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Abstract

This paper develops a general equilibrium model with heterogeneous firms that en-
dogenously choose among various market segments/niches within a differentiated sector. I
study the implications of both autarky and international trade between countries. In equilib-
rium, larger niches are featured by lower local prices. Positive assortative matching between
niche size and firm productivity is driven by the demand side and implies that more pro-
ductive firms sort into more competitive niches. It generates U-shaped equilibrium relation
between markups and both niche and firm size. I prove that, in autarky, consumer welfare
is increasing in niche size. Trade induces higher local competition and an unambiguous
shift in the matching function that features tougher selection. I find that while consumers in
middle-sized niches gain the most from opening the closed economy to trade, consumers in
the largest niches may bear losses. The impact of small changes in trade costs is also highly
uneven across consumers: niches previously unexposed to trade are those that lose from
little trade liberalization. The sorting effect is sizable for most niches and contributes up to
59% of the total welfare gains for middle-sized niches. In contrast to costly trade patterns,
gains from free trade are positive and monotonically decreasing in niche size. I also show
that while Marshall’s Second Law of Demand is a necessary and sufficient condition for
positive sorting under many popular classes of preferences, it is actually neither necessary

nor sufficient under the generalized Gorman-Pollak demand system.
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1 Introduction

The assumption of firm heterogeneity in differentiated product markets is the cornerstone in-
gredient of many studies in international trade and related fields since Melitz (2003). In con-
trast, the assumption of a representative consumer is still quite ubiquitous in modern trade
theories. As a result, these models tend to be silent on how trade liberalization or other policies
affect the welfare of different consumers or, to put it differently, on the distributional conse-
quences of trade across different consumers. However, a change in a trade policy, while lead-
ing to large welfare gains for some groups of consumers, may also lead to relatively modest
welfare gains, or even losses, for other consumers. One of the potential reasons is that dif-
ferent consumers tend to concentrate their spending on different products, even within quite
narrowly defined product categories. For example, Neiman and Vavra (2019) document “The
Rise of Niche Consumption” and make a succinct statement on these patterns:

“Ower the last 15 years, the typical household [in the US] has increasingly concentrated its
spending on a few preferred products. However, this is not driven by “superstar” products
capturing larger market shares. Instead, households increasingly purchase different products
from each other”.

Recent literature also points to the importance of the so-called firm “appeal” (quality or taste).
For instance, Hottman, Redding, and Weinstein (2016) argue that it tends to explain at least
50% of the variance in the U.S. firm size. Related to this, Macedoni, Xu, and Feenstra (2020)
find that heterogeneity across consumer segments accounts for 39% of the variation in product
appeal.

As for the supply side, modern theories of international trade tend to impose highly tractable,
yet very strict, assumption that all firms producing in a particular differentiated product sec-
tor directly compete with each other by serving the same consumers/niche, regardless of their
productivity or export status. The fact that different firms tend to serve distinct niches is doc-
umented by Holmes and Stevens (2014), who estimate that within most industries in the US,
more than 50% of the plants can be classified as specialty segment plants. As also noted by
Macedoni, Xu, and Feenstra (2020), “segment targeting is a crucial driver of firm performance
along with prices and product scope, and it further affects firm size heterogeneity”.

In this paper, I develop a general equilibrium model allowing costly trade between coun-
tries. Firms are monopolistically competitive, heterogeneous in productivity as in Melitz (2003),
and endogenously choose to operate in different consumer segments or, equivalently, market
niches. I relax the CES assumption and exploit a subset of homothetic preferences that yield
variable markups. I show that deviation from the CES is also crucial for endogenous decisions
of heterogeneous firms on what market niches to target and sorting patterns.

Incorporating consumer niches into an otherwise standard Melitz-type model with variable



markups yields a number of additional insights. In particular, I prove that, in equilibrium, there
will be an inverse relation between the value of the local price aggregator and niche size. As a
result, each firm faces the trade-off between serving the more lucrative local market, on the one
hand, and facing more benign local competition, reflected in the lower local price index, on the
other hand. Given this trade-off, I prove that, in both autarky and costly trade scenarios, the
condition on Positive Assortative Matching (PAM) between firm productivity and niche size is
ensured by a simple condition in terms of primitives of the model — increasing the elasticity of
the market share function with respect to a firm’s price. It is shown that this condition is equiv-
alent to Marshall’s Second Law of Demand (MSLD). Positive assortative matching implies that
more productive “high-markup” firms sort into more competitive niches that feature stronger
downward pressure on markups. As a result, I show that under not very restrictive assump-
tions on the distribution of niche sizes and firm productivities, it may generate U—shaped re-
lationship between markups and niche size as well as between markups and firm size. Hence,
from an empirical point of view, the model is potentially able to capture a new stylized fact
that has been recently unveiled by Diez, Fan, and Villegas-Sanchez (2021) and based on data
from a number of advanced economies and emerging markets: the non-monotonic (U—shaped)
relationship between markups and firm size.

I prove that in autarky, consumer welfare is strictly increasing in niche size under MSLD.
I also show that niche-specific change in consumer welfare associated with a small shock to
exogenous model parameters can be decomposed into the sorting effect and competition effect.
Trade induces higher competition captured by lower local price indices for all niches. More-
over, selection into exporting creates a kink in the matching function at the export threshold
niche and an unambiguous shift in the matching function: all niches, except for the largest one,
are served by relatively more productive firms. In other words, firms relocate to “escape” com-
petition. As for the relative impact on welfare, I find that consumers in medium-size niches
generally tend to gain more than consumers in larger niches, which are directly exposed to
trade, while consumers in some of the largest niches may actually bear losses from opening the
closed economy to trade. The impact of small shocks on variable trade costs is also highly un-
even across niches. In particular, while most niches tend to gain from small trade liberalization,
niches previously unexposed to trade bear losses. The impact of the sorting effect is sizable for
most niches and contributes up to 59% of the total welfare gains for middle-sized niches. I also
find that, in contrast to costly trade patterns, gains from opening the closed economy to free
trade are positive and monotonically decreasing in niche size.

Also, I compare the properties of the baseline model with its limiting case when the distri-
bution of niche sizes degenerates and the economy reduces to a standard spaceless Melitz-type
model with variable markups. I show that theoretical predictions of the spatial model imply
more flexible patterns for markups and a number of other variables of interest. Moreover, firms
charge higher markups than their counterparts in the limiting spaceless case of the model. In
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addition to MSLD, I also emphasize the important role of a more restrictive assumption of an
increasing elasticity of marginal revenue (MSLD' assumption by Mayer, Melitz, and Ottaviano
2016) for reallocation patterns.

To shed more light on the role of the demand side for equilibrium outcomes, I also derive
the model’s properties under the Gorman-Pollak single-aggregator demand system that en-
compasses broad classes of both homothetic and non-homothetic preferences. In Appendix B,
I analytically show that the model’s property of strictly higher local competition measures in
more populated markets/niches can be generalized to this demand system. In contrast, Mar-
shall’s Second Law of Demand appears to be neither necessary nor sufficient for positive assor-
tative matching between firm productivity and niche size. I also highlight formal conditions
on the demand side that provide particular sorting patterns.

Related Literature This paper is related to several strands of the literature. First of all, it
complements theoretical trade models with monopolistic competition, variable markups, and
heterogeneous firm-level productivity. This literature has emerged since Melitz (2003) to ob-
viate salient limitations and empirical failings of the workhorse CES framework. For exam-
ple, Melitz and Ottaviano (2008) replace the CES preferences with the linear demand system
and develop an analytically solvable model with endogenous markups to examine the effects
of different trade liberalization policies. Arkolakis, Costinot, and Rodriguez-Clare (2010) de-
velop a multi-country trade model with a symmetric translog expenditure function. Arkolakis,
Costinot, Donaldson, and Rodriguez-Clare (2019) and Fally (2019) recently provided exten-
sions to more general demand systems that encompass broad classes of both homothetic and
non-homothetic preferences. My paper complements this literature by introducing heteroge-
neous niches into the monopolistic competition trade model with heterogeneous firms and
endogenous markups. To highlight the important role of heterogeneous niches, I also provide
a comparative analysis of equilibrium outcomes and comparative statics between “spatial” and
“spaceless” versions of the model.

This paper is also related to the recent literature on the role of “horizontal” consumer het-
erogeneity in monopolistic competition models. In particular, the model shares some common
ingredients with Kokovin, Sharapudinov, Tarasov, and Ushchev (2020) (hereafter, KSTU 2020).
For example, both papers feature PAM between heterogeneous firms and exogenously given
niche sizes. Meanwhile, the papers also differ in several important aspects. First, while KSTU
(2020) study the equilibrium properties of the closed economy and related comparative statics,
the present paper also explores the implications of costly trade between countries. Second, I get
rid of the quasi-linear setting and cope with a full-fledged general equilibrium setup. Third,

both papers exploit different demand systems.! The homothetic demand structure that I use

!In particular, I use a subset of homothetic preferences, while KSTU (2020) exploit directly-additively separable
preferences within the differentiated sector. To highlight formal conditions on the demand side that result in par-
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in the baseline version of the model allows various sources of differences in niche sizes — such
differences may be driven by either the total income of consumers within each niche, “hori-
zontal” taste heterogeneity, or both.” Another related paper, albeit under a somewhat different
setup, is Goryunov, Kokovin, and Tabuchi (2021). While providing a comprehensive analysis of
a monopolistic competition model that features both spatial and price competition, they focus
on the uniform distribution of niche sizes and do not consider costly trade between countries.
In addition, they abstract from any sorting of firms based on their productivity.

To prove positive assortative matching between firm productivity and niche size, I use
monotone comparative statics tools, which are reminiscent of those used in the assignment
literature with heterogeneous firms and heterogeneous workers in monopolistic competition
framework (see e.g. Sampson 2014, Costinot and Vogel 2015%) as well as the literature on sorting
of heterogeneous firms across cities of different sizes (see, e.g., Gaubert 2018). In the meantime,
the mechanism of PAM in my paper is intrinsically different. In particular, in Sampson (2014)
and Costinot and Vogel (2015), the PAM between high-skill workers and high-technology firms
is entirely driven by the supply-side characteristics (namely, the assumption that labor produc-
tivity is log-supermodular in firm technology and worker skill). In contrast to these studies, the
PAM between firms and market niches in my paper is driven by the demand side. Specifically,
it is closely linked with the behavior of an individual’s price elasticity of demand and hinges
on whether Marshall’s Second Law of Demand holds or not.

The rest of the paper is organized as follows. In Section 2, I develop a closed economy setup
and study its main properties. In Section 3, I extend the model to an open economy setup in
the presence of costly trade between symmetric countries. Section 4 contrasts equilibrium and
comparative statics properties of the model with its limiting case of degenerate distribution of
niche sizes that represents the spaceless Melitz-type model with endogenous markups. Ap-
pendix A contains routine proofs. Appendix B provides a discussion of the model’s properties
under a more general demand system as well as some special cases. To check the robustness
of the welfare implications obtained under the baseline model, I develop an alternative open
economy setup in Appendix C.

ticular sorting patterns, I also examine the implications of the Gorman-Pollak single-aggregator demand system.
It encompasses both homothetic and non-homothetic preferences with a single aggregator (see Appendix B).
2Aggregation properties of homothetic preferences are going to be particularly useful for extensions of the
model to heterogeneous workers, as in Sampson (2014), or non-local consumption. Details and preliminary results
are available upon request.
3While primarily focusing on perfectly competitive markets, Costinot and Vogel (2015) also consider an exten-
sion when good markets are monopolistically competitive.



2 Model

I start with a closed-economy version of the model. I introduce costly trade between countries

in Section 3.

2.1 SetUp

Each individual in an economy is both a consumer and a worker. Labor is inelastically supplied
and is the only factor of production. Within a country, workers are perfectly mobile across
tirms. Hereafter, the unit of labor is chosen as numéraire, and I normalize the unit labor wage
to one.

Consumers derive utility from the consumption of varieties in the differentiated product
sector.* Specifically, the sector is characterized by a set of “locations/niches”, X = [0, 1.y,
where production and consumption take place. One can potentially treat X as either the set
of consumer segments, niches, or types of consumers.” For the sake of unifying terminology, I
will oftentimes treat + € & as a particular market niche.

For the baseline version of the model, I assume that consumption is local, implying that
each consumer buys only those varieties that are produced within her personal niche. Within
each niche, there is a continuum of horizontally differentiated varieties, and consumers have
symmetric homothetic preferences over them. I assume that the distribution of total market
demand along the set of niches, X, is exogenously given by /(). Throughout the paper, I
impose the following assumptions on function ¢(-):

Assumption 1. i) ((-) is a C? function on X; ii) V'(-) < 0; iii) {(xpay) > 0.

This set of assumptions implies that a market becomes sparser as z rises. In what follows,
I treat ((-) as the distribution of niche sizes. As will become apparent further on in this Section,
the demand structure that I use possesses well-known aggregation properties of homothetic
preferences within a particular niche. It implies that differences in niche sizes may be driven
by either the total income of consumers within each niche, “horizontal” taste heterogeneity, or
both. As a result, workers may be potentially endowed with different efficiency units of labor.
However, to facilitate comparison with the model’s outcomes under a more general demand
system (see Appendix B), I assume that each worker is endowed with the same efficiency units

of labor, £.° As a result, the total amount of efficiency units of labor in an economy can be
denoted by L = F [, {(z)d.

“To highlight the implications of consumer heterogeneity, I consider a single-sector setup with a continuum of
niches within the sector. It is straightforward to extend the model to the case of an arbitrary number of sectors.
Moreover, as will be mentioned further, there are several potential interpretations of “a niche” in my model.

°Tt is possible to treat X as a “geographical” space. More details on the model’s features under this setting are
available upon request.

®In this case, £(-) controls for the mass of consumers (population density) at each niche z. Alternatively, F may
be “location-specific” and one can allow for a correlation between niche index and a consumer’s income. Note
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Demand Recall that each consumer buys only those varieties that are produced at her per-
sonal niche. In what follows, €2, denotes the (endogenous) mass of varieties of type z € X
available on the market, while w, denotes a particular variety of type z € X.

A consumer located at x € X (i.e., an z-type consumer) chooses an individual consumption
profile of locally-produced varieties, q, = {¢(w,) | w, € .} for a given profile of prices, p, =
{p(ws) | w, € Q,}, to maximize her homothetic utility function subject to the budget constraint:

[ v, - b

Wz €N

For the baseline setup, I exploit a subset of homothetic preferences. In particular, I assume
that preferences are symmetric and described by (non-parametrically defined) homothetic de-
mand systems with a single aggregator (henceforth, HSA). This class of demand systems im-
plies the following form of an individual’s demand for a variety w, € Q, of type x € X/

B p(wz)
q(ws) = p(%)A (P(x)) : (2.1)

where P(z) = P(p,) denotes the (local) price aggregator for varieties of niche/type x € X, while

A - R, — Ry represents the “market share” function that satisfies the standard set of assump-
tions: i) A(-) is a C? function on R, ; ii) A'(z) < 0V z € R, ; iii) lim, ;o0 A(z) = oo and
lim, ,; A(z) =0, where Z = inf {z > 0 | A(z) = 0} < oo denotes the choke price, if any.

For each niche x € X, the (local) price aggregator P(z) is linearly homogeneous in p, and

/ A (Z;(z‘;)) > dw, = 1. (2.2)

Wz €Ny

implicitly defined by

Notice that (2.2) implies that the budget constraint holds and “market shares” of all varieties
sum up to one. The schedule of P(xz) is endogenous and represents the distribution of the
inverse of a measure of local competitive toughness along the set of niches. Specifically, a higher
value of P(z) implies a lower level of local competition at = € X. Note also that P(z) is
proportional to the (local) ideal price index, P/(z), only for a special case CES preferences,

A(z) = 277, where o > 1 denotes the price elasticity of demand.”

also that Faber and Fally (2017) find that more productive firms sort into catering to the taste of relatively richer
households. More details of the model’s features under income heterogeneity are available upon request.

’General properties of this class of demand systems have been recently studied by Matsuyama and Ushchev
(2017; 2020) and Fally (2018). In particular, Matsuyama and Ushchev (2017; 2020) also discuss “direct” and “alter-
native” formulations of HSA demand systems. In what follows, I maintain baseline restrictions they impose on
the market share function for “direct” and “alternative” representations of HSA demand systems.

8 According to Matsuyama and Ushchev (2017, 2020), a (common) price aggregator is proportional to the ideal
price index only for the CES specification of HSA demand systems. In the context of my “spatial” model, this
result holds true within every location/segment.



For quantitative analysis, I exploit a widely used (see e.g. Arkolakis, Costinot, and Rodriguez-
Clare 2010, Feenstra 2003, Feenstra and Weinstein 2017) symmetric translog specification: for
any ¢ > 0, A(z) = logz=¢ for z € (0,1) with the choke price z = 1. Translog specification is
a special case of HSA demand as well as a flexible demand system developed by Arkolakis,
Costinot, Donaldson, and Rodriguez-Clare (2019), and even more general, the Gorman-Pollak
single aggregator demand system studied by Fally (2018).”

Throughout most parts of the paper, I will also impose an additional assumption that pref-
erences feature Marshall’s Second Law of Demand.

Assumption 2 (MSLD). For any x € X, the price elasticity of demand falls with quantity consumed
(Marshall’s Second Law of Demand).

Note that Marshall’s Second Law of Demand is equivalent to the assumption that the elas-

ticity of the market share function, £, (p/P(z)) = % Pf(”x),

is increasing with price."’

