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Abstract
A central bank commits to a monetary policy in the face of natural interest rate shocks that

may result in a nominal interest rate constrained by the zero lower bound (ZLB). However, it is
also concerned about the private sector’s beliefs of equilibrium outcomes, and faces Knightian
uncertainty about these expectations. We define a robustly optimal policy as the best policy
under the “worst possible” private sector expectations. We make three contributions. Our
main contribution is that the robustly optimal policy is both quantitatively and qualitatively
consistent with the observed behavior of central banks, but at odds with the prescriptions of
optimal policy under a rational expectations analysis —the robustly optimal solution calls for
higher average inflation than that under rational expectations. Our second contribution is that
the robustly optimal policy is robust to private sector beliefs and most of the deep parameters
of the model. Lastly, the robustly optimal policy is simpler to communicate than the rational
expectations policy. A calibration exercise also shows that the optimal policy target is close to
three percent, far higher than the target called-for under rational expectations.
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1 Introduction
Since the beginning of the century, nominal interest rates have been a the zero lower bound for
nine years. When the bank’s traditional monetary policy instrument prevents it from achieving
its desired real interest rate, it must instead rely on managing private sector expectations. One
proposal to help manage expectations has been to increase the inflation target.1 However, estimates
of the optimal inflation target for the United States generally range between zero and two percent.
Yet central banks have not moved to lower the inflation target. This paper proposes an explanation
for this conundrum.

Our key insight is that while rational expectations analyses imply that central bankers can
choose private sector expectations—or at least have a deterministic mapping between their policy
and private sector expectations—central bankers do not believe this to be true in practice. Minutes
from the meetings of the Federal Open Market Committee during the Great Recession reveal that
while central bankers recognize that they can influence expectations, they are uncertain about the
mapping from their policy commitments to the expectations that the private sector forms. For
example, consider the following excerpt from the June 2009 meeting

Mr. Michael Kiley (Assistant Director, Division of Research and
Statistics, Board of Governors): However, an unmooring of expec-
tations is a risk: For example, expectations could shift down markedly
in response to the weak economy and decelerating wage gains; alter-
natively, expectations could ramp up, perhaps in response to our ex-
panding balance sheet.

While Mr. Kiley highlights possible expectations outcomes, he conspicuously refrains from placing
a probability weight on any of them. This is the rule, rather than exception in the minutes of
the FOMC. These types of comments suggest that not only does the FOMC not believe there
is a deterministic mapping from its policy choice to expectations, it doesn’t have a probability
distribution over the possible expectations.

We model this concern by relaxing the requirement that expectations of the private sector and
the central bank must coincide. We analyze a stylized static model as in Kydland and Prescott
(1977) and Barro and Gordon (1983) without rational expectations. Instead, we adopt the robust-
ness framework advocated by Hansen and Sargent (2007). Following the formulation in Woodford
(2010), we operationalize policymakers’ doubts about the private sector’s expectation-formation
process by assuming that the central bank has Knightian uncertainty over private sector beliefs. It
not only does not know the mapping from its policy announcements and the exogenous variables to
private sector beliefs, it is also unable or unwilling to place a probability distribution over the pos-
sible mappings. In the face of this uncertainty, the central bank formulates policy that is robust to
the “worst case” private sector expectations: those that maximize the central bank’s loss function.

We make two contributions. First, we find that a robustly optimal policy is easy to communicate
and implement: it consists of setting an inflation target that depends only on the natural rate of
interest. This result contrasts sharply with that of Eggertsson and Woodford (2003). In a dynamic
model under rational expectations, they find that the optimal policy is cumbersome—they consider
simpler policies that are close to optimal—and independent of the natural rate of interest. Although
our result contrasts with results under rational expectations, it is consistent with the behavior from

1See, for example, Williams (2009) and Ball (2013).
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central banks. A concern for robustness can therefore help explain the widespread adoption of
higher inflation targets when rational expectations analysis do not call for them.

Second, we estimate the robustly optimal inflation target for the US and find that it is signifi-
cantly higher than those called-for under rational expectations analysis. Schmitt-Grohé and Uribe
(2011) and Woodford (2003) anchor the lower end of these estimates near zero, driven by the welfare
costs of price dispersion under staggered pricing and the logic of Ramsey-optimal tax smoothing.
Models including the ZLB, such as Coibion et al. (2012) and Williams (2009), find an optimal rate
of 1%–2% for U.S. calibrations. Andrade et al. (2019) extend the analysis to a low natural-rate
environment, arguing the optimal target may rise above 2% — possibly to 3%–4% — as the natural
rate of interest declines secularly. Dissenting voices push the recommended target higher still: Ball
(2013) argues for 4%, and Akerlof et al. (1996) suggest 2%–3% on grounds of downward nominal
wage rigidity, while Billi (2008) and Blanco (2021) hold the line near or below 2% once menu costs
are properly accounted for.

These numerical estimates are highly sensitive to modeling assumptions. The near-zero results
depend on frictionless labor markets, no ZLB constraint, and complete tax systems — conditions
under which positive inflation is a pure distortion. Introducing the ZLB, as in Coibion et al. (2012)
and Eggertsson and Woodford (2003), converts positive inflation into insurance against potential
liquidity traps. The natural rate of interest matters quantitatively: Negro et al. (2017) document
a secular decline in the natural rate of interest that mechanically erodes any fixed target’s buffer,
directly motivating the higher estimates in Andrade et al. (2019). Wage rigidity, as in Akerlof et al.
(1996), is a structurally distinct rationale absent from most DSGE frameworks. Finally, Athey
et al. (2005) and Woodford (2010) show that credibility and near-rational expectations interact with
optimal inflation in ways that generally reinforce the case for low, stable targets — meaning the
consensus estimate is also contingent on assumed institutional credibility of the central bank. While
this existing literature acknowledges the impact that inflation expectations have on equilibrium,
they do not account for the bank’s uncertainty about them. Inflation expectations have primarily
been treated one of two ways: as a known equilibrium outcome,2 or a choice variable.3 In either
case, the policymaker is either aware of how expectations are formed —whether model-consistent
or otherwise—or how they will be formed in response to their policy decision; the central bank has
a deterministic mapping from its choice variable to private sector expectations. Our model mirrors
the common concerns voiced in the FOMC minutes regarding inflation expectations by relaxing the
key assumptions surrounding these processes. To our knowledge, this paper’s contribution to the
literature is unique in this regard by assuming as little as possible: not only is the central bank
unable to choose inflation expectations, it also does not place a probability distribution over the
possible inflation expectations that may arise, in addition to them being model-inconsistent.

