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Abstract

We study a decentralized matching market where each applicant sends a fixed number of
applications and then firms make one offer. Our game emulates matching markets under time
constraints: agents who are unmatched after the round remain unmatched. Congestion arises
from two basic market failures: some firms do not receive applications (an issue of coverage),
and some applicants receive multiple offers (an issue of collisions). We study how the market
size, degree of preference alignment, and number of applications affect congestion. Aligned pref-
erences worsen congestion when there is no possibility to coordinate, and additional applications

do not always alleviate congestion; optimal quotas are typically small.

1 Introduction

In decentralized matching markets, mutually beneficial matches may fail to form. This inefficiency
persists across a variety of settings: even while on the short side of a large market imbalance,
PhD programs often under-enroll students, search committees fail to hire, and low-income housing
remains unfilled.

Market designers have broadly advocated for the centralization of matching markets to circum-
vent this exact failure. In centralized markets, agents observe the complete set of possible matches
and either submit preference orderings to a mechanism or propose to prospective matches in se-
quence. But in practice, several markets, including university applications and sectors in the labor
market, are still decentralized: no institution arranges the matching or direct proposals. In settings
of this sort, applicants instead submit applications, firms offer an applicant who has applied, and
applicants accept at most one offer. We study a stylized game of this form, and study how conges-
tion — when market activity congregates around certain agents and thus others remain unmatched

— naturally emerges.
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Decentralized markets vary in their market size and the degree of preference correlation (across
either and/or both sides of the market). We study how a principal with limited power can regulate
markets that vary in these primitives, toward maximizing some joint preference of match rate

and applicant welfare.!

While the principal cannot run a centralized mechanism, she can set a
quota ¢ that specifies the maximum number of applications that applicants can send in the first
round of the game. Regulation in the form of application limits is practical in light of institutional
details; centralization often requires authorizations and infrastructure that might not be feasible
in the near term.? Further, application limits are a common policy, and a surprising variety of
application limits exists in practice: the UCAS undergraduate application cycle allows only five
applications, meanwhile the Common App allows 20; at the same time, in the Shizuoka Prefecture
of Japan, prospective high-school students can send only one application to a public school. The
question, then, is two-fold: why these policies vary, and whether they are indeed optimal for a given
objective.

We begin by studying the game with one round of applications: applicants send ¢ applications
and then firms make one offer to an applicant who has applied to it; unmatched applicants and
firms cannot reapply or re-offer. We find that increasing the quota has two opposing effects: while
it increases the number of firms that receive at least one application (increasing coverage), it also
increases the likelihood that offers concentrate on the same applicants (increasing collision). The
match rate is exactly the number of firms that are covered, minus the number of offers that collide.
Thus the principal sets the quota as a function of the coverage-collision tradeoff, and how this
tradeoff manifests is itself a function of the market primitives.

Our first case of interest is the game where agents on each side of the market have independent
preferences for agents on the other side. Under these independent preferences, there is a natural
symmetric equilibrium in which applicants apply to their ¢ highest-utility firms, firms offer the
highest-utility applicant who has applied, and applicants accept their highest-utility offer.®> We
study how to set the quota under these strategies, and we find that the quota which maximizes
the match rate is small. Indeed, when there is sufficient imbalance in the market — at least
two applicants per firm — the optimal quota is one. This minimal quota is optimal because it
maximizes the match rate, and because the utility conditional on a match is highest when ¢ = 1,
it also maximizes applicant welfare. Further, under any weak imbalance and with an additional
large-market assumption, we find that no optimal quota can be larger than three. The large-market
assumption simplifies the probability of receiving multiple offers; when the numbers of applicants

and firms are finite, offers are not independent due to finite-sampling effects.*

!Match rate is a natural objective in settings that suffer from congestion, while maximizing applicant welfare
(commonly student welfare) is standard in the matching literature.

2The seminal article promoting centralized kidney exchange, Roth et al. (2004), appeared in the Quarterly Journal
of Economics in 2004. Congress clarified only in 2007 that kidney paired donation was not prohibited under the
National Organ Transplant Act, and the pilot program became operational nationally only in 2010.

3When values are independent everywhere, agents cannot infer the probability of an application /offer turning into
a match via their own values.

4The proof of our main result which bounds these dependencies in the finite market may be of independent interest;
we discuss our proof strategy in Section 5.



That the optimal quota is small in this setting may bear some surprise, but can be understood
through the coverage-collision tradeoff. Observe that for a fixed quota ¢, as the number of applicants
increases relative to the number of firms, firms are more likely to get at least one application; when
coverage is guaranteed, minimizing collisions then becomes the central concern. Small quotas
minimize the number of collisions and thus are strong in this setting.

We show that the dominance of small quotas when preferences are independent is robust to
uniformly increasing firm capacities, as well. We extend our game to a many-to-one matching
setting where each firm has the same fixed number c of seats. In that setting, so long as ¢ > 2 and
there are weakly more applicants than total seats, the optimal quota is one.

In addition, our results shed light on which side — the long or the short side — should be granted
proposal rights in a random matching market when only one round of a deferred-acceptance (or
immediate-acceptance) game is feasible. Observe that when ¢ = 1, applicants apply to only one
firm, and firms offer (and ultimately match with) their favorite of the applicants who have applied.
Meanwhile, when the quota is unlimited, applicants have the weakly dominant strategy to apply
everywhere;” then each firm chooses one applicant to offer from the entire set, and applicants accept
their best offer. Thus the ¢ = 1 regime is identical to one round of the applicant-proposing game,
and the unlimited quota is identical to one round of the firm-proposing game. We show that, when
there are independent preferences, the match rate is always higher when the long side proposes.
Intuitively, the match rate suffers less when the long side runs the risk of concentrating their actions
on the same agents.

The preceding results rely on both applicants applying to individual firms with equal probability
in expectation, and firms offering individual applicants with equal probability in expectation. We
then adapt our model to allow for correlated preferences, where ex-ante uniform strategies no longer
dominate and agents hedge in equilibrium.

We examine three kinds of correlation: firm-side, applicant-side, and cross-side (where appli-
cants’ values for firms are positively correlated with firms’ values for applicants). We introduce each
correlation while assuming unaffected preferences are independent, and we find that, when agents
hedge symmetrically, the match rate generally decreases for a given quota. Ceteris paribus, if firms
correlate their offers, collision increases without changing coverage, thus the match rate decreases
for any quota satisfying ¢ > 1. Meanwhile, if applicants correlate their applications, coverage de-
creases and the effect on collision is ambiguous; we find a sufficient condition for the match rate to
decrease for any quota ¢ < F', where F' is the number of firms. In the case of cross-side correlation,
“star” applicants are generated endogenously: an applicant who receives an offer from one firm is
then conditionally more likely to receive an offer from another. As some applicants are more likely

to receive multiple offers, match rate decreases.”

SWe assume all values are weakly positive.

S0bserve that at ¢ = 1, collisions are impossible, so the match rate is the same with and without firm correlation.

"For some intuition, observe that coverage stays the same when we introduce cross-side correlation (because values
are still drawn i.i.d.), but the collisions conditional on the applications increase. This follows from an order-statistics
argument, and a similar observation was made in the tie-breaking literature; see Ashlagi and Nikzad (2020).



When the decrease in match rate is due to an increase in collisions, small quotas stay powerful.
Further, because the ¢ = 1 regime is unaffected by collisions, whenever the minimal quota maximizes
the match rate in the independent-preference setting, it also does when we introduce firm-side and
cross-side correlation. However, if applicants are expected to concentrate their applications such
that coverage falls, then the quota which maximizes the match rate cannot decrease; in that regime,
the optimal quota can be large.

Taken together, our results offer justification for small quotas that we see in practice, but also
present settings where large quotas can be optimal (i.e., if coverage lacks because applicants are the
source of congestion). Still, we do not see our results as prescriptive for implementing quotas in lieu
of centralizing the market. Indeed, sequential applications or offers can greatly mitigate congestion.
To highlight the benefit of centralization, we adapt our model to a game with sequential rounds
of proposals and acceptances. In particular, we are interested in how allowing unmatched firms
to re-offer compares to implementing any static quota. We find a stark result, again using the
large-market assumption in a setting with independent preferences: setting ¢ = F' and letting firms
send one additional offer if they are unmatched generates a higher match rate than any ¢ > 2.

Toward practical insight, we show how a designer with limited power might regulate a time-
constrained matching market. If relaxing these time constraints were feasible, our results suggest
that such relaxation is productive for mitigating congestion. In turn, if centralization were infea-
sible, then the designer should set the quota while taking into account the source of congestion in
the market.

1.1 Related Literature

Congestion has been a classic concern in matching markets and has proven influential on market and
platform design. For instance, congestion has pushed markets to unravel or become centralized; in
the seminal study on congestion in matching, it was shown that slow offer responses in the clinical
psychology match led employers to make earlier, exploding offers (Roth and Xing, 1994). A body of
literature has emerged that considers different institutional constraints and policies that mitigate
the effect of congestion.

A prominent line of research treats congestion as arising from information frictions and search
costs. Under uncertainty over which applications lead to offers, applicants may over-apply, creating
a negative externality of wasted screening. When search becomes too cheap and decentralized, firm
screening costs can be high, and the equilibrium features too many applications. A stark example
of this is in school choice: a common application system lowers application costs and expands the
set of schools each student applies to, but because the admissions system remains uncoordinated,
congestion can arise and be costly to a social welfare function (Avery et al., 2025). Preference
signaling has been proposed as a remedy: allowing candidates to send a limited signal of interest
can improve matching outcomes by implicitly guiding search (Coles et al., 2013; Horton et al.,
2024). While we do not study the use of preference signaling, we do study the benefit of limiting
applications, and qualitatively support the idea that the number of allowed signals should likely



be small. Further, in our model, preference alignment can be interpreted as a form of screening;
for instance, applicants apply to firms that in turn value the applicants. Hence we show that, in
contrast, better screening can reduce the match rate and worsen congestion.

In platform design, restricting agents’ actions can reduce wasteful screening by firms (Kanoria
and Saban, 2021). Relatedly, Arnosti et al. (2021) distinguishes settings characterized by many
applications from those characterized by intensive firm screening. A complementary approach
treats congestion as an externality and studies Pigouvian taxation where applicants internalize the
screening burden (He and Magnac, 2018). In contrast, we focus on markets absent endogenous
screening costs. We also show that a lower application limit can improve the market, but through
a different and more fundamental channel via the coverage-collision tradeoff.

