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Abstract

Investors’ computing power (“compute”) governs how much signal they can extract
from increasingly high-dimensional datasets. Forecast performance follows scaling laws,
defined as stable power-law relationships between accuracy and training compute, that
pin down both an irreducible bound on return predictability and the rate at which addi-
tional compute improves accuracy. In firm-level cross-sectional return prediction, scal-
ing laws explain over 80% of portfolio performance variation across models. Treating
compute as a primitive yields economic implications: scaling laws quantify predictabil-
ity limits and the value of new data, distinguish problems with strong versus weak
returns to scale, and deliver a market-efficiency metric as the elasticity of risk-adjusted
returns with respect to compute. Measured this way, computational superiority earns
rents: a 25% increase in compute would have raised an investor’s Sharpe ratio by about
14% over the last 30 years, indicating substantial returns to computational sophistica-
tion.
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1. INTRODUCTION

Processing power (“compute”) plays a key role in determining the magnitude of the gains
in predictive accuracy investors can achieve from their information sets and, in equilibrium,
how much of that information is reflected in prices. Leading quantitative firms increasingly
emphasize compute and data as strategic capital. Renaissance Technologies, for example,
advertises a “research database that grows by more than 40 terabytes a day” and an in-
frastructure of “52,000 computer cores” with “redundant computational facilities” on their
website. Hudson River Trading makes the same point differently, emphasizing a deliberately
“high compute-per-researcher ratio” as core to its mission.!

With vast amounts of raw information widely and often publicly available, competi-
tive advantage shifts to the rate and effectiveness with which investors can process high-
dimensional signals, making compute a natural primitive. In this paper, we study the limits
of return predictability as a function of compute and connect these limits to recent advances
in forecasting-intensive domains—such as computer vision, meteorology, autonomous driv-
ing, and natural language processing—where predictive accuracy improves systematically
with model scale and complexity (Kaplan et al. (2020), Henighan et al. (2020)).

A leading explanation for these improvements in predictive performance is the “double
descent” phenomenon, in which sufficiently large models continue to improve beyond the
classical bias—variance turning point (Belkin et al. (2019)). The insight that increasing model
scale raises out-of-sample forecasting performance has reshaped modern machine learning
and is often summarized by scaling laws: stable, approximately power-law relationships
between forecast error and computational scale that characterize both the rate at which
forecasting performance improves with compute and its asymptotic limit. Crucially, while

any single model provides an estimate of predictability, performance patterns across a family

LA sort of arms race can be seen in Table A1, which has more quotes and sources from industry leading
hedge funds. They openly advertise their computational resources to attract researchers and often describe
their compute as an ‘edge’.



of models discipline inference about the underlying data-generating process.
Figure 1: Modern Machine Learning
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Figure 1 provides a stylized illustration of the double descent phenomenon and its re-
lation to scaling laws, plotting test loss against model compute C.2 The top panel depicts
the classical U-shaped bias—variance tradeoff, where test loss initially falls as models grow
before rising due to overfitting, followed by the double-descent regime in which test loss de-
creases again beyond the interpolation threshold and approaches an asymptotic lower bound.

Training models with increasing parameter count (P, < P, < Pj) traces out their asymp-

2As Nakkiran et al. (2021) show, double descent arises in a wide variety of models and model primitives
including parameters, data, and training compute. In this paper we focus on compute measured as the
number of floating point operations (FLOPs) required to train a model. A floating point operation is a basic
arithmetic operation on real-valued numbers; for example, 1.23 +4.56 = 5.79 constitutes one such operation.



totic losses once sufficient compute pushes each model into double descent. The scaling law
(bottom panel) approaches its own asymptote L.,—the irreducible loss—representing the
theoretical lower bound no model can surpass regardless of size or compute, and therefore
the limit to predictability for a given forecast problem.?

These developments stand in contrast to prevailing views in economics and finance. Con-
ventional econometric practice cautions against complex models on grounds of overfitting
and weak out-of-sample performance, favoring low-dimensional specifications and penalizing
complexity through information criteria or regularization such as LASSO and ridge regres-
sion. This classical paradigm, grounded in a U-shaped bias—variance tradeoff, has recently
been challenged by Kelly et al. (2024b), who show that more complex models can perform
better in forecasting risk premia.

A key distinction between their paper and ours is that compute and model complexity,
as measured by parameter count, are fundamentally different objects. Parameters are the
conduit through which compute is expended, not a resource in their own right: one could set
up a trillion-parameter model, but without sufficient compute to push it into double descent,
the parameter count is economically meaningless. Compute, on the other hand, is a capital
resource—the binding constraint on what a model can learn and thus on what insights an
investor can extract from a given dataset.

Treating compute as a primitive yields several new insights for asset pricing. Scaling
laws introduce a new set of econometric tools for quantifying the value of data, the marginal
return to additional compute, and the performance of investors facing a compute budget
constraint. Estimating these laws also uncovers new properties of large models: they exhibit
substantially lower and more stable training risk, and the rate of decay along the power-law
curve varies with the choice of input features.

More formally, scaling laws posit a power relation between test loss L as a function of

3 At the interpolation threshold, the model has just enough parameters to perfectly fit the training data,
forcing a typically jagged and fragile solution. Moving into the overparameterized regime, many interpolating
solutions become feasible, and optimization procedures such as stochastic gradient descent implicitly select
smoother, more regularized ones.



compute ¢ of the form
Co

L(c) = Lo + ()“, (1)

C

where L, > 0 is the irreducible loss, ¢y > 0 is a scale parameter, and a > 0 is the scaling
exponent. The power-law term (cy/c)® captures reducible error that decreases with compute;
as ¢ — 00, loss approaches L, from above. The exponent o governs the rate of improvement:
larger values indicate faster gains with additional compute, while smaller values imply slower
convergence. The asymptote L., represents the fundamental uncertainty that no model can
eliminate given a particular dataset, and therefore bounds the limits to predictability.

Although scaling laws such as Equation (1) have been established across a variety of
fields, their existence has not been demonstrated for financial return prediction. To examine
whether scaling laws apply to financial data, we estimate neural networks ranging from
100 parameters to more than a million and exploit the double-descent regime to identify
each model’s asymptotic loss. We then estimate scaling laws relating return predictability
to computational scale, showing that these relationships emerge robustly across training,
validation, and test samples, as well as across a range of trading strategies.

Figure 2 illustrates our empirical results. Using the Jensen et al. (2021) characteristics
data, the figure plots root mean squared error (top panels) and sample Sharpe ratio (bottom
panels) over a thirty-year test sample (1994-2024), with the left panels using 32 firm charac-
teristics and the right panels using 64. A clear scaling law emerges in each case: small models
at low compute, shown on the left of each panel, produce high and volatile test loss alongside
low—even negative—Sharpe ratios, while performance converges to a well-defined asymptote
as compute increases. This limit—a Sharpe ratio of 1.44 in the bottom right panel-—bounds

the economically valuable information extractable from the underlying dataset.



Figure 2: Firm-Level Return Scaling Laws (1994 - 2024)
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Note. The top panel plots out-of-sample forecast loss (RMSE) and the bottom panel plots the out-of-sample Sharpe ratio of
a trading strategy constructed from the same forecasts, both as functions of cumulative training compute (in PetaFLOP-days,
log scale). Each marker corresponds to a feedforward neural network trained to predict next-month firm-level excess returns
using the Jensen et al. (2021) characteristics data, evaluated over a test sample spanning 1994-2024. The left panel depicts
such models trained with a feature set of 32 characteristics while the right adds an additional 32 other features for a total of
64. The dashed red curve in each panel is the fitted scaling law estimated across the family of trained networks; the plotted
equation reports the fitted asymptote and scaling exponent, and the associated R2. In the bottom panel, the Sharpe ratio is
computed from a zero-investment long—short portfolio formed each month by sorting firms on predicted returns using a median
breakpoint and taking equal-weight positions long (above-median) and short (below-median); Sharpe ratios are computed from

monthly portfolio returns and annualized.

The power laws in Figure 2 point to three underappreciated benefits of large models in
finance. First, large models are less risky to deploy. Under double descent, sufficiently over-
parameterized models are implicitly regularized and therefore produce more stable training
outcomes than smaller models, which are prone to converging to poor local minima (Belkin

et al. (2019)). Our estimated models exhibit pronounced heteroskedasticity at low compute:

6



some small models achieve performance comparable to models orders of magnitude larger,
while others converge to unfavorable minima and perform markedly worse.

Second, low-compute models are more likely to exhibit test-sample performance driven
by chance rather than genuine predictive content. At low compute, performance is less
stable and less representative: models trained with slightly different compute can exhibit
meaningfully different results, and outcomes are more sensitive to hyperparameter choices,
complicating replication and interpretation. Both concerns diminish as compute increases
and performance stabilizes near the power-law asymptote. Much of the machine learning
literature in finance—largely framed within the bias—variance paradigm—has operated in
this low-compute region, potentially understating both the reliability and economic value of
these methods.

Third, comparing scaling laws across different input feature sets allows us to assess the
marginal value of additional data. Doubling the number of input features from 32 to 64
yields, in the limit, a 53% higher Sharpe ratio, a difference our hypothesis tests confirm is
statistically significant at the 1% level. These results offer a potential explanation for why
institutional investors have increasingly sought both larger datasets and the computational
infrastructure required to process them, as our findings suggest both translate directly into
superior portfolio performance.

Scaling laws carry two implications for asset pricing and market efficiency. The first is
that computing power is central to how information gets embedded into prices: firms with
greater computational resources more effectively extract and forecast from public and private
information, impounding more of it into prices. The second is that scaling laws explain why
leading hedge funds are investing heavily in compute. Just as execution speed—enabled
by fiber, microwave, and laser technology—defined high-frequency trading around 2010,
processing power now drives investment firms’ capital expenditure. The concavity of the
scaling relationship prevents a winner-takes-all outcome in which a single firm dominates

by virtue of superior resources alone, but our results suggest the arms race will push firms



toward unique datasets that can only be fully exploited at scale.

An additional advantage of the scaling-laws approach is its application to testing the
informativeness of different datasets. We develop a formal statistical test for the economic
value of augmenting an existing dataset with new data sources, asking whether doing so
shifts the scaling law. This reflects a key point: all power-law estimates are conditional on
a given information set. If the information set changes in a substantively informative way,
the power-law relationship should change as well, and comparing estimates across datasets
while holding the forecasting sample fixed identifies the economic and statistical value of any
additional information.*

The remainder of the paper is organized as follows. Section 2 discusses related literature.
Section 3 develops the econometric framework and estimation of scaling laws. Section 4
describes the data and empirical scaling-law results. Section 5 presents a simple asset-pricing
model deriving economic implications of heterogeneity in compute. Section 6 concludes.

Appendix A details neural network architecture and training, Appendix B contains additional

empirical results, and Appendix C provides proofs for the asset-pricing model.

2. RELATED LITERATURE

Modern financial markets are increasingly characterized by heterogeneity in computa-
tional capacity. While classic models such as Grossman and Stiglitz (1980), Hellwig (1980),
Kyle (1985), Admati (1985), Glosten and Milgrom (1985) emphasize differentials in infor-
mation sets, today’s markets increasingly feature algorithmic traders, high-frequency firms,
retail traders, and institutional investors who all differ drastically in their ability to pro-

cess their information sets.® For instance, sophisticated algorithms powered by machine

4Both the irreducible loss L., and the scaling exponent o may change when augmenting a dataset, as
new data may make estimation of the conditional mean function more complex but also more accurate.

5See also the extensive literature on strategic information acquisition (Van Nieuwerburgh and Veldkamp
(2009), Vives (2010)), information diffusion and learning (Veldkamp (2006), Banerjee et al. (2009)), rational
inattention (Sims (2003), Kacperczyk et al. (2016), Mondria (2010)), and the more recent focus on machine
learning and alternative data (Dugast and Foucault (2018), Farboodi and Veldkamp (2020, 2021)).



learning can extract signals from data that human traders or simpler algorithms cannot,
even when both entities observe identical information sets such as earnings announcements.
In parallel, access to high-dimensional public information about individual firms and the
macro-economy has expanded through EDGAR, CRSP, Bloomberg, and the St. Louis Fed’s
FRED. For investors with access to these sources, the central challenge is not data availabil-
ity, rather, it is how to process a high-dimensional vector of public signals. Heterogeneity
in information-processing ability is thus likely to be equally important as heterogeneity in
private information.

Our work connects to different strands of the finance literature on (i) data-snooping and
multiple testing in financial prediction; (ii) economically motivated bounds on attainable
performance; and (iii) the virtue of complexity. Foundational warnings about overfitting and
specification search include Lo and MacKinlay (1990), Sullivan et al. (1999), White (2000),
Hansen (2005), and the factor-zoo view emphasizes that many “discoveries” may not be
robust to distortions to inference resulting from multiple comparisons (Harvey et al. (2016)).
In parallel, asset pricing theory provides limits on risk-adjusted returns and predictability,
including the Hansen—Jagannathan bound (Hansen and Jagannathan (1991)), good-deal
bounds on Sharpe ratios (Cochrane and Saa-Requejo (2000)), and explicit upper bounds on
predictive R? (Zhou (2010), Huang and Zhou (2017), Poti (2018)). Our scaling-law approach
complements these by making the role of compute explicit: conditional on a particular
information set, we estimate how forecasting performance improves with compute and where
it ultimately plateaus.

Our work is also related to the growing empirical literature using neural networks and
other high-capacity learners in finance and macroeconomics. Early work argues deep archi-
tectures are well-suited for capturing nonlinear structure in portfolios and prediction (Heaton
et al. (2017)). In asset pricing, Gu et al. (2020) document out-of-sample gains from flexible
ML methods (including neural networks), while Chen et al. (2024) incorporate no-arbitrage

restrictions directly into deep learning. Deep learning has also been applied to market mi-



crostructure and limit order books (Sirignano and Cont (2021)), and to macro forecasting
when nonlinearities are important (Goulet Coulombe et al. (2022)). Finally, our paper speaks
directly to the “virtue of complexity” debate (Kelly et al. (2024b), Nagel (2025)). In partic-
ular, our scaling laws are broadly consistent with recent work in Kelly et al. (2024b)% which
has challenged the older view of parsimony, arguing that larger models tend to outperform
smaller ones using Random Fourier Features (‘RFF’) in a variety of empirical and theoretical
settings. However, our analysis goes well beyond the existing debate: rather than asking
only whether bigger models help, we quantify how gains scale with compute (the exponent)
and what remains learnable from the data (the asymptote), across a broad set of financial

and economic forecasting problems.

3. ESTIMATION OF SCALING LLAWS

Consider a general forecasting problem which takes the form of a mapping ¢ from a
possibly high-dimensional vector of predictors x; observed at time ¢ to some dependent
(target) variable 7y, (such as a financial market return) observed at a future point in time
t + h, where h > 1 denotes the forecast horizon. Assuming a squared error loss function,
the optimal forecast takes the form of the conditional mean of r;,, given the information x,

g(xt) = Elriin|ze], and we can write

Tevn = g(Te) + €vny Eean ~ (0,07).

