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Abstract

Consider the dispatch of ridesharing trips to drivers lining up at airports, or the allocation
of deceased donor organs to patients in transplant wait lists. In such dynamic queueing games,
heterogeneity in short-lived items combined with agents’ discretion to decline induce substantial
cherrypicking, resulting in high rates of unfulfilled trips and discarded organs. Existing research
typically focuses on easy-to-analyze dispatch policies, sometimes making fluid assumptions for
tractability. In this work, we introduce a solver for general dispatch policies with closed-form
updates, which computes agents’ equilibrium acceptance, entry, and reneging strategies as func-
tions of queue length and queue position. We prove that a Markov perfect equilibrium exists for
any dispatch policy that never assigns the same item to an agent more than once. Moreover, our
solver converges in finitely many iterations under policies where items are offered monotonically
down the queue and dispatch probabilities depend only on queue position, not queue length.
We further show that our solver naturally extends to parallel dispatching, where items may
be offered to multiple agents simultaneously, and costly inspection, where agents pay to learn
an item’s type before deciding whether to accept it. Through extensive simulations, we show
that the solver recovers known equilibria for theoretically analyzable policies, offers insights into
more complex policies better suited for practice, evaluates the robustness of different policies
under model misspecification, and elucidates the competitive dynamics between platforms in
the presence of driver multihoming and rider dual-apping.

1 Introduction
Matching items to agents in a queue is a fundamental challenge at the intersection of operations and
economics. Examples include ridesharing platforms assigning rider trips to drivers waiting in virtual
queues at an airport, and allocating deceased donor organs to patients on the national transplant
waiting list. These problems share common features: (1) agents are strategic and have the option
to decline undesirable items offered to them; and (2) items are short-lived and heterogeneous. As
a consequence, agents’ cherry-picking can result in significant inefficiencies including unfulfilled
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rides and wasted organs. For example, ridesharing passengers have very limited patience, often
willing to wait only a few minutes for a match. Furthermore, trip destinations introduce significant
heterogeneity in value—trips from an airport can range from $10 to over $100. As drivers can freely
accept or decline trips, after ridesharing platforms like Uber allowed drivers to view trip destinations
and earnings,1 the trip completion rate plummeted to 60% at major airports like SFO and LAX
[San Francisco Chronicle, 2021], as drivers increasingly cherry-picked high-earning trips, resulting
in unfulfilled trips and long wait times. As another example, the viability of deceased donor organs,
measured by cold ischemia time—the period an organ remains viable in cold storage—ranges from
4–6 hours for hearts and lungs to 24–36 hours for kidneys [Medscape, 2023]. Organ quality also
varies significantly, influenced by factors such as donor age, medical history, and cause of death
[Mohan et al., 2018]. Patients are free to accept or decline organ offers, and the rate of discarded
deceased donor kidneys in the U.S. has averaged around one-fifth and has risen to 25–30% recently
[Wood et al., 2025], much of which is due to patients strategically declining organs in search of
higher quality kidneys [Agarwal et al., 2021, Ashlagi et al., 2025].

Previous work on this problem has developed analyzable dispatch policies to improve efficiency.
In the context of deceased donor kidneys, Su and Zenios [2004] notably showed that under a
FIFO (First-In-First-Out) dispatch policy, patients’ selective acceptance behavior can result in
significant organ wastage. To address this, they proposed a hybrid policy that combines FIFO
and LIFO (Last-In-First-Out) dispatching to optimize organ utilization. More recently, Shi and
Yin [2022] introduced a policy that prioritizes patients newly added to the waitlist. In practice,
many organ allocation agencies rely heavily on simulation models to evaluate alternative dispatch
rules. However, these simulations typically neglect the strategic responses of patients who adapt
their acceptance decisions in reaction to changes in dispatch policies,2 likely because there is not
yet a simple, general methodology for computing equilibrium acceptance behavior under arbitrary
dispatch policies.

Similarly, in the context of ridesharing, Castro et al. [2021] show that FIFO dispatching at
airports can lead to market inefficiencies. To address this, they propose a class of randomized
FIFO dispatch policies that achieve second-best outcomes by partitioning the queue into bins and
dispatching trips in a randomized, bin-by-bin manner. Intuitively, this policy improves efficiency
because (i) the option to skip the rest of the queue incentivizes drivers toward the end of the
queue to accept lower-paying trips, accelerating dispatch and reducing rider cancellations; and (ii)
randomizing over multiple drivers substantially increases the cost of cherry-picking. For analytical
tractability, however, their model assumes a fluid approximation in which queue lengths remain
constant at equilibrium. The dispatch policy is constructed statically and does not account for
real-time fluctuations in queue length. Moreover, their analysis requires that bins are constructed
in a specific way aligned with the equilibrium outcome, and they do not characterize equilibrium
behavior for arbitrarily defined bins. These assumptions limit its direct applicability to dynamic,
real-world environments. Therefore, it is essential to explore policies that can adapt to the stochastic
fluctuations of queue length in practical settings. For instance, consider a simple dynamic variation
of the static randomized FIFO policy discussed previously. In this adaptive approach, for example,

1https://www.uber.com/newsroom/only-on-uber/, accessed February 9, 2025.
2For example, the latest simulation software OASIM, developed by the Scientific Registry of Transplant Recipients

(SRTR) to support the Organ Procurement and Transplantation Network (OPTN) in the U.S., explicitly states in its
manual: “For future simulation requests, the same placement mechanism will be used for all proposed policies. This
introduces an important assumption: the accept/decline behavior of candidates is invariant across policies (i.e., the
probability of acceptance under different allocation policies is reasonably approximated by the same logistic regression
model[s]). This assumption is likely not true in practice.” More details are available at https://www.srtr.org/media/
1838/ki2024_01_request_report_website.pdf, accessed June 14, 2025.
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whenever a new trip request arrives, if the queue is currently 240 drivers long, simply divide it into
12 bins of 20 drivers each,3 and the request is randomly assigned to a driver down the queue bin by
bin. Compared to its static counterpart, this adaptive policy is more practical as it eliminates the
need for estimating hard-to-determine inputs such as arrival rates and payoffs of trips. Moreover,
it naturally adjusts to the dynamic nature of queue length, making it better suited for real-world
applications. However, there is currently no understanding in the literature of how to compute the
equilibrium under such a policy.

Our work is thus directly motivated by the strong need to compute an equilibrium for a general
dispatch policy in a stochastic environment, and aims to fill this important gap. This task is
challenging because agents’ strategies depend not only on their position in the queue but also
on the overall queue length. These strategies, in turn, influence the stochastic evolution of the
queue as new agents arrive and existing ones either accept trips and exit or renege. This dynamic
feedback loop—where queue length and agent strategies continuously shape one another—requires
specialized analytical techniques, which form the core focus of this paper. We now provide a brief
overview of our framework and summarize our main contributions.

1.1 Our Results
In this work, we develop an analytical solver with closed-form updates that computes agents’ equi-
librium strategies under general dispatch policies.

Model. We study a stochastic and dynamic queueing game in which items and agents arrive
according to stationary Poisson processes. Agents are homogeneous, while items vary by type.
Upon arrival, agents strategically decide whether to join at the tail of the queue based on its current
length, and later, whether to accept or reject an item when it is offered to them to maximize their
expected utility—defined as the expected value of the accepted item minus the expected waiting
cost. Additionally, agents in the queue can renege both exogenously (due to unexpected departure)
and endogenously (due to negative continuation payoff). Items have finite patience, meaning that
they can be re-dispatched to other agents in the queue if declined, but will expire eventually if
declined too many times. Agents are allowed to decline items freely without penalties and have full
information regarding the state of the queue and the types of items being offered, among others.
Our framework encompasses a general class of dispatch policies that map each item’s type and
dispatch history to a probability distribution over potential queue positions.

Main Results. We begin by formalizing an equilibrium concept of our game based on Markov
perfect equilibrium and characterizing the equilibrium conditions through fixed-point equations
defined by agents’ continuation payoffs. We further show that, for any given dispatch policy and
strategy profile, these payoffs can be computed in closed form. We then prove that a Markov perfect
equilibrium (MPE) strategy always exists under any dispatch policy that does not dispatch any
item to the same agent more than once. Leveraging this fixed-point equilibrium characterization,
we develop an algorithm that computes equilibria for arbitrary dispatch policies using entirely
closed-form updates. For a broad class of dispatch policies—specifically, those with queue-length-
independent dispatch probabilities and items offered monotonically down the queue—we prove that
our solver converges to a Markov perfect equilibrium in a finite number of iterations from any initial
strategy.

3If each declined dispatch takes 10 seconds and riders begin canceling their requests after 2 minutes, that amounts
to roughly 12 dispatch attempts before a typical cancellation.
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Through extensive simulations using ridesharing data from Chicago O’Hare International Air-
port, we demonstrate that our solver exhibits robust convergence, even for policies lacking theo-
retical guarantees. It not only recovers known results for analytically tractable policies but also
uncovers new insights beyond prior analyses. Notably, the solver successfully converges for the
dynamic implementation of the randomized FIFO policy discussed earlier, confirming its superior
performance. As previously noted, the dynamic randomized FIFO mechanism does not require
knowledge of model parameters such as arrival rates or payoffs of trips. Leveraging our solver’s ca-
pabilities, we further evaluate scenarios with mis-specified trip and driver arrival rates—a common
challenge in practice due to imperfect forecasts. Our results show that the dynamic randomized
FIFO policy consistently delivers robust performance under these conditions, outperforming alter-
native policies. This proof-of-concept demonstrates that our solver is a valuable tool for market
designers, enabling the exploration and optimization of more complex policies tailored to real-world
applications.

Extension to Parallel Dispatching. We conclude by showing that our framework naturally
extends to settings where an item may be offered to multiple agents simultaneously. In cases where
multiple agents accept the same item, ties are broken according to a predefined rule. This frame-
work enables equilibrium computation across various practical settings, including recent ridesharing
dispatch products such as Uber’s Trip Radar4 and Lyft’s Rider Finder, which broadcast ride re-
quests to multiple drivers, as well as the UK’s Kidney Fast-Track Scheme [Callaghan et al., 2017],
which accelerates organ allocation by offering organs at risk of nonuse to multiple patients. Perhaps
surprisingly, it also supports the analysis of competing ridesharing platforms at the same airport
that share a portion of rider demand (i.e., rider dual-apping) and the full driver supply (i.e., driver
multihoming), as examined in detail in Section 6.1.1.

1.2 Related Work
Our work is mainly related to two streams of literature: queueing games and equilibrium compu-
tation.

Queueing Games. The study of agents’ strategic behavior in queueing systems was pioneered by
Naor [1969], who analyzed a single-server system with an observable queue. He first demonstrated
the negative externalities from waiting: when agents make self-interested decisions on whether to
join a FIFO queue, in equilibrium more agents line up in the queue in comparison to the socially
optimal outcome. See also the related early work by Yechiali [1971], as well as David and Yechiali
[1985], who considered a closely related setting in which agents are offered items with random
rewards in order of their position in the queue. Since then, a large body of subsequent work has
studied how to align incentives and improve system efficiency in various settings (see Hassin and
Haviv 2003 and Hassin 2016 for comprehensive reviews). Without the use of monetary transfers,
a significant amount of work explores the idea of using last-in-first-out (LIFO) inspired queueing
discipline to achieve the socially optimal outcome since when the agent who has waited the longest
in the queue decides whether to leave, she imposes no externality on any current or future agents
[Hassin, 1985, Su and Zenios, 2004, Haviv and Oz, 2016, Scarsini and Shmaya, 2024]. Nikzad and
Strack [2024] propose random allocation to balance equity and efficiency. Castro et al. [2021] ana-
lyze a class of randomized FIFO mechanisms. These mechanisms organize the queue into carefully
constructed bins, ensuring that agents remain incentive-compatible when accepting specific items

4https://www.uber.com/blog/trip-radar/

4

https://www.uber.com/blog/trip-radar/


assigned to certain bins. Through this design, they demonstrate that the mechanism attains the
second-best outcome. However, their analysis is limited to a fluid model, where the equilibrium
queue length remains constant. Furthermore, they do not provide equilibrium analysis for random-
ized FIFO policies with arbitrarily constructed bins. Existing research also compares FIFO with
other randomized allocation rules across various settings, highlighting their efficiency. However,
much of this analysis is conducted under restrictive assumptions about queueing dynamics—for in-
stance, assuming that queues are either perpetually overloaded with a constant length [Bloch and
Cantala, 2017, Schummer, 2021] or maintain a minimum length [Leshno, 2022]. In contrast, our
work imposes minimal assumptions on both queueing dynamics and dispatch policies. We compute
equilibrium outcomes for a broad class of dispatch policies, providing a more general and flexible
framework. This facilitates the exploration and understanding of practically relevant dispatch poli-
cies that are challenging to analyze theoretically. Finally, Che and Tercieux [2021] examines the
role of information design in enhancing efficiency and establishing the optimality of FIFO in such
settings. In contrast, our work focuses on a full information setting, where the state of the queue
and the types of items offered are fully disclosed to all agents.

Equilibrium Computation. The study of equilibrium existence and computation traces back to
the seminal work of Nash [1951], and often relies on fixed-point theorems (e.g., Kakutani, or related
results by Debreu, Glicksberg, and Fan), structural properties such as supermodularity (e.g., Mil-
grom and Roberts 1990; Topkis 1998; Yao 1995), or reformulations as optimization problems—such
as linear programming for zero-sum games (e.g., Adler 2013; von Stengel 2024) and potential games
[Monderer and Shapley, 1996]. Our dynamic queueing game is related to stochastic (Markov) games
[Shapley, 1953], but it fundamentally differs in that the number of players is infinite and fluctuates
dynamically as agents enter and exit the queue. This dynamic population renders standard equi-
librium computation methods for Markov games—such as policy or value iteration—inapplicable
without significant adaptation. Instead, we exploit the specific structure of our game and propose
a fixed-point characterization of equilibrium, drawing inspiration from techniques in congestion
games (e.g., Smith 1983). Our work advances the literature beyond existing results in conges-
tion games: whereas prior approaches typically assume continuity via predefined latency functions,
we derive a closed-form expression for continuation payoffs under arbitrary dispatch policies and
strategy profiles. Finally, in the related literature of computing or approximating equilibria of dy-
namic queueing games, Ravner and Snitkovsky [2024] notably propose a stochastic approximation
algorithm to compute a symmetric Nash equilibrium strategy with a finite action space, utilizing
simulation. However, this approach is not tractable for our setting due to the prohibitively large
number of state-dependent actions.

2 Preliminaries
We study a continuous time model where heterogeneous items are dispatched to agents waiting
in a queue. Consider, for example, the dispatch of trips with different destinations to ridesharing
drivers lining up at the airport, or the allocations of deceased donor organs to patients on the
transplant waitlist. Let [L] ≜ {1, 2, . . . , L} denote the set of L ∈ Z>0 item types. The arrivals of
items of each type ℓ ∈ [L] follow a stationary Poisson process with rate µℓ > 0, and the payoff of
type ℓ items is wℓ ∈ R. Without loss of generality, we assume that the items are ordered such that
w1 > w2 > ... > wℓ. Items need to be dispatched to agents in the queue upon arrival, and may
be dispatched again after being declined. We assume that all items share the same patience level
p ∈ Z>0, meaning that an item expires and can no longer be dispatched after being declined by p
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agents in the queue.5
Agents are homogeneous, and arrive according to a stationary Poisson process with rate λ > 0.

Upon arrival, agents may decide whether to join at the tail of the queue based on the length of the
queue,6 and we assume that agents who choose to not join the queue get a payoff that is normalized
to be zero.7After joining the queue, an agent incurs a waiting cost of cw ∈ R (which is allowed to be
negative) for each unit of time she spends waiting in the queue. Moreover, each agent in the queue
reneges exogenously with a rate θ > 0,8 modeling the possibility that ridesharing drivers might
need to leave the airport queue due to unexpected personal obligations, or patients may become
too sick to receive a transplant.

Additionally, we also allow for endogenous reneging, i.e., an agent currently in the queue may
choose to leave the queue based on the queue length and her queue position. This models, for
example, a ridesharing driver leaving for the city without a rider when she expects poor outcomes
from continuing to wait in the airport queue. Finally, when offered an item, agents can decide
whether to accept the item based on its payoff, the agent’s position in the queue, and the current
queue length. Agents are strategic, and seek to optimize their expected net payoff, i.e., the payoff
from the item they accept (if any) minus their waiting cost. We assume that agents do not have
preferences over the items on the basis of anything other than the payoff.

We focus on complete information settings that are fully transparent and flexible, meaning that
(i) the arrival rates, payoffs from items, and agents’ cost of time are common knowledge among
agents; (ii) at any point of time, all agents know the length of the queue and their positions in
the queue; (iii) agents are not penalized for any actions they take, and have the option to decline
any number of dispatches without losing their positions in the queue.Additionally, we assume that
the length of the queue is upper bounded by an arbitrarily large number Q̄ ∈ Z>0. This models,
for example, the finite capacity of airport waiting lots for ridesharing drivers, and with agent
exogeneous reneging this is almost without loss.

2.1 Dynamic Dispatch Policies
Upon arrival, or after being declined by the agents, items are offered to agents in the queue based
on a dispatch policy, denoted as π. If an agent accepts the item, they leave the queue and collect
the corresponding payoff. If the item is rejected, it is dispatched again until (i) an agent accepts,
(ii) the item expires after being declined p times, or (iii) the policy decides not to offer the item
again to any agent. A dispatch policy π is specified by a set of probabilities for each queue position
to receive the item, which can depend on the current length of the queue, the type of the item,
and how many times the item had already been dispatched. Additionally, a policy can take into
consideration the realized dispatch history, i.e., which positions in the queue were offered (and then
rejected) the item in the earlier dispatches.

5The patience level represents, for example, the amount of the time ridesharing customers are willing to wait for a
match before canceling their trip request, or the period of time organs can be preserved in cold storage. We assume
homogeneous patience for simplicity of notation; our framework can be generalized to settings where patience levels
are heterogeneous, as well as when items may expire with some probability after each decline.

6Most of our technical results continue to hold even when agents are not required to join the tail of the queue.
The exception is that the closed-form expression for the continuation payoff in Lemma 1 is replaced by the solution
to a system of linear equations. See Section 3.1 and Appendix D.2 for more details.

7If the outside option is nonzero, it can be normalized by subtracting the outside option value from the payoff of
each item ℓ.

8We can include the case θ = 0 as long as the continuation payoff is well defined, which is true under most
reasonable dispatch policies and strategy profiles, but fails, for example, under a pathological strategy profile in
which all agents reject every item, leading to a continuation payoff of negative infinity. By contrast, for any θ > 0,
the continuation payoff is guaranteed to be well defined under any dispatch policy and strategy profile.
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Formally, with [n] ≜ {1, 2, . . . , n} for any positive integer n ∈ Z>0, we use Q ∈ [Q̄] and q ∈ [Q]
to denote the queue length and a queue position. When the length of the queue is Q, positions
q = 1 and q = Q correspond to the head and the tail of the queue, respectively. Additionally, for
each k ∈ [p], let h(k) = (h

(k)
1 , h

(k)
2 , . . . , h

(k)
k ) ∈ [1, . . . , Q̄]k represent the dispatch history of an item’s

first k dispatches, such that h(k)k′ ∈ [Q̄] is the queue position to which the k′th dispatch was offered.
A dispatch policy π is specified by the dispatch probabilities(

f
(k)
ℓ

(
q,Q;h(k−1)

))
ℓ∈[L], k∈[p], q∈[Q̄], Q∈[Q̄], h(k−1)∈H(k−1),

(1)

where H(k) ≜ [Q̄]k denotes the set of all possible dispatch histories after an item’s first k dispatches.
For each item type ℓ ∈ [L], dispatch k ∈ [p], queue length Q ∈ [Q̄] and history h(k−1) ∈ H(k−1)

for the first k − 1 dispatches, the probability for each queue position q ∈ [Q̄] to receive the item
f
(k)
ℓ (q,Q;h(k−1)) satisfies f

(k)
ℓ (q,Q;h(k−1)) ∈ [0, 1], and we must have

∑
q∈[Q̄] f

(k)
ℓ (q,Q;h(k−1)) ≤ 1.

Note that it is possible for the item to not be dispatched again after the first k − 1 dispatches,
which happens with probability 1−

∑
q∈[Q̄] f

(k)
ℓ (q,Q;h(k−1)). Also note that we allow items to be

dispatched to queue positions where no agent is present (i.e., where q > Q), in which case the item
is automatically declined for that dispatch. If the dispatch policy is history-independent, we omit
h(k−1) and refer to the probability for position q to receive the item as f

(k)
ℓ (q,Q).

We now present two example dispatch policies, both of which are history-independent; accord-
ingly, we omit the history from the notation.

Example 1 (Strict FIFO Dispatch). Under the Strict FIFO dispatch policy, the kth time an item
is dispatched, it is offered to the agent at position k in the queue with probability 1. Formally, for
all ℓ ∈ [L], Q ∈ [Q̄], q ∈ [Q̄] and each k ∈ [p],

f
(k)
ℓ (q,Q) =

{
1, if q = k,
0, otherwise.

Example 2 (Pure Random Dispatch). Under the pure random dispatch policy, for each dispatch,
every item is offered to all agents in the queue uniformly at random. Formally, for all ℓ ∈ [L],
Q ∈ [Q̄], q ∈ [Q̄] and each k ∈ [p],

f
(k)
ℓ (q,Q) =

{
1/Q, if q ≤ Q,
0, otherwise.

2.2 Agent Strategies
We use the tuple (q,Q) to describe the state of an agent at position q ∈ [Q] in the queue, when the
length of the queue is Q ∈ [Q̄]. An agent’s strategy σ ≜ (α, ϕ) consists of an acceptance strategy α
and a queue-joining strategy ϕ:

• At each state (q,Q), αℓ(q,Q) ∈ [0, 1] is the probability with which the agent accepts item
ℓ ∈ [L] when it is offered;

• For each Q ∈ [Q̄], ϕ(Q − 1) ∈ [0, 1] is the probability with which an agent joins the queue
upon arrival when the queue length is Q− 1 (in which case the agent takes position Q).

