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Abstract

E-commerce platforms are inviting merchants to share their platform-built audi-
ences, promising to use the pooled audience to target customers most likely to click
on their ads. Yet pooling raises customer-poaching concerns that current platform
designs fail to address. We develop a model of targeted advertising platform design
that incentivizes merchants to share audiences despite poaching risks. We charac-
terize the mechanism that maximizes a weighted sum of platform revenue, merchant
surplus, and customer engagement, measured by expected clicks. On sufficiently large
platforms, the optimal indirect mechanism segments the market into selling and buy-
ing markets, in which the platform respectively buys and sells targeted ads at posted
per-click prices, and exchange markets, in which merchants exchange audiences for
potentially fewer ads with higher click-through rates. An endogenous vector of shadow
prices—designer’s visible hand—clears the markets against supply from the pooled
audience, generalizing the classic third-degree price discrimination problem to a mul-
tiproduct setting with merchant-owned products. We show that merchant-efficient
design is possible without outside subsidies and characterize when some degree of
both merchant and customer efficiency can be implemented. We apply the model to
Shopify Audiences, and show how Shopify could tailor its pricing by product-based
tier and audience contribution. The model applies to other combinatorial exchanges
such as community time banks and greenhouse gas credit markets.
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1 Introduction

E-commerce platforms are rolling out ambitious targeted advertising initiatives that rely
on merchants to share their platform-built audiences. These initiatives are in response to
recent privacy policies—such as California Consumer Privacy Act (CCPA), the European
Union’s General Data Protection Regulation (GDPR), and Apple’s App Tracking Trans-
parency (ATT)1—that have limited third-party tracking, the backbone of targeted online
advertising. With Safari, Firefox, and Edge having phased out third-party cookies, Chrome
is now the only major browser still relying on them as it seeks alternative solutions.2 A
promising direction involves pooling audiences owned by in-platform merchants. Doing so
gives the platform access to a larger audience, allowing it identify and target customers
with ads they are more likely to click than those from their initial merchants.

Yet pooling audiences exposes merchants to customer poaching. Participating mer-
chants can compete for any customer in the pool typically through auctions based on
bids and measures of ad quality, such as click-through rates (CTRs), defined as the num-
ber of clicks your ads receive divided by the number of impressions. Some merchants
that contribute valuable audiences may therefore lose some of their existing customers to
competitors that bid more aggressively or generate higher click-through rates. Unless the
platform protects merchants from poaching or compensates them for the profits they forgo,
they may prefer not to participate and instead advertise only to their own audiences.

Our running example is Shopify, an e-commerce platform that powers the online stores
of millions of merchants. In 2022, it launched Shopify Audiences, a tool that pools par-
ticipating merchants’ audiences with the goal of improving ad targeting. Shopify’s FAQ
acknowledges concerns about customer poaching by addressing whether merchants can “ex-
clude competitors from using their data”.3 Shopify states that “the data you contribute
will be used to benefit other participating merchants,” highlighting an important trade-off
that merchants face when deciding whether to participate.

This paper develops a model of targeted advertising platform design and characterizes
the optimal design. We first study platforms with a finite number of merchants (i ∈ N) and
later extend the model to a continuum, grouping merchants into finitely many product-
based tiers (henceforth, tiers) (k ∈ K) that capture observable differences in profit margin

1Following introduction of ATT in iOS 14.5, about 96% of iPhone users opted out of app tracking:
https://www.imore.com/96-iphone-users-have-opted-out-app-tracking-ios-145-launched.

2Google’s Privacy Sandbox initiative, a privacy-preserving alternative to third-party cookies, fell short
of its intended goals; see https://privacysandbox.com/news/privacy-sandbox-update.

3See https://help.shopify.com/en/manual/promoting-marketing/shopify-audiences/faq.
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(type) distributions and initial audience contributions. Merchants participate by contribut-
ing their customer audiences and then compete to advertise to customers in the resulting
pool. Each customer is described by an observable vector of CTRs, ω = (ωi : i ∈ N), where
each CTR ωi is the probability that the customer clicks merchant i’s ad. Each merchant is
privately informed about their profit margin per click, θi. Absent product prices, customer
welfare corresponds to customer engagement, measured by expected clicks. Because the
model abstracts from product prices, we use customer engagement, measured by expected
clicks, as a proxy for customer welfare. Our question therefore concerns the design of
targeted ads and payments that maximize a weighted sum of platform revenue, merchant
surplus, and customer engagement, with respective welfare weights ηr, ηv, and ηw summing
to 1, subject to incentive and participation constraints.

Unlike position auction models, targeted advertising involves heterogeneous CTRs across
customer-merchant pairs, the key novelty of our model. In position auction models, CTRs
depend on merchant characteristics and advertising position, but not on customer iden-
tity. Varian (2007) assumes that the CTR of merchant i in position s is separable, eips,
where ei is the ad’s “quality effect” and ps is the “position effect”, whereas Edelman et al.
(2007) restrict their analysis to CTRs that depend only on position. Although a position
can be interpreted as a customer seeking a match with a merchant, the relative ranking
of merchants does not vary across positions. In our model, by contrast, each customer
represents a distinct advertising opportunity and induces a potentially different ranking of
merchants’ ads. Lastly, customers initially belong to exclusive merchant audiences, which
creates incentive participation constraints and customer-poaching concerns that are absent
in position auction models.

Our main result shows that, in sufficiently large (limit) market, for each tier there exists
unique posted per-click selling

(
pS

k

)
and buying

(
pB

k

)
prices that optimally segment the

marketplace into selling, exchange, and buying markets. Within each tier, merchants with
margins below the selling price

(
θk < pS

k

)
give up their audiences, receive no targeted ads,

and receive lump-sum transfers equal to the expected clicks they forgo, valued at the posted
selling price. Merchants with margins above the buying price

(
θk > pB

k

)
receive expected

clicks up to capacity and pay the posted buying price per additional expected click. Those
with margins between the two prices exchange access to their audiences for higher-CTR
ads; optimally, they receive just enough expected clicks to reproduce their outside option
from advertising to their own audiences, and zero lump-sum transfers.

Across tiers, a visible hand coordinates the marketplace: the designer determines en-
dogenous shadow prices that clear the demand for targeted ads from each tier with the
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Figure 1: Third-Degree Price Discrimination.

supply generated by the pooled audience. On the supply side, each tier-specific shadow
price λk determines the value of an additional expected click in that tier. Consequently,
each representative customer from the limiting pooled audience, (ωk : k ∈ K), is assigned
to the tier that maximizes its shadow value ωkλk. On the demand side, the shadow price
determines both posted prices—and hence the total demand for targeted ads—by equat-
ing both the marginal cost of buying audiences from low types and the marginal revenue
from selling targeted ads to high types to that shadow price. In equilibrium, the resulting
shadow prices equate demand and supply in every tier.

Fundamentally, the designer’s problem becomes equivalent to a multiproduct monopo-
list’s problem engaging in third-degree price discrimination across tiers, except that here
merchants initially own the products. This interpretation builds on Bulow and Roberts
(1989), who show that the optimal auction problem is equivalent to a monopolist’s third-
degree price discrimination problem.4 If customers were homogeneous, the optimal sell-
ing strategy is supplying quantities that equalize marginal revenues across tiers until the
marginal revenue from assigning an additional customer reaches zero or the available supply
is exhausted. With heterogeneous customers, initially part of merchants’ audiences, this
logic generalizes to a vector of shadow prices that jointly determines the optimal mecha-
nism. In the standard setting, all shadow prices coincide and equal the marginal revenue
generated by the last unit sold.

Fig. 1 illustrates these findings. Panel (a) illustrates canonical third-degree price dis-
crimination, in which a single-product monopolist sells the same product across segmented
markets, potentially charging a different price pB

k in each. Because the monopolist does
4The study of third-degree price discrimination dates back to the classic work of Pigou (1920) and

Robinson (1933).
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not purchase the product from market participants, only marginal revenue matters in each
tier-k market. The monopolist sells additional units in the market with the highest positive
marginal revenue until either marginal revenue falls to zero or capacity is exhausted. If
capacity is slack, marginal revenue is zero in every active market; if capacity binds, positive
marginal revenues are equalized across active markets. Thus, for any two active markets k
and ℓ with interior buying cutoffs,

MRk

(
pB

k

)
= MRℓ

(
pB

ℓ

)
= λ,

where λ = 0 when capacity is slack and λ > 0 when it binds.
Panel (b) generalizes this logic to a multiproduct monopolist that sells heterogeneous

products initially owned by merchants. Because the platform must first purchase the prod-
ucts from merchants, within each tier k it mediates trade until the marginal cost of buying
from net sellers equals the marginal revenue from selling to net buyers. At interior buying
and selling cutoffs,

MCk

(
pS

k

)
= MRk

(
pB

k

)
= λk,

where λk ≥ 0 is the market-clearing shadow price in tier-k market. Because products are
heterogeneous, market clearing generally requires a vector of tier-specific shadow prices
rather than one common shadow price as in the canonical setting.

Efficiency. In the limit market, merchant-efficient design is always possible without out-
side subsidies. Within each tier, efficiency eliminates the exchange market and leaves a
single cutoff price pE

k : merchants below it sell, while those above it buy. Exchange markets
are inefficient because they allocate ads to satisfy merchants’ outside options, rather than
according to the value of each customer-merchant pair, ωkθ. At an interior solution, the
tier-specific shadow price satisfies λE

k = pE
k . Therefore, assigning each customer to the tier

k that maximizes the expected profit of its cutoff type, ωkp
E
k , yields an efficient allocation.

When the designer also values customer engagement—puts positive weight ηw on maximiz-
ing expected clicks—at an interior solution the shadow price becomes λE

k = ηw +(1−ηw)pE
k .

Thus, a higher weight ηw may direct ads toward lower marginal types. The resulting total
payments from buyers may be insufficient to compensate sellers, in which case merchant-
and customer-efficient design requires an outside subsidy.

The merchant-efficiency result complements the core convergence theorems for exchange
economies (Debreu and Scarf (1963)) and the efficient dissolution of any sufficiently repli-
cated partnership (Cramton et al. (1987)). As the market grows, individual merchants
become negligible and the empirical distribution of private types converges to its popula-
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tion distribution, creating aggregate certainty about total demand in each tier. In the limit,
shadow prices play a role analogous to competitive prices in the Debreu-Scarf limit: they
emerge as supporting prices that decentralize the efficient allocation. The result can also
be interpreted as an extension of partnership dissolution to a setting with multiple hetero-
geneous assets. Cramton et al. (1987, Proposition 4) show that any partnership, regardless
of its initial ownership shares, can be dissolved efficiently after sufficiently many repli-
cations—adding multiple copies of each partner and splitting that partner’s share equally
among them. Whereas their setting concerns the reallocation of ownership in a single asset,
ours concerns the reallocation of advertising access to multiple heterogeneous customers.

Policy Implications. Applying our setting to Shopify, our results suggest that Shopify
could expand access to all merchants on its platform by tailoring its pricing by product-
based tiers and audience contributions. Currently, Shopify Audiences is available only to
Shopify Plus merchants, effectively tying access to a single premium subscription tier rather
than offering a separate pricing plan for pooling audiences. This uniform pricing scheme
may exclude merchants that could contribute valuable audiences but have low demand for
additional advertising.

We propose pricing Shopify Audiences separately from the plan subscription, offering it
to all in-platform merchants. In the tier-pricing structure, net audience sellers will receive
lump-sum transfers or advertising credits for future ad campaigns, whereas net buyers
will pay only for the additional expected clicks they receive. The rest of the merchants
contribute valuable audiences to the pool and are guaranteed to receive targeted ads that
are just as valuable as advertising to their own audiences.

Technical Contributions. Our main technical contribution shows that, under partial
exchangeability assumption on CTRs, the optimal finite market design converges to the
limit market solution as the number of merchants grows large. An infinite sequence
(ωi : i ≥ 1) is partially exchangeable if the joint law of any finite sample (N) is invariant
with respect to permutations (πk) of the indices within each observable tier k in K:

(ωi,k : i ∈ N, k ∈ K) dist.∼
(
ωπk(i),k : i ∈ N, k ∈ K

)
.

De Finetti’s theorem states that a partially exchangeable sequence is i.i.d. conditional on
latent probability measures P := (Pi : i ∈ K), that is,

(ωk,i : i ∈ N | P) i.i.d.∼ Pk for all k in K,
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where P is drawn from the de Finetti mixing measure G.5 In the limit market, the pooled
audience is therefore characterized by representative customers (ωk : k ∈ K) such that each
tier-specific CTR ωk is identified with the ess sup(ωk,i | P). The convergence results make
these approximations precise: using perturbations of the optimal limit market allocation,
we construct converging feasible finite market allocations to the optimum.

Finite Market Results. To build intuition for solving the limit market, we first solve
the optimal design in the finite market. We show that a scoring mechanism that allocates
ads in bundles is optimal: merchant i’s report generates a single score hi(θi), and each
customer ω is assigned to a merchant with highest CTR-weighted score ωihi(θi); ties are
resolved by customer-specific tie-breaking rule that ensures participation constraint of the
worst-off merchant binds. Moreover, the scoring function coincides with the virtual cost
function for low types and the virtual value function for high types. A scoring mechanism
therefore pools merchants’ countervailing incentives to overstate (understate) their types
when selling customers (buying ads), which helps the designer reduce information rents.

The finite market delivers a general direct scoring implementation, while the limit model
offers an indirect market implementation consisting of posted prices and market-clearing
shadow prices. In the finite market, incentive compatibility and individual rationality are
imposed at the interim stage, so allocations and transfers depend on beliefs about other
merchants’ types. As a result, a merchant with a given type may be a net seller or a net
buyer ex-post, so strict cutoff types that split the market are not generally feasible ex-post.

Moreover, the scoring function is flat between the virtual cost and virtual value regions
to ensure incentive compatibility as merchants switch from net sellers to net buyers. The
scoring function is therefore ironed over an interval, with the optimal ironing parameter
chosen so that types in the ironed region are worst-off: their interim expected clicks equal
their outside option, and their participation constraints bind. The resulting ironing param-
eters have natural counterparts in the limit market: the tier-specific shadow prices. In the
limit, these parameters play a dual role, determining the worst-off types while also clearing
the markets.

Characterizing the optimal ironing parameters in the finite market is generally com-
putationally intractable because determining customer-specific tie-breaking rules creates a
multidimensional bottleneck. We first characterize the optimal scoring functions explicitly
in a stylized setting with two merchants and binary CTRs, where customers are either
inclusive or exclusive. In this simple yet rich setting, we show how the model connects

5De Finetti’s theorem is a celebrated result in Bayesian statistics because the mixing measure provides
a foundation for treating latent parameters as draws from some prior distribution.
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to the classic settings of bilateral trade and partnership dissolution and how it generalizes
these settings. We then consider continuously distributed CTRs and show that ties occur
with probability zero. Avoiding the tie-breaking bottleneck provides greater tractability
and allows us to derive an explicit system of nonlinear equations characterizing the optimal
scoring functions.

Related Literature. Theoretically, the model can be recast as a generalization of set-
tings like bilateral trade (Myerson and Satterthwaite (1983)) and partnership dissolution
(Cramton et al. (1987), Loertscher and Wasser (2019)) to an environment in which trade
occurs over multiple items. More generally, the model fits within a class of combinatorial
exchange markets in which agents have privately known heterogeneous values for a bun-
dle of items.6 While studying optimal design in combinatorial exchanges quickly becomes
intractable outside a few special settings,7 we gain considerable tractability by having one-
dimensional heterogeneity (type) and additive preferences over multiple heterogeneous and
divisible items (customers) in a quasi-linear environment with side payments.

Our result that targeted ads are optimally allocated in bundles connects to the literature
on optimal bundling. Yang (2025) studies nested bundling in a setting with one-dimensional
heterogeneity and non-additive preferences. If preferences are additive, bundling strategies
generally do not benefit the designer and the problem reduces to a simple one-dimensional
screening problem. In our setting, preferences are additive across customers, but counter-
vailing incentives due to initial endowments link merchants’ incentives across customers,
making bundling beneficial.

Our limit market model also connects to the literature on platform-mediated matching.
Gomes and Pavan (2016, 2024) study many-to-many optimal matching between privately
informed agents from two sides of a market, and ask how cross-subsidization and price
discrimination shape matching patterns, targeting, and welfare. In our setting only one
side of the market is privately informed: the platform and merchants observe customers’
CTRs, while each merchant privately observes their type, and match value is the product of
the two. There’s an initial matching between merchants and customers, and the designer’s
objective is to improve upon this matching while leaving every merchant weakly better off.

6Following Babaioff et al. (2008), a combinatorial exchange generalizes combinatorial auctions by having
agents act as both buyers and sellers: an agent can offer a bundle of items, provided she receives a different
bundle and/or an appropriate side payment in return.

