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Abstract

How can a mechanism designer justify an allocation to participants by disclosing
(as little as possible) information about their reports? For common auction formats,
in order to unambiguously justify the outcome by disclosing bids, the designer must
disclose essentially all of the bids. In contrast, the designer can justify the claim that no
bidder could have gotten a better outcome by disclosing only the price-setting and win-
ning bid(s). Turning to student-school matching mechanisms, Serial Dictatorship and
Top Trading Cycles have intuitive justifications that disclose only that students prefer
their matched outcome over other schools. In contrast, justifying Deferred Acceptance
requires revealing information about what students would have preferred more than

their matched school.
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1 Introduction

Traditional economic theory provides apt theoretical justifications for why a mechanism de-
signer should choose given outcomes. However, it ignores the question of how a designer
should justify these outcomes to the mechanism’s participants. For many real-world mecha-
nisms, participants’ (in)ability to see why the outcome was selected is a first-order concern.
For example, matching mechanisms have received complaints that the process “rais|es] con-
cerns about transparency” (Kasman & Valant, 2019) or even “invites accusations of [cor-
ruption]” (Robertson et al., 2021). Additionally, many high-profile online auctions have
switched from a second-price format (highlighted as desirable by classical economic theory)
to a first-price format (Google, 2019; Despotakis et al., 2021), a chose that may have been
influenced by the fact that (only) in the first-price format, each bidder knows—solely from
his bid and without any additional justification—the price he will pay if he wins.

The classic Second-Price Auction (2PA) illustrates how, according to some notions, jus-
tifying a mechanism’s outcome can be challenging. Suppose the designer announces the
outcome that bidder ¢+ won at price p, and she aims to justify the outcome by disclosing a
small set of bids. If even a single bid b; is not revealed, then it remains conceivable (for
example) that p < b; < b;, and the correct price should have been b; instead of p. Hence, we
say that to justify the outcome of 2PA unambiguously by disclosing bids, the designer must
disclose all bids.!

On the other hand, the outcome of 2PA can be justified, according to a different notion,
much more easily. Suppose the designer announces that bidder ¢ wins at price p, and discloses
the highest and second-highest bids, b; and b;, with b, > p and b; = p. Then, each bidder
can be sure that no outcome consistent with b; and b; is better for him than his announced
outcome.? Hence, we say that the outcome of 2PA is justified uncontestably—in that every
bidder knows he got the best possible outcome consistent with the bids—when the designer
discloses only two bids.?

In this paper, we study how the outcomes of mechanisms can be justified via ex post
disclosures the designer makes about the reports of each agent. Our results for 2PA dis-

cussed above showcase key general features of our model. First, it accommodates multiple

L Grigoryan and Méller (2024) prove that, for a similar reason, 2PA satisfies a property they call minimal
auditability; see Section 1.1. Our model shows how this non-auditability can be mitigated (for uncontestable
justification) by disclosing the price-setting bid.

2Specifically, bidder i knows his price could not be lower than bj, and each k # i knows that he could
not have won.

30f course, if the designer can make more-flexible disclosures than simply revealing bids, then there is an
additional, related approach that achieves unambiguous justification. In particular, if the designer discloses
that j’s bid was equal to p, that i’s bid was at least p, and that if k ¢ {i, 5} then k’s bid was at most p, then
the outcome is unambiguous.



justification types (e.g., unambiguous vs. uncontestable) that delineate, to different levels
of precision, why the announced outcome was selected. Second, we consider a designer who
wishes to disclose as little information as possible, and wishes to use specific disclosure types
(e.g., fully-disclosing bids of only a few bidders).

Our first main application is to auctions. We formalize the above discussion for 2PA, and
investigate our model for other auction formats, focusing on uncontestable justification and
disclosures revealing (only) specific bids. For the First-Price Auction, justification can be
accomplished by disclosing only a single bid: the winner’s. For multi-unit auctions with L
homogeneous goods, the VCG auction requires disclosing up to L winning bids and L price-
setting bids. For multi-unit auctions heterogeneous goods, justification cannot generally be
accomplished unless essentially all the bids are disclosed.

Our second main application is to matching. To illustrate how the designer can justify
matchings, consider the classic Serial Dictatorship (SD) mechanism. In SD, each student ¢ is
considered in (priority) order 1,2, ..., n, and is matched to his highest-ranked yet-unmatched
school p(i). SD selects the outcome p for a concrete reason: each student i preferred pu(i)
over every other remaining school h € {u(i + 1),...,u(n)}. This exactly corresponds to a
(partial) disclosure about the report of each student 7.* In fact, these are a particular type of
disclosure we call prefers-outcome disclosures, which reveal that some student ¢ prefers their
outcome (i) over some set of other schools. Given a fixed priority order, these disclosures
force the outcome of SD to be u, hence they unambiguously justify p. Thus, SD can be
justified using (arguably intuitive) prefers-outcome disclosures that can be specified from
only the announced outcome pu.°

We consider two classic priority-based matching mechanisms: the efficient Top Trading
Cycles (TTC) and the stable (student proposing) Deferred Acceptance (DA). We assume
that students know their priority scores, and consider what information about their reported
rankings must be revealed in order to justify the announced matching . Our findings con-
tribute to a long discourse comparing these two mechanisms, which (both in the literature
and in practice) have largely favored DA, with one stated reason being its perceived inter-

pretability. Indeed, when Boston adopted DA over TTC in 2005, their strategic planning

41f the designer considers disclose rules that (as in our results for single-item auctions) either fully-reveal
of fully-conceal a student’s report, then very little is possible without revealing (essentially) all of the reports.
For example, disclosure rules must (even for uncontestable justification) justify to student n in SD why each
of the seats {p(1), 1(2), ..., u(n — 1)} was taken, which requires disclosing at least some information about
each student in {1,2,...,n —1}.

5 Méller (2026) proves that SD satisfies a property he calls transparency, for reasons related to the fact
that justifying SD requires no announcements other than pu; see Section 1.1. Our results for matching show
that, with mild additional announcements, more-intricate mechanisms such as TTC can be justified using
disclosures very comparable to those of SD.



team wrote that “[In TTC,] the behind the scenes mechanized trading makes the student
assignment process less transparent [than in DA]” (BPS, 2005).

Our main result for TTC highlights a potentially-overlooked advantage: TTC can be
justified with disclosures quite similar to those justifying SD. In particular, for every profile
of student reports, there exists an ordering (hy, ho,...,h,) on the schools such that the
TTC matching p is unambiguously justified by the fact that all students @ prefer hy = pu(7)
over every school in {hgi1,...,h,}.5 Hence, after announcing the TTC matching u and
specifying this ordering of schools, the designer can unambiguously justify p using these
prefers-outcome disclosures, strikingly similar to those used for SD.”

For DA, our findings are more nuanced. To begin, we show via a simple example—
provided in Figure 1—that DA cannot be justified using prefers-outcome disclosures. In
other words, unambiguously justifying the outcome p of DA requires sometimes revealing
that A »; p(i) for some student i. To get intuition for why this is the case, note that the
information A >; 1(i) can be the reason that some alternative matching p' with p(i) = p/'(4)
becomes unstable, and hence this information must be released to explain why DA did not
output g’

Figure 1: Example showing that DA cannot
Students: Schools: be justified with prefers-outcome disclosures.

