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This paper provides identification results to characterize a fairness-accuracy

(FA) frontier, and statistical inference tools to test hypotheses and build a confi-

dence set for the FA-frontier, when outcomes are observed only for selected indi-

viduals. When the selection process is unrestricted but loss is measured in specific

ways, we provide a characterization of the sharp identification region of the FA-

frontier. Under an assumption of unconfoundedness conditional on observables

(and unrestricted loss functions), we obtain point identification and propose a de-

biased machine learning estimator, derive its asymptotic distribution, and show

how this can be used to carry out inference for the FA-frontier. In work in progress,

we extend the partial identification results to a broader class of loss functions.
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1. INTRODUCTION

Over the last decade, algorithms have come to play an increasingly prevalent role in

everyday life, often by supporting high-stake decisions through predictions of quantities

Yiqi Liu: yl3467@cornell.edu

Francesca Molinari: fm72@cornell.edu

Amilcar Velez: amilcare@cornell.edu

Preliminary version. This draft: March 26, 2026.

mailto:yl3467@cornell.edu
mailto:fm72@cornell.edu
mailto:amilcare@cornell.edu


2

such as re-offense risk, repayment likelihood, and health care needs. These predictions

enter institutional decision processes that determine who is detained or released, who is

granted credit, and which patients receive outreach and care-management interventions.

The increasing reliance on algorithms has prompted the emergence of a set of regulatory

and oversight processes, known as AI governance, that rule the design, deployment, doc-

umentation, and monitoring of AI systems (including banning protected attributes as in-

puts to these systems) in order to manage risks to individuals and to ensure accountability.

A distinctive feature of emerging regulatory regimes is their emphasis on evidence: enti-

ties deploying high-risk systems are increasingly expected to maintain traceability through

record-keeping and logging, and to document and monitor accuracy and other performance

metrics over the system’s lifecycle (see, e.g., the EU AI Act, European Parliament and

Council, 2024, Articles 11, 12 and 15). These requirements build on proposed documen-

tation frameworks for datasets, models, and algorithmic impact assessments (Gebru et al.,

2021, Mitchell et al., 2019, Raji et al., 2020).

Fairness and accuracy evaluations play a central role in governance, as they determine

both the validity of model-supported decisions and whether those decisions impose dispro-

portionate harms on legally protected groups.1 At the same time, governance questions are

rarely about a single fixed model. In public oversight and non-discrimination doctrine, the

relevant question is often whether a challenged procedure can be replaced by an alternative

that achieves comparable accuracy with less adverse impact, shifting attention from a sin-

gle algorithm to a potentially large class of admissible decision rules, e.g., those obtained

under constraints on inputs, model classes, or the use of sensitive attributes. Regulators

and oversight bodies are called to adjudicate (i) whether a deployed rule is Pareto efficient,

(ii) whether design restrictions enable less discriminatory alternatives (LDAs) with com-

1A growing literature documents that algorithms may exhibit systematic differences in performance across

legally protected groups, both in predictive accuracy and in the decisions they induce (see, e.g., Angwin et al.,

2016, Arnold et al., 2021, Obermeyer et al., 2019, Cowgill and Tucker, 2020, Berk et al., 2021). At the same time,

improving parity in expected losses often requires sacrificing accuracy for at least one group, and conversely

increasing accuracy for one group may worsen disparities.
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parable accuracy, and (iii) whether such LDAs exist within an admissible class of decision

rules.2 We view the theoretical framework put forward by Liang, Lu, Mu, and Okumura

(2025, LLMO henceforth) as well-suited to formalize these questions, becuase it character-

izes a fairness-accuracy (FA) frontier under broad preferences over group-specific expected

losses as well as the implications of banning attributes as inputs to the algorithms.

This paper extends the research agenda set out in Liu and Molinari (2026) to provide a

toolkit for non-parametric estimation of and statistical inference on LLMO’s FA-frontier

and to assess the existence of less discriminatory alternatives (LDAs), when there are two

groups of individuals and two possible decisions. The first extension we put forward is to

allow for accuracy and fairness of an algorithm to be assessed through two different loss

functions, thereby aligning our treatment with the literature in computer science (Corbett-

Davies et al., 2017, Menon and Williamson, 2018, Kim et al., 2020, Gillis et al., 2024).

We show that, as laid out in Liu and Molinari (2026)’s groundwork, the support function

of a convex feasible set of expected accuracy losses for the two groups and the difference

in expected fairness losses between the groups plays a crucial role in characterizing the

FA-frontier and carrying out inference.

Our second extension recognizes that in many high-stakes settings, outcomes are ob-

served only for selected individuals. For instance, pretrial misconduct (or lack thereof) is

observed only if bail is granted; repayment behavior is observed only when credit is ex-

tended; and certain health outcomes are observed only for patients who receive treatment

or remain under follow-up within a system. Hence, instead of observing the outcome vector

of interest Y ∗, one observes ZY ∗, where Z ∈ {0,1} indicates observability. This selective

labels problem creates challenges for governance compliance, similar to the ones long rec-

ognized in the vast econometrics literature on selectively observed data (e.g., Heckman,

1979, Manski, 1989). Accuracy metrics computed using only observed outcomes may mis-

2For example, US employment discrimination law prohibits selection procedures that cause disparate impact

unless the employer demonstrates they are “job related for the position in question and consistent with business

necessity.” Even then the practice is unlawful if an alternative practice would serve the employer’s legitimate

interests with less discriminatory impact (U.S. Congress, 1991).
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represent true performance, potentially overstating accuracy where it matters most (e.g., if

those denied bail would not have re-offended). Hence, assessments of whether a system

achieves “appropriate levels of accuracy” (EU AI Act, European Parliament and Council,

2024, Article 15) or whether LDAs exist (U.S. Congress, 1991) may be incorrect and re-

quired documentation may systematically exclude the most policy-relevant counterfactuals.

This paper studies the FA-properties of a family of decision rules A(X ) (measurable

functions mapping covariates X ∈ X to [0,1]) when label observability is selected. In the

absence of restrictions on the selection process, we characterize the sharp identification

region for the FA-frontier in the spirit of Manski (1989) (see, e.g., Molinari, 2020, Canay

et al., 2026, for reviews of the partial identification literature), when classification loss

is used to measure accuracy and statistical parity is used to measure fairness (as in, e.g.,

Menon and Williamson, 2018).

We then impose a missing-at-random (MAR) assumption, under which, after condition-

ing on X and a protected-group indicator G, observability does not convey additional in-

formation about Y ∗. In this environment, and for any loss function, we provide a debiased

machine learning (DML) estimator for the FA-frontier based on inverse probability weight-

ing. Our DML approach is particularly appropriate for governance contexts, where high-

dimensional administrative data enable flexible non-parametric modeling of selection, and

formal inference with valid confidence statements remains necessary for legally defensible

determinations. While ideas transfer from the program evaluation and high-dimensional

inference literature (e.g., Chernozhukov et al., 2024, and references therein), we extend

the methods to carry out inference on a new and set-valued estimand, the FA-frontier. We

derive the asymptotic distribution of our estimator building on results in Liu and Molinari

(2026), Semenova (2023), Chernozhukov et al. (2018), Beresteanu and Molinari (2008),

and extend the testing methods in Liu and Molinari (2026), which build on Fang and San-

tos (2019), to account for inverse-probability weighting correction in the DML estimator.

Our inference procedures yield confidence sets for the FA frontier and tests for efficiency

and LDA existence. These directly support governance determinations: for instance, an en-
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tity can demonstrate compliance with LDA requirements by showing the algorithm they

use yields expected losses in the confidence set for the frontier.

Accompanying software implementing both the MAR-based and partial identification

approaches is under development, along with empirical applications of our methods.

Related Literature. A large literature in computer science, statistics, and economics

studies algorithmic fairness; see Chouldechova and Roth (2018), Barocas et al. (2023), and

Corbett-Davies et al. (2024) for overviews. Much of this work treats fairness as a con-

straint or regularizer in an objective that prioritizes predictive performance (e.g., Dwork

et al., 2012, Berk et al., 2017), or studies impossibility results and trade-offs among fair-

ness criteria. A related empirical and methodological literature computes fairness-accuracy

Pareto frontiers or ranges of disparities for specific model classes, typically as an optimiza-

tion or auditing exercise rather than as a problem of econometric inference (e.g., Wei and

Niethammer, 2022, Little et al., 2022, Coston et al., 2021). In contrast, the FA frontier of

LLMO, for which we provide inference methods, is defined as the set of FA-undominated

group loss pairs over a broad class of algorithms using a fixed information set, and it is

designed to support policy questions about efficiency trade-offs and design restrictions.

Still within the algorithmic fairness literature, our work is related to studies concerning

selective labels (e.g., Lakkaraju et al., 2017, Kleinberg et al., 2017, Rambachan et al., 2025,

Khan et al., 2025). In particular, Rambachan et al. (2025) develop a general framework for

robust evaluation and design of predictive algorithms under selective labels and unobserved

confounding, delivering bounds for performance measures under alternative restrictions on

the selection process. We view their contribution as addressing a distinct question from

ours: how to evaluate predictive performance in the presence of counterfactual outcomes.

Our focus is instead on identification and inference for the fairness-accuracy trade-offs of

group losses across all feasible algorithms using a given information set, and on hypoth-

esis tests and confidence statements about frontier properties such as efficiency and LDA

existence that directly map to governance questions and design restrictions. For instance,

our results can be used to characterize how excluding sensitive attributes or restricting the
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model class affects the feasible set of group-loss pairs, or test whether a deployed algorithm

is Pareto-dominated by alternatives within an admissible class.

Outline. Section 2 lays out notation and summarizes the derivation of the FA-frontier in

Liu and Molinari (2026) and LLMO. Section 3 formalizes the selective labels problem, es-

tablishes point identification of the FA-frontier under a MAR assumption, puts forward our

DML estimator, and derives its asymptotic distribution. Section 4 derives the asymptotic

distribution under selectively observed labels of a statistic designed by Liu and Molinari

(2026) to test for existence of an LDA. Section 5 concludes. Our main proofs are in Ap-

pendix A; Appendix B reports auxiliary results.

2. SETUP

Let a population of individuals be described by an outcome vector Y ∗ ∈ Y ⊂ RdY , a

binary group identity G ∈ {r, b} (red or blue), and a vector of covariates X ∈ X ⊂ RdX .

For example, one component of Y ∗ may denote an individual’s number of active chronic

illnesses in the subsequent year and the other component the cost of care; G may denote

the individual’s race, and X may include age, gender, biomarkers, comorbidity, and med-

ication variables. As in Liu and Molinari (2026), we leave the relation between G and X

unspecified, but require G not to be a deterministic function of X . Each individual receives

a binary decision D ∈ {0,1}, e.g., whether they are automatically enrolled in a high-risk

care management program; or granted bail; or granted or denied a loan.3 An algorithm

a : X 7→ [0,1] assigns a probability distribution to D conditional on X ; e.g., the algorithm

assigns each patient a health risk score in [0,1]; or a recidivism probability; or a repayment

probability. For simplicity, we take a(X) to be the only input to the decision, and hence

D ∼ a(X). We let A(X ) denote the set of all (measurable) algorithms that map from the

input space X to a probability distribution over D. Extending the framework in Liu and

Molinari (2026), we let ℓA : {0,1} × Y 7→R be a loss function used to measures the accu-

racy of an algorithm for an individual with outcome y ∈ Y , and ℓF : {0,1}×Y 7→R a loss

function used to measures the algorithm’s fairness. For example, one could use classifica-

3While we assume G and D to be binary, the results can be extend to multiple groups and multiple decisions.
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tion error to measure accuracy (ℓA(d, y) = 1(d ̸= y1)), which in our health care example

returns the value 1 if the algorithm mistakenly enrolls a healthy person in the high-risk care

program or fails to enroll someone who is very sick. And one could use statistical parity

to measure fairness (ℓF (d, y) = 1 if d = 1 and ℓF (d, y) = 0 otherwise), hence judging an

algorithm more fair if the proportion of either group receiving the two decisions is closer.

This paper is concerned with the case where instead of observing Y ∗, we observe Y =

ZY ∗, where Z ∈ {0,1} is an indicator variable that records when the outcome of interest

Y ∗ is observed in the testing data. In other words, we allow for selectively observed labels:

in the case of health applications, this may be due to selection into treatment; for bail

decision, it may be due to observing whether a defendant returned for their court appearance

without committing a crime only for people let out on bail; for mortgage decisions, it may

be due to observing repayment behavior only for people who are issued a mortgage.

Before analyzing this problem, we provide a tractable characterization, under the as-

sumption that (Y ∗,X,G,Z)∼ P∗ is observed, of the FA-frontier for the case that the loss

function used to measure accuracy differs from that used to measure fairness. In doing so,

we extend the analysis in Appendix O.1 of LLMO. Armed with our novel characterization,

we study what can be learned about the FA-frontier and how can valid statistical inference

be carried out, when in fact only the selectively observed labels Y are available.

2.1. The Fairness-Accuracy Frontier

We denote µg ≡ P∗(G = g) the population proportion of group g ∈ {r, b} and, for d ∈
{0,1}, we denote the (unobserved) ideal labels associated with loss function ι ∈ {A,F} as

Lg,ι
d ≡ ℓι(d,Y ∗)1{G=g}

µg
. (1)

We denote the conditional expectation of Lg,ι
d taken with respect to P∗(Y ∗,G|X) by

θg,ιd (X)≡ E∗[Lg,ι
d |X] = E∗[ℓι(d,Y ∗)1{G=g}|X]

µg
.
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DEFINITION 1—Ideal labels and conditional expectations: For d ∈ {0,1}, define

Ld ≡


Lr,A
d

Lb,A
d

Lr,F
d −Lb,F

d

 ∈R3, (2)

and let θd(X)≡ E∗[Ld|X] ∈R3 and ∆θ(X)≡ θ1(X)− θ0(X) ∈R3.

To make sure that the ideal labels are well-defined, we assume:

ASSUMPTION 1—Moment restrictions for both losses: There exist constants 0 <

c1 < 1 and 0 < c2 < ∞ such that (i) µg ∈ (c1,1 − c1) for all g ∈ {r, b}, and (ii)

ess supx∈X E∗ [(Lg,ι
d )2|X = x

]
≤ c2 for all d ∈ {0,1}, g ∈ {r, b}, and ι ∈ {A,F}.

DEFINITION 2—Algorithm space: An algorithm is a Borel-measurable map a : X →
[0,1], where a(x) represents the probability of choosing D = 1 given X = x. Denote A(X )

the set of all such measurable maps. Write A when the covariate space is clear from context.