Note that ϕ(Q̄) = 0 always holds since the length of the queue is capped at Q̄, and ϕ(0) represents
the joining probability when the arriving agent sees the queue empty.
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Endogenous Reneging. In many practical settings, it is possible that agents in the queue may
choose to leave because the continuation payoff from remaining in the queue is low. Instead of
introducing a separate strategy, we incorporate the possibility of such endogenous reneging via an
additional type 0 item with payoff w0 = 0 and arrival rate µ0 = ρQ̄ for some ρ ≥ 0. The item is
dispatched according to

f
(k)
0 (q,Q) =

{
1/Q̄, if k = 1,
0, otherwise,

meaning every agent in the queue receives type 0 items (i.e., considers the option to renege) at rate
ρ. In this way, the acceptance strategy for the type 0 items determines whether to renege or to
remain in the queue. When acting optimally, the agents’ continuation payoff is lower bounded by
−cw/ρ, which can be made arbitrarily close to 0 via setting a very larger ρ.

In the rest of the paper, L ≜ {0, 1, 2, . . . , L} denotes the augmented set of items that includes
the decision to renege, and S denotes the set of all possible strategies an agent may adopt.

3 Markov Perfect Equilibrium
In this section, we define the Markov Perfect Equilibrium (MPE) under the model introduced in
the previous section. For any dispatch policy that does not offer any item to the same agent more
than once, we provide a set of easy-to-check conditions that determine whether a strategy forms an
MPE, and prove that there always exists a (potentially randomized) strategy that forms an MPE.

We start from equilibrium definition. Let V (σ, σ−, q, Q) denote the expected continuation payoff
of an agent at position q in the queue, when (i) the queue length is Q, (ii) the agent adopts strategy
σ, and (iii) every other agent, including those who have not yet arrived, adopts strategy σ−.9

Definition 1. A strategy σ∗ = (α∗, ϕ∗) forms a symmetric Markov perfect equilibrium (MPE) if

V (σ∗, σ∗, q, Q) ≥ V (σ, σ∗, q, Q), ∀σ ∈ S, ∀Q ∈ [Q̄], ∀q ∈ [Q], (2)
V (σ∗, σ∗, Q,Q) ≥ 0, ∀Q ∈ [Q̄] : ϕ∗(Q− 1) > 0, (3)
V (σ∗, σ∗, Q,Q) ≤ 0, ∀Q ∈ [Q̄] : ϕ∗(Q− 1) < 1. (4)

Condition (2) requires that given any queue length Q ∈ [Q̄], at any queue position q ∈ [Q],
the agent’s continuation payoff is weakly higher than that under any possible strategy σ ∈ S.
Conditions (3) and (4) require that the agent joins the queue if and only if doing so leads to
non-negative continuation payoffs. The optimal joining conditions are stated separately because
V (σ∗, σ∗, q, Q) represents the continuation payoff of agents who are already in the queue, therefore
(2) only guarantees that the strategy is optimal in terms of the acceptance decisions (which also
includes the decision to renege if endogenous reneging is allowed, as discussed in Section 2).

Given our focus on symmetric equilibria where all agents adopt the same strategy, when the
strategy σ is clear from the context and adopted by all agents, we simplify the notation and use
V (q,Q) to denote the continuation payoff of an agent at position q when the queue length is Q.

It is non-trivial to evaluate the continuation payoff under general dispatch policies and arbitrary
agent strategies. Our first result establishes that a closed-form solution for the continuation payoff
V exists for any dispatch policy π, and any strategy σ adopted by all agents.

9Note that this does not provide notation for the continuation payoff of an agent, where the rest of the agents adopt
multiple different strategies. This work focuses on symmetric equilibria, where all agents adopt the same strategy.
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3.1 Evaluating the Continuation Payoff
To compute the continuation payoff V = (V (q,Q))Q∈[Q̄],q∈[Q] given strategy σ = (α, ϕ) adopted
by all agents and dispatch policy π specified by dispatch probabilities f (see (1)), we start from
defining a number of useful rate terms induced by σ and f .

First, we use g
(k)
ℓ (q,Q) to denote the probability for position q ∈ [Q̄] to receive an item of type

ℓ ∈ L during its kth dispatch, when the queue length is Q ∈ [Q̄]. For the first dispatch, we have

g
(1)
ℓ (q,Q) = f

(1)
ℓ (q,Q).

For any dispatch history h(1) ∈ H(1), the probability that the first dispatch is received and rejected
by the agent at position h

(1)
1 is given by f

(1)
ℓ (h

(1)
1 , Q)(1− αℓ(h

(1)
1 , Q)), hence

g
(2)
ℓ (q,Q) =

∑
h(1)∈H(1)

f
(2)
ℓ (q,Q;h(1))f

(1)
ℓ (h

(1)
1 , Q)

(
1− αℓ(h

(1)
1 , Q)

)
.

Generally, for any k ≥ 2, Q ∈ [Q̄], q ∈ [Q], and ℓ ∈ L, we have

g
(k)
ℓ (q,Q) =

∑
h(k−1)∈H(k−1)

f
(k)
ℓ (q,Q;h(k−1))

k−1∏
k′=1

f
(k′)
ℓ (h

(k−1)
k′ , Q;h

(k−1)
1:k′−1)(1− αℓ(h

(k−1)
k′ , Q))︸ ︷︷ ︸

dispatched to and declined by each position in h(k−1)

. (5)

Here, h(k−1)
1:k′−1 includes the first k′ − 1 dispatch positions given dispatch history h(k−1). With this,

we can compute the rate at which each position q ∈ [Q̄] receives items of type ℓ ∈ L (across all
dispatches), when the length of the queue is Q ∈ [Q̄]:

νℓ(q,Q) ≜ µℓ

p∑
k=1

g
(k)
ℓ (q,Q). (6)

Additionally, we define the following rate terms for all Q ∈ [Q̄] and q ∈ [Q], corresponding to
events taking places at different positions in the queue:

r0(q,Q) ≜
∑
ℓ∈L

νℓ(q,Q)αℓ(q,Q) + θ, (7)

r+(q,Q) ≜
q−1∑
q′=1

r0(q′, Q), (8)

r−(q,Q) ≜
Q∑

q′=q+1

r0(q′, Q), (9)

Intuitively, r0(q,Q) defined in (7) is the rate at which the agent at position q in the queue leaves
the queue when the length of the queue is Q, i.e., the rate at which the agent receives and accepts
an item, plus the rate of agent reneging exogenously. r+(q,Q) and r−(q,Q) given by (8) and (9)
correspond to the rates at which agents in positions ahead of or behind position q leave the queue,
respectively. Finally, r(Q) represents the total rate at which the queue length changes, which
combines the rate for any agent in the queue to leave, and the rate at which new agents arrive and
join the queue at the tail.

r(Q) ≜
Q∑

q′=1

r0(q′, Q) + λϕ(Q). (10)
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Figure 1: Illustration of the state transition diagram (of an agent) for Q̄ = 4.

Note that r(Q) = r0(q,Q) + r+(q,Q) + r−(q,Q) + λϕ(Q) for all q ∈ [Q].
By Poisson thinning, with these rate terms defined, the continuation payoffs V =

(
V (q,Q)

)
Q∈[Q̄], q∈[Q]

satisfy the following system of equations.

V (q,Q) = − cw
r(Q)︸ ︷︷ ︸

waiting cost

+

∑
ℓ∈L νℓ(q,Q)αℓ(q,Q)wℓ

r(Q)︸ ︷︷ ︸
payoff from accepted items

+
r+(q,Q)

r(Q)
· V (q − 1, Q− 1)︸ ︷︷ ︸

an agent in front leaves the queue

+
r−(q,Q)

r(Q)
· V (q,Q− 1)︸ ︷︷ ︸

an agent behind leaves the queue

+
λϕ(Q)

r(Q)
· V (q,Q+ 1)︸ ︷︷ ︸

a new agent joins
at the tail of the queue

, ∀Q ∈ [Q̄], ∀q ∈ [Q], (11)

with boundary conditions V (0, ·) = V (·, 0) = V (·, Q̄ + 1) = 0.10 Equation (11) captures the
discrete-event dynamics of the underlying continuous-time Markov chain, and requires solving a
linear system with O(Q̄2) variables and O(Q̄2) equations. This typically results in a computational
complexity of O(Q̄6)—which may become prohibitive as Q̄ increases. Remarkably, we show in the
following lemma that a closed-form solution exists for any strategy and dispatch policy, resulting
in only O(Q̄2) complexity.

Lemma 1 (Continuation Payoff Evaluation). Under any dispatch policy, given any strategy
adopted by all agents, the continuation payoff V can be computed via recursion

V (q, Q̄) = a(q,Q̄) + c(q,Q̄)V (q − 1, Q̄− 1), ∀q ∈ [Q̄],

V (q,Q) = a(q,Q) + b(q,Q)V (q,Q+ 1) + c(q,Q)V (q − 1, Q− 1), ∀Q ∈ [Q̄− 1], ∀q ∈ [Q],

where the coefficients
(
a(q,Q), b(q,Q), c(q,Q)

)
Q∈[Q̄],q∈[Q]

, depend on the strategy and the dispatch pol-
icy, and can be computed in closed forms.

10The event of exogenous reneging, which occurs with probability θ/r(Q), does not appear in the Bellman equation
(11) because it yields a payoff of zero.
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The proof of this lemma and the expressions of (a(q,Q), b(q,Q), c(q,Q))Q∈[Q̄],q∈[Q] are provided in
Appendix B.1. The key observation is that agents cannot move backward in the queue, which
enables us to compute V (q,Q) recursively starting from q = 1. Figure 1 provides an illustration
of the state transition diagram (of an agent) for Q̄ = 4. For the head of the queue q = 1,
the transition rates between states for different queue lengths Q resemble those of a birth-death
process, resulting in a system of linear equations that yields closed-form solutions for V (1, Q) for all
Q ∈ [Q̄]. Once V (q,Q) is obtained for all Q ∈ [Q̄], the expressions for V (q+1, Q) can be evaluated
analogously. The complete procedure is given in Algorithm 4 in Appendix B.1. It is worth noting
that V (σ, σ−, q, Q) can be evaluated in closed form in a similar manner when the focal agent’s
strategy σ differs from that of the other agents σ−. For any strategy and dispatch policy, we can
also analyze other performance metrics in closed forms, including the expected and steady-state
distribution queue length, item fulfillment rate, and variance of agent payoffs. Further details and
numerical examples on these performance metrics are provided in Section 5, while the theoretical
framework for computing the variance is presented in Appendix B.9.

The closed-form solution for the continuation payoffs enable both the characterization and the
computation of equilibria, which we address in the following sections. We note that the recursion in
Lemma 1 applies to cases in which agents join at the tail of the queue. There exist extensions that
violate this assumption. In such cases, one can still evaluate the continuation payoff by solving an
appropriate system of linear equations akin to (11). In Appendix D.2, we discuss and experiment
with an extension in which agents may be placed at the front of the queue upon arrival, as originally
proposed by Su and Zenios [2004].

3.2 Existence of MPE
We now provide a set of sufficient conditions for a strategy to form a symmetric MPE under
any dispatch policy that does not offer an item to the same agent more than once. The same
characterization also allows us to establish that an MPE always exists under such policies.

Consider any strategy σ∗ = (α∗, ϕ∗), and the corresponding continuation payoff when σ∗ is
adopted by all agents V ∗ ≜ (V (σ∗, σ∗, q, Q))Q∈[Q̄],q∈[Q]. The equilibrium conditions (3) and (4)
on the queue-joining decisions are straightforward to verify once V ∗ is computed via Lemma 1.
To check condition (2), we must formalize the best-response problem faced by a focal agent in the
queue regarding whether to accept items of each type, given that strategy σ∗ is adopted by the rest
of the agents (including those arriving later in time).

Intuitively, an agent in the queue decides dynamically whether to accept their received items
given the evolving queue length and their queue positions. This is a continuous-time infinite-horizon
Markov decision process (MDP) with an absorbing state—the agent maximizes her expected payoff
until receiving and accepting an item, or reneging from the queue. Let Aq,Q denote the set of
feasible acceptance strategies that coincide with α∗ in all states except (q,Q), i.e.,

Aq,Q(α
∗) ≜

{
α

∣∣∣∣ αℓ(q,Q) ∈ [0, 1], ∀ℓ ∈ L; αℓ(q
′, Q′) = α∗

ℓ (q
′, Q′), ∀(q′, Q′) ̸= (q,Q)

}
,

we can write the Bellman optimality equation for all Q ∈ [Q̄] and all q ∈ [Q] as,

V ∗(q,Q) = −cw
M︸ ︷︷ ︸

waiting cost

+ max
α∈Aq,Q(α∗)

{∑
ℓ∈L

[
νℓ(q,Q)αℓ(q,Q)wℓ

M︸ ︷︷ ︸
accept type ℓ item

]
+

r+(q,Q)

M
V ∗(q − 1, Q− 1)︸ ︷︷ ︸

agents in front accept or renege
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+
r−(q,Q)

M
V ∗(q,Q− 1)︸ ︷︷ ︸

agents behind accept or renege

+
(M − r(Q))

M
V ∗(q,Q)︸ ︷︷ ︸

no event happens

}
+

λϕ∗(Q)

M
V ∗(q,Q+ 1)︸ ︷︷ ︸

new agent joins

, (12)

where r(Q) as defined in (10) takes ϕ∗ as the queue-joining strategy, and M ≜
∑

ℓ∈L µℓ + λ+ Q̄θ
is an upper bound on the total rate for any event to happen, and is weakly larger than r(Q) for
all Q ∈ [Q̄]. Instead of dividing by r(Q) as in (11), the constant M is introduced as part of the
uniformization technique used to turn the continuous-time MDP into an equivalent discrete-time
MDP (e.g., see Chapter 5.8 of Ross 1995).

Multiplying both sides by M and rearranging the terms, the agent’s best response problem (12)
regarding the acceptance decisions at state (q,Q) can be written as:11

max
α∈Aq,Q(α∗)

Hq,Q(α;V
∗) (BR)

where

Hq,Q(α;V
∗) ≜

∑
ℓ∈L

νℓ(q,Q)αℓ(q,Q)
(
wℓ − V ∗(q,Q)

)︸ ︷︷ ︸
(i) accept type ℓ item

+ r+(q,Q)
(
V ∗(q − 1, Q− 1)− V ∗(q,Q)

)︸ ︷︷ ︸
(ii) agent in front leaves the queue

+ r−(q,Q)
(
V ∗(q,Q− 1)− V ∗(q,Q)

)︸ ︷︷ ︸
(iii) agent behind leaves the queue

. (13)

The three components of Hq,Q(α;V
∗) in (13) highlight the tradeoffs an agent faces when deciding

whether to accept an item:

(i) For each ℓ ∈ L, νℓ(q,Q)αℓ(q,Q) corresponds to the rate at which the agent receives and
accepts items of this type, and wℓ − V ∗(q,Q) reflects the tradeoff between leaving the queue
with payoff wℓ vs remaining in the queue and receiving the continuation payoff V ∗(q,Q).

(ii) r+(q,Q) is the rate at which some agent in front of position q leaves, in which case the focal
agent moves forward and receives a continuation payoff of V ∗(q−1, Q−1) instead of V ∗(q,Q).

(iii) r−(q,Q) represents the rate at which an agent behind position q in the queue leaves, leading
to a continuation payoff of V ∗(q,Q− 1) instead of V ∗(q,Q) for the focal agent.

Parts (ii) and (iii) are included in (13) since the focal agent’s acceptance strategies (αℓ(q,Q))ℓ∈L
affect both rates of state changes r+(q,Q) and r−(q,Q): when the agent declines an item, the item
may be accepted by some agent in front or behind position q in the queue in one of the subsequent
dispatches. Such “cascading effects” therefore need to be taken into consideration as the agent
decided whether to accept each received item.

Given the above characterization of the best-response problem, we now provide a set of necessary
and sufficient conditions for a strategy σ∗ to form a symmetric MPE, when the dispatch policy
satisfies the following very mild assumption.

Assumption 1. A dispatch policy does not offer any item to the same agent more than once.
That is, for each item type ℓ ∈ L, for each dispatch k ∈ [p], under any queue length Q ∈ [Q̄] and all
prior histories h(k−1) ∈ H(k−1), f (k)

ℓ (q,Q;h(k−1)) = 0 for any position q ∈ h(k−1) that have already
been offered the item.

11To see this, note that after multiplying both sides with M , the Bellman optimality equation (12) can be rewritten
as θV ∗(q,Q) = −cw + λϕ∗(Q)

(
V ∗(q,Q + 1) − V ∗(q,Q)

)
+ maxα∈Aq,Q(α∗){

∑
ℓ∈L νℓ(q,Q)αℓ(q,Q)

(
wℓ − V ∗(q,Q)

)
+

r+(q,Q)
(
V ∗(q − 1, Q− 1)− V ∗(q,Q)

)
+ r−(q,Q)

(
V ∗(q,Q− 1)− V ∗(q,Q)

)
}.
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We can verify that the Strict FIFO dispatch policy discussed in Example 1 satisfies Assump-
tion 1, while the pure random dispatch policy from Example 2 does not. It is, however, straightfor-
ward to adapt the pure random policy: for each dispatch, we can re-draw another agent uniformly
at random until an agent who had not yet received the item is selected.

Lemma 2 (Equilibrium Conditions). Under Assumption 1, i.e., when the dispatch policy does not
offer any item to the same agent more than once, a strategy σ∗ = (α∗, ϕ∗) forms a symmetric MPE
if and only if σ∗ and its corresponding continuation payoff V ∗ satisfy

α∗
ℓ (q,Q) =P[0,1]

[
α∗
ℓ (q,Q) +

∂Hq,Q(α
∗;V ∗)

∂αℓ(q,Q)

]
, ∀ℓ ∈ L, ∀Q ∈ [Q̄], ∀q ∈ [Q], (14)

ϕ∗(Q− 1) =P[0,1]

[
ϕ∗(Q− 1) + V ∗(Q,Q)

]
, ∀Q ∈ [Q̄]. (15)

Moreover, (∂Hq,Q(α;V )/∂αℓ(q,Q))ℓ∈L,Q∈[Q̄],q∈[Q] can be evaluated in closed form.

Here, P[0,1][·] represents the projection operator onto [0, 1]. It is worth noting that when com-
puting ∂Hq,Q(α;V )/∂αℓ(q,Q), we do not differentiate V with respect to αℓ(q,Q). The full proof of
this lemma is provided in Appendix B.2. We derive in Appendix B.3 the expressions of the partial
derivatives of (∂Hq,Q(α;V )/∂αℓ(q,Q))ℓ∈L,Q∈[Q̄],q∈[Q], which apply to any dispatch policy and do
not rely on Assumption 1.

Intuitively, (15) is equivalent to (3) and (4), and guarantees that the queue joining decision ϕ∗ is
optimal when the rest of the agents adopt strategy σ∗. Equation (14) corresponds to the first-order
(necessary) conditions of the agent’s best-response problem (BR) regarding the acceptance strate-
gies. For general dispatch policies, Hq,Q(α;V

∗) as defined in (13) may not be concave in αℓ(q,Q)

since the rate terms νℓ(q,Q), r+(q,Q) and r−(q,Q) are linear combinations of the g
(k)
ℓ (q,Q)’s,

and the probability of receiving an item during its kth dispatch g
(k)
ℓ (q,Q) given by (5) can be a

polynomial in αℓ(q,Q) of degree at most k− 1. When no position receives an item more than once,
however, we can prove that νℓ(q,Q) is independent to αℓ(q,Q) and each g

(k)
ℓ (q,Q) is at most linear

in αℓ(q,Q). Consequently, every Hq,Q(α;V
∗) is linear in αℓ(q,Q), the first-order conditions become

sufficient and imply the optimality for (BR), and requirement (2) for MPE is also satisfied.

Theorem 1 (Existence of MPE). There exists a symmetric Markov perfect equilibrium under any
dispatch policy satisfying Assumption 1, i.e., when the policy does not dispatch an item to the same
agent more than once.

We prove this theorem in Appendix B.4. Briefly, consider the equilibrium conditions (14) and
(15) as fixed-point equations of the strategy σ, where V is the continuation payoff corresponding
to σ = (α, ϕ). Applying Brouwer’s fixed-point theorem, we know that a solution to the fixed-point
equations must exist, since the continuation payoff V is continuous in the strategy σ (Lemma 1),
and the partial derivative ∂Hq,Q(α;V )/∂αℓ(q,Q) is continuous in both the acceptance strategy α
and the continuation payoff V (Appendix B.3).

Given the existence of MPEs established in Theorem 1, it is natual to ask whether the equi-
librium is unique. In Appendix C.3, we show via an example that there may exist multiple MPEs
with substantially different outcomes, even under the most simple dispatch policies such as Strict
FIFO dispatching.

One may also wonder whether there always exists deterministic (i.e., all acceptance and queue-
joining probabilities taking value 0 or 1) equilibrium strategies, especially given the linearity of
Hq,Q(α;V ). In general, randomized strategies may still be necessary, since the expression for
Hq,Q(α;V ) depends on V , which itself is shaped by the strategy.
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For general dispatch policies that violate Assumption 1, Hq,Q(α;V ) may not be concave in α so
the first-order conditions do not necessarily guarantee optimality. However, the proof of Theorem 1
also implies that (i) equations (14) and (15) are necessary conditions for MPE, and (ii) a strategy
satisfying these necessary conditions always exist under any dispatch policy. The algorithms we
propose compute such strategies, after which we can numerically verify whether they form optimal
solutions to the best-response problem (BR).

