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Abstract

We study a digital intermediary that observes buyer value, controls information and
transaction prices, and charges sellers a common access fee. Sellers have heterogeneous
private beliefs about demand. The most pessimistic seller is the marginal participant,
so the intermediary benefits from designing information to raise the pessimistic seller’s
gross trading profit. Pooling relatively low and high values can achieve this, allowing
the intermediary to charge a higher access fee than under full revelation. We formu-
late the resulting problem as an information-design problem. An optimal policy can
be implemented using posteriors supported on at most two values, and under a trans-
port condition there exists an optimal negatively assortative segmentation that pairs
relatively low values with relatively high values. Optimal prices equal buyers’ poste-
rior expected values. The intermediary never suppresses efficient trade, but optimal

garbling may induce inefficiently excessive trade.
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1 Introduction

Digital intermediaries often know more about the value of a trade than both a poten-
tial buyer and seller. A managed marketplace can combine browsing histories, purchase
data, product information, and past outcomes to estimate a buyer’s willingness to pay for
a particular product. The same platform may recommend the product, standardize the
transaction price, and charge sellers for access to its demand. For instance, travel book-
ing sites such as Expedia often use sophisticated algorithms to recommend hotel room:s,
flights, or travel bundles to consumers and to determine prices.! Expedia charges the ho-
tels/airlines a commission on trips booked through their platform. How should Expedia,
or other digital intermediaries, design such a marketplace?

When sellers have heterogeneous beliefs about consumer demand and the platform
sets an access fee, we characterize the revenue maximizing recommendation algorithm and
pricing rule. Any recommendation algorithm can be represented as a market segmentation
(equivalently, an information policy); the optimal market segmentation takes a particular
form. Under a simple condition on the prior market demand curve and the firms’ beliefs
about demand, we show that the optimal segmentation is negatively assortative. The plat-
form pools consumers with very high and very low values together. Importantly, since
consumers do not perfectly know their own value, the market segmentation is informative
to both buyers and sellers. The platform allows the seller to charge the monopoly price in
each market segment.

The primary force behind our main result is that, when charging a flat access fee, the
platform should design a recommendation algorithm that disproportionately benefits pes-
simistic firms. Pessimistic firms believe that the consumer’s value is likely to be low. Hence,
pooling low and high value consumers in market segments allows the pessimistic firm to
trade at a higher price more frequently than they would under perfect price discrimination.

To illustrate this, consider the following simple binary example. Suppose buyer value
is either v = 1 or v = 2 and production cost is zero. Suppose there is a pessimistic seller,
which believes the value is 2 with probability 1/3, and an optimistic seller which believes
the value is 2 with probability 2/3. The two seller types are equally likely. If the buyer has
no additional information about their value, by Bayes’ rule they find v = 1and v = 2 to
be equally likely. When the buyer has no prior information, the monopoly price is exactly
the buyer’s expected value conditional on additional information revealed. If the market
segmentation allows for perfect price discrimination, the low type earns 1 x (2/3) + 2 x
(1/3) = 4/3. Hence, the optimal access fee for a recommendation algorithm that perfectly

!Expedia does not unilaterally determine prices, but negotiates deals with sellers to decide what price to
set. We simplify by not modeling such negotiations, and instead model platforms with total price-setting
power. As we show, however, in the optimal policy the platform’s price and monopoly price coincide.
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segments the market is 4/3. However, if consumers of both types are pooled, the monopoly
price is equal to p = E[v] = 3/2. The platform can thus charge a fee of 3/2 > 4/3.

More formally, we study a platform that intermediates trade between a buyer and a
seller. The buyer’s value is initially unknown to the parties.”> The seller has a publicly
known production cost. Before deciding whether to participate, the seller privately ob-
serves a belief about buyer value. There are two seller types. The high type is relatively op-
timistic, in the monotone-likelihood-ratio order, and the low type is relatively pessimistic.
The platform offers a common seller-side access contract. After participation, the platform
observes value, discloses information (e.g. offers a market segmentation), and sets a trans-
action price and trade probability. Both buyer and seller may refuse trade.

When both types participate, the fee cannot exceed the lower of their gross trading prof-
its. We show that at an optimum the low type is the marginal participant. Full revelation
(e.g. a market segmentation that allows for perfect price discrimination) gives each seller
the realized surplus and therefore leaves the low type with relatively little gross profit. By
pooling values, the platform can instead redistribute gross profit toward the low type and
charge both types a higher fee.

This redistribution operates through buyer obedience. The buyer is willing to trade
when the proposed price is below expected value. A pooled price can consequently leave
the buyer with negative expected surplus conditional on the low seller type and positive
expected surplus conditional on the high seller type, while leaving the buyer indifferent
under the participating population.

Our main technical result is a characterization of the optimal information policy and
pricing rule. The optimal pricing rule is particularly simple: the transaction price is always
equal to the monopoly price that the seller would set after any posterior belief (residual de-
mand curve). In the optimal information policy, each signal realization induces a posterior
with support on at most two consumer values (without loss), and under a simple transport
condition, posterior supports are negatively assortative 4 la Kolotilin et al. (2023). Based
on this characterization, we give conditions under which the optimal policy involves full
information, and conditions under which the optimal policy involves garbling.

There are three important welfare consequences of this characterization. First, in re-
distributing surplus from optimistic seller types to pessimistic seller types, the platform
leaves sellers weakly worse off on average whenever the optimal policy involves garbling.
Second, the buyer and seller always trade in a state where the buyer’s true value exceeds
the marginal cost of production. Finally, in some settings the optimal policy induces trade
in states where the buyer’s value falls below the seller’s cost. Hence, a key consequence of

2We could extend our model to allow for some heterogeneity on the buyer side, but we keep the buyers
uninformed of their value for simplicity in this draft.



our model is that digital intermediaries induce too much trade, conditional on inclusion of
the optimistic and pessimistic seller types.

In a simple example with two possible consumer values v; < ¢ < vy, we give some
comparative statics on the optimal information policy. The optimal segmentation involves
two markets: one in which there is trade (e.g. the product is recommended), and one where
there is no trade (e.g. the product is not recommended). If v = vy, the product is always
recommended, and is recommended with some probability when v = v;. We show that the
optimal probability of trade when v = vy, is increasing in v;. Hence, as trade becomes more
valuable in the low state, the intermediary adds more low-type consumers to the market.
Although raising v} increases the value of the fixed pool, it makes pooling less costly and
causes the platform to add sufficiently more low-value buyers to the trade segment that

the transaction price falls. As a consequence, the optimal trade price is decreasing in vy..

Related Literature

The paper contributes to several literatures. The posterior formulation follows Bayesian
persuasion (Kamenica and Gentzkow, 2011) and the dual approach to persuasion (Dwor-
czak and Martini, 2019). Technically, our pairwise and nested-support results are closely
related to productive transport in Kolotilin et al. (2023) and to bi-pooling in Arieli et al.
(2023).