1:A=, B~ C A:2%=43%41 When each student i reports >;, DA produces match-

ing {(1,B),(2,A4),(3,C)}. Alternatively, if student

2: B Ay O B:l>-p3-p2 3’s rii)ort)h(aud b)ee(n >Z}, DA would have produced

3:A=3C =3B C:3=c2>c1 {(1,A4),(2,B),(3,C)}. Hence, when each i reports >;,

Cs' Av' B justifying the matches of students 1 and 2 requires the

3 3 designer to disclose the fact that student 3 prefers A
over her outcome C.

or :

Given the above negative finding, we follow two alternative approaches to justifying DA.
The first approach—analogous to our notion of uncontestable justification considered for
auctions—is to justify a relaxed, less-specific property of the outcome. For the stable mech-
anism DA, it may be enough to justify the claim that the announced matching p is stable.
This can be done with prefers-outcome disclosures via a frequently-used representation of

stable matchings (Azevedo & Leshno, 2016), namely, by disclosing that for each student i,

SIn fact, this ordering hi,...,h, is exactly the order in which the schools were matched in the TTC
algorithm. Given this ordering and the above disclosure, it is easy to see that the outcome of TTC is
uniquely determined. Leshno and Lo (2021) also highlight the importance of the order in which schools are
matched in the TTC algorithm, but their results focus on communication the outcome, not on justifying it;
see Section 1.1.

“We remark that our model does not require this ordering to be verified by a trusted third-party in
order to provide justification. Instead, our result shows that, if students all independently verify that the
announced ordering and outcome matching is consistent with their own information (their priorities and
reported ranking), then both the ordering and the matching must be as in TTC.



we have p(i) =; h for all schools h in the set {h | i = u(h)}.® Note, however, that since this
will not unambiguously justify DA, the designer could use such disclosures to justify other
matchings, such as the outcome of school-proposing DA.

Second, we consider how one can justify DA using more-flexible disclosures than in
prefers-outcome disclosures, but while still revealing minimal total information about stu-
dents’ reports. We formalize the amount of information a disclosure protocol reveals as its
communication cost. Building on recent results in theoretical computer science on the com-
plexity of DA (Gonczarowski & Thomas, 2024), we present a protocols that require little
more communication than just describing the outcome matching p. Briefly, this protocol
works by first justifying stability via the approach above, and additionally disclosing enough
preferences h =; p(i) in order to guarantee that no Pareto improvement to p can also be
stable. Since the outcome p of DA is the unique Pareto optimal stable matching, such a
disclosure guarantees that p is the outcome of DA.

We believe that the notions we defined elucidate the precise meaning and transparency
guarantees of disclosing validated price-setting bids in auctions. They also highlight intuitive
ways to justify the outcomes of the efficient SD and, perhaps-surprisingly, TTC outcomes,
and while the situation becomes more-involved for DA, we provide justifications for that
popular mechanism as well. Beyond our specific insights discussed above, a key goal in this
work is to provide a flexible theoretical framework to reason about disclosure rules, so that

these results and others beyond can be formalized in a cohesive language.

1.1 Related Work

Our paper contributes to the literature on simplicity and transparency in mechanism design.
Many works in this area focus on incentives, and study the design of interactive mechanisms.
These papers show that interaction can encourage straightforward preference reporting in
strategyproof mechanisms (e.g., Li, 2017, Pycia and Troyan, 2023, Meisner and von Wan-
genheim, 2023, B6 and Hakimov, 2024, Nagel and Saitto, 2024, 2025, Dreyfuss et al., 2025),°
and can incentivize the designer to follow the intended protocol (e.g., Akbarpour & Li, 2020;
Komo et al., 2024). Another group of papers, also focused on the simplicity of incentives,
study the design of ex ante descriptions of the mechanism (e.g., Katuscéak and Kittsteiner,
2025, Goncezarowski et al., 2024, 2025).

8These disclosures, as for SD, can be determined from (only) the priorities and the announced outcome
matching p. (Moller, 2026) proves that, for related reasons, what he calls safe deviations from DA must be
stable matchings; see Section 1.1.

9A complementary line of works study the (non-)simplicity of (deviating from) straightforward preference
reporting in non-strategyproof mechanisms, e.g., Fernandez (2018), Borgers and Li (2019), Troyan and
Morrill (2020), Hartman et al. (2025), and Shirakawa (2025).



In contrast to the works discussed above, we study the design of ex post disclosures. We
abstract over the incentives of the designer, and study a fundamental notion of transparency:
disclosing enough information to justify—to different levels of precision—the outcome an-
nounced by the designer.

We view our paper as conceptually most-related to prior works on auditability and trans-
parency. In particular, Moller (2026) and Grigoryan and Méller (2024) present findings that
(while not considered in the context of disclosure rules) capture related insights. Grigoryan
and Moller (2024) define the auditability index of a mechanism as the number of agents
required to (using their private information) falsify any incorrect outcome, and say that a
mechanism is minimally-auditable if this requires all n agents. They find that 2PA (as well
as DA) is minimally-auditable. Moller (2026) says that a safe deviation from a matching
mechanism is one that no single agent could falsify, and says that a mechanism is trans-
parent if it has no safe deviations. He finds that SD, but not TTC or DA, is transparent.
Our work shows how, with moderate additional disclosures, these mechanisms can be made
significantly more transparent.

We study static (non-interactive) mechanisms and ex post disclosures, and aim to mini-
mize the amount of communication these disclosures require. Hakimov and Raghavan (2025)
study how disclosure of priority cutoffs can make interactive matching mechanisms more
transparent, and do not attempt to minimize communication. Our framework is agnostic as
to the incentives of the designer, and (for unambiguous justification) requires than no in-
correct outcome can be justified with the disclosures. Woodward (2020) considers disclosure
rules for auctions garunteeing (only) that the auctioneer cannot profit from deviations.'”

On a technical level, our work is closely related to the interdisciplinary literature on com-
munication complexity in market design, such as Segal (2007), Gonczarowski et al. (2019),
and Gonczarowski and Thomas (2024). Indeed, our notion of unambiguous justification is
identical to the verification property required of nondeterministic communication protocols,
is a frequently-considered theoretical model used to prove lower bounds on the communi-
cation requirements of (potentially interactive) deterministic protocols.!! We study how
such communication protocols can be used ex post to justify the outcomes of (static, non-
interactive) mechanisms, and study novel, relaxed forms of justification and important special
types of disclosures.

Privacy is an additional desideratum that—while not the focus of our paper—is an im-

portant consideration in the design and implementation of disclosure rules. Works studying

10 Additionally, we require disclosures to separately reveal information about different agents’ reports (e.g.,
disclosing “Agent 1 bid $4 and agent 2 bid $5”). In contrast, Woodward (2020) allows disclosures that reveal
joint information about agents’ reports (e.g., disclosing “the highest bid is $57).

HFor background on communication complexity, see Kushilevitz and Nisan (1997).



the privacy of interactive mechanisms include Brandt and Sandholm (2005, 2008), Milgrom
and Segal (2020), and Haupt and Hitzig (2025). Further from our work is cryptographic
(e.g., Izmalkov et al., 2011, Canetti et al., 2025), differential (e.g., Dwork et al., 2006, Pai
and Roth, 2013), or stochastic (e.g., Eilat et al., 2025; Liu, 2025; He et al., 2026) notions
of privacy.'? Our results identify minimal-disclosures (in the sense of communication cost),
serving as a natural starting point for the investigation of maximal-privacy disclosure rules

achieving justification.

1.2 Paper Organization

Our paper proceeds as follows. In Section 2, we give preliminaries and define our general
model of justification through disclosure. In Section 3, we study auctions, focusing on
unambiguous justification through disclosing bids. In Section 4, we study matching, focusing

on justification through prefers-outcome disclosures.

2 Model

In this section, we provide preliminaries, define our general framework for justification, dis-

cuss how we reason about disclosures, and present two simple examples.