7The celebrated Shapley-Scarf housing market is a combinatorial exchange in which each agent initially
owns an indivisible house, has preferences over all houses, and may exchange it for another without side
payments. Shapley and Scarf (1974) propose the strategy-proof Top Trading Cycles mechanism, which
selects an allocation in the core.
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On the practical side, the paper contributes to the literature on digital platforms. Berge-

mann and Bonatti (2011) develop a model with many advertisers and many advertising

markets, where each consumer is located in a speci�c advertising market and has prefer-

ences for one speci�c product. They study how targeting in advertising markets a�ects the

allocation and price of ads and competition in the advertising market. Eliaz and Spiegler

(2020) study personalized targeting when advertisers may strategically choose whom to tar-

get. Bergemann and Bonatti (2024) and Bergemann et al. (2024) study digital platforms

where advertisers can reach customers on and o� the platform with a focus on optimal ad

pricing and e�cient product matches. Bergemann and Bonatti (2015) and Elliott et al.

(2022) study information design and pricing when the platform controls consumer data,

whereas in our setting merchants initially control their own customer audiences. See also

Bergemann et al. (2022), Galperti and Perego (2022) and Galperti et al. (2024), for set-

tings in which customers control the data supplied to intermediaries, and Farboodi and

Veldkamp (2023) for a comprehensive review of data and markets.

Roadmap. The remainder of the paper proceeds as follows. In Sec. 2 we illustrate �nite

and limit market examples that preview the main results. In Sec. 3 we introduce the

benchmark model with �nitely many merchants, characterize the optimal mechanism and

provide proof sketches of the main results. In Sec. 4 we introduce and solve the limit

market, study e�ciency, and provide proof sketches of the main results. Lastly, in Sec. 5

we discuss model extensions and applications, and conclude in Sec. 6. Auxiliary proofs are

in the appendix.

2 Illustrative Examples

This section presents illustrative examples for the �nite and limit markets. The �rst draws

parallels with bilateral trade and partnership dissolution models, while highlighting how

the �nite market model generalizes each of them. The second previews the three-market

segmentation result and draws parallels with third-degree price discrimination, which our

framework generalizes to a multiproduct market with merchant-owned products.

2.1 Illustrative Examples: Finite Market

Consider two merchantsi = 1; 2 with private per-click pro�t margins (henceforth, types)

� i drawn identically and independently fromFi � Uniform[0; 1]. Merchant i initially has

exclusive access to an audience of mass� i 2 [0; 1], with � 1 + � 2 = 1. An audience consists
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of customers withobservableCTRs ! = ( ! 1; ! 2), where! i denotes the probability that the

customer clicks on merchanti 's ad. If merchant i advertises to a customer of type! , she

earns an expected pro�t of! i � i .

The designer mediates trade among merchants by reallocating exclusive access to cus-

tomers and setting payments to maximize a weighted sum of platform revenue, merchant

surplus, and customer engagement, measured by the net increase in expected clicks.

2.1.1 Homogeneous Audiences

Suppose the audiences consist of a single customer type,! = (1 ; � ) for some� 2 [0; 1].

Thus, merchant 2's e�ective type, � � 2, is uniformly distributed on [0; � ]. Suppose further

that the designer maximizes revenue.

Bilateral Trade with a Mediator. Suppose merchant1 has access to no customers,

that is, � 1 = 0. Then the problem becomes virtually identical to bilateral trade with

a mediator, with merchant 1 being the buyer (B) and merchant2 being the seller (S)

(Myerson and Satterthwaite, 1983, Section 5). Then let merchant1's virtual value and

merchant 2's virtual cost be de�ned as usual by

� B
1 (� 1) := � 1 �

1 � F1(� 1)
f 1(� 1)

= 2� 1 � 1 and � S
2 (� � 2) := � � 2 +

F2(� � 2)
f 2(� � 2)

= 2( � � 2);

respectively. The optimal mechanism therefore grants merchant1 exclusive access to mer-

chant 2's audience if and only if

� B
1 (� 1) � � S

2 (� � 2) , � 1 � � � 2 � 1=2:

If � = 0, the seller requires no compensation, and the designer acts as a monopolist

selling merchant1 exclusive access to a unit mass of customers of type! = (1 ; 0). The

optimal posted (per-click) price is thereforep� = 1=2, so trade occurs if and only if� 1 � 1=2.

Partnership Dissolution with a Mediator. Now set � = 1, so that all customers

have CTRs ! = (1 ; 1), and instead suppose� i 2 (0; 1) for each i = 1; 2. Then the

problem becomes virtually identical to revenue-maximizing partnership dissolution with a

mediator (Cramton et al., 1987; Loertscher and Wasser, 2019). Whenever trade occurs,

one merchant obtains exclusive access to the pooled audience; otherwise, each merchant

retains exclusive access to her initial audience. Loertscher and Wasser (2019) show that

the optimal mechanism grants the merchant with the higherironed virtual type function

(henceforth,scoring function) � i (� i ) exclusive access to the pooled audience, where� i (� i ) is
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obtained by ironing the virtual type function � i (� i ; � 0
i ) at somecritical type � 0

i .
8 Speci�cally,

for eachi = 1; 2 there exists an ironing parameterzi � 0 such that

� i (� i ; zi ) =

8
>>>><

>>>>:

2� i ; 2� i � zi ;

zi ; 2� i � 1 < z i < 2� i ;

2� i � 1; 2� i � 1 � zi :

(1)

When the merchants' ironed virtual types are tied, the designer chooses a tie-breaking rule

that makes each merchant's critical type aworst-o� type�expected rents are zero. In the

partnership dissolution setting, this is equivalent to ensuring that a merchant with the

critical type retains her initial share of the pooled audience in expectation.

As a consistency check, suppose� 1 = 0. One choice of optimal ironing parameters

is z1 = 0 and z2 = 1,9 which recover the optimal bilateral trade mechanism under which

merchant1 acquires exclusive access to the pooled audience if and only if� 1� � 2 � 1=2. This

event occurs with probability 1=8, so expected trade volume is1=8. Conditional on trade,

the average gain is2=3; hence, expected net gains from trade are(1=8)(2=3) = 1=12. Since

the �rst-best expected gains are(1=2)(1=3) = 1=6, the optimal bilateral trade mechanism

captures1=2 of the �rst-best gains.

When � 1 2 (0; 1), the winner of the pooled audience is determined only after the mer-

chants report their types, making the buyer and seller rolesendogenousand creating coun-

tervailing incentives: high types tend to understate, whereas low types tend to overstate,

but both incentives are weaker than under the �xed roles in bilateral trade. These incen-

tives are weakest for �intermediate� types, who retain their initial shares in expectation

and earn zero rents.

For example, with symmetric initial audience shares,� 1 = � 2 = 1=2, the optimal ironing

parameters arez1 = z2 = 1=2, so the merchants' scoring functions are �at for� i 2 [1=4; 3=4].

The mechanism always grants one merchant exclusive access to the pooled audience, raising

expected trade volume from1=8 to 1=2. The partnership dissolution mechanism di�ers from

the �rst best only when both types are intermediate and uniform tie-breaking selects the

lower type. This occurs with probability 1=8, and the average type di�erence conditional

on this event is1=6, so the expected e�ciency loss is(1=8)(1=6) = 1=48. Subtracting this

loss from the �rst-best gains gives expected net gains of1=6� 1=48 = 7=48, compared with

1=12 under bilateral trade. Thus, the optimal partnership dissolution mechanism captures

8The virtual type function at the critical type � 0
i is de�ned by � i (� i ; � 0

i ) = � S
i (� i ) for � i < � 0

i and
� i (� i ; � 0

i ) = � B
i (� i ) for � i � � 0

i .
9More generally, any z2 2

�
1; � S

2 (1)
�

= [1 ; 2] implements the same allocation. Merchant1's scoring
function never exceeds1, so changes in merchant2's scoring function above1 has no bite.
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7=8 of the �rst-best gains, compared with1=2 under bilateral trade.

2.1.2 Heterogeneous Audiences

We now generalize the preceding analysis by allowing CTRs to vary across customers.

Unlike in bilateral trade and partnership dissolution, the optimal mechanism may target

di�erent customers with ads from di�erent merchants.

Fix " 2 [1=2; 1). Suppose that, for each customer in either merchant's initial audience,

! 1; ! 2
i:i:d:� Uniform[2" � 1; 1]:

The parameter" governs both the average and the heterogeneity of CTRs:E[! j ] = " , and

as " increases, CTRs become higher and less dispersed, converging to the homogeneous

audience case! = (1 ; 1) as " ! 1. Moreover, because both initial audiences have the

same i.i.d. CTR distribution, the pooled audience has that same distribution regardless of

the initial audience shares� . Lastly, let a"
i denote merchanti 's total expected clicks from

advertising to her initial audience:

a"
i := � i E[! i ] = � i ":

Her outside option expected pro�ts are thereforea"
i � i = � i " � i .

Even though di�erent customers may receive ads from di�erent merchants, the designer

does not run a separate mechanism for each customer. Our �rst result (Theorem 1) is

that a single merchant score governs her entire targeted advertising campaign, e�ectively

bundling targeted ads across customers. Under revenue maximization(� r = 1) , this score

is the scoring function in (1), with an ironing parameterzi that varies with merchant i 's

initial audience contribution and the degree of CTR heterogeneity. Each customer with

CTR vector ! is then targeted with an ad from the merchant with the highest CTR-

weighted ironed score,

! i � i (� i ; zi ):

A merchant's single report� i therefore determines both which customers in her initial au-

dience continue to receive her ads and which customers from the other merchant's audience

she begins to target. By linking these decisions, the designer pools countervailing incentives

across customers as well, thus reducing further merchants' information rents.

In this example, continuously distributed CTRs imply that nonzero CTR-weighted

scores tie only on a null set of customers. Hence, no nontrivial tie-breaking rule is needed,

and the optimal mechanism is fully characterized by the ironing parameters (Proposition 1).
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Figure 2: Optimal Ironing Parametersz1(" ) and z2(" ).

Case: � 1 = 0. Here merchant1 can only buy customer access and merchant2 can only

sell it. One choice of optimal ironing parameters isz1 = 0 and z2 = 2, giving merchant

1 the scoring function (2� 1 � 1)+ and merchant 2 the scoring function 2� 2.10 Therefore,

customers with CTRs! are targeted with merchant1's ad if and only if

! 1(2� 1 � 1) � ! 2(2� 2) , ! 1� 1 � ! 2� 2 � 1=(2! 1):

This generalizes bilateral trade by making trade customer speci�c. As" ! 1, the condition

reduces to� 1 � � 2 � 1=2, recovering the optimal bilateral trade mechanism.

However, the optimal scoring functions are independent of" : merchant 1, who has no

initial audience, is always the buyer, while merchant2 is always the seller. Once both

audience shares are positive, however, the optimal ironing parameters generally depend on

audience heterogeneity and hence, in this example, on the parameter" .

Case: � 1 2 (0; 1). When both initial audience shares are positive, each merchant may

buy and sell targeting access across customers. We show that there exists optimal ironing

parameters(z1(" ); z2(" )) such that each merchanti 's critical worst-o� type receives exactly

her outside option expected clicks,� i " . Using Eqn. (9) of Proposition 1, yields a system of

two nonlinear equations (49) derived in Appendix C.1. Fig. 2 plots its numerical solutions

for symmetric initial audience shares,� 1 = � 2 = 1=2, and asymmetric shares,� 1 = 4=5

and � 2 = 1=5.

With symmetric initial audience shares, symmetry impliesz1(" ) = z2(" ). For lower

10More generally, for " > 1=2, any z2 2
h
min

n
(2" � 1)� 1; 2

o
; 2

i
induces the same allocation almost

surely; at " = 1=2, only z2 = 2 does. As" ! 1, the lower bound converges to1, recovering the homogeneous
audience case.
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values " < 1, heterogeneity in CTRs creates additional �gains from trade� by targeting

each customer with an ad from the merchant with whom she has the higher CTR. These

gains allow the designer to provide each critical worst-o� type her outside option expected

clicks with a lower ironing parameter, so in the mechanism fewer types are sellers and

more are buyers. As" ! 1, these additional gains disappear and both ironing parameters

converge to1=2, recovering the optimal partnership dissolution ironing parameters with

symmetric shares and homogeneous audiences.

With asymmetric shares,� 1 = 4=5 and � 2 = 1=5, merchant 1 has the larger outside

option:

a"
1 = (4 =5)" and a"

2 = (1 =5)":

The optimal mechanism therefore setsz1(" ) > z 2(" ), making merchant 1 more likely to

retain customers from her initial audience or target customers from merchant2's audience.

By assigning her a higher score, the designer reduces the risk that customers from her larger

initial audience are poached, thereby preserving her incentive to participate. As" ! 1,

the ironing parameters converge toz1 = 0:6 and z2 = 0:4, which again correspond to the

optimal partnership dissolution ironing parameters with asymmetric shares� = (4 =5; 1=5).

2.2 Illustrative Example: Limit Market

We illustrate the limit-market mechanism in a stylized setting motivated by Shopify Audi-

ences, with merchants grouped into product-based tiers.

Speci�cally, suppose Shopify segments the product market into three stylized product-

based tiersk 2 K = f L; M; Hg: low-tier products (L) , medium-tier products(M) , and high-

tier products (H). There is a unit mass of merchants, with masses� L = 1=6, � M = 1=6, and

� H = 2=3 in the respective tiers. Each merchant has a private type drawn independently

from the tier-speci�c distribution Fk common to all merchants within tierk. Let � k denote

the type of a tier-k merchant, and suppose

� L � Uniform
�

0;
1
2

�

; � M � Uniform
� 1
4

;
3
4

�

; � H � Uniform
� 1
2

; 1
�

:

There is a unit mass of customers in the market, initially uniformly distributed across

merchants' platform-built audiences: any group of merchants with mass� 2 [0; 1] collec-

tively contributes mass� to the pooled audience. Thus, tierk contributes audience mass

� k , and therefore
P

k2 K � k = 1 is the mass of the pooled audience when all merchants

participate. By advertising to their own platform-built audiences, merchants in tiersL, M,

and H generate total expected clicks� L = 1=4, � M = 3=8, and � H = 7=10, respectively.
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In the limit market, we impose supply capacity constraints to rule out anomalous cases

in which a single merchant sells products to an arbitrarily large number of customers relative

to her market size. We normalize this capacity to one, meaning that each merchant can

meet at most one unit of demand, measured by the expected clicks generated by her ads.

By participating in the platform, a tier- k merchant can therefore increase her total expected

clicks from � k to at most one, achieving maximum potential targeting gains1 � � k .

Under partial exchangeability assumptions on the in�nite sequence(! i : i � 1) with

K = f L; M; Hg, our main technical result shows that there exists a distributionG 2

�
�
[0; 1]jK j

�
such that each customer in the pooled audience is represented by tier-speci�c

CTRs (henceforth, CSRs) ! = ( ! L ; ! M ; ! H) � G, which weakly outperform each tier's

initial audience in terms of expected clicks:

EG[! k ] � � k for all k 2 K:

Suppose for simplicity that the CSRs are mutually independent and satisfy

! L � Uniform
� 1
4

;
1
3

�

; ! M � Uniform
� 1
8

;
2
3

�

; ! H � Uniform
� 1
2

; 1
�

;

where

(EG[! L ]; EG[! M ]; EG[! H ]) =
� 7

24
;
19
48

;
3
4

�

>
� 1

4
;
3
8

;
7
10

�

:

Optimal Mechanism. Suppose Shopify maximizes revenues(� r = 1) . Our main result

(Theorem 2) shows that the optimal mechanism is characterized by shadow prices� =

(� L ; � M ; � H) that clear, in each tier k in K , total supply Sk(� ) generated from the pooled

audience and total demandDk(� ) for expected clicks.

On the supply side, given shadow prices� , each customer with CSR vector! is targeted

by a merchant from the tier k that maximizes the shadow value� k ! k . For � 6= 0, the

expected clicks supplied to tierk from the pooled audience are therefore

Sk(� ) := EG

"

! k1

(

k = argmax
j 2 K

� j ! j

)#

; (2)

where ties occur only on a null set of customers.

On the demand side, the shadow price� k determines posted per-click selling and buying

pricespS
k and pB

k , segmenting tier-k merchants into selling, exchange, and buying markets.

Since marginal revenue and marginal cost curves in each tierk are given by the virtual

value and cost functions� B
k (� ) and � S

k (� ), respectively, whenever the prices are interior,

they satisfy

� S
k

�
pS

k

�
= � k = � B

k

�
pB

k

�
:
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Now the optimal expected clicks and transfer for a type� merchant in tier k, denoted

by q�
k(� ) and t �

k(� ), respectively, are given by

q�
k(� ) =

8
>>>><

>>>>:

0; � < p S
k ;

� k ; � 2
h
pS

k ; pB
k

i
;

1; � > p B
k ;

t �
k(� ) =

8
>>>><

>>>>:

� � kpS
k ; � < p S

k ;

0; � 2
h
pS

k ; pB
k

i
;

(1 � � k)pB
k ; � > p B

k :

That is, sellers give up their initial audiences, receive no targeted ads, and are compensated

at the per-click pricepS
k for the � k expected clicks they forgo. Exchange merchants receive

targeted ads generating exactly their outside option expected clicks� k and make zero net

payments. Buyers receive one unit of expected clicks which exhausts their capacity, thus

achieving the maximum targeting gains1 � � k and paying the per click pricepB
k for the

additional expected clicks. We interpret positive transfers as payments to Shopify, whereas

negative transfers as (advertising) credits to merchants.