For each a ∈A and g ∈ {r, b}, define the group-wise expected loss associated with loss

function ℓι, ι ∈ {A,F}, as:

eιg(a)≡ E∗[ℓι(D,Y ∗)|G= g] = E∗[a(X)θg,ι1 (X) + (1− a(X))θg,ι0 (X)]. (3)

LLMO (Appendix O.1) derive the FA-frontier and study its properties when the loss

function used to measure accuracy differs from that used to measure fairness, which is the

framework used in this paper.4 Here we adapt their definitions to our notation. They work

in R2 with a feasible set defined with respect to the accuracy loss:

EA = {(eAr (a), eAb (a)) : a ∈A}⊂R2. (4)

LLMO measure unfairness of algorithm a through |f(a)|, with f : A→ R a linear func-

tional. Their framework includes as a special case f(a) = eFr (a)− eFb (a), the disparity in

4They use ℓ : {0,1} × Y → R to measure accuracy (what we call ℓA), and ℓ̃ : {0,1} × Y → R to measure

fairness (what we call ℓF ).
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expected fairness loss between groups, and for simplicity we specialize our discussion to

that case. For each pair of expected accuracy losses c = (cr, cb) ∈ EA, define the minimal

achievable unfairness as

d(c)≡min{|f(a)| : (eAr (a), eAb (a)) = c, a ∈A}. (5)

DEFINITION 3—LLMO’s FA-dominance and FA-frontier : For c, c′ ∈ EA, we say

c′ ≻FALLMO c if c′r ≤ cr, c′b ≤ cb, d(c′) ≤ d(c), with at least one inequality strict. Then

the FA-frontier relative to the accuracy loss is:

FA ≡ {c ∈ EA : ∄c′ ∈ EA such that c′ ≻FALLMO c}. (6)

Given the group-wise expected losses in (3), induced by algorithm a ∈A for ι ∈ {A,F},

we propose to work with the feasible set for
{(

eAr (a), e
A
b (a), e

F
r (a)− eFb (a)

)
: a ∈A

}
,

where we explicitly include a coordinate measuring the difference in expected fairness

loss for the two groups. Doing so allows us to characterize the properties of the FA fron-

tier, extending LLMO’s results, and to provide a representation of it that is amenable to

estimation and inference, even in the presence of selectively observed data.

DEFINITION 4—Feasible set: Given P∗ and A, as a ranges in A, the feasible set for(
eAr (a), e

A
b (a), e

F
r (a)− eFb (a)

)
is

E ≡
{
(ε1, ε2, ε3) ∈R3 : ∃a ∈A such that ε1 = eAr (a), ε2 = eAb (a), ε3 = eFr (a)− eFb (a)

}
.

To simplify notation, we omit the dependence of E on (P∗,A). In Lemma B.2, we show

that under Assumptions 1-2, E is non-empty, compact, and convex. Definition 4 leads to an

alternative formulation of FA-dominance and to an FA-frontier in R3, as follows:5

DEFINITION 5—FA-dominance and FA-frontier: Given ε, ε′ ∈ E , ε′ ≻FA ε if ε′1 ≤
ε1, ε

′
2 ≤ ε2, |ε′3| ≤ |ε3|, with at least one inequality strict. The FA-frontier is:

F ≡ {ε ∈ E : ∄ ε′ ∈ E such that ε′ ≻FA ε}. (7)

5Auerbach et al. (2024, p.8) use a similar definition of dominance.
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In the next section we show that, in fact, our FA-frontier and LLMO’s FA-frontier coin-

cide in what we argue is the only way that matters.

2.2. Support Function-Based Characterization of the FA-Frontier

To begin, we characterize (similarly to Liu and Molinari, 2026, Propositions 3.1-3.2) the

support function of E , denoted hE(q) for q a direction vector in S2 ≡ {q ∈ R3 : ∥q∥ = 1}.

This functional turns out to be crucial for all our results. We assume:

ASSUMPTION 2—Margin condition: There exist constants m ∈ (0,1] and C <∞ such

that for every δ > 0, supq∈S2 P∗(|q⊺∆θ(X)| ≤ δ
)
≤Cδm.

THEOREM 2.1—Support function of E : Under Assumptions 1-2, the support function

of E , hE(q), and its gradient with respect to q ∈ S2, are

hE(q)≡ sup
ε∈E

q⊺ε= E∗[q⊺L0 + q⊺(L1 −L0)1{q⊺∆θ(X)> 0}
]
, (8)

∇qhE(q) = E∗[L0 + (L1 −L0)1{q⊺∆θ(X)> 0}
]
. (9)

As ∇qhE(q) is a singleton for all q ∈ S2, the set E is strictly convex.

As the goal of this section is to characterize F , given ε∗ = (ε∗1, ε
∗
2, ε

∗
3) ∈ E , we define

C(ε∗)≡ {ε= (ε1, ε2, ε3) ∈R3 : ε1 ≤ ε∗1, ε2 ≤ ε∗2, |ε3| ≤ |ε∗3|}, (10)

the set of group-wise expected accuracy losses and fairness disparity ε ∈ R3—whether or

not they are feasible—that are both weakly more accurate and weakly fairer than ε∗. In

Lemma B.1, we show that the support function of C(ε∗) equals:

hC(ε∗)(q)≡ sup
ε∈C(ε∗)

q⊺ε=

q1ε
∗
1 + q2ε

∗
2 + |q3||ε∗3| if q1 ≥ 0, q2 ≥ 0,

+∞ otherwise.
(11)

Given an algorithm a∗ ∈ A, we now show that (eAr (a
∗), eAb (a

∗), eFr (a
∗)− eFb (a

∗)) ∈ F
if and only if (eAr , e

A
b ) ∈ FA with eAr = eAr (a

∗) and eAb = eAb (a
∗), and |eFr (a∗)− eFb (a

∗)|
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equals the minimum absolute disparity in (5) associated with (eAr , e
A
b ). Define the projec-

tion π : R3 → R2 by π(x1, x2, x3) = (x1, x2), and let π(E) = {π(ε) : ε ∈ E}. Then it is

immediate from the definitions that π(E) = EA.

THEOREM 2.2: Let ε∗ = (ε∗1, ε
∗
2, ε

∗
3) ∈ E and define S̃2 ≡ {q ∈ S2 : q1 ≥ 0, q2 ≥ 0}.

Under Assumptions 1-2, the following are equivalent:

(i) ε∗ ∈ F ;

(ii) E ∩ C(ε∗) = {ε∗};

(iii) min
q∈S̃2

(
hC(ε∗)(q) + hE(−q)

)
= 0;

(iv) π(ε∗) = (ε∗1, ε
∗
2) ∈ FA and |ε∗3|= d((ε∗1, ε

∗
2)).

An immediate consequence of Theorem 2.2 is that F captures as many features of the

trade-off between accuracy and fairness as FA does in LLMO’s original contribution, while

preserving convexity of the feasible set and yielding a simple characterization of the FA-

frontier.6 Indeed, using the equivalence (i)⇔ (iii) in Theorem 2.2, we obtain

F =

{
ε∗ ∈ E : min

q∈S̃2

[
hC(ε∗)(q) + hE(−q)

]
= 0

}
. (12)

When the same loss function is used to measure accuracy and fairness, as in LLMO’s

main text and in Liu and Molinari (2026), it is simple to characterize when the FA-frontier

coincides with the Pareto frontier.7 In our framework, the latter is given by:

PF ≡
{
ε ∈ E : ∄ ε′ ∈ E s.t. ε′1 ≤ ε1, ε

′
2 ≤ ε2, with at least one strict inequality

}
. (13)

Here we provide a simple condition based on the support function, under which PF = F .

The characterization is valuable because when the FA-frontier does not coincide with the

Pareto frontier, the trade-off between fairness and accuracy becomes substantial: a policy

6In fact, F yields a finer characterization. Consider algorithms a,a′ ∈ A such that ε := ε(a) = (0.5,0.5,1)

and ε′ := ε(a′) = (0.5,0.5,0). Then ε′ ≻FA ε but c′ ̸≻FALLMO c for c= (ε1, ε2) and c′ = (ε′1, ε
′
2).

7In that context, ℓA = ℓF and εAg = εFg for g ∈ {r, b}, so the feasible set E can be defined in R2. Denoting R

the vector in E that minimizes er and B that minimizing eb, LLMO show in this case that the Pareto and the FA

frontiers coincide if and only if R and B lie on opposite sides of the 45o line.
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maker who values fairness may choose to deploy an algorithm that is Pareto dominated in

accuracy loss, to ameliorate its performance relative to fairness loss.

THEOREM 2.3: Under Assumptions 1-2, PF = F if and only if for all ε∗ ∈ F there

exists α ∈ [0,1] such that for q(α) = (α,1−α,0)
∥(α,1−α,0)∥ , ε∗ = argminη∈E q(α)

⊺η.

In Appendix B.1.1, we show that PF ⊊ F if E has no kinks and lies completely to one

side of the hyperplane {ε3 = 0} (which corresponds to the hyperplane where eFr = eFb ), see

Theorem B.1 and Corollary B.1; and that PF ⊊ F if E crosses the hyperplane {ε3 = 0}
but PF lies completely to one side of it, see Theorem B.2. Hence, the support function

characterization in Theorem 2.3 is particularly useful in the case where E and PF both

cross the hyperplane {ε3 = 0}.

3. SELECTIVELY OBSERVED LABELS

Having fully characterized the FA-frontier in the idealized case that (Y ∗,X,G,Z)∼ P∗

is observed, we turn to our goal of providing identification results and inference proce-

dures for F when labels are selectively observed: the outcome we observe is Y = ZY ∗, for

Z a selection indicator. This problem has been studied by Lakkaraju et al. (2017), Klein-

berg et al. (2017), Rambachan et al. (2025), Khan et al. (2025), among others. A classical

motivation arises when evaluating whether algorithmic policies can improve upon human

decision-making, in which case selective labels are compounded by the possibility that Z

is determined by a decision maker (e.g., a judge) who observes information beyond the

recorded covariates made available to the algorithm. In this case, for a specific choice of

loss functions, we report partial identification results. We then provide point identification

results and statistical inference procedures for the case where label observability is induced

by deployment of a decision rule in A(X ), so that Z is determined by an algorithm that

uses only the inputs in X .

3.1. Partial Identification of the FA-Frontier

In this section, we allow Z to depend on variables unavailable to the algorithms in A(X ).

This creates substantial challenges for identification and inference, because even for a fixed
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algorithm a∗ ∈A(X ), ε∗ := (εAr (a
∗), εAb (a

∗), εFr (a
∗)− εFb (a

∗)) is only partially identified.

Consequently, extra care needs to be put in making sure, when characterizing what can be

learned about F in (12), to correctly account for partial identification of both E and ε∗.

To make progress on this task, we specialize our analysis to the case where Y ∗ is a binary

scalar variable, the accuracy loss measures classification error, ℓA(d, y) = 1{d ̸= y}, and

the fairness loss measures statistical parity, ℓF (d, y) = 1{d = 1}. Write Y = ZY ∗ for the

observed binary outcome. In this case the fairness coordinate depends only on the decision

rule and the observable distribution of (X,G), so lack of point identification comes entirely

from the selectively observed outcomes entering the two accuracy coordinates.

Denote the unobserved conditional expectation of Y ∗ when Z = 0 by

λ∗g(x)≡ E∗[Y ∗|X = x,G= g,Z = 0], g ∈ {r, b}

and λ∗(x) = (λ∗r(x), λ
∗
b(x))

⊺. Without restrictions on the selection process, λ∗ is not point

identified. Because Y ∗ ∈ {0,1}, every measurable map λ= (λr, λb) : X → [0,1]2 is com-

patible with P, the observed law of (Y,X,G,Z).8 Let Λ ≡
{
λ= (λr, λb) :X → [0,1]2

}
denote this class of functions.

We next derive the sharp identification region for hE(q) in direction q ∈ S2. To do so, we

need to introduce some notation. Define the observable functions

A0(x)≡ E
[(

ZY 1{G=r}
µr

, ZY 1{G=b}
µb

, 0
)⊺∣∣∣X = x

]
, (14)

A1(x)≡ E
[(

(1−ZY )1{G=r}
µr

, (1−ZY )1{G=b}
µb

, 1{G=r}
µr

− 1{G=b}
µb

)⊺∣∣∣X = x
]
, (15)

B(x)≡ E




(1−Z)1{G=r}
µr

0

0 (1−Z)1{G=b}
µb

0 0


∣∣∣∣∣∣∣∣X = x

 . (16)

Lemma A.1 shows that the functions θd(·) in Definition 1 associated with distribution λ ∈
Λ can be expressed as θ0(x;λ) = A0(x) +B(x)λ(x) and θ1(x;λ) = A1(x)−B(x)λ(x).

8By compatible with the observed data we mean that it yields a law of (Y ∗,X,G,Z) that reproduces the

observed distribution of (Y,X,G,Z) and satisfies Y = ZY ∗ almost surely.
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Hence, the support function of the feasible set associated with distribution λ is

hE(q;λ) = E [max{q⊺ (A0(X) +B(X)λ(X)) , q⊺ (A1(X)−B(X)λ(X))}] . (17)

Accordingly, the sharp identified set for hE(q) in direction q is {hE(q;λ) : λ ∈ Λ}.

For a fixed algorithm a∗, let Ad,j(x) denote the jth coordinate of Ad(x), d ∈ {0,1}, in

(14)-(15) and define

C(q;a∗)≡
2∑

j=1

qjE [a∗(X)A1,j(X) + (1− a∗(X))A0,j(X)] + |q3| |E [a∗(X)A1,3(X)]| .

(18)

Then we can express hC(ε∗) in (11) as

hC(ε∗)(q) =C(q;a∗) +E∗ [(1− 2a∗(X)) q⊺B(X)λ∗(X)] (19)

Theorem 2.2 continues to characterize frontier membership for given λ, where crucially

we use the same candidate unobserved distribution λ both in obtaining hE(·) and hC(ε∗)(·).
In particular, if ε∗(a∗;λ) denotes the vector of expected losses induced by a∗ under unob-

served distribution λ, then a∗ lies on the FA-frontier under λ if and only if

min
q∈S̃2

[
hC(ε∗(a∗;λ))(q) + hE(−q;λ)

]
= 0.

The next result shows how to check whether some distribution for the unobserved labels

places a∗ on the frontier through an optimization problem that involves functionals of the

observed distribution P.

THEOREM 3.1: Let Assumptions 1–2 hold. Suppose Y ∗ ∈ {0,1}, ℓA(d, y) = 1{d ̸= y},

and ℓF (d, y) = 1{d = 1}. Then a given algorithm a∗ lies on the FA-frontier for some dis-

tribution consistent with the observed data if and only if

min
q∈S̃2

E [max{J0(λ1; q, a∗), (1− a∗)J0(λ0; q, a
∗) + a∗J1(λ0; q, a

∗), J1(λ0; q, a
∗)}] = 0. (20)

where λ0 = (0,0)⊺, λ1 = (1,1)⊺, and

J0(λ; q, a
∗)≡C(q;a∗)− q⊺A0(X)− 2a∗(X)q⊺B(X)λ,
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J1(λ; q, a
∗)≡C(q;a∗)− q⊺A1(X) + 2(1− a∗(X))q⊺B(X)λ. (21)

Theorem 3.1 shows that once the source of partial identification is reduced to the func-

tional λ, the search over the infinite-dimensional class Λ collapses to a finite-dimensional

criterion involving only the corner distributions λ0 and λ1.

REMARK 3.1: In work in progress, we obtain a debiased machine learning estimator for

Jd(λ; q, a
∗), d ∈ {0,1}, develop an inference procedure to test the hypothesis that a given

algorithm is on the FA-frontier, and explore extending Theorem 3.1 to other loss functions.

3.2. Point Identification Under Missing at Random Assumptions

We represent the observed testing data by the random vector (Y,G,X,Z) with distribu-

tion denoted P. While P is point identified by the observed data, in the absence of additional

assumptions, the distribution P∗ of (Y ∗,G,X,Z) is not. Consequently, the support function

hE(q) is not point identified either, as the ideal labels and their conditional expectations (Ld

and θd(X), respectively) are a function of Y ∗ and P∗.

We leverage the fact that all algorithms in A(X ) can only use the covariates X for train-

ing (and no other unobserved variables) to argue plausibility of a selection on observables

assumption that we use to point identify the distribution P∗.