Market Structure and Technology Firms are monopolistically competitive and heterogeneous
in their production efficiency, similar to that in Melitz (2003). In particular, each firm draws its
marginal cost in units of labor, ¢ € [cyin, 00) With ¢y, > 0, from some exogenous distribution
defined by a continuously differentiable p.d.f., g(-), with cumulative distribution defined by
G(-). Production of a variety also requires fixed costs of F units of labor."

I assume that each firm treats the (endogenous) schedule of the competitive toughness as
given when it decides on its price and market (or, equivalently, segment/niche), z € X, to
serve by further supplying a unique variety within this niche. A notable feature of the model
is that the measure of competition is “location-specific” and captured by the local value of the
price aggregator, P(x). As it will become apparent from further discussion, each firm faces the

trade-off between a larger local market and weaker local competition.

2.2 Firm Behavior and PAM

Note that consumers within a niche z € & share the same symmetric preferences over all
potential varieties w € €, of type x. Hence, if an active monopolistically competitive firm
incurs the marginal cost ¢ and produces a variety of type x, then its profit function can be
represented as follows

M(c, ) = max {(p — oy(z) Ea (%) _ F} | (2.3)

p p

In Appendix B, I study the robustness of the main results of the paper under a more general Gorman-Pollak
single-aggregator demand system.
°One can readily verify that £} (2) > 0 < Ea(2) + 1 > —2A"(2) /N (2).
Generally, it is assumed F > 0. However, details for the case of F' = 0 (thereby implying that the selection of
firms is driven by the existence of a choke price) are available upon request.
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One can readily verify that maximization of a firm’s profits w.r.t. its price implies:"

¢ Elp/P(x))

where £, ( Pi’m)) = _li\(/;(ié}()m(;:))) ez denotes the elasticity of the market share function, A(-).

It is straightforward to verify that MSLD assumption is a sufficient condition to ensure that

(2.4) has a unique solution in terms of p for given P(z) and c. Thus, solving (2.4) for p yields a
firm’s price as a function of its marginal cost and location/niche, p(c, z).

As a result, the expression for a firm’s profit can be re-written as follows

(e, ) = (ple ) = ) () (CEx)A (p;)i’;;)) _F

Exploiting the envelope theorem, the corresponding FOC w.r.t. z implies

_ Ux) Pz) 1
0(x) P(x)  Ex(p(c,x)/P(z)) (2.5)

Solving equation (2.5) for z yields the optimal location/niche (or, equivalently, product

type/attribute x € X)) of a firm as a function of its marginal cost, z(c).

Proposition 1 (Firm’s Trade-off). Consider any interval of niches [z, ] C X that is served by firms
in equilibrium. In the interior of this interval, larger local markets (niches) feature tougher competition,
implying lower values of the local price aggregator, P(x). Formally, P(x) is strictly increasing on (z,T).

Proof. See Appendix A.1. O

Proposition 1 claims that larger niches are more competitive in a closed economy equilib-
rium. As shown in Appendix B, this property of the model is not restricted by the assumption
of homotheticity and can also be proven for the Gorman-Pollak demand system that encom-
passes HSA demand systems as well as broad classes of non-homothetic demand systems.
Now, note that combining (2.4) and (2.5) yields

(2.6)

where 1(-) is henceforth referred to as a firm’s markup.

It is straightforward to see from Proposition 1 that each firm faces the trade-off between a

larger local market and weaker local competition. Next, I formulate necessary and sufficient

. £ x _ =D’ x
2Note that (2.4) can be alternatively stated as 2 = %, where Ep (p/P(z)) = % Pf("x) denotes

the price elasticity of demand, taking P(x) as given. It is straightforward to verify that Ep(-) = 1 + Ex ().




conditions for Positive Assortative Matching (PAM) between firm productivity and niche size, or,
put differently, positive sorting of heterogeneous firms into market niches/segments.

Proposition 2. The model equilibrium implies that:

i) more productive firms set lower prices, dp/dc > 0;

ii) there is PAM between firm productivity and niche size, dx/dc > 0, iff the elasticity of the market
share function, Ex (p/ P(z)), is increasing with price (or, equivalently, the MISLD assumption holds).

Proof. See Appendix A.2. O

Proposition 2 implies that PAM is equivalent to assuming that £, (-) is increasing in price.
One can readily verify that the CES preferences represent the “knife-edge” case, where £4(-) =
o — 1 is constant and there can be multiple equilibria.”” Hereafter, I will focus on properties
of the model under MSLD assumption — an empirically relevant assumption on models with
variable markups in international trade literature (see e.g. Mayer, Melitz, and Ottaviano 2016).

Taking into account PAM, the equation for a firm’s markup (2.6) can be represented as a
first-order differential equation for the local price aggregator, P(z):

P'(z) () ple),x) — ()

Pla) ~ ) ex) @7)

In further analysis, I will derive a differential equation for the matching function, ¢(z), that,

when combined with (2.6), forms a system of non-linear differential equations.

2.3 General Equilibrium

The entry and exit mechanism is similar to that exploited in static versions of Melitz-type mod-
els (see, e.g., Melitz and Redding 2014). In particular, it is assumed there is an unbounded pool
of potential entrants that can enter the differentiated product sector by paying sunk entry cost
of F'* > 0 units of labor. Once the entry cost is paid, a firm draws its marginal cost level and
decides whether to produce or immediately exit the market.

The total mass of active firms, M, is, therefore, a fraction of entrants that survive, M = G(c*)-
M€, where ¢* = sup {c: Il(c, -) > 0} is the cutoff marginal cost level that makes a firm indifferent
between starting to produce or immediately exiting the market; /¢ — the mass of entrants, and
G(c*) represents probability of successful entry. As a result, the conditional distribution of firm

productivities is g(c)/G(c*) for ¢ € [, ¢*], and 0 otherwise.

3In Appendix B, I show that CES is not the only case with no clear sorting pattern under a more general
Gorman-Pollak single aggregator demand system that encompasses HSA, directly-additively separable, and
many other preferences. In addition, I show that MSLD is actually neither a necessary nor sufficient condition
for PAM under this generalized demand system.
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Note that the PAM implies | de(z)/dz |= de(z)/dz = ¢(x). Hence, applying the standard
“change of variables” theorem, the mass of firms that serve a particular location z € X is given
by M(z) = M - g(c(x)) ¢'(2)/G(c") = M - g (c(z)) ¢ ().

As aresult, equation (2.2) that implicitly defines (the inverse of) a measure of local competitive
toughness, P(z), can be rewritten as M (z) - A (p (c(z),z) /P(z)) = 1 that is equivalent to

e : p(c(z),x)\ _
Mg (c(x))d(x) A ( P@) = 1. (2.8)
Rearranging (2.8) yields a first-order differential equation for the matching function, ¢(x).

In equilibrium, (2.7) and (2.8) form the system of non-linear differential equations:

P’((x)) _ _i((z)) p(C(w)fﬁ))—C(w)
P(z T c(x

2.9
d(z) = L @9)

Me g(c(z))A(p(c(z)@)/P(z))
with two boundary conditions: ¢(0) = cyin and ¢(@pmax) = ¢*.

Note that boundary conditions imply that the most populated niche, x = 0, is served by the
most productive firms, ¢(0) = ¢pin, Where ¢, > 0 is exogenously given. The least populated
niche, z = Zy,.x, is served by firms with a cutoff level of marginal cost, ¢(zm.x) = ¢*, where ¢* is
endogenously determined by the zero cutoff profit (ZCP) condition:

IT (¢(Tmax), Tmax) = 0. (2.10)

As for the equilibrium mass of entrants, /¢, it is determined by the free entry (FE) condition

that equates an entrant’s ex-ante (expected) profits with the sunk entry cost, **:
Tmax

I (c(x),x) g (c(x)) d (x)dx = F°. (2.11)

0

The following paragraph formulates the general equilibrium with PAM for the closed econ-
omy setup.

Definition. A closed economy equilibrium with PAM is described by the set of endogenous variables

[(p(c, ) celemmer] + L (T), €(@) , Me} such that: i) a firm’s pricing formula, (2.4), defines

2€[0,Zmax]

the system of differential equations, (2.9); iv) the cutoff level of marginal cost, c*, satisfies the zero cutoff
profit (ZCP) condition, (2.10); v) the mass of entrants, M¢, satisfies the free entry (FE) condition, (2.11).

Equilibrium outcomes In addition to analytical results on the behavior of ¢(x) and P(z) (see

Propositions 1 and 2), I show that imposing a few auxiliary assumptions yields unambiguous
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predictions on the behavior of the model’s main variables across the space of niches, X'. The

following proposition summarizes some of these analytical findings.

Proposition 3. Assume that MISLD holds. Then, in equilibrium:

i) prices, p, are increasing in x;

ii) total quantities, q(-){(-), revenues, p(-)q(-)¢(-), and profits, 11(-), are decreasing in x.'*

If, in addition, g(-) is non-decreasing and ((-) is logarithmically concave, then: '°
i1i) markups, (-), and market shares of firms, A(-), are U—shaped in x;
iv) the distribution of the mass of firms, M(-), is N\—shaped in z;

Proof. See Appendix A.3. O

One can readily verify that Proposition 3 points out a number of distinctions of this model
from standard (“spaceless”) versions of Melitz (2003) with variable markups. For example,
taking into account PAM between firm productivity and niche size, Proposition 3 allows for
markups to be non-monotonic (U—shaped) not only in niche size but also in marginal cost. Re-
call that standard models with variable markups predict that markups are strictly decreasing in
marginal cost under MSLD.'® As for intuition for a U—shaped pattern, recall that in this model,
firms endogenously sort into different niches/segments within the differentiated-product sec-
tor. More competitive niches feature lower values of the local price index, P(x), which creates
downward pressure on local markups. In the meantime, PAM implies that more productive
“high-markup” firms endogenously choose to serve more lucrative niches, implying an up-
ward pressure on local markups. Under additional assumptions on the distribution of firm
productivities and niche sizes, the resulting interplay of these two forces tends to generate
U—shaped markup in equilibrium.

More formally, one may readily verify from a firm’s pricing rule (2.4) that if MSLD holds,
then a firm’s markup at niche z, u(z), can be written as an increasing function of price ag-
gregator over marginal cost, P(z)/c(x). In “spaceless” Melitz-type models, the numerator is
a scalar variable common for all firms in equilibrium. As a result, firms with lower marginal
costs charge higher markups under MSLD. In contrast, this model’s equilibrium implies that
P(-) is a function that is increasing in z. Likewise, PAM implies that the equilibrium match-
ing function, ¢(-), is increasing in x. Thus, the pattern of markups is determined solely by the
interplay of matching function and competition schedule:

P'(z)
P(x)

w(x) z 0 <—

14 As for firms’ total costs, c¢(-)g(-)¢(-) + F, it can be shown that the corresponding equilibrium pattern depends
on whether an additional condition holds or not (see Appendix A.3 for details).

5For these results, I also impose mild auxiliary assumptions (see Appendix A.3).

16See Section 4 for more details.
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Analyzing the behavior of U.S. multinational firms, Keller and Yeaple (2020) document a
tendency of high-productivity (and high markup) firms to enter more competitive markets
that imply relatively lower markups. As a result, they argue that “...mark-up differences across
locations taken at face value understate differences in the extent of competition across countries.”. A
similar argument is potentially applied to implications of my model — markup differences be-
tween firms may not reflect true differences in firms’ market power and understate differences
in the extent of competition between any pair of “locations”. Moreover, the model’s theoreti-
cal prediction is in line with a new stylized fact that has been recently unveiled by Diez, Fan,
and Villegas-Sanchez (2021) and based on data from a number of advanced economies and
emerging markets: the non-monotonic (U—shaped) relationship between markups and firm
size. Note that the model implies that firm size is decreasing in marginal cost. As a result,
given the U—shaped relationship between a firm’s markup and marginal cost, the model also

predicts U—shaped pattern between markups and firm size.

Welfare and Inequality in the Closed Economy Recall that the (local) ideal price index,
P!(z), is not proportional to the local price aggregator, P(x). Hence, to study welfare im-
plications, one needs to use the niche-specific ideal price index, P!/(z). Note that while the
characterization of the behavior of P(x) can be directly inferred from a firm’s optimization
program (see Proposition 1), a more involved proof and additional assumptions are required
to detect the behavior of P!(z). Yet, the following proposition provides a succinct statement on

the distribution of consumer welfare.

Proposition 4. Assume that MSLD holds. Then, in equilibrium, consumer welfare, W (x) = 1/P!(x),
is decreasing in .

Proof. See Appendix A 4. O

Proposition 4 explicitly states that under MSLD, consumers at sparsely settled locations /niches
derive relatively lower welfare benefits. Introducing heterogeneity in niche sizes also allows
an examination of welfare inequality across consumers from different niches, even under the

closed economy scenario. For example, one can use the Theil index, 7', as a measure of welfare

T = /X % log (%) @dx, (2.12)

inequality:

where W = 1 [, W(z){(z)dz is the weighted mean of welfare across all niches/locations.

Figure 1 shows the evolution of the Theil index under different measures of taste hetero-

geneity while keeping the total size of the economy fixed.
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Figure 1: Welfare Inequality and Taste Heterogeneity.
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As one may expect, there is no welfare inequality under the assumption of consumer ho-
mogeneity. Figure 1 also demonstrates that the equilibrium welfare inequality is increasing
in the level of taste heterogeneity that is captured by the length of the interval of product
niches, 2,,,x. Note that a higher value of z,,,, can potentially represent a more developed indus-
try/economy. Specifically, one may expect a higher level of taste heterogeneity in countries at
later stages of economic development, where “worldly-wise” consumers tend to have specific
preferences over varieties in differentiated product sectors. Note that this is generally in line
with the findings of “The Rise of Niche Consumption” by Neiman and Vavra (2019) discussed
in the Introduction. Relatedly, one may expect that firms in more technologically advanced
industries/economies are increasingly able to cater to different consumer tastes/niches. Many
industries also tend to be increasingly fragmented, with high customization of products and

personalized marketing strategies.

3 Trade

In this Section, I introduce international trade into the model. To examine the interplay of
firm and consumer heterogeneity in determining, among others, the distribution of the gains
from trade, I extend the model from Section 2 to an open economy with costly trade between
countries. To capture the essence of the underlying forces that affect the model’s outcomes, I

find it instructive to start with the case of trade between symmetric countries. However, the
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setting potentially allows the consideration of countries that are different in terms of either

distribution of consumer tastes/niches or total market size.'”

Set Up

The world is comprised of N + 1 > 2 countries. In the spirit of Melitz (2003), I abstract from
endogenous relative wage movements by assuming that countries are symmetric. Hence, all
countries have the same wage that is normalized to one. In further analysis, I consider an
arbitrary “home (h)” country that trades with N “foreign” (f) countries indexed by j = 1,.., V.
The baseline structure of preferences is assumed to be the same as in the closed economy
setup (see Section 2). However, a consumer located at + € X now derives utility from the
consumption of both domestic and foreign varieties. As a result, the (local) price aggregator in

location/niche z € X in “Home” is implicitly defined by

[ (5

Wy €Qy

N .
) dw, + Z / A (%‘é;) dwl | -1 =1, (3.1)
= et

where [** € {0,1} is an indicator variable that equals one if a particular niche z € X is
served by foreign firms, and zero otherwise; w, € (2, denotes a niche z variety produced by
a domestic firm; w?! € Q7 denotes a niche z variety produced by a foreign firm from country
je{l,..,N}.

Following Melitz (2003), I assume that each active firm still incurs the fixed cost of pro-
duction F), regardless of its export status. Exporting firms, in addition, bear a per unit iceberg
transportation cost, 7 > 1. Moreover, in order to enter each foreign market, a firm incurs the
tixed exporting (“market access”) cost, F** > 0."% As a result, firms tend to charge different
prices for domestic and foreign markets. However, each exporting firm is allowed to choose

only one product type/niche, z € X, that will be common for both domestic and foreign mar-
kets."

Firm Behavior and PAM

Note that the behavior of non-exporting firms is reminiscent of that discussed in the closed
economy setup. So, here, I mainly focus on the behavior of exporting firms. Denote by p" the
price charged by a firm on the domestic market. Note also that, due to the assumption of sym-

metric countries, an exporting firm sets that same price, p/, for all foreign markets. Moreover,

7Details are available upon request.

8Similar to the closed economy case, it is generally assumed that F** > 0. However, details for the case of
F¢* = 0 and when the selection of firms is driven by the existence of a choke price are available upon request.

YThis assumption can be relaxed (see Appendix C). It is mainly a matter of how we treat a product niche.
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the symmetry assumption and zero domestic market access costs imply that no firm exports
without serving the domestic market. Hence, the combined profit of an active firm that serves
niche z and features marginal cost level c can be represented in the following form:

Il (c,z) = II"(¢,z) + max {0, N - I’ (¢,2) } (3.2)

where

I1"(c, ) = max {php; () EA ( PZ{;)) - F}

11 (c, ) = max {pf];Tcé(x)EA (;Z;) - Ff} .

One can readily verify that profit maximization w.r.t. p* and p/ implies:
y y p p

p_h _ Exn (p"/P(z)) +1 p_f _ Ex (p!/P(x)) +1 (3.3)
c En (p"/P(x)) TC En(p//P(x)) .

