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Abstract

I develop a duality-based framework for multidimensional screening with com-
binatorial preferences. Optimality becomes geometric: the type distribution
fixes the required directions of binding feasibility constraints, complementar-
ity among bundles fixes the covered directions, and a menu is optimal when
every required direction is covered. I apply the framework to a one-parameter
family in which every bundle containing a fixed core of items earns a comple-
mentarity premium. Two thresholds organize the optimum: above a lower
threshold the grand bundle must be offered; above a higher threshold a core-
peripheral menu — a bundled core with optional add-ons that are not sold
standalone — is optimal. The distributional condition for finiteness of the
higher threshold is inclusivity, that the menu exclude no near-top buyer; it is

necessary as well as sufficient.
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1 INTRODUCTION

Many products and services are sold with a core component paired with op-
tional add-ons unavailable standalone: Al assistants bundle premium reasoning
models with a base subscription, enterprise vendors license security and compli-
ance modules only atop their core platform, and cable operators have long sold
premium channels only as add-ons to a basic tier. In each, an add-on is worth more
paired with the core than alone — a premium model inside a workflow that also
runs faster base models for routine steps, a security module integrated with the
platform whose data it monitors. Such cross-good interactions generate combina-
torial preferences: a bundle’s value is not the sum of its parts, and the interaction —
complementarity, in the case these examples share — drives the bundling decision.

This paper traces the comparative statics of the optimal screening mechanism
as the strength of complementarity among goods varies. The model considers
a monopoly seller who sells multiple indivisible goods to a buyer with a multi-
dimensional private type. A valuation map determines the buyer type’s value for
each bundle of goods, which can exhibit complementarity, substitutability or arbi-
trary combinatorial preferences.

The methodology extends the optimal-transport duality of Daskalakis et al.
(2017) and Kleiner and Manelli (2019) and surfaces a geometric structure of com-
binatorial preferences hidden in the dual cost. In the dual problem, the type distri-
bution and preference jointly determine a differential virtual value (positive where
providing buyer surplus increases revenue, negative where it decreases). The dif-
ferential virtual value pins down the required directions of the dual transport —
the directions of binding feasibility constraints under an optimal mechanism. The
allocation feasibility constraint attaches to each bundle a cone of covered directions
along which allocating the bundle maximizes the surplus differential. Optimal-
ity of a candidate menu reduces to a geometric coverage condition: every required
direction must lie inside the covered cone of the allocated bundle. Under linear val-
uation, the problem pulls back to the primitive type space and the two sides fully
separate — required directions are determined solely by the type distribution, and
the covered cones are determined solely by the valuation map.

This separation reframes the comparative-statics landscape. The additive-preferences

literature traces how the optimum responds to the type distribution at fixed pref-



erences — working entirely through the distribution-to-required-directions side.
The bundle-to-cone mapping opens the symmetric question, how the optimum re-
sponds to preferences, through the preference-to-cone side: a bundle’s cone widens
when its items exhibit complementarity and narrows when they exhibit substi-
tutability. The application of the framework exploits this preference-side handle
to trace the optimum as complementarity varies.

I apply the framework to a one-parameter slice of combinatorial preferences.
Complementarity is parameterized by a single scalar a > 0 multiplying the value
of every bundle that contains a fixed set of core items C C [N]; two thresholds
organize how the optimum responds as a varies. A lower threshold a,, reflecting
the spirit of free disposal of the grand bundle, marks the level above which the
grand bundle is forced into the optimal menu (Theorem 3). An upper threshold a”,
derived from sufficient cone coverage, marks the level above which a core-peripheral
menu is optimal: every menu option either excludes the buyer or sells a bundle
containing the entire core (Theorem 2). I identify inclusivity — all top-value types
being included by the core-peripheral mechanism — as the binding distributional
condition for finiteness of a* (Theorem 4). The gap between a, and a” — generically
nonempty — is the intermediate regime in which the menu may carry both the
grand bundle and a la carte options.

The paper’s two contributions are the methodology, portable beyond the one-
parameter slice studied here, and the comparative-statics characterization it en-
ables. Applying the methodology identifies settings with no, or explicit, distri-
butional sufficient conditions for core-peripheral bundling. Pure bundling is the
sharpest case: the certifying hypothesis of Theorem 2 — alignment regularity, a
stochastic-dominance condition on the menu-density pair — is supplied by strict
Myersonian regularity of the bundle-value distribution, and pure bundling is op-
timal for all large a exactly when the distribution is inclusive (Theorem 5). An ex-
plicit two-tier family with one add-on is solved under log-concave core marginals
(Section 5.2), and a tractable iid Beta family shows the conditions are met in higher
dimensions, with closed-form crossing points (Section 5.1). A 2-good iid uniform
example illustrates the arc at all three regimes: the lower threshold a, = 1/2 is
explicit, an upper-threshold bound a* < 1.253 is constructed by a dual-transport
line family (Section S.6), and the intermediate regime — between separate sales

and pure bundling — contains the additive optimum of Pavlov (2011) as one slice.



The rest of the paper proceeds as follows. Section 2 formulates the problem and
develops the dual representation, including the bundle-to-cone mapping and the
saddle-point criterion. Section 3 illustrates the geometry through four canonical
two-good examples. Section 4 states the upper- and lower-threshold theorems and
the necessity of the inclusivity condition. Section 5 applies them: pure bundling
characterized, the iid Beta benchmark, an explicit two-tier family, and the market
segments the thresholds organize. Section 6 concludes. Proofs are in the appendix

and the Online Supplement.

1.1 Literature review

Optimal mechanisms under additive multi-dimensional preferences. The struc-
tural foundations of multidimensional screening were laid by McAfee and McMil-
lan (1988), Armstrong (1996), and Rochet and Chone (1998), who established the
logic of exclusion, bunching, and convexity once the buyer has several dimensions
of private information. A central feature of the additive multi-good optimum, em-
phasized by Manelli and Vincent (2007) and traced in two-good detail by Pavlov
(2011), is that randomization (lotteries over bundles) is intrinsic rather than a tech-
nical artifact: deterministic posted prices are generically suboptimal. Manelli and
Vincent (2006) characterizes when deterministic bundle pricing nevertheless solves
the multi-good monopoly problem. Rochet (2024) surveys recent developments in
this literature.’

A methodological strand within this literature uses optimal-transport duality
to characterize the additive multi-good optimum. Daskalakis et al. (2017) and
Kleiner and Manelli (2019) establish the duality and the saddle-point character-
ization of the optimum against a dual cost ¢, applying the framework to a range
of canonical settings. In these foundational developments the cost c is taken as a
primitive object, with the preference structure of the screening problem implicit
in its definition. This paper builds on these foundations by decomposing the cost:
under linearity, c admits an explicit decomposition over its gradient polytope, with
each vertex (a bundle’s gradient) carrying its own cone of covered directions. The

bundle-to-cone mapping is the geometric representation of this decomposition,

! The complexity of the additive optimum has also been studied through approximation lenses: Armstrong (1999) shows
that simple tariffs can be approximately optimal in product spaces of large dimension; Hart and Nisan (2017, 2019) quantify
how well finite-menu simple mechanisms perform and how large their menus must grow; and Briest et al. (2015) exhibit a

regime in which lottery pricing dominates deterministic item pricing by an unbounded factor with three or more goods.



surfacing the preference primitives as explicit geometric objects in the analysis.

Sufficient conditions for pure bundling. A separate strand identifies sufficient
conditions on the type distribution under which the additive optimum collapses to
pure bundling or to separate sales. McAfee et al. (1989) show that bundling domi-
nates separate sales when two non-complementary goods have stochastically inde-
pendent values. Giannakopoulos and Koutsoupias (2018) give exact two-good suf-
ficient conditions for pure bundling under uniform distributions. Menicucci et al.
(2015) establishes pure-bundling optimality for two additive, independently dis-
tributed goods under non-negative virtual valuations. A parallel literature on ro-
bust mechanism design, also in additive settings, characterizes the optimum under
various ambiguity sets: Carroll (2017) shows separate sales are robust when only
marginal distributions are known; Deb and Roesler (2023) shows pure bundling
is informationally robust when the prior is exchangeable across items; Che and
Zhong (2025) traces categorical bundling through a hierarchy of moment-based
ambiguity sets. Hart and Reny (2015) observe that revenue can fail to be mono-
tone in the buyer’s value even in additive multi-good settings. These papers locate
the bundling pressure entirely in the type distribution or in the seller’s informa-
tion about it — preferences are additive, so the force comes from how the distribu-
tion tilts the marginal-value comparison toward the bundle. This paper introduces
complementarity as a separate preference primitive and justifies the practically
prevalent core-peripheral menu — which nests pure bundling as a special case —

as the optimum under sufficient complementarity.

Combinatorial preferences and bundling extensions. The closer comparators are
papers that allow non-additive bundle valuations. Yang (2025, 2022) develop a
theory of nested bundling in a one-dimensional type-space setting amenable to the
Myersonian approach. Haghpanah and Hartline (2021) works in multi-dimensional
types with general non-additive bundle valuations and identifies a monotone-ratio
condition — via a path decomposition reducing the problem to a family of one-
dimensional restrictions — under which pure bundling is optimal.> Thanassoulis
(2004) and Bikhchandani and Mishra (2024) address substitutes and decreasing/increasing-

marginal-value structures, respectively. Relative to this literature and the additive-

2Neither setup satisfies the tangency condition of Definition 1, so both characterizations are parallel to, rather than

specializations of, Theorem 2.



preferences literature above, the contribution here is to make complementarity a
geometric primitive — the bundle cone’s covered directions — that varies indepen-
dently of the distribution, opening the preference-side comparative statics these

papers, working at fixed preferences, do not pursue.

2 MobDEL AND DUAL REPRESENTATION

This section formalizes the buyer—seller environment, develops the optimal-
transport dual of the seller’s problem, and isolates two technical conditions — tan-

gency and linearity — on which the geometric analysis of later sections rests.

2.1 Preferences, mechanisms, and feasibility

The model takes the buyer’s bundle valuations as the primary preference prim-
itive. Consider N goods and a single buyer. Let [N] = {1, ..., N} index goods and
let P := 2N\ {2} denote the full family of nonempty bundles. The buyer’s primi-
tive type is x € D c R?, where D is compact with piecewise-smooth boundary and
density f € C?*(D) that is strictly positive on D.*> * The seller offers a subfamily
F C P of bundles; let K := | F|. For each B € F, the buyer’s valuation vz : D — R

is smooth. Collect these into the valuation map

v(x) := (vB(x))Be]E e R,

whose image Y := v(D) is the valuation manifold. Separating D and Y isolates two
distinct ingredients: D carries the distributional data — the density f and the dif-
ferential virtual value introduced in Section 2.2 — while Y carries the preference
data, the bundle-value coordinates and the quantity set Q defined below. This sep-
aration is innocuous in the additive benchmark but essential once preferences are
combinatorial.

A direct mechanism specifies a measurable allocation rule g(-) € Q and a trans-
fer t(-), where g3 is the probability of assigning bundle B and feasibility reduces to

the requirement that total allocation probability not exceed one. The feasible set

3The sufficiency analysis admits weaker densities (Lemma 14): C' and positive only on int D, with the integrable bound-
ary behavior of Definition 7, covering the singular Beta family of Section 5.1. The necessity theorems keep their stated
hypotheses.

*The type-space dimension d is decoupled from the number of goods N: the canonical case isd = N, butd < N (for
instance, a one-dimensional Myersonian type) and D =Y (types stated directly as valuation vectors) are recovered as special
cases of the same framework.



of allocation quantities is the simplex of bundle lotteries
Q:={geR¥:1Tg<1).

Incentive compatibility and individual rationality are equivalent to the existence
of a convex indirect utility u : Y — R, with du(y) C O for every y € Y, together
with a measurable selection q(y) € du(y) such that

u(y) = max{y - q(vy’) - t(y")}, ty) =q®) -y —uy). (1)

y’eY

The mechanism-design problem can therefore be recast as the choice of a convex
utility whose admissible quantities are exactly the feasible bundle allocations.’

A mechanism can be equivalently characterized by its menu — a collection
{(07, pe)}eer of allocation—price pairs, where 0, € A(F) specifies option ¢’s allocation
distribution over bundles and p; is its posted price. The buyer’s expected utility
from selecting option ¢ at type x is }_;_, 0/(B) vg(x) — p,, and the buyer chooses the
option that maximizes this utility (or the outside option if no priced option delivers
non-negative surplus). The marginal-inclusion probability w; := } ;. r . 07(B)
collects the probability that item i is allocated under o,; under linear v (Assump-
tion 1 below), the buyer’s expected utility from option ¢ becomes a linear function

of x with gradient determined by w,.

2.2 Revenue as a linear functional

The expected-revenue integral mixes u with its gradient through the IC formula
(1); turning it into a linear functional of u alone requires one technical condition

on the valuation map.°

Definition 1 (Tangency condition). The valuation map v satisfies the tangency con-

dition if there exists a smooth vector field a : D — R? such that
Jv(x)a(x) = v(x) for every x € D,

where Jv(x) is the Jacobian of v at x.

>Ties at indifference points are broken in favor of the seller (the highest-revenue option in the buyer’s indifference set,
with bundle offers preferred to exclusion).
¢The convex indirect-utility formulation follows Rochet and Chone (1998).



Tangency is satisfied by every linear and every homogeneous-of-degree-one val-
uation;’ the linear case leads the rest of the paper. Tangency does two things at
once. First, it removes a notational ambiguity: because Y is at most d-dimensional
inside RX, the subdifferential du(y)in (1) is generally not a singleton, and the quan-
tity q(v) € du(y) is a measurable selection from a fiber of admissible values rather
than a unique gradient. Tangency makes the choice of selection revenue-irrelevant
(Lemma 1 below), so the standard abuse g(y) = Vu(y) is harmless. Second, tan-

gency underlies the divergence-theorem rewriting of revenue developed below.

Lemma 1 (Revenue formula). Under Definition 1, for any incentive-compatible direct

mechanism (q, t) implementing u, the transfer satisfies
t(x) = a(x)-VU(x) - U(x) at Ap-a.e. x € D,
where U(x) := u(v(x)). Expected revenue therefore depends on (q,t) only through u.

Section A proves the lemma via Rademacher’s theorem and a chain rule on the

convex composition U = u ov. By Lemma 1, seller revenue equals

J [a(x) -VU (x) — U(x)] f(x)dx.
D

The divergence theorem then produces a signed measure y on D defined by

p(A) = 1A(x0)+\Jﬁ 14(x)f (x) a(x) - n(x) do(x)°

oD

‘JTV%fWWW»+fWHdL
A

where x, = 0 is the fixed bottom type, the normalization maintained throughout
the paper —at which any monotone U attains its minimum, normalized toU(0) = 0
by individual rationality — and n(x) is the outward normal on dD. With the atom
pinned at x, = 0, p depends only on (f, 4, D) and not on the utility being optimized;

the atom contributes U(0) = 0 to the revenue and balances p(D) = 0. Let v := vy

’Nonlinear HD1 examples include CES bundle aggregators (Y ;g xf)”p, Leontief min;cgx;, and Cobb-Douglas
[Ticn xil”B‘, each tangent with a(x) = x. More generally, any shifted-HD1 valuation v(x) = w(x — z,) with w HD1 is tan-
gent with a(x) = x — zy; for instance, the affine form vg(x) = ¥, p(x; — ¢) with per-good baseline ¢ # 0 is tangent but not HD1.
The shift moves only the vector field a: the dual measure constructed below keeps its atom at the bottom type x, = 0 — the
maintained normalization — since that is where individual rationality pins U.

8Here o denotes Lebesgue surface measure on dD, decomposed face-wise as 0 = ZjE[N] oj with o; the restriction to the

top face Fj; the per-face measures appear in the OS proofs.



be the pushforward of y onto Y = v(D). The signed measure v — the differential
virtual value of the screening problem — encodes how marginal revenue flows from
raising buyer surplus across the type space: its positive part identifies types where
leaving the buyer high surplus increases revenue, its negative part identifies types

where it decreases.” The seller’s problem becomes

sup f u(y) dv(y) )
Y

u

st. u>0, uconvexonY, du(y) CQ foreveryy €Y.

The simplex Q encodes the allocation primitives, and the seller’s problem is to
widen the surplus gap between revenue-rewarding and revenue-absorbing buyers
subject to the feasibility cap on Q. Section 2.3 reformulates this in Y as a transport
problem whose cost is the support function of Q. The Y-space formulation does
not yet separate the two sides: v depends on (f,a,D) and v jointly through the
pushforward, and Section 2.4 delivers the separation by specializing to linear val-
uations and pulling back to D, where y depends only on (f, a, D) while the bundle

gradients live in a polytope determined entirely by V.

2.3 Transport representation and the saddle-point criterion

Let :={u:Y — R, : uisconvex and du(y) C Q for every y € Y} denote the
admissible utilities, so that (2) reads sup,, fY u(y)dv(y). Reformulating (2) via
the support function of Q converts the primal constraint into a geometric trans-
port cost. Because Q is the simplex of bundle lotteries, its support function is the

bundle-coordinate one-sided max:

c®y)=|w-9)|_ = maX{O, max(y; - yé)} = S;QQP q-v-v).
The dual transport cost is this one-sided max cost. A quantity g covers a displace-
ment y -y’ when q-(y—7v’) = ¢(y,y’) — equivalently, when g maximizes the surplus
differential along y — y" among all allocations in Q. The set of displacements cov-
ered by g is its cone of covered directions, made explicit on D in Section 2.4; comple-
menting it, the dual program below identifies the required directions along which

the seller must transport mass between revenue-rewarding and revenue-absorbing

°In one dimension, v([0, 1]) = ¢(0)f(0), where ¢ is Myerson’s virtual valuation, so v is exactly the differential of Myerson’s

virtual revenue density, extended to multi-dimensional settings.



types in v. As in Daskalakis et al. (2017); Kleiner and Manelli (2019), the dual vari-
able is a transport plan. Let Y := conv(Y) denote the convex hull of Y — compact
since Y is, and equal to Y itself in the standing applications, where D is a convex

box and v is linear. The dual program, posed on Y, is

int J c®v)dy(®.9) st 71— Zmewx Vs (3)

yel (YxY) Jyyy

where T, (Y x Y) denotes the finite positive Borel measures on ¥ x Y, 7, and y,
are the marginals, and >, vV (monotone-convex stochastic dominance) means

fqb dn > Iq.’) dv for every coordinatewise nondecreasing convex ¢ on Y.

Theorem 1 (Strong duality). Pose the primal problem (2) on Y = conv(Y) — that is,
with Y replaced by Y in the admissibility constraints, the objective fu dv unchanged.
The primal and the dual problem (3) then have the same value, and both problems attain

their optima.

The proof, given in Section A, adapts the conic-linear-programming argument of
Daskalakis et al. (2017) and Kleiner and Manelli (2019) to the valuation manifold
and one-sided max cost; convexity of the domain is what its function-space argu-
ment uses. In the standing applications Y = Y, so the statement is strong duality
for (2) itself.'?

The following complementary-slackness condition pins down a primal-dual
saddle point. It gives sufficient — and generally not necessary — conditions for
a finite-menu mechanism and a transport plan to form an optimal primal-dual

pair.

Proposition 1. Suppose u € U is piecewise linear on a finite polyhedral partition {C,){_,
of Y, with

up)=ac+q'-y  foryeCy,
where each quantity ' € Q. Let y € T,(Y x Y) be such that:

(i) for y-almost every (y,v’), both y and y’ lie in the closure of one linearity cell C,;"!

""The saddle-point criteria below (Propositions 1 and 2) consume only weak duality together with an explicitly con-
structed plan supported on Y x Y, so no downstream result requires more than the ¥ form.

"' This condition is not an independent restriction at optimality: when u is primal-optimal, any dual-optimal y whose
sink marginal is absolutely continuous satisfies it automatically — see Remark 2. I retain it in the statement because the

criterion is applied to candidate pairs whose optimality is not known in advance.



