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Abstract

I work out an extension of Krugman’s (1991) target zone model. The extension consists
of announcing a predetermined percentage increase in the width of the currency bands per
period. The assumption of the pre-announced widening of the bands is motivated by the
framework adopted in Argentina in 2025. I study two features: the first is the extra flexibility
that this pre-announced widening of the bands provides, and I define two measures of this
anticipation effect. I found that, in terms of flexibility, the widening-band case increases it
by up to 40%. The second is that, somewhat surprisingly, early on, the widening bands are
more likely to require intervention than the fixed ones. I found that this initial period can
persist for up to a year.
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Introduction

In April 2025, Argentina implemented a monetary policy framework that consists of an open
capital account (at least for current and future transactions) and a target exchange zone, or
currency bands. A traditional fixed exchange-rate stabilization preceded this —starting with a
large devaluation and a preannounced monthly depreciation rate, accompanied by a sudden,
substantial, and persistent fiscal adjustment. In the initial phase of the stabilization plan,
which began at the start of 2024, capital account controls and dual exchange rates were in
place, inherited from a previous administration. Both types of controls have been dismantled
gradually. The new framework, which began in April 2025 and was accompanied by an
IMF program and support from other multilateral institutions, ended the dual exchange-rate
system and most capital controls. The announced new framework will allow the exchange
rate to fluctuate within pre-established bands, where the Central Bank intervenes to keep it
within them. The agreement with the IMF allows the use of reserves to defend the parity
at the top of the band. President Milei has declared that the Central Bank will purchase
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reserves only at the bottom of the bands. Otherwise, the money supply is announced to
be roughly constant.? One peculiarity of the new Argentine framework is that the width
of the exchange rate bands, which started at a relatively high value, 40%, is announced to
widen as time goes by. In particular, the top band will increase by 1% per month, and the
bottom band will decrease by 1% per month. This system is designed as a preannounced
transition to a flexible exchange rate system. See Appendix Appendix A for more information
on Argentina’s framework, and the evolution until the time of this writing.

The objective of this note is to write an extension of Krugman’s (1991) seminal stylized
model of target zones for exchange rates, which incorporates the effects of the pre-announced
path for the top and bottom bands. I refer to this system as one with “widening bands”,
and refer to the Krugman’s (1991) framework as one with “fixed bands”. I concentrate the
analysis on two effects. I called the first one the “anticipation effect”: the difference in how
much more flexible the exchange rate is for a given band size due to market participants
anticipating that the bands will widen in the future. I called the second, the “intertemporal
intervention twist”: the widening band case requires intervention with higher probability
early on, but lower later on.

Krugman’s (1991) proposes and works out an elegant solution for the exchange rate as a
function of fundamentals for the case of fixed currency bands. He shows that the exchange
rate is less sensitive to the fundamentals than under flexible exchange rates, even far from the
bands. Moreover, an inextricable part of the solution is determining the range of values for
the fundamentals over which the central bank does not intervene. In terms of comparative
statics, the wider the bands are, the closer the solution becomes to flexible exchange rates.
Unlike Krugman’s (1991), when the bands widen continuously, as in the Argentinean case,
the function that relates the fundamentals to the nominal exchange rate must also depend
on time. In this case, the function for a fixed value of fundamentals changes through time.
Moreover, the boundaries of the region for fundamentals over which the central bank does
not intervene vary over time. In this paper, I compare the solution with fixed bands with
the one for widening bands. I show that, even if the bands for fixed and widening bands are
currently at the same value, the function linking the exchange rate with the fundamentals is
more sensitive to fundamentals in the widening bands case. Or, put differently, with widening
bands, the anticipation effect of future expansion makes the exchange rate’s behavior closer
to that under flexible exchange rates. I present an example calibrated to Argentina, where
the behavior of the widening bands is close to halfway between fixed bands and flexible
exchange rates. I also analyze conditional volatility and how foreign reserve purchases within
the bands affect these results.

The model setup for the fixed- and widening-band cases has the following aspects in
common. In both cases, I use the same forward-looking equation relating the exchange rate to
the fundamentals, so that the exchange rate determination is similar to that of an asset price,
which depends on the expected discounted values of the fundamentals. This relationship can,
in turn, be derived from money demand, purchasing power parity, and uncovered interest
parity conditions. Importantly, the process for the fundamentals includes the central bank’s
behavior. An equilibrium requires the central bank policy to implement three features. One

2Two caveats on this simple interpretation. The agreement with the IMF also stipulates a target for
foreign reserve accumulation. Furthermore, the Argentine central bank has reportedly held positions in the
exchange-rate futures market, and it has repeatedly changed reserve requirements.



is the specification of the exogenous part of the process for the fundamentals, which applies
when the exchange rate is strictly inside the bands. The second feature is the requirement that
the central bank intervene only when the exchange rate reaches either band. The third is that
the exchange rate is never outside the bands. The difference between the fixed and widening
cases is the following. In the fixed band case, the function describing the exchange rate must
satisfy an ordinary differential equation, or an ODE, and the boundary of intervention must
be determined. This ODE, using symmetry, is solved with two implied boundary conditions.
In the widening band case, the function describing the exchange rate has two arguments: the
fundamentals and time, and it satisfies a partial differential equation or a PDE The solution
also involves, instead of finding a single value for the range of fundamentals where the central
bank does not intervene, as in the fixed case, finding an entire path for this range as a function
of time. This PDE and free boundary are solved by imposing two boundary equations that
must be satisfied at each time, as well as a terminal condition. In other words, in both cases
it is a free-boundary problem; the difference is that in the fixed-bands case, the boundary
is a number, while in the widening-bands case, it is an entire function of time. The main
technical contribution of this note is to solve the PDE for the widening band case by using
a functional expansion of the free boundary case in terms of the rate at which the bands
widen. I derived closed-form expressions for the first- and second-order expansions of the
exchange rate as a function of fundamentals and time. For the intervention threshold, I only
derived the first-order expansion, since this function is not twice differentiable. Furthermore,
I proposed to use a recursive version of this expansion, which I argue is more accurate for
measuring the anticipation effect. The advantage of the analytic approximations is that
they provide closed-form expressions that clearly show which features depend on parameter
values and which don’t. I develop a finite-difference approximation for the exchange rate as
a function of fundamentals and time, which, in principle, can provide an arbitrarily accurate
solution for assessing the approximation’s accuracy and for considering other cases, such as
incorporating drifts.

I derived two closed-form expressions measuring the anticipation effect. Both measures
compare the exchange rate’s responsiveness to changes in fundamentals by taking the ratio of
the indicator for the widening-band case to the same indicator for the fixed-band case. This
ratio is defined for the same band’s width. The first indicator uses the slope of the equilibrium
exchange rate at the center of the band. The second indicator uses the average slope of the
equilibrium exchange rate in the no-intervention zone for each case. Both measures show an
anticipation effect that decreases as the bands widen, or equivalently, as time passes. This
result is intuitive, since for very large bands the exchange is almost flexible in both cases.
I also show that, for any band size, the anticipation effect increases the semi-elasticity of
money demand. This result is quite intuitive, since the inverse of the semi-elasticity of the
interest rate equals the discount rate in the asset-pricing formula. For the calibrated values,
the exchange rate is about 40% more volatile than in the fixed-band case.

The second main result is the “intertemporal intervention twist”. I show that, somewhat
surprisingly, intervention is more likely early on in the widening band case than in the
fixed band case. This is a direct consequence of the narrower range of fundamentals where
intervention occurs. Later on, when the bands have expanded sufficiently, intervention is
less likely in the widening-band case than in the fixed-band case. 1 derived a closed-form
expression for the critical time below which intervention is more likely for widening bands.



This critical time is monotonically increasing with the semi-elasticity of money demand and
the size of the initial bands. I found that for plausible parameters, this critical time is around
a year.

Finally, I evaluate the accuracy of the first-order expansion by comparing it with the
second-order and finite-difference results. I found the first-order expansion quite accurate,
and the second-order almost indistinguishable from the finite-difference result. I also compute
an analytical joint second-order expansion on the rate of widening of the bands and the drift
of the fundamentals.

Related Literature. There is a large literature on currency bands, with Krugman (1991)
widely accepted as the seminal paper. Several topics have been investigated in the theoretical
literature, including the effects of non-infinitesimal interventions, limited credibility, and
the possibility of realignments (i.e., changes in the bands). The literature on the effect
of realignments is the closest to the topic of this paper. Examples of related papers on
realignments are Svensson (1991), Bertola and Caballero (1992), and Werner (1995), among
others. Svensson (1991) incorporates a constant probability of a devaluation. Bertola and
Caballero (1992) proposed a Markovian process for the bands, where when the exchange rate
gets closer to the current band, the central bank either defends it —by pushing it to the center—,
or abandons it by creating a new band displacing it contiguously to the previous one. Werner
(1995), following Bertola and Svensson (1993), considers a probability of one realignment
proportional to the distance of the fundamentals to the center of the bands. These papers,
as well as others, were motivated by empirical evidence on bands used primarily in Europe
before the introduction of the Euro, where countries experienced recurrent realignments.
In my view, Bertola and Caballero (1992) is the closest setup, in the sense that as time
goes by, the variance of the fundamental increases, and hence the changes in a sequence of
realignments in which the bands have widened are greater. On technical grounds, Froot and
Obstfeld (1991), which clarifies the nature of the interventions, is the closest reference. As
far as I know, there was no work on bands that are announced to continually widen as time
goes by, which is Argentina’s framework, as well as the topic of this paper.

Krugman’s currency bands’ model

In this section, I describe the basic setup in Krugman’s seminal currency bands model. I go
into some detail on the mathematics of the solution to measure the effect of anticipation and
clarify the nature of the extension.

I let m be the log of nominal money supply, p be the log of the domestic price level, p*
be the log of the foreign price level, ¢ the domestic interest rate, ¢* the foreign interest rate,
s the (log of) the nominal exchange rate, and « be the semi-elasticity of the money demand.

I start describing a simple model of the exchange rate for a small open economy. It has
three basic assumptions. First, that Purchasing Power Parity (PPP) holds so that:

p(t) = s(t) +p"(t).



Second, that uncovered interest rate parity (UIP) holds:
1
i(t) =" (t) + %E [ds(t)] .

Third, that there is equilibrium in the domestic money market with the following semi-log
money demand:

m(t) —p(t) + v(t) = —ai(t) .

where v is an exogenous velocity shock and « the semi-elasticity of the money demand.
The next proposition is a standard textbook result, which combines these equations to
obtain a well-known stylized model of the exchange rate.

PROPOSITION 1. Define

z(t) = m(t) + US) — () +1i*(t) and p =

Ll

Combining the UIP-PPP and equilibrium in the money market gives:

ps(t) = x(t) + %E [ds(t)] or s(t) = /too e PUOE, [x(7)] dr

I refer to x(t) as the “fundamentals” determining the exchange rate. It is immediately
clear that a larger semi-elasticity of the money demand «, which corresponds to a lower p,
makes the current exchange rate more sensitive to future values of the fundamentals. This
will be crucial for the size of the anticipation effect. I assume that, whenever m is constant,
the processes for i*(t), p*(t) and v(t) are such that x(t) follows a drift-less random walk in
continuous time, i.e.,

dz(t) = odW (1)

where W is a standard Brownian Motion. Thus, in the absence of intervention by the Central
Bank, the fundamentals are assumed to follow a random walk with no drift (i.e., zero expected
change per unit time) and a variance of changes per unit time equal to o2.

The exchange rate bands are given by b > 0 > s = —b so that if s(¢) € (—b,b) then m is
constant, and otherwise m is adjusted so that s(t) € [—b,b]. The adjustment for m implies
that as soon as s(t) hits either band, then m is changed to “counterbalance the shock dW”,
so that the solution for s is maintained within the bands. Mathematically, one looks for a
function s(t) = F(x(t)) which satisfies the following conditions. There is no intervention,
i.e., no changes in m for a range x € (—X, X), where X is the intervention boundary to be
found as part of the solution. Inside the bands, using a typical continuous time expansion on
the expected changes, one obtains the following ordinary differential equation and boundary
conditions:

2
pF(a:;b):x—i—Fm(a:)% for — X <z <X

F(z;b) = =bfor z < —X and F(x;b) =bforx > X



I require the function F' to be once differentiable everywhere, and twice differentiable except
at x € {—X, X}. Note that the requirement that F' is once differentiable gives the so-called
“smooth pasting” condition F,(X) = 0. Krugman (1991) goes over an intuitive explanation of
this condition. I collect mostly known results about the solution in the following proposition:

PrOPOSITION 2. With a fixed currency band under the maintained assumption, the
exchange rate s as a function of the fundamentals is given by

1 [ 1 sinh(ya)

5= Flz:b) p " neosh(nX)

where n = /2p/c?. The boundary X (b) solves b = # [nX — tanh(nX(b))]. The boundary

X(b) is increasing in b, and it can be approximated as follows

] for — X <z<X

0X(b) p

B (3626)"°  for small b
ob 1 —tanh'(nX)

pb + % for large b

and X (b) ~ {

Note that if there will be no intervention, i.e., as fixed bands b — oo is infinite, then
X — oo and

s:F(x;b)%%for all z € (=b,b) a b — oo

On the other hand, for fixed exchange rates, i.e., if b = 0 then X = 0, and s = b at all times.
The function F' is S-shaped, with positive slope in (=X, X), approximately linear at
x = 0, i.e., with zero second derivative, and with zero slope at the boundaries. At the top
boundary, it is concave, while at the bottom boundary, it is convex.
The volatility of changes in the exchange rate, conditional on z(t) = x, is given by o F,.(z).
The expression for F,, immediately yields two statistics of the exchange rate’s flexibility.

ProproOSITION 3. The slope of F' at the center of the band is:

row=(5) (1~ axaxoy) .

which is increasing in b from 0 to 1/p as b goes from 0 to co. The average slope is

_ 1 [X® b
F, m/o F.(z)dx = X0 (2)

which increases monotonically between 0 to 1/p as b goes from 0 to +o0.

