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Abstract

I introduce directed innovation into a quantitative spatial model. Profit incentives direct innovation across
regions through the interaction of research productivity, gradual technology diffusion, trade, and worker
mobility — extending the concept of directed technical change (Acemoglu, [2002) to a spatial setting. I
show that any steady-state distribution of innovation is consistent with balanced growth and determines
the economy’s long-run growth rate. I then analytically decompose the welfare impact of any shock to
economic fundamentals into its transitory and long-run growth components. I apply the model to the
post-1990 rise in the spatial concentration of American innovation, which was concentrated in high-skill
regions and driven primarily by the growth of innovation in information and communication technologies
(ICT). The model decomposes the contributions of demand-side forces — changing innovation incentives
across regions — and supply-side forces — the sorting of skilled workers — and quantifies the aggregate
consequences for growth and welfare.
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1 Introduction

How does the geography of innovation respond to changes in economic fundamentals, and what are the
consequences for aggregate growth and welfare? Several forces make the spatial dimension of innovation
essential. First, workers differ in skills and face mobility frictions, so certain regions accumulate the human
capital that enables innovation. Second, technology diffuses gradually across space — even within a country
— so the location of innovation determines where productivity and wage gains occur first. Third, trade
costs mean that where productivity improvements happen affects relative prices and the distribution of
welfare gains across regions. If workers were perfectly mobile, technology diffused instantaneously, and
trade were frictionless, the spatial dimension would collapse and one could work with an aggregate model
of innovation and growth. It is precisely the interaction of these frictions that makes the geography of

innovation consequential for aggregate outcomes.

Answering these questions requires a framework in which innovation is directed across space by profit incen-
tives — extending the concept of directed technical change (Acemoglul,2002)) from sectors to regions. Building
such a framework poses three challenges. First, innovators must earn profits that vary across regions, which
requires introducing imperfect competition without losing the tractability needed for a quantitative spatial
model. Existing quantitative spatial models with endogenous innovation have not achieved this. Second, the
returns to innovation should ideally be connected to the spatial network of trade and technology diffusion, so
that profit incentives reflect the full spatial structure of the economy. Even in the broader trade and growth
literature — which typically abstracts from worker mobility — existing approaches disconnect innovation prof-
its from the technology diffusion network. Third, innovation must feed back into equilibrium outcomes —

shaping trade flows and wages — so that it is integral to the determination of growth and welfare.

In this paper, I introduce directed innovation across space. 1 develop a quantitative framework that over-
comes these challenges: profit incentives endogenously direct innovation across regions and depend on the
interaction of gradual technology diffusion, trade, and worker mobility, while innovation in turn shapes

productivity, trade, wages, and hence growth and welfare.

The framework achieves this through two main components. In the first component, I build on techniques
from |[Eaton and Kortum| (2001)) and |Lind and Ramondo| (20234, [2024) and integrate endogenous innovation
and gradual technology diffusion at the level of individual ideas, the fundamental unit of the Eaton-Kortum
worlaﬂ (Eaton and Kortum), 2024)). Innovation workers in each region and sector discover new ideas according
to a Poisson process, and the diffusion of each idea to other regions is governed by independent Poisson
processes with heterogeneous bilateral diffusion speeds. Each idea has stochastic quality (drawn upon
discovery) and stochastic applicability (drawn upon arrival in each new region), with productivity given by

their product. This microfounded structure generates a multivariate productivity distribution for goods at

!Throughout the paper, “Eaton-Kortum world” refers not to [Eaton and Kortum| (2002) alone but to the broader class of
models developed by Eaton and Kortum (Kortum),|1997; Eaton and Kortuml |1999,|2001; Bernard et al., [2003; Dekle et al., [2007}
Eaton et al., |2011} 2016}, |2022) from probabilistic microfoundations of technology, which can flexibly model trade, firm-to-firm
matching, innovation, diffusion, and growth. See Eaton and Kortum)| (2024) for how the ingredients of this world connect across
their papers.



each instant, with Fréchet marginals a la |Eaton and Kortum| (2002) whose endogenous scale parameters
depend on the history of innovation in all regions and the entire technology diffusion network. Bertrand
competition & la Bernard et al.| (2003) generates differential profits across regions and sectors: because
innovation and diffusion are connected at the idea level, the expected value of an idea depends on the entire

trade and technology diffusion network.

In the second component, I introduce dynamic worker mobility a la/Caliendo et al.| (2019)), allowing workers to
respond to these differential incentives by sorting into research in regions where innovation is more profitable,

so the spatial distribution of innovation evolves gradually along the transition path.

The framework delivers three main results. First, I characterize the spatial direction of innovation — the
spatial analog of the sectoral direction of technical change in |Acemoglu| (2002) — which governs how profit
incentives direct innovation across regions along the transition path. Second, I show that any steady-state
distribution of innovation is consistent with balanced growth, where the long-run growth rate is the rate at
which prices fall. This result means the framework imposes no restrictions on which regions innovate in the
long run, and can accommodate any driver of the geography of innovation. This also connects quantitative
spatial and endogenous growth models: regional wages are determined by the spatial distribution of workers,
trade, and technology diffusion as in quantitative spatial models, while the aggregate growth rate depends on
the geography of innovation as in growth models. Third, I analytically decompose the welfare impact of any
shock to economic fundamentals into its transitory and long-run growth components. This decomposition

applies to a wide class of shocks, making the framework applicable to a variety of empirical settings.

Because innovation is directed by profit incentives across space, the framework can address questions that
existing models cannot. For example: how does a shock to research productivity in one sector reshape
innovation across all regions through trade and technology diffusion networks? How much of the resulting
welfare effect operates through the transition path versus changes in long-run growth? What role does
worker mobility play in amplifying or dampening the spatial reallocation of innovation? More concretely,
the framework can assess whether place-based policies raise aggregate innovation or merely relocate it;
whether falling communication costs concentrate or disperse innovation; and how the welfare consequences

of rising innovation concentration differ across regions.

I apply the framework to study the changing geography of American innovation, where innovation became
increasingly concentrated in high-skill regions after 1990. Drawing on facts and decompositions documented
in Tan| (2026), I specify the information and communication technology (ICT) shock through two exogenous
components — a one-time increase in national ICT research productivity and an increase in bilateral diffusion
speeds reflecting falling communication costs. The model decomposes the contributions of demand-side forces
— changing innovation incentives across regions — and supply-side forces — the sorting of skilled workers —

and quantifies the aggregate consequences for growth and welfare.



Contributions to the Literature

Within the quantitative trade and innovation literature, the closest antecedents are Eaton and Kortum
(2001) and Lind and Ramondol (2023bla, 2024)). Lind and Ramondo generalize the gradual technology dif-
fusion model of [Eaton and Kortum| (1999)) and embed it in the Eaton-Kortum trade framework. I build on
their microfoundations to endogenize innovation and connect it to the technology diffusion network. Ex-
isting approaches miss or simplify this connection. Buera and Oberfield (2020) model technology diffusion
as knowledge transfer from existing goods to new ones, disconnecting the diffusion network from innova-
tion profits. Somale| (2021)) incorporates endogenous innovation but excludes technology diffusion. |Cai et al.
(2022)) incorporate both endogenous innovation and technology diffusion, but assume perfect substitutability
of ideas from different locations, resulting in what Eaton and Kortum call “the problem of flats”, where small
wage changes cause large shifts in idea adoption. Xiang (2025) uses the multivariate Fréchet productivity
distribution from Ramondo and Rodriguez-Clare| (2013) to introduce instantaneous diffusion through multi-
national production in|Eaton and Kortum)| (2001)’s dynamic model. In my framework, gradual diffusion links
the value of an idea to where it will spread over time, making the location of innovation more consequential
and creating persistent spatial inequality along the transition path. This literature also assumes workers
are immobile across regions but freely reallocate between production and research within each region, and
focuses on the balanced growth path; by incorporating dynamic worker mobility with frictions across regions,

sectors, and occupations, my framework can additionally characterize the transition path.

I also extend the class of quantitative dynamic spatial models with rich transition dynamics that incorporate
worker migration (Caliendo et al. [2019), capital accumulation (Kleinman et al., 2023), and knowledge
diffusion (Cai et al., [2025) by introducing endogenous and directed innovation. Desmet et al| (2018) is
perhaps the only workhorse quantitative spatial model with endogenous innovation, but competitive bidding
for land absorb all profits, so innovation is not directed. In contrast, Bertrand competition in my framework

generates spatially differential profits that direct innovation.

More broadly, relatively few models examine innovation across regions. My framework combines directed
innovation with trade, diffusion, and worker mobility in a quantitative spatial setting. Berkes et al. (2025
provide a transparent quantitative framework that focuses on modeling technological waves and knowledge
diffusion across regions, but without trade or firms, innovation occurs through a stochastic max operation
over productivity draws rather than deliberate investment directed by profit incentives. |Berkes and Gaetani
(2021) develop a theoretical urban model that offers valuable insights into the composition of innovation
across space, distinguishing conventional from unconventional innovation, with a focus on qualitative pre-

dictions rather than a quantitative framework for counterfactuals.

Finally, my analytical characterization of the spatial direction of innovation advances the directed technical
change literature in macroeconomics (e.g. |Acemoglu, (1998, 2002} 2007), which has focused exclusively on
the sectoral direction — how profit incentives direct innovation toward technologies that complement par-
ticular factors of production, for example between automation and the creation of new tasks (Acemoglu

and Restrepo, 2018) or between clean and dirty technologies (Acemoglu et al., [2016)). In that literature,



the direction of innovation is governed by factor endowments, the elasticity of substitution between factors,
and the structure of innovation costs. I extend this concept to the spatial dimension, where the direction of
innovation additionally depends on the spatial network of trade and technology diffusion, creating a richer

set of forces that shape where innovation occurs and how it affects aggregate growth.

2 A Spatial Growth Model with Endogenous and Directed Innovation,
Technology Diffusion, and Worker Mobility

This section introduces directed innovation into a quantitative spatial model. The model has two main
components. First, I integrate endogenous innovation and technology diffusion at the level of individual
ideas, the fundamental unit of the Eaton-Kortum world. Specifically, I leverage tools from |Eaton and Kortum
(2024) to introduce imperfect competition and endogenous innovation in |Lind and Ramondo| (2023a} 2024)’s
quantitative trade model with idea diffusion. This structure allows equilibrium trade and technology diffusion
flows to determine innovation incentives. Second, I incorporate dynamic worker mobility across regions,
sectors, and between production and research, extending |Caliendo et al. (2019). This component allows
workers to respond to differential innovation incentives across regions and shape the spatial distribution of
innovation. In turn, innovation raises productivity and influences trade, wages, and welfare through the first
component. Thus, in the model, shocks to economic fundamentals reshape spatial patterns of innovation,

which then influence aggregate growth and welfare.

Formally, the economy consists of N regions, indexed by r,0,d, corresponding to the locations of innovation
or research (), production (o for origin), and consumption (d for destination). Sectors are indexed by k and
s, and there are two types of economic activity: goods production (G) and research (R). Time is continuous:
t* denotes the time at which ideas are produced through research, and ¢ denotes the time at which goods
are produced and consumed. The equilibrium objects and central mechanisms of the model are presented

as lemmas, propositions, and corollaries, with proofs provided in Appendix [A]

2.1 Microfounded Innovation and Technology Diffusion

In each region and sector, there is a unit continuum of immobile firms. At each time ¢*, these firms hire local
innovation workers to conduct research, discovering ideas from a stochastic process with rate )\’f.’t*dt I
assume that /\fﬂf* depends on the region’s fundamental research productivity, sector-specific national research
productivity, and the local supply of inventors. Importantly, all subsequent results in the model hold for an

arbitrary specification of )‘f,t*-

Each idea pertains to the production of a specific good v on the unit interval [0,1] and has stochastic quality

determined on discovery, such that the aggregate number of ideas discovered in region r with quality above

2)\7’f7t* may be thought of as the output of the research production function.



q by time t is drawn from a Poisson distribution with mean parameterﬁ

t
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After an idea is discovered in region r at time t*, applications of the idea arrive via independent stochastic
processes in every regionlﬂ Each application has stochastic applicability determined on arrival, such that
the aggregate number of applications of this idea in region o at time ¢ with applicability above a is drawn

from a separate Poisson distribution with mean parametelﬂ

A - * 0 _%
)‘ro,t*t(a) =a : QTo,t* (t —t ) (1 — g . (2)
From this distribution, the expected number of applications of the idea above a to ever arrive in region
ois I (1 — g)—g a % Qo (t — t*)|§| is the share of applications that have arrived in region o by time ¢
and represents any function of the idea’s age t — t* with Q : [0,00) — [0,1] and tlir? Qro(t —t*) = 0,
_>' *

. _ . A, o o+ (t—1%)
tlgrolo Qo+ (t —t*) = 1. Intuitively, —>2r—=

applications. I assume that idea fertility declines exponentially with idea age, following [Eaton and Kortum
(1999); [Lind and Ramondol| (2024)), as formalized below:

captures the density or fertility of the idea in creating new

Assumption 1. Idea diffusion occurs exponentially over the idea’s age, such that:
Qpoge(t —1°) =1 — e Oror (=), (3)

with Q- (t —t*) =1 (i.e. by setting e orr=(=) 5.0 for all t > t*).

This assumption strikes a balance between two extremes: instantaneous diffusion, where new ideas are
disproportionately weighted, and linear diffusion, where older ideas continue to generate numerous new
applications over time. In particular, the speed of exponential diffusion is governed by the diffusion lags
Orot. A decrease in the common component d;+ across all region-pairs over time captures, for example,

reduced communication costs.

3Note that I omit the sector superscript k in this equation and what follows since the microfounded structure of innovation
and technology diffusion is independent across sectors.

4This arrival of applications captures technology diffusion at the level of individual ideas.

5T provide microfoundations for the Poisson distributions of idea quality and applicability in Appendix

SNotice that Qy.o.¢+(t — t*) could be parameterized as a function of trade and migration flows at time ¢, mimicking Buera
and Oberfield| (2020) and |Cai et al.| (2025)). Because innovation and technology diffusion are fundamentally connected at the
level of individual ideas in my model, for any arbitrary function Qo ¢+ (t —t*), the technology diffusion network then influences
innovation rates through the expected value of individual ideas, as shown in Section 23] below. This impact cannot be obtained
when innovation and technology diffusion are modeled as separate processes.



2.2 Evolution of Technology Levels, Production, and Trade

The discovery and diffusion of individual ideas generate aggregate trade and technology adoption flows across

all region-pairs.
2.2.1 Production of Individual Goods

In each region o, local firms produce each individual good v using only labor and the most efficient idea
application for that good. The efficiency of applying idea i to good v is the product of its quality and its
applicability in that region. Accordingly, the productivity of producing good v in region o at time ¢ is:

Zot(v) = max{q; - @i} (4)

where ¢; denotes the quality of idea ¢, and a;,; denotes its best applicability in region o at time ¢.