(ii) for y-almost every (v,v’) € C; x Cy,
uy)—uy)=q"-(y-v)=c@y)

(iii) 1 =92 = v.

Then (u,y) is a primal-dual saddle point. In particular, u solves the primal and y solves
the dual.

Geometrically, the complementary-slackness equality g - (y—-v") = c(y,v’) requires
the displacement y — y’ to lie in the cone of directions that the active quantity q

covers.

Remark 1 (The framework’s regularity condition). The framework’s regularity con-
tent sits in two layers, ruling out ironing. Condition (iii), the marginal identity
Y1 — ¥» = v, rules out marginal-level ironing on v — the multi-dimensional ana-
log of the ironing pathology in 1-D Myersonian screening. A second, within-cell
layer rules out ironing cell by cell; for the core-peripheral mechanisms of Section 4
it is supplied by the alignment regularity introduced there, which at C = [N] is
pinched by standard Myersonian regularity of the bundle-value distribution. In
1-D Myersonian screening the two layers coincide with regularity of the virtual

valuation.

2.4 Linear utility and the bundle-to-cone mapping

For the remainder of the paper, the analysis specializes to a linear valuation
map. The motivation is conceptual as well as technical: linearity enables the full
separation of preference from distribution. Under v(x) = Vx, the dual analysis
pulls back to D such that the distribution primitives live in  on D (depending
onlyon f,a, D) and the preference primitives live in a polyhedral gradient polytope
Py ¢ R? (depending only on V). Each bundle then acquires a polyhedral cone of
covered directions — displacements along which allocating the bundle maximizes
the surplus differential — and the bundle-to-cone mapping (Lemma 2) makes the
preference side an explicit geometric object. The technical payoff is that the cones
are translation-invariant on D, which is what Section 4’s saddle-point construction

exploits.'?

2The construction extends to general tangent (HD1) valuations, with K becoming a cone of tangent directions; the main
theorems use linearity throughout.
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Assumption 1 (Linearity). The valuation map v is linear in x: v(x) = Vx for a constant

matrix V € RX* whose rows Vg encode the bundle valuations vy(x) = Vy - x.

Under Assumption 1, the Jacobian Jv = V is constant, so the gradients V'q on
primitive types live in the polytope

Py :=V'Q = conv{0, Vg : Be F} c R".

Its support function pulls back the OT cost from Y to D and singles out, for each

bundle, the displacement cone on which that bundle’s gradient is active.

Lemma 2 (Bundle-to-cone mapping). Under Assumption 1, the OT cost is translation-

invariant on D,

c(v(x),v(x’)) = cy(x —x'), where cy(h) :=supp-h = max{O, max vB(h)}.
pEPV BeF

The gradient Vg attains the supremum at h if and only if h lies in the bundle cone
K§ = {he R? : vg(h) > vy (h) for every B’ € F U {2},
where vy = 0.

The proof, in Section A, follows from support-function calculus on the polytope
Py. The assignment B — K3 is the bundle-to-cone mapping; the cone K3 is the set
of directions B covers against the alternatives in F. It translates the saddle-point

criterion of Proposition 1 into primitive coordinates.

Proposition 2 (Bundle-cone saddle-point criterion). Under Assumption 1, let M =
{(ag,pg)}gzo be a finite menu of bundle lotteries 0, € A(F) and prices p, > 0, with
quantities g° € Q (the bundle-probability vector of o,) and outside option (d,, p,) =
(0,0). Its indirect utility Uy; = upp o v, with upy(y) = maxg{qg -y — pe}, is convex,
nonnegative, and admissible, so M is incentive compatible and individually rational. If
y € I.(D x D) satisfies

(i) both points of y-almost every (x,x’) lie in the closure of one cell Cy;

(ii) for y-almost every (x,x’) € C, x C,, the displacement x — x” lies in every bundle

cone Ki, option € may allocate (B € supp oy);
(iii) 1 =72 = i

11



then (uyr, vyy) is a primal-dual saddle point; in particular M is optimal.

The proof, given in Section A, reduces the criterion to Proposition 1 through the
valuation map. The proposition is the framework’s methodological pivot: optimal-
ity of a candidate mechanism factors into two halves that the conditions separate.
The required directions — those along which the seller must widen the surplus dif-
ferential between revenue-rewarding and revenue-absorbing types — are set en-
tirely by the type distribution, and condition (iii)’s marginal identity y, —y, = u
pins them down. The covered directions — displacements along which the cell’s
allocation maximizes the surplus differential — are set entirely by the menu’s bun-
dle cones, and condition (ii) confines each displacement to them, with the exclu-
sion option covering only directions where every offered bundle has nonpositive
value. The cell partition is where the two meet: condition (i) couples them, and
the mechanism is optimal whenever, cell by cell, the active option’s cone covers

every required direction — the criterion is sufficient, not necessary.

Relation to Daskalakis et al. (2017); Kleiner and Manelli (2019). In the addi-
tive case—v(x) = x on a box-shaped D, with the additive max-norm as cost—this
proposition specializes to their duality. The combinatorial generalization acts on
the cost: ¢ extends from the additive max-norm to the one-sided max over bun-
dle values, and Lemma 2 decomposes cy, over the gradient polytope, each vertex
(a bundle’s gradient) carrying its own cone of covered directions. That geometric
content — absent when the cost is a primitive, as in Daskalakis et al. (2017); Kleiner
and Manelli (2019) — is what exposes complementarity as a parameter scaling the

gradients.

Standing core-peripheral form. The main characterization results specialize to

the core-peripheral form

vp(x) = a'l°P Y x,, (4)

i€B

where C C [N]is a fixed nonempty set of core items, P := [N |]\C the complementary
peripheral items, and a > 0 parameterizes the premium generated by complemen-
tarity: @ > 1 is complementary, @ = 1 additive, and 0 < a < 1 substitute-like.
When C = [N], only the grand bundle earns the a-multiplier; when |C| < N, every
bundle containing the core earns it. The comparative statics range over a > 0; the

upper-threshold theorem (Section 4.1) operates at large «, necessarily @ > 1. The

12



bundle cone specializes to

Kéf = {h e R : o1iCCBl Zhi > o MCEP Zhi for every B € F U {@}} ,

i€eB ieB’

and complementarity widens the cones of core-containing bundles."?

3 CanonicAL Two-ITem ExAMPLES

This section traces the bundle-to-cone geometry through four canonical two-
good examples, each isolating one piece of the comparative-statics arc — crossing
the upper threshold a”, crossing the lower threshold «,, showing inclusivity’s role
in keeping a” finite, and extending to partial bundling — and closes with the three-
regime illustration in the iid uniform benchmark.

All four share D = [0, 1]?, the pulled-back cost ¢, (k) = max{0, v, (h), v,(h), V(1,0 (h)},
and the source/sink split of y (top-face mass on F; = {x; = 1} and the origin atom
positive, the Lebesgue interior negative). Each pairs a primitive-space cell diagram
— showing the required directions h = x .. — x4, the bundle cones must cover —
with displacement-space cone diagrams at two values of & (color convention in the
figures).

3.1 Upper threshold: pure bundling in the uniform benchmark
The first example crosses the upper threshold in the simplest setting. The sym-

metric two-good iid uniform environment with a pure-bundling menu identifies a
value a” as the minimum complementarity at which pure bundling becomes opti-

mal.

Example 1 (Symmetric two-good uniform benchmark). Let D = [0, 1]2, f=1,and
v(x) = (x1,x,, a(x; + x,)) with a > 0, where the first two coordinates are singleton
values and the third is the value of the grand bundle. The parameter a measures
complementarity: a = 1 is additive, > 1 complementary, a < 1 substitutable.

The induced pullback of the one-sided max cost is

ca(h) = max{0, hy, h,, a(hy + h,)},

*Random mechanisms randomize among bundles in F: the seller offers a lottery over deterministic bundle outcomes.
Because complementarity is realized ex post (the payoff from the realized bundle is the deterministic value vg(x)), the dual
certification of Proposition 1 extends to lotteries by certifying joint optimality of the bundles in the support — the option’s
covered cone being the intersection of their bundle cones (Proposition 2).
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and the transformed measure on primitive type space coincides with the iid addi-
tive uniform benchmark, p = 99 o) + O, =1 + Ofx,=1} — 3 L? |[0,1)2, 0 any change in the

optimal mechanism arises from geometry alone.

The optimal pure-bundling candidate is F = {{1, 2}} at price a $, where § = v2/3.

Its linearity cells are the two triangles
Co={xeD:x;+x, <8}, Cio ={x€D:x;+x, 238},

separated by the anti-diagonal {x; + x, = §}.

Required transport. Inside C, the exclusion option is active, and the origin atom
moves along nonnegative directions into the interior. Inside Cy; ,) the grand bundle
is the only active option, and the top-face mass moves along oblique directions into
the interior: by symmetry, F,-mass toward the lower-right (required directions in
the second quadrant, h; < 0, h, > 0) and F,-mass toward the upper-left (fourth
quadrant, h; > 0, h, < 0). Panel (a) of Figure 1 marks in red the required directions

that no cone in F coversata = 1.

The cones. At a = 1 the bundle’s cone is exactly the first quadrant, so the oblique
required directions (second and fourth quadrants) fall into the singleton cones,

outside the menu’s coverage, and Proposition 1 fails. At @ = 2 the bundle cone

has widened into both mixed-sign quadrants — boundary rays h, = —h;/2 and
h, = —h,/2 — and now covers them, so pure bundling is certified (panels (b), (c) of
Figure 1).

Figure 1: Pure bundling in the uniform benchmark. (a) Cells of the pure-bundling
candidate, with transport arrows. (b) Direction cones at & = 1: required direction
outside the bundle’s cone. (c) Direction cones at a = 2: required direction inside

the bundle’s cone.

Complementarity widens the cone at rate 1 —1/a in each mixed-sign quadrant;
the explicit dual-transport line construction of Section S.6 certifies pure bundling
once a > i = (9 + 4V6)/15 ~ 1.253 (sufficient, not known to be sharp).

3.2 Lower threshold: necessity of the grand bundle
Where the first example crossed the upper threshold, this one identifies the

lower threshold above which the grand bundle must enter the menu at all: in the
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environment of Example 1, separate sales cease to be certifiable once @ > 1/2 (The-
orem 3).

Consider the separate-sales menu F = {{1},{2}} in the uniform environment.
By symmetry the optimal prices satisfy p, = p, = p*, and the indirect utility is

u(x) = max{0, x; — p*, x, — p*}. The three linearity cells are
Co={x; < p*, Xy < P*}: Cpy = {x; > P*: X1 2 X,}, Cpy = {x; > P*: Xy 2 X1},

separated along the diagonal segment E = {x € D : x; = x, > p*} shown in panel

(a) of Figure 2.

Required transport along the diagonal. The cells Cj;; and Cy,, each carry top-face
mass (on F; and F,) that must be moved into their interiors, and symmetry forces
the flow pattern to be symmetric across E — in particular, the net flow across E is
zero, so the obstruction is not a mass imbalance between the two selling cells. It is
directional. Near the top corner (1, 1) the two faces together carry source mass of
order ¢ in a 0-neighborhood against interior absorption of order 52, so most of the
corner’s source mass must travel an order-one distance; the deep sinks of the selling
cells pool around the bottom vertex (p*, p*) of E. Sources high on the diagonal are
therefore paired with sinks near (p*, p*), s0 h = xgc—Xgni o (1, 1) —a +45° required

direction.

The cones: where does the +45° direction live? The one-sided cost at h = (1,1) is

1, a<1/2,

c,(1,1) =max{0, 1, 1, 2a} =
2ae, a > 1/2.

For @ < 1/2 the singleton gradients (1,0, 0) and (0, 1,0) both cover the +45° di-
rection, which sits on the shared boundary of their cones (panel (b), @ = 0.4: the
bundle cone degenerates to the origin). For a > 1/2 only the grand-bundle gradi-
ent covers it — the +45° direction now lies in the interior of the bundle cone and
in neither singleton cone (panel (c), @ = 0.6: the bundle cone is a wedge around
+45°). Since F = {{1},{2}} carries only the singleton gradients, no cone in F covers
the required direction and Proposition 1 fails: separate sales cannot be certified.

The threshold a = 1/2 is exactly where the grand bundle first becomes strictly
preferred by an interior buyer — weak free disposal, the lower-threshold condition
of Section 4.2.
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Figure 2: Once a > 1/2, the +45° required direction lies strictly inside the bundle
cone—neither singleton gradient can certify it. Omitting the grand bundle from

the menu is no longer optimal.

3.3 Without inclusivity, the upper threshold is infinite

The first two examples crossed the thresholds ay,;s and a, = 1/2. This one
shows that finiteness of the upper threshold rests on a distributional condition:
if the density places enough mass near (1, 1) that the crossing point § exceeds the
top of each coordinate axis, no finite complementarity certifies pure bundling. The
property that prevents this — the exclusion cell sitting strictly below every top face
— is inclusivity (Definition 2).

Keep the valuation v(x) = (x,x,, a(x; + x,)) and the menu F = {{1,2}}, but
take a density with crossing point § > 1 — heavier near (1, 1) than the uniform, for
which 3 = v/2/3 < 1. The picture below depends only on § > 1, not on the specific
f.

Cells under inclusivity failure. When § > 1, the anti-diagonal {x; + x, = §} no
longer connects opposite sides of D; it enters the square through the two top faces,

at the points
(§_1,1)EF2, (1,§_1)EF1.

The cell Cy; ,, degenerates to the small upper-right triangle with vertices (5 -1, 1),
(1,§—1),and (1,1). The cell C, is everything else—crucially, C, now contains sub-

stantial segments of the top faces:
FlﬂCOZ{l}X[O,§—1], F20C02[0,§—1]X{1}.

Panel (a) of Figure 3 shows this configuration.

The required direction no cone covers. Focus on the positive top-face mass sit-
ting in F; N C,. Inside C, the active option is exclusion, whose cone covers only
coordinatewise-nonpositive displacements in v-space. So this mass cannot be con-
sumed within C;, — any transport into the C, interior has a strictly positive sin-
gleton component the exclusion option cannot absorb. The mass must instead be
moved into Cy ;. However, a source at (1,5 - 1) € F; N C, paired with a sink

(u,v) € Cjy ) generates a displacement h = (1-u, §—1-v) with h; +h, = §—(u+v) <0,
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with equality only on the anti-diagonal boundary. The required transport points

along the negative anti-diagonal — a —45° direction.

Why no a helps. A direct computation gives bundle cone C {h : h; + h, > 0} for
every a > 0 (equality as @ — oo): a displacement with h; + h, < 0 has a(h; + h,) <
0, so the grand-bundle gradient cannot attain the cost. As a grows the bundle
cone widens into both mixed-sign quadrants but is always capped by the —45° line
(panels (b), (c) of Figure 3, at @ = 2 and a = 10), so the required —45° direction
is never covered and a” runs off to +co. Economically, inclusivity failure leaves an
unexploited singleton margin at near-top types with sub-bundle sum — a positive-

surplus pocket that no widening of the bundle cone can reach.

Figure 3: When inclusivity fails (§ > 1), the required transport directions lie outside
the bundle cone for every a: the bundle cone’s boundary at {h; + h, > 0} is a hard

structural limit, not a complementarity issue.

3.4 Upper threshold in partial bundling: the core-peripheral case

The first three examples were symmetric. The last generalizes the upper-threshold
construction to a core-peripheral environment, where good 1 carries value on its
own while good 2 is valuable mainly in combination. Attach the complementarity

multiplier to good 1 and the grand bundle, leaving good 2 at baseline:
v(x) = (axy, x,, a(x; +x,)), a> 1.

Good 1 is the core and good 2 is the peripheral good. The menu now contains both

the core good and the bundle,
F={{1}, {1,2}},

priced at ap; and apj; 5 respectively. The upper threshold in this partial-bundling

case is now the minimum «a at which the menu {{1}, {1, 2}} is certified.

Cell structure and required transport. The cell partition and source/sink decom-
position parallel the pure-bundling case of Section 3.1, with one asymmetry: the
menu now has an active singleton cell Cj;y = {x; > p;, x, < pj; 5~ p;} in addition to
exclusion C, and bundle Cy; ,), with axis-aligned boundaries (panel (a) of Figure 4).

Fy-mass is split between C{;, (lower segment, fourth-quadrant displacements) and

17



Ci1,2) (upper segment, fourth-quadrant displacements); F,-mass routes entirely to

Ci1,2) along second-quadrant displacements — the obstruction at & = 1.

The cones. The asymmetry between core and peripheral shows up cleanly in the
cones (panels (b) and (c) of Figure 4). The good-1 cone is the entire fourth quadrant
{hy = 0, h, < 0} for every a: the multiplier scales the core good and the bundle
symmetrically and cancels in their comparison. Complementarity instead widens
only the bundle cone, into the second quadrant at the expense of the good-2 cone,
with boundary ray h; = =21 h,. At a = 1 the bundle cone is the first quadrant
and no menu-bundle’s cone covers the required F,-to-interior directions; once « is
large enough that the widened bundle cone reaches them, the coverage obstruction
disappears; Theorem 2 turns this picture into a finite-threshold guarantee under
its hypotheses — mass balance, inclusivity, and alignment regularity (Definition 3).
As in Section 3.1, the bundle cone widens at rate 1 — 1/a, but one-sidedly: the core
good’s cone absorbs all fourth-quadrant transport for free, so only the peripheral

direction is sensitive to a.

Figure 4: Core-peripheral bundling with asymmetric valuations v = (ax;, x,, a(x; +
x,)) and menu F = {{1},{1,2}}. The bundle cone is sensitive to a only in the pe-

ripheral direction; the core-good cone is invariant.

3.5 Three regimes in the 2-good iid uniform benchmark

The first two examples bracket three regimes in the symmetric two-good iid
uniform environment. Below @, = 1/2, the dual-transport construction for sepa-
rate sales goes through (Section 3.2); the lower endpoint is the level at which weak
free disposal of the grand bundle first holds, and below it the singleton cones suf-
fice. Above the explicit dual-transport threshold ay,;; ~ 1.253, the line construc-
tion of Section S.6 certifies pure bundling (Section 3.1). In the intermediate range
the optimum is characterized here only at the additive point: at a = 1 it is the
mixed-bundling menu of Pavlov (2011) — the grand bundle priced against two
singletons; away from a = 1 no closed-form sufficient condition covers the range.

The 2-good uniform benchmark is illustrative; Theorems 2 and 3 carry the

framework to general N, with a closed-form iid Beta benchmark in Section 5.1.
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4 Core-PeriPHERAL BUNDLING

This section turns the recurrent menu pattern described in the examples into
a theorem. The argument is organized around two complementarity thresholds at-
tached to the same core C and type distribution f. An upper threshold a” is the
level above which the optimal mechanism collapses onto core-containing bundles
— core-peripheral bundling in the language of the introduction; Section 4.1 states
the sufficiency theorem (Theorem 2) that produces it. A lower threshold «, is the
level above which the grand bundle is forced into the menu; Section 4.2 states the
matching necessity theorem (Theorem 3). Two further subsections support the
pair: Section 4.3 establishes that inclusivity is the binding distributional condi-
tion for finiteness of a”, and Section 4.4 explains why the core-peripheral family is
the natural carrier of the premium. The applications of the two theorems — pure
bundling characterized, the iid Beta benchmark, and an explicit two-tier family —
are developed in Section 5.