Proposition 3 offers two definitions of flexibility of the exchange rates, which I will keep
for the general case of a widening band. The first is the volatility measured at the center of
the band, 04(0) = 0 F,(0). The second is the average slope of the function F', which uses the
properties of F' being increasing and antisymmetric around 0, so its slope is symmetric.

For future reference, note that the ODE evaluated at x = X gives:

2
pb =X+ F,.(X; b)% or using the solution F,,(X;b) = 0 tanh(nX)
p
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Figure 1: Fixed vs Widening Bands

Parameter values. I use two sets of parameter values for the examples below. For semi-
elasticity, I report results for two values: a low elasticity of money demand, o = 3, and a high
one, o = 6. These choices are based on an estimated elasticity of a log-log money demand for
Argentina of 0.35 from Nicolini (2017) and Benati et al. (2021). In both papers, the authors
show that the log-log functional form provides a reasonable fit, except when the interest
rate is close to zero. The value of 0.35 for the log-log money demand corresponds to semi-
elasticities of money demand of about 5, i.e., « = 5 — see Lucas (2000) for the comparison on
fit of both functional forms, and the correspondence between log-log and semi-log elasticities.
Proposition 1 shows that the exchange rate depends more on the future expected values of
fundamentals for larger values of the semi-elasticity of the money demand. Hence, to be
conservative, I use p = 1/3 as the benchmark parameter, which corresponds to @ = 3, a
relatively low elasticity of money demand. I also report results for the alternative parameter
p = 1/6, which corresponds to a semi-elasticity of money demand of o = 6. The other
parameter that enters the model is o, the volatility of the fundamentals. If the economy has
flexible exchange rates, the exchange rate will follow a random walk, with volatility equal to
o/p. Iset o so that the annual volatility of the flexible exchange rates is 0.30. Thus, I chose
o = 0.30 p for semi-elasticities, assuming a flexible exchange rate has an annual volatility of
30%. 1 collect these parameters in Table 1. I report sensitivity analysis with respect to p
and o for the main conclusions.

Table 1: Parameter values

Parameter Low Elasticity | High Elasticity
Semi-elasticity money demand « 3 6
Discount rate p = % 1/3 1/6
Annual volatility of fundamentals o = 0.3 p 0.10 0.05

Figure 1 plots F' as a function of x for the fixed bands model, given by the blue line.
The left panel uses parameters for low money-demand elasticity, and the right panel uses
parameters for high money-demand elasticity. There are two other functions plotted in this



figure: the straight line in green represents the relationship between the fundamental x and
the exchange rate in the flexible exchange rate case. Two of the defining features of the
currency bands are clear in this figure: Even at the center of the band, i.e., when z = 0, the
slope F(0) is smaller than the one for the green line corresponding to the flexible case, which
is equal to 1/p. Second, the average slope of F}, given by b/X, is smaller than the average
slope of the flexible case 1/p. The second property can be clearly seen since the width of the
set for no intervention values of fundamentals, given by the (—X, X)), is wider than the one
corresponding to the flexible exchange rate, i.e., (—bp, bp).

A model with widening bands: set up

I start with the same “structural” model for exchange rates, but I replace the fixed (symmet-
ric) bands (—b, b) with two time-dependent functions that correspond to widening bands. For
almost all analyzes, I maintain the symmetry assumptions of Krugman’s model: the upper
band is 5(¢), and the lower band is s(t) = —5(¢). For the widening case, the solution for s is
a function of x and also time ¢, which I denote by G, i.e., s(t) = G(x(t),t). As in the case of
the Krugman model, I look for the boundary of the fundamental values that define the set
of no-intervention for the central bank. The difference with the fixed band case is that in
the widening case, the (upper) boundary is a time varying function which I denote by Y'(¢),
and correspondingly, for the lower bound, it is minus the upper bound, i.e., =Y (¢). Again,
I consider the case of no intervention in the interior, and a credible intervention so that the
exchange rate satisfies s(t) < s(t) = G(z(t),t) < 5(t) for all t.

Using the same logic as before, in the interior of the band, the function G solves the
following partial differential equation and boundary conditions:

0.2

pG(z,t) =z + Gm(x,t)? + Gy(z,t) for =Y (t) <z <Y(t) and all t € [0,T]
G(z,t) = —5(¢t) for x < =Y (t) and G(x,t) = §(t) for x > Y (t) and all t € [0, T
G(z,T) = F(z;b+(T) for all =

As explained above, G also depends on time because the currency bands are time-dependent.
Note that the behavior of the bands is assumed to revert to the initial band at time 7. I will
comment on this particular choice for the terminal condition below.

I assume that G(z, t) is once differentiable in (z,t) for all (z,t) € Rx (0,7, and twice dif-
ferentiable for (z,t) : =Y (t) <z < Y (t),t € (0,T]. These are analogous to the assumptions
in the fixed band case. Thus, I obtain the following boundary conditions:

G(Y(t),t) = 5(t) and G.(Y (t),t) =0 for all t € [0, 7]

These are, again, the so-called value-matching and smooth-pasting conditions. I also assume,
as in the fixed band case, that G(-,t) is antisymmetric, i.e. G(z,t) = —G(—x,t) for all (z,t).
The terminal condition at t = T" corresponds to the assumption that after ¢t > 7" the boundary
is constant forever at the value 5(7') = b+ (7. This is done for mathematical convenience; I
will use it in the expansion introduced below. More importantly, I will be taking the limit as
T — o0, so that, given that p > 0, the value of the terminal condition at 7" has a negligible
effect on the exchange rate at ¢ for large 7" — ¢.

8



In terms of the form of the bands for the exchange rate, I am interested in bounds of the
form 5(t) = b+ (t and likewise —5(t) = s(t) = —b — (t, for some positive constant ¢. This is
indeed the policy framework in Argentina, where each band’s upper bound increases by 1%
and the lower bound decreases by 1%. It also preserves the symmetry of the Krugman case
in the analysis of the widening-band case, which simplifies the mathematics.

In graphical terms, Figure 2 shows what the solution looks like. The top panel displays
the boundaries Y (t) as a function of time. The bottom panel displays the exchange rate
s(t) = G(z,t) as a function of the fundamentals x for two time periods t = 0 and ¢t = ;.

In blue in the two panels, I include the corresponding quantities for the Krugman model of
fixed bands.

Figure 2: Y and G for widening bands

Functional Expansion for the widening band case

Solving for the function G(z,t) and the boundary Y'(¢) is a relatively difficult free boundary
problem in the PDE literature. The difficulty is that PDE has to be solved simultaneously



with the free boundary Y () for all times t, i.e., it is a moving boundary problem, as in the
classical Stefan’s problem. It is formally similar to the valuation problem for an American
option, in that one needs to find the optimal exercise boundary. In the American option case,
there are no exact or closed-form expressions for the option’s boundary and price, and the
literature has developed a variety of analytical approximations. Nevertheless, the boundary
and terminal conditions for the widening band are different from the ones for American
options, so I present and solve for a new analytical approximation below.?. The analytical
approximation I proposed uses a first-order expansion of the PDE and its boundary conditions
with respect to the parameter (, which measures the rate at which the bands are widening
over time. In particular, I index the boundaries with a small scalar € so that

5(t,e) =b+et and s(t) = —b — et

Corresponding to each e there is a function G¢(z,t) solving the PDE and boundary con-
ditions specified above. Notice that for every e, the solution also specifies a path Y(¢).
Recapitulating, including explicitly ¢ the PDE and boundary conditions becomes

2
pG<(z,t) = = + G (a, t)% 4G, t) for —Y(t) <z < Y(t) and t € [0, T]
G(Y(t),t) =b+et and G(=Y(t),t) = —b— et for all t € [0, 7]
0=G,(Y(t),t) and 0 = G5 (=Y “(t),t) for all t € [0, T
G(z,T) = F(x;b+ €T) for all =

For future reference I note that if € = 0, then G°(z,t) = F(x;b) for all z and t € [0, 7],
and also Y°(t) = X for all ¢ € [0,T]. This is a convenient property for the expansion.

LEMMA 1. Differentiating G¢(z,t) and Y(¢) with respect to €, and evaluating it at € = 0,
letting ¢ : [-X, X]| x [0,7] — R and y : [0,7] — R where

aY<(t)

0G*(x, 1) |
de P

Oe
then g(x,t) = —g(—=x,t) for all (z,t), and g solves:

g(x,t) = |e—o and y(t) =

pg(x,t) = %Qg]m(x,t) + gi(x,t) for all x € [0, X], and all ¢t € [0, 7]

g(X,t) =t and g(0,¢t) =0 for all ¢t € [0,T] and

OF (z;b)
b

and where y(t) solves: F,.(X)y(t) + g.(X,t) =0 for all t € [0, 7.

g(x, T)=T for all z € [0, X]
With these definitions, one can write the first-order expansion for G and Y as:

G(z,t) = G*(x,1) = F(x) + g(w,t)( + o(¢) = F(x) + g(z, )¢ and
V() =Y (t) = X +y(t)¢ +o(¢) # X +y(t)¢

3See the survey for the nature of the solution in Myneni (1992), and the survey on different analytic
approximations in Li (2010).
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The advantage of the approximation is that it has a closed-form solution since this PDE is a
version of the heat equation in a cylinder with a lateral boundary condition of the displaced
Dirichlet type. The next proposition is the key analytical result of this paper. It gives a
closed-form solution for the expansion to the widening currency band for large T'.

PROPOSITION 4. The solution for g(x,t) as T — oo is given by:

9 00 (_1)j+1 772)(2 772X2 :| . T
ECCEN s

1—pt — i
g X+ Gz | 7T Xy (a2 VT

for any t > 0 and z € [ X, X].

The substantive analysis of the effect of the widening bands uses the solution in Propo-
sition 4. I turn to that next.

Anticipation Effect

In this section, I provide an initial characterization of the anticipation effect. A later section
introduces a variation on the approximation to refine it further.

I use Proposition 4 to compare the two regimes: a fixed currency band with a widening
band, both of them starting with the same value of the bands at time ¢t = 0, namely b.
Figure 1 plots the exchange rate s as a function of the fundamentals, i.e. s(0) = G(x(0),0)
at the launch of the widening bands regime, given by the red line. The left panel uses the
low elasticity of money demand, and the right panel uses the high one. The blue line is,
as explained above, the function F'(x(0);b) describing the fixed bands. Since at t = 0 the
two bands are the same, the difference between the two functions is the anticipation effect,
i.e., how much more flexible the exchange rate is due to the anticipation that the bands will
widen in the future. It can be seen that G is roughly between F' and the function with
the flexible exchange rate. Furthermore, one can see that the range of fundamentals where
there is no intervention is narrower for the widening bands than for the fixed band, i.e., that
Y(0) <X <1/p.

Note that the expression for g(z,t) depends only on two parameters p,n and the value
of X. Alternatively, one can say it depends on three parameters: pn and b, since X is a
function of p,n and b.

Next, I concentrate on the comparison of the slopes G, (x,t) and F,(z) as a measure of
the anticipation effect. To do so, direct computation from the expression in Proposition 4
gives its first x derivative:

o0

1 2 , n?X? n?X? .
o)== [t+=) (-1 1 —pt — ( —)
9:(2.t) = +pz( Ve e L e o) Uty

j=1

The next proposition characterizes the value of g, (z,0) evaluated at two particular values
of z.

11



PrRoPOSITION 5. Let t = 0, the z derivatives of g can be written in terms of exponential
functions:

9-(0,0) = L [(Xncoth(Xn) —1)csch(Xn)] >0

no?

1
9:(X,0) = —— [coth(Xn) — Xnesch?(Xn)] <0
no

This proposition has two important corollaries, which establish the existence of the an-
ticipation effect.

1. The widening band case is more flexible than the fixed band case at the center of the
band. The sensitivity of the exchange rate to fundamentals at the center of the band
is given by:

G2(0,0) = F(0) 4 92(0,0)¢

Since Proposition 5 shows that ¢,(0,0) is positive, then it means that, relative to the
fixed bands, the exchange rate is becoming more flexible at the center of the band. In
other words, the anticipation effect of the widening of the bands makes the exchange
rate more flexible, since at time ¢t = 0 the size of the band is the same as the one for
the fixed band case.

2. The widening band case has a higher average slope than the fixed band case. The width
of the no-intervention zone with a widening band at time ¢ = 0, i.e. Y(0), is smaller
than the one for a fixed band for all ¢

_ g:(X,0)

y(0) = F,. () which gives Y (0) = X + y(0)¢ + o(¢)

Since F,,(X) < 0 and Proposition 5 shows that g.(X,0) < 0, then y(0) < 0, i.e., the
intervention barrier is smaller for the widening case. Recall that the average sensitivity
is given by F, = % and G, = % for the fixed and widening band case, respectively.
In other words, the anticipation effect of the widening of the bands makes the exchange
rate more flexible on average.

Figure 3 illustrates these two effects. The left panel uses the low elasticity of money
demand, and the right one uses the high one. This figure compares volatility across different
fundamentals (i.e., different values of z) in three cases: Fixed currency bands, Widening
currency bands, and Flexible exchange rates. From this comparison, one can see that at the
center of the band, i.e., when x = 0, the volatility of the widening band is closer to the flexible
exchange rate case than to the fixed band case. This is true for both parameterization, but
much more so for the alternative one with higher semi-elasticity of money demand. Moreover,
Figure 3 also illustrates that the boundary for intervention for the widening band is narrower
than the one for the fixed bands, i.e., that Y (0) < X.

For the remainder of this paper, it is convenient to include an extra argument in the two
objects for the fixed band F' and X, as well as in the two objects for the widening band G

12
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Figure 3: Anticipation Effect on Volatility

and Y. For the fixed band case, I include the size of the bands, summarized by the level of
the upper bound as a last argument, so I write F'(z;b) and X (b). For the widening band
case, | include the initial size of the bands, summarized by the level of the upper bound as
a last argument, so I write G(x,¢;b) and Y (¢;b).