We are not the first to analyze the impact of monetary policy at the ZLB when expectations
are not model-consistent. Angeletos and Sastry (2021) consider a model where agents are able to
reason through the partial equilibrium effects of monetary policy but not the general equilibrium
effects. Like us, they also find a difference between communicating about equilibrium outcomes
versus policy instruments. García-Schmidt and Woodford (2019) consider agents who engage in k-
level thinking and find that this type of process converges to the rational expectations equilibrium
when the nominal interest rate is positive, but will lead to outcomes bounded away from the
rational expectations equilibrium at the ZLB. These types of relaxations of the rational expectations
hypothesis propose a specific alternative, and they maintain the assumption that the central bank

2As in, for example, Athey et al. (2005) and Schmitt-Grohé and Uribe (2011)
3As in Eggertsson and Woodford (2003) and Woodford (2003)
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knows that alternative. Therefore, as with rational expectations, the bank has a deterministic
mapping from its policy commitments to the equilibrium beliefs of the private sector.

Although we are solving for optimal monetary policy, we do not interpret our results here as
normative. Our analysis is descriptive rather than prescriptive. The aim of this paper is to show
that when the natural rate of interest can be negative—and hence there is a possibility of hitting
the ZLB—and central banks are unsure about the beliefs that the private sector holds, then a
concern for robustness can explain many of the behaviors we observe from central banks which are
inconsistent with the prescriptions of a rational expectations analysis.

The rest of the paper is organized as follows: section 2 introduces our model in the case of
natural interest rate shocks. section 3 characterizes the solution under rational expectations and
robust optimality in subsection 3.2 and subsection 3.3 respectively. section 4 outlines our results
and implications, and section 5 concludes.

2 Model
We construct a static commitment model consisting of two agents: the central bank and the private
sector. There are two possible states of the world, j ∈ {h, ℓ}, determined by the value of natural
rate of interest, ρj . We will refer to ρh > 0 as the “high state” while we will refer to ρℓ < 0 as the
“low state”. Although the state of the world is given by natural rate of interest, we will refer to it
as either high or low, and distinguish variables in different states of the world by the appropriate
subscript.

Restricting the natural interest rate to only two values offers a simplified approach to analyzing
the central bank’s problem without loss of generality. Each possible outcome of ρj represents a
type of regime: one in which the central bank is free to choose an inflation/output gap pair that
satisfies the Phillips curve, and one in which it isn’t. We are interested in analyzing how the
bank formulates robustly optimal monetary policy when it can find itself constrained by the ZLB;
allowing ρj to take additional values does not affect our analysis. When the bank is unconstrained,
it can accommodate any value of the natural rate of interest, and thus the actual value of ρh has
no impact on the choice of inflation or the output gap. At the zero lower bound, however, the bank
can only influence the inflation/output gap pair through expectations. Thus, when unconstrained,
the bank can only condition its choice of inflation and output on the expected value of the natural
rate of interest at the zero lower bound. What matters is the probability of finding itself at the
ZLB, and, conditional on that, the expected value of the natural rate of interest.

The central bank and private sector agree that there are two possible states of the world, but
potentially disagree about their probabilities:

Pr (ρℓ) =
{
q ∈ (0, 1) Central Bank
p ∈ (0, 1) Private Sector

We require that q is in the interior of the simplex; otherwise the problem becomes trivial. If
q = 0, the central bank believes it is never constrained by the ZLB and we have the standard
inflation/output gap trade-off studied by Kydland and Prescott (1977) and Barro and Gordon
(1983). If q = 1, inflation and the output gap are pinned down by the aggregate demand condition
at the ZLB. Additionally, we consider the bank’s distribution to be the true distribution, as our
analysis is conducted from the perspective of the policymaker. The requirement that p is also

4



Central bank
commits to policy

Private sector
forms beliefs

State of the
world realized

t1 t2 t3

Figure 1: Timing of play

the interior of the simplex is equivalent to assuming absolute continuity. This assumption follows
Woodford (2010) and rules the private sector putting positive probability on any additional states
of the world besides ρℓ and ρh.

The inflation/output gap pair (πj , xj) is contingent on the state of the world. In both cases,
this pair is subject to the following standard New Keynesian Phillips curve:

πj = κxj + βπ̄ (2.1)

where κ > 0 is the slope of the Phillips curve, β ∈ (0, 1) is the representative household’s discount
factor, and π̄ are the private sector’s inflation expectations. Additionally, because the natural rate
of interest can be positive or negative, it is also subject to the inequality constraint given by the
aggregate demand curve in both cases:

x̄+ π̄ + ρj − xj ≥ 0 (2.2)

where x̄ are the private sector’s output gap expectations. Additionally, from absolute continuity of
beliefs, we have the following standard constraints on private sector expectations:

π̄ = pπh + (1 − p)πℓ (2.3)
x̄ = pxh + (1 − p)xℓ (2.4)

While we allow the private sector’s beliefs to differ from those of the central bank, we assume that
all private agents have the same beliefs. Because all agents share the same beliefs, the derivation
of the aggregate supply and aggregate demand relations, (2.1) and (2.2), follows in the same way
as if agents understand the true distribution of the shocks. Expressions (2.1)–(2.4) define the set
of constraints that the central bank faces in choosing state-contingent inflation/output gap pairs.

The timing of play between the central bank and the private sector is sequential and shown
in Figure 1. First, the central bank commits to a state-contingent inflation/output pair, (πj , xj).
Second, the private sector forms unique beliefs, p. Third, the state of the world is realized, ρj ,
along with its corresponding equilibrium outcomes.

The bank chooses state-contingent inflation/output pairs to minimize an augmented loss func-
tion. In a standard setting without concern for robustness, the central bank would simply minimize
the following quadratic loss function, Q

Eq[Q] = q(π2
ℓ + λ(xℓ − x∗)2) + (1 − q)(π2

h + λ(xh − x∗)2) (2.5)

where x∗ > 0 is the efficient rate of output, and λ > 0 is the relative weight the bank places
on the losses associated with inflation and output, subject to the constraints described above.
Because the Phillips curve relates the output gap, the inflation rate, and the private sector’s inflation
expectations, we can rewrite Q(·) as a function of only inflation, π, and private sector beliefs, p.
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Equation 2.5 is the expected quadratic loss, with the first term denoting the loss when the natural
interest rate is positive and the second term when it is negative. This expectation is, of course,
taken with respect to the bank’s beliefs, q.