Throughout this section and the supporting appendices I take the standing form.
The type space is the box D = [],¢[0, %;]; the density f is C? and strictly positive
on D, with radial score ®(x) := x - Vlog f(x) + N + 1 strictly positive; valuations
take the core-peripheral form (4) for a fixed core C, P := [N] \ C; and the candi-
date is a core-peripheral mechanism — a menu of lotteries over the core-containing
bundles ¢ := {B € P : C C B}, so each option o, has marginal-inclusion vector
wy := Ep_,,[15] and a strictly positive price. Ties are broken seller-favorably (Sec-
tion 2.1)."* The differential virtual value of Section 2.2 splits into a boundary part
on the top faces F; := {x; = 7;}, where granting surplus rewards the seller, and an

i= Y
interior part where it is absorbed:

g k=) Ufls, g =0f

J

4.1 Upper threshold: sufficiency of core-peripheral bundling

When is a core-peripheral mechanism optimal not merely among menus on F¢
but against every mechanism — so that every active offer sells a bundle containing
the entire core, or else excludes the buyer? Pure bundling is the case C = [N], where

Fc ={[N]} and the menu collapses to a single grand-bundle price. Theorem 2 gives

*One genericity condition is used once, in the price first-order condition (Lemma 3): no inter-option indifference hyper-
plane coincides with a top face, a measure-zero exclusion on prices that keeps the top faces off the cell boundaries.
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conditions on the density f and the candidate menu under which the answer is
affirmative once complementarity exceeds a finite upper threshold a”.

Beyond restricted optimality of the menu, the sufficiency theorem rests on two
further conditions, inclusivity (on the menu’s prices) and alignment regularity (on
the menu-density pair), introduced in turn. Both are stated on the selling cells:
option ¢ wins on a cell C, C D, and prices scale with the premium, p, = a$,, so
the a-invariant crossing points 5, := p,/a and the cells {C,},5, are a-independent
(Section B).

Definition 2 (Inclusivity). A candidate menu M on Fc, with exclusion cell C (the
no-purchase region), is inclusive if no top face meets the exclusion cell: F; N C, = @ for

every j € [N].

Inclusivity is the key economic condition: the menu’s crossing points are low enough
to include every buyer who is near-maximal on a single coordinate. Were some F;
absorbed by C,, a positive mass of buyers with x; near 7; would buy nothing despite

valuing item j near its maximum, and an item-j offer priced just below #; would

break in. Theorem 4 below makes the rationale formal: leaving a top face e;(cluded
is strictly suboptimal at every a > 0. For pure bundling, inclusivity reduces to the
single price inequality § < min; ;.

The second condition generalizes Myersonian regularity — in one dimension,
the statement that the revenue-rewarding part of the differential virtual value dom-
inates the revenue-absorbing part in stochastic order. With several goods the same
comparison is made, but only along the directions the cell’s option can push sur-
plus, and the option’s allocation w, names them. It sells the full-weight peripherals
Sél) :={j € P 1wy, = 1}, soit covers upward moves in them; it omits the zero-weight
items Z, ;= {j e P: Wy, = 0}, so it covers downward moves; and it covers neither
way on the fractional items B := {j € P : 0 < wy,; < 1}, which are frozen. The
core, sold as a bundle, enters not coordinate by coordinate but only through its

total, fanned by a margin « € [0, 1) into the x-tilted core sums

oTK(x)::in+Kin+Kij (@=T CC),
)

i€l ieC\T ]'ESLI

collected into " (x) := (07’5 (x))@ITCc: each T credits a subset of the core at full value

and the rest at the discounted rate «x, so the family asks regularity to survive a core
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dip of up to a x-fraction. At the upper end x = 1 the family is the single full-weight
total ) ._-x; + Z’jeSfﬂl) X, and lowering x fans it out — a stronger demand, repaid
by the core-dip tolerance complementarity later exploits. Writing p; := p*|c, for
the rewarding and absorbing masses on the cell, alignment regularity asks for this
Myersonian dominance in exactly these directions: regular as in Myerson, aligned

to what the menu covers.

Definition 3 (Alignment regularity). Fix x € [0, 1) and a selling cell £, and write x|

for the restriction of a type x € R" to a coordinate block S. The aligned-score map is
@?(x) = (UK(X), X|S§1), —Xlzw X|B§rac, _X|B§rac ),

and Vi, is the law of u; under ©."> The pair (f, M) is alignment-regular if for some
k € [0, 1) the revenue-rewarding scores dominate the revenue-absorbing scores on every

selling cell in the multivariate first-order stochastic order,

- +
Ve, <FOSD V£ k-

The condition is joint in (f, M) — a marginal-revenue ordering checked at the can-
didate menu, not a property of f alone — and is sufficient, not necessary, for the
theorem below. Larger levels are weaker (Section S.1), so it is enough that the dom-
inance hold at some k < 1; at C = [N]— pure bundling — it reduces to Myersonian
regularity of the bundle value, and the three hypotheses collapse to a single price

inequality plus that regularity (Section 5.1).

Theorem 2 (Optimality of core-peripheral bundling). Fix a core C C [N] and let
M = {(0y, ps)}t=, be a finite menu that is optimal in the restricted problem on F.
If M is inclusive (Definition 2) and (f, M) is alignment-regular (Definition 3), then
there exists a finite threshold a*(C, M) < oo such that for every a > a*(C,M), M is

optimal for the unrestricted problem on P."”

Intuitively, the three hypotheses divide the labor. Restricted optimality fixes

each selling cell’s price at its revenue-maximizing level, so no rigid price change

'*The pushforward measures, v;, (A) = p;{x : ©f(x) € A}. Entering the fractional block with both signs forces the B?acf

marginals of v/, and v, to coincide, freezing those coordinates (; = 0) in the coupling of Section S.1.

®That is, f(p dv, < j(p dv/, for every bounded coordinatewise nondecreasing .

7 Prices scale with a: M is the cell structure with a-independent crossing points $, = p;/a, posting prices a3, at comple-
mentarity a (Section B). The assertion is that this a-indexed family — fixed cells {C,} and crossing points §, — is unrestricted-

optimal once a > a”.
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gains revenue. Inclusivity keeps every near-top buyer served, so no singleton offer
can profitably break in. Alignment regularity is the ordering the proof consumes:
within every cell, the types the seller rewards with surplus — the top-face mass —
sit above the types from which surplus is withheld — the interior mass. Comple-

mentarity then does the rest, as the proof sketch shows.

Proof sketch. The certificate is a dual transport plan (Proposition 2): in each cell
it carries revenue-rewarding boundary mass onto revenue-absorbing interior mass
along displacements the cell’s option covers. Optimality is therefore a coverage
question — do the displacements the distribution forces lie in the option’s covered
cone? — and complementarity is the lever, since it widens that cone. The three
steps below fix the covered displacements, measure the shrinkage from the core-
only cone to the full cone, and supply the distributional work that closes it with
margin to spare; the construction is in Section B.

Step 1 — The covered cone fixes the displacement signs. On each selling cell, cone-
forcing (Lemma 4) pins the sign pattern of every covered displacement from the
cell’s geometry alone, with no appeal to the distribution; inclusivity keeps the
boundary mass off the exclusion cell.

Step 2 — Lifting to the full menu shrinks each cell’s cone. The criterion requires
displacements in the full cone K] C KZC. Because the certificate is supported on
within-cell pairs by construction (Lemma 5(ii)), only this within-cell shrinkage
must be absorbed.

Step 3 — Alignment regularity supplies the coupling; complementarity absorbs the
shrinkage. The scores are calibrated to the covered cone: dominance of v/, over
v, transfers, through a monotone-coupling form of Strassen’s theorem, into an
a-independent within-cell coupling of p; to p; whose displacements respect the
cell’s sign pattern and dip into the core by at most a x-fraction of their aligned gains
(Section S.1). Such displacements lie in the covered cone with margin, and the level
controls the worst non-core deviation: once & > 1/(1 — «), every coupled displace-
ment lies in the full cone. Assembling the cell couplings — with the exclusion cell
handled by inclusivity — yields the certificate, with a"(C, M) < 1/(1 — k).

4.2 Lower threshold: necessity of the grand bundle
Theorem 2 identified the upper threshold a*. The complementary question is

when complementarity is high enough to force the grand bundle into the menu.
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Throughout, Mr = {(o, p;)}’g; is a candidate mechanism on a family 7 2 [N],
with highest posted price p := max, p;. Extend the bundle-to-cone construction
(Lemma 2) to the grand bundle by its strict-preference set

U[Alf,f =1{he R : viny(h) > v,(h) for every cell £ > 1, and vy (h) > 0}, viny(h) = a ) by,

the open cone of directions along which the grand bundle strictly beats every menu
option and the outside option (¥, is the cell’s a-scaled valuation gradient, per (4));
it widens through the gradients as @ grows. The necessity condition asks that a

positive mass of buyers in this cone sit at the seller’s most profitable offer.

Definition 4 (Top-cell wedge). Let " be a top-priced cell, p;- = p. The mechanism
M satisfies the top-cell wedge condition if

Ap(V') >0,  V'i=CpnintDNUL NRY,.
Read this in two steps. That Uf\l/\l,f NIRY, is nonempty is a weak free disposal condition
— some interior buyer strictly prefers the grand bundle to everything on offer; it
is weaker than pointwise free disposal (which in the core-peripheral form needs
a > 1) and already holds at @ > 1/2 in the two-good case of Section 3.2. The
wedge strengthens this by placing such buyers inside the top-priced cell C,- — the
segment from which an upward nudge extracts the most revenue and, the anchor

being top-priced, draws no cannibalization.

Theorem 3 (Necessity of the grand bundle). Suppose the restricted family F excludes
[N] and Mg is any candidate mechanism on F with a finite menu satisfying the top-cell
wedge condition at some top-priced cell " (Definition 4). Then My is not optimal in the
unrestricted problem. In particular, if the restricted-optimal mechanism on F satisfies

the wedge, [N]| € F is necessary for unrestricted optimality.

I write a,(C, F) for the infimum of the set of @ > 0 at which the top-cell wedge
holds for every restricted-optimal mechanism on F; Theorem 3 forces the grand
bundle at every «a in that set (whether the set is an interval is not needed). In the
two-good iid uniform case with separate sales, the wedge at the restricted optimum
opens exactly as weak free disposal does — types near the top corner strictly prefer
the grand bundle once a > 1/2 (Section 3.2) —so a, = 1/2.
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Proof sketch. The necessity argument constructs a profitable deviation. The strict-
preference set Uf\I/\I,’]T gives directions on which an offered [N] strictly dominates ev-
ery alternative in 7 — surplus the existing menu leaves unextracted. The top-cell
wedge (Definition 4) localizes this gap to a positive-measure subset V' C C,- of the
top-priced cell, and a Lebesgue-density argument extracts a small ball W C V*
with uniform preference and margin. Augmenting M with the grand bundle
([N], ps+ + 6): for 6 below the margin every buyer in W switches to it, contribut-
ing bulk revenue ©(6); cannibalization from other cells is non-negative because
the top-priced anchor means no other cell carries a higher price. The bulk gain
is strictly positive and the cannibalization non-negative, so the deviation is prof-
itable. The full proof is in Section S.4. Q.E.D.

4.3 Finiteness of the upper threshold: necessity of inclusivity

Theorem 2 took inclusivity as a hypothesis; this subsection shows the same con-
dition —no top face left in the exclusion cell —is also necessary, and is the binding
distributional condition for finiteness of a". If a candidate menu excludes some top
face, a singleton offer for that item profitably breaks in at every a > 0. The pure-

bundling necessity result is an immediate corollary.

Definition 5 (Excluded top face). Let Mz be a candidate mechanism on a restricted
family F C P, with exclusion cell C, (the no-purchase region). The top face F; = {x €
D : x; = v;} is excluded by My if a positive (N — 1)-dimensional measure of it lies in
the exclusion cell,

An_1(Fi N Cy) > 0.

An excluded top face is a positive-measure failure of inclusivity (Definition 2): a
near-top-i population is pushed to no purchase despite valuing item i near its max-
imum. Under the seller-favorable tie convention the exclusion cell is relatively
open, so excluded top faces and inclusivity failures coincide. For pure bundling,

C, = {Z]. x; < 81}, so F; is excluded exactly when 7; < §;.

Theorem 4 (Necessity of inclusivity). Let N > 2, let My be any candidate mechanism
on a restricted family F C P with a finite menu, and let f € C*(D) be strictly positive
on D. If some top face F; is excluded (Definition 5), then M is not optimal in the

unrestricted problem, at any a > 0.
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Complementarity does no work in this theorem: no step of the deviation argument
uses a > 1, so the necessity holds across the entire parameter range, substitute-like

included.

Proof sketch. Fix @ > 0 and price item i just below its standalone value V; :=

al{cg{i}}vi = max, v(;(x): add the singleton ({i}, r,) with r, := V;—¢. A buyer switches

Ccfil}

iff vy (x) —re > up,(x), ie. all x; > V; — ¢, so every switcher has x; within

¢ = e/a'!® of the top — a slab of width ¢’. Over the positive-measure base
F;NC, the near-top types are excluded (uy,, = 0), so each switches and paysr, ~ V;
where it paid nothing before: the gain is ©(V;¢’) = O(¢). The only offsetting loss
is from former buyers of some option ¢ who switch; such a type lies within ¢’ of
the top in x; and within ¢ of indifference for option ¢, i.e. ¥,(x) € [p,, pe + €] — two
transverse constraints cutting an O(e?) slab, unless ¢ is the deterministic singleton
{1}, which an excluded F; forces to price V; (so it sells on a null set, no loss). So the
gain ©(¢) dominates the loss O(¢”) and the deviation is profitable. Section S.5 gives
the bookkeeping. Q.E.D.

Paired with Theorem 5, this makes inclusivity necessary and sufficient for pure

bundling (Section 5.1).

4.4 From geometry to algebra: why core-peripheral?

Theorem 2 certifies the core-peripheral menu — supported on - = {B : C C B}
— as optimal above a’. Why this specific structure? The framework reveals an
asymmetry across bundles, organized by size: large bundles are hard to exclude from a
certifiable menu even when their cones are narrow; small bundles are easy to exclude even
when their cones are wide. The grand bundle [N] is the extreme case: by Theorem 3,
once complementarity makes it a needed cover — the top-cell wedge — it cannot be
dropped, its protection structural rather than a matter of cone width. (Inclusivity,
Theorem 4, is a separate force: it requires every item’s top face to be served but
does not by itself pull in the grand bundle, since separate sales can leave every top
face served.) A singleton {i}, in contrast, has a wide cone but is replaced for free
whenever some larger premium bundle covers item i: cone-wideness is geometric

slack the menu does not need.

Algebraic mirror: closure under supersets. The asymmetry has a direct algebraic
counterpart. The proof of Theorem 2 scales the gradients of the core-containing —

premium — bundles by «; within-premium cones are a-invariant (premium gra-
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dients scale together) while between-premium cones widen. This invariance re-
quires the premium set to be closed under supersets — if B is premium, every B’ 2 B
must be too, or a non-premium superset breaks the cancellation. The natural such
family is F., and every non-empty superset-closed family must contain [N]: the

set-theoretic universality of the grand bundle is exactly its algebraic universality.

Open questions. Two natural extensions preserve the asymmetric structure but
enlarge the premium family. Coexisting complementarity systems: multiple disjoint
cores, each with its own premium (Microsoft Office and Azure as parallel ecosys-
tems). Competing vertical hierarchies: multiple incomparable maximal chains (ca-
ble, satellite, streaming as parallel ladders), each admitting a core-peripheral form.
Both are conjectured core-peripheral within their own systems and reduce to Theo-
rem 2 in the single-system case, but require multi-parameter analogs of alignment

regularity.

5 APPLICATIONS

This section applies Theorem 2 to settings where its hypotheses can be dis-
charged from primitives, and closes with the markets the theory organizes. Pure
bundling needs no distributional input beyond Myersonian regularity and inclu-
sivity, with the iid Beta family making its conditions explicit in every dimension
(Section 5.1); an explicit two-tier family with one peripheral good is solved under
log-concave core marginals (Section 5.2); and the two thresholds map observed

menus across market segments (Section 5.3).

5.1 Pure bundling

At C = [N] the menu is a single grand-bundle price p* = a$§ — the restricted
optimum on Fyy; = {[N]}, with a-independent crossing point § = p*/a. Call the
bundle-value distribution of } ; x; strictly Myersonian regular if its virtual value is
strictly positive above the crossing point, H(r) := r (r)/F(r) > 1 on the active range
(v, F the bundle value’s density and survivor); classical regularity together with the

price first-order condition implies it.

Theorem 5 (Pure bundling). Suppose the bundle-value distribution is strictly Myer-
sonian regular. Then pure bundling at p* is optimal in the unrestricted problem for all
sufficiently large « if f is inclusive (5 < min; v;), and is strictly suboptimal at every

a > 1if f is non-inclusive (min; v; < 3).
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The two directions give inclusivity as a necessary and sufficient condition for pure
bundling, with the knife edge § = min; ¥; unclassified. Sufficiency is the C =
[N] case of Theorem 2: single-cell mass balance is the price first-order condition
(Lemma 3), and strict Myersonian regularity supplies alignment regularity through
the single-cell certificate (Proposition 4); conversely that alignment regularity forces
the weak form H > 1 (Remark 3), so the hypothesis is pinched between the weak
and strict classical conditions. Necessity is the pure-bundling case of Theorem 4,
strengthening the additive observation of Manelli and Vincent (2007); Pavlov (2011):
the force is geometric, not pricing. Complementarity widens the bundle cone but
never moves the crossing point, so a buyer with #; < § pays nothing at every a and

an item-i singleton captures the leakage.

The iid Beta family. The conditions of Theorem 5 are satisfiable in every dimen-
sion, with closed forms. For the iid Beta(, 1) family f(x) = BN [, xiﬁ_1 on [0,1]V,
the bundle value } ; x; has the explicit law G(t) = tNﬁ/cN([p’) on [0, 1], with cy(B) =
['(1+NpB)/T(1+ [j’)N. Writing Ax(B) := (1 + NB)/cn(p), the pure-bundling crossing
point is
SNp = An(B) NP,

which lies strictly below 1 — so the menu is inclusive — exactly when Ay(f) > 1.
A small exponent secures inclusivity, and more: it pushes mass toward zero on
each coordinate (the bottom-heavy regime that inclusivity asks for), and for  small
enough the bundle-value distribution is strictly Myersonian regular in every di-
mension, so pure bundling is optimal for all large a. The dimension-adapted choice
B = 1/N keeps the per-coordinate tail mass scale-invariant and gives a bench-
mark whose crossing point 8y ;1,5 = 1/(2T(1 + 1/N)N) rises monotonically toward
e’ /2 ~ 0.89. A self-contained treatment — the regularity analysis, its reduction to
a cushion-versus-drop comparison, the dimensional thresholds, and the one open

large-dimension question — is deferred to a supplementary note."®

5.2 Two-tier menus with one peripheral good

The second application is the simplest menu in which the core-peripheral struc-
ture is genuinely visible: a two-tier menu offering the bare core C and the grand bun-

dle CU{p} adding a single peripheral good. Unlike pure bundling, the certificate is

8The two-good uniform benchmark is the N = 2, 8 = 1 member; its explicit threshold aj;; ~ 1.253 is constructed in
Section S.6.
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built in two cells at once and the peripheral good forces transport across peripheral
levels. Normalize to D = [0, 1]N; the core is C with |C| = N -1 > 1, P = {p}, types
x = (w,z) with z := x, and core sum t(w) := } ;.- w;, and H¢(q) := 99c(q)/Ge(q) is
the core sum’s virtual-value statistic under f- (Section S.2).

The two-tier setting fixes three things. (S1) The density is a product f = fc ® f,
with fo = ®ieC f., each £ log-concave, C', and positive on (0,1] — so f- is an
admissible core density (Definition 7) — and the core radial score @(w) := |C| +
w-Vlog fc(w) is nonnegative. (S2) The peripheral marginal is f,(z) = ﬁzﬁ_l for some
B > 0. (S3) The menu M = {(C,as¢c), (C U {p}, adg)} has crossing points 0 < 5c <
8¢ < 1 and mass-balanced selling cells; write d := 3¢ — $¢c and 7(z) := (8 —2)"."°

Normalizing utilities by «, the bare-core tier wins on C; = {t > 5., z < d} and
the grand tier on C, = {z > d, t > 7(z)}: the upgrade threshold depends on z alone
(buy the add-on when z > d), while the participation boundary t = 7(z) falls one-
for-one in z to zero at z = 35. Inclusivity is free from the (S3) crossing points: every
core top face has t > 1 > §- > 7(z) and the peripheral face {z = 1} sits in C, since
5 < 1 —Dboth read directly off the geometric (face-meets-cell) form of Definition 2.