In practice, the functional form of ¢ is unknown and could be highly complex, especially in
situations in which x is high-dimensional. Theoretical results by Hornik et al. (1989) suggest
that neural nets have universal approximating properties which means that the distance
between the true conditional mean function and the best approximating neural net can be

made arbitrarily small. However, the best approximating model may be highly complex and

6As well as their follow-on work in Kelly et al. (2022, 2024a), Didisheim et al. (2024).
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require considerable compute to get close to the true conditional mean.

To explore the relationship between compute and return predictability, we organize the
remainder of this section as follows. The first three subsections demonstrate how the scaling
laws are modeled and estimated. Specifically, we first outline the scaling law for conventional
measures of forecast loss such as root mean squared error (RMSE) and define equivalent eco-
nomic measures such as the Sharpe ratio scaling law. With these objects defined, we cover
how we estimate the power law curves. First, we explain how to estimate market efficiency
through a scaling law. Second, we discuss how to compare scaling laws across different fore-
cast problems. Finally, we introduce a statistical test for whether the information provided
by new input variables alters the parameters of the scaling law in a meaningful way compared

to a null scaling law.

3.1 LOSS AND SHARPE RATIO SCALING LAW

Following the neural scaling law framework in Kaplan et al. (2020), Henighan et al. (2020),
we hypothesize that the out-of-sample prediction error follows a power law relationship with
compute. Specifically, we estimate the parameters (Lo, co, @) by fitting Equation (1) to the
empirical relationship between compute and test (MSE) loss using nonlinear least squares.”

In addition to statistical metrics such as MSE, investors ultimately care about the eco-
nomic value of forecasts when used in trading strategies. A widely used summary of this
value is the Sharpe ratio of the resulting portfolio. Theoretical results on high-dimensional
return prediction emphasize that timing strategies can deliver strictly positive Sharpe ratios
even when the associated predictive R? is negative, implying that k2, and therefore also the
underlying mean squared error (MSE), is an incomplete proxy for economic value. Motivated

by this insight, we study how the Sharpe ratio scales with compute ¢ across different port-

folio constructions, and we refer to the resulting relationships as Sharpe ratio scaling laws.

"The same power law plus constant functional form is hypothesized for training loss Liain(c) and valida-
tion loss Lyai(c), though the specific parameters may differ across these three loss measures. The relationship
between these curves provides insight into the bias-variance tradeoff and the degree of overfitting as compute
increases.

11



We examine simple panel-based long-short portfolios that map cross-sectional differences in
forecasts into portfolios and compute the resulting Sharpe ratios as a function of compute c.
We hypothesize that the Sharpe ratio follows a scaling law but now is an increasing
function of compute c:
&

B
SR(¢) = SRunax — () : (2)

C

where SR,ax represents the maximum attainable Sharpe ratio (an upper bound), ¢; > 0 is a
scale parameter, and $ > 0 is the scaling exponent. As compute increases, SR(c) approaches
SRuax from below, with the gap decreasing according to the power law. The parameter
SRax reflects fundamental limits on risk-adjusted returns in the market.

We estimate Sharpe ratios for zero-investment portfolios based on the model return pre-
dictions. At each time t, we form equal-weighted portfolios based on the decile breakpoints
of the forecasted next month returns across all stocks. The return for decile group D at time

t + 1 is computed as

_ 1
T'Di+1 = 1D E Tit+1,
1€ Dy

where the sum is over the D' decile of stocks sorted by the forecasts y; ;41 made at time ¢.
We then form portfolios by going long on a certain decile and short on another. Over the

test period § which spans T' time periods, the Sharpe ratio is calculated as

1
T T2 tes Tpt+l
SRg = —2 L

o(rp) \/ﬁ Yies(Mp i1 — Tp)?

)

where 7, is the mean portfolio return and o(r,) is its standard deviation. Most Sharpe ratios
mentioned in the paper will refer to a strategy which we denote as LS5y that goes long
the top half (deciles 6-10) and shorts the bottom half (1-5) unless otherwise specified. All

Sharpe ratios reported in the paper are annualized.
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3.2 ESTIMATING SCALING LAWS

We estimate the parameters of the scaling laws for both the MSE loss function and the
Sharpe ratio using a separable non-linear least squares approach. Let {(c;,y;)}M, denote
the set of observed pairs of compute and the corresponding performance metric (either MSE

loss or Sharpe ratio) for M trained models. We fit a generalized power law of the form

yi=00+01c] +¢, i=1,..,M,

where ¢; represents the measurement error. This functional form encompasses both the loss
scaling law in Equation (1), where v = —a, and the Sharpe ratio scaling law in Equation
(2), where v = —f. Direct estimation of the parameters (6, 61,7) via standard gradient-
based optimization tends to be numerically unstable due to the high correlation between the
asymptotic term 6y and the power term. To address this, we employ a variable projection
method which exploits the partial linearity of the model. For a fixed exponent 7, the optimal
linear parameters () and 0;(v) have a closed-form solution obtained via weighted linear
least squares. The estimation problem thus reduces to a one-dimensional scalar optimization

over the exponent v to minimize the weighted residual sum of squares
M
. A I~ ’y 2
H}Ylnzwz‘ (yz —bo(7) — 91(7)%) :
i=1
We employ a log-space weighting scheme with weights defined as

log(c;) — log(cmin) + 1
M, (log(c;) — log(Cmin) + 1)

w; =

where cin = min; ¢;. This weighting scheme is chosen to prioritize the fit of the scaling curve
for higher compute levels which are more indicative of the asymptotic behavior and the irre-
ducible error L, (or the maximum Sharpe ratio SR,y ), while avoiding the extreme weight

imbalance that arises from linear weighting when compute spans several orders of magnitude.

13



Constraints are imposed during the optimization to ensure the exponent corresponds to a
decaying power law, consistent with the theoretical framework where performance converges
to an asymptote as compute increases. Once the optimal exponent 4 is found, the scale

parameters ¢, or ¢ are recovered from the linear coefficient 6;.

3.3 MARKET EFFICIENCY

The Sharpe ratio scaling law in Equation (2) provides a natural measure of market ef-
ficiency. It can be interpreted as the elasticity of risk-adjusted returns with respect to
compute. Because the scaling relationship is concave, marginal returns to additional so-
phistication decline as aggregate computational capacity grows. Market efficiency, in this
framework, corresponds to the region of the scaling curve where this elasticity is near zero.

To formalize this idea, consider an investor whose computational capacity exceeds that
of the marginal investor at time ¢ by a factor of (14-0), where 6 > 0 measures relative sophis-

tication. Evaluating the scaling law at (1 + d)¢; and ¢; yields the absolute outperformance

/

B
ASR(3; ¢;) = SR((1 + 8)e) — SR(c,) = (CO> [1-a+8)7],

Ct

and the corresponding relative outperformance

ASR(§;¢;) (*)6 -+

SR(c,) SR, — (i)ﬁ

Ct

A first-order Taylor expansion for small ) makes the elasticity transparent:

1\ B
ASR(6;¢;) = 0 (C()) .

Ct

The gain from a d-fold increase in compute scales linearly in § but decays as a power law

14



in aggregate compute ¢;. Expressing this as a percentage improvement,

NASR(0; ¢t) = x 100. (3)

SRuax — ()

As ¢; — oo, both ASR and %ASR converge to zero for any fixed §. The market thus
becomes increasingly efficient—mnot because predictability vanishes, but because the marginal
investor operates closer to the asymptotic regime of the scaling law, leaving little room for
proportionally more sophisticated investors to gain an edge.

To locate where the market currently sits on this curve, we introduce market-implied
compute. Given the estimated structural parameters (SRpax, ¢, 3) and an empirical estimate

of the aggregate market portfolio’s Sharpe ratio SRy, we invert Equation (2) to obtain
Cifmplied = 06 (SRmaX - SRmkt)il/ﬁ .

This quantity serves as a revealed-preference proxy for the sophistication of the average
investor, conditional on the information set used to estimate SRyax. When ™ is large,
the market occupies the flat portion of the scaling curve: even substantial increases in ¢
yield negligible improvements in risk-adjusted returns. Substituting cimplied into Equation
(3) then quantifies the degree of efficiency as the slope of the scaling curve at the market’s

operating point.

3.4 HyrPOTHESIS TESTING WITH SCALING LAWS

Because the scaling law parameters (6y, 0, y) are estimated via separable nonlinear least
squares, their sampling distributions are unavailable in closed form. We base inference on a
pairs bootstrap: in each of B replications, resample the K observed pairs {(cx, yr) }; with

A~ %b

replacement, refit the variable projection estimator, and collect the parameter draws 0

Let B; < B denote the number of replications in which the optimizer converges. Standard
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errors, percentile confidence intervals, and p-values are computed from these By draws in the

usual way.

TEST I: COMPARING TWO SCALING LAWS

Let @ and 8™ denote the parameters of scaling laws estimated from a baseline and aug-
mented information set, with K and KT models respectively. We test Hél) : Lo = LY
and H(()Q) : a = o' marginally. In each replication, the two datasets are resampled indepen-

dently and both scaling laws are refit, yielding bootstrap differences A% = f/;*b — i;’; and

A = 4t — 4% The two-sided p-value for Hy" is

SR 15
p:2min<21{A§;§ <0}, = > AL > 0}>, (4)
Bs 4 Bs i3
and analogously for H(()Z). The same procedure applies to the Sharpe ratio scaling law,

replacing L., with SRy, and a with 5.

TEST II: LEVEL TEST FOR THE ASYMPTOTE

To test whether the estimated asymptote equals a benchmark hy—for instance, the

Sharpe ratio of a linear model—we test Hy : SRua.x = ho using the single-sample boot-
——xb

strap distribution. Define §** = SR, — ho; the two-sided p-value follows Equation (4) with

5 replacing A%,

TEST III: ONE-SIDED EXCEEDANCE TEST

When the alternative is directional, Hy : SRiax < hg versus Hy : SRy.x > hg, the p-value
is

1 Bs ——xb
p— Zl{SRmX < ho}.
BS b=1

This test evaluates whether the nonlinear scaling law delivers risk-adjusted returns that

exceed what simpler specifications achieve on the same data.
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4. EMPIRICAL RESULTS

This section provides details of the data that we use in our empirical analysis, followed
by our main findings from applying scaling laws to this data, a detailed look into trading

strategy scaling laws and, finally, an examination of market efficiency.

4.1 DATA

We estimate scaling laws using the firm characteristics dataset of Jensen et al. (2021)
(GFD), retaining all US exchange-traded securities after applying a less-than-20% missing-
observation threshold for feature selection, yielding 64 features across 4,252,826 observations
from just under 30,000 firms. The 30-year out-of-sample test period runs from December
1994 to December 2024, the validation sample from December 1992 to November 1994, and
all earlier observations form the training sample; we refer to this specification as GFD-64. We
also construct a nested subset with identical temporal cutoffs, GFD-32, by randomly elim-
inating half the features of GFD-64. Although this construction is straightforward and not
particularly interesting, it serves as a useful benchmark for the marginal value of additional
data: upgrading from GFD-32 to GFD-64 potentially improves forecasts at the cost of data
acquisition and additional computational resources. We use these two datasets as examples
of distinct but nested specifications. We further construct a GFD-Synthetic-64 dataset which
takes the GFD-32 data and adds 32 irrelevant features drawn from the standard normal.

In all applications and for all models, we train models to generate one-month-ahead
return forecasts using only the training and validation sample up to the point at which the
forecast is generated, i.e., data up to month ¢ is used to compute return forecasts for month
t 4+ 1. When we evaluate models we do so with the test sample using firm characteristics

known at time ¢ to predict returns earned at time ¢t + 1.
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4.2 SCALING LAws

Figure 2 summarizes performance across our GFD-32 (left) and GFD-64 (right) infor-
mation sets, with RMSE test loss scaling laws in the upper panels and Sharpe ratio scaling
laws in the lower panels. Table 1 reports pairwise differences in asymptotic performance and
scaling exponents across specifications, with bootstrapped p-values. Panel (1) shows that
doubling the input features from 32 to 64 raises the asymptotic Sharpe ratio from 0.937
to 1.438, a difference of 0.500 (p < 0.01). The scaling exponent also shifts: & moves from
—0.965 to —0.471, a difference of 0.495 (p < 0.01). Hence, the richer information set not
only raises the attainable performance frontier but also flattens the scaling curve, implying
a crossover: at low levels of compute the smaller feature set dominates, and only investors
with sufficient compute can expect to benefit from the expanded predictor space, a point we
return to below.

Table 1: Hypothesis Tests for Scaling Law Parameters

Validation Test Sharpe Ratio

Comparison L « L « Seo «
GFD-32 15.748 —2.299 19.178 —2.565 0.937 —0.965
(1) GFD-64 15.061 —1.917 18.904 —2.055 1.438 —0.471
Diff -0.687#** 0.382 -0.274%4% 0.510 0.500%** 0.495%**
(0.000) (0.952) (0.000) (0.992) (0.000) (0.000)
GFD-32 15.748 —2.299 19.178 —2.565 0.937 —0.965
(2) GFD-Synthetic 15.749 —0.809 19.183 —0.806 0.951 —0.634
Diff 0.001 1.490 0.005 1.758 0.014 0.331%*
(0.182) (0.242) (0.32) (0.122) (0.430) (0.018)

Note: Pairwise differences in scaling law parameters. Scaling laws follow Lo+ (C/Cp) ™ for loss and Soo —(C/Co)~* for Sharpe
ratios, where Loo and Soo denote asymptotic performance and « the convergence rate. p-values in parentheses. *p < 0.10,

**p < 0.05, ***p < 0.01.

The power law fits the data well at higher compute levels, although the fit deteriorates
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where compute is low. For GFD-32 the R? is 72.6% for test RMSE and 80.3% for the
Sharpe ratio; for GFD-64 these figures are 59.99% and 87.48%, respectively. The power law
asymptote for the RMSE loss in the upper panels of Figure 2 is essentially reached near 10~7
and 107 PetaFLOP-days of compute for GFD-32 and GFD-64, respectively. Panel (1) of
Table 1 confirms that the asymptotic loss L, is significantly lower under GFD-64 than GFD-
32 on both validation and test RMSE (—0.687 and —0.274, respectively; both p < 0.01), so
the richer feature set reduces the irreducible prediction error. The RMSE scaling exponents,
however, are not statistically distinguishable across the two specifications, indicating that
additional compute reduces loss at a similar rate regardless of the information set.

To assess whether the gains under the larger GFD-64 information set stem from genuine
predictive content rather than the mechanical expansion of the input dimension, we construct
a synthetic 64-characteristic sample by augmenting GFD-32 with 32 features drawn from a
standard normal distribution. These features contain, by construction, no information useful
for forecasting returns, yet a neural network must learn their irrelevance, increasing the
compute required to train the model. If the improvements under GFD-64 merely reflected a
larger feature set—rather than the economic content of the added information—the synthetic
sample should exhibit comparable gains.