The resulting total expected clicks demand in each tierk is therefore

Dk(� ) := � k

h
� k

�
Fk

�
pB

k

�
� Fk

�
pS

k

��
+ 1 � Fk

�
pB

k

�i
: (3)

The �rst term in (3) assigns � k expected clicks to each exchange merchant, while the second

assigns one unit to each buyer. Sellers demand no expected clicks.

The optimal shadow price vector� � is chosen so that the demand in (3) equals the

supply in (2) in every tier:

Dk(� � ) = Sk(� � ); for all k 2 K: (4)

Solving (4) gives

� � � (0:52; 0:35; 0:28):

The corresponding cuto� pairs are
�
pS

L ; pB
L

�
� (0:26; 0:50);

�
pS

M ; pB
M

�
� (0:30; 0:55);

�
pS

H ; pB
H

�
� (0:50; 0:64);

and the resulting markets are

tier selling market exchange market buying market

low-tier (L) [0; 0:26) [0:26; 0:50] ?

medium-tier (M) [0:25; 0:30) [0:30; 0:55] (0:55; 0:75]

high-tier (H) ? [0:50; 0:64] (0:64; 1]

Thus, the low tier has selling and exchange markets, the medium tier has all three markets,

and the high tier has exchange and buying markets. Appendix C.2 derives the market-
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clearing system and veri�es this solution, while Theorem 2 establishes its optimality.

The example suggests o�ering Shopify Audiences separately from plan subscriptions and

tailoring its pricing by product tier. Low-tier merchants, whose lower pro�t margins limit

their willingness to pay for additional expected clicks, would either receive advertising

credits for their audience contributions or obtain targeting that preserves their current

targeting e�orts. High-tier merchants could choose to pay for additional expected clicks,

while medium-tier merchants would choose among getting advertising credits for the next

round, or paying for expanding targeting reach.

3 Finite Market

We formally introduce the model with �nitely many merchants in Sec. 3.1, state designer's

problem in Sec. 3.1.2, and discuss underlying assumptions in Sec. 3.1.3. In Sec. 3.2.1 we

characterize the optimal mechanism when CTRs are distributed over a �nite support, and in

Sec. 3.2.2 we derive an explicit system of equations that pins down the optimal mechanism

when CTRs are continuously distributed. Sec. 3.3 provides proof sketches of both results.

3.1 Model

A designer operates an advertising platform serving a �nite set of merchants, each of

whom owns aplatform-built audience. These audiences are pairwise disjoint and collectively

constitute a unit mass of unit-demand customers.

Each merchanti in N has private per-click pro�t margin (henceforth, type) � i in � i =
h
� i ; � i

i
� R+ . Types are independently drawn from distributionsFi , each admitting a

strictly positive, continuous density f i . We assume that eachFi is regular, meaning that

its virtual value and cost functions (also referred to asmarginal revenueand cost curves11)

� B
i (� i ) := � i �

1 � Fi (� i )
f i (� i )

and � S
i (� i ) := � i +

Fi (� i )
f i (� i )

;

respectively, are strictly increasing. Let� :=
Q

i 2 N � i denote the type space, and let

F :=
N

i 2 N Fi denote the joint type distribution.

Each customer is characterized by a vector ofclick-through rates(CTRs)

! = ( ! i ) i 2 N 2 [0; 1]jN j ;

11Bulow and Roberts (1989) use these formulations to show that the optimal auction problem is equivalent
to the monopolist's problem in third-degree price discrimination. Our main result in Sec. 4 admits a similar
interpretation: the designer engages in third-degree price discrimination across tiers.
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where the CTR ! i is the probability that the customer clicks on merchanti 's ad. CTRs

are observable: the realization ! i is commonly observed by the designer and merchanti .

Let 
 � [0; 1]jN j be the (Borel) set of possible CTR realizations.

Each merchant i initially has exclusive access to a platform-built audience of mass

� i > 0, where
P

i 2 N � i = 1. Conditional on belonging to merchanti 's audience, customers

are distributed according to Borel measures
 i 2 �(
) . Let � = ( � i ) i 2 N and 
 = ( 
 i ) i 2 N

denote the audience shares and conditional CTR distributions, respectively. Finally, let


 � 2 �(
) denote thepooled audience, de�ned as the mixture distribution


 � (B ) :=
X

i 2 N

� i 
 i (B ) for every Borel setB � 
 :

Customers arecaptiveto in-platform merchants and discover products only via targeted

ads. Initially, merchant i advertises to their own platform-built audience, generating total

expected clicks

ai := � i

Z



! i d
 i (! ):

Merchant i 's type-dependentoutside optionis therefore given by total expected pro�ts� i ai .

3.1.1 Platform Design

We describe how the platform operates by specifying the policy on audience sharing and

the design of targeted advertising campaigns.

Audience Sharing. Audience sharing requires merchants to waive their exclusive tar-

geting rights over the audiences they contribute. Once the rights are waived, the platform

may limit a merchant's ability to direct ads to its initial audiences, even if the merchant

continues to hold the underlying customer records. The assumption therefore concerns

control over platform-mediated advertising access, rather than ownership of the customer

records.12 Moreover, assuming the designer can costlessly replicate each merchant's initial

advertising campaigns by targeting only that merchant's initial audience within the pooled

audience, we can restrict attention, without loss of generality, to mechanisms in which every

merchant participates.

12Shopify merchants can access and export customer records generated through their own stores. Shopify
Audiences, however, controls the construction and delivery of advertising audiences: merchants cannot
observe the identities or contact information of customers included in a particular audience or directly
select those customers. Thus, a merchant may retain its customer records while having limited control over
how those customers are reached through platform-mediated advertising.
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Targeted Advertising Campaigns. Let M + (
) denote the space of �nite nonnega-

tive Borel measures on
 , and let (x; t ) =
�
(x i ) i 2 N ; (t i ) i 2 N

�
denote a targeted advertising

campaign (henceforth,campaign), consisting of

i) targeted ads allocationx i 2 M + (
) (henceforth, targeted ads) subject to feasibility

constraints
X

i 2 N

x i (B ) � 
 � (B ) for every Borel setB � 
 ;

ii) transfers t i 2 R (also referred to asparticipation fees).

A campaign speci�es targeted ads, which determine the type of customers targeted by

each merchant, and transfers, which specify the payments between the merchant and the

platform. The allocation x i (B ) speci�es the mass of customers with CTR realizations in

the (Borel) set B � 
 who are targeted by merchanti 's ads. Feasibility constraints imply

that, for each type of customersB in 
 , the total mass assigned across merchants cannot

exceed the mass
 � (B ) available in the pooled audience.

In practice, e-commerce platforms commonly allow participating merchants to choose

an advertising budget, which then determines the performance of their campaigns. In our

setting, however, the designer must also account for merchants' participation incentives

by guaranteeing each of them at least the value of their outside option. A campaign may

therefore assign negative participation fees, implemented through instruments such as cash

payments, fee rebates, or advertising credits.

Direct Mechanism. By the revelation principle, it is without loss of generality to re-

strict attention to direct mechanisms. A direct mechanism(x; t ) consists of a targeted ads

allocation rule (henceforth,targeted ads) x = ( x i ) i 2 N and transfer rule t = ( t i ) i 2 N where

eachx i : � ! M + (
) and t i : � ! R are measurable with respect toF , and satisfy the

usual interim incentive-compatibility and individual-rationality constraints

� i (Qi (� i ) � ai ) � Ti (� i ) � � i

�
Qi

�
e� i

�
� ai

�
� Ti

�
e� i

�
for all � i ; e� i 2 � i and i 2 N; (IC)

� i (Qi (� i ) � ai ) � Ti (� i ) � 0 for all � i 2 � i and i 2 N; (IR)

where theexpected clicksQi (� i ) and expected transfersTi (� i ) are given by

Qi (� i ) := EF � i

� Z



! i x i (� i ; � � i ; d! )

�

and Ti (� i ) := EF � i [t i (� i ; � � i )];

and targeted ads must satisfy ex-post feasibility constraints
X

i 2 N

x i (� ; B ) � 
 � (B ) for every Borel setB � 
 and � 2 � : (Fsb)
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3.1.2 Designer's Problem

The designer designs a direct mechanism that maximizes a weighted sum of expected mer-

chants' surplus, customer engagement, and platform revenue, subject to incentive compat-

ibility, individual rationality and feasibility constraints.

Merchants' Surplus. Let V(x) denote expected merchants' surplus, de�ned by

V(x) := EF

"
X

i 2 N

� i

� Z



! i x i (� ; d! ) � ai

� #

:

V (x) measures total expected pro�ts generated by targeted ads, net of the expected pro�ts

merchants forgo from not advertising to their own audiences. A platform may value mer-

chants' welfare because satis�ed merchants are more likely to continue participating and

increase their future advertising expenditures.

Customer Engagement. Let W(x) denote expected customer engagement, de�ned by

W(x) := EF

"
X

i 2 N

� Z



! i x i (� ; d! ) � ai

� #

:

W(x) measures the expected net clicks generated by targeted adsx. It captures the poten-

tial improvement in targeting precision generated by reallocating customers toward mer-

chants whose products they are more likely to click. Because the model abstracts from

product prices, we use CTRs as a measure of customers' welfare from the advertised prod-

ucts. Poorly targeted or repetitive advertising may create ad fatigue and user attrition,

whereas more precise targeting can improve the customer experience and sustain engage-

ment with the platform.

Platform Revenues. Let R(t) denote platform's expected revenues, de�ned as usual by

R(t) := EF

"
X

i 2 N

t i (� )

#

:

Now let � = ( � v; � w ; � r ) 2 R3
+ be welfare weightssatisfying � v + � w + � r = 1 and � r > 0,

and let 	 � (x; t ) denote the designer's objective function for given direct mechanism(x; t ),

de�ned by

	 � (x; t ) := � vV(x) + � wW(x) + � r R(t):

The designer therefore solves

max
(x;t )

	 � (x; t ) subject to (IC); (IR) and (Fsb):
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Lastly, note that operating the platform may require costly infrastructure investments.

We treat these additional costs as sunk and therefore do not model them explicitly. The

weight on revenues(� r ) may therefore capture, in part, the necessity of recovering these

costs.

3.1.3 Discussion of Assumptions

Observable CTRs. The assumption that CTRs are observable is motivated by the plat-

form's transparency regarding merchants' campaign performances. Because platform-built

audiences are managed by the platform, it can provide merchants with campaign-level per-

formance metrics, including CTRs.13 The platform and merchants can therefore share a

common assessment of CTRs.

Per-Click Pro�t Margins. For a micro-foundation on types� i , assume customers fall

into two categories: with probability ! i , customers with CTR realizations! are interested

in merchant i 's product, and otherwise are not interested. Conditional on being interested,

each customer's willingness to payvi is drawn from some cumulative distributionVi . Let � i

therefore be de�ned as theper-interested-customerpro�t margin � i (ci ) := p(ci ) � ci , where

p(ci ) is an optimal price given private constant marginal costci � 0 and market demand

D i (p) := 1 � Vi (p), that is,

p(ci ) 2 argmax
p� 0

(p � ci )D i (p):

One Ad per Customer. (Fsb) requires that each customer be targeted at most once,

ruling out cases in which a customer who does not click on one ad is subsequently e another.

Such sequential targeting strategies creates a richer space of targeted ad campaigns, poten-

tially increasing the value generated from each customer. This introduces additional incen-

tive considerations that lie beyond the focus of this paper. Nevertheless, one could argue

that ads create brand awareness �with or without the added bene�t of click-through� Percy

and Rossiter (1992), and repeated exposure may generate ad fatigue Craig et al. (1976),

potentially reducing CTRs. Lastly, note that under the one ad per customer restriction,

customers remain captive to some merchant. It is therefore without loss of generality to

abstract from price competition when per-click pro�t margins are microfounded as above,

13Shopify Audiences, for example, makes data about benchmark metrics available, including CTR met-
ric, so that merchants can compare their performance with relevant benchmark metrics; seeAdvertising
Campaign Benchmarkson https://help.shopify.com/en/manual/promoting-marketing/shopify-a
udiences/benchmarks .
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provided that winning an ad does not lead merchants to update their beliefs about market

demand.

3.2 Optimal Mechanism

We show that the optimal mechanism assigns targeted ads using merchant-speci�c scoring

functions, referred to as ascoring mechanism.

De�nition 1 (Scoring Mechanism). A scoring mechanism(h; � ) consists of merchant-

speci�c, nondecreasing scoring functionshi and a customer-speci�c tie-breaking rule� ,

de�ned by (Borel) measurable functionshi : � i ! R+ for every i in N and � : � � 
 !

�( N [ f 0g) such that

x i (� ; B ) =
Z

B
� i (�; ! ) d
 � (! ) for every Borel setB � 
 ;

where � i (�; ! ) = 0 if i =2 argmax
j 2 N

f ! j hj (� j )g for every i 2 N; � 2 � ;
(5)

where � 0(�; ! ) is the share of unassigned customers with CTR realizations! retained by

the designer.

At each type pro�le � , a scoring mechanism assigns customers with CTR realizations

! to merchants with the highest CTR-weighted score,! j hj (� j ). The tie-breaking rule may

split an atom of the audience across tied merchants. When ties occur only on
 � -null sets,

almost every customer with same CTR realizations are targeted by the same merchant.

Next de�ne the weighted virtual value and cost functions by

� B
�;i (� i ) := � w + � v � i + � r � B

i (� i ) and � S
�;i (� i ) := � w + � v � i + � r � S

i (� i );

respectively. Fig. 3 illustrates the weighted virtual cost and value functions along with an

ironed function of the two, denoted by� �;i (� i ; zi ) with zi being the value of the function on

the ironing interval. The ironed function coincides with the weighted virtual cost (value)

function to the left (right) of the ironing interval.

We show that a scoring mechanism with scores constructed by ironing the weighted

virtual cost and value functions is optimal. To state the result, for eachj in f S; Bg and

i in N , we use the inverse convention that
�
� j

�;i

� � 1
(z) = � i wheneverz < � j

�;i (� i ) and
�
� j

�;i

� � 1
(z) = � i wheneverz > � j

�;i

�
� i

�
.
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� i

hi

� S
�;i (1)

1

zi

� w

� B
�;i (0)

0 � S
i � B

i
1

� B
�;i

(� i)

� S
�;i

(� i)

� �;i
(� i; zi)

(a) � B
�;i (0) < 0.

� i

hi

� S
�;i (1)

1

� w

zi

� B
�;i (0)

0 � B
i

1

� B
�;i

(� i)

�
S
�;i

(� i)

� �;i
(� i; zi)

(b) � B
�;i (0) > 0.

Figure 3: Examples of (optimal) scoring and weighted virtual functions.

3.2.1 Finite-Support CTRs

Let 
 be a �nite set. For ease of notations, we write
 � (! ) := 
 � (f ! g), x !
i (� ) := x i (� ; f ! g),

and � !
i (� ) := � i (�; ! ) for every ! 2 
 .14

Theorem 1 (Optimal Scoring Mechanism). There exists an optimal scoring mechanism

such that, for eachi in N , the scoring function hi is given byhi � � �;i (� ; zi ) for some

ironing parameter
�
� B

�;i (� i )
�

+
� zi � � S

�;i

�
� i

�
, where

� �;i (� i ; zi ) :=

8
>>>><

>>>>:

� S
�;i (� i ) if � i < � S

i ;

zi if � S
i � � i � � B

i ;

� B
�;i (� i ) if � i > � B

i ;

(6)

with cuto� types � j
i =

�
� j

�;i

� � 1
(zi ) for each j in f S; Bg. Moreover, the customer-speci�c

tie-breaking rule � is chosen such that the critical typeŝ� i , de�ned uniquely for eachi in

N by

�̂ i (zi ) := EF i

h
� �;i (� i ; zi ) � � w � � v � i

i
=� r 2

h
� S

i ; � B
i

i
; (7)

are worst-o� types à la Cramton et al. (1987), that is, eitherQi

�
�̂ i

�
= ai , or Qi (y) < a i

14Note that (Fsb) becomes equivalent to

X

i 2 N

x !
i (� ) � 
 � (! ) for every ! 2 
 and � 2 � :
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for all y < �̂ i and Qi (y) > a i for all y > �̂ i , where

Qi (� i ) = EF � i

2

4
X

! 2 


! i � !
i (� i ; � � i ) 
 � (! )

3

5 :

Lastly, interim transfers are recovered by

Ti (� i ) = � i (Qi (� i ) � ai ) �
Z � i

�̂ i

(Qi (y) � ai )dy:

Relative to the outside optionai , expected clicksQi dictate whether a merchant is a

net seller or a net buyer in the mechanism. As we show later, (IC) requires expected clicks

to be nondecreasing in type, so in general low types are net sellers and high types are net

buyers. The optimal scoring function in (6) re�ects precisely this distinction: low-type

scores are governed by the weighted virtual cost function
�
� S

�;i

�
, whereas high-type scores

are governed by the weighted virtual value function
�
� B

�;i

�
.

Ironing pools intermediate types and pins down each critical worst-o� typê� i (zi ) de�ned

in (7). We say a critical type �̂ i is interior when the expected clicks she receives under

the mechanism equal those generated by advertising on her own audience; that is, when

Qi

�
�̂ i

�
= ai . An interior critical type �̂ i is a worst-o� type because, in expectation, she

can neither be charged a positive participation fee nor require compensation to incentivize

truthful reporting. This generalizes the worst-o�-type condition in Cramton et al. (1987):

whereas their worst-o� types are pinned down by the expected quantity of a single traded

good, ours are pinned down by the expected clicks generated by a heterogeneous pool of

customers.

