations and

types. Lemma 27 and (A70) therefore give the single perturbation bound

∥DFN(Q
∗)− J0

N∥∞,2→∞,2 = O(κN).

For every s in the closed right half-plane, factor sI −DFN(Q
∗) into sI − J0

N and a second

factor equal to the identity minus a uniformly small matrix. The inverse bound in Propo-

sition 26 and the Neumann-series argument make both factors invertible for large N . The

actual Jacobian therefore has no eigenvalue with nonnegative real part, and standard C1
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linearization gives local exponential stability.

Order of limits. The argument first fixes a stability-accurate auxiliary economy, then

takes the population sufficiently large, and finally lets learning time diverge with both

fixed. A simultaneous refinement would additionally require the approximation and finite-

population errors to vanish relative to the continuation-arm gap and the local stability

margin; no such result is claimed here.

A.9 Stochastic lock-in

Fix a stability-accurate finite economy and a sufficiently large population covered by Theo-

rem 28. All constants in this subsection may depend on its grid, truncation bounds, popula-

tion, and type profile. The expected learning dynamics return to the unique mean-field fixed

point after a small perturbation. Actual learning nevertheless continues to receive shocks

from realized schedules, private-signal errors, fundamentals, and noise-trader demand. Local

stability of the expected dynamics therefore does not guarantee that every stochastic path

remains nearby.

The lock-in proof compares this local pull toward the fixed point with the learning shocks

that remain after entry. It uses an inner and an outer neighborhood and stops the comparison

at the first exit from the outer one. This step avoids conditioning on the future event that

no exit occurs. Because the sum of future squared step sizes becomes arbitrarily small, so

does the probability that later shocks force an exit. On paths that remain inside, declining

gains and local mean reversion imply convergence.

The result is deliberately conditional. It applies on the event that the learning process

lies in the inner neighborhood at a deterministic date or at an almost-surely finite stopping

time; it does not establish entrance from an arbitrary initial value. On successful lock-in

paths, the Q-value profile converges to the unique fixed point, and the population-average

coefficients implied by the mixed policies converge as a consequence. Positive exploration

continues, so realized schedules remain random and need not settle down. The conditional

probability of remaining in the local basin and converging approaches one as the sum of

future squared step sizes becomes small.

Theorem 29 (Local lock-in for max-Q learning). Maintain Assumptions 1 and 2, and let

Q∗ be the unique mean-field fixed point from Theorem 28. There are neighborhoods U in and

Uout of Q∗, with the closure of the inner neighborhood contained in the outer one, and a
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finite Clock such that, for every deterministic date b,

Pr
(
Qt ∈ Uout for all t ≥ b, Qt → Q∗ | Fb

)
≥ 1− Clock

∑
t≥b

ᾱ2
t on {Qb ∈ U in}. (A71)

Whenever this event occurs, continuity of the Boltzmann policy also gives

m∆,B,N(Qt) → m∆,B,N(Q
∗). (A72)

Proof. By Theorem 28, the mean drift is continuously differentiable nearQ∗ and its Jacobian

J = DFN(Q
∗) has eigenvalues with negative real parts. The standard Lyapunov theorem

therefore supplies a positive-definite quadratic function V (x) = x′Px. With xt = Qt −Q∗,

choose 0 < rin ≤ rout/4 so that the closed ellipsoid {Q : V (Q −Q∗) ≤ rout} lies inside this

differentiability neighborhood. In a discounted economy, choose it also to preserve the same

maximizing continuation arm. For some c0 > 0, the mean drift then satisfies

2x′PFN(Q
∗ + x) ≤ −c0∥x∥2 whenever V (x) ≤ rout. (A73)

Set Uout = {Q : V (Q − Q∗) < rout} and U in = {Q : V (Q − Q∗) < rin}. The closure of

the outer neighborhood is compact. Bounded profits and continuity of the update target

therefore bound the martingale-difference noise whenever Qt ∈ Uout.

Let

τ = inf{t ≥ b : Qt /∈ Uout}

be the first exit time and freeze the recursion after exit: Q̂t = Qt∧τ . Expanding the quadratic

function V along the stopped recursion and using the local noise bound and (A73) gives the

following. Define Sn :=
∑(n∧τ)−1

q=b 2ᾱqx
′
qPMq+1; this is a martingale. Then, for every t ≥ b,

V (Q̂t+1 −Q∗) ≤ V (Q̂t −Q∗)− c1ᾱt1{t < τ}∥xt∥2 + (St+1 − St) + C1ᾱ
2
t1{t < τ}. (A74)

Stopping is important: it makes this inequality valid without conditioning on the future

event that the process never exits.

Put Tb =
∑

t≥b ᾱ
2
t . The local bounds and orthogonality of martingale increments make

the remaining conditional variance at most a constant times Tb. Thus Sn converges in L
2, and

Doob’s conditional maximal inequality bounds the conditional expected squared maximum

by a constant times Tb. On {Qb ∈ U in}, if C1Tb ≤ rout/4, summing (A74) shows that exit
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requires supn≥b |Sn| ≥ rout/2. Conditional Doob inequality gives

Pr(τ <∞ | Fb) ≤ Clock

∑
t≥b

ᾱ2
t on {Qb ∈ U in}. (A75)

If C1Tb > rout/4, increasing Clock makes the same bound immediate. The resulting constant

works for every b (Borkar, 2002).

Taking conditional expectations removes the martingale increment in (A74). Robbins–

Siegmund then shows that V (Q̂t −Q∗) converges and that the series
∑

t≥b ᾱt1{t < τ}∥xt∥2

is finite almost surely. On {τ = ∞}, the gains sum to infinity, so lim inft ∥xt∥ = 0. Because

V (xt) converges, its limit must be zero, and Qt → Q∗. Combining this with (A75) proves

(A71). Continuity of the softmax policy gives (A72).

Corollary 1 (Lock-in after a finite entrance time). Under the assumptions of Theorem 29,

let τent be an almost-surely finite, integer-valued (Ft)-stopping time. Then

Pr
(
Qt ∈ Uout ∀t ≥ τent, Qt → Q∗ | Fτent

)
≥ 1− Clock

∑
t≥τent

ᾱ2
t on {Qτent ∈ U in}.

The corollary is conditional on finite entrance and does not assert that the process reaches

U in from an arbitrary initial value.

Proof. On each event {τent = b}, which belongs to Fb, apply Theorem 29 at the deterministic

date b. Restricted to this event, conditioning on Fτent is the same as conditioning on Fb.

The events {τent = b} are disjoint and exhaust the sample space up to a null set because the

entrance time is almost surely finite. Summing the separate deterministic-date inequalities

proves the claim.

A.10 Uninformed-AI boundary case

When AI investors have no private signal, their demand schedules cannot load on an AI signal

realization. The relevant choice therefore contains only a price coefficient and an intercept.

Price may still convey information about the fundamental through the signal-based demand

of human investors, but the AI sector no longer adds private-signal information to market

clearing.

This case must be formulated directly in two dimensions. Treating zero signal precision

as an ordinary point of the three-dimensional problem would attach an infinite variance to

a signal coordinate that has no economic role. Removing that coordinate also removes the
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finite-population average of AI signal errors. The remaining uninformed-AI economy retains

the same strict-concavity, approximation, local-stability, and stochastic-lock-in logic.

Assumption 5 (Primitive regularity at the uninformed-AI boundary). At τA = 0, the

variances σ2
v and σ

2
z and the cost parameter γA are positive, ϕ ≥ 0, β̄Mη ≥ 0, and γAβ̄

M
p +ϕ >

0. The signal coordinate is removed from the action space rather than assigned an infinite

variance.

Formally, at the boundary τA = 0, restrict every arm to βη = 0, delete ej and wN , and

use the coefficient vector (βp, µ). Aggregate signal loading is then the fixed human loading

ζ = β̄Mη . With τ̂0 = τv + ζ2τz, the price-taking map becomes

T 0
p (b, c) =

1− ζτz(β̄
M
p + ϕb)/τ̂0

γA
, (A76)

T 0
µ(b, c) =

τvv̄ − ζτz(µ̄
M + ϕc− S)

γAτ̂0
. (A77)

It is affine with Jacobian −λ0T I2, where λ0T = ϕζτz/(γAτ̂0). Its unique fixed point is

βA,∗p =
τ̂0 − ζτzβ̄

M
p

γAτ̂0 + ϕζτz
, (A78)

µA,∗ =
τvv̄ − ζτz(µ̄

M − S)

γAτ̂0 + ϕζτz
. (A79)

The second-moment matrix of (−p, 1) is positive definite because Var(p) > 0. Hence the

two-dimensional continuous Boltzmann density is Gaussian with this affine best-response

mean. The uniform quadratic payoff bound, grid approximation, projected localization,

and nonnegative-real-part response argument apply with two coordinates and characteristic

determinant (1 + λ0Tϖ)2.

The affine formulas remain valid at β̄Mη = 0, although price then carries no information

about the fundamental. In the discretized bounded economy, deleting the signal coordi-

nate removes the signal terms from Lp,B and turns Lemma 16 into the corresponding two-

dimensional bound. The Bellman contraction, grid approximation, finite-sample localization,

local-stability argument, and stochastic lock-in proof then apply on the (βp, µ) plane.

Corollary 2 (Convergence at the uninformed-AI boundary). Under Assumption 5, the two-

dimensional best-response map has the unique admissible fixed point displayed above, includ-

ing when β̄Mη = 0. In a fixed two-dimensional discretized bounded environment satisfying the

two-dimensional projected-admissibility condition and Assumption 2, Theorem 18 holds un-

der the corresponding two-dimensional contraction condition. Along ordered two-dimensional
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refinements satisfying the counterparts of stability accuracy and, for discounted populations,

Assumption 4 and (A69), the conclusions of Theorems 25, 28, and 29, and Corollary 1,

continue to hold after deleting the signal coordinate.

Proof. For r = (−p, 1)′, the determinant of E[rr′] equals Var(p), which is at least σ2
z/ξ

2 > 0.

Expected profit is therefore strictly concave in (βp, µ), even when ζ = 0. The map in (A76)–

(A77) is affine with Jacobian −λ0T I2; its fixed point is unique, and its aggregate price sensitiv-

ity is positive by γAβ̄
M
p +ϕ > 0. The uniform quadratic payoff bound and grid approximation

repeat in R2. The finite-population signal average is absent, while the schedule-sampling and

individual-impact bounds are unchanged. Centering the two-dimensional Gaussian response

gives the characteristic factor (1 + λ0Tϖ)2, and the stochastic lock-in argument is dimension

independent. These substitutions give the stated two-dimensional versions of the preceding

results.

A.11 Connection to the main-text results

This subsection links the appendix to the three propositions and theorem in the main text. In

a fixed bounded economy, global almost-sure convergence follows when the combined payoff

and continuation feedback is weaker than one. Under the ordered refinement—first the grid

and bounds, then the population—the policy-implied coefficient mean of every fixed point

approaches the informed REE. For a fixed stability-accurate economy and a sufficiently large

population, the local result gives a unique Q-value fixed point and local exponential stability.

Discounted stability additionally requires an arm gap that dominates the finite-population

approximation error. Finally, once learning enters the local basin late enough, stochastic

lock-in keeps it there and yields convergence with high conditional probability.

Proof of Proposition 1. The proposition is Theorem 18, with the modulus in Lemma 17 and

the policy-mean definition (A13).

Proof of Proposition 2. Theorem 21 identifies the informed REE mREE = (βA,∗η , βA,∗p , µA,∗),

using the same starred notation as the main-text herding results. Substitution of the fixed

level-k human coefficients into (A42)–(A44) gives the within-level system in (25), (26),

and (27). Lemma 22 proves the required nonsingularity. Proposition 23 and Theorem 25

imply that, after choosing a fine grid and large bounds and then taking N large, the coeffi-

cient mean at a mean-field fixed point lies within any prescribed ε of mREE. This argument

takes Kproj = K+ and is uniform over all admissible type profiles.

Proof of Proposition 3. Under the sequence-level gap-rate condition on discounted popula-

tions, Proposition 26, Lemma 27, and Theorem 28 give uniqueness and local exponential
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stability. For an undiscounted population, the continuation maximum drops out and no gap

condition is used. None of these steps invokes (A30).