And mass balance on the bare-core cell is equivalent to
Hc(Sc) = 1+p

(Lemma 17), the two-tier analogue of the pure-bundling first-order condition H (3) =
1 of Proposition 4; the constant rises from 1 to 1 +  because the cell’s interior mass

now carries the peripheral block’s share of the radial score, ® = & + 1 + 8.

Theorem 6 (Optimality of the two-tier menu). Under the two-tier setting (S1)—(S3),
the pair (f, M) is alignment-regular at some level k* < 1; hence the two-tier menu is

optimal in the unrestricted problem for all sufficiently large a.

Intuitively, the certificate splits each cell’s transport in two. Stage W works at
frozen peripheral coordinate: in each slice the core faces are carried onto the slice’s
interior share by the core-wedge couplings (Theorem 8) at entry level g = 5. (bare-
core cell) or g = 7(z) (grand cell) — pure bundling, slice by slice — at a uniform
level xy < 1 (Proposition 3). Stage G serves the peripheral face by sliding down

the peripheral coordinate, the core sum dipping by at most a x-fraction per unit

YFor B < 1, f falls outside the closed-box standing form but is an admissible core density to which the sufficiency chain
extends (Lemma 14); the prices are feasible by the intermediate value theorem (Lemma 17).
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of descent — the rate the grand cell’s budget relation permits; the binding slice
z = d fixes the closed form & = 3-/(1 —d), which rises to 1 as the grand slack 1 — 35

vanishes. The proof and supporting remarks are in Section S.3.2.

5.3 Three regimes in observed markets

The two thresholds traced in Sections 4.1 and 4.2 produce a comparative-statics
arc —separate sales below «,, a mixed-bundling intermediate regime, core-peripheral
bundling above a” — observable where the same goods are sold to segments differ-
ing in their integration premium, the complementarity premium « of (4).

Al providers maintain two parallel price lists for the same models. The con-
sumer segment — individuals using a chat interface for everyday tasks at a flat
monthly fee — receives a tiered, bundled mechanism: the ChatGPT Plus / Pro
ladder. The developer segment — engineers building applications, agents, and
back-end tools that call the models programmatically — receives an unbundled
per-token price list, with each model priced separately by usage.?® The two chan-
nels target observably distinct segments: a consumer’s value of having both models
inside one subscription comes from the unified conversational interface, the shared
memory, and the multi-model workflow the provider performs automatically, so
the integration premium is large; a developer’s routing logic, context management,
and model substitution live in the developer’s own code, so the integration pre-
mium is small.

Enterprise software shows the same segmentation at industry scale. Large tra-
ditional firms — banks, retailers, manufacturers, with limited internal engineering
capacity — typically license integrated SAP, Oracle, or Salesforce suites at the bun-
dled list price. Tech firms — Meta, Stripe, Netflix, with deep internal engineering
capacity — typically forgo the integrated suite and assemble a custom stack out
of best-of-breed components. Between the two extremes, mid-sized enterprises li-
cense a core platform together with selected optional modules: an integrated suite
for the workflows tightest with the platform’s data, separately priced add-ons for
the rest.

The three segments map naturally onto the three regimes of the comparative-
statics arc. Per-token API access and best-of-breed assembly sit below «,, where

the integration premium is too small to force the grand bundle into the menu —

2 Compare https://openai.com/chatgpt/pricing with https://openai.com/api/pricing/; Anthropic’s consumer and
API channels show the same split.
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the bundle’s cone covers no required direction that some a la carte option cannot
already cover. Mid-sized enterprise licensing sits in the intermediate (a,, a") band,
where the grand bundle covers some required directions but core-only cones miss
others, so both the bundle and a la carte options remain in the menu. Consumer Al
tiers and integrated enterprise suites sit above o, where the core-containing cones
jointly cover every required direction and a la carte alternatives are squeezed out.
The same product, faced with three different integration premia, supports three

qualitatively different mechanisms.

6 CONCLUSION

This paper develops a bundle-to-cone framework for optimal screening under
combinatorial preferences: each bundle carries a cone of covered directions, the
differential virtual value identifies the required directions, and optimality is certi-
fied by matching required to covered, cell by cell, with complementarity widening
the cones of core-containing bundles. Applied to a scalar complementarity pre-
mium a multiplying every bundle that contains a fixed core, the framework iden-
tifies two thresholds, each a cover-side event in a: a lower threshold «, at which
the grand bundle’s cone first becomes a needed cover (Theorem 3), and an up-
per threshold a” at which the cones of core-containing bundles jointly cover every
required direction (Theorem 2), certified by alignment regularity — the stochastic-
dominance condition that orders revenue-rewarding above revenue-absorbing types
in every aligned score. Inclusivity is the binding distributional condition for finite-
ness of a” (Theorem 4). The applications discharge these hypotheses from primi-
tives. For pure bundling the picture is sharpest: alignment regularity is supplied
by standard Myersonian regularity, and inclusivity characterizes optimality out-
right — up to a knife edge, the distribution is inclusive if and only if pure bundling
is optimal for all large a (Theorem 5). The two-tier family (Section 5.2) and the iid
Beta benchmark (Section 5.1) extend the picture to one add-on and to higher di-
mensions.

The methodology is portable to richer slices of the combinatorial preference
space; Section 4.4 sketches the natural extensions — coexisting complementarity
systems and competing vertical hierarchies — as open questions on the algebraic

structure of premium bundles.
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A PROOFS OF STRONG DUALITY

Proof of Lemma 1. The constraint du(y) C Q makes u LipschitzonY,soU = uov
is Lipschitz on the compact set D. By Rademacher’s theorem, U is differentiable at
Ap-a.e. x € D. At any such point, JU(x) = {VU(x)} is a singleton, and the convex

chain rule dU(x) = Jv(x)" du(v(x)) forces
Jv(x)Tq = VU(x) for every q € du(v(x)).
Tangency Jv(x) a(x) = v(x) then gives

4x) - v(x) = q(x) - Ju()alx) = (Jo(x) q(x)) - ax) = a(x)- VU(x).

Incentive compatibility provides t(x) = g(x) - v(x) — U(x), which together with the
previous display yields the claimed formula. Q.E.D.

Proof of Lemma 2. c(v(x),v(x")) = Sup, .o q-V(x—x') = sup (x=x") = cy(x—x’),

pepy P
with the closed form coming from the polytope vertices {0} U {Vg : B € F}. The
vertex Vj attains the supremum at / if and only if Vg - h > Vg, - h for every B’ € F

and Vg -h >0,ie, heKj. Q.E.D.
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Proof of Theorem 1. Roadmap. The proof has three steps. Step 1 rewrites the pri-
mal as a conic linear program using the operator A that encodes the one-sided
constraint u(y) — u(y’) < c(y,y’). Step 2 derives a sup-norm Lipschitz bound to ob-
tain compactness by Arzela—Ascoli, giving primal attainment. Step 3 applies the
Gretsky—Ostroy—Zame criterion, together with an infimal-convolution argument

for the one-sided cost, to obtain no duality gap and dual attainment.

Step 0: normalization. Recall from (3) that Y = conv(Y), which is compact —

hence closed — because Y is compact. The transformed measure on D is

p=206,+(fa-n)osp—[V-(fa)+ f]LNIp,

so the divergence theorem gives

(D) =1+ f(x)a(x)-n(x)da(x)—f [V-(f (x) a(x))+ f(x)] dx = 1—J f(x)dx = 0.
oD D

D

Hence the pushforward measure also has zero total mass:

Adding a constant to a feasible utility therefore does not change the objective. Fix

an arbitrary anchor point y, € Y and define
Uy :={ue C(Y) : u is convex and coordinatewise nondecreasing, and u(y,) = 0}.

Because both y; — 9, and v have total mass zero, the constant normalization is im-
material. Since

supq-z = max{O, masz} S A
qu BeF

the primal constraint du(y) C Q implies the global bound

u(y)-u@)<c®,y), pyev.

Conversely, the global bound forces du(y) C Q at every interior point of Y; at a
boundary point the subdifferential relative to Y may be strictly larger. But any u
satisfying the bound coincides on Y with its one-sided envelope y — inf,y{u(z) +
c(y,z)}, which extends u to a convex function on all of RX with subdifferential in

Q everywhere (the computation in Step 3 below, applied with ¢ = b). The two
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constraint sets therefore carry the same value of the normalized primal, and the
argument works with the global bound. Exchanging y and y’ in it yields the two-
sided Lipschitz bound

u@) -u@)| <ly-v|., vy ev.

The normalized primal is therefore equivalent to maximizing jY udv over u € U,
subject to the one-sided bound u(y) — u(y’) < ¢(y,v’) — not merely the two-sided
Lipschitz bound just displayed.

Step 1: conic-LP form. Work in the Banach spaces C(Y) and C(Y x Y) equipped

with the sup norm. Let

Vi={geC(YxY):g>0},

(Au)(v,7) = u(y) — u(y’),

together with the cost function b(y,v’) := ¢(y, ¥’). The primal problem is

sup inf {(v, uy+(y,b- Au)}.
ueldy VL (YY)

Interchanging the order of optimization yields the formal dual

inf sup{(y, by —(A'y —v, u)}
velL (YY) yeld,

A direct calculation shows that
AY =n -7

where y; and y, are the marginals of y. Hence the dual reads

inf f cw,v)dy(v,v) st (u,y,—y,—v)=0 VYVucel,.
720 Jyxy

Since zero-mass measures are unaffected by constant shifts, this constraint is ex-

actly
V1= Zmevx Vs

which is the dual problem (3).
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Step 2: primal attainment. Let

F() :={uel,: Au < b}.

If u € F(b), Step 0 already gives |u(y) —u(y’)| < |y - y’|oo. Thus every u € F(b) is
1-Lipschitz with respect to the bundle-coordinate sup norm, so F(b) is equicon-
tinuous. Because each u € F(b) satisfies u(y,) = 0 and Y is compact, the family
is also uniformly bounded. Convexity and coordinatewise monotonicity are pre-
served under uniform limits, so by Arzela—Ascoli, F(b) is compact in C(Y). The
objective map u — IY u(y) dv(y) is continuous on C(Y), hence attains a maximum

on F(b). The primal therefore attains its optimum.

Step 3: no duality gap and dual attainment. For ¢ € C(Y x Y) define

F(g):={uel,: Au<g}, V(g) := sup{J u(y)dv(y):u e F(g)}.
Y

Fix &1 € F(g) and define the one-sided envelope

u(y) := infli(z) + c(y, 2)}, yev.

ze¥

Because c(y,z) = Sup,o9- (y —z) is the support function of the compact convex set

Q, support-function calculus yields
u(y) =supf{q-y-a'(q)},  @'(q):=suplq-z—i(z)}.
qeQ zeY

Hence u is convex and coordinatewise nondecreasing. The infimum defining u(y”)
is attained because Y is compact and z — ii(z) + c(y’,z) is continuous. For any

v,y € Y and any minimizer z for u(y’),

u@) - u(®y) <cy,z)-c,z) <c(®y),

so Au < b. Choosing z = y gives u(y) < i(y), and because it € F(g),

i(y) —i(z) < g,2) for every y,z € Y.

Therefore
u(y) 2 inf {i(y) - gy, 2) + c(y,2)} = Ay) - g - b]| .,

SO
0<i(y)-u@) <|g-b|_.
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Set i1 := u — u(y,). Then Al = Au < b and @ € U,. Since i(y,) = 0 and |u(y0)| <
g - bl

)
o0

la-all,<2|g-b|_,

hence
V(g) - V() <2 vliy g -b]_.

The value function V is concave: U, is convex, the constraint Au < g is jointly linear
in(u,g)—so AF(g;)+(1-A)F(g,) € F(Ag+(1-1)g,) for A € [0, 1] — and the objec-
tive is linear in u. Since the bound above holds for arbitrary g and b, V is moreover
Lipschitz, and in particular finite and continuous, at b; a concave function contin-
uous at a point is subdifferentiable there. By the Gretsky—Ostroy—Zame theorem
(Gretsky et al., 2002), subdifferentiability of the value function at the primal con-
straint is equivalent to the absence of a duality gap together with attainment of
the dual optimum. The primal and dual values therefore coincide, and the dual

problem attains an optimizer. Q.E.D.

Proof of Proposition 1. Weak duality gives

dv = —u(y’))d ,v)dy,
L udy ny(u@) u() ysfmc@ v)dy

where the identity uses 3, —y, = v from condition (iii). Under conditions (i) and (ii),
the inequality holds with equality y-almost surely: inside each transported linear-
ity cell, the affine piece’s quantity g° exactly supports the transported direction and
attains the one-sided cost. The display in (ii) is exact complementary slackness; in
the case q° = 0 it forces c(y,y’) = 0, so the transport is weakly downward in bundle
values. Hence the candidate’s primal value equals the dual cost. Optimality of both
sides now follows from weak duality alone. Any primal-feasible u’ extends to Y by
its one-sided envelope inf,.y{u’(z) + c(:,z)} — convex with quantities in Q by the
support-function calculus of the strong-duality proof, and equal to " on Y, hence

objective-preserving; for the extension, monotone convexity and dual feasibility of
any y’ give
J wdv < J(u'(y) —u'(y)))dy’ < Jc(y,y’)dy’.
Y
Thus every primal value is at most every dual cost; the pair (u, ) is feasible on

both sides with matching values, hence u solves the primal and y solves the dual
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— no appeal to Theorem 1, and hence no convexity of Y, is needed. So (u,y) is a
primal-dual saddle point. Q.E.D.

Proof of Proposition 2. The criterion reduces to Proposition 1 through the valua-
tion map. Admissibility. uy(y) = max,{q" - v — p,} is a maximum of finitely many
affine functions with quantities 4° € Q, so it is convex with duy(y) = convig’ :
¢ active at y} C Q, and the outside option gives uy > g° -y — p, = 0; hence uy, € U,
piecewise linear on the polyhedral cells of the menu. Cell correspondence. Under
Assumption 1, (V" ¢")-x—p, = q°-v(x)—p;, so Uy = tpsov and the maximizing option
at x is the maximizing option at v(x): the cells correspond, C, = v~ (C,) with C, the
linearity cells of uy; on Y. The pushed-forward plan. Let ¥ := (v xv)zy € [ (Y xY).
For condition (i): if x,x” lie in the closure of one cell C,, then v(x), v(x’) lie in the
closure of C; by continuity of v. For condition (ii): the displacement h := x —x’ lies
in K3 for every B € supp oy, so V- h = cy(h) at each such B by Lemma 2; averag-
ing against o, (a selling option allocates with total probability one) gives the cost
identity
c(v(x),v(x)) = cy(h) = (VTq") - h = q° - (v(x) = v(x)),

and within the cell the common price cancels, uy;(v(x))—up (v(x’)) = qg ((v(x)-v(x'))
— exactly the complementary-slackness display of Proposition 1(ii); the exclusion
option q° = 0 forces cy(h) = 0. For condition (iii): the marginals push forward,
V1=V, = vg(y1 —¥») = vy = v. Proposition 1 therefore applies to (uy, ¥): uy; solves

the primal and, by Lemma 1, the menu M implementing u,, is optimal. =~ Q.E.D.

Remark 2 (Within-cell support). Condition (i) is not an independent hypothesis at
optimal pairs: if u is primal-optimal of the stated piecewise-linear form, then any
dual-optimal y with absolutely continuous sink marginal satisfies it. Indeed, when
the primal and dual values coincide — Theorem 1, with ¥ = Y in the standing
applications — the chain fY udv < fud(y1 - V) = I(u(y) - u(y))dy < fcdy/
collapses to equalities, so the complementary slackness u(y) — u(y’) = c(y,y’) holds
y-a.e. Applied to a pair y € C;, v’ € C, with u = max,,(a,, + 4" --) and ¢(y,y’) >
g - (v—7v), it forces a; +q* -y’ > a, +4° -v'; since v’ € C, gives the reverse inequality,
v’ lands on the indifference hyperplane {(¢* - 4°) - z = a, — a;}, Lebesgue-null for
k = € (distinct affine pieces). Hence y(Cy x C;) = 0 for all k = {: y is supported on
within-cell pairs. Primal optimality of u is essential — for a suboptimal candidate

the chain stays strict and no support restriction follows. The same statement holds
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for Proposition 2 in the coordinates of D (sink marginal i, absolutely continuous),

with the exclusion cell as the case £ = 0, (g°, a,) = (0, 0).

B PROOF OF THE CORE-BUNDLE THEOREM

This appendix proves Theorem 2; the standing form is in force throughout.
The candidate menu M = {(o;, p;)}¢-, has selling cells {C,};5; and exclusion cell
C,, with the tie convention assigning each type to one cell. For a cell £ write w,
for the marginal-inclusion vector and s,(x) := w, - x for the effective cell sum, and
classify its peripherals by weight: full-weight Si;l) ={j € P : wy; = 1}, fractional
B .= {j €P:0<wy; <1}, zero-weight Z, the rest. The active set Ay 1= {i : w; >
0} =CuU Sél) UBI collects the coordinates of positive weight; set B(gl) =CU Si,l) and
tc(x) := Yo X;, with corner f¢c := )Y .- ¥;. The boundary and interior parts y* of
the differential virtual value are as in Section 4.1, with cell restrictions " := p*|c,.
The pulled-back one-sided cost splits as ¢, = max(a ¢’¢,cP) into a core-only cost
c’e(h) := max{0, maxger. ) ;5 hi} (the a-premium shown explicitly) and a non-core
cost ¥ (h) := max{0, maXger. ) ;g Mi}, which carries no premium.

The construction is a transport plan certifying Proposition 2(iii); it consumes

the candidate’s optimality through one first-order condition, cell mass balance:
(MB)  u(Cp) =0, ie. u"(Cp)=pu(Cp), > 1. (5)

Lemma 3. If M is optimal in the restricted problem on F, then each selling cell satisfies

(5).

Proof. For an F--mechanism with option utilities v,,(x) — p,,, the indirect utility
is Uy(x) = max{O, max,,(v,,(x) — pm)} and seller revenue is the primal objective
R = b U, dp (Lemma 1 and (2), with y the differential virtual value of Section 2.2).
Fix a selling cell £ and perturb its price alone, p, — p, + €, holding the options {0, }
and the other prices fixed; the perturbed mechanism is again supported on F.. The
map € — U, (x) is 1-Lipschitz (a single price moves a finite maximum by at most
le]), and for Ap-a.e. x the maximizing option is unique, so the derivative exists with
dU,/dpe = —1incc,(x). The exceptional set — where two options, or an option and
exclusion, tie — is a finite union of affine hyperplanes: Ap-null, hence y™-null, and
(the tie convention excluding face-aligned indifference hyperplanes, the standing

non-degeneracy) meeting each top face in dimension < N — 2 and avoiding the
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origin atom, hence p*-null. Dominated convergence against the finite measures p*
(difference quotient bounded by 1) gives
: 70 4 = -ulintCo) = —p(C)

_— = _— = - 1n = — )

dp€ b apf H H l Hile
the last equality because dC, is y-null. A selling cell has Ap(C,) > 0, so option
¢ wins on a set of positive measure under every small perturbation; p, is thus
an interior maximizer of R along this F--family, and restricted optimality forces
dR/dp, = 0, i.e. u(Cp) = 0. Q.E.D.

Global balance p(D) = 0 (divergence theorem on the measure y of Section 2.2) ex-
tends (5) to the exclusion cell, where inclusivity makes ﬂ+|c0 the origin atom of
mass 1; so each pair y; has equal total mass, the prerequisite for the couplings be-
low. The construction consumes optimality only through (5), hence applies to any
finite, inclusive, alignment-regular menu whose selling cells are mass-balanced —

the form in which the applications of Section 5 are verified.

