MECHANISM DESIGN WITH RISK AVERSION:
A THEORY OF THE FIRST-BEST

ALEX TORDJMAN

ABSTRACT. When agents are risk-averse, the allocation of both social surplus and
risk matters to them. A mechanism is first-best if it lies on the Pareto-frontier
of the set of interim certainty equivalents for the agents and the designer’s net
expected payoff, the latter acting as a monetary sink. This criterion is shown to
be equivalent to a mechanism being full insurance for the agents and having an
ez-post efficient outcome rule. Both ez-post budget balance and dominant-strategy
incentive compatibility are generically incompatible with a mechanism being first-
best. An (interim) incentive-compatible first-best mechanism is constructed, for
a general social problem in which types can be multidimensional and agents can
exhibit arbitrary (weakly) risk-averse preferences. However, the mechanism may fail
to be (interim) individually rational when agents have non-trivial property rights.
For binary-allocation problems with property rights and unidimensional types, in
which agents’ preferences for binary lotteries are concave biseparable, a necessary
and sufficient condition for the existence of an incentive-compatible, individually
rational, ez-ante budget-balanced first-best mechanism is given. The results shed
light on the importance of first-order (as opposed to second-order) risk aversion for
overcoming participation constraints in the classical bilateral trade problem.

1. INTRODUCTION

Risk aversion is a defining feature of individual decision-making under uncertainty.
When agents participate in economic mechanisms, such as auctions, they face risky
prospects, because they do not know the other agents’ private information. A vast
theoretical literature, initiated by Vickrey (1961), has analyzed how to design first-
best mechanisms in which risk-neutral agents are induced to reveal their private
information truthfully. Yet, even though there is ample evidence that real-world

agents participating in mechanisms exhibit risk-averse preferences, the question of
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how to design incentive-compatible, first-best economic mechanisms in the presence
of risk aversion remains largely open.

This paper defines and studies first-best mechanisms when agents are risk-averse.
Because agents dislike being exposed to risk, implementing the first-best requires not
only choosing an ex-post efficient outcome rule, but also deciding how to allocate risk
between the agents.

We consider the problem of a risk-neutral designer who wants to design a first-best
mechanism in the presence of risk-averse agents with arbitrary risk preferences, in a
general social choice environment with private values, costs and possibly multidimen-
sional types, in which agents evaluate outcomes ez-post quasilinearly in transfers.? In
order not to take a stance as to how agents reduce compound lotteries and whether
they are dynamically consistent, we refrain from framing our notion of first-best mech-
anisms at the er-ante stage.® We instead propose a criterion at the interim stage.
Any mechanism induces a certainty equivalent at the interim stage for each type
of each agent, as well as a payoff to the designer which equals the sum of expected
transfers net of the cost of implementing the social outcome. A mechanism CFE-Pareto
dominates another mechanism if it gives each type of each agent a weakly higher cer-
tainty equivalent under truthful reporting as well as weakly higher expected payoft
to the designer, with one of these inequalities being strict (for agents, the strict in-
equality has to hold for a positive-measure set of the type space). Our desideratum
for a mechanism to be first-best is that it is not CE-Pareto dominated by another
mechanism.

We develop our analysis of first-best mechanisms into three parts. First, we give
an equivalent characterization of our interim criterion in terms of both an ex-ante
criterion— the mechanism has to maximize the sum of the expected certainty equiva-
lents of all agents and the designer’s expected payoff — and an ex-post criterion — the
mechanism has to be ex-post efficient and provide full insurance to agents. Hence,
the risk-neutral designer acts not only as the sink of all payments but also as the
sink of all risk. Second, we construct an incentive-compatible, first-best mechanism,

which is also ez-ante budget-balanced. This mechanism is valid for arbitrary risk

n their analysis of bidding behavior in US Forest Service timber auctions, Athey and Levin (2001)
find evidence of bidder risk aversion. The reader is referred to Vasserman and Watt (2021) for a
review of the relevant empirical and theoretical literature on risk aversion in auctions.

2This allows us to distinguish risk aversion from income effects. Agents’ private information affects
both the way the evaluate ex-post lotteries, and parameterizes their risk preferences.

3Indeed, this matters for risk-averse agents whose preferences cannot be represented by expected-
utility.
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preferences and types. Third, observing that the previous mechanism is not interim
individually rational in the presence of property rights, we specify the environment to
binary-allocation problems with unidimensional private information, in which agents
exhibit concave biseparable preferences. We provide a necessary and sufficient con-
dition for the existence of an incentive-compatible, individually rational, first-best,
ex-ante budget-balanced mechanism. In bilateral trade, the impossibility result of
Myerson and Satterthwaite (1983) still holds if one of the two agents has preferences
exhibiting second-order risk aversion — this is in particular the case for risk-averse
(smooth) expected utility beyond risk-neutrality. First-order risk aversion can help
reverse the impossibility result if both agents are sufficiently risk-averse.

For the first part, we observe that, having defined the ez-ante welfare of a mech-
anism as the sum of the designer’s expected payoff and the sum of the expected
certainty equivalents of all agents, the difference between the ez-ante efficient social
welfare and the welfare of an arbitrary mechanism can be decomposed into two sep-
arate losses — one due to allocative inefficiency, and one due to agents’ risk-premia.
This decomposition is the key to showing that the ez-ante welfare maximization is
equivalent to both our interim definition of first-best mechanisms, and to two ex-post
properties. The first property is that the mechanism be ez-post efficient, just as in
the risk-neutral case. The second property has to do with agents’ risk preferences.
When agents are weakly risk-averse —i.e., when their preferences are such that their
certainty equivalent for a lottery with bounded support is no greater than its expec-
tation — this second property is called the zero risk-premium property, meaning that
all agents’ certainty equivalents of the random variable induced by the mechanism
(by the randomization device and by the other agents’ reports) should be equal to
their mean. When agents are strictly risk-averse, in the sense that equality between
a lottery’s certainty equivalent and its expectation can only occur for degenerate lot-
teries, this second property is that of full insurance, meaning the ex-post utility of
an agent who reports truthfully in the mechanism only depends on his type almost
surely.*

Having defined our notion of the first-best, we turn to whether it is possible to design
first-best mechanisms in which agents are induced to reveal their private information

truthfully — that is, mechanisms that satisfy some form of incentive-compatibility.

40ur characterization relies on the fact that the designer is risk neutral, and faces no limited-liability
constraint. Under these conditions, the designer can absorb all aggregate risk.
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One may wonder whether some of the classical efficient, incentive-compatible mecha-
nisms proposed in the literature work in this setting. The answer is negative. We first
turn to investigate dominant-strategy incentive-compatible mechanisms. The mecha-
nism of Vickrey (1961), Clarke (1971) and Groves (1973) fails to be full insurance. In
fact, we show a more general impossibility result. When mechanisms are deterministic
and the environment satisfies the assumptions enabling to use (Milgrom and Segal,
2002, Theorem 1), a first-best, dominant-strategy incentive-compatible mechanism
exists if and only if the efficient surplus is additively separable in types (e.g., when
it is always efficient to give the good to the same fixed agent, irrespective of types).
This result is a consequence of our characterization of first-best mechanisms together
with (Milgrom and Segal, 2002, Theorem 1). Second, we show that the mechanism
of Arrow (1979) and d’Aspremont and Gérard-Varet (1979) also fails to be first-best
in this setting, because it exposes agents to risk. Actually, a similar incompatibility
exists between ez-post budget balance, which is a key property of the d’Aspremont
and Gérard-Varet (1979) mechanism, and our criterion for being first-best. Again, ex-
cept in the knife-edge case where the efficient surplus function is additively separable
in types almost everywhere, there does not exist a first-best, ex-post budget-balanced
mechanism.

These two impossibility results imply that, for general environments, the best one
can hope for in terms of budget and incentives, is to construct a (Bayesian) incentive-
compatible, ez-ante budget-balanced mechanism. We construct such a mechanism.
The mechanism is valid for arbitrary weakly risk-averse preferences (e.g., represented
by expected or non-expected utility) and multidimensional type spaces. This deter-
ministic mechanism implements an ex-post efficient allocation rule and provides full
insurance to every agent — hence, it is first-best — by making the ez-post utility of
any agent be the difference between the interim efficient social surplus induced by an
agent’s report and the ex-ante efficient social surplus. This construction makes every
agent fully internalize the impact of their report on expected social surplus.” We
complete the mechanism by lump-sum side transfers which make the mechanism ez-
ante budget-balanced. Proving that the mechanism is incentive-compatible relies on
arguments similar to the ones of d’Aspremont and Gérard-Varet (1979) or Safronov
(2018), in the sense that our mechanism has an expected-externality structure. How-

ever, an additional dimension, coming from the fact that an untruthful report exposes

°The payment rule construction is similar to that in Dughmi and Peres (2012), which studied a
related problem for the case of expected utility.
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an agent to risk, helps complete the argument. Our mechanism exploits both the fact
that a misreport changes the outcome to one that is efficient under the report and
exposes the deviator to a payoff lottery. Just like the mechanism of d’Aspremont
and Gérard-Varet (1979), our mechanism can fail to be interim individually rational
when agents have property rights (e.g., in bilateral trade).