Proof of Theorem 4. For the global-convergence part, fix any discretized bounded environ-

ment and population satisfying (A30). Theorem 18 gives almost-sure convergence from every

initial value profile in QB. Whenever the same environment and population also meet the

ordered approximation thresholds in Theorem 25 with error below ε, the limiting policy

mean lies within ε of mREE. This conclusion is pointwise in the fixed environment. The

contraction condition uses worst-case sensitivities over that environment and is not asserted

to persist along a refinement sequence.

For the local-lock-in part, given ε > 0, first choose a stability-accurate grid and trunca-

tions that also satisfy

2χ∗δBR(∆, B) < ε/2.

Such a choice exists by Proposition 23. With this auxiliary economy fixed, choose an admit-

ted population size N for which Theorem 28 applies and

∥m∆,B,N(Q
∗)−m0

∆,B,N∥∞ < ε/2.

The deterministic bound in Proposition 23, the finite-population rate in (A70), and the

triangle inequality then put the fixed-point policy mean within ε of mREE.

Theorem 29 supplies the neighborhoods and Clock. Assumption 2 supplies both the

divergent stepsize sum needed for convergence and the finite squared-stepsize tail needed

for lock-in. Given υ > 0, determinism and square summability allow us to choose b0 before

conditioning so that Clock

∑
t≥b0 ᾱ

2
t ≤ υ. For every b ≥ b0, conditional on Fb and {Qb ∈ U in},

(A71) gives conditional probability at least 1−υ. Equation (A72) and the triangle inequality

give the claimed population-average limit and its REE error.

For an almost-surely finite integer-valued (Ft)-stopping time τent, Corollary 1 gives the

same conditional bound with
∑

t≥τent ᾱ
2
t . In particular, whenever Clock

∑
t≥τent ᾱ

2
t ≤ υ, the

conditional probability is at least 1 − υ. The construction fixes the auxiliary economy and

population before letting learning time tend to infinity. At τA = 0, Corollary 2 gives the

corresponding two-dimensional conclusions.

A.12 Simulation evidence: algorithmic herding

Figure A1 complements the convergence results by showing the cross-sectional distribution

of each investor’s estimated best-arm price-sensitivity coefficient βA,kp in a finite population of

AI investors. The simulation uses the uninformed-AI boundary τA = 0, a centered environ-
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ment, and a particular optimistic initialization. Although investors begin from heterogeneous

estimates and explore independently, the distribution of their estimated best-arm coefficients

narrows around the rational-expectations benchmark. This finite-population exercise illus-

trates the local coordination mechanism in Theorem 4.

Figure A1: Algorithmic Herding: Cross-Sectional Distribution of Estimated Best-Arm βA,kp
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Notes: The panels show the cross-sectional distribution of each investor’s estimated best-arm price-
sensitivity coefficient βA,kp —the grid arm with the highest estimated expected reward—across N =
100 AI investors at increasing learning horizons T . The red dashed line marks the cross-sectional
average and the golden dashed line the uninformed-AI rational-expectations benchmark βA,∗p =
0.3197. As learning proceeds, the distribution concentrates around the benchmark. Simulation
parameters are σv = 2, σz = 0.2, γA = 0.2, ϕ = 1, v̄ = S = 0, and total human mass ψ := ψc+ψs =
1.5. The per-unit-mass human price and signal coefficients are 4.0 and 4.5, so the aggregate
coefficients in (A3) are β̄Mp = 6.0, β̄Mη = 6.75, and µ̄M = 0. The simulation is undiscounted, all
arm-value estimates start at 1, the raw Boltzmann temperature is ϑ = 20, and the βp grid is [0, 0.6]

with mesh 0.002; βA,kη and µA,k are fixed at zero.

B Proofs for the Limit of Level-k Strategic Reasoning

B.1 Triangular structure and convergence channels

The level-k recursion admits a triangular decomposition. Price informativeness τ
(k)
p evolves

autonomously through a one-dimensional map G. Once this scalar path is known, the

normalized price loading and intercept follow driven affine recursions. The first channel asks

whether higher-order reasoning stabilizes the information content of prices, while the driven

channels ask whether the portfolio coefficients remain bounded along that information path.
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The informativeness map. The map from τ
(k−1)
p to τ

(k)
p combines two channels. Across

levels, the level-k investors update their signal coefficient: from (29), βM,k
η = τM/(γM(τv +

τM +τ
(k−1)
p )). Within the level-k environment, the AI sector responds to the informativeness

that its own signal trading helps generate through the fixed-point equation (25). Define the

cursed-sector signal loading ζc ≡ ψcβ
M,c
η ≥ 0, and note that ζc+ψsτM/(γM(τv+τM)) = ψβM,c

η .

The human-sector signal loading in the level-k environment is

ζ
(k)
M = gM(τ (k−1)

p ), gM(τp) ≡ ζc +
ψsτM

γM(τv + τM + τp)
,

and the informativeness of the level-k environment is the within-level fixed point at this

human-sector loading. Writing Φ(ζM) for the unique solution of (25), the scalar map gov-

erning informativeness is the composition

τ (k)p = G(τ (k−1)
p ), G ≡ Φ ◦ gM , (A80)

so that G(τp) is characterized implicitly by

G(τp) = τz

(
ζc +

ψsτM
γM(τv + τM + τp)

+
ϕτA

γA(τv + τA +G(τp))

)2

. (A81)

When τA = 0, G reduces to the explicit uninformed-AI map G(τp) = τz
(
ζc+ψsτM/(γM(τv +

τM + τp))
)2
.

Properties of G.

1. Φ is continuous and strictly increasing by the monotonicity of (25), and gM is contin-

uous and strictly decreasing since ψsτM > 0. Hence G = Φ ◦ gM is continuous and

strictly decreasing on [0,∞).

2. G(0) = Φ(ψβM,c
η ), and the level-0 environment has informativeness τ

(0)
p = G(0), since

level-0 investors use the cursed coefficients.

3. limτp→∞G(τp) = Φ(ζc) ≡ τ p, the within-level fixed point (25) at ζM = ζc. The floor τ p

is strictly positive whenever ψc > 0 or ϕτA > 0 (informativeness floor).

4. G maps the interval T ≡ [τ p, G(0)] into itself.

Property 3 is a key structural feature. With τA = 0 the floor equals (ψcβ
M,c
η )2τz and is

positive only when cursed investors are present; with ϕτA > 0, AI signal trading keeps the
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price informative even when ψc = 0. Regardless of how the level-k thinkers adjust their

behavior, price informativeness never falls below τ p.

Lemma 30 (Informativeness channel). The sequence {τ (k)p } is bounded in T . Let τ ∗p denote

the unique fixed point of G on (0,∞). Define

κG ≡ |G′(τ ∗p )| =

2ψsτM
√
τ ∗p τz

γM(τv + τM + τ ∗p )
2

1 +
2ϕτA

√
τ ∗p τz

γA(τv + τA + τ ∗p )
2

.

1. If κG ≤ 1, then τ
(k)
p → τ ∗p .

2. If κG > 1, then the canonical orbit converges by parity to a period-two cycle (τ−p , τ
+
p ):

τ
(2n)
p → τ+p and τ

(2n+1)
p → τ−p , where G(τ

−
p ) = τ+p , G(τ

+
p ) = τ−p , and τ p ≤ τ−p < τ ∗p <

τ+p .

Proof. Fixed point and bounded orbit. The fixed point solves τp = G(τp). The left-hand

side is strictly increasing, while G is strictly decreasing and satisfies G(0) > 0. Hence the

two graphs cross once on (0,∞); call the crossing τ ∗p . The initial condition is τ
(0)
p = G(0).

Because G maps T = [τ p, G(0)] into itself, every subsequent τ
(k)
p lies in T .

Parity subsequences. Let G(2) ≡ G◦G. Since G is decreasing, G(2) is increasing. Moreover

τ
(0)
p > τ ∗p and τ

(1)
p = G(τ

(0)
p ) < τ ∗p . Iterating this argument gives τ

(2n)
p > τ ∗p and τ

(2n+1)
p < τ ∗p

for all n. Since G(2)(τ
(0)
p ) ≤ τ

(0)
p and G(2) is increasing, the even subsequence is decreasing.

Applying the decreasing map G to the even subsequence shows that the odd subsequence

is increasing. Both are bounded, so they converge. Let their limits be τ evenp and τ oddp .

Continuity implies G(τ evenp ) = τ oddp and G(τ oddp ) = τ evenp . If the two limits coincide, the

common value must be τ ∗p ; otherwise the two limits form a period-two cycle.

Local derivative and global restriction. Taking square roots in (A81) gives
√
G(τp)/τz =

ζc+ψsτM/(γM(τv + τM + τp)) + ϕτA/(γA(τv + τA+G(τp))). Implicit differentiation of (A81)

therefore gives

G′(τp) = −
2ψsτM

√
G(τp)τz/

(
γM(τv + τM + τp)

2
)

1 + 2ϕτA
√
G(τp)τz/

(
γA(τv + τA +G(τp))2

) .
At the fixed point, G(τ ∗p ) = τ ∗p , so G

′(τ ∗p ) = −κG with κG as displayed in the lemma. The

stability of τ ∗p under G(2) is governed by (G(2))′(τ ∗p ) = κ2G.

For the global restriction we show that the Schwarzian derivative of G is negative. Write

S(f) ≡ f ′′′/f ′ − 3
2
(f ′′/f ′)2. Both factors of the composition G = Φ ◦ gM have convenient
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Schwarzian structure. The human channel gM is a Möbius map, so S(gM) = 0, and the

composition rule S(Φ ◦ gM) =
(
S(Φ) ◦ gM

)
(g′M)2 +S(gM) shows that S(G)(τp) has the same

sign as S(Φ)(gM(τp)). The within-level map Φ is the inverse of

Ψ(τ) ≡
√
τ/τz −

ϕτA
γA(τv + τA + τ)

,

obtained by solving (25) for ζM ; Ψ is strictly increasing. For inverse functions, S(Φ)(c) =

−S(Ψ)(τ)/Ψ′(τ)2 at c = Ψ(τ), so it suffices to show S(Ψ) > 0. Write T ≡ τv + τA + τ ,

a ≡ 1/(2
√
τzτ), and b ≡ ϕτA/(γAT

2), so that Ψ′ = a + b, Ψ′′ = −a/(2τ) − 2b/T , and

Ψ′′′ = 3a/(4τ 2) + 6b/T 2. Direct computation gives

S(Ψ) (Ψ′)2 = Ψ′′′Ψ′ − 3
2
(Ψ′′)2 =

3a2

8τ 2
+ 3ab

(T − 2τ)2 + 4τ 2

4τ 2T 2
> 0.

Hence S(Ψ) > 0, so S(Φ) < 0 and S(G) < 0 on (0,∞). When τA = 0, Ψ(τ) =
√
τ/τz and

the same computation reduces to

S(G) = − 3ψ2
sτ

2
M

2(τv + τM + τp)2 [γMζc(τv + τM + τp) + ψsτM ]2
.

Because G′(τp) ̸= 0, the chain rule for Schwarzian derivatives gives S(G(2)) < 0. For

an increasing map with negative Schwarzian derivative, the function ((G(2))′)−1/2 is strictly

convex. Therefore (G(2))′(τp) = 1 has at most two solutions on T , and Rolle’s theorem

implies that δ2(τp) ≡ G(2)(τp)− τp has at most three zeros on T .

Convergence when κG ≤ 1. Suppose, toward a contradiction, that the parity limits differ.

Then G(2) has three fixed points:

τ oddp < τ ∗p < τ evenp .

By Rolle’s theorem, there are u1 ∈ (τ oddp , τ ∗p ) and u2 ∈ (τ ∗p , τ
even
p ) with (G(2))′(u1) =

(G(2))′(u2) = 1. Strict convexity of ((G(2))′)−1/2 then implies

(
(G(2))′(τ ∗p )

)−1/2
< 1,

which means (G(2))′(τ ∗p ) > 1. This contradicts (G(2))′(τ ∗p ) = κ2G ≤ 1. Hence τ evenp = τ oddp =

τ ∗p .

