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Abstract

The greenium—the expected-return spread between brown and green equity—is robustly
estimated to be positive, yet two questions remain: what drives it, and does the higher cost
of capital it imposes on brown firms spur the green innovation it is meant to encourage? This
paper develops a continuous-time general-equilibrium model of a brown and a green sector
that addresses both. The greenium decomposes into three interacting components: a policy
component, from the brown sector’s exposure to climate-policy tightening; a diversification
component, because the dominant brown sector co-moves most with aggregate wealth and is
the poorer hedge for the market portfolio; and a hedging component that runs the other way,
as a household with a taste for green consumption fears green scarcity and accepts a lower
return on green equity, masking part of the spread. Policy risk and diversification are the
primary drivers, and the greenium deepens as climate risk intensifies. Brown firms can innovate
by mitigating—lowering the frequency of policy shocks—or transitioning—converting brown
capital into green—yet both are misaligned with the premium they face. This yields a novel,
risk-based explanation for the recent decline in green innovation. Calibrated, the model produces
a greenium of roughly 60 basis points at a brown share near three-quarters, rising to 75-85 as

the brown sector dominates, in line with recent estimates.
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1 Introduction

Climate change has put the pricing of environmental risk at the center of asset pricing. If
investors demand a higher expected return to hold the equity of polluting firms, the resulting
wedge in the cost of capital—the greemium, the brown-minus-green expected-return spread—is
at once a gauge of how markets perceive climate risk and, in principle, a lever that should tilt
capital and innovation toward the green economy. Measuring it has been contentious: realized
returns send mixed signals, in good part because a decade of institutional reallocation toward green
assets has repriced climate risk and pulled realized returns away from their expected counterparts.
Forward-looking measures cut through this noise and point consistently to a positive premium—roughly
48-144 basis points in Pastor et al. (2022), 50-100 in Sautner et al. (2023b), and about 50 in
Eskildsen et al. (2024), who further document that it has deepened over time. Figure 1 plots this
brown-minus-green spread, which is both positive and widening.

A positive greenium poses two questions that the literature has largely addressed in isolation.
The first is what drives it. The leading explanations—a non-pecuniary taste for holding green assets,
the pricing of physical and transition risk, a portfolio-diversification motive, and a preference for
green consumption—are typically modeled one at a time, leaving open how they interact and how
large each is inside a single, internally consistent economy. The second is whether the greenium
accomplishes what it is meant to. A higher cost of capital should prod brown firms to abate and to
convert their operations to green; yet green innovation in the United States has been falling since
the Paris Agreement, even as regulation has tightened and the greenium itself has risen (Figure 2).
Whether and how the priced greenium feeds back into firms’ real green-innovation decisions—and
why that feedback might break down—has, to the best of my knowledge, not been examined in an
equilibrium setting.

This paper develops a unified continuous-time general-equilibrium model that takes on both
questions. A representative household with recursive preferences and a taste for green consumption
holds claims on two sectors, green and brown, that differ in their exposure to climate-policy risk:
brown output is intermittently stranded when policy tightens, at a frequency that rises with the
brown sector’s share of the economy. Crucially, brown firms are active rather than passive. Each can
undertake two distinct green investments—mitigation, which lowers the frequency of policy shocks,

and transition, which converts brown capital into green—so that the greenium and green innovation



Figure 1: Green premium.

Green premium. The following figure plots the expected return of the brown-minus-green factor from 2003 to 2023.
The factor is a market-value-weighted long-short portfolio of U.S equities. By the end of each year t, firms are
sorted within industries into terciles based on both their total and intensity of Scope 1 and Scope 2 emissions. The
emission data is from Trucost and is lagged 12 months following Zhang (2024). Then, the terciles are combined across
industries. Firms that fall in the top tercile based on both criteria are classified as brown, while those that belong
to the bottom tercile are green. The difference in expected returns between brown and green firms is computed each
month from July of year t+1 to June of year t+2. The expected return is the average of four implied cost of capital
measures from Gebhardt et al. (2001), Claus and Thomas (2001), Easton (2004), and Ohlson and Juettner-Nauroth
(2005). The data is provided by Eskildsen et al. (2024).
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are determined jointly in equilibrium. The economy collapses to a single state variable, the brown
output share 7, which renders the model essentially closed-form and lets me trace every equilibrium
object—the prices of risk, the greenium and its components, and the two investment policies—along
the economy’s path from brown to green. The analysis yields three main contributions.

First, the model delivers a transparent decomposition of the greenium into three economically
distinct, mutually interacting components (Proposition 4 in Section 4.2). The policy component
compensates investors for the brown sector’s exposure to policy tightening; it is the largest of the
three and climbs steeply as brown comes to dominate, both because shocks grow more frequent
and because they arrive in states where the household’s marginal utility is most sensitive. The
diversification component arises because the larger sector co-moves more with aggregate wealth

and is therefore the poorer hedge for the market portfolio: when brown dominates it is the worse



Figure 2: Green innovation intensity.

The following figure depicts the performance of U.S brown firms in generating green patents from 2004 to 2023.
Panel A shows the total of green patents produced. Panel B plots the weighted average of patent count intensity as
measured by the total number of patents/asset ratio. The updated data is provided by Kogan, Papanikolaou, Seru,
and Stoffman (KPSS) following their work Kogan et al. (2017). The patents are categorized as “green” following the
European Patent Office’s Y02/Y04S tagging scheme.
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diversifier and must offer a higher return, widening the spread. The hedging component runs in the
opposite direction and partly masks the other two: because the household values green consumption
and dreads green scarcity, green equity—which pays off precisely when green output is abundant—is
a poor hedge against the costly scarce-green state, so investors accept a lower return to hold it,
narrowing the brown-green gap. Policy risk and diversification are the primary drivers, while the
hedging channel is second-order but not negligible. Calibrated to illustrative values, the model
produces a greenium in the range of recent robust estimates—on the order of 60 basis points at a
brown share near three-quarters and 75—85 basis points once the brown sector dominates—and it
reproduces the deepening of the greenium over time as climate risk intensifies. The decomposition
further shows that it is not only the average severity of a policy shock but also its dispersion that
shapes the policy component.

Second—and this is the paper’s central result—the model explains why a rising greenium has

gone hand in hand with falling green innovation. Mitigation is the instrument that bears directly



on the priced policy risk, yet the two turn out to be sharply misaligned: mitigation is strongest
while the brown sector is a minority and the policy premium is mild, and it shuts off exactly where
that premium is largest. The mechanism is a general-equilibrium effect transmitted through the
stochastic discount factor, and it hinges on a simple fact—mitigation can make policy shocks rarer
but not milder. While brown is small, a shock destroys a little brown output but barely moves
aggregate consumption, so it is a near-idiosyncratic loss the firm is happy to make less frequent.
Once brown dominates, the same shock collapses aggregate consumption and sends the household’s
marginal utility soaring; because the household is risk-averse, that marginal-utility spike more than
offsets the output destroyed, and a unit of brown payoff delivered in the disaster becomes worth
at least as much to the household as one delivered in normal times. Reducing the frequency of
such a disaster then adds nothing to firm value, and mitigation optimally falls to zero—in precisely
the high-premium states where intuition would expect it to peak. The firms facing the steepest
policy premium abate the least. This furnishes a novel, risk-based account of the decline in green
innovation, distinct from the familiar appeal to uncertain or meager payoffs: tighter policy can be
self-defeating at the margin, an unintended consequence of regulation working through equilibrium
asset prices.

Third, the model characterizes the greenium and the two investments as a single coupled system
(Section 5). The two priced risks map asymmetrically onto the two instruments. Mitigation enters
the economy only through the policy-shock intensity, so it can compress the policy component
but can never touch the diffusion risk behind the diversification component; the only way to shed
that risk is to stop holding the brown asset, which is transition. Policy risk is thus reachable
by either instrument, diversification risk by transition alone—and in the limit with no policy
shocks, mitigation is zero everywhere while transition remains positive, sustained by the residual
diversification gap. Transition itself tracks the valuation gap between green and brown equity—the
price-level image of the risk greenium—until the green knowledge base it draws on thins out and
caps it. The two investments, moreover, push the brown share in opposite directions: transition
accelerates the greening of the economy, while mitigation, by thinning the very shocks that green
it, brakes that process. Because the two substitute (mitigation props up the brown valuation
and crowds transition out) while transition is self-correcting (greening erodes the premium that

motivated it), the brown share comes to rest where these forces balance rather than running away.



This paper connects several strands of literature that have, for the most part, developed
separately. It speaks, first, to the measurement of the greenium. Realized returns have produced
conflicting verdicts—some studies find that brown equities outperform, others the reverse!—a
disagreement that Ardia et al. (2023) and Pastor et al. (2022) trace to a repricing episode in which
green outperformance reflects rising demand rather than lower expected returns. Forward-looking
measures instead recover a robustly positive expected greenium (Pastor et al., 2022; Sautner et
al., 2023b; Eskildsen et al., 2024). I take this positive, time-varying greenium as the object to be
explained and supply the structural decomposition that the reduced-form estimates leave open.

