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Abstract

Empirical investigations of long-run relations are sometimes based on cross-section regres-
sions in averaged or long differenced data that effectively have the time dimension of a T' x N
panel compressed. We analyze a class of time-compressed data and show that they have mag-
nified variability stemming from the fact that the cross-section variance of a non-stationary
panel ‘fans out’ with time. Cross-section regressions in time compressed data can potentially
yield estimates that are super-consistent and asymptotically normal, whether the regressors are
stationary, non-stationary, or highly persistent. The fastest convergence rate of v/ NT requires
a compression scheme that not only magnifies the non-stationary signal, but also dilutes the
regression noise. Omitted fixed effects preclude noise dilution but the estimates remain super-
consistent. However, the fanning out effect can be weak when the data have a strong force for
mean-reversion or convergence, a problem that seems relevant for temperature data. We con-
sider three applications and find that the long-run relation between consumption and income,
and between growth/inflation and demographic variables are reasonably well determined, but
the estimated relation between growth and warming temperature is fragile.
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1 Introduction

Many long-run economic relations are of interest:- between consumption and output, productivity
growth and real interest rates, public debt and GDP, purchasing power parity, inflation and interest
rate, inflation and demographics, interest rates of different maturities. While it is common to study
these relations using time series or panel regressions,! they have also been studied by employing
long-averages of time series data in cross-section regressions. Examples include investigation of
savings and investment in Feldstein and Horioka (1980), growth and its determinants considered
in Feldstein and Horioka (1980); Barro (1991); Easterly and Levine (1997) and Mendelsohn et al.
(1994). Long-differences of averaged data are increasingly used to estimate ‘longer run’ relation
between economic and environmental variables, as in Dell et al. (2012); Burke and Emerick (2016).
The data after averaging and differncing essentially have no time dimension, or what we will refer
to as time compressed. What are the properties of the time compressed data and would non-
stationarity matter? Is one method better than another? How effective are such data in recovering
long-run relations, and more generally, do time series properties of the data affect cross-section
regressions? This paper provides such an analysis.

Our point of departure is the result in Deaton and Paxson (1994) that income inequality will
increase with age if individual incomes are random walks, with the implication that the cross-section
variance within a cohort will ‘fan-out’ with age. Built on this insight, we study the properties of
a class of time compression functions and obtain three results. First, the cross-section variance
of data driven by simple stochastic trends will ‘fan-out’ (or magnified) over time. The maximum
fanning out is obtained by ‘point sampling’ the last row of a T' x N panel, while averaging the data
over K periods has a shrinkage factor of one-third. Different forms of non-stationarity may change
the fanning out profile, but significant variation in cross-section variance can be expected.

Second, the magnified signal from fanning out can be exploited in cross-section regressions. The-
orem 1 shows that in the local-to-unity framework, the variance of time compressed data traverses
smoothly from O(1) to O(K) as the largest autoregressive root moves towards the unit circle. The
convergence rate of the least squares estimator self-adjusts with the degree of persistence. Even
though cross-section regressions do not explicitly use time variations, fast convergence is a direct
consequence of the strong signal in highly persistent data. Third, we show that super-consistent
(faster than VN ) and asymptotically normal estimates are usually possible. Theorem 2 shows that
the fastest convergence rate requires that time compression performs both signal magnification

and noise dilution. While K-averaging achieves this rate, point sampling does not because of the

!See, for example, Dees et al. (2007), Lunsford (2017), Yi and Zhang (2017), Jong-Won Yoon and Lee (2014), and
Juselius and Takats (2021)



inability to dilute noise.

The main appeal of cross-section regressions in time compressed data is that standard normal
inference can be used without knowing whether the regressors are I(1) or I(0), with no need for
HAC standard errors. In contrast, the asymptotic distributions from time series or panel regressions
are either discontinuous if the regressor has a unit root, and/or have nuisance parameters that
complicate inference. The cross-section estimates are also robust to endogeneity and low-order
misspecification biases because of the magnified signal in the regressors. Thus, while omitted fixed
effects preclude the fastest convergence rate, super consistent and asymptotically normal estimates
can still be attained at the cost of an inflated variance. Cross-section regressions based on time
averaged data thus have more desirable theoretical properties than previously understood. In
practice, fanning out may not be realized if the data exhibit a strong tendency for mean-reversion
or convergence that work against the magnified signal. Checking the stability of the estimates
with respect to K is effective in detecting this possibility. In the three applications considered,
the problem does not seem to be of concern in regressions of consumption on income, and of
growth or inflation on demographic variables. However, time compression schemes seem challenged
to disentangle a warming trend from regular temperature fluctuations. In such cases, the long
and short run estimates may well appear similar, a finding that has been attributed to a lack of
adaptation in the literature.

The paper proceeds as follows. Section 2 begins with the key insight in Deaton and Paxson
(1994) and Section 3 proceeds to analyze a class of time compression functions that include the im-
portant cases of point-sampling and K-averaging but exclude long-differencing. Section 4 considers
estimation of a static model by cross-section regression in time compressed data under specific as-
sumptions. Section 5 relaxes these assumptions. Section 6 considers mechanisms that can dampen

the fanning out in the context of three applications. Section 7 concludes.

2 Fanning Out of Cross-Section Variations

This section studies the cross-section variability in a panel of N non-stationary series observed
over T periods. We will let E;[-] and var;[-] denote expectation and variance over the cross-section
distribution of units, while var(-) is variance for a given i.

Our point of departure is the result in Deaton and Paxson (1994) that if utility is quadratic and
the permanent income hypothesis (PIH) holds, consumption and income inequality will increase
with age ‘a’. The result arises because consumption (c¢) is a random walk under PIH, and can be
characterized as ¢jq = ¢ q—1+ Uiq. Assuming in addition that cov(c; q—1,uiq) = 0, the cross-section

variance of a given set of N individuals in the same cohort at age a is related to the one at age a —1



by var;|,(cia) = var,—1(cia—1) + o?. Tt follows that the cross-section variance of the cohort will
increase with ‘a’, reflecting the cumulative difference in individual shocks as they aged. Ng (2008)
shows that if a fraction s of the panel is non-stationary, the cross-section variance will still fans
out at rate xt. Deaton and Paxson (1994) noted that other preferences may increase or decrease
consumption dispersion over time, and it can even be nullified if individuals are homogeneous. We

now explore the fanning out effect outside of the PIH context, and under more general conditions.

2.1 Generalized Fanning out

Our working assumption is that the data are non-stationary but not necessarily a random walk.
Consider log per-capita real GDP for 47 countries over the sample 1960-2020 taken from the Penn-
World Table, Feenstra et al. (2015). The left panel of Figure 1 shows that the time series are
non-stationary, and the right panel shows that the cross-section variance fans until 2000 when
o-convergence began. Many national accounts variables in this database have this property. Ra-
tios such as export-to-GDP, import-to-GDP, debt-to-GDP in the Global Macroeconomic Database

provided in Muller et al. (2025) also have cross-section variances that fan out over a long span.

Figure 1: log Real GDP Per-Capita: 47 Countries in PWT

Time Series Cross-Section Variance

1960 1980 2000 2020

To study the trending cross-section variance, we start with a simppe data generating process.
For t = 1,...T with x;0 = 0, let Az = ui, uiy = Ci(L)es, where € ~ (0,022) is a white noise
error with variance o that is independent of Cj; for all j, C;(L) = 1+ CinL + CipL? + ... is a
polynomial in the lag operator L satisfying > 72 C’fj < o0. Using C;(L) = C;(1) + (1 — L)CF (L),
where Cj(1) = 3772, Cy; and C; = — > 772 1) Ci,, the Beveridge-Nelson Decomposition yields

t t

2 = Ci(1) Y €is + Cf (L)eir = Ci(1) Y €is + wi.

s=1 s=1



In the above, z;; is decomposed into a random walk (non-stationary or I(1) ) component C;(1) 23:1 €ij,

and a mean-reverting (stationary or I(0)) component w; = C;(L)u;. For a given i,
var(z;;) = Ci(1)%02t + var(wy)

where C;(1)%0? = w? is the long run variance of Az;;. Thus unlike an I(0) process when C;(1) =0
and var(x;) = O(1), the variance of an I(1) process increases with calendar time ¢. It follows that

the cross-section variance fans-out at rate ¢:
var;(zi) = E; [wf] -t + var;[w; ] = O(t).

Fanning out requires E;[w?] # 0, not that every w? > 0.

Introducing serial correlation in u; changes the the pre-factor of the fanning out rate from the
average short-run variance E;[0?] to the average long-run variance E;[w?]. This, however, is not
inconsequential. Consider the IMA(1) model Az = €4 + Yi€54—1. With a long-run variance of

w? = (1+ 9;)%04, the cross-section variance at t is
vary (zi) = Ei[(1 4 9;)%02] - t + var;[9702)].

The closer is E;[9;] to -1, the weaker is the fanning out.? Two models with IMA(1) as reduced form
are: i). the factor model x = A;fy + e;r where f; = f;—1 + uy and wj is stationary, var;(z;) =

var; (\;) f? + var;(w;); and ii). the local level model with @y = i + wir, fie = fir—1 + Wit

2.2 Convergence and Initial Conditions

The above simple non-stationary structure may not a good characterization of some socio-economic
data. For example, the cross-section variance in Figure 1 stops increasing around year 2000 when
emerging and populous economies have grown much faster than matured ones since the turn of the
century. We now consider alternative forms of non-stationarity and show that some features can

interact to generate a more complex cross-sectional variability.

i There may be situations when it is appropriate to assume x; _7, , = 0 instead of z;0 = 0. For
example, if x;; was earnings, —T;,;+ may be age 0, and we observe data post-retirement indexed

by t € [1,T]. In this case, the effective cross-section variance is O(t) where t = (¢t + Tinst).
ii Suppose Ax;; = g; + u; where g; is an exogenous drift. From x;; = ;0 + g+t + Zi‘:l Uis,
var; (x;) = var;(xi) + E; [wg]t + Vari(gi)t2 = O(t2).

The faster fanning out rate of ¢? arises because the deterministic trend dominates the stochas-

tic trend. Nonetheless, heterogeneity in g; is needed to achieve the faster rate.

2Perron and Ng (1996) refer to the case when ¥ is local to unity as nearly integrated, nearly white noise.



iii Suppose that ;0 # 0 and cov;(zip,g;) < 0. Then

vary(zy) = vari(xi) + <2covi($i0, gi) + E; [wf])t + Vari(gi)t2

= vari(zi) + cit + cot® = O(t?).

If E; [w?] < 2covi(zi0, gi), then ¢; < 0 and var;(z;;) may trend down for some values of ¢. But
this negative trend can only be temporary because var;(g;)t> grows with ¢. In such cases, the
C1

cross-section variance could exhibit a U-shape with a minimum at t* = — 505

iv Suppose zj; = A fy +w;r and f; = gy + fi—1 + uy, where gy is the drift of the common factor

fi, and u; ~ (0,02) has long-run variance w?. Since f; = fo + gt + > %_, us, it follows that
var; (zy) = var;(z0) + var;(A\;) f2 4 var; (wy) = O(t?).