Importantly, the designer can replicate merchanti 's initial expected clicksai without

restricting targeting to her initial audience: potentially she designs targeted adsx i 6� � i 
 i

that target a smaller mass of customer in the pooled audience with higher CTRs. In fact,

because all the types� i in the ironing interval
h
� S

i ; � B
i

i
have the same scorehi (� i ) = zi ,

they are all worst-o� types and satisfy Qi (� i ) = ai . This is precisely the �nite market

counterpart of the exchange market result in the limit market: all types in the ironing

interval exchange their audiences while preserving their initial expected clicksai , though

only in expectation�unlike in the limit market, where this also holds ex-post.

When the critical worst-o� type is not interior, it must lie at an endpoint of the type

space,� i or � i , an outcome that does not arise in the partnership dissolution setting (Lo-

ertscher and Wasser, 2019). The critical worst-o� type equals� i when the pooled audience

contains, relative to her initial contribution, many customers who generate high CTRs

when matched with her. The same can also occur when the designer prefers targeting

every customer rather than leaving some unassigned because she places positive weight on
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customer engagement or merchant surplus. The lower endpoint� i is therefore the worst-o�

type, since every higher type enjoys strictly larger rents. Conversely, when the designer's

objective and the composition of the pooled audience favor assigning merchanti relatively

few ads, she is a net seller regardless of her type, making� i the critical worst-o� type

because she enjoys the lowest rents.

Now, since
 is �nite, tie-breaking is essential for determining the critical worst-o�

types. Because optimal scoring functions may be �at on intervals of positive measure, ties

in CTR-weighted scores can occur with positive probability. The designer must therefore

specify how ties are resolved at each type pro�le, and these choices a�ect, in particular,

the expected clicks allocated to each critical type. Because every tied merchant contributes

equally with the maximal CTR-weighted score to the objective, its value is una�ected by

how the tie is resolved. We then prove that it su�ces for the designer to choose tie-breaking

rules under which each critical type's participation constraint binds, thereby making each

one of them a worst-o� type.

Determining the optimal tie-breaking rule in the �nite-support case remains di�cult.

Because the critical worst-o� type dependsendogenouslyon the tie-breaking rule, the prob-

lem's complexity becomes inherently multidimensional, whose size grows with the cardinal-

ity of the set 
 . The exclusive and inclusive customer setting in Online Appendix illustrates

how challenging characterizing the optimal tie-breaking rule can be even when ties occur

only on inclusive customers. Nevertheless, as we show in the next section, under addi-

tional continuity assumptions on the mixture distribution 
 � , this tie-breaking bottleneck

disappears: ties occur only on null sets, making the problem considerably more tractable.

3.2.2 Continuous CTRs

When ties occur only on null sets, we derive an explicit system of equations that determine

the optimal ironing parameters, yielding a complete characterization of the optimal scoring

mechanism.

Assumption 1 (Tie-Free CTRs). We say that the mixture distribution
 � is tie-free if

argmax
i 2 N

f ci ! i g

is a singleton
 � -almost everywhere for everyc = ( ci ) i 2 N 2 RN
+ n f 0g.

Assumption 1 implies that, for every nonzero realizationc = ( hi (� i )) i 2 N of the mer-

chants' score vector, the merchant with the highest CTR-weighted score is unique for

almost every customer! in 
 . In particular, the assumption holds when! i 's are mutually
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independent and each has an atomless distribution, and, more generally, whenever
 � is

absolutely continuous with respect to Lebesgue measure on[0; 1]jN j .

Proposition 1. Suppose Assumption 1 holds. There exists an optimal scoring mechanism

as in Theorem 1. If the vector of ironing parametersz = ( zi ) i 2 N 6= 0, then, for F -almost

every type pro�le, ties occur only on
 � -null sets and the optimal customer-speci�c tie-

breaking rule is given by

� i (�; ! ) = 1E i (z)(�; ! ) (F 
 
 � )-almost everywhere; (8)

where E i (z) � � � 
 denotes the set of type pro�le and customer pairs(�; ! ) for which

merchant i attains the highest CTR-weighted score! i � �;i (� i ; zi ), that is,

E i (z) :=
n
(�; ! ) 2 � � 
 : ! i � �;i (� i ; zi ) > ! j � �;j (� j ; zj ) for all j 2 N; j 6= i

o
:

Moreover, if the critical worst-o� type �̂ i (zi ) is interior, then zi solves

ai =
Z



! i PF � i

�
! i zi > ! j � �;j (� j ; zj ) for all j 6= i

�
d
 � (! ): (9)

Fix type pro�le � in � , and let E �
i (z) := E i (z) \ (f � g � 
) be the set of customers at

which merchant i of type � i has the highest CTR-weighted score. Assumption 1 implies

that, whenever there exists at least one merchant with nonzero score� �;j (� j ; zj ) 6= 0, the

collection of sets
n
E �

i (z)
o

i 2 N
partition 
 up to a 
 � -null set. We can therefore ignore ties

and completely characterize targeted ads according to (8). Thus determining the optimal

mechanism reduces to �nding ironing parametersz = ( zi ) i 2 N which are solutions to a

system of at mostjN j equations given by (9).

3.3 Proof Sketch of the Main Results

The proofs of Theorem 1 and Proposition 1 have three main steps. After applying standard

Myersonian techniques, we write (IC) in terms of expected clicksQi and a critical type � 0.

At the optimum, we determine a critical worst-o� type, and ensure that (IR) is satis�ed

as long as the worst-o� type's participation constraint is satis�ed. Second, we formulate

the designer's problem as a max-min problem akin to Loertscher and Wasser (2019) and

establish a saddle point consisting of the worst-o� types and targeted ads. Third, we apply

ironing techniques of Myerson (1981) to characterize the saddle point.

Given (interim) payo�s Ui (� i ) de�ned by

Ui (� i ) := � i (Qi (� i ) � ai ) � Ti (� i );
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by the envelope theorem, (IC) holds if and only if

Ui (� i ) = Ui

�
�

0

i

�
+

Z � i

� 0
i

(Qi (y) � ai ) dy; 8� i ; �
0

i 2 � i ;

Qi (� i ) is nondecreasing in� i : (M)

Hence, for any critical type�
0

i , transfers are pinned down by

Ti (� i ) = � i (Qi (� i ) � ai ) �
Z � i

� 0
i

(Qi (y) � ai ) dy � Ui

�
�

0

i

�
: (10)

For a critical vector � 0 2 � , de�ne the correspondingvirtual type by

� �;i

�
� i ; �

0

i

�
=

8
><

>:

� S
�;i (� i ) if � i < �

0

i ;

� B
�;i (� i ) if � i � �

0

i ;

and the correspondingvirtual objective by

 �

�
x; �

0
�

=
X

i 2 N

EF i

h
(Qi (� i ) � ai )� �;i

�
� i ; �

0

i

�i
:

Substituting (10) into the designer's objective function and integrating by parts gives

	 � (x; t ) =  �

�
x; �

0
�

� � r

X

i 2 N

Ui

�
�

0

i

�
; 8�

0
2 � : (11)

The di�culty is that a merchant may be either a net seller or a net buyer, so the worst-

o� type is not known ex-ante. Following Loertscher and Wasser (2019), for a �xed targeted

ads x the set of worst-o� types, de�ned as the product set of types� i with least payo�s

Ui (� i ), is given by
b�( x) = argmin

� 02 �
 �

�
x; �

0
�

and therefore the designer's problem can be formulated as a max-min

max
x2X

min
� 02 �

 �

�
x; �

0
�

whereX denotes the space of targeted adsx that satisfy (Fsb) and (M).

Then, showing that X is compact, and applying Fan's minimax theorem,15 we show

that there exists a saddle point
�
x � ; �̂

�
such that �̂ 2 b�( x � ) is a worst-o� type and that

max
x2X

 �

�
x; �̂

�
=  �

�
x � ; �̂

�
= min

� 02 �
 �

�
x � ; �

0
�
:

Therefore, �xing a worst-o� type �̂ , the optimal targeted adsx solves

max
x2X

 �

�
x; �̂

�
: (12)

15Fan's minimax theorem extends von Neumann's result from bilinear functions on �nite-dimensional
simplices to concave-convexlike functions on more general (Hausdor�) spaces; see Fan (1953, Theorem 1).
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However, when̂� i is interior, the virtual type function � �;i

�
� i ; �̂ i

�
is generally non-monotone.

Therefore, pointwise maximization of (12) need not satisfy the monotonicity condition (M).

To ensure monotonicity of expected clicksQi (� i ), we apply the ironing technique of

Myerson (1981). Letzi = zi

�
�̂ i

�
be the ironing parameter satisfying

E
h
� �;i (� i ; zi )

i
= E

h
� �;i

�
� i ; �̂ i

�i
= � w + � vE[� i ] + � r �̂ i :

For either CTR environment, the problem in (12) is then equivalent to maximizing

E

"
X

i 2 N

� Z



! i x i (� ; d! ) � ai

�

� �;i (� i ; zi )

#

;

subject to the same feasibility constraints. Because the scoring functions� �;i (� i ; zi ) are

nondecreasing, any pointwise maximizer generates nondecreasing expected clicks. When


is �nite, the integral separates across CTR realizations. Fixing! 2 
 and a type pro�le

� 2 � gives the pointwise problem

max
f x !

i (� )g
i 2 N

X

i 2 N

x !
i (� ) ! i � �;i (� i ; zi ) subject to

X

i 2 N

x !
i (� ) � 
 � (! ); x!

i (� ) � 0:

Thus, all mass
 � (! ) is assigned to merchants with the highest nonnegative CTR-weighted

ironed score. This is exactly the scoring mechanism in (5), withx !
i (� ) = 
 � (! )� !

i (� ) and

customer-speci�c tie-breaking rule� ! chosen so that�̂ is a worst-o� type. Transfers are

recovered from (10) evaluated at�
0
= �̂ .

The continuous-CTR characterization follows from the same pointwise argument, with

the measure-theoretic details deferred to the appendix. Lastly, if the critical worst-o� type

�̂ i is interior, then Qi

�
�̂ i

�
= ai . Substituting (8) into Qi

�
�̂ i

�
and applying Tonelli's theorem

to interchange the order of integration, then gives (9).

4 Limit Market

In this section, we directly formulate the continuum-of-merchants market (henceforth,limit

market). The limit market preserves the key economic trade-o�s from the �nite model while

eliminating market-level uncertainty, thereby yielding a tractable indirect implementation

of the optimal mechanism. We characterize the optimal mechanism in Sec. 4.2, study

e�ciency in Sec. 4.3, and provide proof sketches in Sec. 4.4. In the Online Appendix we

show that the �nite market converges to this limit market along a suitably de�ned sequence

of �nite markets.
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4.1 Model

There is a unit mass of merchants partitioned into �nitely many observable tiers indexed

by k 2 K . Tier k has mass� k > 0, with
P

k � k = 1. Each merchant in tier k has a private

type � 2 � k drawn from regular distribution Fk supported on� k =
h
� k ; � k

i
� R+ . Let

� :=
Q

k2 K � k denote the type space.

There is also a unit mass of customers, initially distributed across merchants' platform-

built audiences. We normalize initial audience contributions proportionally to merchant

mass: any group of merchants with mass� 2 [0; 1] collectively contributes audience mass

� .16 Thus, tier k contributes audience mass� k , and
P

k2 K � k = 1 implies that the pooled

audience has unit mass. By advertising to her own audience, a tier-k merchant generates

� k 2 (0; 1) expected clicks, giving a type� merchant an outside option of� k � .

In the limit market, we impose supply capacity constraints to rule out cases in which a

single merchant serves an arbitrarily large number of customers relative to her market size.

We normalize this capacity to one, meaning that each merchant can meet at most one unit

of demand, measured by the expected clicks generated by her ads. By participating in the

platform, a tier-k merchant can therefore increase her expected clicks from� k to at most

one, achieving a maximum potential targeting gain of1 � � k .

Each customer in the pooled audience is represented bytier-speci�c CTRs (henceforth,

CSRs)

! = ( ! k)k2 K 2 [0; 1]K

where! k is the probability that the customer clicks on an ad from a tier-k merchant. CSRs

! are observable and distributed according toG 2 �
�
[0; 1]K

�
. We assume that the pooled

audience weakly outperforms each tier's initial audience in terms of expected clicks:

EG[! k ] � � k for all k in K . (13)

Mechanism Design. As in the �nite market, we restrict attention to direct mechanisms.

Let M +

�
[0; 1]K

�
denote the space of �nite nonnegative Borel measures on[0; 1]K . A direct

mechanism(x; t ) consists of a tier-speci�c targeted ads allocationx = ( xk)k2 K (henceforth,

targeted ads) and transferst = ( tk)k2 K such that xk : � k ! M +

�
[0; 1]K

�
and tk : � k ! R

are Borel measurable for everyk 2 K . For each� 2 � k and Borel setB � [0; 1]K , xk(� ; B ) is

16If audience contributions vary within tier k, with type � merchants contributing ak (� ) > 0, rede�ne
the type distribution by

d eFk (� ) :=
ak (� )R

� k
ak (y) dFk (y)

dFk (� ):
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the per-merchant mass of customers with CSR vectors inB assigned to a representative type

� merchant in tier k. The direct mechanism must satisfy the usual incentive-compatibility

and individual-rationality constraints:

�qk(� ) � tk(� ) � �qk

�
~�
�

� tk

�
~�
�

for all �; ~� 2 � k and k in K (IC k)

�qk(� ) � tk(� ) � � k � for all � 2 � k and k in K: (IR k)

whereqk(� ) denotes theexpected clicksassigned to a type� merchant in tier k, de�ned by

qk(� ) :=
Z

[0;1]K
! k xk(� ; d! ); (14)

which are subject to the capacity constraints

qk(� ) � 1 for every � 2 � k and k 2 K: (Ck)

Lastly, because there is no market-level uncertainty, targeted adsx are subject to aggregate

feasibility constraints
X

k2 K

� k

Z

� k

xk(� ; B ) dFk(� ) � G(B) for every Borel setB � [0; 1]K : (G-Fsb)

The left-hand side aggregates per-merchant assignments across the mass� k of each tier,

while the right-hand side is the mass of customers in the pooled audience with CSR vectors

in B . Unlike (Fsb), (G-Fsb) does not require each type-level allocation measurexk(� ; �) to

be absolutely continuous with respect toG for every type.

We show next that (G-Fsb) admits a simpler reduced-form characterization using a

family of linear inequalities in expected clicksq = ( qk)k2 K .

De�nition 2 (Implementable Expected Clicks). An expected clicks allocationq = ( qk)k2 K ,

where qk : � k ! R+ for every k 2 K , is implementable if there exist targeted adsx =

(xk)k2 K that satisfy (G-Fsb) and yield q as in (14).

Proposition 2 (Reduced-Form Feasibility). An expected clicks allocationq = ( qk)k2 K ,

whereqk : � k ! R+ for every k 2 K , is implementable if and only if
X

k2 K

� k � k EFk [qk(� )] � EG

�

max
k2 K

f � k ! kg
�

for every � 2 RK
+ : (R-Fsb)

We interpret each� k as the shadow price per expected click in tierk (henceforth, shadow

price). The right-hand side of (R-Fsb) therefore gives the largest shadow value that the

pooled audience can generate at the given shadow prices� . Thus, (R-Fsb) requires the

value generated from allocating ads across all tiers to remain below this bound for every

possible vector of shadow prices. Lastly, note that the expected clicksq = ( qk)k2 K that

ensure the outside optionqk � � k for all k in K are implementable since they satisfy

30



(R-Fsb): for every � 2 RK
+ ,

X

k2 K

� k � k � k �
X

k2 K

� k � kEG[! k ] � max
k2 K

f � kEG[! k ]g � EG

�

max
k2 K

f � k ! kg
�

;

where the �rst inequality uses (13), the second uses
P

k2 K � k = 1, and the third applies

Jensen's inequality since the maximum is a convex function.

Designer's Problem. For given expected clicksq = ( qk)k2 K , de�ne merchant surplus

and customer engagement for type� in tier k by

vk(� ) := � (qk(� ) � � k) and wk(� ) := qk(� ) � � k ;

respectively. Given welfare weights� = ( � v; � w ; � r ) 2 R3
+ satisfying � v + � w + � r = 1 and

� r > 0, the designer's reduced-form problem is

max
q;t

KX

k=1

� kEFk [� vvk(� ) + � wwk(� ) + � r tk(� )]

subject to (R-Fsb) andqk(� ) � 0 for every � 2 � k and k 2 K ,

(Ck), (IC k), and (IRk) for every k 2 K .

4.2 Optimal Mechanism

The designer solves a separate screening problem within each tier, while ensuring that the

allocation across tiers is feasible.

First, we impose a tie-free condition onG, analogous to the condition imposed on

continuous CTRs in the �nite market. The condition simpli�es the characterization of the

optimal mechanism, although the results hold for more general distributions.

Assumption 2 (Tie-Free CSRs). We say thatG is tie-free if

argmax
k2 K

f � k ! kg

is a singletonG-almost everywhere for every� 2 RK
+ n f 0g.