3.3 Simple Dispatch Policies
In the rest of this section, we consider a family of simple dispatch policies under which the equilib-
rium conditions can be significantly simplified. The simplified equilibrium conditions also motivate
an approximate projection algorithm that speeds up our equilibrium computation, which we discuss
in detail in Section 4.

Definition 2 (Simple Dispatch Policy). A simple dispatch policy is one that satisfies:

1. Queue-length independence. For each dispatch k ∈ [p] and all prior dispatch histories h(k−1) ∈
H(k−1), the probability for any position q ∈ [Q̄] to receive items of type ℓ ∈ L is independent
to the length of the queue, i.e.,

f
(k)
ℓ (q,Q;h(k−1)) = f

(k)
ℓ (q, Q̄;h(k−1)), ∀Q ∈ {q, q + 1, . . . , Q̄}.

2. Monotonic dispatch. No item is offered to any agent positioned in front of those who have
already received it.Formally, for each dispatch k ∈ {2, 3, . . . , p}, each item type ℓ ∈ [L], and
all prior dispatch histories h(k−1) ∈ H(k−1),

f
(k)
ℓ (q,Q;h(k−1)) = 0, ∀q < h

(k−1)
k−1 , ∀Q ∈ [Q̄].

Note that simple dispatch policies may not necessarily satisfy Assumption 1.12 We can verify
that Strict FIFO defined in Example 1 is a simple dispatch policy, while the pure random dispatch
in Example 2 is not. The term simple refers to the strategic environment this class of policies induce
(discussed below), rather than the dispatch policies themselves. Indeed, this class of simple dispatch
policies includes sophisticated history-dependent mechanisms such as the Geometric Hopping policy
introduced in Definition 3 in Appendix C.1.1, which (i) upon the arrival of each item, draws the
first dispatch position from a geometric distribution, and (ii) after each decline, draws another
geometric random variable, adds it to the previous dispatch position, and sends the item to the
position equals the sum.13

With the two properties of a simple dispatch policy, the outcome of an agent at some position
q in the queue is not affected by the length of the queue or the actions of those in positions q′ > q
in the queue. This allows us to substantially simplify the equilibrium conditions from Lemma 2.

12Monotonic dispatch requires that if an item is sent to an agent at q = 3 and it is rejected, agents at q = 1 and
2 will not be eligible to receive the item in subsequent dispatches. However, the same agent at q = 3 can be offered
the item multiple times before any agent at positions q ≥ 3 receives the item.

13Simple dispatch policy also encompasses the static randomized FIFO policy introduced in Castro et al. [2021],
where p static bins are constructed independently of the queue lengths, and items are dispatched sequentially bin
by bin, with each item assigned uniformly at random within each bin. This differs from the dynamic version of the
randomized FIFO policy discussed in Section 1 (and formally defined in Definition 4) where the p bins are constructed
dynamically based on the current queue length. The Dynamic Randomized FIFO policy is therefore not a simple
dispatch policy.
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Corollary 1. An MPE always exists under simple dispatch policies. In this setting, a strategy
σ∗ = (α∗, ϕ∗) constitutes a symmetric MPE if the complementarity conditions are satisfied by σ∗

together with its associated continuation payoff V ∗:

V ∗(q,Q) < wℓ =⇒ α∗
ℓ (q,Q) = 1, ∀ℓ ∈ L, ∀Q ∈ [Q̄], ∀q ∈ [Q], (16)

V ∗(q,Q) > wℓ =⇒ α∗
ℓ (q,Q) = 0, ∀ℓ ∈ L, ∀Q ∈ [Q̄], ∀q ∈ [Q], (17)

V ∗(Q,Q) > 0 =⇒ ϕ∗(Q− 1) = 1, ∀Q ∈ [Q̄], (18)
V ∗(Q,Q) < 0 =⇒ ϕ∗(Q− 1) = 0, ∀Q ∈ [Q̄]. (19)

The proof of this result is provided in Appendix B.6. An example of the equilibrium outcome
under the Strict FIFO dispatch policy, illustrating the application of Corollary 1, is provided in
Appendix C.2.

Intuitively, this simplification arises because, under simple policies, the “cascading effects” of the
focal agent’s decision—where another agent ahead or behind would immediately accept the item if
the focal agent declines—are eliminated. Specifically, under simple policies, an agent’s acceptance
strategy does not affect her rate of moving forward in the queue (i.e., ∂r+(q,Q)/∂αℓ(q,Q) = 0),
because agents ahead of position q in the queue will never receive the item again once the focal
agent receives it. Additionally, V ∗(q,Q − 1) = V ∗(q,Q) since the dispatch probabilities do not
depend on the queue length. As a result, the best-response problem (BR) reduces to

max
α∈Aq,Q(α∗)

∑
ℓ∈L

νℓ(q,Q)αℓ(q,Q)
(
wℓ − V ∗(q,Q)

)
. (20)

We further show that νℓ(q,Q)αℓ(q,Q) is non-decreasing in αℓ(q,Q) for any dispatch policy (see
Lemma 3),14 implying that an agent will always accept items whose immediate payoff exceeds the
continuation payoff, i.e., wℓ > V ∗(q,Q), and will reject if wℓ < V ∗(q,Q). To see why (16)–(19)
admit a solution, we examine the equivalent fixed-point equations by considering V as a function
of α:

αℓ(q,Q) =P[0,1]

[
αℓ(q,Q) + (wℓ − V (q,Q))

]
, ∀ℓ ∈ L, ∀Q ∈ [Q̄], ∀q ∈ [Q], (21)

ϕ(Q− 1) =P[0,1]

[
ϕ(Q− 1) + V (Q,Q)

]
, ∀Q ∈ [Q̄], (22)

It can be shown that any solution of (21) and (22) satisfy (16)–(19). By the continuity of V with
respect to α, these equations admit a solution by Brouwer’s fixed-point theorem, ensuring the
existence of an MPE under simple dispatch policies. It is also worth noting that even for general,
non-simple dispatch policies, (21) and (22) always admit a solution. In this context, such a solution
can be viewed as an approximate equilibrium, in which agents disregard the possibility and impact
of immediate state changes after declining an offered item—effectively ignoring the second and
third terms in the objective Hq,Q(α;V

∗) of the full best-response problem (13), leading to the same
simplification as in (20).

4 Equilibrium Computation
In this section, we present an iterative gradient projection algorithm with closed-form updates for
computing a Markov perfect equilibrium under arbitrary dispatch policies. For simple dispatch
policies, we establish global and finite convergence guarantees and show that the update direction
reduces to a form that only requires the computation of continuation payoffs. Additionally, this

14This is non-trivial because ∂νℓ(q,Q)/∂αℓ(q,Q) ≤ 0.
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Algorithm 1 Gradient Projection Algorithm
1: Input: Model parameters, initial strategy σ(0), stepsize (γ(t))∞t=0, termination tolerance ε > 0,

maximum iterations T ∈ Z>0.
2: Output: Strategy σ.
3: Initialize t← 0.
4: while t < T do
5: Solve V (t) corresponding to σ(t) using Lemma 1.
6: if Loss(α(t), V (t)) < ε and Loss(ϕ(t), V (t)) < ε then
7: break
8: end if
9: α

(t+1)
ℓ (q,Q)← P[0,1]

[
α
(t)
ℓ (q,Q) + γ(t)

∂Hq,Q(α(t);V (t))
∂αℓ(q,Q)

]
for all Q ∈ [Q̄], q ∈ [Q], ℓ ∈ L.

10: ϕ(t+1)(Q− 1)← P[0,1]

[
ϕ(t)(Q− 1) + γ(t)V (t)(Q,Q)

]
for all Q ∈ [Q̄].

11: Increment t← t+ 1.
12: end while
13: return σ(t).

simplified procedure can be applied to general dispatch policies as an efficient approximation,
yielding substantial computational savings.

Our baseline solver is detailed in Algorithm 1. The update direction for the acceptance strategy
is determined by the gradient of the agent’s best-response problem in eq. (BR), motivated by seeking
the fixed point characterized in eq. (14) at convergence. The update for the joining decision is
based on the continuation payoff after joining at the tail of the queue, and is similarly motivated
by eq. (15). If joining the queue results in a positive continuation payoff, we increase the joining
probability.

We design the termination criteria to ensure that the the equilibrium conditions from Lemma 2
are approximately satisfied. Specifically, with (x)+ ≜ max{x, 0} and (x)− ≜ max{−x, 0} indicating
the positive and negative parts of any number x ∈ R, Loss(α, V ) and Loss(ϕ, V ) defined as follows
quantify the maximum deviation (across item types, queue lengths, and queue positions) from the
equilibrium conditions for the acceptance and joining strategies, respectively.

Loss(α, V ) ≜ max
Q∈[Q̄],q∈[Q],ℓ∈L

{
(1− αℓ(q,Q))

(
∂Hq,Q(α;V )

∂αℓ(q,Q)

)+

+ αℓ(q,Q)

(
∂Hq,Q(α;V )

∂αℓ(q,Q)

)−
}
,

(23)

Loss(ϕ, V ) ≜ max
Q∈[Q̄]

{
(1− ϕ(Q− 1))(V (Q,Q))+ + ϕ(Q− 1)(V (Q,Q))−

}
. (24)

Though in closed form, the evaluation of the gradient ∂Hq,Q(α
(t);V (t))/∂αℓ(q,Q) can be com-

putationally intensive, as it requires quantifying how the acceptance probability αℓ(q,Q) affects
the rates at which each position q′ ∈ [Q] receives items of type ℓ ∈ L across all p dispatches (see
Appendix B.3 for detailed derivations). We address this issue in the next subsection.

4.1 An Approximate Gradient Projection Algorithm
In this subsection, we discuss a simplified projection algorithm as described in Algorithm 2, where
the termination criteria on the acceptance strategy is given by

Loss(α, V ) = max
Q∈[Q̄],q∈[Q],ℓ∈L

{
(1− αℓ(q,Q)) (wℓ − V (q,Q))+ + αℓ(q,Q) (wℓ − V (q,Q))−

}
.
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Algorithm 2 Approximate Gradient Projection Algorithm
1: Input: Model parameters, initial strategy σ(0), stepsize (γ(t))∞t=0, termination tolerance ε > 0,

maximum iterations T ∈ Z>0.
2: Output: Strategy σ.
3: Initialize t← 0.
4: while t < T do
5: Solve V (t) corresponding to σ(t) using Lemma 1.
6: if Loss(α(t), V (t)) < ε and Loss(ϕ(t), V (t)) < ε then
7: break
8: end if
9: α

(t+1)
ℓ (q,Q)← P[0,1]

[
α
(t)
ℓ (q,Q) + γ(t)(wℓ − V (t)(q,Q))

]
for all Q ∈ [Q̄], q ∈ [Q], ℓ ∈ L.

10: ϕ(t+1)(Q− 1)← P[0,1]

[
ϕ(t)(Q− 1) + γ(t)(V (t)(Q,Q))

]
for all Q ∈ [Q̄].

11: Increment t← t+ 1.
12: end while
13: return σ(t).

In contrast to the gradient projection algorithm (Algorithm 1), this projection algorithm (Al-
gorithm 2) updates each acceptance strategy αℓ(q,Q) by simply comparing the immediate payoff
from accepting the job wℓ with the continuation payoff V (q,Q). When the payoff wℓ is strictly
higher (or lower) than V (q,Q), the acceptance probability is increased (decreased). Algorithm 2
offers significant computational advantages by eliminating the need for gradient operations. It is
motivated by the complementarity conditions in Corollary 1 and the simplified fixed-point equa-
tions (21) and (22) which characterize an approximate equilibrium in which agents disregard the
(typically second-order) effects of other agents immediately accepting items they have declined—
specifically, the second and third terms in the objective Hq,Q(α) in (BR) (see the discussion in
Section 3.3). This approximation is justified when the continuation payoffs at (q,Q) and neigh-
boring states (q − 1, Q− 1) and (q,Q− 1) are similar in equilibrium. For example, under a purely
random dispatch policy with a large queue, reducing the total queue length by one or moving
up by one position has a negligible impact on the agent’s continuation payoff. In such settings,
Algorithm 2 is expected to provide an accurate and efficient equilibrium approximation. As evi-
dence, Appendix D.4 shows that under a pure random dispatch policy, both algorithms yield very
similar performance metrics and continuation payoffs upon convergence.15 Moreover, as noted in
Section 3.3, under simple dispatch policies, Algorithms 1 and 2 become essentially equivalent, since
the second and third terms in Hq,Q(α;V

∗) (eq. (13)) vanish.16

15However, this does not always hold. In Appendix C.4, we present a (pathological) counterexample showing that
accounting for the immediate effects of declining items can be crucial for identifying the correct update direction and
ensuring convergence to the proper equilibrium strategy.

16Under simple dispatch policies, line 9 in Algorithm 1 reduces to

α
(t+1)
ℓ (q,Q)← P[0,1]

[
α
(t)
ℓ (q,Q) + γ(t)

(
νℓ(q,Q) +

∂νℓ(q,Q)

∂αℓ(q,Q)

)
(wℓ − V (t)(q,Q))

]
.

By Lemma 3, νℓ(q,Q) + ∂νℓ(q,Q)/∂αℓ(q,Q) ≥ 0, so the only difference from line 9 in Algorithm 2 is the step size.
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Convergence. Both Algorithms 1 and 2 are related to the projection-based methods for com-
plementarity problems [Facchinei and Pang, 2007].17 However, existing results on the convergence
of such methods do not guarantee convergence in our setting. For example, the projection-based
methods in Section 12.1.1 of Facchinei and Pang [2007] require additional monotonicity assump-
tions that are not satisfied in our context, even under simple dispatch policies. Nevertheless, by
leveraging the structure of our game, we establish a convergence guarantee for simple dispatch
policies.

Theorem 2. Under any stepsize rule such that
∑+∞

t=0 γ
(t) = +∞, Algorithm 2 converges to an

equilibrium strategy within a finite number of iterations for simple dispatch policies for any initial
strategy σ(0).

The proof of this theorem is provided in Appendix B.7. We show that the continuation payoff
V is monotonically increasing in each iteration t, and proceed by solving for the continuation payoff
sequentially by queue position, starting from the head of the queue. By queue-length independence
we get the same V (q,Q) for any queue length Q when q is fixed. We show that once the continuation
payoff for an agent at q = 1 converges in a finite number of iterations, with a termination slack
of ε = 0, the agent at q = 2 will undergo a similar process. Using induction and the monotonic
dispatch property, this argument can be generalized to all of the queue positions q ∈ [Q̄].

5 Numerical Results
This section presents counterfactual simulation results based on the driver airport queue setting
studied in Castro et al. [2021], where agents (drivers) in the queue wait to be dispatched for
items (trips). Unlike the prior work, however, our model maintains stochastic assumptions rather
than relying on fluid approximations. This distinction is crucial, as the inherent randomness in
arrival and service processes leads to a stochastically evolving queue length. Accounting for these
fluctuations enables us to analyze (practical) dispatch policies that must adapt to the actual queue
length. Notably, we find that our solver converges for the Dynamic Randomized FIFO policy
described in Section 1, a practical alternative that cannot be analyzed using previous fluid analyses.

Dispatch Policies. The dispatch policies we analyze in this section include:

• Strict FIFO: A formal statement is provided in Example 1.

• Direct FIFO: Each item is offered to the first position in the queue where it is accepted in
equilibrium. An illustrative calculation is given in Appendix C.2.

• Pure Random: Each item is assigned to an agent in the queue uniformly at random.

• Dynamic Randomized FIFO (DRFIFO): The queue is partitioned into p subsets, each con-
taining approximately the same number of agents. An item is offered uniformly at random
to an agent in the first bin; if rejected, the process continues sequentially with the next bin.
A formal description of this policy is provided in Appendix C.1.2.

17In our context, we can reformulate the fixed-point equations (14) and (15) or (21) and (22) as a nonlinear
complementarity problem (NCP), where the goal is to find a vector x such that:

F (x) ≥ 0, x ≥ 0, and x⊺F (x) = 0,

for some nonlinear function F (x).
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• LIFO: Each item is first offered to the agent at the tail of the queue. If rejected, the offer
proceeds sequentially up the queue.

Performance Metrics. We evaluate the performance of the aforementioned dispatch policies
at Chicago O’Hare International Airport using six key metrics: equilibrium net revenue, equilib-
rium trip throughput, expected queue length, expected waiting time, average driver earnings, and
standard deviation of driver earnings. Platform throughput is defined as the number of dispatches
completed per unit time by agents in the queue, while net revenue is the total payoff from fulfilled
dispatches per unit time minus the opportunity cost incurred by agents waiting in the queue; this
opportunity cost is set equal to the agents’ waiting cost. The equilibrium expected queue length and
waiting time are obtained from the steady-state queue-length distribution under equilibrium. We
note that this steady-state distribution is derived using the stationary distribution of a birth-death
process.

Standard Deviation of Earnings To derive the standard deviation of driver earnings, we recog-
nize that an agent’s terminal payoff equals the earnings from the job they accept, net of the waiting
costs accumulated prior to acceptance. This observation lets us construct a stopped martingale:
the agent’s continuation value minus accumulated waiting costs, stopped at the (random) time
the agent reaches the terminal state, at which point the payoff becomes deterministic. Under this
construction, the variance of earnings conditional on the entry state equals the expected quadratic
variation accrued up to the time the focal agent exits the queue. This quadratic variation decom-
poses into the squared increments across state transitions and the contributions from absorbing
events in which the agent accepts a job and leaves the queue. The remaining quadratic variation
at each state then satisfies a system of linear equations, with transition probabilities specified anal-
ogously to those in the system used to solve for the continuation payoff V (q,Q) in Section 3.1.
In Appendix B.9, we show that, for any strategy and dispatch policy, both the expected agent
earnings and the variance of earnings can be computed in closed form within this framework.

Implementation. For simple dispatch policies (Strict and Direct FIFO), we apply the simple
projection method described in Algorithm 2. For other dispatch policies, we adopt a hybrid ap-
proach for efficiency: we first run the simple projection Algorithm 2 to convergence to obtain a
warm start, and then further refine the solution using Algorithm 1 until convergence. The conver-
gence tolerance ε is set to be 10−4. Throughout, we use a constant step size and random strategy
initialization. See more details of our computational experiments in Appendix D.3. A GitHub
repository replicating all our experiments is publicly available at: https://github.com/denise-
cerna/queue-equilibrium-solver.

5.1 Varying Driver Supply
The Economy. To estimate the distribution of trips and net earnings across destinations, we
utilize publicly available trip-level data from ridesharing platforms, as provided by the City of
Chicago.18 This dataset includes information such as trip fares (rounded to the nearest $2.50),
origins and destinations at the Census Tract level, and trip start and end times rounded to 15-
minute intervals. Since Chicago comprises 801 census tracts, we consider each tract as a potential
destination (trip type). We assume a waiting cost of cw = 1/3, which corresponds to an average

18https://data.cityofchicago.org/Transportation/Transportation-Network-Providers-Trips-2018-2022-
/m6dm-c72p/about_data
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(b) Trip throughput.
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(c) Expected queue length.

Figure 2: Equilibrium net revenue, trip throughput, and expected queue length as the arrival rate
of drivers varies at Chicago O’Hare.

2 4 6 8 10 12 14
Driver Arrival Rate (λ)

0

10

20

30

40

50

60

Av
er
ag
e 
W
ai
ti 

g 
Ti
m
e 
(m

i 
)

First Best
Dy amic RFIFO
Direct FIFO
LIFO
Strict FIFO
Pure Ra dom

(a) Expected waiting time.
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(b) Average driver earnings.
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(c) SD of driver earnings.

Figure 3: Expected waiting time, average driver earnings, and standard deviation (SD) of driver
earnings as the arrival rate of drivers varies at Chicago O’Hare.

city driver earning $20 per hour. Using this assumption, along with data on average fares and
trip durations, we estimate net earnings for each destination. We determine the fraction of trips
for each destination based on the realized trip volume from the data. The rider’s patience level is
modeled as p = 12, assuming that a driver decline takes an average of 10 seconds and that riders
are only willing to wait for 2 minutes for a match. We set the exogenous reneging rate of drivers
to be negligible (θ ≈ 0), while allowing for endogenous reneging.

For experiments, we assume that the arrival rate of trips per minute is fixed, at
∑

ℓ∈[L] µℓ = 12.
This roughly corresponds to the rate of completed trips during early evening hours on weekdays
in the dataset. The distribution of trip rates and earnings in this data is displayed in Appendix
D.1. We analyze the performance of various dispatch policies as we vary the driver arrival rate
λ from 1 to 15. This captures the differences in performance as the system changes from being
under-supplied to over-supplied. The performance under various dispatch policies are shown in
Figure 2 and Figure 3. We see that the Strict FIFO, Direct FIFO, and Pure Random policies
closely resemble the equilibrium assuming fluid approximation that was presented in Castro et al.
[2021].

First Best. The first-best outcome is defined as the maximum net revenue attainable by the
system if driver behavior—specifically, whether to accept trips or join the queue—can be fully
controlled. In the fluid setting the queue is empty under the first-best of Castro et al. [2021].
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However, in the stochastic setting, the queue is not always empty. The derivation of the first-best
outcome, detailed in Appendix B.8, involves solving an infinite-horizon average-reward Markov
Decision Process (MDP), where the state is defined by the total queue length Q. At each step, the
platform decides (i) whether to dispatch an item ℓ and (ii) whether to admit an agent into position
Q+ 1 in the queue. It is not necessary to track the individual state (q,Q) in formulating the first-
best, as the platform has full control and can direct any agent in the queue to accept or decline an
item. Under a different setting, Su and Zenios [2004] showed that LIFO is provably optimal and can
achieve this first-best outcome. We can see from our experiments that LIFO does, in fact, follow
the first-best performance metrics. Interestingly, as shown in Figure 2b, the first-best policy does
not achieve the highest throughput—Dynamic Randomized FIFO, Direct FIFO, and Pure Random
all yield higher throughput. By contrast, in the fluid analysis, the first-best net-revenue policy also
achieves first-best throughput. This is because the first-best policy limits the number of agents in
the queue to reduce waiting costs (see the significantly shorter queue length under the first-best
policy in Figure 2c), thereby offering less buffer to absorb the randomness in trip arrivals.

