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We study optimal partitions of a heterogeneous population into distinct groups. Through the lens of majoriza-
tion theory, we provide an optimization framework for part-additive objectives that characterizes the frac-
tional and integral partition polytopes, and identifies new classes of optimal policies. Our main result shows
that, under edge-quasi-convex objectives, there exists an optimal fractional partition that is locally uniform,
mixing adjacent types evenly across consecutive sections. Among integral partitions, there exists an opti-
mal locally extremal partition, where every pair of sections, holding the others fixed, is maximally balanced
or maximally polarized. Under Schur-convex objectives the assortative partition is optimal, while under
Schur-concave objectives the uniform fractional and balanced integral partitions are. We next apply our
framework to student assignment with peer effects. Using the workhorse linear-in-means (LIM) model, we
characterize the optimal partitions for performance, inequality, welfare, and diversity, which generally con-
flict. The assortative partition maximizes welfare but produces the greatest inequality and the least diversity.
The inequality-minimizing partition changes from balanced to dispersion-maximal as peer effects weaken.
The performance-maximizing partition moves from assortative to upper-uniform to uniform as the planner’s
weights shift from higher- toward lower-performing sections. We further characterize sorting-neutral models
that, despite being non-linear, exhibit LIM’s invariance of total effort. Finally, we complement our theory
with an empirical exercise on a novel dataset of quasi-random classroom assignments. We find that greater
sorting leaves average performance outcomes broadly unchanged but is associated with sizable gains for
lower-achieving students in the most sorted cohorts, while any gains for higher achievers are smaller and less

robust.
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1. Introduction

The optimal cohort partition problem involves a planner seeking how to distribute a heterogeneous
population of individuals into distinct groups to optimize their objective, and is prevalent across a
wide range of applications. Examples include assigning an incoming cohort of students to parallel
sections (Carrell et al. 2013), forming teams of experts in organizations (Chade and Eeckhout 2018),
and designing contests among teams (Ryvkin 2011), as well as related problems in experiment
design (Bertsimas et al. 2015), group testing (Aprahamian et al. 2019), clustering (Boros and
Hammer 1989), biodiversity maximization (Perez-Salazar et al. 2021), redistricting (Procaccia et al.
2024), sports drafts (Lee and Liu 2022), and more. Motivated by these applications, in this paper we

propose a framework for optimal cohort partition problems under part-additive objectives through
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the novel lens of majorization theory, and derive structural conditions for when mixing, sorting, or
hybrid grouping is optimal. Our main research question is:

How should a planner optimally partition a heterogeneous population into groups under part-

additive objectives?

The optimal cohort partition problem has both theoretical and policy appeal. Consider education,
our main motivating setting. Understanding peer effects, that is, how the composition of one’s
peer group shapes individual learning outcomes and group performance, is one of the central
questions in the economics of education (Sacerdote 2011, Epple and Romano 2011). The vast
majority of research has been almost exclusively empirical, focusing on the empirical identification
of peer effects. The literature has paid little attention to the theoretical microfoundations of peer
effects and their implications for optimal partition design, even though several empirical works
(e.g., Bhattacharya (2009), Carrell et al. (2013), Graham et al. (2014)) have theorized the idea
that individuals could be sorted into peer groups to maximize efficiency. Our study helps bridge
this theoretical gap by offering optimality guarantees and novel policy insights for when to mix,
sort, or partially group individuals. Beyond education, our framework also applies to and extends
theoretical results for related problems in team formation (Chade and Eeckhout 2018) and contest
design (Ryvkin 2011), providing a common mathematical language for optimal cohort design in
different settings.

Apart from its theoretical value, the cohort partition problem also has direct practical and
policy relevance. For example, at the U.S. Air Force Academy, Carrell et al. (2013) made a rare
empirical-to-design leap. They used experimentally identified peer effects to compute an “optimal”
assignment of freshmen to squadrons designed to improve the performance of lower-performing
students. The algorithm placed low-performing students with high-performing peers in the same
squadrons while middle-performing students formed their own squadrons. Unexpectedly, the new
policy harmed the target group—a result that highlights the sensitivity of outcomes to the choice
of the partition policy and the planner’s objective. Interestingly, this sensitivity extends beyond
USAFA. Our Greek high school data also show that quasi-random variation in cohort sortedness
generates heterogeneous outcomes for different groups of students (see Section 5).

Similar design questions also arise in educational policy around the world (Brunello and Checchi
2007, Meier and Schiitz 2007). In 2021, the Greek Ministry of Education proposed moving from
quasi-random class assignment to a “soft sorting” system based on prior achievement, prompting a

debate about both equity and effectiveness.! Comparable debates over tracking versus detracking

! With the current approach in Greece, at each public school, students in first grades of elementary (1°° grade),
middle (7" grade), and high (10" grade) school are quasi-randomly (alphabetically) divided into parallel groups
(“sections”) of approximately 20-25 students. The proposed redesign recommended “loosely” sorting students by prior
performance while still maintaining a degree of diversity in each class (Hellenic Ministry of Education and Religious
Affairs 2021).
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policies appear in U.S. school systems (Betts 2011, Truong 2022). Together, these cases highlight
the challenges practitioners and policymakers face when designing groups and the need for tools

that translate evidence into robust assignment rules.

Our paper contributes to the literature along several dimensions:

A majorization-based framework for cohort partitions. Our first contribution is of con-
ceptual and technical nature. Conceptually, we approach optimal partition problems through the
novel perspective of majorization theory. This reduction is based on two key technical observations.

First, we establish a connection between majorization and feasible partitions (Proposition 1).
Loosely speaking, we show that every partition policy can be represented by a vector majorized by
the assortative partition. This allows us to characterize the geometry of the set of feasible partitions
as a majorization polytope. For the fractional case, this polytope is characterized by Dahl (2001).
Building upon his characterization, we show that the extreme points of the fractional partition
polytope correspond to locally uniform partitions. Locally uniform partitions mix adjacent types
within a segment and allocate them evenly across consecutive groups associated with that segment.

The integral case, however, requires new analysis, since to the best of our knowledge, the geom-
etry of the integral majorization polytope has not been previously characterized. We establish
that the extreme points of the integral partitions polytope belong to a new class of partition poli-
cies. Locally balanced partitions, the discrete counterpart of locally uniform partitions, are extreme
points (Proposition 4), but constitute only a subset of them (Example 1), since integrality gener-
ates further extreme points that local balance does not capture. We show that all extreme points
must be locally extremal (Proposition 5), that is, holding all other section sums fixed, every pair of
sections is either as balanced or as polarized as it can feasibly be. Integrality thus pushes each pair
to an extreme, and the resulting policies mix the two modes: the assortative partition polarizes
every pair, a balanced partition levels every pair, and integrality creates extreme points that do
both at once. The latter correspond to locally extremal partitions. This discrete partial analogue
of Dahl’s characterization of the fractional majorization polytope may be of independent technical
interest.

Second, we show that many common optimization objectives admit a part-additive form, where
each group’s contribution is a function of the sum of its members’ characteristics. This class is
broad and includes canonical measures of performance and equity widely used across education,
organizational design, and allocation settings. Together with the fact that under edge-quasi-convex
objectives optimal solutions occur at extreme points (Hwang and Rothblum 1996), this observation
reduces the original partition problem to characterizing the extreme points of the majorization

polytopes above.
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Main results: Characterizing optimal partition policies (Theorems 1 and 2). We intro-
duce several novel structural classes of hybrid partition policies, including the families of balanced,
locally uniform, locally balanced, and upper-uniform partitions, alongside canonical policies such
as assortative (strict sorting) and wuniform (full mixing) partitions. Our main results, Theorem 1
and Theorem 2, provide optimality guarantees across these classes under part-additive objectives.
For Schur-conver objectives, the assortative partition is optimal. For Schur-concave objectives,
the uniform partition is optimal over the space of fractional partitions, while a balanced partition
becomes optimal when restricting attention to integral partitions. We further consider the broader
class of edge-quasi-convex objective functions introduced by Hwang and Rothblum (1996), which
generalizes quasi-convexity and Schur convexity. For edge-quasi-convex objectives, we show that
locally uniform partitions are optimal among fractional policies, while among integral policies an
optimum is always attained at a locally extremal partition. Table 1 summarizes these theoretical
findings. Taken together, the results formalize when full sorting, full mixing, or hybrid grouping is
optimal.

Applications: Characterizing optimal peer-group design in education and beyond.
Motivated by open questions in the economics of education (Bhattacharya 2009, Epple and Romano
2011, Sacerdote 2011, Carrell et al. 2013, Graham et al. 2014) and the ongoing educational policy
debates discussed earlier, we apply our majorization-theoretic optimization toolkit to study how a
planner can strategically shape peer effects through cohort structure. We characterize the optimal
partition for four fundamental objectives (performance, inequality, welfare, and diversity) under
the standard linear-in-means model (Section 4.2), and extend the performance analysis to com-
mon non-linear peer-effects models in education (Section 4.3) and other settings (Appendix C),
complementing the predominantly empirical literature with theoretical guarantees.

We begin with the workhorse model from the empirical literature on educational peer effects,
namely the linear-in-means (LIM) model, which posits that each student’s action linearly depends
on the mean action of her peers. Table 2 summarizes our results on the optimal partitions under
the LIM model across objectives. For performance, measured as the weighted sum of total effort
across sections, we find that as the planner’s priority shifts from the highest- to middle- to lowest-
performing sections, the optimal policy moves from assortative to upper-uniform to fully uni-
form (Proposition 6). With respect to inequality, our results are perhaps surprising. The uniform
partition—often deemed the natural egalitarian benchmark—is not optimal in general. Instead,
the optimal partition depends on the strength of peer effects. When peer effects are strong, every
Gini-minimizing integral partition is balanced (Proposition 7(i)). When they are weak, minimiz-

ing inequality is instead equivalent to maximizing the attribute dispersion between classmates
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(Lemma B.6); the snake partition used in sports drafts is optimal under certain regimes (Propo-
sition B.14). Furthermore, there exist cohorts for which no fractional partition achieves perfect
equality in effort (Proposition 7(iii)). Regarding welfare and diversity, we find that the assortative
partition (Proposition B.15), and the uniform partition (or a balanced partition if restricted to
integral solutions only) are respectively optimal (Proposition B.16).

All of our core theoretical results above are established in the linear-in-means (LIM) model. A
long-standing critique of LIM, dating back to Sacerdote (2011) and others, is that it implies a “net-
zero” effect of sorting on aggregate outcomes: swapping a high-ability student with a low-ability
student across sections does not change the total unweighted performance when section sizes are
equal. A natural question is whether this sorting-neutrality for unweighted objectives is specific
to LIM or persists under richer, potentially non-linear peer-effects structures. In Section 4.3, we
address this question by studying the class of sorting-neutral peer-effects models. Building upon a
characterization by Bergstrom and Varian (1985), we show that sorting-neutrality extends beyond
LIM to a broader family of models whose equilibrium effort profiles combine a linear individual term
with a (possibly non-linear) part-additive component (Proposition 8). We also identify prominent
non-linear models that do not exhibit sorting-neutrality. Under the quadratic-in-means specification
(Garlick 2018), the optimal policy may switch between assortative and uniform (or balanced, in
the integral case) grouping depending on the exact parameter values (Proposition 9). Conversely,
under a social norm model (Boucher et al. 2024), the assortative partition maximizes total effort for
n >3, while for n =2 the model is sorting-neutral (Proposition 10). Taken together, these results
illustrate that departures from sorting-neutrality can favor either sorting or mixing, depending on
the underlying behavioral microfoundations.

While our primary application area is education, in Appendix C we showcase how our frame-
work can be applied more broadly to other partition problems. In particular, Appendix C.1 revis-
its the optimal assignment of experts to teams, studied by Chade and Eeckhout (2018), while
Appendix C.2 studies the (approximately) optimal design of Tullock contests (Tullock 1980) with
weakly heterogeneous players (Ryvkin 2011).

Finally, in Section 5 we complement these theoretical results with an empirical exercise using
a novel dataset from Greek public high schools. The dataset is unique in its natural variation in
classroom sorting at grade 10, generated by the quasi-random (alphabetical) process of classroom
assignment. We leverage this quasi-random variation in cohort partition to empirically examine
the impact of “sortedness”—an empirical measure of the degree to which cohort partitions deviate

from a uniform distribution—on students’ academic progress. We find that the effects of sorting

2 Rosenzweig and Xu (2023) recently applied a simplified version of Tullock’s model to study educational peer effects.
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are heterogeneous and nonlinear. Average outcomes are unaffected once individual and cohort-
level prior performance are accounted for, consistent with sorting neutrality. But in the most
sorted cohorts, lower-achieving students experience sizable gains—up to 0.14 standard deviations in
Modern Greek Language. At the same time, higher-achieving students see no corresponding benefits
and, if anything, losses in Modern Greek Language. These findings highlight the heterogeneous

consequences of partition design, offering empirical motivation for our theoretical framework.

The remainder of the paper is organized as follows. In Section 1.1, we discuss the related liter-
ature. In Section 2, we introduce our baseline model, alongside other technical preliminaries. In
Section 3, we conceptualize optimal partitions with the framework of majorization theory and char-
acterize the optimal fractional and integral partition policies under various classes of part-additive
objectives. In Section 4, we define the linear-in-means model and then characterize the optimal
partitions across four objectives. Furthermore, we characterize sorting-neutral models and study
two alternative non-linear peer effects models. In our empirical Section 5, we present our data and

empirical findings. Section 6 concludes.

1.1. Related literature

Our work contributes to literature in operations research, economics, and computer science.

Theoretical foundations of optimal partitions. The existing literature on optimal partitions
has focused almost exclusively on integral partitions and typically falls into two streams. The first
stream (see, e.g., Chakravarty et al. (1982, 1985), Anily and Federgruen (1991), Hwang and Mal-
lows (1995), Hwang and Rothblum (1996)), synthesized in the comprehensive overview of Hwang
and Rothblum (2011), examines the properties of part-additive objectives under certain shape con-
straints that guarantee the existence of an optimal consecutive partition. In consecutive partitions,
the indices of the elements of each set are consecutive integers, thus consecutive partitions can be
viewed as set-based permutations of the assortative partition under the equal-size constraint in
this paper. These results, however, do not deliver a general characterization of optimal partitions
for broader families of part-additive objectives.

A second stream derives optimal partitions within application-specific, parametric environ-
ments, typically solved by exploiting the structure of each model or via numerical methods (e.g.,
Chakravarty et al. 1982, Gal and Klots 1995, Boros and Hwang 1996, Schreiber 2014). A prominent
example is the standard clustering problem (Boros and Hammer 1989, Boros and Hwang 1996):
Boros and Hwang (1996) show that nested partitions optimize variants of sum-of-squares objec-
tives. In economics, Chade and Eeckhout (2018) show that uniform grouping maximizes the total

team value; Appendix C.1 revisits their result.
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Our work provides a more general characterization of optimal partitions under broad part-
additive objectives, yielding structural results for both fractional and integral settings and uncover-
ing new families of optimal policies—such as locally uniform and locally balanced partitions—that
do not appear in prior work. Conceptually, we introduce a majorization-theoretic lens to the opti-

mal cohort partition problem.

Peer effects in education and grouping students. A large empirical literature in economics
documents the importance of peer effects in shaping student outcomes (Manski 1993, Hoxby 2000,
Lazear 2001, Sacerdote 2001, Hoxby and Weingarth 2005, Bhattacharya 2009, Calvo-Armengol
et al. 2009, Lavy et al. 2009, Chetty et al. 2011, Lavy et al. 2012, Carrell et al. 2013, Kalogrides
and Loeb 2013, Bursztyn et al. 2019, Rosenzweig and Xu 2023, Boucher et al. 2024), including
two surveys by Epple and Romano (2011) and Sacerdote (2011). This literature focuses almost
entirely on identification rather than on the theoretical microfoundations of peer effects and the
design of optimal peer groups. An exception is Boucher et al. (2024), who develop game-theoretic
microfoundations for the classic linear-in-means model and introduce a new social norm model; we
analyze these models in Section 4. A small number of papers propose potential gains from optimal
cohort design (Bhattacharya 2009, Graham et al. 2014, Carrell et al. 2013), but to the best of our
knowledge, no existing work provides structural optimality conditions for cohort design under peer
effects or characterizes the form that mixing should take. The closest paper in spirit to ours is
the USAFA experiment of Carrell et al. (2013), who estimate a model of peer effects, formulate
an optimization problem aimed at improving the performance of the bottom one-third of students
without harming others, and computationally solve for the optimal assignment of freshmen to
squadrons.

Two additional papers consider classroom partitioning without peer effects. Arnott and Rowse
(1987) study joint allocation of students and resources, showing numerically that optimal partitions
can exhibit irregular mixing patterns, while Agrawal et al. (2014) propose heuristics based on ad
hoc gain functions. Our work complements these literatures by providing a general optimization
framework for the cohort partition problem across broader classes of objectives and peer effects

models, and optimality conditions that characterize when and in what form mixing is optimal.

2. Baseline setting and preliminaries

Section 2.1 introduces the baseline setting. Section 2.2 presents several technical preliminaries from
majorization theory. Section 2.3 defines several families and structural types of partition policies.
We occasionally borrow terminology from educational settings, such as assigning elementary school
students to classrooms or MBA students to parallel sections. While education provides a natural

and intuitive interpretation (see Section 4), the same underlying framework applies broadly to
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contexts in which a planner partitions heterogeneous agents into groups; we analyze two such

applications in Appendix C.

2.1. Main setup
A planner needs to optimally partition a cohort N of N = |N| heterogeneous students, indexed by
i € [N], into K > 2 sections, indexed by j € [K]. Each student i is characterized by an attribute x; €
R, ; x; could represent, e.g., the student’s prior performance, whereas the term cohort represents
all students of the same grade at a school. Without loss of generality, we assume that x; > x5 >
...>xn. We also rule out the trivial case x1 =22 =... =z x.

In the notation below, we use boldface x = (x1,...,2y) to denote vectors in Rf. We denote by
T the mean value of x. The subscript i typically refers to a student in a given section and j to a
section; we sometimes drop j when it is clear from the context. We use the subscript _; to denote

all other students in the same section as student 7 (i.e., her peers).

Partitions. We define partitions of a cohort N and their properties. A K-way integral partition,
or simply integral partition, of N is a finite collection of sets m = (7, 7o, ..., T ) where m,...,Tx
are pairwise disjoint, nonempty sets of equal size n, whose union is A. We refer to K as the size of
m, and to the sets my,...,mx as the parts of 7; part 7; corresponds to section j. We require that all
m1,..., Tk are of size n thus N =nK. For simplicity, we represent each part m; by the indices of its
elements, that is, 7; = {i1,...,7,}. Furthermore, the summation vector X" of an integral partition
7 is given by

Xﬂ:<zxi,...,zxi>en@f

1€ 1ET K

where its coordinates are denoted by XT,..., X}, respectively.

We also define K-way fractional partitions M = () € ]RfXK, or simply fractional partitions,
where p;; > 0 denotes the fractional assignment of student i with attribute x; to section j. A
fractional partition is feasible if 3,y iy =n for all j € [K] and } , xqpi; =1 for all i € [N].
In settings where multiple individuals share similar attributes, fractional partitions prescribe how
(nearly) identical individuals should be split across groups (see Figure 1 that illustrates such
a scenario). In educational contexts, such a coarse categorization is particularly common, e.g.,
categorizing students as low, middle, or high GPA (Carrell et al. 2013, Lavy et al. 2009). Another
interpretation of fractional partitions that is more applicable to partitions of experts or workers is
time-splitting (Chade and Eeckhout 2018); see Appendix C.1. In this case, p;; equals the fraction
of work time that expert ¢ spends in team j.

As with integral partitions, the summation vector X" of a fractional partition M is given by

XM — Zuﬂwi,..., Z Wik T eRf,

1€[N] 1€[N]
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where its coordinates are denoted XM, ..., X} respectively. Note that any integral partition m
can be written as a fractional partition restricted to p;; € {0,1}, that is, u;; =1{i € 7,}.

We denote the set of all feasible integral and fractional partitions of A" by II; and IIr, respectively.
Note that 117 C I1£.

Objective. The planner’s problem concerns the selection of a partition 7 € Il (respectively, M €
I17) that maximizes an objective function F(m) (respectively, F'(M)).

For a vector X e Rf and j=1,...,K, let X|;; be the j-th largest coordinate of X. Since section
labels are immaterial in our setting, we henceforth relabel sections and, without loss of generality,
restrict attention to integral (respectively, fractional) partitions with summation vectors such that
X =XT (respectively, X[JJ”][ =X"). Let D={XeR{: X; >X,>...>Xg}. An objective F is
called part-additive if there exists f: D — R such that F(r)= f(X") for all 7 € Iz (respectively,

F(M)= f(XM) for all M €1I).

