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Abstract

We study causal inference in experiments and quasi-experiments, where the eco-
nomic outcome is imperfectly measured by a remotely sensed variable. Remotely sensed
variables are low-cost, scalable, and predictive of economic outcomes; examples include
satellite imagery and mobile phone activity. We model the remotely sensed variable
as post-outcome: variation in the economic outcome causes variation in the remotely
sensed variable. For example, changes in environmental quality cause changes in satellite
imagery, not vice versa. Under this assumption, we nonparametrically identify the
causal parameter by combining experimental and observational data, and develop a

method for robust n~/2 inference.
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1 Introduction

Traditional program evaluation relies on surveys to measure outcomes, but many economic
outcomes are costly or infeasible to collect at scale. Researchers increasingly rely on re-
motely sensed variables (Appendix Figure A.1). Examples include night lights as measures
of local economic activity, roofing materials as measures of housing quality, mobile phone
transactions as measures of poverty or consumption, and satellite images as measures of
pollution, deforestation, fires, flooding, and local poverty.! These variables are cheap, scalable,
and predictive of economic outcomes in observational data, but imperfect.? We study how
to identify treatment effects in experiments and quasi-experiments where the outcome is
unobserved but remotely sensed variables are available.

To formalize this setting, we consider two samples, each containing the remotely sensed
variable. The experimental sample contains a randomly assigned treatment and the remotely
sensed variable, but the outcome is missing due to logistical or cost constraints. The obser-
vational sample links the outcome to the remotely sensed variable, but comes from a different,
non-experimental context. For this reason, the treatment variable is missing or confounded
in the observational sample, and treatment effects may differ across the two populations.

What the two samples share is the remotely sensed variable, which we view as a “post-
outcome” measurement: variation in the outcome causes variation in the remotely sensed
variable. For example, while evaluating financial incentives to reduce crop burning, the
experimental sample contains randomized contracts and satellite images of fields, while the
observational sample links satellite images to surveyor measurements of whether fields were
burned. In this example, crop burning causes changes in satellite images, not vice versa.

Our main assumption is measurement stability: the conditional distribution of the re-
motely sensed variable, given the outcome and treatment, is the same across samples. This
assumption is plausible when the same measurement technology is used across samples; for

example, the same satellite generates the images in both datasets. Therefore, we study a

INight lights (Chen and Nordhaus, 2011; Henderson et al., 2012; Asher et al., 2021). Roofing material
(Marx et al., 2019; Michaels et al., 2021; Huang et al., 2021). Mobile phone transactions (Blumenstock et al.,
2015; Aiken et al., 2025). Satellite images of pollution (Currie et al., 2023); deforestation (Jayachandran et al.,
2017; Assuncao et al., 2023); fires (Jack et al., 2025; Balboni et al., 2025); flooding (Chen et al., 2017; Patel,
2024); local poverty (Jean et al., 2016). See Donaldson and Storeygard (2016), Burke et al. (2021), and Jack

and Walker (2023) for reviews.
2Recent work documents that remotely sensed measures of economic outcomes can be noisy (see, e.g.,

Bluhm and Krause, 2022; Fowlie et al., 2019; Corral et al., 2025; Josephson et al., 2026).



setting where the treatment mechanism and outcome mechanism vary across samples, but
the sensing mechanism is the same.

Our primary contribution is an identification formula for the treatment effect that requires
no outcome data in the experimental sample. It exploits stability to combine the experimental
and observational samples. Intuitively, the experimental sample identifies how the treatment
affects the remotely sensed variable, while the observational sample identifies how the outcome
affects the remotely sensed variable. The treatment effect is identified by a conditional moment
restriction, in which the remotely sensed variable relates experimental treatment variation
to observational outcome variation (Theorems 1-2).

By characterizing a set of conditional moment restrictions, we also provide diagnostic
tests for the key identifying assumptions. One diagnostic test evaluates whether the remotely
sensed variable is sufficiently informative about outcome variation, similar to testing for
weak instruments. Another diagnostic test evaluates whether different representations of the
remotely sensed variable yield the same treatment effect estimate, similar to an overidentifying
restrictions test.

As a secondary contribution, we develop a method for n~'/2 inference on the treatment
effect that is robust to misspecification and that accommodates complex machine learning.
We explain how to use predicted outcomes for valid inference. Moreover, we explain how
to use predicted outcomes, treatments, and sample indicators for more efficient inference
through a connection to optimal instruments (Chamberlain, 1987; Newey, 1993). Unlike
the standard inference guarantees for double machine learning (Chernozhukov et al., 2018),
n~1/2 inference remains valid even if all of these predictors are misspecified and lack rate
conditions. From a practical perspective, this result allows complex neural networks to
compress high-dimensional, unstructured data.

Our framework extends in many directions (Section 5). One extension (Section 5.1)
considers not only an experimental sample and an observational sample but also a validation
sample: units for which we observe the randomized treatment, the outcome, and the remotely
sensed variable. The validation sample may be non-randomly selected, with different treat-
ment effects than the experimental sample. Another extension (Section 5.2) replaces the
experimental sample with a quasi-experimental sample: instead of randomized treatments,
we may have instrumental variables or a difference-in-differences design.

In the setting we study, we show that some existing methods are biased. Fifty percent of pa-

pers in general interest economics journals from 2015-2024 that use remotely sensed outcomes



employ a two-step method: (i) train a predictor of the outcome from the remotely sensed
variable in the observational sample; (ii) use it to predict outcomes in the experimental sample,
and report a difference of predicted outcome means.® Without covariates, this method suffers
from attenuation bias (Proposition 1), even if samples are randomly selected (Proposition C.2).
With covariates and heterogeneity, this method may flip the sign of the average treatment
effect (Footnote 8). Another important method is called prediction-powered inference (PPI)
(Angelopoulos et al., 2023), which adds bias correction terms estimated from an appropriate
auxiliary sample. In our setting, it can be biased when the difference in outcome means in
the experimental sample does not equal the difference in outcome means in the observational
sample (Proposition 2 and Remark 6). Such a distribution shift is plausible when the two
samples come from different populations, time periods, or regions.

We illustrate our method in calibrated simulations and in real-world applications, per-
taining to: (i) forest cover in Uganda (Hansen et al., 2013; Jayachandran et al., 2017); (ii)
household poverty in India (Muralidharan et al., 2016, 2023), and (iii) crop burning in India
(Jack et al., 2025). Across settings, we assess our identifying assumptions using our diagnostic
tests. In simulations, our method is approximately unbiased with nominal coverage. By
contrast, we find the two-step method and PPI are generally biased. In the household poverty
application, our method yields estimates close to the “oracle” difference-in-means estimate
obtained using experimental outcomes. In the crop burning application, our analysis suggests

that the two-step method underestimates the effectiveness of the intervention by 47 percent.

1.1 Related Work

Our causal model differs from existing models along three dimensions: (i) the causal direction
between the auxiliary variable and the outcome, (ii) robustness to misspecification, and (iii)
data requirements. We provide formal comparisons in Section 3.2.

In the surrogacy model (Prentice, 1989; Athey et al., 2025; Kallus and Mao, 2024), the
auxiliary variable—called a surrogate—is pre-outcome: it is a “short-term” measurement that
mediates between the treatment and “long-term” outcome. By contrast, in our model, the
remotely sensed variable is post-outcome: the outcome mediates between the treatment and

our measurement. We prove that misusing a remotely sensed variable as a surrogate leads

3We survey American Economic Association (AEA) journals, Econometrica, Journal of Political Economy,
Quarterly Journal of Economics, and Review of Economic Studies. The remaining fifty percent use a similar

logic, without an explicit formula.



to attenuation bias (Proposition 1). The negative control literature extends the surrogacy
model to address unobserved confounding (Ghassami et al., 2022; Imbens et al., 2025). In
these extensions, misusing a remotely sensed variable incurs bias.

Several recent papers propose alternative methods for inference with remotely sensed
outcomes. Proctor et al. (2023) propose a multiple imputation method that models the
outcome as a function of the remotely sensed variable and imputes it across samples. It is
akin to the surrogacy methods discussed above and in Section 3.2.1. Alix-Garcia and Millimet
(2023); Torchiana et al. (2025) instead model the misclassification process for binary and panel
outcomes, requiring correct specification of a model relating the remotely sensed variable to
the outcome. By contrast, our method does not require correct specification of any model
relating the remotely sensed variable to the outcome. This distinction is important because
the remotely sensed variable may be high-dimensional or unstructured.

One major difference between our method and PPI methods (Angelopoulos et al., 2023,
2024; Kluger et al., 2025) is the data requirement. PPI methods require joint observations of
the treatment, outcome, and remotely sensed variable, in both treatment arms; these methods
are infeasible without such observations. Sanford et al. (2025); Lu et al. (2025); Pelletier
et al. (2026); Fong and Tyler (2021); Allon et al. (2023); Egami et al. (2023); Carlson and
Dell (2025); Ji et al. (2025) share this data requirement. By contrast, our method remains
feasible when the experimental sample excludes outcomes, and when the observational sample
excludes treatments (Theorem 1).

Another difference is that our method requires stability of the sensing mechanism, whereas
we show that PPI applied with an observational sample implicitly requires stability of the
outcome mechanism (Proposition 2). By contrast, our method allows for the observational
sample to come from a different population, time period, or region, with different baseline
outcomes and treatment effects. See Remark 6 for comparisons in other data environments.

Compared to the vast literature on data combination (e.g., Cross and Manski, 2002; Ridder
and Moffitt, 2007; Bareinboim and Pearl, 2016; D’Haultfeeuille et al., 2025) and nonclassical
measurement error (e.g., Chen et al., 2011; Schennach, 2020), we place a different main
assumption. Several influential works handle measurement error in moment condition models
by assuming that the conditional distribution of the variable of interest, given the imperfect
measurement, is stable across samples (Chen et al., 2005, 2008; Graham et al., 2016), akin
to the surrogacy model. Our main assumption is the opposite: the conditional distribution of

the imperfect measurement, given the variable of interest, is stable. Our assumption is natural



when we believe the sensing mechanism, e.g. the satellite technology, is stable across samples
rather than the outcome mechanism. This distinction leads to a distinct identifying formula.

Our framework is closer to nonclassical measurement error models with instruments or
repeated measurements (Hu and Schennach, 2008; Hu, 2008). However, their setting has no
observational sample in which the outcome is observed, and therefore requires an additional
normalization to pin down how the imperfect measurement is distributed around the true
outcome. In our setting, the outcome is observed in the observational sample, and so we do
not require an additional assumption beyond stability of the sensing mechanism.

Our framework is also related to the “shadow-variable” model for recovering the outcome
distribution in a single sample with nonignorable missingness (e.g., Miao and Tchetgen Tchet-
gen, 2016; Miao et al., 2024). A shadow variable is an auxiliary variable that is relevant to the
missing outcome yet excluded from the missingness mechanism. The main difference is that
we study a two-sample causal inference problem, rather than a single-sample missing-data
problem studied in this literature. Our framework includes scenarios where the treatment
is only observed in one sample while the outcome is only observed in the other sample, so
data combination is necessary for identification of the treatment effect; the single-sample
shadow-variable approach would not, by itself, identify it.

Finally, a rich literature studies mismeasured or missing covariates (e.g., Fan et al., 2014;
D’Haultfeeuille et al., 2024), possibly imputed with machine learning (Battaglia et al., 2024).

By contrast, in our setting, only the outcome is missing yet a post-outcome variable is present.

2 Model and Identifying Assumptions

2.1 Setting and Causal Parameter

The researcher observes units in two samples, indicated by the variable S € {e,0}: an
experimental sample (S =e¢) and an observational sample (S=0).

In the experimental sample (S =e), we observe pre-treatment covariates X € X and a
binary treatment D € {0,1}. The outcome Y € Y, however, is entirely missing. In its place,
we observe a remotely sensed variable R € R. (In Section 5.1, we allow the outcome to be
only partially missing in the experimental sample.) We place no restriction on the form of
the remotely sensed variable: examples include unstructured data such as satellite images

or digital traces, a pretrained embedding of unstructured data, or the output of a pretrained



predictor. The researcher would like to use the remotely sensed variable R as an imperfect
measurement of the outcome Y in the experimental sample.

The parameter of interest is the effect of the treatment D on the outcome Y in the
experimental sample. Though the outcome Y is unobserved in the experimental sample, we

may still define its potential outcomes Y (d) and the causal parameter.’

Definition 1 (Causal parameter). The average treatment effect (ATE) in the experimental

sample is 7:= (1) —p(0), where p(d):=E{Y (d)| S=e}.

Without further assumptions, when R is an imperfect measurement of Y| it is generally
impossible to point identify this causal parameter (Horowitz and Manski, 1995).

Motivated by empirical work in environmental and development economics, we leverage
an auxiliary sample that we refer to as the observational sample (S =0). For these units,
we observe the covariates X, outcome Y, and remotely sensed variable R. We may or may
not observe the treatment D. If we do observe the treatment and there is variation in the
treatment (though it may be confounded), we refer to this scenario as having “complete”
observational cases. If we do not observe the treatment or if the treatment is deterministic
in the observational sample, we set D =0 for all units in the observational sample, and we
refer to this scenario as having “incomplete” observational cases. Incomplete observational

cases will require stronger assumptions for point identification.

Table 1: Summary of the Data Environment.

Sample Indicator S

Experimental Observational: Complete Observational: Incomplete

Covariates X v v v
Treatment D v v Missing or Deterministic
Outcome Y Missing v v
Remotely Sensed Variable R v v v

Notes: v denotes that the variable is observed. When treatment is missing or deterministic in the

observational sample, we encode it as D=0 in the observational sample.

Table 1 summarizes the data environment. Each unit is characterized by the vector
(S,X,D,Y(0),Y(1),R), which we assume to be independent and identically distributed across

units. For units in the experimental sample (S=e), we observe (X,D,R). For units in the

4This definition rules out spillovers. We extend our framework to allow for spillovers in Section 5.3.



observational sample (S =0), we observe (X,D,Y,R) if there are complete cases or (X,Y,R)

if there are incomplete cases.

Example 1 (Environmental programs). Consider a randomized experiment evaluating
whether incentives for environmental conservation D, such as payments for ecosystem services
(PES), reduce harmful environmental behaviors Y, such as deforestation or crop burning.
Directly measuring these outcomes is costly: monitoring tree cover requires on-site surveyors
(Jayachandran et al., 2017), and recording crop management practices requires field visits
during the narrow post-harvest /pre-tilling window when crop burning occurs (Jack et al., 2025).
By contrast, satellite imagery R is cheap and predictive of these environmental outcomes (e.g.,
Hansen et al., 2013; Burke et al., 2021; Walker et al., 2022). In summary, in the experimental
sample, only the treatment assignment D and remotely sensed variable R are easily observed.

Therefore, the researcher turns to an observational sample linking the remotely sensed vari-
able R to the outcome Y. For example, Jayachandran et al. (2017) collect ground-based forest
measurements linked to satellite images, for a sample of locations distinct from the experimen-
tal units, collected at different dates than the images used in their experimental analysis. Jack
et al. (2025) collect ground-based, random spot checks for crop burning, but the spot checks
could not be synchronized with the narrow post-harvest /pre-tilling window (see Section 7 for
discussion). Neither is well-suited to serve as the primary basis for treatment effect estimation

in the experiments. In our framework, both qualify as valid observational samples. A

Example 2 (Household poverty). Consider a randomized experiment evaluating whether an
anti-poverty program D, such as unconditional cash transfers (e.g., Egger et al., 2022; Aiken
et al., 2025) or biometrically authenticated payments (Muralidharan et al., 2023), reduces
village-level poverty Y. Directly measuring poverty requires detailed household surveys on
consumption, assets, and income in dispersed rural villages. By contrast, remotely sensed
variables R, such as satellite imagery (Jean et al., 2016; Huang et al., 2021; Rolf et al., 2021)
and digital trace data from mobile phones (Blumenstock et al., 2015; Aiken et al., 2022, 2025),
are widely available and predictive of poverty. The researcher has access to an observational
sample linking R to poverty measurements Y (e.g., census statistics or existing household
surveys in other regions). Our framework combines these samples to identify the causal effect

of the anti-poverty program. A



2.2 Identifying Assumptions

We present three assumptions under which the experimental and observational samples can
be combined to identify the causal parameter.

Our identifying assumptions allow (XY, R) to be discrete or continuous. For exposition, we
slightly abuse notation: for a random variable W, we use fy/(-]...) to denote its (conditional)
probability mass function if W is discrete, or its (conditional) density if W is continuous.

Formally, fi/ (-] ...) is the Radon-Nikodym derivative.

2.2.1 Experimental Unconfoundedness

Assumption 1 (Experimental unconfoundedness). Suppose the following:
i. Stable unit treatment value (SUTVA): Y =DY (1)4(1—D)Y (0) almost surely.
ii. Randomization: D IL{Y(0),Y' (1)} | X,S=e.
ili. Overlap: Pr(D=1|X,S=e) is bounded away from zero and one almost surely.

Assumption 1 imposes standard conditions for causal inference in randomized experiments.
In many applications involving remotely sensed variables, such as Examples 1 and 2, the
assumption is satisfied by design: the treatment is randomly assigned to well-separated,
aggregate units. In Section 5.2, we extend our analysis to allow quasi-experimental designs in
the experimental sample, such as instrumental variables and difference-in-differences. In Sec-

tion 5.3, we extend our analysis to allow some spillovers across units in the experimental sample.

2.2.2 Stability of the Remotely Sensed Variable

Because the outcome is not observed in the experiment, our aim is to learn the relationship
between the remotely sensed variable and the outcome in the observational sample and then

to “transport” it to the experimental sample. Our next assumption justifies this intuition.
Assumption 2 (Stability of the remotely sensed variable). Suppose the following:
i. Stability: SIR|X,D)Y.

ii. Common support: for some outcome support )V, Pr(Y € Y |S=e,X)=1 almost surely,

and fy(y|S=0,X) is bounded away from zero almost surely for all y € ).

iii. Coverage: fr(r|9,X,D,Y) is bounded away from zero almost surely for all r € R.



iv. Two samples: Pr(S=e|X) is bounded away from zero and one almost surely.

Assumption 2(i) is the main assumption of our framework: conditional on (X,D,Y),
the distribution of the remotely sensed variable R is stable across the experimental and
observational samples. It formalizes the idea that the sensing mechanism (i.e., how the outcome
generates the remotely sensed variable) is invariant across samples: fg(r|S=e,X,D,)Y)=
fr(r|S=0,X,D,)Y). This assumption is most plausible when the sensing mechanism is a
shared technology across the samples (e.g., the same satellite) and when factors that affect
the measurement process are similar across the samples (e.g., the same season, soil conditions,
and land-use patterns). In Sections 6-7, we provide evidence illustrating that Assumption 2(i)
is plausible across three applications in environmental and development economics.

Assumption 2(i) does not require treatment effects to be stable across samples. The
treatment mechanism Pr(D =115,X) and the outcome mechanism fyq)(y | S,X,D) may
depend on the sample S.

As mentioned earlier, our framework is agnostic to whether R is (i) unstructured data,
(ii) a pretrained embedding of unstructured data, or (iii) the output of a pretrained predictor
applied to unstructured data. Stability of (i) implies stability of (ii) and (iii).?

The remaining conditions of Assumption 2 are mild regularity conditions. Assumption 2(ii)
requires that the outcome in the observational sample has a common (or larger) support
than the outcome in the experiment. Assumption 2(iii) ensures that the distribution of the
remotely sensed variable does not degenerate for any stratum. Assumption 2(iv) requires

that both samples are observed with positive probability across all covariate values.

Example 1 (continued): Returning to Example 1, satellite images detect environmental
outcomes through physical processes: burned cropland alters soil reflectance, and deforestation
changes color saturation. Assumption 2(i) requires that these processes are stable across
samples. It does not require that PES contracts have the same effects on environmental

outcomes across samples. A

Example 2 (continued): In Example 2, satellite images detect poverty through observable
markers such as roofing materials or the footprint of the house, while mobile phone data detect
poverty through activity patterns. Assumption 2(i) requires that these sensing mechanisms

are stable across samples. Again, it does not require that anti-poverty programs have the

®Let U be some unstructured data and f(-) be a fixed measurable function with R= f(U). Stability of the
unstructured data SILU|X,D,Y implies stability of the pretrained output S R|X,D,Y.
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same effects, outcome mechanisms, or treatment mechanisms across samples. A

2.2.3 Complete versus Incomplete Observational Cases

Assumptions 1-2 suffice to identify the causal parameter when there are complete observational
cases: when the (possibly confounded) treatment is observed and varies in the observational
sample. However, when observational cases are incomplete—i.e., when the treatment is
missing or deterministic in the observational sample—an additional assumption is needed

for point identification.
Assumption 3 (Observational completeness). Suppose that either condition holds:

i. Complete observational cases: Pr(D=1|5=0,X,Y) is bounded away from zero and

one almost surely; or

ii. No direct effect: DL R| XY
Assumption 3 requires only one of these two conditions to hold.

Complete observational cases: Assumption 3(i) requires access to complete cases: joint
observations of (X,D,Y,R) in which D varies in the observational sample. The treatment
need not be randomized; it may suffer from unobserved confounding in the observational
sample. The treatment D may also have a direct effect on the remotely sensed variable R.

Under Assumption 3(i), no further causal assumptions are needed.

Incomplete observational cases: If Assumption 3(i) fails, we have incomplete cases:
no observations of (X,D,Y,R) where D varies (for at least some values of (X,Y")). Without
joint observations of the outcome and treatment, an additional causal restriction is necessary.
Assumption 3(ii) fills this gap, requiring that the treatment D affects the remotely sensed
variable R only via its effect on the outcome Y. In Example 1, it requires that the PES
contract affects the satellite image only via its effect on crop burning; the contract has no
direct effect on the specific infrared bands used to measure charred soil. The assumption
becomes more plausible when Y is a vector of outcomes, which may capture all mechanisms
through which the treatment affects the remotely sensed variable.®

Assumption 2(i) and Assumption 3(ii) imply that (S,D) 1L R| XY . These assumptions
are jointly testable, as we discuss in Section 4. Section 5.5 extends our framework to the

setting with both incomplete observational cases and direct effects.

6Tt is possible to have Assumption 3(i) hold for some covariate values X =z and Assumption 3(ii) hold for

other covariate values X =z’. We leave this extension to future research.
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Figure 1: Causal graph for remotely sensed variables under Assumptions 3(i) versus 3(ii).

Complete cases allow the dotted line. Assumption 2 rules out the line from S to R.

Figure 1 illustrates our identifying assumptions as a causal graph. The treatment affects
the outcome, which in turn affects the remotely sensed variable. Under our identifying assump-
tions, the remotely sensed variable R is post-outcome: R is caused by Y. By Assumption 2,
the sample indicator does not change the conditional distribution of the remotely sensed
variable given the treatment and outcome. Depending on which version of Assumption 3 is
imposed, the treatment may have a direct effect on the remotely sensed variable, as illustrated

by the dotted line. See also Appendix Table A.1.

3 Identification via Stability of Remotely Sensed Variables

Our primary contribution is to nonparametrically identify the treatment effect by combining
the experimental and observational samples, appealing to stability of the sensing mechanism.
Under our assumptions, the treatment effect is identified by a conditional moment restriction,
in which the remotely sensed variable relates experimental treatment variation to observa-
tional outcome variation. We compare our identification strategy to alternative approaches,
clarifying how our assumptions and data requirements differ. In our setting, several commonly

used methods are infeasible, biased, or inefficient.

3.1 Main Result

We derive a formula for data combination, without restricting either the distribution or the
dimension of the remotely sensed variable.

In this section, we impose that the outcome is discrete with finite support Y ={y,...,yx } for
K >2. A discrete outcome simplifies our discussion of identification, estimation, and inference.

It is also realistic in some empirical applications, where the outcome is often binary (e.g., crop

12



burning versus no crop burning). Section 5.6 extends our results to continuous outcomes.
Throughout, we assume that the support of R is at least as large as the support of Y.

Specifically, R may be discrete or continuous, and we are agnostic about its complexity. We

separately consider incomplete and complete observational cases, under Assumption 3(ii)

and 3(i), respectively.

3.1.1 Incomplete Observational Cases: No Direct Effects

We express the distribution of the remotely sensed variable in the experimental sample as
a mixture (i.e., linear combination) of distributions in the observational sample. The mixture

weights are the potential outcome probabilities we wish to identify.

Lemma 1 (Identification as conditional densities). Suppose Assumptions 1, 2, and 3(ii) hold.

Then, for any d€{0,1},

K

fR(R|S:e,X,D:d):ZfR(R|SZO,X,Y:yk),uk(d,X), p(d,X):=Pr{Y(d)=yr | S=e,X}.
k=1

Proof. See Appendix B.1.1. O

By Lemma 1, we recover the treatment effect by combining (i) how the remotely sensed
variable reflects the treatment in the experimental sample, and (ii) how the remotely sensed
variable reflects the outcome in the observational sample.

While Lemma 1 identifies the treatment effect, it involves conditional densities of the
remotely sensed variable. Estimating these densities could be challenging, especially when
the remotely sensed variable is high-dimensional, as in contexts with unstructured data or
pretrained embeddings. Therefore, we use Bayes’ rule to rewrite Lemma 1 as a conditional
moment equation. This transformation avoids estimation of the conditional densities.

Let 0(X) := (p1(1,X) = p1(0,X) ..o pixc—1(1,X) — pig—1(0,X)) " denote the vector of con-
ditional treatment effects on outcome probabilities. Identification of #(X) implies iden-
tification of the conditional average effect 7(X) := E{Y (1) — Y (0) | S = e, X} since
T(X) =205 (e —yK)0u(X).

Theorem 1 (Identification as conditional moment). Under the conditions of Lemma 1,

E{A%(X)—A°(X)"0(X)|X,R}=0 almost surely, where

e/ or 1{D=1,8=¢} 1{D=0,5=¢}
ATX) = Pr(D=1,S=¢|X) Pr(D=0,S=¢|X)’
0(X)im i =S =0) | MY=UoS=0) iy po(x) = (A(X).. A%, (X)) .

T Pr(Y =yp.S=0|X) Pr(Y=yx,5=0|X)

13



The scalar A°(X) summarizes the treatment variation in the experimental sample, while the

vector A°(X) summarizes the outcome variation in the observational sample.
Proof. See Appendix B.1.2. O

Example 3 (Binary outcome, no covariates). For intuition, consider the setting where the
outcome is binary and there are no covariates: K =2, y; =1, y»=0, and X =&. Treatment
and outcome variation simplify to scalars A¢ and A°. Theorem 1 reduces to a ratio:

_E[A°|R] . Y{D=1,S=¢} 1{D=0,S=¢} . {Y=1,8=0} 1{¥Y=0,5=0}
"~ E[A°|R)’ - Pr(D=1,S=e¢) Pr(D=0,S=e)’ - Pr(Y=1,8=0) Pr(Y=0,S=o0)

T

This ratio appears to be a new formula for data combination, where the numerator and
denominator are from different samples. The numerator captures the effect of both D and
Y on R, so we must divide it by the effect of Y on R in order to isolate the effect of D on Y.