Panel (2) of Table 1 shows that it does not. The asymptotic Sharpe ratio under GFD-
Synthetic is gﬁoo = 0.951, virtually identical to the GFD-32 estimate of 0.937; the difference
of 0.014 (p = 0.430) is statistically indistinguishable from zero. By contrast, the GFD-
64 ceiling of 1.438 lies far above both. This pattern confirms that the performance gains
under GFD-64 arise from genuine cross-sectional information, not from overfitting or due
to mechanical benefits of a higher-dimensional input. Although irrelevant features leave
the asymptotic limit intact, they degrade the efficiency of compute investment: the Sharpe
ratio scaling exponent shifts from —0.965 under GFD-32 to —0.634 under GFD-Synthetic, a
difference of 0.331 (p = 0.018). Because a smaller exponent in magnitude means the scaling

curve is less steep throughout its entire domain, each doubling of compute yields a smaller
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marginal improvement. Irrelevant features therefore do not foreclose the possibility of good
predictions but make those predictions considerably more expensive to achieve as the model
must learn to distinguish noise from genuine information.

Taken together, the evidence indicates that the composition of the dataset—specifically,
its economic content—determines the attainable performance frontier, while irrelevant fea-
tures serve only to inflate the compute cost of reaching that ceiling without any compensating
gain in predictability. These scaling laws also carry implications for market efficiency. Fig-
ure A3 illustrates this construction for GFD-64 under the LSy, strategy. The estimated
scaling law, SR = 1.44 — (C//3.8 x 1072)7%47 (R? = 87.5%), places the market portfolio at an
implied compute of approximately 5 x 1072 PetaFLOP-days, corresponding to a Sharpe ratio
of roughly 0.6. The tangent slope at this point is 6.92 x 107, implying that a 25% increase
in compute yields a 14% increase in the Sharpe ratio—the market remains on the concave

portion of the curve where computational superiority still commands rents at the margin.

4.3 COMPUTE VERSUS COMPLEXITY

Compute and model complexity capture different aspects of the learning process. Com-
plexity is a feature of model design, often measured by parameter count: a neural network
with one million parameters is typically more complex than one with 1,000. Compute,
by contrast, measures the processing power used for training—a capital resource that deter-
mines investors’ ability to extract information from a given dataset. This distinction matters

because, as we argue in this paper, compute is the appropriate asset pricing primitive.
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Figure 3: Double Descent in Practice
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Note. This figure plots the cumulative return of a $1 investment in long-short portfolios formed from neural network return
forecasts. The solid black line trains a one-million-parameter model past the interpolation threshold into double descent.
The gold line applies classical early stopping to the same architecture. The red line trains the same architecture for a single
epoch, representing the minimal compute required to use the model. These three specifications share identical architecture and
parameter count; they differ only in the amount of compute used for training. The dashed black line represents a one-thousand-

parameter model trained into double descent. The sample spans 1994-2024.

To see why, consider that not all parameters are made the same. We train a one-million-
parameter model at different levels of compute and evaluate it at each level. Plotting the
cumulative return of a $1 investment in long-short portfolios formed from neural network
return forecasts, Figure 3 illustrates the performance of such a model trained at three levels:
double descent, early stopping, and a single epoch representing the minimal compute one
could expend to use a one-million-parameter model. If parameters alone determined asset
pricing outcomes, these three versions should perform identically because they share the
same parameter count. They do not. Performance strongly depends on how much the model
is trained, that is, on compute. Moreover, a one-thousand-parameter model in Figure 3
outperforms the more complex one-million-parameter models when they are not trained into
double descent.

Under the classical bias-variance tradeoff, early stopping leads one to conclude that the
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one-million-parameter model suffers from severe overfitting, which would suggest adopting
a simpler architecture. This interpretation is misleading: the model performs poorly under
early stopping not because it is too complex, but because it is undertrained. When trained
well past the interpolation threshold into double descent, the same model achieves a positive
cumulative return with a Sharpe ratio well above 1. Parameters serve as a conduit through
which the capital resource of compute is expended, making compute the natural primitive for
analyzing asset pricing consequences. Parameters and compute remain closely linked—they
map monotonically to one another, and larger models require substantially more compute—
but it is ultimately compute that governs performance.

The relevant choice given a compute budget is therefore a parameter count large enough
to be expressive and enjoy the virtues of complexity studied by Kelly et al. (2024b) yet small
enough to reach double descent within the budget. We enforce this condition in training;
larger models require proportionally more compute, spanning 1071% to 1073 PetaFLOP-days.
This is illustrated by Figure 2 which plots test loss against compute for each trained model,
with circles colored from deep purple (smallest) to yellow (largest), revealing a monotonic
and heteroskedastic relation between forecast performance and compute.

This heteroskedasticity reveals a benefit of larger models beyond predictive performance:
reduced model training risk. At low compute budgets, model performance displays large
dispersion, whereas larger, more compute-intensive models converge more tightly. A natu-
ral explanation is geometric—as model size increases, the effective loss landscape near the
learned solution becomes implicitly regularized and easier to navigate with first-order meth-
ods.

We make this mechanism concrete by visualizing the loss landscape at the extremes of our
compute range. Specifically, we characterize the local optimization geometry by projecting

the loss surface onto a two-dimensional affine subspace through the trained parameter vector
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0p.2 The resulting surface, visualized in Figure 4 as both a contour map and a three-
dimensional plot for 500- and 1-million-parameter firm-level models with the origin at the
trained model, reveals local curvature, the presence of nearby local minima, and the sharpness

of the optimum.®

8We sample two random Gaussian direction vectors d; and ds in parameter space and evaluate the loss
along perturbations 6(aq, as) = 0y + a1dy + aads over a grid of (a1, as) values, recomputing mean squared
error on the test sample at each grid point.

9We report results only for GFD-64, though the patterns are largely the same for GFD-32.
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Figure 4: Firm-Level Return Loss Landscapes Across Model Size
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Note. Panels A and C show, respectively, a contour map and 3D surface of the loss landscape (logio MSE) for the 500-parameter
firm-level return model using GFD-64 in a two-dimensional random subspace around the trained parameters g, panels B and

D show the analogous plots for the 1M-parameter model. The red star marks the trained model at (a1, a2) = (0,0).

The small model’s landscape contains more local minima in which optimization can
become trapped, whereas the large model’s loss surface forms a continuous ridge that makes

navigation toward a global minimum via gradient descent considerably easier, consistent
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with evidence that larger, overparameterized networks produce increasingly well-behaved
loss surfaces (Li et al., 2018). For investors spending millions of dollars on compute, this
expenditure purchases not only the predictive gains documented above but also a reduction
in training risk: at the lower end of the compute distribution, a practitioner may arrive at
a well-fitted model through favorable initialization alone—or become trapped in a saddle
point, wasting the entire compute budget on a model that underperforms. At the upper
end, the loss landscape is sufficiently smooth that performance becomes largely insensitive

to initial conditions and hyperparameter choices.

4.4 DECOMPOSING THE SHARPE RATIO SCALING LAwW

Our results so far establish that Sharpe ratios scale as a power law in compute, but leave
open the question of which components of the trading strategy drive this relationship. We
address this by decomposing the long-short portfolio into decile portfolios sorted by predicted
returns and by varying the breadth of the long-short rule.

Figure 5: Sharpe Ratio Scaling Laws by Decile
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Note. This figure plots the annualized Sharpe ratios of the underlying decile portfolios from Figure 2 bottom right panel
(GFD-64 Sharpe ratio scaling law).

Figure 5 plots compute against test-sample Sharpe ratios for decile portfolios, where
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decile 1 contains stocks with the lowest predicted returns and decile 10 the highest. The
compute—Sharpe ratio relation is clearly monotonically increasing for the top deciles and
decreasing for the bottom deciles, with essentially flat curves for the middle deciles.!® Addi-
tional compute therefore improves portfolio performance only for stocks with a large enough
predictable return component to place them in the tails of the expected-return distribution.
Stocks for which the models do not identify a strong predictive signal have return expec-
tations close to their unconditional mean and are assigned to the middle portfolios, where

compute has little marginal value.

Figure 6: Sharpe Ratio Scaling Laws by Breakpoint and Data
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Note. This figure reports scaling laws for annualized Sharpe ratios of long-short portfolios formed from GFD-32 and GFD-64
firm-level return predictions. Each month, stocks are sorted into deciles by the model’s forecast and portfolio returns are
constructed by going long a set of upper deciles and short a set of lower deciles. For example, LS1¢ is long decile 10 and short

decile 1, while LS5 is long the top half of deciles (6-10) and short the bottom half (1-5). Curves show fitted Sharpe scaling

with compute/model size for each breakpoint specification.

10Table A2 reports parameter estimates for these decile portfolios.
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Figure 6 extends this analysis by varying the breadth of the long-short rule. Each month,
stocks are sorted into deciles by the model’s forecast, and long-short portfolios are formed
by going long one or more high-ranked deciles and shorting the corresponding low-ranked
deciles: LSio goes long decile 10 and shorts decile 1, while LS5o goes long the top half (deciles
6-10) and shorts the bottom half (1-5). We construct these portfolios for both GFD-32 and
GFD-64 and compare their scaling laws.

Consistent with the crossover documented in the main results, investors operating under
low compute budgets achieve higher Sharpe ratios by holding broad cross-sections rather
than concentrating in the tails. At compute levels between 107 and 1078, the GFD-32 LS,
portfolio strictly dominates LS}y. Low-compute investors also benefit from smaller datasets:
GFD-32 strictly dominates GFD-64 at lower compute levels across both LS5q and LS.
Beyond approximately 10~% PetaFLOP-days of compute this ordering reverses, with GFD-
64 dominating and the Sharpe ratio differential widening monotonically in compute. These
results underscore a broader principle: the marginal unit of compute is most productively
deployed in lower-dimensional inference settings, so less-resourced investors optimally restrict
attention to broader portfolios and more parsimonious datasets that are simpler to learn

from.

4.5 BENCHMARKING

The preceding results document scaling laws for neural networks trained on firm-level
return data. We next address how these asymptotic bounds compare with conventional

linear methods.
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4.5.1 LINEAR BENCHMARK

Table 2: Benchmarking to Ridge Regression

A Scaling
0 10—2 101 1 10 102 103 Law
Val. 15.75 15.75 15.75 15.75%%F 15, 78%FFk 15 7QRkk 5 7QRkk 1575

Test  110.20%%% 31.92%FF  31.02%*F*F 25.73**%*F 19.64*** 19.19*** 19.19***  19.18

GFD-32 LS5 1.14 1.13 1.10 1.05 0.84%¥* (77K 75%Hkk 0.94
LS1o 1.31 1.31 1.28 1.23%* 1.09%F*  1.01%F*  1.00%** 1.29
Lo 1.05 1.04 1.04 1.02%F% 0.95%Fk . 92%Hkk (. gXHk 1.05

Val. 15.73%**  15.73%**  15.73%**  15.74%**  15.77*¥**  15.79%**  15.79%**  15.06
Test ~ 397.4%¥*k 377 1%k 284 5¥**k  (5.24% %k 2] 30%*k 19 25%*k  19.19%**  18.90
GFD-64 LSk 1.38%* 1.39** 1.37%%%  1.28%F% 1,00 0.76%**  0.73%** 1.44
LSyo  1.53%FF  1.56%FF  1.50%0%F 152 124%K% (. 98%F*  (.95%** 1.69
Lo 1.17 1.17 1.15 1.11 0.98* 0.91%%%  0.90%** 0.99

Note: This table compares pooled ridge regression benchmarks against the estimated asymptotic performance of neural scaling
laws. Ridge regressions are trained on the pooled panel of firm-month observations. Columns index the regularization parameter
A, where A = 0 corresponds to the ridgeless estimator. The final column reports Lo (for loss metrics) or SR (for Sharpe ratios).
Validation (Val.) and test RMSE are reported in percentage points, LSso and LS1¢ denote annualized Sharpe ratios. Significance
stars on ridge coefficients are based on one-sided bootstrap hypothesis tests; for loss metrics, the test is Hp: Loo = Ridge RMSE
against Hi: Lo < Ridge RMSE, so that rejection indicates the scaling law’s irreducible loss lies significantly below the ridge
estimate; for Sharpe ratios, the test is Ho: SRs = Ridge SR against Hy: SR > Ridge SR, so that rejection indicates the
scaling law’s asymptotic Sharpe significantly exceeds the ridge benchmark. In both cases, the p-value is the fraction of bootstrap
scaling-law asymptote draws on the “ridge side” of the hypothesized value. *** ** and * denote significance at the 1%, 5%,

and 10% levels, respectively.

Table 2 reports the RMSE and Sharpe ratio of ridge regression across a grid of penalty
parameters A. We vary A\ across a wide range similar to Kelly et al. (2024b) and include
the ridgeless case as well. A central feature of the linear model is the tension between
prediction accuracy and portfolio performance. For GFD-32, the best test RMSE of 19.19

obtains at high regularization (A > 10?), where the Sharpe ratio falls to 0.77; conversely, the
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best Sharpe ratio of 1.14 obtains at A = 0, where the test RMSE explodes to 110.20 due
to overfitting, illustrating that the ridge regression forecasts do not simultaneously perform
well along the statistical and economic criteria.

The scaling laws face no such trade-off. As compute increases, validation RMSE, test
RMSE, and Sharpe ratio all improve along their respective scaling curves. For the GFD-
32 scaling law, these values converge to 15.748, 19.178, and 0.937, respectively. Neural
networks pushed to the limits of predictability for GFD-32 therefore match the best-in-class
ridge loss while delivering a 22% higher LS5y Sharpe ratio at the same ridge regularization
level. Focusing solely on the Sharpe ratio, ridge regression achieves a significantly higher
Sharpe only at the lowest level of penalization and, even then, only for the LS5, portfolio.

The pattern is starker for GFD-64, where the ridge trade-off is more severe: the best
Sharpe of 1.39 (A = 1072) coincides with a test RMSE of 377.11, while bringing test RMSE
down to 19.19 (A = 10%) compresses the Sharpe ratio to 0.73. The scaling-law asymptotes
of Lo, = 15.061 and 18.904 surpass the best ridge loss, and the Sharpe ratio asymptotes
significantly exceed the ridgeless benchmark under both portfolio sorts. Against the LSso
ridgeless Sharpe of 1.38, the estimated S, of 1.44 yields z = 2.17 (p = 0.022; 95% CI
[0.009,0.112]). The gap widens for the LS, portfolio: S, = 1.69 exceeds the ridgeless
Sharpe of 1.53 with z = 4.41 (p < 0.001; 95% CI [0.099, 0.245]). These results confirm that

the richer feature set is where nonlinear models most clearly justify their computational cost.

4.6 ROBUSTNESS TO ARCHITECTURE

We next address whether the scaling patterns uncovered in our main analysis are robust
to our baseline architecture. All neural networks estimated thus far use five hidden layers, as
detailed in Appendix A. To assess whether this choice materially affects the scaling laws, we
re-estimate the GFD-64 specification with one hidden layer and ten hidden layers, holding
all other hyperparameters fixed. As with the synthetic-feature test, we focus on Sharpe ratio

scaling laws, though the conclusions are similar for RMSE.
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The ten-layer specification yields an asymptotic Sharpe ratio of §§OO = 1.350, compared
with 1.438 for the five-layer baseline. The difference of —0.088 is not statistically significant
(95% CI: [—0.181, 0.046]; p = 0.168), indicating that doubling the depth does not raise the
performance ceiling. The scaling exponents do differ: & shifts from —0.471 to —0.323, a
difference of 0.147 that is significant at the 5% level (95% CI: [0.016, 0.282]; p = 0.026).
Deeper architectures thus converge more slowly toward the same asymptote, consistent with
the additional parameters requiring more compute without improving the limiting forecast.