The paper also relates to information and pricing. The closest related is Yang (2022),
which studies how a data broker sells information to a seller with private marginal cost.
Hence, the seller is privately informed about supply. In our setting, the seller is privately
informed about demand. This difference matters for welfare. In Yang (2022), there is quasi-
perfect price discrimination: consumers trade at a price equal to their value whenever
their value lies above the firm’s virtual cost. Since the optimal mechanism involves virtual
costs, there is too little trade in Yang (2022). On the contrary, in our setting the optimal
information policy does not generally resemble perfect price discrimination. There is al-
ways trade (conditional on inclusion) when the consumer’s value lies above the publicly
known production cost. Hence, there is too much trade in our environment. Private infor-
mation about demand means that the low type seller can benefit from garbling, whereas
when sellers are privately informed about the supply-side all types prefer full-information
to any other information policy.

We also contribute to the literature on how information changes seller pricing more
broadly. In Roesler and Szentes (2017), Bergemann et al. (2015), and Wei and Green (2024),
information changes monopoly prices or the scope for price discrimination. Our setting is

distinct since the platform controls prices; information instead changes the distribution of



gross trading profit across privately informed sellers. The seller’s type is itself a belief, con-
necting the model to selling information to agents with heterogeneous prior information
(Bergemann et al., 2018) and persuasion of privately informed receivers (Kolotilin et al.,
2017).

2 Model

A firm and a buyer use an intermediary to trade. The consumer’s willingness to pay
isv € V C R, where V is a finite set. The firm’s cost is ¢ € R, which is deterministic
and commonly known. The value v is ex-ante unknown to all parties. The firm receives
an exogenous private signal about v, and updates to some belief denoted 6 € A(V). From
the ex-ante perspective, 0 is a random variable. We use 6(v) to denote the probability that
v occurs given 0. We assume throughout that there are binary types; that is, 6 € {0r,6y}.
Let G; := Pr(6;). We refer to 6y as the high type and 6; as the low type, and assume
that these types can be ranked in the monotone-likelihood-ratio-property ordering. That
is, 0y >mLrp 01, so that the high type thinks high values occur with relatively greater
likelihood than the low type. We let 6;(v) denote the probability that a firm of type 6;
assigns to v € V. By Bayes’ plausibility, the ex-ante distribution p satisfies

#o(v) = Gub(v) + GLOL(v).

In many settings, buyers are assumed to have more information than the seller about
their willingness to pay. Our environment can be modified to accommodate for idiosyn-
cratic information buyers may have about their tastes. The "buyer” in our model is then a
representative of a market, with demand (at the prior) defined by the distribution yg. Our
assumption that the firm is ex-ante more informed than the consumer about values is moti-
vated by environments where the firm’s product is of heterogeneous quality. Heuristically,
buyers know where they lie on a demand curve (e.g. is a certain buyer a higher demand
or lower demand consumer), but sellers have additional information about the location of
the demand curve.

The firm and buyer cannot trade without using the intermediary (or platform). Beyond
facilitating trade, the platform has two additional roles: (i) they can disclose additional in-
formation about the buyer’s value and (ii) they can set the terms of trade (e.g. trade prices
and probabilities of trade, as a function of what was disclosed).

The information role of the intermediary is motivated by the fact that the platform may
use past data, or a black-box algorithm, to learn things about consumers beyond what

they know ex-ante. For example, the platform may observe that consumers with certain



characteristics historically enjoy a particular product, even if the consumers do not realize
this themselves. We model disclosure flexibly. Formally, an information structure is a
triplet (Mg, Mp, 1) consisting of a space of messages intended for the firm (M), a space
of messages intended for the buyer (Mp), and a stochastic mapping 7 : V. — A(MFp x
Mp). We write m = (mp,mp) for the realized message pair, where mr is observed by
the firm and mp is observed by the buyer. Throughout, 77(-|v) denotes the conditional
distribution over message pairs given the true value v. Often, we abuse notation and refer
to information structures simply by the stochastic mapping 7t when the message sets are
clear from context.

The trade role of the intermediary differs from existing approaches in the literature; the
buyer and seller interact on the platform, and the intermediary chooses the price at which
they trade. A trade price p is a payment from the buyer to the seller. Payoffs are quasi-linear
in money. In a large literature following Roesler and Szentes (2017), the intermediary only
recommends a price to the seller, but the seller retains ultimate price-setting power. In our
setting, the platform chooses the terms of trade and needs only respect the right of parties
to walk away. When either party walks away, both parties receive their outside option,
which gives a payoff of 0. The platform also chooses a trade probability x. The terms of
trade (p, x) can be chosen based on the realized message m. The platform charges a transfer
t to the firm. If the firm chooses not to participate in the trade relationship, all parties earn

a payoff of 0. In summary, we consider the following timeline:

1. The intermediary posts a policy (7, p, x,t) where p : Mp x Mp — Rand x : Mp x
Mp — [0,1]. They charge a fee f to the firm for the right to participate.

2. Nature draws 6 ~ G. The firm observes 6. The firm decides whether to pay the fee ¢

and participate.

3. Nature draws a value v ~ 6. The intermediary observes v, while the firm and buyer
do not observe v before trade.

4. If the firm participates, nature draws a message vector m ~ 7(-|v). Terms of trade
are setas (p,x) = (p(m), x(m)). The firm observes mp and (p, x). The buyer observes
mp and (p, x).

5. Given each party’s observations, they decide whether or not to accept the given trade
price. If both parties accept, the buyer’s ex-post payoff is (v — p)x and the seller’s is

(p—o)x.

Let I(7t, p,x,t) C {0r,0y} denote the set of firm types that participate in the market.
This depends on the posted policy. A type 0; € I(7, p, x, t) if and only if their gross partic-
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ipation payoff exceeds t. Formally, for a given policy let

u; (7, p, x) == g, [(p(m) — c)x(m)]

denote the expected gross firm payoff of type 6; under policy (7, p, x, t), assuming that
every pair (p, x) is accepted by both parties. Then the set of participating types is

I(mt,p,x,t) = {i c{L,H}: Ul (m,p,x) > t}.

Because the firm’s cost is deterministic and commonly known, the firm’s acceptance
decision does not depend on its type. Throughout, we restrict attention without loss of
generality to policies that satisfy the following firm-obedience constraint. That is, for any
on-path message profile m,

(p(m) —c)x(m) > 0. (OBD-F)

Indeed, whenever p(m) < ¢ and x(m) > 0, every firm type rejects trade, so the platform
can instead set x(m) = 0 without changing the implemented outcome. Thus, (OBD-F)
implies that both firm types accept after any message and terms of trade realize.

It is also without loss of generality to require the following buyer-obedience constraint

to hold. For any on-path message profile m,
E[(v — p(m))x(m)[mp, (p(m), x(m)), 1(rt, p, x,1)] > 0. (OBD-B)

The buyer’s inferences following mg, (p, x) depend on the set of firm types that participate
in the market.

A public information policy is a special information policy where there is some message
space S such that mr = mp = s € S. That s, the buyer and seller are sent the same message
after every realization. For public information policies, we write 7 : V — A(S). We argue
that the designer can, without loss of generality, restrict attention to public mechanisms.
The proof idea is that private messages give agents (the buyer and seller) more information
than the proposed terms of trade. In particular, the firm observes (mg, p(m),x(m)) and
the buyer observes (mp, p(m), x(m)). Instead of sending the private messages mp and mg,
the designer can simply publicly reveal (p,x) = (p(m),x(m)). This only weakens the
obedience constraints on each side of the market while preserving each firm type’s gross
participation payoff. As a consequence, throughout we take information policies to mean

public information policies.