Performance of More Complex Dispatch Policies. The solver developed in this paper offers
a significant opportunity to analyze and evaluate more complex and dynamic dispatch policies that
are highly practical yet challenging to study theoretically. In our experiments, we specifically
look at the Dynamic Randomized FIFO policy discussed in Section 1. The prior work by Castro
et al. [2021], using fluid approximations, was only able to model a static version of dispatch bin
formation—fixing the set of drivers at certain queue positions (regardless of whether they were
actually present in the queue) to be considered as candidates for receiving items in each dispatch.
The results in Figure 2 and Figure 3 confirm that adapting the bin size to the observed queue length
achieves similar performance, while being a simple, lightweight and undemanding policy that does
not require any knowledge of the arrival rates of various item types. Remarkably, we observe that
the standard deviation of driver earnings under Dynamic Randomized FIFO is similar to that of
Direct FIFO and substantially lower than that of Pure Random dispatching. This confirms that
Dynamic Randomized FIFO is able to strike a balance between performance across key metrics and
fairness among drivers.

We also find that LIFO yields a high standard deviation of driver earnings, even though its net
revenue performance matches the first-best benchmark. Nevertheless, in the oversupplied regime it
still outperforms random dispatching with lower earning variances. The key difference is that under
random dispatching, agents refrain from entering once the queue becomes too long; yet those who
do enter tend to remain in the system and consequently experience substantial earnings volatility.
Under LIFO, by contrast, nearly all agents choose to enter initially, but once their waiting time
becomes excessive, their continuation payoff turns negative and they optimally exit the queue,
which limits the variance attributable to waiting costs.

5.2 Mis-specified Dispatch Policies
In the fluid setting of Castro et al. [2021], equilibrium outcomes are hard to compute when the
model is mis-specified, since the policies themselves are constructed carefully for each economy with
the intended equilibrium outcome in mind. Mis-specification, however, is inevitable due to errors
in estimating the arrival rates of different item types and the payoffs of different items.

As an example, the Direct FIFO dispatch policy depends critically on assigning item types
to specific queue positions based on these estimations. Yet, even under the fluid model it is still
challenging to derive how the how equilibrium outcomes shift when the items are no longer sent
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precisely to the “right places”. This poses a major limitation, since practitioners need insight into
the sensitivity of different policies when real world parameters deviate from the model assumptions.

Since our solver can be applied to any dispatch rule for any economy, we are able to study the
robustness of different policies by comparing a (potentially) mis-specified Direct FIFO policy to the
Dynamic Randomized FIFO policy that uses no information of the economy. In this experiment,
we fix the direct FIFO policy designed based on an assumed item arrival rate of 12.

The rest follows the setup in Section 5 of the submission. We then apply our solver to instances
where the actual item arrival rate equals the driver arrival rate and varies from 1 to 20. The
computed equilibrium outcome is presented in Figure 4.
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(b) Trip throughput.
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Figure 4: Equilibrium outcomes as the arrival rate of items varies at Chicago O’Hare.

When the market is over-supplied (i.e., when the item arrival rate is smaller than 12, the driver
arrival rate), net revenue under both policies are close to zero since drivers will keep joining the
queue until the net payoff from joining the queue is precisely zero. When the arrival rate of items is
substantially higher than 12, Dynamic Randomized FIFO adapts and performs well. Direct FIFO,
on the other hand, exhibits substantial sensitivity because items are now dispatched “too close” to
the head of the queue, leading to some items being rejected by the drivers. As a result, the queue
becomes effectively over-supplied once the amount of items that reach drivers who are willing to
accept them drops below driver supply. In this case, we again observe long queues and close to zero
net revenue.

6 Extensions
This section develops two extensions that broaden the applicability of our framework. We first
allow items to be offered to multiple agents simultaneously and then introduce costly inspection,
where agents incur a cost before learning an item’s type. We can compute equilibria in both settings
using adaptations of Algorithm 2.

6.1 Parallel Dispatching
In this section, we extend our framework by applying our solver to dispatching policies that present
an item to multiple agents simultaneously, i.e., parallel dispatching. Such policies are quite popular
in practice. For instance, Uber’s recent Trip Radar product offers a trip request to several drivers
at once, complementing the traditional exclusive offers that dispatch a request to a single driver
only; similarly, in the UK, organs that have been declined more than three times are offered to all
eligible patients at once through the Kidney Fast-Track Scheme [Callaghan et al., 2017].
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We assume that parallel dispatches are generated by a collection of dispatch generators, indexed
by [m] ≜ {1, 2, . . . ,m} for some m ∈ Z>0. Each generator is characterized by a set of probabilities
that specify, for each queue position, the likelihood of receiving the item. These probabilities may
depend on the current queue length, the item type, and the number of times the item has already
been dispatched. Moreover, each dispatching “stream” of a generator can be history-dependent,
but the streams are conditionally independent given the dispatch history. With some abuse of
notation, for each k ∈ [p], let h(k) =

(
h
(k)
i,k′
)
i∈[m], k′∈[k] ∈ H

(k) ≜ [Q̄]m×k denote the dispatch history
of an item’s first k dispatches across all generators, where h

(k)
i,k′ ∈ [Q̄] specifies the queue position

to which the k′th dispatch (k′ ≤ k) was offered by generator i. A parallel dispatch policy πPAR is
specified by the collection of dispatch probabilities(

f
(i,k)
ℓ

(
q,Q;h(k−1)

))
i∈[m], ℓ∈[L], k∈[p], q∈[Q̄], Q∈[Q̄], h(k−1)∈H(k−1)

. (25)

For instance, Example 3 formally defines a dispatching policy in which items are offered to
agents in fixed sequential batches. Since this policy is history-independent, we suppress the history
in the notation.

Example 3 (Sequential Batch Dispatching). Consider a sequential batch dispatching process in
which an item is first offered to all agents in positions 1, . . . , n. In the next dispatch, the item is
offered to agents in positions n+1, . . . , 2n, and so on, until either an agent accepts the item or the
patience limit is reached. To model this, we construct m dispatch generators, where for all i ∈ [m]
and ℓ ∈ [L], Q ∈ [Q̄], q ∈ [Q̄] and each k ∈ [p],

f
(i,k)
ℓ (q,Q) =

{
1, if q = (k − 1)n+ i,
0, otherwise.

Similarly to Section 3.1, the continuation payoffs V =
(
V (q,Q)

)
Q∈[Q̄], q∈[Q]

can still be computed
in closed form under a strategy σ = (α, ϕ) adopted by all agents and a parallel dispatch policy
πPAR specified by the dispatch probabilities in (25). In Appendix A.1, we introduce auxiliary terms
that characterize the rates at which a focal agent advances, exits the queue, or observes changes
in queue length. These rates depend on which agents are offered items and on their acceptance
decisions. A key challenge under parallel dispatching is that multiple agents may accept the same
item, creating ambiguity over which agent ultimately receives it and leaves the queue. To resolve
this, we impose a tie-breaking rule, such as selecting an accepting agent uniformly at random or
assigning the item to the accepting agent with the lowest queue position. Further details on the
evaluation of V (q,Q) and the tie-breaking mechanism are provided in Appendix A.1.

For equilibrium computation, the gradient-based Algorithm 1 still applies in this case. However,
evaluating the gradient is substantially more complex (though it still admits a closed-form recursion
similar to that in Appendix B.3), since the tie-breaking rule introduces an additional layer of
dependence on the strategy. In the experiments below, we apply Algorithm 2 to approximate
the equilibrium, motivated by empirical evidence in Appendix D.4 showing that the approximate
solution is generally very close to the one produced by Algorithm 1. As discussed in Section 4.1,
this approximation assumes that agents ignore the possibility of immediate state changes when
taking actions.

6.1.1 Modeling Platform Competition via Parallel Dispatching

Rather than illustrating our parallel dispatching framework within a single platform or organiza-
tion, this section demonstrates how it can, perhaps surprisingly, be applied to model competition
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among ridesharing platforms at an airport with rider dual-apping and driver multihoming, thereby
complementing the insights presented in Section 5.

Consider two ridesharing platforms, each operating under distinct dispatch policies. Platform 1
adopts Strict FIFO, while Platform 2 employs Dynamic Randomized FIFO. At an airport, drivers
often multihome by joining the waiting queues of both platforms and may receive trip offers from
either dispatch system. We model three types of trips: (i) those exclusive to Platform 1, dispatched
under Strict FIFO; (ii) those exclusive to Platform 2, dispatched under Dynamic Randomized
FIFO; and (iii) dual-apping trips, where riders request rides through both platforms. Dispatching
for trips in (iii) can thus be modeled as a parallel dispatch policy, where each trip is processed by
two independent dispatch generators—Strict FIFO and Dynamic Randomized FIFO. After agents
indicate whether they accept or decline, a random tie-breaking rule determines which driver (and
corresponding platform) ultimately receives the trip. It is important to note that, unlike the
nonparallel dispatch policy in Section 2.1, where a trip is fulfilled as long as it is accepted within
p trials, in the competition setting the platform that secures a driver in fewer trials gains the
advantage—explicitly competing on fulfillment speed.

We apply Algorithm 2 to compute the equilibrium in the same setting as the Chicago O’Hare
experiments in Section 5, varying the share of type (iii) multihoming riders from 0 to 1, under equal
trip and driver arrival rates (µ = λ = 12). The remaining market share (type (i) and (ii) riders) as
well as the driver waiting costs are assumed to be evenly split between the two platforms.

Figure 5 illustrates the equilibrium performance metrics. While the aggregate net revenue
across both platforms remains positive, Platform 1 consistently incurs negative and declining net
revenue as the share of dual-apping trips grows. This arises because, under finite patience, lower-
earning jobs are never dispatched under Strict FIFO alone. In contrast, Dynamic Randomized FIFO
reallocates these jobs to later positions in the queue where they are more likely to be accepted,
which lengthens the queue as more drivers join relative to Strict FIFO alone. Platform 2 benefits
and its net revenue correspondingly increases. These dynamics underscore that the speed at which
each platform matches riders with drivers willing to accept trips is critical for overall performance.
As dual-apping trips become more prevalent, Platform 1’s throughput declines due to intensified
competition for the limited set of jobs that can be dispatched within riders’ patience windows,
whereas Platform 2’s throughput steadily rises as it captures a growing share of trip requests.
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Figure 5: Equilibrium outcomes as the share of dual-apping trips increases.

6.2 Costly Inspection
The model so far assumes that once an item is offered, the receiving agent observes enough informa-
tion to decide whether or not to accept it at no additional cost. In many applications, however, an
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offer first arrives as an uninformative notification. The agent must then devote attention, time, or
other resources to inspect the item before learning whether it is worth accepting. You can imagine,
for example, surgeons spending time examining the quality of a kidney, or airport drivers having
to spend consistent energy to monitor trip offers.

We incorporate this consideration by adding an inspection decision to the offer timing. At
state (q,Q), an agent who receives an offer notification inspects with probability δ(q,Q) ∈ [0, 1].
Inspection costs cI ≥ 0 and reveals the item type ℓ ∈ [L]. Conditional on inspection and learning
type ℓ, the agent accepts with probability αℓ(q,Q). An agent who does not inspect is treated as
declining the offer. Thus, the probability that the agent both inspects and accepts a type-ℓ item
can be written as

ξℓ(q,Q) ≜ δ(q,Q)αℓ(q,Q).

The inspection decision is not type-dependent because the type is not observed before inspection.
Consequently, the feasible strategy set at each state can be represented in terms of (ξ, δ), as

Kq,Q ≜ {(ξ, δ) : 0 ≤ δ ≤ 1, 0 ≤ ξℓ ≤ δ for all ℓ ∈ [L]} . (26)

When δ(q,Q) > 0, the acceptance probabilities are recovered as αℓ(q,Q) = ξℓ(q,Q)/δ(q,Q). When
δ(q,Q) = 0, the acceptance probabilities are irrelevant.

The continuation-payoff calculation changes in two ways. First, whenever an item is accepted
with probability αℓ(q,Q) in the baseline model, the inspection model uses the effective acceptance
probability ξℓ(q,Q). Second, inspection incurs a cost whenever the agent receives and inspects an
offer, regardless of whether the agent later accepts the item or wins any tie-breaking procedure in
a parallel dispatch setting. The type-0 endogenous reneging item does not require inspection.

For computation, we extend the approximate gradient approach in Algorithm 2 to include
costly inspection. Intuitively, the new update direction considers the tradeoff between the expected
earnings from always inspecting at a given state and the corresponding inspection cost that is
incurred. The procedure evaluates continuation payoffs after accounting for inspection costs and,
if using parallel dispatch, the probability of winning the tie-breaking procedure. It separately
updates the type-0 reneging decision, jointly updates effective acceptance and inspection so that
effective acceptance cannot exceed inspection, and then updates joining. Appendix A.2 provides the
corresponding rate calculations, fixed-point equilibrium conditions, and equilibrium computation
algorithm.

6.2.1 Varying Inspection Cost

We illustrate the inspection model using a full-queue blasting policy, under which each arriving
item is announced in parallel to every agent in the queue. If multiple agents inspect and accept,
the item is assigned to the accepting agent with the smallest queue position. We compare this
policy with the sequential, single-recipient dynamic randomized FIFO dispatching policy. We use
the inspection-aware approximate gradient projection algorithm in Algorithm 3 in Appendix A.2
to compute the approximate-equilibrium strategies and outcomes.

In Figure 6a and Figure 6b, we plot, for each queue position q, the weighted inspection probabil-
ity
∑

Q≥q π(Q)δ(q,Q) = Pr(Q ≥ q)E[δ(q,Q) | Q ≥ q], where π(Q) is the steady-state probability of
queue length Q, for an inspection cost of 0.05. In other words, the weighted inspection probability
at position q equals the probability that the queue length is at least q multiplied by the average
inspection probability conditional on the queue length being at least q. This is meant to reflect a
small inspection probability for queue lengths that are unlikely to occur. Note that δ(q,Q) = 0 for
infeasible states where Q < q.
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In Figure 6c, we plot the total expected number of inspecting positions in the system for each
inspection cost. Finally, in Figure 6d, Figure 6e, and Figure 6f, we plot the equilibrium net revenue,
trip throughput, and expected queue length under the two dispatching policies for inspection costs
ranging from 0.01 to 0.10. For all experiments we use a driver arrival rate of λ = 10 and a trip
arrival rate of µ = 12.

Notice that the weighted inspection profile under parallel dispatching is concentrated at rel-
atively few positions. This example highlights a coordination problem rather than a policy rec-
ommendation: the equilibrium may place inspection only at very specific queue positions (see the
relatively small number of inspection positions in Figure 6c). Such finely position-dependent in-
spection behavior is unlikely to arise in practice when a platform or allocation system broadcasts
offers to many agents.

(a) Parallel dispatch inspection
profile.

(b) Dynamic randomized FIFO
inspection profile.
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Figure 6: Inspection strategies and approximate-equilibrium outcomes under full-queue parallel
dispatching with FIFO tie-breaking and sequential dynamic Randomized FIFO. Panels (a) and (b)
use an inspection cost of $0.05 per notification; panels (c)–(f) vary the inspection cost.

Furthermore, we see that, intuitively, the overall net revenue and expected number of agents
actually inspecting decrease as the inspection cost increases for both dispatching policies. The
sequential dynamic Randomized FIFO produces only a slightly higher net revenue than parallel
dispatching at the same inspection cost. This comparison suggests that the approximate equilibrium
under full-queue dispatching is not inherently inefficient, however it is unrealistic to achieve in
practice since there are few agents who should actually be inspecting and they must do so in the
right positions.
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7 Concluding Remarks
We present an analytical solver for a broad and practically significant class of dynamic queueing
games in which agents make entry, acceptance, and reneging decisions, addressing key challenges
in managing strategic behavior in applications such as rideshare dispatching and deceased-donor
organ allocation. The solver computes equilibrium strategies with closed-form updates under gen-
eral dispatch rules that capture both queue length and history dependence. Through extensive
simulations, we validate its accuracy by recovering known theoretical results and demonstrating
its ability to analyze complex yet operationally critical policies—such as the Dynamic Randomized
FIFO policy—that are previously unexplored and analytically intractable. We further illustrate
the solver’s versatility by evaluating the robustness of various policies under model misspecification
and extending it to study platform competition and costly inspection strategies through parallel
dispatching. Together, these results position the solver as a powerful tool for market designers, en-
abling the exploration and optimization of sophisticated policies tailored to real-world applications.
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Appendix
Appendix A presents the technical details and proofs for the parallel-dispatching and costly-
inspection extensions in Section 6. Appendix B provides proofs and auxiliary results for the
baseline model. Additional examples and discussions are included in Appendix C. Finally, we
include additional numerical results and simulation details in Appendix D.

A Extensions
A.1 Parallel Dispatching
In this section, we provide the technical details required to adapt our solver to parallel dispatching.
The procedure for computing the continuation payoffs V = (V (q,Q))Q∈[Q̄], q∈[Q] under the strategy
σ = (α, ϕ) adopted by all agents and the dispatch policy πPAR closely resembles the case where
items are offered to a single agent at a time (Section 3.1). The key distinction is that, in parallel
dispatching, multiple agents may accept the item within the same dispatch, in which case the
platform must determine which agent ultimately receives it. To capture this feature, in addition to
defining the corresponding rate terms as in (7)–(10), we introduce a tie-breaking rule.

Let d
(i,k)
ℓ (q,Q) denote the probability that the agent at position (q,Q) wins the dispatch and

receives the item through generator i, conditional on the agent accepting the item during the kth

dispatch. Intuitively, this term represents the likelihood that an agent actually obtains the item
once they choose to accept it on a given dispatch. While the definition is broad, we provide exact
formulations under two natural tie-breaking policies. First, Example 4 specifies a FIFO-based rule,
in which the item is awarded to the accepting agent with the smallest queue position—equivalently,
the probability that no agent in front accepts the item. Second, Example 5 specifies a random
tie-breaking rule, in which one of the accepting agents is selected uniformly at random.

Example 4 (FIFO Tie-Breaking). The probability that an item ℓ, dispatched to an agent in state
(q,Q) during the kth dispatch attempt by generator i, is not accepted by any higher-priority agent
across all other generators is

d
(i,k)
ℓ (q,Q) =

∏
j∈[m],j ̸=i

1−
q−1∑
q′=1

f
(j,k)
ℓ (q′, Q;h(k−1))αℓ(q

′, Q)

 ,

∀i ∈ [m], ∀ℓ ∈ [L], ∀k ∈ [p], ∀q ∈ [Q], ∀Q ∈ [Q̄], ∀h(k−1) ∈ H(k−1).

Example 5 (Random Tie-Breaking). Let A
(k)
ℓ (Q) denote the total number of agents, across all

dispatch generators, who accept item ℓ during the kth dispatch. This random variable follows a
Poisson binomial distribution with success probabilities pi =

∑Q
q′=1 f

(i,k)
ℓ (q′, Q;h(k−1))αℓ(q

′, Q) for
i ∈ [m]. Similarly, let A

−i,(k)
ℓ (Q) denote the total number of agents who accept item ℓ during the

kth dispatch across all dispatch generators except the focal generator i. With random tie-breaking,

d
(i,k)
ℓ (q,Q)

= E

[
1

1 +A
−i,(k)
ℓ (Q)

]

= E
[∫ 1

0
tA

−i,(k)
ℓ (Q) dt

]
(since 1

1+a =

∫ 1

0
ta dt for a ≥ 0)

30



=

∫ 1

0
E
[
tA

−i,(k)
ℓ (Q)

]
dt (Tonelli’s Theorem due to non-negativity)

=

∫ 1

0

∏
j∈[m],j ̸=i

E[tXj ] dt (independence, A−i,(k)
ℓ (Q) =

∑
j ̸=i

Xj where Xj ∼ Bernoulli(pj))

=

∫ 1

0

∏
j∈[m],j ̸=i

(
(1− pj) + pjt

)
dt, ∀i ∈ [m], ∀ℓ ∈ [L], ∀k ∈ [p], ∀q ∈ [Q], ∀Q ∈ [Q̄].

Next, we use g
(i,k)
ℓ (q,Q) to denote the probability for position q ∈ [Q̄] to receive an item of type

ℓ ∈ L through dispatch generator i during the kth dispatch, when the queue length is Q ∈ [Q̄]. For
each independent generator i we start with:

g
(i,1)
ℓ (q,Q) = f

(i,1)
ℓ (q,Q).

Since an item must now survive all dispatching streams from the previous k− 1 dispatches, we
can state the following. For any i ∈ [m], k ≥ 2, Q ∈ [Q̄], q ∈ [Q], and ℓ ∈ L, we have:

g
(i,k)
ℓ (q,Q) =

∑
h(k−1)∈H(k−1)

f
(i,k)
ℓ (q,Q;h(k−1))

[ ∏
j∈[m]

(
k−1∏
k′=1

f
(j,k′)
ℓ

(
h
(k−1)
j,k′ , Q;h

(k−1)
1:m,1:k′−1

)(
1− αℓ(h

(k−1)
j,k′ , Q)

)
︸ ︷︷ ︸

declined at each position across all generators in h(k−1)

)]
.

When the policy is history-independent, this reduces to:

g
(i,k)
ℓ (q,Q) = f

(i,k)
ℓ (q,Q)

∏
j∈[m]

( ∑
q′∈[Q]

g
(j,k−1)
ℓ (q′, Q)(1− αℓ(q

′, Q))

)
.

By combining the tie-breaking rule with the probability of being offered a job defined above,
we can express the rate at which an agent in state (q,Q) receives items of type ℓ from dispatch
generator i as follows:

τ iℓ(q,Q) = µℓ

∑
k∈[p]

g
(i,k)
ℓ (q,Q)d

(i,k)
ℓ (q,Q).