2.2. Technical preliminaries
Here we briefly present two standard definitions from majorization theory (Marshall et al. 2011)

and refer the reader to Appendix A for additional technical details.
Majorization. A vector X € RX majorizes a vector Y € RE, namely X =Y, ifforall k=1,..., K,

ZX >ZY[J and ZX[J]_ZY[J

J€E(k] JElk] JE[K] JE[K]

L-curves. Majorization has a useful geometric representation for vectors X € R¥. For a vector
X € RY, we define the function L(z;X) : [0, K] — R as the piecewise linear interpolant of the K 41
points (0,0) and (k, >,y X(j) for k=1,..., K. The graph of L(z;X) is called the L-curve of X,

also known as its Lorenz curve.

J€k]

Schur convexity. A function f:RE — R, is called Schur convez (respectively, Schur concave) if
F(X) > f(Y) (respectively, f(X) < f(Y)) for all X, Y e RY with X >~Y.
If f is symmetric and all its first partial derivatives exist, then f is Schur convex if and only if

(x; —x5) <§i—§7€) >0 for all zeRE, i # 3.

2.3. Special classes of partitions

Throughout the paper, we will encounter several families of partition policies. Next, we define three
such special partitions—the assortative, the uniform, and the t-upper-uniform partition—and then
the class of balanced. In Section 3, we will introduce the classes of locally uniform, locally balanced,

and locally extremal partitions. Figure 1 illustrates different types of partition policies.

Assortative partition. Let p;; =1{(j —1)n+1<i<jn}, i € [N], j € [K] denote the assortative

partition. Partition M assortatively assigns the group of n students with the highest attributes
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Zy,...,%, to section 1, the group of n students with the next highest attributes x,,1,...,Z2, to

section 2, and so on. Thus,

. n N
v M
X:=X" = E Liyeoey E xT;
i=1 i=(K—-1)n+1

Of course, M can also be represented as an integral partition 7 € IIz, where 7; = {i € [N] :

(j—Dn+1<i<jn}, je[K].

Uniform partition. Let pu,; =1/K, i € [N], j € [K] denote the uniform partition. Intuitively, M

represents a fully mixed partitioning scheme as it distributes students of different attributes evenly

al T N T
X:=X"= R Y
= ( K K)

i=1 i=1

across sections. Thus,

t-upper-uniform partition. For t € [K], the t-upper-uniform M evenly distributes the top tn
students x1,...,2;, to sections 1 to t and then assortatively assigns the remaining N — tn stu-
dents y,41,...,2n to sections ¢ + 1 to K. Formally, p;; = % for 1 <i<tn, 1 <5<t p;=
l{j: [%] —i—t} for tn+1<i<N,t+1<j<K, and p;; =0 otherwise.

Balanced partitions. A partition 7 € Il is called balanced if for every pair of sections j # k,
the pair (m;,7) minimizes | X7 — X7| over all 2-way partitions of m; U7, into parts of size n.
Equivalently, for every j # k there is no n’ € Il with n, = m, for all ¢ ¢ {j,k} and ‘X;l — X,j,’ <
XT—=Xp } Intuitively, a partition is balanced if no two sections can be reshuffled, by re-partitioning
their combined set of students into two groups of size n, in a manner that brings their respective

sums closer together.

3. A majorization-theoretic framework of optimal partitions

This section presents a majorization-theoretic framework for optimal fractional and integral parti-

tions under part-additive objectives. In particular, Section 3.1 establishes the connection between

feasible fractional partitions and the majorization polytope and characterizes optimal policies under

Schur convex and Schur concave objectives. Section 3.2 introduces the class of locally uniform

partitions and provides sufficient conditions for their optimality. Finally, Section 3.3 extends the

results to integral partitions, characterizing the optimality of locally extremal partitions.

3.1. Majorization polytope equivalence and optimal partitions for Schur convex
and Schur concave objectives

As we will see in Sections 4 and Appendix C, for many common objective functions F : RY** — R,

our original optimization problem

max F(M)

Mellx
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Figure 1 lllustration of common partition policies

® ¢ &6 &6 6 6 6 6 60 6 606 o0 o o o o

T TN/4 ITN/2 L3N/4 TN
section 1 section 2 section 3 section 4
assortative (@ ® o eo](e © e e)](e o o o/(oc o o O
uniform / balanced (@ © © oj(e © e o)(e @ o oj(e e o O
2-upper-uniform (@ @ © o)(e o o o](e © o o)(0 o o O
locally uniform / locally balanced [. e o Oj [. @ o Oj [. @ o Oj [O O O Oj

Notes: This example splits N = 16 students into K = 4 sections. In this example, we consider for simplicity that, for
every fixed 1 <j <4, students n(j — 1) + 1 <i<nj (indicated by the same shade of blue) share identical attributes,
e.g., for j =1, we have z1 = 2 = 3 = x4. We present five partition policies: (i) The assortative partition greedily
assigns students to sections in order of their attributes: students n(j — 1) + 1 <4 <nj of the same color are assigned
to section j. (ii) The fractional uniform partition splits every student evenly across all K sections (u;; = 1/K).
Because the n students within each shade share the same attribute, this is depicted here as one whole student of
each shade per section, thus coinciding with the integral balanced partition with the same summation vector. (iii)
The 2-upper-uniform partition is identical to the assortative partition for sections 3 and 4 but sections 1 and 2 mix
the top half of students (marked by the two darkest blue shades) evenly. (iv) In the depicted example, this locally
uniform partition coincides with the assortative partition except for sections 2 and 3 that evenly mix the middle
half of students. This particular locally uniform partition happens to coincide with its integral counterpart, a locally

balanced partition. Refer to Sections 2.3, 3.2, and 3.3 for further details.

reduces to maximizing a part-additive function f(X"):

max f(X™M). (3.1)

Mellx

When 7 € Il7 is an integral partition and F(7) = f(X"), the analogous reduced problem is:

max f(X"). (3.2)

mellr

These reductions motivate the main question of this section: If F(M) = f(X™) for all M € I »
(respectively, F(m) = f(X™) for all m € ll7), under what conditions on f can we characterize the

optimal fractional partitions in (3.1) (respectively, the optimal integral partitions in (3.2))?

To answer this question, we first establish a connection between majorization and feasible frac-
tional partitions. More specifically, we show that the summation vector X of any feasible frac-
tional partition M must be majorized by the summation vector X of the assortative partition.
Conversely, we also show that for any X < X, there exists a feasible fractional partition M with
summation vector X* = X. This allows us to focus on the polytope P()NC) of all nonincreasing
vectors X € RY that are majorized by X. The next proposition formalizes the connection between

the set of fractional partitions I and the majorization polytope P(X).
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PROPOSITION 1. Let XM be the summation vector of a feasible fractional partition M € Ix.
Then, XM e P()NC) Conversely, for any X € P(f(), there exists a fractional partition M € Ilx with

: M
summation vector X = X.

The above result already allows the characterization of the optimal partition in the case of Schur

convex or Schur concave functions in the following two propositions.

PROPOSITION 2 (Schur convex objective). Consider the optimization problems (3.1) and
(3.2) with f being Schur convex. Then the assortative partition is optimal over both the set of
fractional partitions 11z and the set of integral partitions llz. If f is strictly Schur convex, then

every optimal partition has summation vector X.

PROPOSITION 3 (Schur concave objective). Consider the optimization problems (3.1) and
(3.2) with f being Schur concave. Then the uniform partition is optimal over the set of fractional
partitions Il x. Furthermore, there exists a balanced partition that is optimal over the set of integral
partitions Iz. If f is strictly Schur concave, then every optimal fractional partition has summation

vector X, and every optimal integral partition is balanced.

While the optimality of the assortative and uniform partitions under Schur convex and Schur
concave objectives, respectively, follows directly from the definition of majorization, the optimality
of balanced partitions over Ilz is not as straightforward. We use a constructive approach to prove
their optimality. All the proofs can be found in Appendix B.

Additionally, a direct corollary of Proposition 3 is that for any feasible integral partition 7, there
always exists a balanced partition 7, whose summation vector satisfies X™ < X™. We formally
state this fact in Corollary B.4 in Appendix B and use it later in Sections 4.2.1.

Several of the optimization problems we will see in Section 4 and Appendix C can be success-
fully reduced to a maximization problem with either a Schur convex or Schur concave f through
appropriate transformations. However, what happens if f in (3.1) and (3.2) is neither Schur convex

nor Schur concave? We answer this question in Sections 3.2 and 3.3.

3.2. Optimal fractional partitions
We begin by introducing some necessary definitions and formalizing the class of locally uniform

partitions. We then establish sufficient conditions under which such partitions are optimal.

Locally uniform partitions. Consider the division of sections {1,..., K} into ¢t nonempty sets
(blocks) b = (by,...,b;). We say that b is a consecutive division if there exist integers 0 = kq <
ky <...<k,=K such that b, ={k;_1 +1,...,k;} for i=1,...,¢. (Thus, it is convenient to repre-
sent a consecutive division b by its incidence set I(b) = {ko,k1,...,k:}.) We denote the set of all

consecutive divisions of {1,..., K} by B.
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Figure 2 Construction of a locally uniform partition given blocks b

section 1 section 2 section 3 section 4 section 5 section K
assortative (X) (o w0 w o) (o eI TS ST ST VT
by by b by
locally uniform (X#P){e o o o] (6 o o ehie e o opifo o o o [6 o o o o e e e

Notes: This figure illustrates how a locally uniform partition is constructed from a given block structure b. The top
row shows the assortative partition, with consecutive sections that belong to the same block highlighted in red. The
bottom row shows the resulting locally uniform partition: within each block, all sections are assigned the same value

by replacing their summation-vector entries with the block’s average.

For a fixed X € RE and any b € B, we define the interval mean of b as X**: B — R,

1 1
X#P = ((!b[ ZXJ) i TSP <WZX]> 1bt|> )
1 jeEby t JjEbt

where 1;, denotes the all ones vector of dimension k. In other words, suppose that ¢ € b;, for some
k € [t]. Then, X*® is obtained by replacing each coordinate X; of X with the arithmetic mean of
all coordinates X; having indices j in the same block b as 4.

Building on the notion of interval means, we next define the class of locally uniform partitions.

DEFINITION 1 (Locally uniform partitions). A partition M € Ilx is called locally uniform
~ #b
if there exists a b€ B such that XM =X"".

Intuitively, locally uniform partitions mix students of adjacent attribute values. More precisely,
for a b € B with I(b) = {ko, k1, ...,k }, the corresponding locally uniform partition mixes students
with attributes nk;_; + 1 <17 < nk; and then distributes them evenly to sections k;_; + 1 to k;.
(Figure 2 illustrates the construction of a locally uniform partition for a given b € B.) Finally, note

that the uniform and t-upper-uniform partitions are special cases of locally uniform partitions.

Directional quasi-convexity. Our first main result (Theorem 1) relies on edge-quasi-convex

functions. The formal definition appears below; additional discussion can be found in Appendix A.2.

DEFINITION 2 (Edge-quasi-convexity, Hwang and Rothblum (1996)). Let C be a convex
subset of RE and d e RE\ {0}. A function f:C — R is said to be d-quasi-convex, or quasi-convex
along d, if the maximum of f over every line-segment in C with direction d is attained at one of the
endpoints of that line-segment. Furthermore, f is edge-quasi-convex on C' if it is d-quasi-conver

for any nonzero d € RE which is parallel to one of C'’s edges.

Intuitively, f is edge-quasi-convex on a convex set C' C R¥ if and only if the maximum of f over

any line-segment in C' which is parallel to one of C’s edges is attained at one of its two endpoints.
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Characterizing optimal fractional partitions. We are now ready to present our first main
result in Theorem 1. Theorem 1 provides sufficient conditions for the optimality of locally uniform
partitions (in addition to the optimality of the assortative and uniform partitions under Schur
convex and Schur concave objectives established in Section 3.1). We show that locally uniform

partitions are optimal whenever the objective is edge-quasi-convex on P(X).

THEOREM 1 (Characterization of optimal fractional partitions). Consider the optimiza-
tion problem in (3.1) over Il £.

(i) If f is edge-quasi-convex on P(X), then there exists an optimal locally uniform partition.
If f is strictly edge-quasi-convex on P(X), then every optimal fractional partition must be
locally uniform.

(ii) If f is Schur convex, then the assortative partition M is optimal.

(i1i) If f is Schur concave, then the uniform partition M is optimal.

We established parts (ii) and (iii) in Propositions 2 and 3, respectively. The result in part (i)
follows from Proposition 1 and two additional key technical observations. First, Dahl (2001) implies
that the vertices of a majorization polytope P()NC) are the interval means of X (Proposition A.13
in Appendix A.3). Second, by Proposition A.11 (Hwang and Rothblum 1996) in Appendix A.2,
a maximum of an edge-quasi-convex function over the polytope P()N() is attained at a vertex of
P(X) If the objective function is strictly edge-quasi-convex on P(X), then all of its maximizers
are attained at an extreme point of P(X). Thus, the proof of Theorem 1 (i) follows from combining
Propositions 1, A.13, and A.11.

The result in Proposition A.11—thus Theorem 1 as well—holds for two special cases of directional

quasi-convexity: quadratic and quasi-convex objectives in Corollary 1 and 2, respectively.

COROLLARY 1. Consider the optimization problem in (3.1). If
fX)=X"AX +c"X

for a positive semidefinite matriz A € RE*E | then there exists an optimal locally uniform partition.

COROLLARY 2. Consider the optimization problem in (3.1). If f is quasi-convex, then there

exists an optimal locally uniform partition.

3.3. Optimal integral partitions

We now turn to integral partitions IIz, where each student must be assigned to exactly one section.

Feasible integral partitions via the majorization polytope PI()NC). In the fractional setting,

Proposition 1 establishes that every point in the majorization polytope P(X) is attainable, and the

optimization problem reduces to selecting an extreme point of this polytope (Proposition A.11).
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For integral partitions, this connection breaks: the summation vectors generated by Ilz form only
a strict subset of P(X), and some extreme points of P(X) are not implementable by any integral

partition. This motivates our key geometric contribution: we introduce the polytope
Pz(i):COHV{XWERf cmelly, X© <}~(},

defined as the convex hull of summation vectors of integral partitions, which serves as the geometric

foundation for our analysis in the integral setting.

Locally balanced partitions. In analogy to locally uniform partitions in the fractional setting,
we introduce the class of locally balanced partitions as the natural candidates for the extreme points
of PI(X). A locally balanced partition exhausts the majorization constraints at specific cut points
and, within each resulting block, achieves the most balanced summation vector attainable, since
every alternative reassignment of that block’s students majorizes it. Intuitively, such partitions
behave like the assortative partition at block boundaries, while within each block they are already

“as balanced as possible” given integrality constraints. Thus, locally balanced partitions serve as

the integral analogue of locally uniform partitions.

DEFINITION 3 (Locally balanced partitions). An integral partition © € Ilz with summation
vector X™ is locally balanced if there exists a consecutive division b € B with incidence set I(b) =
{ko,k1,...,k:} such that the following hold:

(i) The majorization constraint binds at each k; € I(b), i.e., >,y X[ =321 X[j]-
(i1) For each block b; = {k;—1 +1,...,k;} with |b;| > 1, and every feasible integral partition ©’' € 1z
such that X7y = X7y for all j € [K]\ b;, X5 <Xy, where X7 = (X[, .- X[R,) @s the
block b;-constrained summation vector, i.e., the restriction of X" to the coordinates indexed

by block b;.

Within each block of a locally balanced partition, no further integral redistribution can produce
a more balanced summation vector. Proposition 4 formalizes this by establishing that every locally
balanced partition corresponds to a vertex of PI()N(), similarly to the role locally uniform partitions

play in the fractional polytope P(X).

PROPOSITION 4 (All locally balanced partitions are vertices of Pr(X)). If = € Iz s

locally balanced, then X™ is a vertex of Pr(X).

Our proof argument shows that local balance is a sufficient condition that prevents any feasible
“micro-reallocation” within a block of sections: by definition, there is no other integral partition
that keeps all section sums outside a block fixed while strictly improving the distribution inside

that block. In the proof, this rules out the possibility that the summation vector could be written as
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a convex combination of two other feasible points, since any such decomposition would necessarily
identify another integral partition that improves the block, contradicting local balance.

The converse, however, does not hold in general: not every vertex of PI()E) corresponds to a
locally balanced partition when K > 3. Intuitively, the summation vector of such a partition lies
in the interior of the fractional polytope P()N(), but the integrality constraints render it a vertex of
P7(X). The following example illustrates this.

EXAMPLE 1. Let K =3, n=2, and x = (84,51,42,20,10,7). Consider the partition 7* given
by 7w = {i1,i4},m5 = {i2,46},m5 = {i3,45}. Its summation vector is X" = (104,58,52). Observe
that X™ is a vertex of PI()~(); for example, it is the unique maximizer of the linear objective
2X[1) — 5Xg +5X 3 over all feasible X € PI()NC). However, 7* is not locally balanced. Indeed, the
majorization constraint does not bind at k=1 or k =2, so the only possible consecutive division is
the single block. But the feasible partition 7" with 7] = {41,496}, 75 = {43,144}, 75 = {42,145}, satisfies
X" = (91,62,61) < (104,58,52) = X", so condition (ii) fails. This shows that the converse of
Proposition 4 does not hold for K > 3: while every locally balanced partition corresponds to a vertex

of Pr(X), there also exist vertices that do not belong to the class of locally balanced partitions.

Locally extremal partitions. Since Example 1 shows that there may exist vertices of Pr(X)
that are not locally balanced, we introduce a new class of partitions that broadens the notion of

local balance to include all vertices of Pr(X).

For sections 1 <r <s< K, let
Trs(m) = {W’EHZ:X[‘;—] = X[}, for all j ¢ {r,s}}

be the set of feasible partitions agreeing with 7 on all section sums except for r and s, and let

A (m)=X i — X[; denote the gap between the two sums of sections r and s.

DEFINITION 4 (Locally extremal partitions). An integral partition w € Iz is locally
extremal if for every 1 <r<s<K,

An(me{ min A.@). max A}

Conditional on all other section sums, Definition 4 requires that every pair of sections attains
one of the two extremes of its feasible range: the pair is either balanced (i.e., its gap is the smallest
feasible) or polarized (i.e., its gap is the largest feasible). Every locally balanced partition is locally
extremal. The assortative partition 7 is also locally extremal, with every pair polarized. Mixed
combinations capture the additional vertices that arise from integrality; in Example 1, 7* has one

polarized pair (sections 1 and 2), and two balanced pairs.

Characterizing optimal integral partitions. The following proposition shows that the extreme

points of polytope Pr(X) correspond to locally extremal partitions.
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PROPOSITION 5 (Characterization of extreme points of P;(X)). Every vertez of Pr(X)

corresponds to a locally extremal partition.

The converse of Proposition 5 does not hold in general: not every locally extremal partition
corresponds to a vertex of Pz(i). The proposition provides a necessary local structure that every
vertex must satisfy, which suffices for proving the equivalent of Theorem 1 for integral partitions.
An exception is K = 2, for which the converses of Propositions 4 and 5 hold. In particular, when

K =2, there are at most two vertices, corresponding to the assortative and a balanced partition.

THEOREM 2 (Characterization of optimal integral partitions). Consider the optimiza-
tion problem in (3.2) over Ilz.
(i) If f is edge-quasi-conver on PI(X), then there exists an optimal locally extremal partition.
If f is strictly edge-quasi-convex, then every optimal integral partition must be locally extremal.
(ii) If f is Schur convex, then the assortative partition T is optimal.

(iii) If f is Schur concave, then there exists an optimal balanced partition.

Table 1 summarizes the main theoretical results of this section.

Table 1 Optimal Partitions in IIx and Ilz.

Optimal Optimal
Objective Function Fractional Partitions Integral Partitions
(Theorem 1) (Theorem 2)
edge-quasi-convex locally uniform locally extremal
Schur convex assortative assortative
Schur concave uniform balanced

4. An application to education: Characterizing optimal cohort
partitions in the presence of peer effects

A large empirical literature in economics documents the importance of peer effects in shaping
student outcomes (Sacerdote 2011, Epple and Romano 2011). While several papers have theorized
the idea that individuals could be sorted into peer groups to maximize efficiency (Bhattacharya
2009, Carrell et al. 2013, Graham et al. 2014), the existing literature has been vastly empirical. This
gap can be consequential: as the USAFA experiment (Carrell et al. 2013) illustrates, assignments
without structural optimality guarantees may lead to partition policies that backfire. Our empirical
exercise in Section 5 reinforces that partition design matters: comparing hundreds of quasi-random
classroom assignments, we find that different partition policies can shift who gains and who loses.