Proposition 1. Every feasible policy (7, p, x, t) is revenue equivalent to some public policy (%, p, £, f).



The designer chooses a policy to maximize their revenue. Formally, they solve

sup Y Git st (OBD-F), (OBD-B). (OPT)
(7t px,t) i€l(m,p,xt)

Let REV* denote the value of the above problem.

3 Fully Revealing Policies

Before characterizing the solution to (OPT), we first present and study a particularly
important and simple class of policies: policies where the designer fully reveals the value
v.

Definition. A policy (7, p, x,t) is fully revealing if 7 is fully revealing.

We consider the optimal policy within the class of fully revealing policies. The optimal
policy is efficient conditional on inclusion, and takes a relatively simple form: trade if and
only if it is efficient to do so, and give all surplus to the firm. Let x(v) denote the trade

probability when the realized value is v and p(v) denote the trade price.

Proposition 2. In any optimal fully-revealing policy, x(v) = 1ifv > cand x(v) = 0ifv < c. If
x(v) >0, then p(v) = v.

The proof of the above proposition is straightforward. If 7r is fully revealing, then the
obedience constraints can be written state-by-state. Forany v € V,

(p(0) = c)x(v) =20,
(v = p(v))x(v) > 0.

These jointly imply that (v —¢)x(v) > 0. Thus, there can be no trade whenv < ¢. Whenv >
¢, trade creates strictly positive surplus. The price p(v) should be chosen to redistribute as
much buyer surplus to the firm as possible, since the intermediary extracts interim surplus
from the firm. Therefore, x(v) = 1 and p(v) = v. When v = ¢, the trade probability is
immaterial and any trade must occur at p(v) = c.

Given this, the platform fee t should be chosen to fully extract surplus from the partici-

pating type with the lowest surplus. Because (v — ¢) is increasing in v and 0y >nrrp 61,

Eg,[(v —c)+] > Eg, [(v—c)4].

It follows that, for the optimal fully-revealing policy, either I(m, p,x,t) = {6.,0n} or



I(mt, p,x,t) = {0 }. Therefore, the optimal fully-revealing revenue is
REV'R = max {Eg,[(v — ¢)+], GrEey,[(v — ¢)+]} -

We view the optimal fully-revealing policy as important for two reasons. First, it is a
simple policy. The designer does not engage in any sophisticated disclosure. In a number of
situations, this is clearly suboptimal. Nonetheless, this policy achieves a constant fraction
of the first-best surplus.

Proposition 3. The optimal fully-revealing revenue REVR is a 2-approximation of the first-best
surplus. That is,

REVER > ZE[(v —¢)4].

N =

To see this, Bayes’ plausibility implies that

E[(v—c)+] = GLEg, [(v —¢)+] + GuEgy[(v — ¢)+]
< Eg [(v—rc)+] + GuEgy[(v—c)+]
< 2REVTK,

Importantly, Proposition 3 is not an approximation result for social surplus within the
class of fully revealing policies. The ability of the platform to reveal v trivializes the prob-
lem of implementing the first-best allocation. The designer can simply set the transfer to
zero, fully reveal v, and set x(v) = 1 if and only if v > ¢, with any price p(v) € [c,v] when
trade occurs. Proposition 3 instead provides an approximation of the designer’s optimal
revenue within the class of fully revealing policies. The revenue problem is non-trivial
because the platform must choose between charging a relatively low fee that attracts both
types and a relatively high fee that attracts only the high type.

Corollary 1. The optimal policy achieves at least 1/2 of the first-best surplus:
REV* > %E[(v — o).

Since the platform’s revenue is bounded above by the first-best surplus, another imme-
diate corollary of Proposition 3 is that the revenue loss from using a fully revealing policy
is at most half the first-best surplus.

Corollary 2. The revenue loss from using a fully revealing policy is at most 1/2 the first-best
surplus. That is,

REV* — REVIR < ZE[(v —¢)4].

NI



4 Optimal Policies

In this section, we characterize the optimal policy. We first characterize the set of par-
ticipating firm types. We then formulate the problem when both types participate as a
constrained information-design problem. Finally, we show that a solution to a relaxed ver-
sion of this problem can be implemented using only binary posteriors and characterize the
gains from pooling any pair of values.

First, we show that, in the optimal policy, the set of included types is an upper set.

Lemma 1. In the optimal policy (7, p,x,t), either I(rt,p,x,t) = {0r,0y} or I(7T,p,x,t) =
{0n}-
To see this, suppose that only 6;, participates. Since participation reveals the firm’s type

to the buyer, buyer obedience implies that the low firm’s gross payoff is bounded above by
Eg, [(v — c)+]. Therefore, the platform’s revenue is bounded above by

GrEg, [(v—c)+] < Eg [(v—c)+].

The right-hand side is exactly the revenue generated by the fully-revealing policy that in-
cludes both types. Hence, a policy that includes only 0}, is weakly dominated.

If the only included type is 0p, the optimal policy fully reveals the value and assigns
all ex-post surplus to the firm. The platform fee extracts this surplus, so t = Eg, [(v — ¢)].
Thus, the optimal revenue from including only the high type is

REVH = GyEq, [(v—c)4].

What is the optimal policy when both types are included? Observe that the optimal
revenue in this case satisfies

REVH! = sup min {Uf (m,p,x), Uf(7,p,x)} st (OBD-F), (OBD-B),
(%)

since the revenue-maximizing platform fee is set equal to the lowest participant utility. The

optimal revenue is therefore
REV* = max {REVH, REVLH} .

We show now that, whenever both types are included, the low type’s participation
constraint must bind.

Lemma 2. Let (71, p, x, t) be the optimal policy. If I(7t, p, x,t) = {01,601}, then
min {Uf(r(, p,x), Uﬂ(n, p, x)} = Uf(n, p,x).
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We stress that Lemma 2 does not follow from standard single-crossing reasoning. In
particular, it is possible to design a policy that the low type values more than the high
type. But such a policy cannot be optimal.

To see this, let S; := Eg.[(v — ¢)4] denote the first-best surplus conditional on type 6;.
Consider any on-path trade signal s when both types participate. The buyer’s posterior is
induced from the prior . Since 0 >~ rp 01, the likelihood ratio 0y (v) /po(v) is increas-
ing in v. Therefore, conditional on any signal s, the high type’s belief about v first-order
stochastically dominates the buyer’s belief. Since the maximal obedient price is the buyer’s
posterior mean, Eg, [v]s] > p(s). It follows that the high firm’s gross payoff under any obe-
dient policy is bounded above by Sg.

Suppose, for contradiction, that the high type’s participation constraint binds strictly:

Uﬁ(n, p,x) < Uf(n, p,x).
In this case, UL (71, p, x) < Sy. Indeed, if UL (7, p, x) = Sg, then
G UL (7, p, x) + GuUp (7, p, x) > Sh.

But buyer obedience implies that average firm gross payoff is bounded above by first-best

surplus,
GLUL (7, p,X) + Gulp (7, p,x) < GiS1+ GuSh < Sh,

a contradiction. Mixing the proposed policy with the optimal fully-revealing policy there-
fore raises the high type’s payoff from UL (7, p, x) toward Sy. For a sufficiently small
mixture, the high type remains the marginal participant, so revenue strictly increases. This
contradicts optimality.