ASSUMPTION 3—Ideal labels missing at random (MAR): (Y ∗,G) ⊥ Z|X and

π(X) = E[Z|X] ∈ (0,1) a.s.

Assumption 3 may look stronger than the typical missing at random (unconfounded-

ness or selection on observables) assumption, which might instead require Y ∗ ⊥ Z|X,G.

In work in progress, we establish point identification of the support function of E and

derive a debiased machine learning estimator for it under this weaker assumption, along

with its asymptotic distribution. Here we work with Assumption 3 because it yields lighter

notation and simpler expressions. We argue that, in many settings of interest, the addi-

tional requirement G ⊥ Z|X is a natural consequence of how Z is generated. Specifi-

cally, suppose that Z =D, where D ∈ {0,1} is the binary decision an individual receives
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(e.g., granted or denied a loan; granted or denied bail), and that this decision is produced

by a deployed decision rule in A(X ) that takes X as input and, following regulations,

does not use G or apply any group-dependent post-processing. Then, for all g ∈ {r, b},

P(D = 1|X,G = g) = P(D = 1|X) = a(X), so that G ⊥ Z|X holds. Combined with the

standard selection on observables condition, Y ∗ ⊥ Z|X,G, this yields Assumption 3. The

more restrictive content of Assumption 3 is therefore the requirement Y ∗ ⊥ Z|X,G. This

condition is plausible when the assignment mechanism that determines Z depends on

recorded variables capturing the main drivers of both selection and outcomes, and when

discretion at the decision-making stage is limited or can be accounted for. In such settings,

conditioning on (X,G) may reasonably approximate conditioning on the information that

drives selection, so that Z does not convey additional information about Y ∗ beyond (X,G).

At the same time, Y ∗ ⊥ Z|X,G may fail when the assignment process exploits unrecorded

“soft information” (e.g., interviews, free text, documents, or unlogged history) or when

discretion is systematically related to expected outcomes. In these cases, Z may remain

informative about Y ∗ even after conditioning on (X,G), and point identification need not

hold, motivating our partial identification analysis-in-progress as per Remark ??.

The ideal labels Ld are a non-stochastic function of Y ∗ and G, and ZLd is observable.

With that, under Assumption 3 the support function of E is point identified through a stan-

dard inverse propensity weighting identity, the proof of which we provide in the Appendix

for completeness.

LEMMA 3.1: Let Assumptions 1 and 3 hold. Then for ∆L≡ L1 −L0,

θd(X) = E
[

ZLd
π(X)

∣∣∣X] , (22)

hE(q) = E
[
q⊺L0Z
π(X) +

(
q⊺∆LZ
π(X)

)
1{q⊺∆θ(X)> 0}

]
, for all q ∈ S2, (23)

eιg(a) = E
[
a(X)Lg,ι

1 Z
π(X) +

(1−a(X))Lg,ι
0 Z

π(X)

]
, g = r, b and ι=A,F. (24)
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3.3. A Debiased Machine Learning Estimator

Our goal is to estimate the support function hE(q) using a random sample {(Yi,Gi,Xi,Zi) :

1≤ i≤ n} drawn from the distribution P. By Lemma 3.1, Eqs. (22)-(23), we can write

hE(q) = E
[
q⊺L0,iZi

π(Xi)
+
(
q⊺∆LiZi
π(Xi)

)
1{q⊺∆θ(Xi)> 0}

]
,

where π(X) and ∆θ(X) are nuisance functions that need to be estimated in a first-step. As

the ideal labels L depend on µ≡ (µr, µg) (see Eqs. 1-2), in the first step we also need to

estimate µ. In order to put forward an estimator for hE(q), q ∈ S2, that is locally robust to

the fist-step estimation error, we rely on the debiased machine learning (DML) approach.

Consider the estimand

hE(q) = E [ζi(q;L,η)] , (25)

where η = (∆θ,π,θ0) is a vector of nuisance functions and

ζi(q;L,η)≡
q⊺L0,iZi

π(Xi)
+
(
q⊺∆LiZi
π(Xi)

)
1{q⊺∆θ(Xi)> 0}+αh(q;Xi)

(
1− Zi

π(Xi)

)
, (26)

αh(q;X) = q⊺θ0(X) + q⊺∆θ(X)1{q⊺∆θ(X)> 0}. (27)

The local effect of the first-step function π on the original estimand hE(q) in Eq. (25) is

accounted for by αh(q;Xi)
(
1− Zi

π(Xi)

)
. As we show in the proof of Theorem 3.2, under

Assumptions 4 and 5 (presented below) it is not necessary to account for the local effect of

the first-step function ∆θ on hE(q). Finally, we note that the estimand in Eq. (25) is based

on L, which by Eq. (1) relies on the population probabilities µg, g ∈ {r, b}.

Following the DML approach (e.g., Chernozhukov et al., 2018), we first randomly split

the indices [n] = {1, . . . , n} into K equal-sized folds Ik, i.e., ∪K
k=1Ik = [n]. We denote by

nk the size of Ik.9 We then estimate η̂(Xi) as η̂k(Xi) for i ∈ Ik and k = 1, . . . ,K , where

η̂k(·) is estimated using all data except the portion with indices in fold Ik. Finally, the

preliminary estimates of the nuisance functions are used to calculate an estimator for hE(q)

9When n is not divisible by K , the number of observations in some folds will be ⌊n/K⌋ while in others

⌊n/K⌋+ 1, where ⌊n/K⌋ is the greatest integer less than or equal to n/K .
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based on the estimand defined in Eq. (25) as follows

ĥE(q; L̂, η̂)≡ 1
K

K∑
k=1

 1
nk

∑
i∈Ik

ζi(q; L̂, η̂k)

= 1
n

n∑
i=1

ζi(q; L̂, η̂), (28)

where L̂ is defined as in Eqs. (1)-(2) with µg replaced by µ̂g = n−1
∑n

i=1 1{Gi = g}.

We also propose a DML estimator for ε∗ = ε(a∗) ∈ E . By Eq. (24) in Lemma 3.1 and

Definition 3, we can write

ε∗ = E[ξi(a∗;L,η)],

where, for a given algorithm a ∈A,

ξi(a;L,η)≡ (L0,i + a(Xi)(L1,i −L0,i))
Zi

π(Xi)
+αe(a;Xi)

(
1− Zi

π(Xi)

)
, (29)

αe(a;X)≡ θ0(X) + a(X)∆θ(X), (30)

and again the local effect of the first-step function π on the original estimand ε∗ is ac-

counted for by αe(Xi)
(
1− Zi

π(Xi)

)
. Using this notation, we propose to estimate ε∗ by

ε̂∗ ≡ 1
K

K∑
k=1

 1
nk

∑
i∈Ik

ξi(a
∗; L̂, η̂k)

= 1
n

n∑
i=1

ξi(a
∗; L̂, η̂) , (31)

where L̂ are the feasible labels and η̂k’s are estimates of the nuisance function using cross-

fitting, as we described above.

REMARK 3.2: DML relies on two elements: a moment function that satisfies a Neyman

orthogonality condition and a nuisance function estimator based on cross-fitting that is

sufficiently good (its convergence rate is faster than op(n
−1/4)). With these two elements in

place, the first-step estimation error does not affect the asymptotic distribution of the DML

estimator, as we show in the proof of Theorem 3.2. In other words, the DML estimator is

as good as an oracle estimator that knows the nuisance functions.
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3.4. Asymptotic Distribution of the DML Estimator

For the estimation error of the nuisance functions estimated in first step not to affect the

asymptotic distribution of the DML estimator, one needs such estimators to be sufficiently

well-behaved. To ensure this, we ask that ∆θ(X) and π(X) satisfy an assumption similar

to but weaker than Liu and Molinari (2026, Assumption 3).

ASSUMPTION 4: There is a known partition of X ,

X = (X1,X2),

with X1 ∈ X1 ⊂Rp and X2 ∈ X2 ⊂RdX−p such that:

(a) The density of |q⊺∆θ(X)| conditional on X2 is uniformly bounded in q ∈ S2, that is,

P (|q⊺∆θ(X)| ≤ δ|X2)≤Cδδ

for a given positive constant Cδ .

(b) There is a constant c > 0 such that

inf
q∈S2

Var[|q⊺∆θ(X)||X2]≥ c .

(c) There are unknown functions ν : X1 → Rdν and γ : X2 → Rdγ , and a known function

F :Rdν ×Rdγ ×R2 → [ϵ,1− ϵ]×R3, such that:

(π(X), ∆θ(X)) = F (ν(X1), γ(X2), µ)

and the partial derivatives of F are uniformly bounded for any ν ∈Rdν , γ ∈Rdγ , and

µ ∈ Bϵ(µr, µb) = {µ ∈R2 : ||µ− (µr, µb)||< ϵ}, that is

sup
ν∈Rdν

sup
γ∈Rdγ

sup
µ∈Bϵ(µr,µb)

||DF (ν, γ,µ)||<∞ .

Let Fk = σ((Yi,Gi,Xi,Zi) : i /∈ Ik) be the σ-algebra generated by the data used for the

estimation of the nuisance function η = (∆θ,π,θ0). Let µ̂k be an estimator for (µr, µb)⊺



20

that uses only the data outside fold Ik (like we do for the estimator η̂k):

µ̂k =

 1
n−nk

∑
i/∈Ik

1{Gi = r}, 1
n−nk

∑
i/∈Ik

1{Gi = b}

⊺

.

We assume that the estimators for ∆θ(X) and π(X) share the same structure as in As-

sumption 4. Furthermore, we treat ν(X1) as a low-dimensional nonparametric component

that can be estimated uniformly well over X1, whereas γ(X2) captures a high-dimensional

component that can be estimated sufficiently well in the sense that its mean squared error

converges to zero sufficiently fast. We assume that θ0 can be estimated sufficiently well.

ASSUMPTION 5: There exist estimators ν̂k, γ̂k, and θ̂0,k for k = 1, . . . ,K such that

(a) (π̂k(X), ∆θ̂k(X)) = F (ν̂k(X1), γ̂k(X2), µ̂k).

(b) supx1∈X1
||ν̂k(x1)− ν(x1)||= op(n

−1/4).

(c) E
[
||γ̂k(X2)− γ(X2)||2|Fk

]
= op(n

−1/2) .

(d) E
[
||θ̂0,k(X)− θ0(X)||2|Fk

]
= op(n

−1/2).

Similarly to Liu and Molinari (2026, Theorem 4.1), our main asymptotic result shows

that ĥE(q; L̂, η̂) converges to a Gaussian process uniformly in q ∈ S2, where the score

ζi(q;L,η) in Eq. (26) is the influence function that governs the part of the limit distribution

of ĥE(q; L̂, η̂) due to η̂, and the remaining part is attributed to estimating µ:

THEOREM 3.2: Let Assumptions 1–5 hold. Then,

√
n
(
ĥE(q; L̂, η̂)− hE(q)

)
=G[ζ∗i (q;L,η)] + op(1) in ℓ∞(S2) ,

where

ζ∗i (q;L,η) = ζi(q;L,η) + (Miq)
⊺∇qhE(q), (32)

and Mi = diag
([

1− 1{Gi=r}
µr

,1− 1{Gi=b}
µb

, 1{Gi=b}
µb

− 1{Gi=r}
µr

])
.

REMARK 3.3: One could alternatively construct a DML estimator of hE(q) using

ζ∗i (q;η,µ) instead of ζi(q;η,µ) as we do in Eq. (28). Doing so would be valid because
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ζ∗i (q;η,µ) satisfies the Neyman orthogonality condition with respect to η and µ. In prac-

tice, when η̂ is obtained via cross-fitting and µ (which enters L and Mi) is estimated by

plug-in, our estimator is numerically equivalent to that:

ĥE(q; L̂, η̂) = n−1
n∑

i=1

ζ∗i (q; L̂, η̂).

Hence, our proposed estimator implicitly accounts for first-step estimation error in µ̂.

4. ASSESSING THE EXISTENCE OF A LESS DISCRIMINATORY ALTERNATIVE

When evaluating whether there exists a less discriminatory alternative (LDA) to a given

algorithm, regulators and policymakers need to confront the fact that they can only rely

on finite data to do so. More concretely, given an algorithm a∗ ∈ A(X ), we call an-

other algorithm ã ∈ A an LDA if it yields expected losses that are at least as accurate

as those associated with a∗ for both groups, and at least as fair, with one of these inequal-

ities strict. In terms of the FA-dominance notion and FA-frontier reported in Definition

5, the absence of an LDA is equivalent to the fact that a∗ yields expected losses with

(eAr (a
∗), eAb (a

∗), eFr (a
∗)− eFr (a

∗)) ∈ F . Hence, we can use the characterization in Eq. (12)

to test the hypothesis that no LDA exists against the alternative that it does, as follows:

H0 : min
q∈S̃2

[
hC(ε∗)(q) + hE(−q)

]
= 0, (33)

HA : min
q∈S̃2

[
hC(ε∗)(q) + hE(−q)

]
> 0, (34)

where S̃2 = {q ∈ S2 : q1 ≥ 0, q2 ≥ 0}, hC(e∗)(q) is defined in Eq. (11), and ε∗ = (eAr (a
∗),

eAb (a
∗), eFr (a

∗)− eFb (a
∗)). We refer to Eq. (33) as the LDA hypothesis.

We propose to reject the LDA hypothesis for large values of the following test statistic:

T LDA
n ≡

√
n

([
max
q∈S2

(q⊺ε̂∗ − ĥE(q, L̂; η̂))

]
+

+

[
min
q∈S̃2

(
hC(ε̂∗)(q) + ĥE(−q, L̂; η̂)

)]
+

)
,

(35)

where ĥE and ε̂∗ are as in Eqs. (28) and (31), respectively. This test statistic was proposed

in Liu and Molinari (2026, Section 6.2). Our contribution is deriving its asymptotic distri-
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bution as well as a valid bootstrap procedure to estimate the associated critical values, in

the presence of selectively observed labels.

We consider a bootstrap-based critical value ĉ1−α defined in Procedure 1 below. To sim-

plify notation, let β = (hE(q), e
∗) ∈ ℓ∞(S2)× R3 denote the vector of population values

and let β̂ = (ĥE(q), ê
∗) ∈ ℓ∞(S2)×R3 denote the vector of their estimators. We can write

T LDA
n =

√
n
(
ϕ(β̂)− ϕ(β)

)
, where ϕ is defined in Eq. (49) in Appendix A.

PROCEDURE 1—Bayesian Bootstrap for the Quantiles of T LDA
n :

1. Draw {Wi}ni=1 i.i.d. from the exponential distribution with mean 1 independent of

the sample {(Yi,Gi,Xi,Zi)}ni=1 and let the bootstrap analogue of β̂ be β̃ = (h̃E , ẽ
∗),

where h̃E(q; L̃, η̂) ≡ 1
n

∑n
i=1

(
Wi

W

)
ζi(q; L̃, η̂), ẽ∗ ≡ 1

n

∑n
i=1

(
Wi

W

)
ξi(a; L̃, η̂), W =

n−1
∑n

i=1Wi, and L̃ is defined as in Eqs. (1)-(2) with µg replaced by µ̃g =

n−1
∑n

i=1

(
Wi

W

)
1{Gi = g}.

2. Numerically approximate ϕ′β(·), the directional derivative of ϕ(·) at β, by

ϕ̂′β(β̈) =
1
sn

(
ϕ
(
β̂+ sn(β̈)

)
− ϕ

(
β̂
))

,

where β̈ ∈ ℓ∞(S1)×R2 is a candidate direction at which we evaluate ϕ′β(·) and sn is

a vanishing sequence of step sizes such that
√
nsn →∞.