Given the stochastic microfoundations of innovation and diffusion detailed in equations —, the pro-
ductivity of each individual good z,+(v) is drawn from an endogenous multivariate Fréchet distribution.

Formally:

Lemma 1. Given that each idea is discovered at time t* at a unique discovery location, idea applications
have quality and applicability drawn from the Poisson distributions in equations — respectively, and their
efficiency is multiplicative in quality and applicability [equation , the joint productivity distribution of
individual goods across regions at each time t is multivariate Fréchet and given by:

N . [N s
PlZis <z,....,2ZN+ < zn] =exp | — Z/ ZQ”’:“ (t—1t") 2 1”] Ap = dt” (5)
0=177" [r=1

where p=1— g < 1, and the marginal productivity distribution in each region is Fréchet and given by:
P[Zos < 25| = exp {fTQtzo_ﬂ (6)

with shape parameter 8 > 0 and scale parameter:

N N
Tor =) Trot =) / Qoo (=) 7P Ao dt”, (7)
r=1 r=1" " ~

technology diffusion innovation

Notice from equation (6]) that the marginal productivity distribution in each region is Fréchet, like in the
canonical Eaton and Kortum, (2002) model [henceforth, EK]. As shown below, this distribution facilitates
closed form expressions for trade shares, enhancing tractability. The region’s mean productivity in producing
individual goods is given by the scale parameter, 75, ;. Unlike EK, this scale parameter is endogenously
determined from the dynamics of innovation and technology diffusion, as shown by equation . Thus,

changes in innovation and technology diffusion patterns following any shock to economic fundamentals



impact trade shares and, consequently, production worker wages and aggregate welfare. Because technology
diffusion is modeled as the arrival of different applications of the same idea, the impact of technology diffusion
on trade shares is governed by the relative variability of idea applicabilities against idea quality, p = g. This
elasticity is captured by the exponent 1 — p in the marginal (equation @ and joint productivity distributions
(equation , ensuring that technology diffusion does not lead to large fluctuations in technology levels and,

hence, trade shares over time.

2.2.2 Aggregation across Individual Goods and Equilibrium Trade Shares

In each region and sector, a representative final goods producer aggregates across these individual goods v
via a Cobb-Douglas function}

1
Yir = exp/ InYy(v)dv. (8)
0

Each individual good v need not be produced in the same region d. Instead, the final goods producer
purchases each good from its cheapest production location, taking into account trade costs. Trade costs are
of the standard iceberg type, such that delivering one unit of any good from region o to region d at time ¢
requires shipping 7,4; > 1 units of the good, with 7,,: = 1 for all o, and 7,q¢ < To@ +7ara+ for all o, d, and

d'. Thus, the cost of each good v in region d is the minimum unit cost across all regions:

cdt (V) = min {T()d’two’t} (9)

© Zo,t(V)
where w,; is the wage of production workers in region o at time t.

Consequently, the equilibrium trade shares are given by the share of goods in each destination that are
purchased from different production locations. Because the productivity of each good is drawn from a
multivariate Fréchet distribution, as shown in equation , these trade shares can be expressed in closed

form. Formally:

Lemma 2. Given that the productivity of each good is drawn from the multivariate Fréchet distribution in

equation (), equilibrium trade shares are given by:

N N t
*
Tod,t = E Trod,t = E / Qbrd,t*t : Polrd,t*t dt (10)
_ —_ J—o0 S~ ~——
r=1 r=1 share of goods in d at t share of goods in d
using tdeas from r at t* produced in o at t

(idea market shares) given ideas from r at t*
(conditional idea
adoption shares)

"The Cobb-Douglas aggregator implies that every good is essential for the production of the local sectoral final good, so
the monopoly price for each individual good is infinite. Thus, under Bertrand competition introduced in the next subsection,
the price charged for every good is a markup on the second lowest cost, simplifying the computation for the expected value of
an individual idea. With a CES aggregator, the price of each good is the minimum between the second lowest cost and the
monopoly markup of the lowest cost, as shown in |Bernard et al.| (2003]).



with the idea market shares given by:

i; tp*t>‘7‘ t*
Prapet = ) (11)

Z/ ’d t't ’t’dt

where I define the idea market access term ®,.q 1+ as:

0

(I)rd,t*t = Z QTo,t* (t - t*) (wo,tTod,t)_ 1=p (12)
0

and the conditional idea adoption shares given by:

6
Qo (t — ) (WotTod,t) =*
Polrdt*t = = e 0 - (13)

<])\’f:1 Qro’,t* (t - t*) (wo/7t7—o’d,t)_ 1=

The trade shares in equation illustrate the interconnections between innovation, diffusion, and tradeﬂ
Unlike standard trade models, where all goods are produced where their ideas originate, this model separates
innovation and production locations. Consequently, trade shares are represented as the sum of trilateral
shares, .44, across all innovation regions r. These trilateral trade shares denote the share of goods sold
in destination region d that were produced in origin region o using ideas discovered in region r. Because
the discovery time of an idea, t*, may differ from the time of production, trade, and consumption, ¢, and
because ideas are not perfect substitutes, it is necessary to distinguish goods produced from ideas developed
at different times. Accordingly, the trilateral trade shares at time ¢ are expressed as an integral over all idea
cohorts t* < t: oy = ft

Trod,t*t dt*. The trilateral share for each idea cohort, m,.,q4+¢, exhibits a nested
structure because productivity is drawn from a multivariate Fréchet distribution with correlation across idea
discovery locations. Specifically, the trilateral share for each idea cohort equals the share of goods ¢4+ sold
in destination region d at time ¢ using ideas developed in region r at time t* (idea market shares) multiplied
by the conditional probability ¢,|,q+; that region o is the lowest-cost location for producing these goods

(conditional idea adoption shares).

By aggregating the conditional idea adoption shares in equation across different destination markets d,

we obtain the (unconditional) idea adoption shares:

[%

Q t* t—t%) (w tTod,t T 1-p
Pro,t*t = Zﬂ-ohd,t*t = Z rou ) (oTods) _0_ (14)
d d Z Qro’ t* t —t* ) (wo’,tTo’d,t) 1=p

This expression represents the share of successful ideas discovered in region r at time t* that were adopted

in region o for production of the corresponding goods at time t. A “successful idea” here refers to one that

8Note that the trade shares depend only on the probabilistic assumptions of technology (i.e. the Poisson distributions for
idea quality and applicability in equations [1| and [2| respectively) and are independent of market structure. This is because
each destination always sources goods from their cheapest location, a fundamental result highlighting the flexibility of the
Eaton-Kortum world.



resulted in a good sold in at least one destination market at time t.

2.3 Market Structure, Prices, Profits, and Innovation Worker Wages

I now introduce incentives to innovate through imperfect competition. Specifically, in each region and sector,
firms hire innovation workers and own their ideas. These firms engage in Bertrand competition, where the
lowest cost producer of each good claims the entire market for that good, charging the highest markup that

deters any competitor from entering.

2.3.1 Prices and the Markup Distribution

Since all goods are essential in the production of the local final good (equation , the price of each good is

its second lowest cost. Aggregating across all goods yields the price index in each region. Formally:

Lemma 3. Given Bertrand competition and the Cobb-Douglas aggregation of goods in each region and sector

(equation @, the price index in region d at time t is:

N t -
S ] o
—00

r’'=1

SN

Pd,t—’Y[

where 7y is the Euler-Mascheroni constant.

Additionally, the markup for each good is the ratio of the second lowest cost to the lowest cost. Since idea
quality is drawn from a Pareto distribution, the ratio of the highest to second highest quality draw is Pareto
and scale invariant. Consequently, the markup distribution is Pareto and invariant across regions and time.

Formally:

Lemma 4. Given Bertrand competition and the Cobb-Douglas aggregation of goods in each region and sector
(equation @, the markup distribution is Pareto and invariant across idea discovery time t*, production
time t, idea discovery location r, origin o, destination d, and sector k:

2

S < m\C(z) = 02] =1-m™. (16)

(2)/(1) =
G (m)=P o0

This distribution coincides with that in a setting without technology diffusion because I assume that only
the most efficient application of each idea can be used to produce its corresponding good (see equation .
Consequently, Bertrand competition occurs across ideas, not across multiple applications of the same ideaﬂ
This invariant markup distribution is crucial for deriving closed-form expressions for aggregate profits and

the expected value of individual ideas within each region-sector.

T impose this simplifying assumption because I interpret technology diffusion in my model as primarily occurring within
firms, to capture the effects of firm spatial expansion. This interpretation is also consistent with strong intellectual property
protections. Allowing for both within- and across-firm diffusion, and hence competition across different applications of the same
idea, may be more appropriate in an international or developing-country context.



2.3.2 Profits and Innovation Worker Wages

Specifically, the invariant markup distribution implies that all firms in sector k selling in destination d charge
a markup drawn from G2/ m(m) Consequently, the total profits earned from selling in destination d,

irrespective of the locations of innovation and production, are given by:

1 1 0 1 x
Hay = Xd,t/ 1- dv = Xd’t/ 1— ——dGA/ M p) = dyt
0 1

m(v) m(v) T 1+ (17

where Xg; is the total spending by production workers and inventors in region d at time ¢ and given
by equation . Because the markup distribution is identical whether conditional or unconditional on the
production location, profits earned by firms from selling their goods can be arbitrarily assigned to production,
innovation, or a combination of bothE I now make assumptions on how these profits are allocated and

subsequently paid to individual inventors.

Assumption 2 (Allocation of Profits from Sales).

(i) There is perfect intellectual property protection, such that all profits from sales are allocated to innovation;
(ii) At every instant, firms invest their profits in risk-free assets, which are produced using the same tech-
nology as final goods in each regiorB and do not depreciate over time. Firms compensate the inventors they

hire with wages equal to the expected return of their innovation efforts.
Given Assumption (i), the expected value of an idea is formalized in the following lemma:

Lemma 5. Given Bertrand competition, the Cobb-Douglas aggregation across individual goods (equation @),
the time- and region-invariant markup distribution (equation @), and the allocation of profits from sales

(Assumption[d(i)), the expected value of an idea in region r and sector k is:

N
()
Vigs = / ety Prdee o Xae o By, (18)
’ t* )\T,t* 1+ 0 Prt
d=1 N , ——

share of profits earned p?joﬁts earned  accounting for

in region d at time t 0 Tegion d changes in

by an idea discovered bat %mj t purchasing power

in region r at time t* Yy ace waeas over time

where 0 is the trade elasticity, ¢ is the discount rate, and ¢rq+¢ 5 the idea market share.

The expected value of an idea is given by the present discounted value of the trajectory of profits for all
t > t* during which the idea is used. The first term captures the probability the idea developed in region

r at time t* results in a good sold in destination market d at time ¢, the second term represents the total

OFormally, to derive the unconditional markup distribution across all ideas, we need to integrate the conditional markup
distribution G®/ (1)(m) over all values of the second lowest cost co. However, since this conditional distribution is independent
of ¢z, it is exactly equal to the unconditional markup distribution.

" Consequently, my model is consistent with any structure of intellectual property protection or technology licensing, nesting
Hemous et al.| (2025).

TZThis structure mirrors the investment good technology in Kleinman et al.| (2023), ensuring that the market clearing condition
in each period (see equation is solely determined by contemporaneous variables.

10



profits earned in destination market d at time ¢t by all ideas, while the third term accounts for changes in

purchasing power over time.

Given Assumption (ii), wages of inventors are simply the product of the expected number of ideas they
discover, as described by the idea production function in equation , and the expected value of each idea
in equation . Formally:

kR _ )‘713,

.
Wt = 7L R
rt*

VE.. (19)

2.4 Consumption, Market Clearing, and Production Worker Wages

At each time ¢, production workers and inventors have identical Cobb-Douglas preferences over local final
goods from each sector, with (¥ capturing the expenditure share on goods produced in sector k. Given these

preferences, the market clearing condition at each time t is formalized in the following lemma:

Lemma 6. Given the allocation of profits from sales in Assumption[d, the combined goods and innovation

market clearing condition at time t is given by:

9 Wy Loy = E Tod ¢t E wy Ly + E (pilr,tgwi,tl’i,t (20)
d r

S

where 7T]O€d7t are the trade shares from equation , cpflr’t are the idea adoption shares from equation ,
k

wg 4 are the production worker wages, and L’g’t s the number of production workers.

In particular, total expenditure in region d on sector k goods is given by:

1

k k

Xdar=1 [Z (wfi,t[/i,t + Z (pfir,tewi,t[’?s",t>] . (21)
S T

Since profits earned from production are a constant multiple of the income earned by production workers in

the region-sector, and firms reinvest their profits in the same period to produce assets, neither profits nor

wages of innovation workers appear explicitly in the market clearing condition. Consequently, I omit the

superscript G for wages and labor to reduce notational burden.

2.5 Dynamic Worker Mobility

To allow innovation and production wages (equations|19/and respectively) to shape the spatial and sectoral
directions of innovation, I introduce worker mobility across regions and sectors and between production and
research. Mobility decisions are dynamic, capturing how anticipated future opportunities influence current
mobility decisions. I denote worker occupations h,n to represent either production (G) or research (R).
Because continuous-time mobility complicates the separation of current and future payoffs, I impose the

following assumption on the timing of migration:
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Assumption 3. A Poisson arrival process with rate 1 governs when all workers can mowve.

In anticipation of when a move arrival occurs at some t’, workers decide where to migrate to, which sector to
work in, and whether to engage in production or research based on the present value stream of utility minus
the associated mobility costs from their current region, sector, and occupation. With perfect foresight, the

optimization problem of a worker in region d, sector k, and occupation h at time ¢ is:

, k:h
¢
kb 1 ( [snD ks,hn | s
Vgt —gngg E, t Pdt + 1+CEt E. Uy Bioy T ot (22)

where ﬁ:l;;?” are the costs of moving from region d, sector k, and occupation h to region o, sector s, and
occupation n, ¢ is the discount rate, eiz? is an individual-specific idiosyncratic shock in each potential
destination region-sector-occupation, E; (-) is the time-t expectation over future state variables, and E, (-)
is the expectation over the agent’s future realizations of the idiosyncratic shock. At each time ¢, I assume
each individual-specific idiosyncratic shock eot is drawn from a multivariate Gumbel distribution with the

following cumulative distribution function:
¥ v
" ) 3:17"'7K; n:{GvR} — ) v
Flann ) —en |- [ X (Sew ) |} @
where v is the elasticity of worker mobility across regions and sectors, and % is the elasticity of worker

mobility between production and research.