Second, the paper contributes to the debate over the source of the greenium. One strand traces
it to a non-pecuniary taste for holding green assets (Pedersen et al., 2021; Pastor et al., 2021, 2022;
Zerbib, 2022). A recent survey of equity fund managers by Edmans et al. (2025), however, finds that
financial considerations—downside protection, return enhancement, and volatility reduction—dominate
stock selection on environmental grounds, echoing Krueger et al. (2020), who report that institutional
investors regard climate risk, and regulatory risk in particular, as financially material and already
materializing. A second, risk-based strand prices the underlying climate risks directly: Bansal
et al. (2016) tie a temperature risk premium to long-run output damages, Sautner et al. (2023b)
back a policy-uncertainty premium out of option prices, and Bolton and Kacperczyk (2023) show
that transition risk pervades equity valuations, with firm-level exposure quantified by Sautner
et al. (2023a). My framework belongs to this risk-based tradition and is consistent with the
survey evidence, but instead of isolating a single channel it nests policy risk, diversification, and a
consumption-based hedging motive together and quantifies how they interact.

Third, the paper builds on two channels that recent work has emphasized but not combined
with policy risk. The diversification motive—that the dominant brown sector drives the volatility of
the market portfolio, so green assets are prized for diversification—surfaces in the survey evidence
of Edmans et al. (2025) and Krueger et al. (2020) and in the theory of Zerbib (2022) and Hambel
et al. (2024), who show that risk mitigation and diversification are complements in the short run
but trade off in the long run. The consumption channel—that a household taste for green goods

makes green equity risky against future green scarcity—is identified empirically by Meier et al.

'Positive realized brown-minus-green spreads are reported by Bolton and Kacperczyk (2023, 2021); Hsu et al.
(2023); the opposite findings appear in Pastor et al. (2022); Giese et al. (2021); Ardia et al. (2023); Bauer et al.
(2022); Zhang (2024); Karolyi et al. (2023).



(2023) and modeled by Sauzet and Zerbib (2024), while Aghion et al. (2023) show that consumers’
environmental preferences can steer firms toward clean innovation. I embed both channels in one
equilibrium and show how each maps onto a component of the greenium and how they pull against
one another.

Fourth, the paper relates to work on green innovation and the real effects of sustainable
investing. A number of studies question whether investor pressure changes firm behavior in a
material way (Berk and van Binsbergen, 2025; Heath et al., 2023; Kolbel et al., 2020), in contrast
to the macroeconomic effect of carbon pricing documented by Colmer et al. (2024). On the value
of abatement, Dietz et al. (2018) show that emissions-abatement projects can carry net present
values that rise with their climate beta, and Hong et al. (2023a,b) show that mitigation postpones
climate tipping points, raises welfare, and lowers firms’ required returns, while Leippold and Yu
(2025) find that innovative firms are more resilient to regulatory shocks; consistent with brown firms
innovating more than green ones, Cohen et al. (2026) and Hartzmark and Shue (2023) document
higher innovation among polluters. Against this backdrop, the post-2015 decline in U.S. green
innovation (Figure 2) is a puzzle reminiscent of the green paradox. The paper’s contribution is
to rationalize it within the very equilibrium that prices the greenium: the misalignment between
mitigation and the policy premium is a general-equilibrium consequence of how disasters are priced,
not a breakdown of incentives at the level of the individual firm.

Finally, the paper builds methodologically on the production- and endowment-economy asset-pricing
tradition with recursive preferences and multiple “trees” (Duffie and Skiadas, 1994; Cochrane
et al., 2008). The policy-shock intensity that rises with the brown share follows Nguyen et al.
(2024); the random shock size adapts the stochastic-recovery disaster of Hong et al. (2023a); and
the transition technology is a knowledge-production function in the sense of Jones (1995, 2005),
with a “standing-on-shoulders” spillover that embodies the directed-technical-change mechanism
of Acemoglu et al. (2012)—who also stresses that the elasticity of substitution between clean and
dirty goods is as consequential as the discount rate (here that elasticity exceeds one, in line with
Papageorgiou et al. (2017); cf. Yin (2024)). Bringing these ingredients together is what lets a single
tractable model produce both the greenium decomposition and the greenium-innovation feedback.

The remainder of the paper proceeds as follows. Section 2 sets out the two-sector economy, the

policy-risk technology, the brown firm’s mitigation and transition investments, and the household’s



preferences. Section 3 states the household’s and the brown firm’s problems, characterizes the
competitive equilibrium and the stochastic discount factor, and derives the optimal investment
policies. Section 4 presents the asset-pricing implications and the greenium decomposition. Section 5
analyzes the interaction between the greenium and green innovation. Section 6 concludes. Proofs

and derivations are collected in the Appendix.

2 Model

2.1 Endowments

The setting being considered is a continuous-time endowment economy with an infinite horizon.
The economy is populated with a large number of firms classified into two types or sectors:
eco-friendly green firms (the green sector) and non-eco-friendly brown firms (the brown sector).
I denote by Y,,; the output of a type-n firm, where n € {b, g} with b standing for brown and g

standing for green. The output processes are

dY;
n:,t = (/-Lb — Zm,t_ — Zt7t_ — wt_) dt + O.deb,t + (Z - 1) devt’ (21)
dYgt Ni_
it dt + 0,dBg ;. 2.2
Yo (Mg t - ) 0905y, (2:2)

N, represents the transitional policy risk, which follows a jump process with intensity A;. I
assume the Brownian shocks Bj; and Bg; are uncorrelated with the jump process N,;, and
cov (dByt,dBg ) = vdt. All stochastic processes are defined on a probability space (2, F,[P). The
brown firm controls a mitigation investment z,, and a transition investment z;, and is subject to
policy shocks of random size Z that arrive at the state-dependent rate \;; the transition investment
induces an idiosyncratic transition rate 1. I describe each object in turn; the brown firm’s optimal

choice of z,, and z; is derived in Section 3.2.

Policy intensity. Following Nguyen et al. (2024), the number of policy-risk events follows a
Poisson process whose instantaneous arrival rate increases in the fraction of aggregate output

produced by the brown sector,

At = Ag+ (A = Ag) e = Ag + Ay, (2.3)



where 0 < Ay < Ay are two constants, Ay = A\ — Ay, and 7y = %i,gt is the share of brown output.
The more predominant the brown sector, the larger the negative climate externality, which pushes

Governments to adopt tighter environmental policies that disproportionately affect brown firms.

Random policy-shock size. When a policy shock materializes, brown output is scaled by a
random factor Z > 0, so that Y,; = ZY}, ; this is the (Z —1)dN,; term in (2.1). Modeling
the shock size as a random variable, rather than as a fixed loss, follows Hong et al. (2023a), who
let a Poisson disaster scale the capital stock by a stochastic recovery fraction whose distribution
firms take as given. I let the regulatory response be two-sided. With probability p, the policy
tightens, destroying a fraction 1 — Z~ of brown output, where the recovery fraction Z~ follows
a Beta distribution supported on (0,1). With probability 1 — p the policy loosens, scaling brown
output up by a factor Z supported on (1,1 + €), where € > 0 caps the maximal relief. Z* follows
a reversed-power distribution whose density is decreasing on the interval, so that mild relief (near
Z*t = 1) is more likely than large relief (near 1 + €). The brown firm and the representative

household take the resulting distribution = of Z as given, with density

P11 — z)o !
B(B,a)

0<z<1 (tightening),

§(2) = (2.4)

(1-p) % (1+e—2)""1, 1<z<1l+e (loosening),
€ ”

where (3, a > 0 govern the tightening severity, o, > 1 governs the loosening shape, and B (3, a) is the

Beta function. The firm and household form expectations Eyz[-] over Z. The shock is summarized

b —i—(l—p)(l—i—a :_1

by its mean recovery Ez[Z] = pﬂT
a s

relevant case is net expected tightening, Ez[Z] < 1. The purely destructive disaster of Hong et

) and its dispersion; the empirically

al. (2023a) is the special case p = 1 and a@ = 1 in which the loosening component carries no mass.
As Section 4.2 shows, it is not only the mean of Z but also its dispersion that shapes the policy

component of the green premium.

Mitigation. The brown firm can invest in mitigation (hereafter, green) technologies at intensity
Zm to reduce its contribution to the climate externality and thereby lower the frequency of policy

shocks that strand its assets:



When a firm develops environmentally friendly technologies, it adapts better to the stricter standards
that Governments require. The resource cost of mitigation is z,, ;- Y}, which is reflected in the

drift of brown output in (2.1).