But f2 = (fo+gyt)?+0,(t) is quadratic in t. Thus, if g5 < 0 and fo # 0, f? will be U-shaped
and reaches a minimum at t* = — fo /g before increasing. Even with heterogeneity in A;, the

cross-section variance may not always increase with t.

In general, the fanning out profile will depend on data and the sample. There can be episodes
when the cross-section variance will not increase, and could even be O(1). To obtain general results,
we will assume that Az;; = u; where x;9 is exogenous, with the understanding that the fanning

out rate may be faster or slower than ¢ obtained under alternative assumptions.

3 A Class of Time Compression Functions

This section shows that the fanning out effect is a feature of a class of time-compressed data. For
eachi=1,...Tandt=1,...T, let Azx;; = u; with ;o = 0, let

T

Xile Z w(t)xit.

t=Tp+1

be defined by a time compressed function w(t) satisfying the following.

Assumption A: (i) w(t) >0 for all t € [Tp + 1,T1]; (ii) ZtT;TOH w(t) =1, and (iii) w(t) > 0 for
some t € [Tp + 1,T1].
Assumption A.(i) and A.(ii) ensure that {w(t)} is a proper probability distribution over the

interval [Ty + 1,T3]. A.(iii) ensures that the weights are not concentrated in the early sample.



The class of functions include concentrated weights. An example is point sampling, which takes
row T from a T x N panel. Point sampling is a one parameter time compression scheme with
w(t) = l4—7,, and with weights ¢; = 1 for all j < T} on the innovations.

Ty
Xir, = wipy, = Tio + Zuij =0(Th).
j=1
Assumption A.(iii) requires that 77 is not too close to the origin so that enough innovations are
accumulated to generate fanning out. The preceding analysis implies that variability of )A(;iTl is
maximized by point sampling at 71 = T. It is also immediate that var(X;p) = O(1) if z is
stationary, so the cross-section variance neither fans in nor out.

Whereas fanning out in point-sampling means that var;(x;) increases with calendar time ¢,
as in Deaton and Paxson (1994), fanning-out using other schemes will be taken to mean that
varl-()N(i k) = O(K) where K = T1 — T depends on at least two choice parameters, Ty and T37. Such
functions include spread-out weights, the simplest being full-sample averaging with 7o =0, 17 = T.
But it also includes a three parameter scheme that gives a weight of zero to the first x fraction of

1

the sample, and the remaining 1 — k fraction would receive a weight of A=K with K =T, — Tp.

3.1 A Closer Look at K Averaging

Many well-cited cross-section regressions are based on time averaged data. For example, Feldstein
and Horioka (1980) averaged the data over 15 years, while Barro (1991) averaged the data over 25
years. The WMO standard for long run temperature is 30-years.? It is thus useful to take a closer
look at averaging data over K periods.

We will use X;x to denote time compressed data by averaging. Averaging observations over time
is commonly thought to remove high frequency noise, making it easier to visualize patterns over
time. Consider first full-sample averaging where XLT = %Zle xi. If x4 is stationary with long
run variance w?, then by central limit theorem, v/T' )_(Z-7Ti>N (0, wf) Time averaging of stationary
data reduces noise relative to an arbitrary draw z;; at any t. It follows from var(X;r) = O(T1)
that the cross-section variance var;(X;r) = O(T~!) ‘“fans-in’.

Consider now the I(1) case when Ax; = wuy, where x;9 = 0, uj ~ (0,02-2) is stationary with
long-run variance w?. Then by functional central limit theorem, T-V2X,; 7 = w? fol W (r)d(r),
where W(r) ~ N(0,r) is a standard Brownian motion. Since E[fo1 W (r)dr]? = 1/3, for large T, we

have var(X; ) = wf% In contrast to the stationary case when var;(X;r) fans-in, now

. T
var; (XzT) = Ez [w2

3See https://wmo.int/media/news/updated-30-year-reference-period-reflects-changing-climate.



fans-out, but shrinks by 1/3 relative to point sampling at 7.

To understand the reason for this shrinkage, consider averaging K = T} — T observations
between Ty + 1 and T3, which may be needed if complete data is not available for the full sample,
or properties in the sub-sample are of interest. When applied sequentially to a single time series,
K-averaging is a low-pass filter that passes all variations with peridocities longer than K and

attenuates shorter ones.* We use K-averaging only once for each i to generate

1 T t
ZK_ Z Tit = xi’TO—i_E Z Z Ujs-

t To+1 t=To+1s=TpH+1

Simplifying the double sum, we obtain

K
_ —7+1
Xik = To + Z < J >ui,T0+j =TT, t Z ¢jui,T0+j‘

j=1

L-}g‘rl is the weight on innovation u; 7, 4;, and Zszl ¢§ _ KEAD@EAY)  Note that

where ¢; = e

the relevant initial condition for K averaging is x; 1, not ;o = 0.

Lemma 1 Suppose that x;; = xy—1 + uiy where uy ~ (0, 0-2) 1s independent across i but possibly
serially correlated with long-run variance w , and z0 = 0. Let X; K be the mean of unit i computed

from K observations between Ty and Ty. Let ax = (KH%#. For fir K,
var(Xx) = vari(xim,) + (To + &K)w?
for large K relative to Ty, var;(X;k) = E;[w?]K/3. O
The cross-section variance has two components: one from the variance of the conditional mean,
which in this case is the initial condition, and one from the mean of the conditional variance due

to the shocks. Assuming Tj is small relative to K gives var;(X;x) = E;[w?]K/3 since ax /K ~ 1/3
for large K.

3.2 Properties of Xk

The results for point sampling and K-averaging draw attention to two distinct sets of weights of
interest: {w(t)} on the data, and {¢s} on the innovations. This will still be the case as we now

analyze the properties of X;x for any w(t) satisfying Assumption A.

“Let w = 2w /K. The discrete Fourier transform of the response is H(w) = & ZK Le—dwm — 1 1=e7J¥ . Using

K 1-e 7%
sin(0) = 6783; ” , the frequency response is the Dirichlet kernel, H (w) ~ 51%1572/ 2

whose first zero at w = 27 /K.



In the I(1) case, x4 = Tijr—1 + uit = Tix = Tio + Zi’:ToJrl uis. Changing the order of summation

to sum over s first and then for ¢ > s, we obtain

Ty t Ty T
Xik = xg+ < Z w(t) Z uis) =7, T Z uisz w(t)
t=To+1 s=Tp+1 s=Tp+1 t=s
T T
= z7 + Z DsUis, with os = Zw(t).
s=Tp+1 t=s

Note that ¢4 is the tail sum of the innovations at s, and the sequence {¢;} is the survival function of

the weight distribution w, starting at ¢, 41 = ZtT;TOH w(t) = 1 and decreases to ¢, = w(T1) > 0.

Var()A(/iK) = var;(z;1,) Z qﬁ = 02(I>K, i =ag(w)K.
s=Tp+1
Condition A.(iii) ensures that S 1% Ty41 02 > 0 for any K. In general, ®x = O(K) but the precise
magnitude of fanning out depends on ax (w) which is scheme specific. Full sample averaging has
ax = 1/3, while point sampling has ax = 1.

In the I(0) case, we have, by definition,

Ty
var(Xix) = vari(zir) E E (s)cov(xit, Tis).
s=To+1t=TpH+1
To make progress, consider the AR( ) case when x; = pxii—1 + uix = pluio + Y e piu—s and

ui ~ (0, 01-2). With cov(zi, xis) = 2 plt sl and assuming p! is small, we have

T1 YA
Z ws(pi)ui& %(Pz) = Zw(t)pz °

s=Tp+1

The function 14(p;) plays the role of ¢4 in the unit root case. We show in the Appendix that

s (K-1)
~ o ‘t s
var(X;x) = —=
l 1—p} h—ZI:{ 1)s,t,t§; h
2
95 hl —
= — App; = a7 k(i)
1 - ,OZ h_z 101, Y '
where A; = gt <—p W(t)w(s) is the total weight placed on observations s and ¢ separated h

periods apart. Under Assumption A, Zh_ (K—1) Ay = (ZtT;TDH w¢)? = 1, implying that {4}
forms a probability distribution over periods separated by h. Thus, Gy(p;) = EA]pLh‘ € [0,1]
is bounded for any p; € [0,1] and any w(t). But var(X;x) increases with K when z is I(1).



Gu
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To transition from a fix p; < 1 to p; = 1, it must be that Ui = ‘blows-up’ with K via

L, = L as p; approaches the unit circle. In the local-to-unity case when p; = 1 — &,

1—p? (1—pi)(A+ps)
Gw=E4 [p‘ih‘] ~ 1= EE4[lh]] = O(1) for any choice of w(t) satisfying Assumption A and any finite

h. It is 1%,01, x CKZ = O(K) that allows U to diverge with K oas p; moves towards the unit circle.

Theorem 1 Let X = Z;‘F;TO_H w(t)zie where w(t) satisfies Assumption A. For a given K, it
holds that

a. Vs(pi) M) w(s) and Vs(p;) T Gs;

Part (a) says that the tail sum ¢, interpolates continuously between the two extremes. Part (b)
indicates that ¥ x moves towards the unbounded ® i as p; moves towards the unit circle. Indeed, if
pi =1— £, then %M x lc{—id for any d > 1. This allows var(X;) to transition smoothly from being
bounded to divergent as persistence increases. This result is important to preserve continuity of

the asymptotic distribution in regressions that use )~(Z K as regressor.

3.3 Long Differencing

We use X;x to denote data transformed by long differencing (LD) constructed as in Burke et al.
(2015), Dell et al. (2012). Precisely, LD is based on the difference of two local average of M = 2m+1

observations, one centered at Tj, and one at Tj.
ik = Xim (T1) — Xine (To).

It thus requires three parameters, m, Ty and T;. Though quite widely used, the properties of LD
data are not well understood.® If m = 0, the LD takes a long difference, Xik = TiTy — TiTy =
ZST;TOH u;js with w(t) = ly=p, — Li=7,. It is immediate that Vari(XiK) = O(K), the same as point
sampling. When m > 0, w(t) = ﬁlte[Tl_m7T1+m] — ﬁlte[T)_m’Tl_;’_m and its effects on the data
are not so transparent. An example helps understand the weights. Suppose Ty = 4,77 = 10, and

m = 1. The observation and innovation weights are:

3 4 5 6 7 8 9 10 11 12
B0 - -F -3 ~T o001 I 1T 0
bs 0 % %111 1 % % 0

5Burke and Emerick (2016) simulate x;+ as having a unit-specific deterministic trend and show that if K is
sufficiently large, the L D estimates from a cross-section regression are more precise than the ones obtained from a
T x N panel of raw data. Burke and Emerick (2016) simulated z;; = ut + wir and yir = aus + Bx Xi + Buwwit + €t
Their regression also has a quadratic term that is not important for the arguments to follow.



We see that LD fails Assumption A because not w(t) is not always positive and ) _, w(t) = 0, not
1. Furthermore, ¢, is not smooth; it jumps from 0 to 1/M at Ty —m + 1, and from 1/M to 0 at
T1 +m+ 1. Perhaps the most notable feature of LD is that it puts a weight of 1 on the K — M +1
innovations that are in the middle, while the observations at the two ends have smaller weights.