The total rate experienced by an agent in state (q,Q), denoted previously by νℓ(q,Q), is given
by the sum of these rates over all independent dispatch streams.

τℓ(q,Q) =
∑
i∈[m]

τ iℓ(q,Q).

Additionally, we adjust the following rate terms for all Q ∈ [Q̄] and q ∈ [Q], corresponding to
events occurring at different positions in the queue, analogous to (6)–(10):

r0(q,Q) = ν0(q,Q)α0(q,Q) +
∑
ℓ∈[L]

τℓ(q,Q)αℓ(q,Q) + θ,

r+(q,Q) =

q−1∑
q′=1

r0(q′, Q),
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r−(q,Q) =

Q∑
q′=q+1

r0(q′, Q),

r(Q) =

Q∑
q=1

r0(q,Q) + λϕ(Q) = r0(q,Q) + r+(q,Q) + r−(q,Q) + λϕ(Q).

Notice that r0(q,Q), the rate at which agents in state (q,Q) receive and accept items or renege,
uses τℓ(q,Q) for ordinary items to account for tie-breaking and ν0(q,Q) for the type-0 reneging
option. Once these rate terms are computed, the evaluation of V proceeds as in Lemma 1.

A.2 Costly Inspection
This section records the technical details associated with the costly inspection extension in Sec-
tion 6.2. The strategy can be described as (α, ϕ, δ), where δ(q,Q) is the probability of inspecting an
uninformative notification and αℓ(q,Q) is the probability of accepting conditional on inspection and
learning the type ℓ ∈ [L]. For computation, however, we use the effective acceptance probability
ξℓ(q,Q) = δ(q,Q)αℓ(q,Q) and the statewise feasible set Kq,Q in (26).

Going forward, to generalize to both single (non-parallel) and parallel dispatching, recall that
τℓ(q,Q) denotes the rate at which the focal agent receives a type-ℓ item conditional on accepting it,
after any tie-breaking. Under an ordinary single-recipient (non-parallel) policy, we have τℓ(q,Q) =
νℓ(q,Q). We can now redefine the following rate terms:

ωI(q,Q) ≜
∑
ℓ∈[L]

τℓ(q,Q)ξℓ(q,Q)wℓ,

κI(q,Q) ≜ cIδ(q,Q)
∑
ℓ∈[L]

νℓ(q,Q),

r0I (q,Q) ≜ θ + ν0(q,Q)α0(q,Q) +
∑
ℓ∈[L]

τℓ(q,Q)ξℓ(q,Q).

Inspection costs depend on νℓ(q,Q) because an agent pays the cost after receiving and inspecting
a notification, even if another accepting agent wins the tie-breaking procedure. Earnings and
departures instead depend on τℓ(q,Q) because they occur only when the focal agent receives the
item. Rejected inspections and lost tie-breaking opportunities leave the focal agent in the same
queue state but still generate inspection costs while the agent remains there.

The term ν0(q,Q)α0(q,Q) accounts for endogenous reneging, which does not require inspection
or tie-breaking. Define r+I (q,Q), r−I (q,Q), and rI(Q) analogously to (8)–(10). For types that require
inspection, these calculations replace αℓ(q,Q) with ξℓ(q,Q) and use the tie-breaking-adjusted offer
rate. The continuation payoff then satisfies

V (q,Q) =
ωI(q,Q)− cw − κI(q,Q)

rI(Q)
+

r+I (q,Q)

rI(Q)
V (q − 1, Q− 1)

+
r−I (q,Q)

rI(Q)
V (q,Q− 1) +

λϕ(Q)

rI(Q)
V (q,Q+ 1).

(27)

The boundary conditions are unchanged from (11).
At each state, the focal agent’s best-response problem is to choose how often to inspect and

which types to accept after inspection. Increasing δ(q,Q) expands the feasible range of every
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ξℓ(q,Q), while increasing ξℓ(q,Q) raises the probability of accepting type ℓ. The set Kq,Q captures
this link between the inspection and acceptance decisions.

For computation, following the same approximation used by Algorithm 2, we define the approx-
imate payoff gradient by

D̂ξ
ℓ,q,Q ≜ τℓ(q,Q)

(
wℓ − V (q,Q)

)
. (28)

This gradient holds the continuation payoff fixed when measuring the gain from increasing effective
acceptance. It disregards the immediate effect of a rejection on other agents’ departures and
therefore avoids computing how transition rates change with the focal agent’s effective acceptance
probability. The cost of one additional unit of inspection probability is

CI(q,Q) ≜ cI
∑
ℓ∈[L]

νℓ(q,Q).

The resulting approximate best-response problem is

max
α0(q,Q)∈[0,1]

(ξ(q,Q),δ(q,Q))∈Kq,Q

ν0(q,Q)α0(q,Q)
(
w0 − V (q,Q)

)
+
∑
ℓ∈[L]

D̂ξ
ℓ,q,Qξℓ(q,Q)− CI(q,Q)δ(q,Q)

 .

As in Algorithm 2, the best-response problem is exact for simple dispatch policies and serves as an
approximation for general policies.

Inspection-Aware Approximate Equilibrium. Write ξ[L](q,Q) = (ξℓ(q,Q))ℓ∈[L]. We call a
strategy an inspection-aware approximate equilibrium when it satisfies the following fixed point
equations:

α∗
0(q,Q) = P[0,1] [α

∗
0(q,Q) + w0 − V ∗(q,Q)] ,(

ξ∗[L](q,Q)

δ∗(q,Q)

)
= PKq,Q

[(
ξ∗[L](q,Q)

δ∗(q,Q)

)
+

((
D̂ξ,∗

ℓ,q,Q

)
ℓ∈[L]

−C∗
I (q,Q)

)]
.

(29)

These conditions must hold at every state together with the unchanged joining condition (15). This
fixed-point equation combines the gradient direction in (28) with the joint feasible set Kq,Q. For
a general dispatch policy, it is an approximate equilibrium and is not asserted to satisfy the exact
statewise best-response conditions.

The unconstrained inspection coordinate is decreasing because its direct gradient contains only
the inspection cost. However, profitable item types generate positive proposed changes in their
effective acceptance probabilities. If a proposed ξℓ(q,Q) exceeds δ(q,Q), it violates the constraint
ξℓ(q,Q) ≤ δ(q,Q). The joint projection finds the closest feasible pair by potentially both lowering
the proposed ξℓ(q,Q) and raising δ(q,Q). Thus, profitable acceptance opportunities affect the
inspection decision indirectly through the feasibility constraint.

Loss Functions. Conditional on a given inspection probability δ(q,Q), feasibility restricts each
ξℓ(q,Q) to the interval [0, δ(q,Q)]. The effective-acceptance loss used to construct the stopping rule
in Algorithm 3 is defined at state (q,Q) as

Lossξ(q,Q) ≜
∑
ℓ∈[L]

[(
δ(q,Q)− ξℓ(q,Q)

)(
D̂ξ

ℓ,q,Q

)+
+ ξℓ(q,Q)

(
D̂ξ

ℓ,q,Q

)−]
. (30)

When D̂ξ
ℓ,q,Q > 0, the payoff of the approximate best-response problem increases with ξℓ(q,Q) and

the best response is ξℓ(q,Q) = δ(q,Q). The first term in (30) measures the payoff forgone by
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leaving the difference δ(q,Q) − ξℓ(q,Q) unused. When D̂ξ
ℓ,q,Q < 0, the approximate best-response

problem instead sets ξℓ(q,Q) = 0, and the second term measures the loss from the current positive
effective-acceptance probability.

Increasing δ(q,Q) relaxes the upper bound on every profitable ξℓ(q,Q) by the same amount.
After optimizing effective acceptance conditional on inspection, the benefit from one additional
unit of inspection probability is

∑
ℓ∈[L](D̂

ξ
ℓ,q,Q)

+, while its cost is CI(q,Q). The inspection loss is
therefore

Lossδ(q,Q) ≜
(
1− δ(q,Q)

)∑
ℓ∈[L]

(
D̂ξ

ℓ,q,Q

)+ − CI(q,Q)

+

+ δ(q,Q)

∑
ℓ∈[L]

(
D̂ξ

ℓ,q,Q

)+ − CI(q,Q)

−

.

The type-0 loss at state (q,Q) is

Loss0(q,Q) ≜
(
1− α0(q,Q)

)(
w0 − V (q,Q)

)+
+ α0(q,Q)

(
w0 − V (q,Q)

)−
. (31)

Adding the type-0 loss in (31) to the effective-acceptance and inspection losses, define the aggregate
loss by

LossI(α0, ξ, δ, V ) ≜ max
Q∈[Q̄], q∈[Q]

{Lossξ(q,Q) + Lossδ(q,Q) + Loss0(q,Q)} .

Using the unchanged joining loss in (24), the inspection-aware algorithm terminates when

LossI
(
α
(t)
0 , ξ(t), δ(t), V (t)

)
≤ ε and Loss

(
ϕ(t), V (t)

)
≤ ε.

For a general dispatch policy, this stopping rule measures convergence to the inspection-aware
approximate equilibrium in (29).

Algorithm 3 Inspection-Aware Approximate Gradient Projection Algorithm

1: Input: Model parameters, initial strategy σI,(0) = (α
(0)
0 , ξ(0), δ(0), ϕ(0)), stepsize (γ(t))∞t=0, ter-

mination tolerance ε > 0, maximum iterations T ∈ Z>0.
2: Output: Strategy σI.
3: Initialize t← 0.
4: while t < T do
5: Solve V (t) corresponding to σI,(t) using (27).
6: Compute D̂

ξ,(t)
ℓ,q,Q and C

(t)
I (q,Q) for all Q ∈ [Q̄], q ∈ [Q], and ℓ ∈ [L] using the definitions

above.
7: if LossI(α

(t)
0 , ξ(t), δ(t), V (t)) ≤ ε and Loss(ϕ(t), V (t)) ≤ ε then

8: break
9: end if

10: α
(t+1)
0 (q,Q)← P[0,1]

[
α
(t)
0 (q,Q) + γ(t)

(
w0 − V (t)(q,Q)

)]
for all Q ∈ [Q̄] and q ∈ [Q].

11:

(
ξ
(t+1)
[L] (q,Q)

δ(t+1)(q,Q)

)
← PKq,Q

(ξ(t)[L](q,Q)

δ(t)(q,Q)

)
+ γ(t)

(D̂ξ,(t)
ℓ,q,Q

)
ℓ∈[L]

−C(t)
I (q,Q)

 for all Q ∈ [Q̄] and q ∈ [Q].

12: ϕ(t+1)(Q− 1)← P[0,1]

[
ϕ(t)(Q− 1) + γ(t)V (t)(Q,Q)

]
for all Q ∈ [Q̄].

13: Increment t← t+ 1.
14: end while
15: return σI,(t).
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B.1 Proof of Lemma 1
The proof of the lemma uses the following notation to represent the earning rate obtained by an
agent at position q ∈ [Q] when the queue length is Q ∈ [Q̄]:

ω(q,Q) =
∑
ℓ∈L

νℓ(q,Q)αℓ(q,Q)wℓ.

Here, the rates (νℓ(q,Q))ℓ∈L,Q∈[Q̄],q∈[Q], as defined in (6), correspond to the rates at which an agent
at (q,Q) receives items of each type. Note that ω(q,Q) also accounts for the possibility of accepting
a type 0 item (i.e., endogenous reneging), as discussed in Section 2.2.

Lemma 1 (Continuation Payoff Evaluation). Under any dispatch policy, given any strategy
adopted by all agents, the continuation payoff V can be computed via recursion

V (q, Q̄) = a(q,Q̄) + c(q,Q̄)V (q − 1, Q̄− 1), ∀q ∈ [Q̄],

V (q,Q) = a(q,Q) + b(q,Q)V (q,Q+ 1) + c(q,Q)V (q − 1, Q− 1), ∀Q ∈ [Q̄− 1], ∀q ∈ [Q],

where the coefficients
(
a(q,Q), b(q,Q), c(q,Q)

)
Q∈[Q̄],q∈[Q]

, depend on the strategy and the dispatch pol-
icy, and can be computed in closed forms.

Proof. Deriving a closed form for the continuation payoff V (q,Q) stems from the important obser-
vation that it is not possible for an agent to move backwards in the queue, which suggests that we
can solve V (q,Q) in a recursive manner from the head (q = 1) to the tail (q = Q) of the queue.

Head of the queue q = 1. We start from the agent at the head of the queue q = 1. The only possible
events include the agent accepts an item, an agent behind q = 1 left the queue, or a new agent
joins the queue. Equation (11) can therefore be simplified, and the agent’s continuation payoffs at
different queue lengths must satisfy:

V (1, 1) =

(
ω(1, 1)

r(1)
− cw

r(1)

)
+

ϕ(1)λ

r(1)
· V (1, 2),

V (1, 2) =

(
ω(1, 2)

r(2)
− cw

r(2)

)
+

ϕ(2)λ

r(2)
· V (1, 3) +

r−(1, 2)

r(2)
· V (1, 1),

...
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V (1, Q̄− 1) =

(
ω(1, Q̄− 1)

r(Q̄− 1)
− cw

r(Q̄− 1)

)
+

ϕ(Q̄− 1)λ

r(Q̄− 1)
· V (1, Q̄) +

r−(1, Q̄− 1)

r(Q̄− 1)
· V (1, Q̄− 2),

V (1, Q̄) =

(
ω(1, Q̄)

r(Q̄)
− cw

r(Q̄)

)
+

r−(1, Q̄)

r(Q̄)
· V (1, Q̄− 1).

This is roughly a birth-death process, with the option to exit at every state. We can verify that
the above system of linear equations has the following closed-form solution:

V (1, Q̄) = a(1,Q̄),

V (1, Q) = a(1,Q) + b(1,Q)V (1, Q+ 1), ∀Q ∈ [Q̄− 1],

where the coefficients (a1,Q, b1,Q)Q∈[Q̄] are of the form

a(1,1) =
ω(1, 1)− cw

r(1)
,

b(1,1) =
ϕ(1)λ

r(1)
,

a(1,Q) =
(ω(1, Q)− cw) + a(1,Q−1)r

−(1, Q)

r(Q)− r−(1, Q)b(1,Q−1)
, ∀Q > 1,

b(1,Q) =
ϕ(Q)λ

r(Q)− r−(1, Q)b(1,Q−1)
, ∀Q > 1.

When the exogenous renege rate θ > 0, we know from (7)–(10) that the rate r(Q) is strictly
positive for all Q ∈ [Q̄], and that r(Q) > r−(q,Q) holds for any q ∈ [Q]. As a result, the coefficients
(a1,Q, b1,Q)Q∈[Q̄] are well defined if b1,Q < 1 for all Q ∈ [Q̄], which we establish later in Claim 1.
This completes the derivation of V (1, Q) for all Q ∈ [Q̄].
Any queue position q > 1. We now proceed to the computation of (V (q,Q))Q∈{q,...,Q̄} for some
q > 1, assuming that (V (q′, Q))q′<q,Q∈{q′,...,Q̄} have already been derived. The Bellman equation
(11) for this q and all Q ≥ q are given by:

V (q, q) =

(
ω(q, q)

r(q)
+

r+(q, q) · V (q − 1, q − 1)

r(q)
− cw

r(q)

)
+

ϕ(q)λ

r(q)
· V (1, q + 1),

V (q, q + 1) =

(
ω(q, q + 1)

r(q + 1)
+

r+(q, q + 1) · V (q − 1, q)

r(q + 1)
− cw

r(q + 1)

)
+

ϕ(q + 1)λ

r(q + 1)
· V (q, q + 2)

+
r−(q, q + 1)

r(q + 1)
· V (q, q),

...

V (q, Q̄− 1) =

(
ω(q, Q̄− 1)

r(Q̄− 1)
+

r+(q, Q̄− 1) · V (q − 1, Q̄− 2)

r(Q̄− 1)
− cw

r(Q̄− 1)

)
+

ϕ(Q̄− 1)λ

r(Q̄− 1)
· V (q, Q̄)

+
r−(q, Q̄− 1)

r(Q̄− 1)
· V (q, Q̄− 2),

V (q, Q̄) =

(
ω(q, Q̄)

r(Q̄)
+

r+(q, Q̄) · V (q − 1, Q̄− 1)

r(Q̄)
− cw

r(Q̄)

)
+

r−(q, Q̄)

r(Q̄)
· V (q, Q̄− 1).

Then, similar to the q = 1 case, we can solve the linear system, and write an agent’s payoff
V (q,Q) at state (q,Q) as follows:

V (q, Q̄) = a(q,Q̄) + c(q,Q̄)V (q − 1, Q̄− 1),
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V (q,Q) = a(q,Q) + b(q,Q)V (q,Q+ 1) + c(q,Q)V (q − 1, Q− 1), ∀Q ∈ {q, q + 1, . . . , Q̄− 1}.

Note that in comparison to the q = 1 case, we now have terms corresponding to the possibility
of the agent moving forward to position q − 1 in the queue. Similarly to before, we can verify that
the initial parameters for (q, q) are given by:

a(q,q) =
ω(q, q)− cw

r(q)
,

b(q,q) =
ϕ(q)λ

r(q)
,

c(q,q) =
r+(q, q)

r(q)
.

For every subsequent Q > q, the parameters are given recursively as:

a(q,Q) =
[ω(q,Q)− cw] + a(q,Q−1)r

−(q,Q)

r(Q)− r−(q,Q)b(q,Q−1)
,

b(q,Q) =
ϕ(Q)λ

r(Q)− r−(q,Q)b(q,Q−1)
,

c(q,Q) =
r+(q,Q)

r(Q)− r−(q,Q)b(q,Q−1)
.

Note that with boundary conditions V (0, ·) = V (·, 0) = V (·, Q̄ + 1) = 0, the expressions for q > 1
also applies for the q = 0 case, and these gives us the closed-form solutions as stated in the lemma.
Furthermore, when Q = q, the expression for the coefficients simplifies due to the absence of any
agents behind in the queue.

What is left to show is that the coefficients
(
a(q,Q), b(q,Q), c(q,Q)

)
Q∈{q,q+1,...,Q̄} are well defined

for any q ∈ [Q̄]. For one of the parameters to be undefined, it would have to be the case that
r(Q) = r−(q,Q)b(q,Q−1) so that the denominator takes value zero. Since r−(q,Q) < r(Q) always
holds, as we have discussed earlier, this would imply that b(q,Q−1) > 1. The following claim proves
that this is not possible.

Claim 1. b(q,Q) < 1 for all q ∈ [Q̄], and all Q ∈ {q, q + 1, . . . , Q̄}.

Proof. Consider any fixed q ∈ [Q̄]. We proceed by induction on Q starting from Q = q. First, we
can see that b(q,q) < 1 always holds because given eq. (10), r(q) ≥ λϕ(q) + qθ > λϕ(q) when θ > 0.

Now, for the purpose of induction, suppose that b(q,Q) < 1 for some Q ≥ q. b(q,Q+1) is of the
form

b(q,Q+1) =
ϕ(Q+ 1)λ

r(Q+ 1)− r−(q,Q+ 1)b(q,Q)
.

Assume towards a contradiction that b(q,Q+1) ≥ 1. We must have

ϕ(Q+ 1)λ ≥ r(Q+ 1)− r−(q,Q+ 1)b(q,Q)

=⇒ 0 ≥ r−(q,Q+ 1) + r+(q,Q+ 1) + r0(q,Q+ 1) + ϕ(Q+ 1)λ− ϕ(Q+ 1)λ− r−(q,Q+ 1)b(q,Q)

=⇒ 0 ≥ r0(q,Q+ 1) + r+(q,Q+ 1) + r−(q,Q+ 1)(1− b(q,Q)).

Since bq,Q < 1 holds by our induction assumption, the inequality above can only be true if all
of the rates r0(q,Q + 1) = r+(q,Q + 1) = r−(q,Q + 1) = 0. However, r0(q,Q + 1) + r+(q,Q +
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1) + r−(q,Q+ 1) ≥ (Q+ 1)θ > 0 according to (7)–(9). This is a contradiction, thus b(q,Q) < 1 for
all q ∈ [Q̄] and all Q ∈ {q, q + 1, . . . , Q̄} and the coefficients a(q,Q), b(q,Q) and c(q,Q) are all well
defined.

Algorithm 4 Compute the continuation payoffs
1: Initialization: V (0, ·)← 0, V (·, 0)← 0, V (·, Q̄+ 1)← 0.
2: Input: ((aq,Q, bq,Q, cq,Q))Q∈[Q̄],q∈[Q].
3: for q = 1 to Q̄ do
4: for Q = Q̄ downto q do
5: if Q = Q̄ then
6: V (q,Q)← a(q,Q) + c(q,Q) V (q − 1, Q− 1).
7: else
8: V (q,Q)← a(q,Q) + b(q,Q) V (q,Q+ 1) + c(q,Q) V (q − 1, Q− 1).
9: end if

10: end for
11: end for
12: return (V (q,Q))Q∈[Q̄],∀q∈[Q].

This completes the proof of Lemma 1. The full recursive procedure for computing V is detailed
in Algorithm 4. The proof also shows that each V (q,Q) is a rational function of σ, with all
denominators being nonzero for every σ ∈ S. Therefore, each V (q,Q) is continuous in σ.

B.2 Proof of Lemma 2
Lemma 2 (Equilibrium Conditions). Under Assumption 1, i.e., when the dispatch policy does not
offer any item to the same agent more than once, a strategy σ∗ = (α∗, ϕ∗) forms a symmetric MPE
if and only if σ∗ and its corresponding continuation payoff V ∗ satisfy

α∗
ℓ (q,Q) =P[0,1]

[
α∗
ℓ (q,Q) +

∂Hq,Q(α
∗;V ∗)

∂αℓ(q,Q)

]
, ∀ℓ ∈ L, ∀Q ∈ [Q̄], ∀q ∈ [Q], (14)

ϕ∗(Q− 1) =P[0,1]

[
ϕ∗(Q− 1) + V ∗(Q,Q)

]
, ∀Q ∈ [Q̄]. (15)

Moreover, (∂Hq,Q(α;V )/∂αℓ(q,Q))ℓ∈L,Q∈[Q̄],q∈[Q] can be evaluated in closed form.