Oscillation cycle when κG > 1. When κG > 1, δ′2(τ
∗
p ) = κ2G − 1 > 0, so δ2 crosses zero

from negative to positive at τ ∗p . The boundary values δ2(τ p) ≥ 0 and δ2(G(0)) ≤ 0 imply, by

the intermediate value theorem, one zero below and one zero above τ ∗p . Since δ2 has at most
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three zeros, these are the only fixed points of G(2) besides τ ∗p .

It remains to rule out convergence of both parity subsequences to τ ∗p . Because

(G(2))′(τ ∗p ) = κ2G > 1,

there is an interval immediately to the right of τ ∗p on which G(2)(τp) > τp. If the decreasing

even subsequence converged to τ ∗p from above, it would eventually enter this interval, where

its next even iterate would be larger rather than smaller. This contradiction shows that the

two parity limits differ. The two noncentral fixed points of G(2) therefore form the unique

period-two cycle (τ−p , τ
+
p ) of G, and the canonical parity subsequences converge to these cycle

points.

Global basin under free initialization. The same three-fixed-point argument covers every

initialization in T . The sign of δ2(τp) = G(2)(τp) − τp is positive below τ−p , negative on

(τ−p , τ
∗
p ), positive on (τ ∗p , τ

+
p ), and negative above τ+p . Since G(2) is increasing, its iterates

move monotonically toward τ−p from either side below τ ∗p and toward τ+p from either side

above τ ∗p . Thus τ
∗
p is the unique initialization that remains at the repelling fixed point; every

other initialization approaches the period-two cycle.

The canonical initialization satisfies τ
(0)
p = G(0) > τ ∗p , so it cannot remain at the repelling

fixed point when κG > 1.

Within-level damping. The AI signal channel stabilizes the informativeness recursion.

The numerator of κG has the same form as the fixed-point slope in the uninformed-AI bench-

mark and measures the feedback strength of the human cross-level channel; the denominator

exceeds one whenever ϕτA > 0. The reason is timing: level-k investors respond to the pre-

vious level’s informativeness, but the AI sector responds within the level. When the human

channel pushes informativeness down, informed AI investors face a less informative price,

shift weight toward their private signals, and partially restore informativeness, damping the

oscillation that drives non-convergence.

Informativeness floor. When ψc > 0 or ϕτA > 0, for all k ≥ 0,

τ (k)p ≥ τ p ≥ (ζc)2τz = (ψcβ
M,c
η )2τz, (A82)

with τ p > 0. At every price-admissible finite level, the equilibrium price is therefore infor-

mative about v: cursed investors provide a fixed private-signal loading when ψc > 0, while

informed AI investors keep trading on their own signals when ϕτA > 0.
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The driven channels. Let νk ≡ βM,k
p /βM,k

η denote the normalized price loading. The

scalar informativeness path determines all signal coefficients. Writing ζ =
√
τp/τz for the

aggregate signal loading at informativeness τp, and

βAη (τp) ≡
τA

γA(τv + τA + τp)
, hAp (τp) ≡

τp
τv + τA + τp

for the AI signal coefficient and posterior price weight at informativeness τp, the level-(k−1)

investor signal coefficient satisfies ψsβ
M,k−1
η = ζ − ζc − ϕβAη (τp) at τp = τ

(k−1)
p , and the

human-sector aggregate price sensitivity in the perceived environment is

ψcβ
M,c
p + ψsβ

M,k−1
p =

ψc
γM

+ νk−1
(
ζ − ζc − ϕβAη (τp)

)
.

Substituting the AI fixed-point coefficient (26) into the definition of ξ(k−1) and simplifying

yields ξ(k−1)/ζ(k−1) as an affine function of νk−1. Substituting this into (30) gives the affine

recursion

νk = aν(τ
(k−1)
p ) + bν(τ

(k−1)
p ) νk−1,

where

aν(τp) ≡
τv + τM + τp

τM
− τp
τM

γA
ψc

γM
+ ϕ

ζ
(
γA + hAp (τp)ϕ/ζ

) , (A83)

bν(τp) ≡ − τp
τM

γA
(
ζ − ζc − ϕβAη (τp)

)
ζ
(
γA + hAp (τp)ϕ/ζ

) ≤ 0. (A84)

The slope is nonpositive on the closed invariant interval. It is strictly negative along every

finite orbit because ψs > 0 and βM,k−1
η > 0, so ζ−ζc−ϕβAη (τp) = ψsβ

M,k−1
η > 0. Economically,

a higher normalized price loading at level k−1 raises the perceived aggregate price sensitivity

ξ(k−1) while leaving signal loadings, and hence price informativeness, unchanged. A given

price movement then corresponds to a larger movement of the price signal s
(k−1)
p through the

ratio ξ(k−1)/ζ(k−1), so the inference component of the level-k price response offsets more of

the mechanical response and βM,k
p falls.

Similarly, the intercept channel obeys µM,k = aµ(τ
(k−1)
p ) + bµ(τ

(k−1)
p )µM,k−1. Define

hMp (τp) ≡
τp

τv + τM + τp
, hMv (τp) ≡

τv
τv + τM + τp

, hAv (τp) ≡
τv

τv + τA + τp
.
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Its affine coefficients are

aµ(τp) ≡
hMv (τp)v̄

γM
−
hMp (τp)

γM

γA(ψcµ
M,c − S) + ϕhAv (τp)v̄

ζ
(
γA + hAp (τp)ϕ/ζ

) ,

bµ(τp) ≡ −
hMp (τp)

γM

ψsγA

ζ
(
γA + hAp (τp)ϕ/ζ

) ≤ 0.

The slope is strictly negative when τp > 0. If τ p = 0, the displayed driven-channel functions

are understood by continuous extension at the endpoint:

aν(0) =
τv + τM
τM

, bν(0) = 0, aµ(0) =
τvv̄

γM(τv + τM)
, bµ(0) = 0.

The canonical finite orbit remains strictly positive, so these endpoint values matter only

when the recursions are extended to the closed invariant interval.

Common stability. The normalized price-loading and intercept channels share the same

asymptotic stability. At the fixed point, write ζ∗ ≡
√
τ ∗p /τz and βM,∞

η ≡ τM/[γM(τv +

τM + τ ∗p )]. Direct computation gives |bν(τ ∗p )| = |bµ(τ ∗p )|: the ratio |bν(τ ∗p )|/|bµ(τ ∗p )| simplifies

to (τv + τM + τ ∗p )γMβ
M,∞
η /τM , using ψsβ

M,∞
η = ζ∗ − ζc − ϕβAη (τ

∗
p ), and substituting the

fixed-point signal coefficient gives a ratio of one.

B.2 Proof of the convergence condition

Lemma 30 and the driven affine recursions above show that the two stability inequalities κG ≤
1 and |bν(τ ∗p )| < 1 imply fixed-point convergence for every driven initialization. Here a driven

initialization means any finite pair (ν0, µM,0), holding fixed the canonical informativeness

initialization τ
(0)
p = G(0). We next derive closed-form sufficient conditions on the share of

level-k thinkers, ψs, that guarantee both inequalities uniformly over all human private-signal

precisions τM > 0. Each economic level-k path must also satisfy the finite price-admissibility

condition (15). The AI signal precision τA is kept explicit throughout; setting τA = 0 recovers

the corresponding condition for uninformed AI investors.

B.2.1 Informativeness channel

The first stability restriction controls the feedback from price informativeness to future signal

use. If current prices are too informative, the next level of thinkers will rely more on prices

and less on private signals, which reduces price informativeness. If this feedback is too

strong, the system can fail to converge to a fixed point and instead oscillate between two
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levels of informativeness. The within-level AI response damps this feedback; the bound

below discards the damping term and is therefore conservative.

Proposition 31 (Informativeness convergence). For all σM > 0,

κG ≤ 8ψψsτz
27γ2Mτv

+
ψsϕτz

2γMγAτv
· τA
τv + τA

. (A85)

Hence κG ≤ 1 for all σM > 0 whenever

ψs

(
8ψ

27γ2M
+

ϕ

2γMγA
· τA
τv + τA

)
τz
τv

≤ 1. (A86)

When τA = 0, these reduce to the uninformed-AI bounds

κG ≤ 8ψψsτz
27γ2Mτv

=
8ψψsσ

2
v

27γ2Mσ
2
z

, ψs ≤
27γ2Mσ

2
z

8ψσ2
v

.

Proof. The strategy is to bound κG by replacing the endogenous fixed-point value τ ∗p with

exogenous bounds, then optimize over τM .

Discarding the damping denominator of κG, which is at least one, leaves the numerator

2ψsτM
√
τ ∗p τz/

(
γM(τv + τM + τ ∗p )

2
)
. The fixed-point identity

√
τ ∗p τz = τz

(
ζc +

ψsτM
γM(τv + τM + τ ∗p )

+
ϕτA

γA(τv + τA + τ ∗p )

)
≤ τz

(
ψτM

γM(τv + τM)
+

ϕτA
γA(τv + τA)

)
,

which uses ζc + ψsτM/(γM(τv + τM)) = ψτM/(γM(τv + τM)) and τ ∗p ≥ 0, together with

τv + τM + τ ∗p ≥ τv + τM , gives

κG ≤ 2ψsτMτz
γM(τv + τM)2

(
ψτM

γM(τv + τM)
+

ϕτA
γA(τv + τA)

)
=

2ψψsτz
γ2M

τ 2M
(τv + τM)3

+
2ψsϕτz
γMγA

τA
τv + τA

τM
(τv + τM)2

.

The first term depends on τM only through τ 2M/(τv + τM)3, which is maximized at τM =

2τv with value 4/(27τv); the second depends on τM only through τM/(τv + τM)2, which is

maximized at τM = τv with value 1/(4τv). Bounding each term by its maximum yields

(A85).
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B.2.2 Driven channel

The second restriction controls the coefficients that are driven by the informativeness path.

Even when τ
(k)
p converges, the price-sensitivity coefficient can diverge if each level overreacts

to the previous level’s price loading.

Proposition 32 (Driven-channel convergence). For all σM > 0,

|bν(τ ∗p )| <
ψψsτz
4γ2Mτv

+
ψsϕτz
γMγAτv

· τA
τv + τA

. (A87)

Hence |bν(τ ∗p )| < 1 for all σM > 0 whenever

ψs

(
ψ

4γ2M
+

ϕ

γMγA
· τA
τv + τA

)
τz
τv

≤ 1. (A88)

When τA = 0, these reduce to the uninformed-AI bounds |bν(τ ∗p )| < ψψsτz/(4γ
2
Mτv) and

ψs ≤ 4γ2Mσ
2
z/(ψσ

2
v).

Proof. From (A84),

|bν(τp)| =
τp
τM

γA ψsβ
M
η

ζ
(
γA + hAp (τp)ϕ/ζ

) =
τp
τM

γA ψsβ
M
η

γAζ + hAp (τp)ϕ
,

where ψsβ
M
η = ζ − ζc − ϕβAη (τp) is the level-k investor sector’s signal loading. Dropping the

non-negative term hAp (τp)ϕ from the denominator and canceling γA gives

|bν(τp)| ≤
τp ψsβ

M
η

τMζ
=
τz ζ ψsβ

M
η

τM
,

where the last step uses τp = ζ2τz. At the fixed point, ψsβ
M,∞
η = ψsτM/[γM(τv + τM +

τ ∗p )] < ψsτM/(γM(τv + τM)) because τ ∗p > 0, and, as in the proof of Proposition 31, ζ∗ ≤
ψτM/(γM(τv + τM)) + ϕτA/(γA(τv + τA)). Hence

|bν(τ ∗p )| <
τz
τM

ψsτM
γM(τv + τM)

(
ψτM

γM(τv + τM)
+

ϕτA
γA(τv + τA)

)
=
ψψsτz
γ2M

τM
(τv + τM)2

+
ψsϕτz
γMγA

τA
τv + τA

1

τv + τM
.