This ‘tent’ pattern of ggs generalizes, and it can be shown that

2m 2
var(X;n) = o? <(K —M+1)+ 2Z(j/M)2> =o? <K — (M3Ml)> ~o2(K —M/3). (1)
j=1

Local averaging of M observations does not change the fanning out rate that is determined cross-
section heterogeneity over K periods. However, when M is large, the effective rate of K — M /3 can
be much slower than K. The choice of M is important.

The LD combines local-averaging (a low pass filter with zero at w = % known to attenuate high
frequency variations) with differencing (a high-pass filter with zero at w = 0, known to attenuate
low frequency variations).® It has a peak periodicity of roughly p* = Z—Z[ = f}flg, which is the
mean of the two boundary frequencies of 2?“ and QM” However, the use of 'medium’ and ’longer’

terminology in the literature does not align with the periodicity. Dell et al. (2012) report ‘medium-
term’ effects using m = 7 and K = 15 which implies p* = 15. In contrast, Burke and Emerick
(2016) report ‘longer-term effects’ using m = 2 and K = 20, which implies p* = 8. The LD is
similar to the filter used in Kuznets (1958) to suggest evidence of a 20-year economic cycle. Howrey
(1968) noted that the ten-year difference of two five-year moving-averages could spuriously induce
a cycle with a 20 year periodicity even if the raw data were a white noise. However, the LD the
transformation will only be used once at t = Ty and T3 to collapse the time variations into Xik.
We illustrate the extent of signal magnification by simulating x;; = ps + wi where pg is

non-stationary and wj; is stationary. Two models are considered.

1. local level model where p;; = p; 11 + €;¢ with ¢; = 5—52:

2 2
_ 939

2 factor model: i = \jpy + ui where py = pyi—1 + €4, Aj ~ (0, 0/2\) with ¢; =

o2

where e;; ~ (0,72), € ~ (07052,1‘) and w;; ~ (0,02) are mutually uncorrelated. The local-level
model provides a permanent-transitory decomposition of the data. Since ¢; = % for the local-level
model with, signal magnification requires the average variability of u;; to dominate those of the
mean-reverting component w;:. The factor model provides a common-idiosyncratic representation

of the data with non-stationary coming from the common trend p;. Both have an IMA(1) model

2
%m 4sin® (X)) is a product of a function increasing from 0 at w = 2w/ K

5The squared gain Hzp(w)|? o 5

and another function that decreases to zero at w = 2w /M. The peak, w™. thus lies between the two zones.

10



Az = ui +9u;—1 as reduced form, where 9; = [—(gi+2) % /q? + 44;]/2 is closer to -1 the smaller

2 2.2
is signal-noise ratio q. For the local level model, ¢; = Z—g, and for the factor model, ¢; = *;;’u

Thus, a strong common trend is not enough for signal magnification; it also requires the loadings

to be sufficiently heterogeneous.

Table 1: Cross-Section Variances, (Ty, Th, T, T) = (10, 20,40, 50)

Local-Level Model u

PS:var;(zi ) KA(0,Tp): var;(X; k) DA: var;(X; k) LD(m,T}): var;(X; i)
Ty Y Ty Ty T (0,75) (0,71) (0,7) | (0,Tp) (0,71) (0,7) | (0,72) (473) (9,72)
3.000 -0.092 | 90.913 181.017 451.693 | 34.815 64.597 154.725 | 65.012 124.567 305.055 | 182.019 153.661 123.308
1.000 -0.382 | 10.981 20.993  51.078 | 3.958 7.222 17.208 | 7.399 13.926  33.930 | 21.992 17.270 13.794
0.500 -0.610 | 3.492  5.994 13.521 1.065 1.843  4.317 1.999  3.555 8.512 6.995 4.484 3.527
0.200 -0.819 | 1.397 1.797 3.005 0.255  0.337  0.707 0.487  0.652 1.396 2.799 0.904 0.653
0.100 -0.905 | 1.099 1.198 1.503 0.139 0.122 0.192 0.272 0.238 0.379 2.201 0.393 0.242
0.000 -1.000 | 1.000  0.999 1.003 0.100  0.050  0.020 0.200  0.100 0.040 2.002 0.222 0.106

Factor Model

ox 19 To Ty T (0,To) (0,71) (0,7) | (0,Tp) (0,7n) (0,T) (0,Tx) (4,T2) (9,T)
3.000 -0.092 | 93.578 186.698 462.614 | 35.494 66.817 158.891 | 66.374 129.000 310.905 | 180.487 151.912 123.125
1.000 -0.382 | 11.282 21.639 52.287 4.033 7.469 17.672 7.553 14.424 34.578 21.847 17.075 13.772
0.600 -0.554 | 4.700 8.431 19.463 1.516 2.721 6.374 2.848 5.257 12.473 9.151 6.289 5.025
0.400 -0.672 | 2.644 4.303 9.206 0.730 1.237 2.844 1.377 2.392 5.565 5.182 2.918 2.291
0.200 -0.819 | 1.410 1.825 3.053 0.258 0.347 0.726 0.494 0.673 1.421 2.799 0.896 0.652
0.000 -1.000 | 1.000 0.998 1.003 0.100 0.050 0.020 0.200 0.100 0.040 2.002 0.222 0.106

Note: (i) PS is point sampling; (ii) KA is K-averaging with w(t) = 1/K for t € [T, +1,Tp); (iii) DA
averaging uses w(t) =0 for t € [T, + 1,7, — m] and w(t) = 1/m for t € [T, — m + 1, T}, m = K/2;
(iv) LD is long-differencing of two local averages.

Table 1 reports the cross-section variance of four time compression schemes: (i) point sampling
(PS), (ii) K-averaging (KA), (iii) an averaging scheme (DA) with w; = 0 for t € [Ty + 1,71 — m]
and wy = 1/m for t € [Ty — m + 1,T1] where m = K/2, K = T} — Tp, and (iv) long-differencing
(LD). We evaluate LD at T3 to accommodate m initial observations; it is thus comparable to PS at
T7. The cross-sectional variances in the first panel supports point sampling has maximum fanning
out. The second panel for K sampling is in line with Lemma 1 that the fanning out is about 1/3
of point sampling. The third panel shows that by reducing the weights on the early observations,
the fanning out effect of DA is larger than K-averaging that gives equal weight to all observations.
The fourth panel shows that fanning out of LD is smaller the larger is M. The results also show

that the signal magnification effect is smaller the closer is ¥ is to -1.
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4  Cross-Section Regressions in Time Compressed Data

This section studies cross-section regression in time compressed data. Let zj = (x, yiy) be a vector
of n variables characterized by Bozi = B1z;t—1 + €. To begin, we assume that n = 2, By and By

are the same across units and specified to have the following structure:

Tit = Tig—1 + Ut (2)

Yit = Pxit + €it, . (3)

where wu; ~ (0,02-2) and e; ~ (0,71-2) are stationary and uncorrelated. Since z; is 1(1) and ey
is stationary by assumption, (1, —/) is a cointegrating vector in the sense of Engle and Granger
(1987). A time series regression using 7' observations of y and x of a particular unit ¢ will converge
at the fast rate of 7', but the asymptotic distribution of B is, in general, non-standard. If we focus
on the low frequency variations as in Mueller and Watson (2017), we have a small sample problem
because few cycles with long periodicity will be observed over a short span. Panel regressions also
have a fast convergence rate of v/ NT, and estimation can be quite involved if there is cross-section
dependence. Instead, we consider least-squares estimation of a ‘timeless’, cross-section between-

group regression in time compressed data )7; K and X’l K:
Vi = c+ BXix + Cip. (4)
We first consider the properties of B under the following assumptions.

Assumption B: (i) u;s L ey for all s,¢ and for all 4; (ii). ui ~ (0,02) is serially uncorrelated
with E;[0?] > 0, (iii), e; ~ (0,77) is stationary; (iv.) 20 = 0 for all 4, (v.) {zi, e} and (Xik, €ix)

are i.i.d. across 7 with finite fourth moments.

Assumption C: (i) ® = limg 00 Px/K = ag > 0 and C.(ii) Ag = >/ 1p ., w} = O(KY).
We assume that u;s and e;; are independent across ¢, and for all s,t so that strict exogeneity
holds. We do not require o2 > 0 for every 4, only that E;[c?] > 0. The condition is needed for
identification as it ensures Qxx = vari()zm) is non-degenerate. Assumption B.iii allows e;; to
be serially correlated but cannot be non-stationary to rule out spurious regressions. Cross-section
dependence is not allowed for now and Assumption B.iv simplifies the analysis. Assumptions B.v
allows us to use LLN and CLT for iid variables. In particular, % > f(Xik, éiK)iﬂEi [f(Xik, €ix)),

giving

=l

N
Z K — XK 2 2 svari(Xik) = Bi[0?]®x = Qxx,
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and
1 fod = ~ d e o~
WZ<XZK —XK)eiK—ﬂV(O,VK), where VK :]EiKXiK —/Lx) eiK].

The properties of the least squares estimation is determined by

Nt vazl()?ik — Xg)eix

B-B) = S
N1y (Xik — Xk)?

Under Assumption B, strict exogeneity ensures that the estimator is v/N consistent when z is
1(0) as the denominator of 3— 8 converges to Q x x which is O(1), and the numerator scaled by v N
obeys a central limit theorem. But a faster convergence rate can be obtained when x is I(1) because
Qxx is then O(K). We will refer to this as the signal magnification effect. It is scheme specific
since P = ZJT;TOH ¢?. Now var(€ir) = var(Y, w(t)ey) = 72>, wi = 72 Ag(w). If the time
compression scheme permits noise dilution in the sense that var(¢€;) = o(K '), an even faster rate
can be obtained. Assumption C makes these requirements precise. Assumptions C.i ensures signal
magnification/ Assumption C.ii ensures noise dilution. Obviously, if we point sampled ¢t = 77 + 1
and T3 is small, then ®x = 1 and both C.i and C.ii would fail. If we point sample at a large T,

C.i is satisfied, but C.ii fails because >, w(t)?> = 1. Time compression schemes with spread out

weights satisfy both C.1 and C.ii, and of these, K-averaging is the simplest.”

Theorem 2 Let X;x = ZtT;TO pw(t)zie, and let B be estimated from a correctly specified static

regression Yik =c+ ﬂ)?zK +eix. Let Assumptions A and B hold and var(z; 1,) = o(1).

a. With K fized and whether z is I(1) or 1(0), Biﬁ as N — oo. Furthermore, \/]V(B -
B)iﬂ\T(O, QYN VQY') where V = vary(Xix — pix )€k )-
b Let Assumption C.i hold but not C.ii. Then for large Ty, v/ NTy (B—B)iﬂ\f((), O V19% %),

Vl = limTl_mo V.

¢ Let Assumption C.ii hold but not C.i. Then for large K, / NK(B — B)iﬂ\f((), Q;(l)(VQ Q)_(lx,

VQ - 1imT1_>OO V.

d Let Assumption C.i and C.i also hold, Qxx = limg_ 0o K 'Qxx and V4 = limg_y0o = V.
For large K VNK (B — ﬁ)i>N(0, O V2 Q%)

The statement on var(z; 7,) makes clear that limiting variation is due to a large K and not a large

Tinit- As stated in part (a), B is VN consistent and asymptotically normal for fix K.