Similarly to the closed economy setup, MSLD is a sufficient condition to ensure that these

two equations have unique solutions p" and p’, given P(z) and c. Thus, solving (3.3) for p" and
p’ yields the relations between prices and location/niche for the given value of marginal cost:
p"(c, z) and p/(c, x), respectively. It is straightforward to see from (3.3) that an exporting firm
generally sets different factory gate prices for domestic and export markets, p"(c, z) # p/(c, z).
However, the next proposition states that Marshall’s Second Law of Demand rules out any

profitable arbitrage opportunities.
Proposition 5. If the MSLD assumption holds, then p"(c,z) < p’(c,z) < mp"(c,z) forall x € X.
Proof. See Appendix A.5. O

Note that a direct implication of Proposition 5 is that an exporting firm charges a relatively

lower markup for a foreign market:

Vi) _ e
TC c

Now, exploiting the envelope theorem, the firm’s profit maximization w.r.t. z implies:

hex)—c ph(c p! (c,x)—Tc pf (c,z) ex
_E(:L‘)P’(x): p( A( ))+N ) A( )>]I (3.4)
U(z) P(x ph(ca)—c : ) pf(ca)—rc p (pl(c,) prem) Tex ’
() P(x) ph(cﬁz)A<P(x))5A(P(x))+Npf(w A (e ey (e )

Using a similar approach as in Proposition 1, it can be shown that P(z) is increasing in

equilibrium. Moreover, one can verify that if a niche is not directly exposed to trade (i.e., I* =
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(z) P'(z)
(x) P(x)

0), then (3.4) is simplified to a firm’s FOC w.r.t. z for the closed economy setup, —

18 (525,
Note also that combining (3.3) with (3.4) yields the expression for the “weighted markup”:

A (p"(c,x)/P(z)) + N - A (p/(c,z)/P(z)) - I . ((x) P'(x) (3.5)
oA (P (e, 2) [ P(x) + N - 75 A (p (¢, @)/ P(x)) - T l'(x) P(x) '

If I** = 0, then (3.5) simplifies to a firm’s markup for the closed economy setup given by
ples) _ | _ P') L)

c P(z) ¢'(x)°

Similarly to the closed economy case, each firm faces the trade-off between a larger local
market and weaker local competition. The following proposition states that a necessary and

sufficient condition for PAM in an open economy also relies on the MSLD assumption.

Proposition 6. The open economy equilibrium implies that:

i) more productive firms set lower prices: dp"/dc > 0, dp’ /dc > 0;

ii) there is PAM between firm productivity and niche size, dx/dc > 0, iff the elasticity of the market
share function, Ex(-), is increasing with price (MSLD).

Proof. See Appendix A.6. O

Trade Equilibrium

Taking into account PAM, there exists a unique export threshold location/niche # € X such that
any niche = € [0, 7] is served by both domestic and foreign firms, while any niche = € (Z, Zmax|
is served by domestic firms only. In what follows, the cutoff level of marginal cost for exporting
firms is denoted by ¢* = ¢(&) and defined as ¢* = sup {c¢: ¢ < ¢* and II/(c,-) > 0}, where, as
previously, ¢* = sup {c:I(c,-) > 0} denotes the cutoff level of marginal cost for successful
entry. Both of these cutoffs are endogenous.

Hereafter, I;,<; denotes the indicator function implying that I;,<z;; = 1if z < 7. Now,
taking into account PAM and applying a similar argument to that in Section 2.3, one can readily
verify that (3.1) and (3.5) can be re-written as the system of (piecewise continuous) non-linear
differential equations:

h f
e\ poa (2@ Ny,
P'(z) 0 (x) ( A( P(x) )+NA( P(2) )H{mgm} B 1)
)H{zii}

clx hC.’I),.’L‘ T-C(T folJ,.’I)
(@ __p(2hea)) . <>A(p<<)>

. 1
- h(c(r f
Me 9(0(1))(/\(%)“\“‘(717 ggﬁ;’x))ﬂ{xsm)

PP (e(@),) T (c(@),2) P(2) (3.6)

Y

*

with boundary conditions ¢(0) = ¢yin and ¢(zmax) = ¢*.
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Note that both P'(-) and ¢/(-) are discontinuous at the export threshold niche, z. Yet, in
equilibrium, both P(-) and ¢(-) are continuous with a kink at = . To ensure that li:g}r oP () =
Tr—T

P(Z), the export threshold niche must satisfy the following condition:

/ " P(a)de + / " P (@)de © Pl — P(O). (3.7)
0 T

The equilibrium mass of entrants, M¢, satisfies the open economy version of the free entry
condition that equates an entrant’s ex-ante (expected) profits with the sunk entry cost, F':

Tmax

(IT" (c(z),2) + N - I (¢(2), 2) Lz<sy) g (c(2))  (z)dz = F°. (3.8)

The following paragraph formulates an open economy equilibrium with PAM for the case

of symmetric countries.

Definition. An open economy equilibrium with PAM is described by the set of endogenous variables

{ |:(ph(c’ x))ce[cmin,cﬂ ! (pf(c7 x))ce[cmin76*] ,P(flf), C(l‘) 76*7 6*a :Z‘7 Me} such that: 1-11) aﬁrm's

we[oyxmax]

pricing rules, p"(c, x) and p (c, z), are given by (3.3); iii-iv) the schedule of the local price aggregators,
P(x), and the matching function, c(x), satisfy the system of (piecewise continuous) differential equations
given by (3.6); v) the export threshold niche, 7, is determined by (3.7); vi) the cutoff level of
marginal cost for production, c*, satisfies 11" (¢*, Zax(c*)) = 0; vii) the cutoff level of marginal cost for
exporting firms, ¢, satisfies 11/ (¢*,x(¢*)) = 0; viii) the mass of entrants, M¢, satisfies the free entry
condition, (3.8).

Free Trade

Note that the model’s special case of costless trade (i.e., 7 = 1 and F'** = 0) implies that any
active firm exports and maximizes its profits by setting exporting prices at the same level as it
sets for the domestic market, p"(c(z), z) = p/(rc(x), x) = p(c(x), z). Moreover, any of the niches
is served by both domestic and foreign firms, implying that £ = 2yax.

In this case, the system of differential equations (3.6) is simplified to the following form:

Pla) _ _ Ll plcla)e)cla)
d(z) = L , ’ >
(N+1)Meg(c(w)) A (552 )

with two boundary conditions: ¢(0) = ¢upin, ¢(Tmax) = "
As previously, ¢* and M€ are endogenous and pinned down by the corresponding ZCP and
FE conditions:
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ZCP: 11 (C(xmax)a J:max) =0,

FE : / I (c(x),x) g (c(x)) ¢ (z)dx,

where II(c, z) denotes the combined profit of a c-type firm takes the following form:

(e, x) :mgx{(NH)p;%(x)EA (Pi’@) —F}.

Notice that, apart from the presence of the term /N + 1, the system of differential equations
and profit function under the free trade equilibrium resemble their counterparts for the closed

economy setup. Thus, the free trade equilibrium must replicate the integrated equilibrium.

3.1 Quantitative Analysis

For quantitative analysis, I consider a world economy comprising two symmetric countries
(as in quantitative exercises provided by Arkolakis, Costinot, Donaldson, and Rodriguez-Clare
2019 and Melitz and Redding 2015). Labor in one country is chosen as numéraire, which im-
plies w" = w/ = 1 under the symmetry assumption. For the demand side, I exploit specification
of the market share function that corresponds to symmetric homothetic translog, A (p(w,)/P(z)) =
log (p(we)/P(z))~¢, and set { = 0.19 (Feenstra and Weinstein 2017).% The distribution of marginal
costs is assumed to be Pareto distributed with the shape parameter & = 3.61 (Feenstra 2018).
As has been mentioned, trade is subject to iceberg-type trade cost, 7, and the fixed exporting
(“market access”) cost, F'°*. 1 set 7 = 1.7, which is consistent with the estimates in Anderson
and van Wincoop (2004) and in line with Arkolakis, Costinot, Donaldson, and Rodriguez-Clare
(2019). The fixed export cost is calibrated as F'** = 0.0392 to match the average fraction of U.S.
manufacturing firms that export (0.18, as reported by Bernard, Jensen, Redding, and Schott

2007). The rest of the parameter values of the baseline parameterization can be found in Table
1.

20See Appendix B.2 for detailed derivations with this specification.
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Table 1: Parameterization

Functional form

Parameterization

A (’;ﬁ‘g))) = log (
l(x) =

g(C): ok

Aexp(—Az)

k

—ck
max min

Ck_

p(wa)

P(x)

1—exp(—AZmax)

1

)C

¢ = 0.19 (Feenstra and Weinstein 2017)

L =1000, A = 0.02, zpae = 100
k = 3.61 (Feenstra 2018), ¢pin = 0.1, ¢pax = 1.0

Fer = 0.0392 (18% of firms export, BJRS 2007)
F=0.1, F°=0.1,7=1.7 (Anderson and van Wincoop 2004)

Open economy equilibrium under the benchmark parameterization results in the following

equilibrium values: ¢* = 0.859, ¢* = 0.534, M*¢

= 1,888, and = = 28.9. The equilibrium matching

function, c(z), and schedule of the (local) price aggregators, P(x), are depicted in Figure 2.

Figure 2: The matching function (left panel) and competition schedule (right panel).
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One can see from Figure 2 that equilibrium patterns of ¢(x) and P(x) correspond to the-

oretical predictions of the model. Note also that, following trade liberalization, each niche is

populated by more productive firms. The only exception is the largest niche, x = 0, that is

served by firms with the lowest level of marginal cost, ¢yin. Moreover, Figure 2 shows that

each niche is now characterized by lower values of P(x), implying higher local competition.

Equilibrium distributions of prices and markups are presented in Figure 3.
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Figure 3: Firms’ prices (left panel) and markups (right panel).
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It is worth noting that, compared to the autarky case, prices for all domestic varieties have
declined. The reason is that opening the closed economy to trade is associated with higher
competition at each niche and relocation of firms toward less populated (see Figure 2), thereby
lowering prices.

As for markups, at least three features of the corresponding patterns are worth emphasiz-
ing. First, as has been discussed earlier, markups are U-shaped across niches of different sizes
(see also Proposition 3). Second, an exporting firm charges relatively higher markup for the do-
mestic market, implying that p"/c > p’/7c. Recall that it is a direct corollary of Proposition 5.
Third, after opening the closed economy to trade, niche-specific (domestic) markups have been
increased for almost all niches. It might seem puzzling, taking into account predictions of stan-
dard (spaceless) trade models with variable markups under the MSLD assumption (see, e.g.,
Arkolakis, Costinot, Donaldson, and Rodriguez-Clare 2019). In particular, such models pre-
dict that an increase in competition lowers firm-level markups across the whole distribution.
However, the present model implies that, following trade liberalization, all niches (except for
the largest one) are populated by relatively more productive firms. It creates upward pressure
on niche-specific markups. For most niches, this effect outweighs the (counteracting) impact of
rising local competition captured by a decline in P(-).

Figure 4 shows distribution of the mass of domestic firms and density of domestic firms.
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Figure 4: Distribution of the mass of domestic firms (left panel) and density of firms (right

panel).
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First, note that while the exogenous pdf of firm marginal cost g(-) is assumed to be non-
decreasing as in most trade models, the distribution of the mass of (domestic) firms, M (x) =

Mc¢g (c(x))d(z), turns out to be non-monotonic in z. One can readily verify that M) _

[gg(.)c%w) n i’,’m],where £,(-) = cg'(-)/g(-). Thus, we have

c(z) (z)

M(z) 205 ()2 _clajely)

()]

Recall from eq. (3.6) that ¢(x) is discontinuous at the export threshold niche, # = 28.9,
implying that the mass of (domestic) firms, M(z) = M¢°g(c(x)) (), is discontinuous at
as well. So, there is an upward jump in the mass of domestic firms right after the export
threshold niche. Note also that while the mass of domestic varieties decreased after opening the
closed economy to trade, the total mass of varieties available at each trading niche increased.
Figure 4 also shows that trade causes a shift in the density of (domestic) firms, M(z)/M =
g(c(x))d (x)/G(c*), towards less populated niches.”!

3.2 Welfare Analysis

Recall that Proposition 4 states that consumer welfare is increasing in niche size or, equivalently,
decreasing in z. In this Section, I study how welfare changes across consumers from different
niches in response to opening the closed economy to trade, as well as the impact of small shocks

to exogenous model parameters.

210ne can readily verify that [, M) g = . o C:;()c)c () 4z = 1, so the areas under blue line and red lines from

Figure 4 (right panel) are both equal to 1.
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Small shocks in the closed economy Recall that nominal wage per unit of labor is normalized
to one. Hence, change in niche-specific consumer welfare (real wage or income per unit of
labor) can be written in the following way:

dlog W (z) = —dlog P!(z),

In a closed economy equilibrium with PAM, the (niche-specific) ideal price index takes the
following form: log P!(z) = const +log P(x fr Aéf) d¢, where z denotes a choke
price, Y (+) is an increasing function 1mp11c1tly defmed from a f1rm’s pricing formula (2.4) such
that p/P = Y(c/P).

The following proposition formally states that niche-specific change in consumer welfare
associated with a small shock to exogenous model parameters can be decomposed into the
sorting and competition effects.

Proposition 7. Consider a closed economy described in Section 2. Then, the change in consumer welfare
for a particular niche associated with a small shock to exogenous model parameters can be decomposed

as:
dW (x) dP(x) de(z)
=—(1-9 - 1
Competit;; effect(x) sorting‘e,ffect(x)
where ¥(z) = Ex(-) — M(z) () oot Py “2dE.
Proof. See Appendix A.7. O

Recall that the model’s properties imply that the largest niche is always served by some pos-
itive mass of firms with the lowest (and exogenously given) value of marginal cost, ¢(0) = cpin.
Hence, the direct corollary of this observation and Proposition 7 is that the change in consumer
welfare for the niche = 0 associated with a small shock to exogenous model parameters does

not contain “sorting” effect and can be computed as:

dw ()
W)

—a —19<o>>if—(00)>.

Opening the closed economy to trade Now, I turn to the welfare analysis of an open econ-
omy. Figure 5 shows that the impact of opening the closed economy to (costly) trade is highly

heterogeneous aCross consumers.
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Figure 5: The impact of opening the closed economy to trade (autarky — costly trade, 7 = 1.7).
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In particular, consumers in medium-size niches tend to gain relatively more than consumers
in larger niches, which are directly exposed to trade, while consumers from some range of the
largest niches actually lose from trade. These two findings are worth additional discussion.

As for the latter finding, consider some range of the largest niches [0, €] C X, with e ~ 0, that
bear losses from trade. Note that welfare in a particular niche depends positively on the mass of

firms located at this niche and negatively on the prices of these firms: W (z) = W (pm, M (x)) .
- 4+
Hence, for niches that lose from trade between two symmetric countries, we have,

W (py,ph, Mo) < W (!, M)

where superscript A denotes the autarky.

Note that the mass of domestic varieties decreases, yet less than proportionally, so that the
total mass of varieties is higher at those locations M, < M2 < 2- M, = M" + M/ (see Figure 4).
In the meantime, while prices set by domestic firms decrease in the trade equilibrium, prices
set by foreign firms are significantly higher due to high transportation costs, p < p? < pl. As
a result, the negative impact on welfare from high prices set by foreign firms may outweigh
the positive impact on welfare from an increase in the total number of varieties available and
relatively lower prices set by domestic firms. Note that, in addition to the presence of the
novel “sorting” effect that arises only in the case of heterogeneous niches, losses from trade are
also driven by the market distortions generated by variable markups in standard monopolistic
competition models.

A similar mechanism explains why consumers in medium-size niches tend to gain from
trade relatively more than their counterparts in larger niches. Notice that, in a costly trade sce-
nario, the welfare of consumers in the export threshold niche, 7, is strictly less than consumer
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welfare at neighbor niches that are not exposed to trade directly. For example, for a niche
r = T + ¢ we have:
w (pgapga Mfc) < w (pi—i-&? M:i+87 )

For this comparison, recall that the mass of (domestic) firms, M (z) = Mg (c(x)) d(x), is dis-
continuous at #, due to discontinuity jump of ¢/(x) after this niche (see eq. (3.6)). So, there is
an upward jump in the mass of domestic firms after the export threshold niche (see Figure 4).
Yet, this jump is less than proportional so that the total mass of firms at 7 is still higher than at
a neighbor niche 7 + &, which is not exposed to trade: M; < M . < 2- Mz = M" + M. In the
meantime, while prices set by domestic firms at Z are slightly lower than those at & + ¢, prices
set by the positive mass of foreign firms (with the export cutoff level of marginal cost) at  are
much higher due to high transportation costs, p? < pzi. < pl. As a result, the negative impact
on welfare from high prices set by foreign firms far outweighs the positive impact on welfare
from an increase in the total number of varieties available and relatively lower prices of do-
mestic varieties. It generates an upward jump in consumer welfare after the export threshold
niche. Now, recall that consumer welfare in autarky is monotonically decreasing in niche size
or, equivalently, increasing in . So, it results in relatively higher welfare gains from trade for
medium-size niches that are unexposed to trade in both equilibria.

To capture the broad picture of welfare gains patterns, Figure 6 shows the distributional

impact of opening the closed economy to trade for different variable trade costs.

Figure 6: The impact of opening the closed economy to trade for different levels of .
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Figure 6 sheds light on several salient patterns. First, note that when variable trade costs are
high enough, the range of niches that are directly exposed to trade, [0, 7], is very small, and the
economy is reminiscent of the closed economy setup. As a result, the distribution of the gains

from trade across niches is close to uniform and approaching 0% when 7 is increasing.
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Second, the largest niches that are directly exposed to trade tend to have negative welfare
gains from opening the closed economy to trade. One can see from the right panel of Figure
6 that the range of niches that bear losses from trade is N—shaped in variable trade cost level
7. Moreover, middle-sized niches that are not directly exposed to trade and close to the ex-
port threshold niche tend to gain the most from opening the closed economy to trade. The
mechanisms of these effects are the same as was previously discussed for the particular case of
T=17.