To capture the concern for robustness, we follow Hansen and Sargent (2007) and Woodford
(2010) and use the Kullback-Leibler divergence as a measure of the distance between the two
distributions. 4

Ep[R] = p log
(
p

q

)
+ (1 − p) log

(
1 − p

1 − q

)
(2.6)

This divergence has been used extensively in both the robustness and ambiguity aversion literature
and is closely related to mutual information in the rational inattention literature. It is non-negative,
convex in p, and attains its minimum value, 0, when p = q. From the bank’s perspective, the
relative entropy term uses the private sectors’ distribution p to highlight that the divergence is set
by the beliefs that form in response the bank’s policy commitment. More simply, the private sector
determines how far distorted their beliefs are compared to the bank; this is relevant for our analysis
in subsection 3.3. Thus, this function can be interpreted as a measure of disagreement between
the private sector and the central bank. When p = q, there is no disagreement. As p moves away
from q and approaches the edges of the simplex, this disagreement increases at an increasing rate.
We incorporate this distance in the central bank’s loss function and assume that the central bank
wishes to minimize the following augmented loss:

L(π, p) = 1
2 Eq[Q(π, p)] − θEp[R(p)] (2.7)

where θ parametrizes the relative importance of disagreement in the loss function. The second term
places a penalty on agreement. The closer the private sector’s beliefs are to the central bank’s, the
higher the loss. Equation (2.7) nests rational expectations as a special case. When p = q, Ep[R] = 0,
π̄ = Eq[π], and equation (2.7) simplifies to (2.5). In that case, the central bank chooses inflation to
minimize the quadratic loss with model-consistent expectations.

The concern for robustness arises in this formulation because the central bank does not know
what the private sector’s beliefs are, and it does not place a probability distribution over the
possible beliefs. Without placing a probability distribution on beliefs, it cannot take the expected
value of its objective function. Instead, it chooses inflation under the assumption that the private
sector’s beliefs, for any given choice of inflation, will correspond to the “worst-case.” Gilboa and
Schmeidler (1989) show that this attitude toward Knightian uncertainty is optimal when agents
are ambiguity averse. Thus, the central bank evaluates (2.7) by considering the belief that would
maximize that function for any rate of inflation it might choose. In other words, the bank chooses
the best among the worst-case outcomes. As Hansen and Sargent (2007) show, this decision problem
can be modeled as a Stackelberg zero-sum game between a central bank choosing inflation and an
adversary choosing beliefs. The central bank moves first, denoted by t1 in Figure 1, and chooses
a state-contingent inflation rate, π (the output gap is pinned down by the Phillips curve). The
adversarial agent moves second, denoted by t2 in Figure 1; having observed the bank’s choice of

4Woodford (2010) measures the relative entropy of the distortion factor, m = p/q, that absolute continuity
implies. This formulation is equivalent to ours: Eq [m log m] = Ep[log(p/q)]. In the case of continuous probability
distributions, the analysis becomes more tractable if it is done in terms of the change of measure, m, than the
distribution, p. In our setting it is straightforward to use p.
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state-contingent inflation, the adversarial agent chooses private sector beliefs, p. Because the game
is zero-sum, the adversarial agent aims to maximize (2.7), while the central bank aims to minimize
it. Backward induction yields the following loss function for the central bank:

L(π) = sup
p
L(π, p)

From the perspective of the adversarial agent, θ in (2.7) is the cost of choosing a distribution
p that deviates from the bank’s distribution. The higher the value θ, the more costly it is for the
adversarial agent to disagree with the central bank. Thus, 1/θ parametrizes the central bank’s
concern for robustness. When θ is small, it is relatively cheap for the adversarial agent to disagree
with the central bank. As θ increases, it becomes increasingly costly for the adversarial agent to
disagree. In the limit, when θ → ∞, the adversarial agent will choose q = p. In this case, the bank
is entirely unconcerned about the possibility that the private sector’s beliefs differ from its own,
and the problem reverts to the analysis with rational expectations.

3 Solution
In this section, we derive the solution to the central bank’s problem in two steps. First, we derive
the relationship between central bank policy and private sector expectations as a function of private
sector beliefs. The constraints pin down this relationship; therefore, it is independent of the central
bank’s optimization problem. We then turn to optimality, starting with the special case of rational
expectations, followed by the general case of robustly optimal policy. The comparison of these two
cases, as well as the discussion of the implications on policy, are left to section 4.

3.1 Private Sector Expectations
Recall that the Phillips curve (2.1), the aggregate demand inequality (2.2), and private sector
expectations (2.3) and (2.4) constrain the bank. When the ZLB binds, the weak inequality (2.2)
holds as a strict equality. In that case, the aggregate demand and aggregate supply schedules
uniquely pin down the inflation/output gap pair (πℓ, xℓ) for any given expectations (π̄, x̄). It
follows that for any choice of inflation when the natural interest rate is positive, πh, the constraints
pin down all other equilibrium variables, {xh, πℓ, xℓ, π̄, x̄}, given private sector beliefs, p. Thus,
we can reduce the central bank’s problem to choosing only the rate of inflation when the natural
rate of interest is positive: πh. In the remainder of this section we will analyze the central bank’s
problem as choosing πh. Unless otherwise noted, whenever we refer to the bank choosing a rate of
inflation, or alternatively setting the nominal interest rate, we will mean those associated with a
positive natural rate, πh and ih.

We can restate the problem of the central bank in terms of πh and expected inflation π̄. By
increasing πh, the central bank can, in principle, increase π̄, and thus achieve a lower real rate of
interest when it finds itself at the ZLB. The extent to which this is possible will, of course, depend
on p, as the following equation shows:

1
γ︸︷︷︸

GE effect

π̄ = (1 − p)︸ ︷︷ ︸
PE effect

πh + κρℓ
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where γ ≡ 1
1−p(1+κ) .5

When the bank chooses πh, the direct marginal effect on expected inflation is given by the
probability the private sector places on that state, 1 − p. This is a partial equilibrium effect. There
is also a general equilibrium feedback effect. An increase in inflation expectations leads to an
increase in the output gap expectations through the Phillips curve, both of which determine πℓ.6
An increase in πℓ, in turn, has a general equilibrium feedback on π̄, with its marginal effect given
by p.