Crucially, there is no need to specify the conditional distribution of R given Y. A

More generally, Theorem 1 identifies the conditional average treatment effect, for each
covariate stratum, through a system of conditional moments. Each conditional moment
contrasts one possible outcome value against a baseline outcome value. These conditional

moments imply unconditional moments.

Corollary 1 (Identification as representation). Suppose the conditions of Lemma 1 hold,

and consider any measurable function H:X x R — R’ with J> K —1. Then,
E[H (X,R)A°(X)| X]=E[H (X,R)A(X)" | X]0(X).
If E[H(X,R)A°(X)"| X] has full column rank, then §(X) and hence 7 are identified.

Example 3 (continued): Return to the setting of binary ¥ and no X for intuition. Consider
any measurable function H:R —R. Corollary 1 simplifies to the ratio

E[H (R)A‘]

"TE[H(R)AY]

when E[H (R)A°]#0.

The ratio resembles the Wald estimand from instrumental variable analysis, with many parallel
insights. Any representation H(R) of the remotely sensed variable R is valid, as long as the
representation is relevant to outcome variation: E[H(R)A°]#0. A weak remotely sensed
variable is one where E[H (R)A°]~0. A testable implication of our framework is that two

representations H(R) and H'(R) should give similar causal estimates. A
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Corollary 1 shows that we may introduce a representation H(X,R) of the remotely sensed
variable R. The representation may be arbitrary, as long as it satisfies a rank condition:
H(X,R) must generate sufficient variation to distinguish each outcome category. The rep-
resentation must predict outcome variation in the observational sample well, which may be
viewed as an analogue of an instrument relevance condition.

By Corollary 1, many representations suffice for identification. This has two important
consequences. First, naive choices of the representation may be inefficient. To find an efficient
representation, we therefore connect the literature on “representation learning” (e.g., Johan-
nemann et al., 2019; Vafa et al., 2025) to classical results for conditional moment equalities
(Chamberlain, 1987; Newey, 1993) in Section 4. Second, there are testable implications of

our assumptions through overidentifying restrictions.

Remark 1 (Overidentifying restrictions and a specification test). Our framework gen-
erates testable overidentifying restrictions. With incomplete observational cases, Corol-
lary 1 shows that any representation H (X, R) identifies the treatment effect as long as
E[H(X,R)A°(X)" | X] has full column rank. If Assumptions 2 and 3(ii) hold, then different
representations should yield the same treatment effect. Disagreement across representations
constitutes evidence against our identifying assumptions. This can be formalized as a test
of overidentifying restrictions using a J-statistic (e.g., Sargan, 1958; Hansen, 1982). An

analogous test can be constructed with complete observational cases, using Corollary 2 below.

Remark 2 (Weak remotely sensed variables). Just as instrumental variable methods require
a sufficiently strong first stage, our method requires that the chosen representation is a
sufficiently strong predictor of outcome variation in the observational sample. In Example 3,
when E[H (R)A°] is close to zero, the ratio E[H (R)A¢|/E[H (R)A°] is weakly identified and
conventional inference can be unreliable. Researchers can check for weak remotely sensed vari-
ables by assessing whether E[H (R)A°] is bounded away from zero, using existing frameworks

that test for weak instruments.

3.1.2 Complete Observational Cases: Allowing for Direct Effects

Our identification result also holds for the setting of Assumption 3(i), which requires complete
observational cases yet allows for direct effects. Complete observational cases do not require ran-
domization of treatment D in the observational sample nor transportability of treatment effects

between the observational and experimental sample. Let pu(d, X ) := (1 (d, X),...purc—1(d, X)) .
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Theorem 2 (Identification as conditional moment). Under Assumptions 1, 2, and 3(i),

E[A¢(d,X)—A°(d,X)" ju(d,X)| X,R] =0 almost surely, for any d e {0,1}, where

~ {D=d,S=e} WY =yk,D=d,S=0}

A®(d,X):= — ,
Pr(D=d,S=e|X) Pr(Y=yx,D=d,S=0|X)

AZ(d,X)— 1{Y:yk,D:d,S:O} 1{Y:yK,D:d,S:0}

T Pr(Y=y,,D=d,S=0|X) Pr(Y=yx,D=d,S=0|X)

Proof. See Appendix B.1.3. O

Corollary 2 (Identification as representation). Suppose the conditions of Theorem 2 hold,

and consider any measurable function Hy:X x R —R” with J > K —1. Then,
E[Hq(X,R)A(d,X) | X]=E[Ha(X,R)A°(d,X)" | X]ps(d,X) for any d € {0,1}.

If E[Hy(X,R)A°(d,X)" | X] has full column rank, then z(d,X) and hence 7 are identified.

3.2 Comparison with Alternative Approaches

We compare our identification strategy to alternative approaches and clarify how our identifying
assumptions and data requirements differ. Applying some existing methods to post-outcome
variables may be infeasible, biased, or inefficient. To simplify the discussion, we will focus on
Example 3, with a binary outcome Y € {0,1} and no covariates X =&, although our discussion

extends to the more general setting.

3.2.1 A Common Practice: Surrogacy Methods with Post-Outcome Variables

For exposition, suppose Assumption 3(ii) holds (with D=0 almost surely in the observational
sample): we have incomplete observational cases and no direct effects.

An intuitive method to combine the experimental and observational samples proceeds
in two steps: (i) train a predictor m(R) of the outcome Y from the remotely sensed variable
R in the observational sample; (ii) apply the predictor m(R) to the experimental sample
and calculate treatment effects on the predicted outcomes. This method appears in roughly
half the papers we surveyed in general interest economics journals from 2015-2024 that use
remotely sensed outcomes. While intuitive, it is generally biased for the causal parameter 7.

This two-step method implicitly targets the estimand
T=p(1)—p(0)=E[m(R)|D=1,S=e|-E[m(R)| D=0,S=¢], m(R):=E[Y|R,S=0].
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The first step estimates the function m(R). The second step evaluates and averages m(R)
over the treated and untreated groups in the experimental sample.

As a starting point, suppose the remotely sensed variable fails to predict the outcome. The
two-step method would return a precise estimate of zero, even though the remotely sensed
variable provides no information about treatment effects in this case. Formally, if E[Y | R,S =
o]=E[Y| S=o0], then m(R) is constant and 7=0 regardless of the true treatment effect.

More generally, even if the remotely sensed variable is predictive of the outcome, the

implicit target 7 is biased away from the experimental treatment effect 7.

Proposition 1 (Bias of a common practice). If Assumptions 1, 2, and 3(ii) hold in Example 3:

i, jild)=p(d)+EY {wy(RY)~1}| D=d.5 =¢], where w(r,y) := primetlo=el  JalriD=d.5=c),

ii. there exists k €[0,1) such that T=x7, as long as R is an imperfect predictor of Y (i.e.,

Var(Y'| R,S =0) >0 almost surely).
Proof. See Appendix B.1.4 for the proof and its generalization to discrete Y. O

Proposition 1(i) characterizes the implicit estimand of the common practice. Under As-
sumptions 2 and 3(ii), the conditional distribution of the remotely sensed variable fz(r|Y,S=0)
is stable across the experimental and observational samples. However, the common practice
attempts to transport the reverse relationship—the predictions m(R) =E[Y | R,S = o]—into
the experimental sample. By Bayes’ rule, this reversal induces bias due to differences in the
marginal distributions of outcomes between the two samples.

Proposition 1(ii) further shows that the common practice has attenuation bias: it is
biased towards zero, whenever the remotely sensed variable is an imperfect predictor of the
outcome. Empirical papers using this method may systematically under-report the impacts of
environmental and anti-poverty interventions. The attenuation factor s reflects the strength

of the correlation between the remotely sensed variable and the outcome.”

"Two related results appear in the literature. Pelletier et al. (2026) show that one component of the bias
from using predicted outcomes in difference-in-differences is attenuation bias due to variance compression,
though their remaining bias terms are application-specific and generally unsigned. Crossley et al. (2022) show
that, in a linear model, imputing a dependent variable across two samples induces a Berkson measurement
error that attenuates the regression coefficient. Proposition 1 fully characterizes the estimand and bias of the

two-step method when the remotely sensed variable is post-outcome and without assuming a linear model.

17



In the presence of covariates, each conditional average treatment effect is attenuated,
implying arbitrary sign flipping for the average treatment effect.® The two-step method
transports outcome predictions within each covariate cell. However, under our identifying
assumptions, the stable object is the sensing mechanism within each covariate cell.

We generalize Proposition 1 for several empirically relevant settings. Appendix C.1.1
provides an analogous result with complete observational cases (allowing for direct effects)
under Assumption 3(i). Appendix C.1.2 shows that the attenuation bias arises even if units

are randomly allocated into the experimental and observational samples.

Remark 3 (Surrogacy and negative control methods). Proposition 1 provides a direct com-
parison to the surrogacy model. The implicit target 7 of the two-step method is the surrogate
formula (Prentice, 1989; Athey et al., 2025), so the two-step method recovers the causal
parameter 7 under the standard surrogacy assumptions (D,S) 1Y | R. These surrogacy
assumptions state that R fully mediates the effect of the treatment on the outcome; that is,
the surrogate R is pre-outcome. By contrast, Assumptions 2 and 3 imply the opposite: the
outcome mediates the effect of the treatment on the remotely sensed variable, either partially
(Assumption 3(i)) or fully (Assumption 3(ii)); the remotely sensed variable R is post-outcome.
Appendix Figure A .2 illustrates the difference via a causal graph.

The surrogacy method, and related methods that lead to the estimand 7, have been
extended to include negative controls (e.g., Ghassami et al., 2022; Imbens et al., 2025). The
surrogacy method and its negative control generalizations would all incur the bias formalized
in Proposition 1 when applied to post-outcome variables.

Similar to our method, the single negative control method (Park et al., 2024) uses one
auxiliary variable. Our method has two key differences. Unlike the single negative control
method, we allow the treatment D to affect both the outcome Y and the auxiliary variable R
when Assumption 3(i) holds. When no complete cases are available (i.e., the setting covered

by Assumption 3(ii)), the single negative control method becomes infeasible.

Remark 4 (Imputation methods). A recent approach to inference with remotely sensed

variables is multiple imputation (Rubin, 1987; Proctor et al., 2023), which fits a model for

8Denote the conditional average treatment effect by 7(z) =E{Y (1)—Y (0)|S=e,X =2z} and the density
)

by p(x) = fx (x|S=¢). By the proof of Proposition 1, 7(z) = x(z)7(z) for x(z) = Va\f/i:}(fll?k)gljjg(i;r} €10,1).

There exist 7(z) and x(z) such that the signs of 7= [7(z)p(z)dz and 7= [k(x)7(z)p(z)dx are reversed. For
example, with a binary covariate X, if 7(1) >0 and 7(2) <0 with 7=7(1)p(1)+7(2)p(2) >0, then there exist
small x(1) and large x(2) such that 7=p(1)x(1)7(1)+p(2)x(2)7(2) <O0.
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the missing outcome, draws repeated imputations of the missing outcome, and combines the
resulting estimates. Even with a correctly specified imputation model, multiple imputation
targets the same estimand as the two-step method. For Example 3 with incomplete observa-
tional cases, the imputation model is Pr(Y =1| R,S =0), so the multiple imputation estimand
coincides with the two-step estimand 7. With complete observational cases, the imputation
model additionally conditions on the treatment D, and the multiple imputation estimand
coincides with the two-step estimand discussed in Appendix C.1.1. In our framework, bias can
arise because multiple imputation implicitly transports the outcome model across samples,

whereas identification instead relies on transporting the stable sensing mechanism.

3.2.2 Prediction-Powered Inference

We compare our approach with prediction-powered inference (PPI) (Angelopoulos et al., 2023;
Pelletier et al., 2026). The PPI method takes as input a pretrained machine learning predictor
of the outcome variable Y. Let m;(R) and mg(R) denote arbitrary predictors for treated and
untreated units, respectively.

Like the common practice described above, PPI computes a difference of means using
predicted outcomes for the observations of (D, R). It also adds bias correction terms, called

“rectifiers,” using complete observations of (D,Y,R). Within Example 3, the PPI estimand is
7PPL_E[m,(R)|D=1,S=¢]-E[mo(R) | D=0,S=¢]+E[Y —m;(R)| D=1,S=0] -E[Y —mq(R) | D=0,S=0].

First, suppose that we have incomplete observational cases. By definition, we have no
joint observations of (D,Y,R) with variation in D. Consequently, it is not possible to observe
Y for some treated units and also some untreated units. At least one PPI rectifier (i.e.,
E[Y —mgy(R)| D=d,S =0]) cannot be computed, and so PPI cannot be implemented.

Second, suppose that we have complete observational cases, and we use the observational
sample to construct the rectifiers. In this case, the relevant question is whether PPI rectifiers
estimated in S'=o can be transported to S=e. PPI may be biased in several plausible sce-
narios: (i) the treatment is confounded in the observational sample; (ii) the experimental and
observational samples have different treatment effects; (iii) the experimental and observational
samples have different “baselines” (i.e., different untreated outcome means).” There may be

bias even when complete observational cases are available and D has no direct effect on R.

9PPI is unbiased if and only if E{Y —m4(R)|D=d,S=e} =E{Y —m4(R)|D=d,S=0} for d€{0,1}. Each

scenario we describe is a way to violate this condition. See Section 5.1 for further discussion.
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Proposition 2 (Bias of transporting PPI rectifiers). Suppose Assumptions 1, 2, 3(i) and 3(ii)
hold in Example 3. Let m;(R) and mg(R) be any bounded and measurable functions. Let
7°:=E[Y | D=1,S=0]-E[Y|D=0,5S=0]| denote the difference in means in the observational

sample. Then

L PP =74+ (1— k1) (7° —7) + (k1 — k)0 where kg=E[my(R)|Y =1]—-E[mq(R) |Y =0]
and 6=E[Y |D=0,S=¢|-E[Y |D=0,5=0];

2. for any predictors mq(R), mo(R) and any values 7° and 7 (with possibly 7°#7), there

exists a data-generating process with a relevant R (i.e., RAY | D,S) such that 77FT=7°.

Proof. See Appendix B.1.5. O

Proposition 2(i) characterizes the PPI estimand as a mixture of the desired estimand T,
the difference in means in the observational sample 7°, and the difference in baselines across
samples 0, with weights depending on the predictors m;(R) and mg(R). PPI is therefore
biased whenever the difference in means in the observational sample differs from the treatment
effect in the experimental sample (either due to heterogeneity of treatment effects or because of
confounding) or whenever there are differences in baselines across samples. As a consequence,
Proposition 2(ii) further shows that PPI can have arbitrary bias when it uses the observational
sample: it may be targeting 7°> 7, 7° <7, or something else entirely.

By contrast, our method relies on stability of the sensing mechanism. This distinction mat-
ters in applications like Example 1, where the observational sample is collected on different units
and at different times than the experimental sample. Concretely, Jayachandran et al. (2017)
use ground-based forest measurements at locations distinct from the experimental units and
measured at different dates, while Jack et al. (2025) use randomized spot checks that cannot be
synchronized with the narrow post-harvest /pre-tilling window. These mismatches make it plau-
sible that baselines differ (§#0), the treated—untreated contrasts differ across samples (7° #7),

or both—precisely the conditions under which Proposition 2(i) shows PPI can be biased.

3.2.3 Measurement Error and Data Fusion

A large literature studies identification using noisy measurements of a latent variable as
well as auxiliary data. Works such as Chen et al. (2005, 2008), Graham et al. (2016), Rid-
der and Moffitt (2007), Fan et al. (2014), and D’Haultfeeuille et al. (2024); D’Haultfoeuille
et al. (2025) establish identification by assuming stability of the distribution of the latent
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variable given the noisy measurement. In our notation, they require outcome stability:
fr(y|R.D,S=e)=fy(y| R.D,5=o0).

We study a different regime, where the noisy measurement is post-outcome: the remotely
sensed variable is caused by the outcome of interest. We instead assume that the sensing
mechanism is stable: fr(r|Y,D,S=e)= fr(r|Y,D,S=0). Meanwhile, we explicitly allow the
treatment effects, treatment mechanism, and outcome mechanism to differ across samples.
This distinction—in what information can be transported across samples—Ileads to a different
identifying formula.

Finally, a closer point of contact is work by Hu and Schennach (2008); Hu (2008). Those
authors also impose invariance of the noisy measurement distribution conditional on the
latent variable. However, their data environment is different: the true variable is never
directly observed, so identification requires a normalization that pins down the latent scale,
e.g. conditionally mean zero measurement error (Hu and Schennach, 2008, Assumption 5).
In our setting, the economic outcome is observed in the observational sample, eliminating
the latent-scale normalization problem and yielding a different identification strategy based

on conditional moment restrictions.

4 Estimation and Inference

As our secondary contribution, we show how our identification result guides the choice of
representation for the remotely sensed variable, enabling precise inference on the treatment
effect. We also prove that our confidence intervals are robust to mis-specification. We derive

~1/2 inference without rate conditions or complexity restrictions on the researcher’s

valid n
remotely sensed variable-based predictions. In particular, we justify the use of complex deep
learning algorithms that may be misspecified.

For exposition, throughout this section we focus on incomplete observational cases (As-
sumption 3(ii)) and no covariates (X = @). Estimation and inference for complete observational

cases are similar, using the identification results in Section 3.1.2; see Appendix C.7.2 for

details. We generalize our estimation algorithm to include covariates in Section 5.7.

4.1 Choice of the Representation

Consider the binary outcome setting (Example 3), where the treatment effect is identified

as 7= % for any representation H(R) satisfying E{H (R)A°} #0. Different choices
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of representation have different efficiency properties. We now ask, which representation is
a reasonable choice in practice?

To answer this question, we view 7 as the coefficient in the regression model
A°=71A%+e, E(e|R)=0, (1)

where the residual e := A°—7A° is mean zero conditional on R by Theorem 1. Results in Cham-
berlain (1987) and Newey (1993) imply that the semiparametrically efficient representation

within a class of models satisfying (1) is H*(R) = E&?j'g} , where 02(7,R) :=E{(A°—7A°)?| R}.

This “optimal instrument” H*(R) is a conditional expectation divided by a conditional variance.
The discrete case is similar. Applying results in Chamberlain (1987) and Newey (1993),
the semiparametrically efficient representation for models satisfying the conditional moment

restriction in Theorem 1 is

HH(R) =Gl 0.0 B~ (A% 6P ]

where now H*(R) eRE~! E(A°|R) eRE~1 and 02(0,R) eR.1°

This formula reveals that improving the efficiency of treatment effect estimates requires
three types of predictions: (i) predictions of each outcome category from the remotely sensed
variable, appearing in the numerator E(A° | R); (ii) prediction of the treatment from the
remotely sensed variable, appearing in the denominator 02(6,R); and (iii) prediction of the
sample indicator from the remotely sensed variable, appearing in both the numerator and
the denominator. That is, improving efficiency requires predicting not only the outcome Y
(using the observational sample) but also the treatment D (using the experimental sample)
and the sample indicator S (using all data).

In Section 4.2, we propose an algorithm based on the choice H*(R). In Section 4.3, we prove
robust inference guarantees for a family of algorithms, allowing a family of representations,

including the optimal choice H*(R) and the simple choice Pr(Y =y, |S=0,R).

4.2 Estimation and Inference with Learned Representations

Our estimation algorithm follows three steps: divide the sample into TRAIN and TEST folds;
learn the representation on TRAIN; and apply the learned representation to estimate the

treatment effect on TEST. Algorithm 1 provides an overview of our estimation algorithm

0 Although R can be high-dimensional, H*(R) is low dimensional because K is fixed, so results from

Chamberlain (1987) directly apply.
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Algorithm 1 Estimation with Incomplete Observational Cases (overview)
Require: Data {S;,1{S;=e}D;,1{S;=0}Y;,R;}!_, withY € Y={y1,...,ux }.

1: Randomly split indices into a TRAIN fold and a TEST fold. Define the empirical mean
operators Eppan(-) = mZiETRMN(.) and Eqger(+) = mziETEST(.)'
Step 1: Learn a representation on TRAIN.

2. Using TRAIN, estimate Pr(Y =y, | S=o0,R), Pr(D=1|5=¢,R), and Pr(S=¢|R).

3: Combine these estimates into a learned representation H (R) e RE~! that approximates
the efficient representation H*(R) (see Algorithm E.1 for the explicit construction).
Step 2: Estimate f on TEST.

4: On TEST, compute the sample analogues (36,30) of the treatment and outcome variation.

5¢ Compute §= [Evesr{ H(R)(A%)T}] 1ETEST{E((R)£6}.
Step 3: Compute the ATE and standard error.

6: Compute 7= ZJK:_ll(yj —yK)é\j.

7: Bootstrap the standard error of 7 on TEST, holding H fixed.

8: If cross-fitting: Reverse the role of TRAIN and TEST, then re-estimate the ATE and its
standard error. Average the ATEs and standard errors across the two iterations.

9: Return: 7 and its confidence interval.

using sample splitting with TRAIN and TEST folds, as well as two-fold cross-fitting, though
our proof in Appendix B.2 allows for cross-fitting with any fixed number of folds. Algorithm
E.1 provides a detailed implementation of the estimation algorithm with covariates. The
algorithm for complete observational cases is similar. Sample splitting and cross-fitting may
be eliminated under complexity restrictions that tolerate simple machine learning procedures.
See, for example, Chernozhukov et al. (2025) for a recent summary.

Within Algorithm 1, we propose a learned representation H (R) based on H*(R) above.
However, our guarantees below allow any learned representation H (R) that has some
limit H (R). For example, a researcher may prefer to use a pre-trained representation

I/D;(Y =1y | S =0,R), sacrificing some precision to reduce computation.

4.3 Robustness to Misspecification

Remotely sensed variables take many forms—from unstructured data to pretrained embeddings
to outputs of complex machine learning predictors—and our identification results accommo-

date all of these cases. We therefore analyze our estimator under weak regularity conditions.
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For example, the prediction may be constructed from a complex machine learning al-
gorithm, such as a deep convolutional neural network applied to satellite images or even a
pre-trained model. In such settings, rates of convergence are often unknown. Even carefully
crafted architectures positing a generative model would typically be misspecified.

For this reason, we do not require convergence rates for the machine learning algorithms
used to construct predictions. Under cross-fitting, we only require that the predictions, and
hence the representation estimator, have some probability limit; they may be misspecified.

Under sample splitting, we can further relax this weak condition; see Remark 5 below.

Assumption 4 (Limit). The learned representation has some mean-square limit H (R):
ER{HﬁJ(R)—ﬁ(R)H?} = 0,(1), where E{||H(R)||?} is finite, and possibly H(R) # H*(R).
This limit is correlated with outcome variation: E{H(R)(A°)T} is nonsingular, and its

smallest singular value is bounded away from zero.

While the overall structure of Algorithm 1 is familiar (Angrist et al., 1999; Chernozhukov
et al., 2018), valid n~'/2-inference on 7 requires no rate conditions on the learned represen-
tation. The moment restriction in (1) is infinite-order Neyman orthogonal (Mackey et al.,
2018; Chen et al., 2020), and therefore Assumption 4 requires no complexity restriction
(Chernozhukov et al., 2018, 2023) and no rate conditions (Chamberlain, 1987; Newey, 1993).

Concretely, within Algorithm 1, all three predictors f’\r(Y =yr|S=0,R), f’\r(D =1|S=
e,R), and 1/3}(5 =e¢| R) may be misspecified. Any other choice of learned representation may be
misspecified. Nonetheless, we have valid n~'/2 inference, which is a strong form of robustness.

In the following statements, we refer to Pr(D=d,S=e) for d€ {0,1} and Pr(Y =y;,5=0)

for yr. € {y1,...,yx } as the marginal probabilities.

Proposition 3 (Inference with known marginal probabilities). Consider the cross-fitted
estimator in Algorithm 1. Suppose Theorem 1’s conditions and Assumption 4 hold. Sup-

pose the marginal probabilities are known and bounded away from zero. Then, for A =

(Y1 —YrcseYr—1—YrK) |, We have
\/ﬁ<?_7)WN(O,)\TABAT)\), A:[E{f[(R)(AO)T}]*17 B:]E[{AE_(AO)T9}2]'—_V[(R)[_"'[(R)T]

Moreover, if H (R)=H*(R), thenT= AT0 is semiparametrically efficient for 7:= 70 satisfying

the conditional moment restriction E{A°—(A°) 70| R} =0, with known marginal probabilities.

Proof. See Appendix B.2.1. O
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Proposition 4 (Inference with estimated marginal probabilities). Consider the cross-
fitted estimator in Algorithm 1. Suppose Theorem 1’s conditions and Assumption 4
hold. If the marginal probabilities and their estimators are bounded away from zero, then

V(T=1)~>N(OAXTAVATN) for V defined in Appendix Lemma B.9.
Proof. See Appendix B.2.2. ]

When marginal probabilities are known, the asymptotic variance is standard. The asymp-
totic variance in Proposition 4 differs from the one in Proposition 3 because estimation of
the marginal probabilities introduces an additional estimation error.

Standard errors may be calculated by either a bootstrap estimator or an analytic estimator.
The former is described in Algorithm 1, and may be easier to code. The latter is described
in Appendix Lemma B.9, and involves less computation.

Theorem 2 allows for direct effects of the treatment on the remotely sensed variable,
provided there are complete observational cases. Since we have already derived the conditional

moment equations, estimation and inference proceed in a similar fashion.

Remark 5 (Inference without a probability limit for H ). In the absence of Assumption 4, valid
conditional inference is still possible by using sample splitting, with some caveats. With sample
splitting, H is a deterministic function conditional on TRAIN. Therefore, Algorithm 1 with
sample splitting is asymptotically normal conditional on TRAIN: [TEST|"/?0 2! (7 —7)| TRAIN ~
N(0,1), provided that H(R) is uniformly bounded, E{ H(R)(A°)T|TRAIN} has its smallest
singular value bounded away from zero with probability approaching one, and the conditional

asymptotic variance a% is nondegenerate with probability approaching one. There are two

caveats: (i) the convergence rate is |TEST|~'/2 rather than n~'/2; (ii) the variance 0% is

random rather than nonrandom because it depends on the realization of TRAIN.

5 Extensions and Generalizations

Our framework for identification and estimation extends in several directions that are impor-
tant for practice: (i) a“validation” sample with randomized treatments and observed outcomes;
(ii) a quasi-experimental sample rather than an experimental sample; (iii) some spillovers across
units; (iv) variables collected at different times; (v) sensitivity analyses under relaxations of our
identifying assumptions; (vi) continuous outcomes; (vii) low-dimensional covariates. We pro-

vide a brief overview of each extension in this section, deferring formal details to the appendix.
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5.1 A Validation Sample

In empirical applications, we may also observe outcomes for a (possibly small) subset of
experimental units, which we call a “validation” sample. This third sample fits naturally into
our framework. Define an extended sampling indicator Se {e,0,u}. As before, S =0 denotes
an observational unit and S=e denotes an experimental unit with missing outcome. Now,
S=uv denotes an experimental unit for which the outcome is observed.

With this notation, our identification and estimation results hold by replacing S =e with
Se {e,v}, and S =0 with Se {o,v}, in the appropriate expressions. Intuitively, units with
S =uv can be reused: because they contain (X,D,Y,R), they contribute to both treatment
variation and outcome variation, and therefore inform both sides of our moment conditions.