"To check C.ii, compute sum(w.?) which should be O(1/K). To check C.ii, compute sum(cumsum(w.?)) which
should be O(K).
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The convergence rate of the estimator ultimately depends on the rate at which the variance of
B tends to zero. Recall that var(€x) = 72 Ao(w) and E;[(X; — pux)?] = Qxx. Further intuition can
be gained if we consider homoskedasticity with TiQ =T, UZ-Q = o2 for all i. Then Qxx = 2Py =
o?ax K, and V = 7240Qxx. Part (i) of the Theorem 2 becomes

VR - Lo (0, T ), )

The quantity ;—z is the noise in the model relative to the signal in the data, while Ag(w) (noise
dilution) and ax(w) (signal magnification) both depend on the compression scheme w(t). Parts
(b) and (c) are large K results for two different classes of w(t). If there is signal magnification
but not noise dilution as in point sampling at large 77, then as indicated in part (b), 8 is vNT;
consistent. Part (c) indicates that noise dilution alone can also accelerate convergence even in the
absence of signal magnification. If both conditions of Assumption C are satisfied, the estimator is
V' NK consistent. On the other hand, if K = 1, K-averaging and point sampling reduce to the
standard cross-section result that B is /N consistent and asymptotically normal.

Theorem 2 assumes that the cross-section variance of x fans out at a rate of K, but the rate can
be slower or faster under alternative assumptions, as discussed above. In the case of an exogenous
drift ¢; for example, X;x —pux = %(Qz _Ei(g))+Zi:TO+1 uis = O(K), & = O(K~'/2). The meat
of the sandwich variance is Vi = O(K), and the asymptotic sandwich variance is O(K~4)O(K) =
O(K~3). It follows that B from the static regression in K-averaged data is v/ NK3/2 consistent
and asymptotically normal, faster than the v/ NK rate when ¢g; = 0.8 Another example is when
z;1,,, = 0, then with Ty = Ty + T, point sampling gives Qxx = T1E;[0?] and Vi ~ TIIE [o272].
Thus, Q% XVKQ xx = O(Ty ), giving v/NT; consistent and asymptotically normal estimator as
T1 — oo with K fixed. When the fanning out rate is slower, the fastest convergence will not be
attainable, but it cannot be slower than /N provided that covi(f(iK,é]-K) is of lower order than
that of var;(Xix).

In spite of the possibility of many convergence rates, knowledge of the rate is not needed for
inference, nor is the need for HAC standard errors. The reason is that the scores ()~Q K — UX)GiK
are iid across ¢. Hence a CLT for iid data applies in spite of serial correlation structure of e;;, which
is already absorbed in V. Asymptotic normality implies that the usual ¢ statistic can be used for
inference. It would be a simple Wald test to see if the estimates in non-overlapping samples are
equal. Nonetheless, Assumption B.(iii) assumes u; ~ (0, 02) is serially uncorrelated. With serial
correlation, o2 would be replaced by w?. In the IMA(1) case, w? = (1 + ¢;)%02. If ¥, = -1+ \%
8The result parallels the convergence rate of T/2 for the coefficient on a linear trend. However, if var;(g;) = 0, the

only source of fanning out is the stochastic trend and the convergence rate remains v NK. If T; > K, var(XZ K)=
T:E; [Uz]
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as in the ‘nearly integrated, nearly white noise’ case considered in Perron and Ng (1996), then
wiag(w)K = §2ax. With Qxx = E;[w?]ax K = E;[62]ak, there will be no fanning out at all, and
a VN consistent estimate is all that can be achieved.

The LD is not in the class of functions considered, but some observations of its estimates can
be made. The LD regression error is €;x = €;n(11) — € (Tp) with variance var;(é;x) = 271-2 /M,
usually larger than var;(¢;xc) = 72/ K associated with K-averaging. Since var(X;x) ~ o2(K —M/3)

for LD, it has sandwich variance %Q;(IX under homoskedasticity. Compared to K-averaging:

var(LD)  2K(Tp+ax) _  2BTh+K) 2K 2Ty
var(KA) ~ M(K — M/3) ~ 3M(1—M/BK)) ~3M '~ M’

This ratio only depends on the tuning parameters and not on 01-2 or ¥;. In practical designs when

% > %, K averaging should have a smaller variance.

Table 2: Estimates and Rejection Rates

DGP: y;r = Bﬂ#it + /81~vwit + e,
Regression: Y;x = Xk + €k
(T,N) = (50,50), (Ty, T1,T>) = (10,20,40) and k=9

ﬂ 14 9 PS KA LDK(T(), TQ, m)

T T, T](07) (To,Ty) (To,Th) (T, 7)) [m=0 m=4 m=9
Estimates, Tjni:=0

-1.00  0.00 -0.00 [ -0.999 -1.001 -1.000 [ -1.000 -1.000  -1.000  -1.000 | -1.001 -1.000 -1.000
-0.99 0.00 -0.00 | -0.989 -0.991 -0.990 | -0.990  -0.990  -0.990  -0.990 | -0.991 -0.990 -0.990
-0.97 0.00 -0.00 | -0.974 -0.976 -0.975|-0.975  -0.975  -0.975 -0.975 | -0.976 -0.975 -0.975
-0.95 0.00 -0.00 | -0.949 -0.951 -0.950 | -0.950  -0.950  -0.950  -0.950 | -0.951 -0.950 -0.950
-1.00 0.50 -0.50 | -0.999 -1.001 -1.000 | -1.000  -1.000  -1.000  -1.000 | -1.001 -1.000 -1.000
-0.99 0.50 -0.50 | -0.989 -0.991 -0.990 | -0.990  -0.990  -0.990  -0.990 | -0.991 -0.990 -0.990
-0.97 0.50 -0.50 | -0.974 -0.976 -0.975 | -0.975  -0.975  -0.975  -0.975 | -0.976 -0.975 -0.975
-0.95 0.50 -0.50 | -0.949 -0.951 -0.950 | -0.950  -0.950  -0.950  -0.950 | -0.951 -0.950 -0.950

Rejection Rates of Hy : 8 = —1
-1.00 0.00 -0.00 | 0.073 0.075 0.075 | 0.074 0.071 0.074 0.073 | 0.072 0.076  0.081
-0.99 0.00 -0.00 | 0.077 0.076 0.079 | 0.138 0.082 0.119 0.113 | 0.071 0.085  0.096
-0.97 0.00 -0.00 | 0.085 0.091 0.100 | 0.438 0.137 0.346 0.317 | 0.079 0.135 0.184
-0.95 0.00 -0.00 | 0.114 0.147 0.170 | 0.918 0.321 0.824 0.782 | 0.097 0.292  0.464
-1.00 0.50 -0.50 | 0.073 0.075 0.075| 0.074 0.072 0.074 0.072 | 0.072 0.076  0.081
-0.99 0.50 -0.50 | 0.077 0.076 0.079 | 0.138 0.082 0.118 0.114 | 0.071 0.085  0.096
-0.97 0.50 -0.50 | 0.085 0.091 0.100 | 0.439 0.137 0.346 0.317 | 0.079 0.135 0.185
-0.95 0.50 -0.50 | 0.115 0.147 0.170 | 0.918 0.321 0.824 0.782 | 0.097 0.292  0.463

z is generated by the local level model with o, = 1, w;; is AR(1) with persistence parameter p and o, = 0.01. The

two values of ¥ correspond to p = (0,0.5). If 9 = 0, z is a pure random walk.

To verify the adequacy of the asymptotic results, we consider the finite-sample size and power
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of a t-test based on different time compression schemes. We simulate data

Vit = Buptit + Buwwit + €t
Tig = it + Wit
Wist = PWit—1+ Eit.

We generate x using a local level model with 01-2 = 1.0, 02 = 0.01, 72 = 9, By = —1,8, = 0.01.
The implied ¥ is based on two values of p. The results are presented in Table 2. The rejection
rates of around 5% when 8 = —1 suggest that the normal distribution adequately approximtes the
distribution of B Power is evaluated at close alternatives to the null value of -1. We see from the
bottom panel that the power based on K-averaging is much higher than LD. At the alternative of
-0.95, for example, K-averaging has a rejection rate of 0.824, compared to a rate of 0.464 for LD.

5 More General Specifications

Theorem 2 is built on Assumptions A, B and C. In general, the ‘meat’ of the sandwich variance is

V= EBi[(X; — px) %] = Eal(Xi — px ) TEile%] + covi((Xix — px)?, i) (6)

The covariance term in V' does not appear if the model is correctly specified. If this is not the

case, e;x will be replaced by €}, and covi()?i K, €} ) may not be zero. The next three subsections

consider cases when cov;(X;x, €/ ) # 0 but super-consistency continues to hold. We then consider

a case when cov; (X, € ) = 0 and yet the variance of €], precludes the fastest convergence rate.

5.1 Relaxing Strict Exogeneity

We assume that the DGP is the static model y;; = Bz;+e;. Assumption B.i asserts cov;(X;x, €;x) =
Yoo bs > w(t)Ei[uireis] = 0. We now allow cor(ui, ;) = vit—s with >, |vin| < co. Contempora-
neous correlation occurs when ~g; = 0. When 7, ; # 0 for h < 0, u;; is correlated with future e;s,
while A > 0 allows for feedback from past values of e;; to ug.

Now Xk = @ity + Y Psttis and €;x = >, w(t)e;. Using cov(ui, e;s) = vit—s0;7; for any ¢,

ie) ig)
cov(Xik, €ix) = cov(a:i;ro#— Z DsUis, Z w(t)eit>
s=Tp+1 t=Tp+1

T T

= o Y. Y. bw(t)vis s

s=To+1t=Tpo+1
= oA (w,1)
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where Ax(w,i) = hK;_l(K_l) YinBr(w) and Bp(w) = >, ,_; ¢sw(t). The Appendix shows that
Ag(w,i) = T';Bs(w), where T'; = limg 00 Zf:__l(K_l) ~;p is the long-run cross-covariance, and
By (w) = limg 00 Bp(w). Then

COV(XiK,giK) — O'Z'TZ'FZ'BOO(QU).
For K averaging where w(t) = 1/K for all ¢, B,(w) — 1/2. For point sampling at large 77 where

w(t) = li=7,, Bp(w) — 1. With a constant by that depends on the time compression scheme,
EZ‘[COV(XZ'K, ézK)] = Ei[UiTiFigK] = 0(1)

Though the average covariance is O(1) due to endogeneity, the cross-section variance is still O(K).
In consequence, endogeneity bias to vanishes with K. Allowing cov(u,e;s) # 0 only inflates
variance, in stark contrast to the I(0) case when the estimators would be inconsistent.

Strict exogeneity may also fail because of feedback. Consider the dynamic model

Tit = i1+ KYir—1 + Ust

Vit = PoTi + P1xi—1 + €.

Then zj = (1+ kBo)Tit—1 + KP1Tit—2 + Keip—1 + wie is still nearly 1(1) if |k(Bo + 51)] is small enough
to keep 1+ k(Bp + B1) in the 1/T neighbourhood of unity to preserve the fanning out effect. The
effective innovation to x;; is now u}, = kej—1 + wi. This implies that cov(ujy, e;;—1) = kT2, A
static regression of }71 K on )~(z x now has two biases when K is fixed: one from omitting Ax;x, and
one from violating of strict exogeneity. But signal magnification makes the biases asymptotically
negligible. In both cases when strict exogeneity is violated, we have a v NK estimate of § from a
static regression using K averaged data. and a /NT] consistent estimate using data point sampled

at T7.