Using the notation just introduced, I consider X (b + (t) which is the threshold for the
fixed band when the band is equal to b+ (t, This threshold can be compared with Y (0, b+ (t)
which is the threshold for the moving band Y'(¢,b), a band that started ¢ period ago at the
value b. Proposition 5 above characterized the difference between Y (¢,b) and X (b + (t).

PROPOSITION 6. Fix b. Then for all t > 0: y(t;b) = y(0;b) + pcoth®(nX (b))t, thus for all
t>0andall ( >0:
Y (t;0) = X(b) +y(0;b)C + peoth? (nX (b)) t ¢ + o(C),
X(b+1¢) = X(b) + pcoth? (nX (b)) t ¢ + 0(¢), and

1 coth(nX (b)) — nX(b) csch®(nX (b))
y(0:b) = =3 tanh(nX (b)) '

Thus, this means that, up to first-order in (, the paths of X and Y are parallel as
function of time, since the expansion in t is the same for X and Y, i.e: Y (¢;0) — X (b + ()
= 4(0;0) + o(¢). In other words, the anticipation effect, measured as the average slope of
G(-,t) vs F(-,b+ (t), is the same for all ¢. The difference between the two paths is given by
y(0;b), which was characterized in Proposition 5. The expressions for Y (¢;b) and X (b + t()
are both first-order expansions on (, so they do depend on the initial value b. They may lose
accuracy if we evaluate them for large t. The next subsection proposes and implements a
related expansion that should be more accurate for large t.

Intertemporal Intervention Twist

In this section, I compare the likelihood that intervention thresholds are met, and hence that
an intervention is required, for a fixed barrier vs. a widening one. Recall that intervention
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occurs when the fundamentals, which are uncontrolled and follow dx = odW, hit either
Y (t,b) and money contracted (and reserves sold), or hit —Y(¢,b) and money is expanded
(and reserves are bought). Instead, in the fixed case, intervention occurs at either +X (b)
or —X(b) respectively. For large t. It is clear that there is a smaller chance of hitting the
barrier for the widening one case since the bands have expanded without limit. Somewhat
surprisingly, for small ¢, there is a higher chance of hitting the barrier for the fundamentals,
and thus requiring an intervention in the widening case. This is because Y (0;b) < X (b),
which is due to the anticipation effect. But at the same time Y (¢, b) is increasing in ¢. Thus,
I define the critical time ¢* for which Y (¢*;b) = X (b), which separates the time horizon with
the two different behaviors, which explains the name “Intertemporal Intervention Twist”.
The next proposition characterizes t* for the case of small (.

PROPOSITION 7. There is a t* > 0 such that for ¢ € [0,¢*] it is more likely that the barrier
is hit for the widening case than for the fixed case. The critical time ¢t* can be approximated
by t :
s, o) : 1 nX(b)
t*(¢;b) = t(b) + —= where t(b) = — |1 —
(G0) = 1(b) + == where 1b) = o | 1 = O b)) sinh (X (B))

The values of £(b) € [0, 2%)], and ¢ is strictly increasing in b.

Figure 4 illustrates the critical time for various parameters. The left panel fixes the
volatility of the corresponding flexible exchange rate at the benchmark value of 30% per year
and changes the semi-elasticity of the money demand. The right panel fixes the semi-elasticity
of money demand at @ = 4.5 (mid-range) and varies the volatility of the corresponding flexible
exchange rate. In both cases, I plot ¢ as a function of the initial band width, i.e., 2b.

Critical time: t* Critical time: t*
Various semi-elasticity money demand: o = 1/p Various volatility of flexible exchange rate o4

— =7
—a=6

I a=95H | .l
—a=4
2504 =3 Bl el
a=2 5

151 q
// 12

1F 4
oL

I
0.5

t, in years

l\:
t, in years
>

L
15

1 . 2
Width of Bands: 2b

L I I
15 25 3 0 0.5

1 2
Width of Bands: 2b

Figure 4: Critical time below which widening bands hit barriers earlier
Examining Figure 4, one sees that for currency bands with a width of about 50%, the

critical time is around a year. That is, in the comparison between fixed and widening currency
bands, widening bands are more likely to require an intervention in the first year.
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Refining the approximation: recursive expansion.

In this section, I refine the expansion to make it more accurate for measuring the anticipation
effect across different time horizons, i.e., when the bands are wider. To do so, I use the
notation introduced above, where I specify the bands in the functions G and F' and the
boundaries Y and X. The forward-looking nature of G’ implies that these two functions are
the same. I write the following immediate proposition, which is a direct consequence of this

property:

ProproOSITION 8. Let the widening band solution at time ¢ with a band starting at time
zero at b be G(x,t;b), and let the widening band solution at time 0 with a band starting at
time zero at b+ (t be G(x,0;b + (t). Likewise, let g (z,t;0) and g (x,0;b+ (t) be defined
likewise. Let F'(x,b+ (t) be the solution of the fixed band at b + (t, with corresponding
boundary X (b + (t) when the size of the fixed band is b+ (t. Then:

G(x,t;b) = G(x,0;0+(t) = F (x;0+ Ct) + g (x,0;0+ Ct) ¢+ 0(C)
where for any b > 0, the values for X (b) and F(x;b) solve:

- % X (b) — tanh(yX (b))] and

1 1 sinh
Fob) = | sinh(nx)

p _EW for — X (b) <z < X(b)

I will use this recursion to solve for the anticipation effect for all ¢ > 0. First, I solve
the simple non-linear equation for the boundary of the fixed band X (b + (t) for each ¢ >
0, or equivalently for each 5(t). Then, I use the first-order approximation evaluated at
r = X(b+ zetat). This should be more accurate than using the linear expansion from
the initial bands for large ¢, where the difference with the point of approximation becomes
larger. Moreover, this method does not use an approximation to the fixed band X (b4 (t) for
t > 0. I refer to this approximation as recursive exrpansions, since it combines the first-order
expansion, with the recursive structure of G expressed in G (z,t;b) = G (x,0;b+ (t). In
particular, for any time ¢ > 0, I compute:

G (X (b+(t),0;b+ (1)
Frp (X (b+Ct); X (b+ (1))

Y (t:0) = X (b+Ct) - ¢ +o(C)

It is useful to consider the limit as ¢ — oo, which for this expression is just equivalent to
b — oco. Note that as X(b) — oo then (i) Fy,(X;X) — =% and (ii) ¢,(X,0; X) — _n@%‘
Then, using the expression for 7, the approximation for large X ~ pb+1/n, and the expression
for Y () I get:

111 ¢
n 2

tin [V (1) = X (b4 C0)] = —5C and Jim [¥ (5:6) /p — 5(1)| =

t—o00 14

Figure 5 plots the path of the intervention boundary for the fixed band case for each
size band using the recursive expansion. I plot X (b + (t), labelled as myopic X (5(¢)) in
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Figure 5: Path of boundaries for intervention

the figure, as well as the path of the band for the widening band case, which I label Y (¢;b)
recursive. In both cases, I divide them by p to express them in units of exchange rates.
Finally, the path of the upper band 5(t) is plotted. As explained above, the anticipation
effect makes 5(t) = b+ (t < Y(£;0)/p < X(b+ (t)/p for each t > 0. The left panel uses
the parameter values for low semi-elasticity of money demand, and the right panel those for
high semi-elasticity. The difference between the two thresholds, for those parameter values,
seems almost constant. The fact that these lines are almost parallel is consistent with the
results shown in Proposition 6, where the first-order expansion for all ¢ > 0 is exactly parallel.
Motivating by this almost parallel nature, I compute the limiting expression for the difference

developed above, which is given by % (% — %), and which gives an accurate estimate even for

small values of ¢.

Anticipation Effect: characterization. I define two measures of the anticipation effect.
The first one is the ratio of the volatility of the widening bands to the volatility of the fixed
band measures at the center of the bands, which I denote by a° = G,(0,0)/F,(0). The
second measure is the ratio of the average slope for the widening bands given by G, (t) to the
average slope for the fixed band given by F,. Taking advantage of the antisymmetric nature
of G(-,t) and F(-), I compute them as:

- 1 X(b) b . 1 Y(O;b)G b
F=— F R —
: X(b)fo 0)de = 5y and G Y(O;b>/o Ar D = 55

I define the second measure of the anticipation effect using the ratio of the average slopes as
a = G,/ F,, which is equivalent to X/Y (0). Using Proposition 5, both anticipation effects are
positive, i.e., these ratios are larger than one. The next proposition shows that as b increases,
both measures of the anticipation effect decrease. The next proposition gives a closed-form
expression for these effects as a function of X. In particular, Proposition 9 shows that as
the bands widen, or equivalently as time goes by, the anticipation effect, measured as these
ratios, is smaller. It also shows that for a given size of the band, the anticipation effect is
increasing in the semi-elasticity of the money demand o = 1/p.
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PROPOSITION 9. Let’s define the anticipation effect in central volatility and average slope
as

G, (0,0;b)
F, (0; X (b))

and a(b) = X b

a’(b) = Y 0:0)

where b is the initial value of the band, and X (b) is the fixed band corresponding to b. Then

n (n X (b) coth (n X (b)) — 1) csch (n X (b))

o (b) = 1+§ 1 —sech (n X (b)) ¢ +old)
B B n coth (n X (b)) — nX (b) csch? (n X (b))
alb)=1+3 7 X (5) tanh (nX (D)) ¢+ol0)

where X (b) is the intervention threshold corresponding to the fixed currency band b. The
function a, given by either @ or a° satisfies: (i) limy_, a(b) = oo, (ii) a(b) is strictly decreasing
in b, and (iii) lim,_,o a(b) = 1.

Anticipation Effect at * = 0: a° = G,(0,0;b)/F,(0;b) Anticipation Effect relative avg. slope : @ = X (b)/Y (0;b)
Various semi-elasticity money demand: a = 1/p

Various semi-elasticity money demand: o = 1/p

I L
0 0.5 25 3

1 1.5 2 1 15 2
Width of Bands: 2b Width of Bands: 2b

Figure 6: Anticipation Effects

Figure 6 displays the ratio a°(b) in the left panel and the ratio a(b) in the right panel,
as function of b. In both cases, I plot several versions of each function for different values of
the semi-elasticity of money demand, a. As Proposition 9 shows, a°(b) is larger than one,
so the widening bands have more volatility in the center of the band than the fixed bands.
Still, this difference decreases with band size, i.e., a®(b) decreases with b. As Proposition 9
shows, a(b) is larger than one, so the average slope of the widening band is higher than
the average slope of the fixed band case. Still, this difference decreases with the size of the
bands, i.e. a(b) decreases with b. For both measures, the differences are higher for a higher
semi-elasticity of the money demand «. In terms of magnitudes, for a band with a width of
about 40%- the starting value for Argentina-and a semi-elasticity of money demand equal
to 3, both measures of flexibility for the widening band are about 35% higher than the fixed
band case. For a semi-elasticity of money demand equal to 6, both measures of flexibility for
the widening band are 55% higher than in the fixed-band case.
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Second-order expansion

In principle, one can obtain a second-order expansion on ( of G and Y. In this case, one
differentiates the PDE and boundary conditions for G¢(z,t) and Y(t) twice with respect to
€. The next lemma shows the PDE and equations that these derivatives must satisfy.

LemMA 2. Differentiating G*(z,t) and Y(¢) twice with respect to ¢, and evaluating it at
e =0, letting u : [-X, X]| x [0,7] - R and w : [0,7] — R where

_ 0’G(x,t) _ OPYe(t)
u(z,t) = T|E:O and w(t) = 5 |e=o
then u(z,t) = —u(—x,t) for all (z,t), and u solves:

pu(z,t) = %zum(x, t) + u(z,t) for all x € [0, X], and all t € [0, 7]
w(X,t) = Fo(X) (y(t))* and u(0,t) = 0 for all ¢ € [0, 7] and
O?F (z;b)

_ 2
u(z, T) =T 502

for all z € [0, X]

and where w(t) solves:

0 = 1, (X, 1) + 2000 (X, 1) y (1) + Foa(X) w(t) + Frua(X) (y(1))” for all ¢ € [0, T].

Using the definitions in the lemma, one can write the second-order expansions
G(x,t) = G(,t) = F(x) + gz, )¢ + qu(,£)¢* + o(¢?) and
Y(t)=Y(t) = X 4+ y(t)¢ + Sw(t)* + o(¢?)

The next proposition gives a closed-form solution for u(x,0). We specialize in ¢t = 0 since
this is the object we use for the recursive expansion.

PROPOSITION 10. The solution for u(x,0) as T"— oo is given by:
u(z,0)

_ Fop(X)o? Z(_l)j—i-l i y(0)*X3 4 2y(0)p coth? (nX) A\j + 2p% coth (nX) “in jrx
X? j=1 ()‘j)g X

1 coth(nX)—nX csch?(nX)
2 tanh(nX) :

for any ¢t > 0 and = € [—X, X], where \; = p+ (jﬂ)22§(—22 and y(0) =
The function u(-,0) is differentiable for z € (—X, X).