In the last part of the paper, we therefore turn to the issue of participation in
first-best mechanisms. Specifically, we investigate the possibility of designing first-
best, incentive-compatible, ex-ante budget-balanced mechanisms which respect an
interim individual rationality constraint. We restrict the setting to unidimensional
private information, binary-allocation problems, and restrict agents’ preferences on
binary lotteries to be concave biseparable (Ghirardato et al. (2004)).° That is, for
binary lotteries, agents are allowed to distort both probability and outcomes, the
latter in a concave continuously differentiable way. Our restriction encompasses as
special cases von Neumann and Morgenstern’s (1944) expected utility with a smooth
Bernoulli utility, Safra and Segal’s (1998) constant risk-averse preferences, Quiggin’s
(1993) rank-dependent utility with concave utility over money, and Yaari’s (1987)
dual expected utility. Importantly, the class allows agents to exhibit either first or
second order risk aversion, as defined by Segal and Spivak (1990). We characterize
the set of first-best, incentive compatible mechanisms, thus generalizing (Gershkov
et al., 2022, Proposition 3) with an arbitrary concavity in the evaluation of money
on binary lotteries.” When agents exhibit second-order risk aversion, the usual payoff
equivalence formula holds. We then give a general necessary and sufficient condition
for the existence of a first-best, incentive-compatible, individually rational, and ex-
ante budget-balanced mechanism, where we allow a type-dependent participation
constraint in order to capture some forms of property rights.® In the bilateral trade
problem, the impossibility result of Myerson and Satterthwaite (1983) still holds even
if only one of the agents exhibits second-order risk-averse preferences. However, it
can be overturned when both agents are sufficiently risk-averse and exhibit first-order

risk aversion. We illustrate the latter through examples.

6We impose no restrictions as to how agents may evaluate more complex lotteries.

"Gershkov et al. (2022) did not consider the possibility of having a concave transformation over
monetary payoffs, and their proof relies on the cash invariance property of Safra and Segal’s (1998)
constant risk-averse preferences. Our result does not impose this restriction and admits risk-averse
expected-utility as a special case.

8Hence, the model captures public good provision, partnership dissolution, bilateral trade, and
auctions as special cases.
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Related Literature. Implementation of the first-best when agents are risk-neutral and
information is dispersed in society is an old problem in economic theory, dating back
to at least Vickrey (1961), Clarke (1971) and Groves (1973) who proposed a dominant-
strategy incentive compatible, efficient mechanism. Following this work, Arrow (1979)
and d’Aspremont and Gérard-Varet (1979) proposed an incentive-compatible, ez-
post budget-balanced and efficient mechanism. The literature has then investigated
whether such mechanisms could be accommodated to satisfy participation constraints.
The literature features a number of (im)possibility results — in a bilateral trade
setting, Myerson and Satterthwaite (1983) have shown that no individually rational,
incentive-compatible, ez-post budget-balanced and efficient mechanism exists, while
the result is flipped in the partnership dissolution model of Cramton et al. (1987) when
partners initially hold sufficiently symmetric shares.” In the public good provision
problem, Mailath and Postlewaite (1990) have shown that the probability of provision
goes to zero as the number of agents grows large. All these results feature expected-
utility maximizing agents who are risk-neutral.

Little is known about whether the first-best is implementable when agents are risk-
averse. For the case of expected-utility, Chatterjee and Samuelson (1983) show that
a double auction can implement the efficient allocation in the limit when agents be-
come infinitely risk-averse. Garratt and Pycia (2026), in the bilateral trade model
of Myerson and Satterthwaite (1983), characterize when the efficient allocation can
be implemented when agents are risk-averse. These papers generally take a different
view on welfare, in the sense that even if agents are risk-averse, they study the im-
plementation of efficient social surplus by a risk-neutral designer, without providing
insurance to the agents.'® On the contrary, we propose a criterion for first-best mech-
anisms that ensures mechanisms are both risk-efficient and surplus-efficient.’’ The

conclusion that a risk-neutral party absorbs aggregate risk is standard in the theory

9The impossibility result of Myerson and Satterthwaite (1983) also holds if one only required ez-ante
budget balance.

OIn particular, when Garratt and Pycia (2026) are able to overturn the impossibility result of
Myerson and Satterthwaite (1983), their mechanism exploits the risk aversion of agents by exposing
them to risk.

HHolmstrém and Myerson (1983) distinguish efficiency concepts according to the informational stage
at which welfare is evaluated — ex ante, interim, or ex post — and according to whether incentive
constraints restrict the set of admissible comparisons. Our criterion is closest to their classical interim
efficiency notion. Every interim type is treated as a distinct Pareto claimant, while a dominating
mechanism need not itself be incentive-compatible. We augment their framework by including the
risk-neutral designer as an additional Pareto claimant and by allowing types to evaluate payoff
lotteries through arbitrary risk-preferences, in particular non-expected-utility certainty equivalents.
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of Pareto-optimal risk sharing and appears, in different forms, in Borch (1962), Wil-
son (1968), Arrow and Lind (1972) as well as in the modern literature on monetary
risk measures (see, for instance, Jouini et al. (2008)). We show that this risk-sharing
principle follows endogenously from an interim certainty equivalent Pareto criterion
in a mechanism-design environment, and study its compatibility with incentive com-
patibility, participation, and budget balance.

Dughmi and Peres (2012) show how to fully insure a given risk-neutral allocation
rule without losing incentive compatibility. The present paper asks which allocation
and risk-sharing rule is first-best in the first place, and when that first best is compat-
ible with incentives, participation, and budget balance. We also allow for arbitrary
risk preferences, not just expected utility — to the best of our knowledge, no study
has investigated the implementation of the first-best with static mechanisms when
agents are not expected utility maximizers.'*!?

A recent literature has investigated static mechanism design problems with non-
expected utility maximizers —e.g., optimal auctions (Gershkov et al. (2022)), insur-
ance problems (Gershkov et al. (2023), Di Giovan Paolo and Higueras Corona (2026))
and security design (Gershkov et al. (2025)). Contrary to these papers, the present
study does not aim to solve the maximization problem of a seller facing risk-averse
agents, but rather asks when the first-best can be implemented. Ahn et al. (2026) and
Rivera Mora and Strack (2026) show that, when agents have non-expected utility,
the designer may be able to implement any allocation using dynamic mechanisms.
In particular, full surplus extraction is feasible, so that the efficient social welfare is
implementable without leaving rents to the agents — Ahn et al. (2026) show that this
is feasible while providing full insurance on-path to the agents. Contrary to these pa-
pers, the focus of the present paper is on implementation of the first-best with static

mechanisms.

Paper Outline. The rest of the paper is organized as follows. Section 2 is the model.

Section 3 develops the first-best criterion and characterizes it. Section 4 shows its

2Tndeed, while the transfer rule of the incentive-compatible, first-best mechanism we construct
coincides with that in (Dughmi and Peres, 2012, Theorem 4.1) when agents have expected utility
with an increasing, concave Bernoulli utility, our mechanism works for more general preferences. Our
proof does not rely on the use of Jensen’s inequality. The mechanism we construct is also ez-ante
budget-balanced. Moreover, we allow the private information of agents to not only parameterize
how they evaluate ex-post lotteries, but also their risk preferences.

BMore distant work studies efficient implementation in bilateral trade when agents are ambiguity
averse, as in Wolitzky (2016), or loss-averse, as in Benkert (2025), who explores when the first-best
is implementable in the model of K&szegi and Rabin (2007).
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incompatibility with ez-post budget balance and dominant-strategy incentive com-
patibility. Section 5 constructs an incentive-compatible, ex-ante budget-balanced,
first-best mechanism. Section 6 studies first-best implementation with participation

constraints in binary allocation problems. Section 7 is a conclusion.

2. MODEL

2.1. Economic environment. Consider a social choice environment with private
values. There is a finite set I of agents, and the designer is denoted by d. Each agent
i has a (compact metric) space of outcomes €2;. The set of feasible social outcomes
is a nonempty closed subset € € x;£2;. A generic social outcome is denoted by
x = (x;)ies- There is a continuous social cost function c: Q) - R.

Agent i’s type 6; lies in a (compact metric) space ©;, and is distributed according
to a (Borel) probability measure F;. Types are (mutually) independent, and the space
of type profiles is © = x;.;0;, so that F' = ®,; F; denotes the resulting probability
measure on ©. For each agent ¢, we use the standard notation ©_; = x,.,;0; and
F.; = ®;.F;. Each agent i € I has a continuous valuation function v; : ); x ©; - R,
mapping outcome-type pairs to the real line, so that the environment has private
values. When an outcome x € €2 is implemented and agent ¢ pays a transfer ¢; € R to
the designer, the ez-post monetary payoff of agent i is v;(x;;60;) — t;. The designer,
acting as a monetary sink, has payoff ¥, t; — c(x).

We denote by S : Q x© — R defined by S(z,0) = ¥, vi(z;60;) — c(x) the social
surplus function. Define S*(6) = max,eq S(z,6) to be the efficient surplus function
and Q*(0) = arg max,eq S(z,0) to be the efficient outcome correspondence.’® A mea-
surable selection of an efficient outcome rule exists. (The formal argument is in the

appendix.)

Lemma 1. The function S* : © - R is continuous. The correspondence (0* : © = )
is nonempty-valued, compact-valued and upper hemicontinuous. In particular, there
exists a (Borel) measurable selection x* : © — ) such that x*(0) € Q*(6) for all 0 € O.

2.2. Mechanisms. All mechanisms considered in the paper are static and direct.
Agents submit their reports before the mechanism’s randomization is realized. The

randomization device is the probability space ([0,1],B([0,1]),A) where A\ denotes

MThese objects are well-defined because €2 is compact as a closed subset of a compact space, and
S(.,0) is continuous in z € ) for any fixed 0 € O.
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the Lebesgue measure. Let r ~ U([0,1]) be the random seed, which is drawn in-
dependently of all types.!> The joint probability space for truthful play is therefore
(©x[0,1],B(0) ® B([0,1]),P) where P = FF® A\. A mechanism is a pair M = (z,t)
consisting of a (Borel) measurable outcome rule x : © x [0,1] - Q and a (bounded,

Borel) measurable transfer rule t = (t;)er : © x [0,1] > R.1°

2.3. Interim payoff lotteries. Given a mechanism M = (x,t), we define the random
payoft of agent ¢ of type 6; from reporting 6; as the (bounded) random variable
Yi(eméz‘) :0_; % [0,1] - R given by

Yi(0:,0,)(0-5,7) = vi(2:(0:,0-5,7); 0:) — t:(0;,0_5,7).
Under truthful reporting, we write Y, (6;) = Y;(6;,6;) so that
YM(0:)(0-i,7) = vi(wi(0,7):05) = t:(0, 7).