Third, note that when variable trade costs are low enough (7 = 1.43 and lower), then 2 =
100, and the whole range of niches is directly exposed to trade, implying that they are served
by both domestic and foreign firms. In this case, in addition to the relocation of relatively
more productive firms, consumers in smaller niches now also gain from an increase in the total
varieties available in these niches. As a result, while all consumers gain from free trade, gains

are monotonically larger for smaller niches.

Small shocks to (variable) trade costs Now, consider the impact of a small change in variable
trade costs from 7 to 7+d7. The following proposition provides the decomposition of the niche-
specific change in consumer welfare (real wage or income per unit of labor) associated with the
corresponding small shock.

Proposition 8. Consider an open economy described in Section 3. Then, the change in consumer welfare
for a particular niche associated with a small shock in variable trade costs, T, can be decomposed as:

dW (x) dP(x) de(z) _ NAEyy dr
—(1— — — |1 —-=(x)M ——— Tpeir— 3.11
competit;g effect(z) sorting&ect(z) direct ef}gCt of dr

_ AME LHANATE fTipcqr  — APE WEMANATE, tE (T ipcsr — oz A
where ¢(z) = XLNMH:S;S L () M (z) 25 XLNAfH{A:S;f =55 2(z) = fTZ(f»(?)) é&)d£+
z A(§)
Tio<sy - N fy(;;((g) Selde.

Proof. See Appendix A.8. O

Figure 7 shows the impact of lowering variable trade costs from 7 = 1.7 to 7 = 1.65.
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Figure 7: The impact of small changes in trade costs (7 = 1.7 — 7 = 1.65).
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Notice that the impact of small changes in trade costs is also highly uneven and provides
rich welfare implications. In particular, while most niches tend to gain from trade, niches
previously unexposed to trade (z, 2""], are those that lose from modest trade liberalization.
To explain this pattern, first note that, as in the case of opening from autarky to trade, a small
positive shock to variable trade costs also leads to a higher measure of competition for all niches
(i.e., P(x) is lower at each point in the new equilibrium) and relocation of firms to relatively
less populated niches. Hence, prices of domestic varieties decrease for all niches. Moreover,
due to the presence of foreign firms, the total mass of varieties available at niches previously
unexposed to trade (z, z"*"], will increase in a new equilibrium. However, consumers in these
niches still bear losses from a positive shock to variable costs. The reason is that, despite an
increase in the total amount of varieties in these niches, the amount of domestic varieties has
been significantly decreased. In the meantime, high variable trade costs imply that prices of
foreign varieties are higher than those of domestic ones. As a result, the negative impact of
high prices set by foreign firms far outweighs the positive impact of an increase in total number
of varieties available and relatively lower prices of domestic varieties. So, the mechanism of
losses from trade is similar to that discussed for the scenario of opening the closed economy to
(costly) trade.

One can see from Figure 7 that consumers in all niches except (z,z"“"] gain from trade,
despite a slight decrease in the total amount of varieties available at these niches. As for con-
sumers from the range of niches exposed to trade in both equilibria, [0, Z], they gain from a
decrease in prices for both domestic and foreign varieties. As for consumers from the range of
niches unexposed to trade in both equilibria, (2", Z1.x), they gain from a decrease in prices
of domestic varieties. Going back to the decomposition of welfare change provided in Propo-
sition 8, it is worth emphasizing that the contribution of the sorting effect to the total gains is
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sizable for most niches, especially the middle-sized and small ones. In particular, while the
sorting effect contributes from 0% (for x = 0) to 59% of the total welfare gains at niches [0, Z],
its contribution at niches (2", Zy,ax] ranges from 30% to 49%.

Opening the closed economy to free trade Figure 8 provides the distribution of the gains
from trade from opening the closed economy to the costless (free) trade scenario, where 7 = 1
and F** = 0.

Figure 8: Gains from free trade (autarky — free trade with F** =0, 7 = 1).

Gains from Trade, %

45

Note that patterns of welfare gains in this scenario differ from the case of costly trade dis-
cussed earlier. In particular, gains from opening the closed economy to free trade are positive
and monotonically decreasing in niche size or, equivalently, increasing in z. Note that all niches
are now directly exposed to trade, implying that they are served by both domestic and foreign
tirms. Hence, consumers in small niches, in addition to the relocation of relatively more pro-
ductive firms, now also gain from a significant increase in total varieties available in these
niches. As a result, while all consumers gain from free trade, gains are monotonically decreas-
ing in niche size. Note that this welfare gains pattern is similar to what we observe in Figure 6
for values of variable trade costs close to 1, which also implies that the whole range of niches

is directly exposed to trade.

4 A Spaceless Model as a Limiting Case

One can readily verify that if the space of consumer niches, X = [0, Zax|, becomes arbi-

trarily small (i.e., zmax — 0), whereas keeping the total amount of (efficiency units of) labor,
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L = E [, {(z)dz, fixed, then the economy converges to the “spaceless” monopolistic competi-
tion trade model alike Melitz (2003), yet with variable markups. In this Section, I provide both
analytical and numerical comparisons between the baseline “spatial” model and the “space-

less” model as a limiting case with degenerated distribution of niche sizes.

4.1 Spatial vs. Spaceless Model. Closed Economy

Notice that in spaceless version of the baseline model an individual’s demand for a variety

w € € takes the following form:

q(w) = Z%A (@) , (4.1)

where the price aggregator P is linearly homogeneous in p and is implicitly defined by

/A <7@) dw = 1. (4.2)

weN
One can notice that in this case, the (local) price aggregator, P(x), is replaced with a single
(common) price aggregator, P. It implies that all firms explicitly compete with each other
within a single niche/market.

Hence, the corresponding profit function now takes the following form:
p—c¢ p
II(c) = —A (=) LE—-F ;.
0 =m{P7EA (5) 18 - F )

One can readily verify that maximization of a firm’s profit w.r.t. price implies,

p_&/P)+l p_ Ep/P) (4.3)

¢ Enlp/P) ¢ Ep(p/P)-1
The Melitz-type zero cutoff profit (ZCP) condition yields,

I(c*) = 0. (4.4)

Free entry (FE) condition now takes the following form:

c*

/ II(c)dG(c) = F*. (4.5)

Cmin

Conditions (4.4) and (4.5) jointly determine the equilibrium cutoff marginal cost, ¢*, and the
price aggregator, P.
Note also that the corresponding condition that defines the (common) price aggregator (4.6)
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can be re-written in the following way:

c*

Me / A (@) dG(e) = 1, (4.6)

Cmin

and the mass of entrants, /¢, is related with the mass of active firms, M, as M- G(c¢*) = M.

Definition. An equilibrium in the “spaceless” version of the closed economy model under HSA demand
systems (4.1) is the set of endogenous variables {{p(c)} P, M e} such that conditions (4.3)-

(4.6) hold.

ce [CminaC*] ’

The following proposition summarizes the behavior of the main variables of interest.

Proposition 9. Consider a “spaceless” version of the model described above. There exists a unique
equilibrium such that:*

i) a firm’s price, p, is increasing in c;

ii) a firm's “market share”, A(-) = pq/E, is decreasing in ¢;

iti) a firm's production per capita, q, and total quantities sold, qL, are decreasing in c;
iv) a firm’s total revenue, p q L, is decreasing in ¢;

v) a firm’s total profits, 11(-), are decreasing in c;

vi) a firm’s total costs, c q L + F, are increasing (decreasing) in c iff £,(-) > (<)1;
If, in addition, MSLD holds, then

vii) a firm’s markup, p/c, is decreasing in c;

Proof. See Appendix A.9. O

Table 2 below provides a comparison of the equilibrium behavior of some main variables in

a closed economy setup between “Spaceless” and “Spatial” models.

Table 2: Spatial vs. Spaceless model (the limiting case). Equilibrium outcomes

Spatial (under MSLD) Spaceless (under MSLD)*

D increasing in c increasing in c
p/c U—shaped in ¢ decreasing in c
A(Y) U—shaped in ¢ decreasing in ¢
q U—shaped in ¢ decreasing in c
II(+) decreasing in ¢ decreasing in c

22] also impose a mild additional assumption on a firm’s market share function (see Appendix A for details).
2Note that MSLD is a sufficient, but not necessary, condition for most of these patterns to take place.
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Table 2 points out several important differences between “spaceless” and “spatial” setups.
First of all, notice that more productive firms tend to charge higher markups under MSLD in
the “spaceless” model. In contrast, it has been proven that in the “spatial” setup with self-
selection of firms to different market segments/niches/locations, firms’ markups demonstrate
U-shaped patterns. Similarly, more productive firms have higher “market shares”, A(:), in
the “spaceless” setup. The reason is that given the common measure of competition, more
productive firms set lower prices. In contrast, as stated by Proposition 3, a firm’s “market
share” is U-shaped in x (as well as in marginal cost, c¢) under the baseline spatial setup.

Table 3 presents a quantitative comparison of the closed economy equilibrium outcomes
between the baseline (“spatial”) model (see Section 2) and its limiting (“spaceless”) case under

the baseline parameterization.

Table 3: Baseline model vs. the limiting case. Closed Economy

Baseline model Limiting case

c* 0.89 0.32

Me 1,887 1,959

M 1,241 32.96

P 0.92, 2.21] 0.34

W 1.02 3.54
[0.58,2.03)

There are several distinctions in outcomes between these two setups that are worth to be
discussed. First of all, one can notice that the spaceless model implies a lower cutoff level of
marginal cost c* or, equivalently, tougher selection. This tougher selection results in a lower
total mass of active firms, M, despite a relatively larger mass of entrants, M¢. Moreover, it
also results in lower absolute values of the price aggregator, P, and a higher welfare measure
than those observed for every niche in the baseline model. This result might seem puzzling at
tirst sight. However, recall that in the limiting version of the model all mass of consumers is
centered in one “point” rather than unevenly spread out throughout the space of niches. As
a result, all firms have to explicitly compete with each other within the same market niche,
eventually resulting in a higher measure of competition and consumer welfare.

In addition to the U-shaped equilibrium relation between markups and marginal costs, Fig-
ure 9 shows that firms tend to charge higher markups than their counterparts under the lim-
iting (spaceless) case of the model. The feature that markups are larger in the presence of
consumer heterogeneity is also in line with the findings of Macedoni, Xu, and Feenstra (2020),

albeit for oligopolistic firms with different demand structure and setup.

31



Figure 9: Markups: the baseline model vs. the limiting case.
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4.2 Spatial vs. Spaceless model. Comparative Statics

To discuss and compare comparative statics implications, it is helpful to use an alternative
yet equivalent representation of single-aggregator homothetic demand systems that exploit an
inverse demand function and quantity aggregator. Below, I provide a brief discussion of the
corresponding setup.

In particular, the inverse demand function is represented as follows:**

e = (505 ) sty

where Q(z) = Q(q,) denotes the (local) quantity aggregator for varieties of type x € &, while
A : R, — R, represents the market share function that basically satisfies the following set of
assumptions: i) A(-) is a C® function on R, ,; ii) £;(z) = 2A'(2)/A(2) € (0,1) V z € R, ; iii)
A(0) = 0and A(oo) = o0;iv) A”(2) < 0V z € R.D

For each location = € X, the (local) quantity aggregator ()(x) is linearly homogeneous in q,

/ A (g?};))) dw, = 1. (4.7)

Wz €

and implicitly defined by

2For expositional purposes, I discuss an alternative representation of the HSA demand systems only for the
spatial version of the model. It is straightforward to provide a similar analysis for the spaceless version.

®Note that it is related to the previously introduced market share function as follows: A (¢/Q) = A (%).
Note also that MSLD ensures A”(z) < 0.
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Note that a counterpart of a firm’s profit function, Il(c, x), introduced earlier, now takes the

T1(c, z) = max { (]\ (%) g - c) ql(z) — F}

One can readily verify that maximization of a firm’s profit w.r.t. ¢ implies:

% (%) % —c (4.8)

Hence, a firm’s relative quantity, ¢/Q(z), can be expressed as ¢/Q(z) = A~ (cQ(x)/E).

following form:

Notice also that a firm’s markup is now given by p/c = A (¢/Q(z)) g} =1/&; (¢/Q(x)).
One can also readily verify that combining (4.8) with a firm’s FOC w.r.t. z yields*

Q'(z) _ (x)1 = & (4(c, 2)/Q(x))
Qz)  lx) & (ale,)/Qx))

(4.9)

Recall that £5(z) € (0,1) V z € Ry and ¢'(z) < 0, by assumption. Hence, one can infer
that Q(+) is strictly decreasing. Notice also that £,(q) = —qp'(q)/p(q) = 1 — &5 (¢/Q(z)) . Hence,
MSLD (i.e. £,(q) > 0), is equivalent to assuming that £5(q) < 0. One can readily verify that
under this alternative representation of HSA demand systems, MSLD is equivalent to:*

i (¢/Q(x)) + Ex (¢/Q(x)) > 1. (4.10)

Now, let me formulate some propositions of comparative statics for a “spaceless” version
of the model described above.?

Proposition 10. Consider a “spaceless” version of the model. An increase in total market size leads to:

i) a higher measure of competition in a new equilibrium.

If, in addition, MSLD holds, then an increase in total market size leads to:

i) a lower equilibrium cutoff marginal cost, c¢*, regardless of the distribution of firm productivities.
Proof. See Appendix A.10. O

Recall that the Translog specification of HSA demand systems satisfies MSLD. Hence, an

increase in market size leads to tougher selection of firms. It can also be easily verified that c* is

ZNotice also that, in equilibrium, (4.9) and ¢/(z) = 1/ [M‘fg(c(x))f\ (g(e(z), x)/Q(m))} form a pair of DEs that is
reminiscent of (2.9). Detailed intermediate derivations are available upon request.

¥The correctness of this condition can be double-checked by exploiting the Implicit Function Theorem (as in
the proof of Proposition 2) and verifying that dz/dc > 0 < &3 (¢/Q(x)) + €4/ (¢/Q(x)) > 1. Detailed intermediate
derivations are available upon request. As also noted in Mayer, Melitz, and Ottaviano (2016), MSLD holds iff the
pass-through elasticity, £,(-)/E4(-) = [1 — Ez(-)] /Ex/(+) is less than 1.

ZMore details and results on the comparative statics are available upon request.
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independent of the market size only under the CES specification.”” The following proposition
characterizes the comparative statics behavior of other variables of interest.

Proposition 11. Consider a “spaceless” version of the model described above. An increase in the total
market size leads to:

i) lower “market shares”, A(-) = pq/E, for all firms among those survived.

If, in addition, MSLD holds, then an increase in the total market size leads to:

ii) lower prices, p, and markups, p/c, for all firms among those that survived;

i1i) higher mass of entrants, M¢;

iv) exit of “high—c” firms; higher 11(-) for “low—c” firms; lower I1(-) for “middle—c” firms.
Proof. See Appendix A.11. O

Table 4 provides a comparison of comparative statics for the main variables in a closed

economy setup between “Spaceless” and “Spatial” models.

Table 4: Spatial vs. Spaceless model (the limiting case). Comparative statics (an increase in
total market size, L, or proportional increase in size of all niches, ¢(z)).

Spatial (under MSLD)™ Spaceless (under MSLD)?!

c* N N

P N\ for low—c¢; ~ for high—c (x) AW
(N\yfor all locations/niches, x)

Me e e

A(-) \yforlow—¢;  for high—c (x) | for all firms survived
D N\ for low—c; 7 for high—c (x)  \ for all firms survived
p/c N\ for low—c; A for high—c (x)  \ for all firms survived
II(-) A forlow—c N\ for high-¢ for low—¢; N\ for high—c

Notice that, in addition to MSLD, Mayer, Melitz, and Ottaviano (2016) also introduce the
so-called MSLD' condition to explain some reallocation patterns in the context of multi-product
tirms and additive preferences. As will be shown below, this condition remains relevant under
HSA demand systems and single-product firms. Mayer, Melitz, and Ottaviano (2016) define
MSLD' condition as the requirement that the elasticity of marginal revenue is increasing. Fol-

lowing their notation, let ¢(¢q) denotes marginal revenue. One can readily verify that in the

2Details are available upon request. See also Zhelobodko, Kokovin, Parenti, and Thisse (2012) for the case of
directly-additive preferences and heterogeneous firms.

3In this Table, () indicates that a corresponding pattern for high—c firms holds only for not very large increase
in market size. Specifically, if a (proportional) increase in market size is large enough, then high—c firms experience
i) a decline in P (i.e. an increase in competition) for their niche in a new equilibrium; ii) a decline in their “market
share”, A(-); iii) a decline in their prices, p; iv) a decline in markups, p/c.

3INote that MSLD is sufficient, but not necessary condition for some comparative statics results. For example, as
noted by Proposition 10 an increase in market size implies a higher measure of competition, regardless of whether
MSLD holds or not. Additional details are available upon request.
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context of HSA preferences, the elasticity of marginal revenue takes the following form:

_ d@e N a _ .

One can readily verify that increasing elasticity of marginal revenue is equivalent to the

following condition:

M@ o || Ne@ | A

E(q) >0& | — - - - & (¢/Q) < 1. (4.11)
’ ~A(g/@QQ | ~A"(4/Q)/Q —Arg/QQ
Given A”(-) < 0, it is straightforward to verify that A”’(-) < 0 and %% < 1 are suffi-

cient conditions for é};(q) > 0. As shown by Mayer, Melitz, and Ottaviano (2016), under some
mild assumptions, MSLD' implies MSLD. They also show that if only MSLD holds, then the log
marginal revenue curve would need not be globally concave, yet it would still have to be ev-
erywhere steeper than the log demand curve. The relevance of MSLD' for reallocation patterns,
even in a single-sector setup, can be demonstrated by the following proposition:*

Proposition 12. MSLD' is a sufficient condition for an increase in total market size to reallocate firms’
A(A1(@Q)

market shares” to more productive firms: A (@)

increases whenever co > c¢;. The necessary

condition is that

Exla)
Exr (9)

Proof. See Appendix A.12. O

is decreasing.”