3. Obtain ϕ̂′β
(√

n{β̃− β̂}
)

and calculate

ĉ1−α ≡ inf

{
c : P

(
ϕ̂′β
(√

n{β̃− β̂}
)
≤ c

∣∣∣ {(Yi,Gi,Xi,Zi)}ni=1

)
≥ 1− α

}
.

Let us define the LDA test by φLDAn = 1{T LDA
n > ĉ1−α+κ + κ} for a given significance

level α ∈ (0,1), where κ > 0 is an arbitrarily small positive constant. The constant κ can be

taken equal to 10−6 as in Andrews and Shi (2013). We can take κ= 0 when the asymptotic

distribution of T LDA
n is continuous in its (1 − α)-quantile. Therefore, κ > 0 appears in

the critical value used in the LDA test to handle the technicalities arising from possible

discontinuity points of the asymptotic distribution of T LDA
n .

The next result stablishes the consistency of the Bayesian bootstrap outlined in Procedure

1 and guarantees the asymptotic correct size of the proposed test φLDAn .
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THEOREM 4.1: Let Assumptions 1–5 hold. Then, the Bayesian bootstrap outlined in

Procedure 1 is consistent. Furthermore, if the LDA hypothesis holds, the test φLDAn has

asymptotically correct size, limsupn→∞E[φLDAn ]≤ α .

Given Theorem 4.1, we can build an asymptotically valid confidence set for F by test

inversion, similarly to Liu and Molinari (2026, Proposition 5.1).

5. CONCLUSIONS

In this paper, we consider the problem of identification and inference for the FA-frontier

put forward in (LLMO), when labels (outcomes) are selectively observed. We build on the

methodology developed by Liu and Molinari (2026), who assume away the selective labels

problem to focus on deriving moment-inequality representations for the frontier. Selective

labels challenge one’s ability to (point) identify features of the conditional distribution of

the true labels, including the FA-frontier. Naively computed accuracy metrics using only

observed outcomes may misrepresent true performance, potentially overstating accuracy

where it matters most and distorting conclusions on whether LDAs exist.

The results reported in this version of the paper rely on assuming labels are missing at

random conditional on a rich set of observed covariates. We obtain point identification of

the FA-frontier using inverse propensity score weighting and derive the asymptotic distri-

bution of the test statistic that we use to characterize whether an algorithm is on the frontier.

The inference method that we propose is based on a debiased machine learning estimator,

which is particularly appropriate in this contexts, where high-dimensional administrative

data enable flexible non-parametric modeling of the selection process and hence make

the missing at random assumption more credible, but formal inference with valid confi-

dence statements remains necessary for legally defensible determinations, making the use

of methods that control the bias of the first-step nonparametric estimation crucial.

In work in progress, we dispense with the missing at random assumption and obtain

a tractable characterization of the FA-frontier. We also provide a test statistic to assess

existence of an LDA to a given algorithm.
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APPENDIX A: PROOFS OF THE MAIN RESULTS

A.1. Proofs for Section 2

PROOF OF THEOREM 2.1: Recall E =
{(

eAr (a), e
A
b (a), e

F
r (a)− eFb (a)

)
: a ∈A

}
, so

hE(q) = sup
a∈A

q⊺
(
eAr (a), e

A
b (a), e

F
r (a)− eFb (a)

)
.

Using the representation
(
eAr (a), e

A
b (a), e

F
r (a)− eFb (a)

)
= E∗[θ0(X)]+E∗ [a(X)∆θ(X)],

we obtain q⊺
(
eAr (a), e

A
b (a), e

F
r (a)− eFb (a)

)
= E∗ [q⊺θ0(X)]+E∗ [a(X)q⊺∆θ(X)]. Hence,

hE(q) = E∗ [q⊺θ0(X)] + sup
a∈A

E∗ [a(X)q⊺∆θ(X)] .

Because a(X) ∈ [0,1] and q⊺∆θ(X) is σ(X)-measurable, the pointwise maximizer is

aq(X) ∈ arg max
t∈[0,1]

t q⊺∆θ(X) =

1, q⊺∆θ(X)> 0,

0, q⊺∆θ(X)< 0,

with arbitrary tie-breaking on {q⊺∆θ(X) = 0}. Therefore,

sup
a∈A

E∗ [a(X)q⊺∆θ(X)] = E∗ [(q⊺∆θ(X))+
]
.

Next, note that 1{q⊺∆θ(X)> 0} is σ(X)-measurable. Therefore, by iterated expectations,
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E∗ [q⊺L0 + q⊺(L1 −L0)1{q⊺∆θ(X)> 0}]

= E∗ [q⊺θ0(X) + q⊺∆θ(X)1{q⊺∆θ(X)> 0}] .

This proves (8).

To prove (9), fix q ∈ S2 and let v ∈ R3 be arbitrary; denote u+ ≡max{u,0}. For t ∈ R

such that q + tv ̸= 0, using the support-function formula, we have

hE (q+tv)−hE (q)
t = E∗

[
v⊺θ0(X) +

((q+tv)⊺∆θ(X))+−(q⊺∆θ(X))+
t

]
.

Hence it is enough to study the difference quotient of the map u 7→ u+.

For each realization X = x such that q⊺∆θ(x) ̸= 0, the function t 7→ ((q + tv)⊺∆θ(x))+

is differentiable at t = 0, with derivative v⊺∆θ(x)1{q⊺∆θ(x) > 0}. Therefore, pointwise

on the event {q⊺∆θ(X) ̸= 0}, as t→ 0,

((q+tv)⊺∆θ(X))+−(q⊺∆θ(X))+
t → v⊺∆θ(X)1{q⊺∆θ(X)> 0}. (36)

Assumption 2 implies P∗(q⊺∆θ(X) = 0
)
= 0 for every q ∈ S2, because for every δ > 0,

P∗ (q⊺∆θ(X) = 0)≤ sup
q̃∈S2

P∗(|q̃⊺∆θ(X)| ≤ δ
)
≤Cδm

and letting δ ↓ 0 yields the claim. Thus, the convergence in (36) holds P∗-almost surely.

Next we obtain an integrable dominating function. Since u 7→ u+ is Lipschitz with con-

stant one, ∣∣∣ ((q+tv)⊺∆θ(X))+−(q⊺∆θ(X))+
t

∣∣∣≤ |v⊺∆θ(X)|

for all t ̸= 0. Therefore,∣∣∣v⊺θ0(X) +
((q+tv)⊺∆θ(X))+−(q⊺∆θ(X))+

t

∣∣∣≤ |v⊺θ0(X)|+ |v⊺∆θ(X)|

By Assumption 1, the random vectors θ0(X) and ∆θ(X) are integrable, so the right-hand

side is integrable. Hence, by dominated convergence,

lim
t→0

hE (q+tv)−hE (q)
t = v⊺E∗ [θ0(X) +∆θ(X)1{q⊺∆θ(X)> 0}] .
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Thus the directional derivative of hE at q in direction v exists and is linear in v. It follows

that hE is differentiable at q, with gradient

∇qhE(q) = E∗ [θ0(X) +∆θ(X)1{q⊺∆θ(X)> 0}] .

Using again the law of iterated expectations yields (9).

Finally, by Schneider (1993, Corollary 1.7.3), E is strictly convex because by (9) its

support set is a singleton in each direction q ∈ S2. Q.E.D.

PROOF OF THEOREM 2.2: Recall S̃2 ≡ {q ∈ S2 : q1 ≥ 0, q2 ≥ 0} and that under As-

sumptions 1-2, E has a nonempty interior, is compact, and is strictly convex.

Step 1: (i) ⇐⇒ (ii). By definition,

C(ε∗) =
{
ε= (ε1, ε2, ε3) ∈R3 : ε1 ≤ ε∗1, ε2 ≤ ε∗2, |ε3| ≤ |ε∗3|

}
.

Hence E ∩ C(ε∗) = {ε ∈ E : ε1 ≤ ε∗1, ε2 ≤ ε∗2, |ε3| ≤ |ε∗3|} . Next, recall that ε∗ ∈ F if and

only if there does not exist ε ∈ E with ε1 ≤ ε∗1, ε2 ≤ ε∗2, and |ε3| ≤ |ε∗3|, with at least one

strict inequality. Since ε∗ ∈ E ∩ C(ε∗), this is equivalent to E ∩ C(ε∗) = {ε∗}.

Step 2: (ii) ⇐⇒ (iv). We begin showing (ii)⇒ (iv). Assume E ∩C(ε∗) = {ε∗}. We prove

first that |ε∗3|= d((ε∗1, ε
∗
2)). If not, then d((ε∗1, ε

∗
2))< |ε∗3|, and by definition of d, there exists

ε̃3 ∈ R such that (ε∗1, ε
∗
2, ε̃3) ∈ E and |ε̃3| < |ε∗3|. But then (ε∗1, ε

∗
2, ε̃3) ∈ E ∩ C(ε∗) and this

point is distinct from ε∗, contradicting E ∩ C(ε∗) = {ε∗}. Hence, |ε∗3| = d((ε∗1, ε
∗
2)). We

next show that π(ε∗) = (ε∗1, ε
∗
2) ∈ FA. Suppose not. Then there exists (cr, cb) ∈ EA such

that cr ≤ ε∗1, cb ≤ ε∗2, and d((cr, cb)) ≤ d((ε∗1, ε
∗
2)), with at least one strict inequality. As

(cr, cb) ∈ EA, by definition of d there exists ε̃3 ∈ R such that (cr, cb, ε̃3) ∈ E and |ε̃3| =
d((cr, cb)). Using the equality already proved, d((ε∗1, ε

∗
2)) = |ε∗3|, we obtain cr ≤ ε∗1, cb ≤

ε∗2, and |ε̃3| ≤ |ε∗3|, with at least one strict inequality. Thus (cr, cb, ε̃3) ∈ E ∩ C(ε∗) with

(cr, cb, ε̃3) ̸= ε∗, contradicting E ∩ C(ε∗) = {ε∗}. Hence, π(ε∗) ∈ FA, proving (ii)⇒ (iv).

We now prove (iv) ⇒ (ii). Assume π(ε∗) = (ε∗1, ε
∗
2) ∈ FA and |ε∗3| = d((ε∗1, ε

∗
2)). Let

ε= (ε1, ε2, ε3) ∈ E ∩ C(ε∗). Then ε1 ≤ ε∗1, ε2 ≤ ε∗2, and |ε3| ≤ |ε∗3|. Since ε ∈ E , we have

d((ε1, ε2))≤ |ε3| ≤ |ε∗3|= d((ε∗1, ε
∗
2)). (37)
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Thus, (ε1, ε2) ∈ EA weakly improves on (ε∗1, ε
∗
2) in both group-accuracy losses and in the

fairness index d. As (ε∗1, ε
∗
2) ∈ FA, it follows that (ε1, ε2) = (ε∗1, ε

∗
2) (else we would con-

tradict (ε∗1, ε
∗
2) ∈ FA). Substituting back (ε∗1, ε

∗
2) for (ε1, ε2) in (37) yields |ε3| = |ε∗3|. If

ε3 ̸= ε∗3, then necessarily ε3 =−ε∗3. If ε∗3 = 0, this is impossible, so ε3 = ε∗3. If ε∗3 ̸= 0, by

convexity of E the midpoint ε̄≡ ε+ε∗

2 = (ε∗1, ε
∗
2,0) belongs to E . Therefore, d((ε∗1, ε

∗
2))≤ 0,

which implies d((ε∗1, ε
∗
2)) = 0. But then |ε∗3|= d((ε∗1, ε

∗
2)) = 0, contradicting ε∗3 ̸= 0. Hence

ε3 = ε∗3, so ε= ε∗. We conclude that E ∩ C(ε∗) = {ε∗}, proving (iv)⇒ (ii).

Step 3: (ii) ⇒ (iii). Assume E ∩C(ε∗) = {ε∗}. As E is compact and convex with nonempty

interior, and C(ε∗) is closed and convex, the two sets admit a common supporting hyper-

plane at their unique common point. Hence, there exists q ̸= 0 and α ∈R such that

q⊺ε≥ α≥ q⊺c ∀ε ∈ E , ∀c ∈ C(ε∗).

As ε∗ ∈ E ∩ C(ε∗), necessarily α = q⊺ε∗, hence infε∈E q
⊺ε= supc∈C(ε∗) q

⊺c. Equivalently,

−hE(−q) = hC(ε∗)(q). Since hC(ε∗)(q) < +∞, we must have q1 ≥ 0 and q2 ≥ 0, because

C(ε∗) is unbounded in the negative first- and second-coordinate directions. Since q ̸= 0,

positive homogeneity of support functions implies that, after replacing q by q/∥q∥, we may

assume q ∈ S̃2 while preserving the equality hC(ε∗)(q)+hE(−q) = 0. Since ε∗ ∈ E ∩C(ε∗),
for every q ∈ S̃2, hC(ε∗)(q)≥ q⊺ε∗ and hE(−q)≥−q⊺ε∗, and hence hC(ε∗)(q) + hE(−q)≥
0. Therefore, min

q∈S̃2
(
hC(ε∗)(q) + hE(−q)

)
= 0, proving (ii)⇒ (iii).

Step 4: (iii) ⇒ (ii). Assume min
q∈S̃2

(
hC(ε∗)(q) + hE(−q)

)
= 0. As S̃2 is compact, E is

compact, and hC(ε∗) is finite and continuous on S̃2, the minimum is attained at some q̄ ∈ S̃2.

Thus, supc∈C(ε∗) q̄⊺c= infε∈E q̄
⊺ε. Let ε̃ ∈ E ∩ C(ε∗). Then

q̄⊺ε̃≤ sup
c∈C(ε∗)

q̄⊺c= inf
ε∈E

q̄⊺ε≤ q̄⊺ε̃.

Hence, every ε̃ ∈ E ∩ C(ε∗) satisfies q̄⊺ε̃= infε∈E q̄
⊺ε. Therefore,

E ∩ C(ε∗)⊂
{
ε ∈ E : q̄⊺ε= inf

ε̃∈E
q̄⊺ε̃

}
,
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that is, the intersection is contained in the support set of E in direction −q̄. Since E is

strictly convex, every support set of E is a singleton. Because ε∗ ∈ E ∩ C(ε∗), the above

inclusion implies E ∩ C(ε∗) = {ε∗}, proving (iii)⇒ (ii).

Combining Steps 1-4, we obtain (i) ⇐⇒ (ii) ⇐⇒ (iii) ⇐⇒ (iv). Q.E.D.

PROOF OF THEOREM 2.3: Let RB(α)≡ argminε∈E
[
αε1 + (1− α)ε2

]
, α ∈ [0,1] and

RB([0,1])≡ {RB(α) : α ∈ [0,1]}. By Lemma B.4, PF =RB([0,1]). By strict convexity

of E , for any q(α), RB(α) = argminη∈E q(α)
⊺η is unique, so ε∗ ∈ RB([0,1]) if and only

if there exists α ∈ [0,1] such that ε∗ =RB(α).

As RB([0,1]) =PF by Lemma B.4, it follows that RB([0,1])⊆F . We then prove that

the reverse inclusion holds if and only if the condition in Theorem 2.3 holds.

Assume first that ∀ε∗ ∈ F , there exists α ∈ [0,1] such that ε∗ = argminη∈E q(α)
⊺η. Then

ε∗ ∈RB([0,1]). Hence F ⊆RB([0,1]) and therefore F =RB([0,1]) =PF .