2.1 Preliminaries on Environments and Mechanisms

An environment specifies a set of outcomes and a set of agents, where each agent (“he”) has
independent (i.e., private value) preferences over the outcomes. Formally, an environment
(N, A, (7;),@\7) is defined as follows. There is a set N = {1,2,...,n} of agents and a set
of outcomes A. Each agent ¢ € N has a set 7T; of types, and each t; € 7T; corresponds to
a preference order iﬁi, which is a weak order over A.'* In ordinal environments we take
these preference orders as a primitive. In cardinal environments each t; € T; corresponds to
a utility function u}' = u* : A — R, and we write a =}’ b to mean u (a) > u}'(b).

We write ty = (t1,...,t,) € Ty = Ti X...x T, to denote a type profile. For I C N, we let
(tr,t_r) denote the type profile in 7Ty combining t; € T; = Xicr Tiandt_;€ T ;= XieN\I T;.

12Tiu (2025) shows that DA has the highest privacy loss (in terms of a novel worst-case privacy loss
score) among all stable matching mechanisms. This complements our finding that justifying DA requires
“privacy violating” (i.e., non-prefers-outcome) disclosures. In contrast to our result, Liu’s holds because in
DA, students’ matches are more highly-correlated with their preferences, whereas (as illustrated by Figure 1)
our result holds because students might not be matched to some school that they like.

13A weak order = is a total order with ties. Formally, it is a binary relation that is reflexive (Va : a < a),
transitive (Va,b,c:a < bAb < ¢ = a =< ¢), and connected (Va,b:a XbVb =<a). As is standard, we write
a > b when a = b but we do not have b > a.



When I = {i}, we write (¢;,¢t_;) with ¢t; € T; and t_; € T_;.

The designer (“she”) implements a (static, non-interactive) mechanism f : Ry — A,
which determines the selected outcome based on the reports r; that each agent i chooses from
a report space R;.'* Most of the mechanisms we consider have R; = 7; for all i € N. Many
are furthermore strategyproof (i.e., Vi € N, t;,t, € Ti,t_s € T+ f(ti,t_i) =5 f(t),t_;)). For
such mechanisms, we assume ¢ reports her true type ;.

Throughout the paper, we assume that the designer’s intended mechanism f is publicly
known ex ante, and that the outcome a selected by the designer is publicly known ex post.
For each agent 7, the designer collects his report r; via a private communication channel. In
the status quo setting without disclosure, the designer then simply announces the selected

outcome a € A.

2.2 Model of Disclosures and Justification

We consider a designer who wishes to select outcomes according to a mechanism f: Ry — A
and justify her selection using disclosures. She collects reports r; € R; from each agent 7 € N.
Then, she uses a protocol to announce (a, D), where a € A is the selected outcome and D
is a disclosure conveying information about agents’ reports.

Formally, a disclosure D is a set D C Ry of the form D = X._, D; for some D; C R;.
An announcement is a pair (a, D), where a € A and D is a disclosure. When ry € D,
we say that the disclosure D is consistent with ry, and that ry is consistent with D. A
(disclosure) protocol P is any set of announcements the designer might make. The disclosure
set D ={D | 3(a, D) € P} of protocol P is the set of disclosures P might make. When the
designer selects an announcement (a, D) from the protocol, outcome a is implemented, and
agents learn that the true report profile ry is consistent with D. Hence, disclosures provide
verifiably true partial information about the reports, which is publicly revealed ex post.

The designer’s goal is to use a disclosure to justify the selected outcome to the agents.
We say that D unambiguously justifies a (as the outcome of f) at ry if D is consistent at ry,
and for all 7y € D, we have f(ry) = a. Protocol P unambiguously justifies the mechanism f
if, for all ry € Ry, there exists an (a, D) € P such that D unambiguously justifies a = f(rn)
at ry, i.e.,

Vry €Ry:3(a,D)eP:ry e DAVTN € D: f(Tn) =al. (*)

Additionally, when P is an unambiguous justification protocol, we require that for all (a, D) €

P, there is some ry € Ry such that D unambiguously justifies a at ry.*°

YWe write 7y = (r7,r_7) for I C N, and other related notation, using the same conventions as for
agents’ types.
15For unambiguous justification, this implies that for all (a, D) € P, we have a = f(7y) for all Ty € Rx.



When P unambiguously justifies f, the designer can always select announcements (a, D)
that disclose enough information about the report profile to demonstrate—even to a third-
party observer—that outcome of f is (unambiguously) a. Motivated by Equation (*), we
will often describe a protocol D by specifying, for any report profile ry, a generic disclosure
D € D that justifies f(ry) at r.

Justification types. The first key set of desiderata in our paper are justification types.
Unambiguous justification is one type of justification, and is the strongest notion of justi-
fication we consider. We introduce additional, more-relaxed justification types throughout

the paper.

Disclosure types. The second key set of desiderata in our paper are disclosure types.
These are restrictions on the disclosures D used by a protocol. For instance, a report revealing
disclosure D for agent ¢ is one in which ¢’s report is fully revealed, and no other information
is given (i.e., D = Dyey(i,7;) = {r;} x R_;). We introduce additional, more-flexible disclosure
types throughout the paper.

We study protocols P that use specific combinations of disclosure types. Formally, this
means that each D € D is the intersection of disclosures of the specified types. For example,
we say that D uses at most k report-revealing disclosures when all D € D are of the form
{(rw)uev} X Rnwo = Nyew Drev(u, 1) for some U € N with |U| < k.

2.3 Quantifying and Minimizing Disclosure

Justification can always be achieved in a straightforward, generic way. In particular, every
mechanism can be unambiguously justified by a Full Disclosure protocol Pgy that completely
specifies all agents’ reports (i.e., the protocol P = {(f(ry),{rn}) | r~v € Ry}). While this
protocol indeed provides a reasonable justification of outcome a—after all, given ry any
party can simply calculate that a = f(ry)—our paper goes beyond this trivial baseline, and
characterizes what disclosures are required to achieve justification. In particular, we aim to
minimize disclosure.

We primarily formalize the amount of information disclosed by a protocol P as its com-
munication cost log, |P|. This measures the required length of messages that describe an-

nouncements (a, D) € P (up to constant factors, regardless of the encoding language).'® For

Hence, such protocols are uniquely determined from their disclosure sets D. This will not be true for other
notions, such as uncontestable justification, that we examine later in the paper.

16Tn particular, communicating an element of a finite set X requires [log, |X|] bits in the worst case,
since a string of bits of length k can take exactly 2¥ values. Throughout this paper, we consider asymptotic
communication costs as the number of agents n goes to infinity, and use the standard notation O, ), © for



most mechanisms we consider, we achieve protocols with cost roughly that of the status quo:
announcing the outcome (i.e., O(log|.A|)). This is typically much less than the cost Full
Disclosure (i.e., log |Ry|).

We also introduce a partial order on disclosures and protocols based on what information
they might reveal. For disclosures, we say Dy reveals less than Dy when Dy O Dsy. For
protocols, we say that Py reveals less than Po, written P; < Py, when V(a,Dy) € Py :

A(a, Dy) € Py : Dy O Dy, and additionally V(a, Dy) € Py : (a, D1) € Py : Dy O Dy. Hence,
P1 < Py means that in order to justify a given outcome, P; can always reveal less than

P2, and P, can always reveal more than P,. For all settings we study, Full Disclosure is a
maximum element under <. However, there are often multiple <-incomparable, <-minimal
protocols.!”

Finally, we say that a protocol P is outcome-communicated when there is exactly one
announcement (a, D) € P for each possible outcome a € A. This means that the protocol
is particularly minimal, and (under mild conditions) implies that P has minimum commu-
nication cost and is <-minimal. However, outcome-communicated protocols can only justify
a few simple mechanisms.