It is without loss of optimality to set prices to fully extract the buyer’s surplus after any

signal. That is, the buyer’s obedience constraint must bind.

Lemma 3. Any policy (7, p, x,t) is revenue dominated by a policy (7, p, £, ) with p(s) = E[v|s]
foralls € S.

If the buyer observed the firm’s type prior to trading, the low type’s gross payoff would
be bounded above by S, and full revelation would be optimal when both types participate.
However, the buyer does not observe 6. Consequently, buyer obedience need not hold
separately conditional on each firm type. A disclosure policy can induce the buyer to obtain
positive expected surplus when the firm is type 05 and negative expected surplus when
the firm is type 01, while preserving buyer obedience under the prior mixture. Pooling
relatively low values with relatively high values can therefore redistribute gross surplus

11



from the high type to the low type. Because the low type is the marginal participant, this

redistribution can increase platform revenue.

Example 1. Consider the following simple environment: V = {vr,vg} with v, < ¢ < vy

and a uniform prior. The optimal fully revealing policy generates a revenue of

REVFR = max {OL(UH)(UH o), 9H<2”H) (o — c)} .

Assume that 26y (vy) > 0y (vy) so that the optimal fully revealing policy includes both
types. Hence, REVIR = 6; (vy)(vy — ). Assume also that 0; (vy) < 1/2.

Consider an information policy of the following form: S = {N, T}. N is a "no-trade”
signal, with x(N) = 0 and p(N) = 0. T is a trade signal with x(T) = 1 and p(T) € [vL, vy
to be determined shortly. The information policy takes the following form (we argue below
that the optimal information policy must belong to this class)

1 ifo=
7T(T|v){ ifv=oy

a ifv=uog

Above, « € [0, 1] parameterizes the amount of distortion in the policy. If & = 0, the informa-
tion policy is fully revealing and efficient. If « = 1, the information policy is uninformative.
Suppose both firm types are included. Below, we argue that it is optimal for p(T) = E[v|T].
Then, we can write p(T) as a function of a:

vy + avg
T) = JE T A%
p(T) 14w
The firm must be willing to trade after receiving signal T, which requires that p(T) > ¢, or
equivalently
o < UH C.
c — 0y,

Observe that the low type firm receives the trade signal T with probability
Pr(T|01) = 61(va) +a(l — 0.(vm)).
Therefore, the low type firm’s gross surplus is

UE (. 7) = (Bulom) + a1~ (o) (P52 ).

1+«

Observe that Uf; (71, p,x) = (6u(vn) + a(1 — 0y (o)) (5% — c) is strictly larger than

UL (7, p, x) for each a. Therefore, if the low type is willing to participate at some platform

12



fee t, the high type is also willing to participate.
The design problem of the platform reduces to choosing a to maximize U}f. The value
of « that maximizes U} is

: [\/(1—20L<vH>><vH—vL> .

a = (1 —=6c(vn))(c—or) [01]

where [z][p ;) = min{1, max{0,z}} denotes the value of z projected onto [0, 1]. Observe that
o < HoE automatically. Observe also that a* = 0 whenever

(1 — 29L(ZJH))(UH — C) < GL(UH)(C — UL).

Full revelation arises when there is little scope for redistributing surplus toward the low
type (i.e. 6. (vp) is high), when the surplus in the efficient state is low (i.e. vy — c is small),
or when the inefficient state involves large surplus losses (i.e. ¢ — vy is high).

If a* is interior, a number of comparative statics are immediate. We list them, and give
some intuition here:

1. a* is decreasing in 01 (vy). Pooling is less valuable as the low type becomes more
optimistic.

2. a* is decreasing in c. Higher costs raise the loss in trading after v;, and make it more

difficult to keep the trade price above costs.

3. a* is increasing in vy. Higher efficient trade values make supporting inefficient trade

easier.
4. a* is increasing in vy. Higher inefficient trade values makes pooling less costly.

In posterior space, the optimal information policy induces a distribution over posteriors

1

represented by u = Pr(vy) € [0,1] with support {0, W} The low type’s payoff from

inducing a particular posterior u is equal to

Up(p) = 2(u0L(vn) + (1 — p)(1 = 0L(vn)) (pon + (1 — p)oL —c)4+

which is non-negative whenever

c — 0y,

> = .
H=ZH Vg — L

Applying standard techniques of Kamenica and Gentzkow (2011), we can characterize the
optimal distribution over posteriors (hence the optimal a*) by concavifying Uy (1) and
checking the contact points. Figure 1 represents this.
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cav U (u) Uw(p)

1+a*
H

Figure 1: Uy (u), its concavification, and the optimal posterior distribution support.

The above example highlights the role of information in our model: inducing trade in
inefficient states more frequently to redistribute surplus from the high firm type to the low
firm type. We show that this intuition extends to the general environment. First, we show

that if v > ¢, any optimal policy recommends trade with probability 1 after v realizes.

Proposition 4. Let (71, p,x,t) be an optimal policy, and suppose I(rt,p,x,t) = {6r,0u}. If
v > ¢, then there exists a collection of measurable sets T, C S such that

T ( U T|v) =1,
TeTy

and x(T) = 1foreach T € Ty.

Intuitively, if the parties did not trade after v, the platform could instead induce trade
after v > c by fully revealing this state. Charging any price p € (c, v) increases the surplus
of the low and high type firms. The platform fee can be raised accordingly.

Next, we show that heterogeneity is essential on the firm side. Information is beneficial
as it redistributes surplus from 6y to 6;. Trivially, this redistribution is impossible when

01 = 0g.

Proposition 5. If 01 = 0y, then there is a fully revealing optimal policy.

VLH

We now characterize RE using the posterior-belief representation. As is standard

in information design, each public information policy 7t can be written as a Bayes-plausible
distribution over posteriors. That is, we associate to each 7t some T € A(A(V)) such that

dt(u) = ug.
/A(V)u (1) = po
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Switching to the distribution-over-posteriors representation, we abuse notation and ex-
press the terms of trade as a function of the induced posterior . Whenever trade occurs,
the price must hold the buyer indifferent between accepting and rejecting:

p(n) = Eulo].

The firm is willing to trade if and only if E, [0] > c.

A distribution over posteriors centered at the prior is not the same as the distribution

over posteriors from the perspective of a firm of type 6;. The likelihood ratio % corrects

for this fact. Define the payoff generated for a firm of type 6; by trading at posterior y as
0i(v)

() = By | x| (Bl =c).

Since E, [ftg({;ﬂ > 0, the sign of u;(u) is determined by the sign of E,[v] — c. Thus, the
trade probability is optimally set equal to 1 if u; (1) > 0 and equal to 0 otherwise.
Using Lemma 2, we can write RE VLH a5 the value of the following constrained information-

design program:

REVI = sup / max {ur(u),0} dt(p)
TeA(A(V)) /AV)

. d — 11,
s /A(V)V (1) = po

/. yy max (s (), 0} () > /. yy max (s (), 0} de(y).

The objective follows from the fact that the low type is the marginal participant. The in-
equality constraint ensures that the low type is indeed the marginal participant.
For now, we drop this constraint and study the relaxed program

REV = sup max {ur(u),0}dt(p) (RP)
TeA(A(V)) /AV)

s.t. /A(V) udt(u) = po.