Let m™(6;,6;) = Eg, Y (0:, 0,)(6_;,7)] be the conditional mean payoff of agent 7 of

type 6; from reporting éi, and mM(6;) = mM(6;,0;) be the truthful conditional mean.

2.4. Risk preferences. Let P(R) be the set of Borel probability measures on R, en-
dowed with the weak-* topology and its (Borel) o-algebra. Let P,(R) ¢ P(R) denote
the subset of laws with bounded support, endowed with the trace o-algebra. Agent
i’s preferences over monetary payoff lotteries are represented by a (Borel) measurable
certainty equivalent functional CE; : Py(R) x ©; - R such that CE;(4,,6;) = z for any
2z € R and 0; € ©;, where §, is the degenerate distribution concentrated on z.'® For
a random variable Z, we write CE; y,(Z) as a shorthand for the certainty equivalent

of agent i of type 6; for the law of Z. Throughout, we will make use of the following

monotonicity assumption.’

Assumption 1 (Monotonicity). If p first-order stochastically dominates v, then
CEi,gi(/ﬁ) > CE@@Z.(V).

I5The representation through a single uniform random variable entails no loss relative to defining a
randomized mechanism as a (Borel) probability kernel over € x RZ.

6We require that transfers be bounded. Because valuations and costs are bounded on their compact
domains, all payoff random variables induced by mechanisms are bounded.

"The interpretation is as follows— at the interim stage, agents face a lottery on the probability
space (O_; x[0,1],B(0_;) ® B([0,1]), F—; ® \) and the resolution of all uncertainty (in other agents
types and in the randomization device) takes place in a single stage.

BIf Y : T x Qy - R is bounded and jointly (Borel) measurable, and (Qq,.Ag, Py) is a probability
space, then ¢ —» Lawp, (Y (¢,.)) is (Borel) measurable from 7' into P(R). Consequently, all the
certainty-equivalent schedules considered in the paper are (Borel) measurable.

19The mechanism constructed in Section 5 does not require agents to respect first-order stochastic
dominance.
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We will work with two rather permissive definitions of risk aversion.

Definition 1. Agent i of type 0; is weakly risk-averse if CE;p,(p) < [z Zdu(Z) for

every u € P(R). Agent i is weakly risk-averse if all his types are weakly risk-averse.
Agent i of type 0; is strictly risk-averse if he is weakly risk-averse and for all

peP(R), if CE;p, (1) = [ Zdu(2) then there exists z € R such that 4 =9,. Agent i is

strictly risk-averse is all his types are strictly risk-averse.

Hence, an agent is weakly risk-averse if he evaluates the certainty equivalent of a
random variable to be no greater than its expectation, while for a strictly risk-averse
agent, equality can hold only for degenerate random variables.?’

Denote the interim-certainty equivalents induced by a mechanism M = (z,t) by
VZ.M(Gi,éi) = CE,, (Y;M(Qi,éi)), and under truthful reporting VM (6;) = V.M (6,,6;).

These functions are (Borel) measurable.

Remark 1. The model features agents who have quasilinear preferences at the ex-
post stage, expressed in monetary terms. Hence, there are no income effects at the
ex-post stage. However, agents are risk-averse in that they can apply a non-linear
transformation to their ex-post random monetary payoffs at the interim stage. This
enables to disentangle risk aversion from income effects, as in Greenwood et al. (1988)
and the subsequent macroeconomic literature. Private information for the agents
enters both in their evaluation of ex-post payoffs, and in their risk-preferences. For
the main results in this paper, the designer doesn’t have to know the exact risk-

preferences of agents.?!

For the main results in the paper, we will be concerned with Bayesian (interim)

incentive-compatibility.

Definition 2. A mechanism M = (z,t) is incentive-compatible (IC) if for all agents
i€ 1, for all types 0; € ©; and all reports 0, € O, VM(6;) > VM (6, éz)

20When agents’ preferences can be described by expected-utility, this notion of weak risk aversion is
equivalent to the usual requirement that an agent prefers a lottery over any mean preserving spread
of that lottery. However, these two notions do not coincide beyond the expected-utility case.
2IThe mapping from types into risk preferences is common knowledge, but the realized type, and
therefore the realized risk preference, is private. This is conceptually different from the designer
not even knowing the mapping from types into certainty equivalents. In fact, the mechanism we
construct in Theorem 2 is robust enough to handle this second possibility as well, provided the
designer knows that every possible type is weakly risk-averse.
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The designer is risk-neutral. Her utility from a mechanism M = (z,t) is
Uyt = Egz | 216, 7) = e((6,7))
iel
We end this section with an accounting identity which holds for all mechanisms

and will prove helpful in our subsequent analyses.

Lemma 2. For any mechanism M = (x,t), the following accounting identity holds
(1) Uy + 3 B [m} (6:)] = Ej [ S(2(6.7),6)]

i€l
Proof. For a mechanism M = (x,t), the identity follows from

UM+ Z]Eéi[mf-v[(@) =E; [Zt (0,7) - c(x(0, 7“))] +Ej ; lz YZM(QNZ)(é_Z,f)]

iel iel iel

B[S0 0.77:80 -t

iel

E;[S(2(8,7).0)],

5T

where the first equality is by Fubini’s theorem and the definition of U}/, the second
equality is by linearity of the integral and definition of Y;*(6;), and the last equality
by definition of S(x(6,7),0). O

3. FIRST-BEST MECHANISMS WITH RISK AVERSION

When agents are risk-averse, the allocation of both social surplus and risk between
them matters. In this section, a criterion for a mechanism to be first-best in the

presence of risk aversion is developed and characterized.

3.1. Welfare criterion under risk aversion. Defining efficiency in the presence
of risk aversion as simply implementing an ez-post efficient allocation rule seems
paternalistic. Indeed, the agents also care about risk-sharing. Rather than imposing
an ad hoc, ex-post criterion, our notion of first-best mechanisms is defined at the

interim stage.

Definition 3. A mechanism M’ CE-Pareto dominates M if UM > UM and for every
agent i € I, VM'(0;) > VM(6;) for F-almost every 6;, and either UM > UM or there
exists an agent i € I for whom F; ({6; € ©; | VM (6;) > VM(6;)}) > 0.2

22With nonatomic type distributions, literal pointwise Pareto efficiency is a vacuous concept— any
zero-probability type can be given a strictly larger transfer at no expected cost to the designer. We
therefore identify interim utility profiles modulo Fj-null sets. For finite full-support type spaces,
this definition coincides with ordinary pointwise Pareto efficiency.
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Definition 4. A mechanism M is first-best (FB) if no mechanism M’ CE-Pareto

dominates M.

Remark 2. One might wonder whether it is possible to give a reasonable definition
of first-best mechanisms, for arbitrary risk-averse preferences, at the ex-ante stage,
meaning prior to the realization of all uncertainty, including that in the realization
of one’s own type. Although Theorem 1 below shows that our interim criterion has
natural ex-post and ez-ante equivalents, we argue this is not a well-defined exercise.
First, it is unclear what the aggregation function of interim certainty equivalents into
an ez-ante objective should be (e.g., when agents have heterogeneous Yaari (1987)
preferences). Second, one would have to take a stance as to the exact informational
preferences of agents, that is how they treat the reduction of compound lotteries
and whether they are dynamically consistent.”> As shown by Ahn et al. (2026),
recursive-utility models and multi-self models of Yaari (1987) agents with the same
risk preferences can lead to different predictions as to how agents treat compound
lotteries. The criterion proposed in this paper is agnostic as to the exact informational
preferences of agents, and the resolution of uncertainty between the interim and the

ex-post stages is treated as a single-round lottery (see Footnote 17).

3.2. Characterization of first-best mechanisms. We characterize our interim
criterion in terms of both the maximization of some ez-ante welfare function, and
two ez-post properties. First, we formally define the two ez-post properties. The first

property is efficiency of the ex-post outcome rule.

Definition 5. A mechanism M = (xz,t) is ez-post efficient (EPEFF) if x(0,r) €

arg maxgco S(x,0) for P-almost every (6,7).

Equivalently, a mechanism M = (z,t) is EPEFF if S(x(0,r),0) = S*(0) for P-almost
every (0,7). This is equivalent to requiring that, for F-almost every 6, z(6,7) € Q*(6)
for A-almost every r. The second property is an insurance property, which takes a

different form whether agents are assumed to be weakly or strictly risk-averse.

Definition 6. A mechanism M = (z,t) satisfies the zero risk-premium property (ZRP)

if for every agent i € I, VM(0;) = mM(6;) for Fi-almost every 6.

23Indeed, if one wants to construct a welfare objective at the ez-ante stage but then evaluates
incentives and participation at the interim stage, it is as if the mechanism had two stages in the
resolution of uncertainty — a first stage where one’s own value is revealed to oneself, and a second
stage in which the final outcome and transfers are realized as a function of the other agents’ private
information and the randomization device.
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Definition 7. A mechanism M = (z,t) is full insurance (FI) if for every agent i € I,
there exists a (bounded, Borel) measurable function w} : ©; - R such that, for
Fi-almost every 6;, YM(0,)(0-;,7) = wM(6;) for F.; ® A\-almost every (6_;,7).