Notice that a number of results from the theoretical literature on distributional comparative
statics can be readily applied to make the corresponding predictions. In particular, let ¢ €
2 C Rand c € ¥ C R. Then, following Lemma 3 from Jensen (2018), a thrice differentiable
“operational profit” function 7 : 2x% — R exhibits quasi-concave differences if and only if:

!

2 2
270 (q, ) Te(q, ©)Taee(q, €) > [qu(q,c)} Toee(d; €) + [Wgc(q,c)} Tonq (€ C)- (4.12)

As also noted by Jensen (2018), in the context of Melitz’s model, the inequality above holds
iff R"'(q) < 0 (that implies that the marginal revenue function is concave) and the inequality is
reversed iff R”'(¢) > 0 (that implies that the marginal revenue function is convex).

32This proposition provides just an example to demonstrate some resemblance with the findings of Mayer,
Melitz, and Ottaviano (2016) for additive preferences and in the context of multi-product firms. More results on the
role of MSLD' and the condition L [€5(2) /€5, (2)] < 0 are available upon request. Note also that conditions MSLD/
and decreasing £5(-)/E;.(+) are also relevant for reallocation patterns in the baseline spatial model described in
Section 2.

3Recall that €3, (q) represents elasticity of marginal revenue. As for £5(q), it can be easily verified that it rep-
resents the elasticity of revenue. In the terminology of Mayer, Melitz, and Ottaviano (2016), this condition is also
equivalent to the requirement that [1 — £,(q)] /€4 (q) is decreasing.
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One can readily verify that under HSA demand systems 7(q,c) = A (¢/Q) F L — ¢q L with
R(q) = A(¢/Q) E L. Hence, it is straightforward to show that R”(¢) < 0 < A" (¢/Q) < 0.

As a result, applying results from Jensen (2018), it can be concluded that if A" (¢/Q) < 0,
then: i) “aggregate output decreases when firms become more diverse”; ii) “the distribution
of the outputs of a more diverse set of firms will be second-order stochastically dominated by
the distribution of outputs of a less diverse set of firms”. Note that corresponding results are

reversed under the “increasing returns to diversity” case, A" (¢/Q) > 0.**

4.3 Spatial vs. Spaceless Model. Open Economy

In this Subsection, I provide a similar analysis to that in Subsection 4.1 yet between open econ-
omy setups. To maintain relevance with Section 3, I abstract from endogenous relative wage
movements by assuming that countries are symmetric. Hence, all countries have the same
wage that is normalized to one.

Notice that the corresponding profit functions for the “home” market and a “foreign” mar-

ket now take the following form:

h _ h f_ S
H(c)_rrll)%x{ 0 A(P)EL F}, H(c)_rrll)z}x{ o A(P>EL F }

Definition. An equilibrium in the “spaceless” version of the open economy model with N +1 symmetric
countries is the set of endogenous variables {{ph(c)}ce[c ny {p’ (C)}ce[c L ChE P M e} such
that conditions (4.13)-(4.16) hold.

p" & (p"/P) +1 p_f_SA (p'/P) +1

CTTERWIP e &WiP) N
m"(c*) =0, T (&) =0. (4.14)
/ I ()dG(c) + N / IV (c)dG(c) = F. (4.15)
c* b . c* f .
Me /A(p]g))dG(c)JrN/A(p]g))dG(c) = 1. (4.16)

min Cmin
Table 5 presents a quantitative comparison of (open economy) equilibrium outcomes of the

baseline (spatial) model (see Section 3) vs. the limiting case (spaceless) model under the same

3In further versions of the draft, I will transfer the rest of my results on comparative statics for spatial vs.
spaceless setups. I will also transfer the rest of my results on the role of the assumption of increasing elasticity of
marginal revenue (MSLD’) and decreasing £x(-)/Ex/ ().
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parameterization as in Table 1.

Table 5: The baseline model vs. the limiting case. Open Economy (7 = 1.7)

Baseline model Limiting case

c* 0.86 0.32
& 0.53 0.19
Me 1,888 1,894
j2 [0.90, 2.13] 0.33
W [0.60, 1.95] 3.79
W2 % 3.70% 7.09%

[~4.01%, 7.80%)

Table 5 demonstrates that, in an open economy, both the baseline model and its limiting
case predict similar amounts of entrant firms. The reason is that in the limiting case of the
model all firms directly compete with each other within the same market niche, thereby re-
sulting in tougher selection. Note also that while the baseline model predicts relatively lower
average welfare change from opening the closed economy to trade, this model allows studying
distributional effects across different niches. In particular, it reveals that the impact of trade

or a change in trade policy is highly heterogeneous across different consumers, ranging from
—4.01% to 7.80%.%

%To be completed.
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Appendix

A Proofs

In Appendix A, I provide proofs of numerous propositions from the paper.

A.1 The Proof of Proposition 1

Proof. Recall that ¢'(z) < 0 for V x € X by assumption. If Q, # (), then equation (2.4) implies
that £p (p(c, z)/P(x)) > 1. Hence, it directly follows from (2.5) that P'(x) > 0.*° Note also that
if 2/ > 2" for any 2/, 2" € X, then it is not possible to have P(z’) < P(z”) in equilibrium. Recall
that a firm perceives the local price index P(-) as (the inverse of) a measure of local competition.
Recall also that ¢(-) is decreasing by assumption. Hence, it is straightforward to see from (2.3)
that P(2') < P(2") would imply that a firm located at 2’ can obtain strictly higher profit by

reallocating to z”. O

A.2 The Proof of Proposition 2

Proof. One version of the proof is based on deriving conditions for (log-)supermodularity of a
firm'’s variable profit function.”” Specifically, let us define a firm’s variable profit function as

follows E
T = (p — C)f(x) EA (p/P(:L’)) ‘

Taking the logs yields
E
logm =log(p — ¢) + log ¢(z) + log > +log A (p/P(x)) .

To obtain conditions for dz/dc > 0, itis sufficient to derive conditions on (log-)supermodularity
of a firm’s variable profit function. In particular, it can be readily verified that:

Ologm 1
opdc  (p—c)?

> 0,

0*log

orde

d*logm  P'(z) 0 {—A’ (p/P(z)) p }
Opdx  P(x) Op | A(p/P(x)) P(x)
%1t is assumed that P(z) is differentiable. A formal proof of it will be added in further versions of the draft.

%See also KSTU (2020) for proof of PAM in a closed economy setup under additive preferences in conjunction
with a quasi-linear setup.
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d%logm  P'(xz) 0 _ P(z) 0
- RE RO B P NI Bt S 0

Now, recall that P’(x) > 0 in equilibrium (see Proposition 1). It follows from derivations above

and standard theorems of monotone comparative statics that strict (log-)supermodularity of

9% log
Opox

matching between firm productivity and niche size, dz/dc¢ > 0. One can readily verify that

02 logm
Opdx
price elasticity of demand decreases with consumption. It is also equivalent to the condition

a firm’s variable profit (demand) function in (p, z), > 0, implies positive assortative

>0 < &, () > 0. Now recall that it is equivalent to the MSLD assumption implying that

that the elasticity of demand is increasing with price, £;,(-) > 0. It is straightforward to see

from (A.1) that it implies % > 0.

Notice that one can alternatively use a more classical approach via the Implicit Function
Theorem and study the first-order comparative statics effects of ¢ on p and z at a solution (for
expositional purposes, I omit specific notation that derivatives are evaluated at a solution that
satisfies FOCs). In this case, we have

dp i -1 -
dc _ pp  pa pe
dzx " " " )
de Tep Tz Tre

which, in turn, implies

"o "o "o "o_n
dp o T e T za + T Mpe dw T pp N xe + TapTpe
de A " de A ’

where A =l 7/ — | ”}2 >0
= T, Tow = T .

Notice that a firm’s FOC implies 7/, = 0, where

x =7 1_9 ‘E [é’(:v)/\ (P](;)) — U(z)A’ (pfx)) Pf:c) Z((jﬂ

= LB (Pfx)) [];(2 i((f)) e (%ﬂ |

Taking into account 7;, = 0, one can readily verify that 7, = 0. As a result, expressions for

dp/dc and dz/dc can be simplified as follows:

"o
dp o T e T za dw TapTpe

de A de A

Now, notice that m, = 0, where




p2
Recall that A" (p/P(z)) < 0 by assumption. Hence, 7. > 0. Combining it with 7, < 0 implies

oy g | A@/P@) AN @/P@)] p \ E[, p AN(p/P)
p= M E| =25 PP () } “ ”(P(x)) [1 () A (p/P(0))

that dp/de > 0. Now, notice that 7/, > 0 implies sign {dz/dc} = sign {=7 }. Taking into account
derivations above, one can readily verify that 77, > 0 iff elasticity of the market share function,
Ex (p/P(x)), is increasing in price (i.e., the MSLD assumption holds). O

A.3 The Proof of Proposition 3

For this proof, I use an alternative yet equivalent representation of HSA demand systems that
exploits an inverse demand function and replaces the price aggregator with the quantity ag-
gregator (see more details in Section 4.2).

i) The result that firms’ prices, p, are increasing in z is a corollary of Proposition . Recall that
according to Proposition , firms with higher marginal cost, ¢, set higher prices and serve less
“populated” niches, z, if, in addition, MSLD holds. Hence, firms’ prices, p, are decreasing in
niche size or, equivalently, increasing in x. To show it more formally, recall that

c(x) c(x)

PE) 1) = g el 0/ Q@) ~ g, (A1 (e(2) Q2)/B))

Hence, one can readily verify that

d @) @& @) Q) {c’(m) Q’(l‘)}
&) AC)&O? B '

Rearranging terms yields the following condition for - [p(c(z), z)] > 0,

d@) (GO Q)Y . &0 QW Q)
) (1 MO&O E )>A~<->8A<~> E Q)

Recall that MSLD implies £; () < 0 and ensures that A”(-) < 0. Moreover, Q'(z) < 0 and
d(z) > 0 (under MSLD). Hence, it is sufficient to show that

) () Q) NORE) el a) )
Moso B T RoMOs0 | T e v gA”]
N W@ DO ] (alele).2)
@1>—q(385@]\”(‘) 1+ ) ]\/(.) E ()] & &5 (—Q(:c) )<1.

Recalling that £ (2) = zA’(2)/A(2) € (0,1) ¥z € R, completes the proof.
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ii) To show that firms’ total quantities sold, ¢(z)¢(x), are decreasing in x, notice that

— [g(@)l(2)] = €' (2)Q(x) A (e(2)Q(x) /E)

+{(z)

. (c@)g(x)) N Q(j@?;(.) [c«x) . Q'(:c)” |

Hence, rearranging terms yields

A Q@) (&) =1\ d()jel)  C(x)
az 14 ”<O®Q<x>( &) ) &0 i)
P@) (- &) E() =) @fex) L)
U &0 &0 &0 o)
P@) (E()+E()—1\  c()/clx)

W(x)( Ex(VEL () ) YO

Recall from (4.10) that MSLD implies &5, (-)+&5(-)—1 > 0. Hence, recalling that ¢'(x) < 0 and
d(x) > 0, it can be directly concluded that firms’ total quantities sold, ¢(z)¢(x), are decreasing

inz.

To show that firms’ total revenues, p(z)q(x)¢(z), are decreasing in x, notice that

% [p(x)q(z)l(x)] = A (Q(gz’)x)> Bl(x) = A <A’1 (C(I)g(x)» El(w)

o @i (A (%)) o ax)c(a:)@(x)?,/,((l)) (8 * %’8 ) |

Hence, one can readily verify that

% [p(z)q(z)l(x)] <0< E(x)c(x)Q(x)//i\/’,( <i(xx)) N g(;))) < 0@k (]\/1 <C($>§($))> E
&) (d2) | Q' ()
=25 (5 o0) <
- Ex (Q(c(a)x)) 1 ) O@)1 - &) (z)
e (15257) \etwpnrege(opi (1gh2) -~ 10 &0 (@)
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| q(c(z),x) o alc(z),x)
- Ex ( Q) ) 1 ) () (1 - 1-&; <—Q(x) ))
y (c(z),x) e A ([ ale(z)x) l(x y (c(z),x) .
Ex (148 o) Meg(elr)) A (24i)) () & (154252)
Notice that MSLD implies &£, (¢/Q(z)) + £; (¢/Q(z)) > 1. Hence, recalling that ¢'(z) < 0,
the RHS of the inequality above is always positive, while the LHS is, in contrast, negative. So,

it can be concluded that firms’ total revenues, p(x)q(x){(x), are decreasing in .

To show that firms’ total profits, II(x), are decreasing in z, notice that
[(e(x). 2) = [A(a(c(2),2)/Q(@)) E = c(x)q(c(x),2) | £(x) ~ F

= A (A (e2) Q@)/B)) E = () Q@)X (e(x) Q(2)/B)| (x) — F.

Hence,
dnl()/dz = () [A (A7) E - e(@)Q@)A7()|
() | f0 (C0Q0)+e) Q) = (1)) +) Q') K () - LI e >]

Rearranging terms yields

dl(_i[:i) — E’(x) [[\ (]\’—1(.)) E— C(ZE)Q(JJ)]\,_I()]
+0(z) (¢ (2) Q(z) + c(z) Q'(+)) j%:/(()) 1) C(x)_&c?/((,x))/E '

One can readily verify that

dII(-)
dr Ve l(x)

~
S

Now recall from a firm’s FOCs that 1 +

ari() P@) Q@) ) ) | Q) ¢(z)
& T QW @ “dw T Q) TV

Hence, it can be argued that firms’ total profits, II(x), are decreasing in .

As for firms’ total cost, notice that

d

@) + ) = £ [eoei (A2 )| -

45



c(z)  Qz)
+e(0)Q(x) | <C<”“")g( )) 0(x) + €(x) j\\(( {CC((;”)) - %&)H
— (% + %) ¢(2)Q(z) A (C@g(l’)) () {1 - 5;(.)1 te(z)Q(a) A <C(x)§(f)) l(z)
Now, notice that
) 120 (G ) 1w 3 -
= [mn) w0 e |
-] [t g
ol el B ol e el

Recall that MSLD implies £3,(-) + £;(-) > 1. Recalling that ¢'(z) < 0, it can be concluded
that the RHS of the inequality above is positive. As for the LHS, recall that ¢/(z) > 0. However,

the sign of [1 — 1/&;,(+)] is generally ambiguous under the baseline assumptions on A(-).
Before proving the remaining parts of the proposition, it is instructive to prove an auxiliary
lemma that describes the behavior of ¢(z)Q(x).

Lemma 1. Assume that MISLD holds, the distribution of marginal cost, g(-), is non-decreasing, and the
distribution of niche sizes, ((-), is logarithmically concave. Then, imposing mild additional assumptions
(see below) ensures that c(x)Q(x) is N—shaped in x in a model’s equilibrium.

Proof. Recall that )'(z) < 0 and that MSLD implies ¢/(z) > 0. Note also that

d d(z) Q=) 1 U(x) 1 —&()
P [log (c(2)Q(z))] = ) + 0) ~ d@) M gle@A0) + 1) ()

Recall that ¢, and ¢(-) are exogenously given. Hence, one can readily verify that if ¢(0) =
Cmin 1S sufficiently close to 0, whereas ¢'(x) > —oo, then ¢(0)/c(0) + @'(0)/Q(0) > 0. Simi-
larly, if {(xm,x) is sufficiently close to 0, while ¢'(zax) is large enough, then ¢/ (2max)/c(Tmax) +
Q' (Tmax)/Q(Tmax) < 0.

If ¢(0)/c(0) + Q'(0)/Q(0) > 0 and ¢ (Tmax)/(Tmax) + Q' (Tmax)/Q(Tmax) < 0, then there ex-
ists at least one © = z such that ¢(z)/c(z) + Q'(2)/Q(z) = 0. By showing that for any z,
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(d(z)/c(x) + Q' (2)/Q(z))._y = (d(x)/c(x)). _; + (Q'(x)/Q(z)),_; < 0, it can be ensured that

there exists only one such point. Now, notice that

CONRCTEE J I N L () 8 [ + %)
@)/ ) & (qQ?ﬁ )

Recall also that ¢/(z)/c(x) + Q'(z)/Q(x) = 0 for = z. Hence, assuming that /() is logarith-
0z !

mically concave, we have (”(&)((&) < [¢'(&)]* Vo € X. Hence,

(42 - [ (442)

Next, notice that

Again, recall that ¢/(z)/c(z) + Q'(x)/Q(z) = 0 for x = 2. Hence,

<c’<x>)’ _ [(@)oled)) + e ()] A alel). $)/Q)
) ems M [e(@)g(e()A (aleld), )/Q())]

_ (@) /c(E) + (@)g'(e(2))/g(c()] (1 + & (c(@))) (&) /c(E)
—Mee(i)g(c(@))A (a(e(@), 8)/Q(&))  —Mec(i)g(c(2))A (ale(d), &) /Q(&))
Assuming that g(-) is non-decreasing yields &,(c) = cg’(c)/g(c) > 0. Hence, (¢'(z)/c(x)). _;
0. Combining it with (Q'(z)/Q(z)),_, < 0yields (¢ (z)/c(x) + Q'(x)/Q(z)),_; < 0. So, it can be
argued that there exists a unique z such that ¢(z)/c(z) + Q'(2)/Q(z) = 0. As a result, ¢(x)Q(x)
is N—shaped in z. This concludes the proof. O

Now, I provide proof of the remaining parts of Proposition 3.
iii) To show that firms’ markups, p/c, are U—shaped in z, recall that

ple(x), x) =1/&; (q(c(z),2)/Q(x)) = 1/& (]\/—1 (c(x) Q(x)/E)) :




Recall that MSLD implies &% (-) < 0 and ensures A”(-) < 0. Hence

o[- 83}

~—| 3

Recall that sign {f—m [’%}} = —sign {% + %’((;))

yields that firms” markups, p/c, are U—shaped in x.