In school choice, there is a growing literature specifically devoted to rectifying failures of contem-
porary application systems; for instance, Dogan and Erdil (2025) highlight how a lack of coordina-
tion makes schools miss enrollment targets. Related literature studies the portfolio problem where
applicants apply strategically. In decentralized college admissions, Che and Koh (2016) shows that
uncertainty over the other offers that applicants will receive leads colleges to avoid direct competi-
tion for top students. Hedging becomes an equilibrium response to correlated admissions risk (Ali
and Shorrer, 2025). We abstract from the details of strategic choice and consider how applicants

and firms who mix symmetrically affect the match rate.

2 Model

We study a decentralized, one-round matching market with applicants and firms. There is a finite
set of applicants A = {1,..., A} and a finite set of firms F = {1,..., F'}, with A > F. We denote
an economy by the market-size pair (A, F'), and sometimes collectively call applicants and firms

agents. The timing is as follows.

1. Applicants and firms privately observe their realized utilities.

\V)

. Each applicant submits applications to ¢ firms,® where g € {1,..., F'} is the quota.
3. Each firm makes an offer to an applicant who has applied to it (if any).
4. Each applicant accepts at most one offer, and the game ends.

The quota ¢ is an integer and is uniform across applicants. The preceding game results in a
matching, for which we use the usual definition. A matching is a function u : AUF — AUFU{2}
such that, for every applicant a € A, u(a) € F U {@}; for every firm f € F, u(f) € AU{2}; and
wu(a) = f if and only if u(f) = a. If pu(a) = @, applicant a is unmatched; if u(f) = @, firm f is
unmatched.

For each quota ¢, the game induces a distribution over the set of matchings satisfying the

preceding definitions; we denote the random matching from this distribution f,.

8We will assume that utilities are weakly positive so applying to ¢ firms is optimal.



For each applicant-firm pair (a, f), applicant a receives utility uqy > 0 from matching with
firm f, and firm f receives utility us, > 0 from matching with applicant a. In the baseline model
that we describe in this section, the random variables {uqf} . A feF are drawn independently from
identical continuous distributions, as are the random variables {uf,} feFaca We likewise assume
independence across the sets. The utility of remaining unmatched is zero, uqz = 0 and ugy = 0.

The expected match rate under quota q is

my=E | 53 1) # 2} | 1)

fer

where the expectation is taken over the realized utilities and equilibrium strategies. Applicant

welfare under quota ¢ is the expected average utility of applicants:

% > “qu(a)] - (2)

acA

U,=FE

When utilities are independent, for every distribution of values there is a symmetric equilibrium
where each applicant applies to the ¢ firms from which she receives the highest utility, and each
firm offers the highest-utility applicant who has applied to it. To see that application and offer
strategies defined in this way constitute an equilibrium, observe that an applicant’s utility for a
firm contains no information about her probability of receiving an offer from that firm, and a firm’s
utility for an applicant is independent of the utilities that other firms have for that applicant. This
equilibrium assumes the inability to coordinate; for example, we rule out the possibility of agents

to collude or condition their strategies on their identity.

Coverage and collision. We can decompose the match rate from (1) in the following way. The
number of matches is the number of firms that receive at least one application, which we call

coverage, less the number of rejected offers, which we call collision:
E [# matches] = E [# firms receiving at least one application| — E [# wasted offers|].  (3)

This formula displays the tradeoff in how the designer sets the quota: while a higher quota increases
the probability that each firm receives at least one application and thus can make an offer, it also
increases the probability that firms collide when making such offers. Our results concern how the
quota should be set according to this coverage-collision tradeoff.

Toward setting the quota, we allow the designer to have any joint preference over match rate
and applicant welfare as in (1) and (2) respectively. We say a quota is optimal if there is no such

quota which could be preferred to it for any joint preference.

Definition 1. A quota q* is optimal if it jointly maximizes both expected match rate and applicant



welfare:

*
g €arg max m N arg max U,.
ng{l,...,F} 1 gqe{l,...,F} e

When an optimal quota exists, the designer does not face a tradeoff between the number of matches
formed and applicant welfare. We additionally identify a notion by which quotas can be compared

along the same two dimensions.
Definition 2. A quota ¢ dominates quota ¢' if and only if mqg > my and Uy > Uy

Taking Definitions 1 and 2 together, the optimal quota dominates all other quotas.

Large market. Our baseline model has A and F' finite, and we model the number of applications
and offers via the binomial distribution. In this finite market, offer events are statistically depen-
dent; the probability of getting an offer from one firm is negatively dependent on the probability
of getting an offer from another firm. Conditional on an applicant not receiving an offer from one
firm, then there is slightly less expected competition at the other firms to which she applied.

At several points we use a large-market approximation to simplify the offer probabilities. Specif-
ically, we let A\ := % and study a sequence of markets in which A, F — oo with A fixed. Two
simplifications arise in that limit: the Poisson distribution approximates the number of competing

applications at a firm, and offer probabilities are independent.

Assumption 1. In the large market, the Poisson distribution approxzimates the binomial distribu-

tion and offer probabilities are independent.

While the large-market assumption greatly simplifies analysis, our results in the finite market that

bound the effects of dependence may be of interest. We highlight our proof strategy in Section 5.

3 The Baseline Coverage-Collision Tradeoff

The application quota regulates a basic tradeoff: raising the quota increases coverage, but also
increases the likelihood that offers collide. We analyze how the quota should be set in the baseline
model espoused in Section 2.

Our first result compares the two extremal regimes: a quota of one and the unlimited quota.
When ¢ = 1, each applicant applies only to her most-preferred firm; and since each applicant
submits only one application, any offer she receives is accepted. Similarly, when ¢ = F' (equivalently,
the game without any quota), every applicant applies to every firm; each firm then offers her most-
preferred applicant from the full set of applicants, and applicants accept their best offer. The
comparison between ¢ = 1 and ¢ = F' is thus insightful toward the following question: What side
should propose in one round of a deferred- or immediate-acceptance game when preferences are

independent?

Proposition 1. In the baseline one-to-one market with A > F, g = 1 dominates ¢ = F'.



Note in this proposition and several other results, we restate the key assumption that A > F;
this market imbalance drives the results. Proposition 1 implies that, in one round of the canonical
random matching model, the principal maximizes match rate by letting the long side propose. We
provide the first steps of the proof to build intuition. Under ¢ = 1, each applicant applies to her
most-preferred firm, and since applicants submit only one application, any applicant who receives
an offer accepts it. Thus the number of realized matches is exactly the number of firms that receive

at least one application. And since each applicant applies uniformly to one of the F' firms, the

1 A
my=1-(1-=) .

Under ¢ = F, each applicant applies to every firm, so every firm makes an offer to its most-

match rate under ¢ = 1 is exactly

preferred applicant from the full set of A applicants. Hence the number of matches is exactly the

number of applicants who receive at least one offer. Since each firm’s top applicant is uniformly

et (0-3))

We formally show in Appendix A that my > mpg for any A > F. To show dominance as in

distributed over the A applicants,

Definition 2, it remains to compare applicant welfare. Observe that under ¢ = 1, every matched
applicant is matched with her most-preferred firm, and under ¢ = F', a matched applicant accepts
her most-preferred offer among the firms that offered her, which need not be her most-preferred
firm. Because the probability of matching is weakly higher under ¢ = 1, and applicant utility is
weakly higher conditional on a match, the claim follows.

Proposition 1 is the first indication that the short side concentrating their actions is especially
costly. When firms choose one applicant from the complete set, they are likely to send competing
offers to the same applicants. By contrast, when applicants are limited to one application, the
market sacrifices some coverage but makes the probability of collision zero. Proposition 1 compares
these two regimes, and finds that the zero-collision outcome generates a higher match rate than
the full-coverage outcome.

The preceding result compares only the two extremal regimes. Our next result shows that, in

the baseline model with sufficient imbalance, the optimal application limit is minimal.
Theorem 1. In the baseline one-to-one market with A > 2F, ¢* = 1.

Once there are at least two applicants per firm, coverage ceases to be the central concern: there are
already enough applicants for firms to be covered with high probability, and additional applications
mainly create competing offers to the same applicants. We find that ¢ = 1 maximizes the match rate
when A > 2F, and because the utility conditional on a match is maximized at ¢ = 1, dominance

follows.



Observe that an optimal quota might not exist if the quota which maximizes the match rate
satisfies ¢ > 1. Hence whether one quota dominates another is sensitive to distributional assump-
tions. In our next result, we use Assumption 1 and show that the match rate is maximized at some
q < 3, thus no optimal quota satisfies ¢ > 3. Further, because utility conditional on a match is

higher at smaller quotas, any ¢ > 3 is dominated by ¢ < 3.

Theorem 2. Under Assumption 1 in the baseline one-to-one market with A > F, any q > 3 is
dominated by q < 3. Further, the quota which mazimizes the match rate decreases as the market

imbalance increases.

Under Assumption 1, if an applicant sends ¢ applications, the number of competing applicants at
any given firm is drawn from a Poisson distribution with mean Aq. Hence the probability that a

given application results in an offer under quota q is

1—e M

Sq = A (4)

For exposition, let u) > w@) > -+ > u(p) denote a focal applicant’s expected order statistics over
firms, so she prefers firm 1 to firm 2, and so on. By assumption, her probability of getting an offer
from any one of the F' firms is equal and defined in (4). The applicant then accepts the offer from
firm 1 if she receives it, and accepts the offer from firm 2 if she receives it and does not receive an
offer from firm 1, and so on. We can then write the expected utility for this focal applicant under

quota ¢ in the large market as
-1

UqL = (1= 5q)" squ(r41)- (5)

r
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Differentiation reveals the quota that maximizes the match rate can be no larger than three, and
is weakly decreasing in A = A/F.? In Figure 1, we plot (5) for u.f,us, € Uni[0,1] with different
market imbalances.

In Figure 1, one can additionally see that ¢* = 1 when A\ > 2, giving evidence of Theorem 1.

We now extend our baseline model in two directions, both using Assumption 1. First, we show
that our results are robust in a limited sense to relaxing the capacity constraints of firms. We allow
each firm to have an equal integer capacity ¢ > 2, and show that if A > F'¢, then ¢* = 1. Then we
relax time constraints and compare a sequence of applications and offers to setting the static quota;
we show that dynamic applications and offers generally outperform the optimal static quota, unless

g = 1.

9The match rate can be gleaned from (5) by setting ucpy = 1 for all f € F. Note that welfare computations
penalize larger quotas more than match rate computations.



Large-market utility by quota where u,z, 1, ~ Uni[0, 1]
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Figure 1: Expected applicant welfare when uq f,u¢q € Uni[0, 1] for different market imbalances .
The quota which maximizes expected welfare is circled.