When a mechanism is FI, a truthful agent i € I bears neither the risk associated
with the other agent’s unknown types nor the risk generated by the mechanism’s
randomization device.

Second, for the ez-ante characterization, for any mechanism M, define W(M) =
UM+ Tier By [VM (6;)], which corresponds to the sum of the designer’s monetary
payoff and the agents’ expected interim certainty equivalents.?* The welfare loss of
any mechanism, under this criterion, admits a natural decomposition — Lemma 3
gives a decomposition of the welfare loss of a mechanism in terms of the expected

allocative loss and the aggregate risk premium loss borne by the agents.

Lemma 3. Suppose all agents are weakly risk-averse, then for any mechanism M,

(2) Eg[S™(0)]-W(M) = Eg[S™(0)] - Eg[S(2(0,7),0)] + 3 Eg [m]" (6:) - V; (6:)]

iel

expected allocative loss
aggregate risk-premium loss

and the two terms on the right-hand side are non-negative.

Proof. The decomposition in (2) follows by definition of W(M) and the accounting
identity in (1). The first-term in the right-hand side of (2) is non-negative by definition
of S*(#), while the second term is non-negative because all agents are weakly risk-

averse. O]

We can now state the main result of this section, which characterizes first-best
mechanisms as exactly the ones that maximize the above defined measure of ex-ante

welfare, and are ZRP (or FI, when agents are strictly risk-averse) and EPEFF.

Theorem 1. Suppose all agents are weakly risk-averse (resp. strictly risk-averse).

Then, the following are equivalent:
(i) M is FB,
(i) M mazximizes W over all mechanisms,
(iii) M is EPEFF and ZRP (resp. FI).

The formal proof is in the appendix. From the ex-post perspective, if a mechanism

is FB and agents are strictly risk-averse, the (risk-neutral) designer fully insures all

24The ez-ante criterion is not what the agents care about at the ez-ante stage, see Remark 2.
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agents against the risk in the mechanism — first-best mechanisms are both surplus-
efficient and risk-efficient.?® From the ez-ante perspective, all FB mechanisms lie on
the hyperplane given by
Eg[S*(0)] = U} + Z;Eey[‘/%M(@i)]
i

but they may redistribute the available expected social surplus in any way between
the designer and the agents. In particular, a mechanism in which the outcome rule
is given by an efficient selector x* of Lemma 1 and in which payments are such that
all agents’ ex-post utilities are constant equal to zero lie on this hyperplane and give
utility E4[S *(0)] to the designer. However, this mechanism is not really interesting.
In Section 5, an ez-ante budget-balanced, incentive-compatible, FB mechanism is
constructed — hence, we show that within this hyperplane, we can find a mechanism
that is incentive-compatible while leaving zero payoff to the designer. When agents
are weakly risk-averse, we can restrict attention to FI mechanisms without loss when
looking at attainable first-best expected utility profiles, even though not every first-

best mechanism is itself FI. (The formal argument is in the appendix.)

Lemma 4. Assume all agents are weakly risk-averse, then any FB mechanism M is

CE-Pareto equivalent to a FB, FI mechanism.?

Remark 3. When agents’ preferences are described by expected-utility and agents
are risk-neutral, the risk-premium term in (2) vanishes. Consequently, W(M) =
Eg,F[S(x(é, 7),0)]. Hence, Theorem 1 recovers that a mechanism is FB if and only if
it maximizes expected social surplus, which in turn is equivalent to the mechanism
being EPEFF.

4. IMPOSSIBILITY RESULTS FOR FIRST-BEST MECHANISMS

In this section, we provide characterizations of when first-best risk sharing is com-
patible with two canonical ez-post requirements. In smooth private-value environ-
ments, a deterministic dominant-strategy incentive-compatible first-best mechanism

exists if and only if efficient surplus is additively separable across types. Even without

25As discussed in the Introduction, the idea that a risk-neutral party should provide full insurance
to the risk-averse parties in risk-sharing problems is not new, and dates back to at least Wilson
(1968). Theorem 1 shows that this desideratum emerges as equivalent to a natural interim welfare
criterion for mechanism design when agents are risk-averse and the designer is risk-neutral.
26Formally, two mechanisms M and M’ are CE-Pareto equivalent if U éw =U éw " and for each agent
iel, VM (6,) = VM (6,) for Fi-almost every 6;.
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imposing incentive compatibility, an ez-post budget-balanced first-best mechanism

exists if and only if efficient surplus is essentially additively separable.

4.1. Incompatibility of first-best mechanisms with dominant-strategy in-
centive compatibility. One might wonder whether the Vickrey-Clarke-Groves (VCG)
mechanism might be a FB mechanism in this setting. While it is still dominant-

strateqy incentive-compatible, it fails to be FI.?7

Definition 8. A deterministic mechanism M is dominant-strateqy incentive compat-
ible (DSIC) if for all agents i € I, for all type profiles # € © and reports 0; € O;,
YM(0;)(6-:) 2 Yi(6:,6,) (6-:).

Actually, a more general impossibility result holds. Indeed, for deterministic mech-
anisms, when the environment is such that payoff equivalence holds, DSIC and FB

are generically incompatible.

Assumption 2 (Envelope theorem). For each agent i € I, type spaces ©; are convex
subsets of R% with non-empty interior, F; has a strictly positive density f; > 0,
0; — v;(x;;0;) is continuously differentiable on an open neighborhood of ©; for all

x; € €);, and Oy, v; is continuous.

Definition 9. The surplus function S* is additively separable if for each agent 7 € I,
there exists a continuous function w; : ©; - R such that S*(6) = ¥,.; w;(6;) for all
0eO.

Proposition 1. Suppose all agents are strictly risk-averse and Assumption 2 holds,
then there exists a deterministic mechanism M which is DSIC and FB if and only if
S* is additively separable.

The formal argument is in the appendix. Proposition 1 should really be seen as
an impossibility result. Indeed, only in knife-edge cases will the surplus function be
additively separable (e.g., when it is always optimal to give a private good to the

same agent). Thus, one has to resort to IC (and not DSIC) when investigating the

truthful revelation of private information with FB mechanisms.?®

2TIn this subsection only, we restrict attention to deterministic mechanisms. In deterministic mech-
anisms, the outcome and the transfer rules do not depend on r.

281n (Dughmi and Peres, 2012, Theorem 3.1), insurance removes only the mechanism’s randomization
conditional on an agent’s opponents’ reports, so their transformation is not FI in the sense of the
present paper.
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4.2. Incompatibility of first-best mechanisms with ex-post budget balance.
The failure of the VCG mechanism, and more generally, of DSIC mechanisms to
be FB in the presence of risk aversion, naturally raises the question of whether the

Arrow-d’Aspremont-Gérard-Varet (AGV) mechanism, which relaxes DSIC to IC and

obtains ex-post budget balance, is FB beyond the risk-neutral case.

Definition 10. A mechanism M = (z,t) is ez-post budget-balanced (EPBB) if for all
type profiles 8 € ©, ¥, t:(0,7) = c(x(0,r)) for A-almost every r.%

It turns out that the answer is again negative, because this mechanism is not FI.
Actually, a more general impossibility result between EPBB and FB holds in this
setting (contrary to Proposition 1, this result does not specify the model beyond the

general setup of Section 2).

Definition 9’. The surplus function S* is essentially additively separable if for each
agent i € I, there exists a (bounded, Borel) measurable function w; : ©; - R such that
S*(0) = ¥,y wi(6;) for F-almost every 0.

Proposition 2. Suppose all agents are strictly risk-averse, then there exists a mech-
anism M which is FB and EPBB if and only if S* is essentially additively separable.

The complete proof is in the appendix. With independent types and risk-neutral
Bayesian agents, Borgers and Norman (2009) show an equivalence between ez-ante
and ex-post budget balance by allocating the ex-post budget risk among agents.
That argument cannot preserve the first-best with strictly risk-averse agents, because
EPBB forces someone to absorb state-dependent surplus risk. Therefore, when one
investigates the existence of IC, FB mechanisms under a budget balance constraint,

that constraint can only be imposed at the ez-ante stage.

5. AN INCENTIVE-COMPATIBLE FIRST-BEST MECHANISM

Motivated by the failure of VCG — or more generally, of any DSIC deterministic

mechanism — and AGV — or more generally, of any EPBB mechanism — in being

29 Alternatively, one could say that a mechanism is EPBB if ¥, t:(0,r) = ¢(2(6,r)) for P-almost
every (6,r). The results are not sensitive to this change in the definition, but the more traditional
definition which requires budget balance to hold pointwise in type reports is preferred.

30Gince S* is bounded, this definition is equivalent to the same definition with arbitrary real-valued
(Borel) components w;. Indeed, if S*(0) = ¥;c; w;(0;) for F-almost every 6, by Fubini’s theorem,
one can fix 6_; such that w;(6;) = S*(0;,0-;) — ¥;.; w;(;), so that w; is essentially bounded and
admits a bounded (Borel) modification.
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FB in arbitrary environments, an (interim) incentive-compatible, ez-ante budget-
balanced, first-best mechanism is constructed. It turns out that this mechanism may

fail (interim) individual rationality.

Definition 11. A mechanism M = (z,t) is ez-ante budget-balanced (EABB) if UM =
0.

5.1. Construction of the mechanism. We henceforth study the following de-
terministic mechanism, where for ease of notation, we omit the randomization de-
vice. The (deterministic) outcome rule is given by the measurable selection a:*(é) of
Lemma 1, for a vector of reports 0. Define a (deterministic) payment rule for each
agent ¢ by

) =0 00) - By, [ (.00 » T us(a3 010.0:0) - (o (01,0.)|

+Ee~[z;vj<x*<é);éj> —c(x*(é»] o

= v} (0):0) - [B5, [$7(0:,0-)] - By [S*(D)]] -
ex-post valuation

expected externality from reporting 6;

where «; € R are constants such that Y ,.; a; = E; [S*(é)]

Theorem 2. When all agents are weakly risk-averse, the mechanism M* = (x*,t*)

is FB, IC, and FABB.*!