5.2 Omitting Stationary Dynamics

In time series regressions, the bias from omitting stationary dynamics may also be of second order

when x is I(1). We now show that this is the case in cross-section regressions. Suppose that

Yit = it—1 + BoTit + B1Tir—1 + et (7)

Following Bewley (1979), (7) can be rearranged as

(1—-a)yiw = —aAyi+ (Bo+ Bi)wi — Br1Axi—1 + ei
Bo + B a B ei
Yit = ( f_ al Tit — (EAyit + ﬁA%‘t—l) + 1 _Zta
= Bxit + e:t

17



where the cointegrating coefficient

_ BB _ lim Oitrn _ iMoo OY ity n/Ouit
1l—« h—o0 8xi,t+h limhﬁoo 8:ci7t+h/8uz-t

B

characterizes the long run relation between y and z. It is often referred to in textbooks as the
long-run multiplier.

A static regression of y on x that omits Ay, Azy—1 would have E;lef,zi] # 0. If x5 were
stationary, a time series or a panel regression would yield inconsistent estimates. But as z;; is
I(1), a time series regression would yield a super (7') consistent estimate because the omitted
variable bias is of second order, but the distribution of B is non-standard. Here, the model in time

compressed data
. - o
Yik = BXik — | ——Ayix + AAﬂciK +
11—« l-«

€K
11—«

nix /(1—a)
where Ay = %(yi’Tl —yim), Azix = %(:ULTI — i 1,). Importantly, the omitted 7;x is negligible

when K is large.

Corollary 1 Suppose that z; is I(1), yir is generated by the dynamic model given in (7) with
la| < 1 and Assumption B holds. Let 3 be obtained by estimation of (4) using K -averaged data.

. . A covi (X1 M5 d — —
i As N — oo with K fized, \/N(ﬁ - B+ W) SN0, Qx5 Wik QYY) where Wi =

var;((Xsrx — px ) (€ — NiK))-
11 For large K, \/NK(B — ,B)LN(O, Q;XWQ;(IX), where W = limg_ oo Wi and Qxx =
limp oo K 'Qxx.

COVi()_(z‘K7éjK_77iK)
var; (X; i)

In the present setting, the omitted variable bias for a given K is bias = . Since

X,k only depends on {ui} and u; L e;5 by assumption, bias can only arise through covi()_(i Ky TiK)-
As X;x = O,(K'/?) and n;x = O,(K~1/?), their product is O(1). But upon scaling by var(X;x),
the bias is Op(K ') that vanishes with K. We thus have a VNK consistent estimate of the long-
run relation 5 as K increases. Though €}, does not contribute to the bias, var(e};) > var(é;x).
Omitting the lags yields a less efficient estimate of § as reflected in Wi

It should be noted that 5 is distinct from long-run effect of a shock to z, defined as

0y, . Oz
lim Yit+h — 8 x lim it+h
h—00 8uit h—o00 8uit

If 8 # 0, the two coincide only if x;; is a random walk. In general, the long run effect depends on the
dynamics of z;;. For example, in the IMA(1) case when Az;; = uj + J;ui—1, the long-run effect of

uit is B(1+19;) # B. Consistent estimation of the long-run relation /3 is not enough to characterize
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the long run effect. The same caveat applies to LD estimation. The LD transformation isolates
variations with ‘medium periodicities, but this data will not estimate the medium term effect
after a shock, which also requires the dynamics of x;, and thus require estimating the system
Byzit = B1z;1—1+¢€;;. Comparison of regression results with impulse response system analysis such

as in Bilal and Kanzig (2024) should be made with caution.

5.3 Heterogeneous Coefficients

The above analysis shows that the strong cross section variability generated by I(1) data usually
accelerates the convergence rate of . We now consider a counter example when the strong signal
does not accelerate convergence.
Consider heterogeneous coefficient 3; = 8 + v; where E;[v;] = 0, and var;(v;) = 03. The model
Yit = Biit + e implies yir = x4 + €}y where e}, = vzt + e so that cov(zy, efy) = Elviziia;s] # 0.
With € = €k + v; XK, a static regression in K-averaged data yields
h=pu cov;(vi, Xix) _ 51 Ei[vi(XiK_— MX)Q].

Vari(XiK) var; (XzK)

Suppose that v; L (62, z; 1), then because E;[v;] = 0,
Eilvi(Xix — px)?] = Ei[viXix] + Eifvi(wim, — px)?] = 0.

The orthogonality condition is satisfied, but the estimator is only v/ N consistent. This result is
best understood in the homoskedastic case when 02 = E;[0?] and 72 = E;[r?]. Then var(e};) =
02, [ X% + var(é;x) = O(K). K-averaging does not achieve noise dilution because parameter
heterogeneity scales €7 with X,k, and any signal magnified by time compression is offset by a
magnified noise. Thus, even if z is a random walk with drift, the rate will remain v/N. Pesaran
and Smith (1995) considered a heterogeneous coefficient model where x is I(1) with a heterogeneous
drift. They find that the coefficient estimate from a cross-section regression in full-sample averaged
data is consistent. We show that the convergence rate is /N, whether or not there is a drift.
It should be remarked that point sampling at 7} will also be /N consistent because it also has
the problem that e;7n = e; 7, + v;X; 1, scales with X; 7. The practical implication is that if a

researcher wants to allow for heterogeneous coefficients, the usual rate of v/ /N should be expected.
6 Empirical Issues

We have so far assumed that x;; only has one component that is a stochastic trend. In applications
of empirical interest, x;; often has additional sources of variation. Subsection 1 considers fixed
effects and cross-section depenence. Subsection 2 considers the case when the two components are

observed. Subsection 3 considers coexistence of latent permanent and transitory components.
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6.1 Fixed Effects and Cross-Section Dependence

A common critique of cross-section regressions is the bias from omitted time-invariant variables

and cross-section dependence.? To investigate these issues in our setup, suppose that
Yit = Bxit + sifi + eq

where x;; is 1(1), s; is a unit-specific effect, f; is stationary time variation common across i. This
interactive fixed effect specification considered in Bai (2009) nests the additive fixed effect as special
case. To make progress, let fi = s+ f and s; = E;[s;]+5Y, where s = E[f,] with E[f)] = E;[s?] =

0. Because f? is stationary,

sifc = Eilsiug+sius+ sif%
S—— SN~~~
constant O(K—1/2)

In this set up, the regression model in K-averaged data is

Yik = BXik +sifx +éix
= c+ BXik + sYuy + e
where ¢ absorbs the constant term in s; fK and € = €;x + S; f?{ The omitted variable bias is

bias — covi(XiKJ s¢) _ ufcovi(x};po,s?)
Vari(XiK) vari(XZ-K)

There is trivially no bias when py = 0 and B continues to be v NK consistent.

More interesting is when py # 0, the important special case being f; = 1y = 1 which makes s;
an individual fixed effect. If 2;0 = 0, strict exogeneity ensures that cov;(z;1,, s;) = 0 as is required
for consistent estimation of 5. The question is at what rate. Now €}, = €;x +s; = O(1) because s;
cannot be diluted away by averaging, and s; will inflate V' in the sandwich variance from O(1) to

O(K),'° making 3 vVNK (instead of v/ NK) consistent. However, the standard errors are valid if
0

s; is independent across . While the convergence rate using K-averaged data is downgraded upon
loosing the benefit of noise dilution, this is not the case if we point sample at T7 because it does
not have the noise dilution property anyway. With ¢; 7, = e; 1, + s; and vari(ele) = 0O(1), the
order is the same as var(e; ;) when s; was absent, and the convergence rate remains v/ NTj. The
LD treats differences away the fixed effect to identify S from the change rather than level of the
non-stationary component, and the convergence rate should be v NK, a distinct advantage over

K-averaging..

9See, for example, Deschenes and Greenstone (2007) and Mendelsohn and Masetti (2017) and Andrews (2005).
9T he situation is different from Andrews (2005). In Andrew’s case, common shocks create cross-section dependence
and invalidates the usual standard errors for the v/ N consistent estimate.
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The above arguments break down if s; is correlated with x;;, as strict exogeneity only rules out
correlation between u; and e;s to give a finite sample bias of O(K ~!). However, this bias can be
mitigated in different ways. First, if we have a variable z; correlated with s;, we can use it to control
for s;. A second possibility is to note that the numerator of the bias prcov(z; 1), 9) = O(1) does not
grow with K or Ty, implying that the stronger is signal magnification, the faster is convergence.
For example, under the Tj,;: = 0 set up, var;(x;7,) = O(To) where T = Tipir + To, Bis VNT
consistent. Similarly, an exogenous drift will also give an estimator with fast enough convergence
to reduce the bias from the omitted fixed effect. With K-averaged data, omitted fixed effects
andy cross-section dependence impacts the convergence rate of the estimator which depends on
the underlying profile of the cross-section variance, but it is at least v/N consistent if the model is
otherwise well specified..

Consider a regression of log consumption on log real GDP, both in per capita terms, using data
for N=47 countries from the Penn World Table from 1951 to 2023 for T=73 periods. We do not
know the true value, hence as benchmark, we consider three panel estimators for non-stationary
data with cross-section dependence, ie. y;x = x5 + \iF} + e where \; and F; are unobserved.
The first is the interactive fixed-effect estimator of Bai and Kao (2006). The point estimate of
0.931 is obtained by estimating two factors once but does not adjust for long-run covariance and
endogeneity from possible correlation between F; and x;;. The second is the continuously updated,
bias-corrected cupBC estimator of Bai et al. (2009). The estimate of .933 removes asymptotic bias
caused by unit roots, serial correlation, and endogeneity.!! The third is the LSDV estimate of
0.926. It the is pooled least squares estimation in demeaned data which is consistent if x and F' are
strictly exogenous and has an asymptotic bias otherwise. By way of comparison, the K-averaging
estimate over the full sample is 0.934, almost identical to cupBC. The point sampled estimate at
T is 0.861, and the LD estimate with (Tp,Th,m) = (m + 1,7 —m,2) is 0.787.

Under the assumptions of the analysis, A from K-averaged data should be fairly stable with
respect to K. The point-sampled estimates should display more variation because there is no error-
dilution, as should the LD estimates because differencing inflates the error variance. Figure 2 plots
the estimates (Ty = a,Th =T — a) pairs for a = 2 : 5 : 30 along with their standard errors. We see
that thr K-averaging estimates (in blue) do not vary much with K = T} —Tp, but the point-sampled

(in red) and in particular the LD estimates (in green) are more sensitive to K. Note that these

1The two other estimators for non-stationary variables with cross-section dependence are the CEE-ARDL estimator
in Chudik and Pesaran (2015) and the CEE-DL in Chudik et al. (2016). The former requires the factors to be serially
uncorrelated and uncorrelated with the regressors. As discussed in Chudik et al. (2016), the latter the errors will be
correlated with the regressors when there is feedback, and is sensitive to the stationarity assumption. However, both
use cross-section average in observables to approximate the factors and bypass the need of iteratively estimating the
factors and the parameters.
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regressions use UM=1-emp/pop to control for stationary cross-section dependence, where emp and
pop are employment and population. In other words, fx is approximated by the K period average
of UM. Without UM as control, the full sample K-averaged estimate is 0.903 and are more sensitive
to the choice of Ty and T7. In practice, the sensitivity of the estimates to K appears to be a useful

diagnostic of the adequacy of the model.

