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1 Introduction

Transformer models (Vaswani et al., 2017) have achieved remarkable success in language

modeling. Since at their core they model the joint distribution of a sequence, an applica-

tion to economic time series seems natural. It is unclear, however, whether they can work

well with the small samples typically available in macroeconomics and finance; there is no

econometric framework for interpreting their structure or conducting inference, and little

attention has been paid to well-calibrated density forecasts.

This paper addresses these gaps, introducing attention-based vector autoregressions, a

class of nonlinear multivariate time series models in which the conditional mean and covari-

ance matrix are functions of past observables, parameterized using the attention mechanism.

Unlike existing non-linear and time-varying VAR extensions, attention-based VARs are scal-

able, do not require filtering of latent processes, and provide an agnostic benchmark when

the researcher does not want to commit ex-ante neither to a time-invariant linear structure

nor to a specific form of nonlinearity or time variation.

Our main theoretical result is a formal connection between the attention mechanism

and VARs (Sims, 1980) and factor models (Geweke, 1977; Stock and Watson, 2002), the

workhorse models of macroeconometrics. The conditional mean admits an exact time-varying

VAR representation whose coefficients are closed-form functions of the observed history, nest-

ing constant-coefficient VARs as a special case. The embedding dimension and the number

of attention heads jointly control the rank of the coefficient matrices, imposing the same

low-dimensional structure that makes factor models amenable to large cross sections and

gives them a natural economic interpretation consistent with dynamic equilibrium models

(Fernández-Villaverde et al., 2007); the same structure extends to the conditional covariance,

producing a complete density model. This connection also reveals a normalization problem

in the attention model analogous to the rotational indeterminacy of factor loadings, which

we resolve with identification restrictions.

Unlike time-varying parameter models that treat the coefficients as latent states requir-

ing filtering (Primiceri, 2005), all conditional moments here are deterministic functions of

observables, so the likelihood is available in closed form and exact Bayesian inference is fea-

sible even as the number of variables increases. We exploit the model’s partially conjugate

structure in a Gibbs sampler: the output projection and error covariance admit closed-form

posterior draws, while the nonlinear attention parameters are updated via Elliptical Slice

Sampling (Murray et al., 2010). The connection with VARs and factor models allows us to

construct a shrinkage prior that is centered at time-invariant, low-rank dynamics, making

the constant-coefficient VAR a limiting case of the attention specification. The prior echoes
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the Minnesota prior (Doan et al., 1984; Litterman, 1986) in spirit, encoding the belief that

a parsimonious linear model is a reasonable starting point while letting the data pull the

posterior towards richer dynamics when warranted.

The post-pandemic inflation surge, which caught the Federal Reserve and professional

forecasters by surprise, provides a natural test case: can the nonlinearities captured by

the attention mechanism improve forecasts during such a dramatic episode? Inflation is

notoriously difficult to forecast (Stock and Watson, 2007): its dynamics are well known to

vary over time, cross-sectional comovements are strong, and the large cross section strains

conventional TVP-VAR methods. We put the model to the test in a recursive forecasting

exercise for U.S. personal consumption expenditure (PCE) price inflation, using panels of

increasingly disaggregated price indices, with up to several hundred variables, to test the

scalability of the approach. Even in a minimal univariate setting with a single attention

head, the attention-based VAR produces more accurate point and density forecasts than

a Bayesian VAR with Minnesota prior estimated using state-of-the-art methods (Banbura

et al., 2010; Giannone et al., 2015) at all horizons evaluated, particularly at longer horizons.1

The gains grow with the forecast horizon: at h = 24 months the RMSE falls by 19% relative

to the Bayesian VAR, and the log predictive score improves from −2.33 to −2.02, indicating

substantially sharper and better-calibrated predictive densities.

Related literature. This paper connects two literatures that have developed largely in

parallel, separated by methodological traditions and language.

On the econometrics side, the VAR model (Sims, 1980; Hamilton, 1994; Lütkepohl, 2005)

and factor models (Geweke, 1977; Stock and Watson, 2002; Bai and Ng, 2002; Bernanke

et al., 2005) are the dominant frameworks for multivariate time series in macroeconomics

and finance. Extensions with time-varying parameters include random walk specifications

(Primiceri, 2005; Cogley and Sargent, 2005), Markov-switching (Hamilton, 1989), smooth-

transition autoregressions (Tong, 1990; Teräsvirta, 1994), and dynamic shrinkage approaches

(Hauzenberger et al., 2024); Arias et al. (2024) develop sign-restricted inference for TV-

VARs. Unlike these models, where the form of time variation is specified ex ante, attention

learns the state dependence from the data. Multivariate GARCH models (Bollerslev, 1990;

Engle, 2002) capture time-varying covariances; our parameterization is related to factor

GARCH (Engle et al., 1990) but ties the covariance to the same state that drives the mean.

The observation-driven formulation follows Creal et al. (2013) and Harvey (2013). Bayesian

shrinkage (Banbura et al., 2010; Koop and Korobilis, 2013) provides regularization; our prior

1The present version reports results for the single-head, univariate specification only. Preliminary results
confirm the good performance of the model when extended to multiple heads and larger cross sections.
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adapts this idea to the attention parameterization.

On the machine learning side, the attention mechanism (Bahdanau et al., 2015) and the

Transformer (Vaswani et al., 2017) have transformed sequence modeling. Machine learning

methods are increasingly used in economics and finance (Gu et al., 2020; Farrell et al., 2021),

and Transformer architectures have been applied to time series forecasting (Lim et al., 2021;

Zhou et al., 2021), though Zeng et al. (2023) show that simple linear models can outperform

them, underscoring the need for structural restrictions in small samples. Kelly et al. (2025)

embed a Transformer in the stochastic discount factor for asset pricing. Softmax attention

can be viewed as a Nadaraya–Watson estimator with learned kernels (Tsai et al., 2019; Goel

and Bartlett, 2024; Lu et al., 2024), and in-context learning theory shows that Transformers

can implement gradient descent and ridge regression in their forward pass (Von Oswald et al.,

2023; Akyürek et al., 2023). Non-identification issues related to functional equivalence and

parameter symmetries are familiar in the optimization literature; for attention architectures,

explicit characterization of these symmetries is more recent (Henry et al., 2024; François

and Ravera, 2025). We connect this problem to the rotational indeterminacy of factor

loadings and resolve it with analogous restrictions. More broadly, we go beyond existing

representation results by developing a complete econometric framework with priors, posterior

computation, and density forecasting.

Organization of the paper. Section 2 introduces the attention-only model, building

from single-head attention and its TV-VAR representation to multi-head attention with

its approximation and regularization properties. Section 5 extends the framework to time-

varying covariance. Section 6 develops the nonlinear extensions that arise from the full

Transformer architecture. Section 7 develops estimation and inference methods. Section 8

concludes.

2 Single-Head Attention Models

In this section we introduce single-head attention models. These models can be used to model

both the conditional mean and variance of the time series. We will focus on the conditional

mean. After defining basic notation we will show that single-head attention models have

TV-VAR representation with a low-rank structure. We will also present an algorithm to

draw from the posterior of the parameters.
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2.1 Notation and definitions

We begin by establishing notation and defining key concepts.

Basic notation. Let {yt}t≥1 be an n-dimensional stochastic process with yt ∈ Rn. Let

Ft = σ(y1, . . . ,yt) denote the natural filtration. For t ≥ L + 1, we denote yt−L:t−1 =

(yt−L, . . . ,yt−1) ∈ (Rn)L the “context window” of length L; observations t ≤ L are treated

as a presample. The set of n× n symmetric positive definite matrices is denoted Sn
++.

Softmax function. For a = (a1, . . . , aL)⊤ ∈ RL, the softmax function is

softmax(a)ℓ =
exp(aℓ)∑L
j=1 exp(aj)

, ℓ = 1, . . . , L. (1)

Softmax is shift-invariant: for any constant c ∈ R, softmax(a + c1) = softmax(a). A

numerically stable way to evaluate (1) is therefore to set m = maxj aj and compute

softmax(a)ℓ =
exp(aℓ −m)∑L
j=1 exp(aj −m)

.

The output softmax(a) ∈ RL is a probability vector: all entries are non-negative and sum

to one. The softmax function provides a smooth approximation to the argmax operation:

softmax(βa)→ ei⋆ as β →∞, where i⋆ ∈ arg maxi ai and ei⋆ is the corresponding standard

basis vector.

2.2 Econometric environment

We model yt given the information set Ft−1 by specifying its first two conditional moments.

In particular, we assume that the conditional mean and conditional covariance exist and are

Ft−1-measurable functions of a fixed “context window” yt−L:t−1:

E[yt | Ft−1] = gθ(yt−L:t−1) ∈ Rn, V[yt | Ft−1] = Σθ(yt−L:t−1) ∈ Sn
++, (2)

where gθ(·) and Σθ(·) are both Ft−1-measurable functions to be specified, L is the fixed

“context length” (the number of lags entering the context window), and θ ∈ Θ collects all

parameters. Equivalently, we can write an innovation representation yt = gθ(yt−L:t−1) + εt,

where E[εt | Ft−1] = 0 and Var(εt | Ft−1) = Σθ(yt−L:t−1).
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Example: the linear VAR model. The VAR(p) model (Sims, 1980; Lütkepohl, 2005)

is the special case with L = p, linear conditional mean, and constant conditional covariance:

gθ(yt−p:t−1) = c +

p∑
ℓ=1

Aℓyt−ℓ, Σθ(yt−p:t−1) = Σ,

where θ = {c,A1, . . . ,Ap,Σ} and Θ = Rn × Rn×n × . . .× Rn×n × Sn
++.

2.3 Single-head attention for the conditional mean

For the rest of this section, we assume a constant conditional covariance Σθ(yt−L:t−1) = Σ;

Section 5 extends the framework to time-varying covariance. We parameterize the conditional

mean by first mapping the context window to a d-dimensional state vector

ht = ϕθ(yt−L:t−1) ∈ Rd,

of which the conditional mean is an affine function:

gθ(yt−L:t−1) = bµ + Wµht, (3)

where Wµ ∈ Rn×d and bµ ∈ Rn. All model outputs depend on the past only through ht.

Unlike classical state-space models, ht is a deterministic (though nonlinear) function of ob-

servables rather than a latent vector with its own stochastic dynamics; this is an observation-

driven specification in the terminology of Creal et al. (2013). It remains to specify the state

mapping ϕθ. We adapt the attention mechanism of Vaswani et al. (2017) to a time series

context, and describe it below in three steps:

Linear Embedding. For each lag ℓ ∈ {1, . . . , L}, define the d-dimensional linear “embed-

ding”

xt−ℓ = pℓ + Wxyt−ℓ ∈ Rd, (4)

where Wx ∈ Rd×n is a parameter matrix and pℓ ∈ Rd is a lag-specific intercept, which we

call a “positional effect.”2 Let p = [p1, . . . ,pL] ∈ Rd×L.

2In the machine learning literature, the pℓ are called “positional encodings” (Vaswani et al., 2017). In
natural language models, each input yt−ℓ is a discrete token mapped to a learned vector via a lookup table,
and the positional encoding is added to distinguish identical tokens appearing at different positions in the
sequence. In our setting, yt−ℓ ∈ Rn is already a continuous vector, so Wxyt−ℓ is a linear projection rather
than a lookup. The positional effects pℓ play an analogous role: they allow the model to distinguish the
same observation vector appearing at different lags.
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Linear Projections. Three linear projections are then applied to each embedding:

qt = Wqxt−1 ∈ Rdk , kt−ℓ = Wkxt−ℓ ∈ Rdk , and vt−ℓ = Wvxt−ℓ ∈ Rdv , (5)

for ℓ = 1, . . . , L, where Wq,Wk ∈ Rdk×d and Wv ∈ Rdv×d. The “query” qt is formed from

the most recent observation; the “keys” kt−ℓ and “values” vt−ℓ are formed from each lagged

observation. We assume that Ws for s ∈ {x, q, k, υ} are full rank.