We lay out the intuition for the proof of this result. EPEFF and EABB hold by
construction. The mechanism gives a truthful agent ¢ a deterministic payoff at the

ex-post stage of

VM (0;) =E5  [S*(6:,0-5)] -E5[S*(0)] + i,

and therefore satisfies FI. (A truthful type receives his conditional expected contri-
bution to efficient surplus, which is deterministic conditional on his type.) To get
some intuition as to why the mechanism is IC, note that a deviation for agent i of
type 6#; does two things. First, it changes the outcome for one that is efficient for the
reported type éi, hence lowering true social surplus. Second, it exposes the deviator
to a payoff lottery over 6_;. (While under risk-neutrality, incentive-compatibility is

ensured only using the first effect — as in the AGV mechanism — here, risk aversion

31This result does not require agents to respect first-order stochastic dominance, as Assumption 1
is used nowhere in its proof.
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strengthens the argument because the deviating payoff has a certainty equivalent no

larger than its expectation.)

Proof of Theorem 2. To show that M* = (z*,t*) is FB, it is sufficient to show that it
is EPEFF and ZRP by Theorem 1. Since z*(0) € argmax,.q S(z,#), the mechanism
is EPEFF by construction. The ex-post utility of agent ¢ of type 6; when all agents
report truthfully is

VM (0:)(0-0) = a7 (0):6:) ~ 17(0) = Eg_, [S7(6:,0-0)] - E5[S(9)] + e

which is independent of #_;, hence proving that (x*,¢*) is FI (thus, it is ZRP). To
prove that the mechanism is IC, suppose that bidder 7 reports type 6; while his true
type is ;. His ex-post payoff is

Y;M* (91, él)(G_Z) = 'Ul(.iljj(é“ 9_1), 91)—'01(37;(@“ 9_1), él)-i-Eé_ [S*(éz, é_l)]—]Eé [S*(é)]+0él

Taking expectations over 6_;, this yields
my*(eh éz’) = Eé,i vi(x;*(él-, 0_:);0;) + Z%‘(x;(éza é—z’% éj) - C(x*(éia é—z’))
i
— Eé [S*(é)] +
By definition of *(0) € argmax,eq S(z,0), we have S*(0) > vi(x;(6;,6-:);6;) +
Y s vj(x;(éi,e_i),é’j) — co(x*(6;,6-;)) for any A_; € x;.;0;. Hence, by monotonicity
of the expectation operator, we have
mfw(ﬁl, él) < ]Eé_L [S*(@l, é_l)] - Eé [S*(é)] +
The right-hand side of this inequality is exactly VM (6;) = mM (6;) by FL Since all
agents are weakly risk-averse, we have

VM (0;,0;) <m0, 0:) <mM(6;) = VM (6;),

so that the mechanism is IC. Finally, we have
B[ 5100 < B | S e 00| - T = et ),
iel iel i€l
where the last equality follows from the fact that the constants are chosen so that
e QG = Eé[S*(é)]. Hence, UM =0, and the mechanism is EABB.
O

5.2. Failure of interim individual rationality with property rights. So far,

we have abstracted away from participation constraints to focus on the revelation of
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private information. However, it is natural to ask whether the constructed mechanism
is also interim individually rational, in the sense that agents prefer to participate in

the mechanism at the interim stage rather than walking away.

Definition 12. A mechanism M = (z,t) is individually-rational (IR) if for all agents
iel, for all types 6; € ©;, VM(6,) > 0.

When agents have non-trivial property rights, it turns out that this mechanism

may fail IR.

Example 1. We illustrate the failure of the M* mechanism to be IR by a simple
bilateral trade example. There are two agents, a buyer and a seller, whose value and

cost are uniformly and independently distributed on [0,1]. We have

E;[S*()] = —/Olz(l—z) dz = é

The M* mechanism gives interim (and ez-post, by FI) utilities

0% 1
VB{W(QB)ZTB—E-FO(B,
1-605)2 1
VSM(GS)Z—( 25) —gtos

where ap + ag = ;. The IR constraints require that V2(0) > 0, V(1) > 0, which

is equivalent to ap > %, ag > %. Hence, no EABB normalization of M* is IR in
this environment. (The failure of the M* mechanism is independent of the exact risk
preferences of agents. In particular, their preferences could be described by risk-averse

expected utility or by risk-averse non-expected utility.)

5.3. Relation to existing mechanisms. The mechanism M* bears similarity to
mechanisms that have been proposed in the literature. First, it is the analog of the
VCG or AGV mechanisms for the risk-averse setting. Indeed, in the risk-neutral case,
these two constructions implement the first-best with DSIC and IC mechanisms, re-
spectively. Its payment rule, except for the lump-sum EABB normalization, coincides
with Dughmi and Peres’s (2012) construction for the case of risk-averse expected util-
ity maximizers, applied to the AGV mechanism.*> The mechanism constructed here
allows agents to exhibit arbitrary weakly risk-averse preferences, and its incentive and
32Relative to that result, Theorem 2 extends the incentive compatibility argument beyond concave
expected utility to any type of weak risk aversion, and also does not assume that the designer knows

the risk-preferences of agents. Eso and Futo (1999) proposed construction related to that in Dughmi
and Peres (2012), in which risk-neutral agents insure a risk-averse auctioneer.
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budget properties are the best one can hope for in a general environment. Indeed, by
Proposition 1 and Proposition 2, the properties of DSIC and EPBB are generically
incompatible with first-best implementation when agents are risk-averse. Similarly
to the AGV mechanism, it is IC and EPEFF, but trades-off EPBB against FI and
EABB. The proposed mechanism also bears similarity with the coalition-proof version
of the AGV mechanism proposed by Safronov (2018). Indeed, the transfer of agent i
is exactly the net transfer he would make if he were placed first in Safronov’s (2018)
ordered externality mechanism.?® The mechanism M*, just like the AGV mechanism,

may fail to be interim individually rational.?*

6. PARTICIPATION CONSTRAINTS IN BINARY-ALLOCATION PROBLEMS

As shown by Example 1, the mechanism M* = (z*,¢*) may fail to be individually
rational. Therefore, it is natural to investigate whether, in some classically stud-
ied environments with property rights, it is possible to find a FB, IC, IR, EABB
mechanism, that is, a mechanism that retains the properties of M* but also satisfies
participation constraints. We thereafter specify the environment to binary-allocation
problems, which include auctions, public-good provision problems, bilateral trade,
and partnership dissolution as landmark applications. Formally, agents’ outcome
spaces are §2; = {0, 1} and the space of feasible social outcomes is a non-empty subset
Q< x;Q;. Agent i’s type space is ©; = [Qi,éi], and each F; admits a strictly positive
density f; > 0. Valuations are v;(z;;60;) = 6;z;. In this section, we allow for some
form of property rights, in the sense that agents have a continuous certainty equiv-
alent V?: ©; - R from not participating in a given mechanism. This requires us to

redefine the right-hand side of the IR constraint as being type-dependent.

Definition 12’. A mechanism M is individually rational (IR) if for each agent 7 € I,
V;M(el) > V;O(HZ), for all 91 € @1

By Theorem 1, when agents are strictly risk-averse, every FB mechanism is EPEFF

and FI. In the present binary-allocation environment, the efficient outcome is unique

331 Safronov’s (2018) mechanism, the first report changes the expected payoffs of all other agents,
and later reports trigger compensating payments that telescope against the first agent’s own realized
payoff — the resulting net transfer has precisely the form above. Safronov’s (2018) mechanism is
also EPBB, which is incompatible with FB by Proposition 2. The reader is referred to Jagadeesan
et al. (2025) for further use of Safronov’s (2018) mechanism.

34The fact that the AGV mechanism may fail interim individual rationality is a direct consequence
of the impossibility theorem of Myerson and Satterthwaite (1983).

35A property holding Lebesgue almost everywhere is equivalent to it holding Fj-almost everywhere,
and we do not make the distinction thereafter.
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almost everywhere.’® We let X (6;) denote the resulting (non-decreasing) interim

efficient allocation probability.

6.1. Risk preferences and orders of risk aversion. We are interested in the
existence of a FB, IC, IR, EABB mechanism in this setting. When mechanisms are
FI, a deviation by a player makes him face a binary lottery, so only the preferences of
agents on binary lotteries matter. In order to be able to carry the analysis through, we
assume that the behavior of agents when faced with binary lotteries can be described

by concave biseparable preferences (Ghirardato et al. (2004)).

Assumption 3 (Concave biseparable preferences on binary lotteries). For each agent
1, the restriction of his certainty equivalent functional to binary lotteries does not
depend on his type and is concave biseparable, that is there exists a continuously dif-
ferentiable, concave, strictly increasing Bernoulli utility ¢; : R - R and a continuous,
increasing, probability weighting function g; : [0,1] - [0, 1], with ¢;(0) =0, g;(1) =1,
such that, for every z >y and p € [0,1], g;:(p) < p and

(3) ©i(CEi(2, ;9,1 =p)) = gi(p)pi(2) + (1 = gi(p) )i (y),

where (z,p;y,1 - p) is the binary lottery giving z with probability p and y with
probability 1 —p.

We do not restrict the risk preferences of agents outside of binary lotteries, beyond
Assumption 1 and risk aversion in the sense of Definition 1.>” Assumption 3 con-
tains notable special cases, such as when agents’ risk preferences can be described by
von Neumann and Morgenstern’s (1944) risk-averse expected utility with a smooth

Bernoulli utility, Quiggin’s (1993) rank-dependent utility with a smooth concave util-
ity over outcomes and Safra and Segal’s (1998) constant risk aversion preferences.**:3
Let B, denote a Bernoulli random variable with probability of success p, and denote

by Z, =B, -p.