Transition. In addition to lowering the frequency of policy shocks through mitigation, the brown
firm can invest in transition at intensity z; to convert its operations into green ones. Transition
arrives as an idiosyncratic Poisson event whose rate is increasing in the firm’s transition investment

and in the size of the green sector,

G (e =% (1=n)",  Bye(0,1), k>0 (2.5)

The specification (2.5) is a knowledge-production function in the sense of Jones (1995, 2005): the
exponent 3y, < 1 captures diminishing returns to the firm’s own transition effort (the “stepping-on-toes”
effect), while (1 —7)" is a “standing-on-shoulders” knowledge spillover from the existing green
stock. The larger the green sector (1 — 7 large), the more green technology, skilled labor, supply
chains, and institutional know-how exist to build on, so transition is easier; conversely, when
the green base is small (n — 1) there is little to absorb and transition stalls. This is the
directed-technical-change mechanism of Acemoglu et al. (2012), in which advances in a sector
make subsequent advances in that sector more effective.

Upon a transition event, the firm’s brown output is reclassified as green output. Because there
is a continuum of brown firms, the law of large numbers implies that a flow 1Y}, dt of output is
reclassified each instant. This produces the —i term in the brown drift (2.1) and the corresponding
inflow +1n/(1 —n) in the green drift (2.2), so that aggregate output Y, + Y;; is conserved by
the reclassification. Brown shareholders receive the market value of the newly transitioned green
equity as a spinoff, a dividend flow ¢ p, Y}, dt that is made precise in Section 3.3. The resource
cost of transition is z; ;- Y} ;- , also reflected in the drift of (2.1). Since transition pays off only when
a green unit is worth more than a brown unit, z; = 0 (and hence ¥ = 0) whenever py < ps.

I assume that both the mitigation and transition investments are observable by investors.?

2For implications of non-observability on firms’ green transitions, see Gupta and Starmans (2025).



2.2 Preferences

The representative consumer has a recursive preference over his/her consumption streams, i.e.

Uy =E Utwf(cs,Us)ds} , (2.6)

where f(-) is the instantaneous Epstein-Duffie aggregator. I consider the special case of unit IES

in which the aggregator simplifies to

f(C,Up) = p(1 —7)Us [log (Cy) — - 1

L tog (100

in which p > 0 corresponds to the subjective discount factor, and v is the degree of relative risk
aversion. When v = 1, the aggregator becomes f (Cy,U;) = p[log (Ct) — Uy]. The representative
consumer is endowed with claims on the output produced by both types of firms.

Following Sauzet and Zerbib (2024), the consumption bundle C} is calculated using a modified
Stiglitz—Dixit aggregator such that

o

Cr=|(1-0)aCp s +05C,, | . (2.7)

Cht, Cy ¢ represent the consumptions of brown/green outputs at time ¢, and « controls the elasticity
of substitution between them. This parameter « is, according to Acemoglu et al. (2012), as
important as the discount rate when studying optimal responses to climate change. In addition,
the reasonable assumption is o > 1, consistent with Papageorgiou et al. (2017).3

The parameter 0 < 6 < 1 controls altruistic preferences for the output of the green sector.
Because the average investor prefers to consume green over brown output,4 0 > % Note that in
the limiting case where & — oo (i.e., perfect substitution) and 6 = % (i.e., no altruistic preference

for green output), the consumption bundle becomes

Ci = Chy + Cyy. (2.8)

3Meanwhile, Yin (2024) shows that clean and dirty capital are complementary.

4Aghion et al. (2023) provide evidence that consumers’ environmental preferences and product-market competition
can jointly steer firms toward clean innovation, using panel data on automobile patents and measures of environmental
willingness to pay.
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3 Competitive Market Equilibrium

I focus on the decentralized equilibrium rather than the social planner’s solution. The representative
agent (the household) and the firms take equity and good prices as given and maximize lifetime
utility and firm value, respectively. Goods and equity markets clear, Cy; = Y34, Cyt = Yy ¢, and the
representative agent holds all the dividend claims to both sectors. The Markovian Nash equilibrium
of this stochastic differential game can be defined as in Carmona (2016). The state variables are
Y1, Yyt A, and Wy, where Wi is the total wealth of the representative agent. Following Cochrane
et al. (2008) and Eberly and Wang (2025), I exploit the homogeneity of the model and reduce the

dimension of the problem so that the only relevant state variable is 7.

The evolution of the relative size of the brown sector, 7, is given by
dne = S(ne_)dt +ny_ (L= ) [0vdBss — 04dBys| + [0 (Z) —me_] dNpyt, (3.1)
where the drift
Sm) =01 —n) [ty — 2m — 2 — pg — nog + (1 =) o2 + (20 — 1) vowoy] — 9 (3.2)

contains the additional term —1) n: because transition is an idiosyncratic Poisson event, the law of
large numbers turns it into a deterministic outflow from the brown share, with no aggregate jump.
The only jump in n comes from the aggregate policy shock. After each policy shock, the state

moves discretely to
m_Z

T 7+ (1—mne)

i (Z) (3.3)
which lies below 7, for a tightening shock (Z < 1) and above it for a loosening shock (Z > 1).

1—-a

Let mp; and mgy, be the prices of brown/green output. I normalize [(1 —0)m, .~ +0m§;a]

mp :Ch 1 +mg,tCg ¢t

- , equals one. Let

to unity, so that the price of the aggregate consumption basket,

& = Z—ZI be the relative price of green to brown output. The output prices are

mpe = [(1—0) +0679)7T | g =[(1— )&t +6]7. (3.4)
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Using the homogeneity property, the equity price/output ratios of the two sectors are

Pb t Pg t
= 2t — —9t 3.5
Dot = 3 Pot =y (3.5)
The equity returns of the brown and green firms are

VA J
ARy = Apy dt +OF, dB— |1 — Zp (i) dN, s, (3.6)

’ Po(ne)

J

dRyy = Ayy dt+0O7, dB— |12 (7¢) dN,., (3.7)

Pg(me_)

where dB = (deﬂg,ng’t)T. Two features distinguish the brown return. First, its jump carries
the random shock size Z, which scales brown output at the policy event. Second, its drift Ay
includes the spinoff term ) [p; — pb]+ /pp: brown shareholders receive the market value of the newly
transitioned green equity, net of the reclassified brown output. The green return is unaffected by
Z (green output is not directly hit by the policy shock) and excludes the spinoff, which accrues to
brown shareholders. The full expressions for Ay, Ay, ©p, ©4 are given in the Appendix.

The market equilibrium is characterized by the set of functions {py(n), py(n), £(n), r(n)} representing
the equity price/output ratios, the relative output price, and the instantaneous risk-free rate. To
solve for the equilibrium, I employ the PDE method of Carmona (2016), which reduces to a system
of Hamilton—Jacobi—Bellman equations derived from the brown firm’s and household’s problems,

detailed in the Appendix.

3.1 Household’s Problem

At any time ¢, the representative household takes the equilibrium variables as given and chooses

consumption Cy, Cy and portfolio holdings m,, 7, to maximize lifetime utility

Vi sup E[/oof(cs,Vs)dS], (3.8)
g t

Cb,Cg,TK'b,
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subject to the budget constraint

e
Wi

= [T’t7 —Cpt_Mpt_ — Cqgt_Mgt_ + Th,t_ (Ab,t, — T't,) +7Tg,t, (Ag,t, — rt,) ]dt (39)

+ |:7Tb,t_ @th_ + 7Tg¢-®§,t_:| dB

J J
A,z Py (77t ) - Dg (7775 )
y(n:_) Pg(n:_)

— (ﬂ'b,t_ + Tg,t_ ) } de,t'

As shown in the Appendix, the optimal consumption of brown/green output is

th _ 0
Obﬂg == —a 0 5 Cg,t — ft @ <1_0> Cb,t- (310)
o [1+67 (125
With unitary EIS, the price-dividend ratio of the aggregate consumption claim is constant, %}T“Cﬁ =
p, and, by the basket normalization,
C, = pW,. (3.11)

Exploiting homogeneity, the household’s value function takes the form

w, "
1—7~’

V=V (Wy,m) = p' G (mr) (3.12)

where the reduced-form G measures the (transformed) marginal value of wealth and satisfies the
HJB equation given in the Appendix.
3.2 Brown Firm’s Problem

At any time ¢, the brown firm takes prices and the dynamics of the stochastic discount factor

(SDF) as given, and chooses its mitigation and transition investments z,,, z: to maximize firm value,

OOMS
Pra=mlm¥ie = s B [ 3 0t ., V). (313)
t

Zm 2t >0

where the dividend flow [my, + 1 pg] Y3 is the value of output sold at price m;, plus the spinoff value

1) pgYy of the green equity created by transition, and M; is the equilibrium SDF.
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Following Duffie and Skiadas (1994), M, = elo Fv(CsVa)ds £, (Cy, V), and no arbitrage implies

dM, ~

Kzl—:-—nfdt—wﬁm_dB@t—eﬁmde%t+(nnt—])(dA@¢——AL1ﬁ>, (3.14)
where \ = (Ag +1nA)) /(1 + ¢zp,) is the mitigated policy intensity, and &, P, and K, — 1 are the
endogenous market prices of diffusion and policy risk, derived in the Appendix. &, measures the

ratio of the SDF after versus before the shock, Mt‘] /M;_ = kp. Both the firm and the household
price the policy jump under E .