This extension does not require assumptions about which experimental units have observed
outcomes: the subset with S =wv need not be random (e.g., it may be selected based on logistics
or targeting). Our key requirement is that the remotely sensed variable is stable across all
three samples: SI R | X,D,Y ' Only the sensing mechanism must be invariant.

Remark 6 below explains how a particular variation of PPI can be unbiased at the expense
of (i) placing an extra assumption on the validation sample, and (ii) discarding the observa-

tional sample.'? Simulations in Section 6 show that, in the presence of a validation sample,

our method is more efficient.

5.2 A Quasi-Experimental Sample

Many empirical applications with remotely sensed variables exploit quasi-experimental varia-
tion (e.g., Burgess et al., 2012; Ratledge et al., 2022; Assuncao et al., 2023; Pelletier et al., 2026,
among many others). Appendix C.2 extends our framework to these settings by modifying our
assumption for the S'=e sample: we replace experimental unconfoundedness (Assumption 1)
with instrumental variable or difference-in-differences assumptions. Under stability of the
remotely sensed variable (Assumption 2), we show how researchers can combine a quasi-
experimental sample with an observational sample to identify familiar causal parameters: the
local average treatment effect (LATE) using instruments, or the average treatment effect on

the treated (ATT) using difference-in-differences. Overall, our main identification technique

Ty fact, by the proof of Lemma 1, it suffices that fz(r|S e {en},X,D,Y)=fr(r|S€{ow},X,D)Y).
12Qnly the validation sample, and not the observational sample, must be used for the rectifiers. This PPI

variation is unbiased if and only if E{Y —mg(R)|D=d,S=e} =E{Y —mq(R)| D=d,S=v} for de {0,1}. By

contrast, our method is unbiased and also leverages the observational sample, so it is more efficient.
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seamlessly integrates into identification arguments for quasi-experiments.

5.3 Spillovers

When evaluating environmental conservation and anti-poverty interventions, empirical re-
searchers often discuss spillovers: how treatment of one unit may affect the outcome of another
unit. In Appendix C.3, we extend our framework to allow for some simple types of spillovers.
After expanding the potential outcome notation to reflect spillovers, we define the average
direct treatment effect and the average global treatment effect. We identify the average
direct treatment effect using stability (Assumption 2). Then, under the assumption that
spillovers are either (i) within but not across higher levels of geography, or (ii) within a known

geographic radius, we identify the average global treatment effect.

5.4 Time Variation

In practice, data are indexed by time. The remotely sensed variable and the outcome may
be measured at different times. Moreover, the treatment variable may be defined as early
adoption. In Appendix C.4, we confirm that our method accommodates such settings, and

we clarify the interpretation of our reported estimate.

5.5 Sensitivity Analysis

Our identification result relies on two conditions beyond experimental unconfoundedness:
stability of the remotely sensed variable (Assumption 2) and, with incomplete observational
cases, no direct effects of the treatment on the remotely sensed variable (Assumption 3(ii)).
While we provide evidence supporting these assumptions in our empirical applications (Sec-
tions 6 and 7), researchers may wish to assess how sensitive their conclusions are to departures
from these assumptions. Appendix C.5 develops a partial identification framework for this
purpose, which we summarize below.

First, we relax Assumption 3(ii): we maintain stability but allow the treatment to have a
small direct effect on the remotely sensed variable. Suppose we are willing to bound the size of
the direct effect and can calculate the covariance between the outcome variation and the repre-
sentation H(X,R). Weshow that the identified set for the average treatment effect is an interval

whose size is increasing in the direct effect bound and decreasing in the calculated correlation.
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Next, we relax Assumptions 2 and 3(ii) simultaneously: the treatment may have a direct
effect on the remotely sensed variable, and the remotely sensed variable’s conditional dis-
tribution may vary across samples. We provide an outer bound on the identified set for the
average treatment effect. This outer bound recovers the identified set described above when
Assumption 2 is imposed again.

We may report these identified sets for a range of plausible violation magnitudes to assess
how robust causal findings are to departures from the identifying assumptions. For example, a
researcher may report a “breakdown” analysis illustrating the smallest direct effect or stability

violation required to overturn the study’s conclusions (e.g., Masten and Poirier, 2020).

5.6 Continuous Outcomes

Appendix C.6 extends our results to settings with continuous outcomes. While the identifica-
tion remains essentially the same, estimation is more complex because the statistical inverse
problem of recovering the treatment effect becomes more difficult.

We propose a practical method: discretize the continuous outcome into finitely many
bins and appeal to our results for discrete outcomes, while keeping track of the discretization
error. Under a mild smoothness condition (that the conditional density of the remotely sensed
variable fr(r|S=0,X,D,Y) is uniformly continuous in Y), we control the discretization error
in Corollary C.5. This yields an approximate version of Theorem 1, with a discretization error
that we bound explicitly. We can therefore apply our estimation algorithm to the discretized
outcome and adjust inference for a non-vanishing discretization error, for example, by using
bias-aware confidence intervals.

We also discuss the nonparametric generalization. Allowing the bin width to vanish
amounts to kernel smoothing, which eliminates the discretization error at the cost of slower
convergence rates and more subtle regularity conditions. We clarify how our relevance condition
E{H(R)A°} # 0 generalizes to a completeness condition when outcomes are continuous.

Overall, continuous outcomes require stronger conditions for identification and estimation.

5.7 Pre-treatment Covariates

Section 3 derived identification with unrestricted, pre-treatment covariates. For ease of exposi-
tion, Section 4 derived inference with no covariates. We now describe how inference extends to

low dimensional covariates. Future work may study inference with high dimensional covariates.
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When covariates are discrete with finite support, inference is straightforward: apply
Algorithm 1 within each covariate stratum, then average over covariate strata. Appendix C.7
presents this algorithm and shows that our asymptotic analysis suitably generalizes.

When covariates are low dimensional and continuous, inference requires standard nonpara-
metric techniques. A researcher must estimate the conditional probabilities Pr(D=d,S=e| X)
and Pr(Y =y,5=o0]| X) as smooth functions of X using kernels or series, then the conditional

average treatment effects via analogous methods, before averaging over X'; see Appendix C.7.3.

6 Calibrated Simulations

We conduct a semi-synthetic exercise calibrated to two real-world settings.

First, we study forest cover measurements from Hansen et al. (2013) for Uganda. These
widely used measurements are derived from Landsat satellite imagery at 30-meter resolution,
defining forest cover as the fraction of a grid cell containing vegetation taller than 5 meters.
We define a binary outcome Y € {0,1} indicating whether at least 80% of a grid cell is forested,
consistent with conservation policies that mandate forest cover retention.'?

We define the experimental sample as grid cells within the area covered by the payments for
ecosystem services experiment conducted by Jayachandran et al. (2017). The observational
sample consists of grid cells in surrounding geographic bands. Appendix Figure F.1 provides
a map, and Appendix F.1 provides additional details.

To illustrate how one might use the output of a pretrained predictor as the remotely sensed
variable, we construct one for this setting: using grid cells from the rest of Uganda, we train
a random forest to predict Y from MOSAIKS satellite embeddings (Rolf et al., 2021), which
are low-cost pretrained embeddings of publicly available satellite images distinct from the
Landsat images underlying the Hansen et al. (2013) data (see also Proctor et al., 2025). The
random forest predictor achieves an area under the curve (AUC) of 0.967 on held-out grid
cells. We define the remotely sensed variable R as the scalar output of this predictor.

Second, we use data from Muralidharan et al. (2016, 2023), who conducted a randomized
experiment to evaluate the introduction of biometrically authenticated payment infrastructure
(Smartcards) in Andhra Pradesh, India. We define a binary outcome Y € {0,1} indicating

whether the village has only low- and middle-income households, using administrative data

13Examples include Brazil’s Forest Code (Azevedo et al., 2017) as well as conservation programs that

determine eligibility based on forest cover thresholds (e.g., Wunder et al., 2008).
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from 2012-2013; see Appendix F.2 for details.

The experimental sample consists of treated, untreated, and buffer villages in the original
evaluation. The observational sample consists of non-study villages; see Appendix Figure F.2.

We use this setting to illustrate our framework when the remotely sensed variable is
high-dimensional. We link each village’s geographic coordinates to nighttime luminosity
measures (a vector in R%’) (Asher et al., 2021) and MOSAIKS satellite embeddings (a vector
in R1999) (Rolf et al., 2021). Both have been validated as predictors of poverty (Henderson
et al., 2011; Jean et al., 2016; Huang et al., 2021). We define the remotely sensed variable
R as their concatenation.

Several diagnostic tests in Appendix F.3 support the plausibility of our assumptions in

both empirical settings.

6.1 Simulation Design

We first consider the most cost-effective data collection strategy: no experimental outcomes
are collected, with incomplete observational cases (Assumption 3(ii)).

Let o :=Pr{Y(0)=1|S=e} and a,:=Pr{Y (0)=1|S=o0} denote the baseline outcome
probabilities in the experimental and observational samples, respectively. The simulation
design allows o, # o, so that baseline outcomes may shift across samples. In the forest cover set-
ting, o, and a, are calibrated from grid cells in the experimental and observational samples, re-
spectively.'* Similarly, in the Smartcards setting, a.. and o, are calibrated from the experimen-
tal and observational samples, respectively. We vary the treatment effect across a range of val-
ues: 7€{0,0.05,0.10,0.15,0.20}. For each treatment effect value, we conduct 500 simulations.

Each simulation is generated with n, experimental units and n, observational units, accord-
ing to a data-generating process satisfying both stability and no direct effects. For each exper-
imental unit, we draw the potential outcomes Y;(0) ~ Bernoulli(c ), Y;(1) ~Bernoulli(c+7)
and randomly assign treatment as D; ~ Bernoulli(0.5). The observed outcome is Y; =
(1-D;)Y;(0)+D;Y;(1). We then draw the remotely sensed variable R; from the empirical dis-
tribution of R;|Y; in the real data, and delete Y;, recording only (D;,R;). For each observational
unit, we draw the outcome Y; ~Bernoulli(c,). Then, we draw the remotely sensed variable
R; from the same empirical distribution, and record (Y;,R;). In the forest cover setting, we set

n. = 1000, roughly corresponding to the sample size in Jayachandran et al. (2017), and n, = 500.

14Tn the main text, we report results calibrating o, based on a two-kilometer band around the experimental

sample. Appendix G.1 provides similar results in which «, is calibrated using five- and ten-kilometer bands.
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In the Smartcards setting, we set n, =3000 and n,=1000, and we also truncate the remotely
sensed variable to R for computational tractability. We report results for alternative sample
sizes in Appendix G.1. Appendix G.2 provides additional details on the simulation design.
We compare two estimators: the commonly used two-step method (Section 3.2.1), which
trains a predictor of Y from R in the observational sample and regresses predicted outcomes
on D in the experimental sample; and our method (Algorithm 1). PPI methods (Section 3.2.2)
are not feasible in this setting because there are no units with jointly observed (D,Y,R) with

variation in D.

6.2 Results

First, we compare the quality of the point estimates by comparing their bias, across treatment
effect values and empirical settings. Figure 2 visualizes the results. The commonly used
two-step method exhibits large bias that is proportional to the treatment effect. This pattern
confirms Proposition 1: this method targets k7 for some x € [0,1). Though the remotely
sensed variables are good predictors of the outcome in both settings, accurate prediction alone
does not ensure valid causal inference when R is post-outcome. By contrast, our method

exhibits negligible bias across all treatment effect values and empirical settings.
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Figure 2: Our estimator outperforms the two-step estimator in terms of normalized average
bias, defined as the average bias of the estimator divided by its standard deviation across

simulations. For each value of the synthetic treatment effect 7, we conduct 500 simulations.

Next, we compare the quality of the confidence intervals by comparing their coverage,

across treatment effect values and empirical settings. Figure 3 visualizes the results. The 95%
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Figure 3: Our confidence intervals achieve approximately nominal coverage across simulations.

For each value of the synthetic treatment effect 7, we conduct 500 simulations.

confidence intervals based on the commonly used method can undercover significantly—as low
as 25% coverage in the forest cover setting and 0% coverage in the Smartcards setting, when
the treatment effects are nonzero. By contrast, 95% confidence intervals based on our method
achieve close to nominal coverage across all treatment effect values and empirical settings,

confirming that the asymptotic theory in Section 4 provides reliable finite-sample guidance.

Remark 6 (Comparison with prediction-powered inference (PPI)). In the simulations above,
PPI methods are infeasible because no experimental outcomes are observed. Appendix G.2
extends the simulations to include a small, randomly selected validation sample (Section 5.1),
enabling comparison with PPI. Two findings emerge. First, a PPI method that uses both the
validation sample and the observational sample in the rectifiers is biased whenever a. # «,,
confirming Proposition 2 (see Appendix Figure G.5). Second, a PPI method that only uses
the random validation sample in the rectifiers (disregarding the observational sample) is
unbiased but inefficient; our estimator yields standard errors up to 40% smaller than PPI (see
Appendix Figure G.6)."” Therefore, our method can improve efficiency, even in the presence of
a random validation sample. By exploiting the post-outcome structure of the remotely sensed

variable, our method efficiently incorporates information from the observational sample.

150nly this variation of PPI is unbiased, since with a randomly selected validation sample E{Y —m4(R) |
D=d,S=e}=E{Y —my(R)| D=d,S=v} £E{Y —mq(R)| D=d,S =0}. It is inefficient since it discards the

sample S=o. Even this variation of PPI would be biased if the validation sample were not randomly selected.
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7 Applications with Remotely Sensed Outcomes

Next, we apply our framework to two real-world settings.

First, we revisit the Smartcards experiment of Muralidharan et al. (2016, 2023), who study
the effect of biometrically authenticated payments on village-level poverty in Andhra Pradesh,
India. Experimental outcomes were directly measured, so we can benchmark our method
(using satellite images in the experimental sample) against an “oracle” difference-in-means
(using direct outcome measurements in the experimental sample). Our method closely matches
the benchmark, despite limited access to outcomes.

Second, we revisit the experiment of Jack et al. (2025), who study whether payments for
ecosystem services (PES) contracts reduce crop burning by farmers in Punjab, India. Unlike
the Smartcards experiment, no experimental outcomes are available, so we cannot benchmark
against an unbiased difference-in-means. Instead, we compare our method (which uses the
authors’ pretrained classifier as a remotely sensed variable) to the commonly used two-step
method (which uses the authors’ pretrained classifier as a surrogate outcome). We find that

the commonly used two-step method may underestimate the treatment effect by 47%.

7.1 Smartcards and Village-Level Poverty

Data. We use data from Muralidharan et al. (2016, 2023). The treatment D €{0,1} is the
early introduction of Smartcards in 2010, and the outcome Y € {0,1} is a measure of village-level
poverty constructed from administrative data in 2012-2013. To assess robustness across differ-
ent poverty definitions, we consider three outcomes: (i) “consumption” indicates whether the
village is in the bottom quartile of per capita consumption; (ii) “low income” indicates whether
the village has only low-income households; and (iii) “middle income” indicates whether the
village has only low- and middle-income households. While (i) captures average consumption,
(ii) and (iii) describe the village income distribution using categories from Indian administra-
tive data; see Appendix F.2 for details. The remotely sensed variable R € R4%%0 concatenates
the nighttime luminosity and pretrained satellite embeddings described in Section 6.'°

We analyze this experiment as having incomplete observational cases (Assumption 3(ii))
and a non-randomly selected validation sample (Section 5.1). The experimental sample S=e
consists of treated and untreated villages, for which we observe (D,R). The validation sample

S =w consists of buffer villages, for which we observe (D,Y|R). The observational sample S=o

16Here, we use the full embedding rather than the truncated version used in the simulations.
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consists of non-study villages, for which we observe (Y,R). Appendix Figure H.1 provides
a map. Further details are in Appendix H.1.

Two aspects of this exercise are noteworthy. First, the experimental sample has 155
mandals while the validation sample has 136 mandals. Whereas the benchmark has “oracle”
data access, using outcomes for all 291 mandals, our method has “imperfect” data access, using
outcomes for only the 136 mandals in the validation sample. Second, the validation sample is
non-randomly selected: rather than containing treated and untreated villages, it only contains

untreated villages. As a consequence, there are no joint observations of (D=1,Y,R). The PPI

rectifier for the treated group cannot be implemented, rendering PPI infeasible in this setting.'”

Plausibility of identifying assumptions. The treatment was randomized in this exper-
iment (Assumption 1). Appendix H.1 provides evidence that stability is plausible (Assump-
tion 2) for each of the three poverty outcomes.

With incomplete observational cases, we require no direct effects (Assumption 3(ii)): the
treatment should affect the remotely sensed variable only through the outcome. Using “oracle”
data access, we can visually assess this condition; the densities fg(r | Se {e,;v},D=0Y =y)
and fr(r| S € {e,v},D =1,Y =y) should coincide for y € {0,1}. In Figure 4, the con-
ditional densities closely align for one of the poverty outcomes (“middle income”), and
Kolmogorov—Smirnov tests cannot reject equality at the 5% level. Appendix H.1 reports the
corresponding diagnostics for the other outcomes.'®

The remotely sensed variable must be relevant: its representation H (R) must be correlated
with outcome variation in the observational sample (Corollary 1). For the learned representa-

tion in Algorithm 1, we test whether E,,{ H (R) ﬁ"} is significantly different from zero. Table 2

confirms that the remotely sensed variable is relevant for each of the three poverty outcomes.

Main results. Figure 5 summarizes our findings. For each poverty outcome, we compare
confidence intervals of (i) the benchmark, a difference-in-means using all 291 mandal outcomes;
and (ii) our method, using only 136 mandal outcomes but leveraging an observational sample.

Our method yields estimates that are close to those obtained by the benchmark. For
each poverty outcome, our point estimates have the same sign and similar magnitude as the
benchmark, i.e. as if the economist could observe all treatments and outcomes in the Smart-

cards experiment. Consistent with Muralidharan et al. (2023), we find that early adoption of

17Formally, the term E(Y | D=1,5 € {v,0}) cannot be computed.
18Tests for “low income” also do not reject, while tests for “consumption” marginally reject.
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Figure 4: No direct effects (Assumption 3(ii)) is plausible in the Smartcards experiment. We
compare fr(R|S€{en},D=0,Y =y) with fr(R|S€{ew},D=1Y =y) for ye{0,1}. Here,
the outcome Y is “middle income.” Because R is high-dimensional, we visualize the density of

its standardized first principal component.

Consumption Low income Middle income

Relevance, B, { H(R)A°} 0.5000 1.0102 0.4530
(0.0601) (0.1156) (0.0493)

Table 2: Satellite images are relevant to poverty outcomes. For each poverty outcome, we
report En{ﬁ (R)ﬁo} and its standard error using our learned representation. Bootstrap

standard errors, based on 1000 replications, are clustered at the sub-district level.

Smartcards reduces poverty. Appendix Table H.1 gives details. For each outcome, we cannot
reject the null hypothesis that our method and the benchmark yield the same point estimate.

Furthermore, our method’s confidence intervals are nearly the same length as the bench-
mark’s. For the consumption outcome, our interval is essentially of the same length. For the
middle-income outcome, our interval is 31% longer.

This exercise illustrates the potential for survey-cost reductions when an appropriate
observational sample is available. An economist could forgo poverty surveys for a large fraction
of villages in the Smartcards experiment, and instead rely on publicly available satellite images

and an observational sample linking satellite images to existing poverty measurements—for
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Figure 5: Our method’s point estimates approximately recover the unbiased benchmark
estimates. For each poverty outcome, we report 90% confidence intervals for the benchmark
and for our method. Bootstrap standard errors, based on 1000 replications, are clustered at

the sub-district level.

example, from prior surveys or censuses. In this illustration, if surveying each individual in

a village costs $0.50, this choice could save $3 million.”

Specification test and efficiency gains. Our model generates testable overidentifying
restrictions (Remark 1): if stability and no direct effects hold, then different representations
H(R) and H'(R) should yield the same treatment effect. We implement this test by comparing
estimates from two representations: (i) the optimal representation H(R)=H*(R), combining
three predictions; and (i) the simple representation H'(R)=Pr(Y =1|R,S € {o,v}), using
one prediction. Table 3 reports the results. For each poverty outcome, we cannot reject the
null of equal treatment effects, supporting the plausibility of our model.

Table 3 also confirms that the standard error using the optimal representation is mean-
ingfully smaller than the standard error using the simple representation. For example, for
the consumption outcome, the optimal representation yields a standard error that is 40%
smaller. Consistent with Proposition 3, our method is valid using various representations,
but the optimal representation confers efficiency. Therefore, if it is computationally feasible,
researchers should consider predicting not only the outcome but also the treatment and
sample indicator. The optimal representation allows for extrapolation (i.e., negative weights

on villages), whereas the simple representation does not. We further interpret and compare

19 Appendix Table F.1 summarizes the number of villages and their populations, which we use to calculate
savings. This calculation is conservative; Viviano and Rudder (2020) find that phone surveys in Pakistan cost

$7 per individual, rather than $0.50.
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Consumption Low income Middle income
Optimal representation -0.0525 -0.0261 -0.0450
(0.0436) (0.0220) (0.0360)
Simple representation -0.0494 -0.0242 -0.0431
(0.0733) (0.0341) (0.0542)
J statistic 0.0267 0.0600 0.0095
p value 0.8702 0.8065 0.9223

Table 3: We cannot reject the overidentifying restrictions implied by our model, and the
optimal representation yields more precise inference. The optimal representation is H*(R)
from Section 4.1. The simple representation is Pr(Y = 1| R,S € {o,v}). The J statistic
compares treatment effect estimates based on these two representations. Bootstrap standard

errors, based on 1000 replications, are clustered at the sub-district level.

the two representations in Appendix H.1.

Remark 7 (Spillovers). We compare our method to a natural benchmark: the difference-in-
means estimate an economist would obtain if they could observe all treatments and outcomes
in the experiment. If there are no spillovers, then we are comparing our method to an unbiased
estimate of the treatment effect in Definition 1. If there are spillovers, then we are comparing
to an unbiased estimate of a reasonable estimand: a difference-in-means of expected outcomes,
indexing by each unit’s treatment status and averaging over all other units. As discussed
in Section 5.3, our method can be adapted to estimate the global average treatment effect,
which is often a parameter of interest in models with spillovers. We provide this extension

and apply it to the Smartcards experiment in Appendix H.1.

Remark 8 (Timing). Outcomes were measured at the end of the experiment in 2013, so we
study the effect on poverty in 2013. The remotely sensed variables were measured through 2020.
Appendix H.1 confirms that it is valid to use remotely sensed variables measured after the
outcomes. The observational sample links outcomes from 2013 with remotely sensed variables

through 2020, so the estimand and method remain unchanged despite differences in timing.
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7.2 Payments for Ecosystem Services and Crop Burning

Data. We use data from Jack et al. (2025). The treatment D € {0,1} is the offer of a PES
contract, and the outcome Y € {0,1} indicates whether a field was not burned, so a positive
effect means an environmental benefit.?"

It is costly to measure whether the crop residue on a particular field has been burned,
requiring a surveyor to make frequent visits to rural areas. Therefore, it is natural to turn
to a remotely sensed variable R. To construct such a variable, Jack et al. (2025) link surveyor-
collected measurements of crop burning to satellite-based spectral indices from PlanetScope
and Sentinel-2 imagery, and then train a random forest to predict whether fields have been
burned (Walker et al., 2022). The random forest outputs a continuous score at the pixel level,
which is the proportion of decision trees that classify a pixel as burned; these pixel-level scores
are aggregated to field-level scores. Jack et al. (2025) then construct binary classifiers at the
field level by applying threshold rules to field-level scores.?!

The authors conducted randomized spot checks, sending a surveyor to inspect certain fields,
but the timing was imperfect. Because crop burning is a short-lived event, “spot checks could
not be synchronized with the farmer’s residue management timing...[spot checks| indicate
no burning in days immediately preceding the spot check visit but provide no information
about burning outside that window” (Jack et al., 2025, p. 45). For this reason, the authors
caution against interpreting the spot check sample as a randomly collected validation sample.

We consider two variations. Throughout, the experimental sample (S = ¢) consists of
treated and untreated fields, for which we observe (D, R). In one variation, we view the spot
check sample as a validation sample (S=uv) (Section 5.1) for which we observe (D,Y,R). In
another variation, we view the spot check sample as an observational sample (§ =0), for which
we observe (D,Y,R). In the spot check sample, there are no joint observations of (D,Y =1,R)
in which D varies, so Assumption 3(i) fails and we must appeal to Assumption 3(ii).

Because of the imperfect timing of the spot checks, the outcomes from the spot check

sample do not provide unbiased estimates of potential outcomes, making PPI biased (Proposi-

20We modify the specification of Jack et al. (2025) in two ways. While the authors distinguish between
standard and up-front PES contracts, we define the treatment as whether any PES contract was offered. The

authors analyze effects at the farmer level, aggregating across fields, while we analyze effects at the field level.
21Jack et al. (2025) construct two binary classifiers for crop burning by applying two different threshold

rules to the field-level scores. We use their “max accuracy” classifier in the main text, and we report analogous

results using their “balanced accuracy” classifier in Appendix H.2.
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tion 2).?? On the other hand, stability of the sensing mechanism is plausible, since it requires

that the relationship between satellite images and crop burning is stable.

Plausibility of identifying assumptions. Since offers of PES contracts were randomized
at the village level, experimental unconfoundedness (Assumption 1) is satisfied by design.

Unlike the Smartcards application, “oracle” data access is unavailable in this application,
so we appeal to domain knowledge to justify the remaining assumptions. To justify stability
(Assumption 2), we appeal to the fact that the same sensing technology was used across
samples. Conditional on burning status, how crop burning manifests in the satellite-based
spectral indices is determined by physical properties of the soil surface, which are plausibly
the same across samples. To justify no direct effects (Assumption 3(ii)), we appeal to the
specificity of the sensing mechanism: it detects particular infrared spectral bands. Other
changes that PES contracts might induce, such as investments in farm equipment, should
not affect the spectral indices used to detect burning.

As before, the remotely sensed variable must be relevant. We confirm that the learned
representation is correlated with outcome variation: E,{H (R)A°} =0.262, with standard

error 0.048.%3

Main results. Table 4 summarizes our findings. For each variation, we compare estimates
of (i) the common practice, which regresses the predicted outcome on the treatment; (ii) our
method using the optimal representation; and (iii) our method using a simple representation.

Our method yields a substantially larger treatment effect. We find that offering any PES
contract reduces burning by 14.1%. By contrast, the common practice estimates an effect of
7.5%, which is 47% smaller in magnitude.?* Interpreted through our framework, the common

two-step method appears to attenuate the treatment effect by 47% (Proposition 1).

Specification test and efficiency gains. As before, our model generates testable overi-

dentifying restrictions (Remark 1). We implement this test by comparing estimates from two

PPT when the correlation between crop-burning-ever and PES contracts in the

22For example, T # T
experimental sample is different than the correlation between crop-burning-in-a-time-window and PES

contracts in the spot check sample.
23The standard error is based on 5000 bootstrap replications clustered at the village level.
24 Jack et al. (2025, Table 2) report effects of 7.7% for up-front PES and 2.0% for standard PES, at the

farmer level. Our estimate pools across the two types of PES, at the field level.
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representations. Table 4 reports the results. For each variation, we cannot reject the null of

equal treatment effects, supporting the plausibility of our model.