The same general equilibrium logic applies to beliefs. For any given inflation rate, πh, as the
probability the private sector places on ρh decreases, so does the expected rate of inflation. The
general equilibrium logic then follows: a lower π̄ leads to a lower x̄, both of which lead to a lower
rate of inflation at the ZLB, πℓ. This, in turn, feeds back into the expected rate of inflation. As
p → 1/(1+κ), the general equilibrium feedback, given by γ, becomes unbounded. Since the Phillips
curve ultimately determines the total effect of expectations on πℓ in general equilibrium, the general
equilibrium effect depends on the slope of the Phillips curve. The stronger the degree of monetary
non-neutrality—the smaller the value of κ—the smaller the GE effect.

The general equilibrium effect arises because when nominal interest rates are at the zero lower
bound, inflation is a function of expectations only. This is not the case under cost-push shocks.
This distinction makes the problem with natural interest rate shocks fundamentally different from
cost-push shocks because the quadratic loss portion of the central bank’s objective, Eq[Q(πh, p)], is
a function of beliefs. Unbounded expectations at p = 1/(1 + κ) will necessarily lead to unbounded
losses.

3.2 Rational Expectations
We now turn to the question of optimal monetary policy, starting with the rational expectations
benchmark.7 In this case, the beliefs of the central bank and the private sector coincide (p = q).
More importantly, this means the bank has a deterministic mapping between its policy choice and
private sector expectations, so it can equivalently choose inflation or the private sector’s expecta-
tions.8

As a benchmark, we start with the case where the private sector places a zero probability on
a negative natural rate, p = 0. This is a useful benchmark because it corresponds to the optimal
average rate of inflation under mean-zero cost-push shocks. Setting p = 0 simplifies the algebraic
solution for this optimal average inflation, denoted ρ∗, where

π = ρ∗ ≡
(

κλ(1 − β)
λ(1 − β)2 + κ2

)
x⋆. (3.1)

A feature of this solution is that should the private sector place a zero probability on a negative
natural rate shock, the bank has no need to distinguish between possible states of the world, as
its policy decision when ρj < 0 will have no impact on expectations. Thus, the bank has a single
inflation target: πh = πℓ = ρ∗. As the following lemma shows, ρ∗ is also an important upper bound.

5For the derivation of this result, see Appendix A.
6In fact, πℓ, is a function only of expectations and the negative natural interest rate shock.
7This problem has inequality constraints. See the Appendix B for the algorithm of the solution method.
8This is a direct implication of rational expectations and is shared by models of imperfect information as long as

there is a unique, bounded equilibrium. Central bankers are nearly unanimous in their opinion that while they can
influence private sector expectations, they cannot choose them.
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Lemma 1 (Zero Lower Bound). The aggregate demand constraint binds at the solution in the low
state, iℓ = 0, iff −ρℓ > ρ∗.

Proof. See Appendix A.

It is important to note that this lemma does not say that it is infeasible for the central bank
to choose a rate of inflation for which the aggregate demand constraint does not bind in the low
state. Rather, it says that is suboptimal. The lemma also points to the fact that a negative natural
rate is not a sufficient condition to hit the ZLB. Therefore, for the rest of the paper we assume
that Pr(−ρℓ > ρ∗) = 1. It is worth noting that this assumption is consistent with the calibration
exercise we conduct in section 4.9

Figure 2 shows the central bank’s optimal rate of inflation under a positive natural interest rate
shock, πh, as a function of the probability of the natural interest rate being negative, q. Since we
have that −ρℓ > ρ∗, a negative natural rate will always put the bank at the ZLB.

As the figure shows, once hitting the ZLB occurs with positive probability, q > 0, the marginal
benefit of higher inflation at ρh increases with q. At the same time, the marginal cost decreases,
since the probability of πh is decreasing. Therefore, πh, πℓ, and π̄ also increase. In order to increase
the rate of inflation when the bank is free to set the nominal interest rate, however, it must set
a lower nominal interest rate. Eventually, when the probability of ρℓ is large enough, the central
remains at the ZLB regardless of the state of the world. We denote this probability in the Figure 2
by q̃. We say that the economy finds itself in a liquidity trap when the nominal interest rate is zero
for all states of the world: ih = iℓ = 0. As Figure 2 shows, this happens for all p > p̃.

We formalize this argument in the following proposition.

Proposition 1 (Optimal monetary policy under rational expectations). Under rational expecta-
tions ∃ p̃ (equivalently, q̃) such that:

1. If p < p̃ the optimal nominal interest rate is positive, i∗h > 0, and the optimal inflation rate is
given by the first order condition of the central bank’s loss function, (2.5).

2. If p ≥ p̃ the optimal nominal interest rate is zero and the bank finds itself in a liquidity trap
i∗h = i∗ℓ = 0. In that case the aggregate demand constraint always binds and all variables are
pinned down by the set of constraints (2.1)–(2.4).

Proof. See Appendix A.

The bank’s policy is a piece-wise function with a kink at q̃. As Figure 3 shows, there are three
distinct regions of beliefs, which under RE, coincide with the objective probability of being at the
ZLB. When p ∈ (0, p̃) the aggregate demand schedule in the high state does not bind. In this
region the bank can lower the nominal interest rate when the natural rate is positive to increase
the expected rate of inflation.

When p ∈ [p̃, 1/(1 + κ)] the bank finds itself in a liquidity trap and the Neo-Fisherian effect
dominates. The dashed curve represents the rate of inflation, πh, that the bank would choose if ih
could be negative. Notice that the rate of inflation in this region is higher than the bank would
otherwise prefer. That is, the bank would achieve a lower rate of inflation if were able to set a
lower nominal interest rate. Therefore, although in this region the Neo-Fisherian effect makes it
possible for the bank to increase the nominal interest rate in order to raise inflation, doing so is

9See Table 2 for a comparison of ρ∗ to the natural rate of interest data used in our estimates.
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Figure 2: RE: central bank’s optimal inflation for varying beliefs. The solid curve represents the
chosen optimal rate of inflation, πh. The dotted curve represents bank’s chosen πh if Pr (ρj < 0) = 0.

suboptimal—in this intermediate region the rate of inflation when the natural rate is positive is
already too high.