As shown in the Appendix, the brown firm balances the resource cost of investing against two
benefits—a lower exposure to policy-risk stranding through mitigation, and the spinoff gain from
converting brown operations into more valuable green ones through transition:

(A2 i i, Z ") — )] + 2 o) o)

Capital Gain Transition Gain
Asset Stranding

[z, 2} = arg_max po(n) (1= zm = 20) +

myct

(3.15)

The two first-order conditions yield the optimal mitigation and transition investment intensities

Zm, = Max {0, é (\/W [pb(n) —Ez(kp Zpb(n"))]+ - 1) } ) (3.16)
nr e [pe() = ()] i
2= lu} o (1) PR ] . (3.17)

Mitigation is governed by the stranding loss —J = py(n) — Ez [mprb(nJ)]: the firm invests in
mitigation only when this loss is positive, that is, when the fall in brown value at a policy shock
is not offset by the accompanying rise in the SDF k,. Transition is governed by the value gap
[pg — po] T, scaled by the knowledge spillover (1 — 7)", and is active only when green equity is worth
more than brown. The optimal investment behavior and the interaction between the two margins

are analyzed in the sections that follow.

3.3 Characterization of the Market Equilibrium

I characterize the equilibrium variables py(n), pg(n),&(n) and r(n), suppressing the dependence

on t where possible. The closed-form relative output price is

5@)=<130);(1ﬁn);. (3.18)
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Figure 3: Equilibrium relative price of the green/brown output.

Equilibrium relative output price £(n) = mg/msp. Illustrative parameter values are v = 1.7, p = 0.025, up, = 0.02,
op = 0.06, g = 0.015, 04 = 0.015, v = —0.3, § = 0.75, @ = 6, A\, = 0.14, A\ = 0.75, ¢ = 600, ¢» = 0.13, By = 0.5,
k = 1.5, E[Z] = 0.955.

0.2 0.4 0.6 0.8 1.0
n

Figure 3 plots £. Because the household’s CES basket makes it want to consume both goods,
the marginal value of a good rises when its supply is limited. When the green sector is small (high
1), green output is scarce and its price climbs relative to brown, raising &; in the low-n state, the
reverse holds. Holding 7 fixed, & rises with the green-consumption bias 6 and falls with the degree
of substitution «: a stronger taste for green raises its price, while easier substitution dampens the
household’s sensitivity to scarcity.

The equity valuation ratios show a stark contrast (Figure 4): p, declines while p, appreciates
as the brown sector grows. Several forces shape them. First, the household wants a balanced
portfolio to diversify sector risk; when one sector dominates, the other’s equity co-moves less with
wealth and is valuable for diversification, so the household pays more for it. Second, policy risk is
positively priced and, in equilibrium, both equities load on it (Section 4.2), depressing valuations
where shocks are frequent (high 7). Third, the household’s taste for green consumption raises py,
especially when green output is scarce (high 7)), reinforcing the elevated right tail of p,.

With the SDF dynamics (3.14) in hand, the equilibrium risk-free rate is characterized as follows.

Proposition 1. The equilibrium interest rate has a diffusion-risk component reflecting precautionary

saving against the Brownian shocks and a policy-risk component reflecting precautionary saving
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Figure 4: Equilibrium valuation ratios.

Equilibrium equity price/output ratios py(n) (Panel A) and py(n) (Panel B). Illustrative parameter values are y = 1.7,
p = 0.025, pp = 0.02, o, = 0.06, pg = 0.015, o4 = 0.015, v = —0.3, § = 0.75, a = 6, Ay = 0.14, Ay = 0.75, ¢ = 600,

¥ =0.13, By, = 0.5, k = 1.5, E[Z] = 0.955.
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against the jump,

~ J J
r(n) = p + pe(n) — 702(m) + A() Ez [mn, 7) (mn)Z“’“” (P 1)} (3.19)

po(n)
Diffusion Risks
Policy Risk

where . and o2 are the drift and variance of optimal consumption growth, both given in the
Appendiz.

Equation (3.19) has the two components shown in Figure 5. The diffusion component (dashed)
is hump-shaped: the diversification benefit is strongest when the two sectors’ volatilities balance,
which reduces total consumption volatility and the demand for the risk-free asset, pushing the rate
down. The policy component (dotted) declines monotonically in 7: the shock arrives more often
and destroys more aggregate consumption as 7 rises, so precautionary demand for the safe asset
strengthens and the rate falls, an effect attenuated by mitigation z,,.

The reduced-form value function G drives the marginal value of wealth and has a reverse-L
shape with an elevated right tail (Figure 6). Absent the green-consumption taste and policy risk,
G would be U-shaped because the CES basket makes the household dislike scarcity of either good,

lifting the marginal value of wealth at both ends of 77. The strong taste for green output raises
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Figure 5: Equilibrium risk-free rate.

Equilibrium risk-free rate r(n) (solid), with its diffusion-risk (dashed) and policy-risk (dotted) components from
(3.19). Illustrative parameter values are v = 1.7, p = 0.025, upy = 0.02, 03, = 0.06, py = 0.015, 04 = 0.015, v = —0.3,
0 =075 a =6\ =0.14, Ay = 0.75, ¢ = 600, % = 0.13, B, = 0.5, k = 1.5, E[Z] = 0.955.
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that marginal value most where green is scarce (high 7), since the household must then substitute
toward the less-preferred brown good. In addition, policy risk, concentrated at high 7, reinforces

the right tail.

3.4 Solutions to the Household’s and Brown Firm’s Problems
3.4.1 The Household

Proposition 2. The optimal risky portfolio of the representative household is

By Zps(n?)
mm) | 1 Ay — r(n) ABz ko Tt 1 et
= =%(n)~! + [ ( - )} + () G((n)) : (3.20)
m(m) |7 Ag —r(n) XEz |y (29 —1)] K
where X = (Ag +1AN) /(1 + ¢zm), ¥ is the return variance—covariance matriz, and (2 is the

covariance vector between the returns and 1. Both expressions are provided in the Appendiz.
Figure 7 shows the optimal risky portfolio across states. When the brown sector accounts

for around 90 percent of total output, in line with recent estimates,” the household allocates

®See Clements et al. (2024).
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Figure 6: Household’s reduced-form value function.

Reduced-form value function G(n). Illustrative parameter values are v = 1.7, p = 0.025, up = 0.02, o, = 0.06,
pg = 0.015, 0y = 0.015, v = —0.3, § = 0.75, @ = 6, Ay = 0.14, Ay = 0.75, ¢ = 600, ¢ = 0.13, B, = 0.5, k = 1.5,
E[Z] = 0.955.
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roughly 64 percent of its risky wealth to brown equity and 36 percent to green, broadly consistent
with the evidence in Global Sustainable Investment Alliance (2020). As the economy transitions
toward a greener composition, the household gradually prioritizes green equity and underweights
polluting assets. A strand of the literature attributes such flows into green assets, and the associated
expected-return spread, to a preference for green investing; here those patterns arise without any
warm-glow investing channel.

Equation (3.20) satisfies a three-fund separation property. The first fund is the myopic mean—variance
demand %Z_l(A — 1), driven by the household’s motive to diversify and reduce consumption
volatility. The second is the tilt against policy risk: at a shock both equities lose value—brown
output is scaled by Z, and green’s valuation falls as 7 jumps left (Figure 4)—and the loss is amplified
by the rise in the SDF k,, so the household tilts away from both risky assets. The magnitude of this
tilt is attenuated by mitigation through X: if the policy intensity is abated, investors downweight
policy risk in their portfolios. The third fund is the intertemporal hedge %E‘%QG’ /G against
movements in 7. Because the household has an altruistic taste for green consumption, it is averse to

green scarcity (high 1), where it must substitute toward the less-preferred brown good; it hedges by
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Figure 7: Optimal risky portfolio.

Equilibrium portfolio weights m(n) (brown) and m4(n) (green). Illustrative parameter values are v = 1.7, p = 0.025,
wp = 0.02, o, = 0.06, pg = 0.015, o4 = 0.015, v = —0.3, § = 0.75, a = 6, Ay = 0.14, Ay = 0.75, ¢ = 600, ¢ = 0.13,
By = 0.5, k = 1.5, E[Z] = 0.955.
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underweighting green equity and overweighting brown, so that in aggregate the hedging components
of the two assets offset and reallocate between them without changing total risky holdings. This

hedge is why the equilibrium green holding sits below the level a myopic diversifier would choose.