Normalization in a. Since (4) scales each core-containing bundle value by «, the
candidate is specified scale-invariantly (the theorem’s footnote): prices scale lin-
early, p, = a§,, with a-invariant crossing points 5, := p,/a; the cells {C,}, the
vectors wy, and the sums s, are therefore a-independent. The saddle pair is posi-
tively homogeneous, so it suffices to verify Proposition 2 in normalized units: write
iy = upy/a, so that iy (x) = sy(x) — 5, on a selling cell and i,; = 0 on C,.
Dividing the cost by a as well — writing ¢, := c¢,/a = max(c’c, ¢’ /a) for the
normalized full cost — the within-cell complementary-slackness identity reads
(') — iy (v°) = se(h) = ¢*¢(h) on KZC, and «a enters the rest of the proof through a
single comparison: full-cost slackness holds at a within-cell pair iff c’(h) < asp(h),

equivalently iff the displacement lies in the full cone
K] = {heK[:c"(h) < as(h).

Every cone membership, coupling, and slackness identity below is stated in these
a-free units; raising a widens Kf toward Kgfc, and a*(C, M) is the level at which

the comparison holds for y’-a.e. pair.

Roadmap. Lemma 4 pins the sign pattern of within-cell displacements on the cell’s

core-only cone and identifies the normalized core-only cost as s,(h). By (5) each
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pair y; has equal mass, so Lemma 5 assembles any family of within-cell couplings
{y/} into a single transport realizing condition (iii) of Proposition 2, supported on
within-cell pairs by construction. Lemma 6 then builds the selling-cell couplings
under alignment regularity at level « (Section S.1): every coupled displacement lies
in the budget relation K, , — a subcone of the core-only cone carrying a uniform
budget slack — on which c’(h) < as,(h) for every « > 1/(1 — k). Lemma 7 con-
verts this into full-cost complementary slackness, and the concluding verification

of Theorem 2 closes condition (ii) of Proposition 2 once a > a*(C, M) := 1/(1 — k).
B.1 Cone-forcing and cost anatomy

Lemma 4 (Cone-forcing and cost anatomy). For every selling cell C, and every h €
].'
K,¢:

(1) hj =0 for every j € Bfra<;
(2) h; <0 forevery j & Ay;
(3) h; >0 for every | € Sél), and hence ) . hy > 0 for every T C Sél);
(4) the core-only cost satisfies c’<(h) = s,(h) with s;(h) = 2 g hi
1€5,
(5) the non-core cost satisfies c* (h) < sp(h)+Y_,.-(~h;)", equivalently c* (h) < ZieBél) h;.

Proof. Every B € F contains C and w,; = 1 on C, so the cone-defining inequality
asp(h) > a} ,_zh; cancels the common core terms; writing B = CU S for S C P, it

reduces to

ng,j h; > Zhj for every S C P. (6)

jeP jes
Sign analysis. Specialize (6) to S := {j € P : h; > 0}. Splitting P into S* and

P\ S" and rearranging,
Z(W[J - 1) I’l] + Z We,j I’l] > 0.
jes* jeP\S*

For j € §* each summand is < 0 (since w; < 1and h; > 0); for j € P\ S* each
summand is < 0 (since w,; > 0 and h; < 0). The non-negative sum forces every

summand to vanish:
hi>0=w,; =1, hy <0=we; =0, 0<wg;<1=h;=0.
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Parts (1)—(3) follow: a fractional item has 0 < w,; < 1,s0 h; = 0; for j ¢ A,
(we; = 0, hence j € P as C C Ay), contrapositive gives h; < 0; for I € S}l) (we; =
1), contrapositive gives h; > 0, and summing non-negatives yields the subset-sum
statement.

Cost identities. On KZC the cell sum collapses: fractional terms vanish by (1),

zero-weight terms vanish because wy ; = 0, so

sp(h) = wy - h = Zhi+ Zh]: Zhi.
jeSél)

ieC . _n(1)
1€B[

Since Bél) € Fc (it contains C), maxgez. ) zh; > sg(h), while (6) gives the reverse

inequality; together with s,(h) > 0 on Kfc, this proves (4).

For (5), take any non-core B # &; then C ¢ B. Decompose ) zh; = } ;.- h; +
ZBmSél) h; + ZBQB?M h; + ZBO(P\Ag) h;. By (1) the fractional sum is 0; by (2) the zero-
weight sum is < 0; by (3) the full-weight peripheral sum is <} o) hj (with h; = hf

¢

on Sél) since f1; > 0 there). The core piece is ) p - h; < ), - termwise. Thus

Y h< ) B+ Bo= ) K,
B C Sél) B

(1)
[4

giving ¢"(h) < ZB(;) hi. Using h{ = h; + (-h;)" and Zsﬁl)(—hlf = 0 (by (3)), this
rewrites as s;(h)+)_-(—h;)*, proving (5). The lemma pins the geometry of permissi-
ble within-cell displacements — zero motion on fractional peripherals, downward
on zero-weight items, upward on full-weight peripherals, core free — and identi-
fies the normalized core-only cost as s,(h), both identities feeding the downstream
within-cell ratio bound. Q.E.D.

B.2 Within-cell coupling freedom

Lemma 5 (Within-cell coupling freedom). Write y; := p*|c,; by (5) the two have
equal total mass on every cell. Suppose that for each cell € > 0 a coupling y; of u;
and y; supported on C, x C, is given, with h = y' —y° € Kfc for y;-a.e. pair on
each selling cell (¢ > 1). Then y’ := ¥,y (i) transports y* to p~; (ii) is supported
on within-cell pairs; and (iii) satisfies the core-only complementary-slackness identity

c’e(h) = (') — tip(v?) for v'-a.e. pair on each selling cell.

Proof. Equal cell masses, from (5), make each j; a genuine coupling; the sum-

mands have pairwise disjoint supports C, x Cy, so " > 0 and (ii) holds.
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(i) The tie-breaking convention assigns each type to exactly one cell, so {C/},5¢
partitions D as Borel sets and p* = ), i exactly — for y~ the cell boundaries are
in addition Lebesgue-null, while any " face mass on a cell boundary is assigned
by the convention. Marginalizing, (pr,).y" = Y ,(pr,).ys = X, 4 = u', and likewise
(pr,).y’ =

(iii) On a selling cell fix y',y* € C, with h € Kgfc. There iy (x) = sy(x) — §;, so
(') — iy (v®) = se(h) (crossing points cancel), and Lemma 4(4) gives c’e(h) =
sy(h). So CS holds. Q.E.D.

B.3 Within-cell coupling under alignment regularity
Alignment regularity delivers the within-cell coupling for every selling cell,
through the monotone-coupling form of Strassen’s theorem applied to the cell’s

aligned-score laws; the derivation is in Section S.1.

Theorem 7 (Relational Strassen (Strassen, 1965; Kellerer, 1984)). Let X,Y be com-
pact metric spaces, y € P(X), v € P(Y), and G C X xY closed. A coupling 7 € Il(u,v)
with (G) = 1 exists if and only if

v(B) < u(G™(B))  foreveryclosed BCY, G'(B):=proj,(Gn (X xB)).

In particular, for finite Borel measures v, v, of equal mass on a compact subset of R™:
V1 <posp V» if and only if there is a coupling of (v,,v;) concentrated on {(u,v) : u >

v coordinatewise}.”!

Lemma 6 (Within-cell coupling). Suppose (f, M) is alignment-regular at level x €
[0, 1) (Definition 3) and the selling cells are mass-balanced (5). For each selling cell
C, there is an a-independent coupling y; of u;, pg such that, for y;-a.e. pair (writing
h=y' —y°):

(a) h e KJC and s;(h) = (1 —1)(L,c b + L et hj) > 0;

(b) c"(h) < asg(h) for every a > 1/(1 — k).

2! After common normalization, apply the first part with G the coordinatewise order: indicators of closed up-sets are
bounded monotone Borel, so v; <posp ¥; gives v;(U) < v,(U) for every closed up-set U; G™'(B) is the up-closure of B, closed
by compactness, so the Hall criterion reads v;(B) < v, (G™'(B)) < %(G™'(B)). The converse direction is immediate from the

coupling.
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Proof. The derivation — the dominance of the aligned-score laws transfers, by
the monotone-coupling form of Theorem 7 together with disintegration over score
fibers, into a within-cell coupling concentrated on the budget relation K, ,, whose
displacements satisfy (a) and (b) by the admissibility lemma — is given in Sec-
tion S.1. Q.E.D.

B.4 Full-cost dominance

Lemma 7 (Full-cost dominance). In the setting of Lemma 6 — (f, M) alignment-
regular at level x, with y; the couplings it provides — for every a > 1/(1 — x) and
for y;-a.e. within-cell pair, full-cost slackness holds: P (h) < asp(h), so E,(h) = s;(h) =
i (y') = g (3°).

Proof. Lemma 6 supplies a coupling y; satisfying parts (a)/(b). Part (a) gives h €
K{C and s,(h) > 0 for y;-a.e. pair; part (b) gives ¢ (h) < asp(h) for everya > 1/(1-x),
i.e., h € K. By Lemma 4(4) the normalized full cost &,(h) = max(s,(h), c"(h)/a) =
s¢(h) = c¢”¢(h). Lemma 5(iii) gives the core-only identity c’e(h) = (") — iy (v?);
combining, the full-cost CS holds. This is exactly condition (ii) of Proposition 2:
since every offered bundle contains the core, the option gradientis V' ¢* = @ w, and
¢y = max(a c’¢, ¢), so on KZC (where ¢7¢ = s,) membership h € KZ) reads (V'q") -

h = as,(h) = cy(h), i.e. the displacement lies in the cone option € covers.  Q.E.D.

B.5 Verification of Theorem 2

Proof of Theorem 2. By Lemma 3, restricted optimality makes every selling cell
mass-balanced (5), so each pair y; has equal total mass. Let k € [0, 1) be a level at
which (f, M) is alignment-regular (Definition 3) and set & (C, M) := 1/(1 — k) < oo:
Lemma 6 supplies, for every selling cell £ > 1, an a-independent coupling y; of
pe » W satisfying its parts (a)-(b). On the exclusion cell —which contains the origin,
since at x = 0 every option yields —p, < 0 (standing positive prices) — inclusivity
makes pg the origin atom, and global balance gives it equal mass with yg, so a
coupling yq exists (e.g. &y ® g /po (Cy)). Fix @ > a’(C,M). Lemma 5 assembles
V' = Y50 Vi, which transports " to u~ (i), is supported on within-cell pairs (ii),
and satisfies the core-only CS identity on selling cells (iii).

Case split for y'-typical pairs. By (ii) every y’-typical pair lies in a single cell. Two
families carry mass.

(W) Within a selling cell: yl,y2 €Cy, (¢ >1). Lemma 7 (using « > 1/(1 — x) and

the within-cell coupling from Lemma 6) gives &, (h) = fiy(y") — #ip(v°) ae.
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(E) Within the exclusion cell: y',y* € C,. Inclusivity keeps every top face out of
Cy, 50 the only p*-mass there is the origin atom; hence ' = 0 and h = —y°. Both
parts of the cost vanish, &,(h) = 0, since vg(~y°) = —vg(y?) < 0 for every bundle
B; this matches iy (v') — iy (v®) = 0 — 0 = 0, so complementary slackness holds
trivially.

Conclusion. Every y’-typical pair lies within a single cell, and full-cost comple-
mentary slackness holds there — by Lemma 7 on selling cells (W) and trivially on
the exclusion cell (E); cross-cell pairs are y’-null by construction (ii). The marginal
identity 9/ — 9, = u holds by construction (i). All three conditions of Proposi-
tion 2 therefore hold — within-cell support (i), the full-cost CS identity (ii), and
the marginals (iii) — so (uy, v4)) is a primal-dual saddle point and M is optimal

in the unrestricted problem. Q.E.D.
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Online Supplement

S.1 ALIGNMENT REGULARITY AND THE CERTIFICATE COUPLINGS

This section proves Lemma 6: alignment regularity at level x delivers, in every
selling cell, a coupling of (y/, piy ) whose displacements satisfy the covered-cone
> 1/(1 - x).

inequalities and the full-cost comparison c(h) < as,(h) for every «a
The vehicle is the budget relation: a polyhedral cone of displacements whose mem-
bership is encoded, coordinate by coordinate, by the aligned scores of Definition 3.
Throughout, fix a selling cell £ and a level « € [0, 1); notation is as in Section B, and
the standing form is in force. Cells are compact up to the tie convention: each win
region is an intersection of half-spaces of the affine expected utilities aw, - x — p,
with the box D, hence a closed polytopal subset of a compact set, and couplings

live on the closures with marginals assigned by the tie-breaking convention.

Definition 6 (Budget relation). For x € [0, 1) and a selling cell €, let

Keei={heRY: hy>0(jes”), hy<0(ezy), h=0(jeB™), Zh < Zh+Zh+ I

ieC ]eS ieC

The sign clauses replicate the pattern cone-forcing imposes on covered displace-
ments (Lemma 4(1)—(3)); the budget clause caps core dips at a k-fraction of the

aligned gains.

Lemma 8 (Generators). h € K, if and only if every coordinate functional of ©y is
nonnegative at h. Consequently K, . is a closed convex polyhedral cone, and for x,y €

RY: y—x € K ifand only if Oy (y) > Op(x) coordinatewise.

Proof. (=) Let h € K, . The peripheral coordinates of ©; are nonnegative at i by
the sign clauses (the fractional pairs +h; both vanish). Forg =T C C,

or (h) = Zch+1<Zh c;=1(G{€T), c;=x(ieC\T),

ieC ]eS[

and since ¢; € [k, 1], termwise ¢;h; > xh; — h; (for h; > 0 use ¢; > «; for h; < 0 use

¢; < 1); summing,

of(h)zKZh; Zh +KZh > 0

ieC ieC ]€S€



by the budget clause. (<) The peripheral coordinates recover the sign clauses, the
fractional pairs forcing h; = 0. If the dipping set T" := {i € C : h; < 0} is empty the
budget clause holds trivially; otherwise ) , . h; = =Y -hi and Y, -z h; = Y - hf,
soop-(h) > Oreads — Y - h; +x Y - hi +« Zsé” h; > 0, which is the budget clause.
Thus K, , is the set where finitely many linear functionals are nonnegative — a
closed convex polyhedral cone — and the pair form follows by linearity of each
coordinate functional. Q.E.D.

Lemma 9 (Admissibility). Every h € K, satisfies: (i) the covered-cone inequalities
wy-h > 0and wy-h > ) . ph; for every B € F¢, so h € Kfc; (ii) sp(h) = (1 —
KX ec hi + L jest) h;) > 0; (iii) c”(h) < a sg(h) for every a > 1/(1 - x).

Proof. Write G := ) - hj + Zs}” h; > 0 (nonnegative by the sign clause on 521))’
L :=Y - h;, and m := min;.c b > 0; the budget clause reads L < xG.

(ii) On K, , the fractional terms of s,(h) = w, - h vanish and the zero-weight
items carry weight 0, so s,(h) = } - h; + Zs}” hj=G-L>(1-x)G2>0.

(i) The first inequality is (ii). For B=C U S € F- with S C P, the common core

weeh=) b= Y b= Y by 20,

ieB jeS([U\S jesSnz,

terms cancel and

each block nonnegative by the sign clauses (fractional terms vanish on both sides).
Membership in KZ:C = (MBioy(B)>0 Kffc follows by a mean-equals-max argument: w, -
h = B, [ cp hi] with every B € supp o, in F¢, so the average weakly dominating
the maximum forces Y,z h; = wy - h > max(0, maxper. Y, h;) for every B in the
support, i.e. h € K;;C for each of them.

(iii) A non-core bundle B omits some core item iy, 50 Y, p by < )4y hg —hi <
G —m, using ), h{ = G under the sign clauses; hence c?(h) < (G-m)". For a >
1/(1 - K))

aseh)-(G-m) = a(G-L)-G+m > [a(l-x)-1]G+m > 0

by the budget clause L < kG, and a s,(h) > 0 by (ii); together c?(h) < max{0, G -
m} < a sg(h). Q.E.D.

Lemma 10 (Transfer and certification). Let the cell be mass-balanced (5). The score

dominance vy, <posp Vi, holds if and only if there is a coupling y; of (u;, u;) with
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y' —y? € K, for yj-a.e. pair. Since K, grows with «, the levels at which dominance

holds form an up-interval, so the existential level in Definition 3 is well posed.

Proof. (=) By (5), v/, and v, have equal total mass on the compact set O (C,) C
R™. By the monotone-coupling form of Theorem 7 there is a coupling 7 of (v, v/ )
with u > v coordinatewise for 7t-a.e. (u,v). Disintegrate over score fibers (regu-
lar conditional kernels exist on Polish spaces): p; (dy) = IK+(u, dy)v; (du) with
K*(u, -) concentrated on the fiber (©}) " (u) for v/ c-a.e. u, and similarly K~ for ;.
Glue:

yi(dy',dy?) = JK‘L(u,dyl)K_(v,dyz) m(du, dv).

The marginals are y; and y,; by Fubini and the disintegration identities. For y;-a.e.
pair, ©f(y') = u > v = O} (y®) coordinatewise, hence y' — y* € K, by Lemma 8.

(<) Given such a y, for every bounded coordinatewise nondecreasing ¢,

prdw} = f@((@?(yz))dwf < f@((@?(yl))dyé = prdw},

using ©} (') > ©f (y*) on the support (Lemma 8); this is the dominance. The mono-

tonicity in x is immediate from K, , C K, ., for k¥ < «’. .E.D.
y l,x l,x

The converse is how the applications of Section 5 verify alignment regularity: they

construct a K, .-coupling and read off the dominance.

Proof of Lemma 6. Lemma 10 produces, in each selling cell, a coupling y; concen-
trated on K, , displacements; it is a-independent because the cells, the weights, the
scores, and y; are all a-free. Lemma 9(i)—(ii) deliver part (a), and Lemma 9(iii) de-
livers part (b). Q.E.D.

S.2 THE SINGLE-CELL CERTIFICATE

This section constructs the wedge couplings that the applications of Section 5
convert into alignment regularity through the certification direction of Lemma 10.
The setting is menu-free: a single core block carrying a density, and a single level
q playing the role of a crossing point. Throughout, C is a nonempty index set,
D¢ := [1,cc[0,9;], t(w) := ) ..c w; is the core sum with corner value fc := )}, -

and lowest top ¢ := min;c ¥;, and ES := {w € D¢ : w, = ¥} are the core top faces.



Definition 7 (Admissible core density). A density p on D¢ is admissible if: (i) p €
C'(intD¢), p > 0 on int D¢, and p together with each w, d.p (c € C) is integrable
on D¢ — hence each d (w.p) and O, p =} 0. (w.p) are integrable, where ®,(w) :=
|C| + w - Vlog p(w); (ii) p extends continuously to D¢ off the lower faces {w, = 0}, with
integrable top-face traces, and w, p(w) — 0 as w, | 0 for each ¢ € C; (iii) the law of t
under p dw has a continuous, strictly positive density y on (0,tc) with qy(q) — 0 as
q 1 0, and for |C| > 2 each top-face trace law of t is atomless; (iv) p is continuous and
strictly positive on a neighborhood of the top corner (v.)cec, and @, p is bounded on that
neighborhood.