Spot checks as validation Spot checks as observational

Optimal representation 0.1210 0.1417

(0.0684) (0.0782)
Simple representation 0.1565 0.1929

(0.0803) (0.0989)
Common practice 0.0588 0.0752

(0.0320) (0.0380)
J statistic 1.3242 1.7439
p value 0.2498 0.1866

Table 4: Our method yields substantially larger treatment effects than the common practice.
The common practice is from Section 3.2.1. Within our method, the optimal representation
is H*(R) from Section 4.1, and the simple representation is Pr(Y =1|R,S € {o,v}). The J
statistic compares treatment effect estimates based on these two representations. Bootstrap

standard errors, based on 5000 replications, are clustered at the village level.

Table 4 also confirms that the optimal representation gives a meaningfully smaller standard
error than the simple representation. For example, when viewing the spot check sample as an

observational sample, the optimal representation yields a standard error that is 21% smaller.

8 Recommendations for Practice

We study remotely sensed variables as post-outcome: variation in the economic outcome
causes variation in the remotely sensed variable, not vice versa. We formalize this causal
structure and derive a new formula to combine an experimental sample (containing randomized
treatments and remotely sensed variables) with an observational sample (linking remotely
sensed variables to outcomes).

In this setting, some alternative methods are problematic. A common practice implicitly
uses the remotely sensed variable as a surrogate variable, which mediates the effect of the

treatment on the outcome. Because the remotely sensed variable is post-outcome, this method
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suffers from attenuation bias (Proposition 1). Prediction-powered inference (PPI) methods
require an auxiliary sample that contains jointly observed treatments, outcomes, and remotely
sensed variables (for both treatment values) to construct bias corrections. When such an
auxiliary sample is unavailable, PPI is infeasible. Even when such an auxiliary sample is
available, PPI can be biased whenever the experimental and auxiliary samples differ in baseline
outcomes or treatment effects (Proposition 2). Such a distribution shift is plausible when
the two samples come from different populations, time periods, or regions.

However, the core intuition underlying empirical practice is powerful: the conditional
distribution of the remotely sensed variable given the outcome and treatment should be stable
across samples. Our stability assumption formalizes the idea that the sensing mechanism—
how satellite images or mobile phone data reflect economic conditions—operates the same
way in different settings. Under stability, we nonparametrically identify treatment effects
and precisely estimate them using remotely sensed variables.

Based on our framework, we summarize concrete recommendations for researchers con-
ducting program evaluation with remotely sensed outcomes.

Choosing the remotely sensed variable and the observational sample. The
researcher faces two key decisions: which remotely sensed variable to use, and how to construct
the observational sample linking it to outcomes.

Our framework is agnostic about what the remotely sensed variable is: it may be the
output of a pretrained predictor, a pretrained embedding of unstructured remote sensing
inputs (e.g., imagery), or the remote sensing inputs themselves. Our main recommendation
is that it should reflect the outcome through physical or technological channels. For example,
satellite imagery captures crop burning through changes in soil reflectance from charred fields
(Walker et al., 2022; Jack et al., 2025), deforestation through changes in color saturation
(Hansen et al., 2013; Jayachandran et al., 2017), and poverty through changes in roofing
materials and building footprints (Jean et al., 2016; Huang et al., 2021).

Given this choice, the observational sample should be constructed to make stability
(Assumption 2) credible. Researchers should select observational units that have the same
sensing mechanism (e.g., the same satellite technology) as well as similar conditions that
might affect the measurement process (e.g., similar soil type and urban density). Differences
in the outcome mechanism (perhaps due to timing of data collection) are permitted. The
treatment need not be observed, let alone randomized, in the observational sample.

Inference with remotely sensed outcomes. Valid inference requires the remotely
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sensed variable to be predictive of the outcome. More efficient inference leverages three
predictions from the remotely sensed variable: predictions of the outcome Y, the treatment
D, and the sample indicator S. We aggregate these three predictions into a more efficient
representation of the remotely sensed variable, reducing its dimension while preserving in-
formation relevant for causal inference (Algorithm 1). Crucially, our method is robust to
misspecification. In practice, more precise predictions deliver more efficient inference.

Diagnostics for remotely sensed outcomes. Our framework yields two diagnostics
that should be reported when conducting program evaluation with remotely sensed outcomes.

First, just as weak instruments threaten inference in instrumental variable models, weak
remotely sensed variables threaten inference in our framework. Researchers should test for
weak remotely sensed variables using existing tests for weak instruments.

Second, our identifying assumptions generate testable overidentifying restrictions (Re-
mark 1). For example, if stability and no direct effects hold, then different representations of
the remotely sensed variable should yield the same treatment effect estimate. Disagreement
across representations constitutes evidence against the identifying assumptions, via a J-test.

Future work. While we focus on applications to environmental and development
economics—where the sensing mechanism is a physical technology that is plausibly stable—
other possible applications may be in applied microeconomics. For example, arrests may
be post-outcome measurements of crime; test scores may be post-outcome measurements of
understanding; and biomarkers may be post-outcome measurements of latent disease.

Finally, our framework poses new questions. Future research may study how to simultane-
ously design treatment assignment, outcome collection, and sensor deployment to maximize
statistical power, subject to budget constraints. The solution to this problem would inform

not only the use of satellite images, but also the design of cheap, noisy surveys.
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A Additional Model Details
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Figure A.1: Remotely sensed variables are increasingly popular in published papers.

Figure A.1 illustrates the increasing popularity of remotely sensed variables in empirical
research. First, we collected papers published in the American Economic Association (AEA)
journals, Econometrica, Quarterly Journal of Economics, Review of Economic Studies and

PARNNY4

Journal of Political Economy using a keyword search of “remotely sensed variables”, “mobile
phone”, “satellite”, “machine learning”, and “drones / aerial” on their websites. Next, we
collected papers published in Nature and Science using a keyword search of “remotely sensed

variables” on their websites. We subset to the papers with remotely sensed variables in their

Figure A.2: Causal graph of surrogacy model.

main empirical analysis.

Figure A.2 illustrates the causal graph associated with the surrogacy identifying assump-
tions (Prentice, 1989; Athey et al., 2025): the surrogate R fully mediates the effect of the

treatment D on the outcome Y. Our identifying assumptions are the opposite, as illustrated

by Figure 1.
Table A.1: Implications of the identifying assumptions.
Assumption Quantity Experimental Observational Description
1 Pr(Y(d)|S,X,D) Pr(Y(d)|S=e,X) Pr(Y(d)|S=o0,X,D) Differs across samples
2 Pr(R|S,X,D)Y) Pr(R|X,D)Y) Pr(R|X,D,)Y) Stable across samples
3(1) Pr(R|S,X,D)Y) Pr(R|X,DY) Pr(R|X,D)Y) Differs across treatments if complete cases
3(ii) Pr(R|S,X,DY) Pr(R|X)Y) Pr(R|X)Y) Stable across treatments if incomplete cases




Table A.1 summarizes the implications of our identifying assumptions. Our identifying
assumptions allow the propensity score Pr(D=1|5,X) to differ across samples. In summary,
the outcome and treatment mechanisms may vary across samples, but the sensing mechanism

must be stable across samples.

B Proofs for Theoretical Results in the Main Text

B.1 Proofs for Section 3
B.1.1 Proof of Lemma 1

We consider the general case where (X,Y,R) may be discrete or continuous. Then, we spe-
cialize the result to the case where Y is discrete. Recall that fy (-]...) is the Radon-Nikodym
derivative.

By the law of total probability,
35(X,R):= fr(R|S=e,X,D=d)
:/fR,Y(y>R|S:6aX7D:d)dy
:/fR(R\S:e,X,D:d,Y:y)fy(y |S=e,X,D=d)dy.
By Assumption 1, fy(y|S=e,X,D=d)= fy@u(y|S=e,X). Next, notice that

fr(R|S=e,X,D=d)Y =y)=fr(R| XY =y)
=fr(R|S=0,X)Y =y)=:6,(X,R),

where the equalities apply the contraction implied by Assumptions 2 and 3(ii): (S,D)1LR|X,Y.

Combining the previous displays, we arrive at the general result

5(X.R) = / 5(X.R) fy o)y | S =€.X)dy.

When Y is discrete, fy(q)(yx|S=¢€,X)=pui(d,X) and the integral becomes a sum. O

B.1.2 Proof of Theorem 1

We proceed in three steps.

1. Define the treatment weights in the experimental sample as

Pr(D=d,S=¢|X,R)

Tl X R = D dS=e|X)
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and the outcome weights in the observational sample as

Pr(Y=y,S=0| X,R)

WX R)= Pr(Y=y,S=0|X)

By Bayes’ rule,

Pr(Y=y,S=0|X,R)fr(R|X)
Pr(Y=y,5=0|X) B

Pr(D=d,S—e| X,R) fa(R| X)
Pr(D=d,S=e|X)

fr(R|Y =y,S=0,X)=

(X, R) fr(R|X),

fR(RlD:d7S:67X):

=ma(X,R) fr(R]X).

Substituting these expressions into Lemma 1 and canceling fr(R|X) yields

K
R)=) 7, (X.R)Pr{Y (d)=ys| S=e,X}.
k=1
2. Since Y1 Pr{Y (d)=yi| S=e¢,X } =1, we can rewrite the previous display as

K-1

R) = Z%}k (X,R)PI"{Y( ) Yk | S=e X}—i_%JK X R ZPr{Y =Yk | SZevX} :

Re-arranging yields

Rl XR) Ay (XR) = 3 (3 (X R) e (X R)}PE(Y (@) =g S=e. X}
We then define
Y1 (X’R)_/ny<X7R) PF{Y(d>:y1 |S:€’X}
F(X,R):= : , w(d,X):= :
fny—l(X7R)_fYyK(X7R> Pr{Y(d>:yK71 ‘SZG;X}

and rewrite the previous display as
Ta(X,R) —y. (X, R)=%(X,R) " (d, X).
Applying iterated expectations, we have shown, for d€ {0,1},

E{A°(d,.X)—A°(X)"p(d,X)| X,R} =0 almost surely,

e 1{D=d,S=e} HY=yg,S=o0}
where A®(d.z) = Pr(D=d,5=¢|X) Pr(Y:y?if,S:o\X) and
HY=y1,S=0}  HY=yk,S=o}
Pr(Y=y1,5=0|X) Pr(Y=yx,5=0|X)
A°(x):= : cREL

HY=yg_1,8=0} 1{Y=yg,S=0}
Pr(Y=yk_1,5=0|X) Pr(Y=yg,S=o|X)

3. We take the difference of the treated and untreated moment restrictions, thereby

proving the result. 0



B.1.3 Proof of Theorem 2

The proof follows the same steps as the proofs of Lemma 1 and Theorem 1.
1. Asin Lemma 1, for general (X,Y,R),
0Y(X,R):=fr(R|S=¢,X,D=d) :/fR(R |S=e,X,D=d)Y =vy) fy(y| S=e,X,D=d)dy.
By Assumption 1, fy(y|S=e,X,D=d)= fy@(y|S=e,X). Now, however,
fr(R|S=e,X,D=dY =y)=fr(R|S=0,X,D=d)Y =y)=:0, 4(X,R),

where the first equality applies Assumption 2 and Assumption 3(i) so that the conditioning

event has non zero probability.

Combining the previous displays, we arrive at the general result

G0 = [5,(XCR) fra ] S=eX)dy.
When Y is discrete, fy(a)(yx|S=e€,X)=px(d,X) and the integral becomes a sum.

2. Asin Theorem 1, by Bayes’ rule,

Pr(Y=y,D=d,S=0| X,R)fr(R|X)
Pr(Y=y,D=d,S=0|X)

Pr(D=d,S=e|X,R)fr(R|X)
Pr(D=d,S=c| X)

;,d(X’R): =7y.a(X,R) fr(R] X)

85(X,R)= =7a(X,R) fr(R]X),

where

Pr(D=d,S=¢|X,R)
Pr(D=d,S=e|X) ’

Pr(Y=y,D=d,S=0| X,R)

X, R):= '
Ta(X,R) Pr(Y=y,D=d,S=0|X)

7y,d<X7R> =

Substituting these expressions into the previous step and canceling fr(R|X) yields

To(X.R)=) 7y a(X.R)Pr{Y(d) =y, | S=e.X}.

k=1

3. The remainder of the proof is identical to step 2 of Theorem 1, replacing ,, with

Vyr,d- ]
B.1.4 Proof of Proposition 1

Under Assumption 1, 2 and 3(ii), (S,D)ILR|Y.



1. We prove (i) with possibly discrete outcomes. Fix d€{0,1}. Let
m(R)=B(Y | RS=0)= [yfy(y| RS=0)dy.

By Bayes’ rule,

frR(R|Y,S=0)fy(Y|S=0)
fR(R|S:O)
frY|R,D=d,S=e)fr(R|D=d,S=e)
fyY|D=d,S=e¢) '

fr(Y[R,S=0)=

fr(R|Y,D=d,5=¢)=

By (S,D)LR|Y,
fr(R|Y,S=0)=fr(R|Y.D=d,S=e).

We combine these expressions to rewrite

Y|S= R|D=d,S=
fy(Y’R,SZO):fy(Y|R,D:d,S:€)wd(R,Y), wd(Rvy): fy(f;/rDLd ;S?)_e) fR(fR|(R|S_’O) e)'

Consequently,
Since pi(d) =E{m(R)| D =d,S =e}, the result follows by iterated expectations.

2. We prove (ii) for binary outcomes, where p(d)=Pr(Y=1|D=d,S=e). Fix d€{0,1}.
By iterated expectations and (S,D) 1L R|Y,

frR(R|D=d,S=e)=pu(d)fr(R|Y =1,D=d,S=e)+{1—pu(d)} fr(R|Y =0,D=d,S=e)
— u(d) fr(RIY =1,8=0)+ {1— ()} fr(R]Y =0,5 =0).

As a consequence,

p(d)=E{m(R)|D=d,5=e}
=u(d)E{m(R)|Y =1,S=o0}+{1—u(d)}E{m(R)|Y =0,5=0}.

Taking differences,

7= (1)~ i(0)
=[E{m(R)|Y =1,5 =0} —E{m(R)[Y =0,5=0}[{n(1)—p(0)}
=[E{m(R)|Y=1,S=0}—E{m(R)|Y=0,S=0}]T
_ Cov{m(R),Y| S:O}T

Var(Y | S=o0)
_ Var{m(R)|S =0} .
Var(Y|S=o0) '




Var{m(R)|S=o0}

yielding k:= Var(Y]S=0)

By the law of total variance,
Var(Y | S=0)=Var{m(R)|S=o}+E{Var(Y|R,S=0)| S =0},

so k€ [0,1]. Moreover, k=1 if and only if E{Var(Y | R,S=0)|S=0}=0, which is equivalent
to Var(Y | R,S =0) =0 almost surely.

B.1.5 Proof of Proposition 2

We prove each part of the proposition separately. Since m4(R) is a bounded and measurable

function, the expectation is well defined. As before, the assumptions imply (S,D) 1L R|Y.

1. Fix de{0,1} and s € {e,0}. By iterated expectations, the fact that Y is binary, and
(S,D)ILR|Y,

E{my(R)|D=d,S=s}

—E[E{mq(R)|Y,D=d,S=s}| D=d,S =]

—E{ma(R)|Y =1,D=d,S=s}E(Y|D=d,S=s)+E{ma(R)|Y =0,D=d,S=s}{1-E(Y|D=d,S=s)}
—E{ma(R)|Y = 1}E(Y|D=d,S=s)+E{ma(R)|Y =011 -E(Y|D=d,S=5)}

=E{mqg(R)|Y =0} +1,E(Y |D=d,5=s),

where kg=E{mq(R)|Y =1} —E{mq(R)|Y =0}.

The first term does not depend on s. Therefore, substitution yields

FPPL=R{m,(R)|D=1,S=e}—E{mo(R)|D=0,S=¢}
+E{Y —my(R)| D=1,5=0} —E{Y —mo(R)| D=0,S =0}
= E(Y|D=1,8=¢)—roE(Y|D=0,S=¢)
+E(Y|D=1,S=0)—E(Y|D=1,S=0)—E(Y |D=0,S=0)+kE(Y | D=0,5=0)

=7T+r{E(Y|D=1,S=¢)-E(Y|D=1,5=0)}—ro{E(Y |D=0,S=¢)-E(Y | D=0,S=0)}.



By Assumption 1(i, ii), E{Y'(d) | S=e}=E(Y |D=d,S=e), so

r=E(Y|D=1,8=¢)—E(Y |D=0,5=e¢

E E

( )—E( )
(V|D=1,S=0)~E(Y |D=0,S=0)
—E(Y|D=0,S=¢)—E(Y | D=0,5=0)
r—748=E(Y|D=1,S=¢)-E(Y|D=1,5=0)

Substituting these identities gives

FPL =70 4 k) (T —F946) — Kol

=7+(1—£K1)(T°—7)+ (K1 —Ko)0.

2. Fix arbitrary measurable functions mq,m;. We construct a relevant R with kg=r1=0.

Let R be discrete with support {ry,rs,73,r4}. Construct a nonzero vector v = (vy,...,vy)

such that A A
D ui=0, Y m(rj)o;=0, > ma(rj)v;=
i=1 j=1
Such vector always exists since we have three linear constraints and four degrees of freedom.
Choose € >0 small enough that %—Fevj and i—svj are bounded away from zero and one

for all j. For s€{e,0} and d€{0,1}, set

1 1
Pr(R=r;|Y=1,D=d,S=s)=—4¢cv;, Pr(R=r; |Y:0,D:d,S:s):Z—8vj.

4
Then Pr(R=r;|Y =1,D=d,S=5)#Pr(R=r;|Y =0,D=d,S =s) (since v # 0), so
R LYY |D,S. Moreover, for each d€{0,1},

where the last equality uses the construction of v.

By construction, this DGP satisfies stability, coverage, and no direct effects.
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B.2 Proofs for Section 4

B.2.1 Proof of Proposition 3

To lighten notation, define Y =A°, W=A°, U=Y —W "0, Z=H(R), and Z=H(R), so that
Y=W"0+U, E(U|R)=0, E(UZ)=0.

Note that ||[W||max< W almost surely for some constant W due to the assumption that
the marginal probabilities are bounded away from zero. Moreover, E(U?| R) <& for some
constant 77 < oo for the same reason.

While proving this result, we use standard notation for cross-fitting. Let there be L folds,
each denoted by I, with ¢ € [L]. Each fold contains n,=mn/L observations. The complement of
IyisI_,. Ifi€1,, then Z = f{\[g(Ri) is constructed from ﬁg estimated on the remaining folds I_,.

With cross fitting, the estimator in Algorithm 1 generalizes to

With known marginal probabilities, the argument uses standard techniques, similar to

Mackey et al. (2018); Chen et al. (2020). In this lighter notation,
Mﬂ@¥9%ﬁf”{EAZWJﬂ”EMZY}{EMZWJﬂ”EMZWﬂNﬂ:{EAEWWH”nWEAEU)
We derive the probability limit of En(Z W), then the Gaussian approximation of n'/ QJEH(Z\ U).
Lemma B.1. Under Proposition 3’s conditions, E,(ZWT) S E,(ZWT).

Proof. We express the difference as

EA(Z-2W )= S (L ZOW zwz

(=11i€ly i€lp

Focusing on the foldwise quantity, we first control E{ Vi ,g}. We can

ZzeI[<Z Z ) ik

%74 ~
I, }<E{ o Z Zij— Zij |I—€}

i€l

write

{TL(Z‘ Zzg Zzg) ik

i€l

~WE{|Z

e} SWIE{(Zij— Zig I} 2 SWR(Z) 2= 0,(1).

We use |[W;;|<W almost surely, since marginal probabilities are bounded away from zero. We

also write R(Z)=E(|| Z;— Z:||2| I_,) =0,(1) for the mean square limit.
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Finally note that for any ¢ >0, Pr(|-1 ZZGIZ(Z — Zi)Wi|> €|l_) SWR(Z)'/? /e =, 0.
Therefore by the dominated convergence theorem (since Pr(]-- =D el (Z —Zij)Wik|>€ll_g) €
[0,1]), it follows E[Pr(]- ZZE][(Z — Zi;)Wik|> €|I_¢)] = 0. Applying this to each of the
¢e{1,...,L} the result follows directly from the union bound (since L is finite). ]

Lemma B.2. Under Proposition 3’s conditions, E,(ZW ) BE(ZWT).

Proof. By Chebyshev’s inequality in Frobenius norm, it suffices to bound V(Z;;WW;;) <
E(ZZW3) <WZE(]|Z||?). In summary, we use [|[W;]lmax< W almost surely since marginal

probabilities are bounded away from zero and E(||Z;||*) < oo due to Assumption 4. O
Lemma B.3. Under Proposition 3’s conditions, n'/2E,, (ZU) 5 n'/2E,, (ZU).

Proof. We express the difference as

nPE{U(Z-Z)}= nl/i;ZZU (Zi— Z;)=L"*— Z /21 ZU (Zi—7:)

(=11i€ly ZEI@
Focusing on the foldwise quantity, it suffices to control
2
{ 121 ZU ik — Zik } =E|E {HW ZU ik — Zik } .
ZGI[ ZGI[

Due to cross-fitting, the inner expectation is

E { 12 1 ZU i — }u_ :—]E{ZU i — 2 U (Z e — Jk)u_g}

ZEI@ 1,5€1

— —E{ZUZ " |1_g} —E{U(Zyp— Z)* | 1o} =B{E(U?|Ri 1_o) (Zip,— Zi)? | I_¢}

i€y

<OYE{(Zu— Zu) | 10} <GR(Z) = 0,(1).

In the first inequality, we use E(U?|R;,I_,) = E(U?|R;) < 6%, where 63 < oo under our
assumptions. In the second inequality, we write R(Z) =E(||Z; — Zi||?| I_¢) = 0p(1) for the

mean square limit. O
Lemma B.4. Under Proposition 3’s conditions, n'/?E, (ZU)~N{0,E(U2ZZT)}.

Proof. By Theorem 1, E(U;Z;) =E{E(U;|R;)Z;} =0. Moreover, E(U?Z; Z," ) =E{E(U2|R;) Z; Z } <
02 E(Z;Z;]") since E(U?|R;) <57 under our assumptions. Here, E(Z;Z,") is finite by Assump-

tion 4, so we apply the Lindeberg-Levy central limit theorem. ]
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We are now ready to prove Proposition 3. Recall that
n'2(0—0)={E,(ZW )} 'n'/?E, (ZU).
By the continuous mapping theorem, Lemmas B.1 and B.2 imply En(EWT) LEZWT).
By Slutsky’s theorem, Lemmas B.3 and B.4 imply n'/?E, (ZU) ~ N{0,E(U2ZZT)}. Over-
all, by Slutsky’s theorem, we conclude that n/2(0—6) ~ N[0 {E(ZW )} E(U2ZZ T {E(W Z7)} 1.
Finally, recall that for A= (y1 —yi,...,yx—1 —yx ) ", we have T=AT6 in Algorithm 1 and
7=\"0by definition. Therefore, n'/?(7—7)=n'/2\T (@\— 6) and we appeal to the delta method.
Efficiency follows directly from Chamberlain (1987) and Newey (1993). Specifically, 0 is
semiparametrically efficient for € within the class of estimators based upon the conditional

moment E{A¢—(A°)T0|R}=0. Therefore, 7 is semiparametrically efficient for 7, since they

are known linear transformations of 8 and 0, respectively. n

B.2.2 Proof of Proposition 4

With unknown marginal probabilities, some extra care is required.

Extending the notation from the proof of Proposition 3, we let Y = ﬁe, W= 3", and
U —Y-Wo.Ifi € Iy, then the marginal probabilities in 2 and WZ are estimated on the same
fold I,. Meanwhile, Z ) +(R;) is constructed from H ¢, estimated on the remaining folds I_,.

The generalized decomposition is
n2(0—0)=n"? {E,(ZW )} 'En(ZY) = {En(ZW Y B (ZW 8| = {E.(ZW )} /2K, (Z0).
We derive the probability limit of E,, (Z W\T), then the Gaussian approximation of n'/2E, (ZU).
Lemma B.5. Under Proposition 4’s conditions, En(Z\WT) &EH(Z/WT).

Proof. The argument is similar to Lemma B.1, using ]/V[Zj|§ W' almost surely, which follows

from our assumptions. O
Lemma B.6. Under Proposition 4’s conditions, E,(ZWT) BE,(ZWT).
Proof. We express the difference as

where ||-||  indicates the Frobenius norm. Since E,(]|Z||?) % E(||Z||?) when E(|| Z||?) < oo by

£ L2 - W)} <{E0W-win)} Ea121m)

the weak law of large numbers, it suffices to study

L L
— 1 1 — 1 = 1
B (W -WIR) =5 >~ 3 W WilP= 7 Y Bl - W), E()==320)
=1 (=1

i€ly i€l
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Unpacking the notation of E,(||[W —W||2),

T N ]-Y: S=o 1Y: S=o0 { 1Y: S=o 1Y: S=o
W —W, =A°_A°%= Yk, _ YK, _ Yk, _ YK,
T T By (ly—y5=0)  Ee(ly—yp5=0) |E

(1Y:yk75:0) E(lyiyK,SZO)

1 1 1 1
1y oy _ Ty 5o _
s {Ee(1Yyk,So) E(1Yyk,80)} Vs {Eé(1YyK,So) E(ly—yx.5=0)

—1y_, o {E“Yyk,SO)_Ef(lYykvs‘))}—ly_ S= {E(leKﬂO)_EZ(leKVSO)
=Yk,0=0 TYKD=0 Eﬂ(]-Y:yK,S:O>E(1YZyKvs:O)

Eo(ly—y,,5=0)E(ly—y, 5-0)

With population and empirical counts bounded away from zero,

W= Wil S [E(Ly —yp520) — Ee(ly—yy 520) [ HE(Ly =y 520) —Ee(ly—ype,520) |-

By Hoeffding’s inequality and the union bound, with probability 1—4,

1/2
E(Ly—yy 50)~Ee(ly—ypsm0)|< {1“(2/ %) } .
2n4

Therefore with probability 1—0 for all i € [n] and k € [K] simultaneously,

T Wal<2 { In(2K/6) }1/ ? _In(2K/5)"/>

2n, n;/ 2

We conclude that, under this union event that holds with probability 1—4,

E(|[W-W|?) SEe{Kw} _ e n(2K/9)

Ty Ty

For all § >0 and fixed K, this quantity vanishes for large n,=n/L, so ]EZ(H/W—WHQ) =0,(1).

The continuous mapping theorem implies the desired result.
Lemma B.7. Under Proposition 4’s conditions, E,(ZW ) BE(ZWT).
Proof. The argument is identical to Lemma B.2.

Lemma B.8. Under Proposition 4’s conditions, n'/2E,,(ZU) 5 n'/2E,, (ZU).

|

b

O

Proof. The argument is similar to Lemma B.3, using up front that |(71|§ U’ almost surely,

which follows from our assumptions.