} . So, applying results of Lemma 1

A similar strategy is used to show that fraction of consumers’ spending on each vari-
ety, p(x)q(x)/E (and, equivalently, a firm’s “market share”, A (¢(z)/Q(x)) = p(x)q(x)/E), is
U—shaped in z. In particular, notice that

-2 o (428 - g 2 )

:dx

M) B

Recall that A”(-) < 0. As a result, sign {% [%} } = —sign {% + %} . Hence, going
through the same steps as in part (ii) of this proposition, it can be inferred that A (¢(z)/Q(x)) =

p(z)q(z)/E is U—shaped in z.

iv) It is straightforward to see that the distribution of the mass firms, M (x), is N\—shaped in
from the fact that M (z) = 1/A (¢(x)/Q(x)) . Recall that it is already proven that A (¢(z)/Q(x)) =
p(x)q(x)/E is U—shaped in z. So, it can be directly inferred that the distribution of the mass
firms, M(x), is N—shaped in x.

A.4 The Proof of Proposition 4

Proof. Note that properties of homothetic preferences imply £ = P!(z) - U(z), where U(x)
is equivalent to the local welfare, W (z). Hence, taking into account the general relationship

between Q(z) and U(z),*® we get

q(e(z),x)/Q(z) X = w
log (g((f))) = const + M(x)/o %dﬁ = const + M(@/() ( ) %dg

Differentiating both sides w.r.t. = yields,

c(2)Q(z)

Wi(w) Q@) o [T AEQ A lg(e(@). 2)/Q@) d 5, (clx) Q)
o et ey s A ()

3See Matsuyama and Ushchev (2017, 2020) for more details on the relationship between the ideal price index
and (common) price aggregator under the HSA demand systems.
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W QW ey O AOKO) |55 + &5

A€+ M k
W(z)  Q(x) N g At M) L)) o)
_oP? (i“&%’{ 2)) =1/A() ol

—[A¢ )] A
W)  Q(x) | &()/AC) [d@) | Q)] [
W) Q) | &) Lm+@mlé

Rearranging the corresponding terms yields,

Wiy _ S0 -1 500 Bac g G N 1o
W(z) 5A/(') Q(x) En () c(z) T

Now, recall that £5 (2) = zA’(2)/A(z) is decreasing under MSLD and A(0) = 0. Hence,

[

One can readily verify from (A.2) that f

5 _ A@)
EREACE

c(z)

of 75 is negative.

The next step is to verify the sign of the first term of (A.2). What determines its sign is

Ev()—1+ &0 f;\/_l(cm)}?m) wdf Recall that MSLD implies £;,(-) + £;(-) > 1. Hence, it is
N A() Jo ¢ ds p ' A : ’
,j(iééiﬁ””) A

- = ale(@).a) ~ ,
e 2/Q ))dé > 1 for any Ta=5= > 0. Adding some confusion to the

previous notation, recall that A’ (O) Z and hm A( )/z = Z, where Z denotes the choke price. It

crucial to show that

also implies that hn%é’ i(2) = hm 2N (2)/A(z ) = 1. Now, exploiting L'Hospital’s Rule yields:
Z—

im0 MO/E_ AGE /E:(2) =1
z—0 A(Z) z—0 A,(Z) 2z—0

The next step is to show that % [ ]\(lz) f OZ %] > 0.
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Recall that it has already been shown that [ % 5A(( )) Hence, & [ A(lz) N %} > 0 that, in
-1(e@QE)) ;

turn, implies &, ( fOA (* ) %df > 0 (recall that MSLD implies £;,(-)+&;(+) > 1).

Thus, in equ1l1br1um W’ ( ) J/W(x) < 0. O

A.5 The Proof of Proposition 5

Proof. 1t is straightforward to see that (3.3) implies p” < p/. Moreover, the ratio of markups is

(o) (Csa™) = Sy

Recall that the price elasticity of demand , £p (p/P(x)) = 1 + & (p/P(z)), is increasing by
assumption (MSLD). Hence, if p"(c, z) < p/(c, x), then (A.3) implies that

as follows:

ph(cv $) —C pf(cv (ﬂ) —TC ph(c> I‘)
o) e per)

1
> = & ple,r) < mp"(c, z).
T

A.6 The Proof of Proposition 6

Proof. (Sketch) Without loss of generality, I normalize N to 1 throughout the proof. Now, let
the profit function of an exporting firm be given by:

— 0 - i) oA () P [ o) S (1) - ]

pf

T R M P

The proof can be based on theorems for monotone comparative statics. In particular, if 7 (ph, ! x; c)

has increasing differences in ((p", p’, z), ¢) and is supermodular in (p", p/, z), then: i) % > 0;
ii)% > 0; iii) (9:1(;_(00) > 0. Note that if 7 (p", p/, z;¢) is twice continuously differentiable, then
(p",p’, z,c) has increasing differences in ((p",p/, z),c) iff the following conditions hold: i)
622’50 > 0; ii) 2 5 f > 0; ii) £ o, d = > 0. In addition, 7 (p", p’, z, ¢) is supermodular in (p", p/, z) iff:
i) apha s > 0; i1) aphaa: > 0; 111) 8gfgw > 0.

First of all, recall that
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Hence, one can easily verify that

Pr A (p"/P(z)) N (p"/P(x)) _ El(x)A (p"/P(x))
R o i e RN
P A(p!/P(z)) N (p!/P(x))

aproc PN | T PTP() Tk

92

The next step is to show that 5.5: = 0. First, recall that
om . [p—c (P pl—7c, ([ p
7 = 0w |7 (5 )+ A

P'(z) [p"—c,, [ p" pl—re., (P
-E A A :
o i (7) + o (7
Recall also that 97 /0x = 0 under FOCs. Now, note that

_TW@AWMWDP+&(M

Ox0c ph pf

‘n / A pr; A % "(x N %
0 — El'(x) ( (()> <()>)E€(x)P(;( Ig())

Recalling that P'(z) > 0 yields,

O ., L) P) A (p"/P(x)) /p" + A (p!/P(x)) /1’
dxde — U(z) P'(x) \ =N (p"/P(2)) /P (x) = TN (p! [ P(x)) /| P ()

Taking into account FOCs, one can readily verify that

)=t

Ph P'f
o M)+ (#5) {#) +TA(Pﬁ”)
>0 —-1< d - d - -
OxOc — c p" T pf - "\ ¢/p P Tc/p
o <P<x)> + ol P(z)) A (P(x)) e A (P(x)) P

Tedious derivations result in:

2 f 2 he [of
oo () 0




M (25) 5 () -« S (]

Recall that T > 1, p"/p/ < 1, and p" > p’/7 by MSLD (see Proposition 5). Hence, it is
straightforward to see that the inequality above holds.

It can be inferred that (p",p’, z, ¢) has increasing differences in ((p",p’,z),c). The last step
is to show that 7 is supermodular in (p", p’, z).

Recall that o Bt) {CA( p" )+(ph_c) P A/( ' >}
o = e M\ P A

Hence, one can readily verify that

827T . Eé’(x) c ] h — ph s
wmx‘umz{M)+@ )PmA“}

(o) [ PNOP@) | (PN P N Pl
@2 | Pa) Pa) ””( P) Pla)  Pla) P(m))]'

Taking into account that 97 /9p" = 0 under the FOCs yields

0’7 PG P(r) w(_P"A() P'(z)  N() P'(a)
> — — — - >
o 202~ p w00 (o )~ e P ) 2
h At h A /
_PA(') R \h _pA(-)_A(-) >
TP TP TR P 2
h h A h A
p-—c p"A"() p"A"(") h
— — < —— < P 1.
o (g 1) <1~ paug < S0P +
Recall that MSLD implies £} (z) > 0 < Er(2) +1 > —2zA"(2)/A'(z). Hence, % > 0. Similar
argument applies to verify that % > 0. O

A.7 The Proof of Proposition 7

_ oz A
Let U(z) = [7 ()P %df. Then, we have

dW (x) dP!(x) _dP(z)

W(z)  Pllx)  P(a)

+ U(z)dM (z) + M(z)d¥(z).

Now, one can readily verify that d¥(x) can be decomposed as follows:

Av(a) = A0 | ) - S,

Plx) o)
where &y (z) = 222,

()
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Now, recall that M(z) = Mg (c(z)) ¢ (x). One can readily verify that routine derivations
result in the following decomposition:

dM(z) . | [de(@)  dP(x)
My bt [ o{r)  Pl) ] '

Now, substituting these two auxiliary expressions into the original one yields,

dWwz) . . dP(z) . de(z)

where ¥(x) = Ev(-) — P(x) M (2)EA()Ex(+).

A.8 The Proof of Proposition 8

Note that (niche-specific) ideal price index takes the following form:

A(§)
§

*AQ)
d£+H{$§j}-N/pf =
P()

(
Let = fr a0 Z(g}c((; ) Td{ Then, we have

NI

AW(z) _ dP'(x) _ dP(x) = .
Wie) Py Pl oM Mndst,

Now, routine derivations imply the following decomposition for d=(z):

dP(z)  de(z)
Plz)  c(x)

|- ¥ (07,

dZ(z) = (A"()&xn(-) + NA()Evs () [

clz) \ — c=) Y’ (C(m)/P c(@
where Evn ( P(m)> = P(z) T(c(a)/P(z ng (P(w)>

A(p! [ P(x)).

Hence, one can readily verify that

T Tc(x)/P(x
(( )) T((Tc((x))//P((w))))'Ah(') = A(ph/P(l‘)), Af()

o (MO + NAOE () [dP@)  de(@)] | NA/()Exs() dr
me(e = (SUREERTY) [P ) wa R

Now, recall that M(z) = M¢g(c(z)) ¢ (x). One can readily verify that routine derivations
result in the following decomposition:

dM(l’) . Athhg’rh + NAngngf dC(l‘) B dP(fL’) NAngfg’rf d_T
M(z) A+ NAT c(x) P(x) A+ NAT 17

—A'(p"/P(x) Evs = N (p!/P(z)) p!
- A"/ P )) (:v)’ A A(p//P(x)) P(x)"

where E\n =
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Now, substituting these two auxiliary expressions into the original one yields,

dW (x) _ _dP(z) (1— ¢a)) —

de(x) _d_r = N NAEys
W (x) P(x) () [1 —Z(z)M(x)Eps]

e g
c(x) T AP+ NAT =th

AEL L ANAEL ey
Ah-i-NAfH{ISa;}

ANE W ELh+NATE, 1€ f <y

where ¢(z) = AT

A.9 The Proof of Proposition 9

To prove this Proposition, I again impose the assumption of A”(-) < 0 that implies decreasing
marginal revenue (or concavity of a firm’s profit w.r.t. ¢). I also exploit an alternative yet
equivalent representation of HSA demand systems via an inverse demand function (instead of
a direct demand function) and the quantity aggregator (instead of the price aggregator).

First of all, let me provide a discussion of the existence and uniqueness of equilibria. Note
that taking into account a firm’s FOC w.r.t. g, the zero cutoff profit (ZCP) and the free entry (FE)
conditions take the following form:

(v () - () e
Al (3 (42)) - 23 () - s - -

Cmin

These two conditions jointly determine equilibrium values of ) and ¢*. One can readily

verify that a firm’s profit can be represented in the following way
(@) = [1 - & (V7 (c@/B))| A (V" (c@/B)) BL - .

As will be shown further in the proof, if A”(-) < 0, then a firm’s profit is decreasing in
c@. Now, it is straightforward to see that if, for example, () increases, then the ZCP condition
requires ¢* to decrease. Hence, the ZCP curve is downward sloping in (¢*, ()) — plane. Similarly,
one can readily verify that if () increases, then the FE condition requires c* to increase as well.
Hence, the FE curve is upward sloping in (c¢*, Q) — plane. So, if ZCP and FE curves intersect,
then they intersect at only one point at most.

As for existence, one can use a similar argument to that provided in Aghion, Bergeaud,
Lequien, and Melitz (2018) for the case of additively separable preferences. In particular, it is
sufficient to show that the ZCP curve lies above the FE curve for sufficiently low values of c”,
and that the ZCP curve lies above the FE curve for sufficiently high values of ¢*. So, one can
readily verify that if ¢* becomes close to ¢, then () becomes arbitrarily close to 0 in order to

ensure that the FE condition continues to hold. At the same time, if ¢* becomes close to cyin,
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the ZCP condition implies that () is still bounded away from 0. Now, note that the ZCP must
be below the curve Q = 2FE/c*, where Z denotes the choke price (A’(0) = z). One can readily
verify that for sufficiently high Z, the curve () = ZE/c¢* must cross the FE curve at sufficiently

high c¢*. It is trivial to infer that, at this point, the FE curve lies above the ZCP curve.
Proof. i) To show that firms’ prices, p, are decreasing in ¢, notice that the indirect demand
function and a firm’s FOC jointly imply:

p=c/& (A7 (Q/E)).

Note also that

&
Recall that £} (&) = [[A" (&) 5 + & (8)] A (8) -1 (&) 88 (8)] / [Aw/@)] . So, the in-
equality above takes the following form:

p {7 (8) s+~ (3)]A(
(

—>01> 5

e 3 0/Q)] &0M /@

oo MEHESE a0l (@) L s0rg0 -0
N /@) &0 (4/Q) &)

Recall that A”(-) < 0 (thereby implying that £5,(-) > 0). Hence, the inequality above is always
satisfied because 1 > £;(-). Notice that this condition is assumed to be always satisfied by basic
assumptions on A(-) and implies that an inverse demand function has a negative slope (see also
the proof of Proposition 3 for more details).

ii) To show that a firm’s “market share”, /~\(-), is decreasing in ¢, notice that

Agle.Q)/Q) = A (K7 (cQ/B))

2 o] -

Recall that A”(-) < 0. Hence, 4 [/N\()] < 0.
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iii) To show that firms’ quantities sold per capita, ¢, are decreasing in ¢, notice that™

q=QN " (cQ/E).
4 Q Q

de  A7()E'

One can readily verify that if A”(-) < 0, then dg/dc < 0.

iv) To show that firms’ total revenues, p ¢ L, are decreasing in c, notice that

R=p(a)gL = Aa/Q) = A (N (cQ/B)) EL.

dR/dc = QLA'(-)/A"(-).
One can readily verify that if A”(-) < 0, then dR/dc < 0.

v) To show that firms’ total profits, I1(-), are decreasing in ¢, notice that a firm’s profit can be

re-written as follows*’

11(c) = max { |A (¢/Q) E/q — | qL — F } = max { [A (4/Q) E —cq| L~ F'}

()-8 G- o)A ()

[ ()]s 0s () (1) -+

Recall that it has just been shown that ¢(c) is decreasing in c. Now, notice that

!/

AR) | _ NET() - AR)T(2)
T (2) . T2(2)
A(z) N() 2T o —Ea()E() + E(2) — [Ea(2))
o) | >0 e TR Ex(z) > 1.0
o1 ZGE ZRE) L —&u(2).

1—&;(2)

¥Note also that product-level performance measures can alternatively be written in terms of the elasticities
of demand and marginal revenue (in the spirit of Mayer, Melitz, and Ottaviano 2016). For example, one can
readily verify that the elasticity of ¢ w.r.t. marginal cost can be alternatively written as 1 over elasticity of marginal

revenue, &, . = —1/&4, where £,(q) = —qR"(q)/R'(q) = — (¢/Q) N (¢/Q) /N (q/Q).
40 Alternatively, II(c) = [A (iv—l (cQ/E)) — (cQ/E) A" (CQ/E)} EL - F.
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Now, recall that &, (¢/Q) = 7]0/(;(%;)2) &- Hence, the inequality above holds iff A (q/Q) < 0.4

Recall that it has just been shown that ¢(c) is decreasing in c. Hence, it can be concluded that a

firm’s profit, II(c), is decreasing in marginal cost.

vi) To show that firms’ total costs, T'C' = cq L+ F, are increasing (decreasing) in ciff £5,(-) >
1 (&5(-) < 1), notice that
cqL+F =cQN ' (cQ/E)L + F.

d e Q@ QL 1y (€Q
&I~ %E A (f) oL

d > >

A()
(0/Q)A"()
Hence, it can be concluded that firms’ total costs, T'C' = cq L + F, are increasing (decreasing)
inciff £5,(-) > (<)1.%

& & (q/Q) Z 1.

vii) To show that if, in addition, MSLD holds, then firms’ markups, p/c, are decreasing in c,

notice that the indirect demand function and a firm’s FOC jointly imply:
ple=1/& (ale;Q)/Q) = 1/&; (A" (cQ/B)).