Attention weights. The relevance of each lag is measured by the “score”

st,ℓ = bℓ +
q⊤
t kt−ℓ√
dk
∈ R, ℓ = 1, . . . , L, (6)

where bℓ ∈ R is a lag-specific score bias and the scaling by
√
dk is a variance-stabilizing

normalization.3 Let b = (b1, . . . , bL)⊤ ∈ RL. The scores are transformed into non-negative

weights summing to one via the softmax function:

αt,ℓ =
exp(st,ℓ)∑L
j=1 exp(st,j)

∈ R, ℓ = 1, . . . , L. (7)

Substituting Equations (4) and (5) shows that the attention weights depend on (Wq,Wk)

only through the product W⊤
q Wk, a fact used below in the identification discussion. The

attention weight vector αt = (αt,1, . . . , αt,L)⊤ lies in the interior of the (L− 1)-simplex and

is Ft−1-measurable. We will assume that st,ℓ are finite, hence αt,ℓ > 0 for ℓ = 1, . . . , L.

Aggregation. The state vector ht is the weighted average of values:

ht = ϕθ(yt−L:t−1) =
L∑

ℓ=1

αt,ℓ vt−ℓ ∈ Rdv , (8)

so that d = dv in the single-head case. From this point onward in this section, we use only

d for this common dimension. The conditional mean in Equation (3) is then

gθ(yt−L:t−1) = bµ + Wµht = bµ + Wµϕθ(yt−L:t−1) = bµ + Wµ

L∑
ℓ=1

αt,ℓ vt−ℓ,

3If the entries of qt and kt−ℓ have unit variance and are uncorrelated, the score has variance approximately
one regardless of dk. The scaling stabilizes scores with respect to dimension but not measurement scale; in
empirical work, standardizing yt mitigates scale-driven variation in attention weights.
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where θ = {bµ,Wµ,p,Wx,Wq,Wk,Wv, b} and Θ = Rn × Rn×d × Rd×L × Rd×n × Rdk×d ×
Rdk×d × Rd×d × RL.

2.4 Identification

The model defined by Equations (3)–(8) is not identified: distinct values of the parameter

vector θ can produce an identical conditional mean. The following proposition formalizes

the claim.

Proposition 1 (Invariance to Reparametrizations). The conditional mean is invariant to

each of the following transformations: (i) embedding-space basis change: (p,Wx,Wq,Wk,Wv)

replaced by (Gp,GWx,WqG
−1,WkG

−1,WvG
−1) for any invertible G ∈ Rd×d; (ii) value-

space reparameterization: (Wµ,Wv) replaced by (WµS
−1,SWv) for any invertible S ∈

Rd×d; (iii) query-key reparameterization: (Wq,Wk) replaced by (C−⊤Wq,CWk) for any

invertible C ∈ Rdk×dk ; (iv) score-bias location shift: (b1, . . . , bL) replaced by (b1+c, . . . , bL+c)

for any c ∈ R.

Proof. For (i), let xt−ℓ = pℓ + Wxyt−ℓ. Under the transformation, x′
t−ℓ = Gxt−ℓ, so the

scores satisfy

(x′
t−1)

⊤(W′
q)

⊤W′
kx

′
t−ℓ = x⊤

t−1G
⊤G−⊤W⊤

q WkG
−1Gxt−ℓ = x⊤

t−1W
⊤
q Wkxt−ℓ.

Likewise, the value vectors are unchanged because W′
vx

′
t−ℓ = WvG

−1Gxt−ℓ = Wvxt−ℓ. For

(ii), W′
µW

′
v = WµS

−1SWv = WµWv, and S does not enter the scores. For (iii), the scores

depend on Wq and Wk only through W⊤
q Wk, and (C−⊤Wq)

⊤(CWk) = W⊤
q C

−1CWk =

W⊤
q Wk. For (iv), the transformed scores satisfy s′t,ℓ = st,ℓ + c for all ℓ, hence

α′
t,ℓ =

exp(st,ℓ + c)∑L
j=1 exp(st,j + c)

=
exp(c) exp(st,ℓ)

exp(c)
∑L

j=1 exp(st,j)
= αt,ℓ.

Since the value vectors are unchanged, the conditional mean is unchanged.

We can impose some restriction to θ that will allow us to identify the model. Next

corollary represents such restrictions.

Corollary 1 (Exact Normalizations). The following restrictions rule out the basis changes,

matrix factorizations, and common score shift in Proposition 1 without restricting the set of

conditional means the model can represent: (i) require a d× d submatrix of Wx to be lower-

triangular with positive diagonal; (ii) set Wv = Id and estimate Wµ directly, since only

the product enters the conditional mean; (iii) parameterize the score kernel F := W⊤
q Wk
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directly, since the attention weights depend on Wq and Wk only through F; (iv) impose one

location normalization on the score biases, such as b1 = 0.

Since F = W⊤
q Wk ∈ Rd×d with Wq,Wk ∈ Rdk×d, its rank satisfies

rank(F) ≤ min{rank(Wq), rank(Wk)} = min{dk, d}.

Thus dk < d imposes a low-rank restriction on the score kernel, while dk ≥ d allows F to be

any d×d matrix. A unified presentation treats all the cases is as follows. Let q := min{d, dk}
and can write the compact singular value decomposition F = UqDqV

⊤
q where Uq,Vq ∈ Rd×q

satisfy U⊤
q Uq = V⊤

q Vq = Iq and Dq = diag(λ1, . . . , λq) with λ1 ≥ · · · ≥ λq > 0. A

compatible pair (Wq,Wk) is obtained by

Wq =

[
D

1/2
q U⊤

q

0(dk−q)×d

]
, Wk =

[
D

1/2
q V⊤

q

0(dk−q)×d

]
,

for which W⊤
q Wk = F. This nests the previous cases as special cases: if dk < d, then q = dk

and there is no padding; if dk = d, then q = d and again there is no padding; if dk > d,

then q = d and the construction reduces to the zero-row padding argument above. The

corresponding parameter count is

2
(
dq − q(q + 1)

2

)
+ q = 2dq − q2,

which equals d2 when dk ≥ d and 2ddk − d2k when dk < d.

Importantly, there is a local mapping from Euclidean space into the constrained set

S(d, q)× Rq
>,+ × S(d, q) where

S(d, q) := {Q ∈ Rd×q : Q⊤Q = Iq} and Rq
>,+ := {(λ1, . . . , λq) : λ1 > · · · > λq > 0}.

Specifically, let ξ = (AU ,ωU ,AV ,ωV ,η) ∈ R(d−q)q × Rq(q−1)/2 × R(d−q)q × Rq(q−1)/2 × Rq.

Construct skew-symmetric matrices ΩU ,ΩV ∈ Rq×q from ωU and ωV , define the Cayley

transforms RU = (Iq −ΩU)(Iq + ΩU)−1 and RV = (Iq −ΩV )(Iq + ΩV )−1, and let

G(A) :=

[
Iq

A

]
(Iq + A⊤A)−1/2 ∈ St(d, q).

Then define Uq = G(AU)RU and Vq = G(AV )RV . For the singular values, set

λq = eηq > 0, λj = λj+1 + eηj > 0 for j = 1, . . . , q − 1, and Dq = diag(λ1, . . . , λq).
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This produces the rank-q kernel F = UqDqV
⊤
q . Hence, when q = dk, one can consider the

unrestricted Euclidean vector ξ and map it into (Uq,Dq,Vq). When q = d we can directly

consider F.

2.5 A TV-VAR class

We now show that the single-head attention model admits an exact representation as a VAR

with time-varying, state-dependent coefficients that depend on past observations. Hence,

the single-head attention model defines a class of TV-VARs. Proposition 2 defines such a

class.

Assumption 1. The model uses single-head attention with: (i) context length L; (ii) affine

conditional mean as in Equation (3); (iii) linear embeddings as in Equation (4); (iv) linear

projections as in Equation (5); (v) attention weights as in Equations (6)-(7); (vi) aggregation

as in Equation (8).

Proposition 2 (TV-VAR Representation). Under Assumption 1, the conditional mean sat-

isfies

gθ(yt−L:t−1) = bt +
L∑

ℓ=1

At,ℓyt−ℓ, (9)

where At,ℓ = αt,ℓB with B = WµWvWx ∈ Rn×n, and

bt = bµ +
L∑

ℓ=1

αt,ℓWµWvpℓ.

Proof. Substitute definitions. Since vt−ℓ = Wv(pℓ + Wxyt−ℓ) and ht =
∑

ℓ αt,ℓvt−ℓ,

gθ(yt−L:t−1) = bµ + Wµht = bµ + Wµ

L∑
ℓ=1

αt,ℓWv(pℓ + Wxyt−ℓ)

= bµ +
L∑

ℓ=1

αt,ℓWµWvpℓ +
L∑

ℓ=1

αt,ℓWµWvWxyt−ℓ.

The result follows with B = WµWvWx.

Proposition 2 shows that the attention-based model has the structure of a VAR(L) with

time-varying coefficients. Both At,ℓ and bt are Ft−1-measurable, since the attention weights

αt,ℓ are deterministic functions of the history. The time variation arises entirely through
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these weights. Moreover, notice that the factorization

At,ℓ = αt,ℓB, ℓ = 1, . . . , L. (10)

provides implicit regularization: all coefficient matrices share a single base matrix B so they

can only differ across lags through the scalar weights αt,ℓ and it is easy to show that their

rank can be lower than n, in particular, we have thatrank(At,ℓ) = rank(B) ≤ min{n, d} for

all t, ℓ. Additionally, since the attention weights αt,ℓ sum to one, we also have
∑L

ℓ=1At,ℓ = B

for all t, so the sum of coefficients is time-invariant even when individual lag coefficients vary

with the state. The multi-head extension overcomes these restrictions.

Setting WqWx = 0 and WkWx = 0 makes the attention scores depend only on the

positional effects, st,ℓ = p⊤
1 (Wq)

⊤Wkpℓ/
√
dk, so the weights αt,ℓ are constant and the model

reduces to a time-invariant VAR(L). However, the proportionality across lags places restric-

tions still holds. In particular, under Assumption 1, a time-invariant VAR(L) conditional

mean with (A1, . . . ,AL) ̸= (0, . . . , 0) can be obtained from the single-head attention model

if and only if there exist scalars a1, . . . , aL > 0 with
∑L

ℓ=1 aℓ = 1 and a matrix B ∈ Rn×n

such that

Aℓ = aℓB, ℓ = 1, . . . , L. (11)

The proportionality constraint in Equations (10)-(11) is the key limitation of the single-

head model: all lag coefficient matrices must be scalar multiples of a single B, so every

variable pair shares the same lag profile up to scale. Even in the time-invariant case, many

economically meaningful VARs violate this; for instance, a bivariate VAR where variable 1

Granger-causes variable 2 at lag 1 but not at lag 2 cannot satisfy Equation (11) unless the

entire lag-2 coefficient matrix is zero.