The first term depends on τM only through τM/(τv + τM)2, which is maximized at τM = τv

with value 1/(4τv); the second is bounded using τv+ τM > τv. Substituting yields (A87).
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Remark. In the uninformed-AI benchmark (τA = 0), the bounds in Propositions 31 and

32 do not involve the AI parameters γA or ϕ: γA cancels algebraically and the term hAp ϕ ≥ 0

is dropped from the denominator. With informed AI investors, the destabilizing signal-

loading contribution in the bounds is ϕτA/[γA(τv + τA)]. Two stabilizing AI effects are

deliberately discarded, which keeps the bounds conservative: the within-level damping term

in the denominator of κG, and the term hAp ϕ in the denominator of bν . The exact dynamics

therefore depend separately on the AI mass, signal precision, and trading cost through both

destabilizing and stabilizing channels.

B.2.3 Combined condition

Proof of Proposition 5. For every σM > 0, the condition

ψs

(
8ψ

27γ2M
+

ϕ

γMγA
· τA
τv + τA

)
τz
τv

≤ 1. (A89)

implies both (A86) and (A88): its human coefficient 8/27 equals the informativeness coef-

ficient and exceeds the driven-channel coefficient 1/4, while its AI coefficient 1 exceeds the

informativeness coefficient 1/2 and equals the driven-channel coefficient. Lemma 30 there-

fore gives τ
(k)
p → τ ∗p . Continuity of the affine coefficients then implies that the intercepts

and slopes of both driven recursions converge. Their limiting absolute slopes are below one,

so for some ρ < 1 all sufficiently late slopes have absolute value at most ρ; the standard

iteration of a nonautonomous affine recursion then gives convergence from every finite driven

initialization. The AI coefficients converge as well by continuity of the AI signal, price, and

intercept formulas. This establishes coefficient convergence for every initialization whose

finite hierarchy remains price admissible. When τA = 0, (A89) reduces to

ψs ≤
27γ2Mσ

2
z

8ψσ2
v

. (A90)

The sufficient convergence region shrinks as σz decreases (i.e., as noise trading becomes

less volatile).

Remark. Condition (A89) is a uniform sufficient condition for dynamic stability, not a

necessary characterization of the full parameter space and not a uniform proof of finite

price admissibility. Its upper bound on ψs is proportional to σ2
z (equivalently inversely

proportional to τz) and decreasing in ϕτA/[γA(τv + τA)]. Thus the sufficient stability region
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shrinks as noise-trading volatility falls and as informed AI signal trading grows: when prices

are very precise, small changes in perceived signal extraction can generate large changes in

higher-level price responses.

B.3 Proof that the convergent limit is a linear REE

In the limit, the level-∞ investors and AI investors best-respond to the same linear equilib-

rium price that their own strategies generate.

Proof of Proposition 6. Under its local-lock-in assumptions, Theorem 4 supplies the learning

justification for the AI coefficients used in each fixed level-k environment: after the process

enters the stable basin, its ordered learning and refinement limits approach the informed

atomistic rational-expectations target with the theorem’s stated high conditional probability.

The argument below separately imposes the cross-level coefficient convergence assumed in

Proposition 6.

Let the limiting aggregate objects be

ζ(∞) ≡ ψcβ
M,c
η + ψsβ

M,∞
η + ϕβA,∞η , ξ(∞) ≡ ψcβ

M,c
p + ψsβ

M,∞
p + ϕβA,∞p ,

µ(∞) ≡ ψcµ
M,c + ψsµ

M,∞ + ϕµA,∞ − S.

Coefficient convergence implies ζ(k−1) → ζ(∞), τ
(k−1)
p = (ζ(k−1))2τz → τ

(∞)
p ≡ (ζ(∞))2τz,

ξ(k−1) → ξ(∞), and µ(k−1) → µ(∞). Continuity of G and τ
(k)
p = G(τ

(k−1)
p ) imply τ

(∞)
p =

G(τ
(∞)
p ), so uniqueness of the fixed point gives τ

(∞)
p = τ ∗p . The bound τ

(k−1)
p ≤ G(0) implies

βM,k
η ≥ τM

γM(τv + τM +G(0))
> 0.

Since ψs > 0, taking limits gives ζ(∞) > 0.

At the fixed point, define

hM,∞
p ≡ τ

(∞)
p

τv + τM + τ
(∞)
p

, hA,∞p ≡ τ
(∞)
p

τv + τA + τ
(∞)
p

.

The human and AI price coefficients satisfy

βM,∞
p =

1− hM,∞
p ξ(∞)/ζ(∞)

γM
, βA,∞p =

1− hA,∞p ξ(∞)/ζ(∞)

γA
.
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Substituting these expressions and βM,c
p = 1/γM into the definition of ξ(∞) and solving gives

ξ(∞) =
ψ/γM + ϕ/γA

1 +
(
ψsh

M,∞
p /γM + ϕhA,∞p /γA

)
/ζ(∞)

> 0. (A91)

Thus price admissibility of the limiting REE is automatic. Moreover, convergence to a pos-

itive ξ(∞), together with nonzero ξ(k) at every finite level, implies infk |ξ(k)| > 0: the tail

is bounded below by ξ(∞)/2, and the remaining finite prefix has a positive minimum. Sub-

stituting the limiting demands into market clearing therefore gives the limiting equilibrium

price

p(∞) =
µ(∞)

ξ(∞)
+
ζ(∞)

ξ(∞)
v +

1

ξ(∞)
z.

Equivalently, this price reveals the signal

s(∞)
p =

ξ(∞)

ζ(∞)

(
p(∞) − µ(∞)

ξ(∞)

)
= v +

z

ζ(∞)
,

with precision τ
(∞)
p .

Taking k → ∞ in the level-k best-response formulas (29)–(31), the right-hand sides are

continuous in (τ
(k−1)
p , ξ(k−1), µ(k−1)). At the limit, the perceived objects used in the posterior

coincide with (τ
(∞)
p , ξ(∞), µ(∞)), so the level-∞ investor coefficients (βM,∞

η , βM,∞
p , µM,∞) sat-

isfy the Bayesian best-response conditions for a trader who observes (ηi, p
(∞)) and conditions

on the equilibrium price.

The same argument applies to the AI coefficients: taking limits in (26)–(27) and in

βA,kη = τA/(γA(τv + τA + τ
(k)
p )), the limit coefficients (βA,∞η , βA,∞p , µA,∞) satisfy the best-

response conditions for a Bayesian trader who observes (ηj, p
(∞)) when τA > 0, and who

observes only p(∞) when τA = 0. In particular, βA,∞η = τA/(γA(τv + τA + τ
(∞)
p )), so the

within-level consistency condition (25) holds at the limit. Hence the limit is a linear REE

for the level-∞ investors and AI investors, with cursed investors as given.
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C AI Performance Proofs

C.1 Moments and Expected-Profit Formulas

Under the price rule

p =
ζ

ξ
v +

1

ξ
z +

µ

ξ
,

with v and z independent,

E[p] =
ζ

ξ
v̄ +

µ

ξ
, Var(p) =

(
ζ

ξ

)2

σ2
v +

σ2
z

ξ2
, Cov(v, p) =

ζ

ξ
σ2
v . (A92)

For ℓ ∈ {M,A}, let n = i when ℓ = M and n = j when ℓ = A. When the signal coordinate

is present, ηℓn = v + eℓn has moments

E[ηℓn] = v̄, Var(ηℓn) = σ2
v + σ2

ℓ , Cov(ηℓn, p) =
ζ

ξ
σ2
v , Cov(ηℓn, v) = σ2

v ,

where σ2
ℓ = σ2

M for humans and σ2
ℓ = σ2

A for informed AI. At τA = 0, the AI signal coordinate

is removed. The mean excess payoff is

v̄ − E[p] =
(ξ − ζ)v̄ − µ

ξ
. (A93)

Proof of Proposition 7. Fix ℓ ∈ {M,A}. At τA = 0, interpret the AI demand below after

removing its signal coordinate. The investor uses

xℓn = βℓη(v + eℓn)− βℓpp+ µℓ.

Its mean demand is

E[xℓn] =
(βℓηξ − βℓpζ)v̄ + ξµℓ − βℓpµ

ξ
. (A94)

Gross expected profit decomposes as

E[(v − p)xℓn] = (v̄ − E[p])E[xℓn] + Cov(v − p, xℓn).

Independence of the fundamental, idiosyncratic signal error, and noise-trader demand gives

Cov(v − p, xℓn) =

(
1− ζ

ξ

)(
βℓη − βℓp

ζ

ξ

)
σ2
v + βℓp

σ2
z

ξ2
. (A95)
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Using (A93) and (A94),

E[(v − p)xℓn] =
1

ξ2
{
[(ξ − ζ)v̄ − µ]

[
(βℓηξ − βℓpζ)v̄ + ξµℓ − βℓpµ

]
+(ξ − ζ)(βℓηξ − βℓpζ)σ

2
v + βℓpσ

2
z

}
. (A96)

The variance of demand is

Var(xℓn) =

(
βℓη − βℓp

ζ

ξ

)2

σ2
v + (βℓη)

2σ2
ℓ + (βℓp)

2σ
2
z

ξ2
. (A97)

Therefore,

γℓ
2
E[(xℓn)2] =

γℓ
2ξ2

{[
(βℓηξ − βℓpζ)v̄ + ξµℓ − βℓpµ

]2
+(βℓηξ − βℓpζ)

2σ2
v + ξ2(βℓη)

2σ2
ℓ + (βℓp)

2σ2
z

}
. (A98)

Subtracting (A98) from (A96) proves (38). At τA = 0, the AI signal coordinate is removed,

so its signal-noise variance contribution is zero and the formula nests the uninformed-AI

case.

C.2 Profit Comparisons

Throughout this subsection, impose equal trading costs γM = γA ≡ γ.

Lemma 33 (Optimal-demand profit representation). A Bayesian investor whose informa-

tion set I contains p, whose posterior variance Var(v | I) is constant, and whose trading-cost

parameter is γi chooses

x∗(I) = E[v − p | I]
γi

and earns

Π(I) = 1

2γi

{
E[(v − p)2]− Var(v | I)

}
. (A99)

In the objective environment, the two Bayesian profit levels are

ΠA =
1

2γ

[
E[(v − p)2]− 1

τv + τA + τp

]
, (A100)

ΠM,∞ =
1

2γ

[
E[(v − p)2]− 1

τv + τM + τp

]
, (A101)

A cursed investor, whose subjectively optimal demand ignores the informational content of
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price, earns

ΠM,c =
1

2γ

[
E[(v − p)2]− 1

τv + τM

]
. (A102)

Proof. Substituting Bayesian optimal demand into expected profit and using conditional-

expectation orthogonality gives

Π(I) = 1

2γi
E
[
E[v − p | I]2

]
.

The law of total variance, p ∈ I, and constancy of the posterior variance imply

E
[
E[v − p | I]2

]
= E[(v − p)2]− Var(v | I),

which proves (A99). For AI and level-∞ investors, Gaussian updating gives

Var(v | ηj, p) =
1

τv + τA + τp
, Var(v | ηi, p) =

1

τv + τM + τp
.

For cursed investors, direct substitution of xM,c
i = (E[v | ηi]− p)/γ and the identity

2(v − p)(E[v | ηi]− p)− (E[v | ηi]− p)2 = (v − p)2 − (v − E[v | ηi])2

give (A102). This calculation does not require price to be uncorrelated with the private-signal

forecast error.

Proof of Proposition 8. Subtracting (A101) from (A100) gives (39). Subtracting (A102)

from (A100) gives (40). Both formulas remain valid at τA = 0.

For the remaining analytical results with uninformed AI, maintain ψs > 0 and set τA = 0.

In any informative, price-admissible environment, write

α ≡ ζ

ξ
, ω ≡ σ2

z

ξ2
, τp ≡ ζ2τz, h ≡ τM

τv + τM
, hp ≡

τp
τv + τp

.

The noncentered price is p = αv + z/ξ + µ/ξ. Define

δ ≡ v̄ − E[p]. (A103)

Let ψ ≡ ψc + ψs.

Proof of Proposition 9. Both the level-∞ investor and the AI investor are Bayesian best
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responders. The level-∞ investor observes (ηi, p), while the AI investor observes p. Thus

ΠM,∞ =
1

2γ
E
[
(E[v − p | ηi, p])2

]
, ΠA =

1

2γ
E
[
(E[v − p | p])2

]
.

Let Y ≡ v − p, F ≡ σ(ηi, p), and G ≡ σ(p). Since G ⊂ F ,

E[(E[Y | F ])2] = δ2 +Var(E[Y | F ]), E[(E[Y | G])2] = δ2 +Var(E[Y | G]).