The tie-free CSR condition therefore gives a unique winning tier for almost every CSRs

! . If the condition fails, the same within-tier optimal market structure holds, but the

designer may need to split a positive mass of tied CSRs! across tiers.

Next, for each tier k, de�ne the weighted virtual cost and value functions by

� S
�;k (� ) := � w + � v � + � r

 

� +
Fk(� )
f k(� )

!

and � B
�;k (� ) := � w + � v � + � r

 

� �
1 � Fk(� )

f k(� )

!

;
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respectively. Thus, MCk(� ) = � S
�;k (� ) is the marginal cost of acquiring expected clicks from

type � , while MRk(� ) = � B
�;k (� ) is the marginal revenue from assigning expected clicks to

type � . For eachj = B; S and k in K , we use the inverse convention that
�
� j

�;k

� � 1
(z) = � k

wheneverz < � j
�;k (� k) and

�
� j

�;k

� � 1
(z) = � k wheneverz > � j

�;k

�
� k

�
.

We state next one more condition on the model primitives that eliminates the optimality

of the degenerate market structure in which no merchant is treated as a net seller. LetpB
k

be the cuto� type for which the marginal revenue is zero, that is,

pB
k

:= ( MRk)� 1(0):

Assumption 3 (Pooled-Audience Scarcity). The tier-speci�c type distributions (Fk)k2 K

and the pooled-audience distributionG jointly satisfy
X

k2 K

� k

h
1 � (1 � � k)Fk

�
pB

k

�i
> EG

�

max
k2 K

! k

�

:

The left-hand side of Assumption 3 gives total demand generated by the exchange and

buying markets with cuto� types � k and (MRk)� 1(0), respectively. Its right-hand side is

the largest total number of expected clicks that the pooled audience can generate underG.

Thus, the condition makes the pooled audience scarce relative to demand: the tier-speci�c

screening problems cannot all be supported when expected clicks have zero shadow prices

(� = 0).

We are now ready to state our main theorem.

Theorem 2 (Optimal (Indirect) Mechanism). Suppose Assumptions 2 and 3 hold. An

optimal mechanism exists and can be implemented through three separate markets within

each tier k 2 K . In particular, there exist per-click posted prices� k � pS
k � pB

k � � k such

that

i. (selling market) types � < p S
k receive no targeted ads and are compensated by the

lump-sum transfertk(� ) = � � kpS
k ;

ii. (exchange market) types� in
h
pS

k ; pB
k

i
receive� k expected clicks and zero transfers;

iii. (buying market) types � > p B
k receive targeted ads that yield one unit of expected clicks

and pay the lump-sum transfertk(� ) = (1 � � k)pB
k ;

where the prices are uniquely pinned down by strictly positive shadow prices� = ( � k)k2 K

that lie in
Q

k2 K

�
0; � S

�;k

�
� k

�i
and satisfy

pj
k =

�
� j

�;k

� � 1
(� k) for all j = B; S and k in K; (MR k= MCk)
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where the shadow price� k is unique whenever at least one ofpS
k and pB

k is interior. The

shadow prices are such that demand and supply clears in each tier: for everyk 2 K ,

� k

h
1 � Fk

�
pB

k

�
+ � k

�
Fk

�
pB

k

�
� Fk

�
pS

k

��i
= EG

"

! k1

(

k = argmax
j 2 K

� j ! j

)#

: (Dk= Sk)

Remark 1. The LHS of (Dk= Sk) is demand in tier k, � kEFk

h
q�

k (� )
i
, where we letq�

k

denote the expected clicks allocated accordingly in the exchange and buying markets with

posted prices determined according to shadow prices� k . Then multiplying the market-

clearing conditions in (Dk= Sk) by the corresponding optimal shadow prices and summing

over k gives binding(R-Fsb) at the optimal � , that is,
X

k2 K

� k � kEFk

h
q�

k (� )
i

= EG

�

max
k2 K

f � k ! kg
�

:

Remark 2. Let � k := � S
�;k

�
� k

�
. Whenever� k � � k , both cuto� types equal� k , so tier k

demands no expected clicks. Raising� k further can only increase the tier's priority in the

allocation of the pooled audience, even though its demand remains zero. Such an increase

is therefore unnecessary: lowering� k to � k leaves tier-k demand unchanged and weakly

redirects the pooled audience toward tiers with positive demand. Hence, an optimal shadow

price vector can always be selected with� k � � k .

The characterization in Theorem 2 allows a tier to consist entirely of sellers when

its equilibrium demand and supply are both zero. We next impose a richness condition

ensuring that every tier receives positive supply at every strictly positive shadow price

vector and show that market clearing then rules out such all-seller tiers.

Assumption 4 (Tier-wise CSR Richness). For every � 2 RK
++ and everyk 2 K , tier k

has a positive probability of a su�ciently strong comparative CSR advantage:

G
��

! 2 [0; 1]K : � k ! k > max
j 6= k

� j ! j

��

> 0:

Assumption 4 holds wheneverG admits a positive density on(0; 1)K . Now, by Theo-

rem 2 and Assumption 4, every tier receives strictly positive supply in the optimal mecha-

nism, so market clearing requires its demand to be strictly positive. Then clearlypS
k < � k .

This observation immediately yields the following corollary.

Corollary 1 (No All-Seller Tiers). Suppose in addition that Assumption 4 holds. Then

every optimal shadow price vector satis�es

0 < � �
k < � S

�;k

�
� k

�
for every k 2 K:
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Consequently,

pS
k < � k for every k 2 K;

so every tier contains an exchange market, a buying market, or both; in particular, no tier

consists only of sellers.

Discussion of Results. Theorem 2 has two main takeaways. The �rst is the role of� k ,

an endogenousshadow priceper unit of expected clicks in tierk. The second is the optimal

three-market composition within each tier.

First, the shadow price� k plays two related roles. Within tierk, it determines the selling

and buying cuto� types. Whenever both cuto�s are interior, the marginal cost of acquiring

expected clicks from the selling market and the marginal revenue from allocating them to

the buying market both equal � k . More generally, the cuto� types satisfy (MRk= MCk),

including the relevant boundary cases. Across tiers, the shadow prices� = ( � k)k2 K couple

the tier-speci�c screening problems through the market-clearing conditions in (Dk= Sk).

Except on a measure-zero set of ties, the designer assigns each CSR vector! = ( ! k)k2 K to

the tier that maximizes its shadow value,� k ! k .

Holding the shadow prices of the other tiers �xed, an increase in� k increases the supply

of expected clicks to tierk. At the same time, it raises both cuto� types and thereby reduces

the tier's demand for expected clicks. In equilibrium, the strictly positive shadow prices

� = ( � k)k2 K equate demand and supply in every tier.

Although the shadow price determines the locations of the cuto� types, the three-market

structure itself emerges from the optimal screening problem within each tier. Low types give

up their platform-built audiences and receive compensation, intermediate types exchange

them for targeted ads generating the same expected clicks, and high types purchase the

additional 1 � � k expected clicks up to capacity. Intermediate types are pooled: they

receive their outside option expected clicks, pay no transfer, and earn zero surplus relative

to their outside option. By contrast, merchants in the selling and buying markets earn

positive rents. Note that, intermediate types need not receive the same customers. The

designer may substitute its platform-built audience with a di�erent group of customers that

generates the same expected clicks.

Taken together, these results provide an indirect implementation of the optimal mech-

anism. Posted prices induce merchants to self-select into the three markets, while shadow

prices acts as a visible hand that decentralizes the allocation of targeted ads across tiers

and ensure that demand equals supply in every tier.
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Discussion of Tie-Free CSRs. The tie-free CSR assumption makes the allocation of

the pooled audience across tiers uniquely determined by the shadow price vector: almost

every customer is assigned to the unique tier maximizing� k ! k . It is not needed for the

�xed-shadow screening problem within each tier, and hence not for the resulting selling,

exchange, and buying markets. When ties occur with positive probability, the same cuto�

and transfer formulas continue to apply, but the pooled audience may be divided among

shadow value maximizing tiers to clear their respective markets.

4.3 Merchant and Customer E�ciency

We now study when merchant- and customer-e�cient platform design is possible without

an outside subsidy, that is, when it can be implemented by a mechanism satisfying the

no-de�cit constraint:
X

k2 K

� kEFk [tk(� )] � 0: (ND)

For merchant and customer e�ciency, the designer puts zero weight� r = 0 on revenues

and nonnegative weights(� v; � w) � 0 on merchant surplus and customer engagement. We

call the resulting platform designmerchant- and customer-e�cient; when � v = 1, so the

designer places all weight on merchant surplus, we call itmerchant-e�cient . Thus, expected

clicks q = ( qk)k2 K are merchant- and customer-e�cient if they maximize
X

k2 K

� kEFk [(� w + � v � )(qk(� ) � � k)] (15)

subject to (R-Fsb) and (Ck).

Note that pB
k

= � k when � r = 0. Hence, the pooled-audience scarcity condition in

Assumption 3 reduces to

EG

�

max
k2 K

! k

�

< 1: (ES)

Condition (ES) means that the pooled audience is scarce relative to the allocation that

provides one expected clicks to every merchant, exhausting everyone's supply capacity.

Proposition 3 (Merchant and Customer E�ciency without an Outside Subsidy). Suppose

� v > 0, and both Assumption 2 and(ES) hold. Then merchant- and customer-e�cient

expected clicksqE =
�
qE

k

�

k2 K
are implementable by a mechanism satisfying(IC k), (IR k),

and (ND) if and only if
X

k2 K

� kpE
k

h
1 � � k � Fk

�
pE

k

�i
� 0; (16)
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where the corresponding cuto� typespE = ( pE
k )k2 K are determined by

pE
k = min

(

� k ; max

(

� k ;
� E

k � � w

� v

))

for every k 2 K; (17)

for some shadow prices� E =
�
� E

k

�

k2 K
2 RK

++ that satisfy market clearing conditions

� k

h
1 � Fk

�
pE

k

�i
= EG

"

! k1

(

k = argmax
j 2 K

� E
j ! j

)#

for every k 2 K: (DE
k = SE

k )

The merchant- and customer-e�cient cuto� vector pE is uniquely pinned down, and the

shadow price� E
k is unique wheneverpE

k is interior.

In tier k, high types abovepE
k pay for the additional 1� � k expected clicks they receive,

whereas low types belowpE
k are compensated for giving up� k expected clicks. Hence, tier

k makes the net contribution

� kpE
k

h
1 � Fk

�
pE

k

�
� � k

i

to the designer's budget. Summing these across tiers gives (16). Importantly, the no-de�cit

condition need not hold tier by tier: de�cits in some tiers may be �nanced by surpluses in

others, provided that total expected transfers are nonnegative.

Next we show that merchant-e�cient platform design is always possible without an

outside subsidy.

Proposition 4 (Merchant-E�cient Platform Design) . Suppose Assumption 2 and(ES)

hold, and let � v = 1. Then merchant-e�cient expected clicksqE =
�
qE

k

�

k2 K
are imple-

mentable by a mechanism satisfying(IC k), (IR k), and (ND) , and hence without an outside

subsidy.

The result contrasts with the e�cient partnership dissolution benchmark of Cramton

et al. (1987). In their environment, su�ciently symmetric partnerships can always be

dissolved e�ciently, whereas e�cient dissolution may fail when the initial ownership shares

are su�ciently asymmetric. Here, by contrast, the masses� k of merchants and the outside

option expected clicks� k need not be su�ciently symmetric for merchant e�ciency to

be possible. Conceptually, partnership dissolution reallocates a �xed asset among �nitely

many agents, whereas our model reallocates a continuum of customers across a continuum

of merchants. Accordingly, our analysis is ex-post at the market level unlike the interim

incentive considerations that arise in Cramton et al. (1987).
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4.4 Proof Sketch of the Main Results

We now present the proof sketches of optimal mechanism and e�ciency results, and provide

the remaining details in Appendix B.

4.4.1 Proof Sketch of Optimal Mechanism

The proof of Theorem 2 has three main steps. First, we represent aggregate feasibility

constraints by a �nite-dimensional demand set and then derive the reduced-form feasibility

constraints. Second, we introduce a pseudo-Lagrangian and apply Fan's minimax theorem

to obtain strong duality, after which we solve the resulting problem for every �xed shadow

price vector � . Third, we minimize the reduced value over a compact set of shadow prices

and use the �rst-order conditions to establish optimal market clearing shadow prices. We

state only the main de�nitions and arguments here and leave the remaining details to

Appendix B.

Reduced-Form Feasibility. Let dk(q) denote total expected clicks demand in tierk

(henceforth, demand), de�ned by

dk(q) := � kEFk [qk(� )]:

Then de�ne the feasible demand setD(G) � RK
+ by

D(G) :=

8
>>>>>><

>>>>>>:

d 2 RK
+ : there exists aG-measurablem : [0; 1]K ! RK

+ such that
X

k2 K

mk(! ) � 1 G-a.e.;

dk �
Z

[0;1]K
! kmk(! ) dG(! ) for every k 2 K:

9
>>>>>>=

>>>>>>;

(18)

Here, mk(! ) is the tier-speci�c share of customers with CSR vector! assigned to tierk.

Our �rst step is showing that implementability is equivalent to requiring feasibility in D(G):

Lemma 1. The expected clicks allocationq = ( qk)k2 K is implementable if and only if

d(q) 2 D (G).

Henceforth, we work with the feasible demand setD(G), whose key properties are

summarized next.

Lemma 2. The setD(G) is nonempty, convex, compact, and downward closed, that is, if

d 2 D (G) and 0 � d̂ � d then d̂ 2 D (G).
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D(G)

� � d = � (� )

d�

�

d1

d2

Figure 4: Feasible demand setD(G) for K = 2.

Now let � : RK
+ ! R+ denote the support function ofD(G) restricted on RK

+ , de�ned

by

� (� ) := max
d2D (G)

� � d for every � 2 RK
+ :

Lemma 3. For every � 2 RK
+ n f 0g, the support function� (� ) satis�es

� (� ) = EG

�

max
k2 K

f � k ! kg
�

;

which is attained by the demand vectord� 2 D (G) de�ned by d�
k := EG

h
! km�

k (! )
i
, with

tie-breaking rule chosen such that

m�
k (! ) := 1

(

k = min argmax
j 2 K

� j ! j

)

G-almost everywhere:

Fig. 4 illustrates the feasible demand set when there are two tiers and! 1; ! 2
i:i:d:� Uniform[0; 1].

The shaded region representsD(G), which is a nonempty, convex, compact, and downward

closed, and the solid curve traces its upper frontier. In direction� = (1 ; 1), the support

function attains the value � (1; 1) = 2=3 at d� = (1 =3; 1=3); accordingly, the dashed line

(1; 1) � d = 2=3 supports D(G) at d� . The corresponding support-function and frontier

calculations are provided in Appendix C.3.

Using Lemmas 1 to 3 we then prove Proposition 2.

Pseudo-Lagrangian Formulation. Let Q0
k be the set of nondecreasing measurable

functions qk : � k ! [0; 1], and set

Q0 :=
Y

k2 K

Q0
k :
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Let Q � Q 0 denote the subset satisfying (R-Fsb). For a vector of critical types� 0 =

(� 0
k)k2 K 2 � , de�ne the tier-k virtual type by

� �;k (� ; � 0
k) :=

8
><

>:

� S
�;k (� ); � < � 0

k ;

� B
�;k (� ); � � � 0

k ;

and the virtual objective by

 � (q; �0) :=
X

k2 K

� kEFk [(qk(� ) � � k)� �;k (� ; � 0
k)]: (19)

Thus, similarly as in the �nite market, the designer's problem reduces to

sup
q2Q

inf
� 02 �

 � (q; �0): (20)

Now �x � 2 RK
+ and de�ne the feasibility slack from (R-Fsb) by

�( q; � ) := � (� ) �
X

k2 K

� k � kEFk [qk(� )]

and the pseudo-Lagrangian

L (q; �0; � ) :=  � (q; �0) + �( q; � ): (21)

We refer to (21) as a pseudo-Lagrangian because the Lagrangian of the family of constraints

in (R-Fsb) assigns multipliers according to some nonnegative measure onRK
+ . However,

the pseudo-Lagrangian provides an upper bound on the virtual objective in (19), which we

show that it is su�cient to obtain a pseudo-duality structure that solves (20).

Lemma 4. The designer's problem satis�es

sup
q2Q

inf
� 02 �

 � (q; �0) = sup
q2Q 0

inf
(� 0;� )2 � � RK

+

L (q; �0; � ) = inf
(� 0;� )2 � � RK

+

sup
q2Q 0

L (q; �0; � ): (22)

We next evaluate the dual problem by �xing the shadow price vector.