The one-layer specification tells a different story. The asymptotic Sharpe ratio falls to
SR = 1.133, a difference of —0.304 from the baseline that is significant at the 1% level (95%
CIL: [—0.443, —0.184]; p < 0.001). The scaling exponent also differs sharply, moving from
—0.471 to —1.364 (95% CI: [—1.569, —0.552]; p < 0.001). A single hidden layer thus faces
a materially lower performance ceiling, suggesting that the nonlinear feature interactions
captured by deeper architectures—which a shallow network cannot represent—account for
a meaningful share of the predictability in the data.

Taken together, these results indicate that architecture depth matters up to a point.
Sufficient depth is necessary to capture the nonlinear structure in firm characteristics that
drives return predictability, but beyond that threshold additional layers do not raise the

attainable Sharpe ratio.

5. COMPUTE, INFORMATION ACQUISITION, AND MARKET EQUILIBRIUM

To understand and explain the importance of compute for asset prices, in this section
we develop an equilibrium asset pricing model that explicitly accounts for heterogeneity in
investors’ access to compute. Our setup assumes a single-period CARA-normal rational
expectations model in which investors differ in computational capacity, optimally allocate
compute across private and public information, and learn from the equilibrium price. To
facilitate intuition and interpretability of our results, we intentionally choose a model that

is close to the canonical Grossman-Stiglitz environment. High-compute investors can incur
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a fixed access cost to use a private signal and then divide their total compute resources
across private and public signals. Low-compute investors rely on the public signal and the
information revealed by the market clearing price. Noisy supply prevents the price from fully
revealing the private signal, so the equilibrium is only partially revealing of other investors’
information or superior compute.

Our model delivers four core results that map directly to the empirical questions of the
paper. First, the optimal partitioning of compute across private and public information is
pinned down by a precision-weighted equimarginal condition. Second, the value of private
information is reduced by price revelation but remains a nondecreasing function of compute
when the anticipated price-learning terms are taken as given by individual investors, and
it is strictly increasing under curvature conditions stated below. Third, conditional on a
chosen stratified compute allocation, the linear rational expectations pricing block remains
affine but is governed by a bilateral price-learning fixed point: the price transmits part
of the low-compute investors’ public realization to the high-compute investors and part of
high-compute investors’ private and public information to low-compute investors. Fourth,
bilateral price learning changes the nature of residual information differences, because the
direct high-compute precision advantage is now offset by a stronger low-compute recovery
of that advantage through prices.

We develop an extension that sharpens the interpretation of the baseline REE. A bench-
mark with no private information acquisition shows that heterogeneity in compute alone still
generates heterogeneous public posteriors when all investors observe the same underlying
public information source but process distinct reduced-form realizations. Under power-law
processing, the low-compute investors asymptotically recover the high-compute investors’
pooled sufficient statistic from the price, so both types inherit the same RMSE and deter-

ministic Sharpe-ratio exponents.
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5.1 ENVIRONMENT

We assume that there is one risky asset with a liquidation value 8 ~ N(6, 75) and one

risk-free asset whose return is normalized to be zero. The risky asset supply is noisy:

¥
Il
w
_l’_
\.Ql

where @ ~ N(0,7, ') is independent of all other shocks. All investors have CARA utility
U(W) = —exp(—AW) with common risk aversion A > 0.

A fraction A € (0,1) are high-compute investors with total compute budget cy. The
remaining fraction 1 — X\ are low-compute investors with smaller compute budgets ¢, < cy.
We fix these allocations of compute ex-ante, rather than deriving them as part of investors’
optimizing decisions. The equilibrium we derive is therefore better interpreted as a short-
to medium-term equilibrium with fixed compute allocations.

The economy features both private and public information sources about 6. Access to the
private source is contingent upon paying a fixed cost x > 0, measured in certainty-equivalent
wealth units at the acquisition stage. Public information is freely available. The baseline
quality (precision) parameters of the two information sources are denoted by 75, > 0 and
Tsy > 0.

Investors’ compute determines how effectively they process each information source. If
an investor devotes ¢; units of compute to the private source and ¢y units of compute to
the public source, the resulting processed information is summarized by Gaussian sufficient
statistics whose posterior precision contributions are fi(c1)7s, and fo(c2)7s,. We use this
reduced-form effective-signal representation throughout the REE derivations, so the signal
precision entering posterior beliefs and prices is always the compute-adjusted precision. The
object that is common across investors is the underlying public information source or raw
public dataset, not the realized reduced-form statistic itself. Different investors can therefore

extract different effective public statistics from the same underlying source. In the stratified
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equilibrium below we write these public statistics as s, i and s, 1,: they share the same mean
6 but generally have different realizations and different compute-adjusted precisions ¢o,n and
¢2,1.- We use analogous notation for the private processed statistic s; whenever the relevant

compute allocation is clear from the context.

Assumption 1 (Compute transformations). For k € {1,2}, the mapping from compute ¢y
to the posterior precision takes the form fi(cx)7s, where the function fy : Ry — Ry is twice
continuously differentiable on (0,00) and satisfies fr.(0) = 0, fi(c) > 0 for all ¢ > 0, and

7 (c) <0 forall ¢ > 0.

Assumption 1 imposes shape restrictions needed for the compute-allocation and comparative-
static results. It does not impose any ranking between the private and public compute
transformation functions and does not require processing capacity to be unbounded. The
assumption therefore accommodates both unbounded and bounded saturating technologies.!!

Timing in our model follows a standard setup: Investors are infinitesimal and therefore
take the anticipated linear price law as given when choosing whether to acquire private data
and how to allocate compute. Signals are then realized, the equilibrium price is posted,

investors update their beliefs, and trading takes place.

5.2 COMPUTE ALLOCATION AND INFORMATION ACQUISITION

Consider first the problem of a price-taking investor with a total compute budget c¢. The
investor’s posterior precision after acquiring the private signal and allocating compute (¢y, )

with ¢; + ¢o = ¢, but before using the price signal, is

To + f1<cl>7_81 + fZ(CQ)TSQ'

1A leading unbounded example is the power-law family f(c) = ke with x; > 0 and o € (0,1). An
empirically aligned bounded example is fi(c) = f [1 -1+ c/c()k)_""“] with fi > 0, cor > 0, and ag > 0
which approaches the finite ceiling fj, at a power-law rate. That bounded family is consistent with observed
scaling laws in which performance gaps converge to finite asymptotes as compute rises.
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In the stratified REE below, an acquiring investor uses the price to learn about the other
type’s public-data realization. Because a price-taking investor treats the price law as fixed
when choosing (¢, ¢y), we represent the additional price-learning term by an anticipated
constant 7p g > 0. Thus the investor’s post-price posterior precision from acquiring private
information is

TH(Cl, C2; 7'P,H) =710+ fi(c1)7s, + fo(ca)Ts, + TPH-

We assume throughout that posterior precision is additive across conditionally independent
Gaussian signals. This is the same simplifying structure used in the baseline REE block and
can be generalized if desired.!?

Similarly, if the investor does not acquire the private signal and devotes all compute to

the public source, the investor’s post-price posterior precision is
L. —
™ (c;7pL) = 10 + fo(C)Ts, + TP L,

where 7p 1, is the anticipated price-learning precision available to a non-acquiring investor.
Appendix C.1 shows that, for a price-taking investor, the expected certainty equivalent is
affine in the posterior precision. We model the acquisition stage in those same certainty-
equivalent units, so investors compare expected certainty equivalent values net of the infor-
mation acquisition cost, x. Individual investors’ compute and acquisition problem therefore

can still be cast as a posterior-precision problem:

Proposition 1 (Optimal compute split). For an investor with a total compute budget c, the

optimal allocation of compute to the private signal solves

i(e) € ang max {fi(e))m, + fole = 1)y}

120ne could extend the analysis to more general posterior-precision aggregators without changing the
central economic point that compute affects both direct signal extraction and the informativeness of the
equilibrium price.
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Any interior optimum satisfies

filei(e)) s, = fale = ci(0) 7, ()

If f1 and fy are strictly concave, the optimum is unique and ci(c) is nondecreasing in c, with

0 < ¢i'(c) <1 on any interval with an interior solution.

The first-order condition in (5) is a precision-weighted equimarginal condition: at the
optimum, the marginal precision gained from a unit of compute devoted to the private
source must equal that from devoting the same unit to the public source. The relative
source-quality parameters 75, and 7y, shift this interior solution, so a higher-quality private
information source commands a larger compute share. Because ¢} is nondecreasing in the
total compute budget, investors with more compute devote weakly more absolute compute
to private processing. This monotonicity property underpins the endogenous information
stratification described below.

Next, define the maximized effective signal precision of an informed investor by

©*(c) = f1(ci(c)) T + fale = 1(¢))Ts, + TP

The net precision gain from private data acquisition is therefore

G(c) = ®*(c) — fa(c)Ts, — TP.H,

where G(c¢) captures the extra posterior precision an investor can generate from optimally

accessing private information versus devoting all compute to the public signal.

Next, consider the certainty-equivalent value of a unit of posterior precision:'?

IBNote that the expectation is taken under the anticipated price law.

35



The scalar = captures both the magnitude of residual uncertainty in the price and the

investor’s risk aversion, putting precision gains in the same units as access cost k.

Proposition 2 (Acquisition threshold). An investor with compute budget ¢ acquires the
private signal if and only if kK < K*(¢; Tpu, TpL), where

K (¢; TP, TPL) = E {G(C) +TpH — TP,LL:
where [z]; = max{xz,0}. Moreover, G(c) is nondecreasing in ¢, so K*(¢;Tpm,Tp) 1S non-
decreasing in c for fived anticipated price-learning terms. If fo is strictly concave, then
K*(¢;Tpm, TpL) is strictly increasing on any interval where, for some ¢, c¢f(c) > 0 and

G(C) + Tp,H > TP,L-

The acquisition threshold in Proposition 2 compares two price systems rather than a
direct-information block against a single common price-implied signal. An acquiring investor
anticipates that the equilibrium price will reveal some of the other type’s public realization,
while a non-acquiring investor anticipates that the price will reveal part of the informed
type’s aggregate statistic. The fixed access cost therefore must be compared with the direct
precision gain from private acquisition, G(c), plus the difference between these two antici-
pated price-learning terms. Crucially, however, the monotonicity in compute is unchanged:
for fixed anticipated price terms, more total compute raises the value of having access to the

private source.

Corollary 1 (Information stratification). In the acquisition-stage problem with common
anticipated price-learning terms (Tpu, Tp,1), high-compute investors acquire the private signal

while low-compute investors do not if and only if

K (cL; T, L) < Kk < K*(cw; T, TPL)-

Corollary 1 formalizes the two-tier market structure that motivates the remainder of the
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analysis. The stratified equilibrium arises endogenously from the conjunction of heterogene-
ity in compute and fixed costs of data acquisition: the same fixed cost that deters investors
with low compute is worthwhile for those with access to high compute. This endogenous
stratification is still driven entirely by differences in computational capacity rather than by
exogenous signal access, but the subsequent REE now lets both types learn from prices
because the public data arrive as distinct reduced-form realizations rather than a single
common statistic.

Corollary 1 also helps explain cases in which low-compute investors rationally choose not
to acquire the largest information set and instead use their limited compute to process a

lower-dimensional data set consistent with the conclusion from Figure 5.

5.3 THE STRATIFIED RATIONAL EXPECTATIONS EQUILIBRIUM

In the stratified regime in Corollary 1, high-compute investors acquire the private signal

and choose the optimal split

C1H = CT(CH), Co H =CH — C1H-

Low-compute investors allocate all compute to the public signal. Conditional on such a
stratified allocation, we now solve for the affine price equations consistent with the induced
effective precisions.

Define the components of the effective signal precision:

giH = fl(CLH)TSU qoH = f2(c27H)7_527 Q2L = fz(CL)TSQ-

The corresponding reduced-form signals can be represented as

51 =0+ T1,H, So.H = 0+ 7)2,H, SoL = 0+ 72,15
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where

i ~ N, qrm), o ~ N (0, 4o1), oL~ N(0,¢51)

are mutually independent and independent of @. Define the high-compute investors’ pooled

sufficient statistic by

_ q1uS1 T Q2HS2H
SH =
Qu

Qu =@ u+ ¢u,

Because sy = 0 + 7 with 77 ~ N(0,Qg), it is a sufficient statistic for the high-compute

investors’ pre-price information. Their pre-price posterior precision and mean are therefore

v = To + Qu,

and

_ 700 + Qusn _ 700 + q1.uS1 + @2 uS2 H
p TH TH '

Low-compute investors observe only their own public realization before the price, so their

pre-price posterior precision and mean are

L = To + Q2,1

and
700 + q2,1.52,1,
71 ’

M1, =

We conjecture an affine price of the form

P = ap + agsy + arsa 1, — a,1,

with ag > 0, a;, > 0, and a, > 0. Appendix C.5 shows that both investor types now learn
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from the price. High-compute investors can extract

P —ay— ags Ay
0 ! :SQ,L_iua (6)

ar, ar,

SPH =

while low-compute investors can extract

P —ap—apsay, Qy -
= Sg — —Uu.

SpL =
ag ag

The corresponding price-implied precisions are

and
-1
2
a
-1 u -1
o= (0 + ()’
H

Thus the post-price posterior precisions are

R
Tq = To + Qu + TpH,

and
R __
T, =To+ Q2L+ TpL-

The corresponding post-price posterior means are

r_ Tof + Qusu + TpuspH
Hy = R ’
H

and
r  Tol +@usen + TPLSPL

/’L =
L 7_{2

The price transmits a noisy version of the low-compute investors’ public realization to high-
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compute investors and a noisy version of the high-compute investors’ pooled statistic to

low-compute investors.

Proposition 3 (Affine price equilibrium conditional on stratification). Suppose the economy

is in the stratified regime of Corollary 1, and fix the induced effective precisions (q1.u, q2.1, ¢2.1.)

—1 -1
with qu > 0. Define Tpu(fu) = (qz_i + 512{7;1> and Tp1,(fL) = (Qﬁl + ﬁﬁTu_l) .

Then there ezists a positive pair (fu, BL) satisfying

i + 7p1(BL) BL

1=
BH - Q2,L ) (7)
and A
5 + 7pu(Bu) fu
B, = : (8)
Qu

For any such pair, the affine rational expectations equilibrium price is

:Toé + [)\QH + (1 — )\>TP,L] SH + [)\TP,H + (1 — )\)(]ZL} SQ’L — AE

P “R
T (9)
A4+ MpuPu+ (1 = N)71pLbL -
—_ 7—_R U,7
where Tpy = Tp,H(ﬁH), TPL = TP,L(BL): and
=10+ AQu + AMpu+ (1 = Mg, + (1= N)7p. (10)

Conversely, any affine REE consistent with the chosen stratified allocation must admit a

positive pair (Bu, Br) satisfying (7)—(8) and a price equation of the form (9).