A few remarks are in order. The Fourier sine series representation of u(z,0) in Proposi-
tion 10 does not converge to the true boundary value at |z| = X, since the sine basis functions
vanish there while u(X,0) = F,,(X)(y(0))? # 0. This is an artifact of the series represen-
tation, not a discontinuity in the function itself. To compute u,(X,0)—and hence w(0) via
Lemma 2—one can decompose u(z,t) = r(x,t) + u(x,t), where r matches the boundary val-
ues and © has homogeneous boundary conditions, as is done in the proof of Proposition 13.
I instead use the second-order expansion of G for |z| in the interior of (—X, X) to compare
its accuracy with that of a convergent numerical scheme based on finite differences, which I
turn to next.
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Adding a drift on the fundamentals

In this section, I add a drift into the fundamentals, so that in the absence of intervention
dx = pdt+odW , where 1 > 0. This can be interpreted as a positive expected money growth,
in excess of what is demanded away from the bands, or a drift on the ¢* or in the money
demand. In this case, the PDE for G is:

2
pG(x,t) = 7 + pGylx,t) + %Gm(x, £) 4+ Gy(a,t) for Y(t) <2 < Y(t), and t € [0, 7]

—b—(t=G(Y(t),t),b+(t=G(Y(t),t) for all t € [0,T],

0=G,(Y(t),t) = G.(Y(t),t) for all t € [0,T], and
G(z,T) = F(z) for all x

where I distinguish the lower and upper bounds since there is no longer symmetry. I will
follow the same steps as before, and construct a second-order approximation of G*¢(x,t) with
respect to p and ¢ evaluated at y = ¢ = 0:

OGHS (x,t) D2GH (x,t)

D2GHS(x,t)
aﬂ, |M:C:0 aQ(‘T’t) = aMQ a9 ar

h(l’,t) 0#8{ |,u:§:0

|li=c=0 and k(z,t) =

With these definitions, I can expand to second-order

G¥(x,t) = FO(x) + g(x, )¢ + h(x)p + Ju(e, )¢ + §q(z)p® + k(z, ) + o(|[ (¢, )|P)
Fi(x) = F(x) + h(z)p + 5q(z) i + o(?)

where G# is the widening band at the rate ¢ and with expected fundamental growth x, and
F#(x) is the fixed band case with fundamentals growing at the rate p. With this notation,
F9(z) is the fixed band case with no drift on the fundamentals, and hence G*°(z,t) = F°(x).
Note that for the anticipation effect, the only derivative with respect to u that appears is
the cross derivative, i.e.

G (@, 1) — F*(x) = g(o,t)C + gula, )¢ + k(w, t)ud + o][(C w)[[?)
The next two results give the first-order correction for expected money growth, which is

the same for both fixed and widening bands. Following the same steps as before, the next

lemma gives the conditions for the derivatives h and z. For this, I define z(t) = %}i(t) | i=c=0-

LEMMA 3. The functions h: [-X, X]| x [0,T] = R, z: [0, T] — R satisfy:

2
U—hm(x,t) + hi(x,t) + Fy(z) for all — X <z <X andt € [0,T]

phiz,t) = 3
0=nh(=X,t)=h(X,t) for all t € [0,T] and
0=h(z,T) for all =

The function A(-,t) is symmetric. The derivatives of Y and Y are given by

0! _ h(X 1) OYH(1) _ (=X
T s = O
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The solutions for h and z are given in the next proposition.

PropPOSITION 11. The solution of A and z when T" — oo are given by:

128X4% < 1 1 2 r+ X
h(z,t) = h(z) = —— 1L — in (4
(@0 =hiz) = =0 j;§;5jw <4n?X24-Qﬁﬂ2> S”l(j” 2X >

for all z € [-X, X] and ¢ > 0 and

o0

64X 1
N=pg=—
() =2 o2 tanh(nX) j;;s (4772X2 +

2
(j7r)2> <OQOforallt>0

A few comments are appropriate here. First, neither h(z) nor z(¢) depends on time.
A simple way to see why is to realize that derivatives of G(z,t) with respect to p eval-
uated at ¢ = 0 are the same as the ones for F(z). In other words, one can solve the
simpler problem of the comparative statics in the fixed barrier problem. Note that this
also implies that the second derivative ¢(z,t) does not depend on time. This means that
the functions G and F' shift to the left for 4 > 0. But up to first-order, the correction
to G and F' is the same. Second, the expression for z makes it clear that z is negative,
i.e., the no-intervention interval for the fundamentals shifts to the left. Third, inspection
of the expressions, shows that h,(z,t) = h,(x) is antisymmetric, with h,(0) = 0 and
h(X) < 0. Thus, the first order approximation for the fixed band case including the ef-
fect of the drift is F,(x) = %(1 — cosh(nz)/ cosh(nX)) + h.(x)p + o(p). The first-order
approximation for the sensitivity for the widening band including the effect of the drift is
Gy(z,t) = % (1 — cosh(nz)/ cosh(nX))+g.(z,t) +ha(x)p+o(]| (1, C)||). Because h,(z,t) <0
for z € [0, X], then the maximum for F,(z), and G, (z,t) occurs at negative values of x, com-
pared to the case where p = 0 which both have a maximum at x = 0.

Next, we analyze the second derivative with respect to p.

LEMMA 4. The second derivative of F'(z) with respect to p evaluated at p = 0 is equal to
the second derivative of G(x,t) with respect to u evaluated at p = (¢ =t =0as T — oo, and
solves:

2

pq(x) = 2h,(z) + qm(x)% for — X <r<X
¢(X) = —zh.(X) = Ziﬁg and ¢(—X) = —zh(—X) = %

0= 2h;w(_X)Z + qgc<_X) + Fac;r(_X>Zu + F;vacac(_X) 22 and
2n = = (42(X) + Fraa(X) 2%) [ Fra(X)

Next, we solve for g(x).
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PrROPOSITION 12. The function ¢ : [-X, X| — R that solves the ODE from in Lemma 4 is:

o(e) = —sh(X) )., SL2C {
2 ! (-ijr  x
;k% <4772X2 kﬂr)) (4<j7r>2—<lm>2> LPX? - 4(m)? <ﬂx>}
and thus
0 (X) = —zhm(X)n%
8192X477 > 2 1 (jr)?
;Zlk§5 <4772X2 kﬂ?) (4(j7r)2—(lm)2) A2 X2 + A(jm)?

The more interesting result to characterize the anticipation effect per se is the one for
the cross derivative k, since it gives the first non-zero correction for the computation of the
anticipation effect. The next lemma characterizes k.

LeEMMA 5. The function & : [—X, X] x [0, 7] — R satisfies:

2
pk(z,t) = %km(x,t) + ki(z,t) + go(x,t) for all — X <ax < X and t € [0,7]

k(X t) = —h (X, t)y(t), k(=X,t)=—h.(=X,t)y(t) for all t € [0,T] and
k(x,T) =0 for all x

The next proposition gives an expression for k.

PROPOSITION 13. As T — oo, the function & : [-X, X] x R — R that solves the PDE
from in Lemma 5 is:

k(x,0) = k*(x,0) + k%(z,0)

where k° is symmetric and k% is antisymmetric, given by:

16X3 - 202 X2 + (jm)? g .+ X
k*(x,0) SRRy —— sin | j7
=135, ( )P X2+ ()t ) (P X2+ (j7)?) 2X
—he(X)0? & 1 [y(0)  peoth®*(nX)] . [jra
k(2,0) = —S— ) (=1)7*!
(,0) = =2 j§:1:< ) Jw[ o+ P (1

for x € (=X, X). Where v; = p+ (jm)?c*/(2X?), y(0) is given by Proposition 6, and h,(X)
is given by Proposition 11. Since k* is antisymmetric, k(0,0) = £%(0,0).
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Finite Difference Approximation

So far, I have computed a first and second-order expansion of the solution, which should
be accurate for small (. One can check the accuracy by comparing with a finite-difference
approximation to the original PDE for G(x,t). I develop such a numerical approximation
below, where I also allow for a positive drift in the fundamentals, i.e., dv = pdt + odW'.

Set Up Let’s consider times ¢; index by ¢ = 1,2,...,/ and z; for j = 1,2,...,J. In
particular t;4; = t; + A, and x4, = x; + A,. Thus, A, and A, are the (constant) size of the
grid in the discretization of x and t, respectively. I replace the derivative of G in the PDE
with its finite differences. I also incorporate a drift g > 0 into the law of motion x, which,
as standard, adds a first derivative with respect to x to the PDE for G. The first difference
approximation when z is away from the boundaries is:

Giv1i — Gji o’ Git1i— 26 +Gj_14 Gii —Gjia1
pgj,i:fﬁj‘i‘(]A—xj),u"‘_(] Af% J + ]th

2
dividing by A, and rearranging one obtains:

Giic1 = 20 + (1—A¢p) [pugj—i-l,i +paGi—1; + (1—pa— pu)Qj,i]

where:

A, no o? and A, o?
= —+——=] an =
Pe= 1708, \ A, " 2A2 PA=T7 A, \2A2
As it is standard, it is required that pA; < 1 and that A, be sufficiently small, given 4A;, so
that 0 < p, +pg < 1. At the highest and lowest value of the grid, which should be chosen to

be larger than the intervention boundary, I impose reflection. Thus, this gives, ignoring the
interventions on the exchange rate:

Gri1 = 214 + (1 = Ayp) [puGa,i + (1 — pu)Giil
Gjic1 =28 + (1 — Ayp) [puGis1,i + (1 — pa — pu)Gji + paGj—14] for2 <j < J—1
Gric1 = x50 + (1 = Ayp) [(1 = pa)Gri + paGr—1]

I regard G; and = as two J dimensional vectors, i.e.

gl,i T

Ga.i o)
g =1 and x =

GJi Ty

)
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and arrange the transition probabilities into a tri-diagonal J x J matrix II:

o=
1 — py Du 0 0 ]
Dd 1 —pu—pa Du 0 0
0 Pd 1 —pu—pg Du 0 0
0 0 Pd 1—Pu—Pd Pu 0 0
0 0 pa 1—pu—pa Du 0
0 0 Pd 1—=pu—pa  Du
| 0 0 Pd 1 — pa]

Thus II is a matrix of zeros, except for 2 < j < J — 1, where it has I1(j,7 — 1) = pg, I1(j,7) =
1—py —pgand II(j,5 + 1) = py. For j =1 then II(j,j) =1 — p, and II(j,j + 1) = p,. For j = J,

H(]v]) =1 — Pd and H(jaj - 1) = Pd-

Let Gr be a J dimensional column vectors with the final values of G(-,T"), and § and s be
two I dimensional vector with the time path of the boundaries for the exchange rate, where s;
b+ (Ay(i—1) for i =1,2,...,1. Thus, I solve the {G;;} by solving the recursion:

G; = max{s;, min{5;, xA; + (1 — pA) 11 Gj11}} fori=1,2,...,1 -1

with terminal condition G; = G(-,T). Note that the min and max implement the bands for the
exchange rate. As jA; — z and iA; — ¢ then G;; — G(z,t).

Fixed vs Widening bands and Flexible, finite difference

Fixed vs Widening bands and Flexible, finite difference

and 1st order, at time ¢ = 0, low elasticity

and 2nd order, at time t = 0, low elasticity
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Figure 7: 1st and 2nd Order Expansion vs finite-difference, low elasticity

I use the finite-difference approximation to compute approximations to G(z,t) for low values
of the elasticity of money demand. In the computations, I use Gy to be the discretization of F(x),
so at time T the system returns to fixed bands of size b. The solution to the finite-difference
approximation can be made arbitrarily close to the function G(x,t) by choosing the grid sides A,
and A; sufficiently small and T large. The results are plotted in Figure 7 for the low semi-elasticity

of money demand. In the left panel, I

compare the first-order expansion (magenta circles) with

the finite-difference solution (black lines). As can be seen, the finite difference is almost identical
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to the first-order approximation, with small differences when the fundamentals |x| are close to X,
where the barrier X is marked with a vertical line. In the right panel, I compare the second-order
expansion (magenta circles) with the finite-difference solution (black lines). In this case, the two
functions are indistinguishable for z € [-Y(0), Y (0)].

Fixed vs Widening bands and Flexible, finite difference Fixed vs Widening bands and Flexible, finite difference
and 2nd order, at time ¢ = 0, high elasticity

and 1st order, at time ¢ = 0, high elasticity
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Figure 8: 1st and 2nd Order Expansion vs finite-difference, high elasticity

Adding drift: purchasing FX within the bands. In this subsection, I add a positive drift
to z for the finite-difference approximation, with g > 0. The left panel of Figure 9 plots G and
F with a g = 0.05. Note that the intervention thresholds are asymmetric: the left thresholds for
the inaction of fundamentals Y (0) is smaller than (minus) the right one —Y (0) since for low x the
positive drift u > 0 helps to self-correct, and the exchange rate returns to the interior of the band
with greater ease than for large x. The left panel of Figure 9 corresponds to the low semi-elasticity
of money demand, and the right panel to the high one. The difference between the two functions
measures the anticipation effect. As can be seen, there is an anticipation effect, i.e., the slope of the

widening-band case G (the red line) is higher than that of the fixed-band case F' (the blue line).

Fixed vs Widening bands and Flexible, positive drift Fixed vs Widening bands and Flexible, positive drift
at time t =0 at time t =0
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Figure 9: Fixed vs Widening band case at t = 0 for the case with drift

Figure 10 complements this analysis, displaying the conditional volatility at time ¢ = 0 for the
cases of widening bands, fixed bands, and flexible exchange rates. Again, these figures show that

24



while the volatility in the center of the band for the case of widening bands is higher than for
the fixed, they are closer to each other, relative to the volatility of the flexible exchange rate, as
compared with the case of zero drift. The left panel shows the case of low elasticity of demand, and
the right panel shows the case of high elasticity.

Volatility of Fixed vs Widening bands and Flexible, Volatility of Fixed vs Widening bands and Flexible,
positive drift, at time ¢ = 0, low elastcitity positive drift, at time ¢ = 0, high elastcitity

02f T 02f T ! B
—0G,(z,0) drift

o018 1 018 | —— g Fy(x,0) drift 1

016 [ b 0.16 i

W 014 1 w 014 1
[} [o}

T oa2f 1 = oa2f 1

= 0.12 = 0.12

L o

ED 01 4 bgo 041f 4
£ g

% 0.08 |- B S 008 B
= : =

I —0G,(z,0) drift I
: —0F,(z,0) drift ’
0.04 |- 1 0.04 |- 1
0.02 | B 0.02 |- B
o I . . . . h ob— ) L | . . h .
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 -0.35 -0.3 -0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1
Fundamental z Fundamental =

Figure 10: Conditional volatility at ¢ = 0 for the case with drift

25



References

Benati, L., Lucas, R.E., Nicolini, J.P., Weber, W., 2021. International evidence on long-run money
demand. Journal of Monetary Economics 117, 43-63.

Bertola, G., Caballero, R.J., 1992. Target Zones and Realignments. American Economic Review
82, 520-536.