Clearly, REV H > REV'H, with equality whenever a relaxed optimizer satisfies the ne-
glected inequality constraint.

A set of posteriors M C A(V) is pairwise if | supp p| < 2 for all y € M. A distribution
over posteriors T is pairwise if supp T is pairwise. We now show that some solution to the

relaxed program is pairwise.

Lemma 4. There exists a solution to (RP) that is pairwise.
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For intuition, consider any posterior with support containing more than two values.
One can perturb the posterior while holding E, [ZLO—EZ” fixed. Along such a perturbation,
the relaxed payoff is the positive part of an affine function of E, [v]. Splitting the posterior
in this direction until one value leaves its support weakly increases the objective. Repeating
this argument yields a pairwise solution.

An immediate consequence of Lemma 4 is that the uninformative policy cannot uniguely

solve the relaxed program whenever |V| > 2.
Corollary 3. If |V| > 2 and there is a unique solution T to (RP), then T # .

The pairwise representation allows us to characterize the incentive to pool any two
values. Let N = |V| and index the valuesin Vbyi=1,...,N. Suppose v; < v < ... < vN.
For each value v;, let

_ 0L(v;)
po(v;)

l;

denote the low type’s likelihood, relative to the prior, that v; occurs. The payoff generated
for the low type by fully revealing v; is

S; = éi(vi — C).

Consider a binary posterior y that places probability ¢ € [0,1] on v; and probability 1 — ¢
on v;. The payoff before taking the positive part is

up(p) =tsi+ (1 —t)s; + (1 —t)ly,
where
rl‘]‘ = (61 — fj)(U] — Z)i).

The term I';; is the pooling complementarity between values v; and v;.
The MLRP ordering gives the pooling complementarity a particularly transparent sign.

Since
1

G+ Grii(sy

l;

{4 > by > --- > lN. Therefore, if v; < v, then Iij >0, with a strict inequality whenever
the MLRP ordering is strict between v; and v;. Thus, relatively low values, which are
disproportionately likely under 60;, are complementary with relatively high values, which
support a higher trade price.

16



For a fixed pair (v;,v;) and posterior weight ¢, the gain in the relaxed objective from
pooling rather than fully revealing these values is

Ai]'(i’) = [tSi + (1 — t)S]' + t(l — t)I“l]] i — t(Si)+ — (1 — t)(Sj)+.

Pooling is profitable in the relaxed problem if and only if A;i(t) > 0 for some t. If both
values exceed cost, then

Ag(t) = H(1 — )T

so any strict pooling complementarity makes pooling strictly profitable. If v; < ¢ < vj, the
complementarity benefit must additionally compensate for the loss generated by inducing
trade at the inefficient low value.

Definition. We say that I satisfies the Monge condition if for all i < j <k </,
V5Ii+/Tik>VIik+ /T

A pairwise distribution over posteriors T is negatively assortative (Kolotilin et al., 2023)
if for all u, y’ € supp T with supp u = {v;,v;} and supp p’ = {v;,v;} where v; < v; and
vy < Vjt, either v; < vy < vy < vjorvy <v; < v < v That is, the support of posteriors

in T are nested. We show that there is a negatively assortative relaxed optimum.

Theorem 1. If I satisfies the Monge condition, there exists a pairwise solution T* to (RP) that is
negatively assortative.

The relaxed solution solves the original problem whenever it also gives the high type
at least as much gross payoff as the low type. Otherwise, the marginal-participation con-
straint must be incorporated directly into the choice of pairwise posteriors.

4.1 Verifying Feasibility of the Relaxed Solution

We now give conditions under which the neglected inequality constraint,

/. oy, max{un(p), 0}z (1) 2 /. 1y, max{un (1), 0} (1)

is satisfied. In particular, we seek a condition under which any signal that can support
trade is at least as likely under 6 as under ;.

Proposition 6. Let T be feasible in (RP). If 3\ > 0 such that Pr(6y|v) > Gy + A(v — ¢) for all

17



v eV, then

oy el (), 0 ey > [ max{un (1), 0} ().

It follows immediately from the above proposition that REV M REVLH whenever
the above condition holds.

Geometrically, the sufficient condition in Proposition 6 requires that all points of the
form (v, Pr(6g|v)) lie above some line of positive slope passing through (c, Gg) in R2.3
This yields the desired conclusion, as any convex combination of points on the graph of
Pr(6y|v) where the average v co-ordinate is above ¢ (so this distribution over states can
support trade) must have a average vertical co-ordinate above Gy. Hence any signal re-
alization that could induce the parties to trade must raise the posterior probability that
0 = 0n.

PI‘(GH | ’(’))

c
0

(o

Figure 2: A positive affine minorant of Pr(6y | v) through (¢, Gg). The point M is a convex
combination of two points A and B on the graph.

When the value space is binary, this condition becomes much simpler. In particular, a
sufficient condition for the feasibility of the relaxed optimum is that E [v] < c. That is,
trade is inefficient under the prior.

Corollary 4. If |V| = 2, T is feasible in (RP), and Ey, [v] <, then

/. 1y, max{un(p), 0)de () 2 /. 1y, e (1), 0}T(g0)

3That is, there is a positive affine minorant of the convexification of Pr(6|v).
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5 Conclusion

We show how a digital intermediary may optimally design trade environments. The op-
timal market segmentation is negatively assortative, and buyers with value above cost are
always assigned to a market segment where trade occurs with probability 1. Consumers
whose values fall below marginal cost may also be assigned to a market where they find
it optimal (given their belief) to buy the good. Contrary to standard monopoly settings,
where trade is often below the efficient level, our model generates an excess of trade. Thus,
our results caution against interpreting higher transaction volume on digital platforms as
evidence of better matching.
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A Recursive Algorithm

This section presents a recursive algorithm used to construct the optimal information

policy described in Theorem 1. Heuristically, the algorithm proceeds as follows:

1. Consider the current pair of extreme states v; < - - - < v; with mass remaining.

2. Either fully reveal one of the extreme states (v; or v;), or pool v; and v; in a single

trade signal.

3. If v; and v; are pooled, the mass of one such state must be exhausted. Compute the

optimal pooling.

4. Proceed with the new endpoints. Stop when no states remain.

More formally, let W;;(m;, m;) denote the maximum payoff attainable when states v;, v; 1, . . .

remain. Let m; denote the remaining mass on v; and let m; denote the remaining mass on
vj. For all strictly interior states (if any exist) vy € (v;,v;) NV, let my = po(vy). Define
Wi i(mj, m;) = m;(s;)+.

The payoff from fully revealing v; is

Fij(mi,m;) = mi(s;) + + Wip1,j(mi1, mj),
and similarly

Fli(mi,mj) = mj(sj)+ + Wija(mi, m;).

Define the total payoff from fully revealing as F;j(m;, m;) = max{Fiij(mi, m;), Pl.]j(m,-, m;)}.