Lemma 7. Given individual-level worker mobility decisions defined by equations —, the expected

value or lifetime utility of a representative worker in labor market (d, k,h) is given by:

N

Vd]fgh =E. {vs H = [E; log

2.2 (Zexp<1+g ost?‘—ﬁfli:?”)z)U] (24)

t Pd,i

aggregate mobility shares of workers from (d, k,h) to (o,s,n) are given by:

ks,hn __ E . ks,hn ks,hn
dot — Mdo ¢ | = Hdot |Ndo y Hdo i
x xjv
= ks,hn’\ v
1 yssm ks,hn '\ v exp( 57 — K, )
exp (1+<Vo,t' ~ Kot ) [Z Vo dojt (25)
T 0
s n’ ks,hn’ \ v s'.n’ ks’,hn’ v
Z exp <1+( ot’ - ’{do,t ) Z E |:Z exp <1+C Vo’ v do’,t ) :|
o s Ln/
switching between production and research migration across regions and sectors

and the worker population in (o,s,n) evolves as follows:
ks,hn  k,h
Lo =32 D  tane " La- (26)
h k d
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2.6 Endogenous and Directed Innovation

Up to this point, the Poisson arrival rate of new ideas (or innovation levels) /\f,t* has been treated as
exogenous. I now endogenize it, allowing the supply of innovation workers to shape local innovation levels

and thereby completing the link between worker mobility and the spatial direction of innovation.

Formally, I specify:

ko _ k k k,R
M= Ay - AL TR, LRE (27)
N~ ~~ ~—~— ~—~—
fundamental  sector-specific sector-specific number

research national research technology level of inventors
productivity  productivity in region r
in region r

The first term represents the region’s fundamental research productivity. The second term captures sector-
specific research productivity. The third term is the region—sector technology level T f’t*; linearity in this
term connects the model to single-region endogenous growth models such as Romer (1990)@ The fourth

term is the number of innovation workers in the region and sector.

2.7 Definition of Equilibrium

Given an initial distribution of technology levels {Tgfo}ﬁszl and workers {Llj’g 2\7:[1(1@{517;}’

. : . N;N;o0 . o ks,hay N;N;00; K K3 {G, R}
trajectories of bilateral trade costs {Toq,},2 .4 1..—¢- Pilateral migration costs {K,;" },2 1. 0ot 420ke1.5=1:ha>

bilateral diffusion lags {doq,¢+ }f)V:JIVdOZOI 40> fundamental productivities in idea production {4, A% }i\!(ko:ol =0
and fundamental parameters and elasticities {0, 0, v, Y, ¢, «, (}, the dynamic competitive equilibrium is
defined by a trajectory of values, wages, prices and labor allocations {V,w, P, L} that satisfy the bilateral
migration shares and evolution of worker populations (Lemma , innovation levels (equation , evolution
of technology levels (Lemma (1| equation @, bilateral trade and idea adoption shares (Lemma [2[ equations

and [14)), price indices (Lemma [3)), returns to innovation (Lemma [5]) and market clearing condition (Lemma

[6).-

13 Alternatively, replacing T ¢+ with Tf 4+ with 8 < 1 would yield semi-endogenous growth, as in many single-region growth
models pioneered by |Jones| (1995); [Kortum| (1997)).
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3 The Spatial Direction of Innovation: Drivers and Aggregate

Consequences

The model integrates two building blocks — idea-level endogenous innovation and technology diffusion, and
dynamic worker mobility — that together generate directed innovation across space. Here I formally char-
acterize this concept in partial equilibrium, extending directed technical change (Acemoglu, 2002)) from
sectors to space. I then derive the balanced growth and transition paths, providing a system of equations
that characterize the spatial direction of innovation in general equilibrium. Finally, I use these paths to de-
compose the welfare impact of any shock to economic fundamentals into its transitory and long-run growth

components.

3.1 Spatial Direction of Innovation

I combine the research production function (equation with the expression for inventor wages (equation

19)) to characterize how profit incentives direct innovation across regions:

Proposition 1. The spatial direction of innovation is governed by the ratio of sector-specific inventor

real wages across regions, given as follows:

kR & o0 L —((t—t") N brd,e*t Yau
Wit Apge Ty D o T (28)
kR A ’ Tk ) 00 * N Gprg it Y, 1
, o . *C t—t r'd,t*t Ld,t
Wys g T/, it ft* e C(t—t7) D i1 X gx 140 P, dt
fundamental  polative ~
research technology relative erpected
productivity levels value of an idea

The higher the ratio in equation , the greater the returns to innovation directed toward region r relative
to region r’. Within each sector, three main factors shape the incentives to innovate across space: (i) time-
varying fundamental research productivity; (ii) relative technology levels; and (iii) the relative expected value
of an idea discovered in that region and sector. The third factor comes from equation and depends
on the region’s idea market shares, which capture the probability that a locally discovered idea is used in
each destination market, and on the size and price level of those markets. Intuitively, an idea’s market
share is higher when it diffuses to many low-cost production locations that have good trade access to large
destination markets. Any increase in the ratio in equation following a shock to fundamentals — driven
by one or more of these factors — induces innovation workers to move from region r’ to region r, thereby

raising innovation in r relative to 7’ through equation (27)).

Because this ratio captures inventor real wages in partial equilibrium, it highlights the key forces shaping
where innovation is directed. However, inventor real wages are jointly determined in general equilibrium
together with technology levels, labor allocations, prices, and idea market shares in equation . Conse-
quently, inventor real wages — and thus the spatial direction of innovation — are also indirectly influenced

by many other factors in the economy, such as production worker wages across all regions. Appendix
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presents the corresponding wage ratio that governs the sectoral direction of innovation.

3.2 Balanced Growth Path

The balanced growth path has a block-recursive structure that distinguishes and connects the causes and
consequences of the geography of innovation, while establishing a direct link between quantitative trade and
spatial models and endogenous growth models in macroeconomics. The following proposition formalizes this

structure:

Proposition 2. Along the balanced growth path where all equilibrium variables grow at constant (but

possibly different) rates:

(i) The growth rate of technology in each sector g* is identical across regions and determined by the solution

to the following system of equations:

t
gFe 0" I (¢ — +¥) P dr (29)

Tht) = ST ) /

where vF is the endogenous region-sector-specific innovation rate. In matriz form, this equation is given by:

[e.9]

gT* = A¥(g)T* (30)

where TF is an N x 1 vector with representative element T and A*(g) is an N x N matriz with representative

element:

Ak (%) =~ / gFe9"Q,0(a)" P da.
0

Thus, g* is the Perron-Frobenius root of equation with relative technology levels T corresponding to the
Perron-Frobenius eigenvector that is defined up to a scalar multiple;

(ii) Production worker wages, inventor wages, and the distribution of workers across regions, sectors, and
occupations are constant, prices are falling at rate g, = % Dok FgF . and the expected value of workers is rising
at rate g, = %% k Lkgk.

Regarding aggregate consequences, part (i) of the proposition shows how any arbitrary steady-state geog-

k
raphy of innovation rates (v = A ) and region-pair idea diffusion speeds (d,,) can generate a balanced

Tk
growth path characterized by pargﬁel growth at the sectoral rate g*, alongside persistent level differences
in technology T* across regions for each secto Part (ii) shows how the sector-specific technology growth
rates (g’“) determine the rate at which prices fall and, consequently, the growth rate of workers’ expected
value on the balanced growth path. This price decline parallels standard macroeconomic growth models.
However, unlike those models, the rate at which prices fall here depends on the entire spatial distribution

of innovation, rather than solely on the aggregate innovation rate.

Regarding causes, part (i) implies that the steady-state geography of innovation rates () is determined

by the steady-state distribution of workers, which in turn is shaped by the exogenous fundamentals of the

14This result arises because the Poisson arrival rate of ideas depends linearly on technology levels (see equation .
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economy, including bilateral idea diffusion speeds, migration costs, trade costs, and research productivities.
The equilibrium expressions for innovation rates, inventor wages and other variables are provided in Appendix
In steady state, the trade and production block of the model mirrors a standard quantitative trade
model. Since any arbitrary steady-state geography of innovation rates is consistent with the balanced growth
path described above, my framework can readily accommodate various mechanisms that drive the geography

of innovation in different contexts.

3.3 Transition Path

I now characterize the transition path, which governs how the spatial distribution of workers and hence the
spatial direction of innovation evolve following shocks to fundamentals. I assume the economy is initially on
a balanced growth pathlﬂ and characterize its transition to a new balanced growth path following shocks to
fundamentals at time ¢ = 0. To discretize time and align the model with observed annual data, I strengthen

Assumption [3] as follows:

Assumption 4. A Poisson arrival process with rate 1 governs when innovation, production, consumption,

and migration occur across all agents and all regz'onﬂ.

This reinterprets /\fﬁ as the total number of ideas discovered in region r and sector k during the discrete
time period t*, and allows me to extend the dynamic hat algebra methodology of |Caliendo et al.| (2019))
to simulate the transition path without information on levels of migration and trade costs. I introduce
the following notation. Let T denote the set of times at which innovation, production, consumption, and
migration occur. For any variable z, let Z; = x;e 9! denote its detrended value with growth rate g,,
and Ty = %’ its change over time. Let u = exp(V). The transition path can then be obtained given
the trajectory of changes in migration and trade costs — as opposed to levels — alongside levels of research

productivity and diffusion lags. This characterization is formalized in the following proposition:

Proposition 3. Given an initial distribution of workers, wages, technology levels, and migration and trade
k k ks.hn k N§N;K;K§{G7R} . . X . .
shares {Lo,mTo,o:Mod:o ’ﬂOd’O}o—l-d—l-k—l-s—l-hn’ erogenous trajectories of changes in migration and trade
o ,’ 7 7_ 7 Ckshn . & N;N;N;K;K;{G,R};00
costs, research productivity, and bilateral diffusion lags {’iodjt s Todts Ay 45 57,0,15} , the
. ’ ’ o=1;d=1;r=1;k=1;s=1;h,n;t=0
transition path of the economy is characterized by the evolution of the distribution of workers for all

¢t > 0:

15This assumption substitutes for historical data on innovation levels and diffusion speeds from time —oo to 0, enabling
computation of trade shares at all time periods.

16This assumption also ensures that workers’ expected values are equalized across regions, sectors, and between production
and research when innovation and production occur. An alternative, stronger assumption is that all these activities occur only
at the beginning or end of each year. In expectation, both assumptions are equivalent.
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where at each time t innovation levels are given by equation and technology levels by:
k,R
)\kt — Ak* Arr- t*Tk *Lr7t*

Tft—Z N Qe (b= )P0 (34)

r=LtxeJt
the trade equilibrium is given by: o 11-p
e _% 0 gk k.G L T 1-p )\k
N Qo (t —t*) (w7 Tk s > Qo (t —t7) (w0 Wyt Tro ¢ b
& T0,t ot dt o ’
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where the market clearing condition comes from equation , and the wages of inventors, returns to inno-
vation and the probability that goods sold in destination d at time t' use ideas discovered in region r at time

t are given by:
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the growth rate of prices is g, = —% Dok FgF and worker value is g, = 12‘—4% >k FgF, with g* as the Perron-

Frobenius root of equation , as described in Proposition @

The equilibrium conditions on the transition path reveal a recursive structure: worker mobility (equations
determines innovation levels (equation , which determine technology levels and the trade equilibrium
(equations , which determine profits and inventor wages (equations , which in turn shape worker
mobility. This recursive loop, which links worker mobility to innovation to trade and back, is what allows

this model to capture endogenous and directed innovation in a spatial setting.

A key implication of gradual technology diffusion is that trade shares depend on the entire history of past
innovations (equations , not just the contemporaneous technology stock. To maintain the practical
advantage of dynamic hat algebra — requiring only changes in trade costs rather than levels — this history
dependence requires two additional sets of initial conditions. First, assuming that the economy is on a
balanced growth path for ¢ < 0, the technology stock at t = 0 serves as a sufficient statistic for the trajectory
of innovation levels for ¢ < 0. Second, data on wages at ¢t = 0, along with trade shares and technology levels,
allow for the recovery of initial trade costs from equation . Simulating the transition path for ¢ > 0
then requires only information on changes in trade costs over time, since these changes can be converted to

absolute levels given initial trade costs["|

3.4 Welfare Impacts of Shocks to Economic Fundamentals

Given the balanced growth and transition paths, I now decompose the welfare impact of an arbitrary

anticipated sequence of counterfactual changes in fundamentals into its transitory and long-run growth
Ty Dy [T
Ty w/xe

components. Let £ denote the counterfactual path and 7y = denote counterfactual changes for
any variable z. Define the welfare impact in market (d, k,h) of an anticipated sequence of counterfactual

changes in fundamentals from time ¢ = 0 as the compensating variation in consumption for market (d, k, h),

"The trade equilibrium does not incorporate detrended variables because production worker wages remain constant on the
balanced growth path and can be determined independently of the sectoral price index, which declines over time. As a result,
prices can be detrended after computing the trajectory of trade equilibria, which streamlines the numerical algorithm.
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log 6§’h, given by the following equation:

t/
kb kb 1 kh
Vi =Vl + > <1+<) log o5".

teTee

Using this notation and definition of welfare, the impact of an anticipated sequence of counterfactual changes

in fundamentals is given by the following proposition:

Proposition 4. Given the transition and balanced growth paths, the welfare effects in each market (i.e.,

region-sector-occupation) of an anticipated sequence of counterfactual changes in fundamentals are given by:

¢ oy
k,h 1 wd,t 1 1 k{ k k
on (0) = 3 (i) o B ) A () @
VET., Pie (T \YT( khihhy gk P
R — ('udd,t> Hadt 1Hddt
change in
future

detrended
real wages

growth effects

change in option value of moving

Local and aggregate welfare are defined as the population-weighted average of the welfare impacts in the

relevant markets.

There are two key differences in this welfare expression compared to |Caliendo et al.| (2019)). First, the option
value of moving is determined by both the own-migration share across region-sectors and the conditional
own-migration share across occupations, because workers’ idiosyncratic preferences for each occupation
are correlated across region-sectors. Second, the welfare expression accounts for long-run growth, since a

counterfactual change in fundamentals affects both transitory and growth outcomes in my model.

3.5 Model Extensions

My dynamic spatial model microfounds innovation and technology diffusion within the Eaton-Kortum world.
Consequently, it is highly tractable and can accommodate a broad range of extensions. These include
dynamic worker sorting, input-output loops, capital accumulation, and the inclusion of amenities with

congestion and agglomeration in goods production, as demonstrated in Appendix
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4 Application: The Changing Geography of American Innovation

I now apply the quantitative framework to examine the causes and consequences of the changing geography

of innovation in the United States in general equilibrium.