Proof. The proof establishes the equivalence between the MPE definitions in (2), (3), and (4), and
the fixed-point equations (14) and (15).

• (2) ⇐⇒ (14)
We first show that (2) =⇒ (14) by demonstrating that the latter follows from the KKT
conditions of the best-response problem (BR), which are necessary for optimality.
Specifically, given the continuation payoff V ∗ corresponding to strategy α∗, the best-response
objective function Hq,Q(α;V

∗) as defined in (13) is a polynomial function in αℓ(q,Q), ℓ ∈ L
thus smooth. Since (BR) has linear constraints, the optimal solution α⋆ of (BR) (it exists by
extreme value theorem) along with Lagrange multipliers βℓ(q,Q) and γℓ(q,Q) must satisfy
the following Karush–Kuhn–Tucker (KKT) conditions.
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– Stationarity
∂Hq,Q(α

⋆;V ∗)

∂αℓ(q,Q)
+ βℓ(q,Q)− γℓ(q,Q) = 0, ∀Q ∈ [Q̄], ∀q ∈ [Q], ∀ℓ ∈ L.

– Primal feasibility

α⋆
ℓ (q,Q) ∈ [0, 1], ∀Q ∈ [Q̄], ∀q ∈ [Q], ∀ℓ ∈ L.

– Dual feasibility

βℓ(q,Q), γℓ(q,Q) ≥ 0, ∀Q ∈ [Q̄], ∀q ∈ [Q], ∀ℓ ∈ L.

– Complementary slackness

βℓ(q,Q)α⋆
ℓ (q,Q) = 0, γℓ(q,Q)(1− α⋆

ℓ (q,Q)) = 0, ∀Q ∈ [Q̄], ∀q ∈ [Q], ∀ℓ ∈ L.

It can be seen that these KKT conditions imply

α⋆
ℓ (q,Q) ∈ (0, 1) =⇒

∂Hq,Q(α
⋆;V ∗)

∂αℓ(q,Q)
= 0, ∀Q ∈ [Q̄], ∀q ∈ [Q], ∀ℓ ∈ L,

α⋆
ℓ (q,Q) = 1 =⇒

∂Hq,Q(α
⋆;V ∗)

∂αℓ(q,Q)
≥ 0, ∀Q ∈ [Q̄], ∀q ∈ [Q], ∀ℓ ∈ L,

α⋆
ℓ (q,Q) = 0 =⇒

∂Hq,Q(α
⋆;V ∗)

∂αℓ(q,Q)
≤ 0, ∀Q ∈ [Q̄], ∀q ∈ [Q], ∀ℓ ∈ L,

which further imply (14).
For the reverse direction (14) =⇒ (2), we show that the best-response problem (BR) is a
concave maximization problem; therefore, the KKT conditions are not only necessary but
also sufficient for optimality. In fact, under Assumption 1, we show that Hq,Q(α;V

∗) is linear
in αℓ(q,Q) for all ℓ ∈ L. To see this, observe that

– for part (i) of Hq,Q(α;V
∗), νℓ(q,Q) does not depend on αℓ(q,Q). This is because νℓ(q,Q)

is a linear combination of the g
(k)
ℓ (q,Q)’s as derived in (5). g

(k)
ℓ (q,Q) does not depend

on αℓ(q,Q) since for any dispatch history h(k−1) ∈ H(k−1) such that q ∈ h(k−1), we must
have f

(k)
ℓ (q,Q;h(k−1)) = 0 given Assumption 1;

– for parts (ii) and (iii) of Hq,Q(α;V
∗), r+(q,Q) and r−(q,Q) are at most linear in αℓ(q,Q).

This is because the two rate terms depend on νℓ(q
′, Q) for q′ ̸= q, which is a linear

combination of the g
(k)
ℓ (q′, Q)’s. From (5) we can see that each g

(k)
ℓ (q′, Q) is at most

linear in αℓ(q,Q) since under Assumption 1, any dispatch history h(k−1) ∈ H(k−1) with
non-zero probability can contain q at most once.

• (3), (4) ⇐⇒ (15)
Consider the following three cases.

1: ϕ∗(Q− 1) ∈ (0, 1).
It is not hard to verify in this case that (3), (4) ⇐⇒ V ∗(Q,Q) = 0 ⇐⇒ (15).

2: ϕ∗(Q− 1) = 1.
It is not hard to verify in this case that (3), (4) ⇐⇒ V ∗(Q,Q) ≥ 0 ⇐⇒ (15).

3: ϕ∗(Q− 1) = 0.
It is not hard to verify in this case that (3), (4) ⇐⇒ V ∗(Q,Q) ≤ 0 ⇐⇒ (15).

This completes the proof of Lemma 2.
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B.3 Closed-form Expressions for ∂Hq,Q(α;V )/∂αℓ(q,Q)

In this section, we provide the closed-form expressions for the partial derivatives of Hq,Q(α;V ) (as
defined in eq. (13)) with respect to αℓ(q,Q) for each ℓ ∈ L. These expressions are valid for any
general dispatch policy and do not rely on Assumption 1 (i.e., that no item is dispatched to the
same agent more than once).

To take the partial derivative of Hq,Q(α;V
∗) w.r.t. αℓ(q,Q) for a state (q,Q) and an item type

ℓ ∈ L, we first observe that in the expression of Hq,Q(α;V ) given by eq. (13), both wℓ and V
are constants that are independent to αℓ(q,Q). Also observe that both νℓ′(q,Q) and αℓ′(q,Q) are
independent to αℓ(q,Q) when ℓ′ ̸= ℓ. Therefore, we only need to derive the partial derivatives of
the following three terms w.r.t. αℓ(q,Q):

(i) νℓ(q,Q)αℓ(q,Q),

(ii) r+(q,Q), and

(iii) r−(q,Q).

We start with part (i), νℓ(q,Q)αℓ(q,Q). For convenience of notation, define

zℓ(q,Q) ≜ νℓ(q,Q)αℓ(q,Q), ∀Q ∈ [Q̄], ∀q ∈ [Q].

Recall from (6) that νℓ(q,Q) = µℓ
∑p

k=1 g
(k)
ℓ (q,Q). We have

∂zℓ(q,Q)

∂αℓ(q,Q)
= νℓ(q,Q) +

∂νℓ(q,Q)

∂αℓ(q,Q)
αℓ(q,Q)

= µℓ

p∑
k=1

g
(k)
ℓ (q,Q) +

(
µℓ

p∑
k=1

∂g
(k)
ℓ (q,Q)

∂αℓ(q,Q)

)
αℓ(q,Q).

What is left to compute is the partial derivatives of g(k)ℓ (q,Q) w.r.t. the acceptance probabilities
for each k ∈ [p]. Recall that g

(k)
ℓ (q,Q) given by (5) is the probability of seeing an item ℓ during its

kth dispatch at state (q,Q). As a function of αℓ(q̄, Q) for any q̄ ∈ [Q], g(k)ℓ (q,Q) is a polynomial of
degree at most k − 1, and we can compute its derivative w.r.t. αℓ(q̄, Q) using the chain rule.

This calculation can be further simplified for history-independent policies. Specifically, when
the dispatch policy is history-independent, the expression in (5) can be rewritten in the following
recursive form:

g
(1)
ℓ (q,Q) = f

(1)
ℓ (q,Q),

g
(2)
ℓ (q,Q) = f

(2)
ℓ (q,Q)

Q∑
q′=1

g
(1)
ℓ (q′, Q)(1− αℓ(q

′, Q)),

...

g
(k)
ℓ (q,Q) = f

(k)
ℓ (q,Q)

Q∑
q′=1

g
(k−1)
ℓ (q′, Q)(1− αℓ(q

′, Q)).

We can then take the partial derivatives of these probabilities at a state (q,Q) with respect to
the acceptance strategy at any queue position q̄ ≤ Q in a similar recursive way.

∂g
(1)
ℓ (q,Q)

∂αℓ(q̄, Q)
= 0,
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∂g
(2)
ℓ (q,Q)

∂αℓ(q̄, Q)
= −f (2)

ℓ (q,Q)g
(1)
ℓ (q̄, Q),

...

∂g
(k)
ℓ (q,Q)

∂αℓ(q̄, Q)
= f

(k)
ℓ (q,Q)

−g(k−1)
ℓ (q̄, Q) +

Q∑
q′=1

(1− αℓ(q
′, Q)) ·

∂g
(k−1)
ℓ (q′, Q)

∂αℓ(q̄, Q)

 .

This completes our derivation for part (i).

For parts (ii) and (iii), observe that r+(q,Q) and r−(q,Q) as defined in (8) and (9) are both
linear combinations of νℓ(q

′, Q)αℓ(q
′, Q) for q′ ̸= q. αℓ(q

′, Q) is independent of αℓ(q,Q) when
q′ ̸= q, thus the partial derivatives ∂r+(q,Q)/∂αℓ(q,Q) and ∂r−(q,Q)/∂αℓ(q,Q) can be computed
by taking ∂νℓ(q

′, Q)/∂αℓ(q,Q), which again only depends on the derivative of the g terms, as we
have discussed above.

B.4 Proof of Theorem 1
Theorem 1 (Existence of MPE). There exists a symmetric Markov perfect equilibrium under any
dispatch policy satisfying Assumption 1, i.e., when the policy does not dispatch an item to the same
agent more than once.

Proof. We prove this theorem by showing that under any dispatch policy (even for those that
violate Assumption 1), the first-order conditions (14) and (15) must admit a solution. We establish
this existence by applying Brouwer’s fixed-point theorem, treating (14) and (15) as fixed-point
equations of the strategy σ = (α, ϕ), where V depends on σ in the way that it’s the continuation
payoff corresponding to σ.

Recall from Appendix B.3 that zℓ(q,Q) ≜ νℓ(q,Q)αℓ(q,Q). The partial derivative of H w.r.t.
α can be decomposed as:

∂Hq,Q(α;V )

∂αℓ(q,Q)
=
∑
ℓ∈L

∂zℓ(q,Q)

∂αℓ(q,Q)

(
wℓ − V (q,Q)

)
+

∂r+(q,Q)

∂αℓ(q,Q)

(
V (q − 1, Q− 1)− V (q,Q)

)
+

∂r−(q,Q)

∂αℓ(q,Q)

(
V (q,Q− 1)− V (q,Q)

)
.

Recall also from Appendix B.3 that the partial derivatives ∂zℓ(q,Q)/∂αℓ(q,Q), ∂r+(q,Q)/∂αℓ(q,Q),
and ∂r−(q,Q)/∂αℓ(q,Q) are all polynomial functions of α. Moreover, by Lemma 1, the contin-
uation payoff V is continuous in σ. It follows that ∂Hq,Q(α;V )/∂αℓ(q,Q) is also continuous in
σ. Since the queue length is bounded by Q̄, the strategy space S is compact and convex. The
projection operator onto a bounded convex set is continuous, and the composition of continuous
functions is continuous. Therefore, by Brouwer’s fixed-point theorem, the fixed-point equations
(14) and (15) always admit a solution.

B.5 Monotonicity of νℓ(q,Q)αℓ(q,Q)

We show that νℓ(q,Q)αℓ(q,Q) is non-decreasing in αℓ(q,Q) under any dispatch policy.

Lemma 3. For any dispatch policy π, νℓ(q,Q)αℓ(q,Q) is non-decreasing in αℓ(q,Q).

41



Proof. We prove this result using a sample path argument. Consider any arbitrary sample path of
a dispatch history consisting of p dispatches, denoted by h(p). We simulate the outcome by first
sampling a sequence of p numbers independently and uniformly from [0, 1], denoted by u(p). Put
α(p) = [αℓ(q,Q) : q ∈ h(p)]. Consider the following algorithm of sampling the dispatching outcome
given a dispatch history h(p).

Algorithm 5 Simulate Dispatching Outcomes
Require: Sequences h(p), u(p) and α(p).

1: for k ← 1 to p do
2: if α

(p)
k > u

(p)
k then

3: return accepted by agent h
(p)
k

4: end if
5: end for
6: return item lost

Intuitively, item ℓ will be accepted by the first agent in h(p) whose acceptance probability exceeds
the corresponding sampled uniform random variable. Now consider the following scenarios.

• The focal agent at position q is not in h(p), and αℓ(q,Q) clearly does affect the dispatch
outcome.

• The focal agent at position q appears in h(p), possibly multiple times. Suppose item ℓ is
accepted by an agent ahead of the first occurrence of q. In this case, αℓ(q,Q) does not
influence the dispatch outcome—the item will still be accepted by the same agent.

• The focal agent at position q appears in h(p), potentially multiple times. If item ℓ is accepted
by agent q (not necessarily at the first occurrence), then increasing αℓ(q,Q) ensures the item
is still accepted by agent q, possibly at an earlier occurrence in h(p).

• The focal agent at position q appears in h(p), possibly multiple times. Suppose item ℓ is
accepted by an agent after the first occurrence of q in h(p). In this case, increasing αℓ(q,Q)
may change the outcome so that the item is instead accepted by agent q at an earlier position
in h(p).

• The focal agent at position q appears in h(p), possibly multiple times. Suppose item ℓ is lost
because no one accepts in h(p). Increasing αℓ(q,Q) may change the outcome, resulting in the
item being accepted by agent q in h(p).

These discussions imply that increasing αℓ(q,Q) can only increase the chance of agent q getting
item ℓ. This concludes the proof.

B.6 Proof of Corollary 1
Corollary 1. An MPE always exists under simple dispatch policies. In this setting, a strategy
σ∗ = (α∗, ϕ∗) constitutes a symmetric MPE if the complementarity conditions are satisfied by σ∗

together with its associated continuation payoff V ∗:

V ∗(q,Q) < wℓ =⇒ α∗
ℓ (q,Q) = 1, ∀ℓ ∈ L, ∀Q ∈ [Q̄], ∀q ∈ [Q], (16)

V ∗(q,Q) > wℓ =⇒ α∗
ℓ (q,Q) = 0, ∀ℓ ∈ L, ∀Q ∈ [Q̄], ∀q ∈ [Q], (17)
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V ∗(Q,Q) > 0 =⇒ ϕ∗(Q− 1) = 1, ∀Q ∈ [Q̄], (18)
V ∗(Q,Q) < 0 =⇒ ϕ∗(Q− 1) = 0, ∀Q ∈ [Q̄]. (19)

Proof. Under simple policies, ∂r+(q,Q)/∂αℓ(q,Q) = 0 because agents ahead will never receive the
item again once the focal agent declines it; similarly, V (q,Q − 1) = V (q,Q) since the dispatch
probability does not depend on the queue length. As a result, (BR) reduces to

max
αℓ(q,Q)∈[0,1], ℓ∈L

∑
ℓ∈L

νℓ(q,Q)αℓ(q,Q)
(
wℓ − V (q,Q)

)
. (32)

By Lemma 3, we know that νℓ(q,Q)αℓ(q,Q) is non-decreasing in αℓ(q,Q). This implies that an
optimal solution to (32) takes the following form.

α∗
ℓ (q,Q) =


1, if wℓ > V (q,Q),
any value in [0, 1], if wℓ = V (q,Q),
0, if wℓ < V (q,Q),

for all ℓ ∈ L. As a consequence, any solution satisfying (16) and (17) is an optimal solution to (32)
and forms an optimal acceptance strategy satisfying the Bellman equation (12), thus satisfying the
MPE definition (2).

Using a similar argument in the second part of the proof of Lemma 2, we can show that
conditions (3) and (4) are equivalent to (18) and (19). Moreover, any solution of (21) and (22)
satisfy (16)–(19). By Lemma 1, V (q,Q) is a continuous function of σ. Since the queue length
is bounded by Q̄, the strategy space S is compact and convex. The projection operator onto
a bounded convex set is continuous, and the composition of continuous functions is continuous.
Therefore, by Brouwer’s fixed-point theorem, the fixed-point equations (21) and (22) always admit
a solution. This completes the proof of Corollary 1.

B.7 Proof of Theorem 2
We start by analyzing the head of the queue. By the two properties of simple dispatch policies, for
any item ℓ ∈ L, we must have νℓ(1, Q) = νℓ(1, ·), ∀Q ∈ [Q̄] for some constant νℓ(1, ·) regardless of
the agent’s strategy. This suggests that the equilibrium V ∗(1, ·) is the optimal value of the following
(single-agent) optimization problem and is queue-length independent as well.

V ∗(1, ·) = max
α(1,·)∈[0,1]L+1

∑
ℓ∈Lwℓ · νℓ(1, ·) · αℓ(1, ·)− cw∑

ℓ∈L νℓ(1, ·) · αℓ(1, ·) + θ
. (33)

Based on a standard result in choice-based revenue management literature, we have the follow-
ing claim regarding an optimal solution of (33). Interestingly, this is also consistent with the
complementarity conditions in Corollary 1.

Claim 2. Any optimal solution of problem (33) takes the form of

α∗
ℓ (1, ·) =


1, if wℓ > V ∗(1, ·),
any value in [0, 1], if wℓ = V ∗(1, ·),
0, if wℓ < V ∗(1, ·),

for all ℓ ∈ L.
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Proof. A similar proof appears in Theorem 5.1 of Gallego and Topaloglu [2019]. Equation (33)
suggests

V ∗(1, ·) ≥
∑

ℓ∈Lwℓ · νℓ(1, ·) · αℓ(1, ·)− cw∑
ℓ∈L νℓ(1, ·) · αℓ(1, ·) + θ

, ∀α(1, ·) ∈ [0, 1]L+1.

Equivalently, this can be written as

θV ∗(1, ·) ≥
∑
ℓ∈L

(wℓ − V ∗(1, ·)) · νℓ(1, ·) · αℓ(1, ·)− cw, ∀α(1, ·) ∈ [0, 1]L+1.

This implies that there is an equivalent optimization formulation to (33):

max
α(1,·)∈[0,1]L

∑
ℓ∈L

(wℓ − V ∗(1, ·)) · νℓ(1, ·) · αℓ(1, ·)− cw. (34)

It is clear to see any optimal solution to (34) satisfies the conditions in the statement.

For any queue length Q ∈ [Q̄], we now show that V (t)(1, Q) is monotonically increasing with
respect to t, regardless of the initial strategy σ(0) used. Using (33) we can write

V (t+1)(1, Q) =

∑
ℓ∈Lwℓ · α

(t+1)
ℓ (1, Q) · νℓ(1, Q)− cw∑

ℓ∈L α
(t+1)
ℓ (1, Q) · νℓ(1, Q) + θ

. (35)

Taking the difference between V (t+1)(1, Q)− V (t)(1, Q), we get

V (t+1)(1, Q)− V (t)(1, Q) =

∑
ℓ∈L(wℓ − V (t)(1, Q)) · α(t+1)

ℓ (1, Q) · νℓ(1, Q)− cw − V (t)(1, Q) · θ∑
ℓ∈L α

(t+1)
ℓ (1, Q) · νℓ(1, Q) + θ

.

Since,

V (t)(1, Q) =

∑
ℓ∈Lwℓ · α

(t)
ℓ (1, Q) · νℓ(1, Q)− cw∑

ℓ∈L α
(t)
ℓ (1, Q) · νℓ(1, Q) + θ

=⇒
∑

ℓ∈L(wℓ − V (t)(1, Q)) · α(t)
ℓ (1, Q) · νℓ(1, Q)− cw − V (t)(1, Q) · θ∑

ℓ∈L α
(t)
ℓ (1, Q) · νℓ(1, Q) + θ

= 0

=⇒
∑
ℓ∈L

(wℓ − V (t)(1, Q)) · α(t)
ℓ (1, Q) · νℓ(1, Q)− cw − V (t)(1, Q) · θ = 0.

Notice that in each iteration of Algorithm 2, we increase αℓ(1, Q) for items with wℓ > V (t)(1, Q)
and decrease αℓ(1, Q) for items with wi < V (t)(1, Q). So, it must be the case that∑

ℓ∈L
(wℓ − V (t)(1, Q)) · α(t+1)

ℓ (1, Q) · νℓ(1, Q)

≥
∑
ℓ∈L

(wℓ − V (t)(1, Q)) · α(t)
ℓ (1, Q) · νℓ(1, Q) = cw + V (t)(1, Q) · θ

=⇒ V (t+1)(1, Q) ≥ V (t)(1, Q).

This concludes the proof of V (t)(1, Q) being non-decreasing in t for any Q ∈ [Q̄]. Since V (t)(1, Q)
is upper bounded by w1, the sequence of V (t)(1, Q) must converge. We now show it converges to
V ∗(1, ·) in a finite number of iterations. We do so by showing α

(t)
l (1, Q) converges to a solution

satisfying the optimality conditions in Claim 2 in a finite number of iterations.
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• Case 1: α
(t)
l (1, Q) converges to 1 if wℓ > V ∗(1, Q) in a finite number of iterations.

We know that V (t)(1, Q) ≤ V ∗(1, ·) < wℓ for any t ≥ 0. Let δ = minℓ∈L,wℓ>V ∗(1,·){wℓ −
V ∗(1, ·)}. It follows that δ > 0. So, α(t)

ℓ (1, Q) must increase by at least γ(t)δ in any iteration
t. As long as

∑+∞
t=0 γ

(t) = +∞, α
(t)
ℓ (1, ·) must converge to 1 within a finite number of

iterations.

• Case 2: α
(t)
l (1, Q) converges to 0 if wℓ < V ∗ in a finite number of iterations.