Example 1 (AR(2) with state-dependent coefficients). Consider a univariate model (n = 1)

with L = 2 lags and constant conditional variance σ2. Set identity embeddings xt−ℓ = yt−ℓ,

i.e. pℓ = 0 and Wx = 1. Set Wq = Wk =
√
β (scalars, β ≥ 0), Wv = 1, bµ = 0 and Wµ = φ

with |φ| < 1. Then B = WµWvWx = φ, the scores are

st,1 = βy2t−1, st,2 = βyt−1yt−2,

and the attention weights are

αt,1 =
exp(βy2t−1)

exp(βy2t−1) + exp(βyt−1yt−2)
and αt,2 = 1− αt,1
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yielding the TV-AR(2):

yt = φαt,1︸ ︷︷ ︸
ϕ1,t

yt−1 + φ(1− αt,1)︸ ︷︷ ︸
ϕ2,t

yt−2 + εt, E[εt | Ft−1] = 0, Var(εt | Ft−1) = σ2.

This is an observation-driven, smooth-transition autoregression with constant variance. The

coefficients (φαt,1, φαt,2) are nonnegative convex combinations scaled by φ, so they sum to φ.

The attention mechanism acts as soft lag selection: since st,1 > st,2 if and only if yt−1(yt−1−
yt−2) > 0, the model places more weight on lag 1 when yt−1 and the recent change have the

same sign. The parameter β controls the sharpness of this selection, with β → 0 yielding

uniform weights and β →∞ approaching a hard argmax.

2.6 Algorithm for the Single Head Model

We now describe a Gibbs sampler that draws from the posterior of (θ,Σ) under Gaussian

errors. The sampler alternates between conjugate draws, where the conditional posterior is

available in closed form, and Elliptical Slice Sampling (ESS) steps for the remaining nonlinear

blocks. For t = L + 1, . . . , T , assume:

yt | yt−L:t−1,θ ∼ N
(
gθ(yt−L:t−1), Σ

)
,

with Σ ∈ Sn
++. Conditional on Σ, the log-likelihood (up to an additive constant) equals:

logL(θ) = −1

2

T∑
t=L+1

(
yt − gθ(yt−L:t−1)

)⊤
Σ−1

(
yt − gθ(yt−L:t−1)

)
.

We impose the normalizations in Corollary 1: set Wv = Id, bµ = 0, parameterize the

score kernel F = W⊤
q Wk directly, and set b1 = 0. The parameter vector reduces to θ =

(Wx,p1, . . . ,pL,Wµ,F, b2, . . . , bL). This direct parameterization treats F as the primitive

d× d kernel; it is the natural choice when one wants the unrestricted case dk ≥ d. If instead

one wishes to enforce the low-rank restriction associated with dk < d, one can replace the

F block by a factorization F = UV⊤ with U,V ∈ Rd×dk and sample those factors under

additional identifying restrictions. Assign independent Gaussian priors ϑb ∼ N (mb,Vb) to

each block and an inverse-Wishart prior Σ ∼ IW(ν0,S0) to the error covariance.

Conjugate blocks. Since bµ = 0 and Wv = Id, the conditional mean is yt = Wµht + εt

with εt ∼ N (0,Σ), which is linear in Wµ given the state vectors hL+1, . . . ,hT . Stacking

Θ = W⊤
µ (d × n), X = [hL+1, . . . ,hT ]⊤ (Teff × d), and Y = [yL+1, . . . ,yT ]⊤ (Teff × n), the
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model takes the matrix regression form Y = XΘ+E. With prior Θ | Σ ∼ MN(Θ0, σ
−2
0 Id,Σ),

the conditional posterior is

Θ | Σ,h1:T ,y ∼ MN(Θ̄,N−1
T ,Σ), NT = σ−2

0 Id + X⊤X, Θ̄ = N−1
T (σ−2

0 Θ0 + X⊤Y).

(12)

With prior Σ ∼ IW(ν0,S0), the conditional posterior of the error covariance is

Σ | Θ,y ∼ IW
(
ν0 + Teff + d, S0 + E⊤E + σ−2

0 (Θ−Θ0)
⊤(Θ−Θ0)

)
, (13)

where E = Y−XΘ are the residuals. The second quadratic term in the scale matrix arises

from the matrix-normal prior on Θ.

ESS blocks. The remaining four blocks, Wx, {p1, . . . ,pL}, F, and (b2, . . . , bL), enter the

likelihood nonlinearly through the attention weights and are updated by Elliptical Slice

Sampling (ESS; Murray et al., 2010). Algorithm 1 describes the ESS step and Algorithm 2

describes the full Gibbs sampler. For each ESS block ϑb, hold θ−ϑb
fixed and define L(ϑb) =

L(ϑb,θ−ϑb
), then the posterior is p(ϑb | θ−ϑb

,y) ∝ L(ϑb)π(ϑb). If we let ℓ(ϑb) = logL(ϑb)

and given the current value ϑ̂b the following ESS step produces a draw from p(ϑb | θ−ϑb
,y).

Algorithm 1 Elliptical Slice Sampling (ESS) update for one block ϑb

1: Draw ν ∼ N (0,Vb).
2: Draw u ∼ Unif(0, 1) and set log ŷb ← ℓ(ϑ̂b) + log u.
3: Draw ϕ ∼ Unif(0, 2π) and set [ϕmin, ϕmax]← [ϕ− 2π, ϕ].
4: loop
5: Propose ϑ(ϕ)←mb + (ϑ̂b −mb) cosϕ + ν sinϕ.
6: if ℓ(ϑ(ϕ)) ≥ log ŷb then
7: return ϑ(ϕ).
8: else
9: if ϕ < 0 then
10: ϕmin ← ϕ.
11: else
12: ϕmax ← ϕ.
13: end if
14: Draw a new ϕ ∼ Unif(ϕmin, ϕmax) and repeat.
15: end if
16: end loop

Using Algorithm 1, we define the following Gibbs sampler, whose stationary distribution

is p(θ,Σ | yL+1:T ).4

4We initialize the sampler at a MAP estimate obtained by profile optimization: for fixed attention
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Algorithm 2 Gibbs sampler for the single-head attention VAR

Require: Wv = Id, bµ = 0, F = W⊤
q Wk (Corollary 1)

Require: Initial values θ(0), Σ(0); prior hyperparameters (mb,Vb)
B
b=1, ν0, S0

1: for m = 1, . . . ,M do
2: ▷ Conjugate blocks
3: Draw Wµ | h1:T ,Σ,y from the matrix-normal posterior
4: Draw Σ |Wµ,h1:T ,y from the inverse-Wishart posterior
5: ▷ ESS blocks
6: for b ∈ {Wx, {p1, . . . ,pL}, F} do
7: Update ϑb using Algorithm 1
8: end for
9: end for

Each ESS block updates one group of parameters while holding all others fixed. The

target for each block is the full conditional p(ϑb | θ−ϑb
,Σ,y) ∝ L(ϑb)π(ϑb), where the

prior π(ϑb) is Gaussian by construction and the likelihood enters only through the whitened

residuals. During the ESS sweep, Σ and Wµ are held fixed, so the Cholesky factor L of Σ

and the whitened output matrix L−1Wµ can be computed once and reused across all ESS

evaluations. The whitened log-likelihood (up to a constant) reduces to

ℓ(ϑb) = −1
2

T∑
t=L+1

∥∥L−1(yt −Wµht)
∥∥2,

where ht depends on ϑb through the attention mechanism: updating Wx changes the em-

bedded context vectors xt−ℓ and hence the attention weights and aggregated state; updating

the positional embeddings {pℓ} shifts all context vectors by a lag-specific constant; and up-

dating the score kernel F changes the pairwise scores and therefore the attention weights

directly. Each of these modifications propagates to ht and thus to the residuals, but the

dependence is nonlinear, which is why ESS rather than a conjugate draw is required.

The lower-triangular constraint on Wx (Corollary 1(i)) is enforced via a selection matrix

that maps a reduced vector of free parameters to vec(Wx): above-diagonal elements are

fixed at zero, and diagonal elements are sampled in log-space to ensure positivity.

2.7 Application: Univariate forecasting with a single head

We illustrate Algorithm 2 in a pseudo real-time out-of-sample forecasting exercise for U.S.

aggregate monthly PCE inflation. The sample runs from January 1960 through January

parameters (Wx, {pℓ},F), the optimal Wµ and Σ are available in closed form from (12)–(13), so gradient-
based optimization operates only on the lower-dimensional nonlinear block.
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2026. We use the January 2026 vintage, abstracting from revisions. We use the minimal

single-head specification (H = 1, d = dk = dv = 1, L = 12) with homoskedastic errors. The

model admits a representation as a time-varying AR(12). The benchmark is a (univariate)

Bayesian VAR with the same lag length (p = L = 12) and Minnesota prior.5 Both models

are recursively re-estimated over expanding windows from December 2019 to January 2026.

At each date we generate predictive densities for horizons h = 1, . . . , 24 months; the forecast

target is annualized cumulative inflation (12/h)
∑h

j=1 yt0+j.

We first assess the convergence properties of the algorithm. Figure 1 reports trace plots

from four independent chains initialized at dispersed starting values. The traces of the

reduced-form coefficient B1,1, the error variance Σ1,1, the posterior mean attended lag, and

the score bias b2 all mix rapidly and converge to the same stationary distribution, with no

visible dependence on initial conditions after the burn-in period.

The state dependence of the attention weights allows the effective autoregressive coeffi-

cients to vary with the recent history of inflation. Figure 2 illustrates this by plotting frozen-

coefficient impulse response functions at the two dates whose profiles differ most across the

sample. The impulse responses are computed by fixing the attention weights at their values

for a given date and iterating the resulting VAR(L) coefficients forward. The figure reveals

modest time variation in persistence: shocks decay somewhat faster at the 2008 date than at

the 1980 date, but the difference is small in magnitude. This is a direct consequence of the

single-head restriction (Proposition 2): with H = 1, all coefficient matrices At,ℓ are propor-

tional to a single base matrix B, and the only source of time variation is the reweighting of

lags through the scalar attention weights αt,ℓ. The model can shift which lags receive more

weight, but it cannot change the shape of the response to each lag independently. Richer

time variation in impulse response profiles requires the multi-head specification of Section 3,

where H > 1 heads allow the coefficient matrices to move in a higher-dimensional subspace.

Despite these limitations, the single-head model produces sizable forecast improvements.

Table 1 reports root mean squared errors and average log predictive scores (Gneiting and

Raftery, 2007) at selected horizons. The attention-based VAR matches the Bayesian VAR at

short horizons and increasingly dominates at longer ones, with RMSE improvements of 12%

at h = 12 and 19% at h = 24. Log predictive scores favor the attention-based VAR at every

horizon. Figure 3 illustrates these results. Panel (a) plots posterior median twelve-month-

ahead forecasts against realized values. The two models produce broadly similar forecasts,

but the attention-based VAR forecasts higher annualized inflation during the 2020–2021

5The Minnesota prior overall tightness, lag decay, and the sum-of-coefficients and dummy-initial-
observation hyperparameters are chosen by maximizing the marginal likelihood following Giannone et al.
(2015).
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Table 1: Out-of-sample forecast comparison: PCE inflation

RMSE Log predictive score

h Benchmark BVAR ATVAR BVAR ATVAR

1 2.33 2.18 2.16 −2.42 −2.21
3 1.91 1.64 1.61 −1.92 −1.91
6 1.93 1.54 1.45 −1.84 −1.82
12 2.32 1.79 1.58 −2.03 −1.89
24 2.89 2.21 1.80 −2.33 −2.02

Notes: ATVAR denotes the single-head attention-based VAR
(H = 1, d = dk = dv = 1, L = 12). BVAR is a Bayesian
VAR(12) with Minnesota prior. Benchmark is the trailing twelve-
month average. The forecast target is annualized cumulative
inflation (12/h)

∑h
j=1 yt0+j . Expanding windows from 2019M12

to 2026M01. Log predictive scores are averages across evaluation
dates; higher (less negative) is better.

run-up (e.g., 3.2% vs. 2.7% from 2020M12, against a realized 6.1%), and predicts a faster

disinflation through mid-2022 (e.g., 4.3% vs. 5.4% from 2022M07, against a realized 3.4%).