4.1 Empirical Context

A large literature has studied the geography of innovation, documenting where patents and inventors are
located and the role of agglomeration economies, knowledge spillovers, and human capital in shaping these
patterns (Jaffe et al.l 1993 |Audretsch and Feldman) [1996; Moretti, 2021). A striking finding, documented by
|Andrews and Whalley (2022) and Tan! (2026), is that the spatial concentration of patents across Commuting

Zones (CZs) in the US remained approximately constant or fell slightly between 1976 and 1990 but rose
sharply thereafter. further shows that this rise is concentrated in CZs with high initial shares
of college-educated workers, and conducts progressive decompositions — by technology field, subfield, and
firm — to trace the aggregate trend to the compositional shift in innovation toward ICT and the growth of
high-skill CZ firms, i.e., firms that initially concentrated innovation in high-skill CZs. Figure [1| reproduces
two key patterns from (2026): the left panel plots the locational Gini coefficient of patents over time,
showing the sharp post-1990 rise, and the right panel plots changes in patents per capita against the 1990
college ratio across CZs, showing that the increase is concentrated in high-skill regions.
Geographic Concentration of US Innovation, 1976-2018 College Concentration Predicts Innovation Growth

Locational Gini coefficients across commuting zones Absolute change in patents per capita vs. 1990 college ratio across CZs
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Figure 1: The rising spatial concentration of innovation in high-skill regions after 1990. The left panel plots annual
locational Gini coefficients of patents and inventors relative to population from 1976 to 2018. The right panel plots
the absolute change in patents per 1,000 population between 1986-1990 and 2013-2017 against the 1990 college ratio

across CZs. Source: .

20



The rising concentration of innovation in high-skill CZs reflects both demand- and supply-side forces. On the
demand side, the growth of ICT and the expansion of firms that initially concentrated innovation in these
regions created innovation incentives in high-skill CZs (Tanl 2026). On the supply side, college-educated
workers increasingly sorted into cities with already high college shares from 1980 to 2000 (Moretti, 2013}
Diamond, 2016} Diamond and Gaubert}, |2022)), expanding the pool of potential inventors. Figure [2| shows
that this sorting occurred primarily before 1990 — before the sharp rise in innovation concentration. The
correlation between changes in the college ratio and the initial college ratio peaked sharply around 1990
(left panel), driven by college-educated workers disproportionately moving to high-skill CZs during the
1980s (right panel); both correlations fell substantially after 1990. This supply of skilled workers may have
created the human-capital foundations that enabled the subsequent growth of ICT-oriented firms and their
innovation in these regions. Because supply and demand are jointly determined in equilibrium, disentangling
their contributions requires the general equilibrium model.

Rolling: A log(College/Non-College) on Rolling: A Log CZ Population by Education
Initial Log College Ratio on Initial Log College Ratio
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Figure 2: Worker sorting toward high-skill CZs. The left panel plots the rolling correlation of changes in the log college
ratio with the initial college ratio for each decade from 1980 to 2018. The right panel plots the same rolling correlation
separately for changes in log CZ population of college-educated and non-college workers.

Beyond decomposing the drivers of the post-1990 rise, a key open question is what the aggregate consequences
of the rising spatial concentration of innovation have been for growth and welfare. Greater concentration
could raise aggregate innovation output if agglomeration economies amplify research productivity (Moretti,
2021)), but it could also reduce welfare in regions left behind. The general equilibrium model allows us to

move beyond aggregate innovation output to quantify effects on aggregate growth and welfare.

4.2 Quantification Strategy and Data

To apply the general framework of Section [2] to the changing geography of American innovation, I specify

the ICT shock through two exogenous components, describe how the model endogenously generates the
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observed spatial patterns, and summarize the data and calibration strategy.

The ICT Shock. The ICT shock enters the model through two exogenous components: (i) a one-time
increase in the national productivity of ICT innovation A{%g, reflected in the Poisson arrival rate of new ideas
in the ICT sector (second term of equation . This ensures that ICT innovation levels rise in all regions
relative to a scenario without the shock, generating a compositional shift of innovation toward ICT; and (ii)
a decrease in the national component of bilateral diffusion speeds d;+, representing reduced communication

costs (application of Assumption [1]).

Model Mechanisms. The two exogenous components endogenously generate the observed spatial patterns
through three channels. First, the one-time increase in ICT research productivity raises innovation dispro-
portionately in regions where ICT production is concentrated, because idea adoption shares (equation
are higher for locally produced goods. This captures the colocation of ICT innovation with ICT production
in high-skill regions. Second, reduced communication costs — modeled as a uniform increase in bilateral dif-
fusion speeds — disproportionately raise idea market access in high-skill (high-wage) regions, generating an
asymmetric scale effect (Corollary . This captures how ICT-induced firm spatial expansion concentrated
innovation further in high-skill regions. Third, dynamic worker mobility captures how worker sorting toward
high-skill CZs in the 1980s provided the human-capital foundations that enabled the subsequent growth of
ICT-oriented firms, and how the ICT shock further attracted workers to high-skill regions. Technology
diffusion in the model is interpreted as primarily occurring within firms, consistent with strong intellectual

property protections in the US and the role of firm spatial expansion following the ICT shock.

Data. The model can be simulated with several sets of bilateral data and a few key elasticities, as in
standard quantitative trade and spatial models. Patent data from the USPTO provides innovation levels by
CZ and sector, as well as mobility flows between production and research. Bilateral worker mobility flows by
education come from IPUMS USA (Ruggles et al., 2023|) and the Decennial Census, supplemented by IRS
county-to-county migration data and IPUMS NHGIS (Schroeder et al., 2025|) for population by education.
Intersectoral mobility flows come from IPUMS CPS (Flood et al. [2025)). Bilateral technology diffusion flows
are constructed from Dun & Bradstreet establishment data, using the plant network of multi-establishment
firms as a proxy for within-firm knowledge flows. Bilateral trade flows come from the Commodity Flow
Survey, supplemented by BEA county-by-industry wage data. Initial technology levels are recovered by
inverting the model’s trade share equation given observed wages, employment, and trade shares. Appendix
provides full details on data construction.

Calibration and Estimation. Most parameters are calibrated from the existing literature: the trade
elasticity # = 5 (Costinot and Rodriguez-Clarel 2014]), the migration elasticity across regions and sectors
v = 3 (Caliendo et al., 2019)), and the diffusion elasticity p = 0.9 (Lind and Ramondo, [2024). Since the
diffusion elasticity was estimated in an international setting, I simulate the model across a range of values
for robustness. The elasticity of worker mobility between production and research Y can be set at T = 3
mirroring the migration elasticity, or estimated using the constructed mobility flows and inventor wages;

I examine robustness across a range of values. The two exogenous components of the ICT shock — the
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increase in ICT research productivity A{g{% and the trajectory of bilateral diffusion speeds — are disciplined

by the observed time series of ICT patent counts and the bilateral firm establishment network, respectively.
Appendix [C.3| provides further details on parameter estimation. The simulation algorithm, which iterates on
the transition and balanced growth paths using Propositions [2| and |3] is described in Appendix

4.3 Quantitative Results

[To be completed.]

4.3.1 Drivers of the Rising Spatial Concentration of US Innovation

4.3.2 Consequences on Aggregate Growth and Welfare
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5 Conclusion

This paper introduces directed innovation into a quantitative spatial model. I integrate endogenous inno-
vation with gradual technology diffusion at the level of individual ideas within the Eaton-Kortum world,
alongside dynamic worker mobility. Profit incentives endogenously direct innovation across regions through

the interaction of research productivity, gradual technology diffusion, trade, and worker mobility.

The framework delivers three main results. First, I characterize the spatial direction of innovation — the
spatial analog of the sectoral direction of technical change in |Acemoglul (2002) — which governs how profit
incentives direct innovation across regions along the transition path. Second, I show that any steady-
state distribution of innovation is consistent with balanced growth and determines the economy’s long-run
growth rate, connecting quantitative spatial models with endogenous growth theory. Third, I analytically
decompose the welfare impact of any shock to economic fundamentals into its transitory and long-run growth

components.

I apply the framework to the post-1990 rise in the spatial concentration of American innovation, which was
concentrated in high-skill regions and driven primarily by the growth of ICT innovation (Tanl [2026). The
model decomposes the contributions of demand-side forces — changing innovation incentives across regions
through the trade and technology diffusion networks — and supply-side forces — the sorting of skilled workers

toward high-skill regions — and quantifies the aggregate consequences for growth and welfare.

More broadly, the framework’s tractability and generality make it applicable to a variety of empirical settings
beyond the ICT shock studied here.
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A Proofs and Extensions of Propositions and Lemmas

Lemmas [I] to [6] provide the equilibrium conditions that govern endogenous innovation and technology diffu-
sion; Lemma [7] details the equilibrium conditions on dynamic worker mobility; Proposition [1| characterizes
the spatial direction of innovation and; Propositions [2| to 4| decomposes the welfare impacts of any shock to

economic fundamentals into its transitory and long-run growth components.

Specifically, in the proofs of Lemmas [If and [2 T leverage techniques from Eaton and Kortum (2024) to
provide a more general derivation of the multivariate productivity distribution, minimum cost distribution,
and trade shares relative to Lind and Ramondo (2024)). This generalization allows me to introduce imperfect
competition, characterized by the price index (Lemma [3) and markup distribution (Lemma . Along with
worker mobility (Lemma, I thus introduce directed innovation in a dynamic spatial model, characterized by
the ratio of inventor wages across regions (Proposition [1) which incorporate the expected value of individual
ideas (Lemma [5]).

A.1 Lemma 1 (Productivity Distribution)

Proof. 1 first derive the conditional distribution of applicabilities of an idea, then the goods productivity

distribution across all ideas.

(i) Distribution of Applicabilities of an Idea

Microfoundations After an idea is discovered in region r at time t*, independent stochastic processes of

Q /
rate — Q?‘O,t*

the density or fertility of an idea in creating applications evolves with the age of the idea, t — t*.

/
ro,t*

(t — t*)dt govern its diffusion to each of the other regions o # r. Q. _,.(t — t*) captures how

At each instance the idea arrives in region o, its applicability a is stochastic and drawn from a Pareto

1
e -1
HA(a)—l—(a> , a>a, o>0, a-&-I‘(l—Q) )

a o

distribution:

Thus, the probability that each application is greater than a is:

9\ 7
pazl—HA(a):F<1—> a“.

g

The number of applications of this idea in region o that is greater than a by time t follows a binomial

distribution with expectation:

A _
E:Qm’t*(t—t*)‘F<1—> a7 Q&

g

I assume that as the number of applications get arbitrarily large (Q — o0) and the applicability of a typical

idea becomes arbitrarily small (a” — 0), its product converges to 1 (Q - @ — 1). In this limit, the number
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of applications greater than a by time ¢ converges to a Poisson distribution with the same expectation.
Thus, the number of applications with applicability A > a that have arrived in region o by time t of an idea

discovered in region r at time t* is distributed Poisson with parameter:

A
)\A(a) - Mro,tt* a—a’ Mro,tt* = Q7"0,15* (t - t*) - (1 - > 9 a > O>

g

which corresponds to equation in the main text. The expected number of applications of this idea with

—_c
0

applicability above a to ever arrive in region o is I' (1 — g) a~?. The expected share of these applications

that arrives by time ¢ is Q.+ (t — t¥).

Distribution of Applicabilities Using this Poisson distribution, the distribution of the best applicability
of this idea in region o by time t is given by the probability that there is no application more efficient than

a:

. 0\ o
F () = P[4, < a] = e Mo = exp [‘F <1‘) Qrw*(t—t*)"‘_al’ =
’ g

which is a Frechet distribution. Across all regions, the joint distribution of the best application in time ¢ of

an idea discovered in region r at time t* is:

Fqé*t(al, cooany)=PlA; <ay,..., Ay <an| = e~ 20 Mroevao

— exp [—r (1 - 9) S Qe (t— 1) ] ,
g

which is the product of independent Frechet distributions in each region o.

sl A

(44)

(ii) Goods Productivity Distribution

Microfoundations In region r at time t*, ideas are discovered from a stochastic process at rate A, ;dt.

At discovery, each idea ¢ has stochastic quality drawn from a Pareto distribution:

—0
q
and pertains to the production of a specific good drawn from the unit interval. I assume that as the number
of ideas gets arbitrarily large ( fg* Artdt — 00), such that their quality converges to 0 (ge — 0), their
product ge fg* Artdt remains constant. Following a similar argument for the arrival of idea applications
above, the number of ideas with quality greater than ¢ that have been discovered in region r by time t* is

thus distributed Poisson with parameter:

t*
Xey(q) = a7’ / Aredt,
0
which corresponds to equation in the main text.
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After an idea is discovered in region r at time t*, its diffusion to each of the other regions o # r is described
in part (i) above. The efficiency of an idea ¢ to produce the corresponding good v in region o at time ¢ is

the product of its quality and best applicability in region o at time t:
Zi = Qia;qn (45)
where a7 ,; is drawn from equation ([43). Each region o produces each good v with the most efficient idea:

Zot = max {Qia;qt} : (46)

Marginal Productivity Distribution In Each Region Using the definition of idea efficiency in equa-
tion [45] I derive the Poisson process of idea application arrivals in region o incorporating both idea quality
on its discovery in region r and idea applicability on its arrival in region o. The expected number of ideas
with efficiency Z > z in region o at time ¢ is the total number of ideas produced across all regions with

z

quality above ¢ = T where A,; is the best application of the idea in region o by time ¢ and held fixed

when computing q:

N t [e¢)
YOEERDY /0 /O APAFZ (@) Appedt”
r=1

N t g £
0 0\ ¢ 7
-0 * *
= rfi—=)-|r{1-= Qo= (t — 1 A=t 47
Y o B {0 S WP
N t 0
=27) / Qoo (t — 19)]7 Apgedt*
r=1"0

where the second equality comes from the mean of the Frechet distribution F;‘é’tt* (a) in equation (43). Thus
the total number of ideas with efficiency above z in region o at time ¢ is distributed Poisson with parameter
)\it(z): '

i i DB
The probability that the i’th most efficient idea has efficiency below z is the probability that at most i — 1

ideas have efficiency greater than z:

: SYLACN
FZ0(z) = e 3 [t“}
1=0

The marginal productivity distribution in region o at time t is given by the distribution of the most efficient
idea:

Fft(l)(z) =P [Z(()’lt) < z] = exp [—)\it(z)] = exp [—Tovtz_e}
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where:
N t 0
To,t = Z/ [Q'I'O,t* (t _ t*)]; )\T’,t* dt*
r=1 0

which correspond to equations @ and in the main text.