The standing baseline at C = [N] (p = f, with f € C*(D), f > 0; the standing
form) is admissible — every clause holds with room to spare on a compact box —
and so is the iid Beta(B, 1) family for every f > 0: there ®, = |C|p is constant,
wd.p =(-1)p € L', the singularities sit only on the lower faces, the core-sum
density is continuous and positive on (0, fc) with gy(gq) < q|C|,3 — 0 (continuity
and positivity follow by induction on |C|: convolving with fxf~' preserves both,
by dominated convergence across the integrable endpoint singularity), and the face
trace laws are absolutely continuous. Independent core blocks with admissible
structure are instantiated where used (Section 5.2). Write F(r) := f{tzr} p dw for the
(unnormalized) survivor of the core sum, k(r) := y(r)/F(r) for its hazard on (0, ),
and
Hg = qhia) = 22, HE) =0,
()

continuous on [0, fc) by Definition 7(iii). The objects of this section, for a level

qe [0,£C), are the certificate measures

v, o= Zw‘/cp|FCC on FEnft > g}, v, 1= (P,+H(q))pdw onQ, :={w € D¢ : t(w) = g},
ceC

and the core wedge at level k, W, := {h € R® : Y hi <k ). hi}

Lemma 11 (Divergence identity). For admissible p and every r € (0, fc),

J Q,pdw = B(r)—ry(r), B(r) := ZJ v.pdo,,
(t>r) ceC JEEN{t>r)

with o, the surface (Lebesgue) measure on ES; atr = 0 the identity holds with ry(r)
replaced by 0. In particular, taking r = q and adding H(q)F(q) = qy(q): the certificate

measures have equal total mass, v, (QQ) = B(q) = v, (Q).
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Proof. Coordinatewise integration by parts. Fix ¢ € C and w_. with t_(w_.) :=
Y ... w;; the fiber {w, : (w,, w_) € O} is [a., ] with a, := max{0, r —t_.(w_.)} (empty
if a. > 7.). On a nonempty fiber, w. — w.p is C' on the interior with endpoint

limits given by Definition 7(ii), so

jcac(wcp)dwc = B pBe @) — a.plac @),

the lower term vanishing when a, = 0 by (ii). Integrating over w_. and summing
over c: the left side is er Y. O.(wp) = er @, p; the first right-hand terms sum to B(r)
(the interchange of sum and integral is licensed by Definition 7(i), each d.(w.p) €
L'); and the subtracted terms sum, by Fubini on the graph parametrizations of
the cut {t = r}, to I(ZC w,)p over the cut, i.e. ry(r) (each c-term integrates w,p
over the same cut, and y(r) is the cut integral of p in the graph variables). The
Fubini identity holds for a.e. r a priori; both sides are continuous in r on (0, f¢)
(y by Definition 7(iii), B by the atomless face trace laws — trivially constant for
|IC| = 1 — and the left side because ®,p dw is absolutely continuous), so it holds
at every r. The mass identity follows since v, (();) = qu Q0 + H(q)F(q) = B(q) -

97 () + qy(9). Q.E.D.
Lemma 12 (Gap identity and regularity). For admissible p, q € [0, EC), andr € [q,tc),
define the tails I(r) := v, ({t > r}) and B(r) := vy ({t > r}) (consistent with Lemma 11

since all face mass hast > t. > q). Then

Ay(r) == B(r)=1I,(r) = ry(r)-H(q)F(r) = F(r)[H(r)-H(q)] (0<r <o)

If p is regular above q — H(r) > H(q) for every r € (q,fc) — then A, > 0 on [q, f¢),
strictly positive on (q, tc), with a strictly positive minimum on every compact subinterval
of (4, c).

Proof. By Lemma 11, I(r) = [B(r) — ry(r)] + H(q)F(r), giving the identity. Under
regularity above g, A(r) = F(r)[H(r) — H(q)] > 0 for r € (g, ¢) since F(r) > 0 there;
at r = q it vanishes. A, is continuous on (0,c) (y and F continuous by Defini-
tion 7(iii)), so on a compact subinterval the strictly positive continuous function

attains a strictly positive minimum. Q.E.D.

Lemma 13 (Shifted-tail inequality). Let |C| > 2, let p be admissible and regular above
q € [0,t.) with @, + H(q) > 0 on Q,. Then thereis A € (0,1/2] such that

I,(r) < B(Ty(r))  foreveryr € [q,tc], Tyr):=(1-A)r+ Aic.
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Proof. Three bands, split at g, := (g +t.)/2 € (q,t.) and at a corner cutoff f¢ — r,.
Corner band. By Definition 7(iv) pick a corner radius u, > 0 and constants

0 < p < Ploc < c0owithp <p < pjocand @,p < ¢on DeN[;[v; —uo, v;]. Fors € (0, 1]

the region {t > - — s} is the corner simplex {)_.(¥; — ;) < s}, of volume silic, so

_ _ _ S|C|
Iq(tC_s) < (C+H(q)ploc)ﬁ;

on each face FE the set {t > f- —u} is the face corner simplex of volume u|C|_1/(|C| -
1)!,soforany A <1/2, T (tc —s) =tc—(1 —A)s <fc—s/2 and
. . oy, 2
_ > - > .
B(Taic=9) 2 Bl =s/2) = ()_%)e -y

c
The ratio of the bounds is O(s); choose 7, € (0, u,] so that I (fc —s) < B(T,(f¢ - s))
forall s <rjandall A <1/2.

Low band [q, qo]. Set Aoy := (t. — q0)/(tc — o) > 0. For A < Ay, and r < q,,
Ta(r) < Ta(q0) < t., where B is constant at its total value (every face point has
t > t.): B(T\(r)) = B(q) = I,(q) > I,(r), by the mass identity of Lemma 11 and
monotonicity of I, (sinks nonnegative).

Middle band [q,,tc — 1y] (empty if q, > tc —ry). By Lemma 12 the gap has a
strictly positive minimum m on the band. For |C| > 2 the face trace laws of t are
atomless (Definition 7(iii)), so B is continuous, hence uniformly continuous on the
compact [0, f¢]; pick 6 > 0 with B(r) — B(r') < m/2 whenever 0 <1’ —r < 9, and set
Amig := 0/(tc — go)- For A < A4 and r in the band, T(r) —r = A(tc — 1) < 0, so

B(Ty(r)) = B(r) =% = L(n+A,(r) =% > I,(r)+% > L(r).
Take A := min{Ay, Amig, 1/2}; the three bands cover [g, t¢]. Q.E.D.

Theorem 8 (Single-cell certificate). Let p be admissible and let q € [0, ) satisfy: p is
regular above q, and @, + H(q) > 0 on Q. Then there exists x,p(p, 9) € [0, 1) such that
for every x > xp,(p, q) thereis a coupling of(v‘;,vq_) concentrated on {(y, x) : y—x € W,}.
Quantitatively, xy,(p,q) < 1 — A with A from Lemma 13; and xp,(p,q) = 0 when
IC| =1.

Proof. Case |C| = 1. All source mass sits at the single top point v, all sinks lie
below it, and the masses agree by Lemma 11; the product coupling 6; ® v, /v, ()

has displacements h = ¥ — x > 0, which lie in W, C W, for every x > 0.
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Case |C| > 2. Let A be as in Lemma 13 and define the closed relation G :=
{(,x) € ﬁq X ﬁq :t(y) > T (t(x))}. For closed A C ﬁq with 74 := miny t > g,

Vi (A) < vi({t=ra)) = I(ra) < B(Ta(ra)) = v, ({t =2 Ty(ra)}) = v,;r(G_l(A)),

using Lemma 13 and G™'(A) = { : t(y) > Ty(r4)} (T, is increasing). The measures
have equal total mass (Lemma 11), so Theorem 7 (after normalization) yields a
coupling y of (v;,v;) concentrated on G.

Wedge membership. For (y,x) € G write h := y —x and ¢ := fc —t(x) > 0. Then
t(h) = t(y) —t(x) > Ae and

Y b <) (Bi-p) = Ee-ty) < (1-A)e,
while Y b =t(h) + ) h; > Ae. Since x — x/(c + x) is increasing for ¢ > 0,

2 hi o (=)
Yoht T de+(1-A)e

=1-A (e >0),

and ¢ = 0 forces x at the corner, y = x, h = 0 € W,.. Hence y is concentrated
on W,_,-displacements, and on W, for every x > 1 — A (W, is nondecreasing in
x). Define x,,(p, 9) as the infimum of levels admitting a wedge coupling. The set
of such levels is an up-set (a coupling at k¥ works verbatim at ¥* > x, W, being
nondecreasing), and it contains its infimum: take levels «,, | x, with couplings 7,
on the fixed compact square (), x ();; any weak-* limit 7 has the same marginals,
and since 7, gives full mass to the closed set {(y,x) : Y ,(v; — x;)” < %, 2, (v; — x;)"}
for every n > m, Portmanteau gives 7 full mass on it for every m, hence on their
intersection, which is the W, ~displacement set. So couplings exist at every x >

Kpp, and xpp <1 -4 < 1. Q.E.D.

Proposition 3 (Uniformity over compact level ranges). Let p be admissible with @, >
0 on D¢ and H strictly increasing on (0,tc). Then for every § < t,

sup xpp(p,q) < 1.

q€[0,4]
Proof. For |C| = 1, x,, = 0. Let |C| > 2. The hypotheses of Theorem 8 hold at
every q € [0,7]: @, + H(q) > ®, > 0, and regularity above g follows from strict
monotonicity of H. It suffices to produce a single A > 0 valid in Lemma 13 for all

q € [0, g] simultaneously; then sup, kpp < 1-A.
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Corner band: the corner constants uy, p, P\, € are g-free, and H(gq) < H(g) for
q < g, so a single r, works for all g € [0, c‘]]_

Low band: qo(q) = (9 +t.)/2 gives Aw(q) = (t — q0(9))/(fc — q0(q)), which is
decreasing in g; its value at 4 is a positive uniform choice.

Middle band: the parameter set A := {(g,7) : g € [0,4], qo(q) < r < fc — 1o} is
compact, and on it (q,7) — A,(r) = F(r)[H(r) — H(q)] is continuous (H continuous
on [0, fc) by Definition 7(iii)) and strictly positive (r > q,(q) > q and H strictly
increasing; F(r) > F(fc —r,) > 0). Hence m := miny A (r) > 0 (if A = @ the middle
band is empty for every q and this step is vacuous), and the uniform-continuity
choice of 0 in Lemma 13, together with A ;4 := 0/(tc — q,(0)) — calibrated to the
widest band, attained at g = 0 — is valid for every g € [0, §] simultaneously, since
Ty(r)—r < A(tc —q0(q)) < A(fc — q¢(0)) = 6 on each band.

Take A := min{A,,,(9), Amia, 1/2} Q.E.D.

Lemma 14 (Extension to admissible singular densities). Let C = [N] and let f be
an admissible core density on D (Definition 7) with ® = qu +1 > 0onintD. Then
the boundary—interior decomposition p = 8 + }_; 0; flp, = ®f - Ap of Section 4.1 and
the resulting revenue representation hold for f, and every result of the sufficiency chain
— Propositions 1 and 2, Section B, Section S.1, the present section, and Theorems 2
and 5 — holds verbatim with the C*/strict-positivity of the standing form replaced by

admissibility. The necessity theorems retain their own stated hypotheses.

Proof. Both parts of u are finite measures: the top-face traces are integrable by
Definition 7(ii), and ®f = Z]. di(x;f)+ f € L' by (i). For the decomposition, inte-
grate f(x -VU) f by parts on the shrunken box D, := []/[¢, 7;], where f € C', against
any Lipschitz U (the indirect utilities of Lemma 1 qualify):

L(x-VU)f - ]Zfz]f Uf - e]ZLj:g}nDEUf - LeU(x.Vf+Nf).

e F,nD,
As ¢ | 0: the top-face terms converge to the full face integrals (integrable traces);

the interior term converges by dominated convergence (U bounded, x - Vf + Nf =

Q,f € L'); and each lower-face term vanishes because, for a.e. x_;, the map x; —

_]';
x;f is absolutely continuous on (0, ;] with limit 0 at 0 (Definition 7(i)-(ii)), so
€ f{szg}f < I{xjse} |8]-(x]-f)| — 0 by absolute continuity of the integral. The limit

reads I(x-VU) f=L;7 ij Uf—f U ®,f. Lemma 1 writes revenue as f(a-VU—U) f
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with the tangency field a(x) = x; the extra —fo turns @, into & = &, + 1, so
revenue = U(0) - 1 + Z]. v; jF,- Uf - JU Qf, ie. fUd//t with the stated y (the atom
from the U(0) normalization term). This is the same y and the same revenue rep-
resentation as in the baseline case. Every downstream argument of the sufficiency
chain consumes only the finite measures p*, the cell geometry, and the admissi-
bility clauses — the saddle-point criterion and the couplings of Section S.1 and
the present section never evaluate f pointwise on the closed box — so each proof

applies verbatim. Q.E.D.

S.3 PROOFS FOR THE APPLICATIONS

S$.3.1 Pure bundling

This subsection proves Theorem 5 and records the converse pinch. Here C =
[N], P = @, the menu is the single option ([N], p*) with crossing point § = p*/a, the
selling cellis C; = {x : t(x) > §} with t(x) = }_, x; (up to the tie convention), and p :=
f is an admissible core density at C = [N ] (Definition 7; the standing form qualifies,
as does the Beta family of Section 5.1, via Lemma 14). Write ®, = N + x - Vlog f,
so the standing radial score is ® = (Dp +1, and let y, F, H be the core-sum objects
of Section S.2 — here the bundle-value density, survivor, and virtual-value statistic.
Strict Myersonian regularity of the bundle-value distribution means H(r) > 1 for

every r € (§,fc).

Proposition 4 (Pure bundling is alignment-regular). In the setting above, suppose
the single selling cell is mass-balanced, the price is strictly inclusive (§ < min; v;), the
radial score is positive (P = CDP +1 > 0on C,), and the bundle-value distribution is
strictly Myersonian regular. Then: (i) mass balance is equivalent to H(5) = 1; (ii) (f, M)
is alignment-regular at level x,(f,8) < 1 from Theorem 8; (iii) Theorem 2 applies, and

pure bundling at p* = a$ is unrestricted-optimal for every a > a e i= 1/(1-xpp(f, 5)).

Proof. (i) By inclusivity every top face lies inside the selling cell (t > ¥, > § on F))
and the origin atom lies in C, (standing positive prices), so py" = Y, ; flp, = v{
with total mass B($). The interior part is y; = ®f = (@, + 1)f on {t > 3}, so by
the divergence identity (Lemma 11), y, (C;) = B(5) — §y(3) + F(5). Mass balance
ui (Cy) = py (Cy) is therefore § (5) = F(3),i.e. H(3) = 1.

(ii) With H(5) = 1, the certificate measures of Section S.2 at level g = § are the
cell parts themselves: v = p and vi = (®, + H(3)) f = ®f = p; on C,. Strict
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Myersonian regularity says H(r) > 1 = H($) on (5, fc) — exactly regularity above §
— the sink density is ®, + H(8) = © > 0, and inclusivity places § € [0,t.). Theo-
rem 8 yields, for every x > «(f,$), a coupling of (s, ;) concentrated on wedge
displacements. At P = @ the budget relation is the wedge, K, , = W, (Definition 6:
no peripheral clauses remain, and the budget clause is the wedge inequality), so
the certification direction of Lemma 10 converts the coupling into v; . <posp V1 «:
(f,M) is alignment-regular at level x,,(f, %) < 1.

(iii) The menu is finite, mass-balanced (its single price is the restricted optimum
on Finy, with mass balance its first-order condition by Lemma 3), inclusive, and
alignment-regular, so Theorem 2 applies; tracking the threshold through Lemma 7
and the assembly gives optimality at every a > 1/(1 — «) for any valid level «, in

particular at every a > a;ure. Q.E.D.

Remark 3 (The converse pinch: weak regularity is necessary). If the mass-balanced,
inclusive pure-bundling menu is alignment-regular at any level x € [0, 1), then the
bundle-value distribution is weakly Myersonian regular on the active range: H(r) >
1 for r € [§,tc). Indeed, at C = [N] the score o¢ is the bundle value ¢ itself, so for

r > § the indicator 1{u,. > r} is a bounded coordinatewise nondecreasing function

of the scores, and domgnance gives py ({t > r}) < p/ ({t > r}) — by Lemma 12 and
part (i), F(r)[H(r) — 1] = Ai(r) > 0. Alignment regularity of the pure-bundling
menu is thus pinched between the weak and strict forms of the classical condition.
$.3.2 Two-tier menus

This subsection proves Theorem 6. Throughout, the two-tier setting (51)—(S3) is
in force on the unit box D = [0, 1]N, with core C, |C| = N —1 > 1, single peripheral
good p, and types x = (w,z). Option 1 is the bare-core tier (C, a5c) with w; = 1,
option 2 the grand tier (CU{p}, a85) with w, = 1¢,); both options are deterministic
and contain the core, so the menu lives on F and the weight classes of Section 4.1
are

1)

S'=e, zZi=lp), $'=lp) Z=o, B“=B*=g,
so the budget relations of Definition 6 read
Kie={h:h,<0, Y hi<w) b}, Kye={h:h,20, ) h <x(h+) h)h
ieC ieC ieC ieC
The core-sum objects are those of Section S.2 at p = f- (admissibility is Lemma 15

below): gc, G, Gc are the density, cdf, and survivor of #(w) = Y, w; under f,
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with £ = |C|, lowest top t. = 1, statistic Hc(q) = 9 9c(q)/Ge(q), face-mass total

q

Ic = Y, fi(1), and certificate measures v; on Q, = {t > q}; since every core
face has t > 1, the faces are uncut at every level ¢ < 1,50 v, = v; =: v is the
full core-face measure with total B(q) = I for every g € [0,1). Write ¢, for the

conditional law of w given t(w) = t under f; (the canonical fiber disintegration,
fedw = [ c/() ge(t) dt).

Virtual density. The radial score splits along the product:

O(x) = N+1+x-Vlogf(x) = (IC|+w-Vlog fe(w)) + (2+2z(log £,)(2)),

Pc(w) D,=1+p

using z(log f,)'(z) = f—1from (S2). So u™ = (Pc+1+p) f, a genuine finite measure by
Lemma 15(i), bounded below by (1 + §)f; the boundary partis " = 6+ Y ;¢ f g, +

f|Fp with F; = {w; = 1} and F, = {z = 1}. The peripheral face carries total mass
pH(E,) = £,(1) [ fo dw = p, and write y := #lp, = B folw) do ®6,;.

Geometry and inclusivity. In normalized units the option utilities are ii; =t — 5¢

and i, =t +z —5g,s0 i, > ii;, &< z >d and the cells are
Ci={t>5,2z<d}, C,={z>d, t>1(2)}, 1(z) = (8¢ — 2)7,

up to the tie convention; the tie sets are Lebesgue-null, hence y™-null, and carry
no top-face mass (each face measure is (N — 1)-dimensional, and the tie sets cut it
in codimension one). Every core face satisfiest > 1 > 5., so F; N {z < d} C C; and
F;N{z 2 d} C C, (theret > 1 > ¢ = 7(d) > 1(z)); the peripheral face F), lies strictly
inside C,’s win region, sinceatz = 1 both @, =t+1-55>0and @, -4, = 1-d > 0;
and the origin lies in the exclusion cell. Hence no top face meets C,: the margins of
(S3) imply inclusivity (Definition 2). Write i := u*|c,; so pi is the core-face mass
over z < d, with total IcF,(d) = Ic df,and p3 = pic+ p, » where pi; ¢ is the core-face
mass over z > d.

The proof runs through seven lemmas. Lemmas 15 and 16 are distributional
groundwork; Lemma 17 converts mass balance into two price identities; Lemma 18
splits the grand cell’s sinks into a stage-W part, served slice by slice at frozen z
by the single-cell certificate (Lemma 19), and a stage-G part, served from the pe-
ripheral face by an Efron lift of a sheared two-dimensional coupling (Lemmas 20
and 21); the assembly closes the argument through the certification direction of

Lemma 10 and Theorem 2.
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Lemma 15 (Admissibility and the core statistic). Under (S1): (i) fc is an admissible
core density (Definition 7) with ®, = @c; in particular O fc € L' (D¢); (ii) gc is log-
concave, continuous, bounded, and strictly positive on (0, tc); (iii) H¢ is continuous on

[0, tc) with H:(0) = 0, and strictly increasing on (0, fc).

Proof. Two facts about each marginal are used repeatedly. First, f; is bounded:

writing f; = e

" with V; convex on (0,1), V; lies above one of its tangent lines,
and an affine function on a bounded interval is bounded, so V; is bounded below
and f < e” ™Y < oo. Second, f has bounded variation: a log-concave density is
unimodal (-V; quasiconcave), so on (0, 1) it increases and then decreases, giving
TV(f,) < 2sup f. < oo; since f. € C'((0, 1]), this reads fol || dw; < oo.