In this section, we apply the majorization-theoretic framework of Section 3 to characterize opti-

mal cohort partitions for four common objectives: performance, inequality, welfare, and diversity.
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We begin with the linear-in-means (LIM) model, which stands as the cornerstone of the empirical
education research on peer effects (Manski 1993), and later study richer non-linear peer effects

models (Garlick 2018, Boucher et al. 2024).

4.1. Preliminaries

Peer effects. In a section j € [K]|, we consider that students’ outcomes (e.g., their final GPA)
are determined via a standard effort-based game played among all students in that class. Note
that any peer effects from students outside this particular section are deemed negligible. Thus, for
simplicity, when referring to a section j, we may omit the superscript j for section j students.

In a section j, each individual student ¢ chooses their effort y; as a function of their own char-
acteristics ¢; plus a function of the effort of their classmates, h(y_;). Here, ¢; = vz, + €, captures
the observable (z;) and unobservable (¢;) attributes of individual i. We also assume that the error
term ¢; is such that E[e; | x] =0 and Var[e; | x] = 02 across students, and E[e;e;, | x] =0 for all i # k.

Each student i chooses effort y; that maximizes her utility U;(y) at a Nash equilibrium. An effort

profile y constitutes a Nash equilibrium, if for every student ¢ in the section,

Ui(Yi,y—i) = Uiy, ¥y i), Yy # i

Let also U = (Uy,...,U,). Then, a peer effects model is specified by (U, h,n, K,x). In Section 4.2,
we review the classic peer effects model used in the education literature, the linear-in-means
model (Manski 1993, Boucher et al. 2024). Two alternative non-linear models are the quadratic-in-
means (QIM) model (Garlick 2018) in Section 4.3.2 and the social norm model (Boucher et al. 2024)
in Section 4.3.3. Additionally, Tullock’s competition model has been recently adopted to model peer
effects in the classroom (Rosenzweig and Xu 2023); we study a related model in Appendix C.2.

Metrics. We are interested in various metrics, defined globally (at the school level, ) and poten-
tially locally (at a section level, ;). Below, we give the definitions for integral partitions; however,
it is straightforward to extend them to fractional partitions M.

e The section effort is defined as the (expected) sum of students’ achievements, i.e.,

> il - (4.1)

iEﬂ'j
At the school level, given known weights w € RY, we define the total weighted effort as

E(r) = Zje[K] wje(m)).
e At the school level, we define the Gini index of effort as follows:

Ce() = 37577 3 3 Bl Ely). (42)

N]j€[N]
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e The section utility or surplus is defined as the (expected) sum of students’ utilities, i.e.,

s(m) =E | S Uiy) | - (4.3)

1ET;
At the school level, the total utility of a partition 7 is defined as S(m) =3_,x; s(m;).

e The section variance equals
v(m) =Y (@ —F;)". (4.4)
ien;
At the school level, the total variance of a partition 7 is defined as V() =3 _,c s v(;)).

The above four metrics—total effort, Gini index, total utility, total variance—serve as measures
of performance, inequality, welfare, and diversity, respectively. More specifically, the total effort F
can be interpreted as a measure of performance. In fact, the empirical literature on peer effects often
equates student outcomes, such as grades or test scores, with individual effort (see, e.g., Boucher
et al. (2024)). The different weights naturally reflect the planner’s attitude towards sections of
varying average performance. For example, if w; > wy > ... > wg, then the planner puts the highest
value in the effort of the top-performing section and a progressively lower value on the effort of
the lower-performing sections. In contrast, a planner placing the highest weight on, e.g., wrk 2 is
more concerned about the performance of middle-performing sections.

We adapt the Gini index, a popular measure of inequality, to measure the inequality of effort
y; among individuals with varying attributes x; within a given partition. The Gini index equals
the area between the school-level Lorenz curve and the egalitarian line, where all individuals exert
equal effort. Total utility is the standard measure of aggregate welfare. Similarly, section variance
is perhaps the most common measure of diversity for non-categorical attributes, reflecting the
representativeness of the section in terms of student ability levels. Higher variance suggests greater
diversity within each class.

Finally, we note that our analysis is not confined to the specific metrics and objectives presented
above or the peer effects models we study in this paper, but can extend to any given metric that can
be reduced to a class of part-additive problems (for technical details, see Section 3; for additional

examples, see Appendix C).

4.2. Linear-in-means peer effect model
In the empirical literature, the linear-in-means model (LIM) takes the following form:

yi =i +07_; + e, (4.5)
where v > 0. Below we present a microfoundational framework of (4.5) based on spillover effects.?
% The microfoundation in (4.6) is referred as the LIM spillover model. An alternative microfoundational formulation
is the LIM conformist model. In the conformist version, each student ¢ chooses y; to maximize her utility of the form

UF (yi,y—i) = qiyi — y7 - %(yi —75_,;)?, where 0 < %2 <1 is the taste for conformity. The Nash equilibrium and
theoretical results are analogous to the LIM spillover model that we present here.
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Each student i chooses effort that maximizes the following utility function:

1 _
UP (yisy i) = qiyi — 53!12 + 601495 (4.6)

where 0 < 0; <1 is the intensity of the spillover effect and 7_, denotes the mean of the efforts of
student i’s classmates. The first term q;y; — %yf is student ¢’s utility of exerting effort y;, indepen-
dently of peer effects. The second term 6,y,;y_, is the spillover effects of the social norm on student
i’s own utility.

Observe that the first-order condition corresponds to y; = ¢; +6,7_,, or the LIM model in (4.5):
yi =vx; +0hy_, + €. (4.7)

Thanks to the linearity of the system in (4.7), the unique Nash equilibrium y can be written in a

closed form, i.e.,
(n-1)g O (7X; + 2ker, 6’“)
T n—14+60,  (1-60)(n—-1+6y)"

Equation (4.8) shows that the equilibrium effort y; factors in the student’s own observed and
unobserved attributes (z;,€;), the influence of her peers’ average attributes (Z_;,€_;), and the
parameter 6; which adjusts the weight of peer-group pressure.

For any partition 7 and an arbitrary section j, (4.8) allows us to compute the resulting section
effort e(m;) and section utility s(m;) at equilibrium. As shown in Lemma B.5 in Appendix B.2,
both metrics are functions of the sum of section j’s characteristics, X = Zieﬂj x;. This suffices
to ensure that, at a school level, our objectives, total effort E(m) =3, e(m;) and total utility

S(m) =>_ ¢k 5(m;), can be rewritten as a part-additive optimization problem.

4.2.1. Optimization and policy implications under the LIM model We now proceed
to finding the optimal partition under the LIM model for each of our four objectives: performance,

inequality, welfare, and diversity. We discuss our findings and potential policy implications.

Performance. In Proposition 6 below, we focus on optimizing performance, as measured by the
total weighted effort. Recall that in a vector of weights w € R, w; signifies the priority the planner
assigns to the effort e(m;) exerted by the j-th highest-performing class. For example, the USAFA
experiment aimed at improving the performance of the least-performing students. In our model,
this approach could correspond to assigning a significantly higher weight wx. We say that w € R

is single-peaked at t* if there exists t* € [K] such that w; <...<w; and wyx > ... > wk.

PROPOSITION 6 (LIM, Performance). Fiz w € RY. Under the LIM model, there exists a

locally uniform partition that attains the optimal total weighted effort over Ilx. Additionally, if



Goulas and Monachou: Optimal Cohort Partitions 21

w € R is single-peaked at t*, then the total weighted effort is mazimized for a t-upper-uniform par-
tition, where t > t*. If t* =1, then the assortative partition is optimal. If t* = K, then the uniform

partition s optimal.

Proposition 6 shows that the structure of the optimal partition heavily depends on the planner’s
prioritization of different sections. One high-level way to interpret Proposition 6 is as follows: As
the planner’s highest priority w;+ shifts from the top-performing section j =1 towards the middle-
performing sections 1 < j < K and eventually to the least-performing section j = K, the optimal
partition becomes progressively less assortative and each section becomes more diverse.

For an arbitrary w € RY, the optimality of locally uniform partitions follows directly from The-
orem 1.* Similarly, for t* =1 (respectively, t* = K), the total weighted effort becomes Schur convex
(respectively, Schur concave). Accordingly, Proposition 2 (respectively, Proposition 3) applies. Note
that analogous guarantees hold over II; thanks to Theorem 2.

For the case of a single-peaked w at 1 < t* < K, the objective of total weighted effort is neither
Schur convex nor Schur concave. Theorem 1 still applies here; however, given the special structure
of w, we can obtain a stronger characterization, showing that the optimal solution is the t-upper-
uniform partition for ¢ > ¢*.

To achieve this characterization, we employ a technique mirroring Myerson’s “ironing” pro-
cess (Myerson 1981), in order to Schur-converify objectives of the form w”X. Ironing is a common
technique in mechanism design problems (see, e.g., Hartline and Roughgarden (2008), Ashlagi et al.
(2025)) used to convexify linear functionals of one variable. We develop a counterpart of ironing
applicable to vectors in R, by ironing the L-curve of w. The main idea is to reduce the original
problem with single-peaked weights w to a Schur convex problem with (weakly) decreasing weights
by replacing the weights w, ..., w; with their local average %Zk <t Wk (for an appropriately chosen
t >t*). The proof, together with a graphical illustration of the ironing process in Figure B.6, can
be found in Appendix B.2.

Note that it is also possible to construct the optimal partition for an arbitrary w & Rf . One off-
the-shelf approach is to apply Dahl’s simple and efficient dynamic programming algorithm (Dahl
2001) (see Appendix A.4). Alternatively, one can apply a modified version of our ironing process
(see the proof of Claim 2 in Appendix B.2) to construct the optimal solution for any w € RE.

Last, it is important to acknowledge that when the planner’s goal is to maximize the total
unweighted effort, the problem becomes degenerate, as any partition is optimal. This highlights a
well-known criticism of the LIM model despite its widespread adoption in the literature: its inherent

4In fact, the result can be strengthened further, showing that given any locally uniform partition M € II7, there
exists a weight vector w € Rf that induces M as its optimal solution.



22 Goulas and Monachou: Optimal Cohort Partitions

Table 2 Summary of Optimal Partitions Under the LIM Model

Objective Metric Optimal partition (under LIM) Reference

Performance total weighted effort locally uniform (general w) Proposition 6
t-upper-uniform (single-peaked w)
assortative (decreasing w)
uniform (increasing w)

total effort any (constant w) Corollary 3, Proposition 8
Inequality ~ Gini index of effort balanced (strong 6,) Proposition 7 (i)
dispersion-maximal (weak 6, ) Lemma B.6
snake (weak 6y, linear x, even n) Proposition B.14
Welfare total utility assortative Proposition B.15
Diversity total variance uniform (balanced over Il7) Proposition B.16

linearity constrains the net mean effort effect from the reassignment of peers to different sections
to be zero (Sacerdote 2011). Interestingly, as we see in Section 4.3.1, the LIM is not the only
model with this property and even non-linear models can exhibit the same behavior. Proposition 8

characterizes the class of sorting-neutral peer effects models.

COROLLARY 3. Let w; =1 for all j € [K]. Then any feasible partition attains the optimal total
effort under the LIM model.

Inequality. For any partition 7 € II7, denote (with a slight abuse of notation) its corresponding
equilibrium vector of (expected) effort by Ely™] = (E[yT],...,E[yk]). Similarly, define E[y] as the
vector of equilibrium efforts under the assortative partition. The following lemma establishes that

E[y| majorizes E[y™| of any integral partition 7.

LEMMA 1. Under the LIM model and for any partition © € Iz, E[y”™] < E[y|. Furthermore, there
is no partition 7 € Ilz with X" # X such that E[y™] < E[y].

As a consequence of Lemma 1, it is perhaps unsurprising that the assortative partition exhibits
the highest inequality in effort among all integral partitions (Proposition 7 (ii)). On the other hand,
Lemma 1 also establishes that no integral partition’s effort vector is strictly majorized by that of
the uniform partition. Note that this does not imply that the uniform partition always achieves
the minimum inequality, as effort vectors incomparable to the one of uniform in a majorization
sense may still attain a lower Gini index.

Proposition 7 (i) below shows that, when peer effects are strong, every optimal integral partition
is balanced. When peer effects are weak, minimizing inequality is instead equivalent to maximizing
the within-section dispersion W (), that is, the total attribute spread between classmates weighted

by their distance in rank (Lemma B.6). In this case, the planner minimizes inequality by grouping
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dissimilar students, so that weaker students share sections with high-attribute peers. In particular,
when n = 2, this is achieved uniquely by the snake partition (Proposition B.14 (i)), which pairs the
k-th strongest with the k-th weakest student (Definition B.10) and is standard practice in sports
and fantasy-sports drafts (Lee and Liu 2022). It is also optimal when n is even and x is a linear
function of the student’s rank i (Proposition B.14 (ii)). Interestingly, the uniform partition can be
suboptimal for inequality (see Example B.2).

We say that a partition M € Iz with corresponding equilibrium vector y™ achieves perfect
equality in effort if Gg(y™) = 0. Intuitively, perfect equality is reached when all students exert
equal effort at equilibrium. Proposition 7 (iii) shows that the uniform partition, perhaps contrary

to the common expectation, does not achieve perfect equality in effort.

ProrosiTION 7 (LIM, Inequality). Under the LIM model, the following hold:
(i) There exists threshold 8 € (0,1) such that if peer effects are strong (6, > @), then every partition
minimizing the Gini index of effort over Iz is balanced.
(i) The assortative partition achieves the mazimum Gini index of effort over Ilz. In particular,
if ©1 > ...>xN, the assortative partition is the only partition with this property.

(11i) There exist cohorts where no (fractional) partition in 1z can achieve perfect equality in effort.

Part (iii) might seem counterintuitive at first glance. The concept of perfect equality in effort
essentially requires that all students exert the same level of effort in equilibrium. Part (iii) shows
that no partition can achieve that in the general case. Using a simple counterexample with two
types of students, we show that no fractional partition is guaranteed to achieve perfect equality in
effort. This highlights that the inherent distributional differences in the student population set a

fundamental limit on the planner’s ability to enforce perfect equality at an individual level.

Welfare. We measure welfare via total utility. By Lemma B.5, the problem of maximizing total
utility reduces to maximizing a Schur convex objective. Proposition 2 then guarantees the opti-

mality of the assortative partition. Proposition B.15 formalizes this result.

Diversity. We measure diversity via total variance. Maximizing total variance directly reduces
to maximizing a Schur concave function. Consequently, Proposition 3 implies that the uniform
partition is optimal among all feasible fractional partitions while there exists an optimal balanced

partition among the set of integral partitions. Proposition B.16 formalizes this result.

Discussion and policy implications. For comparison, the results of this section are summarized
in Table 2. Several observations are in order.
One high-level take-away from the study of the LIM model is that the four objectives are not

always aligned. On the one hand, optimal welfare is achieved under the assortative partition. On
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the other hand, the assortative partition would maximize inequality and minimize diversity, which
instead favor various forms of mixing (such as balanced, uniform, snake partitions). The plan-
ner’s priority weights play a central role in navigating this trade-off. When priorities favor the
least-performing students, a balanced partition may simultaneously align performance, diversity,
and inequality objectives. More generally, as priorities shift toward higher-performing sections, the
performance-optimal partition becomes progressively more segregated; conversely, more redistribu-
tive priorities lead to greater mixing. In this regard, the locally uniform partition emerges as a
flexible instrument, interpolating between these extremes.

Our findings may offer valuable perspectives on the Greek educational policy debate in Sec-
tion 1, further complemented by our empirical results using data from Greek public high schools in
Section 5. One argument raised against the proposed policy was that it may introduce inequality,
contrasting with the perceived fairness of the current quasi-random assignment system (uniform
policy). However, as we establish in Proposition 7 (iii), inequality remains a concern even under
the uniform policy: no fractional partition, including the uniform itself, achieves perfect equality
in effort in general. Heterogeneity in the student population thus sets a fundamental limit on the
planner’s ability to equalize individual student effort. In fact, the uniform policy may not even
minimize the Gini index of effort (Example B.2). The strength of peer effects determines which
partition does: when peer effects are strong, the inequality-minimizing integral partition is balanced
(Proposition 7 (i)), whereas when they are weak, it is one that maximizes within-section dispersion
(Lemma B.6). In either case, the planner may reduce inequality through deliberate mixing rather
than through quasi-random assignment.

Let us also revisit the USAFA experiment (Carrell et al. 2013) from Section 1 in light of our
results for the LIM model. Suppose first that the planner maximizes total weighted effort with
increasing section weights, thus prioritizing the bottom 1/3 of sections. Then, by Proposition 6,
the uniform partition is optimal over II# (resp., a balanced partition over IIz). This would imply
that USAFA’s original policy might have been optimal in the first place, explaining the negative
treatment effect observed in practice. Alternatively, suppose that the planner assigns individual
weights (; to students, placing a higher weight on lower-achieving students, and maximizes the
weighted total effort >,y i E[y;]. This objective is no longer sorting-neutral, but when the
weights decline linearly in ability the uniform partition (resp., a balanced partition) remains optimal
over IIz (resp., II7), while when they increase linearly in ability the assortative partition is optimal.
Appendix B.2.5 examines several formulations.

Nevertheless, Corollary 3 highlights a well-known limitation of the LIM model: sorting neutrality.

Next, we explore the class of sorting-neutral peer effects models and some non-linear alternatives.
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4.3. Sorting neutrality and non-linear peer effect models

In this section, we study non-linear peer effects. In Section 4.3.1, we characterize sorting-neutral
models beyond LIM. In Sections 4.3.2 and 4.3.3, we study performance-optimal partitions for
two non-linear models. Our results can be of independent technical interest. For example, in Sec-
tion 4.3.1, we build upon Bergstrom and Varian (1985) and Aczél (1966) to characterize which peer

effects models—potentially non-linear—are oblivious to the structure of the underlying partition.

4.3.1. Sorting-neutral peer effects models In Section 4.2.1, we saw that, under the stan-
dard LIM model, any partition achieves the optimal total unweighted effort. In this section, we give
a characterization of part-additive peer effects models with this property. Formally, a peer effects
model (U, h,n, K) is called sorting-neutral if, for every x € R"¥ | each partition 7 € I induces a

Nash equilibrium and the value of the total unweighted effort E(7) is independent of .

PROPOSITION 8. Let n > 3. Consider a peer effects model Q = (U, h,n,K), with h and each U;
being continuous, and assume that, for every x € R"X | each partition w € Il7 induces a unique Nash
equilibrium'y € R™™ that satisfies y; = f(w;, Zke'n]- Yi), i €m;, j € K], for some continuous function
f. Then, the section effort e(m;) depends on ; only through Zkeﬂj x, and Q is sorting-neutral, if
and only if y satisfies:

yi:r<cZ:Uk+a)~|—v<cZ:€k+a>xi, iemn;, je[K], (4.9)
kem; kem;

for some constants c,a € R, and functions v,r : R — R such that, when c#0,

zZ—a

z=nr(z)+v(z) P z€eR. (4.10)

The proof is based on two observations. First, in a sorting-neutral model, we show that each
section j effort must be affine in Zkewj xy, which follows from an application of a generalized
Pexider equation (Aczél 1966). Second, this allows us to utilize the characterization by Bergstrom
and Varian (1985) (Proposition B.17) to show that y; must take the form given in (4.9).

The proposition shows that sorting-neutrality in peer effects models is not exclusive to the linear-
in-means (LIM) model. It can also apply to any model where the equilibrium effort y; induced by
any partition exhibits a linear term in z; and a potentially non-linear, part-additive component
that depends on ) kem; The A key property of sorting-neutral models is therefore that even though
the effort at the individual level can be non-linear, the aggregate effort at the class level eventually
reduces to a linear form. Sorting-neutrality thus reflects a structural degeneracy of such peer effects
models: the partition affects the distribution of effort across individuals, but all such distributional
variation washes out in the aggregate.

Beyond the LIM model that is sorting-neutral, in the next two subsections we provide additional
non-linear effort-based models that are not sorting-neutral: the quadratic-in-means model (Garlick

2018) and the social norm model for §=1/2 (Boucher et al. 2024).
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4.3.2. The Quadratic-In-Means (QIM) Model Inspired by the quadratic production func-
tion of non-linear peer effects in Garlick (2018) (see his equation (4)), we consider the following

effort profile of student i in section j:
Yi = Yo +1%; + 72X, + ’Ynxf + ’)’22f2 + Y1225 + €, (4.11)

where €; is a mean-zero idiosyncratic noise term. Then, the section effort equals

2

1
e(ﬁj):'yon-f—(’}/l +’72)Z£L”i+’}/11235?4’5(7224"712) Z$l . (412)
1ET; 1ET; 1ET;
Only the last quadratic term influences the value of the total unweighted effort. When ~ys5 + 12 > 0
(resp., when 99 4+ 12 < 0), Proposition 2 (resp., Proposition 3) applies, giving the following result.