Panels (b) and (c) compare the predictive densities as of January 2026, where the attention-

based VAR predicts a faster acceleration of inflation.
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Figure 1: Convergence diagnostics for the attention VAR sampler
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Figure 2: Time-varying impulse responses to an inflation innovation
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Figure 3: Out-of-sample forecasting: PCE inflation

(a) Forecast versus realized: h = 12 months
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Notes: Panel (a): twelve-month-ahead cumulative inflation forecasts from the attention VAR and
the Bayesian VAR, evaluated over a recursive out-of-sample exercise from December 2019 to the
end of the sample. Shaded bands show the 68% posterior predictive interval; solid lines show
the posterior median forecast; the black line shows realized annualized twelve-month average PCE
inflation. Panel (b): posterior predictive density of annualized cumulative PCE inflation from
the Bayesian VAR, estimated at the last sample vintage. Shaded regions show the 68% and 90%
posterior predictive intervals at horizons one through twenty-four months; the solid line shows the
posterior median forecast; the dashed line shows historical annualized inflation. Panel (c): same as
panel (b) for the attention VAR.
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3 Multi-head attention

The proportionality constraint and the related time-invariant coefficient sum show that a

single attention head imposes severe restrictions. To overcome these limitations, Vaswani

et al. (2017) propose to linearly combine H attention heads, each with separate parameters

that follow the single-head attention structure (4)–(8).

In other words, for each head m ∈ {1, . . . , H}, define projection matrices Wm
q ,W

m
k ∈

Rdk×d and Wm
v ∈ Rdv×d. Using a common set of embeddings as in (4), each head computes

its own queries, keys, values, scores, weights, and output:

qm
t = Wm

q xt−1, km
t−ℓ = Wm

k xt−ℓ, vm
t−ℓ = Wm

v xt−ℓ, (14)

smt,ℓ =
(qm

t )⊤km
t−ℓ√

dk
, αm

t = softmax(smt ), (15)

cmt =
L∑

ℓ=1

αm
t,ℓ v

m
t−ℓ ∈ Rdv , (16)

for head m = 1, . . . , H and ℓ = 1, . . . , L. Then, the head outputs are combined via

ht = WO


c1t
...

cHt

 =
H∑

m=1

WO,mcmt ∈ Rd, (17)

where WO = [WO,1 · · ·WO,H ] with WO,m ∈ Rd×dv . The conditional mean Equation (3)

becomes

gθ(yt−L:t−1) = bµ + Wµht = bµ + Wµ

H∑
m=1

WO,m

L∑
ℓ=1

αm
t,ℓ v

m
t−ℓ, (18)

where θ = {bµ,Wµ,p,Wx,Wq,Wk,Wv,W
O} and

Θ = Rn × Rn×d × RLd × Rd×n × Rdk×Hd × Rdk×Hd × Rdυ×Hd × Rd×Hdυ .

Assumption 2. The model uses H-head attention with: (i) context length L and H heads;

(ii) affine conditional mean as in Equation (18); (iii) linear embeddings as in Equation (4);

(iv) linear projections as in Equation (14); (v) attention weights as in Equation (15); (vi)

aggregation as in Equations (16)–(17).

Proposition 3 (TV-VAR Representation under H-head attention). Under Assumption 2,

the conditional mean satisfies

gθ(yt−L:t−1) = bt +
L∑

ℓ=1

At,ℓ yt−ℓ, (19)
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where

At,ℓ =
H∑

m=1

αm
t,ℓB

m, Bm = WµW
O,mWm

v Wx ∈ Rn×n, (20)

with rank(Bm) ≤ min{dv, d, n}, and bt = bµ +
∑H

m=1

∑L
ℓ=1 α

m
t,ℓ WµW

O,mWm
v pℓ. Each At,ℓ

lies in the linear span of {Bm}Hm=1, a subspace of Rn×n with dimension at most H.

Proof. The proof follows by substituting the aggregation Equation (17) into the conditional

mean equation and collecting terms.

We now derive the conditions under which the multi-head model can represent an ar-

bitrary constant parameter VAR. For the model to represent a linear VAR with constant

coefficients, attention weights must not depend on the data.6 The score for head m at lag ℓ

is

smt,ℓ =
(Wm

q xt−1)
⊤(Wm

k xt−ℓ)√
dk

.

To make scores not depend on the data, one imposes the following restrictions:

Wm
q Wx = 0 and Wm

k Wx = 0 for all m. (21)

Under Equation (21), the scores are constant in t. The value projections vm
t−ℓ = Wm

v (pℓ +

Wxyt−ℓ) remain a function of lagged data, preserving the VAR structure.

Proposition 4 (Representation of time-invariant VARs). Under Assumption 2, any time-

invariant VAR(L) conditional mean can be obtained from the H-head attention model with

context length L and deterministic attention weights αm = (αm
1 , . . . , α

m
L )⊤ ∈ RL satisfying

Equation (21). Suppose:

(i) H ≥ L and the L×H mixing matrix

M =


α1
1 · · · αH

1
...

. . .
...

α1
L · · · αH

L

 ∈ RL×H

has full row rank L;

(ii) d, dv ≥ n, and let Wµ ∈ Rn×d and Wx ∈ Rd×n be any matrices with rank(Wµ) =

rank(Wx) = n.

6Since softmax(s)ℓ > 0 for all s ∈ RL, every lag receives strictly positive weight, so a VAR(p) with p < L
(which requires zero weight on lags ℓ > p) can only be approximated, not represented exactly. However, by
driving the positional scores for lags ℓ > p to −∞, the weights on those lags can be made arbitrarily small,
so the approximation is as tight as desired. For a VAR(L) that uses all L lags, the issue does not arise.
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Then for any target VAR coefficients (A1, . . . ,AL) with Aℓ ∈ Rn×n, one can construct

matrices

{WO,m}Hm=1 and {Wm
v }Hm=1

such that

Aℓ =
H∑

m=1

αm
ℓ B

m where Bm = WµW
O,mWm

v Wx for ℓ = 1, . . . , L

and for each (i, j), we have that

bij = M⊤(MM⊤)−1aij, (22)

where aij = ([A1]ij, . . . , [AL]ij)
⊤ ∈ RL and bij = ([B1]ij, . . . , [B

H ]ij)
⊤ ∈ RH . When H > L,

the resulting {Bm}Hm=1 are not unique.

Proof. For each (i, j), define aij = ([A1]ij, . . . , [AL]ij)
⊤. Since

[Aℓ]ij =
H∑

m=1

αm
ℓ [Bm]ij,

we have the linear system aij = Mbij with bij = ([B1]ij, . . . , [B
H ]ij)

⊤. Because M has full

row rank, this system is solvable for every aij, and Equation (22) gives the minimum-norm

solution. Stacking all entries (i, j) defines matrices B1, . . . ,BH satisfying Aℓ =
∑H

m=1 α
m
ℓ B

m

for all ℓ.

It remains to construct WO,m and Wm
v for each m. Since rank(Wµ) = n, pick any

right inverse Rµ ∈ Rd×n such that WµRµ = In. Since rank(Wx) = n, pick any left inverse

Le ∈ Rn×d such that LeWx = In. Define

M̃m = RµB
mLe ∈ Rd×d.

Then rank(M̃m) ≤ rank(Bm) ≤ n ≤ dv. Hence there exist matrices WO,m ∈ Rd×dv and

Wm
v ∈ Rdv×d such that M̃m = WO,mWm

v . Therefore,

WµW
O,mWm

v Wx = WµM̃mWx = WµRµB
mLeWx = Bm.

Thus the required matrices exist. Non-uniqueness follows because when H > L, aij = Mbij

has infinitely many solutions; moreover, the choices of inverses and matrix factorization are

also non-unique.
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Example 2 (Two-Head Representation of VAR(2)). Consider a bivariate VAR(2) with ar-

bitrary target coefficients (A1,A2). With H = L = 2 heads, let the deterministic attention

weights be α1 = (a, 1 − a)⊤ and α2 = (b, 1 − b)⊤ with a ̸= b and a, b ∈ (0, 1). The mixing

matrix is

M =

(
a b

1− a 1− b

)
, det(M) = a(1− b)− b(1− a) = a− b ̸= 0.

Since M is invertible, the unique solution for (B1,B2) is:

B1 =
(1− b)A1 − bA2

a− b
, B2 =

−(1− a)A1 + aA2

a− b
. (23)

Direct substitution verifies A1 = aB1 + bB2 = A1 and A2 = (1 − a)B1 + (1 − b)B2 = A2.

Thus any VAR(2), regardless of the structure of (A1,A2), can be exactly represented by a

two-head model with appropriately chosen base matrices, provided the architectural conditions

on (d, dv) are satisfied.

An H-head attention model with H ≥ L can therefore represent any linear VAR(L),

provided that d, dv ≥ n and rank(Wµ) = rank(Wx) = n.

3.1 Sum-identity and gain relaxation

As in the single-head case, softmax normalization implies
∑L

ℓ=1 α
m
t,ℓ = 1 for each head m.

Summing (20) over lags gives
L∑

ℓ=1

At,ℓ =
H∑

m=1

Bm, (24)

which is constant in t even when individual attention weights vary over time. Under stability,

the sum-identity fixes the instantaneous long-run multiplier (In−
∑

ℓ At,ℓ)
−1: the model can

redistribute weight across lags but cannot change the cumulative feedback matrix.

We introduce a generalization to relax this constraint while preserving the TV-VAR

structure. Introduce head-specific, state-dependent gains

gmt = exp(u⊤
mh

0
t + κm) > 0, h0

t =
H∑

m=1

WO,mcmt , (25)

where um ∈ Rd and κm ∈ R are learned parameters, adding H(d+ 1) parameters total. The

state h0
t is the multi-head output before the mean projection, so the gains are observation-

driven functions of the same history yt−L:t−1 that determines the attention weights. Replac-
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ing cmt by the gain-scaled output gmt c
m
t in the mixing step (17) yields modified coefficient

matrices

Ãt,ℓ =
H∑

m=1

gmt α
m
t,ℓB

m,

so that
∑

ℓ Ãt,ℓ =
∑

m gmt B
m now varies with t. The cross-lag rank structure is preserved:

rank(Ãt) ≤ min{H,L}. Each head acts as a mode with its own lag shape αm
t (the relative

weights across lags) and gain gmt (the overall amplitude).7

4 Regularization and economic interpretation

The preceding sections established that multi-head attention can represent any linear VAR

when H ≥ L, d ≥ n, and dv ≥ n (Proposition 4). When these conditions are not met, the

factored coefficient structure At,ℓ =
∑

m αm
t,ℓB

m imposes two types of rank restriction on the

model’s dynamics.

Proposition 5 (Cross-lag and within-lag rank restrictions). Consider an H-head attention

model. For any fixed t, define

At =
[
vec(At,1) · · · vec(At,L)

]
∈ Rn2×L,

Mt = [α1
t · · · αH

t ] ∈ RL×H ,

B =
[
vec(B1) · · · vec(BH)

]
∈ Rn2×H .

Then At = BM⊤
t , hence rank(At) ≤ min{H,L}. Each Bm = WµW

O,mWm
v Wx satisfies

rank(Bm) ≤ min{n, d, dv}, and in particular rank(Bm) ≤ dv when dv < n.

Proof. Immediate from At,ℓ =
∑H

m=1 α
m
t,ℓB

m and standard rank inequalities.