Conversely, assume that RB([0,1]) = F . Let ε∗ ∈ F . Then ε∗ ∈ RB([0,1]), so ε∗ =

RB(α) for some α ∈ [0,1]. Then the argument in the first paragraph of this proof yields

ε∗ = argminη∈E q(α)
⊺η. Since ε∗ ∈ F was arbitrary, we obtain that for all ε∗ ∈ F there

exists α ∈ [0,1] such that ε∗ = argminη∈E q(α)
⊺η, proving the theorem. Q.E.D.

A.2. Proofs for Section 3

A.2.1. Proofs for Section 3.1

For λ ∈ Λ, let θd(x;λ) denote the completion-dependent analogue of θd(x). Under the

special losses considered here,

Lg,A
0 =

Y ∗
i 1{G=g}

µg

Lg,A
1 =

(1−Y ∗
i )1{G=g}
µg

Lr,F
0 −Lb,F

0 = 0

Lr,F
1 −Lb,F

1 = 1{G=r}
µr

− 1{G=b}
µb

The next lemma gives the λ-dependent representations used in Section 3.1.
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LEMMA A.1: For every λ ∈ Λ and every x ∈ X ,

θ0(x;λ) =A0(x) +B(x)λ(x), θ1(x;λ) =A1(x)−B(x)λ(x). (38)

Consequently,

hE(q;λ) = E[max{q⊺(A0(X) +B(X)λ(X)) , q⊺(A1(X)−B(X)λ(X))}] , (39)

hC(ε∗(a;λ))(q) =C(q;a) +E[(1− 2a(X))q⊺B(X)λ(X)] , q ∈ S̃2, (40)

where

C(q;a)≡
2∑

j=1

qjE[a(X)A1,j(X) + (1− a(X))A0,j(X)] + |q3| |E[a(X)A1,3(X)]| . (41)

PROOF: Fix g ∈ {r, b}. Using Y = ZY ∗ and the definition of λg(x),

θg,A0 (x;λ) = E∗
[
Y ∗1{G= g}

µg

∣∣∣∣X = x

]
= E

[
ZY 1{G= g}

µg

∣∣∣∣X = x

]
+E

[
(1−Z)Y ∗1{G= g}

µg

∣∣∣∣X = x

]
= E

[
ZY 1{G= g}

µg

∣∣∣∣X = x

]
+ λg(x)E

[
(1−Z)1{G= g}

µg

∣∣∣∣X = x

]
,

which is the gth accuracy coordinate of A0(x) +B(x)λ(x). Likewise,

θg,A1 (x;λ) = E∗
[
(1− Y ∗)1{G= g}

µg

∣∣∣∣X = x

]
= E

[
(Z(1− Y ) + (1−Z))1{G= g}

µg

∣∣∣∣X = x

]
− λg(x)E

[
(1−Z)1{G= g}

µg

∣∣∣∣X = x

]
,

which is the gth accuracy coordinate of A1(x)−B(x)λ(x). For the fairness coordinate,

θF0 (x;λ) = 0, θF1 (x;λ) = E
[
1{G= r}

µr
− 1{G= b}

µb

∣∣∣∣X = x

]
,

which does not depend on λ. This proves (38). Equation (39) now follows directly from

Theorem 2.1 applied to the λ-dependent pair (θ0(·;λ),θ1(·;λ)).
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Next fix an algorithm a. By construction,

ε∗(a;λ) = E[a(X)θ1(X;λ) + (1− a(X))θ0(X;λ)] .

For j ∈ {1,2}, using (38),

ε∗j(a;λ) = E[a(X)A1,j(X) + (1− a(X))A0,j(X)] +E[(1− 2a(X))Bjj(X)λj(X)] .

For the third coordinate,

ε∗3(a) = E[a(X)A1,3(X)] ,

so it is point identified. Equation (11) then gives, for q ∈ S̃2,

hC(ε∗(a;λ))(q) = q1ε
∗
1(a;λ) + q2ε

∗
2(a;λ) + |q3| |ε∗3(a)|

=C(q;a) +E[(1− 2a(X))q⊺B(X)λ(X)] ,

which is (40). Q.E.D.

PROOF OF THEOREM 3.1: By Theorem 2.2, algorithm a∗ yields ε∗ ∈ F if and only if

min
q∈S̃2

[
hC(ε∗)(q) + hE(−q)

]
= 0.

Given the definition of Jd(λ; q, a), d= 0,1, in Theorem 3.1, this is equivalent to

min
q∈S̃2

E∗ [max{J1(λ∗(X); q, a∗), J0(λ
∗(X); q, a∗)}] = 0 (42)

Since λ∗(X) is not identified by the data, we say that a∗ is on the fairness-accuracy frontier

for some distribution consistent with the data if we can find a λ(a
∗)(·) ∈ Λ such that (42)

holds with λ∗(X) = λ(a
∗)(X). We can write the existence equivalently as follows:

min
λ(·)∈Λ

min
q∈S̃2

E [max{J1(λ(X); q, a∗), J0(λ(X); q, a∗)}] = 0 (43)

To simplify notation we use Jd(λ) instead of Jd(λ(X); q, a∗). Since Jd(λ) is linear in λ,

we write Jd(λ) = Ãd+ B̃⊺
dλ, where B̃d = (B̃r

d, B̃
b
d)

⊺. We use the previous notation to write
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the left-hand side of (43) as follows

(1)
= min

q∈S̃2
min
λ(·)∈Λ

E∗
[
max
t∈[0,1]

{t J1(λ) + (1− t) J0(λ)}
]

(2)
= min

q∈S̃2
E
[
min
λ(·)∈Λ

max
t∈[0,1]

{t J1(λ) + (1− t) J0(λ)}
]

(3)
= min

q∈S̃2
E
[
max
t∈[0,1]

min
λ(·)∈Λ

{
t
(
Ã1 + B̃⊺

1λ
)
+ (1− t)

(
Ã0 + B̃⊺

0λ
)}]

(4)
= min

q∈S̃2
E
[
max
t∈[0,1]

{
tÃ1 + (1− t)Ã0 +min{0, tB̃r

1 + (1− t)B̃r
0}+min{0, tB̃b

1 + (1− t)B̃b
0}
}]

(5)
= min

q∈S̃2
E
[
max

{
Ã0 +min{0, B̃r

0}+min{0, B̃b
0}, a∗(X)Ã1 + (1− a∗(X))Ã0, Ã1

}]
(44)

where (1) holds because max{a, b}=maxt∈[0,1]{ta+ (1− t)b}, (2) holds by the measur-

ability selection theorem, (3) holds by the minimax theorem since the objective function

is linear in t and λ and both domains are convex, (4) by solving in λ(X) ∈ [0,1]2 condi-

tional on X , and (5) holds by claims 1 and 2 below. Finally, Eq. (44) is sufficient to con-

clude the proof of the proposition since Ã0 + min{0, B̃r
0} + min{0, B̃b

0} = J0(λ1; q, a
∗),

Ã0 = J0(λ0; q, a
∗), and Ã1 = J1(λ0; q, a

∗).

Claim 1: tB̃g
1 + (1− t)B̃g

0 ≤ 0 if t≤ t∗ = a∗(X). Recall that B̃d = (B̃r
d, B̃

b
d)

⊺ and

B̃0 =−2a∗(X)q⊺B(X)λ(X)

B̃1 = 2(1− a∗(X))q⊺B(X)λ(X) .

Therefore, tB̃1 + (1− t)B̃0 = 2(t− a∗(X)) q⊺B(X)λ(X), which implies the claim since

q1 ≥ 0, q2 ≥ 0, and

B(X) =


(1−Z)1{G=r}

µr
0

0 (1−Z)1{G=b}
µb

0 0

 .

Claim 2: tB̃g
1 + (1− t)B̃g

0 ≥ 0 if t≥ t∗ = a∗(X). Similar to claim 1.
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Claim 3: J(t) is maximized at t= 0, a∗(X), and 1, where

J(t)≡ tÃ1 + (1− t)Ã0 +min{0, tB̃r
1 + (1− t)B̃r

0}+min{0, tB̃b
1 + (1− t)B̃b

0} .

Furthermore, J(a∗(X)) = a∗(X)Ã1 + (1 − a∗(X))Ã0 and J(1) = Ã1. The proof of this

claim follows by linearity on t and claims 1 and 2. Q.E.D.

A.2.2. Proofs for Section 3.2

PROOF OF LEMMA 3.1: Since π(X) ∈ (0,1) a.s., the ratio ZLd/π(X) is well-defined.

Applying the law of iterated expectations,

E
[

ZLd
π(X)

∣∣∣X]= E
[
E
[

ZLd
π(X)

∣∣∣X,Y ∗,G
]∣∣∣X]= E

[
Ld

π(X)E[Z|X,Y ∗,G]
∣∣∣X] .

By Assumption 3, E[Z|X,Y ∗,G] = π(X) a.s., and hence Ld
π(X)E[Z|X,Y ∗,G] = Ld, a.s.,

and the characterization of θd(X) in Eq. (22) follows. Repeating the same argument and

using Eq. (8) yields the characterizations of hE(q) and eιg(a) in Eqs. (23)-(24). Q.E.D.

PROOF OF THEOREM 3.2: The proof has two parts. We first show in part 1 that

sup
q∈S2

|
√
n(ĥE(q, L̂; η̂)− hE(q))−Gn[ζ

∗
i (q;L,η)]|= op(1) . (45)

We then use van der Vaart and Wellner (1996, Theorem 2.5.2) to conclude in part 2 that

Gn[ζ
∗
i (q;L,η)]⇒G[ζ∗i (q;L,η)] in ℓ∞(S2) . (46)

Recall η = (∆θ,π,θ0) and η̂ = (∆θ̂, π̂, θ̂0). In what follows, we use the explicit nota-

tion (∆θ,π,θ0) for the vector of nuisance functions instead of η, as we analyze the impact

on the asymptotic distribution of each of its components.

Part 1: Our goal is to establish Eq. (45). We divide the proof in three claims.

Claim 1: supq∈S2
√
n|ĥE(q; L̂, (∆θ̂, π̂, θ̂0))−ĥE(q; L̂, (∆θ, π̂, θ̂0))|= op(1). Algebra shows

ĥE(q; L̂, (∆θ̂, π̂, θ̂0))− ĥE(q; L̂, (∆θ, π̂, θ̂0)) =
1
K

K∑
k=1

(Ak +Bk),
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where

Ak =
1
nk

∑
i∈Ik

(
q⊺∆LiZi
π(Xi)

)(
1{q⊺∆θ̂k(Xi)> 0} − 1{q⊺∆θ(Xi)> 0}

)
(47)

Bk =
1
nk

∑
i∈Ik

(
q⊺∆L̂iZi
π̂k(Xi)

− q⊺∆LiZi
π(Xi)

)(
1{q⊺∆θ̂k(Xi)> 0} − 1{q⊺∆θ(Xi)> 0}

)
(48)

Lemma B.6 shows that Ak = op(n
−1/2) uniformly on q ∈ S2 by relying on Assumptions

4 and 5 and the approach used in the proof of Theorem 4.1 in Liu and Molinari (2026).

Using similar ideas, Lemma B.7 shows that Bk = op(n
−1/2) uniformly on q ∈ S2. Since K

is fixed as n→∞, we conclude the claim of step 1.

Claim 2: supq∈S2
√
n|ĥE(q, L̂; (∆θ, π̂, θ̂0)) − n−1

∑n
i=1 ζ

∗
i (q;L, (∆θ, π̂, θ̂0))| = op(1).

Let us denote by M̂i = diag
([

1− 1{Gi=r}
µ̂r

,1− 1{Gi=b}
µ̂b

, 1{Gi=b}
µ̂b

− 1{Gi=r}
µ̂r

])
the sam-

ple analog of M, where µg is replaced by its plug-in estimator µ̂g = n−1
∑n

i=1 1{Gi = g}.

Define Mr = diag
([

1
µr
,0, 1

µr

])
and Mb = diag

([
0, 1

µb
,− 1

µb

])
, with sample analogs de-

noted by M̂r and M̂b, respectively. Note that n−1
∑n

i=1 M̂i = 0, which implies

ĥE(q, L̂; (∆θ, π̂, θ̂0)) =
1
n

n∑
i=1

[
ζi(q; L̂, (θ, π̂, α̂

q)) + (M̂iq)
⊺∇qhE(q)

]
.

Therefore, we can write

ĥE(q, L̂; (∆θ, π̂, θ̂0))− 1
n

n∑
i=1

ζ∗i (q;L, (∆θ, π̂, θ̂0)) =
∑

g∈{r,b}

(
M̂gq−Mgq

)⊤(
1
K

K∑
k=1

Ag
k +Bg

k

)
,

where

Ag
k =

1
nk

∑
i∈Ik

{
(L0 + (L1 −L0)1{q⊺∆θ(Xi)> 0}) Ziµg

π(Xi)
−∇qhi

}
1{Gi = g}

Bg
k =

1
nk

∑
i∈Ik

(
Ziµg

π̂k(Xi)
− Ziµg

π(Xi)

)
(L0 + (L1 −L0)1{q⊺∆θ(Xi)> 0})1{Gi = g}

∇qhi = diag ([1{Gi = r},1{Gi = b},1])∇qhE(q) .

We conclude that Ag
k = Op(n

−1/2) uniformly on q ∈ S2 by Assumptions 1 and 3, Eq. (9)

adjusted with inverse propensity weighting similarly to Lemma 3.1, and the Central Limit



37

Theorem. We also conclude that Bg
k = op(1) uniformly on q ∈ S2 by Cauchy-Schwartz,

and Assumptions 1, 4, and 5. Finally, we conclude Mgq − M̂gq = Op(n
−1/2) uniformly

on q ∈ S2 by the Central Limit Theorem and Assumption 1.

Claim 3: supq∈S2
∣∣∣ 1√

n

∑n
i=1

(
ζ∗i (q;L, (∆θ, π̂, θ̂0))− hE(q)

)
−Gn[ζ

∗
i (q;L,η)]

∣∣∣ = op(1).

We write

1√
n

n∑
i=1

(
ζ∗i (q;L, (∆θ, π̂, θ̂0))− hE(q)

)
−Gn[ζ

∗
i (q;L,η)] =

1√
K

K∑
k=1

(Ak +Bk +Ck)

where

Ak =
1√
nk

∑
i∈Ik

(
Zi

π̂k(Xi)
− Zi

π(Xi)

)(
q⊺L0,i + (q⊺∆Li)1{q⊺∆θ(Xi)> 0} −αh(q;Xi)

)
,

Bk =
1√
nk

∑
i∈Ik

(
α̂h

k(q;X)−αh(q;X)
)(

1− Zi
π(Xi)

)
,

Ck =
1√
nk

∑
i∈Ik

(
α̂h

k(q;X)−αh(q;X)
)(

Zi
π(Xi)

− Zi
π̂k(Xi)

)
.

Recall that η̂k = (∆θ̂k, π̂k,θ0,k) was estimated using all the data except the ones with

indices in Ik, and Fk is the σ-algebra generated by all the data except the ones with indices

on Ik. Assumptions 4 and 5, the definition of αh(q;X) in Eq. (27), and algebra show

E[Ak|Fk] = 0 and supq∈S2 E[A2
k|Fk] = o(1). Similarly, we can show E[Bk|Fk] = 0 and

supq∈S2 E[B2
k|Fk] = o(1). By Chernozhukov et al. (2018, Lemma 6.1), we conclude Ak

and Bk both are op(1) uniformly on q ∈ S2. Finally, we conclude that Ck = op(1) uniformly

on q ∈ S2 by Cauchy-Schwartz, Assumptions 4 and 5, and Lemma B.8.