3.1 Many-to-One Markets

We slightly adapt the model. Let each firm have the same capacity ¢ > 2 and suppose Assumption 1
holds; let A = A/F and suppose A > ¢. We elide the definition of a matching in this section but
the usual many-to-one matching definition applies; because we use Assumption 1, we can define
the match rate more directly than as a function of the random matching.

We study the natural extension of the symmetric equilibrium from the baseline model. Each
applicant applies to her ¢ highest-utility firms,'” each firm offers its min{c,n} highest-utility ap-
plicants among the n applicants who have applied, and each applicant accepts her highest-utility
offer.

Let my. denote the probability that a focal applicant matches under quota ¢ and uniform
capacity ¢, and let U, . denote expected average applicant welfare. Since each match fills one seat,
the match rate satisfies

By e = %wq,c‘ (6)
Optimality and dominance are defined using m, . and U, . in extension of Definitions 1 and 2.11 Fix
a focal applicant and one of her applications. Under Assumption 1, the number of competitors at

this focal firm is K, ~ Poisson(Ag). Conditional on K, = k, the focal applicant receives an offer if

10Note that assuming equal capacities makes firms ex-ante symmetric, so applicants do not hedge toward firms
with greater capacity.
1We elide a definition of U, . in this section as our result only needs to compare match rates.

10



she ranks among the firm’s ¢ highest-utility applicants. Because firm preferences are independent,

the probability that an individual application becomes an offer is therefore

Sqc=E [min {1, ch+ ] H . (7)

Offer events across an applicant’s applications are independent in the large market, so her proba-

bility of matching is
7Tq7c = ]' - (1 - Sq’c)q' (8)

Proposition 2. Fix an integer ¢ > 2. Under Assumption 1 and if A > Fec, then ¢& = 1.

The condition A > Fc¢ (equivalently, A > ¢) when ¢ > 2 is analogous to our condition in
Theorem 1. In fact, a single application is more effective when each firm has several seats and
the number of applicants scales accordingly. The applicant need only rank among the firm’s top ¢
applicants rather than rank first; if she does not get an offer at one seat, she may get an offer at

another seat at the same firm.

3.2 Adding Rounds

We now relax the maximal time constraint and allow unmatched agents to act again. We consider
two dynamic regimes, applicant-proposing and firm-proposing, and we assume that agents observe
whether they themselves are matched, but not the full set of agents who remain unmatched. Thus
the symmetric equilibrium from the baseline model extends to the dynamic game: agents apply
to/offer their next most-preferred agent on the other side of the market who has not yet rejected
them.

We study this extension in the large market using Assumption 1, which allows us to write
the evolution of the match rate across rounds in a tractable way. We still assume preferences are
independent within and across sides of the market.

Fix an integer T' > 1. The T-round applicant-proposing deferred-acceptance game is as

follows: 12

1. In round ¢t = 1,...,T, every applicant who is not currently holding an offer applies to her

most-preferred firm among those to which she has not previously applied.

2. Each firm considers all applicants who applied to it in the current round together with any
applicant whose offer it was already holding from a previous round. The firm tentatively

holds its most-preferred applicant among this set and rejects all others.

3. Rejected applicants proceed to the next round. Applicants whose offers are held do not apply

again unless later rejected.

4. After round T, all tentative offers are finalized.

12Toward a simple exposition, we assume the equilibrium behavior when defining the two games.

11



Applicants and firms not matched after round 7T remain unmatched. The T-round firm-
proposing deferred-acceptance game is defined symmetrically; in the initial stage, the firm

chooses one applicant from the set of all applicants.

1. Inround t = 1,...,T, every firm not currently holding an acceptance makes an offer to its

most-preferred applicant among those to whom it has not previously made an offer.

2. Each applicant considers all offers received in the current round together with any offer she was
already holding from a previous round. The applicant tentatively holds her most-preferred

offer among this set and rejects all others.

3. Rejected firms proceed to the next round. Firms whose offers are held do not offer again

unless later rejected.
4. After round T, all tentative acceptances are finalized.

As in the applicant-proposing game, applicants and firms not matched after round 7' remain un-
matched.

Let p € {A, F}, where p = A denotes the applicant-proposing game and p = F denotes the
firm-proposing game. For each T' > 1, let u:’)r denote the random matching induced by the T-round
p-proposing game. Utilities are realized only from the final matching. Applicant welfare under the
T-round p-proposing game is

U ~E [;Zua#m]- Q
acA

The expected match rate under the T-round p-proposing process is
1
Wp=E |5 > 1{uh(f) £} (10)
feF

We set hi = h{’ = 0. Using Assumption 1 we can write (10) in a simple recursive form for each

regime:

Wty = hit+ (1 - ) (1 - e*(A*hﬂ) , (11)
hE L =nf + (A= hF) (1 - e—(l—hf)“) . (12)
We compare dynamic processes to quotas in the one round game by comparing the random match-

ings they induce. We adapt the definition of domination from Definition 2 to allow comparisons

between the T-round p-proposing process and the quota ¢ in the baseline game.

Definition 3. The T-round p-proposing process dominates (is dominated by) a quota q in the
baseline game if hl, > (<)mg and UL > (<)Uy.

12



As in Definition 2, the T-round p-proposing process dominates a quota ¢ if it is preferred for any
joint preference over match rate and applicant welfare. We begin our comparison of the dynamic
regime and the quota game by making a simple observation about the two games: ¢ rounds of
applicant-proposing dynamics is lower bounded in terms of match rate and applicant welfare by a

quota of q.
Remark. The g-round applicant-proposing game dominates a quota of q.

For intuition, consider an adapted setting where it is possible for each applicant to be rejected in
each of the first ¢ — 1 rounds. This is pessimal under the equilibrium strategy we study and also
reproduces the static quota-q outcome exactly. In any case which improves upon this, an applicant
matches with a firm she prefers to her ¢-th favorite.'

We now ask whether the long side or short side should make sequential proposals when the

number of rounds is finite.

Proposition 3. In the large market with A > F, T rounds of applicant-proposing dynamics dom-

inates T rounds of firm-proposing dynamics.

Proposition 3 shows that the same force in Proposition 1 persists across rounds: offers are more
likely to overlap on agents when the short side proposes. In other words, there is no number of
rounds which reverses the comparison from Proposition 1. The proof for Proposition 3 is simple
and follows from comparing the recursive form of the match rate as in (11) and (12). In Figure 2,
we plot the match rate for different values of A.

Thus ¢ rounds of applicant-proposing dynamics dominates both a quota of ¢ and ¢ rounds
of firm-proposing dynamics. We now evaluate the performance of quotas vis-a-vis firms sending
additional offers. The condition for which the regime with additional offers could be preferred to
the static quota is slight: allowing just one re-offer generates a higher match rate than any quota
q=>2.

Theorem 3. Under Assumption 1 when A > F, two rounds of firm-proposing dynamics generates

a higher match rate than any q > 2.

Thus when the quota that maximizes the match rate is greater than one, a designer who cares only
about match rate prefers to abandon the quota and instead let firms send an additional offer if
their first is rejected. This does not imply domination in the sense of Definition 3; applicant welfare
may be higher when applicants apply to their top-¢ firms.'*

Theorem 3 underscores the benefit of dynamic or centralized mechanisms: the benefit of a single

re-offer is large and can improve upon several optimal static policies. Recall from Theorem 2 that

13 Additionally, it will be shown in the following results that hf > hy > hi > mg for ¢ > 2, and when ¢ = 1,
the outcomes are the same. The applicant-welfare component follows from the fact that offers are independent of
applicant utilities.

MPurther, our approach allows comparisons between an arbitrary number of rounds and any static quota. To
generate a higher match rate than a quota of one, there must be two rounds when A < 3.2, three rounds when
A < 6.3, and so on.
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Recursive match rates in the large market
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Figure 2: Large-market match rates under applicant-proposing and firm-proposing dynamics. Solid
lines denote applicant-proposing and dashed lines denote firm-proposing; shaded regions show the
gap between the two processes for each market imbalance A = A/F.

the quota maximizing the match rate increases up to three as the market gets more balanced. This

is precisely the environment where collisions are likely and allowing re-offers is most helpful.

4 Correlation

In Section 3, an applicant’s utility for a firm contained no information about how many other
applicants would apply to that firm, or whether the firm was likely to make her an offer. Similarly, a
firm’s utility for an applicant was uninformative about the applicant’s probability of acceptance, and
whether other firms would make offers to the same applicant. Thus, in the symmetric equilibrium
studied previously, application and offer probabilities were ex-ante uniform, and agents could not
condition their actions on likely congestion.

We study one key departure from this setting: agents mix symmetrically in expectation but
the probabilities of applications and offers are non-uniform. This behavior is consequent to agents
having correlated values.

We separately consider three forms of preference alignment.'® In the applicant-side alignment
case, applicants have correlated preferences over firms and thus may hedge; in the firm-side align-
ment case, firms have correlated preferences for applicants and thus may hedge. We then consider

cross-side correlation, where individual applicants and firms have positively correlated values for

15When coverage and collision are both affected by different forms of correlation, identifying the quotas that
maximize the match rate requires additional structure. This is difficult but promising for future work.
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each other; the maximum cross-side correlation is that where the values are perfectly symmetric.

In this section, some additional notation is necessary to formalize the three environments we
study. For a summary, see Table 1.

For every applicant a € A and firm f € F, let v,y denote a pair-specific common match
component, let ¢,¢ denote applicant a’s idiosyncratic value for firm f, and let €y, denote firm
f’s idiosyncratic value for applicant a. For every applicant a, let 8, denote applicant a’s com-
mon attractiveness to firms, and for every firm f, let 6y denote firm f’s common attractiveness
to applicants. The values {vaf}aca fer; {€aftac fers {€fa} feF.acas {0ataca, and {0} jer are
mutually independent; within each set, random variables are i.i.d. and drawn from atomless distri-
butions with support in R;. We assume that the idiosyncratic values ¢,¢ and ¢y, have log-concave
densities.!” The parameters a, 5%, 37 € [0,1] govern the weight placed on common components:

cross-side alignment varies a, applicant-side alignment varies 3%, and firm-side alignment varies 5.

Table 1: Correlated-preference environments.

Alignment type Applicant value w,f Firm value wuy,
Applicant-side BOr + (1= B%) eas €fa
Firm-side Eaf 570, + (1 — Bf) Efa
Cross-side avgr + (1 — o) eqf avgs+ (1 —a)egfq

In the environment with cross-side correlation, we study equilibrium as in the baseline model:
applicants apply to their ¢ highest-utility firms, and firms offer their highest-utility applicant among
those who applied. In the applicant-side and firm-side environments, there may be multiple equilib-
ria; we assume that agents hedge symmetrically toward higher common-value agents on the other
side of the market. We formalize this hedging now.