Joint Productivity Distribution I now derive the Poisson process for idea application arrivals across

all regions incorporating quality and applicability, and consequently the joint productivity distribution. The

expected number of ideas with efficiency above z, in at least one region at time t is equivalent to the expected

number of ideas with quality ¢ > min, A , where A, is the best application of the idea in region o at time

t and held fixed when computing ¢:

N t  proo —0
. ZO *
)\tZ(Z]J"”ZN):Z/ / |:m011'1{A t}:| dF;ﬁft*(a]_,...7aN) )\T‘,t*dt

= / / max A{9 } dFrfltt* (@1,...,an) Apg=dt”

N t 0 ‘;‘ o
:Z/ F(1—> r<1—) Zth* (t—t*) A pedt®
r=1"0 g

N t N g
-3 [ty e
r=1 0 o=1

where the second equality comes from solving the integral:

/oo max {Ag }dF wx(al,...,ay) =E {max {AgZD_eH
0

o o

via three steps: (i) computing the distribution of the transformed variable B, = e

-5
IP)(BO < b) =P <AO < b> =P (Ao < bzo) = €xXp [_F <1 - 0) Q7"0,7&* (t - t*) : bUZoU] )
ag

Zo

(ii) computing the distribution of the maximum of the transformed variable across regions o, max, B,:

P (mgxx B, < b) = exp

<1_>929r0t* t_t* U‘bU],

and (iii) computing the moment E [max, BY] using the known formula for Frechet random variables:

E [mngg} —E [(mngo)e] —T (1 - i) lr (1 - §>—g S Qo (t — 1) zo—ff] . .
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Using this Poisson process, the number of ideas with efficiency above z, in at least one region by time ¢ is

distributed Poisson with parameter A7 (z1, ..., zn):

) [)\tZ(Zl,... ,ZN)]II‘

P [I — l] — e*)\tZ(Zl,..A,ZN -
1!

The probability that the ¢’th most efficient idea has efficiency below z is the probability that at most i — 1

ideas have efficiency greater than z:

i—1 VA l
4 N (a,. .
FtZ(l)(Zh C i ZN) = oM (21,2n) E : [M (=1 » 29 )
1=0 :

The joint productivity distribution across all regions at time ¢ is given by the distribution of the most efficient

idea:

SRR

N t N
P[Z) < 21,..., 28 < 2] = FFY (21, ..., 2n) = exp —Z/ > Qope(t—1) - 2,7 | Appedt”|
0 o=1

r=1

which corresponds to equation in the main text. O

A.2 Lemma 2 (Distribution of the Minimum Costs and Trade Shares)

Proof. 1 first derive the unconditional cost distribution, then the conditional cost distribution in each region,

the joint cost distribution, and finally the equilibrium trade shares.
(i) Distribution of the Minimum Cost in each Destination

Each destination sources goods from the cheapest location. Thus, what matters is the number of ideas whose

goods can be delivered to region d below cost ¢ by some region o by time ¢. The expected number of these

Wo,tTod,t

ideas is the expected number of ideas with efficiency greater than z, = in at least one region o:

o

N 4[N

W1,tT1d, WNtTNd, % - *

NGy(e) = A7 (PR, SR = 0y /0 [Zfzm,t*@—t>-<wo,tfod7t> Arg=dt™. (50)
r=1 o=1

Thus, the number of ideas whose goods can be delivered to region d below cost ¢ by time t — regardless of
production and innovation location — is distributed Poisson with parameter /\dcjt(c). Ranking these ideas by
their costs in destination d, CV) < C® < C®) < .., the probability that the ¢’th idea is above cost ¢ is
given by:

!
e (0) i [)\d’z!(c)}

=0
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Thus the probability that the i’th idea is below cost ¢ is given by:

l
| 1 [AG, ()] . -
i X% (¢ |: dt v ¢
G&}%(C)Zl—e d,t()E T:1—P{C§(}’t>c,...,0§vzi’t>0}. (51)
=0

In particular, the distribution of the lowest cost is given by:

o

N t N
Alle)=1-e0@ =1 —exp{ — |3 / S Qo — 1) (wo,ﬂod,t)—”] Argedt®|
r=1 0 o=1

(ii) Equilibrium Trade Shares

Because different production locations may potentially produce goods from the same idea, the number of

potential goods produced by each region o is not independent. This correlation across groduetion locations
)‘od,t(c)
Agt(c)

implies that the straightforward way of computing trade shares does not hold, 7,4 # . Instead, trade

shares take on a nested form reflecting this correlation.

Since the number of ideas is independent across research locations, the share of goods purchased by desti-

nation d that were produced from ideas discovered in research location r is given by:

o

t[ N
Qropr (t = 1) - (WotToar) 7| Arpedt”
/\gd,t(c) u[ Lzl a( ) - (Wo,tTod,t) } t

¢rd,t = =
)\dc:t(c)

N t[ N o v .
Z |:Z Qo px (t—t*)- (wO,tTOdi) :| At et
r'=1 o=1

For each idea discovered in region 7 at time t* whose good is eventually sold to region d at time ¢, its quality
q and cost ¢ are fixed and the number of applications in each production location o is independent. Thus,

the share of these ideas whose goods are produced in region o is given by the number of applications with

Wo,tTod,t
q-c

applicability above a = in region o divided by the total number of applications with applicability

W, + Tyl .
above a = %c‘)d’t for all regions o':

A Wo,tTod,t
-0
. )\O‘Td»t ( q-c ) . Qro,t* (t - t*) (wo,tTod,t)
Polrdtt = A4 Wol 4Tolat\ N Y
o o'|rd,t q-c Z Qro’,t* (t — t*) (wo’,tTo’d,t)
o'=1

where the function for the Poisson arrival of applications A4 (a) above a comes from equation in the main
text. Since this share is independent of ¢ and hence independent across ideas, the share of goods sold in

destination d at time ¢ whose ideas were discovered in region r and goods produced in region o (the trilateral
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share) is given by:

¢ N -
[ Zl oo (t = 1) - (worora) U] At Qrope (t — t*) (WoiTody) *
/ — ro,t* o,t1od,
Trod,t — N : N 7 N dt*.
o —0
0 Z]_ |: Z Qr/ol,t* (t - t*> : (wo/atTo/d,t)U:| )\T",t* dt* Ogl QTO/,t* <t o t*) (wolvtTO/dvt)
r'= o'=1 -

The trade shares are obtained by summing these trilateral shares across research locations: moq: = >, Trod,t-
These expressions correspond to equations lb in the main text. ]

A.3 Lemma 3 (Price Index)

Proof. Under Bertrand competition, consumers regard different varieties (i.e. different idea applications) of
a good as perfect substitutes. Since all goods are essential for the production of the local final good, the
price charged for each good is its second lowest cost, drawn from the following distribution:

G () = 1= e 0 [1 429, (0)] (52)

)

where Agt(c) comes from equation (50). Notice that this is a special case of equation with ¢ = 2. To

simplify the subsequent computations, I define:

Qo

(bdﬂg = Z /
r=1 0

N
Z Qro,t* (t - t*) : (wo,tTod,t)U] )\r,t* dt*, (53)
o=1

so that )\gt(c) = <i>d7tc‘9 and Gézz(c) —1— e ®ase [1 + <i>d7tce}.

Aggregating prices across all varieties yields the price index in each region:

1 00 _ 1
Py = exp/ Inpg(v)dv = exp/ Inc ng(c) =79,/
O O ) k)

where 7 is the Euler-Mascheroni constant. This corresponds to equation in the main text. O

A.4 Lemma 4 (Markup Distribution)

Proof. Under Bertrand competition, the lowest cost producer of each good claims the entire market for
that good, charging the highest markup that deters any competitor from entering. With the Cobb-Douglas
aggregation across individual goods to produce the local sectoral final good (equation , the price of each
good is given by the second lowest cost. Consequently, the markup of each good is the ratio of the lowest
cost to the second lowest cost. I now apply the general derivation of the price gap distribution from [Eaton
and Kortum| (2024) in my setting with idea applications, then use it to obtain the ratio of the lowest cost

to the second lowest cost.
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(i) Distribution of Transformed Costs

To derive the price gap distribution, it is helpful to work with transformed costs U = dC? where  is given
by equation . I first derive the distribution for U(®. Ranking the U)’s like the C'?’s, the distribution

of the lowest transformed cost is the probability that there is no transformed cost below wu:
P [U(l) < u} =1—-e"

which is the unit exponential distribution. Given a lower transformed cost U® = u;, the probability that
the next lowest transformed cost Ut is less than u is simply the probability that there is no transformed

cost between u; and u:
P U <UD = ;| =1 — e~ (w), (54)

Thus, the distribution of the gap conditional on the lower transformed cost is unit exponential. This implies
that the set of ordered transformed costs can be drawn from independent unit exponential distributions V;

where:

v =v, UvP=v04v U®=U0®4+w ... (55)

Since U is the sum of i independent unit exponential distributions, it follows an Erlang distribution with

shape parameter ¢ and rate parameter 1. Its probability density function is:

fOw) = 2—; (56)

and cumulative distribution function is:

izl u i1,z
Ut _ 7 o —u u . x e
=0

il

Notice that the distribution of transformed costs can also be directly obtained from the cost distribution
(equation . This derivation provides intuition on why the cost and transformed cost distributions are

Erlang.
(ii) Conditional Distribution of Lower Transformed Costs Given Higher Transformed Costs

Using the distribution of transformed costs U, I now derive the probability of the lower cost given a higher

cost. The joint probability density function of U and U+ is given by:

D) (4 ) = uflﬂ [P0 < 0 =] - B[00 = u])
o (ke
uf_le“i“

(i —1)!
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Thus the conditional distribution of the lower transformed costs (i.e. higher quality draw) is given by:

P |:U(z) < u|UltD) = Ui—l—l] _/ f )(x,u@+1)dx _/ rile i < u > (59)
0 0

f(i""l (ui+1) (Z - 1)! ué+teui+1 Ui41

which is a Pareto distribution with shape parameter ¢ and scale parameter ;1.
(iii) Markup Distribution under Bertrand Competition

Using this result, the markup distribution conditional on the second lowest cost is given by:

(2) (2)
GO/ () = P g(l) < m|Cc® 02] _p Zm < mf|U® = uQ]
; (60)
=P {U(l) > u2m_9\U(2) = UQ} =1- <m u2> =1-m?.
U2

Remarkably, this distribution is independent of the second lowest cost cs. Intuitively, this result arises
because the conditional distribution of the higher quality draw is Pareto and hence scale invariant. That
this, the ratio of the highest quality to the second highest quality idea is independent of the second highest
quality idea.

Note that the markup distribution conditional on the lowest cost is different and given by:

P @ < m|cWM = 61] =P [U(l) <uym? UM = ul] =1—exp [—@c? (m1/9 - 1)} (61)

c)

In contrast to equation , this distribution depends on the lowest cost. Intuitively, a higher value of the
higher quality draw implies that the cutoff/second highest quality draw must have been higher. O

A.5 Lemma 5 (Expected Value of an Idea)

Xk

Proof. Total profits earned at time s in region d is given by H’C‘Zt = ﬁd’g, as described in equation . The
share of these profits from ideas discovered in region r at time t* is ¢f‘fd - oince the flow rate of ideas
in region r at time t* is Aﬁt*, the expected flow of profits at time s in region d of an idea discovered in

k k
¢rd,t*t Xd,t
T .
)\T’t* 1+6

region r at time t* is Accounting for changes in the purchasing power in region r over time and

discounting future flows yields equation . Notice that qﬁfd’t*t conditions on idea cohort and hence is a

direct measure on whether the idea remains the lowest cost one in destination d. O

A.6 Lemma 6 (Market Clearing)

Proof. The market clearing condition is slightly more complex relative to standard trade models due to the
transfer of profits across regions. To account for these transfers, I distinguish across profits earned from

innovation II, production IT*, and sales II in each region. Income in each region Y, ; equals total expenditure
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from the region, which comes from two sources: final spending by production workers and profits earned

from innovation by firms. Thus the market clearing condition is given by:

k.G 1 k,G E*_ k k G k, G k
Wo,t Lo,t + Ho,t - Zﬂ-od,tb Z Wq L dt
d

1+0 WhGLRG kG *
= 4 Lot _Zﬂ'odtL Z wdt L +Z(pdrtﬂ1’f,t (62)
L%
1+0 whG kG i kG kG
9 ot _Zﬂ-odtL Z +Z@drt9
L %

where gosm are the idea adoption shares and W’;d’t are the trade shares. Notice that I eliminate the profit
terms in the market clearing condition by exploiting the fact that profits earned from production is a constant

multiple of income earned by production workers in the region-sector:

k,G kG
(LA +1+927r0dt dt—zﬂodtxdt

This enhances the tractability and simplifies the potential quantification of the model. O

A.7 Lemma 7 (Expected Worker Value and Worker Mobility Shares)

Proof. Note that the individual worker mobility problem, as defined by equations 22}23] represents a con-
tinuous time extension of (Caliendo et al. (2019) (henceforth CDP) and incorporates switching between
production and research alongside mobility across regions and sectors. In what follows, I demonstrate how

the equilibrium mobility shares, as expressed in equation can be derived under these extensions.

First, transitioning from discrete to continuous time with the possibility of worker movement complicates
the distinction between current versus future payoffs. To overcome this challenge, I assume that there is
a Poisson arrival process governing when all workers can move, with an arrival rate of 1, as described in
Assumption [3[ in the main text. This setup is a simplified version of |Arcidiacono et al. (2016]). With a
Poisson arrival process of rate 1, the time until the next arrival at ¢’ follows an exponential distribution with
rate 1, where the probability density function is given by e~ (=) The present value at time ¢ of the payoff
at time ¢’ is given by: Vye $'~1 where ¢ is the discount rate. Thus, the expected value at time ¢ of the

payoff at time ¢’ is given by:

(o)
Expected Payoff = Vy - / e ¢t D)= (') dt' —t) = V.
0 P
This is why the individual worker mobility problem in equation [22| has the discount factor ﬁ Note that
my formulation is a strict generalization of CDP. Though my discount factor ?1[) is isomorphic to 3 in the

migration problem in CDP and E;(¢') = ¢t 4+ 1, the actual migration time ¢’ is stochastic and depends on the

exact realization of the Poisson process for move arrivals.
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Second, I incorporate switching between production and research, where individual-specific idiosyncratic
shocks for each market are drawn from a multivariate Gumbel or generalized extreme value distribution
with symmetric correlation between production and research across all region-sectors. The functional form

of this distribution is provided in equation with the correlation function defined as:

F ({exp (=) 1my oy ™ {GR})=ZZ<Zexp<—ez:’;>5> , (63)

where v captures the correlation between production and research across region-sectors, and T is the scale
parameter that adjusts the sensitivity of the expected value in production or research to differences in the
deterministic components of value in these activities. Note that this correlation function is homogeneous
of degree log T (instead of 1), similar to Ben-Akiva and Francois| (1983), but otherwise retains the same
properties listed in McFadden! (1978).

I now use this correlation function to derive the option value of moving and the resulting mobility shares.