Suppose all items with wℓ > V ∗(1, ·) are already accepted with probability 1 at some finite
iteration t. We start from the worst paying item that is accepted with a strictly positive
probability at iteration t. Let’s call it wℓ′ . We claim that V (t)(1, Q) > wℓ′ . To see that, let
L∗ = {ℓ ∈ L : wℓ > V ∗(1, ·)}. Consider a strategy that accepts everything in L∗ and one
other item ℓ′ such that wℓ′ < V ∗(1, ·) with acceptance probability αℓ′(1, Q) = ε > 0. We have
the value of this strategy∑

ℓ∈L∗ wℓνℓ(1, Q) + wℓ′νℓ′(1, Q)ε− cw∑
ℓ∈L∗ νℓ(1, Q) + νℓ′(1, Q)ε+ θ

=

∑
ℓ∈L∗ wℓνℓ(1, Q)− cw∑

ℓ∈L∗ νℓ(1, Q) + νℓ′(1, Q)ε+ θ
+

wℓ′νℓ′(1, Q)ε∑
ℓ∈L∗ νℓ(1, Q) + νℓ′(1, Q)ε+ θ

=

∑
ℓ∈L∗ νℓ(1, Q)∑

ℓ∈L∗ νℓ(1, Q) + νℓ′(1, Q)ε
V ∗(1, ·) + νℓ′(1, Q)ε∑

ℓ∈L∗ νℓ(1, Q) + νℓ′(1, Q)ε+ θ
wℓ′

>wℓ′ .

Define δ = V (t)(1, Q) − wℓ′ . We know that α
(t)
ℓ′ (1, Q) drops by at least δγ(t) in all iterations

t′ ≥ t since V (t)(1, Q) is non-decreasing. Once α
(t)
ℓ′ (1, Q) hits zero, we will move on to apply

the same argument to the new worst item that is accepted with a strictly positive probability.

• Case 3: α
(t)
l (1, Q) converges in a finite number of iterations if wℓ = V ∗.

For this case, suppose that cases 1 and 2 have already converged. If there exists ℓ ∈ L s.t.
wℓ = V ∗, then at this point V (t)(1, Q) = V ∗ according to Claim 2. From this point onward,
the acceptance probability αℓ will no longer change given that the direction of the strategy
updates is constructed to be V (t)(1, Q)− wℓ.

This completes the proof of convergence in a finite number of steps for q = 1 and any Q ∈ [Q̄].

Once the strategy at q = 1 with queue length Q has converged according to the logic above
at time t, the rates {ν(t)ℓ (2, Q)}ℓ∈L become fixed for all subsequent iterations t′ ≥ t. This again
follows from item 2 of Definition 2, since items can only be sent to agents monotonically down the
queue. Consequently, the rate for the driver to move forward to q = 1 not longer changes. We can
now apply similar reasoning to the convergence of strategies for q = 2. Once the states at q = 2
converge, we can repeat the reasoning for q = 3, and so on until we complete the process up to
q = Q̄. To be a bit more specific, suppose that V (t)(1, Q), · · · , V (t)(q,Q) all converge after a finite
number of iterations for some q ≥ 1, and let V ∗(1, Q), · · · , V ∗(q,Q) to be the converged value. We
now analyze the monotonicity of V (t)(q + 1, Q). We have

V (t+1)(q + 1, Q) =

∑
ℓ∈Lwℓ · νℓ(q + 1, Q) · α(t+1)

ℓ (q + 1, Q) + r+(q + 1, Q)V (t+1)(q,Q)− cw∑
ℓ∈L νℓ(q + 1, Q) · α(t+1)

ℓ (q + 1, Q) + r+(q + 1, Q) + θ
.
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Note that since V (t)(1, Q), · · · , V (t)(q,Q) are all converged, νl(q+1, Q) and r+(q+1, Q) remain
constants from time t onward. By treating c′ = cw−r+(q+1, Q)V (t+1)(q,Q) and θ′ = r+(q+1, Q)+θ,
we get the same structure as the one we analyzed in (35). So all results for V (1, Q) directly apply.

Because conditions in Claim 2 are the same as the complementarity conditions (16) and (17)
in Corollary 1, we just proved that the acceptance strategy α

(t)
l (q,Q) converged satisfy (16) and

(17). What remains to be demonstrated is that the joining strategy ϕ(t)(Q) also converges to an
equilibrium that satisfies (18) and (19) in a finite number of iterations. This can be seen in a
quite straightforward manner. Once V (t)(Q,Q) converges to V ∗(Q,Q) for some Q ∈ [Q̄] in a finite
number of iterations, consider the following scenarios:

• Case 1: V ∗(Q,Q) > 0

This suggests that ϕ(t)(Q− 1) must increase by exactly γ(t)V ∗(Q,Q) in any iteration after t.
As long as

∑+∞
t=0 γ

(t) = +∞, ϕ(t)(Q− 1) will converge to 1 in a finite number of iterations.

• Case 2: V ∗(Q,Q) < 0

This suggests that ϕ(t)(Q− 1) must decrease by exactly −γ(t)V ∗(Q,Q) in any iteration after
t. As long as

∑+∞
t=0 γ

(t) = +∞, ϕ(t)(Q− 1) will converge to 0 in a finite number of iterations.

• Case 3: V ∗(Q,Q) = 0

This suggests that ϕ(t)(Q− 1) will remain constant after t.

These directly imply that the converged ϕ(t)(Q−1) satisfies (18) and (19). Then by Corollary 1,
we complete the proof that Algorithm 2 converges to an MPE in a finite number of iterations
regardless of the initial strategy σ⃗(0).

B.8 First-Best Outcome
We solve for the first-best net revenue using the following infinite-horizon average-reward MDP:

V (Q) + g =
1

M

[∑
ℓ∈L

µℓmax{wℓ + V (Q− 1), V (Q)}︸ ︷︷ ︸
item dispatch decision

+λ max{V (Q), V (Q+ 1)}︸ ︷︷ ︸
admission control decision

+ Qθ V (Q− 1)︸ ︷︷ ︸
exogenous reneging

+(M −∆(Q))V (Q)︸ ︷︷ ︸
null event

− cw Q︸︷︷︸
waiting cost

]
,

where M is a uniformization constant such that M ≥
∑

ℓ∈L µℓ + λ + θQ̄ and g is the optimal net
revenue per period. One of four events occurs: (i) an item of type ℓ arrives with rate µℓ and we
choose between dispatching (gain wℓ and move to Q − 1) or rejecting (stay at Q); (ii) an agent
arrives at rate λ and we choose between blocking (stay at Q) or admitting (move to Q + 1); (iii)
exogenous reneging at rate θQ moves the state to Q − 1; or (iv) a null event of rate M − ∆(Q)
leaves system in state Q.

To solve this MDP, we use relative value iteration to maximize the long-run average reward (see
Chapter 8 of Puterman 2005). Once the algorithm converges, we extract the optimal policy, which
then allows us to compute the steady-state distribution and various performance metrics, including
throughput, average waiting time, and queue length.
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B.9 Deriving the Expectation and Variance of Agent Payoffs
First, we introduce the following notation to discuss transitions between adjacent states. Fix an
initial state s0, which denotes the state of the system at the moment an agent arrives. When the
agent joins the end of the queue after observing a queue length of Q− 1, we have s0 = (Q,Q). Let
Y be the random variable representing the net payoff of an agent who joins the queue at state s0,
defined as the final earnings received upon accepting an item minus the total waiting cost incurred
before exiting the system. Let sk = (qk, Qk) denote the state occupied by the agent after the k-th
state transition. Similarly, let ∆k denote the cumulative time elapsed from the moment the agent
joins at s0 to the time of the k-th transition. Both sk and ∆k are random variables, since they
depend on the stochastic arrivals and departures of items and agents, as well as on the dispatch
policy and the agents’ strategies. Let τ denote the random index of the transition at which the
agent exits the queue, either by accepting an item and departing or by reneging. Note that τ is a
stopping time, since its value is determined by the natural filtration up to that point and does not
depend on future information.

Let (Fk)k≥0 be the natural filtration generated by the embedded jump chain (sk)k≥0 together
with the realized waiting times up to transition k, namely (∆k)k≥0. Conditional on the information
contained in this filtration, the agent’s expected net payoff is given by

M(sk) := V (qk, Qk)− cw∆k.

Note that, conditional on Fk, M(sk) is a realized quantity. Intuitively, M(sk) represents the
agent’s expected total payoff after following the realized sample path up to state sk. This is
because V (qk, Qk) is the expected continuation payoff from state (qk, Qk) onward, while cw∆k is
the waiting cost already incurred by the agent up to that point. We now construct a martingale
based on M(sk).

Lemma 4 (Martingale representation). Fix a strategy under a given dispatching policy. Define
the stopped process

Mk :=

{
M(sk), k < τ,

Y, k ≥ τ.

Then (Mk)k≥0 is a martingale with respect to the filtration (Fk)k≥0.

Proof. First, we show the martingale property by proving that:

E [Mk+1 | Fk] = Mk.

• If k ≥ τ , both sides are equal to Y and the conclusion follows.

• If k < τ , then we evaluate the martingale property as follows:

E [Mk+1 | Fk] =E [M(sk+1) | Fk, τ > k + 1]P [τ > k + 1] + E [Y | Fk, τ = k + 1]P [τ = k + 1]

=E [V (qk+1, Qk+1)− cw∆k+1 | Fk, τ > k + 1]P [τ > k + 1]

+ E [Y | Fk, τ = k + 1]P [τ = k + 1]

=E[V (qk+1, Qk+1)− cw∆k − cw(∆k+1 −∆k) | Fk, τ > k + 1]P [τ > k + 1]

+ E [Y | Fk, τ = k + 1]P [τ = k + 1]

= (E[V (qk+1, Qk+1)− cw(∆k+1 −∆k) | Fk, τ > k + 1]− cw∆k)P [τ > k + 1]

+ E [Y | Fk, τ = k + 1]P [τ = k + 1]
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=E[V (qk+1, Qk+1)− cw(∆k+1 −∆k) | Fk, τ > k + 1]P [τ > k + 1]

+ (E [Y | Fk, τ = k + 1] + cw∆k)P [τ = k + 1]

− cw∆kP [τ > k + 1]− cw∆kP [τ = k + 1]

=V (qk, Qk)− cw∆k

=M(sk)

=Mk,

where the third-to-last equality follows from the definition of V (qk, Qk) as the conditional
expectation of the terminal payoff net of all future waiting costs, conditional on starting from
state (qk, Qk).

Next, we verify that the process is integrable. Let ∆τ denote the time until the focal agent
exits the queue. Then, for every k, we have

E[|Mk|] ≤ E[|V (qk, Qk)|] + E[|cw∆k|] ≤ w1 + cwE[∆τ ] ≤ w1 +
cw
θ

<∞.

The bound by w1 follows from the fact that the agent’s positive payoff cannot exceed the reward
of the highest-paying item. Moreover, since the model includes an exogenous reneging rate θ ≥ 0,
the exit time ∆τ is stochastically dominated by an exponential random variable with rate θ, which
implies the stated bound.

Given the martingale defined above, we now characterize the variance of agent earnings condi-
tional on joining the queue at a given state using quadratic variation. To this end, we establish the
following lemma.

Lemma 5 (Variance via Quadratic Variation). Let ∆Mk := Mk −Mk−1 for k ≥ 1. Then, for any
entry state s0,

Var(Y | s0, D = J) = E
[
[M ]τ | s0, D = J

]
,

where D ∈ {J,N} denotes the entry decision (join or not join), and the quadratic variation of the
stopped martingale is defined by

[M ]τ :=
τ∑

k=1

(∆Mk)
2.

Proof. In this lemma, we focus on the case in which the focal agent joins, and therefore suppress
the conditioning on D = J . Since (Mk)k≥0 is a martingale with M0 = M(s0) and terminal value
Mτ = Y , we get:

Var(Y | s0)
=E[Y 2 | s0]− (E[Y | s0])2

=E

(M(s0) +

τ∑
k=1

∆Mk

)2
∣∣∣∣∣∣ s0
−M(s0)

2

=E

M(s0)
2 + 2M(s0)

(
τ∑

k=1

∆Mk

)
+

(
τ∑

k=1

∆Mk

)2
∣∣∣∣∣∣ s0
−M(s0)

2

=2M(s0)E

[
τ∑

k=1

∆Mk

∣∣∣∣∣ s0
]
+ E

( τ∑
k=1

∆Mk

)2
∣∣∣∣∣∣ s0

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=2M(s0)E [Y −M(s0) | s0] + E

 τ∑
k,j=1
k ̸=j

∆Mk∆Mj

∣∣∣∣∣∣∣∣ s0
+ E

[
τ∑

k=1

(∆Mk)
2

∣∣∣∣∣ s0
]

(36)

=E

[
τ∑

k=1

(∆Mk)
2

∣∣∣∣∣ s0
]

=E
[
[M ]τ | s0

]
,

which yields the stated equality. The expectation is taken over both the randomness in the sample
paths starting from s0 and the randomness in the terminal earnings collected at time τ . We now
show that the first two terms in eq. (36) are equal to zero.

Claim 3. 2M(s0)E [Y −M(s0) | s0] = 0.

Proof. To show this property, we invoke the optional stopping theorem. We have already shown
that Mk is a martingale and we know that τ is a stopping time by definition, since it denotes
the index of the state where an agent leaves the queue. We know that E[τ ] ≤ M

θ < ∞ since τ is
stochastically dominated by a geometric random variable with parameter θ

M where M is defined
in the same way as the uniformization constant of Section 3.2. Intuitively, θ

M corresponds to the
smallest possible probability of leaving the queue. Next, we show that there exists a constant C
such that E[|Mk+1 −Mk| | Fk] ≤ C almost surely for all k < τ .

To establish this property, we invoke the optional stopping theorem. We have already shown
that (Mk)k≥0 is a martingale, and by definition τ is a stopping time, since it is the index of the
state at which the agent leaves the queue. Moreover, E[τ ] ≤ M/θ <∞ because τ is stochastically
dominated by a geometric random variable with parameter θ/M , where M is defined analogously
to the uniformization constant in Section 3.2. Intuitively, θ/M is the smallest possible probability
that the agent leaves the queue at a given step. It therefore remains to show that there exists a
constant C such that E[|Mk+1 −Mk| | Fk] ≤ C almost surely for all k < τ .

E[|Mk+1 −Mk| | Fk] =E[|V (sk+1)− V (sk)− cw(∆k+1 −∆k)| | Fk, τ > k + 1]P [τ > k + 1]

+ E[|Y − V (sk)− cw(∆τ −∆k)| | Fk, τ = k + 1]P [τ = k + 1]

≤2w1 +
cw
θ
.

Thus, the standard conditions for the optional stopping theorem are satisfied, and we conclude
that E[Y | s0] = M(s0). The remainder of the claim then follows immediately.

Claim 4. The process (Mk)k≥0 has orthogonal increments. In other words:

E[Sτ ] := E

 τ∑
k,j=1
k ̸=j

∆Mk∆Mj

∣∣∣∣∣∣∣∣ s0
 = 0.

Proof. First, we rewrite E[Sτ ] using an indicator representation.

E[Sτ ] = E

 τ∑
k,j=1
k ̸=j

∆Mk∆Mj

∣∣∣∣∣∣∣∣ s0

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= E

2
 ∑

1≤k<j<∞
∆Mk∆Mj1(τ ≥ j)

 ∣∣∣∣∣∣ s0


= E

2 lim
n→∞

∑
1≤k<j<n

∆Mk∆Mj1(τ ≥ j)

∣∣∣∣∣∣ s0
 .

We prove that the limit and expectation may be interchanged for each of the two terms on the
right-hand side separately. First, for every n,

|Mτn −M0| ≤ |Mτn |+ |M0| ≤ w1 + cw∆τ +M0.

Here M0 is nonnegative, since an agent joins the queue only if the continuation payoff at the entry
state is nonnegative. Using the inequality (a+ b+ c)2 ≤ 3(a2 + b2 + c2), we obtain

(Mτn −M0)
2 ≤ (w1 + cw∆τ +M0)

2 ≤ 3w2
1 + 3c2w∆

2
τ + 3M2

0 .

Define
Z := 3w2

1 + 3c2w∆
2
τ + 3M2

0 .

Taking conditional expectations gives

E
[
(Mτn −M0)

2 | s0
]
≤ E[Z | s0] ≤ 3w2

1 +
6c2w
θ2

+ 3M2
0 <∞.

Since τn = τ ∧ n increases to τ , it follows that Mτn → Mτ almost surely. Because Z is integrable,
the dominated convergence theorem yields

E
[
(Mτn −M0)

2 | s0
]
−→ E

[
(Mτ −M0)

2 | s0
]
.

Next, observe that every term in the quadratic variation sum is nonnegative. Hence,
∑

j≤τn
(∆Mj)

2

is non-decreasing in n and converges almost surely to
∑

j≤τ (∆Mj)
2. Therefore, by the monotone

convergence theorem, we may interchange the limit and expectation for the quadratic variation
term, which yields

E

∑
j≤τn

(∆Mj)
2

 −→ E

∑
j≤τ

(∆Mj)
2

 .

Combining the two convergences above, we obtain

E[Sτn | s0] −→ E[Sτ | s0].

Since E[Sτn | s0] = 0 for every n, it follows that

E[Sτ | s0] = lim
n→∞

E[Sτn | s0] = 0.

This concludes the proof of Lemma 5.
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We now show that, under any dispatch policy and for any strategy profile adopted by the
agents, the expected remaining quadratic variation upon entering a given state can be computed
recursively. This recursion mirrors the continuation-payoff recursion in Appendix B.1, but with a
different effective reward term.

Let us define the variance of earnings, conditional on joining the queue at state (q,Q), for all
Q ∈ [Q̄] and all q ∈ [Q], as

W (q,Q) := Var(Y | s0 = (q,Q), D = J) = E[[M ]τ | s0 = (q,Q), D = J ] ,

where the second equality follows from Lemma 5.
We define the edge cost associated with each state transition by

esk→sk+1
:= E

[(
Mk+1 −Mk

)2 ∣∣∣ sk] , esk→sτ := E
[(
Mτ −Mk

)2 ∣∣∣ sk, τ = k + 1
]
.

For a transition to an adjacent state, we have

esk→sk+1
= E

[
(V (sk+1)− V (sk)− cw(∆k+1 −∆k))

2
∣∣∣ sk]

= (V (sk+1)− V (sk))
2 − 2 (V (sk+1)− V (sk))

cw
r(sk)

+
2c2w

r(sk)2
,

where we use that the waiting time spent at state sk is exponentially distributed with rate r(sk),
the total transition rate out of state sk.

For absorption at state sk, where the agent accepts a job of type ℓ ∈ L, we similarly obtain

esk→sτ = E

[∑
ℓ∈L

νℓ(sk)αℓ(sk)∑
ℓ′∈L νℓ′(sk)αℓ′(sk)

(wℓ − V (sk)− cw(∆τ −∆k))
2

∣∣∣∣∣ sk
]

=
∑
ℓ∈L

νℓ(sk)αℓ(sk)∑
ℓ′∈L νℓ′(sk)αℓ′(sk)

(
(wℓ − V (sk))

2 − 2(wℓ − V (sk))
cw

r(sk)
+

2c2w
r(sk)2

)
,

where the second line again uses the fact that the waiting time at state sk is exponential with rate
r(sk). In this case, the expected squared increment upon absorption is computed by averaging over
the type of job received and accepted, conditional on the event that the agent leaves the queue.

After characterizing all edge costs, and using the same transition probabilities as in Section 3.1,
the recursion for W (q,Q) is given by

W (q,Q) =
r0(q,Q)

r(Q)
e(q,Q)→sτ +

r+(q,Q)

r(Q)

(
e(q,Q)→(q−1,Q−1) +W (q − 1, Q− 1)

)
+

r−(q,Q)

r(Q)

(
e(q,Q)→(q,Q−1) +W (q,Q− 1)

)
+

λϕ(Q)

r(Q)

(
e(q,Q)→(q,Q+1) +W (q,Q+ 1)

)
.

This recursion has the same structure as that in Appendix B.1. The key difference is that,
instead of using the immediate earnings rate as the one-step reward, we now use the expected edge
cost, obtained by weighting each edge cost by its corresponding transition rate. Accordingly, define

ω(q,Q) := r0(q,Q)e(q,Q)→sτ + r+(q,Q)e(q,Q)→(q−1,Q−1)

+ r−(q,Q)e(q,Q)→(q,Q−1) + λϕ(Q)e(q,Q)→(q,Q+1).

Then the argument in Appendix B.1, including the derivation of all closed-form coefficients, carries
over directly to the variance recursion.
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Next, we apply the law of total variance to characterize the variance of driver earnings, ac-
counting for whether the driver joins the queue. Let s0 ∼ π denote the steady-state distribution
over entry states, and let Pr(D = J | s0) = ϕ(s0) denote the joining strategy. We further define
the overall probability that an arriving agent joins the queue by

p := Pr(D = J) = Es0∼π[ϕ(s0)].

In the calculations that follow, it is useful to interpret the continuation payoff as the expected
terminal earnings conditional on entering the queue at state s0. Accordingly, we have

E[Y | s0 = s, D = J ] = V (s).

If D = N , then Y = 0 deterministically, and hence

E[Y | D = N ] = 0, Var(Y | D = N) = 0.

Conditional on joining, we have

E[Y | s0, D = J ] = V (s0), Var(Y | s0, D = J) = W (s0).

Applying the law of total variance conditional on D = J , we obtain

Var(Y | D = J) = Var
(
E[Y | s0, D = J ] | D = J

)
+ E

[
Var(Y | s0, D = J) | D = J

]
= Vars0∼π′

(
V (s0)

)
+ Es0∼π′

[
W (s0)

]
,

where the variance and expectation are taken with respect to the conditional distribution

π′(s0) := π(s0 | D = J) =
ϕ(s0)π(s0)

p
.

We next apply the law of total variance once more, this time with respect to the joining decision
D. This gives

Var(Y ) = Var
(
E[Y | D]

)
+ E

[
Var(Y | D)

]
.