]

Lemma B.9. Under Proposition 4’s conditions, n;/ZEg(Zﬁ) ~ N(0,V) where V =v"%v,
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¥;;=Cov(C;,C}), and

Cy I1p—15=c —E(C,) "E(Cy) 2

Cy Ip—1,5=eZ E(Cy) " Tk

Cs Ip=0,5=c E(Cy) TE(C3)?

Cy 1p—o,5—=eZ —E(C3) 'k

Cs Ly—y; 5=0 0, E(Cs) 'E(C5) 2

c=| ¢ |=| 1ypsoz | 0= COE(Cs) M gy ,

Cor 11 ly—yx_1.5=0 O 1E(Coxy2) "E(Coxc 1) >
Cokto ly—yp_1,5=02 0k 1 E(Coxi1) k1

Cokt3 Ly —yx,5=o - ( kK:zl@k> E(Coxta) 'E(Corys) >
Cor1a ly—yp.5=02 ( ;f;llek)]E(CQK-i—B)_l[K—l

where the odd entries are scalars and the even entries are vectors in RE—1,

Proof. We unpack the definition of U:

:Ae_ (AO)TH

K—1
_ 1D:1,S:e _ 1D:0,S:e N Z { 1Y:yk,S:o N 1Y:yK,S:o }ek
Eo(1p—1s—e) Eo(lp—os—) Ei(ly—y, 5=0) Ee(ly=yyx,5=0)

_Cy C4 K-1[Copya Coria
Therefore, for h(C)_C_1_C_3_ k=1 \ Coprs  Caris Qk,

K-1

E(1p=1,5=cZ) Ei(lp=o,5=cZ Z{Ee ly—y, 5= OZ>_EZ(1Y:yK,S=OZ)}9k
=1

E¢(1p=1,5=¢) E¢(1p=o,5=c)

—n,’h{E,(C)}.

1/2]E b7 —nl/?
dUZ)=ny Ei(ly—y, s=0) E¢(ly—y, 5=0)

We make three observations. First, E(]|Z||?*) < oo by Assumption 4, so by the Lindeberg-
Levy central limit theorem, néﬂ{Eg(C) —E(C)}~N(0,2).
Second, by the conditional moment equation,

K-1

E<1D:1,S:eZ)_]E(1D 0,5= e Z{ 1Y =yi,S= OZ)_]E(lY:yK,S:oZ)}Gk
E(lD:LS:e) ]E<1D =0,5= e 1 1Y:yk,S:o) IE(1Y:yK,S:o)

—E[{A°—(A%) "6} Z] =E[E{A°—(A°) 0| R} Z) =

WME(C)}=
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Third, the Jacobian is

—C)C?
Cit gy
CiCy*
—CiM gy
60,C4 C:2
Vh(C)= —0,C5 Iy

T -2
QK—102K+202K+1
-1
_GK*102K+1[K*1
K-1 T —2
- ( k=1 9k> C2K+4C2K+3

< kK:Zl@k) 02_1%+3IK—1

Therefore, by the delta method,

ny*Eo(Z0) =n,*[I{E(C)} — h{E(C)}] ~ N (0,[VR{E(C)}] "S[VA{E(C)}).

We are now ready to prove Proposition 4. Recall that
n'2(0—0)={E,(ZWT)} 'n*’E,(Z1).

By the continuous mapping theorem, Lemmas B.5, B.6, and B.7 imply EH(Z\/WT) LEZWT).
By Slutsky’s theorem, Lemmas B.8 and B.9 imply n'/2E,(ZU) ~ N(0,V). Overall, by
Slutsky’s theorem, we conclude that n'/2(6—6) s N[OAE(ZW T} W{E(W ZT)}1]. The

rest of the argument is identical to Proposition 3.

C Additional Theoretical Results and Discussion

C.1 Bias of Alternative Approaches: Extensions

In Proposition 1, we characterized the bias of a common two-step method when there
are incomplete observational cases (Assumption 3(ii)). In this appendix, we extend our
characterization of the two-step method’s bias in two ways: (i) complete observational cases,

and (ii) settings where units are randomly assigned to the experimental or observational sample.
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C.1.1 Bias of Common Practice with Complete Observational Cases

Consider the setting of Assumption 3(i) with complete observational cases. For simplicity,
suppose there are no pretreatment covariates. The first step of the method is now to train
a predictor mg(R) of the outcome Y from the remotely sensed variable R and treatment D

in the observational sample. The method implicitly targets the estimand
T =p'(1) = (0)=E{mi(R) | D=1,S=e}~E{mo(R)| D=0,5=e¢}, ma(R):=E(Y|R,.D=d.S=o0).

Proposition C.1 (Bias with complete observational cases). Suppose Assumptions 1, 2, and

3(i) hold, with binary outcome and no covariates. Then, we have that

.o~ Pr(Y=y|D=d,S=o0 r|D=d,S=e) ,
i f(d)=p(d)+E[Y {vg(R,Y)—1} | D=d,S =], where va(r,y) := pr—tp=g5=a HiE=02=2,

ii. there exists k4 € [0,1) such that i'(d) = kqu(d) + (1 — kg)E(Y | D =d,S = 0), as
long as R is an imperfect predictor of Y in the treatment arm D = d, i.e. as long as

Var(Y| R,D=d,S =0) >0 almost surely.
Proof. See Appendix D.1.1. O

The common practice is biased towards the conditional expectation of the outcome in the

observational sample.

C.1.2 Bias of Common Practice with Random Sample Selection

We now verify that the two-step method is biased, even when the researcher randomly assigns
units to the experimental and observational samples. As in Proposition 1, consider the setting
with binary outcome, no covariates, and incomplete observational cases (Assumption 3(ii)).

In this thought experiment, the researcher implements the following study. First, they
randomize units into the experimental or observational sample. Then, they randomize

experimental units to treatment or control. No observational units are treated.

Proposition C.2 (Bias with random sample selection). Suppose the conditions of Proposition

1 hold. Further assume S {Y(0),Y(1)}. Then, we have that:

i. 2(0) = p(0) and (1) = p(1) + EY{w(R)Y)—1}|D=1,S=e¢], where w;(r,y) :=

Pr{Y(0)=y|S=e} fr(r|D=1,5=¢)
Pr{Y (1)=y|S=e} fr(r|D=0,5=¢)"

ii. there exists a scalar x €[0,1) such that (1) =ru(1)4+(1—~x)u(0), as long as R is an

imperfect predictor of Y, i.e. as long as Var(Y | R,S =0) >0 almost surely.
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Proof. See Appendix D.1.2. O

Even when units are randomly assigned to the experimental and observational samples,
the two step method yields an estimate of the average treated potential outcome that is biased

towards the average untreated potential outcome. As such, it attenuates the treatment effect.

C.2 Quasi-Experiments with Remotely Sensed Outcomes

In this section, we describe how our main identifying assumption (Assumption 2(i)) can
be used to identify treatment effects in quasi-experimental samples via data combination
with the observational sample. We discuss two quasi-experimental strategies: instrumental
variables and difference-in-differences. To ease exposition, we discuss Example 3; we consider
a binary outcome, omit pre-treatment covariates, and focus on “incomplete” observational
cases (Assumption 3(ii)). The generalization to a discrete outcome with discrete covariates,

as in Section 3 of the main text, is straightforward.

C.2.1 Instrumental Variables

Each unit is now characterized by the random vector
{S,Z2,D(0),D(1),Y(0,0),Y(0,1),Y(1,0),Y(1,1),R},

where Z € {0,1} is a binary instrument, D(z) are potential treatments and Y (d,z) are potential
outcomes, following Imbens and Angrist (1994). For units in the quasi-experimental sample
(S=e), we observe (Z,D,R). For units in the observational sample (S'=0), we observe (Y,R)
since we focus on incomplete observational cases.

We modify our previous assumption about the experimental sample to accommodate the
instrument. This sample may be viewed as a quasi-experiment, or as an experiment with

imperfect compliance.
Assumption C.1 (Instrumental variable). Suppose the following:

i. Instrument exclusion: for all z€{0,1} and d€{0,1}, Y(d,z):=Y (d) almost surely.
ii. SUTVA: D=ZD(1)+(1—Z)D(0) and Y = DY (1) +(1— D)Y (0) almost surely.
ili. Instrument randomization: Z Il {D(0),D(1),Y (0),Y (1)} |S=e.

iv. Overlap: Pr(Z=1|S=e¢) and P(Y =1|S5=0) are bounded away from zero and one

almost surely.
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v. Monotonicity: Pr{D(1)>D(0)|S=e}=1and Pr{D(1)> D(0)|S=e}>0.

Under Assumption C.1, if we were to observe the outcome in the quasi-experimental sample,
then the local average treatment effect (LATE) 0L4TE:=E{Y (1)-Y (0)| D(1) > D(0),S =e}
could be identified using standard arguments. Since the outcome is unobserved in the
quasi-experimental sample, we will use the observational sample as in the main text.

We next modify our stability and observational completeness assumptions to accommodate

the instrument.

Assumption C.2 (Stability with an instrument). Suppose Assumption 2 holds replacing
D with (Z,D).

Assumption C.3 (No direct effects with an instrument). Suppose Assumption 3(ii) holds
replacing D with (Z,D).

Assumption C.2 remains the main assumption of our framework: S R | Z, D,)Y. In the
presence of an instrument, stability now requires that the conditional distribution of the
remotely sensed variable R given (Z,D.Y’) is stable across the quasi-experimental and ob-
servational samples. Analogously, Assumption C.3 becomes Z, DI R|Y. It now requires
that the instrument Z and the treatment D only affect the remotely sensed variable R via
their effect on the outcome Y. Together Assumption C.2 and Assumption C.3 imply that
(S,D,Z)1_R|Y, which is a testable implication as before.

These conditions allow us to identify #%47F by combining the quasi-experimental and ob-
servational samples. As notation, let a(z)=E(Y |S=e,Z=2), and f(z):=E(D|S=e,Z=x%).
By standard arguments, under Assumption C.1, EATE = =20 "¢ course, 4(0) and B(1)

— BM)-B(0)”
are identified from the quasi-experimental sample since (Z,D) are observed. We will therefore

identify «(0) and «(1) by combining the quasi-experimental and observational samples under
Assumptions C.2 and C.3.
As a stepping stone, we first identify a(d,z):=E(Y |S=e,D=d,Z =2).

Theorem C.1 (Identification with an instrument). Suppose Assumptions C.1, C.2, and C.3
hold. Then, for any z€{0,1} and d€ {0,1} satisfying Pr(D=d|Z=z2,5=¢) >0,

E[A®(d,z) —a(d,z) A°| R] =0 almost surely,

e ._ 1{D=d,Z=z,5=e} 1{Y=0,5=0} o._ H{Y=1,5=0} 1{Y=0,5=0}
where A“(d,2) = 557520 ~ mrv=o.5=0) A A= 5550 ~ Brv=09=0)

Proof. See Appendix D.2.1. ]
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Corollary C.1 (Representation with an instrument). Under Theorem C.1’s conditions, for
any z € {0,1}, d€{0,1} satisfying Pr(D=d|Z=2,5=¢) >0 and any representation H(R)

with E{H (R)A®} £0,
() EU(RA(d.2)
’ E{H(R)A°}

Theorem C.1 and Corollary C.1 immediately imply that «(0) and «(1) are identified;
for z € {0,1}, the law of iterated expectations gives a(z) = «(1,2)8(z) +a(0,2){1 —B(z)}.

QLATE

Therefore, is also identified. Estimation and inference can then follow by suitably

stacking moments and extending the discussion provided in Appendix C.7.2.

C.2.2 Two-Period Difference-in-Differences

Next, we consider a setting with two periods t € {1,2}. Treated units (D = 1) receive a
treatment between period t =1 and t =2, and untreated units (D =0) remain untreated in

both periods. Each unit is characterized by the random vector
{S,D,H(O),}/l(1),%(0),3@(1),R1,R2}

For units in the quasi-experimental sample (S=e), we observe (D,R;,R5), For units in the
observational sample (S=o0), we observe (Y7,Y2,R1,Rs).
We again modify our previous assumption about the experimental sample, this time to

accommodate the panel structure.
Assumption C.4 (Difference-in-differences). Suppose the following;:
i. SUTVA: For te{1,2}, Y;=DY,(1)+(1—D)Y;(0).

ii. Overlap: Pr(D=1|S=e¢) and Pr(Y;=1|S=0),t€{1,2} are bounded away from zero

and one.
iii. Parallel trends: E{Y5(0)—Y1(0)|S=e,D=1}=E{Y5(0)—Y1(0)|S=e,D=0}.
iv. No anticipation: Pr{Y;(0)=Y1(1)|S=e,D=1}=1.

Under Assumption C.4, if we were to observe the outcomes in the quasi-experimental
sample, then the average treatment effect on the treated 6477 :=E{Y5(1)—Y5(0)| S=e,D=1}
could be identified using standard arguments. Assumption C.4 is akin to a parallel trends-type
assumption on the cumulative distribution functions for untreated potential outcomes (Roth

and Sant’Anna, 2023).
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We modify our stability and observational completeness assumptions to accommodate

the panel setting.

Assumption C.5 (Stability for difference-in-differences). Suppose Assumption 2 holds for
each time period t € {1,2}.

Assumption C.6 (No direct effects for difference-in-differences). Suppose Assumption 3(ii)

holds for each time period t € {1,2}.

In other words, we impose the same assumptions as in the main text, period by period. The
main conditions are SR, | D,Y; and DR, |Y;. Together, Assumption C.5 and Assumption
C.6 imply that, for each t€{1,2}, (S,D) 1R, | Y}, which is a testable implication as before.
These conditions allow us to identify 8477 by combining the quasi-experimental and
observational samples. As notation, let a;(d) =E(Y;|S=e,D=d). By standard arguments,
under Assumption C.4, 0477 = {ay (1) — a1 (1)} —{az(0)—a1(0)}. We will identify oy (d) for
te{1,2} and d€{0,1} by combining the quasi-experimental and observational samples, under

Assumption C.5 and Assumption C.6.

Theorem C.2 (Identification for difference-in-differences). Suppose Assumptions C.4, C.5

and C.6 hold. Then, for any t€{1,2} and d€{0,1},

E{Af(d)—Afa;(d) | R;} =0 almost surely,

e ._ 1{D=d,S=e} 1{Y;=0,S=0} o._ H{Y;=1,5=0} 1{Y¥;=0,5=0}
where Aj(d) = pp=i5=e) ~ Br(vim0.5=0) A AY 1= Prvi=t 5=0) ~ Pr(vi=0.5=0)"

Proof. See Appendix D.2.2. n

Corollary C.2. Under Theorem C.2’s conditions, for any ¢t € {1,2}, d€{0,1} and represen-
tation Ht(-Rt) Wlth ]E{Ht<Rt)Ag} %0,

a (d) — E{Ht(Rt)Af(d>}
' E{H,(R,)A7}

Theorem C.2 and Corollary C.2 imply that o, (d) are identified. Therefore, 0477 is also
identified. Estimation and inference can again follow by suitably stacking moments and
extending the discussion provided in Appendix C.7.2.

Our two-period difference-in-differences identification result extends to a setting with
multiple periods and a common treatment adoption date. For each period, we apply the same

argument to identify oy (d) =E(Y; | S =e,D =d) from the remotely sensed variable R;, and
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then form the desired multi-period contrast by differencing these identified means across time
periods and groups. In a staggered-adoption design (e.g., cohorts G with D, = 1{t > G}),
the same period-by-period argument identifies the means E(Y; | S=e,D;=d). We can then
substitute these identified means into staggered difference-in-differences aggregations, such
as de Chaisemartin and D’Haultfeeuille (2020) and Callaway and Sant’Anna (2021), built

from the corresponding period-by-period contrasts.

C.3 Some Spillovers
C.3.1 Generalized Potential Outcomes

With spillover effects, we write the potential outcome for unit 7 as Y;(d;,d_;). The potential
outcome is indexed by the unit of interest’s treatment assignment d; € {0,1}, as well as the
vector of other units’ treatment assignments d_; € {0,1}"~*.

From this potential outcome, we define the direct potential outcome by taking the expec-
tation over other units’ treatment assignments: Y% (d;) =Ep_ {Yi(d;,D_;}|D;=d;,S;=e}.
Note that it remains random due to unobserved heterogeneity.?> The direct potential outcome
may be viewed as design-based, since the expectation is over the design-induced distribution
of D_; conditional on D; =d in the experiment.

From direct potential outcomes, we define the average direct treatment effect. We relax the

assumption of identical distribution across observations that is maintained throughout the main

text. Assuch, it is a sample average direct treatment effect, though we omit “sample” for brevity.

Definition C.1 (Average direct treatment effect). The average direct treatment effect in

the experimental sample is 6, =+ > E{Y;47(1) - Y;4(0)|S; =e}.

The parameter 0,, may be viewed as an average direct effect, because it involves counter-
factuals for unit ¢ under a “direct” intervention on unit ¢’s treatment assignment.
We now generalize Assumption 1 for the setting with spillovers. For clarity of exposition,

we focus on the setting of Example 3.
Assumption C.7 (Spillovers). Suppose the following:

1. SpiHOVGI'SZ If Dz :dz and D—i :d_z‘ then Y; :K(dz,d_z)

25Formally, we may denote unobserved heterogeneity by 7; and use the nonseparable model notation
Y; = Y;(D;;D_;,nm;). Then the potential outcome is Y;(d;,d_;,7;) and the direct potential outcome is
YA (d;m;) = [Yi(di,d—i,m;) }dPr(d—;|D; =d;,Si=e.n;).
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ii. Randomization: D; 1 {Y;(d;,d_;)}|S;=e.”
ili. Overlap: Pr(D;=1|S5;=e¢) is bounded away from zero and one almost surely.

Lemma C.1. Under Assumption C.7, the average direct treatment effect equals a difference

of outcome means. Formally, 6, ==>"" {E(Y;|D;=1,5;,=¢)—E(Y;|D;=0,5;=¢)}.
Proof. See Appendix D.3.1. O]

If the outcomes were perfectly observed in the experimental sample, then #,, would be
identified by Lemma C.1.

Our benchmark estimator in the semi-synthetic exercise is the empirical analogue to this
expression. It is the benchmark that an economist would obtain if they could fully observe the
treatments and outcomes in the experiment. By Lemma C.1, the benchmark is an unbiased
estimator of a reasonable estimand, even in the presence of spillovers.

As before, the crux of our problem is that the outcomes are not perfectly observed in the
experimental sample. Instead, we have access to an auxiliary, observational sample. Our
method recovers 6, under appropriate modifications of our identifying assumptions. We now

extend Assumptions 2 and 3(ii) accordingly.

Assumption C.8 (Stability with spillovers). Suppose Assumption 2 holds for each unit
i€{l,..,n}.

Assumption C.9 (No direct effects with spillovers). Suppose Assumption 3(ii) holds for

cach unit i€ {1,....,n}.

Most importantly, we modify stability (Assumption 2). In the presence of spillovers, stabil-
ity requires S; L R; | (Y;,D;,X;): conditional on a unit’s own outcome, treatment, and covariates,
the distribution of the unit’s remotely sensed variable R; would be the same had it belonged to
the experimental or observational samples. In particular, the unit’s remotely sensed variable
distribution depends on its own outcome, but does not depend on other units’ outcomes.

In our semi-synthetic exercise, unit 7 is a village. Treatments are randomized at the mandal
level. A mandal is a sub-district containing villages, roughly comparable to a U.S. county.
Substantively, this modified stability assumption means that the satellite image of a village
depends only on that village’s poverty level and on the treatment status of the mandal in

which the village lies. It does not depend on the poverty levels of other villages, nor on the

26Tn nonseparable model notation, D;_Ln;|S; =e.
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treatment statuses of other mandals. We think of this as a plausible approximation; intuitively
the satellite image of a village should only depend on variables observed in that village.
In summary, our method extends as long as spillovers are in treatment effects, not in the

distribution of the remotely sensed variable. We formalize this claim in what follows.

Theorem C.3 (Identification with spillovers). Suppose Assumptions C.7, C.8, and C.9 hold.
Then

E(A] |R almost surel
L E(AY|R,) v
e_ 1(D;=1,S;=e) 1(D;=0,5;=e) o__ 1(¥5=1,5;=0) 1(Y;=0,5;=0)
where Af =55 =1 5.—) ~ Pr(D=0.5,=¢) W4 A = 5i¥=1.5,=0) ~ Br(v,=0.5,=0)"
Proof. See Appendix D.3.2. O]

C.3.2 Average Global Treatment Effect

Theorem C.3 identifies the average direct treatment effect, which is a reasonable estimand.
We now ask: when does this reasonable estimand coincide with the standard estimand for
models with spillovers, namely the average global treatment effect? We describe two plausible
and empirically relevant scenarios. In these two scenarios, our method estimates the average

global treatment effect in the presence of spillovers.

Definition C.2 (Average global treatment effect). The average global treatment effect in the
experimental sample is 6, = L3 E{Yi(1,1,-1) —Y;(0,0,_1)|S; =€}, where 1,,_; and 0,,_;

are vectors of repeated entries in R™ 1.

The parameter 6, may be viewed as an average global effect, because it involves counter-

factuals for unit ¢ under a “global” intervention on all units’ treatment assignments.

Corollary C.3 (Spillovers within but not across mandals). Suppose the assumptions of
Theorem C.3 hold. Suppose that each unit ¢ is a village, and that treatment assignment is

randomized at the mandal level, as in the real experiment we study. Now, further assume

E(Af|R:)
=1 E(AY|Ry)

that spillovers only occur within mandals. Then 6, =6, =X >
Proof. See Appendix D.3.3. O

For simplicity, Corollary C.3 assumes that there are no spillovers across mandals. In fact,
our argument will go through as long as spillovers across mandals are asymptotically negligible.
Next, we consider an alternative restriction on spillovers: that they only occur within a

fixed geographic radius. This alternative restriction is also widely adopted in the empirical
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literature. For example, Muralidharan et al. (2023) posit a radius of 20 km. After appropriately

subsetting villages, our method once again estimates the average global treatment effect.

Corollary C.4 (Spillovers within a geographic radius). Suppose the assumptions of The-
orem C.3 hold. Suppose that each unit 7 is a village, and that treatment assignment is
randomized at the mandal level, as in the real experiment we study. Now, further assume
that spillovers only occur within a geographic radius of 20 km. Then 6,, coincides with 6,
after dropping from the experimental sample (both in the definition of 6, and 0,,) any village

that is within 20 km of another village with the opposite treatment assignment.

Proof. See Appendix D.3.4. O]

By assuming no spillovers beyond a 20 km radius, our method estimates the average global
treatment effect from a subset of the sample. On the one hand, this assumption is closer to
that in the empirical literature. On the other hand, it comes at the cost of a smaller effective

sample size.

C.4 Variables Collected at Different Times

In the main text, we avoided time indexing and viewed the remotely sensed variable as a
post-outcome variable. In real data, such as the Smartcard illustration, the data have time
indices. In particular, the remotely sensed variable and the outcome may be measured at
different times. Moreover, the treatment variable may be defined as early adoption, raising
the question of whether our method applies to such a setting. We now confirm that it does,
and clarify the interpretation of our reported estimate.

To ease exposition, we discuss Example 3; we consider a binary outcome, omit pre-
treatment covariates, and focus on “incomplete” observational cases (Assumption 3(ii)). The
generalization to a discrete outcome with discrete covariates, as in Section 3 of the main text,
is straightforward.

Suppose each unit is independent and identically distributed. Suppose early adoption
of the treatment is randomly assigned at time ¢, the outcome is collected at time t’ > t,
and the remotely sensed variable is collected at time ¢t” >t'. In particular, only the treated
experimental units receive treatment at time ¢, while all remaining units receive treatment

at time t’. Overall, each unit is now characterized by the random vector
{S7Dt7}/;’ (O>7Yt’ (1>7Rt”}
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where Yy (d;) are potential outcomes. For units in the experimental sample (S'=e), we observe
(D¢, Ry). For units in the observational sample (S =o0), we observe (Yy,Ry). In this setting,
Dy =1 and D;» =1 for all units, so we omit them.

The Smartcards illustration takes this form. Simplifying some of the details in Ap-
pendix F.2; only treated units in the experimental sample received Smartcards at time
t=2010. Untreated units in the experimental sample received Smartcards by the time the out-
comes were collected in ¢'=2013. All remaining units, i.e. the observational sample, received
Smartcards in ¢’ =2013 as well. Satellite images were collected at the later time ¢t =2019.

The parameter of interest is defined from the time ¢’ potential outcomes. In the Smartcards

illustration, it is the effect of 2010 Smartcards adoption on 2013 poverty levels.

Definition C.3 (Average time-specific treatment effect). The average time-specific treatment

effect in the experimental sample is 6y =E{Y; (1) —Yy(0)|S=e}.

We modify our assumption about the experimental sample to reflect the time variation

in the measurement of the outcome and remotely sensed variable.
Assumption C.10 (Experiment with time variation). Suppose the following:
i. SUTVA: Y, =D,Yy(1)+(1—D;)Y%(0) almost surely.
ii. Randomization: D, Il {Yy(0),Yy (1)} |S=e.
iii. Overlap: Pr(D,=1|S=e) is bounded away from zero and one almost surely.
iv. Ultimate adoption: Dy =1 and Dy =1 almost surely.

Next, we modify our assumptions on stability and on the observational sample to reflect

the time variation in the measurement of the outcome and remotely sensed variable.

Assumption C.11 (Stability with time variation). Suppose Assumption 2 holds replacing
(D,Y,R) with (Dt,Y;y,Rt//).

Assumption C.11 remains the main assumption of our framework: Sl Ry/|D;,Yy. In an
experiment with time variation, stability now requires that the conditional distribution of the
remotely sensed variable Ry given (D;,Y}) is stable across the experimental and observational
samples. Importantly, the remotely sensed variable may be collected at a later time than the

outcome. Figure H.2 provides empirical evidence supporting this assumption.
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Assumption C.12 (No direct effects with time variation). Suppose Assumption 3(ii) holds
replacing (D,Y,R) with (Dy,Yy,Ryr).

Assumption C.12 becomes D, Il Ry#|Y,. Given the time variation in the measurement of
the outcome and the remotely sensed variable, this amounts to a Markov property: the effect
of the earlier treatment D; on the later remotely sensed variable R;» must operate only though
its effect on the intermediate outcome Y;.. Importantly, R;» may depend on later outcomes
Y, but any effect from the earlier treatment D; must be via the intermediate outcome Y.

Concretely, consider the following example: 2010 Smartcards may affect 2013 consumption;
2013 consumption may affect 2019 consumption; and 2013 and 2019 consumption may affect
2019 satellite images. However, in this example, 2010 Smartcards cannot affect 2019 consump-
tion in any channel besides 2013 consumption. This is one possible example that satisfies

the Markov restriction. Figure H.3 provides empirical evidence supporting this assumption.