The unconditional mean term δ2/(2γ) is therefore common to the two investors and cancels

from the difference. By the law of total variance,

Var(E[Y | H]) = Var(Y )− E[Var(Y | H)]

for any conditioning set H. Applying this identity to F and G gives

Var(E[Y | F ])− Var(E[Y | G]) = E[Var(Y | G)]− E[Var(Y | F)].

Normality makes the conditional variances constant:

Var(v | ηi, p) =
1

τv + τM + τp
, Var(v | p) = 1

τv + τp
.

Since p belongs to both conditioning sets, Var(v − p | ·) = Var(v | ·). Hence

ΠM,∞ − ΠA =
1

2γ

[
1

τv + τp
− 1

τv + τM + τp

]
=

τM
2γ(τv + τp)(τv + τM + τp)

.

The expression is strictly positive whenever τM > 0.

Proof of Lemma 10. Let ṽ ≡ v − v̄ and p̃ ≡ p− E[p]. Since

p̃ = αṽ +
z

ξ
, v − p = δ + (1− α)ṽ − z

ξ
,

the cursed investor’s demand can be written as

xM,c
i =

hηi + (1− h)v̄ − p

γ
=
δ − p̃

γ
+
h(ηi − v̄)

γ
.

Thus the common prior-minus-price component is (δ − p̃)/γ, while the investor-specific in-
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formation correction is h(ηi − v̄)/γ. Equivalently,

xM,c
i =

δ + (h− α)ṽ + hei − z/ξ

γ
.

The gross expected return is therefore

E[(v − p)xM,c
i ] =

1

γ
E
[(
δ + (1− α)ṽ − z

ξ

)(
δ + (h− α)ṽ + hei −

z

ξ

)]
=

1

γ

[
δ2 + (1− α)(h− α)σ2

v + ω
]
,

where independence eliminates all cross terms involving ei, z, and ṽ. The expected trading

cost is

γ

2
E[(xM,c

i )2] =
1

2γ

[
δ2 + (h− α)2σ2

v + h2σ2
M + ω

]
.

The identity

h2σ2
M = h(1− h)σ2

v

follows from h = τM/(τv + τM), σ2
M = 1/τM , and σ2

v = 1/τv. Substituting this identity and

collecting terms gives

ΠM,c =
δ2

2γ
+

(h− 2α + α2)σ2
v + ω

2γ
, (A104)

or, equivalently,

ΠM,c =
δ2

2γ
+
σ2
v

2γ

[
h− 2α + α2 + ωτv

]
. (A105)

The AI investor is a Bayesian best responder to p, so

ΠA =
1

2γ
E
[
(E[v − p | p])2

]
.

The equivalent price signal is

sp =
ξ

ζ

(
p− µ

ξ

)
= v +

z

ζ
,

so sp is a signal about v with noise variance 1/τp. Thus

E[v | p] = hpsp + (1− hp)v̄, hp =
τp

τv + τp
.
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Because p̃ = α(sp − v̄),

E[v − p | p] = δ +

(
hp
α

− 1

)
p̃.

The AI demand can therefore be decomposed as

xAj =
δ − p̃

γ
+
hp(sp − v̄)

γ
.

The first term is the same prior-minus-price component that appears in cursed investor

demand. The second term is the AI’s price-signal correction. Since sp − v̄ = p̃/α, the AI’s

total price loading differs from the cursed investor’s total price loading, but the difference is

exactly the price-information channel summarized by hp.

Using Var(p̃) = α2σ2
v + ω, the optimal-demand representation gives

ΠA =
1

2γ
E

[(
δ +

(
hp
α

− 1

)
p̃

)2
]

=
δ2

2γ
+

(hp − α)2

2γα2

(
α2σ2

v + ω
)
.

Since ω/α2 = σ2
z/ζ

2 = 1/τp, and

σ2
v +

ω

α2
=

1

τv
+

1

τp
=
σ2
v

hp
,

the AI profit is

ΠA =
δ2

2γ
+

(hp − α)2σ2
v

2γhp
. (A106)

Equivalently,
(hp − α)2

hp
= hp − 2α +

α2

hp
= hp − 2α + α2 +

α2τv
τp

.

Since ω = α2/τp, this becomes

ΠA =
δ2

2γ
+
σ2
v

2γ

[
hp − 2α + α2 + ωτv

]
. (A107)

Subtracting (A107) from (A105) gives the result directly:

ΠM,c − ΠA =
σ2
v(h− hp)

2γ
=
h− hp
2γτv

.

Since h and hp are increasing transformations of τM and τp, respectively, the sign is positive
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if and only if τM > τp.

Proof of Proposition 11. By Lemma 10, it suffices to show τM > τp for all τM > 0. The

aggregate signal loading satisfies

ζ ≤ ψβM,c
η =

ψτM
γ(τv + τM)

.

Thus

τp = ζ2τz ≤
ψ2τ 2Mτz

γ2(τv + τM)2
.

The inequality τM > τp is implied by

(τv + τM)2

τM
>
ψ2τz
γ2

.

Let

f(τM) ≡ (τv + τM)2

τM
=

τ 2v
τM

+ 2τv + τM .

Then

f ′(τM) = 1− τ 2v
τ 2M

,

so the unique minimizer is τM = τv, with minimum 4τv. Hence τM > τp for all τM > 0

whenever

4τv >
ψ2τz
γ2

,

which is equivalent to σz > ψσv/(2γ).

Convergence compatibility. The threshold σz > ψσv/(2γ), where ψ = ψc + ψs, is com-

patible with the following sufficient dynamic-stability condition, conditional on finite-level

price admissibility:

ψs ≤
27γ2σ2

z

8ψσ2
v

.

At the boundary σz = ψσv/(2γ), this condition becomes ψs ≤ 27ψ/32.

For the AI-dominance window established below, Proposition 12 requires σz < ψcσv/(2γ).

At the boundary σz = ψcσv/(2γ), the same sufficient convergence condition becomes ψs ≤
27ψ2

c/(32ψ). Proposition 12 assumes convergence to an informative, price-admissible fixed

point for each τM under consideration. These inequalities guarantee the dynamic-stability

part of that premise at the respective boundaries; they do not by themselves establish finite-

level price admissibility.
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Proof of Proposition 12. By Lemma 10, AI investors outperform cursed investors if and only

if

τ ∗p (τM) > τM .

The fixed-point map for price informativeness depends only on signal loadings:

Gc(τp) = τz

(
ζc +

χs

τ̂ c + τp

)2

, τ̂ c ≡ τv + τM , ζc ≡ ψc
τM

γ(τv + τM)
, χs ≡ ψsτM

γ
.

(A108)

Nonzero v̄ and S affect the intercept channel. The assumed convergence of that channel

supplies a limiting intercept, while price admissibility ensures that the resulting noncentered

objective price is finite. Define g(τp; τM) ≡ Gc(τp) − τp. Since Gc is strictly decreasing and

the identity map is strictly increasing, g is strictly decreasing in τp. The fixed point satisfies

g(τ ∗p (τM); τM) = 0, so τ ∗p (τM) > τM if and only if g(τM ; τM) > 0. This is equivalent to

φ(τM) ≡ Gc(τM)

τM
=
τzτM
γ2

(
ψc

τv + τM
+

ψs
τv + 2τM

)2

> 1. (A109)

Step 1: the relative informativeness ratio vanishes at both extremes. As τM → 0, the

cursed investor’s signal coefficient satisfies

βM,c
η =

τM
γ(τv + τM)

→ 0.

Strategic investors’ signal loadings are also bounded by the cursed loading, so the aggregate

signal loading is bounded above by ψβM,c
η . Hence ζ = O(τM), τ ∗p (τM) = ζ2τz = O(τ 2M), and

τ ∗p (τM)

τM
→ 0.

As τM → ∞, βM,c
η → 1/γ, so ζ ≤ ψ/γ and τ ∗p (τM) ≤ ψ2τz/γ

2. This bound is independent of

τM , so again
τ ∗p (τM)

τM
→ 0.

Step 2: the dominance region is non-empty when noise trading is small. The fixed point

τ ∗p (τM) is continuous in τM becauseGc(τp)−τp is continuous in (τp, τM) and strictly decreasing

in τp. To find an interior point at which AI dominates, evaluate the relative price precision

at τM = τv. The cursed-investor signal-loading floor gives

ζ ≥ ψcβ
M,c
η .
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At τM = τv, this gives
τ ∗p (τv)

τv
≥ (ψc/(2γ))

2τz
τv

=
ψ2
cσ

2
v

4γ2σ2
z

.

This exceeds one when σz < ψcσv/(2γ), so the AI-dominance region is non-empty.

Step 3: the dominance set has a two-threshold structure. The function φ in (A109) is a

positive constant times the square of

q(τM) ≡
√
τM

(
ψc

τv + τM
+

ψs
τv + 2τM

)
.

Because q(τM) ≥ 0, it suffices to show that q is unimodal. Differentiating q, multiplying by

2
√
τM > 0, and setting the derivative equal to zero yields

ψc(τv − τM)

(τv + τM)2
=
ψs(2τM − τv)

(τv + 2τM)2
.

The left-hand side is positive only when τM < τv, and the right-hand side is positive only

when τM > τv/2. Any solution therefore lies in (τv/2, τv). On this interval, the left-hand side

is strictly decreasing from 2ψc/(9τv) to 0, while the right-hand side is strictly increasing from

0 to ψs/(9τv). Hence there is exactly one critical point. The function q extends continuously

to zero at τM = 0, is positive on (0,∞), and converges to zero as τM → ∞. Its unique

critical point is therefore a maximum, so φ is unimodal.

Because φ is unimodal, the super-level set {τM : φ(τM) > 1} is either empty or a single

interval. Step 2 shows that it is non-empty. Write it as (τaM , τ
b
M). Since σM = 1/

√
τM is

strictly decreasing in τM , define

σLM ≡ 1√
τ bM

, σHM ≡ 1√
τaM

.

Then ΠM,c < ΠA if and only if σM ∈ (σLM , σ
H
M).

C.3 Finite-Level Robustness Figures

The main text uses level 3 as a low-sophistication example. The following figures repeat

each comparison at levels 2 and 4. The patterns are stable across these nearby levels.
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Figure A2: AI and Cursed-Investor Profit Gaps with Level-2 Investors
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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(d) τA = 1 (σA = 1)

Notes: Each panel plots ΠA−ΠM,c in a market with level-2 strategic investors. The horizontal axis is
noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Red regions favor
AI, blue regions favor cursed investors, and the solid black contour marks equal profits. Panels (a)–
(d) set τA ∈ {0, 0.04, 0.5, 1}, corresponding to σA ∈ {∞, 5,

√
2, 1}. Parameters are v̄ = 0, S = 0,

σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and σM ∈ [0.05, 3].
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Figure A3: Cursed-Investor Profits with Level-2 Investors
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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Notes: Each panel plots ΠM,c in a market with level-2 strategic investors. The horizontal axis
is noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Red regions
indicate positive profit, blue regions indicate negative profit, and the solid black contour marks zero
profit. Panels (a)–(d) set τA ∈ {0, 0.04, 0.5, 1}, corresponding to σA ∈ {∞, 5,

√
2, 1}. Parameters

are v̄ = 0, S = 0, σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and
σM ∈ [0.05, 3].
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Figure A4: AI and Level-2 Profit Gaps
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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Notes: Each panel plots ΠA−ΠM,2 in a market with level-2 strategic investors. The horizontal axis is
noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Red regions favor
AI, blue regions favor level-2 investors, and the solid black contour marks equal profits. Panels (a)–
(d) set τA ∈ {0, 0.04, 0.5, 1}, corresponding to σA ∈ {∞, 5,

√
2, 1}. Parameters are v̄ = 0, S = 0,

σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and σM ∈ [0.05, 3].
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Figure A5: Level-2 Investor Profits
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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Notes: Each panel plots ΠM,2 in a market with level-2 strategic investors. The horizontal axis
is noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Red regions
indicate positive profit, blue regions indicate negative profit, and the solid black contour marks zero
profit. Panels (a)–(d) set τA ∈ {0, 0.04, 0.5, 1}, corresponding to σA ∈ {∞, 5,

√
2, 1}. Parameters

are v̄ = 0, S = 0, σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and
σM ∈ [0.05, 3].
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Figure A6: AI and Cursed-Investor Profit Gaps with Level-4 Investors

0.4 0.8 1.2 1.6 2.0
Noise-trader volatility z

0.5

1.0

1.5

2.0

2.5

3.0

Hu
m

an
 si

gn
al

 n
oi

se
 

M

-0.46

-0.23

0.00

0.23

0.46

Ne
t p

ro
fit

 g
ap

 
A

M
,c

(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)

0.4 0.8 1.2 1.6 2.0
Noise-trader volatility z

0.5

1.0

1.5

2.0

2.5

3.0

Hu
m

an
 si

gn
al

 n
oi

se
 

M

-0.34

-0.17

0.00

0.17

0.34

Ne
t p

ro
fit

 g
ap

 
A

M
,c

(c) τA = 0.5 (σA ≃ 1.41)
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Notes: Each panel plots ΠA−ΠM,c in a market with level-4 strategic investors. The horizontal axis is
noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Red regions favor
AI, blue regions favor cursed investors, and the solid black contour marks equal profits. Panels (a)–
(d) set τA ∈ {0, 0.04, 0.5, 1}, corresponding to σA ∈ {∞, 5,

√
2, 1}. Parameters are v̄ = 0, S = 0,

σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and σM ∈ [0.05, 3].