Proposition 3 shows that bilateral price learning replaces the one-dimensional coefficient
formula of the baseline with a coupled fixed-point system. The ratio Sy = a,/a;, governs how
precisely high-compute investors can recover the low-compute public draw from the price,
while B, = a,/an governs how precisely low-compute investors can recover the high-compute

pooled statistic. The price remains affine and the feedback runs in both directions because

40



the public source generates distinct realizations across investor types.

5.4 MAIN IMPLICATIONS

Define the bilateral revelation ratios by

q2,L Qu '

The ratio Il measures the fraction of the low-compute investors’ direct public precision that
is transmitted to the high-compute investors through the price. The ratio I}, measures the
fraction of the high-compute investors’ pooled sufficient-statistic precision that is transmitted

to the low-compute investors through the price.

Proposition 4 (Bilateral price learning). In the stratified affine rational expectations equi-

librium,
1 1
= 2 1o HL = P 1o
1 + 6HQQ7LTU 1 + ﬁLQHTu

(11)

Iy

SO

0<Ilg <1, 0<II, <1.

Proposition 4 shows that the price is only partially revealing on both sides. High-compute
investors never recover the low-compute public draw perfectly because supply shocks contam-
inate the inversion in (6). Likewise, low-compute investors never recover the high-compute
sufficient statistic perfectly for finite 7,,. Supply noise therefore prevents full revelation of
either hidden object and keeps both price-learning terms strictly below the corresponding
direct precisions.

We define the residual post-price information difference by

R__R_ _R
ATtV =T — T
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Proposition 5 (Residual information difference). In the stratified affine REE,

ATE = Qu— L+ 7TPu — TPL = O*(en) — foleL)Ts, + TPH — TPL- (12)

Proposition 5 decomposes the post-price information difference into three pieces. The
term ®*(cy) is the direct precision generated by the high-compute investors from their private
and public processing. The term fo(c)7s, is the low-compute investors’ direct public pre-
cision. The pair (7py, 7p1) captures the bilateral learning channel through the equilibrium

price.

5.5 BENCHMARK WITH NO PRIVATE INFORMATION ACQUISITION

To isolate the role of heterogeneous public-data processing more sharply, consider the
benchmark in which no investor acquires the private signal, either because the private source
is unavailable or because parameters support a no-acquisition equilibrium. High-compute

investors then devote all compute to the public signal. Accordingly, define

qg,H = folcn) Ty, q2.1, = falcr) T,

Proposition 6 (No-acquisition benchmark). In the no-acquisition benchmark, let
0 _ 4. 70 A
Sor = 0+ Ty 1, so, = 0+ 721,

with 79 5 ~ N (0, (¢35)™") and o1, ~ N(0,q51) independent. There exists an affine rational

expectations equilibrium with price

_Toé—f— [)\qg,H + (1 - /\)T}(;,L} 85+ {/\TIQ’,H +(1— /\)‘D,L} oL — AZ

™ (13)
A+ A+ (L= N8l

7—-0

PO

Y

42



where (8%, BY) is a positive solution to

A A
_ + Tlg,LBE ~ T Tjg’,Hﬁgl
60 — 1 )\ 60 — )\
f P ’ . By
with
—1 —1
mhu= (Gl + (B0 . h= (@) (BT
and
=714 )\qg’H + )\T%H +(1=XNgarL+ (1 — )\)TlgL. (14)

The post-price information difference is

A7) = qg,H — Q2L+ TJOD,H - ng,L' (15)

Proposition 6 shows that the no-acquisition benchmark is not a degenerate case in which
prices merely re-encode one common public statistic. Even when only public information is
processed, the two investor types observe different reduced-form realizations and the equilib-
rium price transmits part of each realization to the other side of the market. Heterogeneity
in compute still matters through the direct public precisions (q%H, ¢21.), but the price now
partially pools these realizations rather than leaving both types’ post-price information un-

changed.

5.6 POWER-LAW PROCESSING AND THE COMPUTE FRONTIER

We next show that the power-law formulation used in the empirical analysis fits naturally
inside our REE framework and can be seen as a tractable special case of our more general
processing structure that yields a closed-form compute frontier.!* The split formula below

is purely technological. The frontier and forecast-performance implications that follow are

1Bounded saturating specifications can also be studied within the same general framework, but the
standard power-law case delivers the sharpest formulas.
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equilibrium statements only on parameter regions, or along sequences of economies, for which

the stratified REE continues to obtain as cy varies.

Proposition 7 (Power-law processing). Consider the power-law family
fr(c) = krpc™, ki >0, ar € (0,1).
If ay = ag = «, then the optimal high-compute split is
C1H = we, con = (1 —w)en,

where
1

m [ RiT \ T
W= Tom’ m= (@7'52) .

Note that the parameter assumption in Proposition 7 satisfies Assumption 1. When both
transformation functions share a common scaling exponent, the optimal compute allocation
takes a remarkably simple form: high-compute investors devote a constant fraction w of
their total budget to private processing regardless of their total compute budget and this
share depends only on the relative signal quality ratio 17s, /kaTs, and the common exponent
«. This scale-invariance of the allocation is the theoretical counterpart of the stable scaling
exponents estimated in the empirical analysis, where the rate at which forecast performance
improves with compute is approximately constant across model sizes.

Under Proposition 7, the high-compute investors’ pooled sufficient-statistic precision

scales as

Qu(cu) = qru(cn) + g2 u(cn) = Cucy,

where

— « [e7
Ch = K1Ts,w" + RoTg, (1 — w)?.

The relevant revelation object is now the low-compute investors’ recovery of that pooled
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sufficient statistic through the price. Defining the low-side opacity gap by Qp(cy) = 1 —

II1,(cn), we can show

Corollary 2 (Power-law revelation of the high-compute sufficient statistic). Suppose the
common-exponent power-law specification in Proposition 7 holds. Keep cy, fized and consider

any sequence cy — o0 along which the economy remains in the stratified affine REE. Then
Iy (cg) — 1 and Qu(en) = O(cg®) as cg — 00. (16)

Corollary 2 shows that, along stratified power-law sequences, low-compute investors
asymptotically recover almost all of the high-compute investors’ pooled sufficient statistic
from the price. The remaining opacity decays at the same power-law rate as the reciprocal
of high-compute precision. Asymptotically, the low-compute investors do not merely learn
an increasing amount about the private component, they learn an increasing amount about
the high-compute side’s entire pooled statistic.

To connect the REE directly to forecast performance, define the post-price RMSE of each

type’s posterior mean forecast by
RMSEH(CH) = (E[(é — ﬂ§)2})1/2 = (7'11411%(CH))_1/2 )
and
RMSE{ (cy, c1,) = (E{(é — uf)ﬂ)lp = (Tf(cH, cL))_l/2 .

Because the posterior precisions are constant for a given investor type, these RMSEs coincide
with the corresponding conditional posterior standard deviations within any fixed stratified

equilibrium.

Corollary 3 (Power-law RMSE frontier along stratified equilibria). Suppose the common-

exponent power-law specification in Proposition 7 holds and the economy is in the stratified
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REE. Define
Qu(cn) = Cucy.

Then

RMSEx(cn) = (7o + Qu(cn) + 7pu(cn)) ™2,

and

RMSER (e, 1) = (10 + faler) 7, + 7o (car)) 2.

If, in addition, cy is fived and cg — oo along any sequence on which the stratified REE

continues to obtain, then
RMSEq(cyy) ~ Cq2eg™?, RMSEF(cn, cr) ~ Cg' g™,

and
RMSEE(CH, CL)

—1 as cg — 00.

Corollary 3 compresses the finite- and large-compute implications into a single frontier
statement. Within any fixed stratified equilibrium, each type’s RMSE is pinned down exactly
by the inverse square root of its posterior precision. Along stratified power-law sequences, the
high-compute side’s direct precision @y (cy) dominates the bounded extra information that
high-compute investors learn from the low-compute public draw, while Corollary 2 implies
that low-compute investors asymptotically recover that same pooled precision through the
price. Consequently both types inherit the same RMSE exponent «/2 and the asymptotic
level gap disappears.

To connect the same power-law structure to trading performance, define the conditional
Sharpe ratio of each type’s optimal risky position by

E{xH(é — P) | s1, 821, P]

SRy = = ,
V[:UH(H — P) | s1,82m, P}
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and

E[z.(0 — P)| sz, P| |
\/V[IL(é — P)| 520, P

SRE =

When the optimal risky position is zero, we set the corresponding conditional Sharpe ra-
tio equal to zero. Because the investor chooses the sign of the position optimally, these
conditional Sharpe ratios are nonnegative.

The raw Sharpe ratios remain state-dependent because they depend both on posterior
precision and on the realized expected excess return term | — P|. The deterministic compute

component is the precision scale multiplying that realized price wedge, so define

Salen) = 7filen) = Fgspny:

and

1
SR ’ = R , — °
L(cn,cn) \/m RMSEE(CH, cL)

Proposition 8 (Conditional Sharpe ratios and power-law scales). In the stratified rational

expectations equilibrium,

‘JZ'H‘
SR c R A 7
u = Sulen) |pg — P| = Su(cn)
and
Alzy|
R _ CR R Pl ="
SR = &' (en, cn) |t | = SFlen. o)

If, in addition, the common-exponent power-law specification in Proposition 7 holds so that
Qu(cn) = Cucly, o is fized, and cy — oo along any sequence on which the stratified REE

continues to obtain, then

Su(ch) ~ 011{/26%/27 St (e, ) ~ Cﬁﬂcﬁﬂ,
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and
Sit(cu, cv)

SH(CH)

— 1 as cg — 00.

The exact identities in Proposition 8 show that a higher Sharpe ratio for the high-compute
investors requires more than a larger posterior precision: it also depends on the realized
distance between each type’s posterior mean and the equilibrium price. Because pff, uf,
and P depend on realized signals, the next result is an ex-post, state-by-state comparison

after information has been observed and the price has been revealed.

Proposition 9 (High compute investor Sharpe-ratio dominance). Let

R_ R R R
Ap = Uy — M, AT =Tyqg —TL IQH—C]2,L+TP,H—TP,L-

If
ATH>0,  (u = P)Apt >0, Apft#0,

then

SRy > SR{.

Proposition 9 has a simple interpretation. The first condition says that, in the realized
state under consideration, the high-compute investors have at least as much total post-price
precision as the low-compute investors. The second condition says that realized posterior
disagreement pushes the high-compute posterior mean farther away from the price in the
same direction as the low-compute investors’ own expected excess return. When both condi-
tions hold and the disagreement is nondegenerate, the high-compute side obtains the higher

conditional Sharpe ratio in that realized state.
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6. CONCLUSION

We examine the role of compute for return predictability. Our analysis shows that scaling
(power) laws, which govern the relation between compute and forecasting performance across
a broad range of sciences, carry over to predictability of the cross-section of stock returns.
We measure complexity using compute rather than raw parameter counts, which are not
commensurable across model classes.

We propose a simple asset pricing model in which compute is a primitive resource that
determines the precision gained from processing private or public information. Under con-
cavity of the mapping from compute to posterior precision, the empirical power law relating
compute to forecast accuracy is consistent with a partially revealing rational expectations
equilibrium. In this equilibrium, heterogeneous access to compute drives price informa-
tiveness, with low-compute investors inferring a noisy signal correlated with high-compute
investors’ private information from the equilibrium price.

Low compute exposes modelers to local optima—what we call “training” or “processing”
risk. Larger compute largely resolves this issue, at least for the information sets considered
here. At the opposite end of the spectrum, the estimated scaling law bounds the limits to
return predictability and quantifies the rate at which additional compute yields further gains
in economic and statistical forecasting performance for a given dataset.

The slope of the power law measures the marginal value of additional compute. We pro-
pose and test how this slope depends on the underlying information set, finding empirically
that low-compute investors are better served by smaller information sets, while high-compute
investors benefit from larger ones.

Our results highlight a tension between modern machine learning and the tightly param-
eterized canonical asset pricing models. The capital asset pricing model is often described
as having “one parameter”—the loading S on the market portfolio—but this description ob-

scures the substantial structure embedded in the model. The CAPM imposes a fully specified
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functional form, a particular choice of state variables, and a collection of strong identifying
assumptions to empirically use the model—linearity, exogeneity, homoskedasticity, and se-
rially uncorrelated disturbances—that together underpin the Gauss—Markov theorem. Its
apparent parsimony thus reflects restrictions imposed ex ante and is suppressed when com-
plexity is proxied by parameter counts.'

Modern deep learning models, by contrast, impose relatively little ex ante structure. A
deep neural network defines a highly flexible function class subject only to weak regularity
conditions, as formalized by universal approximation results such as Hornik et al. (1989),
without presuming a linear factor structure or the orthogonality and homoskedasticity con-
ditions underlying Gauss—Markov. Instead, it expends computational resources to search
over a high-dimensional function space and approximate the conditional expectation. Con-
sequently, even if the true model were exactly the CAPM, a generic neural network would
not recover it with a one-dimensional parameter vector: the parsimony of the CAPM derives
from restrictions imposed a priori, whereas in deep learning analogous structure must be
learned from the data.

We view this proliferation of parameters not as a defect, but as the cost of relaxing strong
model-specification assumptions—complexity substitutes for the parametric structure hard-
coded in canonical asset pricing models. Modern machine learning replaces the assumption of
a correctly specified model with an acknowledgment that the true specification is unknown
but can be approximated arbitrarily well with sufficient compute. Because this trade-off
is mediated through computational effort rather than nominal parameter counts (Belkin
et al., 2019, Kaplan et al., 2020, Henighan et al., 2020), compute is the natural primitive for

characterizing scaling laws in finance and economics.

15This perspective connects to a long-standing distinction between the data-modeling and algorithmic-
modeling cultures in statistics Breiman (2001).
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INTERNET APPENDIX

A. NEURAL NETWORK ARCHITECTURE & TRAINING

In this section, we explain how we approximate the unknown functional mapping from
the high-dimensional information set z; to expected returns, g(x;).

Building on the universal approximators (Hornik et al. (1989)) theorem, we use neural
nets as the class of models for this mapping. Specifically, we approximate the conditional
mean function using feedforward neural networks of varying complexity. The architecture
and training procedure are designed to isolate the effect of model capacity on forecasting
performance while maintaining consistency across the wide range of model sizes required to
estimate scaling laws. We provide details of the construction, training, and evaluation of

these networks.

Figure A1l: Mean Squared Error Neural Network Architecture
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Note. Neural network architecture for return prediction. Input features x; € R¢ are first normalized to zero mean and unit
variance, then processed through five hidden layers of equal width w. Each hidden layer applies a linear transformation
(Dense), ReLU activation, and Layer Normalization. Dropout (rate 0.1) is applied to the middle three hidden layers
only. The output layer produces a scalar prediction g;1p. The network is trained by minimizing mean squared error
(MSE) between predictions and realized outcomes y;y5. Model complexity is controlled by varying the width w, which
determines the total parameter count.