Finally we have the region p ∈ (1/(1 + κ), 1). In this region the aggregate demand effect once
again dominates. While the bank remains in a liquidity trap, the dashed curve is now above the
solid line; the rate of inflation is lower than the bank would choose if it could set negative nominal
rates. If the bank were to raise the nominal interest rate, the rate of inflation would fall even
further. We thus have that for intermediate probabilities of experiencing a negative natural rate
of interest the Fisher effect dominates but inflation is already too high. When the probability of a
negative natural rate of interest is sufficiently high, inflation becomes too low, but the aggregate
demand effect dominates.

3.3 Robust Optimality
We now turn to the more general case where the private sector can form different beliefs. We define
the central bank’s robustly optimal policy, following Woodford (2010), as the best policy under
the worst possible unknown beliefs. While these “worst case” beliefs may not reflect those the
private sector will hold, faced with ambiguity (rather than uncertainty) the bank guards against
potentially catastrophic outcomes by assuming the worst-case scenario. As previously mentioned,
we can solve this problem as the Nash equilibrium of a zero-sum game between the central bank
choosing inflation and an adversarial agent choosing beliefs.

We solve this problem through backward induction as given by the timing of play in Figure 1.
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(t2) Adversarial agent chooses beliefs as a function of inflation:

q̂(πh) ∈ arg max
q

L(πh, q) (3.2)

(t1) Central bank chooses inflation as a function of the adversarial agent’s best-response function:

π̂h ∈ arg min
π

L(πh, q̂(πh)) (3.3)

The solution to this game is given by the following proposition.

Proposition 2 (Robustly optimal monetary policy). The central bank’s robustly optimal inflation
rate is independent of λ, x∗, β, κ, p, q, ρh, and θ, and is given by:

π̂h = −ρℓ (3.4)

Proof. See Appendix A.

While we leave the details of the proof to the appendix, we will present a sketch here. Because
beliefs can yield unbounded losses, the loss function is not concave, so we cannot use standard
constrained optimization techniques. We prove our result by ruling out candidate policies.

We first show that the central bank will never choose rate of inflation above −ρℓ. If πh > −ρℓ

the aggregate demand constraint is never binding for any q ∈ (0, 1). In that case, by Jensen’s
inequality, we have that πh = πℓ. But since we have that ρ∗ < −ρℓ we also have that the loss
function is increasing in π.

We then show that if the bank chooses any inflation rate below −ρℓ, it will find itself at the
ZLB when the natural rate is negative for any p ∈ (0, 1). But by equation (3.1) we have that for
any rate of inflation that the central bank chooses, the adversarial agent can guarantee itself an
arbitrarily large loss for the bank by choosing a belief p arbitrarily close to 1/(1 +κ). We have that
losses are bounded if πh ≥ −ρℓ, and unbounded otherwise. Finally, the smallest bounded losses
occur at πh = ρℓ.

This same logic applies when there are more than two states of the world.

Proposition 3 (Robustly optimal monetary policy: general solution). Suppose there is more than
one value of the negative natural interest rate. Assume that the probability distribution has finite
support where ρ∗ = max ρℓ and ρ∗∗ ≡ min ρℓ. The robustly optimal inflation rate is independent of
λ, x∗, β, κ, p, q, ρh, and θ and is given by:

π̂h = −ρ∗∗ (3.5)

Proof. See Appendix A.

From 2 we have that the central bank faces unbounded losses if it chooses a rate of inflation
below ρℓ, but bounded losses above it. When there is more than one possible natural rate that
puts the central bank at the ZLB, the “worst-case” beliefs put an arbitrarily high probability on
the lowest possible natural rate. In short, Propositions 2 and 3 say that a necessary condition of
the robustly optimal policy is that the central bank is never constrained by the ZLB.

To see why this is the case, we can let 1 − p continue to be the private sector’s belief that the
natural rate of interest is less than ρ∗. The general equilibrium feedback that leads to unbounded
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expectations arises for all values of the negative natural interest rate, so the only relevant belief
affecting the feedback is 1−p. So, we once again end up with a quadratic loss function independent
of p, and the global maximum occurs when the private sector’s beliefs agree with the central bank’s.

The intuition for the robustly optimal policy comes from equation (3.1). When the aggregate
demand curve binds, the general equilibrium feedback from beliefs can be explosive. Therefore, the
robust policy severs the effect of beliefs on equilibrium outcomes. It is straightforward to see that
when πh = −ρℓ, γ disappears and πh = π̄. The robustly optimal policy yields an equilibrium that
is independent of p.

4 Implications
In this section we highlight three related implications that arise from our analysis. First, while the
central bank is interested in policy that is robust to private sector beliefs, the robustly optimal
policy is, additionally, robust to all model parameters. Second, the robustly optimal policy is also
simpler to communicate than the rational expectations policy. Third, the robustly optimal solution
calls for higher average inflation than that under rational expectations.

4.1 General Robustness
The general robustness of the robustly optimal solution implies that is independent of the objective
probability, or subjective beliefs, of the state of the world. The rational expectations solution is
a function of all parameters; which implies that the central bank’s announced policy is contingent
on—and thus sensitive to—all parameters. Figure 3 compares the bank’s robustly optimal solution
to the benchmark rational expectations case. The rational expectations analysis calls for inflation
to increase as a function of p and for different rates of inflation depending on the realization of
the natural rate of interest. Further, the levels depend on a convolution of model parameters.
The robustly optimal solution stands out in the figure for its parsimony. It depends on a single
parameter −ρ∗∗.

This makes the robustly optimal policy robust in an additional, unexpected, way: the central
bank does not need to know the other model parameters in order to implement it. In particular,
it does not need to know the slope of the Phillips Curve, κ, household’s discount factor, β, the
probability of the natural rate becoming negative, p, the efficient rate of output, x∗, or its relative
importance, λ. This is notable because in practice central banks do not know these parameters for
certain.

4.2 Target Inflation
Unlike the rational expectations solution, which is a function of all model parameters, the robustly
optimal solution stands out for its parsimony. Once again, although parsimony is not an explicit
objective of the central bank, it is a feature of the solution. And parsimony of the policy implies
parsimony in its communication. This result is consistent with the behavior and concerns of central
banks. Importantly, the simplicity of our solution is unique. Other models that yield higher
inflation rates in response to the positive probability of hitting the ZLB cannot simultaneously
explain the bias that most central banks display toward simplicity of communication. In fact,
it is generally difficult to reconcile the convoluted solutions under rational expectations analyses
with the simplicity with which central banks communicate their policy objectives. In particular,
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Figure 3: Optimal inflation under Rational Expectations (RE) and Robust Optimality (RO)

inflation targeting is not a direct consequence of rational expectations analysis, as the optimal rate
of inflation is highly sensitive to the model parameters. The robustly optimal solution we propose
is insensitive to these parameters; its most straightforward characterization is as a strict inflation
target.