113



Figure A7: Cursed-Investor Profits with Level-4 Investors
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)

0.4 0.8 1.2 1.6 2.0
Noise-trader volatility z

0.5

1.0

1.5

2.0

2.5

3.0

Hu
m

an
 si

gn
al

 n
oi

se
 

M

-2.17

-1.08

0.00

1.08

2.17

Ne
t e

xp
ec

te
d 

pr
of

it 
M

,c
(d) τA = 1 (σA = 1)

Notes: Each panel plots ΠM,c in a market with level-4 strategic investors. The horizontal axis
is noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Red regions
indicate positive profit, blue regions indicate negative profit, and the solid black contour marks zero
profit. Panels (a)–(d) set τA ∈ {0, 0.04, 0.5, 1}, corresponding to σA ∈ {∞, 5,

√
2, 1}. Parameters

are v̄ = 0, S = 0, σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and
σM ∈ [0.05, 3].
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Figure A8: AI and Level-4 Profit Gaps
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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(d) τA = 1 (σA = 1)

Notes: Each panel plots ΠA−ΠM,4 in a market with level-4 strategic investors. The horizontal axis is
noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Red regions favor
AI, blue regions favor level-4 investors, and the solid black contour marks equal profits. Panels (a)–
(d) set τA ∈ {0, 0.04, 0.5, 1}, corresponding to σA ∈ {∞, 5,

√
2, 1}. Parameters are v̄ = 0, S = 0,

σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and σM ∈ [0.05, 3].
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Figure A9: Level-4 Investor Profits
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(a) τA = 0 (σA = ∞)
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(b) τA = 0.04 (σA = 5)
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(c) τA = 0.5 (σA ≃ 1.41)
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(d) τA = 1 (σA = 1)

Notes: Each panel plots ΠM,4 in a market with level-4 strategic investors. The horizontal axis
is noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Red regions
indicate positive profit, blue regions indicate negative profit, and the solid black contour marks zero
profit. Panels (a)–(d) set τA ∈ {0, 0.04, 0.5, 1}, corresponding to σA ∈ {∞, 5,

√
2, 1}. Parameters

are v̄ = 0, S = 0, σv = 1, γM = γA = 1, (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), σz ∈ [0.05, 2], and
σM ∈ [0.05, 3].
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C.4 Profit Gaps with Uninformed AI at the Convergent Limit

The limiting profit gaps preserve the main information mechanisms from the level-3 market.

AI dominance over cursed investors remains confined to a low-noise, intermediate-signal

window. Against strategic humans, convergence removes the small finite-level AI advantage:

level-∞ investors outperform uninformed AI throughout because they observe the same price

and retain a private signal.

Figure A10: Profit Gaps with Uninformed AI and Infinite Strategic Reasoning
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(a) AI minus cursed-investor profit
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(b) AI minus level-∞ profit

Notes: Panel (a) plots ΠA − ΠM,c, and panel (b) plots ΠA − ΠM,∞, in the convergent market
in which AI receives no fundamental signal (τA = 0). Red regions favor AI, blue regions favor
the human comparator, and the solid black contour marks equal profits. The horizontal axis is
noise-trader volatility σz, and the vertical axis is human private-signal noise σM . Parameters are
v̄ = 0, S = 0, σv = 1, γM = γA = 1, and (ψc, ψs, ϕ) = (0.30, 0.30, 0.40), with σz ∈ [0.05, 2] and
σM ∈ [0.05, 3].
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D Training Sophistication and Test Profits

D.1 Rational-Expectations Test Environment

Throughout this appendix, τA = 0. The training and deployment exercises therefore isolate

the sophistication embedded in an AI rule learned without a fundamental signal.

For each training level k, take the pre-trained AI algorithm

xA,k(p) = −βA,kp p+ µA,k,

as given in the deployment market. This market retains cursed investors and replaces the

level-k population by rational-expectations (RE) investors of measure ψs. These investors

know the pre-trained AI demand and best respond to the equilibrium price that it induces.

Let ψ ≡ ψc + ψs, τ̂
c ≡ τv + τM , and define

ζc ≡ ψcβ
M,c
η , χs ≡ ψsτM

γM
, Gc(τp) ≡ τz

(
ζc +

χs

τ̂ c + τp

)2

. (A110)

Here βM,c
η = τM/(γM τ̂

c), βM,c
p = 1/γM , and µM,c = τvv̄/(γM τ̂

c).

Proposition 34 (Unique rational-expectations equilibrium). Suppose ψs > 0. The equilib-

rium price precision is the unique positive fixed point

τRE
p = Gc(τ

RE
p ) = τz

[
ψcβ

M,c
η +

ψsτM
γM(τ̂ c + τRE

p )

]2
. (A111)

It does not depend on either pre-trained AI coefficient. Define

ζRE ≡
√
τRE
p /τz, τ̂M,RE ≡ τ̂ c + τRE

p , (A112)

hM,RE
p ≡

τRE
p

τ̂M,RE
, hM,RE

v ≡ τv
τ̂M,RE

, (A113)

ΛRE ≡ 1 +
ψsh

M,RE
p

γMζRE
. (A114)

If
ψ

γM
+ ϕβA,kp ̸= 0, (A115)

the unique rational-expectations equilibrium has aggregate coefficients

ξk→RE =
ψ/γM + ϕβA,kp

ΛRE
, µk→RE =

ψcµ
M,c + ψsh

M,RE
v v̄/γM + ϕµA,k − S

ΛRE
, (A116)
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and price

pk→RE =
ζRE

ξk→RE

v +
z

ξk→RE

+
µk→RE

ξk→RE

. (A117)

The three RE demand coefficients are

βM,RE
η =

τM
γM τ̂M,RE

, (A118)

βM,RE
p,k =

1− hM,RE
p ξk→RE/ζ

RE

γM
, (A119)

µM,RE
k =

hM,RE
v v̄ − hM,RE

p µk→RE/ζ
RE

γM
. (A120)

Proof. Conjecture an equilibrium price

p =
ζ

ξ
v +

z

ξ
+
µ

ξ
, ζ > 0, ξ ̸= 0. (A121)

The price is equivalent to the signal

sp ≡
ξ

ζ

(
p− µ

ξ

)
= v +

z

ζ
, τp = ζ2τz. (A122)

Hence an RE investor’s posterior mean is

E[v | ηi, p] =
τM

τ̂ c + τp
ηi +

τp
τ̂ c + τp

sp +
τv

τ̂ c + τp
v̄. (A123)

Substituting (A122) into xM,RE
i = (E[v | ηi, p]−p)/γM gives the three coefficients in (A118)–

(A120), with the candidate aggregate coefficients in place of their equilibrium values.

The aggregate coefficient on v must therefore satisfy

ζ = ψcβ
M,c
η +

ψsτM
γM(τ̂ c + ζ2τz)

. (A124)

Multiplying by
√
τz and squaring gives τp = Gc(τp). The map Gc is continuous, positive, and

strictly decreasing when ψs > 0. Moreover, Gc(0) > 0 and Gc(τp) − τp → −∞ as τp → ∞.

Thus (A111) has exactly one positive solution, which fixes ζRE.

Next aggregate the coefficients on price. Using (A119),

ξk→RE =
ψc
γM

+ ψsβ
M,RE
p,k + ϕβA,kp

=
ψ

γM
+ ϕβA,kp −

ψsh
M,RE
p

γMζRE
ξk→RE.

119



This linear equation gives the first expression in (A116). Aggregating intercepts and using

(A120) similarly gives

µk→RE = ψcµ
M,c + ψsµ

M,RE
k + ϕµA,k − S

= ψcµ
M,c +

ψsh
M,RE
v v̄

γM
+ ϕµA,k − S −

ψsh
M,RE
p

γMζRE
µk→RE,

which gives the second expression. Market clearing is then

ξk→REp = ζREv + z + µk→RE,

so the price used to form the posterior is exactly the price generated by the resulting demands.

The precision equation has one solution, and the two linear coefficient equations are non-

singular. These equations therefore uniquely determine the equilibrium price and demands.

If ψ/γM + ϕβA,kp = 0, the price-sensitivity equation forces ξ = 0; because σz > 0, no finite

price can then clear the market almost surely.

D.1.1 Profits and pre-trained-algorithm regret

Apply Proposition 7 using equilibrium price coefficients ξk→RE, ζ
RE, and µk→RE. Substitute

the relevant human coefficients and the pre-trained AI coefficients. To isolate the loss from

deploying the algorithm without further updating, define

αk ≡
ζRE

ξk→RE

, ck ≡
µk→RE

ξk→RE

,

p̄k ≡ E[pk→RE] = αkv̄ + ck, δk ≡ v̄ − p̄k,

Vp,k ≡ Var(pk→RE) = α2
kσ

2
v +

σ2
z

ξ2k→RE

. (A125)

Let

hA,RE
p ≡

τRE
p

τv + τRE
p

. (A126)

An atomistic AI without fundamental signals that reoptimizes while holding the actual price

law (A117) fixed chooses

xA,BR
k (p) =

E[v − p | p]
γA

= −βA,BR
p,k p+ µA,BR

k , (A127)
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where

βA,BR
p,k =

1− hA,RE
p ξk→RE/ζ

RE

γA
, (A128)

µA,BR
k =

(1− hA,RE
p )v̄ − hA,RE

p µk→RE/ζ
RE

γA
. (A129)

This is an atomistic counterfactual: it changes the AI’s holding at the given price but does

not re-clear the price after changing that holding.

Proposition 35 (Exact deployment regret). The pre-trained AI profit satisfies

ΠA
k→RE = ΠA,BR

k→RE −Rk, (A130)

where

ΠA,BR
k→RE =

1

2γA

{
δ2k +

(hA,RE
p − αk)

2

hA,RE
p

σ2
v

}
. (A131)

Writing the slope and intercept errors as εβ,k ≡ βA,kp − βA,BR
p,k and εµ,k ≡ µA,k − µA,BR

k , the

exact noncentered regret is

Rk =
γA
2

{
(εµ,k − εβ,kp̄k)

2 + ε2β,kVp,k
}
≥ 0. (A132)

Regret is zero if and only if the pre-trained algorithm equals the best response of an AI without

fundamental signals almost surely. In the centered model, v̄ = S = 0 implies µA,k = µk→RE =

µA,BR
k = p̄k = 0, so

Rk =
γA
2
(βA,kp − βA,BR

p,k )2Vp,k. (A133)

Proof. Conditional on price, completing the square gives

E[v − p | p]x− γA
2
x2 =

E[v − p | p]2

2γA
− γA

2

(
x− E[v − p | p]

γA

)2

. (A134)

Taking expectations at the pre-trained rule proves (A130) and (A132). The price signal

implies

E[v − p | p] = δk +

(
hA,RE
p

αk
− 1

)
(p− p̄k).