PROPOSITION 9. In the quadratic-in-means model, the assortative partition maximizes total
effort if oo + 712 > 0, whereas the uniform partition maximizes total effort over Ilx and a balanced

partition maximizes total effort over Iz if vya0 + 12 <O0.

4.3.3. Peer effects under a non-linear social norm In recent work, Boucher et al. (2024)
generalize the LIM model in (4.5) to include more general peer effects functions h(y_;). They prove
uniqueness and existence of a Nash equilibrium (see Lemma B.7) but do not provide a closed-form
solution of y or the section effort due to the intractability of the model. We provide an analytical
solution for y for the common value 5 =1/2. Specifically, we replace the mean §_; in (4.5) with

the social norm

2
~ 1
Yoi= <n—lzm> 7 1
J#i
1/B
which corresponds to the general formulation §_; = (ﬁ Zj 4i yf > evaluated at §=1/2. We

assume that the utility U, (y;,y_;) equals

1 N
Uiy, 1) = Giyi + 0197 — 5 [y2 +05(yi —9-4)?] . (4.14)

where ¢; = q(x;) > 0 for a nondecreasing function q.
Solving the social norm model with 5 =1/2, we find that the assortative partition maximizes

total effort for n > 3, while for n =2 the model is sorting-neutral.

PROPOSITION 10. Consider the social norm model with  =1/2. For n > 3, the assortative

partition ™ mazimizes total effort over Ilz. For n =2, the model is sorting-neutral.
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The key technical difficulty is that the first-order condition pins down y; as a function of Sj =

Zieﬂj V/¥i rather than of S; = Zieﬂj vy; directly, where a; = 14?92 and b= %. Summing over

it € m; yields the following fixed-point equation

Sﬁ _ ZiEﬂ'j bSJ2 + (1 - b)al

’ 1+(n—1) ’
which involves generally intractable cross terms. By managing to eliminate these, we obtain e(r;) =
(Z¢GWj a; +b(n— 2)5’]2)/(1 —b) (see Lemma B.8). For n > 3, maximizing total effort is thus equiv-

alent to maximizing > jelK] S’f, and Lemmas B.9-B.11 give the result.

5. Empirical insights from Greek public schools
This empirical exercise leverages the quasi-random variation in cohort partition sortedness across
Greek public high schools to document how the degree of sorting is associated with student per-

formance, motivating and contextualizing our theoretical framework.

Data. We use data from the myschool administrative database of the Hellenic Ministry of Educa-
tion, which covers the universe of middle and high school students in Greece (grades 7 through 12).
Each student record includes an individual identifier, school and classroom identifiers, gender, a
complete history of section and track enrollment, high school graduation status and year, and test
scores in every subject and grade. Our analysis relies on prior performance from grade 9 (before
the quasi-random classroom assignment at the beginning of grade 10) and outcomes from grade
10 for all public school students between 2023 and 2025. The analytic dataset includes more than
200,000 students enrolled in more than 900 public high schools.

Quasi-random classroom assignment and cohort partition sortedness. The Greek educa-
tional system is highly centralized (OECD 2018). Students are assigned to public schools through
a zoning process based on their residential address. Upon enrollment in a high school, each student
is placed in a classroom where they attend all courses. In accordance with a strictly enforced law,
students are allocated to classrooms in alphabetical order based on their last name® and are not per-
mitted to switch classrooms. This alphabetical assignment rule essentially generates quasi-random
variation in classroom peer composition (see Table D.3 for supporting evidence).

We exploit this quasi-random variation to construct a measure of cohort partition sortedness: the
percentage difference between the Lorenz-curve area of the empirical classroom partition and that of
a theoretically uniform partition within each school-grade cohort. This measure captures the degree
to which a cohort’s actual classroom partition deviates from the uniform partition benchmark.

Higher values indicate greater sorting by prior performance, with the maximum achieved by the

® Government Gazette of the Hellenic Republic 167 A/1566,/1985, Ministry of Education Bulletin 100749/T'2/17-09-07.
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assortative partition. Figure D.7 in Appendix D presents its empirical distribution across cohorts for
Mathematics and Modern Greek Language. Both are centered around moderate levels of sortedness,
with Mathematics exhibiting greater dispersion, indicating that sorting varies substantially across

school cohorts.

Empirical strategy. Figure 3 plots the relationship between each cohort’s partition sortedness in
grade 10 and its average academic growth between grades 9 and 10. The estimated correlations are
p =0.06 for Mathematics and p = 0.07 for Modern Greek Language and statistically significant,
reflecting a modest unconditional positive association.

Our main specification estimates nonlinear heterogeneous associations, allowing the estimated
association between sortedness and performance to vary flexibly both along the sortedness distri-
bution and across students’ positions in the prior-achievement distribution:

3 5
Yieet = 00+ Z Z Bgq 1{Sortedness,; € Q,} X 1{i € Ty} +vXjset + 0 + T4 + Eisets (5.1)

g=1 g=2
where Y, is the standardized grade-10 exam score of student 7 in subject s, school ¢, and year ¢; @,
denotes the ¢-th quintile of cohort partition sortedness in the school-year-subject cohort, with the
least-sorted quintile (@) as the omitted category within each tertile; and T}, denotes the bottom,
middle, and top tertile of students’ own grade-9 achievement, with the tertile indicators included as
controls. The vector X, includes individual grade-9 subject performance, gender, and the mean
and standard deviation of prior performance in the school-year-subject cohort. School and year
fixed effects, 0. and 74, absorb time-invariant differences across schools and common year shocks.
In richer specifications, we also include teacher fixed effects. Standard errors are clustered at school
level. The model is estimated separately by subject. The coefficients 3, trace out, for students at
each part of the prior-achievement distribution, how performance in more sorted cohorts compares
with performance in the least sorted cohorts.

Identification relies on the institutional feature that students are alphabetically assigned to class-
rooms within each grade. This process generates quasi-random variation in classroom composition
with respect to prior academic performance, yielding exogenous differences in cohort partition
sortedness across school-grade cohorts. Because sorting is mechanically induced by the random
distribution of surnames rather than academic criteria, the resulting variation can be interpreted
as plausibly exogenous to unobserved determinants of student achievement. Figure D.8 illustrates
this variation by plotting cohort partition sortedness against cohort-level mean prior performance
(from grade 9). Table D.3 provides evidence supporting the identifying assumption that classroom

assignment within school cohorts is effectively quasi-random.
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We also estimate overall associations in Appendix D: linear specifications that replace the
quintile-tertile interactions with the continuous sortedness measure, both pooled and interacted
with prior-achievement tertiles (Table D.4), and a pooled nonlinear specification with quintile

indicators alone (Table D.5).

Figure 3  Cohort Partition Sortedness and Average Academic Growth

Panel A: Mathematics Panel B: Modern Greek Language
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Notes: Each marker is a school x year cohort in grade 10 per subject. Sortedness is measured as the percentage
difference in Lorenz-curve areas between the empirical partition and a theoretically uniform partition within a cohort;
higher values indicate greater sorting of students. Average Academic Growth is the mean change in standardized final
exam scores from grade 9 to grade 10. The red line is the fitted OLS trend. The figure reports the Pearson correlation
coefficient and the p-value from a test of significance. To limit the influence of extreme values, we exclude observations
falling outside the 15°-99'" percentile range of the distribution, leaving 2,642 observations in Mathematics and 2,645

in Modern Greek.

Results. Figure 4 presents our main results. Each panel plots the estimated coefficients 3,, from
specification (5.1), comparing students in each sortedness quintile to students in the least sorted
quintile (@), separately for the bottom, middle, and top tertiles of prior achievement; Table D.6
in Appendix D reports the point estimates across specifications.®

Three patterns stand out. First, the positive estimates are concentrated among lower-achieving
students. Students in the bottom tertile of prior achievement score significantly higher in the most
sorted cohorts than in the least sorted ones. In the specification with teacher fixed effects, being in
a cohort of top-quintile sortedness is associated with scores that are 0.08 standard deviations higher
S Controlling for the distribution of cohort prior achievement is important because the extent of feasible sorting
depends on the underlying achievement distribution of the cohort. Alphabetical assignment randomizes sortedness
only within that feasible range, so controlling for the mean and standard deviation of cohort prior achievement is what
makes the variation comparable across cohorts. Table D.7 reports estimates that omit these controls. In Mathematics

the positive associations disappear once cohort prior achievement is accounted for, while in Modern Greek Language
the bottom-tertile association is strengthened.
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in Mathematics and 0.14 standard deviations higher in Modern Greek Language. In Modern Greek
Language, these differences rise roughly monotonically across sortedness quintiles. Second, there
is little evidence of corresponding gains for high-achieving students. For the top tertile, estimates
are small and statistically insignificant in Mathematics once teacher fixed effects are included,
and in Modern Greek Language the point estimates are negative throughout, significantly so only
for the second quintile in the specification with teacher fixed effects. Middle-tertile students fall
in between, with positive and sometimes significant estimates in Mathematics and no discernible
differences in Modern Greek Language. Third, the estimates are nonlinear: in the specifications
with teacher fixed effects, contrasts at the bottom of the sortedness distribution are generally small
and imprecise, and the largest differences appear in the most sorted cohorts, consistent with our

motivation for a specification that does not impose linearity.”

Discussion. The incidence pattern in Figure 4 is informative about which peer effects models
can rationalize the data, and it points in different directions in the two subjects. In Modern
Greek Language, the pattern resembles a redistribution: students in the bottom tertile gain in the
most sorted cohorts, top-tertile point estimates are negative, and pooled estimates are statistically
indistinguishable from zero (Tables D.4 and D.5). This is consistent with sorting neutrality—recall
that under sorting-neutral peer effects models, any partition yields the same total unweighted
effort (Section 4.3.1)—but not with the distributional prediction of LIM. LIM is sorting-neutral
(Corollary 3) and thus a natural candidate for this dataset. Lemma 1 further suggests that moving
to the fully assortative benchmark maximizes the dispersion of expected efforts, so that in the
extreme, sorting raises the peer component for high-ability students and lowers it for low-ability
ones. Partitions ordered by our sortedness measure need not be comparable in the majorization
order, but this endpoint comparison suggests that the same incidence should hold as sortedness
rises; empirically, we observe the opposite. Which sorting-neutral model best accounts for this
pattern remains an open question. In Mathematics, by contrast, the gains at high sortedness are
significant for the bottom and middle tertiles and positive, though insignificant, for the top tertile,
and pooled nonlinear estimates are significantly positive in the most sorted cohorts (Table D.5).
This pattern points to a departure from sorting neutrality under which sorting increases aggregate
" The overall effects reported in Appendix D are consistent with, but far less sharp than, these patterns. In linear
specifications (Table D.4), cohort sortedness has no statistically significant effect on average grade-10 performance in
either subject; interacting the continuous measure with prior-achievement tertiles yields marginally significant positive
effects for bottom-tertile students in Modern Greek Language and marginally significant negative effects for top-tertile
students in Mathematics, with the remaining estimates imprecise. This is expected: because the effects in Figure 4
are concentrated in the most sorted cohorts, a linear specification averages them with the near-zero contrasts at lower
sortedness levels and understates the incidence of sorting. Similarly, the pooled nonlinear specification (Table D.5)
shows achievement gains concentrated in the most sorted quintiles in Mathematics but smaller, insignificant estimates

in Modern Greek Language, because pooling across students averages the bottom-tertile gains with the null or negative
estimates for top-tertile students visible in Figure 4.
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Figure 4 Nonlinear Heterogeneous Effects of Cohort Partition Sortedness by Prior Student Performance

Panel A: Mathematics Panel B: Modern Greek Language

Estimate on Standardized Score

o

t

1
]

I

I

I

I

I

I

I

I

I

I

1
.

Lam @

I

I

I

I

I

I

I

I

I

I

1
s
I

I

I

I

I

I

I

I

I

I

I

I
-
T

I

Estimate on Standardized Score

3 4 5

Sortedness Quintile, Relative to Q1 Sortedness Quintile, Relative to Q1

.
o
N

2 3

Bottom Tertile ~+-Middle Tertile -+ Top Tertile Bottom Tertile -+ Middle Tertile - Top Tertile

Zero line represents Q1. Zero line represents Q1

Notes: Academic performance is measured by standardized grade 10 final examination scores. Prior performance
is measured by standardized grade 9 final examination scores. Sortedness is defined as the percentage difference
in Lorenz curve areas between the empirical partition and a theoretically uniform partition. The first quintile of
sortedness represents school cohorts with the least homogeneous classroom assignments, whereas the fifth quintile
represents cohorts with the most internally homogeneous classrooms (greatest between-classroom separation by prior
achievement. Coefficients represent differences relative to the bottom quintile of cohort partition sortedness within
each tertile of prior student performance. Standard errors are clustered at school level. Vertical lines denote 95 percent

confidence intervals.

performance, in line with non-linear specifications such as the quadratic-in-means model, where
the assortative partition can be optimal (Proposition 9). Regardless of which microfoundation
ultimately fits best, the evidence indicates that the cohort partition structure is systematically
associated with heterogeneous and nonlinear differences in student outcomes. This is precisely the
setting in which the choice of partition and of the planner’s objective matters, motivating the

optimal cohort partition problem studied in this paper.

6. Conclusion and future directions

In this paper, we initiated a theoretical study of optimal cohort partitions in education and related
contexts. Our results suggest that the structure of the objective—whether it is Schur-convex, Schur-
concave, or edge-quasi-convex—shapes the optimal partition rule in a tractable way, potentially
offering guidance to administrators and policymakers who face these decisions in practice. Our
empirical findings from Greek public schools, where greater sortedness is associated with gains
for lower-achieving students and, once teacher fixed effects are included, no measurable gains for
high achievers, underscore that the choice of partition has real distributional consequences. Several
questions remain open, both regarding policy implications (e.g., the individual fairness of different

partitions) and theoretical extensions (e.g., extending our results to multi-parameter partitions
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and networks). We hope that the theoretical framework in Section 3, similar to its applications to
education (Section 4) as well as team formation and contests (Appendix C), will prove useful in

various other contexts.
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Appendix A: Technical background

In this appendix, we include some technical background on polytopes (Appendix A.1), directional convexity
(Appendix A.2), majorization (Appendix A.3), and Dahl’s algorithm for linear objectives (Appendix A.4).
The material is adapted from Hwang and Rothblum (2011, 1996), Dahl (2001) and Marshall et al. (2011).

A.1. Polytopes

A polytope in R¥ is the convex hull of finitely many vectors in RX. A polyhedron in R¥ is the solution set
of a finite system of linear inequalities. The Main Theorem of Polytopes asserts that a subset of R¥ is a
polytope if and only if it is a bounded polyhedron.

A face of a polytope P C R¥ is any set of the form F = PN{xcR*: )" c;r; =~} where P C {x e R¥:

j€lK]
Zj e[r] Gi%5 < ~}. Faces of dimension 0 and 1 are respectively called vertices and edges. If P is a polytope in
R, then it is the convex hull of its vertices (Proposition 3.1.1 (a), Hwang and Rothblum (2011)).

An eztreme point of a convex set C is a point x € R¥ for which {z} is a face of C. The extreme points of

a polytope are its vertices (Proposition 3.1.2 (1), Hwang and Rothblum (2011))

A.2. Generalized notions of convexity and optimization

When maximizing a function f over a bounded polyhedron, quasi-convexity is usually the standard minimal
requirement for f to attain its maximum at an extreme point. Hwang and Rothblum (1996) obtain a weaker
property that suffices for optimality of extreme points by introducing the concept of quasi-convexity along
sets, namely directional quasi-convexity. Under the umbrella of directional quasi-convexity, they include the

notions of quasi-convexity, Schur convexity, and asymmetric Schur convexity (see Figure A.5).

quasi-

convexity

asymmetric Schur convexity

directional quasi-convexity

Figure A.5  Relationship of convexity notions (Hwang and Rothblum 1996)

DEFINITION A.5 (Quasi-convexity, Hwang and Rothblum (2011)). For a convex C CR¥ a func-
tion f:C — R is called quasi-convex if for all x,2’ € C and X € [0,1], it holds that f(Az + (1 — N)z') <
max{ f(x), f(z')}. It is strictly quasi-convex if the previous inequality is strict for all x # 2’ and X € (0,1).
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DEFINITION A.6 (Asymmetric Schur convexity, Hwang and Rothblum (2011)). For k € [K], let
u® be the k-th unit vector in R¥. Let A ={(i,7) :¢,j € [K],i # j} and for (i,j) € A, u”? :=u’ —w’. For
a convex C C R¥, the function f:C — R is called (strictly) asymmetric Schur convex if it is (strictly)
quasi-convex along the set {u¥: (i,7) € A}.

LEMMA A.2 (Lemma 2.1 in Hwang and Rothblum (1996)). Let C be a convexr subset of R, f:

C — R and d € R¥. Then f is d-quasi-convez if and only if for each x € C, the restriction to CN{x+~d:

v € R} when viewed as a function of the parameter v cannot decrease after an increase.

PrOPOSITION A.11 (Corollary 2.5 in Hwang and Rothblum (1996)). Let P be a polytope and let
f:P—R be edge-quasi-convex on P. Then f attains a mazximum over P on one of P’s vertices. Further, if

f is strictly edge-quasi-convex, then every mazximizer of f over P is a verter of P.

A.3. Majorization

DEFINITION A.7 (Weak majorization). For X,Y € R¥, we say that X weakly majorizes Y, that is
Y <0 X, i D Y <0< Xy for every k € [K].

DEFINITION A.8 (Doubly stochastic matrix). A K x K matriz P = (p,;;) is doubly stochastic if p;; >
0 for alli,j € K], Y1 pi; =1 for all j € [K], and Y ety Pis =1 for alli € [K].

LeEMMA A.3 (Hardy, Littlewood, and Pélya (1929)). X =Y if and only if there exists a doubly
stochastic matriz Q such that Y = QX.

DEFINITION A.9 (Supermodular function). A function ¢:R™ — R is called supermodular if for any
x€R™ and i #j,
AT, T+ 01,0, 5+ 02y T) FO(T1, . — 1, — 2y D)
AT,y T+ 01,0, T — oy T) FO(T1, oy — 1, oy T,

whenever 01,09 > 0.

PROPOSITION A.12 (Karamata Inequality, Arnold and Sarabia (2018)). Let X, Y € RE. Then,
X <Y if and only if

Y XYY f(Y) (A1)

i€[K) i€[K)

for every convex function f:R —R. Inequality (A.1) reverses if f is concave.
LEMMA A.4. Let u= (uy,uz),v=(v1,v2) € Ri satisfy u; +ug = vy +vy. Then
u<v — |’LL1—’LL2| < |’U1—7}2|.

Proof. Let u* and v+ denote the vectors obtained by sorting u and v in nonincreasing order. Under the

equal-sum assumption u; + us = v; + vo, the definition of majorization in Ri reduces to
u<v < u{ < v{.

Let S =wuj 4+ up = vy +vg, and define d,, = |u; — us|,d, = |v; — v2|. Assume without loss of generality that

Uy > Us, SO u{ =wu;. Then

1 (ur +u2)+(u1 —u2)  S+d,
Uy =u; = 5 = 5 .
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If instead s > uq, the same calculation with indices reversed shows that uf = (S +d,,) /2. Thus, in all cases,

. SH+d, . S+d,
U= U=
Therefore,
S+d, S+d,
u<v <<= ul <ot —; < —; d,<d, <= |us—us|<|vy—uvs.

O

PROPOSITION A.13 (Theorem 2.1 in Dahl (2001)). Let X € RY with X; > X,... > Xg. The map-
ping X#® is a bijection between the set of consecutive divisions B and the vertex set of P(X). Thus, the

vertices of P(X) are the interval means of X.

A.4. Dahl’s algorithm
We can exploit Proposition A.13 to construct the optimal solution for optimization problems of the form:
max Z w; X[; subject to X < X. (A.2)
JE[K]

Dahl (2001) uses the following efficient dynamic programming algorithm to construct the optimal solution.

ALGORITHM 1: Dahl’s algorithm
2o < 0;

for k=1,...,K do
p(k) + argmax{z, + Wyr1.4:t=0,...,k—1};

2 & Zp(k) T Wp(k)+1:k5
end

For a block b, = {i,i+1,...,j}, define its contribution by

Wy = (]Lrl ;Xe> (ZUM) . (A.3)

=1

Then, the maximum value of (A.2) equals zx and the optimal solution is determined by

1(b) ={K,p(K),p(p(K)), .., 0},
using Algorithm 1.

Appendix B: Proofs

Note: For the sake of readability, in some of the proofs we work directly with integral partitions (e.g.,
Lemma B.5) and then adjust the objective for fractional partitions. The form of the objective can be verified

through tedious algebra that we omit.
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B.1. Proofs from Section 3

PROPOSITION 1. Let XM be the summation vector of a feasible fractional partition M € I1x. Then, X" €

P(X). Conversely, for any X € P(X), there ezists a fractional partition M € Iz with summation vector
XM =X.