Before proceeding, we also remark on one of our foundational assumptions: that jus-
tifications must be made by specifying information about each individual agent’s report
separately (i.e., that all disclosures are of the form X, N D;). If we instead allowed joint
information about all agents reports (i.e., if we allowed disclosures to be arbitrary subsets
of Ry), then any mechanism could be unambiguously justified by the protocol containing
an announcement (a, {{ry € Ry | f(ry) =a}}) for each a € A. While such a protocol
matches the communication of announcing the outcome, it provides no nontrivial justifica-
tion for outcome a.'®

We are agnostic as to whether the designer will ever actually try to deviate and select
an incorrect outcome; we aim to provide important notions of justification even when the
designer is always honest. However, we highlight one particularly important facet in the
interpretation of our framework: that agents perceive the designer as being unable to “fab-
ricate” reports (e.g., to submit shill bids in auctions); for instance, because they trust that

other agents will validate that the disclosures are consistent with their reports.

an asymptotic relation that ignores constant factors, as well as (5, ﬁ, O for asymptotic relations that ignore
logarithmic factors.

"In Section A.2, we provide an explicit example of two incomparable <-minimal protocols. We also
provide additional exposition into the properties of <; this ordering is related to the refinement order on
partitions of Ry, with the main difference is that, unlike for partitions, disclosures need not be disjoint.

B0Our assumption that disclosures are of the form XieN D; also implies that agents can always validate
that the true reports ry are consistent with D by separately checking that r; € D,;, without resorting
sophisticated coordination, lending additional transparency to our protocols.



2.4 Introductory Examples and Discussion

We now provide two concrete examples that illustrate the primitives of our model and our

notion of (unambiguous) justification.

Two-Trader Mechanism. For our first example, consider an environment with two agents
N = {1,2} and two outcomes A = {ag,ar}, where ag represents a default outcome, and
ar represents the two agents engaging in trade (at an exogenously fixed price), to which
they both must concent. Each agent i has two types 7; = {=?, =T}, where ay = ar, and
ar >—iT ao. The Two-Trader mechanism 2-Trade : Ty — A selects outcome ar when both
agents 7 report =7 and selects ag otherwise.'?

Protocol 1, illustrated in Figure 2, provides a disclosure protocol for 2-Trade. Protocol 1
either announces the outcome was a® (“no trade”) and justifies this by disclosing a specific
agent ¢ who did not want to trade, or it announces a’ (“trade”) and discloses that both agents
wanted to trade. This unambiguously justifies 2-Trade since, for each possible disclosure,
there is a unique outcome consistent with the disclosure. Moreover, this protocol reveals the

minimum information of any unambiguous justification protocol for 2-Trade.?’

Protocol 1: Unambiguously Justifying 2-Trade Figure 2: Illustration of
The protocol contains three announcements: Protocol 1
e Selecting a® and disclosing that agent 1 reported =9 =T
e Selecting a® and disclosing that agent 2 reported 0 . .
=9, ie, (a® {(=9,=9), (~T,>~9)}), and 2 a a
e Selecting a® and disclosing that both agents
i € N reported =7, ie., (a7, {(~T,~1)}). =T a° al

Protocol 1 illustrates how concealing information can provide more-general justifications
of outcomes, compared to Full Disclosure. For example, at reports (=7, =9), the protocol can
justify the outcome by disclosing that agent 1 did not want to trade, where Full Disclosure
would specify that both agents do not want to trade. This example also shows that there

can be multiple distinct announcements (a, D) that are consistent with a given report profile

19Up to relabeling, this mechanism is also coincides with a two-agent voting rules that requires unanimous
consent to adopt policy ar. It also coincides with a special case of both the Top Trading Cycles and Deferred
Acceptance matching mechanisms, as follows. Agents are matched to schools X,Y, whose priorities over
agents are 1 =x 2 and 2 >x 1. Outcome ag corresponds to the matching po = {(1,X),(2,Y)}, and ar
corresponds to pur = {(1,Y),(2,X)}. Agent i’s preference = in the Trade mechanism corresponds to a
preference for i’s match in yg, and vice-versa for =1

20Formally, for all protocols P, unambiguously justifying 2-Trade, we have (Protocol 1) < Ps.

10



rn, and the protocol does not specify which the designer will choose. This fact can allow
the designer to reveal less information than in protocols in which all disclosures must be
disjoint.?*
Majority Voting. For our second example, consider the Majority Rule mechanism Maj
in an environment with voters N = {1,...,n}, candidates A = {a, b}, and binary types
(preferring either a or b). For simplicity, assume n is odd.

Protocol 2 presents a disclosure protocol for Maj, which announces the candidate z €
{a,b} that won the election, and discloses some majority of exactly (n + 1)/2 voters who
voted for x. As in our first example above, this protocol unambiguously justifies Maj, and

reveals the minimum information required to do so.??

Protocol 2: Unambiguously Justifying Maj

Outcome: Candidate x € {a, b} elected.
Disclosure: For some S C N with |S| = (n+ 1)/2, disclose that all ¢ € S voted for x.

Protocol 2 illustrates how (unambiguous) justification requires specifying why an outcome
is selected. Candidate = € {a, b} wins by receiving support from a majority of voters, so the
protocol must reveal such a majority to justify the claim that = wins. Moreover, in both
of Protocols 1 and 2, each announcement (a, D) has an intuitive verbal description that
explains why the outcome is a for all reports consistent with D. While our formal model
abstracts over precisely how justifications are verbally conveyed, this feature is true—to
various extents—of many protocols we construct.

While Protocol 2 announces the minimal disclosures that justify Maj, it requires substan-
tially more communication than the status quo approach of announcing (only) the winning
candidate.?? In particular, Protocol 2 has communication cost ©(n) bits.?* In contrast, for
the allocation problems we consider in our main results, we will achieve justifications that

require only a constant-factor increase in communication over announcing the outcome.

21For example, if all the disclosures in Figure 2 were required to be disjoint, then the protocol would
necessarily fully reveal {ry} for at least one of ry = (=9, 1) or ry = (=T, >9), disclosing more information
than necessary to justify a® as the correct outcome.

22To see that Protocol 2 is <-minimal, note that for each z € {a,b} and S C N of size (n + 1)/2, an
unambiguous justification protocol must sometimes announce (x, D) for some disclosure D that (at least)
reveals that S voted for z, and additionally must always announce some disclosure of this form.

23Here we show that justifying Majority Rule requires disclosing (just over) half the votes. In Section A.3,
we show that justifying Median Rule in a single-peaked voting environment can require even more, namely,
completely revealing every single vote.

24Intuitively, this means that specifying a subset of half the voters requires a string of length proportional
to n. To prove this formally, note that there is a distinct announcement in Protocol 2 for each of possible
2((n+’;)/2) pairs (z, S), where x € {a,b} and S is a set of (n+1)/2 voters, and apply Stirling’s approximation.
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3 Auctions

In this section, we study single- and multi-item auctions. We focus on bid revealing disclo-
sures. We show that a relaxed notion called uncontestable justification can often be achieved

using only a modest number of bid-revealing disclosures.

Preliminaries on auctions. In an auction environment, the agents i € N = {1,...,n}
are known as bidders. Each ¢ € N will receive a bundle B; € B;, and his type space 7; is
a set of valuations v; : B; — R>(. There is a set of feasible allocations F C XieN B;, and
each outcome (By, pn) € A consists of a feasible allocation By € F and prices py = (p;)ien
charged to the agents. When the select outcome is (B, py), agent ¢’s utility is v;(B;)—p;. For
concreteness, we ignore the possibility of ties, and assume that communicating prices requires
O(logn) bits.?® Throughout, we focus on (strategyproof or non-strategyproof) static, non-
interactive auctions in which the report space Ry equals the type space 7;, and refer to the
reports vy € Ry as bids.