3.4.2 The Brown Firm

Figure 8 plots the brown firm’s two investments. By the first-order conditions (3.16)—(3.17),
the firm weighs the cost of forgone output against the benefit of each margin: mitigation lowers the
frequency of policy shocks that strand its assets, while transition converts brown operations into
more valuable green ones. When a policy shock materializes, the change in the brown firm’s present
value comes from three sources. First, the policy tightening scales down brown output by the factor
Z; for instance, a carbon tax proportional to emissions shrinks the firm’s cash flow. Second, the
state n jumps to the left—by an amount that is largest when the two sectors are of comparable
size—which revises the valuation ratio p;. Third, because policy risk is positively priced, the SDF
Kp in (3.14) rises after the disaster-like event.

These three channels make mitigation hump-shaped, peaking at intermediate n and switching
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Figure 8: Brown firm’s optimal investments.

Optimal mitigation zm(n) (solid) and transition z:(n) (dashed) intensities, scaled by 10°. Tllustrative parameter
values are v = 1.7, p = 0.025, pp, = 0.02, op = 0.06, pg = 0.015, o4 = 0.015, v = —0.3, § = 0.75, o = 6, Ay = 0.14,
Ay =0.75, ¢ = 600, ¢ = 0.13, By = 0.5, k = 1.5, E[Z] = 0.955.
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off when the brown sector dominates. At the far right of 7, the valuation ratio p, falls only
marginally at a shock, since n jumps just slightly to the left; and whatever drop occurs is more
than masked by the rise in the SDF. The price of policy risk &, is large precisely when the brown
sector dominates: in that region, shocks arrive frequently, and the repeated destruction of aggregate
consumption renders each remaining unit of output highly valuable. This SDF effect raises the
present value of each unit of brown output, and hence the firm’s value to the investor, by more
than the fall in the output level Y}, and in the ratio py. Counter to the intuition that a brown firm’s
value should collapse under intense policy tightening, the disaster effect actually lifts its present
value. With no stranding loss left to insure against, the firm optimally sets z,, = 0 at high 7.

At the opposite end, when 7 is very low, the price of policy risk is small, but the valuation
ratio pp rises sharply whenever the relative supply of brown output contracts—the extraordinary
diversification benefit that scarce brown equity then provides to the household. This appreciation
overrides much of the (now infrequent) loss of output at a shock, so the firm again gains little

from curbing its policy exposure and invests only modestly in mitigation. Mitigation is therefore

strongest at intermediate 7, where the stranding loss is largest: the price of policy risk is high
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enough to matter, while the offsetting SDF and diversification effects are not yet dominant.

Transition obeys a different logic. By (3.17), z is positive only where green equity is worth
more than brown (pg > pp), and is increasing both in the value gap [pgy — pb]+ and in the knowledge
spillover (1 —n)*. As 7 rises, green output grows scarce, and its valuation climbs, widening the gap
(Figure 4) and pulling transition up; but the spillover (1 — n)" shrinks as the green base vanishes,
pulling it down. The net effect is again a hump: transition is muted at low n, where the gap is
small or negative; it peaks at intermediate n; and it is throttled as  — 1, where the thinning green
sector leaves little technology, skilled labor, or supply-chain capacity to build on.

Comparing the two margins reveals a misalignment with the very risk they respond to. Mitigation
is active where policy risk is moderate and switches off exactly where policy risk is most intense
(high n), because the disaster effect there eliminates the firm’s private incentive to abate. Transition
takes over at intermediate n but is itself starved at high n by the thin green base. Thus, in
the brown-dominated states where policy risk—and the externality it reflects—is greatest, neither
private margin is strongly active: mitigation is futile, and transition is throttled. This tension
between the size of the greenium and the green innovation it is meant to elicit is the focus of the

next section.

4 Asset Pricing Implications

4.1 Prices and Quantities of Risk

Proposition 3. From the stochastic discount factor (3.14), the equilibrium prices of diffusion

risk @y, D4 and of policy risk K, are

2401) =~ [Esm) + Tmy )] = G (1~ mon (a.)
2y(n) = 1] = Bums) + A,y ()] + G a(1 = W, (1.2
and
) 2’ )\ T Gn’)
1(0.2) = (mlo) 240D o 2O ) L, (43)

The prices of diffusion risk in (4.1)—(4.2) each combine two elements. The first is a myopic

market component, capturing the reward the household demands for holding assets that co-move
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Figure 9: Equilibrium prices of diffusion risk.

Solid lines plot the total prices of diffusion risk @,(n) and ®,4(n); dashed lines plot their hedging components, so the
gap between each solid line and its dashed counterpart is the market component. Parameter values are v = 1.7,
p =0.025, pup, = 0.02, o, = 0.06, py = 0.015, o4 = 0.015, v = —0.3, 6 = 0.75, a« = 6, Ay = 0.14, Ay = 0.75, ¢ = 600,

P =0.13, B, = 0.5, k = 1.5, E[Z] = 0.955.
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with its wealth. This component tracks the relative size of the sector: in Figure 9, it corresponds
to the gap between each solid line and its dashed counterpart. When a sector is large, it makes up
most of the market portfolio, a shock to its output drives a large share of total wealth volatility,
and the household commands a high reward per unit of that risk; the smaller sector carries a low
market price of risk. Accordingly, the market component of the brown price of risk rises with n
while the green component falls.

The second element is the hedging component, which stems from the sensitivity of the marginal
value of wealth to the state. Because the household’s basket tilts toward green output (6 > %), it
is especially averse to states in which green is scarce. The green asset pays off precisely when green
output is abundant and is therefore a poor hedge against that costly state, so the green-sector
shock carries a positive hedging component. The brown good substitutes well for green when green
is scarce, making the brown asset a good hedge, so its hedging component is negative. Figure 9
shows exactly this: the dashed green line sits above its solid line (positive hedging premium) while
the dashed brown line sits below (negative hedging discount).

Figure 10 shows that the price of policy risk &, rises monotonically with the brown share. This
term drives the risk-free rate, the equity risk premia, and the brown firm’s optimal innovation.

Since the effective price of the jump is x, — 1, comparison with the prices of diffusion risk shows it
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Figure 10: Equilibrium price of policy risk.

The figure plots the modified price of policy risk xp(n) averaged over the shock distribution. Parameter values are
v =17, p=0.025, pup = 0.02, o, = 0.06, g = 0.015, 04 = 0.015, v = —0.3, § = 0.75, a = 6, Ay = 0.14, A = 0.75,
¢ =600, ¢ = 0.13, By = 0.5, k = 1.5, E[Z] = 0.955.
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is sizeable. From (4.3) and (3.12), k, equals the ratio of the household’s marginal value of wealth
just after the shock to its value just before, so the household demands more compensation for the
policy risk precisely when a shock raises its marginal value of wealth more sharply. The mild kink
near n =~ 0.74 coincides with the point at which the brown firm ceases to invest in mitigation,
discussed below.

The quantities of risk in Figures 11-12 display informative patterns. Figure 11 reports each
asset’s exposure to the policy shock. Both exposures are negative: when the shock lands, brown
output is struck directly and the brown return falls, while the accompanying drop in n lowers the
green valuation ratio p, (which rises in 7, as in Figure 4) and so drags the green return down as
well. The green asset is thus exposed to the policy risk even though only the brown firm is directly
targeted, a transmission that works entirely through the relative-size channel analyzed in Section
3.3. Brown remains the more exposed of the two at every 7, and both exposures steepen as 7 rises,
with the same mitigation-shutoff kink near n ~ 0.74.

Their exposure to the diffusion risks differs more sharply. Figure 12 plots the covariance of
each return with the two Brownian shocks. Although the shocks are sector-specific, each spreads

to the other sector’s equity through its effect on the state variable, so both returns load on dB; and
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Figure 11: Loadings of assets on the policy risk.

The figure plots the policy-shock exposure Ez[ -] of brown and green equity. Parameter values are v = 1.7, p = 0.025,
wp = 0.02, o, = 0.06, pg = 0.015, o, = 0.015, v = —0.3, § = 0.75, o = 6, Ay = 0.14, Ay = 0.75, ¢ = 600, ¢ = 0.13,
By = 0.5, K = 1.5, E[Z] = 0.955.
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ng.6 The brown return is governed by its own shock throughout, the standard case. The green
return is not: it covaries mainly with its own shock when the green sector is large, but increasingly
with the brown shock once the brown sector dominates, the two curves crossing near n ~ 0.47. At
that point, the green return is effectively driven by the state 7, which is itself moved chiefly by the
brown shock, so green equity inherits brown-sector risk exactly when the market price of that risk

is high.