Proof. We first show that X € P(X). Indeed,
> Xij= ZXM—ZI
JE[K] i€[N]

Next we prove that for every k € [K],

ZX <ZX[J]

Jj€lk] je[k]

The proof is by contradiction. Suppose instead that k* is an arbitrary section at which the majorization

condition fails, i.e., - -
PIRGED IR
j=1 j=1
Note that both X and X have nk* students in sections 1 to &* but X has a higher aggregate quality of
students. This is a contradiction, since the assortative partition X assigns students to sections in a greedy
manner starting from the student with the highest attribute ;.
For the other direction, consider any X € P(f() We need to show that there exists a feasible partition

M e RY*" with XM =X. By Lemma A.3, X € P()NC) implies that there exists a doubly stochastic matrix
Q € RE"¥ such that X = QX. Let M € RY ™" be a matrix defined as

Mij = Qiri/n], 1€ [N], j € [K].

Then, given that @ is doubly stochastic, p;; € [0,1] and
S =Y i =
JE[K] JElK]
for all ¢ € [N]. Similarly,
5 =0 g =n1=n
i€[N]
for all j € [K]. Consequently, M is a feasible partition, with X = X following directly by the construction
of M. O

PROPOSITION 2 (Schur convex objective). Consider the optimization problems (3.1) and (3.2) with f
being Schur convex. Then the assortative partition is optimal over both the set of fractional partitions Il and
the set of integral partitions llz. If f is strictly Schur convex, then every optimal partition has summation

vector )~(

Proof. For any partition M, X < X. By the definition of Schur convexity, it thus follows that f (5() >
F(XM). Therefore, X must attain the optimal value in (3.1).
For the second statement, let M be optimal and suppose for the sake of contradiction that X is not a

permutation of X. Since XM < X strict Schur convexity gives f(X™) < f ()NC), contradicting optimality. O



Goulas and Monachou: Optimal Cohort Partitions 39

PROPOSITION 3 (Schur concave objective). Consider the optimization problems (3.1) and (3.2) with
f being Schur concave. Then the uniform partition is optimal over the set of fractional partitions Ilz. Fur-
thermore, there exists a balanced partition that is optimal over the set of integral partitions Ilz. If f is strictly
Schur concave, then every optimal fractional partition has summation vector X, and every optimal integral

partition is balanced.

Proof. For Iz, the proof follows as in Proposition 2 from the definition of Schur concavity by observing
that X < XM for any X" € P(X).
For the second statement, we consider only integral partitions in I1z, and show that some balanced partition

is optimal. We first prove the following claim.

CramM 1. Suppose that w, 7' € Iz agree on all sections except for {j,k} and satisfy XJ’T' + X = X7+ X7
If X7 — X7'| <|X7 — X7, then X™ < X"

Proof of Claim 1. The vectors X" and X" coincide on all sections except for {j, k}, while sections j, k satisfy
X7+ X[ = X7+ X7, thus 30, X7 =30 4y X7+ By Lemma A 4, the hypothesis | X7 — X['| < |XT — X[ |
gives (XJ’T,,X;‘/) < (X7, X[). Since the two vectors agree on the remaining K — 2 coordinates, every partial
SUm Y, X[’z]’ is at most -, . X[ for all &’ € [K], and the total sums coincide. Therefore, X" <X". [0

For a partition 7 € Iz, define the ®(m) =3_, (X7)?, which takes finitely many values over the finite set

0 0

II;. Starting from any optimal partition 7°, we construct a sequence of partitions 7°, 7%, 72, ... as follows. If
' is balanced, set 7 := 7" and stop. Otherwise, pick a pair (j,k) for which (%, 7}) is not a balanced 2-way
partition of 7t U7}, and obtain 7**! from 7* by replacing (7,7;) with a balanced 2-way partition, keeping
all other sections the same.

Each step keeps the sum X}'t + X ,;‘t fixed and strictly reduces the gap |X;’t — X,jt |. Since
ot ot ot oty 2 - 7ty 2
(X7 )P+ (X7 =3 (X] + X7 )" +5(X7 - X7)

is strictly increasing in |X]’-Tt — X7'|, and all other section sums are unchanged, we have ®(7*t1) < & ().
Thus, the sequence ®(7°) > ®(7t) > --. is strictly decreasing. On top of this, since ® takes finitely many
values over Ilz, the sequence must be finite and the construction terminates at some balanced 7*.

By Claim 1, each step satisfies X™ < X", Given that f is Schur concave, f(X"tH) > f(X”t) at every
step. Chaining these inequalities gives f (X’T*) >f (X’TO). Since 7° is optimal, 7* is optimal as well. Therefore,
there exists an optimal balanced partition in I1;.

For the last statement, the proof is by contradiction. Let M € I be optimal. Since X < X if X £ X
then strict Schur concavity gives f(X) > f(X"), contradicting optimality.

Now let m € II7 be optimal and suppose it is not balanced. Then there exist sections j # k and 7’ € I
that agrees with 7 on all other sections, but X;.r’ + X7 = X7+ X[ and \XJ’T/ - X7 < | X7 — X[|. By Claim 1,
X" < X™. Furthermore, X™ is not a permutation of X", since the two vectors agree outside {7, k} while on
{4, k} they have equal sums but different gaps. If f is strictly Schur concave, then f (X"’) > f(X™), which is

again a contradiction. O

COROLLARY B.4. For any w € Ilz, there exists a balanced partition my, € Il such that X™ = X™al,
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Proof. Starting from 7° := 7, construct a sequence 7°,7!,... € Il as in the proof of Proposition 3. If 7 is
balanced, stop; otherwise pick a pair (4, k) for which (7%, 7}) is not a balanced 2-way partition of 7! Uy, and
obtain 7! from 7* by replacing (7}, 7)) with such a balanced 2-way partition, keeping all other sections
the same. Note that this construction does not depend on any objective. However, as shown in the proof,
each step strictly decreases ®(m)=>_ ec[K] (X7)?, which takes finitely many values over Ilz, so the procedure

terminates at a balanced mp,;. By Claim 1, X <X at every step, therefore X™ > X2l O

THEOREM 1 (Characterization of optimal fractional partitions). Consider the optimization prob-

lem in (3.1) over Ix.
(i) If f is edge-quasi-convex on P(f(), then there exists an optimal locally uniform partition. If f is

strictly edge-quasi-convex on P(X), then every optimal fractional partition must be locally uniform.
(i) If f is Schur convex, then the assortative partition M is optimal.

(iti) If f is Schur concave, then the uniform partition M is optimal.

Proof. Parts (ii) and (iii) correspond to Propositions 2 and 3, respectively. For part (i), by Proposition 1,
the summation vectors of feasible fractional partitions form the majorization polytope P(f() Since f is

edge-quasi-convex on P(X), Proposition A.11 implies that the maximum of f over P(X) is attained at an
extreme point. By Proposition A.13, every extreme point of P(f() corresponds to a locally uniform partition,
which proves that there exists an optimal locally uniform partition. If f is strictly edge-quasi-convex, then
every maximizer of f over P(f() is an extreme point, so every optimal fractional partition must be locally
uniform. 0

PROPOSITION 4 (All locally balanced partitions are vertices of P;(X)). If 7 € Iy is locally bal-

anced, then X™ is a vertex of Pr(X).

Proof. The proof is by contradiction. Let 7 be a locally balanced partition via consecutive division b with
incidence set I(b) = {ki,...,k.}. Suppose for the sake of contradiction that X™ is not a vertex of Pr(X).
Then there exist distinct feasible partitions 71, ..., 7(") € I, each with x~ # X", and weights a; >0
with 37 ;a; =1, such that

X" =3 o, X" (B.1)

JE€lr]

Step 1: We wverify that all ©\9) satisfy the same binding constraints as w. For each k; € I(b), condition (i)
gives Zl&e[ki] X = ZZEW] X [, which is the maximum achievable value of that partial sum over all feasible
partitions. Since every feasible partition satisfies

> Xn" <> X,

Le(k;] Le(k;]
and by (B.1) the convex average of the LHS equals the maximum, we have:

> X" =3 Xy forall jefr]. ke I(b).
ee(k;

il L€ (ki)
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Step 2: Fiz any block b, = {ki_1 +1,...,k;}. We show that within b;, X7 =Xg. for all j € [r]. If |b] =1,
the claim follows from Step 1 applied at k;,_; and k;. Suppose |b;| > 2.

We first explain why condition (ii) can be applied to the block vector of each m(). If a partition binds
at kj, then its first k;, sections contain nk; students and attain the largest possible sum, thus they must
contain exactly the attributes x1,..., %, . Applying this observation at both k;_; and k;, it follows that the
sections in block b; must contain exactly the attributes z,x, ,+1,...,%n,. By Step 1, this holds for = and
every w0,

Next, fix j € [r]. Since 71 and 7 contain the same attributes in block b;, we can construct a new partition

%_ 7T§J), 56()1,
T lm, (b

7 as follows:

In other words, T keeps the assignment of 7 outside b;, but inside b; it reproduces 7). Consequently,
X[ =X, forall (¢b,, and X; =X .

Therefore we can substitute 7’ =7 in condition (ii), i.e.,

- 7 ~nl)
Xy = X5, =X,

By the definition of majorization, for every ¢=1,...,|b],
ki—1+44q ki—1+44q
. )
X Xps< > Xy (B-2)
l=k;_1+1 t=k;_1+1

Restricting (B.1) to the coordinates in b; and applying (B.2) gives

ki—1+q ki—1+q ki—1+q
_— e -
Do Xp=da Y Xy =X a Yy Xy
l=k;_1+1 jelr] l=k;_1+1 j€lr] t=k;i_1+1
Since a; > 0, it must hold that
ki—1+q ki—1+q
<) .
X X = ) Xi
t=k;—1+1 t=k;_1+1
for all ¢ =1,...,|b;] and j € [r]. Equality of all the partial sums in turn implies equality coordinate by

coordinate, i.e.,

X;" =X;  forall jelr].

Step 3: We obtain the contradiction. Steps 1 and 2 imply that X = X" for all j € [r], contradicting the

initial assumption that X~ = X™. This concludes the proof. |

PROPOSITION 5 (Characterization of extreme points of P;(X)). Every vertex of Pr(X) corre-

sponds to a locally extremal partition.

Proof. Let X™ be a vertex of P;(X) and fix a pair of sections 1 <r < s < K. Note that 7 € 7,,(r), so this
set is nonempty, and given that II7 is finite, the minimum and maximum of A,, over 7,,(7) are attained.

Every feasible summation vector has the same total Zj;l X [’;i =T. For ' € T,,(), all coordinates outside
{r, s} agree with those of X", so

Xp+ X =T~ Y X{j=X{j+X5 =5
jg{r,s}
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Thus, X [’;3 and X i i have fixed sum S,, and difference A, ('), therefore we can write

Srs + Ars (7T/)
9 )

S’rs - Ars (T‘J)

Xy = Xy = 5 )

i.e., both coordinates are linear in A, (7').

Next we show that the gap must be extremal. Suppose, for the sake of contradiction, that

min A, (7)) <A,s(m) < max A, (7
L oin (") (m) max ('),

and let 7=, 7 € 7,,(m) attain the minimum and the maximum, respectively. Set

A () — AL ()
A () — A ()

)\:

The denominator is positive and the strict inequalities above give A € (0,1) and A, (7) = AA,(77) + (1 —
MA, (7).
We claim that X™ = AX" +(1— )\)X”+. For j ¢ {r, s}, the identity holds trivially by definition. For j =r,

we have that

- _ +
)\X[’:{ +a —)\)X[’;]Jr _ Sy + AA, (T )—21—(1 MA,(71) _ S, +2ATS(7T)

= X4,

and the case j = s is symmetric with —A,., (7). Note that A € (0,1), and since A,.,(77) < A,,(7) < A, (7).
the vectors X* and X™ are distinct from each other and from X. Thus, X™ is a nontrivial convex
combination of points of PI()N(), contradicting that it is a vertex.

Therefore, A, (7) attains its minimum or its maximum over 7,.(7), and since the pair r < s was arbitrary,

this holds for every pair thus 7 is locally extremal. (Il

THEOREM 2 (Characterization of optimal integral partitions). Consider the optimization problem
in (3.2) over Iz.

(i) If f is edge-quasi-convexr on P;(X), then there exists an optimal locally extremal partition. If f is

strictly edge-quasi-convez, then every optimal integral partition must be locally extremal.
(i) If f is Schur convez, then the assortative partition T is optimal.

(ii) If f is Schur concave, then there exists an optimal balanced partition.

Proof. Parts (ii) and (iii) are established in Propositions 2 and 3, respectively. For part (i), since f is
edge-quasi-convex, Proposition A.11 implies that the maximum of f over PI()NC) is attained at a vertex. By
Proposition 5, every vertex corresponds to a locally extremal partition. Therefore there exists an optimal
integral partition that is locally extremal. If f is strictly edge-quasi-convex, every maximizer is a vertex, so

it must in turn be locally extremal. O

B.2. Proofs from Section 4

B.2.1. Proofs from Subsection 4.2
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LEMMA B.5. In a partition m, consider a section 7; at equilibrium. In the LIM model, the section effort

equals®

e(m;) = 1_7791 Z Z;

1ET

and the section utility equals

_’YQ (n—1)2 ) 91(2(n—1)(1—01)+n91)
=5 ey 2 e e (2"
n (n=12(1-61)>+261(n = 1)(1—6,) +nb? ,
9’ (1—61)2(n—1+6,)2 7

1ET

+

Proof. For the section effort, taking the expectation of (4.8) and using Ele; | x] =0 gives us the result for
e(m;). For section utility, we replace (4.7) into (4.6):
UZ (yiny o) =(yai +€) (Y2 + 017 +€) = 05(yas + 17, + &) + 01 (ves + 017, + €)7
=(yz; +y_; +e)(vri + € —05(vz; +hy_, +€) +617_,)

=0.5y?

Summing over i and taking the expectation, we get:

s(m)=E 053 42 =0.5Z]E{(Aqi+BQj)2 7 (B.3)

LET 1ET

where Q; =3, ¢ and, by (4.8), A= n=l_and B = Using E[¢; | x] =0, E[e? | x] =02 and

01
n—1+0; (1=01)(n—1+61)"
Eleie, | x] =0 for i # k, we have that

2

El¢?] =v*2? + 02, E[¢:Q;] =~ x; Z z+0°, E[Q7]=+ Z z; | +no’.

1ET; 1ET;

Therefore,

0.5 E[(4q+BQ,)|

LET;
2
=0.57% | A® fo—i— (2AB +nB?) Zmz +g (A +24B+nB?) 0.
1ET 1ET

Putting everything together gives us the result for s(m;). (|

PROPOSITION 6 (LIM, Performance). Fizw € RY. Under the LIM model, there exists a locally uniform
partition that attains the optimal total weighted effort over . Additionally, if w € R is single-peaked at
t*, then the total weighted effort is mazimized for a t-upper-uniform partition, where t > t*. If t* =1, then
the assortative partition is optimal. If t* = K, then the uniform partition is optimal.

8 For the sake of readability, we have chosen to present our statements in this section using integral partitions.

Expressing these results for fractional partitions is straightforward: in Lemma B.5, for a given M € Ilr, the sum
Zi€ﬂ7 z; found in both e(m;) and s(;) is replaced by 3,y 1i;Ti-
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Proof. By Lemma B.5, the total weighted effort E(m) =3, ;) w;e, (7)), is linear in each X7 = Eigﬂj X
By Theorem 1, it follows that there exists a locally uniform partition that attains the optimal total weighted
effort.

If t* =1 then w; > ... > wg. In this case, f is Schur convex and the result follows from Proposition 2. If
t* = K then w; <...<wg and f is Schur concave thus Proposition 3 applies.

For any other 1 < t* < K, we will show that FE(r) is maximized for a t-upper-uniform partition, where
t>1t".

First, using an “ironing” argument a la Myerson (1981), we prove the following claim:

CLAIM 2. There exists a t > t* such that for any X € P(X),

> X > wX (B.4)
) )

JE[K JjEIK

. 1
W .= (tijlt,le,...,wK) (B5)

T st

where

and (B.4) holds with equality whenever X; = c for some constant c € Ry and all j <t.

Proof of Claim 2. Analogously to L-curves, we define the step function
g(z) = Z wrg_j+1 H{j—1<zx<j},0<z<K.
jE[K]

Let G(x) = [ g(¢q)dg and find the convex hull of G, which we will call H(x). Then, define W as follows:
Let h(z) be the derivative of H(x), wherever defined, and extend it to [0, K] by right continuity.

By construction of g and the single-peakedness of w, it follows that g(x) is unimodal. Thus, G(x) is
convex-concave, meaning that there exists a z such that G is convex for z € [0, z] and concave for z € [z, K].
Consequently, H(z), as the convex hull of G(x), coincides with G(z) for x € [0, K —¢], while for z € [K — ¢, K]

is linear and its slope is equal to %Z].q w;. Next, we construct w. For j € [K], set

wK_j+1 == h(] - 05)

By the previous arguments, it follows that w takes the form in (B.5).

Thus, we get that for X € P(X),
. 1
o (150) (Zx) ¢ X wx
jelK] T <t 1<j<t t<G<K
Recall that H is linear on each [K — ¢, K] with slope %Z].ﬁwj. Since H(z) < G(x) with H(K —1) =
GK—t)and G(K —t+m)—-G(K —t)= Zizz—mﬂ w;, we obtain
k
ij < ZZU/J for every k <t.
J€k] J<t
Since X; >0, for all j € [¢], by summing by parts and then rearranging, we get that
1
> wX; < ; ( > w]-> < > Xj> : (B.6)
1<j<t - \l<gjst 1<j<t

If X; =c for all j <t, (B.6) holds with equality. This concludes the proof of the claim. O
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Figure B.6 “Ironing” of w € RX in Claim 2.

T

— () — G(a)
Wy b | === h(x) —_— | -~ H(x) L
w Rl
Wl eeeeeeeeeeeeeead
nggwj ””””””” 4 *
‘ 1
K-t K K-t
z x

Notes: Left: With the solid blue line we depict g(z); with the dashed red line we depict its ironed counterpart h(x).
The value of j-th step of g corresponds to wx—j+1; observe that the vector w is single-peaked at t* =¢. Since h is
“ironed” only for z € (K —t, K], h coincides with g for z € [0, K —t], but equals the local average w; = + > j<iwj for
z € (K —t,K]. Right: With the solid blue line we depict G(z); with the dashed red line we depict ité convex hull
H(z). Observe that, due to the form of g, G(z) = [’ g(q)dq consists of K line segments; the derivative of the j-th line
segment equals wk—j4+1. The function G is also convex for z € [0, K —t] but concave for = € (K —t, K|. Therefore, H
coincides with G for x € [0, K —t], but is linear for z € (K — ¢, K].

By (B.5), Zje[K] w;X; is Schur convex since w; > ... > w, > ... > Wg. Therefore, by Proposition 2, the
assortative partition X is optimal. However, we will show that there exists a t-upper-uniform partition X*

which is also optimal for 3/ 0, X
Indeed, consider the t-upper-uniform partition X* with X = %ngz )Z'j and X7 = )Z'j for j > t. (Clearly,
X* <X thus X* € P(f()) Since w; = %ngg; wy, for all 7 <t and by the construction of X*, it follows

that
DX =) X,
JE[K] JE[K]
therefore X* is also optimal.

For the last step, observe that Claim 2 guarantees that X also maximizes Y .. w; X, since (B.4) holds
JE[K] ©I°Ha
with equality for X*. Consequently, the t-upper-uniform partition X* maximizes the total weighted effort.

O

COROLLARY 3. Let w; =1 for all j € [K|. Then any feasible partition attains the optimal total effort under
the LIM model.