The payoff from pooling v; and v; but exhausting the mass of v; first depends on the
posterior used. If y = t&y, + (1 — #)d,, with t € (0,1), exhausting v; requires using (1 — #)%
units of v; by Bayes’ rule. Feasibility thus requires

m; m;
(1—t)—’§m]~<:>t2 L.
t mi+m]~

Therefore, the value of this option is

Pil]‘(mi/ m]) =  max {TI(tSi +(1-— t)S]' + t(l — t)ri]')+ + Wi+1/j (Wli+1, mj — (1 — t)Tl) } .

te

mj
Wl)
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Similarly, the value of pooling v; and v; but exhausting v; first is

. m . m .
PZ.]].(ml-, m]) = max {1 _]t(tsi + (1 — t)S]' + t(l - t)I"l-]-)+ + Wi,jfl (mi — tl—_]t, m]1> } .
te (O’m-y«n%im4:|
i+
Define the payoff from pooling as P;;(m;, m;) = max{Pii]-(ml-, m;), Pi]}(m,-, m;)}.
The continuation value function W;; must satisfy the following Bellman equation:

Wij(m;, m;) = max{Fjj(m;, m;), Pij(m;, m;)}. (Bell)

—~_LH
Proposition 7. If W;; satisfies (Bell), then REV' = Win(po(v1), po(vn))-

B Proofs

Proof of Proposition 1 Consider any feasible policy (7, p, x, t). We construct a public pol-
icy that induces exactly the same distribution over terms of trade conditional on every
value v.

Let the public signal be the realized terms of trade themselves. Formally, take the public
signal space tobe R x [0, 1], and let 72 (-|v) be the pushforward of 77(-|v) under the mapping

m = (p(m),x(m)).

Thus, under 7, the probability distribution of the public signal s = (p, x) conditional on v
is exactly the probability distribution of the terms of trade (p(m), x(m)) under the original
policy. Set

>
I
~

pls)=p,  %(s)=x,

for every public signal s = (p, x).
We first show that this construction preserves the firm’s gross participation payoff. For
either type 6;,

Ui (7, p,%) = Eo,2 [(P(s) — ©)2(5)] = Eg,x [(p(m) — c)x(m)] = U] (7, p, x).
Since f = t, it follows immediately that
(&, p,%,F) =I(m,p,x,t).

In particular, the public policy generates exactly the same revenue as the original policy. It
remains only to verify that the public policy is feasible.
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Firm obedience is immediate. Under the original policy, feasibility requires
(p(m) —c)x(m) >0

for every on-path message profile m. Every on-path public signal s under 7 is equal to
(p(m),x(m)) for some on-path realization under 7. Hence

(p(s) —c)x(s) =0,

so (OBD-F) holds under the public policy.
We finally verify buyer obedience. Under the original policy, the buyer observes mp
together with the terms of trade (p(m), x(m)). Feasibility therefore implies

E[(v—p(m))x(m)|mg, (p(m), x(m)), (7, p,x,#)] = 0

almost surely on the path of play. Taking conditional expectations of both sides with re-
spect to the coarser information consisting only of (p(m), x(m)) and the set of participating

types, the law of iterated expectations gives
El(o—p(m))x(m)|(p(m), x(m)), (7, p, x, 1)]
= E[E[(v—p(m))x(m)|mp, (p(m), x(m)), I(7r, p, x,1)]|(p(m), x(m)), 1(7t, p, x, £)] = 0.

Under the constructed policy, the public signal reveals precisely (p(m),x(m)). Moreover,
I(#,p,%,t) = I(7,p,x,t) and the joint distribution of v and the realized terms of trade is
unchanged. The preceding inequality is therefore exactly the buyer-obedience constraint
under (7, p, %, 1):

E [(v—p(s))2(s)

Thus (7, p, £, ) is a feasible public policy with the same participating types, the same

s, 1(7,p,%,1)] > 0.

platform fee, and hence the same revenue as (71, p, x, t). Therefore every feasible policy is

weakly revenue-dominated by a public policy. [

Proof of Proposition 2 First, observe that the constraint (OBD-F) can be written as (p(v) —
c)x(v) > 0. The constraint (OBD-B) can be written (v — p(v))x(v) > 0. Jointly, these
constraints imply that (v — ¢)x(v) > 0. Hence, if v < c it must be the case that x(v) = 0.
For a fixed (p, x), the optimal f extracts the full surplus of the marginal participating type.
That is, the fee t is either f; or ty, defined as

tL = Eg,[(p(v) — ¢)x(v)] = Eg [(p(v) — c)x(v)]0 = c]
ty = Egy[(p(v) = €)x(v)] = g, [(p(v) — c)x(v)]0 > c].
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In either case, the objective is linear and increasing in p(v)x(v). If x(v) > 0, p(v) € [c,v].
Set p(v) = v. If v > ¢, it is strictly optimal to set x(v) = 1.

Proof of Proposition 3 Using the law of iterated expectations, observe that

E[(v—c)+] = GLEg, [(v —¢)+] + GuEq,[(v — ¢)+]
< Eg, [(0 = c)+] + GuEg,[(v — )]
< 2REVTK,

The first inequality follows from the fact that G Eg, [(v — ¢)4] < Eg, [(v — c)+]. The second
follows from the fact that REVIR > Ey [(v — ¢)4] and REVER > GhEg, [(v —c)4]. O

Proof of Corollary 1 This follows immediately from Proposition 3 and the fact that REV* >
REVFR,

Proof of Corollary 2 This is immediate, since REV* < E[(v — ¢)4+] and REVFR > 1E[(v -
¢)+] by Proposition 3. Hence, REV* — REVIR < 1E[(v —c)].

Proof of Lemma 1 Setting ¢ such that I(7, p, x,t) = @ results in zero revenue, which is
dominated by the optimal fully revealing policy.

Suppose, for sake of contradiction, the optimal policy involves I(7,p, x,t) = {6.}.
Since the high type is excluded, the consumer knows that 6§ = 6;, conditional on trade.
By consumer obedience, the utility of the low type firm satisfies

Uf (,p,x) < Eg, [(v—c)4].

Therefore, the revenue from this mechanism satisfies is bounded above by G1.Ey, [(v —c)4].
But note that the optimal fully revealing policy achieves revenue

max{Eq, [(v = ¢)1], GEay [(v — ¢)+]} > GLEq, [(0 — 0)4],
contradicting optimality.

Proof of Lemma 2 Suppose, for sake of contradiction, that in the optimal policy U} (7, p, x) >
Uﬁ(n, p,x). Since the consumer’s obedience constraint must be satisfied, the expected
gross surplus of the firm cannot exceed the total expected gross surplus:

GLUf(n, p,x)+ GHUIZ(N, p,x) < E[(v—rc)4].
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Since Ul (71, p, x) > UL (7, p, x), it follows that

UL (m,p,x) < G UL (, p, x) + GuUL (7, p, x)
< E[(v—0c)4]
= GLEg, [(v —¢)+] + GHEpy [(v — ¢)+]
< Egy[(v—c)4].

The equality follows from the law of iterated expectations and the final inequality follows
from the fact that 0y Zmrrp 01 implies that 6y Zrosp 61, which implies that Eg, [(v —
¢)+] < Egyl(0— )],

Now, for some A sufficiently small, consider the policy which with probability A reveals
information and trades according to the optimal fully revealing policy and with probability
1 — A reveals information and executes trades according to the purported optimal policy.
Type 6;’s payoff in from this policy is

uf (7, ph, xh) = (1= MU (7, p, x) + AEg [(0 = ¢) 4]

For A sufficiently small, UL (7", p*, x") < UL (7h, ph,x*). Set t* = UL (7, p, x}),

which is equal to this mechanism’s revenue. Observe that

d
UL, M o = Bo, [(0 — €)4] — Ufy(m,p,x) > 0,
contradicting the optimality of A = 0. U]

Proof of Lemma 3 Suppose that p(s) < E[v|s]. Consider the policy (#, p, £, f) with & = 7,
and £ = x. Set p(s) = E[v|s]. Obedience is still satisfied. The gross surplus of the marginal
increasing type weakly increases. Setting f to equal the gross surplus of the marginal par-

ticipating type thus weakly increases revenue.