Since the option value of moving is defined as:

1
@2:? =E, [max {1 m p‘/:;:f — /igf)?n + ez?}] ,

0,5,n

I first derive the distribution of the maximum of random variables whose joint distribution follows the GEV

. . . . . sno_ 1 s,n ks ,hn N . tpe
distribution in equation . Let Uy = mVO,t, — Kot + € ot Yand U = r&agU ot - Bxtending Proposition

1 in |Choi and Moon| (1997), the cumulative distribution function is:

Fy(u) =P(U < u)

—P(UC <u,... USSR <)
—expd -7 (exp I e (FLRG exp 1 VER _  KKRR _
1+p 1.t dl,t [ 1+p Nt dNt
- I 16  kLhG 1 KR  kKhR
_exp{—exp(—Tu)F <exp il‘f‘PVl’t/ —Kgip |- €XP 1+pVNt' — KNt
1 - LG k1LhG 1 KR  kKhR
exp {—exp (—T [u -7 log [F <exp [Hvl v Kay |- €XD mVN’t/ — Kgnit

where the second last equality comes from the correlation function being homogeneous of degree log Y.

Thus, the distribution of the maximum is a Gumbel distribution with scale parameter T and location
parameter L log [F (exp [1+p Vllf — 551’?0} s, €XP [ﬁlvaKf Hgﬁfﬂ )} The mean of this distribution
is % log F' + Y+, where v is Euler’s constant. Thus the option value of moving — also known as the inclusive

value of the entire choice set in the discrete choice literature — is given by:

Z (Z exp <1 < Vor ’;}f,;ﬁ”‘) > ] : (64)

where the term Y+ is constant over time and markets and hence can be normalized to 0. Substituting the

@2:? = log
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option value of moving into the individual worker migration problem in equation yields the expected

worker value in equation

Mobility shares are given by the probability of choosing a specific market (o, s,n) to move to:

k,h
ks,hn aq)dyt
'udOt o 1 Vs ks,hn
14+p "o,t’ Hdo,t
YU
x '\ o
X ks,hn' \ v
1 s,Mn ks,hn v exp ( — K ’ )
€Xp (1+< Vorr = Ko ) [Z 1+¢ Ot’ do,t
ks,hn' o 17
s,hn’ \ v s’ ks’,hn’ v
ZeXp<1+C Ot’ _K:do,t ) ZZ[ZGXP(1+Cvlt/ - do’,t ) :|
switching between production and research migration across regions and sectors

where the first equality comes from McFadden| (1978). Note that given the correlation function, the individual
worker mobility problem can also be recast as a nested discrete choice problem: each worker first chooses
which region-sector to move to and then whether to supply their labor for research or production in that
region-sector. In this formulation, we can interpret the second term as the probability of choosing region
o and sector s among all region-sector alternatives and the first term as the conditional probability of
choosing production or research given the region-sector choice. The conditional option value of choosing

between production and research given the choice of region o and sector s is:

T
1 , ks,hn \ ¥
2 e (1 ol Rd‘itn> ] |

The unconditional option value across all regions, sectors, and occupations — as shown in equation [64] —

ks,h v
@dzt—Tlog

related to this conditional option value as follows:
1 v
= log [Z exp (@2;?) ] . (65)
0,8

Notice that when v = 1 in the correlation function, draws of € are independent across markets, and the worker
mobility shares and option value collapses to expressions of the form in|Caliendo et al.| (2019). By leveraging
the correlation function and techniques from the foundational discrete choice literature, this proof clarifies
and generalizes dynamic migration in general equilibrium to a setting where preference shocks are correlated
across markets, i.e. drawn from a generalized extreme value distribution with any arbitrary correlation
function F' that satisfies the properties listed in McFadden (1978) and p-homogeneity in Ben-Akiva and
Francois| (1983)). O
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A.8 Proposition 1 (Spatial and Sectoral Direction of Innovation)

The ratio of inventor real wages across regions in the same sector follows directly from the text. Additionally,

the sectoral direction of innovation is governed by:

f C(t—t*) al ¢kd t*t X:;C t_1
T
kR k k kG \ X * Z k7 1460 P dt
Wi At* TM* Lr P d:l AT 1 1t (66)
T " e o T
Tt * it it o= ((t—t* ““* X
d.ﬁv . ft* € ( ) dzl )\k’ 140 Pr¢ dt
ifferences in  relative — ot
fundamental  technology cc?l%%g%itgnogf
re(-lseargzh levels innovation and relative expected
productivity production value of an idea

across sectors

The first term captures the one-time increase in ICT research productivity at a national level (the first
exogenous component of the ICT shock), the second term captures relative technology levels across sectors,
the third term anchors the field of innovative activity to the sectoral composition of production in the region,

and the fourth term captures differences in the expected market potential of ideas across sectors.

A.9 Proposition 2 (Balanced Growth Path)

Proof. Part (i): On the balanced growth path, technology levels in all regions and sectors grow at the same
( )

rate g = Vr, k, the exogenous bilateral diffusion lags §,, are constant over time and the innovation rate

is given by. .
M) = W TE(E) = AN(t) = 3w TE(). (67)

From equation [7] we know that the technology level at each time ¢ is given by:

N t
To’z—z k=30 / Ut — )10 - NE(t*) "
p=1Y —X

Taking the derivative w.r.t. t yields:

N t *\1—
. dQyo(t — t*) =P _
TF, = § ro AEEYAE 4+ Q0 (0)7PAE(R).
o,t TZI/; dt r( ) + ( ) r()

Now using integration by parts with « = A¥(¢*) and dv = M yields:

. N t ¢ .
Th =" [—/\ﬁ(t*)Qm(t — t*)lﬂ - / Qro(t — t)PAR () A" + Q0 (0) 17PN (1)

r=1 tr=—00
N t
- Zt*glzloo )\f(t*)QTO(t - t*)l_p =+ / Qro(t - t*)l_p’YfTr(t*)dt*
r=1 —00
N t
= va/ Qro(t — t)1PTF(t)dt*.
r=1 -
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Thus we have that:

pTEW) ke s
o,t _Z’y'r/ ro t*t ) ]}k(t*)Tf(t )dt

—00

—ng / Qpo(t — %) T (t)e 9~ dt
o (68)

t * * l_p
_ Z,yka / ge—9(t=) [1 P )} g
1—
= Z’Ykat/ ge ¢ [1 - 6_5"’((1)} pda
. 0

—O0rr(t=t") = ( and the last equality follows from a change of variable a = ¢ — ¢t*. Note that

where e

JoS ge 9 [1 - e~0ro(a)] " da is a constant.

Now building on [Eaton and Kortum| (2024), in matrix form we have:
f=algT! (69)

where T is an N x 1 vector with representative element T¥ and A*(g) is an N x N matrix with representative

element:

0 1-p
Afy(g) = /O ge 9 [1 - e"”"(“)] da.

The aggregate growth rate is the Perron-Frobenius root of equation with relative technology levels T
corresponding to the Perron-Frobenius eigenvector that is defined up to a scalar multiple. Thus, any arbitrary
set of exogenous diffusion speeds d,, and endogenous innovation rates 7 delivers a balanced growth path

with parallel growth at rate g with level differences in technology T' across regions.

Part (ii): I now solve for the remaining variables in the economy on the BGP. Suppose that the distribution
of workers across regions, sectors, and occupations are constant. Since the relative technology levels are also
constant on the BGP, the trade shares given by equation L0 and the market condition given by equation
imply that relative wages across regions and sectors in production is constant. In particular, trade shares

on the BGP are given by:

N 9 1=p
o0 k -Q T1—p
—— Qro(a) (w'o“de)fﬁ W [Z o (@) (wo70a) 7 p}
Tod = Z N L s da.
r=1Jo Z Qo (a) (wgrhg) =" Z kT f [Z Qo () (w ,Tk,d)_lp] e=9"4' dg/
0
(70)

where T* are the relative technology levels determined by equation
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On the BGP, the price index in each region and sector is given by:

N 0 1-p
> Quola) (whha) ] da (71)

o'=1

S

oo

BGP —
P}, =T Z 'yT,T,, e
r'=1 0

Differentiating this expression w.r.t time, the growth rate of the sectoral price index is:
BGP
Pk k
_ g
gprk = P, — BGP Z”’”’d 9 (72)

Since preferences are Cobb-Douglas across local sectoral final goods for each region, the aggregate price

index is: .

Py =TT (Ph) (73)
k

where T is a constant. The growth rate of the aggregate price index on the BGP is:
LS bk
w=—5>_ 1" (74)
k

On the BGP, the expected value of an idea is:

f/rkt* rt* _C(t t*) Z ¢rdt *t th dt
) 1—1—9 P ’YTTTt* Prt
_ 2a¥raXa 1 / o C(t=t") g=gp(t=t") gy (75)
L+0  AFTE,.
_ 2aPraXa 1 1

Thus V* ¢+ 1s falling at rate g" on the BGP while inventor wages are constant and given by:

k,R Ed V"’d‘(d 1 1 7
’ == . 6

I now solve for the growth rate of worker expected value. Let exp (de;h> = exp (‘N/dk’h> et and Pyy =

ﬁdegpt, where f/dk’h and ]Bd are the detrended value and price respectively. Thus given production worker
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wages, inventor wages and local aggregate prices, worker expected value is given by:

kh _ Trkh
Vd,t :Vd + gyt

k h
= log —gpt+ = log

wg’h 1
=log | = —gpt+ ——gyt' + = log
Py 1+¢?

ZZ(ZeXP<1+C[VSn+g t}fﬁflf;h”y)v]v (77)
S5 (S (7)) |

On the BGP, the growth rate must be the same on both sides of the equation. Thus, the growth rate of

expected value is given by:

1
v = _gp+mgv (78)
1 1
= Qv = — Z_C +< Z
k

where the first equality comes from ﬁ gut’ = ﬁgvt + ﬁ gy In equation (77| since E(t' — t) = 1, because

the Poisson arrival rate of move possibilities is 1. The detrended expected value of workers is given by:

k,h T\ VU

~ ’ 1 1 1 = v
VER Zlog [ 24— ) + ~ 10 exp <Vos’" — Hks’hn> . 79
1o 4 X (S (T )

1+C o S n

Substituting the decomposition of expected worker value in equation [77]into equation 25| in the main text,

worker mobility shares are alternately given by:

Tqv
% 1 Trsmn’ ks,hn'\ v
exp <1+(VS o Zz’hn> [Z exp (mVo — Ko ) ]

pe rTqU
s,n’ ks hn'\ v s’ n! ks shn! \ v
EeXP(HCV Kot ) ZZ [ZGXP<1+4V - ) ]

ks,hn

(80)

and are constant on the BGP. Hence, from equation the distribution of workers across regions, sectors,

and occupations are constant on the BGP.

Thus the balanced growth path of the economy is obtained, where workers, wages, migration shares, trade

shares and innovation rates are constant, technology in each sector k and region is growing at rate g¢F

determined from equation prices in each region is growing at rate g, = —% i £ g* and expected worker
value is growing at rate g, = %% & gk O

Special Cases:

(i) When 6 = o (such that p = 0), we have the case of exponential diffusion where idea applicabilities do
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not matter (case NA for no applicabilities). Equation collapses to:
Tokt = Z"yka / ge 9¢ [1 — e*‘s”’(“)} da
1
ke
I
_ kk
Z(MO)

yielding equation (49) in Eaton and Kortum| (2024). The trade shares and price index collapse to the

canonical [Eaton and Kortum| (2002) expressions:

=

NA Toy (onod)ia NA Y -0 .
Tod = N , Pai =T Z Tor 1 (Wo' Tora) (81)
Z To’,t (wo/To/d)_e o'=1
o’'=1
and idea diffusion shares are given by:
N -0
Trot (WoTod)
NA ro,t d
SOTO = Z N ° 22 ° (82)

d=1 Z T/t(wo’To’d) 0
=1

All the other variables and growth rates remain the same as the full model.

(ii) When Q¢ ¢+ (t —t*) = 6po for r # 0 and t > t*, we have the case of instantaneous diffusion with idea

applicabilities (case ID) as in Xiang| (2023)), equation collapses to:
1= ot | aemat;vda

= 251 P fot

The trade shares and price index collapse to the expressions in |[Ramondo and Rodriguez-Clare| (2013)):

N 6 1=
o[ @™ ]

Z Trot) (onod) -’ . o'=1 (83)

N 1 _ 0 N N 1 0 1=p
r=1 Z ( ro’t) " (Wo Tora) =7 > |:Z ( T‘O/t) ? (Wor Tord) l_p:|

'=1 Lo'=1
N [N .17 e
Pc{,tD =T Z Z (TT/O/ t) (wo’To/d) 1_')] (84)
r'=1 Lo'=1

and the idea diffusion shares are:
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N 1 9 I—p
1 ] |:Z (T ,t)ITp (’u) 1T, /d)1P:|
(TTO t) (onod) = ) o'=1 " 7

1 _ e N[N 1 o 11°F
> (Tmlvt) 7 (WoTora) |: 2 (Tro’ t) (wo’To’d)_l_p:|
o'=1 I'=1 Lo'=1

All the other variables and growth rates remain the same as the full model.

A.10 Proposition 3 (Transition Path)

Proof. 1 first characterize the transition path with Assumption 3, then with Assumption 4 in order to apply
dynamic hat algebra and map my model to data on innovation levels, trade shares, migration shares, and

firm establishment networks.