The first restriction is within-lag reduced rank. Because the same Wµ and Wx appear

in every head and every lag, we can factor

At,ℓ = Wµ

( H∑
m=1

αm
t,ℓW

O,mWm
v

)
Wx,

so that col(At,ℓ) ⊆ col(Wµ) and row(At,ℓ) ⊆ row(Wx) for all t and ℓ, with rank(At,ℓ) ≤
min{rank(Wµ), rank(Wx)} ≤ d. All coefficient matrices share the same row and column

7Unbounded gains can generate explosive dynamics. In practice, one may bound gains via a sigmoid
function or regularize the gain parameters (um, κm) during estimation; see Appendix A.2 for the detailed
TV-VAR representation with gains.
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spaces, determined by the embedding and output projections; the within-head dimension dv

imposes a secondary restriction on individual Bm.

The second restriction is cross-lag reduced rank: the lag-stacked coefficient matrix At has

rank at most H, so for each (i, j) the vector of lag coefficients aij
t = ([At,1]ij, . . . , [At,L]ij)

⊤

lies in the span of H common attention weight vectors:

aij
t =

H∑
m=1

[Bm]ij α
m
t , αm

t = (αm
t,1, . . . , α

m
t,L)⊤. (26)

When H ≪ L, the n2L lag coefficients in At are governed by only H shared attention weight

vectors αm
t and n2H mixing weights [Bm]ij, so the model can accommodate many lags with-

out a proportional increase in the effective number of free parameters. Thus, the attention

architecture achieves dimensionality reduction. In particular, for fixed (d,H, dk, dv, L), the

conditional mean requires

PAtt = 2dn + n + dL + H(2dk + dv)d + Hd · dv︸ ︷︷ ︸
independent of n

= O(n) (27)

parameters, compared with PVAR = n + n2L = O(n2) for an unrestricted VAR(L).8 For

moderate or large n, the attention-based VAR has fewer parameters than a corresponding

time-invariant VAR. The dependence on L is also mild: PAtt grows as dL through the

positional encodings, compared with n2L for the unrestricted VAR. Since d is typically much

smaller than n2, this opens the door to specifying models with very long lag structures.

“No free lunch”: Regularization vs. representability. The O(n) parameter scaling

in (27) requires holding d and dv fixed as n grows. Under the conditions of Proposition 4,

which require d ≥ n and dv ≥ n, the parameter count becomes O(n2) and the advantage

over an unrestricted VAR disappears. One cannot simultaneously have unrestricted VAR

representation and achieve dimensionality reduction. The researcher controls this tradeoff

through three architectural choices: d (and dv) governs the dimension of the cross-sectional

propagation subspace; H governs the cross-lag rank, i.e., the dimension of the lag-profile sub-

space; and L governs the context length. Using H ≪ L is a deliberate regularization choice

that keeps the cost of extending the context window low. Unlike Minnesota-style shrink-

age (Doan et al., 1984), which penalizes coefficient magnitudes directly, the rank restriction

constrains lag coefficient vectors to lie in a low-dimensional subspace.

8The terms scaling with n are Wx (dn), Wµ (dn), and bµ (n). The remaining terms are the positional
encodings p1, . . . ,pL (dL), the per-head projection matrices Wm

q , Wm
k , Wm

v (H(2dk+dv)d), and the output

mixing matrices WO,m (Hd · dv). See Table A.1 in the Internet Appendix.
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4.1 Connection to dynamic factor models

A natural question is whether these rank restrictions are an arbitrary feature of the attention

architecture or can be given an economic interpretation. It turns out that an analogous low-

rank coefficient structure arises in dynamic factor models (DFMs; Sargent and Sims, 1977;

Bernanke et al., 2005; Stock and Watson, 2005) and linearized DSGE models (Fernández-

Villaverde et al., 2007), where a low-dimensional state generates comovement among many

observables. Consider first the case of a DFM without idiosyncratic components.

Proposition 6 (Representation of factor-VAR reduced forms). Consider a DFM without

idiosyncratic components: r factors ft ∈ Rr satisfy yt = Λft and ft =
∑L

ℓ=1Φℓft−ℓ + ηt,

where Λ ∈ Rn×r has full column rank and Λ+ denotes any left inverse. The reduced-form

VAR(L) is

yt =
L∑

ℓ=1

A⋆
ℓ yt−ℓ + ut, A⋆

ℓ = ΛΦℓΛ
+, ut = Ληt. (28)

The factorization through Rr implies:

(i) col(A⋆
ℓ) ⊆ col(Λ) and row(A⋆

ℓ) ⊆ row(Λ+) for every ℓ, with rank(A⋆
ℓ) ≤ r;

(ii) rank(A⋆) ≤ min{L, r2} for the lag-stacked matrix A⋆ = [vec(A⋆
1) · · · vec(A⋆

L)].

An H-head attention model with d ≥ r, dv ≥ r, and H ≥ L can represent any such reduced

form by setting Wµ = Λ, Wx = Λ+, and choosing deterministic attention weights {αm
ℓ }

satisfying Equation (21) with the L×H mixing matrix M of full row rank.

Proof. The system Φℓ =
∑H

m=1 α
m
ℓ G

m is the element-wise linear system vec(Φℓ) =
∑

m αm
ℓ vec(Gm)

for each ℓ. Since M has full row rank L, this system has a solution by the same argument

as Proposition 4, applied in r × r factor space. With Wµ = Λ and Wx = Λ+, we have

Bm = WµW
O,mWm

v Wx = ΛGmΛ+, where WO,m and Wm
v are constructed as in the proof

of Proposition 4 with d ≥ r and dv ≥ r. Then Aℓ =
∑

m αm
ℓ B

m = Λ(
∑

m αm
ℓ G

m)Λ+ =

ΛΦℓΛ
+ = A⋆

ℓ .

In the representation, Wµ is analogous to the factor loading matrix Λ, Wx to the factor

extraction matrix Λ+, d to the factor dimension r, and H to the cross-lag rank bound r2

(since the r× r matrices Φℓ span an at most r2-dimensional space).9 These parallels provide

guidance for model specification and prior construction. Choosing d small is analogous to

assuming few factors drive the dynamics. The number of heads H controls the cross-lag

9The internal decomposition of Bm into Wµ, W
O,m, Wm

v , Wx is not identified, analogous to rotational
indeterminacy in DFMs (Bai and Wang, 2015); only the products Bm and the resulting coefficients At,ℓ are
identified.
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complexity: H = r2 suffices to capture the full factor dynamics, H < r2 imposes additional

regularization. In Bayesian estimation, these parallels suggest shrinking toward small d and

H to favor parsimonious factor-like dynamics, and toward WxWµ = Id to tie the encoding

and decoding subspaces together as in the DFM. The connection also suggests a specific

modelling of the innovation covariance: in the DFM, Var(ut) = ΛΩΛ′ has rank at most r,

so the covariance should share the same low-dimensional structure as the conditional mean.

Section 5 develops such a parameterization.

Example 3 (Two structural shocks with different persistence). Consider n macroeconomic

variables driven by two independent AR(1) factors:

fmt = ρmfm,t−1 + ηmt, m = 1, 2, |ρ1| > |ρ2|,

with yt = λ1f1t + λ2f2t, where λm ∈ Rn are loading vectors. Since each factor is scalar,

ω⊤
mλm = 1 defines the left inverse ωm, and the reduced form is a VAR(1) with

A⋆
1 = ρ1λ1ω

⊤
1 + ρ2λ2ω

⊤
2 ,

where rank(A⋆
1) ≤ 2. By Proposition 6, a two-head attention model (H = 2, L = 1, dv ≥ 1)

represents this with Bm = ρmλmω
⊤
m: each head captures one structural shock, with the

attention weight on the single lag equal to one.

More generally, with measurement error or idiosyncratic shocks, the DFM reduced form

is VARMA rather than VAR, equivalently a VAR(∞) under invertibility (Stock and Wat-

son, 2005). A finite VAR(L) cannot represent this exactly, but the attention model can

approximate it by increasing L.

Proposition 7 (Approximation of DFM reduced forms). Consider a DFM with r factors,

fixed loadings Λ, stable factor dynamics, and idiosyncratic shocks, so that the reduced form

is a VAR(∞) with coefficients A⋆
ℓ = ΛΦ

(∞)
ℓ Λ+ satisfying Assumption B.1. For any L, an

H-head attention model with d ≥ r, dv ≥ r, and H ≥ L can represent the truncated VAR(L)

exactly. The within-lag rank of A⋆
ℓ is at most r for every ℓ, and d and H need not grow with

L. As L→∞, the truncation error vanishes at rate O(ϱL) (Lemma B.1 in Appendix B), so

the attention model approximates the full DFM conditional mean arbitrarily well.

Proof. For each ℓ ≤ L, A⋆
ℓ = ΛΦ

(∞)
ℓ Λ+ factors through Rr, so Proposition 6 applies to the

truncated coefficient sequence (A⋆
1, . . . ,A

⋆
L). The truncation bound follows from Lemma B.1.
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The cross-lag rank restriction makes increasing L feasible: the estimation cost grows as

dL rather than n2L, so the model can use a long context window to reduce truncation bias

without the curse of dimensionality that would plague an unrestricted VAR. Appendix B

formalizes this approximation-estimation tradeoff.

5 Attention for the Conditional Variance

The baseline model assumes a constant conditional covariance Σ. This section parameterizes

Σt = Σθ(yt−L:t−1) as a function of the same state vector ht that determines the conditional

mean. The parameterization ties the covariance structure to the same architectural bottle-

necks that constrain the conditional mean, with a single dimension parameter q controlling

the tradeoff between regularization and flexibility.

5.1 Parameterization

Section 4 established that col(At,ℓ) ⊆ col(Wµ) for all t and ℓ: the conditional mean propa-

gates shocks through a d-dimensional subspace determined by Wµ, analogous to the loading

space col(Λ) in a dynamic factor model. We impose the same low-dimensional structure on

the innovation covariance.

Write the innovation as

εt = ΛΣξt + Dtzt, ξt | Ft−1 ∼ N (0,Ωt), zt | Ft−1 ∼ N (0, In), (29)

with ξt ⊥ zt, where ΛΣ ∈ Rn×q is a time-invariant loading matrix, ξt ∈ Rq is a vector of

common shocks, zt ∈ Rn captures idiosyncratic variation, and Dt = diag(σ1,t, . . . , σn,t). The

implied covariance is

Σt = ΛΣ Ωt Λ
⊤
Σ + D2

t , (30)

which is positive definite whenever D2
t ≻ 0. This is the “low rank plus diagonal” structure

of approximate factor models (Chamberlain and Rothschild, 1983; Stock and Watson, 2002).

The architectural link is in the choice of ΛΣ. Since Wµ ∈ Rn×d already determines the

column space through which the conditional mean operates, we parameterize

ΛΣ = WµWΣ, WΣ ∈ Rd×q, (31)

where WΣ is a learned parameter matrix that selects which q directions within the d-

dimensional embedding space carry common shocks into the observables. The product

enforces col(ΛΣ) ⊆ col(Wµ): the covariance factor loadings live in the same subspace
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that generates the conditional mean. Since rank(ΛΣ) ≤ rank(Wµ) ≤ d, only qeff =

min{q, rank(Wµ)} distinct common-shock directions can be loaded; setting q > d adds

no expressiveness. In the no-measurement-error DFM of Section 4, Wµ plays the role of Λ,

so ΛΣ = WµWΣ is the reduced-form counterpart of the statement that innovations load on

the same factor space as the levels.