4.2 The Greenium

Proposition 4. The greenium, defined as the spread between the expected excess returns on

brown and green equity, decomposes into a diversification, a hedging, and a policy component,

(E[dRy)/dt — ) — (E[dRg]/dt — 1) = v {oR, — OR,, UW>V — g((g)) (0R, — OR,, ‘777>,,
Greenium(n) Div(n) — Hag(n)
~ VA J J
Swefs -0 (G - R
Pol(n)

5The same cross-loading through a common state variable is documented by Cochrane et al. (2008).
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Figure 12: Loadings of assets on the diffusion risks.

Each panel plots the covariance of an equity return with the two Brownian shocks dB; and dBy. Parameter values
are v = 1.7, p = 0.025, up = 0.02, o, = 0.06, uy = 0.015, o4 = 0.015, v = —0.3, § = 0.75, a = 6, Ay = 0.14,
Ay =0.75, ¢ = 600, ¥ = 0.13, B, = 0.5, k = 1.5, E[Z] = 0.955.
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where og, = (I'y, —Ay) and or, = (I'y, Ay) are the return loadings, ow = myoR, + T4OR,, On =
(n(X —=n)op, —n(1 —n)oy), and (u,v), = uv1 + usvz + v(u1v2 + ugv1).

Figure 13 plots the greenium in Panel A and its diversification, hedging, and policy components
in Panels B, C, and D. Panel A shows that the total spread rises steadily as the brown sector
expands: at a brown output share of 85-90 percent it reaches roughly 75-85 basis points, broadly
consistent with recent robust estimates of the greenium. The decomposition in (4.4) shows what
drives it.

The diversification component reflects the relative hedging value of the two assets for the market
portfolio. Whichever sector is larger co-moves more with total wealth and is the worse diversifier,
so it must offer a higher premium on this account. As Panel B shows, the component is small and
slightly negative when the green sector dominates at the far left, and grows along the increasing
path of 1 as brown becomes the dominant, less-diversifying asset, reaching about 25 basis points
at the high end.

The hedging component, plotted in Panel C, works in the opposite direction and slightly
compresses the greenium. As the brown sector grows and green output becomes scarce, the
household’s marginal value of wealth rises in exactly the state where green equity pays off least,

so green carries a hedging premium that narrows the brown—green spread. This component is
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Figure 13: Greenium decomposition.

Panel A plots the total greenium (brown—green expected excess return); Panels B, C, and D plot its diversification,
hedging, and policy components, all in basis points. Parameter values are v = 1.7, p = 0.025, u, = 0.02, o = 0.06,
pg = 0.015, o, = 0.015, v = —0.3, § = 0.75, a« = 6, A\, = 0.14, Ay = 0.75, ¢ = 600, ¢ = 0.13, By = 0.5, k = 1.5,
E[Z] = 0.955.
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modestly negative throughout, of the order of 5 basis points when the green share falls to 10-15
percent.

The policy component, plotted in Panel D, is the largest contributor and accounts for the bulk
of the greenium at high 7. Because brown output is far more likely to be stranded when climate
policy tightens, the household demands a substantial premium to hold brown equity. Equation
(4.4) shows that this component widens both with the intensity of policy risk and with the brown
firm’s differential exposure to it, and that it scales with the price of policy risk x,; since both the
intensity and &, increase in 7, the policy component rises steeply as the brown sector expands. Its
visible kink near 7 & 0.74 marks the brown share above which the firm stops investing in mitigation,
beyond which the policy component is no longer attenuated and climbs most rapidly.

Mitigation by the brown firm scales down the intensity of policy risk and so counteracts the
policy component. Its optimal intensity in Figure 8 is hump-shaped because the firm balances

curbing the policy shock against the loss of current output, and it falls to zero once the brown
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Figure 14: Policy component under different abatement plans.

The figure plots the policy component of the greenium for three values of the mitigation-effectiveness parameter ¢;
a higher ¢ means each unit of mitigation investment cuts the policy intensity by more. Other parameter values are
v =17, p=0.025, pup = 0.02, o, = 0.06, ug = 0.015, 04 = 0.015, v = —0.3, § = 0.75, a = 6, Ay = 0.14, A = 0.75,

P =0.13, B, = 0.5, k = 1.5, E[Z] = 0.955.
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share is high enough that the disaster has become nearly unavoidable, as discussed in Section 3.4.2.
Figure 14 traces the effect of more effective mitigation on the policy component. A higher ¢ lowers
the component noticeably when n is small or moderate, but the three curves converge as 7 rises
and become almost indistinguishable where the greenium is largest. The reason is structural: the
firm abates when the arrival intensity is still mild, not when it is severe, so the shielding it provides
is concentrated precisely where the policy component is already small. Together with the hedging
motive against green scarcity, the firm’s limited abatement leaves the greenium substantial, which

helps reconcile the model with the empirical counterpart.

5 The Interaction between the Greenium and Green Innovation

The central question of the paper is how the components of the greenium interact with the
firm’s two channels of green innovation, mitigation, and transition. The brown firm faces the
same policy and market risks that the household prices, and its two investments answer different

facets of that risk. Recall the first-order conditions of Section 3.4.2. Mitigation responds to the
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Figure 15: The greenium and green investment.

Panel A overlays the policy component of the greenium (left axis) and the optimal mitigation intensity z. (right
axis); the dotted line marks the brown share at which mitigation switches off. Panel B overlays the optimal transition
intensity z: (left axis) and the valuation gap py — py (right axis). Parameter values are v = 1.7, p = 0.025, u, = 0.02,
ap = 0.06, g = 0.015, o4 = 0.015, v = —0.3, § = 0.75, a = 6, Ay = 0.14, A, = 0.75, ¢ = 600, ¢ = 0.13, By = 0.5,
k= 1.5, E[Z] = 0.955.
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stochastic-discount-factor-weighted capital loss a policy shock inflicts on brown equity,
_ J
—J = p—Ez[rp Zpj], (5.1)

and is positive only when —J > 0, that is, only when the loss is partly mitigable. Transition
responds to the valuation gap (pgy — m) ", gated by the knowledge spillover (1 —7)*. The two are
active in different regions of the state space (Figure 8): mitigation peaks while the brown sector is
a minority, near n ~ 0.27, and transition peaks while it is larger, near 1 =~ 0.65. The firm therefore
defends itself by abating while brown is small and ezits into green as it grows — a handoff from
mitigation to transition.

The policy component is the part of the greenium that mitigation acts on, yet the two are
sharply misaligned. Panel A of Figure 15 overlays the policy component and the mitigation schedule.
The policy component rises monotonically in 7 and is largest where the brown sector dominates;
mitigation does the opposite, peaking in the interior and switching off near n ~ 0.74, exactly where
the policy component is largest.

The reason is what mitigation can and cannot do. It lowers the intensity of the policy shock,
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XA — how often the shock arrives — not the output Z it destroys when one occurs. Its marginal
value is the shadow loss —J = p, — Ez[k,Z p;)] |: the value of brown equity if the shock is averted,
pp, net of its marginal-utility-weighted value if the shock lands, Ez[mprbJ]. Making the shock
rarer is worthwhile only when a shock is, on net, a loss the household dislikes bearing — only when
—J > 0. Two offsetting forces sit inside the second term: the shock destroys brown output (Z < 1),
which lowers the payoff, while x,, the jump in the household’s marginal utility, raises the value of
whatever payoff is delivered in the shock state.

Which force dominates depends on the size of the brown sector, because that is what makes
the shock idiosyncratic or aggregate. While brown is a minority, it is a small part of total output:
a policy shock destroys brown capital but barely moves aggregate consumption, so the household’s
marginal utility is almost unchanged when the shock strikes (k, ~ 1), and the risk is partly
mitigable. The loss is then close to a pure output loss felt at ordinary marginal utility, Ez[x,Z pr | <
Py, so —J > 0 and the firm abates. Once brown is large, the shock turns aggregate: brown is
essentially the whole economy, so the same shock collapses aggregate consumption — and it is that
collapse that drives marginal utility up. The high marginal utility is therefore a consequence of the
shock, not a coincidence of timing, and the spike is precisely r,, large now because the household
holds the market and cannot diversify the loss away. Since the household is risk-averse (y > 1), the
proportional jump in marginal utility outweighs the proportional output loss, so in the household’s
valuation a unit of brown payoff delivered in the disaster is worth at least as much as one delivered
in normal times: Ez[r,Zp;] > p, and —J < 0.

The implication for mitigation is immediate. Lowering the intensity only shifts probability
from the shock state to the no-shock state; when the shock state is, in marginal-utility terms, no
less valuable than the no-shock state (—J < 0), making it rarer adds nothing to the firm’s value,
and mitigation falls to its lower bound of zero. Mitigation pays only while brown is a minority, and
its policy risk is partly mitigable. Where it operates, it compresses the policy component materially
(Figure 14); removing it would raise that component by roughly seventy percent at n = 0.5, but
only in the interior, since at high n mitigation is already absent. The firms facing the largest policy
premium abate the least.