Recall that MSLD implies &5 () < 0 & & (-) +&;(+) > 1 and also ensures that A'=1(.) is decreas-
ing. Hence, it is straightforward to see that a firm’s markup, p/c, is decreasing in marginal cost
under MSLD. H

A.10 The Proof of Proposition 10

To show that an increase in total market size leads to a higher measure of competition in a new
equilibrium, I will exploit an alternative yet equivalent representation of HSA demand systems
via an inverse demand function (instead of a direct demand function) and the quantity aggre-
gator (instead of the price aggregator).” It is straightforward to see that under this formulation,
a higher level of competition is captured by a higher value of a quantity aggregator, ). Note
that the zero-cutoff-profit (ZCP) and the free entry (FE) conditions can be represented as the

#1Recall also that A”(-) < 0 implies that a firm’s profit is strictly concave in ¢ and that marginal revenue function
is decreasing in q. It is straightforward to see that it is a less restrictive condition than MSLD.

“2One can also readily verify that £, (¢/Q) = 1 <= R'(q)q < 0.

1t is straightforward to show that an increase of L also leads to a lower value of P if we represent HSA demand
systems via direct demand function and price aggregator. For brevity, this alternative proof is omitted. Details are
available upon request.
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system of two equations with two variables, () and c*:

0,(Q,c*; L) = [[\ (A'—l (%)) _ C;Q]\’—l (CEQ)] EL—F =0,

*

v = [ {[i(i(2)) -2 (2)] - r)aco - -

Cmin

Exploiting the Implicit Function Theorem yields,

-1
dQ/dL _ Do P Dy
de*/dL Yy P o, )

which, in turn, implies

@ — _(I)II,LCI),Q,C* + (I)IZ,LCI),LC* % . (I),l Q(I) 2L -+ (I) Q(I)
dL A ’ dL A

where A = &) @y . — P Dy .

One can readily verify that @, .. = 0. Hence, A = —®; ..®, 5. As a result,

dQ/dL - (I)/27Lq)/1,c* /A = (D/2,L(I)/1,c*/ [_(DII,C*CD/ZQ} = _(I)IQ,L/(I)IQ,Q

As for the sign of A, notice that:
rMyQ @ (A (o*@) . ch/E>
A//( ) E E E A//(,)

P . <0 /{E’/’((‘-)) < (]X"l (%) + 2:/8) 0 < A! <%)

As aresult, it can be concluded that ® .. < 0. Now, notice that

P = /

/ A/

N@@ e e (<9) 4 M) s ey (2) oo
N(a/QE E B/ A(q/Q) E E

Hence, it can be readily concluded that ®, 5 < 0 and A =

EL

1,c*

N(g/Q) e« </~\,_1 (@) L QB ) Ly(c)de

Mg/QFE E E) " M(g/Q)

=@ Py o <O.
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Now, note that

Hence, it can be concluded that
dQ/dL - (I),Q,LCI)/LC*/A - CI)/2,LCI),1,C*/ [_q)/l,c*q)/&Q} = _(I),Q,L/(I),Q,Q > 0.

Note that there is a more straightforward way to show that d@Q)/dL > 0, regardless of
whether MSLD holds or not. In particular, recall that after an increase in L, cutoff marginal
cost, c*, and common quantity aggregator, (), change such that conditions (A.4) and (A.5) con-
tinue to hold. Note that a firm’s profit is decreasing in ¢ - (). Hence, the two equations above
directly imply that it is impossible that equilibrium () decreases in response to an increase in L.
Specifically, consider two cases:

1) Ac* > 0, AQ < 0. One can readily verify that, in this case, the FE condition, (A.5), does
not hold anymore.

2) Ac* < 0, AQ < 0. Note that the operational profit of a firm with a cutoff level of marginal
cost will increase in this case. Hence, it is straightforward to see that the ZCP condition (A .4)
does not hold anymore.

As a result, one can readily verify that () must increase in response to an increase in L.

Now, I turn to the second part of the proposition. Recall that A < 0. Hence, one can readily
verify that
dc"/dL < 0 & @5 (@) [ > P Py .

We have already found that ; ;, < 0, ®; ; > 0. Now, one can readily verify that ®} ; > 0:

-3 (5)- 55 (3

One can also readily verify that @ , < 0 from:
Ny e (A (c*@) . @;s*/E)
A”(') E E E A”(-)

Notice that @, ,/®} 5 < 3 ; /P ; is equivalent to

E > 0.

/

o= EL.
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fcc,:in [A/{/(:Eé%;f - % (A’l (%) + A?E/{;)) dG(c) fci:in [[\ <[\/71 %)) _ QA1 (% } dG(c)
s -5 (W () + )] AR () - A ()]
o doe [~ (8 i) | 00 S, {[3(8) - ¥ (%) 8]} 900
el (% + el e A(%) -4 (%) %]

A(g/Q) 1— & (¢:/Q)
ﬁ’/ P / ch*/Q)l—eA(qc*/Q)dG(c)

c*

4 e pe 1= &5 (4/Q) 4
@/qc*ch /QC*pc*l_(‘:ﬂ((JC*/Q)d ©

Cmin Cmin

c*

< e ¢ 1/&(g/Q) =1
= / ges C* C / qe- ¢ 1/E5 (¢ /Q) — 1dG( )

Cmin Cmin

*

% (1 (g /Q) — 11dGC(e) < / de ¢

c*

— [1/€3 (¢e/Q) — 1] dG(c).

Cmin

Cmin

Recall that £5(-) > 0 by basic assumptions. Recall also that MSLD implies & (-) < 0. Hence,
Ei (g /Q) > &5 (¢./Q) for all ¢ € [cyin, c*

). Hence, it is straightforward to see that the inequality
above holds under MSLD. Hence, d¢*/dL < 0 under MSLD. So, MSLD is what ensures that an

increase in market size will result in a lower c¢* in a new equilibrium

A.11 The Proof of Proposition 11*

i) Recall that pg/FE =

A(g/Q) and that a firm’s FOC implies: ¢/Q = A~ (cQ/E). Hence,
pq/E = A<A’ L CQ/E) Then,
d . N (q/Q) @
dQ[ (A (e Q/E))] —A”(q/Q) 7 < 0.

Recall that 1 L —1 @Q and A" (¢/Q) < 0 (the corresponding discussion on that was pro-
vided earlier). So, one can readily verify that pg/E = A (¢/Q) will decrease after 1 L for all

#Note also that product-level performance measures can alternatively be written in terms of the elasticities of
demand and marginal revenue (in the spirit of Mayer, Melitz, and Ottaviano 2016). More details are available
upon request.
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tirms among those that survived. (Similarly, it can be readily verified that % [%} = ;//,(E) < 0).

ii) Recall that p/c = 1/&5 (¢/Q) and that MSLD implies that & (-) < 0. Recall also that in a
new equilibrium with a larger market size (i.e., after T L), ¢/Q will decrease among survived
firms. Hence, one can readily verify from the formula above that firms” markups, p/c, and
prices, p, will decrease for all ¢’'s among surviving firms. It is straightforward to see that MSLD
is crucial for these patterns to take place.

iii) Notice that M°¢ = 1/ Ccr;n A (q/Q) g(c)dc. Tt has been already shown that an increase in
L leads to lower A(:) for all firms among those that survived. Recall also that ¢* decreases as
well under MSLD. Hence, it is straightforward to see that A/¢ must increase in response to an

increase in L.

iv) Recall that
= [A (A’*l (cQ/E)) — (cQ/E)N"'(cQ/E)| EL - F

=[1- & (a/Q)A(¢/Q) EL - F =[1 - &;(2)] A(2) EL — F.

Notice that IT'(2) = A'(2) [1 — Ex(2)] — ]\(z)f}x(z). Hence,
II'(z) >0 < /N\'(z) 1—E&x(2)] > A(z)f}[’x(z) < [1—Ex(2)] /~\’(z)//~\ (2) > 5'}\(2)

Note also that MSLD (i.e., £;(+) < 0) is sufficient to ensure that IT'(z) > 0. Recall also that
it has just been shown that an increase in market size L leads to a lower marginal cost cutoff
level, c*, under MSLD. So, the ZCP condition and monotonicity of a firm’s profit in marginal
cost implies that at least some range of the least productive firms (among those that survived)
earn relatively lower profits after an increase in total market size. Now, taking into account that
a firm’s profit is monotonic in ¢, it is straightforward to see that, to ensure that the FE condition
holds in a new equilibrium, some range of low—c (i.e., the most efficient) firms should earn
relatively higher profits after an increase in total market size. Hence, it can be concluded that
an increase in total market size leads to relatively higher profits only for some range of low—c

firms.

A.12 The Proof of Proposition 12

Recall that pg/E = A (¢/Q) = A </~\’ 1 (cQ/FE )) Let ¢y > ¢;. Then, it is straightforward to verify

that:
A (R (@a/B)

A (A (/D))

> 1.
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To examine the impact of an increase in total market size on reallocation patterns, recall that
Proposition 10 argues that an increase in L leads to an increase in () under MSLD. Now, notice
that

a F (A <cl@/E>)] _ e e/ - FEgi /)

@A earm) B <qz/@>}
< A 1 (a1Q/E) ) X (ql/Q) (Q2/Q)

[ ( A=1( C2Q/E> A”( /Q) (2/Q) A”( /Q) ( 1/Q)
(

(0/Q) _ M(/Q) N(2/Q) & (0/Q) _ &i(e/Q)
A

o M@/Q N (@/Q) ] " <
TV @/ QR @/Q T M) @/ T & m/Q) & (w/Q)

where, as previously, £5(z) = 2A'(2)/A(2), Ex.(2) = —2A"(2) /N (2).

[6’;\(2)] _ &()E(2) — &(2)€7,(2)
X (€3 (2)] '

Now, notice that

I [€i(2)/€0 ()] < 0 & E5(2)€r(2) < Ex(2)€R (2).

Before proceeding with the proof, notice that

£3(2) = =+ [M)/AE)] = () + K(2)) /AG) - 2 [M()/A)] =

£1.(5) = = [~eR (/R ()] = - EE -
B A”(Z) B Z/~\/”(Z) —i—]\”(Z) B _A”(Z) . ZAW( )
“ R Mo me M R

Hence,




& Ep(2)Ex(2) [1 = Ex(2) — Ex(2)] < Ex(2)Ex (2) |Ex(2) + A" (2) /A" (2) + 1]

o 1-Eu(2) = Ex(2) < Eu(2) + 2N (2) /N (2) + 1.

Recall that MSLD implies 1 — &5, (2) — £ (2) < 0. Hence, if £x,(2) + 20" (2)/A"(2)+1 > 0, then
the inequality above holds. Notice also that it is equivalent to the so-called MSLD' condition

from Mayer, Melitz, and Ottaviano (2016) about increasing the elasticity of marginal revenue.

More specifically,
Ey(a) > 0 Ex(2) + 2N (2)/A"(2) +1> 0,
. ’ —_ A .
where £,(q) = —¢¢((Z))q = [\/(é%gq)?)% =&y (q/Q).°

B The Gorman-Pollak Single-Aggregator Demand System

In this Section, I briefly outline the model’s properties under what is often called the gen-
eralized Gorman-Pollak demand system (Fally 2018) or the Gorman-Pollak single-aggregator
demand system. This flexible demand system encompasses HSA demand systems as well as
directly-additive (directly-additively separable) preferences (see, e.g., Krugman 1979) and indirectly-
additive (indirectly-additively separable) preferences (as in, e.g., Bertoletti, Etro, and Simonovska
2018) as special cases.

In the description of this demand system and its main properties, I closely follow Fally
(2018). The main feature of this demand system is that an individual’s demand for a variety
depends on income, a firm’s price for this variety, and a single aggregator that is itself a scalar
function of normalized prices of all varieties. In the context of my model, it implies that an

individual’s demand takes the following form:
D (P (6(z)) p(w:)/E)
q\Wz) = )
T CTER)
where D, P, and Q are differentiable functions; O(z) = ©(p./E) denotes the local market

aggregator that is a scalar function of normalized prices of all varieties within a niche z € X

Following Fally (2018), who provides conditions that ensure that such a demand system is
integrable, I impose the following regularity assumptions:

. _ 9logP _ a1 _ 9logD
i) EpEp < Eg for all O(x) and p,/E, where Ep = 51255, o = algéeg)' Ep = %.46

®Recall that &,(q) = —qp'(q)/p(q) = 1 — &;(¢/Q). Hence, one can readily verify that the condi-
tion L [€5(2)/€x (2)] < 0 is a counterpart of the condition from Mayer, Melitz, and Ottaviano (2016) that
1 —&,(qi)] /€4 (g:) is decreasing . They also show that this condition is ensured by MSLD' and, in turn, implies
MSLD. As has been already discussed, they also show that MSLD’ implies MSLD under some mild conditions.
Details in the context of HSA preferences are available upon request.

% As noted by Fally (2018), one can instead assume that EpEp — Eg has the same sign. Yet, the restriction
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ii) for any set of normalized local prices, p,/E, the budget constraint admits a solution in

/ D (73 (O(x)) p<§””>) Qp((gz»dwx - E.

O:

Wz €Ny

Note that directly-additively separable preferences correspond to the special case when the
quantity shifter, Q(-), is constant that implies €5 = 0 and & > 0. In contrast, indirectly-
additively separable preferences correspond to the special case when the price shifter, P(-), is
constant that implies &, = 0 and £g > 0. As for HSA demand systems, they correspond to the
special case when P (©()) = 1/Q(0(-)) = ©(+).

A counterpart of a firm’s profit function (2.3) takes the following form:

{(z)

(e, z) = max {(p — c)mD (77 (O(x)) %) — F} :

One can readily verify that optimization w.r.t. p yields the standard pricing rule:

p—c
p

=—1/&p,

where &p < —1.
The equation above yields a firm’s price as a function of its marginal cost and location /niche,

p(c, x). Now, exploiting the envelope theorem, the corresponding FOC w.r.t. « implies

O'(x) t'(x)
O(z) l(x)

Recalling that ¢(x) is decreasing and Ep&p < &g yields that ©(x) is decreasing. One can

(Eq — Epp) =

readily verify that £pEp < &g also implies that an individual’s demand is decreasing in O(-).
So, a higher O(-) indicates tougher local competition. Hence, Proposition 1 can be readily

generalized to the case of the Gorman-Pollak demand system.

Proposition 13. Consider any interval of niches [z, 7| C X that is served by firms in equilibrium. In
the interior of this interval, larger local markets (niches) feature tougher competition, implying higher

values of the local market aggregator, ©(x). Formally, ©(x) is strictly decreasing on (z, ).

The formal proof mostly resembles the corresponding proof of Proposition 1. The proposi-
tion above implies that larger niches/markets feature strictly higher competition levels.
Now, denote a firm’s variable profit function as follows,

A1) o)L
r=(p >Q(@(x))2>(7><@< Nz).

EpEp < Eg is without loss of generality.
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We can apply the same analysis as in Section A.2. In particular, we can use an approach
based on the Implicit Function Theorem and study the first-order comparative statics effects of
con p and z at a solution. Taking into account that 7, = 0 and 7, = 0 by FOCs, one can readily
verify that 7/, = 0. As a result, we obtain (for notational brevity, I omit specific notation that
derivatives are evaluated at a solution that satisfies FOCs):

"o "o_n
dp o T e a dz . TapTpe

de A 7 de A

where A = 7/ 7l — [ ] 2> 0.
Recall that D'(-) < 0 yields 7, > 0. Hence, given that 7;, < 0, one can infer that dp/dc > 0.
As for the sorting pattern, it is straightforward to verify that sign {dxz/dc} = sign {# }. Again,

taking into account FOCs, notice that 7, can be represented as follows:

y ) D'(OP()O ()5 [, (D"()P(O(x)p
Tep = 0 (6(x)) [1 (D/<~> E “)/SD]'

Recall that D'(-) < 0 and ©'(+) < 0. Hence,

sign {%} — sign {P’(.) [1 . <Z(()) i (@g“"))p n 1) /59} } . (B.1)

One can readily verify that condition 1 — (%@ + 1) /Ep > 0 is equivalent to Mar-

shall’s Second Law of Demand. Specifically, notice that the absolute value of the price elasticity
of demand is given by
dlogalw,)  D'()P(O(x)) plws)

TOlogpw) DL B P

Now, notice that Marshall’s Second Law of Demand requires that —&p is increasing in its
argument/price. Note also that

—Dp) Eplp) <0 e 1— (pg:ég)) + 1) /En(p) > 0.

—&r(p) >0& D)

Hence, it follows from (B.1) that even if Marshall’s Second Law of Demand holds, one still
needs P’(-) > 0 to ensure positive assortative matching between firm productivity and niche
size. A similar condition can be obtained under an alternative approach via log-supermodularity
of variable profit function (see Section A.2 for more details):*’

2

log 7 =0 8% log 1

“’One can also readily verify that 2%  aeop = ooz > 0
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Oxdp O(x) op

Thus, under this flexible demand system, Marshall’'s Second Law of Demand is neither

9*log _ _@/(m)gp ' {2 [—51)]}- (B2)

necessary nor sufficient condition for positive assortative matching between firm productivity

and niche size.

Proposition 14. Consider the Gorman-Pollak single-aggregator demand system. The model’s equilib-
rium implies PAM between firm productivity and niche size under the following mix of conditions on

Ep, Eg, and Ep (given that reqularity assumptions hold):

i) —&p(p) > 0 (MSLD), g = 0, Ep > 0. This case corresponds to directly-additively separable
preferences (Krugman 1979);

ii) —E5(p) > 0 (MSLD), Eg > 0, Ep > 0;

iii) —Ep(p) > 0 (MSLD), Eg < 0, Ep > 0;

iv) —Ep(p) > 0 (MSLD), Eg < 0, Ep > 0;

v) —E5(p) <0,E0>0,Ep <.