A.1 NETWORK ARCHITECTURE

Figure A1 provides a schematic overview of the network architecture for neural networks
trained on mean squared error. Our neural network architecture follows a fixed-depth design

with five hidden layers of equal width. This architectural choice serves two purposes. First,
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holding depth constant while varying width isolates the effect of parameter count on model
performance, avoiding confounding variation in network depth. Second, equal-width layers
provide smoother transitions across parameter counts compared to tapered architectures
which exhibit discrete jumps in effective capacity as layers are added or removed.

Given a target parameter count, we determine the layer width through binary search.
For an input dimension of d features, five hidden layers of width w, and a scalar output, the
total parameter count equals dw + 4w? 4+ w when counting only weight matrices. We search
for the width w that matches the target parameter count within one percent, ensuring that
models across the parameter range are comparable in their depth-to-width ratio.

Input features are first passed through a normalization layer that standardizes each fea-
ture to zero mean and unit variance using statistics computed from the training sample.
This input normalization is critical for stable optimization across the wide range of model
sizes we consider, as it ensures that gradient magnitudes remain comparable regardless of
the original feature scales.

Each hidden layer consists of a linear transformation followed by a rectified linear unit
activation function and layer normalization. We apply layer normalization rather than batch
normalization because its statistics are computed per-sample rather than per-batch, making
it more stable when batch sizes are large relative to the effective degrees of freedom in smaller
models. The output layer applies a linear transformation without activation to produce a
scalar prediction.

To reduce extreme double-descent fluctuations, we apply dropout at rates of 10% or 20%,
depending on the application. For firm-level prediction tasks, we use a 10% dropout rate
because the larger number of observations provides greater implicit regularization. Dropout
is applied only to the middle three hidden layers, not the first or last, preserving the early-
layer input representation and the late-layer output mapping while regularizing intermediate
representations where overfitting is most likely. We initialize weights with He normal initial-

ization to account for the variance scaling induced by ReLLU activations, and we initialize all
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biases to zero.

A.2 TRAINING PROCEDURE

We train all networks by minimizing mean squared error using the Adam optimizer
with an initial learning rate of 0.001. To prevent gradient explosion which can occur when
training very large models on noisy financial data, we clip gradient norms at unity before
each parameter update. This gradient clipping ensures stable training dynamics across the
full range of model sizes without requiring size-specific hyperparameter tuning.

The learning rate is adjusted during training using a plateau-based scheduler. When
validation loss fails to improve for a patience window equal to one-fifth of the total training
epochs, the learning rate is reduced by half. The plateau scheduler allows the optimizer
to escape shallow local minima early in training while enabling fine-grained convergence in
later epochs.

Training duration scales with model size to ensure that larger models have sufficient time
to traverse the interpolation threshold and enter the double-descent regime. Specifically, we
train firm-level return models for a number of epochs proportional to the parameter count
raised to the 0.75 power. This sublinear scaling reflects the empirical observation that larger
models require more epochs to converge, with diminishing marginal returns to additional

0-75 ] epochs.

training. For the firm-level return prediction application, we use 10 + [0.1 x p
Our scaling choices reflect a practical trade-off: provided models are trained sufficiently
long, we can still recover scaling laws, but excessively long training is computationally costly
for the full set of experiments in this paper. We therefore set training schedules at levels
where performance begins to asymptote across model sizes, without incurring unnecessary
additional computation.
We deliberately do not employ early stopping based on validation loss. While early

stopping can prevent overfitting in the classical bias-variance regime, it would prevent our

models from passing through the interpolation threshold into the double-descent regime
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where test loss decreases again. This can be empirically seen in Figure A2. If one were
to implement early stopping, the 5M parameter model would not be able to achieve the
asymptotic loss it could achieve. This is analogous to the stylized effect drawn in Figure
1. By training to completion, we allow sufficiently large models to benefit from the implicit
regularization that emerges in the overparameterized regime.

Figure A2: Double Descent
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Note. This figure plots validation MSE against cumulative compute (PetaFLOP-days) for a subset of firm-level return prediction
networks. Colored lines trace validation loss over training for five model sizes (parameter counts in the legend); circled markers
indicate each run’s best validation loss, and the dashed red curve is the fitted scaling law. The non-monotone trajectories
illustrate double descent around the interpolation regimes. Over-parameterized models must be trained sufficiently long enough

(no early stopping) to pass the interpolation region and exploit implicit regularization that yields lower and more stable

validation loss.

The batch size is fixed at 65,536 observations for both applications. This large batch size
serves multiple purposes. It reduces gradient variance, which is particularly important given
the high noise-to-signal ratio in financial return prediction. It also improves GPU throughput
by maximizing parallelism in matrix operations. Most importantly, it ensures that the scaling
laws we estimate reflect model capacity rather than optimization noise, as smaller batch

sizes would introduce additional stochasticity that could obscure the relationship between

compute and performance.
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All models use 32-bit floating point precision with deterministic operations enabled. We
fix random seeds for weight initialization, dropout masks, and data shuffling to ensure re-
producibility. These choices prioritize consistency and reproducibility over computational
efficiency, as our goal is to characterize the fundamental relationship between model capac-

ity and forecasting performance rather than to minimize training time.

A.3 COMPUTE MEASUREMENT

To construct scaling laws, we measure computational cost in PetaFLOP-days, following
the convention established in the machine learning literature. For each model, we estimate
the floating point operations per training epoch as six times the parameter count times
the number of training observations. This approximation accounts for the forward pass,
backward pass, and parameter update, each of which requires approximately two floating
point operations per parameter per observation. Cumulative compute is then computed as
the sum of per-epoch compute across all training epochs, converted to PetaFLOP-days by
dividing by 8.64 x 10" operations per PetaFLOP-day.

This compute measure provides a hardware-agnostic way to compare models of different
sizes and enables comparison with scaling laws estimated in other domains such as natu-
ral language processing and computer vision. By expressing performance as a function of
compute rather than raw parameter count, we account for the fact that larger models re-
quire not only more parameters but also more training iterations to reach their asymptotic

performance.
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B. ADDITIONAL FIGURES & TABLES

Figure A3: Market Efficiency Example (1994-2024)
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Note. This figure reports an example of how to estimate market efficiency from the scaling laws made with the GFD-64 data.
The market buy and hold Sharpe ratio is denoted as a red star (Sharpe ratio is calculated from 1994 to 2024), which implies a

level of market average compute. We then use this implied market compute to find the tangency line of the scaling law (black

solid curve in log-linear space).
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Figure A4: Scaling Laws in Training and Validation
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Note. This figure plots training and validation RMSE against cumulative compute (PetaFLOP-days). The non-monotone
trajectories illustrate double descent around the interpolation regimes. Over-parameterized models must be trained sufficiently
long enough (no early stopping) to pass the interpolation region and exploit implicit regularization that yields lower and more

stable validation loss.
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19

Table A1l: Public statements emphasizing compute and/or data scale.

Firm (linked)

Public statement (verbatim excerpt)

Renaissance Technologies

M.

“A research database that grows by more than 40 terabytes a day”; “52,000 computer cores”;

“Redundant computational facilities.”

Hudson River Trading

2

“Researchers have access to massive compute, custom tooling ...”; “high compute-per-

researcher ratio”

Two Sigma

“Store 300+ petabytes of data”; “Conduct more than 100,000 market data simulations daily”;

“processing power measured in zettaFLOPS.”

Jane Street

“We work with petabytes of data, a computing cluster with hundreds of thousands of cores,

and a growing GPU cluster containing thousands of high-end GPUs.”

Citadel Securities

“turn cutting-edge ideas and petabyte-scale data into ...models with direct trading impact.”;
“Leverage large scale compute and data (petabytes; large budgets) to run ambitious experi-

ments and push the frontier”

Jump Trading

“Real-time inference on petabytes of market and alternative data”; “Massive HPC grid with thou-

sands of GPUs ..."”; “6M+ Simulations Run Daily”

XTX Markets

“serve hundreds of petabytes and more than 100,000 compute nodes”; “650 Petabytes of

usable storage”; “25,000 GPUs in our research cluster”

D. E. Shaw

“...designs and maintains the firm’s largest compute infrastructure ...high-performance

computing, networking, and storage for research and trading.”



https://www.rentec.com/Home.action?about=
https://www.youtube.com/watch?v=5wM5ateK99k
https://www.twosigma.com/articles/improving-compute-sustainability-a-case-study/
https://www.janestreet.com/join-jane-street/position/8047137002/
https://www.citadelsecurities.com/careers/details/machine-learning-researcher-options/
https://www.jumptrading.com/ai-ml
https://www.xtxmarkets.com/tech/2025-ternfs/
https://www.deshaw.com/careers/quant-systems-senior-linux-engineer-new-york-5077

Table A2: Estimated Scaling Laws by Firm-Level Forecast Decile

Decile Equation R% (%)
C —0.72
C —0.50
C —0.46
3 0.22 + (12><10—10) 67.8
C —0.47
4 0.43 + (1_9 - 10_11) 34.3
C —0.50
5 0.56 — (7_6 - 10_13) 1.6
C —0.41
6 0.67 — (1'6 - 10_11) 38.1
C —0.40
74 — .
! 07 (3.4>< 1011> 653
C —0.69
74 — 4
i 07 (1.7>< 1010) %
C —-0.77
9 0.78 — (2.7 - 1010) 63.8
C —0.57
1 99 — .
0 0.99 (4.1“010) 70.9
C —0.47
C —-0.51
L D2 — | ——= .
S30 1.52 <3.8 » 10_9) 87.0
C —0.50
L 1.69 — ( ——— .
510 o (4.2 X 109) 550
Note. This table reports the estimated scaling-law fits a — (C/b)Y for each decile constructed on the firm-level forecasted

return. The forecasts are generated with neural networks trained on the GFD-64 characteristics. The last three rows represent
long-short portfolios. They are constructed by going long and short on specific deciles, for instance, LS19 goes long on decile

10 and short on decile 1. The scaling laws’ R? values are reported in percent.

C. PROOFS

Throughout the appendix, for any total compute budget ¢, write

H(cyse) = file))Ts, + falc — ¢1)Tsy, 0<¢ <ec.
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This is the effective signal precision generated by allocating ¢; units of compute to the private

signal and the remaining ¢ — ¢; units to the public signal.

C.1 EXPECTED CERTAINTY EQUIVALENT AND POSTERIOR PRECISION

Lemma 9.1 (Expected certainty equivalent and posterior precision). Fiz an anticipated

price law and let a price-taking investor have posterior distribution

0| ~N(u,1h.

Then the investor’s expected certainty equivalent under optimal trading is

1
E[CE] = -+ = 1
[CE] =Wy — o + =7, (7)
where
__E[(0-P)
== oA >0

In particular, for a fived anticipated price law, expected certainty equivalent is strictly in-
creasing in posterior precision. This is the acquisition-stage objective used in the main text,

because the fixed private-data cost k is measured in the same certainty-equivalent wealth units.

Proof. Suppose the investor buys x units of the risky asset at price P. Terminal wealth is
W =W, + (0 — P).

Conditional on the investor’s information set Z, the random payoff z( — P) is Gaussian
with mean z(u — P) and variance z?7'. With CARA utility, expected utility is therefore

maximized by maximizing the certainty equivalent

A
CE(x) =Wy +x(p— P) — 5:527'_1.
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Differentiating with respect to x gives the first-order condition
p—P—Azt™! =0,

so the optimal demand is

., T(p—P)

Substituting #* back into the certainty equivalent yields

T(n—P)*

E' =
C Wo + 7

Take expectations. Because u = ]E[Q~ | Z], the posterior error 6 — i is orthogonal to every

Z-measurable variable, and in particular to 4 — P. Hence

E[(0 - P)?| =E[(n— P)*] + E[(0 — u)?].

The posterior variance is 77!, so

E[(u— P)*| =E[(0 — P)*] - 77",

Substituting into the expected certainty equivalent gives

T 5 E|(6 — P)?
E[CE"] = W, + oA (E[(@— P)Q] —7'_1) =W, — ;4 + [(QA)L—'

This is exactly (17). Since E[(§ — P)?] > 0 in a nondegenerate equilibrium, = > 0, and

expected certainty equivalent is strictly increasing in posterior precision. [ |
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C.2 PROOF OF PROPOSITION 1

Proof. Consider an investor with total compute budget ¢ who has decided to acquire the
private signal. If the investor allocates ¢; units of compute to the private signal and ¢ — ¢;
units of compute to the public signal, then in the acquisition-stage problem the investor
treats the anticipated price-learning term 7p g as fixed. The post-price posterior precision is
therefore

TH(Cl,C —ci;Tpu) =To+ H(er;¢) + Tpm.

By Lemma 9.1, expected certainty equivalent is strictly increasing in posterior precision.

Since both 7y and 7p y are constant with respect to the choice of ¢;, the investor solves

02??;6}[(01; c) = Oglc??éc {filer)Ts, + fole — c1)7s, }

This proves the first claim.
The function H(ey;c¢) is continuous on the compact interval [0, ¢], so a maximizer exists.

Any interior maximizer must satisfy the first-order condition

O0H (cy;¢)

Dy = f{(cl)7_81 - fé(c - 01)7_52 =0,

which is exactly
filei(e)Ts, = fale = i(e)) 7,

This proves the interior first-order condition.
Now assume f; and f; are strictly concave. Then H(cy;¢) is strictly concave in ¢y, so the

maximizer is unique. To study how the maximizer varies with ¢, note that

O?H (cy;c "
8c<1(9lc ) =—fy(c—c1)1s, > 0.

Thus H(ep;¢) has increasing differences in (¢p,¢). Standard monotone comparative statics
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therefore implies that the unique maximizer ¢ (c) is nondecreasing in c.
On any interval where the solution is interior, differentiate the first-order condition with

respect to c:

V() e} (0) = fHle - c(0)ma (1 - (€).

Solving for ¢}'(c) yields

C*,(C) _ é/(C - CT(C))TSZ )
! {/(CT (C))Ts1 + fé/<c - CT (C))Ts2

Because both second derivatives are strictly negative, the numerator and denominator are

both negative. Moreover, the denominator is more negative than the numerator. Hence

0<cy(c) <1

This completes the proof. [ |

C.3 PROOF OF PROPOSITION 2

Proof. 1f the investor acquires the private signal and allocates compute optimally, then the
direct effective precision is ®*(¢). In the acquisition-stage problem, the investor also antic-
ipates the post-price learning term 7p . Therefore the post-price posterior precision from
acquiring is

T0 + q)*(C) +7—P,H'

If the investor does not acquire the private signal, then all compute is devoted to the public
source and the direct precision is fo(c)7s,. In that case the investor anticipates the post-price

learning term 7p 1, so the post-price posterior precision from not acquiring is

70+ f2(c)Te, + TP L.
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Because the fixed access cost k is measured in certainty-equivalent wealth units, Lemma 9.1

implies that the expected certainty equivalent from acquiring is

1 — *
Wo—ﬂ—i—:[ﬂ)—i—q) (C)+TP7H} — K,

while the expected certainty equivalent from not acquiring is

1 _
Wo — o7 + :{7’0 + folc)Ts, + TRL}.