4.3 The Case for a Higher Inflation Target
As Figure 3 shows, the robustly optimal inflation target is generally higher than the optimal average
rate of inflation under rational expectations. In this section we conduct a simple quantitative
exercise to estimate the difference. To do this we need to calibrate our model and data on the
distribution of the natural rate of interest. Table 1 displays our calibrated values, which come from
Woodford (2010).

To estimate the distribution of the natural interest rate we use the dataset from Negro et al.
(2017).10 Negro et al. (2017) provide average natural rate of interest estimates at a quarterly
frequency from 1960 to 2021. They also provide the quarterly estimates with confidence intervals
of one and two standard deviations from the mean. To calculate p, ρh and ρℓ for our model, we
take their estimates and reclassify them as either ρh or ρℓ. We do so by conditionally averaging
every estimate across the 50 year time period that was larger than ρ∗, yielding E[ρh], or less than

10The replication package for Negro et al. (2017) containing the data we used can be accessed at
https://github.com/FRBNY-DSGE/rstarBrookings2017/blob/master.
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Symbol Description Value
κ Slope of Phillips curve 0.025
β Household’s discount factor 0.98
λ Bank’s relative weight of output .08
x∗ Efficient rate of output 0.2

Table 1: Model Parameters

(a) Mean − 1 S.D

RE RO RO*
πh 1.33 7.44 3.53
πℓ 1.24 7.44 3.53
π̄ 1.30 7.44 3.53

E[ρℓ] = −3.53, E[ρh] = 2.54, p = 0.33

(b) Mean

RE RO RO*
πh 1.27 7.44 2.84
πℓ 1.22 7.44 2.84
π̄ 1.26 7.44 2.84

E[ρℓ] = −2.84, E[ρh] = 3.16, p = 0.23

(c) Mean + 1 S.D.

RE RO RO*
πh 1.24 7.44 2.78
πℓ 1.18 7.44 2.78
π̄ 1.23 7.44 2.78

E[ρℓ] = −2.78, E[ρh] = 3.57, p = 0.09

Table 2: Optimal inflation values for a given probability of being at the ZLB and a negative natural
rate shock. Inflation and natural rate values are expressed in percentage terms. RO* denotes a
“restricted RO” solution, where the private sector has correct beliefs, conditional on being at the
ZLB.

ρ∗, yielding E[ρℓ].11 To retrieve the probability of the ZLB from these estimates, we take a ratio of
the number of quarters that report a negative natural rate to the total number of quarters provided
by the data.

The robustly optimal solution is very sharp—it suggests that the central bank should choose the
worst-possible outcome of the negative natural rate; in this case, 7.44 percent. This result hinges,
however, on the central bank expecting that the private sector will choose to put an arbitrarily
high probability on the lowest-possible natural rate, ρ∗∗. This is reported as RO in Table 2 and
represents an upper bound on the inflation target. As a lower bound we also consider the strongest
restriction on private sector beliefs; conditional on the natural rate being less than ρ∗, the private
sector’s beliefs agree with those of the central bank. We report this inflation rate as RO∗. Unlike the
optimal inflation under rational expectations, the robustly optimal inflation targets are significantly
higher, and above the current two percent target.

5 Conclusion
We have characterized the central bank’s robustly optimal commitment policy in an environment
with three key features: natural interest rate shocks, the possibility of finding itself at the zero
lower bound, and the absence of a deterministic link between policy and private sector beliefs,
which we formalize as Knightian uncertainty. The central bank then chooses monetary policy that
is best on under the “worst-case” beliefs that the private sector might hold. This last feature is

11We exclude the Q1 2020 estimate from the ρℓ calculation. This estimate was −30.66%; the second most negative
estimate was −7.44% from Q4 1974.
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consistent with the uncertainty and concern about the impact of monetary policy on private sector
expectations captured by the minutes of the FOMC. The robustly optimal policy is an inflation
target that depends only on the natural rate of interest. The key takeaway is that, when the central
bank is unsure about the mapping between its policy and private sector expectations is to anchor
them so deeply that the public has no reason to change them. This logic can explain why the
FOMC minutes record so much concern for how expectations might react, which would not be the
case if central bankers were sure of how policy would translate into expectations.

Our model is highly stylized; a natural direction for future research would be to consider the
robustly optimal policy in a dynamic model with a richer stochastic process of the natural interest
rate shocks. It nonetheless explains several discrepancies between the theory and the practice
of monetary policy. First, it explains why central bankers prefer simple policies, even though
rational expectations solutions are often highly complex. Second, it explains why central bankers
have adopted explicit inflation targets even though they are not necessary conditions for optimal
monetary policy under rational expectations. And third, it explains why that inflation target has
been set at around two percent even though this number is significantly higher than the analysis
under rational expectations would suggest.
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A Proofs
Proof. Proof of Lemma 1
To show that when −ρℓ ≤ ρ∗ the aggregate demand constraint does not bind we assume it doesn’t.
By Jensen’s inequality, the policymaker will choose πh = πℓ = ρ∗. But then the inequality constraint
requires that ρ∗ + ρℓ ≥ 0, as above. To show that the aggregate constraint binds when −ρℓ > ρ∗,
notice that at p = 0, the loss function is flat with respect to p. That means that when the probability
of a negative natural rate becomes positive, up to a first order, the central bank’s choices are the
same. So up to first order the aggregate demand constraint is ρ∗ + ρℓ, which is now negative, so
the nominal interest rate binds in the low state. But if it binds at p = 0, by continuity it continues
to bind as p increases.