Proof of Proposition 4 Since V is finite, we restrict to information policies with finite
support without loss of generality. Moreover, we restrict to policies with p(s) = E[9]s]
for every s € S by Lemma 3. Suppose for sake of contradiction that IN, € S such
that t(Ny|v) > 0 but x(N,) < 1. When N, occurs, the contribution to total revenue is
(p(Ny) —¢)x(Ny). If p(Ny) > ¢, it is optimal to set x(N,) = 1, a contradiction. So suppose
that p(N,) < c. Since v > ¢ > E[0|N,], then 30’ < c such that 77(Np|v') > 0. Con-
struct a new policy (7, p, £, ) with the following properties: the set of signal realizations
is S = SU{T,}, where T, ¢ S is a new signal realization. Let #(-|8) = 7(-|9) for all
0 # v. Define 7(Ty|v) = 1. Then T, reveals that the state is v. Hence, p(T,) = v > c. Set

£(Ty) = 1. Revenue under this new policy can be made strictly higher, since the parties

trade after v > ¢, which raises the gross surplus of the lowest firm type.
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Proof of Proposition 5 Suppose 0; = 0. Then UL (7, p,x) = UL (7, p,x) := UF (7, p, x).
The total surplus is an upper bound on REV, by buyer obedience. Hence,

REV* < G Uf (m, p,x) + GuUf(m, p,x) = U(m, p,x) < E[(v—c)4].

But since Eg, [(v — ¢)+] = E[(v —¢)+] < REVER then REV* < REV'R and hence REV* =
REVIR as desired. O

Proof of Lemma 4 Since V is finite and the objective in (RP) is continuous, there exists
an optimal T with finite support. We’ll show that for any y € supp T with |supp u| > 3,
the posterior i can be decomposed into two posteriors ™, = with |supp u™|, | supp s~ | <
| supp u| while preserving Bayes’ plausibility, and weakly raising the value of the objective.

Consider u € supp T with | supp | > 3. There exists a non-zero vector 1 € RY such
thaty , h(v) =0,), flggz;h(v) = 0,and h(v) = 0 for every v & supp u.*

Define a™ = sup{a > 0 : u+ah € A(V)} and similarly define a~ = sup{a > 0 :
i —ah e A(V)}. Clearly a™,a™ < co. Moreover, since u € A(V), a™,a~ > 0. Define y™ =
p+athand p~ = p—a"h. Letting A = " € (0,1), wehavethaty = Ap™ + (1 - A)u~.
Since Y, h(v) =0and ), flggzg h(v) = 0, we have that

and

L] =B [ = B ()

Replacing y# by ™ and p~ with probabilities A and (1 — A) respectively preserves Bayes
plausibility. By Jensen’s inequality, it weakly raises the objective since

)

(
s o 1) 0-5) 0o [287] 000
= Amax{ur (u"),0} + (1 — A) max{ur (u™),0}.

Proof of Corollary 3 This follows immediately from Lemma 4. If 7 is uninformative,

“We use the notation YX to denote the set of all functions from X to Y. Thatis, YX = {f : X — Y}.
°This follows from the fact that any /|supp  satisfying the desired conditions lies in the kernel of A =

< 61 o gl > where supp 4 = {v;,,...,v;, }. Since | supp y| > 3, the rank-nullity theorem gives dimker A =

ip - Im

m— rank( ) > m —2>1. Hence, 3h|suppu 7 0inker(A).
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supp T = {po} where | supp ug| = |V| > 2. Hence, T cannot uniquely solve (RP).

Lemma 5. The pooling complementarity satisfies the reverse triangle inequality. That is, if i < j <

k,
Vi = [T+ T
Proof. Equivalently, we show that Iy > (/T + /Tj)?. Observe that
e ()
= (6= 0 (06— v3) = (6 — ) (0 = 01) = (4 — b) (0 — v7) — 2, [Ty Ty
= (6 = ) (06— 07) + (6 — ) (0] — v3) — 24/ (6 — £)) (¢ — &) (0% — v;) (0] — v;)
= (/=) (o —v5) = /(4 — b) (0 — vi)>2 >0,

as desired. n

Proof of Theorem 1 We prove Theorem 1 by first proving a number of intermediate claims
characterizing the solutions to (RP). Afterwards, we show that there is a solution to (RP)
such that no supports of binary posteriors can cross, be separated, or share a common

middle endpoint.

Claim 1. There exists some pairwise T* that solves (RP) such that Vy € suppt* with
supp p = {v;,v;} withi < j, ur(p) > 0and I';; > 0.

Proof. By Lemma 4, there exists a pairwise solution to (RP). Because V is finite, we may
choose such a solution with finite support. Let u € supp " with supp u = {v;,v;} with
i < j. Suppose that u places probability t on v; and probability 1 —t on v;. Thatis, p =
téy, + (1 — t)6y; where t € (0,1). If max{uy(u),0} = 0, we may replace y with the two
degenerate posteriors dy, and J,; with probabilities t and 1 — ¢ respectively. This preserves
Bayes plausibility and weakly increases the objective. Similarly, if I';; = 0, then

max{ur (), 0} = [ts; + (1 — if)s]-]Jr
< t(si)+ + (1 —1)(sj)+

We may therefore again replace y by the corresponding degenerate posteriors dy, and 0y,
with probabilities t and 1 — t respectively without lowering the objective. Repeating this
operation yields an optimal pairwise distribution 7* such that every binary posterior in its

support satisfies

max{ur(4),0} >0 and T >0.
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We now consider the dual of (RP). Let z; denote the dual variable associated with Bayes
plausibility at state v;. The dual problem is

N
inf Z yo(vi)zi
i=1

zeRN
N
st. Y p(vi)z; > max{ug(p),0} forall u € A(V).
i=1
Since u, is upper semicontinuous and bounded above, strong duality holds. Hence, the

—~—LH
value of the dual problem is REV . Since g € ri(A(V)), a solution to the dual exists.

Claim 2. If z solves the dual problem and p = 55, + (1 — t)dy; withi < jand t € (0,1),
then

N
p(vi)zi = max{ug (p),0}

=1

1

if and only if
tHzi —s;) + (1—1t) (Z] — S]) > 11— t)rz']'.

Proof. ( = ) Observe that
N

‘M(UZ')ZZ' > ML(]J) = tSi + (1 — t)S]' + t(l — t)l"i]-
=1

1

<~ tZl' + (1 — i')Z]' > tSi + (1 — t)S]' + t(l — t)l"l]

Re-arranging yields the desired inequality.
( <= ) Since z is feasible in the dual problem, evaluating the dual constraint at y yields
the desired inequality. O

Claim 3. If z solves the dual, then z; > s; for all i.