Subtract the second expression from the first. The net gain from acquiring is
E[CI)*<C) — fa(C)Tsy + TP — Tva} — K.
Using the definition of G(c), this becomes
E[G(c) +7TpH — prL} — K.

Therefore the investor acquires the private signal if and only if

—_

K < :{G(C) +TpH — TP,L]-

If the bracketed term is nonpositive, acquisition is never optimal for any nonnegative fixed
cost. This is exactly captured by the positive-part threshold
K*(C; TP,H, TP,L) = E[G(C) + TP,H — TP,L] .

+

This proves the threshold characterization.
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It remains to show that G(c) is nondecreasing in c¢. Write

G(e) = max {fi(er)7o, + [ole — &) = fale)|7 }

0<c1<c

Fix any feasible ¢;. The derivative of the expression inside braces with respect to c is

fie =) = f5(0) |7

Because f5 is concave, its derivative is nonincreasing. Since ¢ — ¢; < ¢, we have fi(c—c) >
f5(c). Therefore the derivative above is nonnegative. This shows that, for every fixed feasible
c1, the expression inside braces is nondecreasing in c. The pointwise maximum over c; is
therefore nondecreasing as well. Hence G(c¢) is nondecreasing.

If f5 is strictly concave and some optimal allocation satisfies ¢f(c) > 0, then c—cf(c) < ¢,

so strict concavity implies

fr(e=ci() > fio).

Then the derivative of the maximizing expression is strictly positive at that allocation, so
G(c) is strictly increasing on that interval. Since Z > 0 and the positive-part operator
preserves monotonicity, x*(¢;7p g, Tpr) is nondecreasing in ¢. Moreover, on any interval

where some optimal allocation satisfies ¢j(c) > 0 and
G(¢)+71pu — 1P >0,
the positive-part operator is inactive, so
K'(¢; T, TPL) = E[G(c) + T — TrL|-

Because G(c) is strictly increasing on that interval, the threshold is strictly increasing there

as well. [ |
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C.4 ProOOF OF COROLLARY 1

Proof. Proposition 2 states that an investor with compute budget ¢ acquires the private
signal if and only if

Kk < K'(¢;Tpu,TPL)-

Therefore the pair of inequalities

k*(cL; T, TrL) < k < K*(cu; T, TPL)

implies that low-compute investors do not acquire while high-compute investors do acquire.
That is exactly the stratified regime.

Conversely, suppose the economy is in the stratified regime under the common anticipated
price-learning terms (7pp,7pr). Then high-compute investors acquire, so Proposition 2
implies

K < 5*<CH;7—P,Ha7—P,L)-

Low-compute investors do not acquire, so the same proposition implies

k> K*(cL; T, TPL).

Combining these two inequalities gives the stated condition. [

C.5 BELIEFS AND DEMANDS IN THE LINEAR REE

Lemma 9.2 (Post-price beliefs and demands). Suppose the price is conjectured to be affine:

P = ap + apsu + ars21, — ayU.

Let

qiH = fl(CI,H)Tsla g2 H = f2(02,H>7—32; Q2L = f2(CL)T527
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and define

q1uS1 + G2 uS2H
Qu=qu+ ¢, SH = 0 .
H

Then high-compute investors can extract

whose precision is

Low-compute investors can extract

_ P —ay— ar,S2.1L, Ay
SpL = = SH — —U,
ag ag

whose precision is
ay \ 2 -
~1 u -1
TP,L = (QH + () Tu ) .
an

Their post-price posterior precisions and means are therefore

700 + Qusu + TpHSPH

T =To+ Qu + Tpn, [y = 7 :
TH
and
700 + q2,1.52,1, + TPLSPL
TI{%:TO+Q2,L+7'P,L7 it = R .
L
Optimal demands are
R R
TH /R L /R
TH = — - P), T, = — - P
H A (p ) L A (1, )

Proof. We begin with the high-compute investors. Before observing the price, they observe

(s1,S2m). Because these two signals are conditionally independent Gaussian signals about
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6, they can be summarized by the pooled sufficient statistic

_ q1HS1 T @2uS2H

Qu ’

SH

where Qi = ¢1. 1 + ¢2.u. The signal sy has the representation

SH:é+77]I§,

with 75 ~ N(0, Qg'). Therefore the high-compute investors’ pre-price posterior precision is

70 + Qu.

Now condition on the variables (sy, P). Rearranging the conjectured price equation gives

_P—GO—GHSH Ay
SPH = =Sy — —U.
ar, ar,
Since
So1, = 0+ a1,

the extracted object can be written as
~ - a -
SpH = 0 + (7727]_, — uu) .
The term in parentheses is Gaussian with variance
2
~1 a ~1
QZ,L + (a;j) Ty -
Therefore the precision of the price-implied signal is

-1
-1 au\®

Because 7j; is independent of both 721, and @, the signals sy and spy are conditionally
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independent Gaussian signals about 6. Standard Gaussian updating therefore gives

R
T =To+ Qu+ Tpu

and

r__ Tot + Qusu + TpuSpH
Hy = R :
TH

The low-compute investors are analogous. Before observing the price, they observe only
So.1,, SO their pre-price posterior precision is 79 + g21,. Rearranging the conjectured price
equation gives

P —aqg— ar, 82,1 oy,

SpL = =Sg— —U.
ayg ayx

Because sy = 0 + 7j;, this becomes

N ~% au ~
spr =0+ (nH - au) -
H

The noise term is Gaussian with variance
2
a
1 u -1
QH + (> Tu )
H

so its precision is
ay \ 2 -
—1 U —1
TPL = (QH +() Tu ) -
ayg

Because 7,1, is independent of both 7j; and u, the signals sop, and spy, are conditionally

independent Gaussian signals about 6. Standard Gaussian updating therefore gives

R
T, = To+ qL+ TPL

and
R Tol +qarsor + TPLSPL
NL - R .
TL
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Finally, consider an investor with posterior distribution A (u,7!) after observing the

relevant information set. The certainty equivalent from holding x units of the risky asset is

CE(z) =Wy +xz(p— P) — I;XIZTI.

The first-order condition is

w—P— Azt =0,

so the optimal demand is x = 7(u — P)/A. Applying this formula to the high-compute and

low-compute investors yields the stated demand expressions. [ |

C.6 PrROOF OF PROPOSITION 3

Proof. Suppose the economy is in the stratified regime and fix the induced effective precisions

(q1.1, 2,1, ¢2,1,) With g1 > 0. Also define
Qu=qu+ ¢u.
We begin with a generic affine price conjecture
P = ag + angsu + ar,s2,1, — a,u,

where ag > 0, ar, > 0, and a, > 0.

Define the coefficient ratios

a a
Bu = —, fL=—
ar, ayg
By Lemma 9.2, the price-implied precisions are
1 —1
mon= (Gl +0m") o= (Qu' +8iNY)
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and the post-price posterior means satisfy

R, R ]
Ty = Tof + Qusu + TpuSPH,

R, R 7]
T, py, = Tol + 21521 + TPLSPL,

where
SPH = S2,L. — But, SpL = SH — Br.
The demands are
TR R
ﬂfH—ZH(Mﬁ—P)a JJL—Z(ME—P)

Market clearing is

Multiply by A and collect terms in P:

AP = Ml 4+ (1 = N rftuft — Az — Aa,

where
R = i+ (1= N
Using
R __ R _
Tq = To + Qu + TpH, T = To+ @21 + TPL,
we obtain

7 =70+ AQu + AMpu + (1 = Ngar + (1 = \)7pr
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Next substitute the posterior means into (18). This gives

FRp — )\[7'09 + Qusu + 7pu(san — BHa)}

+ (1 — )\) [Tgé + @151 + TP,L(SH — BLQ)} — Az — Au. (19)

Collect the constant, signal, and supply-noise terms. The coefficient on 796 is A4 (1—\) = 1,

so the constant part is simply 6. The coefficient on sy is
)\QH + (1 - )\)TP,L-

The coefficient on sy, is

)\TP,H + (1 — )\)QQ,L.

The coeflicient on @ is

—A—Mpubu— (1 —N)7pLOL.

Therefore (19) can be rewritten as

Toé + [/\QH —f- (]_ — )\)TP,L] SH + [/\TP,H —I— (1 — )\)QQ’L] 827L — AE_A —I— /\TP,HﬂH —f- (]_ — )\)TRLﬁLa
7*-R 7TR :

P —
(20)

For the conjectured price to be an equilibrium price, this expression must coincide with
P = Qo + agsy + arS2 1, — aufb.

Matching coefficients therefore gives

(21)

 Apa+ (1 =A@
ar, =

= , (22)

5



and

w - A+ Apufu + (1 = N)7pLfL
u 77-R .

(23)
Now divide (23) by (22). Because Sy = a,/ar, we obtain

_ A+ Ampufu+ (1 — N)7pLfL

b Apn + (1 — N)gaL

Multiply both sides by the denominator:

BuAtem 4 Bu(l — Ngar, = A+ MpuBu + (1 — A\)7pLbr.

The terms BgA7pu on the left and A7puBu on the right are identical, so they cancel. This

leaves

Bu(l —N)ger, = A+ (1 — N)7pLbL.

Dividing by (1 — A)g21, gives

A

1 + 7pL0L

Pu = :
q2,L

This is exactly (7).

Next divide (23) by (21). Because fr, = a,/an, we obtain

_ A+ Ampufu+ (1 — N)7pLfL

BL )\QH + (1 — /\)TP,L

Multiply both sides by the denominator:

BrAQu + Br(l = N)7pr, = A+ Atpufu + (1 — N)7pLAL.

Again the common (1 — \)7p1 /1, terms cancel, leaving

BrAQu = A + A\puPu.
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Dividing by A\Qy gives

This is exactly (8).

We now prove existence of a positive pair satisfying the fixed-point system. Define the

maps
A A
T +7PL(Y)Y 3 + mpu(z)x
Tu(y) = 1= T =A
=12 L) = A
where
-1 -1
Tru(z) = ((Ei + xQTJl) ; TrL(y) = (Qﬁl + y27'zfl) :

The fixed-point system is equivalent to

Pu = Tu(pr), B = T1.(Bu).

Define the one-dimensional map

F(z) = Tu(TL(z)).

Because 7py(z) and 7p1,(y) are continuous in their arguments, both Ty and 77, are continuous
on [0, 00), and therefore F' is continuous on [0, o).

Next we show that F'is bounded above. For any x > 0,

T (.CE):L’ - T - q2,1.TuT
PH = — — = )
¢or, + 2?27t T+ ga L
Define
_ @2 LTyT
hH(I’) = DR
Tu + q2,LT
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Differentiating gives

q2 LTu(Tu — (2 Lx2)
hy(z) == :
() (Tu + q21.7%)?

Thus hy(z) = 0 when © = /7,/¢21, and that point is the global maximizer on [0, 00).

Evaluating hy there yields

1
Tpu(z)r < 5V @2.LTu:

Therefore

A/N+1 ”
Ti(x) < / +C; el
H

for all x > 0. This shows that 77, is bounded above by a finite constant.

Apply the same argument to

_ y _ QHTuy
Qu' +v21rt T+ Quy?

TPL(Y)Y

The same derivative calculation implies

1
eL(y)y < 5V QuTy

for all y > 0. Hence
A/(l — )\) + %\/QHTU

q2,L

Tu(y) <

for all y > 0. Therefore F'(x) = Ty(T1.(x)) is bounded above by the same finite constant for
every x > 0.

Now evaluate F' at zero. Because

we have
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On the other hand, since F' is bounded above while z — 0o, we have
F(z)—2z— —c0 as r — 00.

Because F' is continuous, the intermediate value theorem implies that there exists z* > 0

such that
Set

Then S, > 0 and
Bu = Tu(Br), pr, = Ti.(Bu),

so (B, AL) is a positive solution to the fixed-point system.

Finally, for any positive pair (S, 01,) satisfying the fixed-point system, define
—1 —1
TPH = (QE,i + 51%1%_1) : TPL = (Qﬁl + BETJI) ,

and let 7% be given by (10). Then (20) becomes exactly the price equation stated in (9).
Conversely, every affine REE of the conjectured form must satisfy the coefficient-matching
conditions above, so it must generate a positive pair (Sy, A1) satisfying (7) and (8), and its

price equation must have the form (9). This proves the proposition. [

C.7 PROOF OF PROPOSITION 4

Proof. By definition,
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Proposition 3 gives

TPH = (QQ_,i + 61%[7'171)_1 , TPL = (Qﬁl + BETH_I)_I .
For the first ratio,
= L (it + ) = (14 Baan)

For the second ratio,

S
Qu

1

M= o (Qu' + ) = (1+8Qur, ")

This is exactly (11).
Because all precisions are strictly positive and By, 81, > 0, both denominators are strictly
larger than one. Therefore

0<Ily <1, 0<Il <1

This proves the proposition. |

C.8 PROOF OF PROPOSITION 5

Proof. By definition,

From Lemma 9.2,

R R
T = To+ Qu + Tpn, T, = To+ q2,L + TPL.

Subtract the second expression from the first:

ATf = (7'0 +Qu + 7'P,H) - (7'0 + g1 + TP,L) =Qu— QL+ TPH — TPL
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Now use

Qu=aqu+q¢u=2"(n)

and

g2 = f2(CL)TSQ-

Substituting these identities yields

ATE = O*(cn) — faoleL)Ts, + Tpu — TPL-

This is exactly (12).

C.9 PROOF OF PROPOSITION 6

Proof. In the no-acquisition benchmark, no investor observes the private signal.

compute investors devote all compute to the public source, so define
qg,H = fo(en)Tss Gor. = fa(cL)Ts,.
The two public reduced-form signals are
Sg,H =0+ ﬁg,H7 So1 = 0+ 72,1

with

ﬁg,H ~ N(O: (qg,H)il)a M2, ~ N(Oa q2_,i>a

mutually independent and independent of .

Conjecture an affine price equation of the form

P% = by + busyy + brsar, — bu,

81
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with by > 0, by, > 0, and b, > 0. Define

b b
0 _ %u 0 _ Ou
Ou = b’ b = by’
Then high-compute investors can extract
PO - bo — bHSO _
Spi = 21 = so.L — Py,
Rl bL
and low-compute investors can extract
Po—bo—bL82L 0 0~
S(])D,L = b = Sy — PLU-
H
The corresponding price-implied precisions are
-1 042 —1) " 0 0 -1 0y2, —1)
T]g,H = (CIQ,L + (Bu)° T ) ; TpL = ((Q2,H) + (BL) 7 ) .

Therefore the post-price posterior precisions and means are

7.0 .0 0 .0
or T+ G uson+ TpusSpu

OR _ 0 0
TH =Totqu T TpH: Hg = O.R )
TH
and
0 + So1, + 791 82
0,R _ 0 or 70 Q2 L52,L T Tp1SpL,
T1, _7-0+CI2,L+TP,L7 My, = 0R .
s
Optimal demands are
7_0 R TO’R
o _TH 0,R 0 0o _ "L 0,R 0
‘TH_7<IUH P>, xL_T(ML P)

Market clearing is
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Multiply by A and collect terms in PY:
FOPO = A B 4 (1 — N R0 — Az — Aa,

where

= A+ (1=
Using the definitions of the post-price precisions gives

0

=1+ )‘qg,H + )\ng,H + (1= AL+ (1= A)7py.