The idiosyncratic log-variances are affine functions of the state:

log σ2
i,t = bδ,i + w⊤

δ,iht, i = 1, . . . , n. (32)

The common-shock covariance Ωt ∈ Sq
++ is diagonal:

Ωt = diag
(
exp(λ1,t), . . . , exp(λq,t)

)
, λt = bλ + Wλht, (33)

where Wλ ∈ Rq×d and bλ ∈ Rq. All cross-sectional correlation comes through the loadings

ΛΣ; the common shocks are conditionally uncorrelated but heteroskedastic.

Computation. The low-rank-plus-diagonal structure allows likelihood evaluation in O(nq2+

q3) rather than O(n3). The matrix determinant lemma and the Woodbury identity give

|Σt| = |D2
t | |Ωt|

∣∣Ω−1
t + Λ⊤

ΣD
−2
t ΛΣ

∣∣, (34)

Σ−1
t = D−2

t −D−2
t ΛΣ

(
Ω−1

t + Λ⊤
ΣD

−2
t ΛΣ

)−1
Λ⊤

ΣD
−2
t , (35)

so the dominant cost per observation is the q × q inversion in the Woodbury term.

5.2 Special cases

The specification nests several standard covariance models through restrictions on its pa-

rameters.

Constant covariance (time-invariant VAR). When Wδ = 0 and Wλ = 0, nei-

ther the idiosyncratic nor the common-shock variances depend on ht, giving Dt ≡ D =

diag(exp(bδ/2)) and Ωt ≡ Ω = diag(exp(bλ)). The covariance reduces to

Σ = ΛΣ ΩΛ⊤
Σ + D2, (36)

which is a constant positive definite matrix. Combined with the time-invariant conditional

mean obtained when Wm
q Wx = 0 and Wm

k Wx = 0 (Proposition 4), this recovers the

standard linear VAR with Gaussian innovations. If rank(Wµ) = n (hence d ≥ n) and q ≥ n,
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the constant-covariance subclass is saturated: by appropriate choice of (WΣ, bλ, bδ) it can

match any Σ ∈ Sn
++. In the regularized regime rank(Wµ) < n, the model is restricted to a

low-rank-plus-diagonal family.

Factor-model covariance. In the no-measurement-error DFM of Section 4, εt = Ληt

and Var(εt | Ft−1) = ΛQΛ⊤ has rank at most r < n. Setting ΛΣ = Λ, Ωt ≡ Ω, and

Dt = 0 recovers this singular covariance exactly, but the density is not well defined in

Rn. With D2
t ≻ 0, the covariance becomes Σt = ΛΩΛ⊤ + D2

t , the structure of approximate

factor models and FAVAR specifications (Bernanke et al., 2005). The idiosyncratic variances

regularize the covariance to full rank while preserving the factor interpretation.

5.3 Regularization, identification, and the role of q

The dimension q controls the complexity of the covariance specification, paralleling the role

of (d,H) for the conditional mean. Small q imposes strong regularization: all cross-sectional

dependence is channeled through q common-shock directions, and the covariance parameters

scale as O(nq) rather than O(n2). When q is large (up to rank(Wµ)), the common component

can approximate a wide class of covariance matrices, but with fixed ΛΣ and diagonal Ωt the

time variation in cross-sectional dependence is restricted to q volatility factors plus the n

idiosyncratic variances.

Because Ωt is diagonal, (ΛΣ,λt) are not separately identified up to column-wise rescal-

ing and permutation. The identified object is Σt. For interpretability one may normalize

∥ΛΣ,·j∥ = 1 for each j, so that exp(λj,t) is the variance of common shock j.

5.4 Illustrative examples

Example 4 (Univariate model with ARCH-type volatility). Consider n = 1 with constant

conditional mean µt = c and time-varying variance. Augment the input to include squared

values: ỹt−ℓ = (yt−ℓ, y
2
t−ℓ)

⊤ ∈ R2. With Wx = (0, 1) ∈ R1×2 and uniform attention αt,ℓ =

1/L, the state becomes ht = L−1
∑L

ℓ=1 y
2
t−ℓ, and

log σ2
t = bδ + wδht = bδ +

wδ

L

L∑
ℓ=1

y2t−ℓ.

With wδ > 0 and c = 0 (so y2t−ℓ ≈ ε2t−ℓ), this is a log-linear ARCH(L) model. When attention

weights are learned rather than uniform, the model becomes log σ2
t = bδ +wδ

∑
ℓ αt,ℓy

2
t−ℓ, with

data-dependent weights on recent versus distant squared values. Setting wδ = 0 reduces to
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homoskedasticity.

Example 5 (Bivariate model with state-dependent correlation). Consider n = 2 with

constant conditional mean and q = 1. Write ΛΣ = (ℓ1, ℓ2)
⊤ ∈ R2. The covariance is

Σt = ΛΣΛ
⊤
Σ exp(λt) + D2

t , so the off-diagonal element is [Σt]12 = ℓ1ℓ2 exp(λt) and the con-

ditional correlation is

ρt =
ℓ1ℓ2 exp(λt)√

(ℓ21 exp(λt) + σ2
1,t)(ℓ

2
2 exp(λt) + σ2

2,t)
,

where λt = bλ +w⊤
λ ht. When ℓ1ℓ2 > 0, an increase in exp(λt) raises both the numerator and

the common-shock share of each diagonal element, pushing |ρt| toward one. If the attention

mechanism learns that ht increases during periods of joint large moves, correlations rise

in volatile states, consistent with the empirical finding that cross-asset correlations increase

during market stress (Longin and Solnik, 2001). Setting wδ = 0 and wλ = 0 gives a constant

correlation.

6 Nonlinear Extensions

The baseline attention-only specification (Sections 2–5) yields a conditional mean that is

linear in lagged observables: µt = bt +
∑

ℓ At,ℓyt−ℓ. The standard Transformer architecture

(Vaswani et al., 2017) includes three additional components that break this linearity: a

feedforward sublayer, residual connections, and layer normalization. This section describes

each component, shows how stacking multiple layers composes these nonlinearities, and

characterizes how the resulting model relates to the TV-VAR representation.

6.1 Feedforward sublayer

The feedforward sublayer applies a two-layer network position-wise to each state vector:

FFN(u) = b2 + W2ϕ(b1 + W1u),

where W1 ∈ Rdff×d, W2 ∈ Rd×dff , and ϕ is an elementwise nonlinearity such as the rectified

linear unit ϕ(z) = max{0, z}. Applied after the attention aggregation step, the feedforward

sublayer transforms the state ht before it enters the conditional mean projection. This breaks

the linearity of Proposition 2: µt = bµ+WµFFN(ht) is no longer an affine function of lagged

observables. The conditional mean can now capture threshold effects, saturation, and other

nonlinear responses to the history.
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6.2 Residual connections and layer normalization

Residual connections (He et al., 2016) add the input of each sublayer to its output:

h̃
(k)
t = h

(k)
t + Attn(k)(LN(h(k)

· ))t,

h
(k+1)
t = h̃

(k)
t + FFN(k)(LN(h̃

(k)
t )),

where h
(k)
t ∈ Rd is the hidden state at position t in layer k. When the attention and

feedforward contributions are small relative to the identity term, the model adds nonlinear

corrections on top of a near-linear baseline. The identity mapping operates in state space

Rd, not observation space Rn.

Layer normalization (Ba et al., 2016) standardizes each state vector across its coordinates:

LN(u) = γ ⊙ u− ū√
V̂ar(u) + ϵ

+ β,

where ū and V̂ar(u) are the coordinate mean and variance, γ,β ∈ Rd are learned param-

eters, and ⊙ denotes elementwise multiplication. Layer normalization stabilizes gradient

magnitudes during estimation and makes the model invariant to the overall scale of the state

vector, but it introduces an additional nonlinearity through the division by the coordinate

standard deviation.

6.3 Multi-layer models and local linearization

With K layers, each combining attention, feedforward, residual, and layer normalization

sublayers, the model composes K nonlinear transformations. The TV-VAR form (9) holds

exactly in state space Rd within each layer (with hidden states replacing observations), but

not in observation space Rn. The overall mapping from yt−L:t−1 to µt is a composition

of K attention-feedforward blocks followed by the output projection, which is generally a

nonlinear function of the lagged observables.

To recover interpretable coefficient matrices, define effective VAR coefficients as Jaco-

bians:

Jt,ℓ =
∂µt

∂yt−ℓ

∈ Rn×n.

These provide local impulse response interpretations: Jt,ℓ measures the marginal effect of

yt−ℓ on µt at the realized history. For structural analysis, these Jacobians play the role of

the autoregressive coefficients in a standard VAR.10 This local linearization reduces to the

10Because the Jacobians Jt,ℓ depend on the full history, impulse responses in multi-layer attention-based
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exact TV-VAR representation of Proposition 2 when K = 1 and the feedforward sublayer is

omitted, so the baseline model is a special case. Increasing K or adding feedforward layers

trades the closed-form coefficient structure for greater expressive power.

7 Estimation

7.1 Identification

Proposition 1 establishes that the primitive parameters are not identified. We distinguish

between exact restrictions that eliminate specific symmetries and softer anchoring through

the prior.

Exact normalizations. In the single-head case with dv = d, only the product M :=

WµWv enters the conditional mean, so setting Wv = Id and estimating M directly elimi-

nates the value-space rotation with no loss of generality. For the query-key block, the scores

depend only on the product F := W⊤
q Wk, so parameterizing F directly eliminates the query-

key rotation. When dk < d/2, retaining the factored form (Wq,Wk) is more parsimonious

(2dkd vs. d2 free parameters), but requires a normalization such as WkW
⊤
k = Idk . For

the intercept decomposition, since
∑

ℓ αt,ℓ = 1, one normalization such as r1 = 0 (where

rℓ = WµWvpℓ) resolves the non-uniqueness between bµ and the positional terms.

Multi-head case. With H > 1 heads, two additional symmetries arise. First, the model is

invariant to permutations of the head index: relabeling heads m and m′ together with their

associated projections (Wm
q ,W

m
k ,W

m
v ,W

O,m) leaves all reduced-form objects unchanged.

Second, each head has its own value-space rotation: only the product WO,mWm
v enters the

conditional mean, so replacing (Wm
v ,W

O,m) with (SmW
m
v ,W

O,mS⊤
m) for any orthogonal Sm

is observationally equivalent. Unlike the single-head case, one cannot collapse Wm
v and WO,m

into a single matrix without losing the low-rank structure of each Bm = WµW
O,mWm

v Wx.

The embedding-space and query-key rotations carry over from Proposition 1, now acting

on all heads simultaneously for the embedding and independently per head for the query-

key block. The head permutation symmetry is discrete and can be handled by ordering

conventions (e.g., by decreasing ∥Bm∥F ); the per-head value-space rotations are continuous

VARs are nonlinear functions of the coefficient matrices, not linear combinations of head-specific responses.
One cannot decompose the impulse response at horizon h into a sum of H head-specific impulse responses,
since the iterated composition Jt+h,1 · · ·Jt+1,1 involves cross-products of attention weights from different
heads and time periods.
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and require either per-head triangular constraints on Wm
v or soft anchoring through the

prior.

Soft anchoring. The embedding-space rotation is the most consequential symmetry be-

cause it acts on (Wx,pℓ,W
m
q ,W

m
k ,W

m
v ) simultaneously across all heads. Hard constraints

such as requiring a d × d submatrix of Wx to be lower-triangular with positive diagonal

would fix the latent basis but complicate the sampler, which relies on unconstrained Gaus-

sian blocks and Elliptical Slice Sampling. An effective alternative is to anchor the basis

through informative priors: centering (Wµ,W
m
v ,Wx) at an SVD factorization of an OLS

estimate of B defines a preferred coordinate system that reduces posterior drift across equiv-

alent parameterizations without imposing hard constraints.