Figure 2: Regression of Log Consumption on Log GDP

Penn wWorld Table, (TO, T1,N)=(1950,2023,44)
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The blue (K-averaged) and green (LD) lines are estimates for six choices of (Tp, T1) pairs. The red line is the estimate

from point sampling at every ¢, and its one-standard error confidence interval.

To be confident of the estimates, a calibrated monte-carlo exercise with 5000 replications is
conducted by generating data using the cupBC estimate of 0.933, with the two estimated factors
and the corresponding loadings held fixed. An AR(1) model is estimated for each of the demeaned
idiosyncratic residuals, and synthetic data are generated by simulating errors for the AR(1) model.
The exercise shows that all estimators have some bias, but it is particularly large for LD. Further-

more, the mean estimates are consistent with the findings in the application.

Results from Monte Carlo Exercise with 5000 replications
cupBC LSDV Bai PS K-avg LD
mean | 0.962 0.930 0.961 0.883 0.936  0.809
median | 0.962 0.930 0.961 0.883 0.936 0.809
sd | 0.007 0.006 0.007 0.014 0.005 0.020

bias | 0.012 -0.020 0.011 -0.067 -0.014 -0.140
rmse | 0.007 0.006 0.007 0.014 0.005 0.020

6.2 Fanning-in vs Fanning-out

Consider the dependency ratio which is the sum of the population under 16 ('young’) and over

65 ("old’) relative to the working age population. Using data from the 110 countries in the World
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Bank database from 1960-2022, the top panel of Figure 3 shows that ‘old’ is non-stationary; the
time series data have been steadily increasing, while its cross-section variance fans out. The bottom
panel shows that while the time series data of the ‘young’ are also non-stationary, the cross-section
variance fans out until the turn of this century. The dependency ratio and population growth
exhibit a similar feature as ‘young’. A possible explanation is the global decline in fertility which
creates convergence across units. The cross-section variance of the dependency ratio thus has a

fanning-out component (due to the 'old’) and a fanning-in (due to the ’young’) component.

Figure 3: Share of Old and Young in Working Population
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A high dependency ratio has been suggested as a possible explanation for higher inflation and a
drag on growth.'?> The mixed evidence could be due to differences in the choice of the sample, as the
relation between economic and demographic variables could be different for countries in different
stages of economic development. We use a sub-sample of 35 countries with average real per-capita
GDP in the past 10 years over 10,000 USD, and with maximum inflation in the sample under
100 percent. In this data, the cross-section variance of the ‘young’ fans-in over the entire sample,
distinctly different from the fanning out cross-section variance of ‘old’. If we use the dependency
ratio as regressor, we find that the estimate is positive in the inflation regression and significant
but varies significantly as K increases. The coefficient in the growth regression is more stable but

is not significant. Because the dependency ratio has two components with different properties, we

12See, for example, Juselius and Takats (2021) for inflation. Gordon (2016) argues that an aging population creates
a structural imbalance between high savings and low investment. A different view is gien in Acemoglu and Restrepo
(2017).
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Table 3: Growth/Inflation Regressions on Demographic Variables: K-averaging

T T inflation growth

Bold told Byoung tyoung ‘ Bold told Byoung tyoung
1963 2020 | 0.289 1.495 0.406 1.508 | -0.154 -2.338 -0.048 -1.542
1968 2015 | 0.302 1.548 0.465 1.558 | -0.172 -2.794 -0.048 -1.653
1973 2010 | 0.333 1.619 0.545 1.574 | -0.176 -2.885 -0.055 -1.928
1978 2005 | 0.354 1.740 0.623  1.597 | -0.164 -2.512 -0.062 -1.939
1983 2000 | 0.281 1.693 0.603 1.480 |-0.152 -1.849 -0.065 -1.665

explore their distinctive economic impact.

Table 3 reports results from regressions of inflation (left) and growth (right) on the demographic
variables for (Tp = a,Th1 = T — a) pairs with a=2:5:25. For inflation, the full sample estimate of
the coefficient on ‘old’ is 0.289, and the coefficient on ‘young’ is 0.406, but neither is statistically
significant at the 10% level. For the growth regression, the full sample estimate on ’old is -0.154
with a t statistic of -2.338 and all subsample samples are similar. The coefficient on ‘young’ is
-0.048 and the subsample estimates are similar, but the estimates are only marginally significant.!?
The analysis suggests that the effect of the dependent population on inflation is positive but not
statistically well determined, but there is a negative effect of both ‘old’ and ‘young’ on growth,
though the estimate on ‘old’ is better determined. A possible explanation is that the data for ’old’
has more variability because its cross-section variance fans out. When the cross-section variability

of the two underlying components differ, using two covariates instead of the sum can be informative.

6.3 Permanent and Transitory Components

The dependency ratio is a sum of two components that we observe. Suppose now z;; = i + wi
is a sum of two latent components where p;; = pi+—1 + ui+ is non-stationary and w;; is a mean-
reverting. If u;; and w; have the same effect on y;:, the presence of w;; would not change the
analysis because Ax;; = u; already allows for the possibility that w; can be serially correlated.
But suppose that they have distinctive impact of y. For example, a warming temperature trend
i+ may affect economic outcome y;; differently from regular temperature fluctuations w;¢. Thus

consider

Yit = 5u,uit + Buwit + €.

13For the inflation regression, the LD estimate for the longest sample is -0.194 with a ¢ statistic of -2.219, and
estimates of the shorter subsamples are not statistically significant. The LD longest sample estimate of ‘old’ in the
growth regression -0.184 with a ¢ statistic of -4.421, but the subsample estimates are more variable, ranging from
-0.051 to -0.451.
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As cov(z,y) = Buvar(p) + Byvar(w), the estimand, 3, in a regression of y on x will be a variance
weighted average of (3, and f,. It is as if the regression error €}, = (B, — Bu)wit + e has a
measurement noise. The problem is analogous to the inability to identify the effect of permanent
income on consumption from income data. With point-sampling at 77, the weight on 3, would
depend exclusively on the cross-section volatility of w;; at ¢ = T7. Here, a regression in K-averaged

data helps because the estimand is

8, = covi(Yire, Xix)  Buvari(fiix) + Buwvar;(wik)
xr — < .

var;(Xig)  var(flix) + var(wik)

In terms of regression noise, &} = (Bw+B,) Wik +éix = O(K 1), and in terms of signal, var;(fijx) =
O(K). Thus, 8, — B, as K — oco. A larger K better isolates (3, by increasing the permanent-to-
transitory ratio az /o2 In applications when K is not large enough, OLS will estimate a weighted

average of 3, and (3.

Table 4: Local-Level Model

DGP: Yit = Buﬂit + Buwwit + eiﬁ,’ (/B;m Bwl: (_17 _2-5)7
Cross-section regression: Y;x = B. Xk + €ix,
(T, N) = (50, 50), (Tp, Th,T>) = (10, 20,40)
ou P 9 Oracle PS KA LDk (T, T, m)
B gyl T T T] (1,7 (ThT) (Th,Tr) (T1,T:)[m=0 m=4 m=
Estimates of S,

4.00 0.00 -0.06 | -1.000 -2.506 | -1.004 -1.002 -1.002 | -1.000 -1.001 -1.000 -1.000 | -1.006 -1.001 -1.000
1.00 0.00 -0.38 | -1.000 -2.502 | -1.071 -1.037 -1.030 | -1.002 -1.012 -1.003 -1.003 | -1.093 -1.012 -1.006
0.50 0.50 -0.79 | -1.001 -2.502 | -1.315 -1.177 -1.145 | -1.027 -1.139 -1.038 -1.041 | -1.393 -1.152 -1.092
0.01 0.50 -1.00 |-1.104 -2.501 | -2.498 -2.495 -2.491 | -2.491  -2.498  -2.494  -2.494 | -2.491 -2.501 -2.501
S.E.
4.00 0.00 -0.06 | 0.007 0.250 | 0.027 0.019 0.017 | 0.004 0.010 0.005 0.005 | 0.031 0.011 0.008
1.00 0.00 -0.38 | 0.028 0.08 | 0.106 0.076 0.068 | 0.017 0.041 0.020 0.021 0.121 0.044  0.033
0.50 0.50 -0.79 | 0.079 0.070 | 0.195 0.149 0.134 | 0.041 0.094 0.048 0.051 0.217 0.100 0.077
0.01 0.50 -1.00 | 7.909 0.055 | 0.377 0.381 0.380 | 0.222 0.234 0.222 0.227 | 0.380 0.236  0.226

To illustrate this point, we conduct a monte carlo exercise with 10,000 draws of data from the
local-level model for different values of o, and p with (8, 8w) = (—1.0,—2.5). The estimates of
Bz and corresponding standard errors are reported in Table 4. A panel regression using u;; and
w; as covariates is infeasible because these variables are not observed by the econometrician, but
they are observed in simulations. We label these estimates as ORACLE. Since w is stationary, a
non-degenerate long-run relation can only exist between y and p. Table 4 shows that Bm is often
close to 3, when ¥ is away from -1, but is contaminated by 3,, when 9 is close to -1. K-averaging
is more capable of producing estimates Bx that are closer to 3, than LD or point sampling when

¥ # —1. When ¥ = —1 and E;[(1 +9)?] = 0, even K-averaging will not recover 3, because the
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cross-section variance no longer fans out.

The problem can be relevant to regressors such as temperature which can be characterized by
Tit = Wit + Wi, where pgy is climate and wy; is regular temperature fluctuations. Figure 4 plots the
temperature data (in Celsius) for the 50 states in the U.S.'* There is a slight upward trend in the
time series, and yet the cross-section variance does not show much fanning out. Whether this is
due to a small random walk component as in the local-level model, or a small common trend with
relatively homogeneous factor loadings as in the case of the factor model, the implication in terms
of the IMA(1) model is that the average long-run variance E;[w?] is small. When the fanning out
effect is limited, regressions in time compressed I(1) data will not benefit from signal magnification,

and omitted serial correlation and fixed effect will no longer be of second order importance.

Figure 4: Temperature in Celsius for 48 States in the U.S.
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To illustrate, we use output growth as economic outcome, ie. y;; = 100Alog GSP;; where

GSP is real state product per capita. We first use K-averaged data to estimate the linear model
Yik = c+ 1 Xix+ error with Ty = 0,7} =t fort =1,...,T. As noted in the consumption example,
absent omitted variables, the estimates should be stable with respect to K. We first estimate a
linear model and find that the estimates on temperature decline as K increases. Adding latitude
of the state capital to control for omitted fixed effects helps stablize the estimates, suggesting that
there omitted fixed effects might be relevant in this empirical setting.

Next, we consider possible non-linear effects by adding a quadratic term:

Yik =bo + 51 Xik + ﬁgXiZK + latitude; + error.