(i), clause by clause. (i): fo € C' and > 0 on int D¢ as a product of C' positive
factors; and w, 9, fc = (w.f'(w.)) ... fi(w) is integrable by Fubini, since fol lwf] <
fol |f/| < oo and the other factors integrate to one. (ii): each f; is continuous on (0, 1],
so fc extends continuously to D off the lower faces; the trace on FE is I, fir
integrable with total f.(1); and w,fr — 0 as w, | 0 pointwise in w_, because f. is
bounded. (iii): gc is log-concave by Prékopa’s theorem (Prékopa, 1973) (marginals
and convolutions of log-concave functions are log-concave), hence continuous on
the interior of its support; the support is [0, -] and gc > 0 on (0, ) by induction on
|C| (for |C| =1, gc = f; > 0 on (0, 1); for the inductive step, g-(gq) = ffl(s)gc\l(q -
s) ds has strictly positive integrand on a set of positive length whenever q € (0, f¢)).
Moreover g- < sup f; < oo (Young’s bound for a convolution against a probability
density; for |C| = 1, directly), so g gc(q) — 0 as g | 0. For |C| > 2 the trace law of ¢
on F¢ is the lawof 1+ Y

(iv): each f; is continuous on (0, 1] with f,(1) > 0, so on a corner neighborhood

... w; under an absolutely continuous law, hence atomless.
[1.[1-¢, 1] with € small, f- is continuous and bounded away from zero; and O f- =
Y .(fc + w.fTl.. f) is bounded there because each f is continuous on [1 — ¢, 1]
(the C'-up-to-the-endpoint clause), hence bounded. This verifies every clause of
Definition 7; @, = |C| + w - Vlog fc = $¢ by definition, and integrability of O¢fc =
Y . 9.(w, fc) follows from clause (i).

(ii) was established along the way.

(iii) Continuity on [0, fc) with H-(0) = 0 is Definition 7(iii) as recorded after
that definition (qg-(q) — 0 and G.(q) — 1 as g | 0). For strict monotonicity: g¢

log-concave implies G¢ log-concave, hence the failure rate he := g-/Gc is nonde-
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creasing on (0, fc) (Bagnoli and Bergstrom, 2005); it is strictly positive there since
gc > 0. Therefore H-(q) = q hc(q) is a product of a strictly increasing positive factor

and a nondecreasing positive factor, hence strictly increasing on (0, ¢). Q.E.D.
Lemma 16 (IFR superadditivity). For all a,b > 0: Ge(a + b) < Ge(a) Ge(b).

Proof. If Go(a + b) = 0 the claim is trivial. Otherwise all three values are positive,
and 1 := —log G is convex on [0, a+b] (G is log-concave by Bagnoli and Bergstrom
(2005), the survivor of the log-concave gc of Lemma 15(ii)) with ¢(0) = 0 (t > 0
almost surely). Convexity through the origin gives ¢(a) < —%=1(a + b) and (b) <
ﬁ Y(a+b); adding, P (a)+ip(b) < P(a+b), which exponentiates to the claim. Q.E.D.

Lemma 17 (Price identities). Under the two-tier setting (S1)—(S3): (i) mass balance

on the bare-core cell is equivalent to
HC(§C) = 1 + /3) (7)

(ii) Given (7), define @(z) := 1+ p—Hc(t(z)) on [d, 1]. Then mass balance on the grand

cell is equivalent to
J f(2) p(z) Ge(t(2))dz = B. (8)
d

Proof. Both identities follow from the divergence identity (Lemma 11) at p = f,
where B(q) = I for every q € [0, 1) (faces uncut) and q gc(q) = He(q) Ge(q):

f Oc fodw = Te—qeel@),  q€l0,5] 9)
{t=q}

(i) The cell’s boundary mass is the core-face mass over z < d (the peripheral face
has z = 1 > d, and the origin atom is excluded): u*(C;) = I F,(d) with F,(d) = dP.

The interior mass factorizes over the product:
d

€ = [ f@d [ (@crip)fede = Fy@ [Temegelic)+(1+5) el
0 {t=5c}

by (9) at g = 3¢. Since F,(d) = d? > 0, mass balance u (Cy) = u(Cy) is equivalent
to 8¢ gc(3c) = (1 + B) Ge(3¢), which is (7).

(ii) The grand cell’s boundary mass is y*(C,) = I(1 - Pp(d)) + B (core faces over
z > d, plus the peripheral face). Its interior mass, slicing at fixed z and applying
(9)at g = 7(z) € [0, 5],

§(C) j Hie) ge(t(@) + (1 + B Ge(r(z)|dz.
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Since fdl fp = 1 = F,(d), the I'; terms cancel from mass balance, which becomes f =

Lzl ﬁ,[(l + B)Ge(t) — 1gc(t)]dz. Substituting (1 + B) Ge(t) = ¢ Ge(t) + He(t) Ge(T) =
¢ Ge(T) + T go(7) turns this into (8). Q.E.D.

Lemma 18 (Sink partition and books). Assume (7) and define, on C,,

pw = (Pc(w) +He(t(2) f, po =) f,  @lz)=1+p—Hc(t(2)).

Then: (i) p, = muw + g with both parts nonnegative, and @(d) = 0; (ii) the stage-W
books close slice by slice: for every z € [d, 1], with q = ©(z) € [0, 5¢],

j (Pc+Hc(q) fedw = T,
{t=q}

the slice’s core-face mass; (iii) the bare-core cell needs no partition: y; = (Pc+Hc(5¢)) f
on {t > 3¢} x [0,d], with the slice books of (ii) at q = Sc; (iv) the stage-G books close
globally: ug(C,) = p = ;4+(Fp) whenever (8) holds.

Proof. (i) The sum telescopes by construction since ® = ®-+1+p. Nonnegativity of
pww: Pc > 0by (S1) and H¢ > 0. Nonnegativity of yg: forz € [d, 1], 7(z) < 7(d) = 3¢,
so Hc(7(z)) < He(3¢) = 1 + B by monotonicity of H- (Lemma 15(iii)) and (7); hence
@ > 0, with equality at z = d.

(ii) This is the mass identity of Lemma 11 at p = f., level ¢ = 7(z): v,
B(q) = I, using B(q) = - for g < 5- < 1.

(iii) Immediate from (7): ®c+ 1+ = @+ Hc(5c), and Cy’s slices are {t > 5.} at
every z € [0,d].

(V) 43(C2) = [} @)@ [, Jodwdz =[] fgGe(r)dz = B by (8), and
u*(F,) = p was computed above. Q.E.D.

Lemma 19 (Stage W: slice couplings). Let ky := SUP (0,5 ] Kpb(fe, q), with xyy, the
single-cell threshold of Theorem 8. Then «y < 1, and for every k > 1y there exist: (i)
a coupling y; of (ui, py) with y — x € Ky for yy-a.e. pair (y,x); (ii) a coupling py of
(13 ) pw) with vy — x € K, . for wy-a.e. pair.

Proof. Hypotheses of the single-cell machinery. By Lemma 15, f- is admissible with
P, = ®c > 0 on D¢ and H strictly increasing on (0, f¢). Hence for every g € [0, $¢]:
fc isregular above g (H¢(r) > He(q) forr > g), @c+He(q) 2 0onQ),and g <1 =t

so Theorem 8 applies at g and yields, for every x > k., (fc,9), a coupling of (v, v,)
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concentrated on {(y,,, X,) : Yo — X, € W, }; and Proposition 3 with § = 3¢ <t gives
Ky < 1. Fix ¥ > xpy.

Slice structure. Both cells’ sources and stage-W sinks disintegrate over z into cer-
tificate problems: for z € [0, d] (cell 1) the slice problem is (vgrc, v;.) by Lemma 18(iii),
and for z € [d, 1] (cell 2) it is (vf(z), V¢(z)), balanced slice by slice with common total
I'c (Lemma 18(ii)); the faces are uncut at every such level, so vq+ is the full core-face

measure throughout. Explicitly, with 1,(9,,, x,,) = ((Ye, 2), (X0, 2)),

d d
w =J (v'®6,)fp(z)dz, =J (vi. ®6.)f,(2) dz,
0 0

and similarly on [d, 1] with v, and p; ¢, iy

Cell 1. The slice problem does not depend on z: pick one coupling ° of (Vie, Vi)
on core-wedge displacements from Theorem 8 and set y; := fod(tz)#y§C fp(z)dz. The
marginals are y; and p; by the displayed disintegrations, and every displacement
ish = (h,,0) with h, e W_.

Cell 2, measurable selection. Here the slice problem moves with z through g =
7(z). Embed all slice couplings in the space M.(D¢ x D) of nonnegative Borel
measures of total mass I'- — compact and metrizable in the weak topology — and

consider the correspondence
A(z) = {y € M (DcxDc) = y couples (v¥,v,,)) and y(R,) = I}, Re = {(Ver X0) * Vor—X0 € W,

for z € [d, 1]. Its values are nonempty (Theorem 8 at g = 7(z) € [0, 8.], since x >
Kw = Kpb(fc, T(2))), convex (the marginal constraints are affine and R,.-concentration
is preserved under mixtures), and weakly compact (closed subsets of a compact
set: marginal constraints pass to weak limits, and R, is closed, so concentration
survives by the portmanteau theorem). The graph is closed: if z, — z and y, €
A(z,) with y,, — y, then the second marginals v, y — v;,) — the densities (D¢ +
Hc(t(z4)) fo Vitsr(z,)) converge in L' by dominated convergence, since Hc is con-
tinuous on [0,3c], {t = 7(z)} is Lebesgue-null, and (®¢ + Hc(3c))fe € L' domi-
nates — while the first marginal is fixed at v"; both marginal identities and the
R,-concentration pass to the limit as before, so € A(z). A correspondence into
a compact metric space with closed graph is upper hemicontinuous with com-
pact values, hence measurable, and the Kuratowski-Ryll-Nardzewski selection the-

orem (Kuratowski and Ryll-Nardzewski, 1965) provides a measurable selection
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z — 9 € Az). Set py : f L)y f,(2) dz; its marginals are p;c and py, and
every displacement is h = (h,,, 0) with h, € W,.

Budget membership in both cells. A stage-W displacement has h, = 0 and h,, €
W,. Incell 1 (S(ll) =@, Z; = {p}): the sign clause asks h,, < 0, satisfied with equality,
and the budget clause is ) - h; < k) -hi — the wedge inequality itself. In cell

(5(21) = {p}): the sign clause asks h, > 0, again satisfied with equality, and the
budget clause } - h; < x(h, + ) hj") reduces to the wedge inequality at /1, = 0. So
71 is concentrated on K, , and yy on K, ... Q.E.D.

It remains to carry the peripheral face y, onto the residual sinks . Both mea-
sures have the same w-conditional given their (t,z) coordinates — the fiber law ¢;:
on the source side by independence, on the sink side because ¢(z) f,(z) does not
depend on w. This is what the partition was designed to achieve: the ®.-tilt sits
entirely in stage W. The stage-G problem therefore aggregates to the two coordi-
nates (t,z). Define

= B gc(t)dt®o,_;, (z) f,(z) gc(t)dtdz  on Q:={(t,z):d<z<1,1(z) <t <P},

the pushforwards of ;4; and p; under x — (t(w), z), with equal totals f by Lemma 18(iv).
For x € [0, 1) define the sheared relation on Q:

(t',2) =2, (t,z) & zZ'<zand t'<t+x(z-2'),

a closed preorder, nondecreasing in x. Descent in the peripheral coordinate buys

core dips at rate «.

Lemma 20 (The Efron lift). Let x € [0,1) and let 7t be a coupling of (m*, m™) with
(t',2') =, (t,1) for ft-a.e. pair ((t,1),(t',2")). Then there is a coupling y¢ of (,u;,yg)
with y — x € K, . for yg-a.e. pair (y, x).

Proof. Monotone fiber kernels. The coordinates of w are independent with log-
concave densities, so by Efron’s theorem (Efron, 1965) the map t — f(j) dc; is non-
decreasing for every bounded coordinatewise nondecreasing ¢: the fiber laws sat-
isfy ¢, <posp ¢; whenever t’ < t. By the monotone-coupling form of Theorem 7 (the
“in particular” clause), for each pair ' < t there is a coupling of (¢;, ¢-) concentrated
on the closed set O := {(w, w’) : w > w’}, and for t’ > t one of (¢, ¢;/) concentrated

on O = {(w, @) : w < W'}
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Measurable selection. On P(Dc) x P(Dc), the correspondence (u,v) — {Q €
P(DE) : Q couples (#,v), Q(O) = 1} has convex, weakly compact values and closed
graph on the set where it is nonempty (marginal constraints and concentration
on the closed set O pass to weak limits by the portmanteau theorem), hence is a
measurable closed-valued correspondence there; the same holds with O’. The map
(t,t') — (c;, cp) is Borel (disintegration kernel), defined for Lebesgue-almost every
coordinate — which suffices, since both marginals of 7t are absolutely continuous
in their t-coordinates (m™ with density fgc, m~ with density ¢ f,gc) — so compos-
ing and splitting the parameter domain into the Borel pieces {t' < t} and {t’ > t}, the
Kuratowski-Ryll-Nardzewski theorem (Kuratowski and Ryll-Nardzewski, 1965)
yields a measurable family (t,t") — Q,, of couplings of (c;,cy), concentrated on
O when t’ <t and on O’ when t’ > t.

Gluing. Let j,(w, ") := ((w, 1), (’,2’)) and set

Vo = ﬁm# Qe 7(d(t, 1), d(t',2)).

The first marginal is fct m*(d(t, 1)) ® 6,0, = pfcdw ® 6,1 = p,, and the second is
fct, m~(d(t',2")) = p(2)f,(z') fo(w) dw’ dz” = pg, both by the disintegration f- dw =
fct gc(t) dt and Fubini.

Displacements. A yg-typical pair has h = (w - @', 1 —=2') with h, = 1-2" >0,
satisfying K, ,’s sign clause. If t’ < t: w > &’, so there are no core dips, } - h; =0,
and the budget clause holds with room to spare. If t’ > t: @’ > w, so every core
coordinate weakly falls, )~ b = 0 and

Zh; - Z(a)i’—a)i) = V-t < x(1-2) = x(h,+ Zh;),
ieC ieC ieC

using the sheared inequality at z = 1. Either way h € K, . Q.E.D.

Lemma 21 (The sheared Hall condition and the grand threshold). For k¥ € [0, 1)

define the score 6 := t + xz on Q) and the excess
k) == m({0<c}) - m"({6<c}), ceR,

and let V := {x € [0,1) : E(-;x) > 0}. Then: (i) a coupling 7t as in Lemma 20 exists
if and only if k € V; (ii) V is a closed up-interval of [0, 1) containing (&, 1), where
& = 38c/(1 —d); in particular kg := minV exists and kg < &, with € < 1 if and only if

§G<1'
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Proof. (i), sufficiency (completeness). Suppose £(-;«) > 0. Apply Theorem 7 after
normalizing both measures by their common total  (Lemma 18(iv)), with X := Q
carryingm™,Y := QN{z = 1} carrying m*, and the closed relation G := {((t/,2’), (t, 1)) :
(t',2") <. (t,1)}. Let B C Y be closed and nonempty (the empty case is trivial), and
let tg := max{t : (¢,1) € B}, attained by compactness. All sources lie on the single
layer z = 1 — this is what makes the score family complete — and within the layer

the relation is monotone in the source’s ¢, so
G'(B) = {(t,2)eQ: ' <tzg+x(1-2)} = {6<c}nQ, c:=tg+K,

since membership for some (t,1) € B is implied by membership for (t3,1). On
the layer 0 = t + x, so m"(B) < m"({t < tg} x{1}) = m"({6 < ¢}) < m ({0 <
c}) = m~(G™'(B)), the middle inequality being £(c;x) > 0. The Hall criterion of
Theorem 7 holds, a coupling of (m~, m") concentrated on G exists, and flipping it
to the order (source, sink) gives 7t.

(i), necessity. The score is <,-monotone: if (t’,z") <. (t,z) then 8’ = t' + k2’ <
t+x(z—-2")+xz = 06. Soif 7t exists, every source with 0 < ¢ has its sink partner in
{6 < ¢}, whence m™ ({60 < c}) = 7#({0 < ¢} x Q) < 7A(QAx {0 < c}) = m ({0 < c}) for
everyc: k € V.

(ii), up-interval and closedness. For x < x’ the relation grows, <, C <., (the dip
budget x(z—z’) only relaxes), so a coupling at x is one at k" and necessity in (i) gives
k' € V: V is an up-set. It is closed in [0, 1) because ¥ — &£(c; k) is continuous for
each fixed c: the m™ term by dominated convergence (the boundary {t + xz = c} is
m™-null, m™~ being absolutely continuous on Q), and the m" term equals B GC((C -
x)*" A fc) with G¢ continuous. A closed nonempty up-set of [0, 1) is an up-interval
containing its infimum, so k5 := minV exists once V # @, which the next step
shows; and then x; < &.

(ii), score positivity at k > k. Fix k¥ € [&,1) and ¢ € R; write a, := ¢ — kz for the

slice cut, so that the layer cut is a, = ¢ — . Slicing,

6 < C J\ f’; GC a /\tc) Gc(T(Z))]+dZ, m+({6 < C}) = /)JGc(a;—Afc>

Allocate the source mass across slices with weights G¢(7(z)) via the stage-G books

8), 8= [, f,@Gelr)dz
E(c;x) J f(2) b(z,c)dz, b(z,c):= [Gc(az/\fc)—GC(T(z))]+ — Ge(t(2)) Ge(ay Afe).
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Since ¢ > 0 (Lemma 18(i)), it suffices that b > 0 pointwise on [d, 1] x R.

If ¢ < x then ai = 0 and G.(0) = 0 (f- is absolutely continuous, so t > 0 almost
surely), giving b > 0. Let ¢ > x,so a; > 0.

Activity: a, > t(z) for every z € [d,1]. Forz > §5: 7(z) = 0Oand a, = ¢ —kz >

k(1 —z) > 0. For z < 35: a, > t(z) rearranges to ¢ > 5 — (1 — x)z, and
c >k >5-(1-x)d > 5c—-(1-x)z,

where the middle inequality is (1 —d) > 55 —d = 5¢, i.e. K > k. So the positive
part in b’s first bracket can be dropped.

If a, > tc: b = Go(t) — Ge(t) Gela, Afe) = Geo(t) Gela, Afe) > 0.

If a, < fc: then also a; < ¢, since a; < a, (z < 1), and writing G- = 1 - G¢
throughout,

b = Gc(ﬂz)—Gc(T)—Gc(T) Gel(ar) = Gelt) Gelag) — Gel(ay),

so b > 0 if and only if G¢(a,) < Ge(t) Ge(ay). For z > 5¢: T = 0, Go(0) = 1, and

a, > a, gives the inequality by monotonicity of G¢. For z € [d, 5¢):
a;—t(z) —a; = (c-kz) =g —2) = (c—x) = k(1 -2)= (3 -2),

aAnd k(1 —z) > 55 — z if and only if ¥ > glG__ZZ. The map z — % has derivative
% < 0 — this is where the grand slack 1 —5; > 0 enters — so its maximum over
[d,3¢) is at z = d, with value %

and the IFR superadditivity of Lemma 16 gives

= Kk < x. Hence a, > 1(z) + a; with 7(z),a, > 0,

Gelay) < Ge(t(z) +a,) < Ge(t(2)) Gelay).
Note that the activity requirement and the IFR requirement are the same inequality
K> Sz binding at the entry slice z = d. This proves £(-;x) > 0 for every x > &,

1-z’

ie. [k, 1) CV.Finallyk =5./(1-d)<1 & 5c<1-d < 35;< 1. Q.E.D.

Proof of Theorem 6. Fix k¥ > x* = max(ky, kg), with xyy < 1 from Lemma 19 and
kg < & <1 from Lemma 21, so that x* < 1 and the level range is nonempty.