The triangle inequality and Claims 1, 2, and 3, complete the proof of part 1.

Part 2: Our goal is to establish Eq. (46). Consider the random vector

Wi = (L0,i,∆Li,Zi,π(Xi),∆θ(Xi),θ0(Xi)) ∈W

and the class of functions Q≡ {f :W → R : f(Wi) = ζi(q;L,η) for some q ∈ S2}. Here,

we are using the true value of the nuisance function η and treating the values η(Xi) as a

random vector. In order to use van der Vaart and Wellner (1996, Theorem 2.5.2) to complete

the proof of part 2, we need to verify that (i) an envelope function of the class Q has finite
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second-moment, and (ii) the uniform entropy bound in van der Vaart and Wellner (1996,

Eq. (2.5.1)) holds. To verify (i), we note that the minimum envelope supq∈S2 |ζi(q;L,η)|
has finite second-moment due to Assumptions 1 and 4. To verify (ii), we rely on Andrews

(1994, Theorems 2 and 3) that states that the class of functions of type I and their mixing

(by addition and product operation) verify the uniform entropy bound. We conclude by

noting that Q is of type I, since any function in Q can be written as the sum of (i) linear

functions in q, (ii) indicators of linear functions in q, and (iii) product of (i) and (ii). Q.E.D.

A.3. Proofs for Section 4

Let [·]+ =max{·,0}. Define ϕ : ℓ∞(S2)×R3 →R as

ϕ(f, ε)≡
[
max
q∈S2

(q⊺ε− f(q))

]
+

+

[
min
q∈S̃2

(q1ε1 + q2ε2 + |q3ε3|+ f(−q))

]
+

, (49)

where f ∈ ℓ∞(S2) and ε ∈R3. Note that φLDA
n =

√
n
(
ϕ(β̂)− ϕ(β)

)
.

PROOF OF THEOREM 4.1: The proof has two parts. In the first part, we use Fang and

Santos (2019, Theorems 2.1 and 3.2) to show that the Bayesian bootstrap is consistent. In

the second part, we use Romano and Shaikh (2012, Lemma A.1) to prove that the test φLDA
n

has asymptotically correct size.

Fn(x) = P
(√

n
(
ϕ(β̂)− ϕ(β)

)
≤ x
)

F̃n(x) = P
(
ϕ̂′β
(√

n{β̃− β̂}
)
≤ x|{(Yi,Gi,Xi,Zi)}ni=1

)
Part 1: By Kaido (2016, Lemma D.3) and standard arguments, it follows that ϕ defined

in (49) is Hadamard directionally differentiable at β tangentially to D0 = C(S2)× R3 ⊂
D = ℓ∞(S2) × R3, where C(S2) is the class of continuous functions on S2. This guar-

antees Assumption 1 in Fang and Santos (2019). By Cramer-Wold and Lemma B.10, we

have
√
n(β̂ − β) ⇒ Gβ . Let K(q, q′) be the covariance matrix of Gβ for q, q′ ∈ S2. It

can be show that K(q, q′) is continuous in both q, q′ ∈ S2, which implies that Gβ ∈ D0
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with probability 1 by Adler and Taylor (2007, Lemma 1.3.1). This guarantees Assump-

tion 2 in Fang and Santos (2019). By Fang and Santos (2019, Theorems 2.1), we conclude
√
n
(
ϕ(β̂)− ϕ(β)

)
⇒ ϕ′β(Gβ).

Define F∞(x) = P
(
ϕ′β(Gβ)≤ x

)
. To prove the consistency of the bootstrap, it is suffi-

cient to show P
(
supx∈R F̃n(x)− F∞(x)> ϵ

)
= o(1) for any ϵ > 0, which is equivalent to

show that

sup
f∈BL1

∣∣∣E[f(ϕ̂′β(√n{β̃− β̂}
)) ∣∣{(Yi,Gi,Xi,Zi)}ni=1

]
−E

[
f
(
ϕ′β(Gβ)

)]∣∣∣= op(1), (50)

where BL1 is the set of 1-Lipschitz functions f :R→R such that |f |∞ ≤ 1.

It is sufficient to verify Assumptions 3 and 4 in Fang and Santos (2019) to conclude (50)

by Fang and Santos (2019, Theorems 3.2). Note that Assumption 3 part (i), (iii), and (iv)

hold by construction. By Hong and Li (2018, Theorem 3.1), we conclude ϕ̂′β defined in

Procedure 1 verifies Assumption 4 in Fang and Santos (2019). Therefore, it is sufficient to

verify Assumption 3 part (ii), that is,

sup
f∈BL1

∣∣∣E[f (√n
(
β̃− β̂

)) ∣∣{(Yi,Gi,Xi,Zi)}ni=1

]
−E

[
f
(
Gβ)

]∣∣∣= o(1) . (51)

Define β̂
∗
=
(
1
n

∑n
i=1

(
Wi

W

)
ζ∗i (q;L,η),

1
n

∑n
i=1

(
Wi

W

)
ξ∗i (a;L,η)

)⊺
. By Lemma B.9

and since f ∈ BL1, we conclude that Eq. (51) holds if the following equation holds

sup
f∈BL1

∣∣∣E[f (√n
(
β̂
∗
− β̂

)) ∣∣{(Yi,Gi,Xi,Zi)}ni=1

]
−E

[
f
(
Gβ)

]∣∣∣= o(1) .

Finally, the previous equation holds by definition of β̂
∗
, β̂, and by van der Vaart and Well-

ner (1996, Theorem 3.6.13). This completes the proof of the bootstrap consistency.

Part 2: For an arbitrarily small κ > 0, we have P
(
supx∈R F̃n(x)− F∞(x)> κ

)
= o(1).

Let c1−α be (1 − α)-quantile of ϕ′β(Gβ), i.e., F∞(c1−α) ≥ 1 − α. Recall that ĉ1−α+κ is

the (1 − α + κ)−quantile of the limit distribution of ϕ̂′β
(√

n{β̃ − β̂}
)
. The following

derivation completes the proof of part 2:

P(TLDA
n > ĉ1−α+κ + κ)

(1)
= P(TLDA

n > c1−α + κ) + o(1)
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(2)
≤ P(TLDA

n ≥ c1−α + κ/2) + o(1)

(3)
≤ P(ϕ′β(Gβ)≥ c1−α + κ/2) + o(1)

(4)
≤ P(ϕ′β(Gβ)> c1−α) + o(1)

(5)
≤ α+ o(1) ,

where (1) holds since P(ĉ1−α+κ ≥ c1−α) = 1−o(1) by Romano and Shaikh (2012, Lemma

A.1), (2) and (4) hold since κ > 0, (3) holds since TLDA
n

d→ ϕ′β(Gβ), and (5) holds by the

definition of c1−α. Q.E.D.

APPENDIX B: AUXILIARY RESULTS

B.1. Lemmas and Auxiliary Results for Section 2

LEMMA B.1—Support function of C(ε∗): For ε∗ = (ε∗1, ε
∗
2, ε

∗
3) ∈ E and q ∈R3, the sup-

port function of the closed convex set C(ε∗) in Eq. (10) is as given in Eq. (11).

PROOF: We have:

hC(ε∗)(q) = sup
ε∈C(ε∗)

q⊺ε= sup
ε1≤ε∗1,ε2≤ε∗2
|ε3|≤|ε∗3|

(q1ε1 + q2ε2 + q3ε3).

If q1 < 0, then supε1≤ε∗1
q1ε1 =+∞ (taking ε1 →−∞). Similarly if q2 < 0. For q1, q2 ≥ 0,

the supremum over εj ≤ ε∗j gives qjε∗j , j = 1,2. For the third coordinate:

sup
|ε3|≤|ε∗3|

q3ε3 =

q3|ε∗3| if q3 ≥ 0,

−q3|ε∗3|= |q3||ε∗3| if q3 < 0.

Thus hC(ε∗)(q) = q1ε
∗
1 + q2ε

∗
2 + |q3||ε∗3| for q1, q2 ≥ 0. Q.E.D.

LEMMA B.2: Let (Ω,F,P) be the probability space on which (Y,G,X) are defined.

Assume that (X ,B(X )) is a standard Borel space. Then: (i) E is convex. (ii) Under As-

sumption 1, E is compact. (iii) Under Assumptions 1-2, E has a non-empty interior in R3,

and hence dim(E) = 3.
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PROOF: Recall that A≡ {a :X → [0,1] Borel-measurable}.

Part (i). Each coordinate map a 7→ eιg(a) is affine in a by (3). Since A is convex and

(eAr (a), e
A
b (a), e

F
r (a)− eFb (a)) is an affine image of a, its range E is convex.

Part (ii). Define

K ≡ {u ∈ L∞(Ω,F,P) : u is σ(X)-measurable and 0≤ u≤ 1 a.s.}.

As (X ,B(X )) is standard Borel, the Doob–Dynkin lemma (Rao and Swift, 2006, Prop. 3,

Ch. 1) yields K = {a(X) : a ∈A} up to a.s. equality. Hence, E = E[θ0(X)] + T (K), for

T (u)≡ E[u∆θ(X)] ∈R3. (52)

We first show that K is weak-* compact in L∞, where L∞ is equipped with the topology

σ(L∞,L1). Since 0≤ u≤ 1 a.s. for every u ∈K , we have ∥u∥∞ ≤ 1, so K is contained in

the closed unit ball of L∞. Since L∞ = (L1)∗, the Banach-Alaoglu theorem yields that the

closed unit ball of L∞ is compact for the weak-* topology σ(L∞,L1).

To prove weak-* compactness of K , it suffices to show that K is weak-* closed, since K

is contained in the weak-* compact unit ball of L∞. Accordingly, let uα ∈K and suppose

uα → u weak-* in L∞. We show that u ∈K . First, u is σ(X)-measurable. Indeed, for every

g ∈ L1(Ω,F,P), E
[
uα
(
g−E[g|σ(X)]

)]
= 0, because uα is σ(X)-measurable. Passing to

the limit using weak-* convergence gives E [u (g−E[g|σ(X)])] = 0, for all g ∈ L1. Taking

g = 1A for A ∈ F, we obtain∫
A
udP=

∫
A
E[u|σ(X)]dP, ∀A ∈ F,

hence u= E[u|σ(X)] a.s. Therefore u is σ(X)-measurable.

Next, the bounds 0 ≤ u ≤ 1 a.s. are preserved. To show u ≥ 0 a.s., suppose otherwise.

Then P(u < 0) > 0, so for some ε > 0, Aε ≡ {u ≤ −ε} has positive probability. Taking

g = 1Aε ∈ L1, weak-* convergence yields E[uαg] → E[ug]. Since uα ≥ 0 a.s., we have

E[uαg] ≥ 0 for all α, whereas E[ug] = E[u1Aε ] ≤ −εP(Aε) < 0, a contradiction. Thus

u≥ 0 a.s. Applying the same argument to 1− uα shows u≤ 1 a.s. Therefore u ∈K , so K

is weak-* closed. Hence K is weak-* compact.
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Now consider the map T :K → R3 in (52). This map is well-defined because u ∈ L∞

with |u| ≤ 1 a.s. and each component of ∆θ(X) is in L1 by Assumption 1, so each com-

ponent of u∆θ(X) is in L1. Moreover, for each component j = 1,2,3, the map from u

to the component of E[u∆θ(X)] is weak-* continuous on L∞, since each component of

∆θ(X) is in L1. Therefore T :K →R3 is continuous when K is endowed with the weak-*

topology and R3 with its usual Euclidean topology. Since K is weak-* compact and T is

continuous, T (K) is compact in R3. Therefore, E = E[θ0(X)] + T (K) is compact.

Part (iii). Let Adisp ≡ {ε : X → R measurable : |ε(X)| ≤ 1/2 PX -a.s.} = {ε : X →
R measurable : ∥ε∥∞ ≤ 1/2} where ∥ε∥∞ ≡ ess supx∼PX

|ε(x)|. For any algorithm a ∈A,

let ε(X) ≡ a(X)− 1
2 be the corresponding displacement in Adisp. Let e0 = E

[
θ0(X)] +

1
2E[∆θ(X)]. Then for any a ∈ A we have e(a) − e0 = E[ε(X)∆θ(X)]. Hence, we can

write E = e0 + E0, where E0 is the set of feasible displacements:

E0 ≡
{
E[ε(X)∆θ(X)], ε :X → [−1

2 ,
1
2 ] measurable

}
,

and the equality holds because every measurable a : X → [0,1] corresponds to a unique

ε ∈ [−1
2 ,

1
2 ] and vice versa. We next show that E0 contains a Euclidean ball around 0, which

implies E = e0 + E0 contains a ball around e0. Fix q ∈ R3 with ∥q∥ = 1. Consider the

support function of E0 in direction q:

hE0(q)≡ sup
e∈E0

q⊺e= sup
∥ε∥∞≤1/2

E [ε(X)q⊺∆θ(X)] .

Pointwise maximization yields the maximizer εq(X) = 1
2 sign

(
q⊺∆θ(X)

)
(with any value

in [−1
2 ,

1
2 ] on the null set where q⊺∆θ(X) = 0), so

hE0(q) =
1

2
E [|q⊺∆θ(X)|] . (53)

By Assumption 2, for all δ > 0, P(|q⊺∆θ(X)| ≤ δ) ≤ Cδm, uniformly in q ∈ S2 ≡ {q ∈
R3 : ∥q∥ = 1}. Choose δ0 ≡ (1/(2C))1/m > 0. Then for every q ∈ S2, P(|q⊺∆θ(X)| >
δ0) ≥ 1− Cδm0 = 1

2 , and hence E [|q⊺∆θ(X)|] ≥ δ0P(|q⊺∆θ(X)| > δ0) ≥ δ0
2 . Combining
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with (53) yields the uniform bound

hE0(q)≥ δ0
4 ∀q ∈ S2. (54)

Hence, (54) implies that E0 contains the Euclidean ball B(0, r) with radius r = δ0/4 (see,

e.g., Schneider, 1993, Section 1.7). Therefore, e0 +B(0, r)⊆ E so E has a nonempty inte-

rior in R3, and hence dim(E) = 3. Q.E.D.

B.1.1. Lemmas and Auxiliary Results for the Geometry of F

We distinguish three cases used to characterize the geometric properties of the FA-

frontier.

CASE 1: The feasible set E lies entirely on one side of the plane ε3 = 0.

THEOREM B.1—FA-frontier in Case 1: Suppose Assumptions 1 and 2 hold, and E is in

Case 1. Without loss of generality, assume E ⊂ {ε ∈R3 : ε3 ≥ 0}.10 For ε∗ ∈ E , define

C+(ε∗)≡ {ε ∈R3 : ε1 ≤ ε∗1, ε2 ≤ ε∗2, ε3 ≤ ε∗3},

and let S̃2+ ≡ {q ∈ S2 : q1 ≥ 0, q2 ≥ 0, q3 ≥ 0}. Then the following are equivalent:

1. E ∩ C+(ε∗) = {ε∗}.

2. There exists q ∈ S̃2+ such that hC+(ε∗)(q) =−hE(−q).

3. There exists q ∈ S̃2+ such that ε∗ = argminε∈E q
⊺ε.

Consequently, in Case 1 the FA-frontier satisfies

F = {ε∗ ∈ E : E ∩ C+(ε∗) = {ε∗}}=
⋃
q∈S̃2+

argmin
ε∈E

q⊺ε,

Since E is strictly convex, each set argminε∈E q
⊺ε is a singleton.