Constructing Saddle-Points. For each tierk 2 K , de�ne the lowest and highest feasi-

ble ironing values by

zk :=
�
� B

�;k (� k)
�

+
and zk := � S

�;k

�
� k

�
;

and, for every� k � 0, let

zk(� k) := min f zk ; maxf � k ; zkgg:

De�ne as in (7) the corresponding critical type

�̂ k(� k) := EFk

h
� �;k (� ; zk(� k)) � � w � � v �

i
=� r 2

h
pS

k (� k); pB
k (� k)

i
; (23)
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where, using the inverse convention introduced before, the cuto� types are de�ned by

pj
k(� k) :=

�
� j

�;k

� � 1
(� k); j 2 f S; Bg:

Lastly, construct expected clicks by

q�
k (� ) :=

8
>>>><

>>>>:

0; � < p S
k (� k);

� k ; pS
k (� k) � � � pB

k (� k);

1; � > p B
k (� k):

(24)

Now de�ne the value function ` : RK
+ ! R by

`(� ) := L
�
q� ; �̂ (� ); �

�
for all � 2 RK

+ : (25)

Lemma 5 (Fixed-Shadow Saddle Point). For every � 2 RK
+ , the pair

�
q� ; �̂ (� )

�
is a saddle

point of L (�; �; � ) on Q0 � � . Consequently,

`(� ) = sup
q2Q 0

inf
� 02 �

L (q; �0; � ) = inf
� 02 �

sup
q2Q 0

L (q; �0; � ): (26)

Combining Lemmas 4 and 5, the value of the designer's problem is

sup
q2Q

inf
� 02 �

 � (q; �0) = inf
� 2 RK

+

 

inf
� 02 �

sup
q2Q 0

L (q; �0; � )

!

= inf
� 2 RK

+

`(� ): (27)

It remains to establish existence and characterize the minimizing shadow price vector� � ,

and then to verify that the corresponding expected clicksq� �
attains this value.

Existence and Characterization of Optimal Shadow Prices.

Lemma 6 (Compact Shadow-Price Domain). Let

� k := � S
�;k

�
� k

�
and � :=

Y

k2 K

h
0; � k

i
:

Then

inf
� 2 RK

+

`(� ) = inf
� 2 �

`(� )

and a minimizer � � 2 � exists.

By (27), any minimizer � � satis�es

sup
q2Q

inf
� 02 �

 � (q; �0) = `(� � ): (28)

This identi�es the optimal value. We next characterize the minimizing shadow price vector

and verify that the corresponding constructed expected clicks attains this value.
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Lemma 7 (Optimal Shadow Prices). Suppose Assumptions 2 and 3 hold. There exists a

shadow price vector� � 2 RK
+ that minimizes `, where � � 2 RK

++ and satis�es the market-

clearing conditions in (Dk= Sk).

As shown in the proof of Lemma 7,̀ is convex, every minimizer is strictly positive, and

the �xed-shadow saddle-point envelope theorem gives

@(̀� )
@�k

=
@�(� )
@�k

� � kEFk

h
q�

k (� )
i

(29)

for every � 2 RK
++ . Hence, at any minimizer, the �rst-order conditions set (29) equal to

zero. By Danskin's theorem and the tie-free CSR condition,

@�(� � )
@�k

= EG

"

! k1

(

k = argmax
j 2 K

� �
j ! j

)#

: (30)

Substituting the constructed expected clicks (24) into (29) and using (30) gives the market-

clearing conditions in (Dk= Sk).

Transfers are then recovered from the envelope theorem by setting rent equal to zero

throughout the exchange market.

4.4.2 Proof of E�ciency Results

The key step is to characterize the solution to the merchant- and customer-e�ciency prob-

lem in (15).

Lemma 8 (Merchant- and Customer-E�cient Cuto� Characterization) . Suppose� v > 0,

and both Assumption 2 and(ES) hold. There exists� E 2 RK
++ such that every merchant-

and customer-e�cient expected clicksqE is given, for everyk 2 K , by

qE
k (� ) =

8
><

>:

1; � � pE
k ;

0; � < p E
k ;

(31)

where the cuto� typespE =
�
pE

k

�

k2 K
are given by(17) and satisfy the market-clearing

conditions in (DE
k = SE

k ).

Given these cuto�s, the envelope theorem with individual rationality binding atpE
k

yields the maximal implementable transfers, whose total gives (16) and proves Proposi-

tion 3. The complete argument is provided in Appendix B.2.

41



5 Applications and Extensions

This section applies the model to other economic settings and then discusses natural ex-

tensions of the baseline model.

5.1 Applications

The baseline model is broad in scope and applies to other economic settings in which mul-

tiple agents trade multiple heterogeneous goods, commonly referred to ascombinatorial

exchanges. This section demonstrates applications to community time banks and green-

house gas (GHG) credit markets.

5.1.1 Community Time Banks

Community time banks are reciprocal exchange systems in which members exchange service

time Andersson et al. (2021), typically valuing services one-for-one by hours of work rather

than money.17 Members earn time credits by providing services, such as tutoring, repairs,

or caregiving, and spend those credits to receive services from others. Traditional time

banks generally do not introduce money into the exchange.

Consider instead a hybrid system that allows monetary transfers alongside time credits.

Some members may prefer to buy or sell services with money, while others may still value

accumulating credits for future reciprocal exchange. The �nite-market model is well suited

to a static version of this setting.

Let N be the set of community members and letK be the set of services. Memberi 2 N

can provide servicesK S;i � K and demands servicesK D;i � K , where K S;i \ K D;i = ; .

Member i can supply up to ek
i � 0 hours of servicek 2 K S;i . Normalize total available

hours so that
X

i 2 N

X

k2 K S;i

ek
i = 1:

De�ne the analogue of a CTR realization for a service hour supplied byi as ! (i; k ) =

(! j (i; k )) j 2 N , where

! j (i; k ) :=

8
><

>:

1; if j = i or k 2 K D;j ;

0; otherwise:

Let 
 := f ! (i; k ) : i 2 N; k 2 K S;i g. Member i 's share of the total endowment and condi-

17Prominent platforms include hOurworld, TimeRepublik, and TimeBanks.
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tional distribution of service hours are

� i :=
X

k2 K S;i

ek
i and 
 i (B ) :=

1
� i

X

k2 K S;i

ek
i 1f ! (i; k ) 2 Bg for every B � 
 ;

where we restrict attention to members with� i > 0. The pooled endowment has distribu-

tion 
 � =
P

i 2 N � i 
 i . The owner coordinate! i (i; k ) = 1 records memberi 's outside option:

if the hour is not reassigned, memberi avoids the private opportunity cost of providing it.

For j 6= i , the coordinate! j (i; k ) = 1 records that memberj can use servicek. Thus, � j is

a common private value per usable service hour and, for hours initially supplied byj , its

private opportunity cost of provision. An hour with payo� vector ! therefore gives member

j value � j ! j . This is exactly the �nite market environment with binary payo�s. The same

scoring mechanism determines how service hours should be reassigned, while transfers allow

the mechanism to compensate members who contribute more time than they receive. A

limitation of the application is that the static model abstracts from the accumulation and

use of time credits over time.

5.1.2 Greenhouse Gas Credit Markets

A greenhouse gas (GHG) credit is a tradable instrument that represents a claim to avoided

emissions or enhanced removal of greenhouse gases from the atmosphere.18 Article 6 of

the 2015 Paris Agreement allows countries to cooperate in meeting their emissions targets,

including through voluntary market mechanisms that transfer veri�ed emissions reductions

across parties.

Consider a market in which �rms buy and sell rights corresponding with di�erent GHG

reductions. Let 
 be the set of credit types, and let a credit! 2 
 have a vector! =

(! i ) i 2 N , where ! i measures the compliance value of that credit in �rmi 's industry or

jurisdiction. After normalizing the total mass of credits to one, �rm i initially controls a

portfolio share � i > 0 whose credit types are distributed according to
 i 2 �(
) . If � i is

�rm i 's private marginal compliance cost, then the value of assigning credit! to �rm i is

� i ! i . Older, emissions-intensive technologies may have a larger� i than cleaner technologies

because an additional unit of compliance is more costly to achieve internally.

This makes the �rm's initial credit portfolio its outside option. The designer can re-

allocate credits across �rms and use transfers to compensate �rms that give up credits

they already hold. This setting helps study how credit quality, industry needs, and private

abatement costs a�ect optimal trading.

18https://en.wikipedia.org/wiki/Carbon_offsets_and_credits
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5.2 Revisiting Model Assumptions

The baseline model abstracts from several features of real-world advertising markets to

isolate the poaching risks created by pooling audiences. We next revisit some of the main

assumptions and discuss how relaxing them would potentially a�ect the analysis.

5.2.1 Limits of Pooling Audiences

�Can I exclude speci�c customers from my audiences?� is another question addressed on

Shopify's FAQ page.19 Shopify does not currently give merchants this �exibility: �. . . you

can't add or exclude customers to a speci�c audience.� In the model, participating mer-

chants contribute their full platform-built audiences, and the designer observes the CTRs

of each customer. Selective withholding of audiences is therefore not part of the merchant's

choice.

The analysis would change if merchants knew more about their customers than the

designer or could conceal part of their audiences. A merchant might then share customers

selectively in order to in�uence the composition of the pool or the competition it faces.

The designer would anticipate this behavior, making audience disclosure itself part of the

mechanism. Formally, this connects the problem to mechanism design with limited com-

mitment, pioneered by Bester and Strausz (2001) and studied more recently by Doval and

Skreta (2022). Such an extension is beyond the scope of this paper and is left for future

research.

5.2.2 Sequential Targeted Advertising

The model assigns at most one ad to each customer. If the platform can observe in near

real time that a customer did not click the �rst ad, it could retarget the customer with the

next-ranked ad. Because the ranking combines CTR and merchant type through the score

! i hi (� i ), the next-ranked merchant may have a higher CTR even when it has a lower type.

A non-click may therefore leave value for a later impression. The process could continue

until a purchase occurs or the platform exhausts its options.

At the same time, later impressions raise questions about customer experience. The

�rst ad should not be evaluated only by its immediate click probability because it may also

create brand awareness (Percy and Rossiter, 1992). Moreover, the e�ectiveness of later

impressions may be lower because repeated exposure may become intrusive and generate

19https://help.shopify.com/en/manual/promoting-marketing/shopify-audiences/faq#can-i-e
xclude-specific-customers-from-my-audiences
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ad fatigue. The model abstracts from these learning and behavioral e�ects. Incorporating

them, and studying how they reshape targeted advertising, remains a promising direction

for future research.

5.2.3 Data Complementarities

In our model, customers have unit demand and the platform assigns at most one merchant

to each customer. In practice, the value of pooled data may also come from complemen-

tary products. Shopify emphasizes, for example, that its audience algorithms may draw

insights from customers who previously purchased complementary products.20 A merchant

selling swimsuits may therefore be interested in customers who recently purchased sandals,

sunglasses, or sunscreen.

Such complementarities may create value from showing several ads or product recom-

mendations. Extending the model to allow complementary products and customers with

multi-unit demand across products is left for future research.

6 Conclusions

We study the optimal design of targeted advertising platforms that pool merchants' platform-

built audiences. Pooling improves customer�merchant matching but exposes merchants to

customer poaching. The central design problem is therefore to improve targeting while

preserving merchants' incentives to contribute their audiences.

With �nitely many merchants, the optimal mechanism assigns targeted ads using a

single score for each merchant. This score combines the virtual cost of selling customer

access with the virtual value of buying it and is ironed for intermediate types. With con-

tinuously distributed CTRs, ties disappear almost everywhere, and the optimal mechanism

is characterized by a system of equations in the ironing parameters.

In the limit market, the optimal indirect mechanism segments each merchant tier into

selling, exchange, and buying markets. Low types sell their audience contributions, inter-

mediate types exchange them while preserving their expected clicks, and high types buy

additional expected clicks. An endogenous vector of shadow prices determines the mar-

ket cuto�s, assigns customers across tiers, and clears expected clicks demand and supply.

Finally, we characterize when merchant- and customer-e�cient design requires no outside

subsidy and show that merchant-e�cient platform design can always be achieved.

20https://www.shopify.com/partners/blog/shopify-audiences
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Appendix

A Proofs for the Finite Market

A.1 Completing the Proof of Theorem 1

De�nition 3 (Worst-O� Types) . For every i 2 N , let b� i (x; t ) denote the set of worst-o�

types� i induced by mechanism(x; t ), i.e.

b� i (x; t ) := argmin
� 0

i 2 � i

Ui

�
�

0

i

�
;

and de�ne b�( x; t ) :=
Y

i 2 N

b� i (x; t ).

Characterizing Worst-O� Types à la Cramton et al. (1987). By envelope theorem,

U
0

i (� i ) = Qi (� i ) � ai almost everywhere, implying thatUi (� i ) is convex in � i by (M) and

absolute continuity of Ui .21 Then following Cramton et al. (1987) one characterizes the set

of worst-o� types b� i (x; t ) in terms of expected clicksQi (� i ) alone.

Eliminating (IR) . Fix a mechanism(x; t ) satisfying (IC). By de�nition, it is su�cient

that (IR) holds at every �̂ 2 b�( x; t ), which by optimality must satisfy Ui

�
�̂ i

�
= 0. Now

note that the left-hand side of (11) is constant in� 0 2 � . By de�nition, for any arbitrary

�̂ 2 b�( x; t ) and �
0

2 � n b�( x; t ) we haveUi

�
�

0
�

� Ui

�
�̂ i

�
for all i 2 N , with at least one

inequality being strict. It then follows that

 �

�
x; �

0
�

>  �

�
x; �̂

�
:

Since� is compact, following Loertscher and Wasser (2019) the worst-o� types admit the

following characterization as a function of the targeted adsx alone:

b�( x) = argmin
� 02 �

 �

�
x; �

0
�
:

Using (11) it then follows that for any �
0
= �̂ (x) 2 b�( x)

	 � (x; t ) =  �

�
x; �̂ (x)

�
= min

� 02 �
 �

�
x; �

0
�
:

Therefore, the designer's problem is equivalently given by

sup
x2X

min
� 02 �

 �

�
x; �

0
�
:

21If a function h is absolutely continuous andh
0

is increasingalmost everywherethen h is convex.
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Existence. Suppose
 is �nite. Endow L1 (F ), the space of essentially bounded mea-

surable functions on the type space� , with the weak� topology, and endow �nite products

of L1 (F ) with the corresponding product weak� topology. By (Fsb), for every! 2 
 and

� 2 � ,

x !
i (� ) � 0 and

X

i 2 N

x !
i (� ) � 
 � (! ):

Hence eachx !
i belongs to the unit ball ofL1 (F ), soX is contained in a �nite product of

such unit balls. Feasibility and interim monotonicity are weak� -closed linear constraints,

soX is convex and weak� closed. By the Banach�Alaoglu theorem, this �nite product of

unit balls is weak� compact. Therefore,X is weak� compact.

Next, observe �rst that  �

�
�; �

0
�

: X ! R is a weak� -continuous linear functional for

every �
0

2 � . On the other hand,  � (x; �) : � ! R is continuous at everyx 2 X since we

can write  �

�
x; �

0
�

as

 �

�
x; �

0
�

=
X

i 2 N

 Z �
0
i

� i

(Qi (� i ) � ai )� S
�;i (� i )dFi (� i ) +

Z � i

� 0
i

(Qi (� i ) � ai )� B
�;i (� i )dFi (� i )

!

:

Since Qi , � S
�;i and � B

�;i are measurable functions, it follows that (see Royden, 4th Ed.,

Chapter 5, Theorem 14) � (x; �) is absolutely continuous and has partial derivatives given

by

@ �
�
x; �

0
�

@�0i
= � r

h
Qi

�
�

0

i

�
� ai

i
and

@2 �

�
x; �

0
�

@�0j @�0i
= 0 dF-a.e.

Then, @ � (x; �)=@�
0

is increasingdF-almost everywhere by (M), hence � (x; �) is convex at

everyx 2 X . Lastly,  �

�
�; �

0
�

is continuous at each�
0
2 � . Hence, applying Fan's minimax

theorem, we get strong duality

max
x2X

min
� 02 �

 �

�
x; �

0
�

= min
� 02 �

max
x2X

 � (x; � 0);

which implies the existence of a saddle point.

A.2 Completing the Proof of Proposition 1

Existence. For all targeted ads x, (Fsb) implies absolute continuity of the measures:

x i (� ; �) � 
 � for every i 2 N and � 2 � . De�ne the non-negative residual measure

x0(� ; B ) := 
 � (B ) �
X

i 2 N

x i (� ; B )

The measurable Radon�Nikodym theorem gives jointly measurable Radon�Nikodym den-

sities � i (�; ! ) for every i 2 N [ f 0g. Moreover, since
P

i 2 N [f 0g x i (� ; �) = 
 � , uniqueness of
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Radon�Nikodym densities implies that, for every� 2 � and Borel setB � 
 ,

x i (� ; B ) =
Z

B
� i (�; ! ) d
 � (! ); � i (�; ! ) � 0;

X

i 2 N

� i (�; ! ) � 1 
 � -a.e. (32)

We may therefore identify targeted ads in the continuous-CTR environment with

R :=

(

� 2 (L1 (F 
 
 � )) jN j : � i � 0 and
X

i 2 N

� i � 1 (F 
 
 � )-a.e.

)

:

The setR is convex, contained in the unit ball, and weak� closed because its nonnegativity

and feasibility restrictions are weak� closed. The Banach�Alaoglu theorem therefore implies

that R is weak� compact. We may then apply the same minimax argument as in the proof

of Theorem 1 to show existence a saddle point.

Partitioning 
 into Winning Sets. If z 6= 0, there exists a merchanti with zi > 0.

Because� S
�;i is nonnegative and strictly increasing, the score� �;i (� i ; zi ) is strictly positive

for Fi -almost every� i . Hence, the vector of merchant scores is nonzero atF -almost every

type pro�le. By Assumption 1,

argmax
j 2 N

n
! j � �;j (� j ; zj )

o

is a singleton
 � -almost everywhere. Therefore, forF -almost every type pro�le, the regions
n
E �

i (z)
o

i 2 N
partition 
 up to a 
 � -null set.