The strategy of applicant @ maps her utility vector u, to a lottery over subsets of size ¢ of F;
we write o, (f | u,) for the marginal probability that applicant a applies to firm f. For any realized
application profile, let Py C A denote the set of applicants who applied to firm f. A firm strategy
maps (Pr,us) to a lottery over elements of Py whenever Py # &; we write o¢(a | Py, uys) for the
probability that firm f offers applicant a € P;.

Fix a focal applicant a and let the firms to which she has applied be {f1,..., f;}. For each
e {l,...,q}, let Ny = |Py, \ {a}| denote the number of other applicants who applied to the ¢-th
firm to which a has applied.

For each correlated-preference environment, we restrict attention to symmetric monotone equi-

libria.

Definition 4. A symmetric equilibrium is monotone if the following hold.

8There is a growing literature on matching with aligned preferences (Fernandez et al., 2021; Ferdowsian et al.,
2025); in these games, preferences can be represented by a single matrix.

1"We only use log-concavity in the environment with cross-side correlation, and use it to ensure that a firm’s value
for an applicant is stochastically increasing in the applicant’s value for that firm.
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(i) For every applicant a and firms f, f', if uas > uqyp, then oo(f | ua) > oo(f' | ua). Likewise,
for every firm f and applicants a,a’ € Py, if ufq > ugqr, then op(a | Pp,up) > op(a’ | Py uy).

(ii) Fiz an applicant a and firm f, and let u, differ from ug only in the coordinate corresponding
to f. If Uqp > gy, then oo(f | Ua) > 0u(f | ua). Similarly, fir a firm f, an application pool
Py, and an applicant a € Py. Let uy differ from uy only in the coordinate corresponding to
a. If Upq > ugq, then of(a | Pr,us) > of(a | Pyr,uf). And for any o’ € Py \ {a}, if uy differs
from uy only in the coordinate corresponding to a' and sy > gy, then op(a | Pp,uy) <

op(a| Pr,uy).

The monotone symmetric equilibrium is the natural response to common values on one side of
the market. Our definition has to be quite involved to ensure that a higher common component 6
attracts weakly more applications, and a higher 6, attracts weakly more offers. For the following
result, we assume agents on the correlated-value side play strategies according to the monotone
symmetric equilibria, and the other side applies to/offers their highest-utility agents on the other
side of the market. Again, in the cross-side-correlated environment, we assume the same strategies
as in the baseline game.

Recall m, denotes the match rate in the baseline game with independent preferences. Let
mg, mqﬁf, and mqa denote the expected match rates under cross-side, firm-side, and applicant-side
alignment, respectively, evaluated at quota q.

Theorem 4. Fiz a quota q. Under the equilibrium selections described above:

1. mg > mg‘.

el
2. mg > myg .

3. mg > mq’Ba if the competitor counts faced by a focal applicant satisfy

q q
Ny Ny
L—l Ne+1| — e |:Ng+ 1:|

The remainder of this section is devoted to discussing Theorem 4.

Firm-side and cross-side correlation. We first focus on firm-side correlation. In this case,
firms playing strategies as in the symmetric monotone equilibria is sufficient to guarantee a weakly
decreased match rate for any size quota. Application strategies are the same as in the baseline
game, but firms are now more likely to collide. Hence any quota will induce a weakly smaller
match rate, and the match rates are equal at ¢ = 1.

When there is cross-side correlation, we assume applicants play the same strategies as in the
baseline game. The decrease in match rate is again due to an increase in collisions: conditional
on already receiving an offer, an applicant is more likely to receive another. This follows from an

order-statistics argument; a simple example illustrates, which we provide in Figure 3.
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Figure 3: Intuition for the increase in collisions due to cross-side correlation. Conditional on f;
being each applicant’s most-preferred firm, a higher value at f; induces a stochastically higher value
at fo. The applicant preferred by fi is therefore more likely also to be preferred by fs.

In Figure 3, two applicants compete at two firms; preferences are perfectly symmetric and the
value distribution is Uni[0, 1]. If both applicants apply to the same firm under ¢ = 1 (which happens
with positive probability in expectation), then when ¢ = 2, the utility for the losing applicant is
drawn from a truncated distribution that is a subset of the winning applicant’s distribution.

Recall that when g = 1, collisions are impossible. Because the decrease in match rate in both
the firm-side and cross-side environments is due to an increase in collisions, setting ¢ = 1 generates
the same match rate with and without these kinds of correlation, hence we have the following

corollary.

Corollary 1. Under cross-side and firm-side correlation, if A > F, then ¢ = 1 dominates ¢ = F';
if A>2F, then ¢* = 1.

We now devote attention to a sketch of the proof that m; > mp under perfectly cross-side-
correlated preferences. When cross-side correlation is maximal, preferences for applicants and
firms can be represented by a single matrix. It will be helpful to think about the ranks of values;
specifically, for n < A - F, the n-th highest rank is in some entry of the matrix, and it is equally
likely that a rank occurs in any given entry. We will give a sketch that there is order dominance in
the ranks that enter the matching when ¢ = 1 versus ¢ = F.

Let there be A rows to represent applicants and F' columns to represent the firms. Since A > F',
we refer to rows as the long side and columns as the short side. Under ¢ = 1 — equivalently, when
applicants propose — the lowest rank (highest value) in a row is always sent as an application. Each
firm then offers the lowest-rank applicant among the applications it receives, and that becomes a
match. Meanwhile, when ¢ = F' — equivalently, when firms propose — the columns and rows
are reversed. Thus the comparison between applicant-proposing and firm-proposing regimes is a
comparison between rows first choosing their lowest rank versus columns first choosing their lowest
rank. Figure 4 has one particular instance of values which illustrates this.

Observe that no matter if rows or columns select first, the lowest rank will always enter
the matching: the corresponding application is sent, then the corresponding offer is made and
accepted. Now consider the n-th rank. When rows select first, a rank is certainly blocked (meaning

not able to be in the final matching) if a lower rank ' is in its same row, but is not certainly

17



i fa Js A R f3
ar | 7 11 a1 | 7 11
az 8 10 as s 10
az| 9 12 as| 9 12
as | 6 5 as| 6 4 5
(a) Applicant-proposing: each row selects first (b) Firm-proposing: each column selects first

Figure 4: A common-value rank matrix under perfect cross-side correlation. Lower numbers are
better ranks. In the applicant-proposing game, each applicant selects her best-ranked firm first,
meaning rows choose first; firm fo receives two applications so rejects a4, hence rank 4 is crossed
out. In the firm-proposing game, each firm selects its best-ranked applicant first, meaning columns
choose first.

Case 2: 71 not blocked by 1’ < 1 because

Case 1: 7 blocked by 1 <7 0 <

Figure 5: Blocking logic in the common-value rank matrix. In the left panel, entry n is blocked
because 7 < n lies in the same row and is therefore chosen. In the right panel, " < n does not
block 7 because it is itself blocked by n” < 7 in its row. Thus lower ranks in the same row certainly
block, while lower ranks in the same column are only potential blockers.

blocked if a lower rank 7’ is in its same column; indeed, there could be an even lower rank
17’ <1 < nin the same row as 7’. Thus when there are fewer columns than rows, the probability
of a value being blocked by another value in the column is smaller. The designer wants there to
be as few certain blockers as possible, and so the designer should choose the longer side to select

first — which corresponds to setting ¢ = 1 rather than ¢ = F'. Figure 5 illustrates.

Applicant-side correlation. We now discuss the case of applicant-side correlation and its corre-
sponding condition in Theorem 4. Under applicant-side alignment, the direct effect is on coverage:
applications become concentrated on the same firms and firms receive zero applications with higher
probability. To see the force at the applicant level, fix a focal applicant who applies to ¢ firms, and

recall Ny is the number of competing applicants at the ¢-th firm in her portfolio. Conditional on

N
Ng—l—l :

that she is rejected by all ¢ firms is szl % This rejection probability is supermodular in the

the competitor counts, the probability that she is rejected by firm ¢ is

Hence the probability

competitor counts: the marginal harm of facing more competition at one firm is larger when the

applicant already faces high competition at the other firms. Indeed, if competition is low at some
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firm to which she applied, another firm being crowded is not very costly for the applicant because
she is still likely to receive an offer.

In the baseline model with independent preferences, the numbers of competitors across firms
to which an applicant has applied are negatively associated. This negative dependence is to the
benefit of the applicant: congestion at one firm is partially offset by lower congestion elsewhere.
Our sufficient condition for applicant-side correlation to decrease the match rate for any quota

q < F essentially reverses the logic from the independent case. The condition

q q
N N,
E|]] >T[E
Llengl -0 [N4+1]

formalizes the positive association: we require the probability of being rejected by all firms to be
weakly higher than if the competitor counts were independent with the same marginal distributions.

Further, when applicants correlate, the quota which maximizes the match rate can be
large. Indeed, suppose firms have independent preferences and the applicant-side alignment
and equilibrium are such that, for every quota ¢, all applicants apply to the same firms. In

that case, large quotas are useful to obtain coverage; indeed, the match rate would then increase in q.

Broadly speaking, Theorem 4 gives practical guidance for how congestion should be regulated
by quotas. If congestion is generated on the firm side — by way of either firm-side or cross-side
correlation — a designer has incentive to decrease the quota and limit collision. Meanwhile, when
congestion has its source in coverage issues, the best policy may be to increase the quota, and
resolve issues of coverage at the expense of increasing the probability of offers going to the same

applicants.

5 Proof Foundations of Theorem 1

Recall we used Assumption 1 to treat an applicant’s chances of receiving offers from different firms as
independent. In the finite market, this independence does not hold: the same competing applicants
may or may not apply to the same firms as the focal applicant. The proof of Theorem 1 shows that
this dependence can be controlled sharply enough to recover simple quota comparisons.'®

Our proofs require translating the coverage-collision tradeoff from (3) into an inclusion-exclusion
formula. Fix a quota ¢ and a focal applicant a. Conditional on the set of firms to which a has
applied, let O, denote the event that the r-th firm in her portfolio makes her an offer, and let 7,
denote the probability that a receives at least one offer. Since an applicant is matched if and only

if she receives at least one offer, the expected number of matches is equal to Am,, and comparing

18 A finite-market version of Theorem 2 is harder because it must address the intermediate region F' < A < 2F,
and there, ¢ = 1 need not dominate quota ¢ = 2. One approach which bears promise is to show that ¢ = 2 achieves a
higher match rate than every ¢ > 4. But to address the region ¢ > 4, we need to bound the probability of receiving
offers from sets of four (and more) firms. The bookkeeping there gets more involved but the underlying intuition is
the same as we discuss here.
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match rates across quotas is equivalent to comparing the probabilities that a focal applicant receives
at least one offer. Let I, , = Pr(O; N--- N O,) be the probability that a particular fixed set of r
firms all make offers to the focal applicant.