Its demand coefficients are (A128) and (A129). Finally,

Vp,k
α2
k

= σ2
v +

1

τRE
p

=
σ2
v

hA,RE
p

,
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which gives (A131). The centered formula is the corresponding specialization of (A132).

D.1.2 Profit gaps and the regularity condition

Proof of Lemma 13. First impose only equal trading costs, γM = γA ≡ γ. The counterfac-

tual best-response AI and a cursed investor face the same price. Substitution into Proposi-

tion 7 gives the information-value difference

ΠA,BR
k→RE − ΠM,c

k→RE =
1

2γτv

[
τRE
p

τv + τRE
p

− τM
τv + τM

]

=
τRE
p − τM

2γ(τv + τM)(τv + τRE
p )

. (A135)

An RE investor adds a private signal to the price information of the counterfactual AI. The

value of that signal is the reduction in posterior variance:

ΠM,RE
k→RE − ΠA,BR

k→RE =
1

2γ

[
1

τv + τRE
p

− 1

τv + τM + τRE
p

]
=

τM
2γ(τv + τRE

p )(τv + τM + τRE
p )

. (A136)

Subtracting the regret in (A130) yields

∆c(k) =
τRE
p − τM

2γ(τv + τM)(τv + τRE
p )

−Rk, (A137)

∆RE(k) = − τM
2γ(τv + τRE

p )(τv + τM + τRE
p )

−Rk. (A138)

The constants do not depend on k, so

∆c(k + 1)−∆c(k) = ∆RE(k + 1)−∆RE(k) = Rk −Rk+1. (A139)

Now impose v̄ = S = 0 and convergence of the training coefficient system. At its limit,

the training precision solves (A111); the limiting training market and the deployment market

with RE investors therefore coincide. In particular, βA,∞p is the fixed point of the deployment

best-response map. Define

aRE ≡
hA,RE
p ϕ

γζREΛRE
≥ 0. (A140)

Using (A116) in (A128) shows that the best-response map is linear with slope −aRE. Its

122



fixed-point property gives

βA,kp − βA,BR
p,k = (1 + aRE)(βA,kp − βA,∞p ). (A141)

Moreover,

Vp,k =
(ΛRE)2

[
(ζRE)2σ2

v + σ2
z

]
(ψ/γ + ϕβA,kp )2

. (A142)

Combining (A133)– (A142) gives

Rk = CRE

(
|βA,kp − βA,∞p |
|ψ/γ + ϕβA,kp |

)2

, CRE ≡ γ

2
(1 + aRE)2(ΛRE)2

[
(ζRE)2σ2

v + σ2
z

]
> 0, (A143)

Together with (A139), this proves the lemma.

For the centered equal-cost benchmark, define the deployment-relevant distance

dk ≡
|βA,kp − βA,∞p |
|ψ/γ + ϕβA,kp |

. (A144)

The regularity condition requires

dk+1 ≤ dk for every k ≥ 0. (A145)

It requires the pre-trained AI demand to move weakly closer to its limiting deployment-

market demand at every training transition, after normalizing for the algorithm’s effect on

aggregate price sensitivity. A strict inequality at a given transition produces a strict increase

in both relative-profit gaps.

Proof of Proposition 14. By Lemma 13 and (A144),

∆h(k + 1)−∆h(k) = CRE(d
2
k − d2k+1), h ∈ {c,RE}.

The regularity condition makes this expression nonnegative for every k, and it is strictly

positive whenever dk+1 < dk.

Equation (A138) is strictly negative whenever τM > 0, so an RE investor always outper-

forms the pre-trained AI. Equation (A137) shows that the AI strictly outperforms a cursed

investor if and only if τRE
p > τM and

Rk <
τRE
p − τM

2γ(τv + τM)(τv + τRE
p )

. (A146)
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Corollary 3 (Sufficient conditions for the regularity condition). Maintain the assumptions

of Lemma 13. Either condition below implies the regularity condition dk+1 ≤ dk for every k.

1. The coefficients {βA,kp }k≥0 and their limit lie in one pole-free interval, and the coefficient

path moves monotonically toward βA,∞p .

2. The coefficients and their limit lie in a compact pole-free interval I, and for some

ρ ∈ [0, 1),

|βA,k+1
p − βA,∞p | ≤ ρ|βA,kp − βA,∞p | for every k, (A147)

ρ
maxβ∈I |ψ/γ + ϕβ|
minβ∈I |ψ/γ + ϕβ|

≤ 1. (A148)

Strict movement in part 1, or a strict inequality in (A148) with no finite attainment of the

limit in part 2, gives dk+1 < dk and hence strict increases in both gaps.

Proof. On a pole-free interval containing βA,∞p , the map

β 7−→
β − βA,∞p

ψ/γ + ϕβ

has derivative
ψ/γ + ϕβA,∞p

(ψ/γ + ϕβ)2
,

whose sign is constant. Monotone movement toward the limit therefore weakly reduces its

absolute value. Under part 2, the ratio dk+1/dk, whenever dk > 0, is bounded above by the

left side of (A148). If dk = 0, the raw contraction keeps the path at the limit. The strict

claims follow from the same argument.

D.1.3 Eventual regularity under strict stability

In the centered model with equal trading costs, write the training state as

νk ≡
βM,k
p

βM,k
η

, ζk =
√
τ kp /τz, ξkH =

ψc
γ

+ νk(ζk − ζc). (A149)

Its anchors are

τ 0p = (ψβM,c
η )2τz = Gc(0), ν0 =

τ̂ c

τM
. (A150)

The state recursion is

τ k+1
p = Gc(τ

k
p ), νk+1 = aν(τ

k
p ) + bν(τ

k
p )ν

k, (A151)
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where

aν(τp) ≡
τ̂ c + τp
τM

− τp
τM

ψc + ϕ

γ
√
τp/τz + [τp/(τv + τp)]ϕ

, (A152)

bν(τp) ≡ − τp
τM

γ(
√
τp/τz − ζc)

γ
√
τp/τz + [τp/(τv + τp)]ϕ

< 0. (A153)

The trained AI coefficient is the smooth state function

βAp (τp, ν) =

√
τp/τz − hAp (τp)

[
ψc/γ + ν(

√
τp/τz − ζc)

]
γ
√
τp/τz + hAp (τp)ϕ

, hAp (τp) ≡
τp

τv + τp
. (A154)

Let

κc ≡ |G′
c(τ

RE
p )|. (A155)

Strict fixed-point stability means

κc < 1, |bν(τRE
p )| < 1. (A156)

Proposition 36 (Eventual gap improvement under strict stability). Maintain the conver-

gence and nondegeneracy assumptions of Lemma 13. Suppose ψs > 0, (A156) holds, and the

training denominators remain nonzero in a neighborhood of the fixed point. Then there are

λA ∈ {−κc, bν(τRE
p )} ⊂ (−1, 0) and CA ̸= 0 such that either

βA,kp − βA,∞p = CAλ
k
A + o(|λA|k), (A157)

or, when the two eigenvalues coincide,

βA,kp − βA,∞p = CAkλ
k
A + o(k|λA|k). (A158)

Consequently, dk+1 < dk for every sufficiently large k, and both profit gaps then increase

strictly.

Proof. The Jacobian of (A151) at (τRE
p , ν∞) is lower triangular:(
−κc 0

a′ν(τ
RE
p ) + b′ν(τ

RE
p )ν∞ bν(τ

RE
p )

)
. (A159)

Both eigenvalues are negative and strictly inside the unit circle. The anchor satisfies τ 0p =

Gc(0) > Gc(τ
RE
p ) = τRE

p . Because Gc is strictly decreasing, no finite iterate equals the fixed
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point. Smoothness and strict stability then give

τ kp − τRE
p = Cτ (−κc)k + o(κkc ), Cτ ̸= 0. (A160)

Indeed, the ratio of the precision errors at k+1 and k is −κc+O(|τ kp −τRE
p |). The associated

infinite product converges to a finite nonzero constant because the strictly stable orbit is

summable.

The AI coefficient loads nontrivially on the driven state:

∂βAp
∂ν

∣∣∣∣∣
(τRE

p ,ν∞)

= −
hA,RE
p (ζRE − ζc)

γζRE + hA,RE
p ϕ

< 0. (A161)

Its loading on the informativeness eigendirection cannot cancel either. With all partial

derivatives evaluated at (τRE
p , ν∞), direct substitution of the fixed-point identities gives

∂βAp
∂τp

[G′
c(τ

RE
p )− bν(τ

RE
p )] +

∂βAp
∂ν

[a′ν(τ
RE
p ) + b′ν(τ

RE
p )ν∞]

=
τRE
p τv(ζ

RE − ζc)
{
γ[τRE

p (ζRE − ζc) + τ̂ cζRE] + ϕτM
}

(τ̂ c + τRE
p )(τv + τRE

p )2(γζRE + hA,RE
p ϕ)

[
τM(γζRE + hA,RE

p ϕ) + τRE
p γ(ζRE − ζc)

] > 0.

(A162)

For the variation-of-constants argument, set uk ≡ τ kp − τRE
p and vk ≡ νk− ν∞ within this

proof. A first-order expansion gives

uk+1 = −κcuk +O(u2k),

vk+1 = bν(τ
RE
p )vk + [a′ν(τ

RE
p ) + b′ν(τ

RE
p )ν∞]uk +O(u2k + |ukvk|).

If the eigenvalues are distinct, define

wk ≡ vk −
a′ν(τ

RE
p ) + b′ν(τ

RE
p )ν∞

−κc − bν(τRE
p )

uk.

Then

wk+1 = bν(τ
RE
p )wk +O(u2k + |ukwk|).

Variation of constants gives two possibilities. A nonzero homogeneous driven component

leads at rate |bν(τRE
p )| when that rate exceeds κc; otherwise the forced precision component

in (A160) leads. Equation (A161) makes the first loading nonzero, while (A162) makes the

second loading nonzero. This proves (A157), including the case in which the nominally
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slower homogeneous mode has zero amplitude.

If the eigenvalues coincide at λA, variation of constants gives

νk − ν∞ =
[a′ν(τ

RE
p ) + b′ν(τ

RE
p )ν∞]Cτ

λA
kλkA + o(k|λA|k). (A163)

At equality of the eigenvalues, the first term on the left side of (A162) vanishes. The Jordan

coefficient remains nonzero after multiplication by ∂βAp /∂ν, proving (A158). In both cases,

lim
k→∞

|βA,k+1
p − βA,∞p |
|βA,kp − βA,∞p |

= |λA| < 1. (A164)

The denominator in (A144) converges to a nonzero limit by nondegeneracy of the rational-

expectations equilibrium. Its ratio at k and k + 1 therefore converges to one. Equation

(A164) implies dk+1 < dk for all sufficiently large k. The common-regret identity (A139)

then makes both profit gaps strictly increasing on the same tail.

Strict stability controls the tail, not the finite prefix. For example, the primitive bound

ψs ≤
27γ2σ2

z

8ψσ2
v

(A165)

guarantees fixed-point convergence under training-market nondegeneracy, but it does not

preclude early overshooting. The regularity condition is therefore stronger than convergence

and eventual regularity.

D.2 Level-Infinity Human-Demand Robustness Exercise

The earlier train-on-k, test-at-level-∞ exercise uses a different deployment protocol. It uses

the cursed demand and the level-∞ human demand characterized in the previous section;

the latter describes the most sophisticated strategic investors in the model. For each k, the

pre-trained AI algorithm is deployed without further updating, and the equilibrium price

re-clears. To make the distinction explicit, define

ζ∞ ≡ ψcβ
M,c
η + ψsβ

M,∞
η , ξ∞H ≡ ψcβ

M,c
p + ψsβ

M,∞
p ,

µ∞
H ≡ ψcµ

M,c + ψsµ
M,∞ − S, ξ̃k ≡ ξ∞H + ϕβA,kp ,

µ̃k ≡ µ∞
H + ϕµA,k. (A166)
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The re-cleared price is

p̃k =
ζ∞

ξ̃k
v +

z

ξ̃k
+
µ̃k

ξ̃k
. (A167)

At a finite k, the level-∞ demand need not be optimal for the resulting equilibrium price

because it is not reoptimized for each pre-trained AI algorithm. Thus this exercise is a

robustness comparison, not a rational-expectations equilibrium. The distinction disappears

as k → ∞.