10This is without loss of generality because Definition 5 depends on the third coordinate only through |ε3|,

hence the reflection (ε1, ε2, ε3) 7→ (ε1, ε2,−ε3) leaves the FA-dominance relation and the FA-frontier un-

changed.
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PROOF: As E is in Case 1, every ε ∈ E satisfies ε3 ≥ 0. Therefore, for ε, ε′ ∈ E , |ε′3| ≤
|ε3| ⇐⇒ ε′3 ≤ ε3. Hence, ε′ ≻FA ε∗ ⇐⇒ ε′ ∈ E ∩ C+(ε∗) \ {ε∗}, and so ε∗ ∈ F ⇐⇒
E ∩C+(ε∗) = {ε∗}. We note that the support function of C+(ε∗) satisfies hC+(ε∗)(q) = q⊺ε∗

for q1, q2, q3 ≥ 0 and hC+(ε∗)(q) = +∞ otherwise, because C+(ε∗) is unbounded in the

negative coordinate directions.

We begin by showing (1) ⇒ (2). Assume E ∩ C+(ε∗) = {ε∗}. By Lemma B.2, E is

compact, convex, and has a nonempty interior. Hence, by the same common supporting

hyperplane argument used in Step 3 of the proof of Theorem 2.2, there exist q ̸= 0 and

α ∈ R such that q⊺ε ≥ α ≥ q⊺c, ∀ε ∈ E , ∀c ∈ C+(ε∗). Since ε∗ ∈ E ∩ C+(ε∗), necessar-

ily α= q⊺ε∗. Moreover, infε∈E q⊺ε≥ α≥ supc∈C+(ε∗) q
⊺c, while infε∈E q

⊺ε≤ q⊺ε∗ = α≤
supc∈C+(ε∗) q

⊺c. Therefore, −hE(−q) = hC+(ε∗)(q). Because hC+(ε∗)(q) < +∞, this im-

plies q1, q2, q3 ≥ 0. By positive homogeneity, after replacing q by q/∥q∥, we may assume

q ∈ S̃2+, proving (2).

We show that (2) ⇒ (3). Assume there exists q ∈ S̃2+ such that hC+(ε∗)(q) =−hE(−q).

Then supc∈C+(ε∗) q
⊺c= infε∈E q

⊺ε. Because ε∗ ∈ C+(ε∗), we have

q⊺ε∗ ≤ sup
c∈C+(ε∗)

q⊺c= inf
ε∈E

q⊺ε≤ q⊺ε∗.

Hence all inequalities are equalities, and thus q⊺ε∗ = infε∈E q
⊺ε. Therefore, ε∗ ∈ argminε∈E q

⊺ε.

Since E is strictly convex, every support set is a singleton, so ε∗ = argminε∈E q
⊺ε, proving

(2) ⇒ (3).

We conclude by showing (3) ⇒ (1). Assume there exists q ∈ S̃2+ such that ε∗ =

argminε∈E q
⊺ε. Let ε ∈ E ∩C+(ε∗). Since ε ∈ C+(ε∗), we have εi ≤ ε∗i , i= 1,2,3. Because

qi ≥ 0 for each i, q⊺ε≤ q⊺ε∗. Since ε∗ minimizes q⊺ε over E , we also have q⊺ε≥ q⊺ε∗ and

hence q⊺ε= q⊺ε∗. Therefore ε belongs to the support set of E in direction −q. Strict con-

vexity of E implies that this support set is a singleton, namely {ε∗}. Thus ε= ε∗, proving

(3) ⇒ (1).

Finally, the displayed characterization of F follows immediately from the equivalence

just proved. Q.E.D.
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COROLLARY B.1—Boundary edge images for the FA-frontier in Case 1: Under the

assumptions of Theorem B.1, define the support-point map

Ψ : S̃2+ →F , Ψ(q)≡ argmin
ε∈E

q⊺ε. (55)

Then Ψ is well-defined and continuous. Moreover, the image under Ψ of the three boundary

edges of S̃2+ is given by the three paths

RB(α)≡ argmin
ε∈E

[
αε1 + (1− α)ε2

]
, α ∈ [0,1] (56)

RF (α)≡ argmin
ε∈E

[
αε1 + (1− α)ε3

]
, α ∈ [0,1], (57)

BF (α)≡ argmin
ε∈E

[
αε2 + (1− α)ε3

]
, α ∈ [0,1]. (58)

If, in addition, for every ε ∈ F the set N+
E (ε) ≡ {q ∈ S̃2+ : ε = argminη∈E q

⊺η} is a sin-

gleton, then Ψ is injective and hence a homeomorphism from S̃2+ onto F . In particular,

RB([0,1])≡ {RB(α) : α ∈ [0,1]}⊊F , and therefore F ̸=RB([0,1]).

PROOF: For each q ∈ S̃2+, strict convexity of E (Theorem 2.1) implies that argminε∈E q
⊺ε

is a singleton, and Theorem B.1 implies that this minimizer belongs to F . Hence, Ψ is well-

defined. Continuity follows from Berge’s maximum theorem: E is compact by Lemma B.2,

the objective (q, ε) 7→ q⊺ε is continuous, and the minimizer is unique for every q ∈ S̃2+.

We next identify the images of the three boundary edges of S̃2+. Consider first the edge

{q ∈ S̃2+ : q3 = 0}.

Every point on this edge has the form

q = (α,1−α,0)
∥(α,1−α,0)∥ for some α ∈ [0,1],

and conversely every α ∈ [0,1] determines a point on this edge after normalization. Since

multiplying a normal vector by a positive scalar does not change the argmin, we obtain

Ψ(q) = argmin
ε∈E

[αε1 + (1− α)ε2] =RB(α).
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Therefore,

Ψ
(
{q ∈ S̃2+ : q3 = 0}

)
=RB([0,1]).

Repeating the same argument to the other two edges, we obtain

Ψ
(
{q ∈ S̃2+ : q2 = 0}

)
=RF ([0,1]),

Ψ
(
{q ∈ S̃2+ : q1 = 0}

)
=BF ([0,1]).

Now assume that N+
E (ε) is a singleton for every ε ∈ F . If Ψ(q) = Ψ(q′) = ε, then q, q′ ∈

N+
E (ε), hence q = q′. Therefore Ψ is injective. By Theorem B.1, F =Ψ(S̃2+), so Ψ is also

surjective. Hence Ψ is a continuous bijection from the compact space S̃2+ onto the Hausdorff

space F ⊂R3, and therefore a homeomorphism.

Finally, RB([0,1]) = Ψ
(
{q ∈ S̃2+ : q3 = 0}

)
. Since {q ∈ S̃2+ : q3 = 0} ⊊ S̃2+, injectivity

implies RB([0,1])⊊Ψ(S̃2+) =F . Therefore, F ̸=RB([0,1]). Q.E.D.

We next introduce notation to define Case 2. For α ∈ [0,1], recall RB(α) from (56)

and RB([0,1]) ≡ {RB(α) : α ∈ [0,1]}. Recall the mapping π : R3 → R2, π(e1, e2, e3) =

(e1, e2), and that EA ≡ π(E). For c= (c1, c2) ∈ EA, define

I(c)≡ {t ∈R : (c1, c2, t) ∈ E}, (59)

so that d(c) in (5) satisfies d(c) = min{|t| : t ∈ I(c)}. Recall the FA-frontier relative to

accuracy loss in (6), FA, and define the Pareto frontier relative to accuracy loss,

PFA ≡
{
c ∈ EA : ∄ c′ ∈ EA s.t. c′1 ≤ c1, c

′
2 ≤ c2, with at least one strict inequality

}
. (60)

Let f(c) be the unique element of I(c) with minimal absolute value, and define

Π(c)≡ (c1, c2, f(c)). (61)

CASE 2: The feasible set E crosses the plane {ε3 = 0}, i.e., both E ∩ {ε3 > 0} ̸=∅ and

E ∩ {ε3 < 0} ̸=∅, and either RB([0,1])⊂ {ε3 > 0} or RB([0,1])⊂ {ε3 < 0}.



47

THEOREM B.2—FA-frontier in Case 2: Let Assumptions 1 and 2 hold, and E be in

Case 2. Then PFA ⊊FA and RB([0,1])⊊F .

PROOF: By replacing ε3 with −ε3 if necessary, we may assume RB([0,1])⊂ {ε3 > 0}.

Define:

Z ≡ π(E ∩ {ε3 = 0}),

FA0 ≡
{
c ∈ Z : ∄ c′ ∈ Z such that c′1 ≤ c1, c

′
2 ≤ c2, with at least one strict inequality

}
.

Since E crosses {ε3 = 0}, convexity implies E ∩ {ε3 = 0} ̸=∅, hence Z ̸=∅. The set Z is

compact because E ∩ {ε3 = 0} is compact and π is continuous.

We first show that FA0 ̸=∅. Choose c0 ∈ Z minimizing the continuous map c 7→ c1+ c2

on the compact set Z . If there existed c′ ∈ Z such that c′1 ≤ c01 and c′2 ≤ c02, with at least

one strict inequality, then c′1+ c′2 < c01+ c02, contradicting the choice of c0. Thus c0 ∈ FA0,

so FA0 ̸=∅.

Next we claim that FA0 ⊆ FA. Let c ∈ FA0. Since c ∈ Z , we have 0 ∈ I(c), hence

d(c) = 0. Suppose, towards a contradiction, that c /∈ FA. Then there exists c′ ∈ EA such

that c′1 ≤ c1, c′2 ≤ c2, d(c′) ≤ d(c) = 0, with at least one strict inequality. Because d ≥ 0

on EA, it follows that d(c′) = 0. Hence 0 ∈ I(c′), so c′ ∈ Z . Moreover, the strict inequality

cannot occur only in the d-coordinate, because d(c′) = d(c) = 0. Therefore at least one of

c′1 < c1 or c′2 < c2 holds, contradicting c ∈ FA0. This proves FA0 ⊆FA.

We now show that PFA ∩ Z = ∅. Let c ∈ PFA. By Lemma B.4, Π(c) ∈ Π(PFA) =

RB([0,1]). Because E is in Case 2, Π(c)3 > 0. In particular, Π(c)3 ̸= 0, so 0 /∈ I(c), and

hence c /∈ Z . Therefore PFA ∩Z =∅.

Since FA0 ⊆ Z , we obtain FA0 ∩ PFA =∅. Together with FA0 ⊆FA and FA0 ̸=∅,

this yields FA \ PFA ̸=∅.

On the other hand, PFA ⊆ FA. Indeed, if c /∈ FA, then there exists c′ ∈ EA such that

c′1 ≤ c1, c′2 ≤ c2, d(c′)≤ d(c), with at least one strict inequality. If c′1 = c1 and c′2 = c2, then

c′ = c, which forces d(c′) = d(c), contradicting the requirement that at least one inequality

be strict. Hence at least one of c′1 < c1 or c′2 < c2 holds, so c /∈ PFA. Thus PFA ⊆FA.
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Combining the last two results, we conclude that

PFA ⊊FA.

Finally, since π ◦Π= idEA , the map Π is injective. Therefore

Π(PFA)⊊Π(FA).

Using equivalence (i) ⇔ (iv) in Theorem 2.2 and Lemma B.4, we obtain

RB([0,1]) = Π(PFA)⊊Π(FA) =F .

This proves RB([0,1])⊊F . Q.E.D.

LEMMA B.3: The projection EA is compact, strictly convex, and has a nonempty inte-

rior. For each α ∈ [0,1], let c(α)≡ argminc∈EA

[
αc1+(1−α)c2

]
. Then the Pareto frontier

in (60) satisfies PFA = {c(α) : α ∈ [0,1]}.

PROOF: Since π is continuous and E is compact, EA is compact. To see that EA has a

nonempty interior, choose x ∈ int(E). There exists r > 0 such that B(x, r) ⊂ E . Then the

open disk in R2 centered at π(x) with radius r is contained in π(B(x, r)) ⊂ EA. Hence

int(EA) ̸=∅. To prove strict convexity of EA, let c0, c1 ∈ EA be distinct, and choose lifts

ε0, ε1 ∈ E with π(εi) = ci. Since c0 ̸= c1, we have ε0 ̸= ε1. For any λ ∈ (0,1), strict con-

vexity of E gives m= λε0 + (1− λ)ε1 ∈ int(E). Choose r > 0 such that B(m,r)⊂ E . As

above, the open disk in R2 centered at π(m) = λc0 + (1− λ)c1 with radius r lies in EA.

Therefore λc0 + (1− λ)c1 ∈ int(EA), so EA is strictly convex.

Now fix α ∈ [0,1] and write Lα(c) = αc1+(1−α)c2. By strict convexity of EA, Lα has

a unique minimizer c(α) on EA. We first show that c(α) ∈ PFA. Suppose not. Then there

exists c′ ∈ EA such that

c′1 ≤ c(α)1, c′2 ≤ c(α)2,

with at least one strict inequality. If α ∈ (0,1), then Lα(c
′) < Lα(c(α)), contradicting the

minimality of c(α). If α = 0, then c′2 ≤ c(α)2; if the inequality is strict, we again contra-
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dict minimality, while if c′2 = c(α)2, then c′ ̸= c(α) and c′ is a second minimizer of L0,

contradicting uniqueness. The case α= 1 is analogous. Thus c(α) ∈ PFA.

Conversely, let x ∈ PFA. Set K ≡ EA − x and O ≡ {u ∈ R2 : u1 < 0, u2 < 0}. Since

x ∈ PFA, there is no point of EA strictly south-west of x, hence K ∩O = ∅. The set K

is compact and convex, while O is open and convex. By the standard strong separation

theorem, there exist q = (q1, q2) ∈ R2 \ {0} and γ ∈ R such that q⊺u≥ γ > q⊺v, ∀u ∈K ,

∀v ∈O. Since 0 ∈K , we obtain γ ≤ 0. We claim that q1, q2 ≥ 0. If q1 < 0, then for t > 0,

vt = (−t,−1) ∈O, but q⊺vt =−tq1− q2 →+∞ as t→+∞, contradicting q⊺vt < γ. Thus

q1 ≥ 0. Similarly q2 ≥ 0.

Next, for n≥ 1, let vn =
(
− 1

n ,−
1
n

)
∈O. Since q1, q2 ≥ 0, we have q⊺vn → 0−. Because

γ > q⊺vn for every n, it follows that γ ≥ 0. Hence γ = 0. Therefore, q⊺(y−x)≥ 0 ∀y ∈ EA,

or equivalently q⊺y ≥ q⊺x ∀y ∈ EA. Since q ̸= 0 and q1, q2 ≥ 0, we have q1 + q2 > 0. Set

α := q1
q1+q2

∈ [0,1]. Then q is a positive multiple of (α,1− α), so x minimizes Lα on EA.

By uniqueness, x= c(α).

This proves PFA = {c(α) : α ∈ [0,1]}. Q.E.D.

LEMMA B.4: Let c(α)≡ argminc∈EA [αc1 + (1−α)c2]. For every α ∈ [0,1], RB(α) =

Π(c(α)). Consequently, RB([0,1]) = Π(PFA) = PF , with PF in (13).

PROOF: Fix α ∈ [0,1], and write Lα(x) := αx1+(1−α)x2. By strict convexity of E , the

minimizer RB(α) of Lα on E is unique. By Lemma B.3, the minimizer c(α) of Lα on EA

is also unique. Since Lα depends only on the first two coordinates, π(RB(α)) minimizes

Lα on EA. By uniqueness, π(RB(α)) = c(α).