In auction environments, agents always prefer outcomes where they are charged less
money but receive the same bundle of goods. We introduce terminology to capture this
fact, and any more-general situation where all possible types of agent ¢ agree on how some
outcomes compare. For a,b € A, we write a =} b when all types of i prefer a over b (i.e.,

Vt; € Ti s a =1 b); we then say that i always prefers a to b.

Bid Disclosures and Uncontestable Justification. For auctions with report space

26 A bid revealing

Rnx = Tn, a particularly salient form of disclosure is revealing bids.
disclosure is one where—for some agent ¢, value b, and bundle B; € B,—the disclosure
reveals that ¢ reported v; such that v;(B;) = b. Formally, it is thus a disclosure D of the
form

D:{’UZ‘ Eﬁlvz(Bz) :b} X7'_Z'.

25We formalize these technicalities as follows. For each bidder i € N, we assume all valuations v; € T;
have support V; C Rxo, where V; N V; = 0 for all i # j. We also assume log2(|Vi|) = (C'logn for some
constant C. For example, we can take V; = {v +27 v e {0,1,..., C’"}} Our results remain unchanged
if type spaces allow for ties, but auctions always break ties in some consistent way (e.g., in favor of the
lowest-index agent).

26Depending on the context, there may be many reasons to prefer bid-revealing disclosures over arbitrary
disclosures. For one, their meaning may be more concrete and interpretable, which may be helpful in
explaining auction outcomes. For another, if cryptographic signatures are needed in order to prevent shill
bidding, then validating the authenticity of a bid using digital signature can be easily done using off-the-
shelf and widely-available cryptography, while in contrast, it may be computationally far more challenging
to implementing a more-complicated cryptographic protocol that validates a claim such as b; < 100 (without
revealing more information about b;).
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As we will formalize momentarily, unambiguous justification is too strong a requirement
to achieve (nontrivial) bid-revealing disclosure protocols. Hence, we introduce a relaxed
notion based on the idea that no agent should have a reason to “complain” about the
announced outcome. In other words, the disclosure should make it clear, for each agent i,
that no outcome consistent with the disclosure could’ve been better for ¢ than the announced
one.

Formally, given a mechanism f, we say that disclosure D uncontestably justifies a at ry
if D is consistent at ry, and for all agents i and 7_; € D_;, we have a =} f(r;,7_;). Protocol
P uncontestably justifies f if, for all ry € Ry, there exists an (a, D) € P such that D

uncontestably justifies a = f(ry) at ry, i.e.,
Vry € Ry :3(f(ry),D) €P:ry € DA Vi€ N7 € D_y: f(ry) =F f(ri,7-5)]. (1)

Additionally, when P is an uncontestable justification protocol, we require that for all
(a, D) € P, there is some ry € Ry with f(ry) = a such that D uncontestably justifies
a at ry.

When P uncontestably justifies f, the designer can always select announcements (a, D)
that is consistent with the reports ry and also reveals enough information on reports to show
to each agent ¢ that—given the information ¢ has—mno outcome ¢ would have preferred to a
would be possible. Hence, under this announcement, no agent ¢ has any reason to “contest”

the outcome a, and we say that a is indeed uncontestable.

3.1 Single-item Auctions

In a single-item auction environment, agent i’s outcome a; € A; designates either that i wins
the item and paying a price p, or that i loses; outcomes a € A specify at most winner (and
his price). We consider two canonical auctions; both of them have report space T;, which
is referred to as the space of bids. In the strategyproof Second-Price Auction (2PA), the
agent with the highest bid wins and pays a price equal to the second-highest bid. In the
non-strategyproof First-Price Auction (1PA), the agent with the highest bid wins and pays
his own bid as his price. In both auctions, only the winner pays, and we denote the outcome
as (i,p) where i € N is the winner and p € R is the price he pays.

We start by describe two disclosure protocols justifying 2PA in our framework: Pro-
tocols 3 and 4. Protocol 3 uses 2 bid-revealing disclosures, in particular, it reveals the
highest-bid 0; and the second-highest bid b;, where b; = p. To see that this uncontestably
justifies outcome (7, p), observe that given only this disclosed information, (1) i knows that,

if he wins the auction, his price will be at least p, and (2) all bidders k # i know that they
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cannot win the auction while paying a price less than b;.%"

Protocol 3: Uncontestably justifying 2PA with 2 bid-revealing disclosures
Outcome: Bidder ¢ wins and pays price p.

Disclose that ¢ bid b; = ¢, where ¢ > p.

Disclose, for some j # i, that j bid b; = p.

Now, the closely-related Protocol 4 also discloses the price-setting bid(er) b; = p, but
it differs from Protocol 3 in that it uses more-flexible disclosures, other than just revealing
bids. It reveals that b < p for all non-winning, non-price-setting bidders k& ¢ {7, 5}. (And,
it makes the more-vague disclosure that for the winning bidder 7, b; > p.) This, of course,

uniquely determines the outcome of 2PA, i.e., it unambiguously justifies 2PA.

Protocol 4: Unambiguously justifying 2PA

Outcome: Bidder ¢ wins and pays price p.

Disclose that ¢ bid some value b; > p. for some j # i.
Disclose, for some j # 4, that j bid b; = p.

Disclose, for all k& ¢ {i, j}, that k bid some value b, <p .

Both these protocols intuitively amount to revealing the price-setting bid.?® However, we
meaningfully distinguish them by what information they contain. This distinction could be
made literal, e.g., via some technology such as cryptography that the designer must use to
validate the disclosures. Alternatively, the distinction could be conceptual, in that, e.g., real-
world participants may ignore vague disclosures such as “b, < p,” and interpret Protocol 4
as the same as Protocol 3. Hence, it becomes important to delineate what formal notions of
justification these protocols obtain; this is precicely what our framework provides.

As discussed in the introduction, unambiguously justifying 2PA by disclosing bids (i.e.,
combining the simple disclosure types of Protocol 3 with the strong justification type of
Protocol 4) requires disclosing all the bids. Indeed, this is true even in 1PA. To see this
formally, suppose the designer announces ((z, D), D) where D leaves even a single bid undis-
closed. Then, it could be the case that the undisclosed bidder placed bid greater than p, and
hence should have influence the outcome of the auction, either setting the price (which is
possible 2PA) or becoming the winner (which is possible in both 1PA and 2PA). Formally:

2"TNote that Protocol 3 be used to uncontestably justifies an outcome a at by, where a is not the correct
outcome 2PA(by). For instance, if N = {1,2,3}, at reports by = 3,bo = 1,b3 = 5, the outcome where
bidder 3 wins and pays 1 is uncontestably justified by disclosing that by was 1 (and that bs = 5). This is
exactly the sense in which this (uncontestable) protocol is “ambiguous”. We provide additional discussion
in Section A.4.

28Both have communication cost O(logn), matching (up to constant factors) the cost of communicating
a single bid or the identity of a single bidder.
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Proposition 3.1. For both 2PA and 1PA, any bid-revealing, unambiguous disclosure protocol

must reveal all n bids.

On the other hand, applying our notion of uncontestability, it is not hard to see that Pro-
tocol 5 justifies 1PA. This particularly-simple protocol discloses one less bid than Protocol 3
for 2PA, and is even outcome-communicated. Hence, while even the transparent mechanism
1PA requires some disclosure in our framework, we corroborate the findings indicating 1PA
is more transparent than 2PA. But we also delineate the discussion further, showing that
uncontestability is needed (under the restriction to revealing bids) and that 2PA requires

disclosing only a single additional bid more than 1PA.