Bertola, G., Svensson, L.E.O., 1993. Stochastic devaluation risk and the empirical fit of target-zone
models. The Review of Economic Studies 60, 689-712.

Froot, K.A., Obstfeld, M., 1991. Exchange-rate dynamics under stochastic regime shifts : A unified
approach. Journal of International Economics 31, 203-229.

Krugman, P.R., 1991. Target zones and exchange rate dynamics. The Quarterly Journal of Eco-
nomics 106, 669—682.

Li, M., 2010. Analytical approximations for the critical stock prices of american options: a perfor-
mance comparison. Review of Derivative Research , 75-99.

Lucas, R.E., 2000. Inflation and welfare. Econometrica 68, 247-274.
Myneni, R., 1992. The pricing of the american option. The Annals of Applied Probability 2, 1-23.
Nicolini, J.P., 2017. Money demand: A simple look at some data. Aussenwirtschaft 68, 29-49.

Svensson, L.E., 1991. The term structure of interest rate differentials in a target zone: Theory and
swedish data. Journal of Monetary Economics 28, 87-116.

Werner, A.M., 1995. Exchange rate target zones, realignments and the interest rate differential:
Theory and evidence. Journal of International Economics 39, 353-367.

26



Appendix

Widening Currency Bands
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A Argentina’s framework for currency bands

This section provides a brief description of Argentina’s monetary framework. In December 2023,
there was a change in the administration, where President A. Fernandez left office, and President
J. Milei took power. The new administration implemented a sharp change in economic policies.
Previously, there were multiple exchange rates, price controls, and capital controls.

Additionally, President Fernandez pursued a very expansive fiscal policy, especially given that
voluntary capital markets for the public sector were closed to the Republic. Inflation has been
increasing steadily and was above 210% during 2023. President Mile administration eliminated
price controls and the multiple exchange rates used for commercial operations; i.e., all imports and
exports were unified under a single “commercial” exchange rate. This elimination implied a sharp
devaluation of the peso in a single day, as shown in Figure 11. Right after the large devaluation of the
peso, the central bank (BCRA from now on) announced a crawling peg policy with a pre-announced
depreciation of 2% per month. Capital controls were streamlined after President Milei took office,
but were still maintained. The fiscal deficit of almost 5% of GDP was eliminated in January 2024,
i.e., one month after President Milei took office. The 2% per month peg was maintained until the
beginning of 2025, when it was announced that it would be changed to a 1% monthly preannounced
depreciation rate for the peso. Inflation decreased substantially to around 2% per month.

Negotiations for a new agreement with the IMF were made public in February 2025. An agree-
ment was signed in mid-April of 2025. This agreement rolled over the Republic’s debt to the IMF
from a previous loan, established targets for fiscal policy and reserve accumulation, and, importantly,
gave access to IMF-lent reserves, which can be used under stated conditions. After the agreement,
the Republic eliminated capital controls on new flows, keeping them in place for certain operations
dated before — such as dividends from foreign companies from previous years. Additionally, the
BCRA announced a new policy of currency bands. The initial levels of the upper and lower bands
were 1,400 and 1,000 pesos per dollar, respectively. The upper bound was announced to increase
by 1% per month, and the lower bound was announced to decrease by 1% per month. The BCRA
cannot sell the IMF reserves unless the exchange rate reaches the upper band. The central bank,
and indeed President Milei himself, have announced that the BCRA will not buy reserves unless
the exchange rate hits the lower bound of the band. Instead, the Republic’s treasury has agreed to
purchase reserves.

To visualize this scheme, Figure 11 plots two exchange rates. One is a financial exchange rate,
denoted by CCL (“Contado Con Liqui”), which can and has been used for financial flows even during
periods of capital controls. It is computed as the ratio of the price of the same asset purchased
in the Buenos Aires stock market (in pesos) to the price of the same asset sold in the US stock
market (in US dollars). To compute it, I used two commonly traded assets: Apple stock and the
stock of a local large Argentinian bank, Banco Galicia. The other exchange rate is the commercial
exchange rate, denoted as Official XR. The two plots have the same exchange rates, expressed in
pesos per dollar, and they are on a log scale. The second panel covers a longer period. During
periods of capital and exchange controls, the Official XR rate at which the BCRA sold US dollars
to importers and bought US dollars from exporters was substantially lower than the CCL rate.
Before 2024, there were multiple values for the Official XR, and the plotted value is for imports,
which was lower than that for exports.

After January 2024, the different official exchange rates have been almost completely unified.
After April 2025, the Official XR is the exchange rate negotiated between buyers and sellers of
dollars in the Buenos Aires markets for any purpose. Both exchange rates are expressed in pesos
per dollar. As shown in Figure 11, the commercial exchange rate (XR) was pegged, increasing first
by 2% and later by 1%, and after mid-April of 2025 it floated. One can clearly see the large step-up
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Figure 11: Exchange Rates

in devaluation at the end of December 2023, when President Milei took office. One can also see



how the exchange rate fluctuates day to day, even during periods of capital controls. The bands
are also plotted starting in mid-April of 2025. Finally, after the bands were introduced, the two
exchange rates converged and have stayed very close to each other, consistent with the abandonment
of exchange rate controls, at least until September 2025.

Since June 2025, the opposition has passed several laws that would have implied a more expansive
fiscal policy. Some of these laws were successfully vetoed by President Milei, and for some, the veto
of President Milei was overwritten by Congress. Additionally, at the beginning of September 2025,
local elections were held in the Republic’s largest province, Buenos Aires. In this election, President
Milei’s party and allies lost by almost 15% to the same party that was in office before and favors
very different policies. Other parties, which were previously closer to President Milei, also moved
their announced policies closer to the opposition. This initiated a period of high uncertainty about
future policies, especially since the national midterm elections will be held at the end of October
2025, and most polls indicate a negative result for the executive. During this period, a limited
form of capital controls was reinstated, as evidenced by the divergence between the CCL and XR.
Moreover, President Milei’s party faced two political scandals related to corruption, one involving
the first candidate for the national congress from the province of Buenos Aires. In this context, the
US Secretary announced support for Argentina, as indicated in the graph. Soon, the US president
met with the Argentine president, and by the end of October, an agreement for the swap was
signed. Incidentally, the US Treasury had bought pesos for approximately USD 2 billion. The
midterm election, contrary to most polls, turned out very favorable to the party of President Milei.
The next day after the elections, there was a large drop in both CCL and the Official XR inside the
bands.



B Proofs

Proof. (of Proposition 1) One can replace the money demand in the UIP to eliminate interest rates

p0) =m0 — vl _ (1) 4 L fas(o)

and replacing the PPP to eliminate the price level:

s 49" =mt) = o) _ ey 4 L ggn)
o dt

or

One can rewrite the exchange rate as solving:

ps(t) = o(t) + %E (ds(t)] where

x(t)

alternatively, solving it forward:

s(t) = /t PR, [o(r)] dr
Il

Proof. (of Proposition 2) The solution of the ODE in the interior is the sum of the particular
solution and a linear superposition of homogeneous solutions, i.e.:

F(z) = % + A1e™ + Age ™ for — X < x < X where n = +/2p/0?

I am looking for an antisymmetric solution, so there is only one constant, and the two exponentials
become the hyperbolic sine:

F(x) = f—i—Asinh(n:c) for — X <z<X
p

The requirement that the solution be once differentiable, sometimes referred to as smooth pasting,
and that it achieves the values of the band at the extremes of the non-intervention zone, sometimes
referred to as value matching, implies:

1
F,(X)=0 = 0= —+nAcosh(nX), and
p
X :
F(X)=b = b= — + Asinh(nX)
P
This is a system of two non-linear equations in two unknowns, namely A and X. Solving for A and
substituting, I get:
X 1 sinh(nX)

and b= — — —

A=—— —
pn cosh(nX) p  pncosh(nX)



I arrive to an implicit equation for X:

1
b= —[nX — tanh(nX)]
np

The RHS of this expression is continuous and increasing in X, so it has a unique solution for X.
For small b, I can approximate the solution as follows:

3 2 x3
y — tanh(y) = %, hence b = %? or

1/3 1/3
(=P _ (3 2
v~ (5"~ ()

which should be a good approximation for small b. On the other hand, for large b, I can approximate
the solution as follows:

X 1
y — tanh(y) =y — 1, hence b~ — — — or
p

1
X ~pb+ —
Ui

The solution for the exchange rate as a function of the “fundamentals” is thus:

1 1 si
xr — 1 sinh(yr) for — X <z <X
n cosh(nX)

Differentiating the equation that determines X I get

1 X
db = — [ndX — ntanh'(nX)dX| or0<d— P <p

np db 1 — tanh/(nX)
If b — oo, then:

_ [nX  tanh(nX) . X
| nb nb b

In this case:

—>£for - X<zr<X

Fz) = /1) [m 1 sinh(nm)] ;

5 cosh(nX)

as X — oo. O

Proof. (of Proposition 3) The first derivative F,(x) gives the sensitivity of F' with respect to the
fundamentals, and it is equal to:

cosh(nx)

1
F = — — | for — X <z<X
(@) p[ Cosh(nX)] roaETE

In particular, evaluating it at x = 0, I get:



The volatility of the exchange rate at the center of the band is given by

7t =0 = (% |1~ hl(nX)]) 3)

This expression depends on X, which itself is a function of b. Since X is increasing in b, and since
cosh is larger than one and increasing, then o4(0) is increasing in b.
The comparative static for F is as follows:

OF,  X(1)—bXx'() X~ rbixmy
ob X (b)2 N X (b)2
_ (1 tanh'(nX (b)) X (b) — pb
(1 — tanh’(nX(b))) (b)?

But X satisfies
1
—pb=—-X(b) + " tanh(nX (b))
thus:

OF, (1 —tanh'(nX(b))) X(b) —
b (1 tanh'(nX (b)) X(b)

The denominator is positive since X (b) > 0 and tanh’(nX (b)) € [0,1]. But X satisfies
1
—pb = —X(b) + — tanh(nX (b))
n

thus the numerator of agj” can be written as:

(1 — tanh'(nX (b)) X (b) — X (b) + ;tanh(nX(b))
—tanh’(nX (b)) X (b) + 717 tanh(nX (b))

But using the expressions for tanh(y) and its derivative tanh’(y) = sech(y)? one verifies that the
numerator is positive because

Tlltanh(nX(b)) ~ tanl/(nX (b)) X (b) > 0
;tanh(nX(b)) > tanb/ (nX (b)) X (b)

> sech?(nX (b)) X (b)

sinh(nX (b)) - nX(b)
cosh(nX (b)) = cosh?(nX (b))
cosh(nX (b)) sinh(nX (b)) > nX(b)
5 Simh(21X(8)) > X (1)
()

sinh(2nX (b)) > 2nX (b




Where I used that cosh(y)sinh(y) = 3 sinh(2y) and lastly sinh(y) > y. O

Proof. (of Lemma 1) The first step is to differentiate the PDE at every (z,t) with respect to e,

o2
pGi(z,t) = Gz, ) 5 T G (z,t) for —Y(t) <ax <Y(t) and all t € [0, T

and evaluating it at e = 0, which gives

2
pg(z,t) = gm(x,t)% + gi(x,t) for — X <z < X and all t € [0, T

Consider the lateral upper boundary conditions (value matching and smooth pasting)

GE(YE(t),t) = b+ et and G(—Y(t),1) = —b — et
0=GL(Y(1),t) = —GL(=Y*“(1),1)

Differentiating them with respect to €, and concentrating in the upper boundary:
t=G(Y (1), 1) + GL(Y(£),£) Y(t) and 0 = GL (Y(1), 1) + G, (Y1), 1) Y(£)

evaluatlng at € = 0, using that GO(Y°(¢),t) = g(X,t), GU(Y°(t),t) = 0, G2 (Y°(t),t) = g.(X,1),
GO, (YO(t),t) = Fupe(X) and Y2(t) = y(t), then I get

g(X,t) =t and F,(X)y(t) + g(X,t) =0 and all ¢ € [0, T]

Finally, the derivative of the terminal condition with respect to € gives:

OF (x,b
g(z,T) :Téxb’) forall — X <z <X
Following the same steps at the lower boundary, one obtains g(—X,t) = —t. Given the antisym-

metric nature of the lateral boundaries and of the terminal condition, it is easy to show, using the
maximum principle, that the solution for g(z,t) is antisymmetric. Since g is antisymmetric, it is
equivalent to solve for g on [0, X] x [0, 7], and add the lateral boundary condition ¢g(0,¢) = 0. Then
the solution is extended to [—X, X| x [0, 7] using the antisymmetry of g.

O

Proof. (of Proposition 4) The proof proceeds in steps. Step 0 uses the superposition principle to
solve for the terminal condition. Step 1 derives the solution of the heat equation (or a PDE) in
terms of a Fourier series. Step 2 uses computes the solution. Step 3, I take the limit at 7' — oo and
rearrange.

Step 0. I use the superposition principle and solve the PDE as the sum of two functions. One
function is the solution of PDE with lateral boundary condition equal to g(X,t) = g(—X,t) =0
for all ¢ € [0, 7], and terminal condition g(z,T) = TOF (x,b)/0b for all x. The other is the solution
of the PDE with lateral boundary conditions ¢(X,t) = ¢, and g(—X,t) — ¢ for all ¢ € [0,7] and
terminal condition g(z,T) = 0 for all  which I will turn in the next steps. Using Feynman-Kak,
the solution of the PDE for the first function satisfies:

(T— OF(x,b
g(z,t) =E |e (T t)l{TZT} Té(?b) |z(t) =2



where 7 is the first time that z hits either X or —X, and where the expected value uses the
distribution of the standard Brownian motion with variance per unit of time o. Since 8Fa(z’b) is
bounded in z € [-X, X], and p > 0, then as T' — oo, then g(z.t) — 0 for any ¢.