Proof. By Lemma B.5, e(r;) is proportional to X7 = Zieﬂj x;. Therefore,
E(r) = Z e(m;) Z X7 = Z X,
ielK] JelK] ielN]

which is the same under any partition m € II; and any M € Il ~. O

LEMMA 1. Under the LIM model and for any partition = € Ilz, Ely™] < E[y]. Furthermore, there is no
partition w € Iz with X" # X such that Ely™] < Ely].
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Proof. We break the proof into steps.
Step 1: We derive E[y], E[y,], and E[yp]. By (4.7), for any effort vector y™, 7 € Ilz, where [i] € 7; for some
j € [K], we have:

y(n—1) ~6,
Efyp] = - X7
[wial n—1—|—91x[l]+(1—6‘1)(n—1+91)

For the assortative partition, ;) = «; and j = [i/n], we have that

v(n—1) ~6, ~
) X
n—1+60, T 1—6)(n—1+0,) [/

Similarly, for the uniform partition’s y, we find that

Elyu] =E[y] =

_ ( _1) 701
Blua) = S o, 0 T =T e | 2 M D

JEIK] kE[N]

(n—1) 701
_ , X
n—1+91x[l]+(1—91)(n—1+91) ZHU*J

JE[K]
_ o=y 70 2iev T
1416, T Ao n—1+6) K

where the last step follows from the fact that for the uniform partition, X, = e Ziew] z; and p,; =1/K for

all i € [N] and j € [K]. Since x1 > ... > zy,

7(n—1) 761 Zien i _ y(n—1) 76
[y[z]] [yz] n—1+91x1+(1—91)(n—1+91) K 7’L—1+91x1+(1_91)( “1+6, )—h/wﬂ
(B.7)
Step 2: We show that Ely| - E[y™] for any m € Ilz. By Corollary 3, 3=,y E[yfy] = 2oic v ElY1a)-

It remains to show that, for any k € [N],

ZE% ZEy[J

j€e[k] j€[k]

We have that

y(n—1) Y01 >
X . B.
3 Elf) - z( e+ s Km) (.3)
>

JE(K] €lk]
Consider the index sequence of y Yh > Y[n), namely l1,...,Ix. Then, for any rearrangement of the
decreasing vector x, including x;,,...,z;, , we have:
LS SPN
J€(k] J€(k]

For every j € [k], let m; € [K] be such that [; € 7,,.. Since X = X", the majorization property implies that
for any k € [N],

> Xrjm > > X5

jelk] JjElk]

Summing together the last inequalities with the appropriate weights, we get (B.8).

Step 8: We show that, for 61 >0, there is no w € Iz with X" # X such that Ely™] < E[y]. Let A= ;ﬁq;}g)l,
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B= %. By Step 1, E[yf] = Az, + BX[,), where s(i) denotes the section of student i under T,

and E[y,] = Az; + BX. Grouping students by section gives
T 2
> Xiw=n)_ X]=NX, Zst@)*ZXZw*Z ;)
i€[N] Jje[K] Je[K] i€m; JE[K]

Consequently,

STERP- Y Byl = (24B+nB%) Y (X7 -X)*>0 (B.9)

ie[N] ie[N] J€lK]
for 6; >0 and X" # X. Suppose, for the sake of contradiction, that such a 7 satisfies E[y™] < E[y]. Applying
the Karamata inequality (Proposition A.12) with the convex function f(z) = z? yields > E[y7]* <>, E[y,]?,
contradicting (B.9). O

PROPOSITION 7 (LIM, Inequality). Under the LIM model, the following hold:
(i) There exists threshold 6 € (0,1) such that if peer effects are strong (01 > 0), then every partition mini-

mizing the Gini index of effort over Iz is balanced.

(ii) The assortative partition achieves the mazimum Gini index of effort over Ilz. In particular, if T, >

..>xy, the assortative partition is the only partition with this property.

(1ii) There exist cohorts where no (fractional) partition in Iz can achieve perfect equality in effort.

Proof. We prove each part separately:

Proof of Part (i). As we showed in the proof of Lemma B.6, minimizing the Gini index of effort over II;
is equivalent to minimizing its numerator A(w) in (B.13). Furthermore, the expected efforts satisfy E[y[] =
Ax; + BX7,) with A, B >0 independent of 7, and B/A is increasing in §; (note that these properties do not
rely on the assumption z; > ... > xy).

Set D(m) = 3=, yeiw | X7 — X7 |- We get that

> (1B - Ely;)

|A(7) — Bn®I'(rr)| =

= B|X[) = XJw)

)

i,i’ €[N]

< > |IBlr] - Elsl| - BIXT - Xiw ||

i,i’ €[N]

= > “A(Ii*xi')*B(X:m*X§<i'>)}*B|X§<i>*Xf<i'>‘

4,3/ €[N]

<A DY |, (B.10)
i,i' €[N]

where the last step follows from the triangle inequality.
We first show that every partition attaining I'* = min, ., I'(7) is balanced. As in (B.14),
D(m)=2> (K+1-2j) X[,
J€[K]
thus —v(X"™) = —I'(r) is strictly Schur concave. Thus, Proposition 3 applies, implying that every partition

attaining I'* is balanced.
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It remains to show that, for 6, large enough, every minimizer of A attains I'*. If " is constant on Iz, then
every partition attains I'* and the claim holds for any 8 € (0,1). Otherwise, the attributes are not all equal,
S0 >, veny | — | >0 and, since Iz is finite, € = min{['(7) — I : 7 € lIz, T'(7) >T"} > 0.

Set
0 Z(n_l)Zi,i’e[N] | — @

T et 2(n—1) 32, yepn lTi — 2|
Since B/A=06,/((1—01)(n—1)) is strictly increasing in 61, the condition #; > 6 is equivalent to

€(0,1).

Bn’e>2A Y |-y (B.11)

i,i’€[N]

Let 7 minimize A(7) while I'(7*) > T'*. Consider 7’ that attains I'*. Then

Bn?(T* +¢)— A Z |z, — 2y |<Bn?I(r*) — A Z

i,i’ €[N] i,i’ €[N]
<A(77)
<A(7)
<Bn’T(n')+ A Z
i,i' €[N
:Bn2F*+A Z x,-—x,-/|,
i,i' €[N]

where the first inequality holds because I'(7*) > I'* implies I'(7*) > I'* + ¢ by the definition of &, the second
and fourth inequalities follow from (B.10), the third inequality holds due to the optimality of 7*, and the

equality follows from the definition of 7. Consequently, Bn?s <243, — x|, which contradicts that

,i€[N] |2

01 > 0. Therefore, I'(n*) =I'*, and by the previous argument, it follows that 7* is balanced. O

Proof of Part (ii). By Lemma 1, E[y™] < E[y] for every = € II7, and the Gini index is strictly Schur convex
(Dalton 1920), therefore 7 attains the maximum.
Suppose x1 > -+ > xy and let 7 also be optimal. Strict Schur convexity forces E[y”] to be a permutation

of E[y]. As in Step 3 of the proof of Lemma 1,

S ERP=4%Y a? + (24B+nB%) Y (X7)”,

i€[N] i€[N] JE[K]

2 . T\2 __ T

and 2AB +nB? >0, s0 ) (X])* = ZJ( 1)2. Since X™ < X by Proposition 1 and >, (X;)? is strictly Schur
convex, X" must be a permutation of X. Finally, 1 + --- + x,, is the largest attainable section sum and
for 1 > ... > xy, it is attained only by the section {1,...,n}. Repeating the argument on the remaining

students gives m =7 up to a relabeling of the sections.

Proof of Part (iii). We show that, in the general case, no (fractional) partition can achieve perfect equality
in effort. For this we construct a counterexample. Consider a cohort of N =4 students, 1 =z < Ty = xor,
to be partitioned to two sections (K = 2). Let M € Il be a fractional partition that achieves equality in
effort. Then, the expected effort of student 7 is equal to the expected effort of student ', i.e

Vi 4 01y (i prara@ar + par (g1 + pywy) + (L= pan ) (1= par)ws + (1= pan ) (1 = pya)a; + (1= pya)ay)

=yxir + 01y (prarn pin i + prirn (5105 + g o) + (1 — parn ) (1= pan) s + (1 — o ) (1= pgn) 2 + (1 — pyen)z;0))
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which simplifies to

(pir = par1) (g1 + pyn — 1) =0.
Similarly, we find that

(51— pojr1) (phan + prn — 1) =0.
Since M is feasible, p;1 + pir1 + 1 + pj1 =n =2, so p;1 + pin =1 if and only if pjq + pj1 = 1. We have two
cases.
Case 1: p1 + pi1 # 1. The two equations above give p;1 = pyq1 and p; = pyq. Writing a = i = i,
feasibility gives p;1 = 1,1 =1 —a, and simple algebra yields

Ely;] — Ely;] = (2 — z;) (1 +0,(6a* — 6a + 1)) .

Since 6a? —6a+1> —1/2 for a € [0,1], the second term is at least 1 —6,/2 >0, and z; # z;. Thus, equality
in effort fails.
Case 2: pu1 + py1 = pj1 + pys1 = 1. The expected effort of student ¢ is equal to the expected effort of student
7, 1l.e.,

Vi + 01y (i@ + par (125 + pgay) + (1= pa) (L= par)ae + (1= pa) (1= pyn)z; + (1= pya)xy))
=y + 01 (japy1%5 4 pjn (Raa@s + parn @) + (1= gy ) (L= pyr) @y 4 (1= py1) (1= pan ) 4 (1 = parn)zar))

which given the above equations simplifies to

Y2 + 01y (2pir (1 — pan )i +x;5) = vy, +017(2p51 (1 — pjn ) w5 + ),

or
o 10 +200p (1 —pj)
r; 1—=014+20 (1 — par)
Note that the RHS is minimized for 151 € {0,1}, p1;1 = 1/2 thus is lower-bounded by 5 109510 , where 6, € (0,1)

is fixed. However the LHS can grow arbitrary small. Therefore, whenever z;/z; < the above system

1— O 59 ?
of equations is infeasible and no such M € Il r exists. O
LEMMA B.6. For a partition m € llz, define the total attribute spread between peers, weighted by

their distance in rank, as

Z Z i —i)(x; — ).

JjEIK] i ) ETr z<z

Under the LIM model, fix x1 > 1y > ... > xy. There exists 0 € (0,1), such that for all 6, € (0,0)
and all 7,7’ €z, Gg(y™) < Gply™ ) if and only if W (x) > W (x').

Proof. The expected equilibrium effort of student ¢ € 7; under any partition 7 € Il is

7(”—1) 70,
ElyT| = Az, + BXT h A= ——— "2 B = B.12
lyi] = Ax;+ BXJ,  where n—1106, 1—0)(n—1+6,) (B-12)

and A, B >0 for 0, € (0,1). By Corollary 3, the total effort is the same under every partition in

11z, so we can focus only on the numerator of the Gini index:

=> Z |E[y7] —E[y]]|. (B.13)

1€[N] jE[N



50 Goulas and Monachou: Optimal Cohort Partitions

We show that A(rw) is a decreasing linear function of W(w). Let 6 = min;e;y_1j(z; — 241) >0

and R:)Afm —)NC[K]. Note that [XT — XT| < R for all 7 € Iz and j,k € [K]. Set

o(n—1)

ézme(o,l).

Then, for any 7 € Il and i <i', (B.12) gives
Elyf] —Elyj] = A(z; — ) + B(X[,) — X)) = A6 — BR >0,

where s(i) denotes the section of student i and the inequality follows from the fact that the
condition 6; < 6 is equivalent to BR < A§ since B/A=0,/((1—6:)(n—1)) is strictly increasing in
6,. Therefore, given 6, € (0,0), E[yr] are strictly decreasing in i under any partition 7 € 7.

Next, observe that for any vector z; > 2o > ... > 2y,

Z Z |2 = 2 :2Z(Zi—2j) =2 Z Ci Zi, (B.14)

1€[N] jE[N] i<j 1€[N]

where ¢; = N +1 — 2i. Thus, applying (B.14) with z; = E[y] and substituting (B.12), we get that

A(m)=2A Z ¢z +2B Z X

i€[N] i€[N]
:2A2C1$Z+2BZZZC,[IJZ/
i€[N] JE[K]i€m;i'en;

=2A Z cri+2B | n Z cix; —2W(m)
]

i€[N] i€[N

=2(A+nB) Z ciz; —4BW (),

1€[N]

where the first term does not depend on 7. Therefore, A(7) < A(7n’) if and only if W (mr) > W (n'),

which proves the lemma. O

DEFINITION B.10 (Snake partition). The snake (or serpentine) partition 7 € Ilz assigns stu-
dents to sections in n rounds of K consecutive students each, reversing the order of sections in

every other round. Formally, for j € [K],
ti={(r—1)K+j:ren], rodd} U{rK+1—j:ren], r even}.

PROPOSITION B.14. Let x> x5 >...>xy and 6, € (0,0).
(i) If n =2, the snake partition 7 is the unique minimizer of the Gini index of effort over Ilz.
(ii) If n is even and the attributes x; are a linear function of the rank, i.e., x; =c— (i for all

i € [N] with >0, then ™ minimizes the Gini index of effort over Ilz.
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Proof. By Lemma B.6, for 6, € (0,0) it suffices to show that # maximizes the within-section
dispersion W over Ilz, and specifically uniquely for part (i).

We prove each part separately:

Proof of Part (i). For n =2, every section is a pair, so we can write W(m) =", incr o w(i,7)
with w(i, i) = (i — i) (z; — xy) > 0.
For any fixed ranks i < j < k <, first observe that

w(i, 1) +w(j, k) > max {w(z’, k) +w(j,1),w(i,j)+w(k, l)} (B.15)
Indeed, simple algebra gives

w(i, ) +w(g, k) —w(i, k) —w(,l) =G —i)(xp —x) + (1 — k) (x; —x;) >0, (B.16)
w(i, ) +w(j, k) —w(i,j) —w(k,l) =1 —j) (@ —xp) + (k—i)(x; —x;) >0, (B.17)

sincei<j<k<land xy>...>zp.

Now suppose for the sake of contradiction that = maximizes W and assume {1, N} ¢ 7; instead,
{1,b},{c, N} € 7 for some 1 < b,c < N and b # c. However, replacing these two pairs by {1, N} and
{b,c} strictly increases W, due to (B.15) where (i,j,k,1) = (1, min{b, ¢}, max{b,c}, N). This is a
contradiction, so it must hold that {1, N} € 7. Since W (7) =w(1, N)+W (7 \ {{1, N}}), induction
on K gives m =7. Thus 7 is the unique maximizer of W and Lemma B.6 applies.

Proof of Part (zz) For €Iz and j € [K], let CT =3, . (N +1-2i)=n(N+1) —ZZieﬂj i, and

1ET;

note that Zye[K = 0. For the given form of z; and ¢; = N +1 — 2¢, we have that
PORSREDY (Zcz>(z ) >0 Zczxz
JEIK] JEIK] i€T; i'em; JjEIK]iem; i 671']
— Z Zczx + Z Z cll‘/+cz/$
K]iem; jelKlii'en;
i<i
= Z ;T + Z Z (clx +oepxy —2(0 — 1) (x; fxi/))
JelK]i,i'en;
z<z
= Z ¢z +(n—1) Z cixy — 2W (m)
j i€[N]
=n Z cixy —2W(m
i€[N]

Therefore, maximizing W over Il7 is equivalent to minimizing > ; €7 X7 . The minimum value zero

is attained exactly when CT =0 for all j. Specifically, the snake partition attains it: for any pair of
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consecutive rounds 2m — 1, 2m with m € [n/2], section j receives the students of ranks (2m —2) K +j
and 2mK 41 — j, therefore com—2)x+j + Comrx+1—; = 2N — (8m —4) K, which does not depend on j.
Summing over the n/2 round pairs, C7 becomes the same for all j, and > C7T =0 forces CT = 0.

Thus, 7 maximizes W, and Lemma B.6 applies. O

ExaMPLE B.2. The uniform partition does not minimize the Gini index of effort over Ilz in
general. For N =6, K =2, n=3, 0, =1/5 and x=(12,5,4,3,2,1), the integral balanced partition
7= {{12,2,1},{5,4,3}} attains Gp(y™) = 511/1782 < 520/1782 = G(y). Since Iy C Il#, the

uniform partition is therefore not optimal over 11~ either.
ProrosiTiON B.15 (LIM, Welfare). Under the LIM model, the assortative partition mazi-
mizes total utility.

Proof. By Lemma B.5, the total utility under a partition M with summation vector X* can be

written as

72 0:(2(n—1)(1—6,) +nb,) M 2 >
2 (1—0)°(n—146,) 2, () et

JElK]

S(M) =% 22 +

where C > 0 is a constant. Since the first and third terms are constant across partitions, maximizing

S(M) reduces to maximizing

Y 01 (2(n—1)(1—6,) +néb,) 2
e e e 3 e e A ED DA

JE[K]

For 0 <6, <1, the coeflicient above is nonnegative, thus by Proposition C.1 in Marshall et al.
(2011), f is Schur convex as the sum of the convex functions g(X;) = (X;)?. Consequently,

Proposition 2 implies that the assortative partition maximizes total utility in the LIM model. [

ProproSITION B.16 (Diversity). The uniform partition (respectively, a balanced partition)

attains the mazimum total variance over Il (respectively, Ilz).

Proof. We rewrite V(m) =315 2Zien, (%i — Z;)? as

Vim =3 at - Sy,
i€[N] JelK]
and analogously V(M) =37,y 7 — 5 201k (X[1)? for M € I1x. Since 37,y 7 is constant across
partitions, the problem reduces to maximizing the Schur concave term — . JelK] (X )2. By Propo-
sition C.1 in Marshall et al. (2011), 3= (X ")? is Schur convex as a sum of convex functions,
hence — 37, (X;)? is Schur concave. Proposition 3 thus implies that the uniform partition

(respectively, a balanced partition) is optimal over Iz (respectively, II7). O
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B.2.2. Proofs from Subsection 4.3.1

PropoOsSITION B.17 (Bergstrom and Varian (1985)). Let n > 3. Fiz a peer effects model
Q= (U,n, K,x). Consider any partition 7 € Iz with Nash equilibrium y € RN and assume that'y
can be expressed in the form y; = f(xi,zlewj y), 1t €m;, with f being a continuous function. Then,
the equilibrium value of e(m;) = Zi@rj Yi, j € [K], depends on m; only through X7 = Zieﬂj x; if and
only if f takes the form:

f xhzyi =T Zyz +v zyz T;, (B.18)

1ET; 1ET; 1ET;
where r,v: R — R.
Note that if n < 3 in the above proposition, then condition (B.18) is sufficient but not necessary.

PROPOSITION 8. Let n > 3. Consider a peer effects model Q= (U, h,n, K), with h and each U;
being continuous, and assume that, for every x € R"X | each partition w € Iz induces a unique Nash
equilibrium'y € R"¥ that satisfies y; = f(w;, Zke'n]- Yi), i €m;, j € K], for some continuous function
f. Then, the section effort e(m;) depends on ; only through Zkeﬂj x, and Q is sorting-neutral, if
and only if y satisfies:

yi:r<c2xk+a>+v<cZ$k+a>xi, iemn;, je[K], (4.9)
kEﬂ'j k‘E‘ﬂ'j
for some constants c,a €R, and functions v,r : R — R such that, when c#0,

z:nr(z)+v(z)'z;a, z€R. (4.10)

Proof. To prove sufficiency, suppose y satisfies (4.9), and write z; = cXT +a. Summing (4.9) over
1€ m; gives

e(mj) = nr(z;) + v(z;) XT.

J
If ¢#0, then X7 = (z; —a)/c and (4.10) gives e(7;) = z; = cX] +a. If c=0, then z; = a for every
J and e(m;) =nr(a) +v(a) XT. In either case e(m;) is linear in X7 and depends on ; only through
X7 = Zkeﬂj Zy, thus
E(m)= Y e(m;) =nKr(a)+v(a) Y _ =,

JEIK] i€[N]
which is independent of 7. Therefore, Q is sorting-neutral. Note that this direction holds for any
n> 2.
For the other direction, let n > 3, and suppose Q is sorting-neutral and e(7;) depends on 7; only

through Zkeﬂj x. We proceed in three steps.
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Step 1: For all j € [K], we show that the section effort must equal e(m;)=c¢> . _ x; +a. First we

i€7\']'
write the section effort e(m;) as a function of {z;,7 € 7;}. For any enumeration {2, 2D} of
{2;,i €m;}, let e(m;) = é(xW)) =&z, ..., 20)), where the function é: R™ — R is continuous and

symmetric.

Fix a,8 € R, u,w € R" !, and consider the cohort with attributes «, 3, the entries of u and
of w, together with any other (K — 2)n attributes. The partition placing («,u) and (8, w) in the
first two sections and the partition placing (f,u) and («,w) in the first two sections agree on all

remaining sections, so sorting-neutrality gives
é(a,u)+é(p,w)=¢(B,u) +é(a,w), a,BER, u,weR" . (B.19)

Thus é(a,u) — é(S,u) does not depend on u. Taking =0 and w = 0 yields é(a,u) = p(a) + x(u),
where p(a) = é(a,0) —é(0) and x(u) =¢é(0,u). Since é is symmetric, x is a symmetric function on
R"~! satisfying (B.19) in its own coordinates. By induction on n, we get that
éx)=) u(m)+a, xeR" (B.20)
le[n]
for a continuous u: R — R and a constant ag € R.

By hypothesis, é(x) = ¢(Zle[n] xl) for some ¢ : R — R. Substituting into (B.20),
x4+ +x,) =u(z) + - +ul(x,) + aog, xecR™ (B.21)

Equation (B.21) is a special form of a Pexider functional equation and by Theorem 2, p. 348, in

Aczél (1966), its general continuous solution is
u(t)=ct+ay, ¢(s)=cs+a, a=na, + aop.