Figure A11 shows patterns similar to the main RE exercise. Both relative-profit gaps

rise in the three displayed calibrations, and most of the adjustment occurs between k = 0

and k = 2. For (σM , σz) = (1, 0.2), the AI underperforms cursed investors at k = 0 but

overtakes them at k = 1; its gap relative to level-∞ investors narrows but remains negative.

When (σM , σz) = (1, 0.8) or (4, 0.2), the AI remains below both human policies. High noise-

trader volatility makes prices noisy. Very noisy private signals also weaken the fundamental

information embedded in informed demand and hence in the price observed by the AI.

Let Π̃A
k→∞ and Π̃M,h

k→∞ denote the deployment profits of the pre-trained AI and human type

h ∈ {c,∞}. The arrow records the training environment and the level-∞ human-demand

exercise; it is not a limit operator. Define

∆̃h(k) ≡ Π̃A
k→∞ − Π̃M,h

k→∞, h ∈ {c,∞}. (A168)

Proposition 37 (Monotonic improvement under the regularity condition). Suppose v̄ =

S = 0, γM = γA ≡ γ, and ψs > 0. Let the training and deployment markets have the

same primitives and population shares, and hold the cursed and level-∞ human demands

fixed in the deployment market. Suppose the training recursion is well defined, the level-∞
equilibrium has ξ∞H > 0 and ξ∞ > 0, and every induced equilibrium is nondegenerate. If the

regularity condition (A190) holds, then

∆̃h(k + 1) > ∆̃h(k) for every k ≥ 0 and h ∈ {c,∞}. (A169)

D.2.1 Eventual Improvement under Strict Stability

The regularity condition controls every training level. Strict fixed-point stability alone de-

livers the weaker tail result.

Proposition 38 (Eventual improvement under strict stability). Maintain the assumptions

of Proposition 37, except for the regularity condition. Suppose the fixed point is strictly

stable: the eigenvalues −κc and bν(τ
∞
p ), defined in (A153), have absolute value below one.
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Figure A11: Training Sophistication with Level-∞ Human Demand
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(a) AI profit gap relative to cursed investors
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(b) AI profit gap relative to level-∞ investors

Notes: The horizontal axis is the sophistication k ∈ {0, . . . , 8} of strategic investors in the AI
training market. For each k, the pre-trained AI algorithm is deployed without further updat-
ing, the human demands from the previous section are held fixed, and the equilibrium price re-
clears. AI receives no fundamental signal in training or deployment (τA = 0). Panel (a) plots
∆̃c(k), and panel (b) plots ∆̃∞(k). Positive values favor AI. From top to bottom, (σM , σz) =
(1, 0.2), (1, 0.8), (4, 0.2). Other parameters are v̄ = 0, S = 0, σv = 1, γM = γA = 1, ψc = 0.30,
ψs = 0.30, and ϕ = 0.40. Training and deployment markets share these primitives and population
shares. Vertical scales differ across the six plots.
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For h ∈ {c,∞}, define

k̃h,⋆ ≡ min
{
K ∈ {0, 1, . . .} : ∆̃h(k + 1) > ∆̃h(k) for every k ≥ K

}
, (A170)

with min∅ ≡ ∞. Then

k̃c,⋆ = k̃∞,⋆ ≡ k̃⋆ <∞. (A171)

Thus both gaps strictly increase after the same finite training level. Their one-step changes

have the same sign at every training level.

Proof. The human demands from the previous section imply price sensitivity

ξ∞H = ψcβ
M,c
p + ψsβ

M,∞
p ,

so deploying an AI algorithm with slope β gives the centered price

p(β) =
ζ∞v + z

ξ∞H + ϕβ
.

Write

t∞(β) ≡ β

ξ∞H + ϕβ
.

Let β∞ ≡ βA,∞p , τ∞p ≡ (ζ∞)2τz, and ξ
∞ ≡ ξ∞H + ϕβ∞ > 0. The AI and level-∞ price-signal

weights are

h∞A ≡
τ∞p

τv + τ∞p
, h∞M ≡

τ∞p
τv + τM + τ∞p

, 0 < h∞M < h∞A < 1.

The limiting AI best-response condition is

γβ∞ = 1− h∞A
ξ∞

ζ∞
, (A172)

and the limiting human coefficients satisfy

γβM,∞
η =

τM
τv + τM + τ∞p

, (A173)

γβM,∞
p = 1− h∞M

ξ∞

ζ∞
, (A174)

βM,c
p =

1

γ
, ξ∞H =

ψc
γ

+ ψsβ
M,∞
p > 0. (A175)

Equations (A172) and (A174) imply βM,∞
p > β∞. Hence ξ∞H + ϕβM,∞

p ≥ ξ∞ > 0, while
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(A174) gives γβM,∞
p < 1.

Because 1/(ξ∞H + ϕβ) = (1− ϕt∞(β))/ξ∞H , substituting (A172)– (A175) into (38) makes

each gap an exact quadratic in t∞(β), with zero derivative at t∞(β∞). Completing the square

gives

∆̃h(k) = ∆̃h(∞) + Γ̃h
[
t∞(βA,kp )− t∞(β∞)

]2
. (A176)

Here ∆̃h(∞) is the gap obtained by setting the AI slope to β∞. The curvature coefficients

are

Γ̃c = − [(ζ∞)2σ2
v + σ2

z ]γ

2

(
1 +

ϕ

γξ∞H

)2

< 0, (A177)

Γ̃∞ = −(ζ∞)2σ2
v + σ2

z

2

(
1 +

ϕβM,∞
p

ξ∞H

)(
γ +

2ϕ

ξ∞H
−
γϕβM,∞

p

ξ∞H

)
< 0. (A178)

The second sign follows from ξ∞H + ϕβM,∞
p > 0 and γβM,∞

p < 1.

It remains to derive eventual contraction from the training recursion. Write

τ k+1
p = Gc(τ

k
p ), (A179)

νk+1 = aν(τ
k
p ) + bν(τ

k
p )ν

k, νk ≡
βM,k
p

βM,k
η

. (A180)

Let τ ∗p ≡ τ∞p . Strict stability means

κc ≡ |G′
c(τ

∗
p )| < 1, |bν(τ ∗p )| < 1. (A181)

The Jacobian of (A179)– (A180) at (τ ∗p , ν
∞) is triangular, with eigenvalues −κc and bν(τ ∗p ),

both in (−1, 0).

The precision mode is active. The anchored initial condition satisfies τ 0p = Gc(0) >

Gc(τ
∗
p ) = τ ∗p , and strict decrease of Gc implies that no finite iterate equals τ ∗p . Hence

τ kp − τ ∗p = Cτ (−κc)k + o(κkc ), Cτ ̸= 0. (A182)

Indeed, the ratio of successive precision errors is −κc +O(|τ kp − τ ∗p |). The associated infinite

product converges to a nonzero constant because strict stability makes the orbit summable.

The trained AI slope is a smooth function βAp (τp, ν). Its loading on the driven state is

nonzero:
∂βAp
∂ν

∣∣∣∣∣
∗

= −h
∞
A (ζ∞ − ζc)

γζ∞ + h∞A ϕ
< 0. (A183)
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Evaluating all partial derivatives at (τ ∗p , ν
∞) and substituting the fixed-point identities gives

∂βAp
∂τp

[G′
c(τ

∗
p )− bν(τ

∗
p )] +

∂βAp
∂ν

[a′ν(τ
∗
p ) + b′ν(τ

∗
p )ν

∞]

=
τ ∗p τv(ζ

∞ − ζc)
{
γ[τ ∗p (ζ

∞ − ζc) + τ̂ cζ∞] + ϕτM
}

(τ̂ c + τ ∗p )(τv + τ ∗p )
2(γζ∞ + h∞A ϕ)

[
τM(γζ∞ + h∞A ϕ) + τ ∗pγ(ζ

∞ − ζc)
] > 0. (A184)

Set uk ≡ τ kp − τ ∗p and vk ≡ νk − ν∞ within this proof. A first-order expansion gives

uk+1 = −κcuk +O(u2k),

vk+1 = bν(τ
∗
p )vk + [a′ν(τ

∗
p ) + b′ν(τ

∗
p )ν

∞]uk +O(u2k + |ukvk|).

If the eigenvalues are distinct, define

wk ≡ vk −
a′ν(τ

∗
p ) + b′ν(τ

∗
p )ν

∞

−κc − bν(τ ∗p )
uk.

Then

wk+1 = bν(τ
∗
p )wk +O(u2k + |ukwk|).

Variation of constants gives two cases. A nonzero homogeneous driven component leads when

|bν(τ ∗p )| > κc; otherwise the forced precision component leads. Equation (A183) makes the

first loading nonzero, while (A184) makes the second loading nonzero. Thus, including when

the nominally slower homogeneous mode has zero amplitude, there are λA ∈ {−κc, bν(τ ∗p )}
and CA ̸= 0 such that

βA,kp − β∞ = CAλ
k
A + o(|λA|k). (A185)

If the eigenvalues coincide at λA, variation of constants gives

νk − ν∞ =
[a′ν(τ

∗
p ) + b′ν(τ

∗
p )ν

∞]Cτ

λA
kλkA + o(k|λA|k). (A186)

At equality, the first term on the left side of (A184) vanishes. The coefficient of the Jordan

term is therefore nonzero after applying ∂βAp /∂ν, so

βA,kp − β∞ = CAkλ
k
A + o(k|λA|k), CA ̸= 0. (A187)

In either case,

lim
k→∞

|βA,k+1
p − β∞|
|βA,kp − β∞|

= |λA| < 1. (A188)
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Finally, let

ek ≡ t∞(βA,kp )− t∞(β∞).

Because

t′∞(β∞) =
ξ∞H

(ξ∞H + ϕβ∞)2
̸= 0,

equation (A188) implies
e2k+1

e2k
−→ |λA|2 < 1.

Therefore e2k+1 < e2k for every sufficiently large k. Equation (A176) and Γ̃h < 0 then give

∆̃h(k + 1)− ∆̃h(k) = Γ̃h(e
2
k+1 − e2k) > 0, h ∈ {c,∞},

eventually. At every k, the two gap changes have the same sign because they multiply the

same change in e2k by negative constants. Consequently, the sets defining k̃c,⋆ and k̃∞,⋆ are

identical and nonempty, which proves

k̃c,⋆ = k̃∞,⋆ = k̃⋆ <∞.

D.2.2 Monotonic improvement under the regularity condition

Define the price-normalized AI slope and its limit by

q̃k ≡
βA,kp

ξ∞H + ϕβA,kp

, q̃∞ ≡ β∞
ξ∞H + ϕβ∞

. (A189)

The regularity condition requires

|q̃k+1 − q̃∞| < |q̃k − q̃∞| for every k ≥ 0. (A190)

It strengthens tail convergence by controlling the finite prefix.

Proof of Proposition 37. Because q̃k = t∞(βA,kp ), the exact representation (A176) becomes

∆̃h(k) = ∆̃h(∞) + Γ̃h(q̃k − q̃∞)2, Γ̃h < 0. (A191)

Hence

∆̃h(k + 1)− ∆̃h(k) = Γ̃h
[
(q̃k+1 − q̃∞)2 − (q̃k − q̃∞)2

]
.
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Condition (A190) makes the bracketed term negative. Since Γ̃h < 0, the difference is positive

for both h = c and h = ∞ at every k. The identity also shows that the condition is

necessary for strict increases in both gaps and that their one-step changes always have the

same sign.

Two path restrictions are sufficient for the regularity condition. First, it holds if the

trained slopes remain in one pole-free interval and move strictly and monotonically toward

β∞. Second, let I be a compact pole-free interval containing every trained slope and β∞. It

is enough that, for some ϱ ∈ [0, 1),

|βA,k+1
p − β∞| ≤ ϱ|βA,kp − β∞| for every k ≥ 0, (A192)

ϱ
maxβ∈I |ξ∞H + ϕβ|
minβ∈I |ξ∞H + ϕβ|

< 1. (A193)

The first restriction rules out overshooting. The second permits an alternating slope path

but requires raw contraction to dominate changes in aggregate price sensitivity.
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