Step 1. To solve this PDE with terminal condition g(z,T) = 0, I restrict the domain z € [0, X]

and let:

gla,t) = (@ t) + ) a;(t)p;()

j=1
r(xz,t) = %t
@j(x) =sin (jﬂ'%)
<§0j7 rt('7 t) — pT(', t)>

qj(t) =
! (@i @)
(jm)? 2
N=pt T

The restrictions to the domain [0, X] ensure that the set of functions {(;}32, forms an orthonormal
base for functions with such a domain. On this domain:

1. For each ¢, then ¢;(0) = ¢;(X) = 0so g(X,t) = r(X,t) =t, and ¢(0,t) = r(0,t) = 0, so it
satisfies the lateral boundary conditions.

2. At t =T, then g(z,T) = r(x,T) + 272, a;j(T)pj(z) = 0 since a;(T) are the coefficients of
the projection of —r(-,T") using the orthonormal base {¢; };‘;1

3. The last condition to verify is that the PDE holds for = € (0, X) and ¢ € [0,T]. For each j,
let fj(z,t) = aj(t)e;(x), and compute
. . 0'2 . .
W (x,t) = pf’(@,1) = 5 fio (@) = fi (2, 1)
o? (jm)? 1 d
= ay(0es(a) o+ G — st

1 d
= a;(t)p;(x) [/\j - aj(t)dtaj(t)]

Using the definition of a;(t), direct computation gives

T
%aj(t) =\ [aj(T)e)‘f(Tt) +/t Qj(T)e/\j(tT)dT:| —q;(1)

= \ja;(t) — q;(t)
Thus

g;(t)
a;(t)

mww—%mwmﬂ&—M+ ]—%w%m



Hence, replacing back each h’ into the PDE :
2 [o.¢]
o
pg(.’E, t) - ng(x7 t)? - gt($7 t) = pr(xa t) - Tt(m, t) + Z QJ(t)SOJ(x)
j=1

But, ¢;(t) are the coefficients of the expansion of —(pr(-,t) —r(-,t)), so this expression is zero
for all (x,t) for x € (0, X) and 0 <t < T, and the PDE holds in an L? sense.

Step 2 To complete the solution I compute g;(t), and a;(t). I first get

e, T) — 1
<90m0 )
<s03,<Pg> (pireiy X Lleiwi) (@595
_ (A =pt) {pj,x)
X (g0
Note that
X2(—1)+1 X X
(,7) = / pj(z)rdr = / sin(jrx/X) x dx
JT 0 0
X X X
5= ((pj(x))2 dr = / (sin(jmz/X))? dz
0 0
Thus:
2(1 — pt) 2(1 — pt) X2(—1)7+!
Qj(t):T@ja@: X2 i
(_1)j+1
=2(1—pt
(1 —pt) =
Furthermore
<(,0j,7‘(',T)> 2T 2T X2(_1)j+1
a;(T)=—""—""=——Hpi,x)= ——5—FF—
(1) (05,95 X2\ = "5 g
_1\j+1
_ o EVT
jm
Hence, I can now compute the expression for a;(t) as
T
a;(t) = aj(T)e 2T —l—/ ()N ar
t
—1)i+1 T —1)i+1
— _2T( ) 67)\](T7t) +/ 2(1 o pT)( ) eAj(th)dT
Jm t JT™

_1)i+1 T
= & [—2Te_’\f(T_t) + / 2(1 - pT)e’\f(t_T)dT]
JT t

Solving the integral:

(=1t A (T—t) , 2 P =T) 2
a;(t) = in 2Te " —i-)\j 1—pt )\j+69 1+pT+)\j




Step 3. Note that the terms of a;(t) that depends on 71" are:

1
(:T) = e N VT o 2 ’
a;(t;T) =e o 2T + N 1+ pT + X

Now I take the limit as 7" — oo on the expressions for a;(t). Fixing any 0 <t < T, and letting
T — oo, using that A\; >0

aj(t) = (_;;Hl)i [1 — pt — )\pj] as T — oo
Thus, as T — oo, the expression for g(x,t) is
x > / x
g(z,t) = =5 [1 — pt — )i] sin (]71'}>

7j=1

Replacing Aj, I get the final expression:

L

o (—1)7+t 1 p (. T

glat) =t 42— G |1~ P~ g | s (37 )
P+ 5xe

or

()= <t +23 2 1 pt _ A ( ‘T)
L) =~ : —pt — sin ( jm—
g X it 28X+ (jm)? p X2 + (jm)? ITX

j=1
; 2 2 2 2
REOS SYE VA S PR 2. I R
X pi v BX2+(jm)? 28 X2 + (jm)? X
2. (—1)i*! 2x2 2x2
:£t+72( ) 5 Z , 2[1—pt—2 Z , 2]sin<j7rw>
X el gm wXEA () X2+ (jm) X

for x € [-X, X], and for t > 0. O

Proof. (of Proposition 5) Evaluating g, at time ¢t = 0, and using that cos(0) = 1, then

2 & ] X2772 X27I2
2(0,0) = — ) (=1)7H! 1- 0
00 =% ;( " X G [ X2n2+(j7r)2} o)

2 j Xn? (jm)*
- ;Z_:(—l) " Xmp gy [X%Q + (JW)Q]

_4X 1yt 1 (jm)?
B Z XQn + (jm)? {X% +(J7r)}

]:

(acoth(a) — 1)csch( )>

where a? = X?n% or a = X1

4Xn

4X
o2
4X [ (Xncoth( Xn — 1) csch(Xn)
o2

1
— [ Xncoth(Xn) —1)csch(Xn)]
o?

10



Likewise, for z = X, using that cos(jm) = —1/ then
[e.e]

) ) X2"72 X2772
X,0)= -2 (-1)/*! 1- '
230 s G |1 e ) S0

_ 2 Z Xn? { (jm)? }
X+ () X+ ()
XS )

0% = X2 + (jm)? L X2 + (j)?
_4X (coth(a) — acsch?(a)
N 2 4a
_4X (coth(Xn) — Xn csch?(Xn)
o2 4Xn

) where a? = X?p% or a = X1
o

= —— [coth(X7n) — Xnesch?(Xn)]

g

d gﬂ?t<X7 t) .
& _ _gut\ )
dty(t) Fon (X) wit

o0

92 ) X2 2 )
gt (X, 1) = — + — Z(—l)]+1W77(j7r)2(—P) cos(j)

1 : X2n? :
= — 1_2§ BNV o e A G RV
X (=1) X2n? + (jw)z( )

| =

00
X2772
142y =1
+ ;X2n2+(jﬂ-)2

oo
1
142Xy —
; X% + (jm)?

1 coth(nX) 1
=— (1+2Xx%? —
X< el < mxX  2PX2

1
= }nX coth (nX)

| =

11



Thus

d . —gmt(X, t)
" = LX)
1
= TR nX coth (nX)
- r
nX tanh(nX)

p
= th (nX
tanh(nX) coth (nX)

= pcoth? (nX)

nX coth (nX)

Since g, (X, t) is linear in ¢ I have:
Y(t) = X = y(t)¢ = y(0)¢ + peoth? (nX) t¢
Using the results from Proposition 5

Y (t) = X = y(0)¢ + pcoth® (nX) t¢
1 coth(Xn) — Xn csch?(Xn)

= th? (nX) ¢t
5 tanh(nX) ¢ + peoth” (nX) ¢ + o(C)
Then, the derivative of X (b+ (t) with respect to t is
dX(b+(t) p ¢
dt 1 —tanh'(nX (b))

Using tanh’(y) = sech?(y) I have 1/(1 — tanh’(nX)) = coth?(nX). O
Proof. (of Proposition 7) Proposition 6 gives

Y (t:0) =X (b) + (y(0;b) + pcoth? (nX (b)) t) ¢ + 0(¢)
Using the definition of ¢* is Y (¢*;b) = X (b),

0 = (y(0: D) + peoth? (X (b)) °(C)) ¢ + o(C) or

win y(0;b)
PO = s o0
using that from Proposition 6
csch?
—y(0;0) = %COthQ(ﬁX(b)) - ;nXiZ)nh(;l)((Z;;(b))
then
w1 nX (b) csch?(nX (b))
0= |~ e eotirt )+ e
L nX(b) o
= 55 |~ ) sy O/

12



The properties of ¢ follow directly from the analysis of the function h(x) =1 — z/(sinh(x) cosh(z))
and the determination of nX (b) in pnb = X (b)n — tanh(nX (b)). O

Proof. (of Proposition 8) As the PDE has constant coefficients, I can shift the time ¢ to 0 while
also adjusting the starting point of the boundaries. Hence, these are b+ (t and —(b + (t), i.e., the
widening—band problem starting at time 0 with band b + {t. By uniqueness,

G(z,t;0) = G(z,0; b+ (t)
For any starting band B at time 0, the (—expansion yields
G(z,0;B) = F(z; B) + g(z,0; B) ( + o(().
With B = b+ (t from the first part
G(z,t;0) = G(x,0;b+ (t) = F(x; b+ (t) + g(x,0; 0+ (t) ¢+ 0o(Q).
Proposition 2 shows that the solution to the fixed band problem is

1 . 1 sinh(nz) o .
Fle)=2 peosh(nX ()] x0) <z < X0)

where X (b) is implicitly defined by

- nlp X (b) — tanh(nX (b))]

O

Proof. (of Proposition 9) As a first step define a’(X) as the anticipation effect, as function of X.
Using the expression for F;(0) = (1 —sech (nX)) /p, and the expression for approximation above
for G,(0,0) = F,(0) + g.(0,0)¢ for g,(0,0) from Proposition 5, defining

(1 — sech (UX)) //0 + gm(ov O)C

(1 —sech (nX)) /p
9:(0,0)¢

(1= seeh (X)) /p %)

B p (nX coth(nX) — 1) csch(nX)

= (-seaix) T

n (nX coth(nX) — 1) esch(nX)

2 (1 — sech (nX))

aO(X) =

+0(¢)

=1+

=1+

¢ +0(C)

where the second to last line uses the expression for g,(0,0), and where the last line uses the
definition of 1. The three properties of a®(X) follow directly from the explicit expression for a® in
terms of the hyperbolic functions. In particular, it follows from the analysis of

v,y (ycoth(y) —1)csch(y)
W) = T e ()

This function is positive, decreasing, diverges to 400 as y — 0, and converges to 0 as y — oo. This
shows that properties of a’(X). Now I use that a®(b) = a®(X (b)). Since X (b) is a strictly monotone
function of b, with X (0) = 0, and X (co) = 5o, then one obtains the desired results for a®(b).

13



Likewise, I define a(X) using the expression for F,,(X) = —ntanh (nX) /p, and the expression
for approximation above for Y(0) = X — g,(X,0)/F(X)¢ + o(¢) for gz(X,0) from Proposition 5
defining

) = ¥ RO FOCT o
- e~ () S
=1+ )‘?;X&))c +o(C)
where we have use that 1/(1 — ) = 1+ 2 + o(z). Thus,
a(X)=1- ?7(172 [coth(Xn) — Xnesch?(Xn)] —X tanh (1X) /pC +0(¢)
—1+4 # COth(); 7;3 %ﬂ;ﬁ‘f@ D¢ 4 o(c)
= ) e

where the second to last line uses the expression for g,(X,0), and where the last line uses the
definition of 1. The three properties of a(X) follow directly from the explicit expression for a in
terms of the hyperbolic functions. In particular, it follows from the analysis of

coth(y) — y csch?(y)

X () —
W) = y tanh (y)

This function is positive, decreasing, diverges to +oco as y — 0, and converges to 0 as y — co. This
shows that properties of a(X). Now I use that a(b) = a(X(b)). Since X (b) is a strictly monotone
function of b, with X (0) = 0, and X (co0) = 5o, then one obtains the desired results for a(b).

X 9Y(Q)

X X (X B
0= 576 = v ot (710) o6+ o0 == G g o< + o0
=1—)1(a};é€)<_o<+o(C)=1+;g;;§;?))<+o(<)

Now I use the expression for ¢,(X,0) in Proposition 5 and the one for F,,(X) = —nptanh (nX) /p
to obtain:

1 g.(X,0
a(X)=1+ YQF( (X)) ¢+0(Q)
1. N 2
=1+ - [coth(Xn) — Xncsch?(Xn)] “nX tanh (nX) /pC +0(¢)
B p coth(Xn) — Xncsch?(Xn)
=1+ no? nX tanh (nX) C+0(0)
B n coth(Xn) — Xncsch?(Xn)
=1+ 2 nX tanh (nX) ¢+l

14



Proof. (of Lemma 2) Differentiating the PDE again with respect to €, and evaluating it at e = 0,
using the notation introduced I get

2
pu(z,t) = um(ac,t)% +u(x,t) forall — X <o < X andallt € [0,T]

Differentiating with respect to € value matching and smooth pasting:

t = GY(t), 1) + G (YG( ),t) YE(t)
—t = G(=Y(t),t) = GL(=Y(t),t) Y(¢) and
0=Go (Y1), 1) + G (Y(£),1) YE(t)

differentiate once again to obtain:

0= Gee(Y(1), 1) + Goe(YE(8), 1) Y(?)

+ G (Y1), 1) Ve ()+GE (Y(), Y1) + G (YE(1), 1) (YE(2))?
0= Ge(=Y*(t),1) — (— (6, 1) Yt

= GL(=Y (1), 1) Ye(t) — G (=Y (1), )Y ( )+ Gop (=Y (1), 1) (YE(1))
0= Goee(Y(1), 1) + Goge(Y 6() ) YEW) + Gon (Y1), 1) Yee(t)

+ Glae (Y1), YE() + Goga(Y(1), 1) (YE(1)?

Txe

Evaluating them at € = 0, I obtain:

0= u(X, 1)+ 20,(X, 1) y(t) + Fea(X) (y(t))”

0= u(=X,t) = 20.(=X, 1) y(t) + Fou(—X) (y(t))?

0 = up (X, 1) + 2900 (X, 1) y(t) + Foa(X) w(t) + Fuuw(X) (y(1))*
where I have used that F,(X) = Fy(—X) = 0. Likewise, differentiating the terminal conditions
with respect to € and evaluating it at € = 0, I obtain u(z,T") = 0 for all x.