(i) Transition Path with Continuous Innovation, Production, and Consumption; and Migration

at Discrete Moments in Time (Assumption 3)

The transition path towards balanced growth is characterized by a trajectory of detrended expected values
given by equation and worker mobility shares given by equation [80| but with all variables varying over

time, alongside the evolution of worker population given by equation

’ wk,h

T\ U
d,t ¥ s,n ks,hn \
/t log 5 dt+1+C log ZZ(ZGXP<1+€ ot — Ko > )]

YV
T
~ ks,hn'\ v
s, ks,hn v exp( Vsn — K )
ks,hn eXp(l‘f'C‘/Ot/ ’idOt ) |:Z 1+¢ o dojt
do,t ks . TqU
sn s,hn s',hn'\ v
Sexp (Vi — bt zz[Zexp(H< )
o s Ln!
2 :2 :Z : kshn
t/_ dot’ dt’

where at each time ¢ the innovation and technology levels are given by equations [27| and [7| respectively:

~kh
Vi

es

k,G k,R
)\kt - A Ap e (Lr t*) Lr,t*Tﬁt*
N ot
Th =Y / Quoge (t — )77 AF Ldt,
r=177"°

the trade shares, idea adoption shares, price index, and market clearing condition are given by equations
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and [20] respectively:

o 11—p
-1%; k.G _k T1-p k
e (e T[S =) (w5 ] ke

Wyt d,t

odt_z kG L ~ 9 11-p
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r'=1_J o'=1
1+46 WhELRG kG RG L+0 G rhG
0 Zﬂodtb Z L +Z¢drt 7"t Lrt )
k

the wages of inventors are given by equation , the returns to innovation by equation , total expen-
ditures by equation , and idea market shares by equation :

7k vk
kR VeiAn
rt T LI{I,R

k
¢Td,tt’ =

(ii) Transition Path with Innovation, Production, Consumption, and Migration Occuring Si-

multaneously at Discrete Moments in Time (Assumption 4)

I now apply Assumption [4| to characterize the transition path in time changes. Let T be the set of times
where innovation, production, consumption, and migration all occur simultaneously, @; = %’ for any variable

x, and u = exp(V'). Then the detrended equations for the migration equilibrium (i.e. equations
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can be expressed in time changes:

~k,h ° +]v
~k.,h dpt ks,hn [ ~s,n\ G+Ov [ ~ks,hn v
tog (@) :1og<]3 ) —1og Z[ZZ o (s ) 7 (&) ] ] (86)
.t
- x ks,hn’ [ ~sn/ (1+TC)U ~ks,hn’ % !
Mks,hn u/\s,n/ (I+Ov k\ks,hn v Z lu’od,t <ud,t’ > <"(‘70d,t )
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T T s
ks,hn’ [ ~sn/\ (A+QOv [ ~ks,hn’ ks’ ,hn! [ ~s'n'\ O+Ov [ ~ks’ ,hn’\ v
Z'uod,t (“d,t') ( Rod t ) > [ZZ Hod ¢ ( Ugr t/> (“od’,t > }

/

ks,h
Ly —ZZ Hods " L3Y- (88)
Technology levels is now given by:

t—z Z Qo= (t — )77 AF e, (89)

* t
r=LtxeJt

where the diffusion term 4+ (t — ¢*) remains unchanged, while innovation levels remain unchanged from

equation (27)). The trade shares, idea adoption shares, and price index is now given by:

0

£ A= R
T 1—p -P
QT‘O,t* (t — t*) <wlog7t7_(];;d’t> 1-p |:E Qro/ t* (t - t*) ( D/ t ’d,t) :| >\7'7t*
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Proa=D_ D (91)

_0 9 11—p
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o’'=1

S

Pt |S Y

r'=1t*eT

where T = T __ are the set of times from —oco to ¢ where innovation, production, consumption, and migration
occurs. The market clearing condition remains unchanged from equation . Inventor wages are given by
equation , total expenditures by equation , and the expected value of an idea and the idea market

shares are now given by:

. 1\t E XZlct' Py (z)fd,tt’
Vi = t’esz‘x’ <1+C> dz_; 110 Py N, (93)
__6 ql=p
. |:Z Q. t(t —t) ( Wy t/Tk / t’) 1p:| Af,t
rd,tt’ = ~ 9 11—p : (94)
; Ee‘IZf’ [? QT,O,’i(t/ a f) (wl;/’t/Tf/d’t/) 1p] )\]:/’i
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Special Cases:

When idea applicabilities are not relevant (case NA), only changes in trade costs — as opposed to levels —
along with the other fundamentals are required to simulate the transition path. This is because the trade
shares, idea diffusion shares, and price index depend only on the contemporaneous technology stock rather

than the trajectory of innovation in all past periods, and are given by equations [81] and

0 —
k k _k N k _k -
FNA 15, (w T d,t) KNA T} (w 7 d,t) k NA -0
Todt = 0’ “Prot Z N _p’ Z < Wor ¢ T, ’d,t)
k d=1 k
/Z1T ( ot o’dt) Z ( T/dt>
O /=1

Thus, the production side of the economy can also be expressed using dynamic hat algebra. Changes in

trade shares, idea diffusion shares and the price index are given by:

~ —6
k ~k ~k
/\k NA TO,t (w07t7-0d,t)
ﬂ—od,t = N 0 (95)
> 15, (@ 7
o) ’t o’dt
Tk t( kt kd -0
Ak NA 7"0 Wy t
rot (96)

N " —0
d=1 -~

Z o /b < o’,t o’d,t)

o'=1

N —0
Z ( /tT/dt) ] (97)

and the market clearing condition remains unchanged from equation 20} Innovation levels remain unchanged

D=

kNA

from equation [27] and changes in technology levels are given by:

Tok,t’ - Tcﬁt = Z 57"0,75 (Ait - Tl]f;t)
T

08)
S0 A (
- Tt/—l—(smt"i‘z%

l o,t

where A,’fvt = > /\fﬁ is the stock of innovations produced in region r at time ¢. This recursive formulation of
t*eT
exponential idea diffusion comes from Eaton and Kortum| (2024). Since changes in technology are a function

of the previous technology level, data on initial technology levels are still required to solve the transition

path quantitatively.

Similarly, when there is instantaneous diffusion (case ID), only changes in trade costs — as opposed to

levels — along with the other fundamentals are required to simulate the transition path. Trade shares, idea
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diffusion shares, and price index are given by equations [83] {85

o'= r'=1 Lo'=1
_1
N N 1 R ad B
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Thus changes in trade shares, idea diffusion shares and the price index are given by:
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and the market clearing condition remains unchanged from equation Changes in technology levels are

To, ! ot - rotfyrt
k (102)

T
k 7t
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given by:

and innovation levels remain unchanged from equation
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A.11 Proposition 4 (Regional and Aggregate Welfare)

Proof. T extend the welfare derivation and expression in |Caliendo et al| (2019) to my setting, where: (i)
preference shocks are correlated across markets; (ii) there is endogenous and microfounded innovation and
technology diffusion, and (iii) the endogenous distribution of innovation and technology diffusion across

markets drives parallel growth in all regions in the long run.

The expected worker value in equation is given by:

T U whoh
ks,hn \ ¥ _ d,t kh
S5 (Sen (g i) ) | = (520) wot

Vi =u (el ) ~log

I now express the option value CIJZ’? in terms of own-mobility shares:
k,h 1 kk v
Sy = -7 log pigq, + T log

T
L' kn kkhn) Y

V 7, _ )

zn:eXp (1 +C dit "{dd,t

exp< 1 b
C dt’
I kn kk,hh

; 1 kk v kk
= ﬂv‘“’ T log Hadtr — T log <Nddt de,t) .

S5

1 Kk kk,hh v
= 7 log pigq s — T log (Nddt |Nddt> + T log

|

Hence, expected worker value can be alternately expressed as:

k,h
k,h Wy ¢ I en 1 Kk kk,hh
Vd,t = log ( Pu ) 11 CVd,t’ T log paq, — T log (iuddt ‘Mdd t)

Iterating this equation forward, we have:

t'—t k,h
k.h z < 1 > log Wy
Vai =
) 1+ 1/T kk.hh v/Y
teTEe ¢ Py (Mflfl:,t> (Nddt Uflfi,t)
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future value

Denote # as the counterfactual of any variable . My measure of the welfare impact in market (d,k,h)

of an anticipated sequence of counterfactual changes in fundamentals from time ¢t = 0 is the compensating

51



variation in consumption for market (d, k,h) at t = 0, log 5§’h given by:

th—th—l— > ( > log 6%

t'eTge

Rearranging this equation and substituting the expressions for expected worker value, we have:
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~ % . .
where xpy = :Tttl denotes the counterfactual change in any variable x.

Using this measure, I define local and aggregate welfare as population-weighted averages of welfare in
the relevant markets:

Lk h h
log (34) = Y 4 log (647)
k,h Zk h

Ls’h k,h
log (0) = Z = %7108 (5d’ ) .

dxh 2odgen La

B Model Extensions

My quantitative spatial growth model in the main text is deliberately parsimonious to capture the main
drivers of the rising spatial concentration of innovation from the data. Nonetheless, the central feature of
my spatial model is that I introduce endogenous innovation and integrate it with technology diffusion at the
idea level, the fundamental unit of the Eaton-Kortum world. Thus, my model requires minimal assumptions

and can flexibly incorporate other components in quantitative dynamic spatial models.

B.1 Dynamic Worker Sorting by Skill

To incorporate college-educated H and non-college educated S workers, equation can be duplicated for
each worker type. Equilibrium migration shares would now capture worker sorting patterns in the data as

opposed to aggregate bilateral migration flows across both worker types. In the production of goods, labor
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is now a composite of college-educated and non-college educated workers. For instance, one could assume a

CES agggregate between both types of labor:

Hk p=1 Sk p=1 %
ng,t: |:<L0,1Z, ) ’ + (Lo,’t> 7 :| (103)

k

o+ in the market clearing condition is now an aggregate of wages of each worker type, with

such that wages w
no other required changes. Note that I drop the superscript G for production workers in this section of the

appendix for notational clarity, since there is no discussion on innovation workers.

B.2 Multiple Factors of Production and Input-Output Loops

Input-output loops can be easily incorporated into the trade equilibrium at each t following |Alvarez and
Lucas (2007); Caliendo and Parro (2015). Instead of just using labor, production of each variety v in each

region is now given by a two-tier Cobb-Douglas constant returns to scale technology:

(v) = 2b, () (B (L5 )]

My (104)
where z,¢(v) is the productivity drawn from the multivariate Fréchet distribution given by equation [5, K, ;
is capital used in production, referring to commercial structures such as local buildings, L, is labor, and
M, is intermediate inputs purchased from the final goods producer in the same region, 1 is the share of
local structures in value added, and x is the share of value added. The unit cost of an input bundle is given
by:

k Bl kl’kal—x
xo,t:F (TO,t) (wo,t) Po,t (105)

where T, is a constant, Tot is the rental rate of capital from local capitalists, and P, ; is also the price of
the local industry aggregate of varieties. Replacing w,; with z,; in equation [10]yields the equilibrium trade

shares.

Capital market clearing is given by:

1—
7xo,thlf,t = leg,tl’]g,t (106)

(8

Since capital income is a constant multiple of production worker income, the combined capital and labor
market clearing condition is still given by equation [20| in the main paper. With input-output loops of the
form in equation m — where goods producers purchase the final good only in that sector@ — intermediate

good spending is a constant multiple of production worker and capital income:

X

1-— 1—x1
X5, = Y (wlg,tL’g,t +7"0,th¢) = — X b,k

w wo,tLo,t .

Thus, the combined capital and labor market clearing condition is still given by equation in the main

(107)

181f goods producers purchase the final goods from all sectors, the market clearing condition will be slightly modified, as
shown in |Caliendo and Parro| (2015)), but remains highly tractable.
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paper. All the other equations in the model also remain the same.

B.3 Capital Accumulation

Capital accumulation can be added following Kleinman et al.| (2023). Apart from workers and local immobile
firms, we can introduce local immobile capitalists. In each region, local immobile capitalists build durable
local structures K,; and rent to firms in different sectors at a nominal rate 7,;. With their rental income,

capitalists choose their consumption and investment to maximize intertemporal utility:

o ( K )1—1/n
Vi =By prteettel 108
s=0
subject to their budget constraint:
ro,tKo,t = Po,t (ngf + Ko,t+1 - (1 - 5o,t)Ko,t) (109)

where rental income can be used for consumption (first term), or saving to increase future capital (last
two terms). Per period consumption expenditures Povth’(t are allocated via the same utility function as
households.

The optimal consumption and saving decisions are given by:

Cg{i& = go,tRo,tKo,t (110)

Kott1 = (1 —Got) Rot Kot (111)
. n=1 _1 n

o =1+ f7 (Et |:RO,¥+1go,tZrl:|> (112)

where the consumption rate ¢, ¢ is defined recursively and the gross return on capital is Roy = 1—0+70:/Fo -

The other equations in the model remain the same.

B.4 Amenities with Congestion and Agglomeration in Production

Amenities, explicit congestion forces, and agglomeration in production can be introduced following [Allen

and Arkolakis| (2014). The instantaneous utility function is now given by:
U (Co,t7 Bo,t) = log (Bo,tCo,t) (113)

with B, = BO,tL;f where Bmt are fundamental amenities in region o at time ¢ and £ captures congestion

forces. The goods production function in equation now becomes:

o, o,t

Vi) = 25, )Lk ) [(RE )LD 0] My X (114)

where & captures agglomeration in production. All the other equations in the model remain the same.

o4



C Details of Model Quantification

C.1 Mechanisms and Connection to the Model
C.1.1 Breakthrough ICT Patents

The first component of the ICT shock is the sudden emergence of influential ICT breakthroughs. I identify
breakthrough ICT patents as those in the top 1% of the originality distribution across all patents, where
originality is measured as the ratio of forward to backward textual similarity following |Kelly et al. (2021).
Between 1976 and 2018, 880,927 ICT patents were produced, of which 27,419 qualify as breakthroughs. The
left panel of Figure [3|traces the evolution of their influence — defined as the number of patents that cite each
breakthrough as their first breakthrough, following citations up to two degrees. The figure reveals a sharp
rise in the influence of breakthrough ICT patents between 1984 and 1993. These breakthroughs catalyzed
the subsequent surge in ICT patenting. The right panel of Figure [3] displays the corresponding trend in the
number of ICT patents that cite these breakthroughs (within two degrees). Across all years, 78% of all ICT
patents cite a breakthrough ICT patent within two degrees.

ICT Breakthrough Patent Influence ICT Patents that Cited ICT Breakthroughs
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First Degree === Second Degree - — Cited to 2nd degree

Figure 3: Origins of the ICT shock. The left panel shows the influence of these breakthrough patents, defined as the
number of patents that cite each breakthrough as their first breakthrough, tracing citations up to two degrees. The
right panel depicts trends in the number of ICT patents that cited these patents.

C.1.2 Colocation of ICT Innovation and Production

Descriptive Evidence. This surge in ICT innovation productivity disproportionately increased innovation
in ICT-oriented firms, rather than uniformly raising ICT patenting across all firms. Most ICT-oriented firms
operate plants in the following industries in the Information Sector (NAICS 51): Software Publishers (5112);
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Telecommunications (517), and; Data Processing, Hosting, and Related Services (518)@ This suggests that

having an ICT service plant is a key input in the production of ICT innovation.

ICT service plants disproportionately employ high-skill workers and are therefore heavily concentrated in
high-skill CZs. The left panel of Figure [4]shows that the share of college-educated workers in the ICT service
industry (solid black line) is substantially higher than that in other industries (dashed blue line) across all
years. The right panel of Figure [ plots the relationship between a CZ’s 1990 college ratio and its pre-1985
ICT employment share; the positive slope indicates that high-skill CZs already had disproportionately large
ICT service employment before 1985.
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Figure 4: The ICT sector disproportionately employs college-educated workers and is concentrated in high-skill CZs.
The left panel displays trends in the college share for the ICT and non-ICT sectors. The right panel shows the
correlation of the pre-1985 ICT employment share against the 1990 college ratio. Each dot represents a commuting
zone (CZ), where the size of the dot captures the CZ’s population in 1990.