Proof. This follows from applying the dual constraint to the posterior J,,. This yields z; >
max{s; 0} > s;. O

Claim 4. If z solves the dual, \/z; —s; + Vzi —si = \/Tij for all 7,j. If the dual constraint
binds for a posterior of the form y = tdy, + (1 — t)dy, with t € (0,1), then \/z; —s; +

VA5 = VT
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Proof. Observe that, from Claim 3, \/z; —s; € R for all i. Using Claim 2, it follows that the
dual constraint holds for every posterior of the form y = 5y, + (1 —t)dy; with t € [0, 1] if
and only if

t(ZZ' - Si) + (1 — t) (Z] — S]) — t(l - t)FZ-]- > 0.

This inequality holds automatically if + = 0 or if + = 1. Restricting to t € (0,1), the above
can be written
Zi—Si 4 —S
1—-t t

. fzi—si Zf_sf}
<— min + —I:>0.
te(0,1) { 1—t t 7=

I_T,;>0 Vte(0,1)

Taking first order conditions, the value of t minimizing the left-hand side is

Z]'—S]'

=

. fzi—s Zj—sj} 2
= min + = (Vz; — s+ +/z; —si)".
VZi— s+ \/Z] = 5] te(o,l){ 1—t t (Vzi=si+ /7 =)

Hence the dual constraint holds if and only if

\/ZZ'—SZ'—F\/Z]'—S]' > ,/Fij.

The above binds if the dual constraint binds for this posterior.

O

Claim 5. If 7 satisfies the conditions of Claim 1 and z solves the dual problem, for all
p € supp T with p = té, + (1 — t)6y, and t € (0,1), \/zi — s + /zj — 5; = /Tij.

Proof. By Claim 2,
t(Zi — Si) + (1 — t) (Z] — S]) Z t(l — t)FU

This constraint must bind, by complementary slackness (strong duality). Therefore, by
Claim 4, \/z; —s; + Vzj—sj =4/l It follows that

t(Zl‘—Sl‘)-i-(l—t)(Z]‘—Sj) = t(1—t)(\/zl-—sl-+ \/Z]'—Sj)z
; —Si %] 5j . Zi—S8;  Zj—Sj
le—tz+ ]t ]:(\/ﬁ_‘_\/ﬁy:t'n}ln{f—t;—i_ ]t/]}

€(0,1)

Hence, by taking first order conditions of the RHS,

Z._S.
o ] J ) - . .
t_\/zi—si+\/zj—sj = tvzi —s;i = (1—-1t)\/zj —sj.

28



Since t € (0,1), vzi —s; + /zj —s; = /T and t\/z; —s; = (1 — t)/z; — s; jointly imply
that \/z; —s; > 0and ,/z; —s; > 0. H

Fix throughout some 7* satisfying the conditions of Claim 1. We now show that the
support intervals of any two binary posteriors in supp T* must be nested.

First, suppose that there are binary posteriors with crossing supports. That is, Iy, u’ €
supp T° with supp u = {p;, p} and supp p’ = {pj, e} withi < j <k <1.By5,

Vzi—Si+vVzr — Sk = VI ik and 1/Z]'—S]'—|—\/Zl—81:,/r]‘l.

By Claim 4, observe that

Vzi—8i+vVz1— s > VT and \/Z]'_S]"{’\/Zl_slzw/rjk-

Adding these inequalities gives
VIi+ Tk < Vzi—si+ \/zj—sj+ Vzk —sc + vz — 51
= V5Ii+/Tj

contradicting the Monge condition.

Second, suppose that there are binary posteriors with separated supports. That is,

Ip, p' € supp T with supp u = {p;, p;} and supp p’ = {py, e} withi < j < k < LBy
5,

\/Zi—Si—i-w/Z]'—S]':,/rij and Vzrk — sk + vz —s1 = VTh.

By Claim 3 and by combining the above expressions,

Vzi—si+vz1—s <\ /Tij+Tu. (1)
Next, observe that
VTia+/Tik > VT + /T
> (y/Tij+4/Tix) + (/Tix + VTut)
> /Ty +V/Ta.

The first inequality follows from the Monge condition. The second, from applying the re-
verse triangle inequality of Lemma 5 twice. The final inequality follows from non-negativity.
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It follows that

Vzi—si+ vz =5 < /i + VT < VT

But this yields a contradiction, since Claim 4 implies

Vzi—si++z1—s1 > \/Ti.

To establish negative assortatitivity of 7%, we must rule out one final case: where two bi-
nary posterior supports share a middle-point. That is, 3y, u’ € supp T* such that supp u =
{vi,v;} and supp p’ = {vj, v} withi < j < k.By 5,

\/Zj_si‘f—«/zj_sj:q/rj]’ and \/Z]'—S]'—J’—\/Zk—sk: F]k

Therefore,

Vzi—si+ vz —sp = /Tii + /Tir — 24/zj — ;.
By Claim 3, , /z; —s; > 0. Hence,
VzZi —Si+Vzr — sk < Fij—f-\/l—‘]'k.
But by Claim 4, /T, < \/z; —s; + \/zx — sx. Hence,

\/Fik < ,/1",-]'+w/1”]-k.

This contradicts the reverse triangle inequality of Lemma 5.

We have ruled out crossing supports, strictly disjoint supports, and ordered supports
that share one endpoint. The support intervals of any two genuine binary posteriors in
supp T* must therefore be nested. Hence, T* is negatively assortative. [

Proof of Proposition 6 Let 7t denote the information policy corresponding to 7. Let T be
some trade signal in the support of 7. By firm obedience, E[v — ¢|T] > 0. Let A > 0 satisfy
Pr(6y|v) > Gy + A(v — ¢). Multiplying each side of this equation by 77(T|v) and taking
expectations over v yields

E[n (o) (Px(6p[0) — Gar)] > AE[x(Tlo) (v — c)].

The right hand side of the above is non-negative since E[v — ¢|T] > 0, so E[Pr(6g|v)|T] >

30



Gn. By Bayes' rule, since

GLGL (U)

Pr(0ylv) = ———= 1—Pr(6ylv) = io()

therefore

QH(Z)) B QL(U) . E[Pr(6H|v)|T] — GH
g Llo(v) |T} g [VO(U) |T} - GuGr, =0

At the posterior put induced by T, ug(pr), ur(ur) > 0. Hence,

max{uy(pr),0} —max{ur(pur), 0} = up(pr) — ur(pr)
B On(v) ] . [0L(v) _
- (& [ty 7] £ [y ™)) Eeim =0
> 0.

At any no-trade signal N, E[v — ¢|N] < 0. Hence, at the induced posterior yy we have that
ug(un),ur(un) < 0. Therefore, for all 4 € supp 7,

max{ug(p),0} > max{up(p),0}.

Integrating with respect to 7 yields

gy maxtun (), 03 ey > [ max{us (1), 0} ().

O

Proof of Corollary 4 Let V = {v;, vy} with vy < vy. Consider the convex combination
of the points (vy, Pr(0y|vr)) with (vy, Pr(6y|vy)) with weights po(vr) and po(vgy) respec-
tively. This convex combination is

(mo(vr)oL + po(vr) v, po(vr) Pr(0uloL) + wo(vw) Pr(6x|vn)) = (Ey[v], Gh)

by Bayes’ rule. Hence, a positive affine minorant passing through (¢, Gy) exists if and only
if £y, 0] <c. O
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