Protocol 5: Uncontestably justifying 1PA with 1 bid-revealing disclosure
Outcome: Bidder ¢ wins and pays price p.
Disclose that ¢ bid b; = p.

3.2 Multi-item Auctions

We now briefly investigate our framework for two classic multi-item auction settings: multi-
unit auctions with homogeneous goods, and unit-demand auctions with heterogeneous goods,
which we introduce below. For simplicity, we focus on our main desiderata of interest for

auctions: bid-revealing disclosures and uncontestable justification.

Homogeneous goods. In a homogeneous goods environment, as in e.g. Ausubel (2004),
there a number of available units L; bundles B; € {0,1,..., L} indicate that i received B;
units; the feasible allocations are those By with ) .. B; < L; and types are functions
v; + {0,1,...,L} — R with diminishing marginals. We consider the VCG auction, and
denote this mechanism in the homogeneous goods environment by HG.

To begin to analyze the justification of HG, we observe that at some bid profiles, the
outcome can be justified with very few bid disclosures indeed. For instance, suppose there
are two bidders, a high bidder h and a low bidder ¢, where v,(j) = 100 - j for all j and
ve(j) = 10 - 5 for all j. Then h is allocated all L units and pays 10 - L. If we disclose that:
vp(L) = 100 - L, vp(L — 1) = 100 - (L — 1), and v,(L) = 10 - L, then in fact h knows he
could not have paid less than 10 - L, and ¢ knows he could not have been awarded any items
(since the diminishing marginals assumption means that v, is the only bid consistent with
this disclosure). Hence, disclosing 3 bids suffices for uncontestable justification, regardless

of the number of units L.%°

29 Additionally, the above example is not just an artifact of the fact that there are only two bidders.
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On the other hand, suppose that h has valuation as above and is still allocated all the
units, but his price is determined from L separate bidders (e.g., since there are L separate
other bidders k with v(j) = 50 for all 7 > 1). Then at least these L other bids v;(1) (or
some information about the bid of k) must be disclosed in order to uncontestably justify hA’s
price (which in this case is 50 - L). Since (as above) we must disclose at least two of h’s bids
to justify to these other bidders k that they did not receive any units, this example shows
we must sometimes disclose L + 2 bids.

We now show that HG can, generalizing the single-item auctions above, be uncontestably

justified using only a small number of bid-revealing disclosures.
Proposition 3.2. HG can be unambiguously justified by revealing at most 2L bids.

Proof. To present this proof, define the “marginal bids” of agent ¢ for unit j > 0 as m;(j) =
vi(j) —vi(j — 1). At each bid profile in VCG, the marginal bids fall into three categories:
“winning” marginal bids (those 4, j where in the outcome of HG, B; > j), “price-setting”
bids (those 4, j such that, if we removed some other agent k, then that marginal unit would
become winning), and other “losing” marginal bids. By definition there are at most L
winning bids. There are also at most L price-setting bids, since at most one such bid can
arise for each winning marginal bid. By revealing all the winning and the price-setting bids
(which are always, for each bidder 4, a set of units of the form 0,1,2,...,k for some k > 0),
one can infer all of the corresponding marginal bids, and these suffice to (1) ensure each
bidder that he could not have received more units and (2) ensure each bidder that he could

not have paid a lower price. Hence, 2L prices suffice to uncontestably justify HG. O

Unit Demand. In a homogeneous goods environment, as in e.g. Demange et al. (1986),
there is a set of goods M; bundle set B; = M U {(}} indicate what good i (or that i receives
nothing); the feasible allocations are matchings assigning each bidder to (at most) one item;
and types are functions v; : M — R. We consider the VCG auction, and denote this
mechanism in the unit demand environment by UD.

In this environment, we prove that (even uncontestable) justification is hard to achieve

by disclosing bids:

Proposition 3.3. Any disclosure protocol that justifies UD (either unambiguously or un-

contestably) using bid-revealing disclosures must sometimes reveal Q(n?) bids.

Proof. Consider an auction with n bidders {1,...,n} and n—1 items {z1,...,x,_1}. Define

a report profile as follows. For each bidder i € {1,...,n — 1}, let ¢ bid 10 on item z;, and

The example would still apply if there are more than two bidders, so long as their bids are even lower, e.g.
vg(j) =3+ J.
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0 otherwise. Then, let bidder n bid 9 on every item. On this bid profile, UD allocates each
ie{l,...,n—1} to z; (and they each pay 9), and bidder n goes unassigned. Whatever
disclosure D is announced by the designer must uncontestably justify this outcome to bidder
n, i.e., to must reveal enough information for bidder n to know that he could not have been
assigned (at a price less than 9).

However, consider the following modification to the bids. For any i,j € {1,...,n — 1},
suppose that ¢ bid 50 on z;, instead of 0, and suppose that no other bid changes. Then,
UD allocates ¢ to x; (at price 10). Furthermore, bidder j goes unassigned, and bidder n is
assigned to item z; (at price 0). Hence, the only way for a bid-revealing disclosure D to

uncontestably justify the correct outcome (under the original report profile) is to disclose all
such bids v;(z;), of which there are (n — 1)? = Q(n?). O

4 Matching

In this section, we study priority-based matching. We focus on prefers-outcome disclosures.
We show that a relaxed notion called uncontestable justification can often be achieved using

only a modest number of bid-revealing disclosures.

Preliminaries on Matching. In a (one-sided) matching environment, agents i € N =
{1,...,n} are students matched to (high) schools h € H. Student i’s type is a preference
ranking (i.e., a strict total order) >; order over a subset of schools. The subset of schools h
ranked by >=; are acceptable to i (written h >; (}); unranked schools are unacceptable (written
() =; h). Each outcome p € A is a matching p: N — HU{(} assigning at most one student
per school. Students may go unmatched (when u(i) = 00). By abuse of notation, for h € H
we write p(h) =i when p(i) = h, and u(h) = () if no such i € N exists. When student i has
type =, he prefers u to v when u(i) =; v(i).

In matching, and in mechanism design more-generally, we are interested in certain desir-
able outcome properties. We model these as functions P : Ty — 24, where P(ty) is the set
of outcomes satisfying the property at types t5.? For an example in a general environment,

Pareto Optimality is the set of outcomes that are not Pareto dominated at ¢y, i.e.,

P(ty) = {a € A | there is no a’ € A such that (Vi € N :a' ={ a) and (Ii € N :d' =7 a)}.

30When P(ty) # () for all ty € Ty, outcome properties are often referred to as social choice correspon-
dences. We adopt our terminology to emphasize that in our model, the designer will always announce a
mechanism that specifies a single outcome a = f(ry), but may justify only the claim that a satisfies property
P, ie., a € P(ry). Note that many properties of mechanisms, such as strategyproofness, are not outcome
properties.
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Prefers-Outcome Disclosures and Justifying Properties. Since matching mecha-
nisms lack the cardinal notion of the value of a bid, and instead elicit students’ ranked-order
preferences, we consider a different notion of an intuitive disclosure type (compared to our
bid-revealing notion in Section 3). We say that a disclosure D is a prefers-outcome disclosure
at outcome p if, for some student ¢ and a subset of schools R C H, it reveals that i prefers

u(i) over all other schools in R.*! That is, the announcement (x, D) must be such that
D = {=,eT;|p@i) =;rforalreR}xT,.