“Data Source: The U.S. data are based on USGS Geographic Names Information System (GNIS), utilizing the
North American Datum of 1983 (NAD 83) aligned with standard WGS 84 latitude-longitude configurations. Country
codes via ISO 3166-1 alpha-3; Capital city coordinates via standard World Geodetic System (WGS 84) data listings.
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If 2y = @0 + Yo Uis is a random walk, then E[z?] = E[z2)] + to? but 22, is not I(2) because
it remains non-stationary after differencing.!® Inference would be difficult for time series regres-
sions. But in this data, Varl-(z?t) clearly fans out even when though var;(z;) does not. Standard
normal inference should be possible without knowing the order of integration, which is particularly
appealing. Note, however, X2 is the average of 2%, not (X;,)? as in Burke and Emerick (2016).
The regression is estimated for different (Tp = a,7y = Ty — a) pairs with a=2:5:30. Figure
5 shows that the K-averaging estimates (in blue) of ; are negative while the 3 estimates are
positive. However, the ¢ statistics are -1.301 and 1.236, respectively. Evidence for a significant
effect from the sub-sample estimates are even weaker. In this application, the LD estimates (in
green) range from positive to negative, but they are also not well determined. Thus, even with
methodologies that target the non-stationary variations, the estimate of 3, is not well determined.
The point sampled estimates are particularly informative in this case as they do not benefit from
noise dilution. Figure 5 finds significant fluctuations in these estimates (in red) over time, suggesting
that it is the stationary component that dominates in the data, consistent with the lack of fanning
out in the cross-section variance. The estimate can well be similar to that of (3, if the estimation

methodology is ineffective in isolating such variations.

Figure 5: Regressions of Growth on Temperature: 48 States

0.05

-0.05

'®In particular, var(Az}) = 427, 107 + 207 = O(t). Ng (2008) refers to z3; as a heteroskedastic random walk; see
also Berenguer-Rico and Gonzalo (2014).
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7 Conclusion and Discussion

This paper considers static regressions using time-compressed data. We first show that the cross-
section variance of a class of time compressed data will fan out if the underlying data are non-
stationary, and the magnified signals can be exploited in cross-section regressions of the form
y = xf + e. We show conditions under which time compressed data can yield (super-)consistent
and asymptotically normal estimates. Simple time averaging is particularly appealing because it
amplifies the signal in the I(1) regressor and dampens the stationary regression noise. It also makes
endogeneity and misspecification bias of second order. We investigate the long-run relation between
consumption and income, between inflation/growth and demographic variables, and between tem-
perature and growth. While the first two examples find estimates that are stable with respect to K,
the last example is challenging because temperature data are dominated by short-term fluctuations,

making it difficult even for time compression schemes to isolate the trending variations.
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A-1 Appendix

In what follows, we will use E;[-] and Var;(-) to denote expectation and variance over the cross-
sectional distribution of units. To simplify notation, we write E[-|7] as E[-].
Since E| fo (r)dr]? = 1/3, var(T~/2X) = w2 /3 when 2, is I(1).

A-2 Proof of Lemma 1

If x; is stationary, then \/TX&N(O w2) where w2 = 27 > 72 s (4)) is the long-run variance
of x. If Axy = vy, vy ~ (O 02) and is serially correlated with long run variance w2 then ﬁ =
T-3/2 Zt 1T = Wy fo r)dr = A. To understand the finite sample analog of this asymptotic
analysis in a general settlng, we consider averaging K = T1 — Tj observations.

From i = @ig—1 + Up, Tit = TiTy + ooy 1 Wis, We have Xj o = £ 300wy = aim, +
74 Zt Tot1 ZZ:TO—H Uis. Since u;s in the double sum for ¢ = s to s = T} appears T} — s + 1 times,
and Ty —s+1=K—(s—Tp)+1,wecanlet j =T) —s+1sothat j =1 when s =T and j = K
when s = Ty + 1 to obtain

T

% Tl — S+ 1 _ ] + 1
s=Tp+1
K .
K-j+1
= TiTo + Z; ¢ju’i,T0+j7 where ¢] = T
]:
Note that pxy = E;[Xik] = Eiziz], because u; have mean zero. Furthermore, Z]K: =
w We thus have var(X;x) = Tow? + axw? where ax = %62](—1—1). Therefore,
var;(Xir) = var;(z; 1) + axEi[w?], where var;(z;1,) = Ei[(ziz, — x)?] = ToRi[w?] .

A-3 Proof of Theorem 2

We proof Theorem 1 for the case of K averaging. The OLS estimator satisfies:

+ Z (Xix — :)751'1(.
N Zz( _iK _X)z

B-B=

Part (i): K fixed By LLN, the denominator converges to the fixed constant:
Qxx = vari(Xix) = ax Ei[o7] + Ei[var (2 1,)]-

Since Elu;se;] = 0 for all ¢,s by assumption, a CLT applied to \/% Zi(XiK — ):()ém gives a

mean zero process with variance Vg = Ei[(X}K — ux)zéiK]. By law of iterated expectations,
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Ei[(Xir — px)2e%] = B | (Xix — pux )2 Bi[e |72, XiK]] = Ei(Xix —px)*? /K. Bxpanding (Xx —
px)? = (1 ib@im+s + (@im, — px))? and using Elugs] = 0,

B 1
Vi = Ei[(Xix — px)*eix] = 7 [GKEi[U?TE] + Ei[(zim, — px)*7?

Combining the results for the numerator and denominator gives the variance stated in the Propo-
sition. We keep 022 and 712 inside a joint cross-section expectation since they may be correlated

across units. The same applies to x; 7, and Tf.

Part (ii): K — oo With large K, ax = (K +1)(2K +1)/(6K) ~ K/3 and term relating
to the initial condition becomes negligible. Now Q;fXVK = O(K~?). Multiplying the estimator

by K VNK (3 — 6)i>]\7((), Q' VA%’ ). For this model, we obtain a non-degenerate limit, V =

E; [02-271-2] /3 and Oxx =E; [0?] /3, giving an asymptotic variance of 3E; [037'1-2]/ (E; [a?])Q.

A-4 Proof of Corollary 1:
Now the DGP is the ADL(1,1) model. We use the Bewley transformation to obtain

Yir = B — o Ay — [T Az + +ejy,

eir . .
T, Averaging over K gives

Bo+B1 _ _ _
(l—a)’a*_lga’ﬁf_ & andez{t_

where 8 = it

Yik = B — (" Ayix + B1 Azik) +€; 5,

K

where y;x = Ayix = W = Op(K~1/?) and x5 = W = O,(K~1/?) only depend on

the endpoint observations.. The static regression is Y;x = ¢+ X, +error, where error=—1; + &;x.

Since x depends on u and E[u;se;] for all s and for every i, cov(X;k,€x) = 0. But nix =

Op(K -1/ 2), which is the same order as var;(€;x). By Cauchy Schwarz inequality,

lcovi (Xixe, mixc)| < \/vari(Xig )v/vari(mix ) = O(KY?)O(K /%) = 0(1).

The effects of the omitted variables do not vanish with K. However, var;(X;x) = O(K). Thus, for
fixed K,

. a covi (Xik, Nik)
limf = g — SV K)
P 1mﬁ ﬁ var; (XzK)
and

5 covi(Xir,mir)\ d 1 1
m(ﬁ -8B+ V&MM) —N(0, QxxWkQxXx):
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where Wy = var;((X;x — px)(€x — nirc). Though &k does not contribute to bias, it contributes

to variance. For large K,

covi (Xix, NiK) _ O(1) =
var; (Xix) O(K)

and with W = limg _,oo Wk and Oxx = limg_,o KQxx, we have
- d _ _
VNE(B - 8)-=N(0, 2x5xWax).
A-5 Proof of Theorem 1

Since x; = Tj—1 + Ui, Tit = TiT, + ZZ:TOH uis. The weighted average X; = Yy w(t)xy with
wy >0 and ), w(t) = 1. More generally,

T t
Xik= ) w(t)<73i,TO+ > Uz’s) $2T0+Z Z Uis-
t=Tp+1 s=Tp+1 t=Tp s=Tp+1

Reversing the order of summation to sum over s first, then over all ¢ > s, we have X;x = i Ty +

Zs To+1 Uis Zt s w(t). Defining ¢ = Ti w(t) yields:

T1 Tl
X; = Ti Ty + Z ¢s Uis, Ps = Zw(t)7 (8)
s=Tp+1 t=s

where ¢; is the tail sum of w at s, and the sequence {¢s} is the survival function of the weight
distribution w. Since ¢s € [0,1] for any non-negative w such that ZtT;TO L w(t) = 1, we have

$? < ¢ for each s. Consider now

T1 T1 T1 t Tl t T
— 40
S o= % Z = Y w) Y 1= Y w(t)(t—To):KIEw[ = }
s=T0+1 s=To+1 t=s t=Tp+1 s=Top+1 t=To+1

For any non-degenerate w, E,[(t — To/K] = O(1). Thus > ¢s = O(K) and ZS Tor1 D5 = O(K).

In the stationary case, we have, by definition,

V&I‘(Xi[() = Z Z COV(xzta xzs)

s=To+1t=Tp+1

Consider xit = PTig—1 + Uit = 9 o Pili—s Where Wjp ~ (0,03), we have X, = > s Us(pi)uss with

Ys(pi) = w(t)p!™® and cov(zit, Tis) = 2 ,olzt | Thus rearranging the double sum by letting
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h = s —t which runs from —(K — 1) to K — 1:

_ o2 & i
VaI‘(XiK) = 1_71,02 Z Z s
i h=—(K—1) t=—s=h
= — Z Appl" = G(Pi)
p% h=(K—1)
= 0} Vk(p)

where Ay = >, ., w(t)w(s), and ¥g(p) = ﬁG(pi). But {4} forms a probability distri-
bution over periods separated h periods because Ay, > 0 and >, Ay = >, >, . w(t)w(s) =
S S w(tw(s) = (S, w(t))(3, w(s) = (3, w(t)? = 1. It follows that, G(p;) = Eafp}!). Since
0< p‘lh‘ < 1 for any |p;] < 1,0 < G(p;) < 1 for any p; € [0,1] and any w. In the local to unity
framework, pl"l = (1 — ¢;/ )M ~ 1 — < Thus, G(p;) = B[l — B%) = 1 — SE,[|h]]. For
simple averaging, E4[|h|] & K/3 and thus G(p;) = 1 = O(1). The order of ¥ is fundamentally
determined by p; and not about the choice of w(t), so long as it satisfies w(t) > 0 and ), w(t) = 1.

1 o .
K —p)? In the local-to-unity

For simple averaging, the result is immediate since var(X;x) =
case when p; = 1 — ¢;/K, Uf = K202/a?, implying Uyc = O(K). Thus var;(X;x behaves as if

pi =1, and Qxx = O(K) in the local-to-unity setting.

A-5.1 Proof of Equation 5

The meat of the sandwich variance is V = Vari()Z'iK — uxe€ir). We want to show that under
homoskedasticity (02 = 02,72 = 72 Vi), the cross-sectional variance is a product of unconditional
moments.

Under strict exogeneity, EZ[()EK —px)éix] = 0and V = E; [( ik — px)?e%]. Since Xk

depends on u;; and €;x depends on e;, and the shocks are independent across 4,
Eil(Xik — px) %] = Bl (Xix — pix)?JEi (€3] = QxxBalel].