36Since Q ¢ {0,1} is finite, the efficient outcome is unique F-almost everywhere. We fix one
measurable efficient selector * and use this same selector in all canonical constructions below. All
integrated objects are invariant to this choice.

37A110Wing privately known risk-attitudes on binary lotteries would turn the analysis of this section
into a genuinely multidimensional screening problem, which is beyond the scope of the present paper.
38Safra and Segal’s (1998) constant risk aversion preferences admit as special cases Gul’s (1991)
disappointment-averse preferences with linear utility over outcomes, Kdészegi and Rabin’s (2007)
loss-averse preferences with linear utility over outcomes and Yaari’s (1987) dual expected utility.
For further special cases, see Gershkov et al. (2022) and Ahn et al. (2026).

39The preferences of the agents could also coincide with any of the above on binary lotteries, and
differ elsewhere.
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Under Assumption 3, if ¢; is twice-continuously differentiable,

CE(w+%,) = w+=(0:(p) - ) ~ 5 AGw)a(p) (1 - 5(p))e* + o(=),

where A;(w) = —“;g((g)). When g;(p) = p and ¢}'(w) <0, the first-order term vanishes
and agents’ risk preferences reduce to risk-averse expected utility on binary lotteries
at wealth w, with a twice continuously differentiable, concave Bernoulli utility, so that
the agent exhibits second-order risk aversion in the sense of Segal and Spivak (1990).1°
When g;(p) < pfor all p € (0, 1), the preferences compatible with Assumption 3 exhibit

first-order risk aversion in the sense of Segal and Spivak (1990).

6.2. Necessary and sufficient condition for existence. We first characterize the
truthful certainty-equivalent schedules generated by FB, IC mechanisms. (The formal

argument is in the appendix.)

Lemma 5. For each agent i € I, let V; : ©; > R be a bounded function. Under

Assumption 3 and strict risk-aversion, the following are equivalent:

(i) there exists a FB, IC' mechanism M such that for each agent i € I, Vi(6;) =
VM(6;) for F;-almost all 6;,

(ii) for each agent i€ I, V; admits an absolutely continuous version and
(4) 9:(X7(0:)) < Vi (6:) <1-gi(1- X7(6:)),
for Fi-almost all 6;.

Moreover, whenever (ii) holds, a (canonical, deterministic) implementing

mechanism is obtained by setting
(5) t:(0) = 0,7 (0) - Vi(6;).

Lemma 5 generalizes (Gershkov et al., 2022, Proposition 3), who derived a simi-
lar result for the class of preferences exhibiting constant risk aversion. Contrary to
Gershkov et al. (2022), we do not assume that preferences satisfy cash-invariance —
indeed, Lemma 5 shows that the same characterization survives with an arbitrary
concavity in ; on binary lotteries. In particular, when g¢;(p) = p and ¢; is an ar-
bitrary concave smooth function, Lemma 5 reduces to the same payoff-equivalence
formula as under risk-neutrality even though agents exhibit risk-averse expected util-

ity preferences on binary lotteries. Towards our necessary and sufficient condition for

40Smoothness of the derivative of the Bernoulli utility ¢; is essential to get second-order risk aversion,
as discussed by Segal and Spivak (1990).
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the existence of a FB, I1C, IR, EABB mechanism, define, for an agent 7 € I with type

~

8; who reports 0;,
fi 9:(Xi () ds it 0, <0,

Di(eia éz) = f. )
—feil(l -¢;(1-X?(s))ds otherwise.

In light of Lemma 5, D;(6;,6;) is the smallest payoff at 6; implied by giving a payoff
of zero at 6;, given the bounds in (4). Define agent i’s minimal IC, IR payoff schedule
by
Vmin(6;) = sup (V(0;) + Di(6:,6:)).
0;€0;

(Because ©; is compact, V is continuous and D; is continuous, Berge’s maximum
theorem implies that the supremum is finite and attained and that V™" is continuous. )
We thereafter derive the main result in this section, namely a necessary and sufficient

condition, under Assumption 3, for the existence of a FB, IC, IR, EABB mechanism.

Theorem 3. Suppose all agents are strictly risk-averse, under Assumption 3, there
exists a FB, IC, IR, FABB mechanism if and only if
(6) > B [V (0:)] < Bg[S*(6))]

iel
Moreover, the set of attainable expected interim certainty equivalent profiles in such
a mechanism is the set of (Us)icr € RY such that U; > By [V™™(0;)] for each agent i,
and Y Ui = Eé[S*(é)]'

The complete argument is in the appendix. The proof relies on first showing that
Vmin is the pointwise least IC, IR payoff schedule compatible with the efficient reduced
form X*. Necessity follows straightforwardly from this, while sufficiency is proven by
constructing a FB mechanism giving interim (and ez-post, by FI) utility V™ to each
agent, up to a constant tailored to make EABB hold. With type-dependent outside
options, the participation constraint need not bind at the lowest type, and the lower

IC slope bound need not bind everywhere.

6.3. Application to bilateral trade. We now discuss the implications of Theorem 3
for the canonical bilateral trade problem. In bilateral trade, there are two agents, a
buyer and a seller whose value and cost are respectively distributed according to Fg
and Fg on [0,1].* The model is described by € = {(0,0),(1,1)}, where vg(zp;0p) =
4IThe type of the seller, which multiplies the allocation, is interpreted as the negative of his cost of

providing the good. The case of overlapping but non-identical supports yields the same intuition,
so we focus on the present model for notational convenience.
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Oprp, vs(xs;bs) = Osxs, and V2 (0p) =0, VO(As) = 0. One efficient allocation rule
is for example x%(0p,0s) = 2%(0p,0s) = 1(0s > —0s). Both agents are strictly risk-
averse. We denote the minimal rents in an IC, IR, FB, EABB mechanism by

Ro= [ (1= Fo(:)gs(Fs(2)) d

Rs = fOIFS(z)gSu—FB(z))dZ.

The ex-ante gains from trade are

B[S ()] = [ Fs(2)(1- Fa(2)d=

When agents are risk-neutral, Myerson and Satterthwaite (1983) have shown that
no EPEFF (i.e., FB under risk-neutrality), IC, IR, EABB mechanism exists. The
same exercise can be investigated in the present setting, where FI (or ZRP) is added

to EPEFF by the characterization of our welfare criterion from Theorem 1.

Corollary 1. In the bilateral trade model, under Assumption 3, there exists a FB,
IC, IR, EABB mechanism if and only if Rp + Rg < ]E(;[S*(é)].

Corollary 1 is a direct consequence of Theorem 3, and its proof is omitted. There,
the IR constraint binds for the lowest types (lowest buyer’s value and highest seller’s

cost) while every agent’s certainty equivalent’s derivative is brought to the lower
bound in (4).

Corollary 2. Under Assumption 3, if gp = idjo1) or gs = idjo,1], then no mechanism
is FB, IC, IR and EABB in this setting.

Proof. Assume gg(p) = p for all p € [0,1] without loss, then we have Rp = E;[S*(0)],
so that Rp+ Rg < Eé[S*(é)] can never hold. Indeed, Rg > 0 because the distributions
have full-support, gg is continuous and gg(1) = 1. O

Corollary 2 shows that, even with an arbitrary concavity in ¢;, second-order risk
aversion prevents the existence of a FB, IC, IR, EABB mechanism. Therefore, the
impossibility result of Myerson and Satterthwaite (1983) extends in this setting to

risk-averse expected utility maximizers, with arbitrary smooth concave Bernoulli util-
ity, beyond the risk-neutral case.?%3

421 also extends to any risk-averse preferences that coincide with smooth, risk-averse expected utility
only on binary lotteries, but are unrestricted elsewhere.

43Garratt and Pycia (2026) study the implementation of the ez-post efficient allocation rule in
bilateral trade when parties have risk-averse expected-utility. Their notion of welfare does not
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Second, when agents exhibit first-order risk aversion, the impossibility still holds if
both agents are sufficiently close to being risk-neutral — see Examples 2 and 3 below
for more on this point — because the inequality in Corollary 1 cannot hold. Third, a
pointwise decrease in g; weakly lowers that agent’s minimal rent and therefore weakly
relaxes condition (6).

We next present two examples to understand some of the implications of Corol-
lary 1. In all examples, the buyer’s value and the seller’s cost are independently
and identically distributed according to a uniform distribution on [0,1]. Hence,
E;[S*(0)] = fol z(1-z)dz = §. In both examples, the agents exhibit first-order risk

aversion.

FExample 2. Consider first-order risk preferences in the power family,

98(p) = 9s(p) = p“,

parameterized by a real number « > 1, with arbitrary smooth, concave utility over
money g, ps. Then,
1 2
Rp+R :/ 1-2)2+2(1-2)dz = ————+——.

The existence of a FB, IC, IR, EABB mechanism requires that m , which
is equivalent to av > 2. Hence, the agents need to be sufficiently risk-averse in order to
be able to overturn the impossibility result of Myerson and Satterthwaite (1983). In
the limit case where a = 2, the mechanism of Theorem 3 gives interim (and ez-post,

by FI) utilities

under truthful reporting.