We claim that the fiber I(c(α)) (with I(·) in (59)) is a singleton. If not, pick t1 ̸= t2

in I(c(α)). Then both (c(α), t1) ∈ E and (c(α), t2) ∈ E have the same Lα-value, namely

the minimum of Lα on E . This contradicts the uniqueness of RB(α). Hence, I(c(α)) =

{RB(α)3}, so f(c(α)) =RB(α)3, and therefore RB(α) = Π(c(α)).

Taking the union over α ∈ [0,1] and using Lemma B.3, we obtain

RB([0,1]) = {RB(α) : α ∈ [0,1]}= {Π(c(α)) : α ∈ [0,1]}=Π(PFA).
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To obtain the last equivalence, we first show ε ∈ PF ⇐⇒ π(ε) ∈ PFA. Suppose first

that ε ∈ PF , and set c := π(ε). If c /∈ PFA, then there exists c′ ∈ EA such that c′1 ≤ c1,

c′2 ≤ c2, with at least one strict inequality. Choose ε′ ∈ E with π(ε′) = c′. Then ε′1 ≤ ε1,

ε′2 ≤ ε2, with at least one strict inequality, contradicting ε ∈ PF . Therefore π(ε) ∈ PFA.

Conversely, suppose π(ε) = c ∈ PFA. If ε /∈ PF , then there exists ε′ ∈ E such that

ε′1 ≤ ε1, ε′2 ≤ ε2, with at least one strict inequality. Setting c′ := π(ε′), we obtain c′1 ≤ c1,

c′2 ≤ c2, with at least one strict inequality, contradicting c ∈ PFA. Hence e ∈ PF . Thus,

e ∈ PF ⇔ π(e) ∈ PFA. It follows that PF =Π(PFA). Q.E.D.

CASE 3: The feasible set E crosses the plane {ε3 = 0}, i.e., both E ∩ {ε3 > 0} ̸=∅ and

E ∩ {ε3 < 0} ̸=∅, and RB([0,1])∩ {ε3 = 0} ̸=∅.

REMARK B.1: Under Assumptions 1-2, when E is in Case 3 we can have PF = F . In

research in progress, we investigate whether PF =F always in Case 3.

B.2. Lemmas And Auxiliary Results for Sections 3-4

Recall that Fk denotes the σ-algebra generated by all the data except the ones with

indices in Ik.

LEMMA B.5: Let Assumption 4 and 5 hold. Then, there exist δ̂k : X2 → R+ and an

event Êk ∈ Fk such that (i) δ̂k conditional on Fk is nonstochastic, (ii) P(Êc
k) = o(1), (iii)

conditional on Êk we have that µ̂k ∈ Bϵ(µr, µb), ||∆θ̂k(Xi) −∆θ(Xi)|| ≤ δ̂k(X2,i) and

||π̂k(Xi)−π(Xi)|| ≤ δ̂k(X2,i), and (iv) E[δ̂k(X2,i)
2|Fk] = op(n

−1/2).

PROOF: Let CF = supν∈Rdν supγ∈Rdγ supµ∈Bϵ(µr,µb)
||DF (ν, γ,µ)||. Consider the event

Êk = {||µ̂k −µ||< ϵ}, which holds with probability approaching one by definition of µ̂k.

By Assumptions 4 and 5, the mean value inequality, and conditional on Êk, we have∣∣∣∣∣∣(π̂(Xi)−π(Xi) , ∆θ̂(Xi)−∆θ(Xi)
)∣∣∣∣∣∣

is lower or equal than

CF (||ν̂k(X1,i)− ν(X1,i)||+ ||γ̂k(X2,i)− γ(X2,i)||+ ||µ̂k − µ||) .
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By Assumption 5, the previous expression is lower or equal than

δ̂k(X2,i)≡CF

(
sup

x1∈X1

||ν̂k(x1)− ν(x1)||+ ||γ̂k(X2,i)− γ(X2,i)||+ ||µ̂k − µ||

)
.

By Assumption 5 and Jensen’s inequality, we have E[δ̂k(X2,i)
2|Fk] = op(n

−1/2). Q.E.D.

LEMMA B.6: Under the assumptions of Theorem 3.2, Ak = op(n
−1/2) uniformly on

q ∈ S2, with Ak defined in Eq. (47).

PROOF: It is sufficient to prove that E[Ak|Fk, (Xi)i∈Ik ] = op(n
−1/2) to conclude that

Ak is op(n−1/2), by Chernozhukov et al. (2018, Lemma 6.1). Define

Ãk ≡ 1
nk

∑
i∈Ik

|q⊺∆θ(Xi)|1{|q⊺∆θ(Xi)| ≤ |q⊺∆θ̂k(Xi)− q⊺∆θ(Xi)|} . (62)

Note that |E[Ak|Fk, (Xi)i∈Ik ]| ≤ Ãk; therefore, it is sufficient to show that Ãk is op(n−1/2)

uniformly on q ∈ S2.

By Cauchy-Schwartz and Lemma B.5, we have |q⊺∆θ̂(Xi) − q⊺∆θ(Xi)| ≤ δ̂k(X2,i)

conditional on Ên, where δ̂k and Ên are as in Lemma B.5. Since P(Êc
k) = o(1), it is suffi-

cient to show that E[Ãk1{ÊK}|Fk] = op(n
−1/2) to conclude Ãk is op(n−1/2) . We verify

this next:

E[Ãk1{ÊK}|Fk] = E
[
|q⊺∆θ(Xi)|1{|q⊺∆θ(Xi)| ≤ |q⊺∆θ̂k(Xi)− q⊺∆θ(Xi)|}1{ÊK}|Fk

]
(1)
≤ E

[
|q⊺∆θ(Xi)|1{|q⊺∆θ(Xi)| ≤ δ̂k(X2,i)}|Fk

]
1{ÊK}

(2)
≤ E

[
δ̂k(X2,i)E

[
1{|q⊺∆θ(Xi)| ≤ δ̂k(X2,i)}|Fk,X2,i

]
|Fk

]
1{ÊK}

(3)
≤ CδE

[
δ̂k(X2,i)

2|Fk

]
(4)
= op(n

−1/2)

where (1) holds by Lemma B.5 and since 1{ÊK} ∈ Fk, (2) holds since δ̂k(X2,i) is non-

stochastic conditional on Fk and X2,i, (3) holds by Assumption 4 and since 1{ÊK} ≤ 1,
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and (4) holds by Lemma B.5. Finally, note that P(Êc
k) = o(1) and (4) hold uniformly on

q ∈ S2 since these objects do not depend on q. Q.E.D.

LEMMA B.7: Under the assumptions of Theorem 3.2, Bk = op(n
−1/2) uniformly on

q ∈ S2, with Bk defined in Eq. (48).

PROOF: We can write Bk =Bk,1 +Bk,2 , where

Bk,1 =
1
nk

∑
i∈Ik

q⊺∆LiZi

(
1

π̂k(Xi)
− 1

π(Xi)

)(
1{q⊺∆θ̂(Xi)> 0} − 1{q⊺∆θ(Xi)> 0}

)
Bk,2 =

1
nk

∑
i∈Ik

(
q⊺∆L̂iZi−q⊺∆LiZi

π̂(Xi)

)(
1{q⊺∆θ̂(Xi)> 0} − 1{q⊺∆θ(Xi)> 0}

)
As in the proof of Lemma B.6, it is sufficient to show that E[Bk,1|Fk, (Xi)i∈Ik ] and Bk,2

are both op(n
−1/2) uniformly on q ∈ S2. Define

B̃k,1 =
1
nk

∑
i∈Ik

|π̂k(Xi)−π(Xi)|1{|q⊺∆θ(Xi)| ≤ |q⊺∆θ̂k(Xi)− q⊺∆θ(Xi)|}

Note that |E[Bk,1|Fk, (Xi)i∈Ik ]| ≤ B̃k,1; therefore, it is sufficient to show that B̃k,1 is

op(n
−1/2) uniformly on q ∈ S2 to conclude the same for E[Bk,1|Fk, (Xi)i∈Ik ]. By simi-

lar arguments used in the proof of Lemma B.6 and by relying on Lemma B.5, we conclude

E[B̃k,11{Êk}|Fk]≤CδE
[
δ̂k(X2,i)

2|Fk

]
= op(n

−1/2) ,

where Êk and δ̂k are as in Lemma B.5.

Recall the definitions Mr = diag
([

1
µr
,0, 1

µr

])
and Mb = diag

([
0, 1

µb
,− 1

µb

])
, with

sample analogs denoted by M̂r and M̂b, respectively, where µ̂g = n−1
∑n

i=1 1{Gi = g}.

By the next identity

q⊺∆L̂i − q⊺∆Li =
∑

g∈{r,b}
(M̂gq−Mgq)⊺∆Liµg1{Gi = g} ,

we can write

Bk,2 =
∑

g∈{r,b}
(M̂gq−Mgq)⊺Bg

k,2 ,
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where

Bg
k,2 =

1
nk

∑
i∈Ik

(
∆Liµg1{Gi=g}Zi

π̂k(Xi)

)(
1{q⊺∆θ̂k(Xi)> 0} − 1{q⊺∆θ(Xi)> 0}

)
, g ∈ {r, b}

We conclude that M̂gq − Mgq = Op(n
−1/2) uniformly on q ∈ S2 by the Central Limit

Theorem and Assumption 1. Therefore, it is sufficient to show that Bg
k,2 = op(1) uniformly

on q ∈ S2 to conclude that Bk,2 = op(n
−1/2) uniformly on q ∈ S2. Define

B̃g
k,2 =

1
nk

∑
i∈Ik

C1{|q⊺∆θ(Xi)| ≤ |q⊺∆θ̂k(Xi)− q⊺∆θ(Xi)|}

where C is a constant based only on c1, c2, and ϵ (constants from Assumptions 1 and 4)

such that |E[Bg
k,2|Fk]| ≤ B̃g

k,2. By similar arguments used in the proof of Lemma B.6 and

by relying on Lemma B.5, we conclude

E[B̃g
k,21{Êk}|Fk]≤CδE

[
δ̂k(X2,i)|Fk

]
= op(n

−1/4) ,

which is sufficient to complete the proof of the lemma. Q.E.D.

LEMMA B.8: Let Assumption 4 and 5 hold. Then,

n
−1/2
k

∑
i∈Ik

|α̂k(q;Xi)−α(q;Xi)|2 = op(1)

uniformly on q ∈ S2.

PROOF: We can write

n
−1/2
k

∑
i∈Ik

|α̂k(q;Xi)−α(q;Xi)|2 ≤ Ãk +Bk +Ck

where

Ãk = n
−1/2
k

∑
i∈Ik

|q⊺∆θ(X)|1{|q⊺∆θ(Xi)| ≤ |q⊺∆θ̂k(Xi)− q⊺∆θ(Xi)|}

B = n
−1/2
k

∑
i∈Ik

|q⊺θ̂0,k(X)− q⊺θ0(Xi)|2
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C = n
−1/2
k

∑
i∈Ik

|q⊺∆θ̂k(X)− q⊺∆θ(X)|

In the proof of Lemma B.6, we conclude Ãk = op(1) uniformly on q ∈ S2, with Ãk defined

in Eq. (62). Finally, note that Bk and Ck both are op(1) uniformly on q ∈ S2 by Cauchy-

Schwartz and Assumption 5. Q.E.D.

LEMMA B.9: Under the assumptions of Theorem 3.2, then

sup
q∈S2

n1/2

∣∣∣∣∣h̃E(q, L̃, η̂)− 1
n

n∑
i=1

(
Wi

W

)
ζ∗i (q;L,η)

∣∣∣∣∣= op(1) (63)

and

sup
q∈S2

n1/2

∣∣∣∣∣ε̃∗ − 1
n

n∑
i=1

(
Wi

W

)
ξ∗i (a;L,η)

∣∣∣∣∣= op(1) (64)

PROOF: We use the approach presented in the proof of Theorem 3.2. For concreteness,

we present the strategy for the proof of Eq. (63), since it is analog for Eq. (64).

Let us denote by M̃i = diag
([

1− 1{Gi=r}
µ̃r

,1− 1{Gi=b}
µ̃b

, 1{Gi=b}
µ̃b

− 1{Gi=r}
µ̃r

])
the

sample analog of Mi, where µg is replaced by µ̃g = n−1
∑n

i=1

(
Wi

W

)
1{Gi = g}. Recall

the definitions Mr = diag
([

1
µr
,0, 1

µr

])
and Mb = diag

([
0, 1

µb
,− 1

µb

])
, with the follow-

ing sample analogs denoted by M̃r and M̃b, respectively, where we replaced µg by µ̃g .

Note that M̃rq −Mrq = Op(n
−1/2) uniformly on q ∈ S2 by the Central Limit Theorem,

Assumption 1, and the definition of the independent random variables {Wi : 1≤ i≤ n}.

We adapt the arguments used in Part 1 of proof of Theorem 3.1 to prove (63). There, we

divided the proof in three claims. Their analogs statements appears next:

claim 1: supq∈S2 n1/2
∣∣∣h̃E(q, L̃, (∆θ̂, π̂, θ̂0))− h̃E(q, L̃, (∆θ, π̂, θ̂0))

∣∣∣= op(1)

To show claim 1, we can adapt Lemma B.6 by using that {Wi : 1≤ i≤ n} is indepen-

dent of the data. Similarly, we can adapt Lemma B.7 by using also that M̃rq −Mrq =

Op(n
−1/2) uniformly on q ∈ S2.

claim 2: supq∈S2 n1/2
∣∣∣h̃E(q, L̃, (∆θ, π̂, θ̂0))− 1

n

∑n
i=1

(
Wi

W

)
ζ∗i (q;L, (∆θ, π̂, θ̂0))

∣∣∣= op(1)
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To show claim 2, note that n−1
∑n

i=1

(
Wi

W

)
M̃i = 0. We use this to write

h̃E(q, L̃, η̂) =
1
n

n∑
i=1

(
Wi

W

)[
ζi(q; L̃, (θ, π̂, α̂

q)) + (M̃iq)
⊺∇qhE(q)

]
.

We then use that {Wi : 1≤ i≤ n} is independent of the data and M̃rq−Mrq =Op(n
−1/2)

uniformly on q ∈ S2 to conclude.

claim 3: supq∈S2 n1/2
∣∣∣ 1n∑n

i=1

(
Wi

W

)(
ζ∗i (q;L, (∆θ, π̂, θ̂0))− ζ∗i (q;L,η)

)∣∣∣= op(1)

Finally, to show claim 3, we use that {Wi : 1≤ i≤ n} is independent of the data. Q.E.D.

LEMMA B.10: Let ε̂∗ be as in Eq. (31). Under the assumptions of Theorem 3.2, then

√
n (ε̂∗ − ε∗) =G[ξ∗i (a

∗;L,η)] ,

where ξ∗i (a
∗;L,η) = ξi(a

∗;L,η) +
∑

g∈{r,b}α
e,g (1− 1{Gi = g}/µg), ξ(a∗;L,η) is as in

Eq. (29), and αe,g = E
[
1{Gi = g} (L0,i + a(Xi)(L1,i −L0,i))

Zi
π(Xi)

]
.

PROOF: We first prove that
√
n
(
ε̂∗ − n−1

∑n
i=1 ξ

∗
i (a

∗;L,η)
)
= op(1). The proof fol-

lows by similar arguments as in part 1 of the proof of Theorem 3.2; therefore, it is omitted.

We then conclude by the Central Limit Theorem. Q.E.D.
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