It follows that
e(wj):cZ:L‘i—i—a, Jj €Kl

1ET

Step 2: We show that y; = T(Zkeﬂj yk) +U(Zk6m yk):vl for some r,v:R— R and all i € [N]. By
hypothesis, e(m;) depends on 7; only through Zkeﬂj 2y, so this is exactly Proposition B.17.

Step 8: We complete the proof by showing that z =nr(z)+v(z)%*. By Steps 1 and 2, ZkEﬂ-j Yp =
e(m;) = X7 +a with X7 = Zkeﬂj Zr, and substituting into Step 2 gives (4.9). Summing (4.9) over

i € m; and using e(7;) = cXT +a once more,
cXT+a=nr(cX]+a)+v(cX]+a)XT, Jje[K].

If ¢ #0, writing z = cX7 +a gives X7 = (2 — a)/c and the above equation becomes (4.10). O
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B.2.3. Proof from Subsection 4.3.2

PROPOSITION 9. In the quadratic-in-means model, the assortative partition maximizes total
effort if ~yas +v12 > 0, whereas the uniform partition mazximizes total effort over Ilx and a balanced

partition maximizes total effort over Iz if vyao + 12 <O0.

Proof. In (4.12), the first three terms are constant across all partitions. Hence, maximizing F(7) is

2
equivalent to maximizing ZJK:l (Z ien, acL> when 792 + 712 > 0, and minimizing it when g5 4+ 12 <
0. Since f(z) = Zfil 27 is Schur-convex, Proposition 2 applies in the former case, yielding the

assortative partition as optimal. In the latter case, Proposition 3 applies, yielding the uniform

partition as optimal over Il and a balanced partition as optimal over Il7. O
B.2.4. Proofs from Subsection 4.3.3

LeMMA B.7 (Proposition 1 in Boucher et al. (2024)). In the social norm model, assume

that 0 < 1?92 <land0< % < 1. Then, there exists a unique Nash equilibrium.

Throughout the following proofs, we set

q; 01+ 0,

T 146, (1+05)(n—1)2’

Q;

and for any 7 € II7, we define

Sj:zzyiv §J:Z\/E

1ET 1ET;

By the assumptions in Proposition B.7, it follows that 0 < b < ﬁ, thus

1+ (n—1)b—nvVb=(1—Vb)(1—(n—1)Vd) >0.

~

LeMMA B.8. Consider the social norm model for §=1/2. For m € llz, S; = Zieﬂj Vi is the

(14 (n—1)b)S; = > 1/bS? + (1 - b)a. (B.22)

1ET;

unique positive root of

Then the section j effort satisfies

; 7Tvai+b(n—2)§2
e(ﬂj)zsjzzej -0 3 (B.23)

Proof. The first-order condition of (4.14) is

2

yi=a;+b Z VUi :ai+b(:§j—\/ﬂ)2. (B.24)

lem; l#£i
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Then, each y; and /y; can be written as follows:
a; +bS?2 268,/

Yi = 1—b (B.25)
—bS; +1/bS2 4 (1 - b)a,
VUi = - : (B.26)

where note that (B.26) is the unique nonnegative root. Summing (B.26) over i € 7;, we get (B.22).

Let ®(z) = Z Vbz?2+ (1=b)a; — (1+ (n—1)b)x. Since

1ET;

—(1+(n—1)b) <nVb— (1+(n—1)b) <0, (B.27)

bz
() =
iezﬁj Vbz? 4+ (1-b)a;
¢ is strictly decreasing on [0,00), with <I>(9) = Ziﬁj V(1 —=b)a; >0 and lim,_, . ®(z) = —o0,
therefore (B.22) has a unique positive root S; by the Intermediate Value Theorem.
By definition, e(m;) =S5 = Zieﬁj Y = Zieﬂj (/¥:)?. Summing (B.25) over i, we get
S=3ai+bn—2)82+5b8,
i
which in turn implies (B.23). O
By Lemma B.8, for n > 3, maximizing total effort is equivalent to maximizing Zj K] Z7 where

Z7T = (8;(m;))?. For n =2, total effort is the same under every partition. For any set A C [N],
|A| =n, let S(A) denote the root of (B.22) for that set A and define Z(A)= (§(A))2

LeEMMA B.9. Let m; = {i1,1a,...,4n}, mp = {i},45,...,9,}, with iy > iy > ... >4, and i} > i, >
..>1,. Let also §(7rj) = §j denote the unique root of (B.22) for any n-element set m; C [N]. If
ay = ay for all 1 € [n], then §(7r;) > §(7Tj), with strict inequality if a; > a;, for some 1 € [n].

Proof. For an n-element set A C [N] and z >0, write ®5(z) =3, 5 /b2 + (1 —b)a; — (1 + (n —
1)b)z, so that S(A) is the root of ®,. By (B.27), ®4 is strictly decreasing in #; hence its root is
unique and ®4(x) >0 if and only if z < §(A)

Fix > 0. Then ®5(x) is nondecreasing in each attribute a;, since

1-b

bx?+(1—-b)a; = >0
Oa,; ( ) 2/bx? 4+ (1-"b)a;
v > a;, for every [ € [n]. Raising the attributes one coordinate at a time from (a;,...,a;,) to

a
(ai/ e

fye s Qi ) thus only increases ® at every point, so

P, (x) = Ony(x) for all z > 0.

Evaluating at x = §(7rj) gives ., (§(7T])) >, (§(7rj)) = 0. However, @, is strictly decreasing
with root §(7rj/), s0 &, () >0 only on [0, §(7rj/)]. This implies that §(7Tj) €0, §(7Tj/)], ie., §(7Tj) <
g(ﬂ'j/). If moreover a;; > a;, for some [, the inequality above is strict at z = §(7rj), Slo) §(wj/) > §(7Tj).
(]
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LEMMA B.10. Letay >ap > ...> ag, >0, n>3. Among all 2-way partitions of {ay,as,...,a2,},

the assortative partition T ={1,...,n}, To={n+1,...,2n} uniquely mazimizes Z(m) + Z(m).

Proof. We break the proof into several steps.

Step 1: We consider a continuous relaxation. We first divide (B.22) by S and set Z = 52. Next we
replace the integral 7; with the fraction of individual i placed in j, namely \; € [0, 1]. For X € [0, 1]*"
with >, A; =n, let Z(A) be the unique positive root” of

i)\i\/b—i—(l—b)ai/Z =1+ (n—1)b. (B.28)

Our goal is to maximize 5(m;)2 + S(m,)? over all feasible 2-way integral partitions minIlz. Since

Z(1,,)=58(m;)? and 1~ 1,, = 1,,,
FA)=ZA)+Z(1-X)

over A ={X € 0,1]*": >, \; = n}. The vertices of A correspond exactly to the integral 2-way
partitions. We will show that every maximizer of F' corresponds to the assortative partition, that

is, either of the vertices 1z, 1z,.

Step 2: For a mazimizer \* € A, we derive the marginal value n(a) of reassigning an individual with
attribute a from section 2 to section 1, and show that optimality enforces a threshold rule, that is,
n > 71 for section 1 and n <t for section 2, for some T € R.

For any A € A, consider Z = Z(A) that solves (B.28). The LHS of (B.28) has derivative

(1—b)a;
- 222)\ + o+ (e,

1 2n

=—— [ 1+ (-1p- >N

27 — /b—i—%

where the second equality follows by substituting (B.28).
Since Z(A) is defined by L(Z) =14 (n—1)b in (B.28), implicit differentiation gives

0Z(N)  OLJON 2,/b72 + (1 —b)a; Z

/ (1 b)al

ONi — OL/OZ 1+ (n—1)b- Zf”m

9 The left side is strictly decreasing in Z, tends to 400 as Z | 0 and to \/BZZ Xi=nVb<1l+(n—1)bas Z— oo, so
the root exists and is unique.
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For a maximizer A* € A, n(a) is the corresponding marginal change in F' when an infinitesimal

amount of attribute a is moved from section j =2 to section j = 1. Note that n(a) is given by

sy —2 | VPO =0aZN)  OZO-XNPH(I-0aZ0-X) | - o
1_’_(”*1)1772?:1)‘7% 1+(n—1)b*Z?:1(1*>\7)+w
b+ ZaA-2")

At a maximizer A" over the convex set A, since F' is continuously differentiable on a neighborhood

of A with OF/0\; =n(a;), the maximizer A" satisfies
2n
VEA)T(A=A) =D n(a) (A=) <0 forall A€ A. (B.30)
=1

Equivalently, A\* maximizes the linear functional 21221 n(a;) A; over X € A. By the Bathtub Principle,
there exists a threshold 7 € R such that if A} >0 then n(a;) > 7 and if A} <1 then n(a;) <7, while
n(a;) =7 for any fractional coordinate. Note that A" cannot have exactly one fractional coordinate

since ), A\f =n.

Step 3: We show that ' changes sign at most once, and characterize the feasible shapes of n. We
conclude that X* € {1z,,1%,}. We have that

(1—|—(n1)b2?”1/\;‘b(1b) SO =b)aZ(\)
+ 2o
) (1—0)Z(1— A%
(1+(n1)b2$"1(1xy)1’(1b) PZA=N)P T+ (1=b)aZ{d—N)
+ Za

Note that n(a) > 0 if and only if

(1“”1)’)2(1”)1%) _ <1+(n1)bZAZ‘ZZlb)al> }

=1 b+ ZI=x") =1 b+ Z00)

bZ(A*)Z(1—AY)

2n

Z()\*)<1+(n—l)b—2(1—/\l*)lzlb)al> ‘Z(l_"*)<1+("_1)b_iﬁ?w>al> ] =0

=1 b+ Z(A—X*) =1 b+ ZO)

+(1—b)a

where the LHS is affine in a and therefore changes sign at most once, so 7 is (i) (strictly) mono-
tone, (ii) decreasing-then-increasing, (iii) increasing-then-decreasing, or (iv) constant. Consider the
superlevel set U :={a > 0:7n(a) > 7}. Every individual with attribute in U is fully assigned to
section 1 (A\; = 1), every individual with 7(a;) < 7 is fully assigned to section 2 (A =0), and only

individuals with n(a;) =7 may be split across the two sections. We consider the following cases.
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Case (i): n strictly monotone. The level set {a > 0:7(a) =7} contains at most one attribute, so
at most one coordinate of A" is fractional, which is impossible since ), A\; =n. Hence A} € {0,1}
for all 4, with A\f =1 exactly for the n individuals whose attributes give the n largest values of 7,

i.e., the n largest attributes if 7 is increasing, or the n smallest if 5 is decreasing.

Case (ii): n increasing-then-decreasing. We have four subcases based on U. If U = (), then all mass
n of section 1 must concentrate on the level set {a > 0:7(a) = 7}. However, since 7 is single-peaked,
the level set {a > 0:7n(a) =7} contains at most two attributes, thus n <2, which is impossible.
If U=(0,00), A} =1 for all i € [2n], contradicting ) . Ay = n. If either U = (0,p) or U = (¢, 0),
the level set {a > 0:n(a) =7} consists of the single finite endpoint, therefore Case (i) applies.
Otherwise U = (¢q,p) with 0 < ¢ < p < oo, which we rule out next.

If U= (q,p), then we must have Z; # Z,, where we use Z; = Z(X*) and Z, = Z(1 — A"). This
is because if Z; = Z,, the sign of (B.2.4) does not depend on a, so n(«) would be monotone or
constant.

First, suppose that Z; > Z5, We write k1, ks for the first and second denominator in (B.29); note

that k1, k2 do not depend on a. For x >y > 0, consider the ratio

R(x ):\/bZ? bxZi—/bZi + (1 —bjyZi _ Wi(zx) = Wily) _ Z1 Wa(z)+ Wa(y)
Y VOZ3+ (1 =b)xZy — \/bZ2+ (1 —b)yZy, Walz)=Waly) Zo Wi(z)+Wi(y)’

where the denominator is positive. Consequently, for x >y,

@) Zn) = Ray)Z (B.31)

We claim that R is strictly increasing in each of x and y; since R(x,y) is symmetric in z and vy, it
suffices to prove strict monotonicity only in x. Since W/(z) = (1 —b)Z,/2W,(z), the sign of R/0x
is the sign of

[zzwl(xf _ lez(x)ﬂ + [22wl(x)wl(y) — Z1W2(x)W2(y)] .

The first bracket equals Z; 7, (bZ1 +(1— b)x) — 7,7, (bZ2 +(1- b)a;) =bZ,7Z5(Zy — Zy) > 0. The
second bracket is a difference of two positive terms whose squares are Z7Z3 (bZ, + (1 —b)z) (bZ, +
(1—=b)y) and Z7ZZ(bZs + (1 — b)) (bZ> + (1 — b)y); since bZ; + (1 — b)t > bZs + (1 — b)t for every
t, the bracket is positive. Therefore, R is strictly increasing in each argument.

We now rule out that U = (q,p). Since U = (q,p) is the strict superlevel set of the continuous

function n at level 7, its endpoints satisfy

n(a) =n(p)=r. (B.32)

By the threshold rule in Step 2, every individual in section 1 has n(a;) > 7, therefore a; € [g, p],

since 1 < 7 outside [g, p]. Since the attributes are distinct, at most two individuals have a; € {¢,p},
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and they contribute at most 2 < n mass to section 1. Consequently, there must be some remaining

individual with attribute a’ € (¢, p) that contributes additional mass to section 1, and

n(a’) > .

Now apply (B.31) to the points ¢ < a’ < p. The equality (B.32), with x =p >y =g, gives R(p,q) =

K1/ke; the strict inequality n(p) =7 <n(a’), with x =p >y =d/, gives R(p,

a') < K1/ksy. Since a’ > ¢

and R is strictly increasing in its second argument,

5L = R(p,q) < R(p,a’) <=,
Ko Ko
a contradiction. Hence no window with Z; > Z, exists.
Suppose now that Z; < Z,. For r € {¢q,p} write
Cri=\b+ (1 =0b)r/Z, & =\b+(1—-b)r/Z,.

Since Z, < Z,, we have (, > &, > Vb, Note that Wi(r) =
=n(p) =7 and (B.31), yields

(& +&)/ (¢, +¢p), which combined with n(q)

K1(Cq +Gp) = ka(&g +&p)-

ZIC’I‘ and WQ(T) = Z2§Ta S0 R(p7Q) =

(B.33)

We derive a contradiction by showing that the LHS strictly exceeds the RHS.

Equation (B.28), applied to A and to 1 — A", gives

Z/\* b+

L)

ap
Zl— e

2n

ZX" > (-

=1

=14 (n—1)b, A) =n.

By the threshold rule, A\; > 0 implies a, € [q,p], and (. is increasing in r, so \/b+ (1-b)a;/Z, €

(¢4, ¢, while Af <1 implies a; € (¢,p), so \/b+ (1 —b)a;/Zs & (£,,&p).-
Furthermore, for >0 and v/b < u < v, we have that 1/z < (u+v —z)/uv for z € [u,v], with the

reverse inequality for x ¢ (u,v). Applying this term by term, with (u,v)

k1, and (u,v) =

2n A o MG +G) — (14 (n—1)b)
Z \/W - chp )
and therefore
ki > 1+(n—1)b—b (G +6) — (1 (”—1)6)’
GaGp
For u,v > /b, define
U(u,v) = (u+v) (L+(n—

= (¢4,¢p) in the sum for

(&4,€p) in the sum for ko, we get that

SRR n(&+&)— (1+(n—1)b)
=1 b+% o £.4p )
Ko < 1+(n—1)b (fq"‘fp) ( (n—l)b)
gqu
1)b)(uv+b) —bn(u+v)

)
uv
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so the previous inequalities can be rewritten as

K1(C+Gp) = W((y,Gp), Ko(§g +&) < V(& 6p)-

Since W is strictly increasing in each coordinate on (v/b,00)?, for ¢, > &, and ¢, > &,,

Hl(Cq"'Cp) 2 Q(CQ’CP) > \Il(ffﬂép) 2 52(§q+§p)7

contradicting (B.33). Thus U cannot take the form U = (¢,p), completing Case (ii).

Case (iii): n decreasing-then-increasing. We replace A* by 1 — A", which preserves F' and replaces

1 by —n, which is increasing-then-decreasing, thus Case (ii) applies.

Case (iv): n constant. If n is constant, then k; = ky = kK > 0 and then Z; = Z, = Z in the
expression of 1’(a) =0. This implies that n =0. We will show that A™ € {1z,,15,}.

The function h(x) =x — 2 is strictly increasing and strictly concave on (v/b,00). A direction d €
R?" is feasible if >.;d;i=0,d; >0 whenever \f =0, and d; <0 whenever A\ = 1. Twice differentiating
(B.28) shows that, for any feasible direction d satisfying Y, d; h(\/b+ (1 —b)a;/Z) =0,

(1=b)a; (B0-blai 4 4p 2

/<L3 (b—l— (1—Zb)ai)3/2

where F”(X*;d) > 0 whenever ), d;\/b+ (1 —b)a;/Z #0.
Suppose that A" ¢ {1z ,1z,}. Then there exist feasible exchanges u=e, —e; and w=e, — ey

with a; > a; and ap < ay. The exchanges u and w may be chosen so that

(b+ Opon) (b+ Opoe) 2 (04 S5 ) (b U0, (B.35)

To see why, suppose every pair of exchanges makes (B.35) an equality, thus all feasible exchanges

have the same product. Since >, (1 —A;) =n>3 and 0 < \; <1, at least three coordinates satisfy
A < 1; fix one coordinate ¢ with A} >0 and two coordinates k # k" with A, A}, <1, distinct from

i. The feasible exchanges e, — e; and e, — e; then satisfy

(b+ “*Zb)“i) (b+ “*?“k) <b+ (- ’%) (b+ %)

thus a; = ays, which is a contradiction

For
a:h< /b‘i_(l_g)ak) _h( b+ (1—Z£))ai) >07 ’Y:h< b+(1_;)ai/) —h< b+ (1— b)uk/> >0,
set

d=~vu+ aw,
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where Y. d; h(y/b+ (1 —b)a;/Z) =~va — ay = 0. Substituting and simplifying, we get

Zdim— o+ %) - \/b+7“‘bz)ak’) £ 0,

Consequently, (B.34) gives F”'(X*;d) > 0, contradicting maximality.

To sum up, Cases (i)—(iv) show that A" € {1z,1%,}. Since a maximizer exists and F(1z ) =
F(1,), the assortative partition uniquely maximizes Z(m) + Z(m2) among all 2-way partitions of

{al,...,azn}. O
LEMMA B.11. For every integral partition w € Uz, Z™ <., Z~.

Proof. Fix k € [K], and let T" be the union of the k sections of = with the largest section values
Z(m;). Among the finitely many partitions of T" into k sets of size n, pick one, say (11,...,T}), that
maximizes the sum »_,_, Z(7¢). Since the k chosen sections of 7 themselves form such a partition
of T,

> 25 <) Z(T).
i<k <k
At the maximizing partition, every pair (7, Ty) maximizes Z(-) + Z(:) over all splits of T, U
Ty into two sets of size n, the other sets being fixed; by Lemma B.10, every pair is therefore
split assortatively. Hence the sets Ti,...,T; are pairwise non-interleaving and, after relabeling
in decreasing attribute order, are the consecutive n-blocks of T'. Since T' C [N], the r-th largest
attribute of T' is at most the r-th largest attribute of [N]; as T} is the ¢-th consecutive block of T',
its r-th largest attribute is the ((¢ —1)n +7)-th largest of T, hence at most the ((¢ —1)n+r)-th
largest of [N], which is the r-th largest attribute of 7,. By Lemma B.9, Z(T;) < Z(7,) for every
¢ < k. Summing,
PR DACHED DF /S
i<k <k <k
Finally, section 7, elementwise dominates 7,41, s0 Z7 > --- > Zj. by Lemma B.9, whence ), Z7 =

> i<k Zf;]. As k € [K] was arbitrary, this is the definition of Z™ <,, Z7. O

PROPOSITION 10. Consider the social norm model with  =1/2. For n > 3, the assortative

partition ™ maximizes total effort over Tlz. For n =2, the model is sorting-neutral.

Proof. By Lemma B.8, for n > 3 maximizing total effort over Il; is equivalent to maximizing
Zje[K] Z(my).
Assume first that the attributes are distinct. Taking k£ = K in Lemma B.11 gives >, Z(7;) <

> ek Z(7;) for every m € llz, so 7 is a maximizer.
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With ties among the attributes, perturb them to distinct values preserving an assortative order-
ing, apply the distinct case, and pass to the limit: the unique positive root of (B.22) is continuous
in the attributes, so the inequality >, Z(m;) <> , Z(7;) is preserved for every m € Il7.