We also analyze a weaker notion of justification: (unambiguously) justifying properties
such as Pareto Optimality and Stability. This definition is perfectly analogous to unam-
biguous justification, but shows that the announced outcome has the property. Formally,
given an outcome property P, reported types ty € Ty and an outcome a € A, we say that
disclosure D justifies a as having the property P at ty if D is consistent at ¢y, and for all
Ty € D, we have a € P(Ty). Given a mechanism f, protocol P justifies that f has property
P if, for all ty € Ty, there exists an (f(ty), D) € P such that D justifies f(ty) as having
property P at ty, i.e.,

Viy € Ty : 3 (f(tN),D) eP:tye DA [V%VN eD: f(tN) € P(?Nﬂ (§)

Additionally, when P is an protocol justifying a property P of mechanism f, we require that
for all (a, D) € P, there is some ty € Ty with f(tny) = a where D justifies a as having
property P at ty.

4.1 Efficient Matching

We consider two canonical Pareto efficient matching mechanisms. First, Serial Dictatorship
(SD) is defined be a single priority order = over student i@ € N. The matching can be
calculated by, sequentially in the order specified by >, permanently matching each student
to his highest-ranked not-yet-matched institution. For concreteness, throughout our entire
paper we assume that priorities are fixed and publicly known (e.g., since they are determined

by pre-set school policies based on publicly-available information such as students’ address).?

31This notion restricts disclosures in a way that depends on the selected outcome a; hence, it is a restriction
on the announcements (a, D) of a protocol and not only on the disclosures D the protocol uses (as in the
case of bid-revealing disclosures).

32This assumption can also be relaxed, for each result we present, to the communication model where each
student starts out knowing their priority score at each school; one simply needs to communicate the relevant
information about the scores (that would induce the needed school preferences) in each particular protocol,
and students can still validate this information given their knowledge of their own scores. Of course, this
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Second, Top Trading Cycle (TTC) is defined by a profile of priority orders {>}nrez.
The matching can be calculated as follows: Every not-yet-matched student “points” to his
favorite not-yet-matched institution, and every remaining likewise institution points to its
highest-priority remaining student. Choose any cycle in this pointing graph and “eliminate”
it by permanently matching the students in the cycle to the institution they are pointing
to. Remove eliminated students and institutions, and repeat this process until all students’
matches are determined.

To begin, we observe that the rather simple and intuitive Protocol 6 unambiguously
justifies SD. This protocol is even outcome-communicated, since students can observe the

sets {u(7), u(i+1),...,u(n)} given only (the publicly-known priorities and) the matching .

Protocol 6: Unambiguously justifying SD with prefers-outcome disclosures

Outcome: The SD matching p with priority order 1,2, ..., n on the students.
Disclose that for all i, student ¢ prefers his match p(7) most out of

(@), pG+ 1), p(i +2),..., pu(n)}-

Next, we present our unambiguous justification protocol for TTC. This is Protocol 7.

Protocol 7: Unambiguously justifying TTC with prefers-outcome disclosures

Outcome: TTC matching p.

Announce the ordering hq, ho, hs ..., h, in which the schools were matched in the TTC
algorithm.

Disclose that for all 7, agent i prefers his match p(7) = hy most out of

{hies Tt - B ).

It is clear from the disclosure made by the protocol, and the definition of the TTC
algorithm, that if the schools indeed match in order hq,hs, hs..., h,, then the outcome p
must be correct. However, there is a subtlety here: to show that this protocol is truly
unambiguous, we must show that no incorrect ordering and incorrect matching can be used,

and still be consistent with the reports >x. We formalize this next.
Proposition 4.1. Protocol 7 unambiguously justifies TTC.

Proof. Given the announced outcome i, all students can infer from the ordering over schools
that the pointing relations when students matched (ignoring, for now, the round of the TTC

algorithm when they matched) were:

can means that additional communication (e.g., of others’ priorities in Protocol 6) is needed, but for each
result it is always at most O(n) bits with n students and schools.
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The main thing is to now observe that, given this information, anyone can infer what stu-
dent each school will point to at each step: they will point to their highest-priority remaining
student, where ‘remaining’ means that the student was not in an earlier cycle. Since such
an ordering always exists by the TTC algorithm, and since the disclosure on student pref-
erences then mean this execution of the algorithm is forced, this implies the matching in

unambiguously justified. O

We also note that, in contrast to SD, TTC has no outcome-communicated justification
protocol. To see this, suppose student ¢ is top priority at school h; for i € {1,2} (corre-
sponding to the Two Trader Mechanism as in Figure 2). Indeed, when 1 and 2 both prefers
school 2, or when 1 and 2 both prefer school 1, the outcome is the same—the higher-priority
student gets the favorite school. However, the disclosures must be different (as Figure 2

illustrates).

4.2 Stable Matching

We consider the classic Deferred Acceptance (DA) stable matching mechanism. Like TTC,
DA is defined by a profile of priority orders {>p},ez. The matching is produces as follows: A
currently-unmatched student 7 is chosen to “propose” to his favorite institution A which has
not yet “rejected” him. Institution A rejects the proposal from 7 if h is currently matched to
an student j with j >, 7. Otherwise h accepts the proposal, and if currently matched to a
j with @ =, j, then h rejects j. Rejected applicants become (currently) unmatched. Repeat
this process until no more students are unmatched and the final matching is determined.

As proven by Figure 1 in the introduction, we cannot justify DA using as-simple of
disclosures as for SD and TTC. Formally:

Proposition 4.2. It is impossible to unambiguously justify the DA outcome with prefers-

outcome disclosures.

However, there are two approaches to circumvent this. One approach, is presented in
Protocol 8, is to justify only stability (of DA, or of any stable mechanism). This approach
uses only prefers-outcome disclosures, adapting the well-known ideas in Azevedo and Leshno

(2016), and also follows easily from the definition of stability.

Protocol 8: Justifying stability using prefers-outcome disclosures
Outcome: A stable matching .
Disclose that for all ¢, student i prefers his match u(i) most out of {h | ¢ =5, u(h)}.
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A second approach, presented in Protocol 9, is to unambiguously justify the outcome

of DA using more-flexible disclosures, but still with low communication overall.

Protocol 9: Unambiguously justifying DA
Outcome: DA matching p
Disclose enough to justify the stability of u, exactly as in Protocol 8.
For all schools h, let d = d(h) be the student with h >4 u(d)
who is highest-ranked student among student below p(h) on >y.
Disclose, for all h, that d(h) prefers h to p(d).
Finally, check that the graph in which each h points to d(h), and each student d points
to p(d), is acyclic.

While Protocol 9 is likely the most intricate protocol we discuss in this paper, the intuition
behind it is simple: if a matching p was stable but not the outcome of DA, then there has
to be another stable y/ that Pareto improves upon p. In ', each schools’ matching must
be (weakly) lower-priority than in pu. Then, the d(h) students identified in Protocol 9 are
the minimal worsening of each h’s priority such that d(h) would Pareto improve to re-match
to h. From here, a simple application of classic truncation arguments in stable matching
theory prove that such a p/ exists if and only if there is a cycle in the graph described in
Protocol 9.3* Thus:

Theorem 4.3. Protocol 9 is an unambiguous justification protocol for DA.
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A Additional Matterial

A.1 Additional Preliminaries

For many notions in mechanism design, it is helpful to consider an outcome as a separate
specification of each agent’s outcome. To define this, we use the notion of agent ¢’s indif-
ference relation. For a,b € A, we write a ~; b when all types of i are indifferent between
a and b (ie., a = bAb =F a), and define [a); = {b € A | a ~; b}. For example, in
matching environments, since agent ¢ cares only about his own match, u ~; v if and only if
wu(i) = v(i). We say that [al; is ¢’s outcome in a, and denote the set of all i’s possible out-
comes by A;. Using this notion, one can equivalently represent the outcomes A as elements

of { ([a]s) e

agents’ outcomes.

a €< A} C Xien A;, which represents the feasible combinations of individual

A.2 Additional Exposition on our Model

Remark A.1 (The reveals-less-than order). We now discuss the properties of the reveals-
less-than order, <. For disclosure sets, we define Dy < Dy to mean VD, € Dy : 3Dy € Dy :
Dy O Dy, and VDy € Dy : AD1 € Dy : Dy O D,. In the special case where D; and Dy
are partitions, < is equivalent to the usual refinement order; we generalize this order to our
model, in which disclosures can intersect. As for partitions, not every pair of disclosure sets
can be compared under <; e.g., {{1,2},{3}} and {{1},{2,3}} are incomparable. The order
< is easily seen to be reflexive and transitive, hence, it is a preorder. An element z is called
minimal (resp., maximal) in a preordered set if for all y in the set, y < x (resp., z < y)
implies that < y (resp., y < x).