Theorem C.4 (Identification with time variation). Suppose Assumptions C.10,C.11,and C.12

hold. Then

_ E(Af|Rw)
]E(Ag/ |Rt//)

e_ 1(Di=1,S=e) _ 1(D;=0,S=¢) o _ 1(Yy=1,8=0)  1(¥;=0,5=0)
where Af= Pr(D:i=1,5=¢) _ Pr(D;=0,5=¢) and Aj = Pr(Y, =1,5=0)  Pr(Y,=0,5=0)"

0, almost surely,

Proof. See Appendix D.4.1. n

In summary, our results directly apply when D; is an early adoption treatment, and when
Yy and Ry are an outcome and a remotely sensed variable collected later on. In the main text,
we report the effect of 2010 Smartcards adoption on 2013 consumption. With incomplete
cases, there is an implicit Markov restriction that researchers must asses. However, with

complete cases, this additional restriction may be relaxed.

C.5 Partial Identification with Approximate Assumptions

Our point identification results in Section 3 rely on two key conditions beyond experimen-
tal unconfoundedness: stability of the remotely sensed variable (Assumption 2) and, with
incomplete observational cases, no direct effects of the treatment on the remotely sensed
variable (Assumption 3(ii)). Sometimes researchers may believe these assumptions hold only
approximately. For example, the treatment may slightly affect the remotely sensed variable

through channels other than the outcome, or the sensing mechanism may vary modestly
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across samples. In this section, we develop partial identification results that allow researchers
to assess how sensitive their conclusions are to small departures from our assumptions.

We proceed in two steps. First, in Section C.5.1, we maintain stability but relax the
no-direct-effects condition, bounding the magnitude of any direct effect. The direct effect
bias enters additively. Second, in Section C.5.2; we also relax stability. The stability violation
enters multiplicatively.

For simplicity, we focus on the special case of Example 3: a binary outcome, no covariates,
and incomplete observational cases. Our results extend pointwise in x for discrete covariates.

Recall that the treatment effect of interest is

r=p(1)=pu0), p(d)=E{Y(d)|S=¢}.

Recall that, in this special case, the experimental and observational variation are

. {D=15=¢} 1{D=0,5=¢} ., HY=1S=0} 1Y=0,5=0}
" Pr(D=1,S=e¢) Pr(D=0,S=e)’ - Pr(Y=1,8=0) Pr(Y=0,S=0)

Moreover, no treatment variation is observed in the observational sample: Pr(D=0]S=0)=1.

C.5.1 Approximately No Direct Effects

We first consider violations of Assumption 3(ii), allowing the treatment D to have a direct
effect on the remotely sensed variable R. For any measurable function H with E{A°H (R)} #0,

define the quantity E{A°H(R)}
T(H):= E{AH(R)}

When Assumption 3(ii) (no direct effects) holds, Section 3 showed that 7(H)=7. When direct
effects are present, 7( H ) remains identified but may differ from 7. We bound this discrepancy.

For the chosen representation H, define the outcome-specific direct-effect bias as
by(H):=E{H(R)|S=e,D=1Y =y} -E{H(R)|S=e,D=0,Y =y}.

This quantity measures how much the treatment shifts the representation H(R), while holding

the outcome fixed. Under no-direct-effects, b,(H)=0. Define the overall direct-effect bias as
b(H)={1=p(1)}bo(H)+p(1)b1(H).
Lemma C.2 (Bias due to direct effects). Suppose Assumptions 1 and 2 hold, and Pr(D =

0| S=o0)=1. Fix H with E{A°H(R)}#0. Then,

b(H)

TR e Ry
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Proof. See Appendix D.5.1. O

Lemma C.2 shows that bias is additive. The magnitude of the bias depends on the size
of direct effect b(H) and the relevance of the remotely sensed variable E{A°H(R)}. If the

researcher is willing to bound b(H ), then we can derive an identified set for 7.

Theorem C.5 (Partial identification with incomplete observational cases and bounded direct
effects). Suppose the conditions of Lemma C.2 hold. Further suppose the direct effects are
bounded: |b,(H)|<b(H) for y€{0,1}. Then

__ b(H)
[E{ACH(R)}|

b(H)

TE|T(H) TE{AH (B} N[=p(0),1=p(0)].

T(H)+

Moreover, the set is sharp with respect to the reduced-form moments E{A°H(R)} and
E{A°H(R)}.

Proof. See Appendix D.5.2. O

There are several aspects of Theorem C.5 worth emphasizing. First, the width of the

b(H) ik i.e. the size of the direct effect over the relevance of

interval scales with the ratio TE{ACH (R

the remotely sensed variable. The bound is most informative when the scope for direct effects
is limited (small b(H)) and the remotely sensed variable is highly predictive of the outcome
(large |E{A°H(R)}|). In the environmental application of Examples 1, the treatment (e.g., a
PES contract) is unlikely to directly affect the satellite image, so b(H ) may be plausibly small.

Second, the feasibility constraint 7 € [—u(0),1 — u(0)] is operational because p(0) is
identified under Assumptions 1 and 2 alone, without requiring the no-direct-effects condition.

By the proof of Lemma C.2, stability, and Pr(D=0|S=0)=1,

E{H(R)|S=e,D=0}=u(0)E{H(R)|S=e,D=0,Y =1}+{1—u(0)}E{H(R)|S=e,D=0,Y =0}
—(OYE{H(R)| S=0,D=0,Y =1}+{1—u(0)YE{H(R)| S=0,D=0,Y =0}
=n(0)E{H(R)|S=0,Y =1}+{1—-u(0)}E{H(R)|S=0Y =0}

so p(0) is identified.

Third, because the bound b(H) and the relevance [E{A°H(R)}| both depend on the
choice of representation H, the researcher has a meaningful degree of freedom: they can
select H to load on features of R for which direct effects are plausibly small while maintaining
relevance. For example, in satellite imagery application, the researcher might construct

H from spectral bands that are specific to the outcome of interest—such as near-infrared
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reflectance for vegetation cover, or thermal signatures for crop burning—while avoiding those

that could be affected by the treatment through other channels.

Remark C.1 (Breakpoint analysis.). Researchers can use Theorem C.5 to conduct a break-
point analysis: for each H, report the smallest value b(H) at which the identified set includes
zero (or, more generally, at which a conclusion of interest is overturned) (Masten and Poirier,
2020). This value b(H)"® = [7(H)|-|[E{A°H(R)}| is the smallest direct-effect (measured on
the scale of the representation) required to explain away the estimated treatment effect.
Large breakpoints indicate that the conclusion is robust to substantial departures from the

no-direct-effects assumption.

Remark C.2 (Multiple moments.). If we have a class H and, for each H € H, a bound
b(H) such that |b,(H)|<b(H) for y € {0,1}, then intersecting the single-H bounds tightens

identification:

. b(H) _ b(H)
re F) = rragr o P+ e | | NE(0),1-4(0)]
HGHE{QH(R)}#O[ |]:E{A H(‘R)}l |IE{A H(R>}|

This intersection can also be viewed as a test for the stability restriction: if it is empty, then

no DGP can satisfy the maintained assumptions.

C.5.2 Approximately No Direct Effects and Approximate Stability

We now relax both identifying assumptions simultaneously. We allow direct effects of D on
R (relaxing Assumption 3(ii)) and instability across samples (relaxing Assumption 2).

For the chosen representation H, we introduce the outcome-specific stability violation as
sy(H):=E{H(R)|S=e,D=0Y =y}—-E{H(R)|S=0,D=0,Y =y}.

This quantity measures how much the distribution of H(R) differs across the experimental
and observational samples, conditional upon D=0 and Y =y. Under stability (Assumption 2),

s,(H)=0. Define the overall stability violation
s(H)=s1(H)—so(H).

Lemma C.3 (Bias due to direct effects and stability violations). Suppose Assumption 1

holds and Pr(D=0|S=0)=1. Fix H with E{A°H(R)}+s(H)#0. Then

~ E{A°H(R)}-b(H)
"TE{AH(R)Y+s(H)
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Proof. See Appendix D.5.3. m

Lemma C.3 clarifies how the two violations interact. The direct-effect bias enters additively,
just as in Lemma C.2. The stability violation enters multiplicatively, distorting the relevance
of the remotely sensed variable from E{A°H(R)} to E{A°H(R)}+s(H) for some s(H). If
the researcher is willing to bound both the direct effect and the stability violation, then

Lemma C.3 delivers an identified set for 7.

Theorem C.6 (Partial identification with incomplete observational cases, bounded direct
effects, and bounded stability violations). Suppose the conditions of Lemma C.3 hold. Fur-
ther suppose the direct effects and stability violations are bounded: |b,(H)|< b(H) and
|s,(H)|<5(H) for ye{0,1}. Then

E{AH(R)}—b . - ) )
G{E{AOH(R)}Jrs' b|<b(H), |s|<25(H),E{A H(R)}+37é0}.

Moreover, if |E{A°H(R)}|>25(H), then the identified set is contained within the interval

e [F(H)—r(H) F(H)+r(H)], w(H):— léf{??{;fﬁ 31?2(5}{') |

Proof. See Appendix D.5.4. O

As before, the choice of representation H determines the width of these bounds. Stability
is most plausible for representations that depend on the sensing technology rather than on
sample-specific factors, e.g spectral indices derived from a common satellite platform. Choosing
H to load on technologically stable features can simultaneously reduce the plausible value of

5(H ) and maintain a strong relevance |[E{A°H (R)}|, tightening the bounds in Theorem C.6.

C.6 Continuous Outcomes

We extend our results to outcomes that are continuous and bounded. Our practical suggestion
is to discretize the support of a continuous outcome into bins, then to apply our method for
discrete outcomes. Under a continuity condition on how the remotely sensed variable captures
the underlying outcome, we bound the bias incurred from this discretization. Finally, we
clarify how our relevance condition generalizes to a standard “completeness” condition when
outcomes are continuous.

For clarity of exposition, we set aside covariates and focus on incomplete observational
cases (Assumption 3(ii)). Our results directly extend to settings with covariates and with
complete observational cases (Assumption 3(i)). Recall that fy (+]...) is our symbol for the

Radon-Nikodym derivative.
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C.6.1 Discretization

To begin, we place weak regularity conditions upon fyq)(y|S=e) (i.e., the conditional density

of the potential outcome Y (d) € R given the sample indicator S=e).

Assumption C.13 (Bounded outcomes). Suppose that the support ) is uniformly bounded

above and below.

Assumption C.13 states that the outcomes are uniformly bounded, so their support can
be discretized into a finite number of bins K < oo.

The general technique is to transform a continuous outcome Y € Y into a discrete approxi-
mation Y. € Y.. Specifically, we discretize the continuous support Y into a grid Y. ={y1,--,yx },
where each grid value is the center of a bin of radius €. As notation, let B.(y) define an ¢,.-ball
of radius € >0 around the value y, i.e. B.(y)={y' €Y:||y—v||o<e}. Define the discretized
parameter 6, € RE~!. The kth element of this vector is the average effect of the treatment
on a grid value: Pr{Y (1) € B.(yx)|S=e}—Pr{Y(0) € B-(yx)|S=e¢}.

We will show that the bias from discretizing the outcome is small as long as the remotely
sensed variable smoothly reflects the outcome of interest. In other words, the remote sensing

1S continuous.

Assumption C.14 (Continuous sensing). Suppose that for all y,;/ €Y,
suplfr(r|S=0Y =y)—fa(r|S=0Y =y)|<w(ly—y])
re

for a continuous, non-negative function w(t) with w(0)=0. Let inf,cx fr(r) >£>0.

Assumption C.14 states that if the outcome values y and y’ are close, then the densities
of the remotely sensed variable that they induce are close. Under this plausible assumption,

we first characterize the moment restriction then analyze the bias of the treatment effect.

Proposition C.3 (Error from discretization). Suppose Assumptions 1, 2, and 3(ii) hold.
Suppose that X = @, and that Y has a continuous support ) C R. In addition, suppose
Assumptions C.13 and C.14 hold. Then,

E{A—(A%) 0| R} | < 22

almost surely, where

_ H{D=1S5=e} UYD=0,5=e¢} o _ WY EB(yr),S=0} UHY€EB:(yx),S=0}
- Pr(D=1,S=¢) Pr(D=0,S=e)’ ~°* Pr{Y€B.(y),S=0} Pr{YeB.(yx),S=0}

Proof. See Appendix D.6.1. ]

e
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Proposition C.3 extends our conditional moment restriction from discrete outcomes to
continuous outcomes via a discretization technique. The discretized parameter 6. approx-
imately satisfies the conditional moment restriction, up to a small error that depends on the

number of bins K and the smoothness of the sensing mechanism w(-).

Corollary C.5 (Discretization bias). Suppose the conditions of Proposition C.3 hold.
Consider any measurable function H: R — R’ with J = K — 1, E{||H(R)||} < oo, and
E{H(R)(A°)"} invertible. Define the discretized average treatment effect

Te=ME[{H(R)(A2)" }E{H(R)A}

where \. = (y1 — Y- YK -1 —yK)T for the grid Y. ={uy1,--,yx }. Then,

vl 2o+ 222 e L (R) A0 TH BN (R

Proof. See Appendix D.6.2. ]

Corollary C.5 further shows that we can bound the bias of the discretized average treatment
effect 7. implied by the average effect of the treatment on grid values 6..

In summary, under a plausible auxiliary assumption, we can bound the bias incurred by
applying our estimation algorithm (Algorithm E.1) to discretized outcomes. When the bin
size ¢ is fixed, one can easily extend our inference guarantees to accommodate this bias, e.g.
with bias-aware confidence intervals.

A further extension is to allow the bin size to vanish: € — 0. This choice alters the estimator
and asymptotics. Intuitively, it is like using local smoothing with a vanishing bandwidth. On
the one hand, the first term in the bound converges to zero. On the other hand, the second term
in the bound diverges, due to the factor ||[E{H (R)(A2)"}]7|op- Choosing an ¢ that balances
the two terms leads to an overall slower convergence rate for the treatment effect. More subtly,

this choice changes the meaning of the relevance condition, which we now make explicit.

C.6.2 Generalizing the Relevance Condition

With binary outcomes, the relevance condition was E{ H(R)A°} > 0. With discrete outcomes,
it was invertibility of E{ H(R)(A°)"}. With discretized outcomes, it became invertibility of
E{H(R)(A2)T}. We now articulate the appropriate generalization of this relevance condition
when outcomes are viewed as continuous. It is a familiar condition called “completeness” from

the literature on nonparametric inverse problems.
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In Appendix B.1, we defined the treatment weights 74(R) and the outcome weights ~, (R):

_ Pr(D=d,S=¢|R) _ fris(y,0lR)
Wd(R)_ Pr(D:d,S:e) ’ 'Vy( )_ fY,S(yaO) :

The treatment weights are identified from the experimental sample, while the outcome weights
are identified from the observational sample.

As before, we combine the treatment weights and outcome weights to identify the causal
parameter. With continuous outcomes, we obtain a conditional moment equation that exactly
generalizes our conditional moment equation with discrete outcomes. Specifically, we will

verify that Theorem 1 generalizes to

ra(R) = / ) afuls =)y

To connect this equation to the literature on nonparametric inverse problems, it helps
to define the operator 7" which acts on the counterfactual density fy 4 (y|S=e) and returns
the treatment weights m4(R). The operator may be viewed as a way of encoding the outcome

weights. In this notation, our conditional moment equation can be expressed succinctly:

ra=T v, (T)(R)= / 2 (R)f(y)dy.

It is a classic inverse problem: to isolate fy(q)(y|S =e), we must invert T". For such inverse
problems, regularity conditions are well known (Kress, 1989).

A solution to the equation exists if 74 is in the range T'. For a solution to exist, the treatment
weights cannot be too correlated with variation in R that is only weakly generated by the

outcome weights. This standard assumption is known as Picard’s criterion (Kress, 1989).

Assumption C.15 (Picard’s criterion). Suppose that 7" is compact and has a singular value

decomposition with left singular functions {1;(r)},>1, positive singular values (c;);>1, and
[E{ma(R)v; (R)}?

right singular functions {¢;(y) };>1. Suppose that misin therange 7% >, 2 <00

and g € null(T*)* (i.e., the orthogonal complement to the null space of the adjoint of T').

A solution to the equation is unique if 7" is a one-to-one mapping. In other words, its
null space is simply the zero function. Intuitively, no perturbation of the counterfactual
density can leave the distribution of the remotely sensed variable unchanged. This standard
assumption is called “completeness” (Newey and Powell, 2003). While it is often untestable

(Canay et al., 2013), examples that satisfy this condition are well known (Andrews, 2017).

Assumption C.16 (Completeness). If a function h satisfies [+, (R)h(y)dy=0 almost surely,
then h(y) =0 almost everywhere.
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When the outcome has finite support, completeness reduces to linear independence of the
outcome weights for different outcome values. After projecting the outcome weights onto a
sufficiently rich finite representation H(R), we recover our relevance condition from the main
text: invertibility of E{H(R)(A°)"}.

Using this generalized relevance condition for the remotely sensed variable, we identify

the counterfactual density.

Proposition C.4 (Identification without discretization). Suppose Assumptions 1, 2, 3(ii), C.15,
and C.16 hold. Suppose that X =&, and that Y has a continuous support ) CR. Then, for
each d€ {0,1}, the counterfactual density fy(q)(y|S =e) is identified as the unique solution

to the conditional moment equation

miB)= [ (B v llS=od
yey
Proof. See Appendix D.6.3. n

With continuous outcomes, the remotely sensed variable estimation problem is closely
related to nonparametric instrumental variable regression and deconvolution, for which several
nonparametric estimators are available in the literature; see e.g. Carrasco et al. (2007) for
a review. The rate of estimation for fy(q)(y|S =e) will depend on the rates of estimation
for m4(R) and T', as throttled by the ill-posedness of inverting the operator T (e.g. Chen and
Reiss, 2011). Articulating the technical details of such an estimation strategy is possible and

left to future work.

C.7 Estimation with Covariates

In this section, we study estimation with discrete or continuous covariates.

C.7.1 Discrete Covariates and Incomplete Observational Cases

To begin, suppose we have incomplete observational cases (Assumption 3(ii)), and that the
covariates X are discrete with finite support. Estimation and inference are straightforward:
we apply Algorithm 1 within each covariate stratum and then average over the covariates.
Even in the presence of covariates, results in Chamberlain (1987) and Newey (1993) imply
that representation that achieves efficiency, within a class of models satisfying Theorem 1, is

E{A°(X) | X, R}
0%(0,X,R)

H*(X,R)= . 02(0,X,R)=E[{A°(X)-A°(X)T0(X)}?*| X,R].
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Here H*(X,R) e RE- E{A°(X)| X,R} e RF~! and 0%(,X,R) €R. Its k-th component is

. E{A2(X)|X,R o {Y =y, S=o0 Y =yx,5=o
the scalar H(X,R)= %7 where AR (X)= Pr(g/'zyi]i3=o|§() - Pr(g/=ygﬁs=o|; )’

Like in the main text, the algorithm has three steps: divide the sample into TRAIN and
TEST folds; learn the representation on TRAIN; and apply the learned representation to
estimate the ATE on TEST. Algorithm E.1 provides details with sample splitting, though
our analysis below allows for cross-fitting with any fixed number of folds. To analyze the
properties of Algorithm E.1, we require only that the predictions, and hence the representation

estimator, have some probability limit; they may be misspecified.

Assumption C.17 (Limit). For each z € X, the learned representation has some mean
square limit: Ep {Hf[(a:,R)—ﬁ[(a:,R)HQ\X:x} — 0,(1) for some limit H(z,R) € RX~!
with B{|| H (z,R)||>| X =2} < 0. The limit is correlated with outcome variation: E{ H (z,R)A°(z)T |

X ==z} is non-singular for each x € X', and its smallest singular value is bounded away from zero.

The following inference guarantees generalize our results in Section 4 to include discrete
covariates. Let n, = Z?le x,=z denote the number of observations with cell X; =z. We refer
to Pr(X =z |S=e) as the marginal cell probabilities. We refer to Pr(D=d,S=¢| X =) and
Pr(Y =y;,S=0| X =x) as the conditional cell probabilities.

Proposition C.5 (Inference with known conditional cell probabilities). Suppose Theorem 1’s
conditions and Assumption C.17 hold. Suppose the conditional cell probabilities are known

and bounded away from zero. Then for each x € X, and for A= (y; —vx,....yxk -1 —YK) ',
(ng) V{7 () —7(x)} > N{ONT A(2) B(x) A(z) " A}, where
A(z)=E{H(z,R)A°(z)" | X =2}~ ! and B(z)=E[{A°(z)—A°(z)"0(x)}*H (,R)H (z,R)" | X =x).

Moreover, if H(z,R)=H*(z,R), then 7(z) = ATg(x) is semiparametrically efficient for 7(x) =
A'0(x) satisfying the conditional moment restriction E[A¢(x) —{A%(x)}T0(x)| X =z,R]=0

with known conditional cell probabilities.
Proof. See Appendix D.7.1. n

Proposition C.6 (Inference with estimated conditional cell probabilities). Suppose The-
orem 1’s conditions and Assumption C.17 hold. If the conditional cell probabilities and their

estimators are bounded away from zero, then
(n2) {7 (@) =7(2)} = N{ONT A(2)V (2) A(2) T A,
where V' (z) is the conditional generalization of V' in Lemma B.9.
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Proof. See Appendix D.7.2. O

These n; /* inference guarantees for the conditional average treatment effect (CATE)

imply n~'/? inference guarantees for ATE by averaging over cells.

C.7.2 Discrete Covariates and Complete Observational Cases

Next, suppose we have complete observational cases (Assumption 3(i)), and that the covari-
ates X are discrete with finite support. In this setting, the observational sample contains
(X,D,Y,R), and we allow direct effects of treatment on the remotely sensed variable.

For each treatment arm d € {0,1} and covariate cell x € X, define the counterfactual
outcome probabilities p(d,z) =Pr{Y (d) =y | S =¢,X =x}. Collect them into the vector
p(d,x) = {pa(d,x),..o i1 (dyx)} T € RE-L Finally define pug (d,z) =1—3" 0 pp(d,z). The
CATE is then 7(z) :Zleyk{#k(l,x) —ur(0,x)}. The ATE is T=E{7(X)|S=e}.

Once again, results in Chamberlain (1987) and Newey (1993) pin down the efficient represen-
tation. Within the class of models satisfying Theorem 2, the representation to use for p(d,x) is

E{A°(d,X)| X,R}
o1, X, R)

H;(X’R) = ) US(M,X,R) :E[{Ze<d’X)_AO(CLX)TM(CZ?X)}Q | X7R]

Here H%(X,R)eRE E{A°(d,X)| X,R} eRX L and 0%(u,X,R)€R.

So far, we have derived an optimal representation for each treatment arm d. It turns
out that stacking the representations is the efficient choice for CATE. So see why, note that
1p—11p—o=0, so mechanically the multiplication of A®(1,X) and A°(1,X) with A®(0,X) and
A°(0,X) yields zero diagonals.

Having derived the efficient representation, our algorithms and guarantees for inference
directly extend from the setting with incomplete observational cases to the setting with

complete observational cases.

C.7.3 Continuous Covariates

As a final extension, Algorithm E.2 modifies our inferential procedure to accommodate con-
tinuous covariates. We focus on low-dimensional covariates with X € X CR% . For simplicity,
we focus on incomplete observational cases (Assumption 3(ii)).

Our identification results already apply to continuous covariates as written. The condi-

tional moment equation from Theorem 1 is
E{A(X)~A%(X)T0(X)| X,R} =0,
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where 0 (2) =Pr{Y(1)=yx| S=e,X =2} —Pr{Y(0) =y, | S=e,X =x}. Corollary 1 gives
0(X)=E{H(X,R)A°(X)T | X} "E{H(X,R)A°(X)| X}.

ATE is then identified as T=E{\T0(X)} for A= (y1 — Y, .Yk -1 —Yr) -

With continuous covariates, the key modification to the algorithm is that the conditional
expectations E{H(X,R)A°(X)" | X} and E{H(X,R)A*(X) | X} should be estimated as
smooth functions of X using nonparametric methods, e.g., kernel smoothing, local polyno-
mials, or series. With this modification, estimation proceeds in the same manner: divide the
sample into TRAIN and TEST folds, learn the representation on TRAIN, then use the learned
representation to estimate the ATE on TEST.

Valid inference would require standard smoothness conditions on these conditional expec-
tations as functions of X, as well as undersmoothing or bias correction. The overall analysis
with continuous covariates would largely follow our analysis with discrete covariates, combined
with standard arguments for Z-estimation with nonparametric first stages (e.g., Newey, 1997;
Ai and Chen, 2003; Chen, 2007).

As in the main text, no rate condition would be required on the estimated representation
due to the infinite order Neyman orthogonality of the conditional moment restriction and
sample splitting. The key technical insight—that the moment condition permits misspecified

representation learning—continues to hold.

Series estimator. As a concrete example, we describe a series estimator.
Consider any representation H. Write H; = H(X;, R;) € RE~1. Construct the vector
C;(H) € REE+2) a5 the transpose of

<1Di:1,Si:ea 1pi=1,8i=eH;', 1D,20.8i=¢s 1Di=0,5,=e H;' s 1yicyy Simos 1yi=yr,8i=oH; » =+, 1y —ysc Si=os ]-Yi:yK,Si:oHiT)T
where the odd entries are scalars and the even entries are vectors in RX~!. The expectations
of these quantities, conditional upon covariates, pin down E{H (X, R)A°(X)" | X} and
E{H(X,R)A°(X)|X}. Therefore, the conditional expectations pin down the CATE and ATE.

Consider a basis b and denote B; = b(X;) € R’. Define the series estimator as the
vector-valued regression

G (3 H) =b(@) B (), Bowars (H) =argmin 3 {|Ci(H) =B 6]

1ETRAIN

This vector valued regression is the essential ingredient to estimate E{ H(X,R)A°(X)"| X}
and E{H(X,R)A°(X) | X}. An undersmoothed series is one where J grows more quickly

than the optimal rate for estimation.

38



Properties. The series estimator will be valid under standard series regularity conditions.
First, each component of the vector-valued regression should be Holder smooth over a compact
support, so the approximation error vanishes as J increases. Second, the covariance matrix
Errann(BBT) converges in probability to E(BB'), e.g. when J% < n, so that the sampling
error vanishes as .J increases. Finally, the objects E(BBT) and E{H (X,R)A°(X)T| X} are
well conditioned with singular values bounded away from zero.

Under such conditions, standard arguments yield pointwise asymptotic normality of §(X )
after either undersmoothing (i.e., choosing J large enough that the series bias is negligible) or
bias correction (e.g., Newey, 1997; Chen, 2007). Since 7 is smooth functional of (X)), 7 will

be n~1/? asymptotically normal, provided that the series dimension J satisfies restrictions

ensuring small bias.

D Proofs for Additional Theoretical Results

D.1 Bias of Alternative Approaches: Extensions
D.1.1 Proof of Proposition C.1

We prove each result.
1. We prove (i) with possibly discrete outcomes. Fix d€{0,1}. Let
mg(R)=E(Y|R,D=d,S=0) :/yfy(y |R,D=d,S=0)dy.

By Bayes’ rule,

fr(R|Y.D=d,S=0)fy(Y|D=d,S=0)
fr(R|D=d,S=0)

Y|R,D=d,S=e)fr(R|D=d,S=e)
Y |D=d,S=e) '

Y |R,D=d,S=0)=

fr(R|Y,D=d,S=e)= fr(

By stability,
fr(R|Y,D=d,S=0)=fr(R|Y,D=d,S=e¢).