Fxample 3. Consider risk preferences in the linear-quadratic family,

9s(p) = g(p) = (2= N)p+ (A -1)p?,

require their risk-neutral designer to insure agents. Therefore, they are able to find budget-balanced,
incentive-compatible, individually rational mechanisms which implement an ex-post efficient rule by
exposing parties to risky prospects.
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with A € (1,2], and pp(z) = ps(z) = 2z, which correspond to K6szegi and Rabin’s
(2007) loss-averse preferences with linear utility over outcomes. Then,

1 1 A
Ry + Rg = f 2(1-2)((2- Nz + (A-1)2*)]dz =5 - 2.
0
Hence, only in the knife-edge case where A = 2 will the inequality Rp + Rg < %
be satisfied, and in this case the mechanism corresponds to that of Example 2 for
a = 2. In all other cases, it is impossible for the designer to find a FB, IC, IR, EABB
mechanism when agents exhibit Ké&szegi and Rabin’s (2007) loss-averse preferences

with linear utility over outcomes.

Corollary 2 shows that second-order risk-aversion can never help overturn the result
of Myerson and Satterthwaite (1983). Example 3 shows that first-order risk aversion
is not by itself enough to ensure existence of a FB, IC, IR, EABB mechanism in
bilateral trade. Example 2 shows that sufficiently (first-order) risk-averse agents can

help overturn Myerson and Satterthwaite’s (1983) impossibility result.

7. CONCLUSION

In this paper, a theory of the first-best in the presence of private information
and of a risk-neutral uninformed designer has been proposed. A general incentive-
compatible, first-best mechanism has been constructed. The possibility of implement-
ing the first-best in an incentive-compatible mechanism which also respects agents’
participation constraints and the designer’s budget constraint has been studied. This
last analysis sheds light on the differences between first-order and second-order risk
aversion when it comes to economic design, in particular when one tries to design full
insurance, efficient mechanisms. A more systematic analysis of the differences be-
tween these forms of risk aversion in mechanism design problems is surely interesting

and is left for future research.
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APPENDIX A. OMITTED PROOFS

A.1. Proof of Lemma 1. Since [ is finite and each v; and ¢ is continuous, the
function S is continuous on the compact metric space 2x 0. The Weierstrass theorem
(Aliprantis and Border, 2006, Theorem 2.34) implies that Q*(¢) is nonempty and
compact for each # € ©. By Berge’s maximum theorem, S* is continuous and 2*
is upper hemicontinuous. A compact-valued upper hemi-continuous correspondence
from a compact metric space into a compact metric space is (Borel) measurable. The
Kuratowski-Ryll-Nardzewski measurable-selection theorem (Aliprantis and Border,

2006, Theorem 18.13) therefore yields a Borel measurable selector x*.

A.2. Proof of Theorem 1. Assume that all agents are weakly risk-averse. By
Lemma 3, W(M) < [ 5*(0)dF(0) for all mechanisms M. Since both loss terms
in the right-hand side of (2) are non-negative, equality holds if and only if S*(0) =
S(x(8,r),0) for P-almost every (,r) and, for each agent ¢ € I, mM(6;) = VM (6;) for
Fi-almost every 6;, that is, if and only if M is EPEFF and ZRP. This proves that (ii)
is equivalent to (iii).**

If a mechanism M is not FB, then there exists a mechanism M’ which CE-Pareto
dominates M, and hence W(M') > W(M) by the definition of W, so that M cannot
maximize W over all mechanisms. This proves that (ii) implies (i).

Assume that M = (z,t) is not EPEFF or not ZRP. Define a deterministic mecha-

nism M’ = (z*,t") where x* is an efficient-selector from Lemma 1, by
£(0) = v (0); ;) - m (6,).
Under M, each truthful type obtains a deterministic payoff m(6;), so that
(A1) VM (6:) = m (6:) 2 VM (6)).
Moreover, by Lemma 2, we have
UM - UM =By, [S*(0) - S(x(6,7),6)] > 0.

If M is not EPEFF, then UM > UM. If M is not ZRP, then (A.1) holds strictly for a
positive measure set under Fj;. In any case, M’ CE-Pareto dominates M, so that M

is not FB. This proves that (i) implies (iii).

44Note that the formulation in (ii) is correct. Indeed, the maximum is attained by considering the
mechanism (z*,t) where z* is a measurable selection from Lemma 1 and for all agents ¢, ¢;(0) =
v;(z7(6);0;) so that all agents’ ez-post utilities under truthful reporting are zero.
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Finally, note that under risk aversion, equality between the certainty equivalent

and the mean is possible only for degenerate lotteries, so that ZRP becomes FI.

A.3. Proof of Lemma 4. Let M = (z,t) be a FB mechanism. By Theorem 1, M
is ZRP and EPEFF. Consider the following mechanism M’ = (z,t") with the same

outcome rule as M and transfer rule defined by
t:(0,7) = vi(w:i(0,7); ;) —m (6;).

This mechanism is EPEFF by definition, and FI as Y, (6;)(0_;,r) = m(6;). Since
M is ZRP, the certainty equivalents under truthful reporting in M’ are the same as
those in M, and the designer’s utility is unchanged by Lemma 2. Hence, the two

mechanisms are CE-Pareto equivalent.

A.4. Proof of Proposition 1. Suppose S* is additively separable, that is for each
agent ¢, there exists a continuous function w; : ©; - R such that S*(0) = ¥,.; w;(6;)
for all # € ©. Consider the following deterministic mechanism, M = (z*,t) where
x* is a selection from Lemma 1 and ¢;(0) = v;(z*(0);0;) — w;(0;). The mechanism is
EPEFF and FI by construction, so it is FB by Theorem 1. We have, for any agent ¢
of type 6; and any report 91-,
S*(05,0-5) > vy (05, 0-):0:) + > v (w7 (0:,0-5);0;) — c(x* (6:,0-,))
J#i

= 5*(91794) + Uz’(xf(ém@—z‘); 0;) - Ui(x;(éiv 0-); éz’),

where both the inequality and the equality are by definition of the efficient surplus
function. Note that S*(6;,0-;) — S*(0;,0-;) = wi(6;) — w;(6;) by additive separability.
Hence, we have

The left-hand side is the ex-post utility from truthful reporting while the right-hand
is the ez-post payoff for agent i of type 6#; to report 0. Therefore, M is DSIC.

Conversely, let M be a deterministic DSIC, FB mechanism. Under Assumption 2,
F; is equivalent to the Lebesgue measure on ©;. By Theorem 1, the mechanism is
EPEFF and FI, and the properties hold almost everywhere on ©. By DSIC, we have
(A2) VM (0:)(0-) = max Y (0:, 0:) (0-0),

91‘691'
for all 6_; € ©_;. By Assumption 2, YM(.)(6_;) is a Lipschitz function, since dp,v; is
uniformly bounded. By Rademacher’s Theorem, YM(.)(6_;) is differentiable almost
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everywhere. For the same reasons, S*(.,6_;) is differentiable almost everywhere. We
use the standard multidimensional consequence of (Milgrom and Segal, 2002, Theorem
1) envelope theorem obtained by applying their scalar theorem along line segments.
At every differentiability point of a Lipschitz value function, its gradient equals the
type gradient of the objective evaluated at any optimizer. Applying this to (A.2)
yields
00, Y (0:)(0-5) = Op,v5(2:(0;,0;); 0).
Similarly, applying the same results to S* at points at which x is ex-post efficient
yields
Op,0i(x;(0;,0-;);0;) = 09,5 (0:,0-;),

almost everywhere in ©. Since M is EPEFF, the two identities hold simultaneously
almost everywhere. By Fubini’s theorem, the Lipschitz function S*(.,60_;)-Y;*(.)(6-;)
has gradient zero almost everywhere on the convex set ©;. By absolute continuity
on lines, it is constant. Combined with FI, we get that there exist Borel measurable
functions w; : ©; > R and h; : ©_; > R such that,

S*(0) =w;(0;) + hy(0_;) for F-almost every 6.
For i # j, define the rectangle difference

Di;S*(0;,0;,60,6",6_;) = S*(6:,0;,0_i;) - S*(6.,6,,0_:;)

YRR R VR 7

= 57(0:,05,0-55) + 57 (67,05, 0-i5),

1770

we have D;;S*(0;,6;,0!, 05, 6_;;) = 0 for F,@ ;@ F;® F;®F_;;~almost every (6;,0;,6.,0".0
Since S* is continuous and the relevant product measure has full support, D;;S* =0
identically. Fix a type profile § € ©, and define w;(6;) = S*(6;,0_;) - S*(#). The van-
ishing of all mixed rectangle differences implies that the effect of changing coordinate
1 is independent of all other coordinates. Changing one coordinate at a time gives
S*(0) = S7(0) + 3 wi(6:),
iel

so that S*is additively separable.

A.5. Proof of Proposition 2. Suppose the surplus function is essentially additively
separable, S*(6) = ¥;c; wi(6;) for F-almost every 6. Denote by N the (Borel) F-null
set on which essential additive separability does not hold. Consider the (deterministic)
mechanism M = (z*,t) where z* is an efficient selection from Lemma 1. For 6 ¢ N,
define t;(6) = v;(z*(0);0;) — w;(6;). For 6 € N, fix an arbitrary agent iy and define

JrYir Yo —1
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tiy(0) = c(xz*(0)) and ;(0) = 0 for ¢ # i,. These transfers are (Borel) measurable and
bounded. The mechanism is EPEFF and FI by construction. Observe that for 6 ¢ IV,
2 ti(0) —c(z*(0)) = Y vi(x™(0);6:) = 3 wi(6:) - (2" (9)) = S*(0) - S*(0) =0,
iel i€l i€l
while for 6 € N, ¥, t;(0) = c(x*(0)), so that the mechanism is also EPBB.
Conversely, let M = (x,t) be an EPEFF, FI and EPBB mechanism. For each agent
i € I, there exists a (Borel) measurable function w; : ©; = R such that v;(x;(0,7);0;) -
t:(0,r) = w;(6;) for P-almost all (0,r). Therefore, we have

Y wi(0;) =Y vi(wi(0,7);6;) = > t;(,7) for P-almost all (6,7),

iel 1el iel
= > v;(2:(0,7);6;) — c(x(0,r)) for P-almost all (6,r),
1€l

=S(xz(0,r),0) for P-almost all (6,7),
=S5*(0) for F-almost all 6,

where the second equality is by EPBB, the third by definition and the fourth by
EPEFF. Hence, the surplus function is essentially additively separable.