Proof. Proof of Proposition 1
To show that there exist a belief p at which the Bank’s choice variables are entirely pinned down,

we use the system of constraints from Sequence 2 to algebraically solve the following Lagrangian:

L(π, p) = Eq[Q] + µ G

G =



πh − κxh − βπ̄ = 0
πℓ − κxℓ − βπ̄ = 0
x̄− pxℓ − (1 − p)xh = 0
π̄ − pπℓ − (1 − p)πh = 0
x̄+ π̄ + ρℓ − xℓ = 0

Algebra produces optimal inflation output gap pairs, π∗
h/x

∗
h and π∗

ℓ /x
∗
ℓ , as a function of private

sector beliefs. To solve for p̃, we substitute these functions into the aggregate demand constraint,
set the nominal interest rate to zero, and solve for p:

ih = x̄+ π̄ − xh + ρh

ih =
(

1 − β + κ

κ

)
π̄ − πh − βπ̄

κ
+ ρh

îh =
(

1 − β + κ

κ

)(
pπ̂ℓ + (1 − p)π̂h

)
− x̂h + ρh = 0

Where

π̂h = −κ(x∗(−1 + β)λ− px∗(−1 + β)(1 + κ)λ+ pρℓ((−1 + β)2λ+ κ(κ+ κ2 + λ)))
pκ4 + κ2(1 + p(−1 + λ)) − (−1 + p)(−1 + β)2λ

π̂ℓ = −ρℓκ
3(−1 + p+ pκ) + (−1 + p)x∗(−1 + β)κ(1 + κ)λ− ρℓκ((−1 + p)(−1 + β)2 + pκ)λ

pκ4 + κ2(1 + p(−1 + λ)) − (−1 + p)(−1 + β)2λ

x̂h = pρℓκ
2(−1 + (1 − β)κ) + x∗(−1 + β)2λ+ p(ρℓ + x∗)(−1 + β)(1 − β + κ)λ

pκ4 + κ2(1 + p(−1 + λ)) − (−1 + p)(−1 + β)2λ
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The resulting equation for i∗h can be rewritten as:

îh = 1
κ

[
ρh −

pκ2(− 1 + (−1 + β)κ
)

+ x∗(−1 + β)2λ+ p(ρℓ + x∗)(−1 + β)(1 − β + κ)λ
pκ4 + κ2(1 + p(−1 + λ)) − (−1 + p)(−1 + β)2λ

+ (1 − β + κ)
(−(1 − p)κ

(
x∗(−1 + β)λ− px∗(−1 + β)(1 + κ)λ+ pρℓ

(
(−1 + β)2λ+ κ(κ+ λ2)

))
pκ4 + κ2(1 + p(−1 + λ)) − (−1 + p)(−1 + β)2λ

+ p

(
ρℓκ

p
−

(1 − p)κ(1 + κ)
(
x∗(−1 + β)λ− px∗(−1 + β)(1 + κ)λ+ pρℓ((−1 + β)2λ+ κ(κ+ λ2))

)
(1 − p)(1 + κ)

(
pκ4 + κ2(1 + p(−1 + λ)) − (−1 + p)(−1 + β)2λ

) ))]
(A.1)

Figure 4 shows this result as a function of p. As p increases, it is optimal for the bank to lower
the nominal interest rate. However, for any beliefs p > p̃, the bank cannot commit to its desired
negative nominal interest rate. Therefore, we can solve for the closed form solution of p̃ that is
independent of the bank’s policy decisions:

p̃ = −ρhκ
2 − ρhλ+ 2ρhβλ− ρhβ

2λ− x∗κλ+ x∗βκλ

(ρh − ρℓ) (−κ2 + κ4 − λ+ 2βλ− β2λ+ κ2λ) (A.2)

Figure 4: Supplemental Figure for Figure 2 and Proposition 1. The solid curve represents the
nominal interest rate chosen by the central bank, i∗h. The dotted curve represents the nominal
interest rate that the central bank would have chosen in the absence of the ZLB when the natural
rate is positive.

17



Proof. Proof of Proposition 2
First, we derive the relationship given by Equation 3.1:

γπ̄ = (1 − p)πh + κρℓ

where γ = 1 − p(1 +κ). We start by combining the constraints under a negative natural rate shock
with the Phillips curve under a positive natural rate shock. Since πh is the bank’s choice variable,
we reorganize the equation to isolate xh:

πh = κxh + βπ̄ (A.3)

xh = πh − βπ̄

κ

Since constraint on the nominal interest rate is binding when the natural rate of interest is negative,
we can write the weak aggregate demand constraint as a strict equality constraint:

xℓ = x̄+ π̄ + ρℓ

We can now derive the relationship between x̄, xℓ, and π̄:

x̄ = (1 − p)xh + pxℓ

x̄ = (1 − p)
(
πh − βπ̄

κ

)
+ p

(
πℓ − βπ̄

κ

)
x̄ = 1

κ
(1 − β)π̄

xℓ =
[

1 − β + κ

κ

]
π̄ + ρℓ

Now that we have the relationship above, we can derive the relationship between expected inflation
and πℓ:

πℓ = κxℓ + βπ̄

πℓ = κ

[
1
κ

(1 − β)π̄ + π̄ + ρℓ

]
+ βπ̄

πℓ = (1 + κ)π̄ + κρℓ

With this relationship between πℓ and π̄, we will derive the relationship between expected inflation
and inflation under a positive natural rate shock:

πℓ = (1 + κ)π̄ + κρℓ

π̄ = (1 − p)πh + pπℓ

π̄ = (1 − p)πh + p((1 + κ)π̄ + κρℓ)
π̄(1 − p(1 + κ)) = (1 − p)πh + κρℓ

Thus, yielding the relationship from Equation 3.1:

γπ̄ = (1 − p)πh + κρℓ
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First, show that the ZLB binds iff πh < −ρℓ. To do this we solve the central bank’s problem
assuming that the ZLB doesn’t bind.

L(πℓ,Ω) = 1
2q
(
πℓ

2 + λ(πℓ − β(pπℓ + (1 − p)πh)
κ

− x⋆)2
)

+ 1
2(1 − q)

(
πh

2 + λ(πh − β(pπℓ + (1 − p)πh)
κ

− x⋆)2
)

(A.4)

dL(πℓ,Ω)
dπℓ

= 0

Solve for πℓ:
πℓ = πh · ψl

π + ψl
0

ψl
π =

−βλ
[
(1 − q)(1 − p)(−1 + pβ) + (1 − q)p(−1 + (1 − p)β)

]
(1 − q)p2β2λ+ q

[
κ2 + λ(βp− 1)2

]

ψl
0 = −(1 − p(1 + κ)) ·

x⋆κλ
[
(1 − q)pβ + q(−1 + pβ)

]
(1 − q)p2β2λ+ q

[
κ2 + λ(βp− 1)2

]
Substitute the optimal πℓ into the aggregate demand constraint:

iℓ = x̄+ π̄ − xℓ + ρℓ

iℓ =
(

1 − β + κ

κ

)
π̄ − πℓ − βπ̄

κ
+ ρℓ

iℓ = πℓ

[
p(1 + κ) − 1

κ

]
+ (1 − p)(1 + κ)