Pointwise Maximizers. By (32), feasibility is equivalent to
X

i 2 N

� i (�; ! ) � 1 
 � -a.e. ! 2 
 ; for every � 2 � :

Now, in the continuous-CTR environment, the problem in (12) is equivalent to maximizing

E

"
X

i 2 N

� Z



! i � i (�; ! )d
 � (! ) � ai

�

� �;i (� i ; zi )

#

;

subject to feasibility constraints.

Let x be a pointwise maximizer of the ironed virtual objective. Fixi 2 N and consider

the winning regionE �
i (z). On this region, merchanti has the unique highest strictly positive

CTR-weighted ironed score. Hence assigning positive mass to any merchantj 6= i cannot

be optimal, so

� j (�; ! ) = 0 for all j 6= i; 
 � -a.e. onE �
i (z):

Moreover, feasibility binds onE �
i (z): otherwise, unassigned mass with a strictly positive

winning score could be assigned to merchanti , strictly increasing the ironed virtual objec-
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tive. Therefore,

� i (�; ! ) = 1E i (z)(�; ! ) (F 
 
 � )-a.e.:

De�ne therefore the tie-breaking rule of the scoring mechanism by� i (�; ! ) = � i (�; ! )

for every i 2 N and

� 0(�; ! ) := 1 �
X

i 2 N

� i (�; ! ):

Finally, suppose that the critical worst-o� type �̂ i is interior. By (7), it lies in the

ironing region, so� �;i

�
�̂ i ; zi

�
= zi . Using the optimal allocation above,

Qi

�
�̂ i

�
= EF � i

� Z



! i 1E i (z)

��
�̂ i ; � � i

�
; !

�
d
 � (! )

�

=
Z



! i PF � i

�
! i zi > ! j � �;j (� j ; zj ) for all j 6= i

�
d
 � (! );

where the second equality follows by Tonelli's theorem and the independence of CTRs

and types. By the characterization of worst-o� types à la Cramton et al. (1987), we have

Qi

�
�̂ i

�
= ai . This gives

ai =
Z



! i PF � i

�
! i zi > ! j � �;j (� j ; zj ) for all j 6= i

�
d
 � (! ):

B Proofs for the Limit Market

B.1 Proof of Theorem 2

Proof of Lemma 1. Suppose �rst that q = ( qk)k2 K is implemented by targeted adsx =

(xk)k2 K satisfying (G-Fsb). For eachk 2 K , de�ne the total tier measure

xk(B ) := � k

Z

� k

xk(� ; B ) dFk(� ) for every Borel setB � [0; 1]K :

By (G-Fsb),
X

k2 K

xk(B ) � G(B) for every Borel setB � [0; 1]K :

Since the measuresxk are nonnegative, it follows thatxk � G and hencexk � G for every

k 2 K . The Radon�Nikodym theorem therefore gives measurable tier-speci�c shares

mk :=
dxk

dG
:

Moreover, for every Borel setB ,
Z

B

X

k2 K

mk(! ) dG(! ) =
X

k2 K

xk(B ) � G(B);
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which implies
X

k2 K

mk(! ) � 1 G-a.e.

Finally, Tonelli's theorem gives

dk(q) = � k

Z

� k

Z

[0;1]K
! k xk(� ; d! ) dFk(� )

=
Z

[0;1]K
! k dxk(! )

=
Z

[0;1]K
! kmk(! ) dG(! ):

Hence,d(q) 2 D (G).

Conversely, supposed(q) 2 D (G), so there exists a vector of tier-speci�c sharesm

satisfying (18). For eachk 2 K , de�ne


 k :=

8
>>><

>>>:

dk(q)
R

[0;1]K ! kmk(! ) dG(! )
;

Z

[0;1]K
! kmk(! ) dG(! ) > 0;

0; otherwise,

and set
fmk(! ) := 
 kmk(! ):

Then 
 k 2 [0; 1],
X

k2 K

fmk(! ) � 1 G-a.e.;

and Z

[0;1]K
! k fmk(! ) dG(! ) = dk(q):

If dk(q) > 0, de�ne

� k(�; ! ) := qk(� )
fmk(! )
dk(q)

;

if dk(q) = 0 , set � k(�; ! ) = 0 . These densities are measurable. De�ne targeted ads by

xk(� ; B ) :=
Z

B
� k(�; ! ) dG(! ) for every Borel setB � [0; 1]K : (33)

For dk(q) > 0,

� k

Z

� k

� k(�; ! ) dFk(� ) = fmk(! ):

The same equality holds whendk(q) = 0 . Therefore, for every Borel setB ,
X

k2 K

� k

Z

� k

xk(� ; B ) dFk(� ) =
Z

B

X

k2 K

fmk(! ) dG(! )

� G(B);
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so x satis�es (G-Fsb). Finally,
Z

[0;1]K
! k xk(� ; d! ) =

qk(� )
dk(q)

Z

[0;1]K
! k fmk(! ) dG(! ) = qk(� );

where the zero demand case is immediate. Thus,x implementsq.

Proof of Lemma 2. The zero vector belongs toD(G), so the set is nonempty. Convexity

follows by taking convex combinations of the tier-speci�c shares that implement any two

demand vectors. Downward closedness follows because, ifd 2 D (G) and 0 � d0 � d

coordinate-wise, the same tier-speci�c shares that implementd 2 D (G) also implement

d0 2 D (G).

It remains to prove compactness. Let

C(G) :=

8
<

:
m 2 (L1 (G))K : mk(! ) � 0;

X

k2 K

mk(! ) � 1 G-a.e.

9
=

;
:

The set C(G) is contained in the unit ball of (L1 (G))K and is weak� closed because its

constraints are weak� closed. It is therefore weak� compact by the Banach�Alaoglu theorem.

De�ne the continuous linear mapA : C(G) ! RK
+ by

Ak(m) :=
Z

[0;1]K
! kmk(! ) dG(! ):

Then A(C(G)) is compact, and

D(G) =
n
a � b : a 2 A(C(G)); b2 [0; 1]K

o
;

where � denotes coordinatewise multiplication. Hence,D(G) is the continuous image of

the compact setA(C(G)) � [0; 1]K and is therefore compact.

Proof of Lemma 3. Fix � 2 RK
+ . For any d 2 D (G), let m be a vector of tier-speci�c shares

satisfying (18). Then

� � d �
Z

[0;1]K

X

k2 K

� k ! kmk(! ) dG(! )

�
Z

[0;1]K
max
k2 K

f � k ! kg
X

k2 K

mk(! ) dG(! )

� EG

�

max
k2 K

f � k ! kg
�

:

Taking the maximum overd 2 D (G) gives

� (� ) � EG

�

max
k2 K

f � k ! kg
�

:

For the reverse inequality, �x any � 2 RK
+ n f 0g and de�ne � � : [0; 1]K ! K by

� � (! ) := min argmax
k2 K

f � k ! kg:
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BecauseK is �nite, � � is a well-de�ned measurable selection from the maximizing tiers.

Set the tier-speci�c sharesm�
k by

m�
k (! ) := 1

n
� � (! ) = k

o
:

These shares sum to oneG-almost everywhere. Therefore takingd� 2 D (G) de�ned by

d�
k :=

Z

[0;1]K
! km�

k (! ) dG(! )

attains the value on the support since

� � d� =
Z

[0;1]K

X

k2 K

� k ! k1
n
� � (! ) = k

o
dG(! ) = EG

�

max
k2 K

f � k ! kg
�

:

If � = 0, then � (0) = 0 .

Proof of Proposition 2. If q is implementable, then Lemma 1 givesd(q) 2 D (G). Therefore,

for every � 2 RK
+ ,

X

k2 K

� k � kEFk [qk(� )] = � � d(q) � � (� ) = EG

�

max
k2 K

f � k ! kg
�

;

where the �nal equality follows from Lemma 3. Hence, (R-Fsb) is necessary.

Conversely, supposeq satis�es (R-Fsb), but d(q) =2 D (G). Since D(G) is nonempty,

convex, and compact, strict separation gives a vectora 2 RK such that

a � d(q) > max
d2D (G)

a � d:

Let a+ denote the coordinatewise positive part ofa. Becaused(q) � 0,

a+ � d(q) � a � d(q):

Moreover, downward closedness ofD(G) implies

max
d2D (G)

a � d = max
d2D (G)

a+ � d:

Indeed, for anyd 2 D (G), setting to zero the coordinates for whichak < 0 gives another

vector in D(G) and weakly increases the value of the objective. It follows that

a+ � d(q) > � (a+ );

contradicting (R-Fsb) at � = a+ . Hence,d(q) 2 D (G), and Lemma 1 implies thatq is

implementable.

Proof of Lemma 4. Fix q 2 Q 0. If q satis�es (R-Fsb), then �( q; � ) � 0 for every � 2 RK
+ ,

while �( q;0) = 0. Hence,

inf
� 2 RK

+

�( q; � ) = 0 :
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If q violates (R-Fsb), there exists�� 2 RK
+ such that �

�
q;��

�
< 0. Homogeneity of�

�
q;��

�

in �� implies

�
�
q; c��

�
= c�

�
q;��

�
�! �1 as c ! 1 :

Therefore,

inf
(� 0;� )2 � � RK

+

L (q; �0; � ) =

8
>><

>>:

inf
� 02 �

 � (q; �0); q 2 Q ;

�1 ; q =2 Q :

Taking the supremum overq 2 Q 0 gives the �rst equality in (22).

For the second equality, endowQ0 with the weak� topology inherited from
Q

k2 K L1 (Fk).

The set Q0 is convex and weak� compact: it is contained in the unit ball, and the bounds

and monotonicity restrictions de�ning it are weak� closed. The set� � RK
+ is convex. For

every (� 0; � ), the map q 7! L (q; �0; � ) is a�ne and weak� continuous, and jointly continuous

in (q; �0; � ).

Conversely, �x q 2 Q 0. The map � 7! �( q; � ) is convex and continuous because� is a

support function and the remaining term is linear in� . Moreover,

@ � (q; �0)
@�0k

= � r � k(qk(� 0
k) � � k) for almost every� 0

k :

Since qk is nondecreasing, this derivative is nondecreasing in� 0
k . Hence, � 0 7!  � (q; �0)

is convex and continuous. Because the dependence on� 0 and � is additively separable,

(� 0; � ) 7! L (q; �0; � ) is jointly convex and continuous. Fan's second minimax theorem (Fan

(1953, Theorem 2)) therefore gives

max
q2Q 0

inf
(� 0;� )2 � � RK

+

L (q; �0; � ) = inf
(� 0;� )2 � � RK

+

max
q2Q 0

L (q; �0; � );

which proves the second equality in (22).

Proof of Lemma 5. Fix � 2 RK
+ . Since �( q; � ) does not depend on� 0, minimizing the

pseudo-Lagrangian over� 0 is identical to minimizing the virtual objective  � (q; �0). Thus,

the worst-o�-type characterization used in the �nite market applies tier by tier without

modi�cation. By the construction of �̂ (� ) and q� ,

�̂ (� ) 2 argmin
� 02 �

L
�
q� ; � 0; �

�
: (34)

Next hold � and �̂ (� ) �xed. After omitting terms that do not depend on q, maximizing

the pseudo-Lagrangian reduces to maximizing
X

k2 K

� kEFk

h
qk(� )

�
� �;k

�
� ; �̂ k(� k)

�
� � k

�i
:

56



The same ironing argument as in the �nite market replaces each virtual type by� �;k (�; zk(� k)) .

By the construction of zk(� k), the expected clicksq� is a pointwise maximizer of the ironed

objective and is constant on the ironing interval, so the original and ironed objectives agree.

Hence,

q� 2 argmax
q2Q 0

L
�
q;�̂ (� ); �

�
: (35)

Combining (34) and (35) gives

L
�
q;�̂ (� ); �

�
� L

�
q� ; �̂ (� ); �

�
� L

�
q� ; � 0; �

�
(36)

for every q 2 Q 0 and � 0 2 � . The equalities in (26) follow immediately by the saddle point

property.

Proof of Lemma 6. We prove each claim separately.

Restriction on the Compact Domain � . For each tier k, de�ne the tier-speci�c

reduced value

L k(� k) := max
qk 2Q 0

k

min
� 0

k 2 � k

� kEFk [(qk(� ) � � k)� �;k (� ; � 0
k) � � kqk(� )]:

Because the feasible sets and the objective separate across tiers,

`(� ) = � (� ) +
X

k2 K

L k(� k): (37)

Fix a tier k. If � k � � k = � S
�;k

�
� k

�
, then the inverse convention gives

pS
k (� k) = pB

k (� k) = � k :

For every critical type � 0
k and every� 2 � k ,

� �;k (� ; � 0
k) � � S

�;k

�
� k

�
= � k � � k :

Hence, for every� 0
k , the maximization over qk is attained by qk � 0. The remaining tier

objective is independent of� k , and its derivative with respect to � 0
k is � � r � k � k < 0, so it

is minimized at � 0
k = � k . It follows that

L k(� k) = L k

�
� k

�
for every � k � � k :

Now take any � 2 RK
+ and de�ne

e� k := min
n
� k ; � k

o
:

Since each CSR coordinate is nonnegative, the support function� is nondecreasing in every

coordinate, implying �
�

e�
�

� � (� ), and hencè
�

e�
�

� `(� ).
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Sincee� 2 � , every shadow price vector outside� can be replaced by one in� without

increasing the reduced value. Therefore,

inf
� 2 RK

+

`(� ) = inf
� 2 �

`(� ):

Existence. Endow Q0 with the weak� topology. The setsQ0 and � are compact, and the

pseudo-Lagrangian is jointly continuous in(q; �0; � ), where continuity in q is understood

in the weak� topology. Applying Berge's maximum theorem �rst to the minimization over

� and then to the maximization overQ0 shows that ` is continuous. By the preceding

analysis, it is enough to minimizè over the compact set� . Then Weierstrass theorem

implies the existence of� � 2 � that minimizes `.

Proof of Lemma 7. We �rst establish convexity of the reduced value function. Since the

feasibility slack term is independent of� 0, the de�nition of ` gives

`(� ) = � (� ) + sup
q2Q 0

8
<

:
inf

� 02 �
 � (q; �0) �

X

k2 K

� k � kEFk [qk(� )]

9
=

;
:

For every �xed q 2 Q 0, the expression inside braces is a�ne in� . Its pointwise supremum

over q is therefore convex. Since� is a support function and hence convex,̀ is convex on

RK
+ .

Now de�ne the expected clicks demand generated by the �xed-� construction by

dk(� k) := � kEFk

h
q�

k (� )
i

= � k

h
1 � Fk

�
pB

k (� k)
�

+ � k

�
Fk

�
pB

k (� k)
�

� Fk

�
pS

k (� k)
��i

: (38)

The continuity of Fk and of the inverse cuto� types implies thatdk is continuous. Moreover,

for a function f : RK
+ ! R and a feasible directionh 2 RK at � 2 RK

+ , de�ne the right

directional derivative

D +
h f (� ) := lim

t ! 0+

f (� + th) � f (� )
t

;

whenever the limit exists, whereh is feasible at� if � + th 2 RK
+ for all su�ciently small

t > 0.

Let � � minimize `, which exists by Lemma 6. We �rst show that� � 6= 0. By the positive

homogeneity of� ,

D +
1 � (0) = lim

t ! 0+

� (t1) � � (0)
t

= � (1) = EG

�

max
k2 K

! k

�

:

Since� k enters the tier-k reduced objective only through� � k � kEFk [qk(� )], the one-sided

envelope theorem applied tier by tier gives

D +
1 `(0) = EG

�

max
k2 K

! k

�

�
X

k2 K

dk(0):
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At zero shadow prices,pS
k (0) = � k and pB

k (0) = pB
k

, and hence

dk(0) = � k

h
1 � (1 � � k)Fk

�
pB

k

�i
:

It follows from Assumption 3 that

D +
1 `(0) < 0:

Consequently,`(t1) < ` (0) for all su�ciently small t > 0, so 0 cannot minimize `. Thus,

� � 6= 0.

For any � 6= 0 and any feasible directionh, the envelope theorem gives

D +
h `(� ) = D +

h � (� ) �
X

k2 K

hkdk(� k) (39)

Next de�ne

m! (� ) := max
j 2 K

� j ! j ;

so that � (� ) = EG[m! (� )]. By Assumption 2, the maximizer is unique forG-almost every

! , hence Danskin's theorem gives

lim
t ! 0+

m! (� + th) � m! (� )
t

=
X

k2 K

hk ! k1

(

k = argmax
j 2 K

� j ! j

)

for G-almost every! . Moreover,
�
�
�
�
�
m! (� + th) � m! (� )

t

�
�
�
�
�
� max

k2 K
fj hk j! kg � k hk1 :

The dominated convergence theorem (DCT) therefore implies

D +
h � (� ) =

X

k2 K

hkEG

"

! k1

(

k = argmax
j 2 K

� j ! j

)#

: (40)

In particular, if � k > 0, then the partial derivative exists and equals

@�(� )
@�k

= EG

"

! k1

(

k = argmax
j 2 K

� j ! j

)#

: (41)

Now Lemma 6 implies that � � also minimizes` over RK
+ . Thus, the only relevant

constraints are the non-negativity constraints. Sincè is convex, the necessary and su�cient

optimality conditions for � � 2 RK
+ for every k 2 K are given by
8
>>><

>>>:

@(̀� � )
@�k

= 0 if � �
k > 0;

D +
ek

`(� � ) � 0 if � �
k = 0:

(42)

Suppose that� �
k = 0 for somek 2 K . Then by setting h = ek in (40), we claim that

D +
ek

� (� � ) = 0 :
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Indeed, since� �
k = 0 while � � 6= 0, tier k can maximize� �

j ! j only as part of a tie. By

Assumption 2, this event isG-null, proving the claim.