The first step is to derive a closed form for being offered by one exact firm. Conditional on the
focal applicant applying to the firm, the number of other applicants who applied there is binomial
with parameters A — 1 and ¢/F. The firm then offers the focal applicant with probability equal to

the reciprocal of the number of applications it received.

Lemma 1. For any quota g, the probability that a given firm offers the focal applicant is I 4 =
Elp-(1-4)"
x|l (=4)7)

If offer events were independent, the probability of receiving two offers would be I fq; but in the

finite market, it is weakly below. We bound that difference.

Lemma 2. For every q > 2, the two-offer probability satisfies qu -0y < Iy < Ifq, where
8, = qg(j_ﬁ

Again consider a focal applicant and observe that a competing applicant chooses ¢ distinct
firms as well. Should this competing applicant apply to a firm to which the focal applicant applied,
she has fewer remaining applications available to compete at some other firm to which the focal
applicant also applied. Hence there is negative dependence in the competition faced by the focal
applicant. Indeed, the upper bound I, < I12’q says that two offers are no more likely than they
would be under independence.

When ¢ = 2, the additional coverage created by the second application must be compared to
the probability that the same applicant receives both offers. Lemma 2 effectively helps us predict
enough collision to show that once A > 2F| ¢ = 2 does not generate a higher match rate than ¢ = 1
in expectation.

To make sure that higher-order inclusion-exclusion terms do not undo the preceding bound on
collisions, we have to show that a third offer to the focal applicant is not arbitrarily likely once two

offers have already occurred.

Lemma 3. For every q > 3, the probability of receiving three offers satisfies
I37q S I].,q-[27Q'

By Lemma 3, the probability of a third collision is bounded by the probability of a second
collision times the marginal offer probability. This bound is useful because the inclusion-exclusion
formula alternates signs: for ¢ = 3, we have w3 = 311 3 — 3123 + I3 3. The bound on receiving two
offers makes 3153 large, but the positive term I33 then offsets it. Lemma 3 limits this offset by
showing that I33 < I 3l33. Since I3 is small when A > 2F, the third-order term cannot erase
the collision cost that exists pairwise.

The proof for all ¢ > 4 in Theorem 1 uses the same logic. Then what remains is a comparison

in the imbalance A/F; when A/F > 2, we show the gain in coverage from raising ¢ is already
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small, so the collision term is large enough to dominate. This concludes Theorem 1: when there
are at least two applicants per firm, ¢ = 1 maximizes the match rate. Our method is not specific to
the quota comparison, and could be useful for finding bounds on intersections of events generated
by random subset choice without replacement. Appendix B.1 gives more technical detail for the

preceding bounds, and Appendix B.3 proves them.

6 Conclusion

We capture how congestion naturally emerges in decentralized matching markets via a simple
application game: applicants apply to ¢ firms, firms make an offer to an applicant who has applied,
and applicants accept one offer. The principal sets the quota to maximize some joint preference over
match rate and applicant welfare, and we find in settings with independent preferences that, so long
as there is weak over-demand of capacity, the optimal quota (if it exists) is small. This rationalizes
small quotas that we see in practice. When firms correlate their actions, the optimal quota (if it
exists) weakly decreases; when applicants correlate their actions, the principal might set the quota
to be large. We adapt our model for both the many-to-one market and for an environment without
the maximal time constraint, and we consider part of our contribution to be the parsimonious
model which enables us to study different aspects of the application game.

The stark optimality of small quotas relies on the maximality of the time constraint. Hence,
while a quota of one has been implemented in practice, we do not insist that this result be inter-
preted as prescriptive. Indeed, our results in the absence of time constraints emphasize that more
applications can be desirable if they can be sent sequentially. In general, and as is commonplace
in studies of matching markets, our results support centralization.

We focus on both match formation (the extensive margin) and match quality (the intensive
margin). Our results highlight a tradeoff between those two dimensions: policies can raise surplus
conditional on a match while simultaneously reducing the number of matches formed. Making the
principal’s preferences explicit could lead to more informed policy recommendations.

Future work is in order. One promising angle includes information disclosure via strong signals.
Several decentralized matching markets rely on the use of signals to communicate preferences,
which in turn affect where applications and offers are sent. Future work can also study optimal
strategies under a fixed quota when each side has correlated values; finding a general statement
for the optimal quota in that setting would be a worthy result and would be useful for designing
decentralized markets in practice. Our large-market model in particular could be tractable for

answering these kinds of questions.
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A Proposition 1

Proof. We continue the proof from the body. Recall the utility conditional on a match is higher

under ¢ = 1 than ¢ = F', so it remains to compare the match rate. We want to show

1 1 L) 1 1 A (13)
F A ’

F > A
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Let us define

Cp=F—-A (14)

R )

2

where the second equality in (14) follows from the formula for finite geometric series:
A [1 - (1- %)F} = Zi_ol (1- %)Z, and we elide 7 = 0 in the summation above because it evalu-

ates to zero. Note that the target (13) then reduces to showing that

CA2F<1—;>A. (15)

First, observe that (15) holds at equality when A = F. We now will show that C'4 cannot decrease
enough by adding applicants so that the inequality fails to hold.

Define a function f;(z) = 2 (1 — (1 —1)?) for > 1. Note this function is increasing.'® Thus
fi(A+1) > fi(A) and so

1 i 1\
A+ |1 —-(1— —— >Al—(1-— .
(A+1) < At 1) = < A)
Take sums to recreate the form of (15), and noting that A > F, we have Aiﬂ > %, and so
Cat1 > %CA. Then
1
Cap1 > 2 Ca
A
F-1 1
>t p(1- =
5 (- 5)
A+1
1
=r(1-=
(-7)
and so the claim holds by induction. O

B Proof of Theorem 1

B.1 Finite-Market Bounds

We first collect the finite-market bounds used in the proof. We give more technical foundations
than in Section 5 and defer the complete technical proofs to Subsection B.3.

Fix a quota ¢ and a focal applicant ¢. Conditional on the set of firms to which i applies,
relabel those firms 1,...,¢, and let O; be the event that the j-th firm makes an offer to i. Let
g = Pr( ;1-:1 O;) be the probability that the focal applicant receives at least one offer; since
an applicant is matched if and only if she receives at least one offer, we have by symmetry that
mg = (A/F)my.

D etting y = 1 — i the first-order condition is fi(z) = (1 — y) (1 +y+- oyttt — iyiil) which is positive
everywhere because 0 < y < 1.
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Restating the definition from Section 5, for each r < ¢, let I, = Pr(O1 N --- N O,) denote the
probability that any particular fixed set of r firms in the focal applicant’s portfolio all make offers

to her. Here, we lighten notation; write ay = I1 4, by = 2.4, cq = 13,4

Lemma 4. For every quota q, the probability that a fixed firm in the focal applicant’s portfolio

makes her an offer is

We next introduce auxiliary quantities used to bound the finite-market dependence among offer
events. Let n = A — 1 be the number of competitors faced by the focal applicant, and at times we
will write p; = ¢/F to be the probability that any particular competitor applies to a given firm in
her portfolio.

For = € [0,1], interpret = as the focal applicant’s percentile in a fixed firm’s ranking, so a
randomly selected competitor from the firm’s pool of applicants is ranked below her with probability
. A given competitor fails to get an offer over the focal applicant either because the competitor
does not apply (which happens with probability 1 — p,) or because the competitor applies but is
ranked below her (which happens with probability p,z). We define v,(z) = 1—p,+pqx. Conditional
on percentile x, the probability that none of the n competitors defeats the focal applicant is v4(z)",
and so we also have the equality a, = fol ve(z)" dx.

The bounds isolate a focal competitor and treat the remaining n — 1 competitors symmetrically.
Define w, = fol vy(z)" "1 dx as the marginal offer probability in the corresponding calculation with
one competitor removed. Also define kg = fol (1—2)vy(z)" ! dz; conditional on the focal competitor
applying, x4 is the probability that this competitor outranks the focal applicant while all remaining
competitors fail to defeat her. So k, measures the probability that a designated competitor is

pivotal.

Lemma 5. For every quota q, the marginal offer probability with one competitor removed, and the
probability that this competitor outranks the focal applicant while all remaining competitors fail to
defeat her, satisfy

1—(1—pg)*!
Wq = (A— 1)qpq and kg = (wg — aq)/pq-
Further,
wg < A ag < al and  Kq < % < F
1T A-1"7 g(A-1) 1T pg(A-1) T PAA-T)

The bounds in Lemma 5 follow directly from the relationship between the calculations with and
without the focal competitor.

We now compare the probability of receiving offers from two fixed firms with the corresponding
probability under independence. If the two offer events were independent, their joint probability
would be ag. However, in the finite market, each competitor selects g distinct firms without
replacement, and a competitor who “spends” one application at the first focal firm is then slightly

less likely to apply to the second focal firm.
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We write a term which captures the (pairwise) departure from independent application decisions.
First, let

Aoy = (q/F)* - ;E; _11)) = 122(?;, _qz).
The first term is the probability that the competitor would apply to both firms if the two application
decisions were independent; the second is the actual probability when she selects a portfolio of ¢
distinct firms. For this departure to affect whether the focal applicant receives both offers, the
competitor must also be pivotal at both firms. The probability of being pivotal at one firm,
g; since there are n = A — 1 potential
competitors, the total first-order correction is nAQ’qlﬁlg. This gives intuition for the following bound.

conditional on applying, is k4, so the corresponding term is &

Lemma 6. For every q > 2, the probability of receiving two offers satisfies

2 2 2
ag — nlggry < by < ag.

Consequently,
F?
2 _
where 0 = B(A-1)A2

The wedge d, will be central, and has the interpretation that receiving an offer from one fixed
firm is weakly bad news about receiving an offer from another fixed firm — which, broadly, bodes
positively toward natural mitigation of congestion. Indeed, an offer from the first focal firm indicates
that the focal applicant effectively faced relatively little competition there; because competitors
allocate their applications without replacement, this implies relatively more competition at the
other firm. The lower bound controls the magnitude of this dependence.?”

The two sides of the inequality derived in Lemma 6 will serve different purposes. When an
intersection enters our inclusion-exclusion formula with a negative sign, its lower bound provides
an upper bound on the match probability under a larger quota; when ¢ = 2 is used as the comparison
benchmark, the upper bound by < a3 provides a lower bound on the match probability.?! Our last
bound makes sure the probability of three offers cannot be more than the preceding pair bound

times the marginal offer probability.