Next, I rewrite the lateral boundary conditions. I use that ¢,(X,t) = —F,,(X)y(¢) and that g(-,t)
and F(-) are antisymmetric so g;(—X,t) = Fyz(—X)y(t) hence we can write:

0 = u(X,t) = 2 Fpu(X) (y(1))* + Fou(X) (4(1))” = u(X,t) = Fou(X) (y(t))*
0 =u(=X,t) = 2Fuu(=X) (y(1))* + Fou(=X) (y(1))* = u(=X,t) = Fou(=X) (y(t))?

Thus u has to solve:

pu(z,t) = Uz (,1) % oz, t) forall — X <2< X and all ¢ € [0,7)
w(X,t) = Fop(X) (y(t))? and u(—X,t) = —Fpe(X) (y(t))* for all t € [0,T]

5 O?F(x;b

u(x, T)=T 52 )forall—X<x<X

The step to show that u is antisymmetric, and the boundaries in half of the domain are identical
to the ones in the lemma for g. O

15



Proof. (of Proposition 10) I follow similar steps as in the derivation of the solution for g. The
solution for u on the domain = € [0, X] is

u(z,t) = r(z,t) Zaj iz

r(at) = §Fm<x> (v(1)”
@j(x) = sin (jw%)
<90j7 Tt('v t) - ,O’I“(~, t)>

= (0,5
o
Aj=p+ ({X?) 2
T
aj(t) = a;(T)e 0 + / q; ()M dr
() = 5= 1))
%(T) = (@5, ©5)

The expression for ¢;(t) can be written as:

oy i) —pr(st) (e x) Fee(X) (d oo
(8= (ps: 05 e X (dty(t) py(t))
Using
]+1 X X ‘
:/0 iz xdx—/o sin(jrx/X) x dz
X ) = : sin(jmz 2dx
2—/0 e = [ GG/ X))
Then
P R (A o) 2 E(X) (o
() = —5— T2 (o2 = pwte?) = 2EUE B (L - o)

2

Since y(t) is quadratic ¢, as T — 0o we have:limy_, a;(T)e™% (T~ = 0. Thus,
RIS
1 t) = ; T d
Aim a;(t) = /t gj(T)e u

and in particular, setting ¢ = O:

fm 0y(0) = /Ooo (RN dr 2 (—1)J‘+-1Fm(X) /0°° N7 <dy(7)2 _ py(7)2> dr

T—00 g dt

Integrating by parts:

/ooo N7 (iw - py<T>2> dr = —y(0)° + /OOO T (Ny(r)? = py(r)*) dr

16



o (jm)?.

using the definition of A\; = p +

2X2
. 2P ELX) [ R [P
Jim a0) = Z 2 o+ THEE [T ey (otar

Using the expression for y(t) from Proposition 6

y(t) = y(0) + pcoth? (nX) t

Then
/ e Nty (t)2dt = e (y(0) + peoth? (nX) t)2 dt
0
_ y(())Q)\? +2y(0)p coth? (nX) \; + 2p? coth* (nX)
(A)°
Hence:
x
u(z,0) = S Fe(X) (4(0))°
2 2(—1)IH F(X) Pl 7,0 L e N . [Tz
+j; i —y(0)° + 5 X2 /0 e MTy(T)%dr| sin ~
2 2(=1)IH1E, (X)
= ¢ Fer(X) (0(0)* + D o
7=1
o 02(im)2 y(0)2NF + 2y(0)p coth? (X)) Aj + 2p” coth® (nX) | ( jma
x | —y(0) 3 S
2.7 () X
Note that
22 (=1t (m) T
Z _ sin ==
e g X X
S0
Foo(X)o2 &, ivr . (00202 +2y(0)pcoth® (nX) Aj + 2p? coth® (nX) [ jra
u(z,0) = 22— ) (=1 jn sin | =—
X2 ; (X)) X

Finally, T show that wu(-,0) is differentiable for x € (—X, X). For this, it is sufficient to show that
> 521 dlbjl < 0 where {b;}52, are the Fourier coefficients. The Fourier coefficients of the solution
are proportional to

e (w02 2y(0)pcoth® (nX) | 2p? coth? (nX)
Cj =(-1) + J7T< y + ()\j)2 ()\j)g )

Thus, it suffices to show that the desired property is satisfied by the term b; = (—1)7"1 jr/(n?X? +
(jm)?). The other two terms clearly satisfy the desired property. I note the well known property
that d; = (—1)7*1/(jm) are the Fourier coefficients of /2, which is a differentiable function. So it is
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enough to show that the coefficients e; = d; — b; satisfy the desired property. Direct computations

. . 2x2
give €j = (—1)]+1m But:
iﬂe | = i X2 _ X coth(nX) —1
= ’ = T(? X2 + (jm)?) 27

Thus, u(-,0) is differentiable in z € (—X, X). O

Proof. (of Lemma 3) Differentiating the PDE for G with respect to pu we get:
o2
pGl(,t) = Gy, 1) + nGy (2, 1) + oGl (@, t) + G, (1)

which evaluating it at g = 0, noting that GO(z,t) = F,.(z) gives the PDE for h. Differentiating
so + Ct = GH(YH(t), t) with respect to p

0=GLY"(),t) + GR(YH(t), 1) Y'(t)
Evaluating it at g = 0 and using that GO(Y?(t),t) = F,(X) = 0, then it corresponds to 0 = h(X,t).
The same argument holds at the lower bound. Next I differentiate 0 = G%(Y*(t),t) with respect to
1 obtaining:
0=GL,(YH(Q), 1) + Ghp (YH(1),8) Yi'(?)
Evaluating it at u =0, I get:
0=he(X,t) + Fpp (X)2(¢)
U

Proof. (of Proposition 11) I will show that the solution is of the form:

hiz,t) =) aj(t)p;(x)
j=1

X
@j(x) = sin (ijzX ) for j =1,2,...
L F
qj(t):wforjzl,z,...
(@5, 95)
1(jm)? 2 _
)\jzp-i-z e G forj=1,2,...

T
a;j(t) = / gj(7)ed " dr
t

The next steps verify that this is indeed the solution.

1. I check that this solves the PDE. Define D(x,t) as

o2
D(z,t) = ph(z,t) — hm(x,t)? — h(x,t) — Fp(x)

18



The aim is to show that D(z,t) = 0. Direct computation gives
9] 9 d2 S
Di.t) = p 3 ai(t)es(e) — Y as(0)-gos(@) — 3 S as(1)(x) — Fula)
j=1

7j=1
= [Njaj(t) = ¢;(0)] @ (x) — Fa(2)

where I use that%apj(x) = —p;(2)(jm)?/(4X?), and La;(t) = Aja;j(t) — ¢;(t). Using the
expression for A;:

DGt = 3 ai(0es(w) — Bt =Y T o) - ()

and using the {¢;}32; is an orthogonal base for function F : [~ X, X], a and thus D(z,t) = 0.
Hence, the PDE is solved for

T 6>\jt (€—>\]’t _ e—)\jT) <§0 F >
aqi(t :e)‘jt/ e N7 qi(T)dr = EAR
() : 5(7) Aj (0, 05)
(1—eMTD) (g, Fy)
Aj (@5, ¢5)

Taking the limit:

1 (¢, F,
lim ay(t) = — 83 T)
T—oo Aj (@5, ¢5)

2. The lateral boundary conditions h(X,t) = h(—X,t) = 0 are satisfied because since ¢;(X) =
pi(=X) = 0.

Finally, I compute the expression for ¢;(t) and a;(t). For this consider:

(0, Fa) = Jox sin (jn555) Fo(a)de if j is odd
n 0 if j is even

X 2
. e+ X
<<Pja%0j>:/_XSID(]7T e > dr = X

For odd j odd we have:

qi(t) = M _ [/X sin <j7rx2+XX> dr — /X sin (]W@'XX) COSh(nx)dx]

(i) pX | ) x X cosh(nX)
1 {4}( AX jr } B 4[ ix ix ]

T X |gm AXZR 4 (jm)2]  p lGm? 4X2p + (jm)?

w1 1 }
Cop LUm)? AXR? 4+ (jm)?

and thus




This gives the following

Wz 1) > 1 dir [ 1 1 i (2t X
— | = — m (gm
" p4 LUmZe? |op | (jm)? 4XZ? + (jm)? TTTax

Jj=1,3,5 41 2X2
3 s 4j7r[ 1 1 ]Sm<j x—l—X)
- “ov9 |, 1/ \o - . - " T
s \PX2 52 ) LT AXP 4 () 2X
gx2 & 1 (,)[1 1 ]< x+X>
= 02 oOv2 L 172 T — sin [ 77
o2 e \pxry iGm2 ) T G T X ez U ax

I can rewrite it as:

et =4 3 <2x2j 1 >>[<wlr>2 X 1+<mr> | (7735)

j=1,3,5

2X4? 1 (. 4+ X
= 2 Z o 2 s { Jm
po? Jm \ 2X2 + 4X n? + (jm)? 2X

7=1,3,5

128X4° = 1

rz+ X
-~ po? j;g,ﬁf(WX? 2) <4X277 +(J ))Sm<ﬂ 2X )

128X%42 &1 ( 2 < x+X>
2 G 2X2 4 (jr)2
po P 4n X
Now, I compute z(t). To compute z(t) note that:
128X42 1 & 1 2 X+X
ho(X,t) = 2 T~ S — :
XD = — 0% 2 <4772X2 + (j7r)2> o8 (W 2X

j=1,3,5

2
:64X?;772 < 2 21 : 2) cos (j)
pot G5 A2 X2 + (jm)

64.X 37> i ( 1 >2
po? L \AnPXE 4 (jm)?

o0

Thus, using that F,,(X) = —(n/p) tanh(nX), then

_ ha(X) 64Xy & ! 2
Z(t) T F:m(X) B 02 tanh(T]X) 1235 <4772)(2+(]7T)2>

An alternative proof of this result uses that h(z,) is also the derivative of the case with fixed
barriers, i.e.: h(z,t) = M\u 0, where F(x, ) and the boundaries X (1), X (1) solve the ODE
and boundary conditions:

2
pF(x, 1) = & + pFo(w; 1) + Foo (w3 1) - for X(p) < o < X(n).

—b=F(X(n),n),b= F(X(M)’M) and
0= Fuo(X(n), ) = Fu(X (1), 1)
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Differentiating this system with respect to p

2
g _
pF,u(xﬁf") = Fx(xv ) + ,U/Fas,u(xﬁft) + Fa:xp,(xvﬂ)? for X(M <z< X(M)

)
0= Fo(X (1), 1) X, (1) + Fu(X (1), 1) = Fo(X (1), 1) Xpu (1) + Fu(X (1), p) and
0= Fup (X (), W)X, (1) + Fop(X (1), 1) = Foa(X (1), 10) Xpu (1) + Fopu (X (1), 12)
Evaluating it at = 0 gives:

2
ph(z) = Fy(z) + hm(fv;u)% for — X <z < X where

0=h(—X)=h(X) and
0=Fo(—X)z + hpo(—X) = Fr(X) 2 + hpe(X)

We first guess and verify the solution of this ODE for h, where

o) — (i Fa()) 1
() ]123:5 (@5, ¢5) /\j%()

Define d(z) as follows:

_ <@j’Fx(‘)>i () — <§0j7FSL‘(')> (o _ g <90j7Fx(')>i (o
d(i)_pjga_. (05, 5) )\j%() jé (0, 4) 20 = Py ) )\jsoj()

(it A (05 03)
j=1,3,5,... LEAR J j=1,3,5,... LOAR S

(‘pj’Fx('» a° (.7'71-)2 (o
" 2 (pjr i) 2 (2X)2N; (@)

But \j = p+ %2 ((g;); for all j, so d(xz) = 0. Additionally, since ¢;(—X) = ¢;(X) = 0, then it also

satisfies the boundary condition. [J
Proof. (of Lemma 4) To obtain the second derivative of F'(x, u) with respect to u, we differentiate

the expression below with respect to u

2
o —
pEu(x, ) = Fol; p) + plou(@, p) + Fogp(as p) - for X(u) <z < X(p).

0= Fu(X (1), 1) X, (1) + Fu(X (1), 1) = Fo(X (1), 1) X (1) + Fu(X (), ) and
0= Fop(X (1), )X, (1) + Fou(X (1), 1) = Fro(X (1), 1) Xpu (1) + Fip(X (1), 1)
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obtaining:

)

o
PFuu(, ) = 2Fpu (2, 1) + pFppp (2, 1) + Frapu (2, 1)

- fo X(u) <z < X(p)

0 = Fop(X (1), ) X, (1) + Fo(X (1), 1) X (1) +
+ P (X (1), 1) (X, (1)) + Fap(X (1), 1) X, (1 )
)+

0 = Flap (X (1), 1) X, (1) + Fopp(X (1), 1) + Fro (X (1), 1) X, (1)
+ Fraw(X (1), 10)(X,,(1))? + Frap(X (1), 1) X, (1)

Letting q(z) = Fpu(z, 1)| =0 we can write:

2
pq(z) = 2h,(z) + qm(x)% for — X <z<X
0=2h(—X)z 4+ q(—X) + Fpu(—X) 2°

0 = 2Nz (—X)2 + qu(—X) + Fra(—X) 2y + Frao(—X) 2°
Likewise, at the upper boundary:

0 = 2Nz (X)2 + qu(X) + Fro(X) 2y + Frow(X), 2%,
hence

2y = = (qu(X) + Froa(X), 2%) [ Fuu(X).