For the first term,

Var
(
E[Y | D]

)
= E

[(
E[Y | D]

)2]− (E [E[Y | D]])2

=
[
p
(
Es0∼π′ [V (s0)]

)2
+ (1− p) · 02

]
− [pEs0∼π′ [V (s0)] + (1− p) · 0]2

= p(1− p)
(
Es0∼π′ [V (s0)]

)2
.

For the second term,

E
[
Var(Y | D)

]
= pVar(Y | D = J) + (1− p)Var(Y | D = N)

= p
(
Vars0∼π′

(
V (s0)

)
+ Es0∼π′

[
W (s0)

])
.

Combining the two expressions yields

Var(Y ) = p(1− p)
(
Es0∼π′ [V (s0)]

)2
+ p

(
Vars0∼π′

(
V (s0)

)
+ Es0∼π′

[
W (s0)

])
.

Finally, the expected driver earnings are given by

E[Y ] = pEs0∼π′ [V (s0)] + (1− p) · 0 = pEs0∼π′ [V (s0)].
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C.1 Dispatch Policies
In this section, we provide formal definitions for a number of additional dispatch policies discussed
in the body of the paper.

C.1.1 Geometric Hopping

We formally define the geometric hopping policy that was briefly discussed in Section 3.3.

Definition 3 (Geometric Hopping). The first time an item is dispatched, generate a queue position
by sampling from a geometric distribution as x ∼ geom(ζ) for some parameter ζ ∈ (0, 1].

f
(1)
ℓ (q,Q) =

{
1 if q = x,
0, otherwise.

If the item is not accepted, we add q to h
(1)
1 and sample again x ∼ geom(ζ).

f
(2)
ℓ (q,Q) =

{
1 if q = h

(1)
1 + x,

0, otherwise.

The process above generalizes to the following dispatch policy:

f
(k)
ℓ (q,Q) =

{
1 if q = h

(k−1)
k−1 + x,

0, otherwise.

To make sure we yield a simple dispatch policy, we can choose the parameter of the geometric
distribution to be fixed. Alternatively, we could set it in a way that depends on the length of the
queue. For instance, we can require that the means of the random variables are Q/p. This would
still satisfy monotonicity, but it would no longer be queue-length independent.

C.1.2 Dynamic Randomized FIFO

Under the Dynamic Randomized FIFO (DRFIFO) dispatch policy, we (almost) evenly partition
the current queue of agents into p “bins”. The kth time each item is dispatched, it is sent to an
agent in the kth bin, uniformly at random. Formally, given any queue length Q and patience level
p, we define

zQ,p ≜
⌊
Q

p

⌋
,
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rQ,p ≜ Q mod p.

We distribute the remainder rQ,p equally across the first rQ,p bins, so these bins each contains
zQ,p + 1 queue positions, and the rest of the p − rQ,p bins each contain zQ,p queue positions. The
set of bins {b(k)}k=1,...,p are therefore given by

b(k) = {(k − 1)(zQ,p + 1) + 1, (k − 1)(zQ,p + 1) + 2, . . . , k(zQ,p + 1)}, if k ≤ rQ,p, (37)
b(k) = {rQ,p(zQ,p + 1) + (k − rQ,p − 1)zQ,p + 1,

rQ,p(zQ,p + 1) + (k − rQ,p − 1)zQ,p + 2, . . . ,

rQ,p(zQ,p + 1) + (k − rQ,p)zQ,p}, if k > rQ,p. (38)

Definition 4 (Dynamic Randomized FIFO). At any queue length Q ≤ Q̄, the Dynamic Random-
ized FIFO mechanism divides the queue into p bins according to (37) and (38). For each k ∈ [p],
the kth dispatch is specified by

f
(k)
ℓ (q,Q) =


1/(zQ,p + 1), if q ≤ Q, k ≤ rQ,p, q ∈ b(k),

1/zQ,p, if q ≤ Q, rQ,p < k ≤ p, q ∈ b(k),
0, otherwise,

for all ℓ ∈ L.

Note that if Q ≤ p, this dispatch policy simplifies to Strict FIFO.

C.2 Equilibrium under Strict FIFO
Example 6 (Equilibrium under Strict FIFO). Consider the Strict FIFO dispatch policy (Exam-
ple 1) and an economy where agents arrive at rate λ = 5 and have waiting cost cw = 1/3 per unit
of time. There are three item types, with w1 = 75, µ1 = 1, w2 = 25, µ2 = 6, and w3 = 15, µ3 = 3.

Assume for now that p = +∞, i.e., items do not expire. Consider a strategy where the agent
never reneges, accepts only type 1 items at 1 ≤ q < 150, accepts type 1 and type 2 items if
150 ≤ q < 360, accepts all three item types at 360 ≤ q < 720, and joins the queue if and only if the
length is at most 720 (after the agent joined). We apply Corollary 1 and show that the strategy
forms an MPE.

First observe that under Strict FIFO dispatch, the rate at which the driver at the head of the
queue (q = 1) receives items of each type does not depend on the length of the queue or the strategy
adopted by the rest of the agents. It takes the driver at q = 1 an average of 1/µ1 units of time to
receive a type 1 item, thus the continuation payoff for q = 1 at any Q ≥ 1 is

V (1, Q) = w1 − cw/µ1 = 74.67.

We can verify that (16), (17), (18) and (19) are all satisfied, hence the strategy is best-responding
at q = 1 for all Q ≥ 1. Now consider queue positions 1 < q < 150. These agents do not receive any
item they would accept (since all type 1 items are accepted when dispatched to q = 1), but they
move forward at a rate of µ1. As a result, it take them (q − 1)/µ1 units of time to reach the head
of the queue, at which point they receive V (1, Q). Therefore, regardless of the queue length Q,

V (q,Q) = V (1, Q)− cw(q − 1)/µ1 = w1 − cq/µ1 = 75− q/3, ∀q < 150.

Similarly, we can compute that at q = 150, the continuation payoff is exactly V (q,Q) = 25, thus
(16), (17), (18) and (19) are satisfied for all q ≤ 150. The same exercise can be repeated for all
queue positions, verifying that the strategy indeed forms an MPE.

54



Now consider the more realistic setting where items expire after p = 12 dispatches. In this case,
we can verify that agents at positions q < 150 in the queue are still only unwilling to accept type 1
items. This means that all items of types 2 and 3 are never accepted, leading to the market failure
under Strict FIFO dispatch as similarly illustrated in Example 1 in Castro et al. [2021].

C.3 Multiple Equilibria
We provide an example of multiple equilibria. Consider the scenario under the Strict FIFO dispatch
policy where the parameters take the following values:

w1 = 1, 000, 000 + 5, µ1 =
1

1, 000, 000
, w2 = 5, µ2 = 1, 000, 000,

λ = 1, 000, 000, cw = 1, p = 1, Q̄ = 2.

Under Strict FIFO, taking item 1 with probability 1 and item 2 with any probability is a best
response at the head of the queue. However, the resulting continuation payoff at position (2, 2) can
be very different.

Strategy 1. Consider the strategy where, at the head of the queue, q = 1, an agent takes both
items with probability 1. So, α1(1, ·) = 1 and α2(1, ·) = 1. The resulting continuation payoff is
V (2, 2) ≈ 5 since there is nearly no waiting time. Agents move swiftly from state (2, 2) to (1, 1).

Strategy 2. Now, consider the alternative strategy α1(1, ·) = 1 and α2(1, ·) = 0. The waiting
cost becomes too high and a driver will never join at q = 2 since V (2, 2) < 0.

One can verify that both of these strategies satisfy the complementarity conditions (Corol-
lary 1), yet the outcome of each equilibrium is very different. Throughput under strategy 1 is
1, 000, 000 while strategy 2 results in a throughput of 1/1, 000, 000. Net revenue similarly differs
from 5, 000, 000 to 5 respectively.

C.4 Impact of Cascading Effects
We provide an example where the “cascading effects” of the focal agent’s decision (see Section 3.3 for
more details) have a large impact on a state’s continuation payoff and, consequently, the gradient-
based Algorithm 1 and the simple projection Algorithm 2 yield very different results.

Consider an economy where agents always join, there are only two items, and the maximum
queue length is 2. Suppose item 1 is dispatched uniformly at random and item 2 is dispatched via
Strict FIFO where the parameters take the following values:

w1 = 2, 000, 000, µ1 =
1

1, 000, 000
, w2 = 500, 000, µ2 =

1

1, 000, 000, 000
,

λ =
1

1, 000, 000
, cw = 1, p1 = 1, p2 = 2, Q̄ = 2.

Now, suppose that the acceptance strategy is:

α1(1, 1) = 1, α1(1, 2) = 1, α1(2, 2) = 0,

α2(1, 1) = 0, α2(1, 2) = 0, α2(2, 2) = 1.

Using the closed-form evaluation in Lemma 1, notice that V (1, 1) ≈ 1, 000, 000 since the agent
arrival rate λ and the item 2 arrival rate µ2 are both very small. Similarly, V (1, 2) ≈ 2, 000, since
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it takes 2, 000, 000 units of time for the agent to get a type 1 item. In the Algorithm 2 update, this
suggests that the strategy should increase to α2(1, 2) = 1 since the earning w2 ≫ V (1, 2).

However, we observe that if the agent declined the item instead, it would then be sent to q = 2,
where it would be accepted. Thus, the agent’s state would immediately change to (1, 1) where w2 <
V (1, 1), so it is actually better for the agent to decline the item instead. This comparison is captured
in the update direction for Algorithm 1, which puts weight on both the terms V (1, 1)−V (1, 2) and
w2−V (1, 2). Taking the first order condition of eq. (BR) with respect to α2(1, 2) in this way yields
a negative direction.

This result is largely due to the fact that V (q,Q) varies by a large amount for Q = 1 and Q = 2
and that item 2 can be dispatched multiple times. In consequence, the strategy updates in this
scenario are heavily reliant on the cascading effects of the focal agent’s decision.
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D.1 Trip Data
Figure 7 shows the distribution of earnings and trip rates at Chicago O’Hare used in our compu-
tational experiments.
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Figure 7: Distribution of earnings and trip rate data at Chicago O’Hare.

D.2 Front-of-Queue Joining
In this section, we extend our original framework to allow new agents to join at the head of the
queue upon arrival. The continuation payoff V in this case can still be evaluated by solving a
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system of equations rather than using the recursive form in Lemma 1.
Analogous to the family of “absolute priority rules” introduced in Su and Zenios [2004], we model

the possibility of joining at the front of the queue with probability κ, and at the end of the queue
with probability (1−κ). Intuitively, under a Strict FIFO dispatching policy, this can be interpreted
as randomly assigning priority to newly arriving agents. This implies that the continuation payoff
now includes an additional term representing a transition to state V (q+1, Q+1) occurring at rate
κλ:

V (q,Q) =

(∑
ℓ∈L νℓ(q,Q)αℓ(q,Q)wℓ

r(Q)
− cw

r(Q)

)
︸ ︷︷ ︸

payoff from accepted items
minus waiting cost

+
r+(q,Q)

r(Q)
· V (q − 1, Q− 1)︸ ︷︷ ︸

an agent in front leaves the queue

+
λϕ(Q)

r(Q)

(1− κ) · V (q,Q+ 1)︸ ︷︷ ︸
a new agent joins at tail

+ κ · V (q + 1, Q+ 1)︸ ︷︷ ︸
a new agent joins at head


+

r−(q,Q)

r(Q)
· V (q,Q− 1)︸ ︷︷ ︸

an agent behind leaves the queue

, ∀Q ∈ [Q̄], ∀q ∈ [Q].

Additionally, we update the joining strategy toward the weighted average κV (1, Q+ 1) + (1−
κ)V (Q+ 1, Q+ 1). This leads to the following modified fixed-point equation, replacing (15):

ϕ(Q− 1) =P[0,1]

[
ϕ(Q− 1) + κV (1, Q) + (1− κ)V (Q,Q)

]
, ∀Q ∈ [Q̄],

as well as the following update, which replaces line 10 in Algorithms 1 and 2,

ϕ(t+1)(Q− 1)← P[0,1]

[
ϕ(t)(Q− 1) + γ(t)

(
κV (t)(1, Q) + (1− κ)V (t)(Q,Q)

)]
, ∀Q ∈ [Q̄].

Figure 8 reports the equilibrium performance metrics as the priority parameter p varies from 0
(Strict FIFO) to 1 (Strict LIFO), assuming equal agent and job arrival rates of 12, with the same
setting in Section 5.
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(b) Trip throughput.
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(c) Expected queue length.

Figure 8: Equilibrium outcomes for µ = λ = 12 as the probability of new agents joining at the
front changes.

Intuitively, net revenue increases with the priority parameter because agents become less selec-
tive as the risk of losing their advantageous position in the queue grows. In our simulation, trip
throughput begins to level off when the priority parameter ranges from 0.2 to 0.6. This plateau
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primarily stems from discontinuities in the trip-earnings distribution. As illustrated in Figure 7 of
Appendix D.1, certain trips have extremely low arrival rates, creating intervals where no trips with
the corresponding earnings are observed. Consequently, the continuation payoff for the agent in
the p = 12th position varies little as κ increases from 0.2 to 0.6, leading to only marginal changes
in trip acceptance behavior and, therefore, leaving throughput largely unchanged.

D.3 Additional Details of the Computational Experiments in Section 5
In this subsection, we provide additional details on the numerical experiments presented in Sec-
tion 5. For simple dispatch policies such as strict FIFO and direct FIFO, we employed Algorithm 2,
which is both straightforward to implement and exact for these cases. We used a relatively large
step size of 10,000 and observed convergence within at most six iterations for strict FIFO, and
within three to four iterations for direct FIFO. (By Theorem 2, any sufficiently large step-size
sequence guarantees the convergence of Algorithm 2 to an MPE.)

Since Algorithm 1 is relatively more computationally expensive per iteration, general dispatch
policies that require this procedure were initialized with a warm start using an approximate equi-
librium strategy obtained upon convergence of Algorithm 2. This provides a better initialization
for Algorithm 1, whereas Algorithm 2 was always initialized with a randomly generated strategy
profile.

Although we did not follow a formal rule for selecting step sizes, our choices were guided by
intuition. As shown in Table 1, Table 2, and Table 3, we report the parameters used to generate
the experiments for the dispatch policies discussed in Section 5. We also provide the number of
iterations required for the warm start using Algorithm 2, as well as the additional iterations needed
for the convergence of Algorithm 1. Broadly, the joining strategy requires a much smaller step size
than the acceptance strategy, for which a value of 1 proved sufficient. In contrast, the acceptance
strategy involves greater variation in step sizes. While we do not claim these to be optimal choices,
they were effective and computationally efficient for (re)producing our reported results.

For Dynamic Randomized FIFO, a large step size performs well, consistent with the intuition
that this policy behaves as a hybrid between Strict FIFO and Pure Random policies. For LIFO, a
range of step sizes yields reasonable performance. Since the required Q̄ is not excessively large, we
used a step size of 10 with a momentum parameter, although larger values may further improve
performance under certain driver arrival rates. Similarly, for Pure Random, a moderate step size
combined with momentum helps mitigate oscillations. In oversupplied settings, where Q̄ can be
large, increasing the step size for the gradient-based algorithm tends to accelerate convergence.
Overall, because the process typically begins from a well-initialized solution obtained from the
Algorithm 2’s warm start, Algorithm 1 often converges within only a few iterations.

D.4 Comparison between Algorithms 1 and 2
To further compare the performance of Algorithm 1 and Algorithm 2, Table 4 reports their re-
spective performance metrics upon convergence in the O’Hare simulations (see Section 5) under
the Pure Random dispatch policy. As reported in Table 1, Algorithm 2 was implemented with a
constant step size of 20, while Algorithm 1 used a constant step size of 200. For both algorithms,
a momentum parameter of 0.9 was applied to mitigate oscillations and accelerate convergence.

The loss metrics correspond to the strategy obtained from Algorithm 2 upon convergence,
evaluated using the loss function associated with Algorithm 1 (see eq. (23) and eq. (24)). The
results indicate that, in many cases, the approximate gradient projection algorithm converges to a
solution that performs comparably well under the gradient-based criterion. Notably, even when the
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λ Algorithm 2 Algorithm 1 Momentum Q̄

Iter. α step ϕ step Iter. α step ϕ step

1 240 20 1 1 200 1 0.9 150
2 93 20 1 1 200 1 0.9 150
3 76 20 1 1 200 1 0.9 150
4 71 20 1 88 200 1 0.9 150
5 82 20 1 1 200 1 0.9 150
6 27 20 1 84 200 1 0.9 150
7 28 20 1 60 200 1 0.9 150
8 39 20 1 1 200 1 0.9 150
9 230 20 1 59 200 1 0.9 200
10 76 20 1 155 200 1 0.9 200
11 110 20 1 1 200 1 0.9 300
12 370 20 1 1 200 1 0.9 800
13 307 20 1 1 200 1 0.9 800
14 445 20 1 1 200 1 0.9 800
15 261 20 1 1 200 1 0.9 800

Table 1: Details of executing Algorithm 1 and Algorithm 2 under Pure Random.

λ Algorithm 2 Algorithm 1 Momentum Q̄

Iter. α step ϕ step Iter. α step ϕ step

1 302 10 1 282 10 1 0.9 200
2 203 10 1 226 10 1 0.9 200
3 41 10 1 1 10 1 0.9 200
4 254 10 1 293 10 1 0.9 200
5 243 10 1 1 10 1 0.9 200
6 45 10 1 1 10 1 0.9 200
7 81 10 1 1 10 1 0.9 200
8 162 10 1 1 10 1 0.9 200
9 93 10 1 1 10 1 0.9 200
10 62 10 1 1 10 1 0.9 200
11 60 10 1 1 10 1 0.9 200
12 110 10 1 1 10 1 0.9 200
13 36 10 1 1 10 1 0.9 200
14 68 10 1 1 10 1 0.9 200
15 69 10 1 1 10 1 0.9 200

Table 2: Details of executing Algorithm 1 and Algorithm 2 under LIFO.

loss slightly exceeds the termination threshold of 10−4, the resulting performance metrics remain
nearly indistinguishable.

In Figure 9, we further compare the equilibrium continuation payoffs generated by the two
algorithms under random dispatching, assuming equal trip and driver arrival rates (µ = λ = 12).
The results indicate that both algorithms yield nearly identical continuation payoffs. The payoff
remains uniform across agents within the queue and decreases as the queue length grows. The
discrepancies between the exact values are minimal, with only slightly greater variation observed
at longer queue lengths.

Computation time depends primarily on the chosen value of Q̄, which determines the size of the
state space. For instance, in oversupplied settings, when Q̄ = 800, a single iteration of Algorithm 2
takes seconds, while an iteration of Algorithm 1 takes minutes. This difference is smaller in under-
supplied settings, although still prevalent.
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λ Algorithm 2 Algorithm 1 Momentum Q̄

Iter. α step ϕ step Iter. α step ϕ step

1 12 1000 1 8 1000 1 0 150
2 16 1000 1 10 1000 1 0 150
3 12 1000 1 8 1000 1 0 150
4 12 1000 1 9 1000 1 0 150
5 15 1000 1 6 1000 1 0 150
6 11 1000 1 15 1000 1 0 150
7 11 1000 1 10 1000 1 0 150
8 10 1000 1 6 1000 1 0 150
9 10 1000 1 3 1000 1 0 200
10 10 1000 1 5 1000 1 0 200
11 11 1000 1 4 1000 1 0 300
12 10 1000 1 3 1000 1 0 800
13 12 1000 1 5 1000 1 0 800
14 15 1000 1 13 1000 1 0 800
15 11 1000 1 6 1000 1 0 800

Table 3: Details of executing Algorithm 1 and Algorithm 2 under Dynamic Randomized FIFO.
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Figure 9: Heatmap comparison of the equilibrium continuation payoff V (q,Q) obtained upon con-
vergence of both algorithms under the Pure Random dispatch policy, with µ = λ = 12.
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λ
Net Revenue Throughput Exp. Queue Length Loss Metrics
Alg. 1 Alg. 2 Alg. 1 Alg. 2 Alg. 1 Alg. 2 Loss(α) Loss(ϕ)

1 20.9821 20.9821 1.00 1.00 7.0007 7.0007 0.000093 0.000000
2 41.0665 41.0665 2.00 2.00 8.7480 8.7480 0.000010 0.000000
3 60.6757 60.6757 3.00 3.00 11.5036 11.5036 0.000029 0.000000
4 79.4456 79.4532 4.00 4.00 15.3464 15.3230 0.000111 0.000000
5 98.7306 98.7306 5.00 5.00 16.8344 16.8344 0.000059 0.000000
6 117.9475 118.0080 6.00 6.00 18.3883 18.2097 0.000177 0.000000
7 136.2769 136.2771 7.00 7.00 22.4934 22.4928 0.000586 0.000000
8 147.3070 147.3070 8.00 8.00 47.3845 47.3845 0.000048 0.000000
9 154.8014 154.7994 9.00 9.00 78.0939 78.1000 0.001024 0.000000
10 163.7815 163.7881 10.00 10.00 101.4545 101.4346 0.000477 0.000000
11 169.2664 169.2667 11.00 11.00 133.2069 133.2062 0.000093 0.000000
12 67.0717 67.0717 11.97 11.97 480.0935 480.0935 0.000085 0.000000
13 0.6619 0.6619 12.00 12.00 680.1725 680.1725 0.000076 0.000079
14 0.1178 0.1178 12.00 12.00 681.8046 681.8046 0.000057 0.000094
15 0.0444 0.0444 12.00 12.00 682.0250 682.0250 0.000081 0.000092

Table 4: Comparison of Algorithm 1 and Algorithm 2 under Pure Random for varying driver arrival
rates λ. The loss metrics correspond to the strategy produced by Algorithm 2 upon convergence,
evaluated using the loss function associated with Algorithm 1 (eq. (23) and eq. (24)).
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