Using (B.1) or (B.2), it is straightforward to formulate the corresponding proposition for the
opposite case of negative assortative matching (NAM) between firm productivity and niche
size.

Now, recall that indirectly-additively separable preferences (Bertoletti, Etro, and Simonovska
2018) imply &p = 0 and £g > 0. Hence, one can easily verify from (B.1) or (B.2) that dz/dc = 0,
irrespective of whether Marshall’s Second Law of Demand holds or not. As a result, similar to
the case of CES, there can potentially be multiple equilibria. It follows from the analysis above
that such patterns may arise if either £,(p) = 0 or Ep = 0.%

B.1 Directly-Additively Separable Preferences (£g = 0, £p > 0)

Here, I briefly discuss the system of differential equations (2.9) under directly-additive prefer-
ences (Krugman 1979) within the differentiated product sector.

Note that under directly-additive structure of preferences, we lose homotheticity, except for
the CES specification. The measure of local competitive toughness is now captured by the corre-
sponding (niche-specific) Lagrange multiplier, A(z), derived from a consumer’s maximization
problem. As a result, it can be shown that the system of differential equations that describes
the differentiated-product market equilibrium is the following:

t(z)  plc(z)x)
) Az)-E

— Megle(@) W (ac(@),2))q(c(@),2)

{ N(z) = A(z) Y (z) p(c(z),x)—c(z)

d(z

#More details on the model’s properties under the Gorman-Pollak demand system and corresponding proofs
are available upon request. For brevity, I do not include them in this version of the draft.
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with two boundary conditions: ¢(0) = ¢yin and ¢(zmax) = ¢*.
One can readily verify that under a quadratic utility specification, u(g(w,)) = ag(w,) —
b (¢(w;))?, the system above takes the following form:

N 4b-A(z)-E
d(x) = Me-g(c(z))[a2—(A(z)-c(x))?] "

_ U(x) a—A(z)-c(x)
{ X(@) =) U(z) at-A(z)-c(x)

Note that this system of differential equations does not coincide with the corresponding
system obtained in KSTU (2020), where preferences for the differentiated product sector are
directly-additively separable, albeit embedded within a quasilinear upper-tier utility. In my
model, I develop a full-fledged general equilibrium setup. As in the baseline case of homothetic
preferences, all niches are served by (positive mass of) firms in my setup. It provides additional
evidence that differences between the two models go beyond the use of different classes of

preferences and the extension to the costly trade scenario.

B.2 A Special Case: Translog

For quantitative analysis, I exploit the market share function, A(:), that corresponds to the
symmetric homothetic translog: A (p(w,)/P(x)) = log (p(w,)/P(x)) .

Hence, an individual’s demand function for a variety w, € (2, is given by:

wy) =lo Wy z))~¢ .
o) = log (p(er)/ Pla)) ™~

Note that in the case of symmetric translog expenditure function, the local price aggregator,

P(x), is generally defined as follows:

1 1
log P(x) = + / log p(w.,)dw,.
T T Joen,

A firm’s pricing formula (2.4) implies that p(c, z) = ¢ (1 — log (p(c, z)/P(x))).

Note that for the translog case we have &, (p/P(x)) = —1/log (p/P(z)). One can readily
verify that £, (-) > 0, implying that MSLD holds. So, the model’s equilibrium implies PAM
between firm productivity and niche size.

Recall that (see Section 2.3) PAM implies that the mass of firms, M (x), that serve a particular
location = € X is given by M (z) = M - g (c(z)) d(z)/G(c*) = M® - g (c(z)) d (z).*

The corresponding system of differential equations, (2.9), takes the following form:

#Hence, in equilibrium, the local price aggregator is related with M (z) as P(z) = p (c(z),z) - exp (%)
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P'(z) = §2 P(x)log (p(c(x), )/ P(x))
() = {07 g (el)) log (plel). 2)/P() <} .
with boundary conditions ¢(0) = ¢yin and ¢(zmax) = ¢*.
Note also that the zero cutoff profit and the free entry conditions are as follows:

_ ¢ 10g2 (P (c(Tmax); Tmax) / P(Tmax))
H e ma) Twn) = 7 (cman): o) /P (o)

loe (el ) /P - c(z))d(x)de = F°
/.;Y|:1_log(p(C(l'),{K)/P(:[;))Eg(x) F|g(c(z))d(z)de = F°.

El(zpax) — F = 0.

C An Alternative Trade Setup

According to the baseline trade setup described in Section 3, an exporting firm is assumed

to choose a niche that is common for both domestic and foreign markets. In this section, I

consider an alternative setup when a firm is potentially allowed to choose a domestic niche, z",

and a foreign niche, 2/, such that 2" # z/. Other baseline assumptions are left unchanged. In

particular, I consider trade between N + 1 symmetric countries with identical distribution of

niche sizes, {(-), over the exogenous interval of niches, X = [0, x,.<]. Hence, in equilibrium, an

exporting firm tends to choose the same foreign niche, 2/, for any of N foreign markets.

After paying the sunk entry cost F° a firm draws its marginal cost c from the exogenous dis-

tribution with p.d.f. ¢g(-) over the support [ciin, Cmax]. Production of each variety also involves

tixed production cost F > 0. In addition, international trade is subject to fixed investment

(“market access”) costs F°* > 0 per each foreign market as well as iceberg variable cost 7 > 1.

The total (combined) profits of an active firm with marginal cost c are:

(c, 2", 27) = I"(c,2") + max {0, N - I’ (¢, 2/) } ,

where “domestic”, h, and “foreign”, f, profits are as follows:™

1" (¢, 2*) = max {(ph — O)l(z") Eh A (%) - F} ,

P p

IV (¢, 2') = max {(pf _ o Ea <P1(’;f)> - F} |

pf p/

UBy incorporating the fixed production cost into I1"(c, 2"*), I anticipate an equilibrium where no firm exports

without serving the domestic market first.
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Note that maximization of profits w.r.t. p" and p/ implies:
P D p P

P Ea(P"/P(a") +1 pf & (p'/P(z7)) +1

c  E@Y/PEM) T ot E(p!/P(af)

(C.1)

—zN'(2)

where &, (2) =

is the price elasticity of the market share function, A(-).

Thus, solving these equations for p" and p’ yields a firm’s prices as functions of a firm’s
marginal cost and niches served: p" = p"(c,z"), p/ = p/(c,z’). Note that the symmetry as-
sumption implies that the (endogenous) distribution of local price aggregators, P(-), over the
interval of niches X' = [0, z,ax) is identical for each country. Hence, one can readily verify from
(C.1) that equilibrium “exporting” price of a firm with marginal cost c that serves an arbitrary
niche 2/ is equal to the domestic price of a firm with marginal cost 7¢ for this specific niche:
pl(c,2?) = ph(rc, xf).5!

Now, exploiting the envelope theorem, it can be shown that the firm’s FOCs w.r.t. 2" and

zf imply:
it Pty | -
O(zh)y P(xh)  Ex (ph(c,zh)/P(xh))’ :
((af) P'(x) 1
0(@h) P(xf) — &y (pf(c,2l)/P(zF))’ (C.3)

where &, (%) =& (”hp(z—;’f;» (by recalling that p/(c, z/) = p"(re, /).

These two conditions implicitly define optimal niches of a firm as functions of its marginal
cost level: 2" = z"(c), 27 = a/(c). Hereafter, I consider only equilibria with positive assortative
matching (PAM) between firm productivity and niche size.”” It is straightforward from (C.2)-
(C.3) that the optimal exporting niche of a firm with marginal cost c is equivalent to the optimal
domestic niche of a firm with marginal cost 7c:

2l (c) = al(r - ¢). (C4)

Now, let ¢" = ¢'(x) denotes the domestic matching function (i.e., the marginal cost of a firm
as a function of a niche served at the domestic market), where () = (yz:h)_1 (+) is the corre-
sponding inverse function. Analogously, ¢/ = ¢/ () denotes the foreign matching function, where

() = (a7) ~! (). Hence, we obtain the following relation between the matching functions:

¢ (x) = . (C.5)

S11t can also be shown that “relative prices” of a firm, p* /P(z") and p/ /P(z7), are increasing functions of the
firm'’s “relative inefficiency”, ¢/ P: p" /P(z") = Y (¢/P(z")) and p/ /P(z7) = Y (rc/P(z7)).

2Note that, given the demand system described earlier, Marshall’s Second Law of Demand is the necessary and
sufficient condition for PAM. Details are available upon request.
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It is straightforward from (C.5) that derivatives of the matching functions w.r.t. = are related
as follows

' (x) = . (C.6)

C.1 Trade Equilibrium

Combining FOCs of a firm (i.e., conditions (C.1)-(C.3)) yields equilibrium expressions for markups:

(@), x) . l(z) P(2)

A T @) Pa) (€7)
Y | ) P

@) @) P (C8)

Proposition 15. Consider an arbitrary trading niche x. In equilibrium, domestic and foreign prices are
equal at this niche x: p’ (¢! (), z) = p"("(z), z).

Proof. It has been already shown that p/(c,2/) = p"(rc,2’/) and ¢/(z) = c(z)/7. Hence,
p (! (2), ) = p"(rc! (2),2) = p"(rc"(z) /7, 2) = p"(c"(2), 2). 0

Proposition 15 states that, despite different productivities between domestic and foreign
tirms that populate a specific trading niche, foreign firms set the same price as their domestic
rivals. The mechanism is that the difference between domestic and foreign matching functions
offsets the price impact of transportation cost, 7. Also, it is straightforward to show that, within
a trading niche, markups charged by domestic firms are equal to markups charged by foreign
firms.

Proposition 16. Consider an arbitrary trading niche x. In equilibrium, domestic and foreign markups
are equal at this niche x.

Proof. Recall that p/(c,2’) = p"(rc,z’) and ¢/(z) = c"(z)/7. Hence, we obtain %@)”” =

el (@)x) _ pt(h(z).x)
Tch(z)/r T ch(z) D

Proposition 2 implies that (C.7) and (C.8) replicate each other. As a result, they both form a
single differential equation of the following form:
P'(z)  l(z)p"("(z),z) — (x)

Plo) ~ ) o) ©9)

There is also another differential equation that comes from a consumer’s budget constraint.
It is straightforward to infer that, as long as 7 > 1, (costly) trade equilibrium implies that

some range of the largest niches is left unserved by foreign firms. Formally, there exists an
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export threshold niche, Z, such that any = € [0, %) is served by domestic firms only, while any
T € [T, Tmax] is served by both domestic and foreign firms.”® Note that & = 2/ (cyin) = 2" (7 ciuin)
and can be implicitly determined by ¢(Z)/T = ¢y Hereafter, I,z is an indicator variable
that equals one if z > 7, and zero otherwise.

The budget constraint implies that for each = we have:

h T ph(ch(x)vx) X f T pf(cf(x>7$) . o
M"(x) A (—P(x) ) +N- M (z) A <—P(1‘) ) H{mZx} =1, (C.10)

where M"(z) = M¢g(ch(x))cV(x) and N - M/ (x) = M¢g(c/(x))c!'(x) denotes the mass of
active domestic and foreign varieties, respectively.”

Recall that ¢/(z) = c(x)/7, ¢/'(x) = M(x)/7 and p/(c/(2),2) = p"(c"(x),r). Hence, the
budget constraint (C.10) can be rewritten as follows:

Meg(ch(z))e? (z)A <%> +1aszy N-Meg <Chf“)) Ch/i“")A (ph(ig)) ’m)) — 1. (C.11)

As a result, (C.9) and (C.11) form an equilibrium system of differential equations:

' (z) p(ch(z),2)—c"(z
P/(z) = —P(2) 4@ pd @ e)
Ch/<1,’) — 1 . , (C.12)
hch(z) x c(x)/T
M (P o ) [141gezey N )

*

with two boundary conditions: ¢"(0) = cpin, "(Tmax) = ¢*.

Similarly to the baseline setup, the endogenous mass of entrants per country (M¢) and the
cutoff marginal cost level for production successful entry (c*) are pinned down by the zero cutoff
profit (ZCP) and free entry (FE) conditions:

ZCP : T"("(Zmax), (Tmax)) = 0. (C.13)

FE : / [Hh (ch(x), xh) + Liaszy NV il (cf(x), x)] g("(x)) (z)dx = F©, (C.149)

where F° denotes the sunk entry cost.

Recall that costly trade equilibrium implies that some (endogenous) range of the largest

%3 As will be discussed later, there can be equilibria where some range of the smallest niches is also left unpop-
ulated by foreign firms. Such patterns take place if F** > F.

. . M) (z c* c)de * >
' *One can readily verify that [, Mh/(x)dx = fo %dx =M=M/[ %(2*) , where M = G(c*)M*
is the (endogenous) total mass of active domestic firms.
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niches, [0, ), is left unserved by foreign firms. To ensure that any = € [Z, 21ax) is populated by
both home and foreign firms in equilibria, I impose the assumption that fixed “market access”
costs of entering a foreign market are equal to fixed production costs: F* = F. In this case,
the cutoff marginal cost level for exporting firms is equal to ¢** = ¢/ (vyax) = /7. f F* > F,
then only some range of middle-sized niches are populated by both home and foreign firms,
while the largest and the smallest niches are served solely by domestic firms.” For quantita-
tive exercise, I impose the assumption that £** = F' = 0.1. It is the only difference from the
parameterization of the baseline model. The figures below demonstrate equilibrium outcomes

of the main parameters of interest.

Figure 10: The impact of opening the closed economy on the matching function and distribu-
tion of the mass of firms.

Matching Function, ¢(z) Distribution of the Mass of Firms, M (z)
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Note that the export threshold niche is close to zero, & = 0.3, implying that only the very
large niches such that = € [0, ) are not engaged in trade. So, it might be difficult to catch from
Figure 10, that ¢/ (v) and M/ (x) are defined solely on the interval [Z, Z ).

*°In this case, the cutoff marginal cost level for exporting firms is determined from the condition of zero export-
ing profit. Details are available upon request.
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Figure 11: The impact of opening the closed economy on prices and markups.
Prices, p(z), Autarky vs. Trade (7 = 1.7)
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Figure 11 expectedly demonstrates that prices go down in trade equilibrium. However,
niche-specific markups are mostly unaffected by opening the closed economy to trade. The
reason is that, in addition to the decline in prices, the matching function shifts inward as well,
thereby offsetting the impact of lower prices.

Figure 12: The impact of opening the closed economy to trade (autarky — costly trade, 7 = 1.7).
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Recall that the baseline setup (where an exporting firm is assumed to choose a niche that
is common for both domestic and foreign markets) predicts that the very large niches bear
losses from opening the closed economy to trade (under 7 = 1.7). As for the setup when firms
are allowed to choose domestic and foreign niches that may differ from each other, Figure 12
shows that all niches gain from trade (under 7 = 1.7). As for the intuition, recall that niche-

specific welfare depends negatively on firms’ prices while depending positively on the mass
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of varieties consumed within a particular niche. Note that while the total amount of varieties
consumed (M"(z) + M/ (x)) across niches remains mostly unchanged compared to the Autarky
scenario, prices have fallen. As a result, all niches gain from opening the closed economy to
trade.

However, note that this alternative setup does not intrinsically rule out losses from trade.
For example, the figures below show the impact of opening the closed economy to trade under
T=5and 7 =8.

Figure 13: The impact of opening the closed economy to trade (autarky — costly trade, 7 = 5
vs. 7 = 8).
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One can note that if the iceberg transportation costs are large enough (7 =~ 5), then con-
sumers in some niches start to lose from opening the closed economy to trade. Let’s consider
the case of 7 = 8.A large fraction of niches that are not engaged in trade bear slight losses
from trade. The reason is that firms’ prices have increased in these niches, and such adverse
effect on welfare outweighs the positive one that comes from the increase in the mass of va-
rieties consumed in these niches. The corresponding increase in prices is, in turn, driven by
the sophisticated shift of the matching function compared to the Autarky case — while preserv-
ing PAM, it has shifted up for large niches and has shifted down for smaller ones. It implies
that large niches are populated by relatively less productive firms compared to the Autarky
scenario.

C.2 Free Trade

One can readily verify that the case of free trade (7 = 1, F** = 0) between N + 1 symmetric
countries implies that () = ¢/(x) = c¢(z) all niches are covered by both domestic and foreign

firms. Moreover, regardless of whether domestic and foreign niches are allowed to be different
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for a particular active firm — free trade equilibrium outcomes are identical for either of these
setups. In particular, note that the system of differential equations is identical to that obtained

under the free trade of the baseline open economy setup (see 3.9):

75



	 Introduction
	 Model
	Set Up
	Firm Behavior and PAM
	General Equilibrium

	Trade
	Quantitative Analysis
	Welfare Analysis

	A Spaceless Model as a Limiting Case
	Spatial vs. Spaceless Model. Closed Economy
	Spatial vs. Spaceless model. Comparative Statics
	Spatial vs. Spaceless Model. Open Economy

	Proofs
	The Proof of Proposition 1
	The Proof of Proposition 2
	The Proof of Proposition 3
	The Proof of Proposition 4
	The Proof of Proposition 5
	The Proof of Proposition 6
	The Proof of Proposition 7
	The Proof of Proposition 8
	The Proof of Proposition 9
	The Proof of Proposition 10
	The Proof of Proposition 11Note also that product-level performance measures can alternatively be written in terms of the elasticities of demand and marginal revenue (in the spirit of *MayerMelOtt2016). More details are available upon request.
	The Proof of Proposition 12

	The Gorman-Pollak Single-Aggregator Demand System
	Directly-Additively Separable Preferences (EQ=0, EP>0)
	 A Special Case: Translog

	An Alternative Trade Setup
	Trade Equilibrium
	Free Trade