The growth of ICT patents primarily occurred in CZs where the ICT industry was initially more concentrated.
To show this, I estimate the following CZ-year specification, reminiscent of the first stage of a Bartik

regression:
Outcome,; = - Pre-1985 ICT Employment Share, x Growth of National ICT Patents;+~,+y:+e,; (115)

where Growth of National ICT Patents; is the growth of national patents in year ¢ relative to 1985, and ~,
and ; are CZ and year fixed effects. Specification (1) shows that CZs with a higher initial ICT employment
share experienced substantially larger increases in ICT patenting. A 1 p.p. higher pre-1985 ICT employment

share is associated with 8.3 more ICT patents in years when national ICT patenting is 10% above its 1985

19Tn contrast to [Fort et al.| (2020)), I categorize these industries as ICT production, rather than innovation, because establish-
ments that focus on R&D activities are instead classified as Scientific Research and Development Services (5417) and occasionally
Corporate, Subsidiary, and Regional Managing Offices (551114) under NAICS.
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level. Specification (2) confirms that the geographical incidence of ICT patents is not driven merely by
population growth: the same 1 p.p. difference predicts 1.5 additional ICT patents per thousand residents
under a 10% national ICT growth shock. Turning to employment outcomes, Specification (3) shows that ICT
employment also increased disproportionately in CZs where the ICT industry was initially more concentrated:
a 1 p.p. higher pre-1985 ICT employment share is associated with 77 additional ICT workers when national
ICT patenting rises by 10%. Taken together, the parallel rise in ICT employment and ICT patents per
capita in the same CZs provides evidence of the colocation of ICT innovation and ICT production in regions
with strong pre-existing ICT presence. Finally, Specification (4) shows that these CZs did not experience

larger increases in the share of local employment in ICT, likely because employment in other industries also

expanded.
Dependent Variables: ICT Patents ICT Patents per capita ICT Employment ICT Employment Share
Model: (1) (2) (3) (4)
Pre-1985 ICT Employment Share, x 8,334.9%** 1.474%* 77,372.4%** -0.0247
Growth of National ICT Patents; (2,735.3) (0.5416) (28,464.3) (0.0204)
Fixed-effects
CZ Yes Yes Yes Yes
Year Yes Yes Yes Yes
Observations 20,938 20,938 20,938 20,934
R? 0.81282 0.81900 0.96195 0.83343
Within R? 0.15934 0.06459 0.05407 0.01308

Clustered (CZ) standard-errors in parentheses
Signif. Codes: ***: 0.01, **: 0.05, *: 0.1

Table 1: The geographical incidence of the post-1985 growth of national ICT patents.

Connection to Model. In the model, this channel operates through the colocation mechanism character-
ized in the equilibrium idea adoption shares (equation : a positive shock to ICT research productivity
raises innovation disproportionately in regions where ICT production is concentrated, because idea adoption
shares are higher for locally produced goods. Using the idea adoption shares, I formally characterize the

degree of colocation between innovation and production in the following corollary:

Corollary 1. For goods sold at time t using ideas discovered at time t*, the degree of colocation between

innovation and production for any region r relative to an alternative production location o # r is given

by:
6

_6 -
Prrivt _ : 1t - <wr,t> ™ M (116)
Pro,t*t ro,t* ( - ) Wo,t Zd (Tod,t) =r

A~}

This ratio captures the relative share of goods produced in the idea’s discovery region r versus an alternative
production region o, providing a direct measure of how closely innovation and production are colocated. The
different components reflect key factors driving colocation, including the share of all ideas discovered in region

r at time t* that have diffused to o (first term), the cost competitiveness between r and o (second term),
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and the relative accessibility of destination markets d from r and o (third term). In my application to U.S.
innovation, this ratio provides two reasons why ICT production became more concentrated in high-skill
regions following a one-time increase in ICT research productivity (the first exogenous component of the
ICT shock): frictions in technology diffusion (the first term), and the greater accessibility of ICT destination
markets from high-skill regions. These colocation and asymmetric scale effect mechanisms arise only in a

model where innovation and technology diffusion are connected at the level of individual ideasm

C.1.3 Asymmetric Scale Effect of Firm Spatial Expansion

Descriptive Evidence. ICT-induced reductions in communication costs facilitated firm spatial expansion.
Firms with R&D in high-skill CZs expanded into substantially more regions and increased their innovation

output, predominantly in high-skill CZs.

Connection to Model. The idea market shares (equation give rise to what I term the asymmetric
scale effect: high-skill regions experience a larger increase in idea market access (equation from a
uniform rise in bilateral diffusion speeds. Substituting Assumption [1| into equation [12] yields the following

corollary:

Corollary 2. If bilateral diffusion speeds are symmetric (8yyr g+ = Oprp g+ = Oppr) and trade costs are identical
across all region pairs (Trqr = Trrar = T¢), then an increase in the bilateral diffusion speed raises idea market

access more for the higher-wage region, i.e.:

o® d,t*t o 'd bt — X —
= - T = 57‘7'/,t*e 6“4/’” (t ¢ ) [(wT’,tTr’d,t)

—9 .
— (wysT, >0 if wpy > wey.
86rr’,t* 86rr’,t* ( Tt rd,t) f Tt rt

Intuitively, faster diffusion raises idea market access more in high-wage (and high-skill) regions because it
allows them to exploit the lower production costs of other regions when applying their ideas. By contrast,
the low-wage regions gain less: their ideas already benefit from relatively low local production costs, so
improved access to higher cost regions for production yields only modest additional gains. This asymmetric
scale effect helps explain why firms with R&D in high-skill CZs expanded geographically far more than firms
with R&D in low-skill CZs.

C.2 Data for Quantification

Using the analytical characterizations of the balanced growth and transition paths above, my quantitative

spatial growth model can be simulated with just several sets of bilateral data and a few key elasticities, as

20When innovation and technology diffusion are modeled at an aggregate level (e.g. Desmet et al., 2018)) or as independent
processes (e.g. |[Buera and Oberfield, |2020; [Cai et al.l [2025), the idea adoption shares would exactly coincide with the idea
diffusion shares, so the degree of colocation between innovation and production does not depend on wages and trade costs.
Additionally, idea market access would remain unchanged when the speed of technology diffusion changes, so the asymmetric
scale effect cannot be obtained. When innovation and technology diffusion are connected at the level of individual ideas but
ideas have identical efficiency across different production locations (Cai et al., |2022; [Eaton and Kortuml |2024), colocation and
the asymmetric effect can be obtained, but technology diffusion results in large fluctuations in idea market shares and hence
trade shares (as seen by setting p = 0 in equation .
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in standard quantitative trade and spatial models.

C.2.1 Patent Data

Patent data may be used to compute worker mobility flows between production and research uﬁR, ,ulRtP .

Specifically, the share of workers in research that moved to production ,uﬁtp at time ¢ can be computed as
the number of inventors that patented in year ¢ — 1 but not in year t divided by the total number of inventors
that patented in year ¢ — 1, while the share of workers in production that moved to research uftR at time ¢
can be computed as the number of inventors that patent in year ¢ but not in year ¢t — 1 divided by the total
number of college-educated workers from IPUMS NHGIS (see below for details), with all variables referring

to the respective CZ and sector.

Given these mobility flows between production and innovation, as well as the initial labor allocation, the
number or the quality-adjusted number of patents in each CZ, sector, and year serves as sufficient statistics

for the vector of fundamental research productivities Aﬁt.

C.2.2 Bilateral Worker Mobility Flows

IPUMS USA (Ruggles et al., 2023) provides a representative longitudinal worker sample of the American
Community Survey (ACS) at an annual frequency from 2005, and the Decennial Census for 1990 and 2000.
Each observation is a worker-year, and contains information on migration status and education level. Using
this data, one can construct county-to-county and state-to-state migration flows for college educated and
non-college educated workers annually from 2005-2018, and in 5-year windows from 1990 to 2005. The
Internal Revenue Service (IRS) provides annual county-to-county migration flows from 1990. Note, however,
that county-to-county migration flows in both datasets are often surpressed for neighboring counties. IPUMS
NHGIS (Schroeder et al., 2025) provides the college and non-college educated worker population for each
county in 1980, 1990, 2000, and annually from 2005 to 2018. Using these three datasets, one can impute the
annual CZ-to-CZ migration flows for college educated and non-college educated workers from 1990 to 2018

as follows:

IPUMS CP§ (Flood et al., 2025) provides annual worker mobility flows between all industry-pairs from
1977-2018. One can use these flows to compute annual worker mobility flows between the ICT and non-ICT
sectors from 1990-2018. These mobility flows between sectors and regions, along with the flows between
production and research above, are sufficient statistics for the trajectory of bilateral migration costs {k};2,

across regions, sectors, and between production and research.

C.2.3 Bilateral Firm Establishment Networks

The raw D&B files provides a comprehensive annual list of firms and their establishments from 1990-2020.

Using this data, annual technology diffusion flows 71,4 = > ; Mioqjia,¢ for all CZ-pairs can be computed as
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follows:

Employment in region [ of firms with HQ in region [ and at least a plant in region o

(117)

Mot = Employment in region [ of all Multi-Estab Firms with HQ in region [

These are sufficient statistics for the trajectory of bilateral diffusion lags {00+ }7_.

C.2.4 Bilateral Trade Flows

Domestic trade data at the county-pair or CZ-pair level are unavailable. However, following Monte et al.
(2018)), one can construct model-implied CZ-pair trade flows and validate them using bilateral trade data

reported at more aggregated geographic units.

The Commodity Flows Survey (CFS) provides trade flows for all state-pairs and CFS-area-pairs by NAICS
industry in 2002, 2007, 2012, 2017, as well as aggregated state-pair trade flows for 1993 and 1997. The
1977 Commodity Transportation Survey (CTS) reports the value of shipments from each state of origin to
each census division destination. Following Kleinman et al.| (2023]), one can downscale each census division’s
1977 shipment value to the state level by using the shares of state-level shipment values from the 1993
CFS. Similarly, one can disaggregate aggregate state-pair and CFS-area pair trade flows into the ICT and
non-ICT sectors using the each sector’s shipment value shares from the 2002 CFS. Interpolating these data

yields annual sectoral trade flows for all state pairs and CFS-area pairs from 1990 to 2018.

Model-implied CZ-pair trade flows can be generated using three data inputs and equation . First,
bilateral trade costs may be parameterized as a constant-elasticity function of distance with elasticity —1.29.
Second, annual county-by-industry wage data for 1969-2018 are available from the Bureau of Economic
Analysis (BEA). Third, trade deficits for each CFS area can be downscaled to counties then upscaled to CZs

using the corresponding regional income shares.

C.2.5 Initial Technology Levels, Labor Allocation and Wages

The number of college and non-college workers in production in each CZ-sector can be obtained from IPUMS
NHGIS, while the number of innovation workers in each CZ-sector can be constructed from patent data.
County-by-industry wages come from the BEA, as described above. Technology levels in the initial period
can be recovered from the model’s implied productivity residuals: given observed wages, employment, and
trade shares in the initial year, one can invert equation to obtain sector- and region-specific technology
levels that rationalize the baseline allocation, similar to (Caliendo and Parro, 2015; Monte et al., [2018; |Cai
et al., [2025).

C.2.6 Elasticities

Most parameters can be calibrated using estimated values from the existing literature. One can set the trade
elasticity at 8 = 5 following |Costinot and Rodriguez-Clare (2014), the migration elasticity across regions

and sectors at v = 3 following (Caliendo et al. (2019), and the diffusion elasticity at p = 0.9 following |[Lind
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and Ramondo| (2024). Since the diffusion elasticity was estimated in an international setting, it is important
to simulate the model using a range of values for p for robustness. The elasticity of worker mobility between
production and research can be set at T = 3 mirroring the migration elasticity, or estimated using the
mobility flows between production and research in Section production wages from , and constructed
inventor wages as described in Section Because the mobility flows between production and research
and the computation of inventor wages rely on specific assumptions, it is important to examine the robustness

of the model by simulating it across a range of T values.

C.3 Estimation of Parameters

C.4 Simulation Algorithm

Using Propositions [2| and 3] we can solve for the transition and balanced growth paths given an initial
allocation of the economy and an anticipated convergent sequence of fundamentals. Since I use annual data
on trade flows, migration flows, and innovation levels, the intervals between two innovation, production,
or migration times are 1. Let superscripts in parentheses (i) denote guesses for variables I search over in

iteration ¢ through the loop. The numerical algorithm is as follows:

NT .
e Step 1: Guess a path of {ﬂi’t}ﬁ’r(lz)} o that converges to a’;ﬁf{ =1.
b t: b

T
e Step 2: For all ¢ > 0, use equation (32, the guesses for {ﬂﬁfﬁ)} . and data on initial migration
) t=
T
shares uﬁjﬁal and the trajectory of exogenous changes in migration costs {Eﬁ;?a} . to solve for the
k) k) t:

T
trajectory of migration shares { M’Zfl’? a} )
t Ji=0

T
e Step 3: Use equation (33)), the trajectory of migration shares { ,u];fl’? a} . and the initial labor allo-
’ t=

T
cation {Lﬁg} to solve for the trajectory of labor allocations {L];th} .
: t

T
e Step 4: Use equations and , the trajectory of inventors {LIZtR } and data on initial

technology levels {T(ﬁo} and the trajectory of exogenous fundamental research productivities {A’ZtR }

to solve for the trajectory of innovation and technology levels {/\IZ’tR , Tft} v
b b t:

e Step 5: Use equation , innovation levels in the final period A’g’g , and data on the exogenous
diffusion lag in the final period d;, 7 to solve for the growth rate of technology in each sector g* and

hence the growth rate of prices g, = %Z i (kg* on the balanced growth path.

v 5y T
e Step 6: Use the trajectory of labor allocations and innovation levels {ng’f , )\Ij’f } . from Steps 3
b b t:

and 4 respectively and data on the trajectory of exogenous idea diffusion speeds and changes in trade

T
costs {510,t, ?‘]’Cd’t}t—o to solve the trade equilibrium at each ¢:
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— Step 6A: Guess a value for w, ( ), and use equations (| , ) and . to get w, (JH) and

repeat until convergence

— Step 6B: Use the converged value for wages w’g’t to compute the sectoral price index from equation
, total expenditures in each sector X fjt from equation and idea market shares 7, d(t* t)
from equation ([L1).

T
e Step 7: Use the trajectory of total expenditures and idea market shares {th, ﬂld(t* t)} o< and
t=0,t*<t

equation (39) to compute the trajectory of the value of ideas { t} 0 then equation (38]) to compute

the trajectory of inventor wages {w];’tR } .
El t=

e Step 8: For each t > 1, use equation (3 , {Aﬂfw} from the previous outer loop iteration, migration

T
shares {,uk; ? a} . from Step 2, production worker wages and sectoral price indices from Step 6,
t=

kR
ot

T
inventor wages { } . from Step 7, and the growth rate of prices g, from Step 4 to solve backwards
t=

in time for { I;(Z:ll)} .
t=0

e Step 9: If {A’(f th+(11)}t_0 R~ {A]; ?+(1l+1)}t:07 i.e. the maximum difference across all ¢ is less than some

pre-specified tolerance level, {Aﬁ ? +(1), ,uff/? ‘.

the initial guess and repeat the steps until convergence.

T
Lﬁf } . is the solution to the problem. Otherwise update
’ t:
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