We combine these expressions to rewrite

fy(Y|R,D=d,S=0)=fy(Y|R,D=d,S=e)vy(R,)Y)

fy(Y|D=d,S=o0) fr(R|D=d,S=e¢)
fY(Y|D:d7‘S:6) fR(RlD:das:O).

Ud(R,Y) =
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Consequently,
mq(R)= /yfy(y |R,D=d,S=e)vg(R,y)dy=E{Yv4(R)Y)|R,D=d,S=e}.
Since [/ (d) =E{m4(R)| D=d,S=e}, the result follows by iterated expectations.

2. We prove (ii) for binary outcomes, where p(d)=Pr(Y=1|D=d,S=e). Fix d€{0,1}.
By iterated expectations and stability,

fR(R|D:dasze):ﬂ(d)fR(R|Y:1>D:d7S:€>+{1_M<d)}fR<R|Y:07D:d>S:e)
—(d) fr(R|Y =1,D=d,S =)+ {1—pu(d)} fa(R|Y =0,D=d,S o).

As a consequence,

p'(d) =E{ma(R) | D=d,5 =€}
=pu(d)E{mq(R)|Y =1,D=d,S=o0}+{1—p(d)}E{mq4(R)|Y =0,D=d,S =0}
=p(d)kg+E{m4(R)|Y =0,D=d,S =0},

where within the first term,

k=B {ma(R)|Y =1,D=d,5 =0} ~E{mq(R) |Y =0,D=d,5 = 0}
_ Cov{my(R),Y |D=d,S=o0}
B Var(Y|D=d,S=0)
_ Var{mq(R)|D=d,S=0}
~ Var(Y|D=d,S=0)

By the law of total variance,
Var(Y | D=d,S=0)=Var{mu(R)| D=d,S=o0}+E{Var(Y | R,D=d,S=0)| D=d,S =0},

so kg €10,1]. Moreover, ky=1 if and only if E{Var(Y | R,D=d,S=0)|D=d,S=0}=0, which
is equivalent to Var(Y | R,D=d,S=0)=0 almost surely.

What remains is to show

E{m4(R)|Y =0,D=d,S=0}=(1—krqa)E(Y|D=d,S=0).
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By iterated expectations,
pa:=E(Y|D=d,S=0)
=E{E(Y|R,D=d,S=0)|D=d,S=0}
=E{mq4(R)|D=d,5 =0}
=E{mq(R)|Y =1,D=d,5=0}ps+E{m4(R)|Y =0,D=d,S=0}(1—py)
=[ka+E{mq(R)|Y =0,D=d,S=0}|ps+E{mq(R)|Y =0,D=d,S=0}(1—py)
=Rapa+E{m4(R)|Y =0,D=d,S=0}.

D.1.2 Proof of Proposition C.2
We prove each result.

1. Recall that Proposition 1(i) generally established

Ald)=p(d)+E[Y {wa(RY) —1} D=d,S=c], walry):= fy(];%f 75 >:e) fR(;llg;di):@'

Because SIL{Y(0),Y(1)} and we are in the setting with incomplete observational cases,

fy(y|S=0)=fy)(y|S=0)=fro(y[S=e)=fr(y|D=0,S=e).
Next, we prove that fr(r|S=0)=fr(r|D=0,5=e¢). First, we write

fr(R|S=0)= / Fr(RIY =y,5=0) fy (y|S=0)dy

fr(RID=05=¢)= / fr(RIY =y.D=0,5=¢) fy (4| D=0,5 = e)dy.
)

By Assumptions 2 and 3(ii), (S,D)ILR | Y, hence fr(R|Y,S =0)= fr(R|Y,D=0,5=¢e).
Above, we proved that fy(y|S=0)= fy(y| D=0,S=e).

In summary, we have shown
wO(Ty): fY(yISZO) fR(T|D:07526)
7 vyl D=0,S=¢)  fr(r[S=o)
~ frwl|S=0) frr|D=1,S=e) [fy(y|D=0,S=e) fr(r|D=1,S=e¢)
wl(ray)_ - _ _ .
KrylD=1,5=e)  fr(r|S=o) fr(y|D=1,5=e) fr(r|D=0,5=e¢)
2. Recall that Proposition 1(ii) established that 7= k7 for x € [0,1). We have shown
1£(0)=p(0). Therefore

=1

(1) =p(0) = (1) = p(0) =7 = k7 = r{ (1) = p(0) }.
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D.2 Quasi-Experiments with Remotely Sensed Outcomes
D.2.1 Proof of Theorem C.1
1. By the law of total probability,

5. (R) = fa(R|S=e,.D—d.Z~2)
:/fR,Y(R,yyS:e,D:d,Z:z)dy
:/fR(R\S:e,D:d,Z:z,Y:y)fy(y |S=e,D=d,Z =2z)dy.

Next, notice that
frR(R|S=e,D=d,Z=2Y =y)= fr(R|Y =y)

— fa(R|S=0.Y =y)
—:53(R),

Y

where the equalities apply the contraction implied by Assumptions C.2 and C.3: (S,D,Z) 1R
Y.

Combining the previous displays, we arrive at the general result
5i-(R)= [ 5(R)(y] S=e.D=d.Z=2)dy,
When Y is binary,
fy(1|S=e,D=d,Z=2)=E(Y|S=e,D=d,Z=z2)=a(d,z)
fy(0|S=e,D=d,Z=2)=1-E(Y|S=e,D=d,Z=2)=1—a(d,z).
Therefore, the general result specializes to

0q,. (1) =07 (R)a(d,z)+55(R){1—a(d )} =55 (R) +{07(R) = 65 (R) }or(d,2).

2. We apply Bayes’ rule to rewrite

Pr(Y =y,5=o0| R)fr(R)
Pr(Y=y,5=0)

e Pr D:d,Z:Z7S:e R f R
5d,z(R):fR(R|S:e7D:daz:Z): ( PT(D:d Z:Z;S|’:)€)R< )

o, (R)=fr(R|S=0Y =y)=

Substituting these expressions into the previous step and canceling fr(R) yields

E{A°(d,z)—A°a(d,z)| R} =0.
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D.2.2 Proof of Theorem C.2
1. By the law of total probability,
5§7t(Rt> = fr,(R¢|S=e,D=d)
:/th,Yz(RmMSIG,DId)dy

=/ﬁuRAS:aD=¢n=wﬁxmszaD=dmy

Next, notice that

th(Rt|S:67D:d7y;5:y):f3t(Rt|Y;5:y)
:th(Rt|S:0)}/t:y)

=0y ,(Ry),
where the equalities apply the contraction implied by Assumptions C.5 and C.6: (S,D) LR, |Y;.

Combining the previous displays, we arrive at the general result

6@Gm:/@A&nz@W=aD=@@.

When Y is binary,
fr(1]S=e,D=d)=E(Y| S=¢,D=d) =y (d)
fv(0|S=e,D=d)=1-E(Y;|S=e,D=d)=1—a(d).

Therefore, the general result specializes to

g+ (Re) =07 ,(Ry) o (d) +05 1 (Re ) {1~ (d) } =05, (Re) +{07 ,(Ry) — 85 1 (Re) peu(d).

2. We apply Bayes’ rule to rewrite
Pl"(Y; :yaS: % | Rt)th (Rt)

OB =In (B Yi=yS=0) =g ooy
€ PI‘ D:d’S:e R f , R
Oas ()= fr (Ri| D=d.5 =€) = : Pr(D:d‘Si)e)R< )

Substituting these expressions into the previous step and canceling fg, (R;) yields

E{Af(d) - Afay(d) | By} =0.
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D.3 Some Spillovers
D.3.1 Proof of Lemma C.1

Using nonseparable model notation with unobserved heterogeneity 7, as defined in Footnote 25,

E(Y:|D;=d,S;=e)=E{Y;(D;,D_;,n;)|D;=d,S;=e}
=RE[E{Yi(Di,D_in;)|Di=d,S;=emn;)}| Di=d,S;=e]
=E{Y;""(d;m:)| Di=d,S;=e}
=E{Y; " (dm)|Si=e}

where the final line appeals to randomization.

D.3.2 Proof of Theorem C.3
The argument mirrors the proof of Lemma 1 and Theorem 1.
1. By the law of total probability,
0q.:(Ri):= fr,(R;| Si=e,Di=d)
:/fRi7Yi(Ri7y |S;=e,D;=d)dy

_/fRi<Ri’Si_eaDi_daY;_y)in(y’Si_‘e?Di_d)dy'
Next, notice that

= fr,(Ri| Si=0,Yi=y)
::5Z,i<Ri)7

where the equalities apply the contraction implied by Assumptions C.8 and C.9: (S;,D;) L R; |
Y.

Combining the previous displays, we arrive at the general result
SR = [ 5B 0] S, =e.Di= )y

When Y is binary,
fr.(1|Si=e,D;=d)=E(Y;|S;=e,D;=d)=: p;(d)
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By the proof of Lemma C.1, y;(d) =E{Y 3" (d)|S; =e}. Therefore, the general result specializes

to
0g,4(Rs) =07 (R (d) +05 ;(Ri){1— i (d) } = 05 ;(Ri) +-{07 ;(R:) — 05, (Ro) YE{Y; ™™ ()| S = e}

2. We apply Bayes’ rule to rewrite

PI"(Y; =y,5;=o0 | Ri)fRi (Rz)
Pr(Y;=y,S;=0) ’
Pr(D;=d,S;=e) '

5ZZ(R1) = [, (Ri | Si=o0,Y;= y) =

5dz( )= fr.(Ri| Si=e,Di=d)=

Substituting these expressions into the previous step and canceling fg, (R;) gives
E(AS|R)=E(AY|R)6:, 6,=E{Y/" (1)~ Y"(0)|S,=c}.

E(A¢|R;)
i= 1IE(A°|R,

We conclude that 6,, = 1ZZ 0= 12

D.3.3 Proof of Corollary C.3

Because spillovers only occur within mandals, the potential outcome of village i only depends
on the treatment assignments of other villages within its mandal; it does not depend on
treatment assignments of other villages in other mandals. Because treatment assignment is
at the mandal level, the treatment of villages ¢ matches the treatment of all other villages
in its mandal. These statements imply that E{Y;4"(1)|S;=¢} =E{Yi(1,1,,_1)|Si=¢}. The
same is true for d; =0. Therefore, 0, :0~n and we are done.

We formally prove this statement for village i=1 and d; =1. Suppose that, among villages
{1,...,n}, the initial m belong to the same mandal. As argued in the proof of Lemma C.1,

with nonseparable model notation defined in Footnote 25,

E{Y " (1,m)|S1 =€} =E{Y1(1,Ds,...,D,,m)| D1 =1,5, =¢}

(

E{Y1(1,D3,....Dp.m)|D1=1,5=¢}
E{Y1 (1,1 1,m)| D1 =1,5 =€}
E{1(1,
E{Y1(

1,1 n— 1,771)|D1:1,51:€}

1,1,-1,m)|S1=€}

by spillovers only within mandals, mandal-level treatment assignment, spillovers only within

mandals, and randomization.
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D.3.4 Proof of Corollary C.4

The argument is similar to the proof of Corollary C.3. We prove the key equality.

As before, consider village i =1 and d; =1. Suppose that, among villages {1,...,n}, the
initial m are within a 20 km radius. Each of these m villages must have been treated due to
the subetting rule.

As argued in the proof of Lemma C.1, with nonseparable model notation defined in

Footnote 25,

E{Ydlr( 7771)|51—€} E{Yl 1,D,,... m771)|D1:1,S1=€}

1(1,Ds,... m;771)’D1:17S1:€}

(
(
Yi(1,1no1,m)| D1 =1,5 =e}
(1,
i

1(1,1 n— 17771)|D1:1751:€}

E{Y)
E{
E{Y;
E{Yi(1,1,—1,m)[S1=€}

by spillovers only within the radius, the subsetting rule, spillovers only within the radius, and

randomization.

D.4 Variables Collected at Different Times
D.4.1 Proof of Theorem C.4

The argument is identical to the proof of Lemma 1 and Theorem 1, replacing (D,Y,R) with
(Dt7}/t’7Rt”>‘

D.5 Partial Identification with Approximate Assumptions
D.5.1 Proof of Lemma C.2

We proceed in steps.

1. First, we reduce the numerator E{A°H(R)} and denominator E{A°H(R)} to differ-

ences in conditional means. By the definition of A€,
E{A°H(R)}=E{H(R)|S=e,D=1}—-E{H(R)|S=e,D=0}.
By the definition of A° and Pr(D=0|S=0)=1,
E{A°H(R)}=E{H(R)|S=0,D=0,Y =1}-E{H(R)|S=0,D=0,Y =0}.
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2. Next, we analyze the numerator. For each d € {0,1},

E{H(R)|S=e,D=d}

=E{H(R)|S=e,D=d,Y =1}Pr(Y=1|S=e,D=d)+E{H(R)|S=e,D=d,Y =0}Pr(Y =0|S=e,D=d)
=u(d)E{H(R)|S=e,D=d.Y =1}+{1—p(d)}E{H(R)|S=e,D=d,Y =0}

— u(dyma -+ {1~ p(d) g,

by the law of iterated expectations, Assumption 1, and the notation m,, =E{H(R)|S =

e,D=d,Y =y}.

Taking differences across treatment arms and using m; , =mg ,+b,(H),

E{A°H(R)}=E{H(R)|S=¢,D=1}—-E{H(R)|S=e,D=0}
= p(L)my+{1—p(1) prngo—p(0)mo —{1—p(0) }mo,o
= (1) {mo+b1(H)}+{1—p(1) H{moo+bo(H)} = p(0)mos —{1—p(0) }mo,
={p(1) = p(0) }(mo,1 —mo,0) +p(1)b1 (H) +{1—p(1) }bo (H)
=7(mo,—moyp)+b(H).

3. Finally, we analyze the denominator. By Assumption 2,
moy=E{H(R)|S=e,D=0,Y =y}=E{H(R)|S=0,D=0,Y =y}.
Therefore
E{A°H(R)}=E{H(R)|S=0,D=0Y =1}-E{H(R)|S=0,D=0,Y =0} =mg1—mgp.

Collecting results,

E{A°H(R)} =7E{A°H(R)}+b(H).

Dividing by E{A°H(R)} gives the desired conclusion.

D.5.2 Proof of Theorem C.5

We prove each result.

1. First, we prove the set is a valid outer bound. By Lemma C.2,

b(H)

T E e Ry
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By construction, b(H) is a convex combination of by (H) and bo(H ), so the assumed bound
implies |b(H)|<b(H). Therefore,

- b(H)
[E{A°H (R)}

This gives the main interval.

The second interval is due to the binary outcomes. Since 7=p(1)—p(0) and (1) €10,1],
we must have —p(0) <7<1—pu(0).

2. Next, we prove the set is sharp with respect to the reduced form moments. For clarity,
let Eqps(+) denote the moments under the observed data distribution and E,(-) the moments

under a constructed DGP.

For any candidate 7, in the set, define the required aggregate bias
by :=Eos{A°H(R)} — T Eons {A°H(R)}.
Because 7, lies in the interval, |b,|<b(H). Now, construct reduced-form moments satisfying
EAAH(R)} =Eon{AH(R)}, 7=, b(H)=0b,
Then Lemma C.2 implies
E.{A°H(R)}=7.E.{A°H(R)}+0,.
Substituting the definitions gives

E{AH(R)} =7 Eobe {AH(R)} + [Eope {AH(R)} — 7. Eobs {A°H (R)}]
=Eons{AH(R)}.

Thus the same observed reduced-form moments are reproduced while the treatment effect

equals 7,. Since 7, was arbitrary, the bound is sharp with respect to the reduced-form moments.

D.5.3 Proof of Lemma C.3
We proceed in steps.

1. As in the proof of Lemma C.2, we rewrite the numerator and denominator as

E{A°H(R)}=E{H(R)|S=e,D=1}—E{H(R)|S=e,D=0}
E{A°H(R)}=E{H(R)|S=0,D=0Y =1}~E{H(R)|S=0,D=0,Y =0}.
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2. Next, we analyze the numerator. As in the proof of Lemma C.2,
E{A°H(R)}=1(mo1—mop)+b(H),
where mq, =E{H(R)|S=e,D=dY =y}.
3. Finally, we analyze the denominator. Using
moy=E{H(R)|S=0,D=0Y =y}+s,(H),
we have that

mo,1 —Mo,0 :E{H(R) | SZO,D:O,Y: 1}+81(H)—E{H(R) |S:O,D:0,Y:0}—80(H)
—E{A°H(R)}+s(H).

Collecting results,

E{A°H(R)}=1[E{A°H(R)}+s(H)|+b(H).

Rearranging gives the desired conclusion.

D.5.4 Proof of Theorem C.6

For the first claim, Lemma C.3 gives

~ E{A°H(R)}-b(H)
"TE{AH(R)Y+s(H)

Since b(H) is a convex combination of by(H) and by(H), |b(H)|< b(H). By the triangle
inequality, |s(H)|<25(H).

For the second claim, suppose |E{A°H(R)}|>25(H). The reverse triangle inequality gives

[E{A°H (R)}+s(H)| > [E{A°H(R)} —|s(H)]
> |[E{A°H (R)}|-25(H)

>0.

Substituting E{A°H (R)} =7(H)E{A°H(R)} into the expression for 7, we obtain

b(H)+7(H)s(H)

T_;(H>:_]E{AOH(R)}+5(H)'

Therefore, by the previous bound,

b(H)|+[7(H)[|s(H)| _ _b(H)+25(H)[7(H)|

[r=7(H)|< IE{AH(R)}+s(H)| ~ [E{AH(R)Y—25(H)

=r(H).
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D.6 Continuous Outcomes
D.6.1 Proof of Proposition C.3
Abbreviate each bin as By, := B.(yx). We proceed in steps.
1. By the proof of Lemma 1,
falrls=e.0=d)= | farls =0 =y) i (y15=c)dy

Partitioning ) into { By} &, gives

fr(r|S=e,D=d) Z (r|S=0Y =y) fy@(y|S=e)dy

k=1 yEBk

2. Fix k and y € By,. Assumptions 3(ii) and C.14 imply

sug[fR(r |S=0Y =y)—fr(r|S=0Y € By)|<w(2e).
re

Therefore, adding and subtracting then applying the triangle inequality gives

fr(r|S=e,D=d)
_Z {fr(r|S=0Y =y)— fr(r|S=0Y € By)+ fr(r|S=0,Y € By)} fy(a)(y|S=e)dy
k=17 Y<Bk
=err.(r,d) +Z (r|S=o0Y € By) fya)(y|S=e)dy
k=1 yGBk

:erre(r,d)JerR(r |S=0Y € B,)Pr{Y(d) € By|S=¢},

k=1

where, uniformly over d€ {0,1} and r€R,

lerr. (r,d)|<w(2e).

3. Subtracting this result across d € {1,0} and appealing to the definition of 6. gives

fr(r|S=e,D=1)—fr(r|S=e,D=0)
=err.(r,1) —erra(T,O)—FZfR(T |S=0,Y € B)[Pr{Y (1) € Bx|S=e}—Pr{Y(0) € Bx|S=e}]

k=1

K
=erre(r)+ Y _fr(r|S=0Y € By)bep,

k=1

where, uniformly over r €' R,
lerr. ()| <|erre(r,1)|+|errs(r,0)| < 2w(2e).
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4. By Bayes’ rule,

o | YD=dS=e} |,
fR(HS_e’D_d)_E{Pr(D:d,S:e) R—r} fr(r)
. . 1{Y€Bk7820} -
fR(r|S_O7Y€Bk)_E|:PI‘<Y€Bk,S:0) R_T:| fR(T>

By the proof of Theorem 1, we conclude that

err.(r)

fr(r)’

proving the desired result since Assumption C.14 implies | fr(r)|> £.

E{A“—(A)T0.|R=r}=

D.6.2 Proof of Corollary C.5

To prove this result, it is useful to introduce notation for the discretized outcome and
discretized potential outcomes. Define Y. = "0 5, 1{Y € B.(y)}. Analogously define
Y.(d)= Zszlykl{Y(d) € B.(yr)} for d€ {0,1}. By construction, |Y —Y.|<e almost surely
and |Y'(d) —Y(d)|<e almost surely.

We proceed in steps.
1. For any d€{0,1}, observe
[E{Y (d)[ S=e} —E{Y.(d)| S=e}[<E{|Y(d) - Y(d)|| S=e} <e.
Defining 7. =E{Y,(1)— Y.(0) | S =e}, it follows that
|[7—7e|=|[E{Y (1) | S =e} —E{Y:(1) | S =e}] - [E{Y(0) | S = e} —E{Y-(0) | S =e}]|< 2e.

2. Defining U, =A°—(A?)"6., Proposition C.3 establishes

2w(2e)
.

[E(U:| R)|<
Therefore by the law of iterated expectations,

[E{H(R)U-} || = [E{H (R)E(U:|R)} |
<E{||H(R)E(U|R)]}
<E{[E(U R)|-{|H(R)|[}

2w(2e)
L

<

E{[H(R)|}.
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3. As notation, let 6. = [E{H (R)(A°) T} 'E{H(R)A°}. By definition of 4.,
E{H(R)A“}=E{H(R)(A2)"}0-.
By definition of U,
E{H(R)A®} =E{H (R)(A?)"}0-+E{H(R)U.}.
Combining these expressions,
E{H(R)(A2)"}0. =E{H (R)(A2) " }0.+E{H(R)U.}.
Since E{H(R)(A?)"} is invertible, it therefore follows that
0.—0.=[E{H(R)(A2) "} "E{H(R)U.}.
We conclude that
16: =0 < [[E{H(R)(A) Y lopE{H(R)U} |

2w(2e)
4

<NE{H(R)(ADTH llop E{[H(R)|}-

4. We translate this bound for the discretized parameter into a bound for the discretized

average treatment effect. By the Cauchy-Schwarz inequality,

’?E_Ts|:’A;(§E_98)|

< ||)\a||||98_95||
o T11— 2w(2e
<IN B (R o 22 B 11 ()
5. Finally, we appeal to the triangle inequality: |7. —7|< |7 — 7| +|7=— 7. O

D.6.3 Proof of Proposition C.4

The derivation of the conditional moment equation is identical to the proof of Lemma 1 and
step one in the proof of Theorem 1, using the generalized outcome weights instead of the
previously defined outcome weights.

By standard arguments in Kress (1989), Assumption C.15 guarantees existence of a solution

to this equation. Assumption C.16 guarantees uniqueness of the solution to this equation. [J
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D.7 Estimation with Covariates
D.7.1 Proof of Proposition C.5

The proof follows the argument of Proposition 3 within each covariate cell z € X.

D.7.2 Proof of Proposition C.6

The proof follows the argument of Proposition 4 within each covariate cell x € X.
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E Additional Estimation Algorithms

E.1 Estimation with Covariates

Algorithm E.1 Estimation with Discrete Outcomes and Discrete Covariates

Require: Data {S;,X;,15,=¢Di,15,=0Yi,Ri}1; with Y € Y={y1,...,yx } and XEX:{azl,...,x|X|}.

Ensure: 7 and a confidence interval.

1: Randomly split indices into a TRAIN fold and a TEsT fold.

2: for all z€ X do

Step 1: Learn a representation on TRAIN.
Compute Erram (1p;=4,5;=c | Xi =2) for d€{0,1} and Erran (ly, =y, ,8,=0 | Xs=2) for k=1,..., K.
Train PREDy (z,-) : R — [0,1]5 on {(R;,Y;):i € TRAIN,X; =2,5; =0} to estimate Pr(Y =y |S=0,X =z,R).
Train PREDp (z,"): R —[0,1] on {(R;,D;):i € TRAIN,X; =,S; =e} to estimate Pr(D=1|S=e,X =z,R).
Train PREDg(z,-) : R—[0,1] on {(R;,S;):¢ € TRAIN,X; =z} to estimate Pr(S=e| X =z,R).

Define, for generic (z,R),

PREDp (z,R) 1—-PREDp (z,R)
]ETRAIN(]-D:LS:e ‘ sz) ]ETRAIN(]-D:QS:e ‘ sz)

B{A%() |x,R}={ }PREDs(az,R),
and for each k=1,...,. K —1,

PREDy, (2,R) PREDy,  (2,R)
ETRAIN(IY:yk,SiolX:z) ETR/\IN(:LY:yK,SiolX:I)

E{AL(z) |x,R}{ }{1_pREDS(x,R)}.

8 Stack E{A°(2)|z,R} = (E{A¢(z)|z,R},....E{A% ,(x)|z,R}) .

9: Compute
~ ) . . .12
fur(z)=arg min 3 [IE{AE(I) |2, R} —E{A°(2) |z, Ri} e] .
feREK -1, _
TETRAIN: X ; =x
10: Compute 52 (Opr,z,R) using Lemma E.1 by substituting in the predictors above.

. i _ E{A°@)|z.R} ~pK-1
11: Set H(z,R)= 5 (rurr . ) €ER .
Step 2: Estimate 6 on TEST.
12: Compute Ergsr (1p,=d,5,=¢ | Xis =) for d€{0,1} and Ergsr (1y,—y, 8,0 | Xs =) for k=1,...,K.

13: for all € TEST with X; =z do

14: Set

Aé(z)= 1p,=1,5;=¢ _ 1p,=0,5;=¢

¢ ETEST(lDZI,S:e‘X:x) ETEST(lD:O,S:t'ilX:x)
15: for k=1,..,K—1do
16: Set
Ao (z)= Ly;=yu,Si=o _ lyi=yg,8i=o

ik ETEST(lY':yk,S:o|X:33) ETEST(ly:yK’S:O‘X:x).
17: end for
18: Stack A2 (2) ={A% (@), A ey (@)}

19: end for
20: Compute )
O(x)= { > ﬁ(x,Rnﬁf(z)T} { > H@R)A{ () }
i€TEST: X ;= i€TEST: X =x

21: end for

Step 3: Compute the ATE and standard error.
22: Compute §= ETEST{é\(X) | S=e}, i.e the empirical mean over i€ TEST with S; =e.
23: Compute T= 25;11 (yk ny)é\k.
24: Bootstrap the standard error ¥ of 7, holding H fixed.

25: Return: the confidence interval T4z _, /o 0, where z1_g /2 is the (1—/2) quantile of a standard normal distribution.
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Algorithm E.2 Estimation with Discrete Outcomes and Continuous Covariates

Require: Data {S;,X;,1s5,=¢Ds,15,=0Y:,Ri}1; withY €Y ={y1,....yx} and X € X CR=,

Require: Basis b: X —R”, an initial representation Hyr(X,R) €ERE~1 and the link function 1(-) such that () ={g(z)}.
Notation. Consider any representation H and basis b. Write H; = H(X;,R;) € RE-1 and B; = b(X;) €RY. Construct the
vector C;(H) € RE(E+2) a5 the transpose of

T T T T
<1Di=1,Si:e 1p,=1,5,=eH; 1p;=0,5,=¢ 1D;=0,5;,=eH; lv,=y;,5,=0 ly,=yi,5;=0H;  ly,=yr.5;=0 ]-Y,L:yK,Si:oHi)

where the odd entries are scalars and the even entries are vectors in R —1. Define the series estimator

§TRAIN ($7H) = b(x)TBTRAIN (H)7 BTRAIN (H) =argmin Z ||C7, (H) - B»;T,BHQ:
# 1ETRAIN
and likewise define Gresr(z;H)
1: Randomly split indices into a TRAIN fold and a TEsT fold.