7.2 A shrinkage prior centered at time-invariant dynamics

The attention parameterization can generate arbitrarily nonlinear, state-dependent dynam-

ics, so regularization toward parsimony is essential. This subsection constructs a prior that is

centered at a constant-coefficient VAR but remains within the attention architecture, making

“time invariance” a shrinkage limit rather than a separate model.

Reparameterization. The source of time variation in the attention-based VAR is the

dependence of scores on lagged data through the query and key projections. We isolate

this source by decomposing each head’s projections into a positional component and a data-

dependent perturbation:

Wm
q = Wm

q,0 + λmW̃
m
q , Wm

k = Wm
k,0 + λmW̃

m
k , (37)

where Wm
q,0Wx = 0 and Wm

k,0Wx = 0, so that the “base” projections (Wm
q,0,W

m
k,0) satisfy

the deterministic weights condition (21). The scalar λm ∈ R controls the degree of state

dependence for head m: when λm = 0, the scores reduce to

smt,ℓ =

(
Wm

q,0p1

)⊤(
Wm

k,0pℓ

)
√
dk

,

which depend only on the positional effects. Attention weights αm
t are then constant in

t, and the conditional mean is a time-invariant VAR(L) with cross-lag rank at most H

(Proposition 4). As |λm| increases, scores become functions of the lagged data and the

coefficients become time-varying.
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Hierarchical shrinkage prior. The reparameterization (37) reduces the question of “how

much time variation” to the magnitudes of λ1, . . . , λH . A natural prior specification places

a global-local shrinkage prior on these scales:

λm | τλ, νm ∼ N (0, τ 2λν
2
m), νm ∼ half-Cauchy(1), τλ ∼ half-Cauchy(1). (38)

The global scale τλ controls overall shrinkage toward time invariance, while the local scales

νm allow individual heads to escape if the data support state-dependent dynamics. This

is the attention-architecture analogue of centering a TV-VAR prior at constant coefficients:

the prior concentrates near the constant-coefficient submodel but has heavy tails that ac-

commodate departures when warranted by the likelihood.

Nesting of constant-coefficient VARs. Setting λm = 0 for all m reduces the model

exactly to a constant-coefficient VAR(L) with the cross-lag rank restriction of Proposition 5.

The prior (38) therefore nests the linear VAR as a limiting case (λ→ 0), with the posterior

concentrating near this limit when the data are consistent with time-invariant dynamics.

The remaining parameters (Wm
q,0,W

m
k,0,W

m
v ,W

O
m,Wµ,Wx, {pℓ}) receive conventional pri-

ors; details are provided below.

Posterior inference on the degree of nonlinearity. The posterior distribution of λm

directly quantifies the degree of state dependence contributed by head m: small |λm| means

head m operates as a nearly constant-coefficient component, while large |λm| indicates that its

lag weights vary substantially with the state of the economy. The following result formalizes

this relationship.

Lemma 1 (Local control of time variation by λm). Fix a head m and assume there exists

Smax <∞ such that supt,ℓ

∣∣smt,ℓ∣∣ ≤ Smax almost surely under the parameterization (37). Then

there exists a constant C = C(Smax, L) such that for all t,

∥αm
t −αm

0 ∥1 ≤ C |λm| max
ℓ≤L
∥yt−ℓ∥,

where αm
0 denotes the (time-invariant) weights at λm = 0. Consequently,

∥At,ℓ −A0,ℓ∥F ≤ C |λm| ∥Bm∥F max
j≤L
∥yt−j∥+

∑
m′ ̸=m

∥A(m′)
t,ℓ −A

(m′)
0,ℓ ∥F .

Proof sketch. Under (37), smt,ℓ is differentiable in λm with derivative linear in yt−ℓ and yt−1.

On bounded score sets, softmax is Lipschitz (bounded Jacobian), implying ∥αm
t − αm

0 ∥1 ≲

35



∥smt − sm0 ∥1. The score difference is O(|λm|maxℓ≤L ∥yt−ℓ∥) by linearity of the projections.

The coefficient bound follows from Am
t,ℓ = αm

t,ℓB
m.

Lemma 1 implies that the posterior of {λ1, . . . , λH} provides a head-by-head decom-

position of the degree of nonlinearity in the estimated dynamics. If the posterior of λm

concentrates near zero for most heads, the data favor approximately linear, time-invariant

dynamics; if λm is large for some heads, those heads capture state-dependent behavior.

Combined with the head-specific scales ωm discussed in Appendix B, which control each

head’s overall contribution, the practitioner obtains a two-dimensional summary per head:

ωm measures “how important” and λm measures “how nonlinear.”

7.3 Likelihood

Under the conditional Gaussian specification (2), the log-likelihood given the first L obser-

vations is

ℓ(θ,Σ) = −(T − L)n

2
log(2π)− T − L

2
log |Σ| − 1

2

T∑
t=L+1

(yt−µt(θ))⊤Σ−1(yt−µt(θ)), (39)

where µt(θ) = gθ(yt−L:t−1) is the conditional mean from Equation (3) and Σ is the error

covariance. When the covariance is time-varying (Section 5), the middle term becomes

−1
2

∑T
t=L+1 log |Σt(θ)| and Σ in the quadratic form is replaced by Σt(θ). The log-likelihood

conditions on the initial L observations and treats them as given.

7.4 Posterior computation

The posterior is explored via the Gibbs sampler of Algorithm 2. The conjugate conditional

posteriors for Wµ and Σ are given in Equations (12)–(13); the nonlinear attention parameters

are updated by Elliptical Slice Sampling (Algorithm 1).11

8 Conclusion

This paper develops a theoretical framework connecting Transformer architectures to clas-

sical econometric models for multivariate time series. The main contribution is an exact

representation result: for attention-only specifications, the conditional mean is a VAR with

11The conjugate profiling structure also admits maximum likelihood estimation: for fixed attention pa-
rameters, the optimal Wµ and Σ are available in closed form, so gradient-based optimization of the profile
log-likelihood operates only on the lower-dimensional nonlinear block.
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time-varying, state-dependent coefficients that arise endogenously from the attention mech-

anism. This connection provides interpretability (attention weights as lag importance), re-

veals implicit regularization (low-rank, parameter-tied coefficients), and offers theoretical

grounding for applying Transformer models to economic time series.

We extend the framework to model conditional heteroskedasticity using a factor-coherent

covariance parameterization that ties the innovation loading space to the same low-dimensional

subspace that constrains the conditional mean. The resulting “low rank plus diagonal” co-

variance structure nests constant covariance and approximate factor-model covariance as

special cases, with all time variation driven by the same observation-driven state. For es-

timation, we develop a Gibbs sampler that exploits the conjugate structure of the output

projection and error covariance while using Elliptical Slice Sampling for the nonlinear atten-

tion parameters, with a shrinkage prior that nests the constant-coefficient VAR as a limiting

case. In a recursive forecasting exercise for PCE inflation, even the minimal single-head

specification produces more accurate point and density forecasts than a Bayesian VAR at

horizons from one to twenty-four months.

Several directions merit further investigation. First, the stability analysis for general

multi-layer architectures requires stronger theoretical foundations; results from the observation-

driven model literature (Creal et al., 2013; Straumann and Mikosch, 2006) may provide a

starting point. Second, the framework could be extended to structural analysis by identify-

ing structural shocks through restrictions on the contemporaneous impact matrix, analogous

to identified VARs; the methods of Arias et al. (2024) for inference in time-varying SVARs

with sign restrictions provide a natural complement. Third, the asymptotic properties of the

maximum likelihood estimator and associated inference procedures remain to be developed.

Finally, the connection between attention mechanisms and kernel methods suggests potential

links to Gaussian process models that warrant exploration.
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A Additional architectural details

A.1 Causal masking

In implementations processing all positions simultaneously, a causal mask enforces autore-

gressive structure. Define M ∈ RT×T with Mij = 0 if j ≤ i and Mij = −∞ otherwise.

Masked scores are s+M, so positions j > i receive zero weight after softmax. The standard

convention uses the hidden state at position i (incorporating yi) to predict yi+1.

A.2 Gain relaxation

The sum-identity (24) fixes the long-run multiplier over time. A minimal modification breaks

this constraint without altering the linear-in-lags structure. Define the pre-gain state

h0
t =

H∑
m=1

WO,mcmt , (A.1)

and introduce head-specific positive gains

gmt = exp(u⊤
mh

0
t + κm) > 0, (A.2)

where um ∈ Rd and κm ∈ R are learned parameters (adding H(d + 1) parameters total).

Replace cmt by the gain-scaled output c̃mt = gmt c
m
t in the output mixing step, yielding

ht =
H∑

m=1

WO,mc̃mt , µt = bµ + Wµht.

This construction is observation-driven: h0
t depends only on the history yt−L:t−1, the gains

gmt are deterministic functions of h0
t , and there is no fixed-point computation.

The conditional mean retains the TV-VAR form

µt = b̃t +
L∑

ℓ=1

Ãt,ℓyt−ℓ, Ãt,ℓ =
H∑

m=1

gmt α
m
t,ℓB

m, (A.3)

with intercept b̃t = bµ +
∑H

m=1 g
m
t

∑L
ℓ=1 α

m
t,ℓWµW

O,mWV,mpℓ. The cross-lag factorization is

preserved: letting M̃t = [g1tα
1
t · · · gHt αH

t ],

Ãt = BM̃
⊤
t , so rank(Ãt) ≤ min{H,L} for every t.
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The sum-identity becomes
∑L

ℓ=1 Ãt,ℓ =
∑H

m=1 g
m
t B

m, which varies with t whenever gains

vary, allowing regime-dependent amplification or attenuation of each dynamic mode.

In this architecture, αm
t,ℓ determines the within-head distribution over lags (a “lag shape”),

while gmt controls the overall contribution of head m (a “mode gain”). If the state h0
t captures

volatility or crisis indicators, gains can adapt the long-run multiplier to the economic regime

without requiring discrete regime specification. Unbounded gains can generate explosive

dynamics: if
∑

m gmt B
m has spectral radius exceeding unity, the implied VAR is locally

unstable. In practice, one may bound gains via gmt = ḡ · σ(u⊤
mh

0
t + κm) with sigmoid σ

and maximum gain ḡ, or regularize the gain parameters (um, κm) during estimation. This

connects to the stability analysis in Section ??.

A.3 Parameter summary

Table A.1: Parameter matrices and vectors (constant covariance specification)

Component Parameter Dimension Count

Embedding Wx d× n dn
p1, . . . ,pL d× 1 each dL

Attention (per head) Wm
q , Wm

k dk × d each 2dkd
Wm

v dv × d dvd

Output mixing WO
1 , . . . ,W

O
H d× dv each Hd · dv

Conditional mean Wµ n× d nd
bµ n× 1 n

Covariance (Cholesky) L n× n (lower tri.) n(n + 1)/2

Notes: Tuning parameters (L,H, d, dk, dv) are fixed by the researcher. Total
parameter count is O(Hd2 + nd) for the attention and mean components.
Additional parameters for time-varying covariance are summarized in Sec-
tion 5.

B Regularization, approximation, and Bayesian adap-

tivity

This section formalizes the tradeoff between (i) architectural regularization induced by at-

tention factorization and rank constraints, (ii) prior-driven shrinkage within a more flexible

parameterization, and (iii) the choice of context length L as a bias-variance (approximation-

estimation) lever. The key point is that rank-based architectural regularization changes the
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way statistical complexity scales with L, making it feasible to increase L to reduce truncation

bias in settings where unrestricted VAR estimation would be ill-posed.