On the other hand,

dk(0) = � k

h
1 � (1 � � k)Fk

�
pB

k

�i
� � k � k > 0:

Setting h = ek in (39) therefore gives

D +
ek

`(� � ) = 0 � dk(0) < 0;

contradicting the second case in (42). Therefore,� � 2 RK
++ .

Since every coordinate of� � is strictly positive, the �rst case in (42) applies to every

k 2 K , and hence

r `(� � ) = 0:

Thus, by the envelope theorem,

0 =
@(̀� � )

@�k
=

@�(� � )
@�k

� dk(� �
k) for every k 2 K: (43)

By (38) and (41), these identities imply the market-clearing conditions in (Dk= Sk).

Completing the Proof of Theorem 2. Let � � minimize `, and set

q� := q� �
; �̂ := �̂ (� � ):

The market-clearing conditions, (24), and Lemma 3 imply

d(q� ) = d� �
2 D (G):

Hence, Lemma 1 implies thatq� is implementable and therefore belongs toQ. Moreover,

sinced� �
attains the support function at � � ,

�( q� ; � � ) = � (� � ) � � � � d(q� ) = 0 :

By Lemma 5, �̂ minimizesL (q� ; � 0; � � ) over � 0 2 � . Since�( q� ; � � ) is independent of� 0, �̂

also minimizes � (q� ; � 0). Therefore,

inf
� 02 �

 � (q� ; � 0) =  �

�
q� ; �̂

�
= L

�
q� ; �̂; � �

�
= `(� � ):

Together with (28), this shows thatq� solves the designer's problem.

Finally, applying the envelope theorem and assigning zero rents to types on the exchange
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interval, we get

u�
k(� ) =

8
>>>><

>>>>:

� kpS
k ; � < p S

k ;

� k �; p S
k � � � pB

k ;

� � (1 � � k)pB
k ; � > p B

k :

Therefore,

t �
k(� ) =

8
>>>><

>>>>:

� � kpS
k ; � < p S

k ;

0; pS
k � � � pB

k ;

(1 � � k)pB
k ; � > p B

k :

(44)

The allocation in (24), the transfers in (44), and the market-clearing conditions in (Dk= Sk)

establish Theorem 2.

Lastly, we establish uniqueness. Let� and e� be any two market-clearing shadow price

vectors. Convexity of� and market clearing imply

0 �
�
� � e�

�
�

�
r � (� ) � r �

�
e�

��
=

X

k2 K

�
� k � e� k

��
dk(� k) � dk

�
e� k

��
� 0:

Hence, every term in the sum is zero. Since each cuto� is nondecreasing in its shadow

price, f k > 0, and � k 2 (0; 1), equality implies that � k and e� k induce the samepS
k and pB

k .

Thus, all market-clearing shadow-price vectors induce the same posted prices. If at least

one of these prices is interior, strict monotonicity of the corresponding virtual function then

implies � k = e� k .

B.2 Proof of Proposition 3

Proof of Lemma 8. Let gk(� ) := � w + � v � . Up to the constant term �
P

k � k � kEFk [gk(� )],

the objective in (15) is

 E
� (q) :=

X

k2 K

� kEFk [gk(� )qk(� )]:

For � 2 RK
+ , de�ne

`E (� ) := � (� ) +
X

k2 K

� kEFk

h
(gk(� ) � � k)+

i
:

If q is feasible anddk(q) := � kEFk [qk(� )], then d(q) 2 D (G) by Lemma 1. Therefore, for

every � 2 RK
+ , clearly

 E
� (q) = � � d(q) +

X

k2 K

� kEFk [(gk(� ) � � k)qk(� )]

� � (� ) +
X

k2 K

� kEFk

h
(gk(� ) � � k)+

i
= `E (� ):

(45)
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The function `E is convex and continuous. Moreover, if� k > gk

�
� k

�
, reducing � k to

gk

�
� k

�
leaves the tier-k term unchanged and weakly decreases� . Hence, there exists a

minimizer � E of `E on the compact set
Y

k2 K

h
0; gk

�
� k

�i
:

Since� v > 0, the function gk is strictly increasing. BecauseFk is atomless,gk(� ) has no

atom at any � k , so the tier-k term in `E is di�erentiable at every � k . Applying DCT, its

derivative is � dE
k (� k), where

dE
k (� k) := � kPFk f gk(� ) > � kg = � k

h
1 � Fk

�
pE

k

�i

with cuto� types pE
k given by (17).

We now apply the argument used to characterize the minimizing shadow price vector

in the proof of Lemma 7. The one-sided envelope theorem and the directional derivative

of the support function give, for every feasible directionh at � ,

D +
h `E (� ) = D +

h � (� ) �
X

k2 K

hkdE
k (� k):

At � = 0, positive homogeneity of� and dE
k (0) = � k imply

D +
1 `E (0) = � (1) �

X

k2 K

� k = EG

�

max
k2 K

! k

�

� 1 < 0;

where the inequality follows from (ES). Thus,� E 6= 0.

Next, suppose that� E
k = 0 for somek. Since� E 6= 0, the tie-free CSR condition and

the support derivative formula established in the proof of Lemma 7 give

D +
ek

�
�
� E

�
= 0:

SincedE
k (0) = � k > 0, it follows that

D +
ek

`E
�
� E

�
= � � k < 0;

contradicting the optimality of � E . Therefore,� E 2 RK
++ .

The minimizer is interior, so by convexity and the envelope theorem, the necessary and

su�cient conditions for optimal � E are

0 =
@È

�
� E

�

@�k
=

@�
�
� E

�

@�k
� dE

k

�
� E

k

�
for every k 2 K:

By the Danskin formula in (41), these conditions are exactly the market-clearing identities

in (DE
k = SE

k ).
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By Lemma 8, it remains only to characterize the transfers that implement the e�cient

cuto� allocation and determine when they satisfy no de�cit.

Following Cramton et al. (1987) and the characterization of worst-o� types, the expected

clicks qE
k imply that � = pE

k is a worst-o� type. Hence, settinguk

�
pE

k

�
= � kpE

k makes (IRk)

bind at the worst-o� type, which extracts the largest possible transfers. The envelope

theorem then determines the maximal payments that can be extracted from high types

and the minimum compensation to low types:

tE
k (� ) =

8
><

>:

� � kpE
k ; � < p E

k ;

(1 � � k)pE
k ; � � pE

k :
(46)

The maximal expected transfer collected from tierk is therefore

� kEFk

h
tE
k (� )

i
= � k

h
(1 � � k)pE

k

h
1 � Fk

�
pE

k

�i
� � kpE

k Fk

�
pE

k

�i

= � kpE
k

h
1 � � k � Fk

�
pE

k

�i
:

Summing over tiers gives the left-hand side of (16). Because individual rationality binds

at the worst-o� type, these transfers maximize the designer's expected revenues among all

incentive-compatible and individually rational transfers implementingqE . Consequently, a

no-de�cit implementation exists if and only if (16) holds.

Lastly, let � E and e� E be any two market-clearing e�cient shadow price vectors. Con-

vexity of � and market clearing imply

0 �
�
� E � e� E

�
�

�
r �

�
� E

�
� r �

�
e� E

��
=

X

k2 K

�
� E

k � e� E
k

��
dE

k

�
� E

k

�
� dE

k

�
e� E

k

��
� 0:

Thus, every term is zero. BecausedE
k (� k) = � k

h
1 � Fk

�
pE

k (� k)
�i

, strict positivity of f k

implies that both shadow price vectors induce the same cuto�pE
k . If this cuto� is interior,

then pE
k =

�
� E

k � � w

�
=� v and � v > 0 imply � E

k = e� E
k , proving the uniqueness claims.

B.3 Proof of Proposition 4

Let

dE
k := � k

h
1 � Fk

�
pE

k

�i
and bk := � k � k

denote the e�cient demand and the total outside option demand in tierk, respectively. By

Lemma 8 and the market-clearing conditions in (DEk = SE
k ), dE 2 D (G) and

� E � dE = �
�
� E

�
:
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The expected clicks allocation that provides every merchant with her outside option is

implementable, sob2 D (G). Hence, the de�nition of the support function gives

� E �
�
dE � b

�
= �

�
� E

�
� � E � b � 0: (47)

Because� v = 1, the e�cient cuto� type in tier k is

pE
k = min

n
� k ; max

n
� k ; � E

k

oo
:

We claim that
�
pE

k � � E
k

��
dE

k � bk

�
� 0 for every k 2 K: (48)

If pE
k 2

�
� k ; � k

�
, then pE

k = � E
k , so the product is zero. IfpE

k = � k , then pE
k � � E

k and

dE
k = � k > � k � k = bk :

Finally, if pE
k = � k , then pE

k � � E
k and

dE
k = 0 < � k � k = bk :

Thus, (48) holds in every case.

The maximal expected transfers generated by the e�cient allocation therefore satisfy
X

k2 K

� kpE
k

h
1 � Fk

�
pE

k

�
� � k

i
= pE �

�
dE � b

�

= � E �
�
dE � b

�
+

�
pE � � E

�
�

�
dE � b

�

� 0;

where the inequality follows from (47) and (48). Hence, the transfers in (46) satisfy (ND),

and the e�cient allocation can be implemented without an outside subsidy.
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Online Appendix

C Examples: Derivations

C.1 Derivations for the Heterogeneous-Audience Example

We now apply (9) to the example in Sec. 2.1.2. LetL := 2" � 1, so! 1 and ! 2 are independent

and uniform on [L; 1]. The resulting CTR distribution is absolutely continuous and thus

satis�es Assumption 1; consequently, ties occur only on a null set and no nontrivial tie-

breaking rule is needed. For a type� � Uniform[0; 1], de�ne the distribution function of

the ironed virtual type by

�( r ; z) := P
n
� (� ; z) < r

o
=

8
>>>>>>>><

>>>>>>>>:

0; r � 0;

r=2; 0 < r � z;

(1 + r )=2; z < r � 1;

1; r > maxf z;1g;

where the third case applies only whenz < 1. Conditional on a customer having CTRs

(! 1; ! 2), merchant 1's critical type wins wheneverz1! 1 > ! 2� 2(� 2; z2), an event with prob-

ability �( z1! 1=! 2; z2); the analogous expression applies to merchant2. Ironing parameters

(z1; z2) for which each critical type receive her outside option expected clicks exists, thus

(z1; z2) satisfy

� 1" =
1

(1 � L)2

Z 1

L

Z 1

L
x �

� z1! 1

! 2
; z2

�

d! 2 d! 1;

� 2" =
1

(1 � L)2

Z 1

L

Z 1

L
y �

� z2! 2

! 1
; z1

�

d! 1 d! 2:
(49)

Solving numerically this system for each" gives the curves in Fig. 2.

C.2 Derivations for the Shopify Product-Tier Calibration

We verify the assumptions, cuto�s, and market-clearing conditions required by Theorem 2

for the low-, medium-, and high-tier products in Sec. 2.2. Fix any nonzero� 2 R3
+ . Among

the coordinates with � k > 0, the shadow values� k ! k are independent and atomless and

therefore do not tie with positive probability. They are also strictly positive almost surely,

so coordinates with zero weight cannot maximize. Thus, Assumption 2 holds.

Pooled-audience scarcity also holds. Given� r = 1 and uniform type distribution on
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[
θk, θk

]
, the virtual cost and value functions are

ϕS
k (θ) = 2θ − θk and ϕB

k (θ) = 2θ − θk.

At a zero shadow price, the buying cutoffs are 1/4, 3/8, and 1/2 in tiers L, M, and H,
respectively. Hence, the left-hand side of Assumption 3 equals

1
6

(
1 − 3

4
1
2

)
+ 1

6

(
1 − 5

8
1
4

)
+ 2

3 = 175
192 .

Moreover, ωL can never be maximal because ωL ≤ 1/3 < 1/2 ≤ ωH. Therefore,

EG

[
max

k
ωk

]
= EG[max{ωM, ωH}] = 3

4 + 1
351 = 1057

1404 <
175
192 .

Thus, pooled-audience scarcity holds strictly.
Consider shadow prices in the region

1
2 < λL < 1, 1

4 < λM <
3
4 , 0 < λH <

1
2 .

Inverting the virtual cost and value functions and applying the inverse convention gives(
pS

L, p
B
L

)
=
(
λL

2 ,
1
2

)
,

(
pS

M, p
B
M

)
=
(
λM + 1/4

2 ,
λM + 3/4

2

)
,

(
pS

H, p
B
H

)
=
(

1
2 ,
λH + 1

2

)
.

The induced demands are therefore

dL(λ) = 1
24(1 − λL),

dM(λ) = 1
6

(15
16 − λM

)
,

dH(λ) = 2
3

(
1 − 3

10λH

)
. (50)

It remains to equate these demands with expected clicks supply from the pooled audi-
ence. Let Gk be the CDF of ωk, and let

(ωL, ωM, ωH) =
(1

4 ,
1
8 ,

1
2

)
, (ωL, ωM, ωH) =

(1
3 ,

2
3 , 1

)
.

For each tier,

Gk(x) = min
{

1,max
{

0, x− ωk

ωk − ωk

}}
.

Independence implies that the expected clicks supply to tier k is

dλ
k = 1

ωk − ωk

∫ ωk

ωk

ωk

∏
j ̸=k

Gj

(
λk

λj

ωk

)
dωk, k ∈ {L,M,H}. (51)

The product in the integrand is the conditional probability that tier k’s weighted CSR
exceeds those of both other tiers.
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Solving dλ
k = dk(λ) for every k gives

λ∗ ≈ (0.52133, 0.35176, 0.27707).

This solution lies in the region used to derive (50), and both sides of market clearing equal

d∗ ≈ (0.01994, 0.09762, 0.61125).

The resulting cutoff pairs are(
pS

L, p
B
L

)
≈ (0.26067, 0.5),

(
pS

M, p
B
M

)
≈ (0.30088, 0.55088),

(
pS

H, p
B
H

)
≈ (0.5, 0.63853).

C.3 Derivations for Uniform Support-Function Example

Suppose there are two tiers and

ω1, ω2
i.i.d.∼ Uniform[0, 1].

The support function of the feasible demand set is

σ(λ) = EG[max{λ1ω1, λ2ω2}].

By positive homogeneity, for λ2 > 0 we may normalize λ2 = 1 and write r := λ1/λ2. A
customer is then assigned to tier 1 when rω1 ≥ ω2 and to tier 2 otherwise. The maximizing
demand vector is

d(r) = (d1(r), d2(r)),

where
d1(r) = EG[ω11{rω1 ≥ ω2}] and d2(r) = EG[ω21{ω2 > rω1}].

Suppose first that 0 ≤ r ≤ 1. Direct integration gives

d1(r) =
∫ 1

0

∫ rω1

0
ω1 dω2 dω1 = r

3 ,

d2(r) =
∫ 1

0

∫ 1

rω1
ω2 dω2 dω1 = 1

2 − r2

6 .

It follows that
σ(r, 1) = rd1(r) + d2(r) = 1

2 + r2

6 .

Now suppose that r ≥ 1. Splitting the integral for tier 1 at ω1 = 1/r gives

d1(r) =
∫ 1/r

0

∫ rω1

0
ω1 dω2 dω1 +

∫ 1

1/r

∫ 1

0
ω1 dω2 dω1

= 1
2 − 1

6r2 ,

d2(r) =
∫ 1

0

∫ ω2/r

0
ω2 dω1 dω2 = 1

3r .
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Hence,
σ(r, 1) = rd1(r) + d2(r) = r

2 + 1
6r .

Combining the two cases gives

σ(r, 1) =


1
2 + r2

6 , 0 ≤ r ≤ 1,
r

2 + 1
6r , r ≥ 1,

(52)

and the associated support-maximizing demands are

d(r) =



(
r

3 ,
1
2 − r2

6

)
, 0 ≤ r ≤ 1,(1

2 − 1
6r2 ,

1
3r

)
, r ≥ 1.

(53)

The event rω1 = ω2 has probability zero, so this demand vector is uniquely determined for
every r ≥ 0.

Eliminating r from (53) yields the upper frontier of D(G):

d2 =


1
2 − 3

2d
2
1, 0 ≤ d1 ≤ 1

3 ,√
1 − 2d1

3 , 1
3 ≤ d1 ≤ 1

2 .

(54)

Thus, the frontier runs from (0, 1/2) through (1/3, 1/3) to (1/2, 0). In particular, setting
r = 1 gives

d(1) =
(1

3 ,
1
3

)
and σ(1, 1) = 2

3 ,

which produces the supporting line d1 + d2 = 2/3 shown in Fig. 4.
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