Lemma 7. For every q > 3, the probability of receiving three offers satisfies

cq < aghy.

20Tn accordance with Assumption 1, it is easy to see that for a fixed quota and a fixed market ratio A/F, the wedge
converges to zero as the market grows.

21'We believe this approach will serve well for a finite-market proof of Theorem 2. There, we need bounds for
intersections of offers of higher order. The next result bounds these probabilities; the “intersection” probability
cannot increase by more than the marginal probability of an individual offer.
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B.2 Comparison of Match Rates

Our proof approach is to compare the match rate under ¢ = 1 with the match rates under quotas
q=2,q=3,and ¢ > 4. It will be helpful to collect all of the formulas:

= —Fl 1 1y =1 1 1)
771—CL1—A Ia ) my = F )
g = 2&2 — bQ, mo = f(2a2 — bg)
A
2 A
=1-(1-2) —=b
( F) F27
A
w3 = 3az — 3bs + c3, ms = f(3a3 — 3b3 + ¢3)

3\" A
:1—<1—F> —;(3()3—03).

For g > 4, the first three terms of the inclusion-exclusion formula give

q q
e (e (O
A q q
mg < ya <qaq — <2>bq+ <3>cq> .
Lemma 8. For every F > 2 and A > 2F, mi > mas.

Proof. First suppose F' = 2. Under ¢ = 2, every applicant applies to both firms, and the claim
follows from Proposition 1.

Now suppose F > 3. Define two terms: v = (1 — 1/F)? and v = (1 — 2/F)?. The exact
inclusion-exclusion formula gives my = 2ag — be, where by Lemma 4 we have 2as = (F/A)(1 — v).
We can then write the difference in match rates as

A
mi1 — My = (1 —u) — F(2a2 — b2)
A
=v— —bo.
v —u-+ I 2

It is then enough to show that by > (F/A)(u — v). We can use the lower bound from Lemma 6 to

derive a sufficient condition:
F
a3 — 5y > Z(U_U)' (16)

The rest of the proof amounts to showing that this inequality holds. We present one such way of
showing this.

First, write a3 in terms of v, multiply through (16) by A%/F2, and move all the terms to one
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side; define

r(A) = (10 5 !

F(ufv)fm. (17)

Thus showing the target inequality (16) is equivalent to showing that ®p(A) > 0.
Let ¢; = —log(1 —1/F) and £y = —log(1 —2/F), so then u = e~ and v = e~4%. Taking the
first-order condition of (17) and then grouping terms gives
Bio(A) = ~(1 = v)oly + —
P 2T R(A-1)2
1
+4 [u(Aly — 1) —v(Aly — 1)].
The first line is nonnegative; note u,v € [0,1]. For the term in brackets in the second line, define
the function g(z) = e~4%(Az — 1), and note it is decreasing on [(1, £5].?> Then because £ > /1, it
follows that g(¢1) > g(¢2), or equivalently u(Al; — 1) > v(Aly — 1). Hence ®7%(A) > 0 for every
A>2F.

Confirming that ®(2F) > 0 amounts to algebra. Because @ is weakly increasing on [2F, 00),
we obtain ®p(A) > 0 for every A > 2F, which proves the claim. O

Lemma 9. For every F > 3 and A > 2F, m1 > ms.

Proof. The inclusion-exclusion formula for ¢ = 3 gives the offer probability w3 = 3ag — 3b3 + cs.

Using again the equality from Lemma 4, we can write the difference in match rates in the following

A A
3 1 A
m1m3:(1F> <1F> +f(3b3*63)

Because the first term is positive, the dominance of ¢ = 1 follows if we can show the second term

way:

is smaller in magnitude than the third term. Because (1 — 1/F)4 < e=4/F it is sufficient to prove
that

F
3bg — 3 > Ze—f“/F. (18)

We can use the finite-market bounds from Lemmas 6 and 7 to write a lower bound for the
left-hand side of (18):

2
3b3 — c3 > (3 — as) <a§ — 27(AF_1)A2> . (19)

Now, A > 2F implies that ag < 3% < 1/6, so that coefficient term satisfies 3 — ag > 17/6. Also

22Since A > 2F and £; > 1/F, we have Af; > 2, and ¢'(z) = Ae”**(2 — Az) < 0 in the domain.
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observe that A — 1 > 5. We can bound the other terms then as follows:

F? 2 F2 2
2 (1 _ —3A/F> <
B2 \" ¢ ’ 97(A — 1)A2 ~ 135A2°

A computation will complete the proof. Substituting these bounds directly into (19) gives

F2
3b3 — C3 > Cﬁ’
17[(1-e%% 1
C=—|———| =0.2923.
6 [ 9 135

Note this C is just a constant (and is evaluated as such). We now compare it with the right-hand
side of (18); it remains to show that C' > %e‘A/F. The constant 2e~2 is less than C but upper
4p-A/F

bounds , so the result follows. O

Lemma 10. For every F' > 4, every A > 2F, and every g € {4,...,F}, m1 > m,.

Proof. We will compare m to m, by writing a lower bound for m; and an upper bound of m,,
and making a computation as we did in the proof of Lemma 9. We can use the inclusion-exclusion

formula to upper bound the probability of receiving an offer under g > 4:

q q
Tq < qag — <2) by + <3) Cq-

By Lemma 7, we have ¢; < agby, and note that (g) = (g)% Hence we can rewrite the upper

-2
g < qag — (g) (1 - qgaq> by. (20)

Since aq < Aﬂq < 2%], we can bound that new term on the right-hand side of (20), as 1 — %aq > %.

bound as

Then using Lemma 6, we can rearrange into the following:

5(q\ o 5(q F?
< gag—2 S R 21
msw g (3)a 5 (3) s (21)

We bound the three terms separately. For the first term, we have ga, < F'/A. For the second
term, (1 — 2)?4 < e 4% and ¢ > 4 imply that
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And then plugging in that new bound into the second term and using that g > 4:

q\ o q—1F? —4a/F\?
<2>a‘12 2 ﬁ(l_e />
3 F? 2
>S5 (1—6_4A/F) . (22)

For the third term, % < 3/32 for ¢ > 4, and A > 8 implies 1/(A —1) < 1/7. We merely

evaluate to get the bound. Hence

2 2
Sfay__ = 5 I (23)
6\2) 3(A - 1)A% = 148 A2

Substituting (22) and (23) (as well as ga, < F//A) into (21) yields

F 5 F? _aayp\2 5 F?
T ™) e (24)

Ty <

Now the objective is to show that m; — my is positive using this upper bound we have just
found. First, multiply (24) through by A/F to get mg:

A Fl5 2 5
_ 2 <1_77<1_ *4A/F) 2
M= Fha = A[lﬁ ‘ 448

Now toward the comparison, observe that a suitable lower bound for m; is simply
1\* A
mlzl—(l—F> >1—e" /F,

and so, after writing m; — m, and rearranging terms, it is sufficient to show that

The left-hand side of (25) is decreasing in A/F for A/F > 2, while the right-hand side is
increasing. So it is enough to evaluate both sides at A/F = 2. At this boundary,

5

5
22~ 0271 <0301 ~ —(1 —e 82 - .
e 0.271 < 0.30 16( e 8) s

Thus (25) holds whenever A/F > 2, and the claim follows. O

B.3 Proofs of the Finite-Market Bounds

We now prove Lemmas 4-7. First, we derive a preparatory result:
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Lemma 11. If Z ~ Bin(N, p) with N € Z>o and p € (0, 1], then

1 1—(1—-p)N+t
E { ] Il Gl iy (26)
1+Z (N+1)p
Proof. The key steps are using Zil (JZ ) = ﬁ(giﬁ) and the binomial theorem:
N
1 1 (N N
- | = z 1 . —z
[1—1—2} ;z+l z PrL-p)
N+1
_ 1 Z <N + 1) w(l _ p)N—f—l—w
(N +1)p ==
N+1
— Wil — +1-w 1— +1
T wo( Joa-p (1-p)
1 N+1 N+1
_ 1 1
(N+1)p[p+( p)) (1-p) ]
1
— 1— _ \N+1
TR G
el Gy ) (27)
(N+1)p
O

Proof of Lemma 4. Conditional on the focal applicant applying to a fixed firm, each of the other
A — 1 applicants applies there with probability p, = ¢/F (independently across applicants). Thus
the number of competitors is Z ~ Bin(A — 1,p,), and conditional on Z = z, the focal applicant is

highest ranked in the application pool with probability 1/(z + 1). By Lemma 11,

e e Ol

Proof of Lemma 5. Integrating v,(z)" 1 directly and substituting n = A — 1 gives

1—(1—pg)" _ 1—(1 _pq)Af1
NPq (A—=1)p,

1
Wq :/0 v(x)" tdr =

Then because v4(x) = 1 — pg(1 — z), we can also write py(1 —x) = 1 — v4(z), and so

1
Dgkq = /0 [Vq(x)n_l - Vq(x)n} dr = wg — ag,

which establishes the target kg = (wq — aq)/pq-
That w, < ﬁaq trivially follows from 1 — (1 —p,)A~! <1 — (1 —p,)*. As a result, w, — a, <
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aq/(A —1) and k4 < a4/[py(A — 1)]. Then using that, a; < 1/(Apy) = F/(Aq), we can write the

final bounds

< 1 F
w = s
T p(A-1)  g(A-1)
- 1 . F?
YOS APIAT) T PAA-1)

O

Proof of Lemma 6. Fix two distinct firms to which the focal applicant has applied, and for each
competitor £ € {1,...,n}, let X; and Y} indicate whether that competitor applies to the first and
second firm, respectively. Set Z; =3, Xy and Zo = >, | Y,.

Conditional on (Z7, Z3), rankings at the two firms are independent and the focal applicant is
top ranked with probability 1/(1+ Z;) at firm j. Therefore the probability of getting both offers is

1

by = EAEYIE

We will define two functions which consider a single competitor. First, define G4(z,y) =
E[z%X¢yY?] which will naturally emerge from analyzing by; it is the joint probability-generating
function for the two applications. Then let Hy(x,y) = v4(z)v,(y) be the same but with the

independence assumption; under independence, the joint probability of applying to both would be

pg. But the actual probability is smaller: Fqg‘?_ll)). Their difference is
_ 1)
A, 2 a1
20 =Pe ™ p(F 1)
_ (g)Q_ q(g—1)
F) TFF-1D
_ 9(F—q)
(F—1)

SoPr(X,=1,Y,=1) = }?E;If_ll)) = pz — Ay q. Now, since Pr(X, = 1) = Pr(Yy = 1) = p,, we also

can write

Pr(X,=1,Y,=0)=p, - Pr(X, =1,Y,=1)
=pq(1 —pg) + Doy,

and symmetrically,
Pr(X;=0,Y; =1) = pq(1 = pg) + Aoy

The probability of no applications is then simply (1 —p,)? — Ag,. Using all of these terms, we can

31



write out Gg4(z,y) fully:

Gy(z,y) = E [27%0y"]
= Pr(X,=0,Y; =0)+Pr(X, = 1,Y; = 0)x
+Pr(X,=0,Y, =1y +Pr(X,=1,Y,=1)zy
= [ —g)? — Aaq]
+ [pg(1 = pg) + Do gl

Meanwhile, we can write Hy(z,y) in the following way:

Hq(%y) = Vq(x)’/q(y)
= (1 = pg + pgz)(1 — pg + Pgy)
=(1 _pq)2 + pg(1 = pg)x + pg(1 — pg)y +p2$y.