Finally, when n = 2, the coefficient b(n — 2) in (B.23) vanishes, so by Lemma B.8 total effort
equals ) a;/(1 —b) under every partition. O

B.2.5. Case study: The USAFA experiment (Carrell et al. 2013) In the USAFA exper-
iment (Carrell et al. 2013), the goal of the intervention was to improve the mean performance of
the bottom 1/3 of the students without harming the remaining 2/3 of the cohort. There are many
mathematical interpretations of this statement. We examine various mathematical formulations

and their implications on performance under the LIM model:

—Satisfying a magjorization constraint: The new partition M should satisfy

K K 2K/3 2K/3 K/3 K/3
M
doOXG> > Xy Y X=Xy, ZX >ZX[J
J=2K/3+1 J=2K/3+1 j=K/3+1 J=K/3+1

where X represents the summation vector of the initial uniform policy. However, no such M exists.

The three blocks partition [K], and the sum of attribute is invariant across partitions, since

> Xi=> Zu”x =D =) X

JEIK] JE[K]i€[N i€[N] JE[K]
Summing the three constraints above would therefore give >, x @i > >,y i, & contradiction.

Under this formulation, the planner’s goal is thus infeasible, since no reassignment can weakly

increase every block of section sums and strictly increase one.

—Mazimizing Y ;¢ wie(my)) with increasing section weights w € RX: Another choice would be
to maximize the total weighted effort with increasing weights so that the planner prioritizes the
performance of the bottom 1/3 of sections. In this case, the uniform partition over IIx (or a

balanced partition over IIz) would be optimal (Proposition 6).

—Mazimizing 3, ) BiEly:] with individual weights B € RY decreasing in ability: A third alter-
native is to assign individual weights 5; to students based on their attributes x; and maximize
the resulting weighted total effort. Unlike Corollary 3, this objective is not sorting-neutral. Setting

T __ o (n 1) o 0
Bj = Ziewj /3“ A= Jﬁ and B = m, we get that

> BEl]=A) Ba;+B Y BIX], (B.36)
i€[N] i€[N] JEIK]
where the first term is independent of 7 while the second is not. Note that the objective depends

on section 7; through two summation vectors, B and X7.
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We consider the following special case. Let 8; = p+rx;, then B} =np+rX7, and (B.36) becomes
\2
Z BiEly:] = A Z Bix; + Bnp Z z; + Br Z (X7)7,
i€[N] i€[N] i€[N] JE[K]
so that only the last term varies with m. Since B >0 for 6, € (0,1) and >, (s (XT)? is strictly
Schur convex, Propositions 2 and 3 imply that the assortative partition is optimal when r > 0,
whereas the uniform partition (resp., a balanced partition) is optimal over IIz (resp., II;) when

r < 0.
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Appendix C: Applications beyond education
In this section, we consider two partition problems in non-educational applications: the assignment
of experts to teams (Section C.1) and the design of Tullock contests with weakly heterogeneous

agents (Section C.2).

C.1. Optimal assignment of experts to teams

Chade and Eeckhout (2018) study the optimal allocation of N experts to K teams of equal size n,
when experts differ in the precision of their information, namely their “level of expertise” x; € [z,T],
0 <z <7< o0. Agents solve a joint decision problem indexed by an unknown state s. The prior
belief § is distributed according to N (uo, %) When assigned to a team, an agent with expertise

x; draws a signal 5 ~ N (s, mi) The pairwise covariance between the signals of two agents with

_ 1
n—17

expertise levels x; and z; equals —£—, where p € ( 1). The agents in a team jointly take an

action a € R to maximize the expected value of p — (a — s)?, where p > % is an exogenous profit

level. Proposition 1 in Chade and Eeckhout (2018) finds that the team value equals

1

V(mj)=p— m»

where
(1 + (n - 2)p) Zieﬂ—j Ty — pZieﬂ—j Zkeﬂj7k¢i VLT
(1=p)(1+(n—1)p) '

The objective of the planner is to find a partition that maximizes the total value Zj K] V(m;). Due

Cy(m) = (C.1)

to the complexity of C,(m;), Chade and Eeckhout (2018) focus on finding the optimal partition in

the case of conditional independence, i.e., when p=0. Then V(r;) simplifies to

1
Vir))=p— ————.
B
At p =0 the team value is a strictly concave, increasing function of the section sum ), er; Lis SO

the total value » . V/(7;) is Schur concave. Proposition 3 therefore applies.

ProrosiTION C.18 (Propositions 4 and 5 in Chade and Eeckhout (2018)). Assume
conditional independence, i.e., p=0. Then the uniform partition attains the optimal total team

value over Iz, and a balanced partition attains it over Ilz.

Our framework allows us to recover their result at any negative correlation level p € (— L 0}.

n—17

We formally state this result in the following proposition.

ProrosITION C.19 (Proposition 8 in Chade and Eeckhout (2018)). Fiz p € <—L O].

n—17

The uniform partition attains the optimal total team value over 11x.
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Proof. Let M = (u;;) € I1x, where p;; is the fraction of expert i assigned to team j. Under the
fractional signal technology of Chade and Eeckhout (2018), expert i contributes a signal of precision
Wi T; to team j, so team j has value (ﬁp(ij), where Z;VI = (121, ..., iy ) and, for z € RY,

B S C(2) = (L4+(n=2)p) X icing i — 2P Dor<ichan VZi%k
T+C,y(2)’ ’ (1=p)(1+(n—1)p) :

¢p(z)=p

Fix pe (—ﬁ,O]. Note that C, is concave and nonnegative on RY, so ¢, is also concave.
Since ik ti; = 1, the uniform partition satisfies Z;ﬂ == > 1elK] Z", so Z* < Z" by
Lemma A.3; concavity of ¢, in turn implies Zje[K] gbp(Z;-LI) > ZjE[K] d)p(Z;VI). Thus M is optimal

over II~. O

C.2. Group contests

Ryvkin (2011) studies how the sorting of heterogeneous players into groups affects the total effort
expended in a group contest, using a quadratic approximation of the seminal competition model
of Tullock (1980).'Y There are N players partitioned into K groups, and the groups compete in
a Tullock contest. A player i’s attribute x; serves as a multiplicative bias on their effort cost;
equivalently, z; can be interpreted as heterogeneity in prize valuations. Let E; = Ziew]— y; denote

the aggregate effort of group j. Each player i € 7; chooses effort y; > 0 to maximize her payoff

Ui(y) = z];E gy, (C.2)

where ¢ satisfies the following assumption.

ASSUMPTION 1. Let ¢ =min;eni{x;}. We assume that: (i) g(0) =0; (%) ¢'(0) = 0; (iii) ¢'(y) >0
for y € (0,dl; (iv) g"(y) >0 for y & (0,d]; (v) g"(y) evists and is finite for y € (0,c].

The above assumption states that players have a costless drop-out option (part (i)), the marginal
cost at zero effort is zero (part (ii)), and the cost function is strictly increasing (part (iii)). Part
(iv) ensures the existence and uniqueness of an equilibrium in which all players exert positive
effort. Part (v) is a smoothness condition used for the quadratic approximation. Ryvkin (2011)

also assumes weak heterogeneity among players’ attributes:
ASSUMPTION 2. For all i€ [N], z;=%(1—r;) for some r; < 1.

By construction, Assumption 2 implies that Zf\il r; = 0. This technical assumption allows for a

quadratic approximation.

10 Rosenzweig and Xu (2023) recently adopted Tullock’s model to model peer effects across two types of students,
high- and low-performing.
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ProrosiTION C.20 (Propositions 1 and 2 in Ryvkin (2011)). Under Assumption 1, the

group contest has a unique Nash equilibrium y where each player exerts effort y; >0, such that

B _ o
= =aig(y),  iem, jE[K] (C.3)
(Zée[K] Ef)

Let 5, be the symmetric equilibrium effort level, and set (; = -"g“gj;’s,g =4 (ys)ys Then, in the

quadratic approximation, the deviation of total effort from the symmetric level 18

N 1 2C — (3 +26(K Cz C3)
yve — (26— 2 i . C4
GG | X C?’)HZN]T’ n[(K )g Ik ]Z;{](;’“) (4

Therefore, the effort-mazimizing partition of players into groups minimizes (respectively, mazi-

mizes) the variance in aggregate cost across groups when o > 0 (respectively, o <0), where o =
20 — G+ 2G(K —1) (G — G).

Proposition C.20 implies that the controllable component of aggregate effort is the term
Zj €K (Zieﬂj ri)Q. Proposition C.21 characterizes the optimal partition policy based on the value

of 0.

PRrROPOSITION C.21. In the contest between groups, in the quadratic approximation, the uniform
partition (resp., a balanced partition) attains the optimal total effort over Il (resp., II;) when
o >0, and the assortative partition attains the optimal total effort over both Ilp and II; when

o <0, where o is defined as in Proposition C.20.

2
Proof. By Proposition C.20, the partition that maximizes effort must minimize Z JelK] <Z icn,; 7',»)
when ¢ > 0 and maximize it when o < 0.
Since by construction z; = Z(1 — ;) for all i € [N] and Ziem r; =0, it follows that r <7y <
.. <rp, and in particular r takes negative values. As Propositions 1 and 2 are stated for nonneg-

ative attributes, set ¢ = max;e|nj|r;| and consider the vector v € RY where v; =7; + ¢ > 0. Since
ZiE[N] r; =0,

Z (Zvi)z = Z (Zriy + Kn*c?

JE[K] i€m; JE[K] i€m;
so the two objectives differ by a constant and thus share the same maximizers and minimizers. By
Proposition C.1 in Marshall et al. (2011), the function f(V) =3,z V? is Schur convex as a sum
of the convex functions g(V;) =V, so —f is Schur concave.
When o < 0, Proposition 2 applies to the attribute vector v, implying that the assortative
partition with respect to v is optimal. Since v; = 14 ¢— z,; /7 is strictly decreasing in x; and section

labels are interchangeable in our setting, this partition is the assortative partition 7.
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When o > 0, Proposition 3 applies to —f, implying that the uniform partition is optimal over
IIr and that there exists a balanced partition that is optimal over II;. Note that v; is linear and
decreasing function of z;, and we have |V; — V| =|X; — X,|/7 for all j, k € [K]. Therefore, the pair
(m;, 7)) minimizes |V; — Vj| if and only if it minimizes | X; — X;|. Thus, a partition is balanced with

respect to v if and only if it is balanced with respect to x. O
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Appendix D: Supplementary material for the empirical results

Figure D.7 Histograms of Cohort Partition Sortedness

Panel A: Mathematics Panel B: Modern Greek Language
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Notes: This figure presents the histogram of our measure of classroom sortedness across all school cohorts. Sort-
edness is defined as the percentage difference between the Lorenz curve area of the empirical partition generated
by quasi-random alphabetical classroom assignment and a theoretically uniform partition. To limit the influence of
extreme values, we exclude observations falling outside the 1%-99t" percentile range of the distribution, leaving 2,642

observations in Mathematics and 2,645 in Modern Greek.

Figure D.8 Variation in Cohort Partition Sortedness with Cohort Prior Performance

Panel A: Mathematics Panel B: Modern Greek Language
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Notes: This graph shows the relationship between each cohort’s partition sortedness in grade 10 and its prior-year
performance from grade 9. Sortedness is defined as the percentage difference in Lorenz curve areas between the
empirical partition and a theoretically uniform partition. For each decile of cohort mean prior performance, the box
plot shows the 25" percentile, median, 75" percentile, minimum, and maximum of the sortedness distribution. The
mean value for each decile is also reported as labels on the horizontal axis. To limit the influence of extreme values,
we exclude observations falling outside the 15*-99'" percentile range of the distribution, leaving 2,642 observations in

Mathematics and 2,645 in Modern Greek.
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Table D.3 Balancing Tests

Independent Variable

Dependent Variable Cohort Partition Sortedness
Prior Student Performance, Mathematics 0.00039 0.00093 0.00522
(0.00063) (0.00073) (0.00498)
Prior Student Performance, Modern Greek 0.00122 0.00218 0.01217
(0.00176) (0.00276) (0.01533)
Female (1=Yes) -0.00056
(0.00062)
School FE v v v
Year FE v v v
Cohort Mean & SD Prior Performance v v v
Student Gender v v
Teacher FE v

Notes: This table reports balance checks of the cohort partition sortedness with respect
to student characteristics. Sortedness is defined as the percentage difference between the
areas under a theoretically uniform Lorenz curve and the empirical Lorenz curve. Each
row corresponds to a regression where the listed student characteristic from grade 9 is the
dependent variable and the student’s cohort partition sortedness in the grade 10 is the
independent variable. All regressions control for the mean and standard deviation of prior
cohort performance, school fixed effects, and year fixed effects. Clustered standard errors at

school level are shown in parentheses.
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Table D.4 Linear Effects of Cohort Partition Sortedness on Academic Performance

(1) (2) 3) (4) () (6)

Mathematics Modern Greek Language

All Students -0.012  -0.012  -0.016 0.023 0.024 0.029
(0.011)  (0.011)  (0.011)  (0.022)  (0.022)  (0.022)

By Tertile of Prior Student Performance

Bottom Tertile -0.002 -0.002 -0.004 0.038 0.037 0.043*
(0.011) (0.011) (0.011) (0.023) (0.023) (0.023)
Middle Tertile -0.015 -0.015 -0.017 0.018 0.019 0.028
(0.011)  (0.011)  (0.011)  (0.023)  (0.023)  (0.022)
Top Tertile -0.018* -0.018* -0.021* 0.017 0.018 0.029
(0.011)  (0.011)  (0.011)  (0.022)  (0.022)  (0.022)
Observations 201,354 201,354 201,354 201,127 201,126 201,126
Y Mean 0.096 0.096 0.096 0.023 0.023 0.023
Y SD 1.017 1.017 1.017 0.982 0.982 0.982
School FE v v v v v v
Year FE v v v v v v
Cohort Mean Prior Perf. v v v v v v
Cohort SD Prior Perf. v v v v v v
Student Prior Perf. v v v v v v
Student Gender v v v v
Teacher FE v v

Notes: Academic performance is measured by standardized grade 10 final exam scores, with prior

performance captured by standardized grade 9 final exam scores. Sortedness is defined as the
percentage difference in Lorenz curve areas between the empirical partition and a theoretically
uniform partition. Clustered standard errors at school level are shown in parentheses. * p < 0.1;
** p < 0.05; ¥ p<0.01.
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Table D.5 Nonlinear Effects of Cohort Partition Sortedness on Academic Performance

(1) (2) (3) (4) () (6)

Sortedness Quintile Mathematics Modern Greek Language
Second Quintile 0.064***  0.064*** 0.033 0.013 0.014 -0.011
(0.022) (0.022) (0.024) (0.021) (0.021) (0.021)
Third Quintile 0.056**  0.056** 0.044* 0.019 0.019 0.006
(0.022) (0.022) (0.024) (0.030) (0.029) (0.029)
Fourth Quintile 0.077**%  0.077***  0.046* 0.046 0.045 0.033
(0.025) (0.025) (0.027) (0.040) (0.040) (0.040)
Top Quintile 0.117**%F  0.117%**  0.076** 0.066 0.066 0.036
(0.032) (0.032) (0.035) (0.062) (0.062) (0.059)
School FE v v v v v v
Year FE v v v v v v
Cohort Mean Prior Perf. v v v v v v
Cohort SD Prior Perf. v v v v v v
Student Prior Perf. v v v v v v
Student Gender v v v v
Teacher FE v v

Notes: Academic performance is measured by standardized grade 10 final examination scores.
Prior performance is measured by standardized grade 9 final examination scores. Sortedness
is defined as the percentage difference between the areas under a theoretically uniform Lorenz
curve and the empirical Lorenz curve. Higher values indicate greater sorting of students across
classroom partitions. Coefficients represent differences relative to the bottom quintile of cohort
partition sortedness. Standard errors clustered at school level are reported in parentheses. *

p <0.1; ** p<0.05; *** p<0.01.
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Table D.6  Nonlinear Heterogeneous Effects of Cohort Partition Sortedness by Prior Student Performance

(1) (2) (3) (4) (5) (6)
Mathematics Modern Greek Language
Bottom Tertile: Q2 0.054**  0.054** 0.020 0.047* 0.044* 0.018
(0.025) (0.025) (0.026) (0.026) (0.026) (0.024)
Bottom Tertile: Q3 0.050**  0.050** 0.038 0.066* 0.062* 0.041
(0.024) (0.024) (0.026) (0.036) (0.035) (0.034)
Bottom Tertile: Q4 0.069**  0.069** 0.035 0.118**  0.112*%* 0.093*
(0.027) (0.027) (0.029) (0.050) (0.050) (0.048)
Bottom Tertile: Q5 0.128%**  (.128%**  (0.083**  0.201*** 0.196***  0.141**
(0.034) (0.034) (0.037) (0.076) (0.075) (0.071)
Middle Tertile: Q2 0.079%**  0.079%** 0.045 0.009 0.012 -0.009
(0.027) (0.027) (0.028) (0.023) (0.023) (0.023)
Middle Tertile: Q3 0.071**¥%  0.071%**  0.056** 0.011 0.015 0.014
(0.027) (0.027) (0.028) (0.032) (0.032) (0.031)
Middle Tertile: Q4 0.085%**  (.085*** 0.049 0.031 0.031 0.038
(0.029) (0.029) (0.031) (0.044) (0.043) (0.043)
Middle Tertile: Q5 0.133***  0.133***  (.089** 0.048 0.051 0.050
(0.038) (0.038) (0.040) (0.070) (0.070) (0.065)
Top Tertile: Q2 0.055**  0.055** 0.022 -0.032 -0.028 -0.049%*
(0.024) (0.024) (0.026) (0.021) (0.021) (0.022)
Top Tertile: Q3 0.042 0.042 0.029 -0.042 -0.040 -0.045
(0.026) (0.026) (0.028) (0.030) (0.030) (0.029)
Top Tertile: Q4 0.080***  0.080*** 0.043 -0.041 -0.038 -0.044
(0.029) (0.029) (0.031) (0.041) (0.040) (0.042)
Top Tertile: Q5 0.089**  0.090** 0.045 -0.104 -0.098 -0.107
(0.036) (0.036) (0.041) (0.064) (0.064) (0.065)
Observations 201,354 201,354 201,354 201,127 201,126 201,126
Y Mean 0.096 0.096 0.096 0.023 0.023 0.023
Y SD 1.017 1.017 1.017 0.982 0.982 0.982
School FE v v v v v v
Year FE v v v v v v
Cohort Mean Prior Perf. v v v v v v
Cohort SD Prior Perf. v v v v v v
Student Prior Perf. v v v v v v
Student Gender v v v v
Teacher FE v v

Notes: Academic performance is measured by standardized grade 10 final examination scores.

Prior performance is measured by standardized grade 9 final examination scores. Coefficients

represent differences relative to the bottom quintile of cohort partition sortedness. Standard

errors clustered at school level are reported in parentheses. * p < 0.1; ** p < 0.05; *** p < 0.01.



74 Goulas and Monachou: Optimal Cohort Partitions

Table D.7 Effect of Cohort Partition Sortedness on Academic Performance Without Controlling for the

Distribution of Cohort Prior Achievement

(1) (2) (3) (4) (5) (6)
Mathematics Modern Greek Language
All Students 0.006* 0.006* 0.005 0.016%**  0.015%*  (0.029***
(0.003) (0.003) (0.003) (0.006) (0.006) (0.006)
By Tertile of Prior Student Performance
Bottom Tertile 0.011%%%  0.011*** 0.011***  0.018%%  0.017**  0.030***
(0.003) (0.003) (0.003) (0.007) (0.007) (0.007)
Middle Tertile -0.002 -0.002 -0.002 0.002 0.002 0.017#%*
(0.004) (0.004) (0.004) (0.006) (0.006) (0.006)
Top Tertile -0.004 -0.004 -0.005 0.003 0.003 0.018%**
(0.003) (0.003) (0.004) (0.006) (0.006) (0.006)
Observations 201,354 201,354 201,354 201,127 201,126 201,126
Y Mean 0.096 0.096 0.096 0.023 0.023 0.023
Y SD 1.017 1.017 1.017 0.982 0.982 0.982
School FE v v v v v v
Year FE v v v v v v
Student Prior Perf. v v v v v v
Student Gender v v v v
Teacher FE v v

Notes: Academic performance is measured by standardized grade 10 final exam scores, with
prior performance captured by standardized grade 9 final exam scores. Sortedness is defined
as the percentage difference in Lorenz curve areas between the empirical partition and a theo-
retically uniform partition. Higher values indicate greater sorting of students across classroom
partitions. Clustered standard errors at school level are shown in parentheses. * p < 0.1; **
p < 0.05; *** p <0.01.
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