Transition, in contrast, tracks the valuation gap. Panel B of Figure 15 shows the transition

schedule rising with p, — pp, which is the price-level image of the risk greenium: the diversification
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Figure 16: Opposing dynamics and crowding out.

Panel A plots the expected greening rate E[dn]/dt in the baseline economy and in two counterfactuals, one with
mitigation switched off, and one with transition switched off. Panel B plots the optimal transition intensity z; in the

baseline economy and with mitigation switched off. Parameter values are as in Figure 15.
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and policy components depress p, and so widen the gap. Transition follows the gap upward through
the interior; then the spillover (1 —7)" — the green knowledge base it can build on — shrinks and
caps it even as the gap keeps widening, producing the hump in z;.

The two risk-based components map asymmetrically onto the two investments, and this asymmetry
is the heart of the interaction. Mitigation enters the model in exactly one place, the policy intensity
X = (Ag+1Ax)/(1+ ¢zp); it scales the policy jump and nothing else, leaving the diffusion loadings
(T'y, Ap) that generate the diversification component untouched. Mitigation can therefore compress
the policy component but can never reduce the diversification component — the only way to shed
diffusion risk is to stop holding the brown asset, which is transition. The policy component is thus
addressable by either instrument, while the diversification component is addressable by transition
alone. The cleanest confirmation is the limit with no policy shocks: setting A = 0 leaves mitigation
with nothing to act on, so z,, = 0 everywhere, while transition remains positive, sustained by the
residual diversification gap. Mitigation is, by construction, a tool against the jump; transition is
a wholesale exit that addresses the firm’s entire risk profile. In magnitudes, the policy component
dominates the gap, so the diversification component is the second driver of transition rather than
the first; the point is the asymmetry in what each instrument can reach, not that diversification

outweighs policy.
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The two investments also pull the brown share in opposite directions. Transition converts
brown capital to green and enters the drift of n directly through —(z;)n, accelerating the greening
of the economy. Mitigation works the other way: by lowering the policy intensity, it thins the policy
shocks that pull n down, so it brakes greening. Panel A of Figure 16 makes this concrete with two
counterfactuals. Removing mitigation makes the brown share fall faster — the expected greening
rate at n = 0.5 moves from —3.6 to —6.5 x 1072 — while removing transition makes it fall slower,
to —3.2 x 1073, Mitigation is a brown-preserving brake; transition is the greening accelerant.

The two instruments also substitute for one another. Mitigation props up pp, which narrows
the valuation gap and crowds out transition: with mitigation switched off, the gap widens and the
transition schedule more than doubles (Panel B of Figure 16). And transition is self-correcting.
By driving n down, it moves the economy into states where the policy component and the gap are
both smaller, eroding the very premium that motivated it. The system therefore settles rather than
running away — the policy component drives transition, transition shrinks the policy component,
and the brown share comes to rest where the forces balance.

The components of the greenium and the two investments thus form a tightly coupled system.
The policy component drives both instruments — mitigation directly and transition through the
valuation gap — but mitigation is misaligned, strongest where the premium is mild and absent
where it is largest. The diversification component drives transition alone, because diffusion risk
cannot be mitigated, only escaped. And the two investments pull the brown share in opposite
directions while crowding each other out. This interplay between the priced components of the

greenium and the firm’s green innovation is the central mechanism of the model.

6 Conclusion

This paper has developed a unified general-equilibrium model to ask what drives the greenium
and whether it spurs the green innovation it is meant to encourage. By embedding climate-policy
risk, a portfolio-diversification motive, and a green-consumption preference in a single two-sector
economy, the model decomposes the brown-minus-green expected-return spread into a policy, a
diversification, and a hedging component. Policy risk and diversification are the primary drivers
and widen the spread as the brown sector dominates, while the hedging component—rooted in

the household’s fear of green scarcity—runs the other way and conceals part of the spread. The
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calibrated greenium lies in the range of recent robust estimates and deepens over time as climate
risk intensifies, and the decomposition makes clear that the dispersion of policy shocks, not merely
their average size, governs the policy component.

Endogenizing brown firms’ green innovation along two margins—mitigation, which lowers the
frequency of policy shocks, and transition, which converts brown capital into green—yields the
paper’s central result: the greenium and mitigation are misaligned. Mitigation is largest where the
policy premium is mild and switches off precisely where it is largest, because once the brown sector
dominates a policy shock becomes an aggregate disaster whose frequency the firm gains nothing by
reducing. Operating through the stochastic discount factor, this general-equilibrium effect offers a
novel, risk-based explanation for the puzzling decline in green innovation since the Paris Agreement,
and shows that stricter policy can be self-defeating at the margin even as it raises brown firms’ cost
of capital.

The two channels and the three components of the greenium form a tightly coupled system.
Because mitigation acts only on policy risk, whereas the diffusion risk behind the diversification
component can be shed only by transition, the two priced risks map asymmetrically onto the two
instruments. Transition tracks the valuation gap between green and brown equity until the green
knowledge base that supports it thins out, and the two investments push the brown share in opposite
directions while substituting for one another, so the economy settles rather than running away.

These findings carry a clear message for policy. Because the cost-of-capital channel can dull
firms’ incentive to abate in exactly the states where policy risk is most acute, regulation that
widens the greenium need not accelerate the transition—an unintended consequence that the design
of climate policy should anticipate. Given the growing importance of green consumption for the
transition to sustainability, a natural next step is to let the consumption channel shape firms’
innovation decisions directly, and to revisit the greenium in a setting where investors differ in their

exposure to, and their preferences over, climate risk.
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Appendix

Throughout, for two-vectors u = (u1,u2) and v = (v1,v2), I write (u,v), = wv1 + ugvy +
v (u1vg + ugvy) and |u|> = (u,u), for the covariance form induced by the Brownian correlation
v. I collect the diffusion loadings of 7 in o, = (n(1 —n)op, —n(1 —n)oy), so that |‘777‘,2/ =n?(1 -

n)? (o} + 07 — 2vo40y).

A.1. Household’s problem

State dynamics. By definition n = Y;/(Y; +Y;). Applying It6’s lemma to the output processes
(2.1)—(2.2), and using that transition is an idiosyncratic Poisson event that by the law of large
numbers removes brown output at the deterministic rate ¢ (so that the green sector receives the
inflow ¢ n/(1 — n) while only the aggregate policy shock causes a jump in 7), the brown share

evolves as

dn = E(n) dt +n(1 — n)[0vdBy — 04dBy) + [/ (Z) — n] ANy, (6.1)

~

X(m)=n(1l-n) {/Jb — 2 — 2t — g —nop + (1 — 7])03 + (2n — Nvopoy| — ¥, (6.2)

where the —¢m term is the net of the brown outflow —1 and the green inflow +vn/(1 — n), and

n'(Z) =nZ/nZ + (1 —n)].

Valuation ratios and returns. By Itd’s lemma, the brown price/output ratio satisfies

dps(n) = |ph(n) Z(n) + S04 () Ianl,ﬂ dt + py(n) n(1 — n) [ovd By — 04dBg] + [po(n”) — pu(n)] ANy

(6.3)

The brown firm value is P, = Y, py(n), and brown output carries the transition outflow, dY;/Y, =
(p — 2m — 2¢ — ) dt + 0pdBy + (Z — 1)dNp. Computing d(Yppp), adding the dividend yield
[my(n) + ¥ pg(n)] /ps(n) (output sold plus the spinoff value of newly transitioned green equity), and

collecting the deterministic transition pieces 1 py/py — ¢ into ¢ [pg — py]* /py, the brown return is

Zpy(n”)

dRy = Ap(n) dt + T'y(n) dBy — Ap(n) dBy — {1 )

] dN,, (6.4)
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where

_ my(n) U [pg(n) = po(]" | Ph() & v aPh(m) | o
o) =Py T ) H Oy Tt T 2y 19l
+ izgzgn(l —n)oy (op — voy) . (6.5)

The green firm’s existing equity grows organically at p, (the transition inflow accrues as newly
created equity to brown shareholders, not to incumbent green holders, and so enters the green
return only through the state n in b5 ), and green output is not directly struck by the policy shock.

Following the same steps,

J
dR, = Ay(n) dt +Ty(n) dBy + Ag(n) dB, — [1 _ 1;99(87))] dN,, (6.6)
Cmg) B e ) )
Ag(ﬂ) = pg(ﬁ) + pg + pg(n) 2(77) + QPg(TI) | 77|y + pg(n)n(l 77) g( b 9)7 (6'7)

/ /

/
P yY p D

Ty, = oy [1 + o1 - 77)] , Ay = 0917277(1—?7), Iy = Ub;gn(l—n% Ay =0y [1 - ]7977(1 - n)} ,
g g

(6.8)

so that o, = (I'y, =Ap) and or, = (I'y, Ay).