When D; and D, are arbitrary, < need not be antisymmetric. For example, D; =
{{1}.{1,2,3}} and Dy = {{1},{1,2},{1,2,3}} are two distinct disclosure sets such that
Dy < Dy and Dy < Dy. However, one can show that if Dy is an antichain (i.e., VD, D] €
Dy, : Dy C D] = Dy = D)), then D; < Dy A Dy < Dy implies that D; = D,. Hence, if Dy
is an antichain, one can prove that D; is <-minimal by showing that there is no Dy # D;
with Dy < D;. Moreover, if we restrict attention to antichains, < is a partial order.

Antichains have a natural interpretation in the context of disclosure sets: they are those
with no “dominated” disclosures that reveal strictly more information than some other disclo-
sure. All disclosure sets we construct will be antichains, so we can show that such protocols
are <-minimal using the approach above. Moreover, since < is defined on protocols by sep-
arately considering the set of disclosures consistent with each outcome a € A, all the same

remarks hold for protocols.
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Remark A.2. Table 1 shows two unambiguous justification protocols for a mechanism f,
where f is depicted similarly to in Figure 2 for the Two-Trader Mechanism, and where
disclosures justifying outcome 1 are represented by contiguous regions with the same colored

shading.

S )

1 1 0
1 1 1
0 0 1

Table 1: Two <-minimal, <-incomparable unambiguous justification protocols.

A.3 Additional Result for Voting

We now consider a simple extension of our voting results to the classic single-peaked envi-
ronment. In single-peaked voting, we write A = {1,2,...,m} for some m > 1, and agent i’s
type is a single-peaked preference over A.*> In the single-peaked environment, the Median
mechanism has agents report their peak candidate, and the outcome is the median candidate
(in the usual order on A = {1,2,...,m}). For simplicity assume the number of voters n is

odd.

Proposition A.3. Any disclosure protocol which unambiguously justifies the Median Voting

mechanism must sometimes fully reveal all n votes.

Proof. Suppose the outcomes are A = {1,2,3}, and consider a report profile ry such that
one agent’s peak/vote is at 2, and (n — 1)/2 agents’ have their peaks/votes at both 1 and at

3. See Figure 3 for an illustration of these reports.

©]6]6) ©) 000
1 1 1

Figure 3: Illustration of the proof of Proposition A.3.

The outcome of Median at ry is 2. However, observe that if we are allowed to change
any agent’s report, then we can make the outcome either 1 or 3. (Specifically, if the agent
who votes for 2 changes to 1, the outcome is 1; if an agent who votes for 1 changes to 3,
then the outcome is 3; and symmetrically for an agent who votes for 3.) Hence, if even a
single report is not fully disclosed for D > ry, then the outcome cannot be unambiguous at
rN. UJ

35Formally, a single-peaked preference is an ordering > over A such that there exists a t € A, referred to
as the peak, such that t > s for all s € A, and moreover, for all x,y € A with either z <y <tort <y < x,
we have y > x.
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Interestingly, there are other natural voting rules that can be justified by disclosing a
small fraction of the votes, such as the generalized representative democracy examples found
in Bartholdi et al.; 2021.

A.4 Discussion of Unambiguous and Uncontestable Justification

Recall that we define, for a disclosure D, an outcome a, and a report profile ry, that:
e D unambiguously justifies a at ry if ry € D, and for all sy € D, we have a = f(sy).

e D uncontestably justifies a at ry if ry € D, and for all agents + € N and s_; € D_;,

we have a =1 f(r;,s_;).

We now compare these two notions further, and in order to facilitate additional discussion,

we introduces a third type of justification, as follows:

o D individually-unambiguously justifies a at ry if ry € D, and for all agents + € N and
s_; € Z_;(D), we have [a]; = [f(r;, s_i)];, where [-]; denotes i-outcomes as defined in
Section A.1.

Hence, individually-unambiguous justification adopts the information model of uncontestable
justification—in which agents know their own report and are only aiming to check their own
outcome—with the stronger requirement that the outcome (of each i) must be unambiguous
(given what is known to ).

First, unambiguous justification means that an external third party directly learns enough
information about the agents’ reports to independently confirm the full outcome is correct.
This provides an (arguably) strong notion of transparency in explaining why the outcome is
a, for instance, no @ # f(ry) can ever be unambiguously justified. Moreover, if all disclosures
D € D ambiguously justify some outcome, then D € D unambiguously justifies the outcome
f(ry) if and only if D is consistent with 7.

Second, individually-unambiguous justification means that each agent i—who already
knows his own report—Ilearns enough information about other agents’ reports to confirm
their own outcome a; is correct. Again, no outcome a # f(ry) can be individually-
unambiguously justified, because a; must be correct for each ¢ € N. However, there can
be disclosures D that are consistent with ry, but do not individually-unambiguously justify

the outcome a = f(ry). For example:

Example A.4. For example, consider a first-price auction with agents N = {1,2}. Suppose

the disclosure D attests that agent 2 bid 2, and let a denote the outcome where agent 2 wins
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and pays 2. Then, when the reports are 1y = 1 and ry = 2, disclosure D is accurate and
individually-unambiguously justifies a. In contrast, when the report r; is instead r; = 3, the
disclosure D is still accurate but it no longer individually-unambiguously justifies outcome

a.

Third, uncontestable justification means that each agent ¢ learns only enough about oth-
ers’ reports to confirm that his own outcome could not have been better for him—regardless
of his own type—than the announced one.?® This is the weakest notion of justification we
consider; for instance, in some mechanisms and disclosure rules, the designer can uncon-

testably justify outcomes other than the correct one M (ry).

Example A.5. For example, consider 2PA, and suppose agents 1, 2, 3 report bids of 1,2, 3,
respectively. The the outcome where agent 3 wins and pays 1 can be uncontestably justified

by the disclosure attesting that agent 1 bids 1 and agent 3 bids 3.

Nevertheless, uncontestability still provides a compelling notion of justification: each
agent is convinced that the announced outcome is at least as good for him as any outcome
consistent with the reports, given the knowledge revealed to him through D.

Each of these three notions is successively more permissive than the other, in the sense
that every unambiguous justification is (in particular) an individually-unambiguous justifi-
cation, and every individually-unambiguous justification is (in particular) an uncontestable

justification.

360ne could generalize our notion of uncontestable justification to not require that a; =} M;(r;, s_;)—
meaning that the preference holds for all types of i—but rather to require that a; if M;(r;, s—;) for some
rationalizable ¢; (for instance, taking ¢; = r; in the context of strategyproof direct-revelation mechanisms,
or taking ¢; to be any type such that r; is undominated in non-strategyproof mechanisms). However, this is
not needed for any of our results, so we opt for our simpler and stronger notion of uncontestability.
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