Note the Az, terms emerge in the expected places: the events of neither or both applications are
slightly more likely under the independence assumption than without. Then the difference between

the above equations is

Hq(x7y) - Gq(ma y) = Alq - AQ,qx - Aquy + AQ,qu
=N (1 —2z—y+ay)
=N (1 —2)(1—y).

And so we have the key equality:
Gq(@,y) = Hy(2,y) — Dag(1 = 2)(1 —y).

Indeed, this preceding equality captures the cost of sampling without replacement. A competitor
who spends one of her ¢ applications at the first firm is then slightly less likely to apply to the
second.

Because competitors apply independently, we can consider all n competitors simultaneously:

E [leyZz] —E [iﬁexeyxéye}

n
HxXsze]

(28)



We now work toward a bound for b,. First, we want to write it as an integral; use L — fol t7 dt

142z
1,1
bq:E[// $Zly22dxdy]
0.J0
1,1
:// E[mzlyzﬂ dx dy
0J0
1 p1
:/ / Gy(z,y)" dz dy.
o Jo

Swapping expectation and integral in the second step is permitted because the integrand z%1y%2 is

twice to get

nonnegative on [0, 1]2.

Now, because Az, > 0, we know G, < H, pointwise. It follows that

1,1
by < / / Hy(z,y)"dxdy = az. (29)
0o Jo

For the lower bound, if ¢ = F, then Ay, = 0 and equality holds in (29). So suppose ¢ < F.

Then H, >0 on [0, 1%, and 0 < Ay U720 < 1. Thus we have

Gq(2,y)" = Hy(z,y)" [1 _ Doyl —a)(1 - y)} "

H,(z,y)
n _nAZ’q(l_x)(l_y)
> Hy(z,y) [1 Hy(z,y) ]

= Hy(z,y)" —nlgq(1 —x)(1 - y)Hq(:c,y)"*1

where the bound in the second step followed from using Bernoulli’s inequality: (1 —u)” > 1 — nu

for u € [0, 1] and integer n. Integrating the preceding inequality gives

1 1
qu/ / Hy(z,y)" dx dy
0 Jo

1 1
—ntay [ [ 0= 0= e sy
1

2
= ag —nlg, {/ (1 —z)yy(z)" ! d:n}
0
=a’ — nAZq/i(z].

q

And Lemma 5 implies

A

a(F - q) F 2
o ghig < (A~ 1)F2(F —1) <q2A(A - 1)>

. FPF-9 _  F
TAF-D)A-1)A2 = pA-_1nAaz 7
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Proof of Lemma 7. This proof closely follows that of the preceding claim. Fix three distinct firms
J1, J2, j3 to which the focal applicant applied. For each other applicant ¢ # ¢ define the application

indicators Xy, Yy, Zy, and write the corresponding application counts

St = ZX@, Sy 1= ZY@, S3 1= ZZ@.

i (£ (£

Conditional on (S, S2,53), firms randomize independently, so

c —E[ 1 ]
4 1+51 ].+SQ)(1+S3)

—IE[/// z Ly zs3dacdydz]
:/// ]E[:L'Slys2zs3] dr dydz,
0JoJo

(This follows Lemma 6 for three variables.) Now let G(z,y,2) = E[zX¢y¥22%] be the single-
applicant probability-generating function, so E[z%1y%22%] = G(z,y, 2)". Then write for the pair
probability Gy (z,y) := G(x,y,1) and single probability G.(z) := G(1, 1, z); the subscripts denote

which terms are “active.” We will now show that for all (z,vy,2) € [0, 1]3,
G(z,y,2) < Guyla,y) G.(2). (30)

(=9

With slight abuse of notation, let p; = ) be the probability that a given other applicant chooses

a prespecified set of ¢ firms among {j1, j2, j3} and chooses the remaining g — ¢ firms from the other

F — 3. Expanding G(z,y, z) by conditioning on how many of the set {41, j2,73} are chosen yields
G(z,y,2) = po+p1(x +y+2) +p2(ey + 22 +yz) + psayz,
Then we can write G,y (z,y) and G,(2) as

Gey(z,y) = po + p1(x +y+ 1) + pa(zy + = + y) + p3zy,
G.(2) =po+p1(2+ 2) + p2(1 + 22) + p3z.

Closed forms follow from the binomial form of p,. Writing out each p; for t € {0, 3}, we get

(F - —qg-1)F —q-2) _qF-q¢(F—g—1)
F(F—1)(F-2) T TR FE_(F-2)

1)( ) ~ qlg—1)(¢—2)
F(F—1)(F—2)

Po =
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Toward the bound, set
A(Z’, Y, Z) = Gazy(% y)GZ(Z) - G(Qj‘, Y, Z)'

Using G(z,y,2) — G(z,y,1) = (z—1)(p1 +p2(z+y) + pszy) and G.(z) —1 = (z—1)(p1 +2p2 +p3),
we can rewrite
A(z,y, z) = Gpy(z,y) (Gz(z) — 1) — (G(x, Y, 2) — ny(a:,y))
=(z—-1) [(pl + 2pa + p3) Gay(,y) — (p1 + p2(z +y) +P3~”Ul/)]

Substituting the expression for G, and the closed forms for pg, p1, p2, p3 and simplifying (collecting
terms in (1 — z) and (1 — y)) yields

_ q(F —q)
Awy2) = mr =g 77

((F=2)((1=2)+ (1 =) —2q - D1 - 2)(1 —y)) 0.

Proving positivity amounts to proving the large term within brackets is weakly positive, which
follows from z,y € [0,1]. The coefficient %(1 — z) > 0. This proves (30). Then
G(z,y,2)" < (Goy(,y)G=(2))" on |0, 1%, so

1 r1 p1
Cq:/// G(z,y,2)" dxdydz
0J0 JO
1 p1 p1
< [ [ [ Guev6.(o) drdya:
0J0 JO

_ (/01/01 Goy(@, y)" dz dy) (/01 G.(2)" dz).

The first factor is exactly b, and the second factor is exactly aq, hence we have shown the claim.
O

C Proof of Theorem 2

Proof. Recall our definition from the main text: the probability that any particular application

leads to an offer is
1—e M

8q = v
Then again letting 7, denote the probability that a representative applicant matches under quota
g, we can write my = 1 — (1 — s4)?, and by symmetry, the match rate per firm is my, = Any.
Differentiation reveals s, is decreasing for ¢ > 1 and 7, is decreasing for ¢ > 3; we elide the algebra.

Toward comparing applicant welfare, consider a focal applicant and let R, be the rank of the

firm whose offer she accepts under quota ¢, and set R, = oo if she receives no offer. We will show
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stochastic dominance. Because offers are independent,
Pr(Ry<r)=1-(1- sq)min{“q} forr=1,...,F.
For r = 1,2, that s3 > s, implies
Pr(Rg<r)=1-(1—-s53)">1—(1—-s54)" =Pr(Ry <7).

For r > 3,
Pr(Rs <r)=m3>my > Pr(R, <r).

Thus R3 first-order stochastically dominates R, (where a lower rank is better). Hence ¢ = 3 weakly
increases both the match rate and applicant welfare relative to every ¢ > 3. Therefore every quota

q > 3 is dominated by a quota g < 3. 0

D Proof of Theorem 4

Recall that a random vector X is associated if Cov(¢(X), 9 (X)) > 0 for every pair of bounded,
coordinatewise nondecreasing functions ¢ and . We state key properties of associated random

variables in Lemma 12 which we will use in the proofs.

Lemma 12. Subvectors and independent unions of associated vectors are associated, coordinatewise
nondecreasing transformations preserve association, and if X is associated, so is —X. If Z1,..., Z,

are positively associated random variables taking values in [0,1], then
q
[12

/=1

The key idea for the next result is that choosing the top ¢ from a set creates a shared cutoff;

E > f[za[zd.

(=1

conditional on that cutoff the selected variables are independent, but unconditionally the cutoff

induces positive dependence.

Lemma 13. Let (Xy, Yf)?zl be i.i.d., and suppose Yy is stochastically increasing in Xy. Fix a set
S C F with |S| = q. Conditional on S being the set of indices of the q largest values in X, the

vector (Yy)es is associated.

Proof. If ¢ = F the result is immediate, so suppose ¢ < F, and let 7 = max;¢g X;. Conditional
on 7 = t and on S being the set of firms that rank in the top ¢ for a focal applicant, the pairs
(X¢,Ys) res are independent draws from the distribution of (X,Y’) conditional on X > t. Now
as t increases, the distribution of X conditional on X > ¢ increases in the first-order stochastic
order. Since Y is stochastically increasing in X, the distribution of Y conditional on X > t is also
stochastically increasing in t. We can then write Y; = Q(7, V) where Q(+) is a quantile function and

the Vy variables are independent uniform random variables; @) is nondecreasing in both arguments.
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The vector (7, (V) fes) is associated, and (Yy) fes is a coordinatewise nondecreasing transformation

of that vector; by Lemma 12 we have the result. O

D.1 Cross-Side Alignment

Recall that we study the equilibrium where applicants apply to their g-best firms for every «, and
firms offer their favorite applicant from those who have applied. So the distribution of applications
is independent of «; we study how collision changes because of the preference alignment.

Fix an applicant a and write X; = ugy and Yy = ug,. The first step is to show that Y} is
stochastically increasing in X;. Note the claim is immediate when o = 0 or a = 1; now suppose
a € (0,1). Let f. denote the density of the applicant-side idiosyncratic shock. Conditional on

match-specific value v,y = v, the density of X is

Frle | v) = 72— . ( - a”)

l1—a

where the term =% is X rearranged for ¢. Recall we assumed log-concavity of f.; this implies

the monotone-likelihood-ratio property in v. To see this directly where the derivative exists, let

v = log f.. For vy > v,
0 fX|v(x ‘ UQ) 1 , [T — vy , [T — avy
9 _ — A (=== | >o.
Ox ngX|v(x|vl) 1-ao|' \U1-a "\ 1-a 20

The inequality follows because 7' is nonincreasing. By Bayes’ rule we then have that the posterior

distribution of v,y is stochastically increasing in X. Since Yy = av,f + (1 — a)e s, is stochastically
increasing in v,y by the same construction, it follows that Y7 is also stochastically increasing in X7y.