Wealth dynamics and the HJB. With ¢, = C,/W and ow = mog, + m40R,, the budget

constraint is

dwW
W= [ — cymp — cgmg +mp (A — 1) + 19 (Ag — 7)] dt + owyp dBy + ow,g dBy + Jw dNp,  (6.9)

with Jy = m[Z py(n”)/py — 1] + 74 [pg(n’)/pg — 1]. With Duffie-Epstein-Zin utility under unit

EIS, f(C,V) =p(1 - 7)V[logC’ — ﬁ log((1 — 'y)V)], and the household’s HJB is

0= sup {f(C, V) + VigWr — comy, — cgmg + mp(Ap — 1) + mg(Ag — )] + Vi W? ow |

vacg sThyTg

+ Vo 4§V Lol + Vi W (o o), + XEZ [V7 = V] |, (6.10)
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where A = (Ag +1A))/(1 + ¢zy), VI = V(IW';n7), and W/ = W (1 + Jw); the idiosyncratic

transition does not appear because it is diversifiable. I guess and verify

_ wi=
V(W;m) = p' G — o (6.11)
Consumption. Substituting (6.11) into (6.10), the first-order conditions for Cy, Cy are
W(l-68)sC * toga
WA—0:C " PWOCo” o, (6.12)
1 a—l 1 a-l 1 a—l 1 a-l 9
(1-0)aCp~ +0Cy* (1=0)aCy> +60aCy~
which solve to
pW —a
Cp = 7 G=¢ (%) Ch. (6.13)
mo [ e (15

It follows that the aggregate consumption claim has a constant price/dividend ratio, myCyp+m,Cy =

pW  and by the basket normalization C' = pW.

Portfolio. Substituting (6.13) and (6.11) into (6.10) reduces it to the equation for G,

0= sup { —plog G+ (1 =7) [r — p+7(Ap — ) + mg(Ag — 7)) — 37(1 — ) low |,

7Tb,7Tg

+ (1 - W)CGTV (ow,oq), + GIZAJ | ¢ oyl + AEy [(%])17 %(Z;I)) - 1] } (6.14)

The first-order conditions for 7, 7, give the optimal portfolio

] 1 [[n=r| [l @metym -0l o)

(n) = 2(n) , (6.15)
Tg Ty - Ez [#p (pg(n”) /g — 1)] @)
where &y, is the price of policy risk derived in A.3,
2
o OR,, O TRy, 0n),
T B A e U R Rl (6.16)
<0Rb’0Rg>y ‘O-Rg‘l/ <0Rg7077>u
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Written out, X' and {2 are

Z(n) _ Fg + Ag — 20"y Ay I‘ng — AbAg + I/(FbAg — Ang)
oLy — ApAy + v(TpAg — ApTy) I24+ A2+ 20TgA,

Q(n) _ 77(1 B 77) (O'b — Vag)rb + (0'9 — I/O'b)Ab
(op —vog)Ty — (0g — vop) Ay

A.2. Brown firm’s problem

The brown firm takes the SDF dynamics (3.14) as given (its prices of risk @4, @y, r,, are derived
in A.3). No arbitrage requires that [my + ¢pg| MYy ¢ dt +d (M Py ;) be a martingale, i.e. have zero

drift under the physical measure. Setting that drift to zero yields the firm’s HJB,

rpp= sup my+py (s — 2m — 2) + U (2) [pg — po) T + 1y [E +n(1 —n)oy(op — VUg)} + 39} |on 2

z2m,2¢ 20

— (B, 0R,), — Py AEz[kp — 1] + NEz [k, Zpo(n”) — 3] , (6.17)

where ¢ = (P, P,) and A= (Ag + nAN)/(1 4+ ¢2y). The firm internalizes its effect on its own
jump term AE Z[/prpg — pp) but takes the equilibrium SDF compensator —pr Ez[kp — 1] as given.

Retaining only the z,,, z;-dependent terms, the firm solves

(o 21} = arg, max py (1— 2 — 21) + (W”AA> Ez[kp Zpo(n”) — po] + 6(z1) [y — pol” -

Zm 2> 14+ ¢z,
(6.18)
The first-order condition in z,, using ON/dzy, = —p(Ag + 1AV /(1 + d2im)?, gives
1 Ag +nA +
zmzmax{o, : (\/W p—Ez(s, Zp(n”)) | 1)} (6.19)

and the first-order condition in z;, using 1(z;) = 1 ztﬂ“’(l —n)* so that ¢/(z) = ¢ B¢sz_1(l —n)~,

gives
1

IR R
2= [wﬂw(l — )" m’pbp"]] . (6.20)
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A.3. Competitive market equilibrium

The SDF. Since fo(C,V) = p(1 —4)V/C = p'7G(n)W~7 and fy(C,V) = —p[l +logG(n)] =
h(n), Itd’s lemma applied to M; = elo v ds ¢ gives dM /M = h(n) dt + dfc/ fo. Expanding dfc/ fo

and collecting terms,

M

2= = ") dt = Py(n) dBy — Py (n) dBy + (kp — 1) [de —Xm)dt], (6.21)

with diffusion prices of risk
/ G/
Dy =yowp — G b Dy =yow,y — @ e (6.22)

and the price of policy risk

J
. pg(n )

G(77)7 w Do g DPg

w.2) = (4

The idiosyncratic transition is diversifiable and so does not enter (6.21).

Risk-free rate. Matching the drift of (6.21) against h(n) dt + dfc/ fo yields the raw expression

G/ - 1 G// 9
r(n) =p[l —v+logG] + v [mpAp + mgAy] — el oyl
G’ ~
— (v + D ow 2 +v—= (ow, o), — AEz[kp — 1]. (6.24)

G

Adding this to the reduced-form equation (6.14) (which holds with equality at the optimal portfolio)

cancels the G-derivative terms and delivers the familiar decomposition,

~ J J
r(n) = p+ pe() — 02(n) + A1) Ez [ <ﬁbzm<n> N U 1)}

Py Dg
Diffusion Risks
Policy Risk

where ji.() = TpAp+7,My— p and 02(n) = |ow | are the drift and variance of consumption growth.
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Relative price and the pricing system. Market clearing C, = Y}, Cy = Y, combined with

(6.13) gives Cy,/Cy = £ (352) =n/(1 — 1), i.e.

5(?7)—(1?9);(12”);. (6.26)

The aggregate-consumption claim condition [Yypy + Yypg / [Yomp + Yymg] = 1/p pins pg residually:

po(n)- (6.27)

Substituting (6.27) into the brown HJB (6.17) and the G-equation (6.14) yields a system of delay

ODEs in py(n) and G(n), solved numerically under the boundary conditions

1—7) (2ug —v02
G(0) = exp{ (=) (2115 = 77) } , (6.28)
2p
22 (EZ[Z177] = 1) + (1 — ) (2up — o}
G(1) = exp{ b ( Z[ ] ) ( ) ( Ho ’Yab) } 7 (6.29)
2p
(L—g)ar
pe(0) = +o0,  pp(1) = — (6.30)
where A, = Ay + A} is the policy intensity in the fully brown state.
A.4. Asset prices
By the fundamental theorem of asset pricing,
E[dR;] E[dR; 4] .
=L M ) 31
ey o icibg} (6.31)

From (6.21), the SDF loads —®;, —®, on the Brownian shocks and jumps by &, — 1. The diffusion
part of the covariance contributes (og,, ®),, while the compensated jump contributes ~\E z[(kp —

)(J; — 1)], where J, = Z py(n”)/py and T, = py(n”)/p, are the multiplicative jumps in the two
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returns. Hence the equity premia are

E[‘jlf”] —r = (op,, D), — \Ez[(kp — 1)(T — 1)], (6.32)
E[‘éfg] —r=(og,,®), — NEz[(r, — 1)(J, — 1)]. (6.33)

Substituting the prices of risk & = yow —(G’/G)oy, splits each diffusion premium into a market term

v {(oR;»ow), and a hedging term —(G'/G) (oR,,0y),, which are illustrated in Figure 9. Collecting

the covariance loadings of each return,

5, Ty — vA, 8, = T, +vA, ey - Ty 4 7T o ~Zn(l —n)oy |
vy — Ay vy + Ay —mpAp + Ay %77(1 —n)og

the diffusion premium of claim 7 is fy(:)ZTG)W + (:)Z-T@(;, with (:)b, C:)g the quantities of diffusion risk

shown in Figure 12.

Differencing the two premia gives the greenium. The shared market and hedging structure
collapses onto the return spread og, — or, = (14 hy — hy)(op, —04), where h; = (p;/pi)n(1 — 1),
and ((op, —0g),00), = n(1 —n)(of + 0'2 — 2vopoy). Substituting @ yields the three-component
decomposition (4.4): the diversification component ~y <aRb — URg,Uw>V, the hedging component

—(G'/G)(oR, — OR,,0y),, and the policy component S\ Ez[(kp — 1)(Tp — Ty)]-
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