κ
πh + ρℓ

resulting fn for iℓ:

iℓ = ψi
0 + ψi

π · πh + ρℓ

Where
ψi

π = (1 − p)(1 + κ)
κ

− (1 − p(1 + κ)) · C

C =
λβ
[
(1 − q)p

(
1 − (1 − p)β

)
+ q(1 − p)

(
1 − pβ

)]
(1 − q) p2 β2 λ+ q

[
κ2 + λ(βp− 1)2

]
And

ψi
0 = (1 − p(1 + κ)) ·D

D =
x⋆ λ

[
(1 − q)pβ − q(1 − pβ)

]
(1 − q) p2 β2 λ+ q

[
κ2 + λ(βp− 1)2

]
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lim
p→ 1

1+κ

iℓ = πh + ρℓ ≤ 0

πh ≤ −ρℓ

We thus have that the aggregate demand inequality constraint is violated only when πh < −ρℓ.
Because the loss function is convex, by Jensen’s inequality E[Q(π)] ≥ Q(E[π]), so we have that
πh = πℓ = π̄. Since the min is given by ρ and −ρℓ is greater than ρ, ∀ π > −ρℓ we have that
Q(π) > Q(−ρℓ). Therefore we have that when π ≥ −ρℓ, the loss is minimized at π = −ρℓ.

All that is left is to show that the losses are unbounded when π < −ρℓ. Let

p = 1
1 + κ

+ ε

where ε > 0. Then we have γ = 1
ε(1+κ) . Then ∀ πh < −ρℓ by (3.1), ∀ N > 0, ∃ ε > 0 such that

Q(πh) > N. We therefore have that −ρℓ is the robustly optimal rate of inflation.

Proof of proposition 3 The relationship between inflation and expectations becomes:

γπ̄ = (1 − p)πh + κE[ρℓ]

The worst possible expectations arise when the private sector puts all probability on the lowest
possible natural rate.

Proof. B Rational Expectations Solution Methods
B.1 Model Breakdown
Consider the loss function given by Equation 2.5

Eq[Q] = q(π2
l + λ(xl − x∗)2) + (1 − q)(π2

h + λ(xh − x∗)2) (B.1)

We solve this function sequentially via the system of linear equations. First, we solve the bank’s
problem without enforcing the inequality constraints given by Equation 2.2.

Constraints :


πh − κxh − βπ̄ = 0
πℓ − κxℓ − βπ̄ = 0
x̄− pxℓ − (1 − p)xh = 0
π̄ − pπℓ − (1 − p)πh = 0

We will refer to this as Sequence 1. We rewrite the constraints with the following linear algebra,
and compute the solution using a constrained optimization algorithm.

Sequence 1.

I


xh

xℓ

π̄
x̄

 = B


xh

xℓ

π̄
x̄

+ C

(
πh

πℓ

)
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B =


0 0 − β

κ 0

0 0 − β
κ 0

1 − p p 0 0

0 0 0 0

 , C =


1
κ 0

0 1

1 − p 0

p 0


Without aggregate demand constraints, the bank does not distinguish between states of the

world. Thus, the algebraic solution to this system of equations is given by

πh = πℓ = π̄ = x⋆κλ(1 − β))
(λ(1 − β)2 + κ2) = ρ⋆

xh = xℓ = x̄ =
(

1 − β

κ

)
ρ⋆

We now check the nominal interest rates in post for each state to determine the possible shocks, if
any, that would result in a negative nominal interest rate under the bank’s optimal rate of inflation.

ij = (x̄− xj) + π̄ + ρj

ij = ρ∗ + ρj

In the case of a positive shock, ih is always positive. In the case of a negative shock, iℓ is only
positive if ρℓ > −ρ⋆. Therefore, a negative shock will result in the ZLB if −ρℓ > ρ⋆.

We repeat the same algorithm given by Sequence 1, now imposing (2.2) as an equality constraint
in the case of a negative shock.

Constraints :



πh − κxh − βπ̄ = 0
πℓ − κxℓ − βπ̄ = 0
x̄− pxℓ − (1 − p)xh = 0
π̄ − pπℓ − (1 − p)πh = 0
x̄+ π̄ + ρℓ − xℓ = 0

This is referred to as Sequence 2. Again, we rewrite the constraints with the following linear algebra,
and compute the solution using the same constrained optimization algorithm.

Sequence 2.

I


xh

xℓ

πℓ

x̄
π̄

 = B


xh

xℓ

πℓ

x̄
π̄

+ C

(
πh

ρℓ

)

B =



0 0 0 0 − β
κ

0 0 0 1 1

0 κ 0 0 β

1 − p p 0 0 0

0 0 p 0 0


, C =



1
κ 0

0 1

0 0

0 0

1 − p 0


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Sequence 2 reflects the p < p̃ segment of Figure 2. Once again, we check the weak aggregate
demand constraint given by Equation 2.2, to find the belief p that results in the ZLB. Once the ZLB
is binding in both states of the world, the central bank is entirely pinned down —all constraints
are now strict equality constraints.

Constraints :



πh − κxh − βπ̄ = 0
πℓ − κxℓ − βπ̄ = 0
x̄− pxℓ − (1 − p)xh = 0
π̄ − pπℓ − (1 − p)πh = 0
x̄+ π̄ + ρh − xh = 0
x̄+ π̄ + ρℓ − xℓ = 0

This segment, p ≥ p̃, is referred to as Sequence 3.

Sequence 3.

I


πh

πℓ

xh

xℓ

π̄
x̄

 = B


πh

πℓ

xh

xℓ

π̄
x̄

+ C

(
ρh

ρℓ

)

B =


0 0 κ 0 β 0
0 0 0 κ β 0
0 0 0 0 1 1
0 0 0 0 1 1

1 − p p 0 0 0 0
0 0 1 − p p 0 0

 , C =


0 0
0 0
1 0
0 1
0 0
0 0


This system can alternatively be solved with the following Lagrangian:

L(π, p) = Eq[Q] + µ G

G =



πh − κxh − βπ̄ = 0
πℓ − κxℓ − βπ̄ = 0
x̄− pxℓ − (1 − p)xh = 0
π̄ − pπℓ − (1 − p)πh = 0
x̄+ π̄ + ρh − xh = 0
x̄+ π̄ + ρℓ − xℓ = 0
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