Cell couplings. On the bare-core cell, Lemma 19(i) supplies a coupling y; of
(u1, py) concentrated on K; , displacements. On the grand cell: since ¥ > ks and

V is an up-interval, k € V, so Lemma 21(i) produces the sheared coupling 7 of
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(m",m”), which Lemma 20 lifts to a coupling y; of (,u;, ) concentrated on K, ,
displacements; and Lemma 19(ii) supplies 34y of (45 ¢, pw), likewise concentrated
on K, .. Set y, := Yy + g its first marginal is yt; c + p, = p, (the origin atom lies in
the exclusion cell, so the grand cell’s boundary mass is exactly the core faces over
z > d plus the peripheral face), its second is py + pig = p, (Lemma 18(i)), and it is
concentrated on K, , displacements.

Certification. By the certification direction of Lemma 10, exhibiting a coupling
of (4, p¢ ) concentrated on K, . displacements certifies the cell’s score dominance
Vi <rosp Vi« Both selling cells are so equipped, so (f, M) is alignment-regular at
level x (Definition 3) — in particular at every level x > «”, as the theorem asserts.

Standing form. The two-tier setting (S1)-(S3) relaxes the C?/closed-box-positivity
of the standing form, so the sufficiency chain is invoked through its admissible-
density extension (Lemma 14). The hypothesis is met: f = f- ® f, is an admis-
sible core density at C = [N] —® = & +1+p > 1+ > 0 on intD (virtual-
density paragraph); the full-sum density of t + z is continuous, positive on (0, N),
and bounded (convolution of g-, continuous and bounded by Lemma 15(ii), with
fy € L', and the analogue of Lemma 15’ induction extends positivity across the
z-block), with r times it vanishing at 0; zf,(z) = BzF — 0 and the core lower faces
are handled by Lemma 15(i)~(ii); and the corner clause holds since f, € C! with
f(1) = B > 0 and the core corner is Lemma 15(iv). Conclusion. The menu is fi-
nite on F, its selling cells are mass-balanced by (S3), it is inclusive by the margins
(geometry paragraph above), and (f, M) is alignment-regular at level «”. Since the
proof of Theorem 2 consumes restricted optimality only through cell mass bal-
ance (Lemma 3), it applies to the mass-balanced two-tier menu — extended to the
admissible density f by Lemma 14, and tracking the threshold through its proof
(Section B.5, where a”(C, M) := 1/(1—x) at any valid level k) gives optimality of the
two-tier menu in the unrestricted problem for every a > 1/(1-«"). The equivalence
k<1 & 5; <1isLemma 21(ii). Q.E.D.

S.4 Proor orF THEOREM 3

The proof is a six-lemma chain. Lemmas 22, 23 and 24 isolate a closed bulk ball
W on which the new option uniquely dominates and the per-buyer transfer rises
by exactly 6. Lemma 25 disposes of exclusion-cell switchers. Lemma 26 shows the

remaining cells contribute non-negatively under the top-priced anchor. Lemma 27
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and the closing argument assemble the tradeoff. Throughout, M = {(o¢, p})}?:1 is
a candidate mechanism on F 2 [N] with a finite menu and the top-cell wedge, with
marginal-inclusion vectors wy; * is a top-priced cell with py- = p; V™ is the witness
from Definition 4; and M% := My U {([N], pj- + 6)}. Without loss of generality no
two options share a surplus function v, — p;: among duplicates the seller-favorable
tie convention selects the highest-priced, and deleting the others changes neither
Upg, NOT Epy .

Notational convention. For an option ¢ with lottery o, over bundles in F, write
Dg(x) 1= Ep.,[vp(x)] for the buyer’s expected valuation; by (4) this is linear in x,
with gradient the o,-average of the bundle gradients. A deterministic option o, =
0p, gives ¥y = vg,, whose gradient is a 15, for a core-containing bundle (C C B, a-
scaled) and 15, for a non-core bundle (not a-scaled). The proof uses only that each
v, is linear and that the cone and wedge comparisons of (4) hold; in particular it
does not assume the options are a-scaled. The augmenting offer is the deterministic

grand bundle vjy(x) = a }_, x;, which is a-scaled since C C [N].

Lemma 22 (Bulk witness ball). There exist x, € V' Nint Cp and r, > 0 with B(x,, 1) C
int D N U, NIRY, Nint Cp.

Proof. Step 1 (the ambient open set). For each menu option € > 1, {x € R" : vy (x) >
V¢(x)} is the preimage of an open half-line under a continuous linear function (lin-
earity by (4)), hence open, and likewise {x : vyj(x) > 0}; their finite intersection is
the strict-preference set U[AI/\I]’]T of Section 4.2, open in RY. Since int D and RY, are
open,

Q :=int D N Uy NRY,

is open in RY.

Step 2 (full-measure interior of Cy+). By piecewise linearity of u,,, the cell C is,
up to a Ap-null tie set, a closed convex polytope; its topological boundary JdC,- is
a finite union of (N — 1)-dimensional polyhedral faces, hence Ap(Cp \ int Cp+) = 0.
Setting V™ := V" N int C;+, monotonicity gives Ap(V* N\ V™) < Ap(Cp+ \ int Cp+) = 0,
so Ap(V™) = Ap(V") > 0 by Definition 4.

Step 3 (Lebesgue density point). By the Lebesgue density theorem, Ap-almost ev-
ery x € V" isadensity-1 point of V", i.e., satisfies lim, |, Ap (V" NB(x, ))/Ap(B(x, 1)) =
1. Since Ap(V™) > 0, the set of density-1 points is non-empty; pick any such
X, € V™, so that x, € V' Nint Cy-.
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Step 4 (closed-ball nesting). Since x, € V* C (Q and Q is open (Step 1), there exists
r, > 0 with B(x,, r,) C Q. Since x, € int C;- and int C,- is open, there exists r; > 0
with m C int Cp-. Setting r, := min(r,,r,) > 0 delivers m CONintCy,
which is the claimed nesting. Q.E.D.

Lemma 23 (Uniform margins). Set W := B(x,,7,/2). Then W lies in the same inter-

section as in Lemma 22, and there exist n, m, F(W) > 0 with
n = igf(v[N]—va*), m = igl{(vBﬁ—p})—max{O, maxg,ig*(ng,—pZ,)}], F(W) = J- fdaAp.
w w w

Proof. By Lemma 22, B(xy,7,) C intDﬂUf\lf,’]TﬂlRfoﬂint Cy+. Since W = B(x,,7,/2) C
B(x,,1,), monotonicity of closed balls gives W C B(x,,r,), which lies in the same
open intersection. By the Heine-Borel theorem, W is compact.

Grand-bundle gap. Since W C Uf\f,’]f, every x € W satisfies ViN)(X) > vp,.(x). The
map P(x) := vyj(x) — vp,.(x) is linear (continuous) by (4). By the extreme value
theorem applied to ¢ on the compact W, the infimum # := infy; 1 is attained at
some x, € W, so 11 = 1(x,) > 0 since 1 is strictly positive on W.

Surplus margin. Define

D(x) := (vp,.(x) - ppr) — max{0, max,.-(vy, (x) - pir)},

the surplus advantage of option ¢* over both the outside option and every other
priced option. As a finite max of differences of continuous (linear) functions, ®
is continuous on W. By Lemma 22, W C intCy-. On int C;, all cell-membership
inequalities defining C,- are strict, so ®(x) > 0 for all x € W. By the extreme value
theorem, m := infy; @ is attained, so m > 0.

Bulk mass. Since f € C*(D) and f > 0 on D 2 W, the extreme value theorem
gives fi, := miny f > 0. The open ball W has Ap(W) > 0, hence F(W) > f i, -
Ap(W) > 0. Q.E.D.

Lemma 24 (Bulk gain). For every 6 € (0, min{y, m}/2) and x € W, the unique surplus-
maximizer in M% is ([N], pj-+9), and the per-buyer transfer change is . Hence fw(thr -

Proof. Fix x € W and 6 € (0, min{#x, m}/2), so that 6 <#, 6 <m,and 6 < /2.
Step 1 (old transfer pinned). Since W C int Cy« (Lemma 23), the cell-membership
inequalities are strict at x, so the buyer’s surplus-maximizer under M is uniquely

¢". Hence uyy, (x) = vp,.(x) — pp- and ty, (x) = ppe.
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Step 2 (new-option surplus). The augmented menu M% posts the new offer ([N], pj-+

0). Its surplus at x is

Onew(X) 1= VN (X) = (pr= +0) = thar, (%) + (Vn (%) = VB (%)) — 0.

By the definition of 7 in Lemma 23, vy} (x) = p,.(X) = 1], 80 Opey (X) = thpg,. () 2 176 >
/2 > 0: the new option strictly beats option £".
Step 3 (new beats every other priced option). For ¢’ # {”, the definition of m in

Lemma 23 gives uy, (x) — (v, (x) — ppr) = m, so combining with Step 2,
O-new(x) - (VBW(X) - Pz“) 2 (17 - 6) +mz=m+ 17/2 > 0.

Hence the new option strictly beats every ¢’ # £". Likewise 0ype, (x) > 1y, (X) + (17 -
0) > m+ (11— 0) > 0, so the new option strictly beats the outside option.

Step 4 (uniqueness and transfer change). Steps 2—3 show the maximum in “M}(x)
is uniquely attained by the new option, so the tie convention is moot. Therefore
thl(x) = pp + 0, giving thsT(x) — tpm,(x) = 6 pointwise on W.

Step 5 (bulk integral). Both thl and tym, are Borel-measurable as finite linear
combinations of indicators of polyhedral cells. Since the integrand is the constant
0 on W, linearity of the Lebesgue integral gives fw(tM;Z —ty,) fdAp = OF(W).

Q.E.D.

Lemma 25 (Exclusion-cell switchers). For every 6 > 0, Jc (tM} —tm,) fdAp 2 0.

Proof. On C,, up;, = 0 and ty;, = 0. A buyer at x € C, switches to the new option
iff vny(x) = (pg- +0) > 0. Two sub-cases: (i) on the strict-switch set {x € C, : v (x) >
p;+ + 6}, the new option is uniquely surplus-maximizing (it has surplus > 0 while
every old option has surplus < 0 on C,), so tM;(x) = pp + 6 > 0 and the integrand
thZ(x) — tp,(x) = pp- + 6 > 0. (ii) On the tie set {v;y] = p;- + 0}, the tie convention
may yield ty (x) € {0, p;- + 0}, both non-negative; this set is Ap-null because vy is
a non-zero linear function (otherwise vy = 0, contradicting the witness V" C Uf\f]’]f
where vy > 0), so its level sets are codimension-1 affine hyperplanes. Elsewhere
on C, the buyer’s choice is unchanged and the integrand is 0. The integrand is

non-negative Ap-a.e. on C,, so its integral against f > 0 is non-negative. =~ Q.E.D.

Lemma 26 (Non-negative cannibalization). For every selling cell ¢ = {* and every
6 > 0, ng(tM;' - tM]:)fd/\D Z O
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Proof. For a lottery option ¢, read vg, as the expected valuation ,(x) (linear in
x, with the per-option gradient above), which reduces to the deterministic bundle
value when o, = 63,. Set ¢, := vy — v, (a linear function on RY by (4)) and
T, := p; — py+; the top-priced choice of ¢* (Definition 4) gives 1, < 0 for every £.

On int Cy, up, = vg, — py and tp;, = py. The buyer switches to ([N], pp- + 0) iff
vN)(X) = (per + 0) = vp,(x) — pg, equivalently @y(x) > 6 — 7,. On the strict switch
region {¢, > 0 — 1,} the new option is the unique maximizer and the per-buyer
transfer change is 0 — 1, > 0 > 0; on the tie locus {¢, = 0 — 7,} the change lies in
{0, 0—1,} depending on the tie convention, both values non-negative. The integrand
is therefore non-negative pointwise on int C, — no nullity assumption on the tie
locus is needed — and Ap(C, \ intC;) = 0 as in Lemma 22 Step 2, so the integral
against f > 0 is non-negative. Q.E.D.

Lemma 27 (Bulk-vs-cannibalization tradeoff). For every 6 € (0, min{r, m}/2), R(Mfr)—
R(Mr)>6F(W) > 0.

Proof. Decompose the revenue change cell-by-cell:

.
ROME) = ROM) = ) [ oy =t £ b,
t=0 Y Ce

the {Cg}g:o partitioning D up to a Ap-null set.

Cell Cy«. On W C int Cy- the integrand equals o pointwise (Lemma 24, Step 4).
On Cy \ W the buyer is still at option ¢ under M s (Ap-a.e.) and either remains at
{" (integrand zero) or strictly switches to the new offer (integrand 6 — 7, = 6 > 0
since 7~ = 0); the tie locus {@,+ = 0} is Ap-null because ¢+ = vy — v,. is non-zero
linear on RY (it is strictly positive on W by the grand-bundle gap of Lemma 23).
Hence jcg*(thr —ty,) fdAp 2 fw o f dAp = 0 F(W) by monotonicity.

Cell Cy. Lemma 25 gives a non-negative contribution.

Cells ¢ = {*. Lemma 26 gives a non-negative contribution for every selling cell
=L,

Summing, R(M%) - R(Mz) > 6 F(W) > 0. Q.E.D.

Proof of Theorem 3. Step 1 (instantiation). Apply Lemma 22 to obtain x, € V' N
int Cp» and r, > 0 with B(x,,1,) CintD N Uf\l/\f,’]f NRY, Nint Cy-. Apply Lemma 23 to
obtain W = B(x,, r,/2) together with #, m, F(W) > 0.
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Step 2 (choice of 6,). Set o, := min{n, m}/2 > 0. Then every 6 € (0, 9,) satisfies
0 € (0, min{n, m}/2), so Lemmas 24, 25, 26 and 27 all apply.
Step 3 (final inequality chain). Lemma 27 gives

R(M%)-R(Mys) > SE(W) >0,

the strict inequality from 6 > 0 (Step 2) and F(W) > 0 (Lemma 23). Hence R(M%) >
R(My) for every o € (0, 0y): the wedge-satisfying candidate M is strictly improved
by the grand-bundle deviation, so it is not optimal in the unrestricted screening
problem. In particular, if the restricted-optimal mechanism on F satisfies the

wedge, [N] € F is necessary for unrestricted optimality. Q.E.D.

S.5 PRroor orF THEOREM 4

Proof of Theorem 4. Fix the excluded item i and a complementarity level a > 0,
{i}}, so the singleton’s valuation is v;(x) = a"x; with stan-

and write k¥ := 1{C C
a*7;. By Definition 5 the base

dalone value V; =
G:=|{x,¢€ [1,.,00,9;] : (9, %) € Co}

has Ay_;(G) =t cg > 0. Each option’s expected valuation v,(x) = Eg_,,[vg(x)] has
nonnegative gradient, so u,;, = max,{v, — py, 0} is nondecreasing in x;; hence for

x_; € G the entire column {(t,x_;) : £ < 9;} lies in C,, where u,, = 0. Set
re =V —g, &= 5/0(1{1 Mff =Mz U {({i},?’g)},

and p := max, p;, m, := infp f > 0, and the local bound M, := supy. f over the top
slabT; := {x € D : x; > 9;/2}, which contains every switcher on the range ¢ <V;/2
to which the argument confines itself — only the density’s size on the slab enters
the loss bound.

Switchers lie in the top slab. A type x strictly prefers the new offer iff vj;(x) -, >
up,(x) 2 0, ie. a*x; > V; — ¢, which forces x; > 9, — ¢’. So every switcher has
x; € (v; — €, 7]

Gain. Forx_; € Gand x; € (v;—¢’, v;] the type lies in Cy, 50y, (x) = 0 < vy (x)—7e:
it switches and pays r., where before it paid 0 (Ap-a.e. on A,: a type in C, transacts

only on the Ap-null union of option-indifference hyperplanes {v, = p,}, where the
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seller-favorable tie-break is immaterial). The gain region A, := G x (9; — ¢’,9;] has

Ap(Ag) = cg €, so for € <V, /2 the gross gain is at least
re-my - Ap(Ae) > Vimgcge' = Lo,mycge = Ole),

using V; ¢’ = v; €.
Loss. The only revenue at risk is from types who bought some option under M
and switch. Let such a type buy option ¢ (¢ > 1), so on its cell uy, (x) = vo(x) — p;-

Switching gives v;)(x) — 1. > v,(x) — p, > 0, and since vj;)(x) < V; = r, + ¢ this forces
x; € (v;—¢€,7;] and D,(x) € [pg, pe + €]-

The gradient Vv, = IEU[[al{CQB}lB] is parallel to e; only if every bundle in supp oy is
contained in {i}, i.e. oy = 9y (handled last). Otherwise V7, has a nonzero entry in
some j, # i; applying Fubini in (x;, x; , Xrest), X; ranges over an interval of length ¢’

and, for each fixed (x;, x;es), Xj, Over an interval of length < ¢/(V7,); . Hence

Ap({switchers}NC,) < & - _L ~diam(D)N7? = O(e?),
(Voe),
and the cell’s lost revenue is at most p - M, - O(e®) = O(&?).

The parallel case o, = o (item i already offered) contributes no loss. Here v, = vy,
and an excluded F; forces p, > V;: a near-top type (v;, x_;) with x_; € G is excluded,
so its surplus from ¢ satisfies V; — p, < 0. Since max, vj)(x) = V; < p, the cell
{x :vy(x) = pe} € {x; > 9;} on which £ is bought is Ap-null, so switching from ¢
changes revenue only on a null set.

Net. Summing the O(e?) losses over the finitely many cells (at most L + 1),
R(M%)-R(Mg) > 1o,mycce - Ce®
for a constant C = C(My, f, D, «). With ¢, := min{V;/2, v; mycg/(2C)} the right-

hand side is positive on (0, &). What is uniform in « is the gross gain 37; m, c ¢; the
constant C, and with it the profitable window (0, ¢;), may shrink as a grows. At ev-
ery fixed a > 0 the window is nonetheless nonempty and the deviation profitable;

hence no mechanism leaving a top face excluded is optimal at any & > 0. Q.E.D.

S.6 AN EXPLICIT UPPER-THRESHOLD BOUND FOR THE TWO-GOOD
UNIFORM: DUAL-TRANSPORT LINE CONSTRUCTION
This section derives the explicit constant a,;; = (9 + 4V6)/15 as a sufficient

upper-threshold bound for pure bundling in the 2-good iid uniform benchmark.
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Setup and cone constraint. For N =2, f =1onD = [0,1]%,and v(x) = (x;, X,, a(x, +
x,)), the unique selling cell is C; = {x;+x, > 8} with § = y/2/3, area 2/3, and top-face
masses ,u+(Pj N C;) = 1; the interior carries p (C;) = 3-2/3 = 2. The grand-bundle
cone constraint a(h; + h,) > max(h;, h,), specialized to x' € F; at height ¢, becomes
x3 <t+my(xi — 1) with m, := —(a — 1)/a. For each t € (0, 1), let £,(t) denote this
cone-extremal line and A(t; ) := Area(C; N {below €,(t)}).

Mass balance and closed form. By symmetry across Fy, F,, a cone-respecting trans-
port exists iff 3 A(t; ) > t for every t € (0, 1). Direct integration (splitting at x; = 3)
yields

Alt;a) =t(1—a) - Z2(1-a)® - 3(3—a)?, (10)

where a = a(t;a) is the x;-coordinate of £,(t) N {x; + x, = §}. The gap g(t) :=
3A(t;a) — t has ¢’(t) = 3(1 — a) — 1, vanishing at a(t*) = 2/3; the second derivative
3/(1 + m,) > 0 makes t* the global minimum. Setting g(¢t*) = 0 at the binding
a = e gives my = —9(3 — 2/3)> = 46 — 10, hence

i 1 1 9 +4v6
o _

o= = = ~ 1.2532. 11
unif 1_’_’/”&(e 4\/8—9 15 ( )

Necessity and sufficiency. For & < aj g(ty) < 0 and no cone-respecting trans-
port exists. At @ = ay,;, varying the line slope #i(t) smoothly (via the implicit-
function theorem) so the per-face balance 3 A(t) = t holds at every ¢ yields, after
mirroring for F,, a cone-feasible plan certifying Proposition 1. Continuity in «a

extends optimality to all a > aj-
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