Step 1: Learn a representation on TRAIN.

2: Train PREDy (-,): X X R—[0,1]K on {(X;,R;,Y;):1€ TRAIN,S; =0} to estimate Pr(Y =y, |S=0,X,R).
3: Train PREDp (+,) : X xR —[0,1] on {(X;,R;,D;):4 € TRAIN,S; =€} to estimate Pr(D=1|S=e¢,X,R).
4: Train PREDg(+,"): X X R —[0,1] on {(X;,R;,S;):4 € TRAIN} to estimate Pr(S=e|X,R).
5: Compute Graa (T) = Grram (7;Hinir)-
6: Let IETRAIN(lD:d,S:e | X) and IETRAIN(ly:yk ,S=o | X) denote the corresponding components of Grram (X).
7: Define, for generic (X,R),
B{A®(X)| X,R} = { _ PREDp (X,R) __ 1-PREDp(X,R) }PREDS(X,R),
Erran(1p=1,5=¢|X) Erramn(1p=0,5=¢|X)

and for each k=1,...,.K —1,

PREDy j (X,R) PREDY, i (X,R)

@TRAIN(:LY:yk,S:O'X) ETRAIN(leyK,Szo|AX)

E{AY(z) X,R}{ }{1_pREDS(X,R)}.
8: Stack E{A°(X)|X,R} = (E{A%(X)|X,R},...E{A% ,(X)|X,R})T.
9: Set @N”(x) ={Grram(x)}.
10: Compute 32(§IN1T7X,R) using Lemma E.1 by substituting in the predictors above.
11: Set H(X,R)= % eRK-1,
Step 2: Estimate 6 on TEST.
12: Compute Gresr () = Gresr (ﬂfvﬁ)
13: Set 8(z) =1 {Gresr(z)}.
Step 3: Compute the ATE and standard error.
14: Compute 7(x) = K5 (v —y )0 ().
15: Compute T=Eresr{T(X)|S=e}, i.e. the empirical mean over i € TEST with S; =e.
16: Bootstrap the standard error of 7 on TEST, holding H fixed.

17: Return: the confidence interval 7+ 21_qy2 U for z;_q /o the (1—a/2) quantile of a standard normal distribution.

E.2 An Algebraic Simplification

The following lemma provides algebra that simplifies the denominator of the optimal repre-

sentation.
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Lemma E.1 (An algebraic simplification). By construction,

1p=15= 1p—o.5—
el AOf YT 2_ D=1,5=e¢ D=0,5—¢
(A7) -A%X) (X0} PF(D=1,S:€|X)2+PI‘<D:0,S:€|X)2

Ze ]-Y Yk ,S=0 + ]-Y:yK,Szo
kl Pr(Y=y,,S=0|X)? Pr(Y=yk,S5=0|X)?

1Y: S=o0
0,(X)0(X v .
+;J( o) By = e 5= X)2

Proof. To lighten notation, we suppress the arguments of A®, A° and ;. Observe that
{A°—(A) 1032 = (A°)* —2{(A°) O} A +{(A°) 0} = (A°)* +{(A°) "0}?,

since the events in A€ are exclusive of the events in A°. Specifically, 1g—.15—,=0.

Consider the former term. Since 1p_11p—o=0, we have by a similar logic that

Ip=—1,5=c Ip=0,5=¢
A% = ’ : .
A = e D=1.5=¢| X2 Pr(D=0,5=¢| X2

Consider the latter term. Developing the square,

AO TQ}Q (ZA09k> ZQJGICAJOAE
g,k

When j=Fk < K, the term becomes 67 (A%)?. Since 1y, 1y—,, =0, we have

1Y: S=o0 1Y: S=o0
A° 2_ Yk YK, ]
(A5) Pr(Y:yk,S:0|X)2+Pr(Y:yK,S:0|X)2

When j#k and j,k < K, the term becomes 00, A7A7. Since ly—,, 1y—,, =0, ly—y 1y—y, =0,

and 1y_,, 1y—,, =0, we have

ly—yx,5=0
AOAO =YK,
Pr(Y=yk,S=0|X)?
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F Additional Simulation Details

F.1 Forest Cover Details

We utilize forest cover measurements from Hansen et al. (2013) for Uganda, which are derived
from Landsat satellite imagery at roughly 30-meter resolution. In the Hansen et al. (2013)
product, tree cover is defined as the fraction of area within a pixel containing vegetation taller
than 5 meters. We aggregate these pixel-level measurements to a common spatial grid and
then construct the outcome used in our simulations.

The unit of analysis is a 0.01° x 0.01° grid cell (approximately 1 km x 1 km) covering
Uganda. All variables entering the simulations are aggregated to, or spatially aligned with,
this grid. For each grid cell, we compute an average of the underlying 30-meter tree-cover
pixels to obtain a grid cell-level tree-cover share. We then define a binary outcome Y € {0,1}
indicating whether at least 80% of the grid cell is forested. As noted in the main text, we
use this high-forest threshold to align with conservation policies and program rules that are
commonly expressed in terms of forest-cover retention requirements, such as mandates under
Brazil’s Forest Code (Azevedo et al., 2017) and eligibility criteria in payments for ecosystem
services programs (Wunder et al., 2008).

The geographic samples used in our simulations are partitioned using the randomized
study conducted by Jayachandran et al. (2017) in Uganda. We define the experimental sample
as the set of grid cells falling within the geographic boundaries of the original study area. We
define observational samples using surrounding geographic bands around the experimental
region (0-2 km, 0-5 km, and 0-10 km). Appendix Figure F.1 provides a map of these regions.
In the main text, we focus on the 0-2 km band.

For each 0.01° grid cell, we obtain a 4,000-dimensional vector of MOSAIKS satellite
embeddings (Rolf et al., 2021), which are derived from publicly available satellite imagery
and are distinct from the Landsat imagery underlying the Hansen et al. (2013) forest-cover
measurements. We merge these embeddings to the grid cell-level forest-cover outcome by
geographic coordinates.

We then train a random forest to predict Y from the MOSAIKS embeddings using grid
cells from the rest of Uganda, excluding both the experimental region and the surrounding
observational bands. The resulting predictor achieves high predictive accuracy, with an area
under the curve (AUC) of 0.967 on held-out grid cells. We define the remotely sensed variable

R as the scalar probability output of this trained random forest.
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Figure F.1: We illustrate the experimental and observational samples in the Uganda forest
cover data. The experimental sample consists of the grid cells covered by the payments for
ecosystem services experiment (Jayachandran et al., 2017). The observational sample consists
of grid cells in surrounding geographic bands. In the main text, we focus on the 0-2 kilometer

geographic band.

F.2 Smartcards Details

Randomization took place at the level of the mandal, i.e. subdistrict, of Andhra Pradesh,

India. Muralidharan et al. (2023) partition 396 mandals into the following subgroups:
e treated mandals (111), randomly assigned to receive Smartcards in 2010;
e buffer mandals (136), randomly assigned to receive Smartcards in 2011;
e untreated mandals (44), randomly assigned to receive Smartcards in 2012;
e non-study mandals (105), which were excluded from the experiment.

We study villages within mandals as the units of analysis, where villages are defined by
Asher et al. (2021). For each village, our treatment D indicates whether the village received
Smartcards in 2010. We interpret villages within the treated mandals as treated experimental

units; villages within the buffer and untreated mandals as untreated experimental units; and
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B Experimental: D=1
Experimental: D=0
Observational: D=0

Figure F.2: We illustrate the experimental and observational samples in the Smartcards

simulation (Muralidharan et al., 2023).

villages within the non-study mandals as observational units with missing treatment. Finally,

we drop villages with fewer than 100 individuals. This removes about 2% of villages.
Appendix Figure F.2 illustrates our village classification. Appendix Table F.1 summarizes

village characteristics. The causal parameter is the effect of early adoption (2010 Smartcards)

for villages in the experiment.

Table F.1: Summary statistics for the Smartcards experiment.

Sample Non-Study Mandals Untreated Mandals Buffer Mandals Treated Mandals
Smartcards Rollout N/A 2012 2011 2010
Number of villages 2257 852 2929 2274
Average population 1985 2255 2105 2116
Average fraction female 0.491 0.492 0.496 0.497

For each village, we collect poverty measurements to serve as the outcome. Following
Asher and Novosad (2020), the data sources are the 2012-2013 Socio-Economic and Caste
Census (SECC), and the 2013 Indian Economic Census. We consider three outcomes which we
construct directly from these sources. The consumption outcome variable indicates whether a
village’s per capita consumption is in the bottom quartile. We consider two additional outcome
variables based on income: does a village have only low income households, i.e. no earner

making above 5,000 rupees; and does a village only low and middle income households, i.e.
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no earner making above 10,000 rupees. The definitions of low and middle income households
are from the SECC.

For each village, we extract satellite images to serve as the remotely sensed variable.
First, we extract coordinates for the perimeter of the village (Asher et al., 2021). Then, we
extract luminosity measures, a vector in R*, which includes the minimum, maximum, mean,
and sum of night light within each polygon, along with the total number of pixels in the
polygon, from 2012 to 2020 (Asher et al., 2021). Finally, we extract satellite images from
2019, summarized as a high-dimensional, pre-trained embedding vector in R (Rolf et al.,

2021). The concatenation of these objects is our remotely sensed variable R.

F.3 Plausibility of Identifying Assumptions

We assess whether stability (Assumption 2) is plausible in each empirical setting. Here,
stability requires that four conditional distributions of the remotely sensed variable should be
the same across samples: fr(r|S=e,D=d,Y =y)=fr(r|S=0,D=d,Y =y), for each (d,y)
stratum (or in the absence of direct effects, only for the (d=0,y=0),(d=0,y=1) stratum).
Using “oracle” data access, we can visually assess this condition. Specifically, we consider the
outcomes of untreated units in the experimental and observational samples.?” This allows us to
directly evaluate the conditions for d=0 and y € {0,1} by subsetting and visualizing densities.

Figure F.3 presents the visual evidence. In the forest cover setting (Panel A), we compare
the conditional distributions of R for the experimental sample (grid cells in the region studied
by Jayachandran et al. (2017)) and for the observational sample (the two kilometer geographic
band surrounding it). The conditional distributions reasonably align. In the Smartcards
setting (Panel B), R is high-dimensional, so we plot the conditional distributions of its first
principal component, comparing experimental and observational villages. The conditional
distributions almost coincide.

To complement the visual evidence, we conduct Kolmogorov-Smirnov (KS) tests for
equality of the conditional distributions across samples. In all comparisons, we cannot reject
the null of equal distributions at the 5% level. Taken together, visual and statistical evidence

supports the plausibility of our main identifying assumption in these two empirical settings.

2"In the forest cover data, neither sample involves a treatment. In the Smartcards data, we observe

outcomes for untreated experimental villages and for observational villages (which are all untreated).
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Panel A: Forest Cover in Uganda
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(d) Densities of R|S,D=0,Y =1.

Figure F.3: Our stability assumption (Assumption 2(i)) is plausible in two empirical settings.

We compare fr(R|S=e,D=d,Y =y) with fr(R|S=0,D=d,Y =y) for d=0 and y € {0,1}.

Because the remotely sensed variable is high-dimensional in the Smartcards experiment, we

visualize the density of its standardized first principal component.
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G Additional Simulation Results

In Section 6, we reported calibrated simulations for the Uganda forest cover data and the
Smartcards experiment in the two sample setting (i.e., experimental and observational samples
only). In this section, we provide more details, then extend our calibration simulations to
incorporate a validation sample (Section 5.1). The extension facilitates comparison with

prediction powered inference (PPI).

G.1 Experimental and Observational Samples Only

Simulation design. We observe (D,R) when S =e and (R,Y) when S =o0. Details are

given in Section 6.1.

Implementation details. We compare two methods.

The two-step method trains a predictor of Y from R in the observational sample, then
regresses predicted outcomes on D in the experimental sample. Its estimand is 7 # 7 (Sec-
tion 3.2.1). In the forest cover design, we predict Y from R using logistic regression. In the
Smartcards design, we predict Y from R using probability random forests. Specifically, we
use the R package ranger with 100 trees and the package default options for all other tuning
parameters.

For our method, we use cross-fitting with two folds. Its estimand is 7. In the forest
cover design, we estimate the efficient representation by combining logistic regressions of
ﬁ(Y =1|5=0,R), ﬁ(D: 1| S=e,R), and f’;(S: e| R). In the Smartcards design, we do
so by combining probability random forests. Specifically, we use the R package ranger with
100 trees and the package default options.

For computational tractability, we truncate the remotely sensed in the Smartcards design
from R*%%0 to R1%59, In particular, we use the initial 1,000 features of the pre-trained MOSAIKS
embedding and the nighttime luminosity measures.

PPI methods are infeasible in this setting because we do not have joint observations of

(D=0,Y,R) and (D=1,Y,R).

Additional results. We further compare our method and the two-step method in simula-
tions, varying the baseline outcome probabilities and the sample sizes in the simulation designs.

For these variations on the simulation designs, we find the same results as in the main text.
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For the forest cover design, Figure G.1 reports the normalized bias and Figure G.2 reports

the coverage of each method. The different panels vary the choice of «,, by calibrating its

value to different geographic bands around the experimental sample. The different plots vary

the choice of n,.

Panel A: 0-5 Kilometer Geographic Band
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Figure G.1: In the forest cover design, our method outperforms the two-step method in terms

of normalized average bias. The different panels vary «,. The different plots vary n,. For

each value of the synthetic treatment effect 7, we conduct 500 simulations.
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Panel A: 0-5 Kilometer Geographic Band
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Figure G.2: In the forest cover design, our method outperforms the two-step method in terms
of coverage. The different panels vary a,. The different plots vary n,. For each value of the

synthetic treatment effect 7, we conduct 500 simulations.

For the Smartcards design, Figure .3 reports the normalized bias and Figure G.4 reports

the coverage of each method. The different plots vary the choice of n,.
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Figure G.3: In the Smartcards design, our method outperforms the two-step method in terms
of normalized average bias. The different plots vary n,. For each value of the synthetic

treatment effect 7, we conduct 500 simulations.
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Figure G.4: In the Smartcards design, our method outperforms the two-step method in terms

of coverage. The different plots vary n,. For each value of the synthetic treatment effect 7, we

conduct 500 simulations.

65



G.2 Experimental, Observational, and Validation Samples

To compare our method with PPI methods, we create a new simulation design with a randomly
selected validation sample, as discussed in Section 5.1. PPI methods correct the errors of
generic machine learning outputs, so we focus on the forest cover design in which the remotely

sensed variable R is the scalar output of the pretrained random forest.

Simulation design. We observe (D,R) when S=e, (R,Y) when S =0, and now (D,Y,R)
when S =v. The simulation design is as described in Section 6.1, except we now retain outcomes
for a random subset of experimental units. Specifically, we fix the total number of experimental
units at n.+n, =1000 and the observational sample size at n,=1000. We vary the number of
validation units: n, € {100,250,500}. These choices correspond to scenarios in which outcomes
are randomly collected for 10%, 25%, or 50% of experimental units while relying on the remotely
sensed outcome for the remainder. For the n, randomly selected validation units, we have

(D,Y,R); for the remaining n.=1000—n, experimental units, we have only (D,R) as before.

Implementation details. We compare four methods.

Our method uses all three samples: S e {e,v,0}. Its estimand is 7. We estimate
the efficient representation by combining logistic regressions of f’\r(Y =1 S e {o,v},R),
Pr(D=1|S¢€{ew},R), and Pr(S€{e,v} | R). As before, we use cross-fitting with two folds.
Our approach is unbiased and efficient.

One variation of PPI uses all three samples: S € {e,v,0}. We call it PPIO. Its estimand is
FPO_R(R|D=1,8=¢)—E(R|D=0,S=¢)+E(Y -R|D=1,5=0v)—E(Y —R| D=0,5 € {v,0}),

which does not equal 7 because the rectifier for the untreated arm uses S =o. Therefore,
PPIO is biased.
Another variation uses only the S=ecand S=v samples. We call it PPIV. Its estimand is

PPV _E(R|D=1,5=¢)—E(R|D=0,S=¢)+E(Y —R|D=1,8=v)—E(Y —R| D=0,5=0),

which equals 7 because S=vis randomly selected in this simulation design. PPIV is unbiased
but inefficient because it discards S=o.

Finally, we consider a benchmark regression using only the S=uv sample. Its estimand
is 7. Using this small subset of units, it is a least squares regression of Y on D, ignoring R.

It is unbiased but inefficient because it discards S=e and S =o.
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Additional results. Two findings emerge, pertaining to bias and variance.

Our method, PPIV, and the benchmark regression are unbiased, but PPIO is biased.
Figure G.5 visualizes the normalized bias of the four methods in simulations. As before, the
different panels vary the choice of «,, by calibrating its value to different geographic bands
around the experimental sample. The different plots vary the choice of n,. Since a. # a,,
PPIO displays substantial bias, confirming Proposition 2.

Focusing on the unbiased methods, we find that our method is more efficient than PPIV,
which is more efficient than the benchmark regression. Intuitively, our method uses all three
samples, PPIV uses two samples, and the benchmark regression uses one sample. Figure G.6
visualizes the percent reduction of standard errors. As before, the different panels vary the
choice of «,, by calibrating its value to different geographic bands around the experimental
sample. The different plots vary the choice of n,. Our method yields standard errors that
can be 40% smaller than PPIV, and 60% smaller than the benchmark.

In summary, in the presence of a randomly selected validation sample S =, researchers
may turn to our method to improve efficiency. By exploiting the post-outcome structure
of the remotely sensed variable, our method efficiently incorporates information from the

observational sample S= o0, while some existing methods do not.
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Figure G.5: In the forest cover design with three samples, we compare the normalized average
bias of four methods: our proposal using Se {e,v,0}, PPIO using Se {e,v,0}, PPIV using
Se {e,v}, and a benchmark regression using S=uv. PPIO is the only method that exhibits
substantial bias. The different panels vary «,. The different plots vary n,. For each value of

the synthetic treatment effect 7, we conduct 500 simulations.
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Panel A: 0-2 Kilometer Geographic Band
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Figure G.6: In the forest cover design with three samples, we compare the standard errors
of the three unbiased methods: our proposal using S € {e,v,0}, PPIV using Se {e,v}, and a
benchmark regression using S=u. Specifically, we report the percent reduction in standard
errors of our method relative to each unbiased alternative. Our method is the most efficient,
since it uses all three samples. The different panels vary «,. The different plots vary n,. For

each value of the synthetic treatment effect 7, we conduct 500 simulations.
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B Experimental: D=1
Experimental: D=0
Validation: D=0
Observational: D=0

Figure H.1: We illustrate the experimental, validation, and observational samples in the

Smartcards application (Muralidharan et al., 2023).
H Additional Empirical Results

H.1 Smartcards and Village-Level Poverty

In this section, we provide additional details and results for our re-analysis of the Smartcards
experiment of Muralidharan et al. (2016, 2023) in Section 7.1. Appendix Figure H.1 illustrates
our village classification.

We implement our method using probability random forests to estimate the nuisance
functions that enter the representation. Specifically, we use the R package ranger with 1,000
treesmin.node.size = 20, and max.depth = 10. Random forests satisfy stability conditions,
which allow us to eliminate cross-fitting; the argument is a straightforward extension of
Proposition 4, using stability in place of independence to handle the stochastic equicontinuity
terms. See e.g. Chernozhukov et al. (2025, Theorem 2). Alternatively, we could use the limited
complexity of random forests, along the lines of Chernozhukov et al. (2025, Theorem 3).

Appendix Table H.1 reports the point estimates and standard errors associated with
Figure 5 in the main text. We also report the point estimates and standard errors for the
differences between the unbiased benchmark and our method. The differences are statistically

insignificant.
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Consumption Low income Middle income
RSV -0.0525 -0.0261 -0.0450
(0.0436) (0.0220) (0.0360)
Benchmark -0.0746 -0.0235 -0.0397
(0.0445) (0.0148) (0.0274)
Difference -0.0222 0.0026 0.0053
(0.0271) (0.0142) (0.0246)

Table H.1: Our method’s point estimates approximately recovers the unbiased benchmark
estimates. For each poverty outcome, we report point estimates and standard errors for the
benchmark and for our method. We also report the difference between the benchmark and our
method as well as its standard error. Bootstrap standard errors, based on 1000 replications,

are clustered at the sub-district level.

Plausibility of identifying assumptions. Appendix Figures H.2 and H.3 demonstrate
that the stability and no-direct-effect assumptions are plausible for each poverty outcome.

First, stability requires that four conditional distributions of the remotely sensed variable
should be the same across samples: fr(r|Se{ev},D=d.Y =y)=fr(r|Se{op},D=d)Y =
y), for each (d,y) stratum.”® Appendix Figure H.2 evaluates the conditions for d =0 and
y€{0,1} by subsetting and visualizing densities. The conditional distributions almost coincide.

To complement the visual evidence, we conduct Kolmogorov-Smirnov tests for equality
of the conditional distributions across samples. For each poverty outcome, we cannot reject
the null of equal distributions at the 5% level.

Second, with incomplete observational cases, we require no direct effects (Assumption 3(ii)):
the treatment should affect the remotely sensed variable only through the outcome. Using “ora-
cle” data access, we can visually assess this condition; the densities fr(r|S € {e,v},D=0Y =y)
and fr(r| Se {e,v},D=1,Y =y) should coincide for y € {0,1}. In Figure H.3, the conditional
densities closely align for each poverty outcomes

Again, we conduct Kolmogorov-Smirnov tests. For the “consumption” outcome, we can

marginally reject the null of equal distributions at the 5% level for the Y =0 case (p=0.048)

28This condition follows from the proof of Lemma 1.
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Figure H.2: Our stability assumption (Assumption 2(i)) is plausible for each poverty outcome
in the Smartcards experiment. We compare fr(R | Se {e,v},D=d,Y =y) with fr(R| Se
{o,v},D=d)Y =y) for d=0 and y € {0,1}. Because R is high-dimensional, we visualize the

density of its standardized first principal component.
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Consumption Low income Middle income

Relevance, En{f[(R)ﬁ"} 0.2349 0.5068 0.2145
(0.0810) (0.1715) (0.0708)

Table H.2: Satellite images are relevant to the poverty outcomes in the presence of spillovers.
For each poverty outcome, we report E,{ H(R)A°} and its standard error using our learned
representation. The estimates correspond to Corollary C.4. Bootstrap standard errors, based

on 1000 replications, are clustered at the sub-district level.

and the Y =1 case (p=0.033). For the “low income” and “middle income” outcomes, we

cannot reject the null of equality at the 5% level.

Comparing representations. Appendix Figure H.4 visualizes how our optimal repre-
sentation H*(R) compares to the simple representation Pr(Y =1 | R,S € {o,v}). Even
though the remotely sensed variable is high-dimensional, these representations are scalars.
Therefore, we can visualize each village as a point in a plot with H*(R) on the vertical axis
and Pr(Y =1| R,S € {0,0}) on the horizontal axis. For the sake of visualization, we also plot
the binscatter and the best fitting curve.

There are some notable differences. The optimal representation H*(R) often takes negative
values, while the simple representation Pr(Y =1| R,S € {o,v}) is within the unit interval (0,1).
It is optimal to extrapolate beyond observed villages. Using Pr(Y =1| R,S € {o,v}) in place of
H*(R) in Algorithm 1 would only interpolate among observed villages. The representations
H*(R) and Pr(Y =1| R,S € {0,v}) are generally correlated, but their relationship is nonlinear.

Asdiscussed in the main text, these differences matter for the precision of downstream inference.

Spillovers. By assuming no spillovers across mandals, our method estimates the average
global treatment effect from the full sample. Therefore, under the conditions of Corollary C.3,
Figure 5 and Table 2 report average global treatment effect estimates and relevance in the
presence of spillovers.

As a robustness check, we now repeat our empirical analysis after subsetting the villages
in the manner described in Corollary C.4. The subsetting step eliminates about 27% of the

total number villages. In particular, about 27% of villages in the full sample have at least one
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Figure H.3: No direct effects (Assumption 3(ii)) is plausible in the Smartcards experiment,
for each poverty outcome. We compare fr(R|S € {e,0},D =0,Y =y) with fr(R|S €
{e,v},D=1,Y =y) for y€{0,1}. Because R is high-dimensional, we visualize the density of

its standardized first principal component.
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Figure H.4: We contrast optimal versus simple representations of the remotely sensed variable.
The optimal representation is H*(R) from Section 4.1, combining three predictions. The

simple representation is one prediction: Pr(Y =1| R,Se {o,v}).

village within a 20 km radius exposed to opposite treatment status. The distance between

two villages is measured using their centroids, following Muralidharan et al. (2023).
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Figure H.5: Our method’s estimates approximately recover the unbiased benchmark estimates
in the presence of spillovers. For each poverty outcome, we report 90% confidence intervals
for the benchmark and for our method. The estimates correspond to Corollary C.4, i.e. using
the subsetted sample. Bootstrap standard errors, based on 1000 replications, are clustered at

the sub-district level.

Under the conditions of Corollary C.4, Figure H.5 and Table H.2 report global average
treatment effect estimates and relevance in the presence of spillovers. We find qualitatively

similar results as before. Here, the benchmark uses the same subset of villages as our method.
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Time variation. We discuss time variation in detail in Appendix C.4. Here, we summarize
the consequences for the interpretation of results presented in Section 7.1.

Under the conditions of Theorem C.4, Figure 5 reports the effect of 2010 Smartcards
adoption on 2013 poverty, for treated, untreated, and buffer mandals. Our results apply when
D is an early adoption treatment deployed in 2010, when Y is a poverty outcome collected
in 2013, and when R is a remotely sensed variable collected separately in, say, 2019.

With incomplete cases, there is an implicit Markov restriction that researchers must assess.
Concretely, 2010 Smartcards may affect 2013 poverty; 2013 poverty may affect 2019 poverty;
and 2013 and 2019 poverty may affect 2019 satellite images. However, in this example, 2010
Smartcards cannot affect 2019 poverty via any channel besides 2013 poverty. Figure H.3

provides empirical evidence supporting this assumption.

H.2 Payments for Ecosystem Services and Crop Burning

We present additional results for the empirical application in Section 7.2, based on Jack et al.
(2025). Specifically, Table H.3 presents additional variations of the two-step method. In
Table 4, we used the authors’ “maximum accuracy” classifier for whether a field has not been
burned as the predicted outcome. Now, we also use the authors’ “balanced accuracy” classifier
as the predicted outcome. Finally, we use the continuous random forest prediction as the
predicted outcome. Both variations of the two-step method appears to have economically

meaningful attenuation bias (Proposition 1).

Maximum Balanced Random forest
accuracy — accuracy prediction
Common practice 0.075 0.067 0.030
(0.038) (0.046) (0.017)

Table H.3: Variations of the common practice exhibit attenuation bias. The different variations
use different predicted outcomes within the two-step method: the authors’“maximum accuracy”
classifier, their “balanced accuracy” classifier, or continuous random forest predictions. We
separately regress each predicted outcome on the treatment. Bootstrap standard errors in

parentheses, based on 5000 replications, are clustered at the village level.
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