Substitute the posterior means into (24). This yields

FOpo — )\{709_ + quHsng + T]g7H(32,L - 51%?1)}

+ (1= N[00 + qersor + 7hy (5 — BL@)] — AZ — A

(24)

Collect the terms multiplying each object. The constant term is again 700. The coefficient

0 .
on Sy 18

Moy + (1= N7p.

The coefficient on sy, is

AMpy+ (1= N

The coefficient on 4 is

—A-— )‘T](—z’,HBI% - (1= A)Tlg,LBE'
Therefore

o0 + [)\%H +(1- )‘>TPL} Som + P‘TPH +(1- A)QQ,L} Sa1, — AZ

PO

A+ )xT%HB% +

(1

- A)Tlg,LBIOJﬂ

7*-0
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Matching this expression to the conjectured affine price yields

_ Aoy + (1= N)7py

by = ) (26)
AT+ (1=
by, = ! (_0 MQ’L, (27)
T
and

7—-0

Divide (28) by (27). Since 8% = b, /b, we obtain

o A+ APyl + (1= N)7prfr
& A+ (1= AN)gaL .

Multiply both sides by the denominator:
Badp + Bl = N = A+ MpufBh + (1 — N)7p 61
Cancel the common A7p 0y terms. This gives
Bhl—Ngr =A+ (1— )\)ng,LBE'

Dividing by (1 — A)go 1, yields

A
a0 1 + T%,LBE

H=

q2,L

Next divide (28) by (26). Since 3 = b, /by, we obtain

s A AT (- N
. Ay + (1= N7y,
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Multiply both sides by the denominator:
DA + AL = N7py, = A+ Mpufy + (1= N)7p B
Cancel the common (1 — X)73 1 6 terms. This gives
BNy = A+ Ap .

Dividing by Ag3y yields
A
~ + T2ufn
0_ A
BL - 0 .
ds 1

Thus any affine REE must satisfy the fixed-point system stated in the proposition.

We next prove existence of a positive fixed point. Define

A A
. T " 1Y)y . St Thu(T)T
Ta(y) = , TL@)=-—pF——,
q2,L 42 n
where
-1 -1
mu() = (6l +220") . ) = (@) )

Define

F(z) = Th(T(2)).

Exactly the same continuity argument as in the proof of Proposition 3 shows that F° is
continuous on [0, 00).

Exactly the same maximization argument also shows that

1
ng,H@)x < 5\/ q2,L.Ty
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for all x > 0, and
1
Tg,L(’ﬂ)ZJ < 5\/(18,}1%

for all y > 0. Therefore both TP and T are bounded above by finite constants, so FY is
bounded above by a finite constant as well.

Moreover,

A/
10(0) = 212 >0,

4> 1
SO

FO(0) = THTR(0)) > 0.

Because F? is bounded while 2 — oo, we also have
F%2) — 1 — —o0 as T — 00.
The intermediate value theorem therefore implies the existence of 2%* > 0 such that
FO(z%) = 2%,

Set

Bh=a, B =TE™).

Then (BY, B) is a positive solution to the fixed-point system.
For any such solution, define 75 and 7 from the fixed-point pair and define 7° by
(14). Then (25) is exactly the price equation stated in (13). Hence an affine REE exists.

Finally, the post-price information difference is

0 0,R 0,R __ 0 0 0
AT - TH - TL — (7—0 + QZH + TP,H) - <TO + (]27L + TP,L)‘
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Therefore

0_ 0 0 0
AT =@y — QL+ Tpy — TpLs

which is exactly (15). This completes the proof. |

C.10 PROOF OF PROPOSITION 7

Proof. Suppose

fr(c) = K™, ki >0, ar € (0,1).

Then f;(0) = 0. For ¢ > 0,

!/

w(c) = KoL

>0

and

V(c) = kpag(ag — 1) ™2 < 0.

Since a > 0, the power-law family is also unbounded, but that extra property is not required
by Assumption 1. The required conditions in the assumption are therefore satisfied.

Now assume a; = ap = . The high-compute investor’s allocation problem becomes

oJax {R17s, €§ + KaTs, (g — 1)} .

Because o € (0, 1), the objective is strictly concave, so the optimum is unique. The derivative
of each term tends to infinity as its argument approaches zero from above. Therefore the

unique optimum is interior and satisfies the first-order condition
a—1 __ a—1
K1QTs, g = KoQTg,(cy — i)™ -
Cancel a and rearrange:

a—1
C1,H _ RaTsy
CH —C1H R1Tsy
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Since o — 1 < 0, this is equivalent to

1

CLm (fﬁTsl ) e
= =1m.
CH — C1H K2Tsy
Hence
m 1
= cn, Com = CH.
L= e 2H = e
Writing w = m/(1 4+ m) yields the formulas in the proposition. |

C.11 Proor or COROLLARY 2

Proof. Consider any sequence cg — oo along which the common-exponent power-law speci-

fication holds and the economy remains in the stratified affine REE. Under Proposition 7,

QH(CH) = CHCIOfp
where
Ch = k1T, W + KaTs, (1 — w)®.

Along the sequence under consideration, Qg (cy) — oo.

Define
X(cn) = Bulen),  Y(en) = Brlen)Qulcn).

From the fixed-point equation (8),

A

Y(CH) = X + Tp7H(CH>X<CH). (29)

Now compute the second term on the right-hand side:

X(cn) _ @2, 7uX (cH)
(I2_114 + X(en)?7,' Tu+ X (cn)?

TP,H(CH)X(CH) =
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Define
Q2,LTuX

h(X)= ———.
( ) 7—u—i_q2,L)(2

Differentiating gives
u\'u X2
hI(X) — qQ,LT (T QZ,L )
(Tu + q2,L)(2)2

Thus A'(X) = 0 when X = |/7,/¢2 1, and that point is the global maximizer of i on [0, c0).

Evaluating h there yields

1
h(X) < 5,/q27L7'u for all X > 0.

Hence

1
TP,H(CH)X(CH) < 2 Q2.1 Ty for all cy.

Substituting this bound into (29) gives

A 1
0< Y(CH) < X —+ 5\/q2’LTu.

Thus Y (cy) is uniformly bounded along the sequence.

Because Y (cy) = fr(cn)Qu(cn), the boundedness of Y implies

Bulen) = O(Qulen) ™) = O(er”).

Therefore

Bulen)*Qulen) = O(Qulen) ™) = O(eg™) = 0.

Now use Proposition 4:

1
e (en) = 5 (a2 ey
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Since the term in the denominator after the 1 converges to 0, it follows that

Iy (cy) — 1 as cg — 00.

Finally, the opacity gap is

5L(CH)2QH(CH)7J1

ftufen) = 1 = Tfen) = 14 Br(cn)?Qulcn)y b

The denominator is bounded below by 1, while the numerator is

O(B(en)*Qulen)) = O(Qulen) ™) = O(cr®).

Therefore

QL(CH) = O(Cﬁa).

This proves (16). [

C.12 PROOF OF COROLLARY 3

Proof. Fix a stratified REE under the common-exponent power-law specification. Proposi-
tion 7 implies

QH (CH) = CHC?I.

We first derive the exact RMSE formulas. Let
Iy = o(s1, Som, P)
denote the high-compute investors’ information set. Because

I :E[é | IH},
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the conditional forecast error has conditional mean zero:
E[6 - pff | Zu| = 0.
Therefore
; R\2 j R 5 R 2
E[(Q — pa)” | IH] = V<9 — | IH) + <]E[9 — pu | IHD

= V(0] Zu)

= () (30)

Lemma 9.2 gives

Tg =70+ QH(CH) —+ TP,H(CH>~

For a fixed equilibrium, 7 is deterministic, so taking unconditional expectations in (30)

leaves the same value:
E[(0 - u)?] = (r) ™"
Taking square roots yields

RMSEy(cn) = (7)) ™? = (10 4 Qulcu) + mpulcn)) >

Now let

I, = o(so, P)

denote the low-compute investors’ information set. Since
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the same argument gives

B[t 1] = V(0 — | 7) + (B[ - it 1 7))

=V(0|L)

Lemma 9.2 gives

TL{% = 1T0 + fQ(CL)7'52 + TP,L(CH)-

Again 7 is deterministic within a fixed equilibrium, so unconditional expectation preserves

the same value:
E[(0 - u)?] = (7).
Therefore

RMSEf (e, c1) = (1{7) /2 = (10 + faler)Tey + o (cn)) >

We now prove the asymptotic claims. Fix ¢, and consider any sequence cy — oo along

which the economy remains in the stratified REE. Because Cy > 0 and « € (0, 1),
QH<CH) = CHC% — OQ.

Consider first the high-compute investors. Proposition 4 implies

Iy (cn) = TPL(CH) e (0,1).
q2,L
Equivalently,
0 < 7pu(cu) < @1 = faler)rs,  for every cp.

Hence the term 79 + 7ppu(cy) is uniformly bounded along the sequence. Divide the posterior
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precision by Qu(cn):

H(cx) _ T + Qulcn) + mpu(cn) 14 70+ Tpu(cn)

Qu(cn) Qu(cn) Qu(cn)

The numerator in the second term is bounded while the denominator diverges to infinity, so

T0 + TPH (CH)

— 0.
QH(CH)
Therefore
R
T (cx) 1,
Qu(cn)
that is,

Ti (cn) ~ Qulcu) = Cucf.

Because both 7if(cy) and Qu(cy) are strictly positive,

1 1/2
RMSEq(cu)  (rf(en))™* (QH<CH)> — 1.

CaPeg®”  (Qulen)) ™2 \ 1 (cn)

Hence

RMSEx(cn) ~ Cp2eq™?.

Now consider the low-compute investors. Corollary 2 states that

HL(CH) = TPL(CH) — 1.

QH(CH)

Equivalently,

Tpyr(cn) ~ Qu(cn) = Cucy.

Since cy, is fixed, the direct low-compute precision

¢@,L = f2(cL)Ts,
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is constant along the sequence. Divide the low-compute posterior precision by Qu(cy):

TE(CH, cL) _ Tot+ G+ Tp1(cn) _ ToT Q2L TpL(cn)

Qulen)  Qulen)  Qulen) | Qulen)”

The first term converges to 0 because its numerator is constant and its denominator diverges

to infinity. The second term converges to 1 by Corollary 2. Hence

Tﬁ%(CHch) N
)

QH(CH)

SO

75<CH7 CL) ~ QH(CH) = CHC%.

Again all quantities are strictly positive, so

RMSEf (e ) _ (e )™ ( Qu(cn) )”2 1
™ @alen) 7 \Flenar) |

Therefore

RMSE (e, cr) ~ Cg ' 2eq™”?.
Finally, divide both RMSEs by the same benchmark sequence Cy Y 261}0‘/ %

RMSEF (cq, cr)

RMSEf(cn,c1) _  CyPey™® 1
This proves every claim in the corollary. [
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C.13 PROOF OF PROPOSITION &

Proof. We first prove the exact conditional Sharpe-ratio identities. Consider the high-
compute investors and let

Ty = o(s1, So.1, P).

Conditional on Zy, the demand zy is measurable because it is chosen after observing

(31732,H7P)-

If gy = 0, then Lemma 9.2 implies

i R
OZJEH:I(MH_P)-
Since A > 0 and 7§ > 0, this equality forces
pi— P =0
Therefore
Sule) =Pl =0 and Ly
SH(CH>

so the claimed identity is valid in the zero-position case.

Now suppose xy # 0. Because

we have

Since xy is Zy-measurable,

E[zu(0 — P) | Tu| = 2uE|0 — P | Tu| = zu(pf - P).
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Similarly,

V|en(0 - P) | Tu] = 23V(0 - P | Tn)
V(0| Zn)

= 2y (7). (31)

Taking the square root of (31) yields the conditional standard deviation

\/V[xH(é— P) | Tu| = 7%’%

Hence the conditional Sharpe ratio is

x x
SRy — D) py
|xH|/\/rH ol
Lemma 9.2 also gives the optimal-demand formula
R
-
Ty = ZH(NII} —P)

Because /A > 0, the sign of 2y is the same as the sign of uff — P. Therefore

TH
@(NE—P)ZWS—PL

which yields

SRy = /7 |t — P| = Sulen) |ufi — P.

Finally, multiply the optimal-demand formula by A and take absolute values:

A‘xH| —TH|MH P"
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Divide both sides by /7§ = Su(cu) to obtain

Alen|
SH(CH)

SH(CH) ’MI}} — P| = SRH
The low-compute investors are analogous. Let
I, =o(sen, P).

Conditional on Zj,, the demand zy, is measurable because it is chosen after observing (sa ., P).
If 1, = 0, Lemma 9.2 implies

-
O:xL:Z(MIIj_P)v

so puft — P =0, and both claimed expressions equal 0. If xp, # 0, then

implies
Elen(0 — P) | 7] = an(uf — P),
and
VL0 - P) | T) = 2} ()",
Therefore
SRE = /it " (uff — P),
||
Using

the sign of xy, equals the sign of uf* — P, so

SRy = /7 |ui; — Pl = S{(cn, cv) |u — P
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Taking absolute values in the demand formula also gives
Alzy| = 7ifug = P,

SO
Alwy|

=Sy, c R _ pP| = SRE.
SE(CH,CL) L(H L)WL | L

We now prove the power-law scaling claims. Suppose additionally that the common-

exponent power-law specification holds, that

QH(CH) = CHC%7

that ¢, is fixed, and that cgy — oo along a sequence on which the stratified REE continues

to obtain. By definition,

Sien) = y/f{en) = iisEraT

and
1

~ RMSEF(cx, 1)’

Sit(en, cn) = /7 (en, cL)

Corollary 3 proves that
RMSEx(cy) ~ Cg 2 e™?

and

RMSE(cy, cr) ~ Cg ' 2eq™?.
Since all of these sequences are strictly positive,

Cyf*cy®  RMSEu(eq)
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SO

SH (CH> ~ Cé/zcﬁp .

Likewise,
Sfemer) _ Cy'ley™
011{/20%/2 RMSEE(CH, CL) ’
which gives
SE(ey, er) ~ CY2e8,
Finally,
SI{%(CH, CL> . RMSEH(CH> 1

Su(ca)  RMSER(cy, cr)

because Corollary 3 also shows

RMSEF (cq, cr)

This proves the proposition.

C.14 PROOF OF PROPOSITION 9

Proof. By Proposition 8,
SRE = (i~ PP SRE? =l f - PP

Using

we obtain

2
SRY — SR{*? = 7if [(uff — P) + Apf|” — 7 (uf — P)?

= ATH(pfl = P)? + 27 (uf — P)Au™ + rf (Ap™)?.
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Under the stated assumptions, the first term is nonnegative, the second term is nonnegative,

and the third term is strictly positive because 7§ > 0 and Auf* # 0. Hence

SRZ — SRf? > 0.

Therefore

SRy > SR
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