Thus, I am looking for the solution to:

2
pq(x) = 2h,(x) + qm(x)% for — X <z<X

q(X) = —2(2hy(X) + Fpe(X)z) and ¢(—X) =

—Z (2hx(—X) + Fxm(_X)Z)
Note that z = —h,(X)/Fyu(

X), so that

2

pq(x) = 2h,(x) + qm(x)% for — X <z <X

2 Y2
q(X) = —zh(X) = Ziii()z,) and q(—X) = —zh(—X) = M

Fpp(—X)
0

Proof. (of Proposition 12) I first solve for a particular solution to the ODE for ¢. I claim that the
particular solution is:

Z iv(ﬂc)

= 90]7 SDJ Aj

where

V2 2
. .\ Jm)co
@j(x) =sin ((]W)—) and \; = p+ ( 2;,2
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and

128X372 1 2 r+ X
Qhy(z) = —— S — k
@) == k%(ﬂmzxu@w)?) ( "X >

To compute the projection coefficients, note that:

X AT
X = {onpy) = [ sin(my) ds
-X
and for integer 5 and odd integer k:

X T T 18 cos(m7) sin(m 2 18(—1)7
/_ o ((j”)f) €08 (’” ;XX) o= X 7r((4£77')2 - 15:25/2) N XW(ij(Q —1)k2)

PR 1
= XS VGG =)
Thus
(2ha (), pj) _ 128X 28 : > 1 2
{5, 04) oz B} ;5 4(j km)? <4n2X2 + (kﬂr)2>

The particular solution is thus:

128X3%8 & (—1) jmr 1 P
v = BTSSR S (m2 G )(4172)(2 (m)?) sin (7% )

pa J=1 P+ 5xT k=135..
128X3 28 & < >2 (-1)ijm . /. x
S e DD D Fr—— 7 i (22
D ke, AT 4(gm)? — (km)? p 4+ Uz X
128X3 8 — 2 8X2 1
IS S () o i e 0 (7
imlk=135.. \ 1 (J 425 X2 + 4(jm)
102“3”2% > s ST (522
pr— ﬂ'i
piiewyt) 4n 2X2 m)2 ) o2 4(jm)? (k:7r)2 4?2 X2 + 4(jm)? J
8192X5772 - 2 (=1) jm A
>3 ( 2> (a5 =) w16 2 (7 %)

Thus ¢?(X) = ¢’(—X) = 0.

Since h, and thus ¢P(x) are antisymmetric, we look for an antisymmetric solution. Note that for
any constant A, the function Asinh(nx) is antisymmetric and solves the homogeneous equation
pq"(x) = ¢",.(x)0? /2. Thus, the solution is

q(z) = Asinh(nz) + ¢"(z)
where A is chosen so that

q(X) = Asinh(nX) + ¢*(X) = —zhy(X) or ¢(X) = Asinh(nX) + ¢*(X) = —zh,(X)
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and since ¢P(X) =0,

Thus, the solution is:

We also have

64X3n2 > 2
hy(X) _— k
( k;’5<4772X2 gy ) cos (k)

B 64X3772 i 1 2
B po? A2 X? + (km)?

k=1,3,5

Hence, the solution is:

z 64.X 37> 1 2
— sinh —
a(w) = sin (nx)sinh(nX) po? Z <4772X2 + (lmr)2>

k=1,3,5
8192X52 & & 1 2 1 —1)7 jn (.
i DRPUDS (42X2 k:2> (4'2 k2>42§(2)4'2sm(ﬂx>
pot o s \ AP XE + (k) (Jjm)* = (km)? ) 4n? X2 + 4(jm)

By antisymmetry of both terms, the lower-bound condition at —X is also satisfied. [J

Proof. (of Lemma 5) I start with the PDE for Gﬁc derived in the proof for Lemma 3 with respect
to

pG/’jC(x,t) GHS (z,1) —i—,uG“C(ac t) + Gggu(m t) + G, ( t)

Then, I differentiate it with respect to ¢, obtaining:

pagg(x,t) — Ggg(x,t) + G (z, 1) + 2 Gmug(x t) + GWC( t)

zpug

which evaluating it at 4 = ¢ = 0, noting that Gg%(a:, t) = gx(z,t) gives the PDE for k. Now I turn
to the boundary conditions. Let’s start with the boundary condition coming from value matching:

0= Gl (YH(), 1) + GRE(YHS(1),6) Y (1)
Differentiating it with respect to ¢

0 = GH(VHC(E), £) + GHE(YHS(£),8) VS (1) + GES (VI (2), 1) VES (t)
+ GRS (VI (2), )V (1) + GRS (YH(E), 1) VIS ()Y (#)

Evaluating it at u=(¢ =0

0= (X, 1) + g2 (X, 1) 2(t) + Fo (X) Y0 (1) + ha(X, )y (1) + Foa(X) y(t)2(2)
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Using F,(X) =0, I get:
0 =k(X,t) 4+ g2(X, 1) 2(t) + ha (X, )y(t) + Fra(X) y(t)z(¢)

As a check, let’s invert the order of differentiation. I will start with the derivatives of the G with
respect to (:

pGgC(ac,t) = qu (x,t) + 7 Gmc(aﬁ,t) + Gfg(x,t)

Differentiating it with respect to u:

PG (2,t) = Gl (x,1) + pGhe, (w,) + G;‘gcﬂ( t)+ G (w,t)

Evaluating at u = =01 get:

2
pk(z,t) = G%(x, 1) + %k‘(:ﬂ £) + k(2. )

or

2
p(e,t) = go(@,t) + Thea(e,t) + ke, 1)

Likewise, starting with the lateral boundary condition coming from differentiating value matching:
E= GES(T(1), 1) + G (THE(1), 8) T4 (1)
Differentiating this expression with respect to u
0= GES(VH (1), 1) + GES(VHE(8), £) VIS (1) + G (VP (1), 1) V< (1)
+ GES(VHE(L), )Y () + GES(V (1), 1) VI ()Y (1)
Evaluating it at u = ¢ = 0, I obtain:
0 = k(X 1) + ha(X, 1) y(t) + Fo(X) Y2(1)
+ 92(X, 1)2(t) + Fou (X) y(2)2(2)
and using that F,(X) = 0, then
0 =k(X,1) + ha(X, 1) y(t) + g2(X, 1)2(t) + Fau(X) y(t)2(1)
9= (X,1)
Fz (X)

0= Z(t) [g:c(X7 t) + Fa:m(X) y(t)] = Z(t) [_Fxx(X) y(t) + Fa:x(X) y(t)]

Finally, I use that y(t) = then

Hence:

k(X,t) =

—ha (X, O)y(t),
k(-X,t) = —h

- x(_X7 t)y(t)'

0

Proof. (of Proposition 13) I decompose k = k* + k* where:
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e k° is symmetric and solves the PDE with source g, and zero lateral boundary conditions:

Pk (2, t) = Sk, (2, 8) + kS (2,8) + gu(, 1),  K*(£X,8) =0, k*(z,T) =0,

e k% is antisymmetric and solves the homogeneous PDE with the non-zero lateral boundary
conditions:

P (1) = Gk, (w,t) + kf (2, 1),
k(X t) = _hac(X) y<t)7 (=X, 1) = hx(X) y(t), ka({L',T) = 0.

This decomposition is valid since the PDE is linear. The source g.(-,t) is symmetric (since g is
antisymmetric), and the lateral boundary conditions are antisymmetric (since h, is antisymmetric,
$0 hy(—X) = —h,; (X)), which is consistent with the symmetry properties of each component.
Part 1: Solution for k*(z,0). The function k* has zero lateral boundary conditions and a
symmetric source g,. I expand it using the basis {¢;}32; where p;(z) = sin( j7r$2+XX ), which vanishes
at © = £X. Only odd j contribute, since g;(-, ) is symmetric. The solution is:

o (,t) =) aj(t) i),
j=1

(@j: g2(-,1)) (4m)? o
g(t) = T, A =p -
0= o ’ (2X)? 2
T
0it) = [ a(r) M
t
I verify that this solves the PDE. Define D(x,t) as
o2
D(z,t) = pk®(z,t) — (k%) gz (2, 1) 5 = (%)¢(x,t) — go(z, ).

Direct computation, using %cpj(x) = —p;(z) (jm)%/(2X)? and La;(t) = Aja;(t) — q;(t), gives
j=1

since {¢;}72; is an orthogonal basis for functions on [—X, X] vanishing at the endpoints. The
lateral boundary conditions k*(+X,t) = 0 hold because ¢;(£X) = 0 for all j.
Since gz (z,t) is linear in ¢, write g,(x,t) = gz(x,0) + gt (x, 0) ¢, with

1 2
Xpr:l

X2 (rm)?

-1 r+1 ( ﬁ)
(=1) 2 X2+ (rm)2 n2X2 + (rm)? o8 "x)

9z(x,0) =

1 - r+1 772X2 T
gmt(x,O) = X 1-— 22(—1) m COS(TTFX) .
r=1

Taking T' — oo, the terminal-condition contribution vanishes, and

woiy = L[5 9205 0) | (@55 gar(+,0)) 1
i(t) [ (01, o) + @5, 03) <t+)\j>]

Aj
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Using (¢, ¢j) = X and, for odd j,

/X ( x—l—X) ( m)d 4Xj (-1)"
11 — =
L ONTx ) X)) T S = a2y

the inner products are:
N (rm)? 1
<SO'7 gx(70)> = _(]ﬂ-) . )
’ p ; (X2 + (rr)2)? (jm)% = Arm)?

4 > 1 1
- gui(-,0)) = ; QXQE )
<90J’ g t( ’ )> jﬂ' + (]ﬂ—) 877 gt ?72X2 T (7”7'&')2 (jTr)2 _ 4(7-7-‘-)2

Using the closed-form series representations

rm)? 1 _ nXcoth(nX) X2
2X2 (T‘Tl')2)2 (jm)? — 4(rm)? 82 X2 +2(jm)? (4n? X2 + (jw)z)Q ’

' M

B —2n?X2 + (jm)? coth(nX)nX — (jm)?

oo
1 1
TZI X2+ (rm)2 (jm)? — 4(rm)? S(m )PP X+ 2(jm) X

and combining the two inner-product terms (the coth(nX)nX contributions cancel upon adding),
I obtain

1 8X2/ 1 22 X2 + (jm)? i
(@5, 92(+,0)) + (@5, gt(-,0)) )\7 o2 ((jﬂ.)g + A(jm) 22 X2 + (j7r)4) PXZ 4+ ()2
Hence,
16X3 1 22 X2 + (jm)>2 i st X
kS(CC,O) = 4 < - \2 N2 2 v?2 A 4> - 3 sin jﬂ' . (4)
ot s \Um? AP XE + () ) (n2X2 + (jm)2) ( 92X )

Part 2: Solution for k*(z,0). The function k% is antisymmetric, so it suffices to solve on [0, X]
with £%(0,¢) = 0 and k%(X,t) = —hy(X) y(t). I introduce the auxiliary function

which satisfies 7(0,¢) = 0, r(X,t) = —hy(X) y(t), and ry; = 0. Writing k(z,t) = k%x,t) — r(z, ),
the function k has zero lateral boundary conditions and solves

0_2

2

pk = — kuy + ke + [re(z,t) — pr(z, t)].

Computing the source term using y(t) = y(0) 4+ pcoth?(nX)t from Proposition 6:

X

—pr = —ha(X) £ [y (6) = py(®)]
= —ho(X) £ [Co+ O],

where

Co = p[coth2(nX) —y(0)], Cy = —p” coth®(nX).

27



I expand k using the basis ¢;(z) = sin(j72/X) on [0, X], with eigenvalues

(jm)*0

2X2

vi=p+
The Fourier coefficients of /X on [0, X] in this basis are

(9j, z/X) _ 2(=1)"*!
(95, &5) jm

so the projection of the source is

2(—1)7+1

q;(t) = _h:p(X) jﬂ' (Co + Cl t).

Taking 7' — oo (the terminal-condition contribution vanishes since y(7T) e~%7T — 0):

2( )H—l
gm

G G1

I/j 1%

a;(0) = /000 q?(T) e T dr = —hy(X)

Reassembling k%(z,0) = r(x,0) + k(z,0) and using the following Fourier expansion
x/X = Z sin(jrz/X)

to absorb r(z,0) = —hg(X) y(0) z/X into the series:

k%(x,0) = iQ

Jj=1

J+1 CO Cl

y(0) + — + —5
Vj

ol 52).

’/j

The bracket simplifies by substituting the expressions for Cy and Ci:

4(0) + % N % —0) + p[CothQ(nyX) —y(0)] P’ cotilj(nX)
J J J (]
_ _ P peoth®@X) (b
—uo(1-3) - =R (- )
_ (jm)%o? pcoth?(nX)
- e o+

where the last line uses 1 — p/v; = (jm)%0?/(2X?%v;). Substituting back:

— 02 . coth? )T X
ka(CC,O) — hjgc‘gjg)Z(_l)JJrl g [y(o) + p th2(77X)] sin(J )7 (5)
j=1

v v; X

where v; = p+(jm)20%/(2X?), y(0) is given by Proposition 6, and h,(X) is given by Proposition 11.
This expression is extended to [—X, X] by antisymmetry: k%(z,0) = —k%(—z,0).
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Part 3: Combining. The full solution is

k(x,0) = k*(z,0) + k%(x,0)

_16x3 5 ( L X ()’ ) Jm sin('ﬂx+X>—
p Grp " AGTPPXT 4 M) (exz o e\ 2X

j=1,3,5,...
hy(X) o i(_l)jﬂ - y(0) N pcoth?(nX) “in Jjrx
X I, V2 X

with v; = p+ (jm)?0?/(2X?), y(0) given by Proposition 6, and h,(X) given by Proposition 11.
Two comments on the properties of k%(-,0) are in order.

e Regularity of k%(-,0): The Fourier coefficients of k* are proportional to jr/ 1/]2 ~ 573 for large
J, so the series for k* and its x-derivative both converge absolutely. In particular, k%(-,0) is
differentiable on (—X, X).

e Remark on the anticipation effect at the center: Since k% is antisymmetric, £%(0,0) = 0,
so k(0,0) = £°(0,0). Thus, the correction from the non-zero boundary conditions does not
affect the anticipation effect measured at the center of the band (z = 0). The correction does
affect k at x # 0 and, importantly, the derivative k,(X,0), which enters the second-order
approximation of the (now asymmetric) boundaries Y and Y.
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