But for a given i, E[e;x] = 0. Thus, E; [éfK] = var;(€;x) = E;[var(e;x)] + var;(E[e;x)). The second
term is zero, and the first term E;[var(€;x )] = E;[72Ao(w)]. Under homoskdasticty, this is 7 Ag(w).

Combining the result, V = Qxx7?Ag(w) = 0?® 72 Ag(w). The sandwich variance Q)_(lXVQ)_(lX is
Ag(w)
thus 25 4000
When strict exogeneity fails, cov;(X;x, € ) # 0. Using E;[A?B?] = E;[A%|E;[B?] + cov;(A?, By)
with A = XzK — px and B = €, we have, as shown in (6): V = UE*QXX + covi(()N(iK —

px)?, (€52
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A-5.2 Relaxing Strict Exogeneity

Under strict exogeneity in Assumption A.i ,covi(f(m, €iK) =D 0s y w(t)Ei[ujess] = 0. We now
allow a correlation between e;s and . Let cor(ui, i) = 7i¢—s such that Y5 _|vin| is bounded.

In terms of covariance, cov(u, €is) = Vit—s0iTi. From X = x4+ Psuis and e = Y, w(t)es,

T1 Tl
cov(Xik, i) = COV<fcz-,TO+ > i Y w(t)eit>

S*To-i-l t=Tp+1

Ty
= 0;T; Z Z psw 'Yz,s—t

s=To+1t=Tp+1

K-1
= 0T Z YinBn(w), where Bp(w) = Z psw(t)
h=—(K-1) s—t=h

where the last equality follows from grouping by lag h = s — ¢t from —(K — 1) to (K — 1), for
s,t € [To + 1,T1]. Note that Bj(w) does not depend on i and let Boo(w) = limg o0 Br(w). Since
> on 1vin] < 0o and | By (w)| < max; |¢s] >, |w(t)| = O(1), dominated convergence gives

Ag(w,i) = T'; Boo(w)

For K averaging, w(t) = 1/K and ¢s = w Thus

1 Ti—s+1 1 <« (K—j+1
=Y ew= Y A =KZ( - !

s—t=h s—t=h j=h+1
To+1<s,t<T1

When j = h+1, the term is K —h. When j = h+2,itis K —h—1, when j = K, it is 1. Changing
index to let m = K — j + 1, we see that as j increases from h + 1 to K, m decreases from K — h
to 1. Thus,

K—h
—j+1) 1 (K—h) (K —h+1
72 7«” :§/m )(2 D .
j=h+1 =1

For point sampling at T1, w(t) = Li—p, and ¢5 = >, ;w(t) = 1 for all s < T1. But with any
h, the only contributing pair is (s,t) € [Th + h,T1] with ¢r,4n = 1, and w(71) = 1. Thus,
By(w) = Boo(w) = 1. With bx = 1/2 for K averaging, and bg = 1 for sampling at 77, we have
cov()?iK,'eviK) = 0;TiAg (w,1) = 0,7 Bso(w) = O(1).

Convergence Under K-averaging when there is a drift

i. Suppose x;; is a unit root process with drift g;, ie Az = g; + uy with cov(gi, z;1,) = 0.

Then for t € [Ty + 1,T1], xi = zim, + 9i(t — To) + ZZZTOH u;s has both a deterministic and

33



K+l K+1
a stochastic trend. Since KZt 141t —To) = 55, Xig = zim, + 975+ +Zs To+1 Uis>

var;(Xix) = vari(zm,) + I_(2vari(gi) + aKIEi[af]

where K = (K +1)/2. The fanning out rate of K2 is faster when g; # 0 and is heterogeneous.

ii Suppose now cov;(x;1,,9;) < 0. With convergence, %

var;(Xix) = vari(xin) + 2Kcovi(:z:i’To,gi) + K2vari(gi) + KE; [0’1-2] +(ag — K)E; [01-2].

vari (Z; 1+ k)

The first three terms represent the cross-section variance at the midpoint of K which is strictly
positive, while the last term comes from noise accumulation since K. Like point sampling,
the cross-section variance of the K-averaged data also shows a U-shape and the minimum is

generally at a point later than under point sampling.
iii If w3 = i fy +wie, fr = g5 + fi—1 + ust, wyr is stationary. Then after cross-section demeaning,
var;(X;x) = var;(\;) f& + var; (0 ).
Now w;x = O(K~'/?). With fx = fo + g;K/2 + O(K'/?, we have
Fic = (fo+ 97 K/2)* + Op(K)

If g, <0, Vari(XiK) can be U-shaped. The deterministic part reaches zero at K* =
—2fo/gr = 2t*, where t* is the turning point under point sampling. At K*, var;(Xix) =
Op(K*). As with point sampling, a U-shaped cross-section requires fp # 0. It also does not

mean that Vari(f(i k) tends to zero, but that recovery can be expected in time.

Long Differencing

Define XiK = XiM(Tl) — XiM(TO), where

T14+m To+m
Xik = K E § Ujs — K § E Ujs--
t=T1—m s=Tp+1 t=To—m s=Tp+1

The weight function ¢s on the innovations has the following structure:
e j/M for j=1,...,2m as s moves from Ty —m + 1 to Ty + m;

e 1 for s € (Ty +m, Ty +m], or K — M + 1 innovations

jGWe need to evaluate {{72 > >0, covi (T Totss Tismy+e- For[s, 6] € [L K], K23 3, 1=1, K>3 3 _,(s+0) =
2K, K2 .3, s 4=K? and K *3_ 3", min(s,{) = ax.
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. %73‘“)forj:1,...,2massmovesfromTl—mtoT1+m.

The square weights has the form (K — M + 1) M2 Z] 1 7%, and Z] 1 =m(2m+1)(4m+1)/3
so that dy = 152 Z] 132 = % and var(X;r) = 02(K — M I=7%). Thus, in the correctly
specified static regression, Qxx ~ E;[0?]K. Furthermore, var;(é;r) = 2E;[7?]/M. The sandwich
variance for LD is Q)_(l;(VKQ)_(lx = O(K~?), implying that the LD has a convergence rate of VNK,

as in K-averaging.

Now suppose the DGP is the ADL model. For j =0, 1,

Yinr (T) = aYing,—1(T) + BoXina (T;) + B1Xing,—1(Tj) + €ina (Tj).

Let Ax;r1;—m = Ti1j—m—-1 for j = 0,1, and Ay; 1, is similarly defined. Then

v . @ Ayir—m — AYimym B Az —m — Azimym | ik
Y — X _ ) ) ) _ ) ) )
i = Xk l-—a M l-a M +1—a
ik
Nickell bias is bias = —%}W Since z is a random walk, Az (T;) = Op(M~1/?) and similarly
T AGK

for Ayr,. Hence, ijix = Op(M~/2). With var;(X;x) = O(K), the bias is O(KM)~Y2) — 0 as
K — oo. Hence 8 can also be consistently estimated by LD, but the bias is larger than the
K —averaging bias which is O(K~!). In the homoskedastic case I(1) case,

Qxx E;[var(é;x)]
K-averaging | E;(07)(Ty + ax) %Ez‘(ﬂz)
2"
LD Ei(o7) (K — M) | SEi(r)

The variance ratio of LD to K averaging is

2K (T + ar) 2B +K) 2K | 2T
M(K - M/3-1/BM)) " 3M(1 - M/BK)) ~3M M

ratio =

where the first approximation uses ax ~ K/3 and the second assumes M/(3K) is small.
When z is 1(0). Consider again z;; = pry_1 + i with p < 1. Since X (T}) = %(azi7Tj_1 +
T3 1, + %5 1;11), the weight on innovation u;s in XZ-M(TJ') for s <Tj —1is:
é(ij—l—s 1 pTims +ij+1—s) _ PTj_l_s(13+P+P2).
Denoting s = (1 + p + p?)/3, the weights on u;s in Xk = Xin(Th) — Xin (Top) are:

S e 3 4 5 6 7 8 9 10 11
wo(s) - ) e : 0 0 0 0 0 0
wi(s) - o ¢p° ¢t e e dp ¢ 24
w(s) oo @ -1) @’ =P gpt—g 9Pt ¢p*  ep ¢ P 5
vs(p) - —0.574 —0.482 —0.297 0.073 0.146 0.292 0.583 0. 500 0.333
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In the above, ¥s(p) = > ;5 w(t)pt=*, where w(s) = wy — wp. For p = 1, this reduces to a weight
of 1 for s =6,7,8,9 obtained earlier. For p < 1, innovations in the m periods from the 77 window
receive weight p in X;p/(T1), and the weight becomes negligible when p7 is small. The variance of
Xk is almost entirely driven by innovations within O(1/(1 — p;)) periods of each window, leaving
a lot of information unused. The last row shows 1,(p) evaluated at p = 0.5. When p; = 0 for
example, var(X;x) = 202/M. More generally, var(Xin(T;)) ~ 02/M changes with M, not K.
Accordingly, the Qxx is O(M) for any K. In a sense, the effective sample size of an LD regression
is M when « is stationary. Consider again the static regression when the DGP is dynamic. When x
is 1(0), Az (Tj) = Op(M~1) and iy = Op(M~1). With var;(X;x) = O(M~1), bias is O(M~1/2).
But M is fixed and the bias does not vanish.

We also use Table 2 to verify the theoretical predictions. When p = 0, ¥ = 0, and z is a
pure random walk. The fanning out effect is smaller when 9 = —0.5, obtained by setting p = 0.5.
To verify some results presented earlier, we evaluate KA(Ty : Ts) and LD(Tp, T2, m = 9) with
Ty = 10,15 = 40, K = 30 for two setings. In the first case with T;,;; = 0, Tg = Ty = 10. With
ag = (K +1)(3K +1)/(6K) = 10.52, the Qxx for K-averaging is 10 4+ a3p=10+10.52=20.52,
compared to 20.65 averaged over simulations. For LD with M = 2m +1 = 19, Qxx = (K —

]\/5\21) = 23.68 compared to 23.75 in simulations. Since the design assumes homoskedasticity,

Vi simplifies to regression-error variance times Qxx. For K averaging, var;(é;x) = 72/K, so
Vi = 20.52 x 2/30 = 1.368, compared to 1.285 in simulations. For LD, var;(é;x = 272/M, so
Vi = 23.68 x 4/19 = 4.985, compared to 4.613 in simulations. In the second case when Tj,;; = 50
and thus Ty = 60, we have Qxx = 70.52 for K-averaging, compared to 70.037 in simulations) and
23.6 for LD (compared to 23.55 in simulations. For Vi, it is 4.701 for K-averaging, compared to
a White’s estimate of 4.285 in simulations. For LD, it is 4.98 (compared to a White’s estimate of
4.528 in simulations).

Inn the first case, LD and KA have comparable Q x x, but Vi is more favorable for K-averaging.
Comparing the variance of B of LD to KA, we have a ratio of 2.74. KA is more efficient because it
dilutes noise, LD magnifies by differencing. In the second case, LD and KA have comparable Vi,
Qxx is larger for KA. The variance of B of LD relative to KA is 9.4; KAis more efficient in this
case because it uses information in the initial condition while the LD discards. The higher variance

of LD in both configurations translates power differences.
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