A.6. Proof of Lemma 5. Assume Assumption 3 holds. Let M = (z,t) be a FB, IC
mechanism. By Theorem 1, M is EPEFF and FI. Hence, for each 7 € I, there exists
a bounded measurable function w; : ©; - R such that 6,x;(0,7) - t;(0,r) = w;(0;)
for P-almost every (#,r). By EPEFF, uniqueness of the efficient outcome almost
everywhere, and Fubini’s theorem, there exists a set T; ¢ ©; with F;(7T;) = 1, such
that, for every 6, € T;,

9133'1(9, T) - tl(e,r) = wz(el), xl(@, e_i, 7") = .1';(9“ 9_1‘),

for F_; ® A\-almost every (6_;,7). Fix 0;, 0; € T; such that 0; > 0,. If agent 7 of type 0;

reports éi, we have
YM(0;,0,)(0-5) = wi(0;) + (8; = 0;); (6, 0-,).
By Assumption 1 and IC, we have
w;(0;) > wi(;).
Conversely, if true type 6, reports 6;, his payoff is
YM(0:.6)(8-) = wi(8:) + (0~ 6,)a7 (6:,6-4),
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which first-order stochastically dominates w;(6;) - (6; - 6;), so that IC gives
wi(6;) > w; (0;) - (0; - 0;).
Combining the above, we get
0 < w;(0;) —wi(0;) < 0; - 0,

so that w; is Lipschitz on the dense set T; (because F; admits a strictly positive
density). Hence, it admits a unique Lipschitz extension to ©;, which we denote by
V;. This extension is absolutely continuous and agrees with the original truthful
certainty-equivalent schedule except possibly on a Fj-null set.

Fix a point 0; € T; at which V; is differentiable and X} is continuous.*> Choose

ep, >0 such that 0; +¢, €T; and ¢, — 0. Type 0; + ¢, can report #;, and we have
‘/;((91 + €n) > CEZ(%(QZ) + &?nx;(ﬁi, 9_2)) n:OO ‘/z(ez) + €ngZ(X:(¢91)) + O(€n),

where the first inequality is by IC, and the displayed expansion is by Assumption 3.%6
Dividing by &,, > 0 and letting it n — oo shows (V;)"(6;) > ¢:(X(6;)). For the reverse

deviation, type 6; can report to be ; + ¢,. By IC and Assumption 3, we have
Vi(6;) > CE;(Vi(0;+ey)—enzf (0i+e,,0-;)) = Vi(Oi+en)—en(1-g:(1-X (0;+¢,)) ) +o(en),
Dividing by €, > 0 and letting n — oo, and using continuity of X at ¢;, we get

Vi(0:) <1-g:(1-X7(6:)),

so that (4) holds almost everywhere. This proves that (i) implies (ii).

Conversely, suppose V; is absolutely continuous and satisfies (4). Choose any effi-
cient selector x* from Lemma 1, and consider the canonical deterministic mechanism
M = (z*,t) where t is given by (5). By Theorem 1, this mechanism being FI, EPEFF,
with V;(6;) = VM(6;), it is FB. It remains to prove that it is IC. Fix 0; < ;. If type
0; reports 0}, his ez-post payoff is

YM(0;,0,)(0-0) = VM (0;) + (0: = 0:) w7 (6:,6-:)

45Such points have full measure because V; is absolutely continuous and X is monotone.
46Indeed, Assumption 3 implies that CE;(w + £B,) =, W gi(p)e + o(¢) and CE;(w - eB,) =,
€ PN

—

w—(1-g;(1-p))e+o(e). This is due to the fact that ¢; > 0 cancels out from a first-order Taylor
expansion of (3).
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The lower bound of the derivative of VM and monotonicity of X and g; give

V00 V) = [0 @ s> [T 0K ds> (00 80X 0)

i

Furthermore, we have
Pi(VM () 2 (VM (0:) + (0 - 0:)9:( X7 (6)))
> g:(X7(0:) i (VM (0:) +6: = 0,)) + (1 - 9:(X7 (6:)) i (Vi (6:))
= (VM (0;,6:))
where the first inequality is by monotonicity of ¢;, the second by concavity, and the
equality by Assumption 3. Hence, because ¢ > 0, we have VM (6;) > VM (6, 0,), so

that downward deviations are unprofitable. The argument for upward deviations is
similar. We have

YM(0;,0,)(0-5) = VM(0;) + (0; - 027 (6:,60-).
Then,

VM(6:) - VM (6) < féiei(l - (1= X7 (5))) ds < (6; = 0:) (1 - g:(1 = X7 (6:))).
Furthermore, by an argument similar to the one above,
(VM (0:,6:)) = 9:(1 = X (0:)) @ (VM (6:)) + (1= g:(1 = X (6:))) i (VM (6:) = 6: + 6;)
<oi(VM(8;) = (6: = 6:) (1 - g:(1 - X;°(6,))))
<@ (VM(6)),

so that the reverse deviation is also unprofitable. Hence, the mechanism is IC. This
proves that (ii) implies (i).

A.7. Proof of Theorem 3. Suppose that M = (x,t) is FB, IC, IR and EABB
and that Assumption 3 holds. Because all agents are risk-averse, Theorem 1 implies
that M is FI and EPEFF. By Lemma 5, for each agent ¢ € I, the truthful certainty
equivalent V.Y admits an absolutely continuous version, denoted V;, satistying (4) for
Fi-almost every 6; and such that V;(60;) = VM (6;) for F;-almost every ;. Because M
is IR, V;(6;) > V.°(0;), for Fi-almost every 6,. Actually, the inequality holds pointwise
in 6;, because V; and V. are continuous, the former by absolute continuity. (Indeed,
if the inequality failed at some type, continuity would make it fail on a nonempty

interval, contradicting the almost-everywhere inequality.) As an intermediate step,
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we prove that V™" is the pointwise least IC and IR payoff schedule compatible with
EPEFF.

Lemma 6. Under Assumption 3, when agents are strictly risk-averse, the function
Vmin s absolutely continuous and satisfies (4) for Fi-almost every 6;, as well as
Vmin(9,) > VO(6;) for all ; € ©;. Moreover, if Vi : ©; > R is any absolutely continuous
function satisfying (4) for F;-almost all 0;, and V;(0;) > V2(6;) for all 6; € ©;, then
Vi(0;) > Vmin(0;) for all ; € ©;.

Proof. By definition, V™n(6,) > V.°(6;) for all §; € ©;. Fix 0; <0]. A direct examina-
tion of the cases HAZ <#;, 0;,< éz < 0! and él > 0] yields
0! . . 0!
[ (X () ds < Di01,6) - D06 < [ (1= 0,1 - X7 (5)) ds
91‘ 92‘
for every 6; € ©;, where we use the fact that gi(p) <p<1-gi(1-p)for pe[0,1]
Therefore,

‘/imin(ez{) = sup (VZO(éz) + Dy (6, éz))

91‘661‘
) A 0
> sup(vf(ei)+pl-(ei,ei))+fg 9:( X7 (5)) ds
éi€@i i

0
V() + [ (X7 () ds,

7

and similarly,
‘ . 0;
VRO < Vo) + [ (1= gi(1- X (5)) d
0;
Hence, V™ is Lipschitz, and hence absolutely continuous, and differentiating at a
point where it is differentiable, which holds for Fj-almost all §;, yields (4) for Vmin,
as desired.

Let V; : ©; - R be any absolutely continuous function satisfying the lemma’s

assumptions, then by Lemma 5,
9i( X[ (0;)) <V/(0:) <1-gi(1-X[(6:)),

for Fj-almost every 6;. If 6, < 0;,

A 0; R R
Vi) 2 VilB) + [ ai(X: () ds > V2(B) + Di(0:,6)

k3
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while if §; > 6;,
) 6 A A
Vi(6:) 2 Vi(6,) - fe (1= gi(1= X7 (5))ds > VO(6;) + Di(6, ;).

Hence, by taking the supremum, V;(6;) > V™2 (6;) for all §; € ©;. O

By Lemma 6, we have V;(6;) > V;™»(6;) for all 6; € ©;, so that taking expecta-
tions Eg [V™"(6;)] < Eg [V (6:)] = Eg,[Vi(6;)]. Because M is EPEFF and FI, the
accounting identity of Lemma 2, with U} =0 by EABB, yields

DBy [VM(6:)] = E5[S5*(9)].
iel
Combining these, we get (6) as desired.
Conversely, suppose (6) holds. We define the mechanism M = (x*,t) by

t:(0) = 0, (0) = V™™ (6;) — ks,

where ; > 0 are constants such that Y, s; = E;[S*(0)] - Sier Eg [V;™™(0;)]. The
mechanism is EPEFF and FI by construction, so it is FB by Theorem 1. Adding
a constant preserves the inequalities in Lemma 5, so it is IC. Moreover, VM (6;) >
vmin(g,) > VO(g;) for all §; € ©;, so it is IR. We have,

UM = Ej[S*(0)] - By [ViM(6:)] = E;[S*(8)] - S By [Vi™™(6:)] - 3 ki = 0,

iel iel iel
so that M is EABB.

Finally, every feasible expected certainty equivalent payoff profile must satisfy
Ui > Eg [V;™"(0;)], while EABB and FB require Y, U; = E;[S*(0)]. Conversely,
every payoff profile satisfying these conditions is implemented by choosing k; =

Ui~ Eg [Vn(6,)).
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