B.1 Targets, truncation bias, and approximation error

Let T denote the sample size, and treat (y1, . . . ,yL) as presample values. Consider a generic

target conditional mean of the form

µ⋆
t = c⋆ +

∞∑
ℓ=1

A⋆
ℓyt−ℓ, t ≥ L + 1, (B.1)

with E∥yt∥2 < ∞. Representations of the form (B.1) arise from stable VARMA and state-

space models via their AR(∞) expansions (Lütkepohl, 2005; Hamilton, 1994). We use (B.1)

only as an approximation benchmark: the true DGP need not be linear, but (B.1) provides

a canonical notion of “long memory in lags.”

For a fixed context length L, define the truncation residual

r⋆
t,L =

∑
ℓ>L

A⋆
ℓyt−ℓ.

The truncation bias is controlled by tail decay of {A⋆
ℓ}.

Assumption B.1 (Geometric lag decay). There exist constants CA > 0 and ϱ ∈ (0, 1) such

that ∥A⋆
ℓ∥op ≤ CAϱ

ℓ for all ℓ ≥ 1, and supt E∥yt∥2 ≤M2 <∞.

Assumption B.1 is satisfied by broad classes of stable VARMA and linear state-space

models (after reparameterization) and is a convenient sufficient condition for exponentially

decaying truncation error.

Lemma B.1 (Truncation bound). Under Assumption B.1,

E∥r⋆
t,L∥2 ≤M2

(∑
ℓ>L

∥A⋆
ℓ∥op

)2

≤M2

(
CAϱ

L+1

1− ϱ

)2

.

Proof. By the triangle inequality and Cauchy–Schwarz,

∥r⋆
t,L∥ ≤

∑
ℓ>L

∥A⋆
ℓ∥op ∥yt−ℓ∥ ≤

(∑
ℓ>L

∥A⋆
ℓ∥op

)
sup
ℓ>L
∥yt−ℓ∥.

Taking expectations and using E∥yt∥2 ≤ M2 yields the first inequality; the second is the

geometric tail bound.
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Lemma B.1 isolates the benefit of increasing L: for geometrically decaying AR(∞) coeffi-

cients, truncation error falls exponentially in L. The cost of increasing L is statistical: in an

unrestricted VAR(L), the coefficient dimension grows like n2L, so estimation error typically

dominates quickly.

B.2 Architectural rank regularization and complexity scaling in L

Write the (possibly time-varying) lag-stacked coefficient matrix implied by the attention

architecture as

At(θ) =
[
vec(At,1(θ)) · · · vec(At,L(θ))

]
∈ Rn2×L.

Under H-head attention, Proposition 5 implies the cross-lag rank restriction

rank(At(θ)) ≤ min{H,L} for every t. (B.2)

This rank bound is a hard (architectural) restriction. It reduces the intrinsic dimension of

admissible coefficient objects from n2L (unrestricted VAR) to O(n2H + HL).

To make this precise, consider the constant-coefficient case At,ℓ ≡ Aℓ and define

A =
[
vec(A1) · · · vec(AL)

]
.

Any A with rank(A) ≤ H admits a factorization A = UV⊤ with U ∈ Rn2×H and V ∈
RL×H . Hence the coefficient object can be parameterized with at most H(n2 +L) degrees of

freedom (up to non-identification), instead of n2L.

This change in scaling is central for long-memory approximation: when H is small relative

to L, the estimation cost of increasing L is linear rather than quadratic in n.

Remark B.1 (Approximating VARMA with large L under rank constraints). Under As-

sumption B.1, the truncation error from replacing (B.1) by a finite VAR(L) mean is O(ϱ2L)

in mean square (Lemma B.1). In an unrestricted VAR(L), the estimation error typically

grows with n2L, forcing small L in macroeconomic samples. Under the cross-lag rank re-

striction (B.2), a large-L approximation is statistically feasible when H ≪ L, because the

intrinsic dimension grows like n2H+HL. This is the sense in which rank-based architectural

regularization permits increasing L to reduce truncation bias while controlling estimation er-

ror.
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B.3 Soft regularization via priors and posterior concentration on

low-dimensional sets

Architectural restrictions control complexity by shrinking the model class. A complemen-

tary strategy is to enlarge the class and regularize with a prior that concentrates on low-

dimensional subsets. This provides an explicit notion of posterior concentration on low-

dimensional structure and allows the data to “opt out” of the low-dimensional approximation

when warranted.

Two low-dimensional structures are particularly salient in attention-based VARs.

Few dynamic modes (effective number of heads). Introduce head-specific scales

ω1, . . . , ωH and write

Bm = ωm B̃m, ωm ≥ 0, (B.3)

with a prior that shrinks many ωm toward zero (global-local shrinkage, spike-and-slab, etc.).

Global-local priors such as the horseshoe (Carvalho et al., 2010) are convenient because they

are continuous (no reversible-jump machinery) while still producing aggressive shrinkage.

Given (B.3), define the posterior “effective head count” at threshold ε > 0:

Heff(ε;θ) =
H∑

m=1

1{ωm > ε}.

Posterior draws of {ωm} yield posterior probabilities Π(Heff(ε) ≤ r | y1:T ), which provide

direct inference on whether the posterior concentrates on an approximately r-dimensional

cross-lag subspace.

Time invariance (degree of state dependence). Within the attention architecture,

time variation in coefficients is induced by the dependence of scores on lagged data. This can

be parameterized with explicit scale parameters and centered at a time-invariant submodel

(Section 7.2). Posterior concentration near that submodel is then measured by the posterior

of those scales.

More generally, for any low-dimensional subset S ⊂ Θ (e.g., “at most r active heads,”

“time-invariant weights,” “small gain variation”), define its ε-neighborhood under a discrep-

ancy d(·, ·):
Sε = {θ ∈ Θ : d(θ,S) ≤ ε}.

A conceptually clean posterior concentration diagnostic is Π(Sε | y1:T ) as ε ↓ 0, with d

chosen to reflect the estimand of interest (e.g., predictive mean discrepancy, coefficient-stack
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discrepancy, or Jacobian discrepancy for multilayer models).

B.4 Oracle-type bounds for Bayesian predictive performance

We now state an oracle inequality for Bayesian predictive log loss. The result is most

naturally expressed in terms of the Bayes marginal likelihood (equivalently, the sequential

Bayes predictive density), and it holds without independence assumptions because it is a

variational identity for mixtures of conditional densities. Related “resolvability” and PAC-

Bayes bounds appear in Barron and Cover (1991); Barron (1999); Catoni (2004); McAllester

(1998); Seeger (2002).

For each parameter value θ, let pθ(yt | Ft−1) denote the model-implied conditional den-

sity. Let Π be a prior on θ, and define the Bayes mixture conditional density

pΠ(yL+1:T | y1:L) =

∫ ⊤∏
t=L+1

pθ(yt | Ft−1) Π(dθ).

Let Π(· | y1:T ) denote the corresponding posterior, and let Q denote an arbitrary probability

measure on Θ.

Proposition B.1 (Variational oracle inequality for log loss). For any realized sample (y1, . . . ,yT ),

− log pΠ(yL+1:T | y1:L) ≤ inf
Q

{
EQ

[
−

⊤∑
t=L+1

log pθ(yt | Ft−1)

]
+ KL(Q∥Π)

}
. (B.4)

Equality holds when Q is the posterior Π(· | y1:T ).

Proof. This is the Gibbs variational identity. Let f(θ) = −
∑⊤

t=L+1 log pθ(yt | Ft−1). Then

− log

∫
e−f(θ)Π(dθ) ≤ inf

Q
{EQ[f(θ)] + KL(Q∥Π)} ,

with equality at the Gibbs measure proportional to e−f(θ)Π(dθ), i.e., the posterior.

Proposition B.1 implies that the Bayes mixture predictive density achieves, up to a

complexity penalty KL(Q∥Π), the performance of the best randomized predictor Q in the

model class. Taking expectations under the true DGP yields an oracle inequality in expected

conditional KL divergence. Let p⋆(yt | Ft−1) denote the true conditional density and define

the cumulative conditional KL risk

KT (θ) = E

[
⊤∑

t=L+1

log
p⋆(yt | Ft−1)

pθ(yt | Ft−1)

]
, KT (Π) = E

[
⊤∑

t=L+1

log
p⋆(yt | Ft−1)

pΠ(yt | Ft−1,y1:t−1)

]
,
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where pΠ(yt | Ft−1,y1:t−1) denotes the sequential Bayes predictive density (the usual pre-

quential interpretation of pΠ(yL+1:T | y1:L)).

Corollary B.1 (Expected KL oracle inequality). Under integrability of the log likelihood

ratios,
1

T − L
KT (Π) ≤ inf

Q

{
1

T − L
EQ[KT (θ)] +

1

T − L
KL(Q∥Π)

}
.

Proof. Apply Proposition B.1, subtract E[− log p⋆(yL+1:T | y1:L)] from both sides, and use

the tower property to rewrite expected log likelihood differences as cumulative conditional

KL divergences.

Specialization to the conditional Gaussian model. If both p⋆(· | Ft−1) and pθ(· |
Ft−1) are Gaussian with common covariance Σ and means µ⋆

t and µt(θ), then

log
p⋆(yt | Ft−1)

pθ(yt | Ft−1)
=

1

2
∥Σ−1/2(µ⋆

t − µt(θ))∥2 + martingale difference,

and the conditional KL risk reduces to a quadratic prediction risk.

Corollary B.2 (Quadratic oracle bound under homoskedastic Gaussian likelihood). Assume

p⋆(· | Ft−1) = N (µ⋆
t ,Σ) and pθ(· | Ft−1) = N (µt(θ),Σ) with the same Σ ≻ 0. Then

1

T − L
E

[
⊤∑

t=L+1

1

2
∥Σ−1/2(µ⋆

t − µt(Π))∥2
]

≤ inf
Q

{
1

T − L
EQ

[
⊤∑

t=L+1

1

2
∥Σ−1/2(µ⋆

t − µt(θ))∥2
]

+
1

T − L
KL(Q∥Π)

}
,

where µt(Π) denotes the Bayes predictive mean.

Implication for choosing (H,L): approximation vs. complexity. Corollary B.2 re-

duces selection of regularization strength to balancing an approximation term and a com-

plexity term. Under rank-based architectural regularization, the complexity penalty grows

roughly like n2H +HL (coefficient object) or, under the explicit attention parameterization,

like the number of free parameters PTr in (27), which scales linearly in L rather than n2L.

Combined with Lemma B.1, this yields the economically relevant conclusion: for stable long-

memory targets, L can increase with T to reduce truncation bias, because the estimation

penalty need not grow like n2L when H ≪ L.

A simple corollary illustrates the canonical scaling.
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Corollary B.3 (Logarithmic growth of the optimal context length under geometric tails).

Assume the target mean admits the AR(∞) representation (B.1) and Assumption B.1 holds.

Suppose the estimation complexity penalty for the chosen regularization scheme is of the form

pen(L) =
C0 + C1L

T − L

for constants C0, C1 > 0 (e.g. C1 proportional to an intrinsic dimension such as H or d).

Then any choice LT satisfying

LT ≍ log T

balances the truncation bound O(ϱ2L) and the estimation penalty pen(L) up to multiplicative

constants.

Proof sketch. Lemma B.1 gives a truncation bound of order ϱ2L. Balancing ϱ2L with L/T

yields L ≍ log T .

Corollary B.3 is intentionally stated at a high level: the precise form of the penalty

depends on whether regularization is imposed through architectural constraints ((H, dv)

fixed) or via priors that induce posterior concentration on low-dimensional sets (shrinking

ωm and λm). The substantive implication is that rank-based architectural regularization

(or an equivalent low-dimensional prior) permits L to grow with T , a key advantage when

approximating VARMA/state-space dynamics by long-lag VAR representations.
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