We can think of the applications as a graph where an application corresponds to an edge between
the respective applicant and firm nodes. We elide formalism and will consider a realized application
graph G. For each applicant a, let S, denote the applications she has sent. Conditional on G, the
definition of S, is that it contains the ¢ highest (applicant-side) values of applicant a. Lemma 13
gives that (uyr,)es, is associated. Because the primitive values composing applicants’ utilities are
independent, the applicant-specific utility vectors remain independent across applicants conditional
on G.

Fix the focal applicant a, and for every f € Sg; recall that O indicates that firm f offers to a
and that Ny = |Pr \ {a}| is the number of competing applicants at firm f.

Since o¢(a | Py, uy) is weakly increasing in u, and weakly decreasing in every competitor value

ufq , it follows that (o (a | Pf’uf))fGSa is associated. Hence so is (1 —o¢(a | Pf’uf))fesa'
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Conditional on the realized utilities, firms randomize independently. Therefore

Pr(a receives no offer | G) = E, H (1 —of(a| Pr,uy)) ‘ g
(03
fE€Sa

> H E. [1—O'f(a‘Pf,Uf) ’ g:|
fESa

|
fes, Nf-i-l

= I;r(a receives no offer | G).

The third line follows because the applicants in Py are exchangeable conditional on G and firm
f makes exactly one offer. The last line follows because firm-side values are independent across
firms when a = 0. Since the distribution of G is the same for every «, averaging over G gives

mg‘ < my. OJ

D.2 Firm-Side Alignment

This case is simpler than that for cross-side correlation. Applicant utilities do not depend on 57,
so applicants apply to their top ¢ firms; the distribution of the application graph is the same as in
the case of cross-side correlation and the baseline independent game. We now show firms are more
likely to collide.

Fix a realized application graph G. The vector (uy.)fes,, is associated because its coordinates
are coordinatewise nondecreasing functions of the independent variables 6, and (e fa/) fes,- These
vectors are independent across applicants.

By the same argument as above, the focal applicant’s offer indicators (Of)¢egs, are associated
conditional on G. Their marginal probabilities are again 1/(Ny + 1). Note when 8/ = 0, the offer

indicators are independent conditional on G. Thus

N
Pr(a receives no offer | G) > H ro= Pr(a receives no offer | G).
' Ny+1 0
fE€Sa
Averaging over G yields Prgs(a matches) < Pro(a matches), and hence mg ! < m). O

D.3 Applicant-Side Alignment

Fix a focal applicant a and order the firms to which she has applied by fi, ..., f;, and again let
Ny, ..., Ny denote the corresponding competitor counts, each with the same marginal. Conditional
on (Ni,...,Ng), firm preferences are independent across firms; also, symmetry implies that an

applicant facing N, competitors receives the firm’s offer with probability 1/(/Ny + 1). Hence her
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probability of receiving no offer is

q
Ny
Pr(a receives no offer) = E
Ba( ) L]‘_{ Ny+1

Let rga := E[Ny/(Ny + 1)] denote the marginal rejection probability of a uniformly selected

application. By the sufficient condition in the theorem,

Pr(a receives no offer) > rg,.
ﬁa

But in the baseline game, negative association (see, e.g., Appendix B) implies

Pro(a receives no offer) < rg. Combining the preceding inequalities gives

Pr(a receives no offer) > r%, > rd > Pr(a receives no offer).
Ba B 0 0

Thus Prga(a matches) < Prg(a matches) and by symmetry the claim follows. O

E Proof of Proposition 2

We will show that the match rate is maximized at ¢ = 1 when A = A/F > c¢. As in our other
results that use Assumption 1, we elide some of the routine algebra. It will be helpful to define
v :=¢/X € (0,1] to be the ratio of capacity and market imbalance. We are going to compare the
match rate mg . to si., which is equal to the match rate when ¢ = 1. Recall from the body that
under Assumption 1, the probability that a focal applicant matches is 7wy =1 — (1 — 54.¢)9.

Our strategy is to upper bound the match rate under ¢ > 2 and lower bound the match rate
under g = 1.

For ¢ > 2, note the expected total number of offers is at most Fc. There are Aq applications and

by symmetry each receives an offer with probability s, .. Therefore Aq - s, . < Fc, which implies

Tge <1— (1 - 7) = 9,(q). (31)

The function g,(¢) in (31) will be used to write an upper bound of mg . and is strictly decreasing
for ¢ > ~; in particular, it is strictly decreasing over the integers ¢ > 2.
Now we lower bound the match rate under ¢ = 1. Let K ~ Poisson(A\) be the number of

competitors at the focal applicant’s firm under ¢ = 1. Conditional on K = k, the focal applicant
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receives an offer with probability min{1,¢/(k + 1)}. Hence

Sl,e = PI’(K <c-— 1) +Zk7j_1PI‘(K: k)
k=c

:Pr(Kgc—1)+§Pr(K2c+1)

=7+ (1—7)Pr(K <c—1)—yPr(K =¢). (32)

The second equality uses Pr(K = k)/(k + 1) = Pr(K = k + 1)/)\; further, Pr(K = ¢ —1) =
(¢/N)Pr(K = ¢). Since Pr(K < c¢—1) > Pr(K = c¢— 1), using (32) in fact gives

s10>7— 72 Pr(K = ¢). (33)

Now for fixed ¢, the Poisson mass e *\¢/c! is decreasing over A > c¢. Therefore

and the sequence {t.} we just defined is strictly decreasing because tctil =e! (1 + %)C < 1.

c

Now we break our comparisons down into cases, as we did in the one-to-one game.
First, compare the match rate from ¢ = 1 to every quota ¢ > 3 for all ¢ > 2. When ¢ > 2, we
have t, < to = 2¢72, and use the bound 2e~2 < 8/27. Combining this with equation (33), we get

s1,c > 7 — 272 But then s1. > g,(3) because

7\ 3 o &

—1—-(1-1) =4 L 4+

9+(3) ( 3) T3ty
and 2( )
8 (1 —~

Y= =7 —g,(3) = ——=>0.

27 27 T
And since 7 . = 51, and g,(q) < g4(3) for every integer ¢ > 3, by (31) we have

e > 94(3) > 94(q) > Tyc for every q > 3.

Now make the comparison to ¢ = 2 when ¢ > 3. The mechanics are the same as above: if ¢ > 3,
then t. < t3 =9/(2¢3) < 1/4; by (33) we have s, > v — %, and g,(2) = v —7?/4. Thus

Tl,e = S1,c > 97(2) > M.

Lastly we have ¢ = 2 and ¢ = 2, in which case A > 2; here, the bounds we derived above are
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too loose for our purposes. If L ~ Poisson(x), then

E [min{l, L2+1H = Pr(L < 1)+ 2 Pr(L > )
2 (1 + i) e, (34)

Applying (34) with £ = XA under ¢ = 1 and = = 2\ under g = 2 gives

- (1 + i) e,
— <1 + i) e

S12 =

>l >N

S22 =

Since mo 9 = 2592 — 33’2, substitution yields

1 2\ _, 1 _aa
8172—7T2,2:)\2—<1+A)6 +2<1—)\2)e
1\ 2
1+ =) e\
“(+3)
We elide the verification that this is positive. Therefore m 2 = 512 > ma 2.
Combining the three preceding cases, we have collectively that m . > 74 . for every ¢ > 2,q > 2.

Thus ¢ = 1 maximizes the match rate. Applicant welfare is trivially maximized at ¢ = 1, hence we

have shown that ¢ = 1 dominates all other quotas. O

F Multiple Rounds

F.1 Proposition 3

The number of unmatched applicants when applicants propose at round ¢t is A —
E[number of matched applicants]. Equivalently, we can substitute and rewrite this as A\F' — Fhl" =
F(\— hf ). Each unmatched applicant then proposes to one of the F' firms; an unmatched firm

—(A=h{)

receives at least one proposal with probability 1 — e . So we can write the recursive form

for the fraction of matched firms as
WAL =h + (1 - h;‘)(1 - e—@—hﬁ).
Following the same construction, the fraction of matched firms when firms propose
hE L =hf + (A — hf)(1 - e—@—hf)/k).

Both initial conditions are equal at ¢ = 0 and are increasing on [0, 1], and for any current match

rate, the applicant-proposing dynamics produce a weakly larger match rate than the firm-proposing
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rule whenever \ > 1.2% Therefore if h* > hf", hil, > hl,, and the result follows by induction.
Because the match rate is higher and because applicants apply in the order of their preferences,

applicant welfare is also higher; dominance follows. ]

F.2 Theorem 3

Recall we denote by hg the match probability of a firm in a 2-round firm proposing game. We wish
to show that h2F > my for ¢ > 2:

— e\ 4
hgz)\[l—exp<1—e_l/)‘—i>} 2/\[1—<1—1)\Z> ] = my.

We know it is sufficient to consider ¢ € {2,3}. Then it suffices to define and prove the following

T, (\) :1n<<1 - 1_;1Aq>q> - (1—e—1/k— i) >0

where we simply took logarithms. We then need the following for ¢ = {2, 3}: to show W;(\) <0 on
1—(z+1)e™®
r—14e= 2%

inequality:

[1,00), and in the limit the function goes to zero: limy_,o, ¥4(A) = 0. Define B(z) = = -

for x > 0, which appears in the derivative below:

ANE % <B()\q) —(2— e*l/*)).

Observe B(Aq) < 2 — e~/ holds for ¢ = 2,3. Hence we have W (A) <0 for all A > 1. Now we
show that limy_,o ¥(\) = 0. As A — 00, we have e™*7 — 0, hence

1—eM\?
1-— 1.
( Aq ) 7

Then since 1/\ — 0 we also have e~/ — 1 and 2/\ — 0, so

2
1—e /=2 0.
e )\—>0

Therefore limy_,oc ¥4(A) =In(1) — 0 = 0. O

Define ®4(x) = = + (1 — x) (1 — e_(’\_”c>) =1-(01 -2 and ®p(z) = 2+ (A — ) (1 — e_(l_””)/’\> =

A= (A= 2)e@ D/ note &y (z) = ze® > > 0 and Pp(z) = fe(x_l)/’\ > 0, and then compute the sign of the
difference of the original functions.
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