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Abstract

This paper introduces a computationally efficient method for full-information
estimation of nonlinear Dynamic Stochastic General Equilibrium (DSGE) mod-
els. In contrast to the traditional approach of treating model solution and
filtering as two separate and potentially computationally intensive steps, we
integrate the solution into the filtering procedure. The method computes a
sequence of local linear solutions at the best forecast of the current state, yield-
ing a time-varying linear state-space system for likelihood evaluation via the
Kalman filter. The method captures nonlinear dynamics with high accuracy
while avoiding global solution methods and nonlinear filtering, resulting in
computational gains of several orders of magnitude. We benchmark the ap-
proach on canonical labor search and New Keynesian (NK) models. Applied
to an NK model with labor market frictions, the method shows that these fric-
tions generate state-dependent monetary policy transmission consistent with
empirical evidence from local projections. The framework extends to models
with stochastic volatility, regime switching, and heterogeneous agents.
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1 Introduction

Nonlinearities play a fundamental role in macroeconomic dynamics, and a growing
empirical literature underscores their importance.! While macroeconomic models
often feature such nonlinearities, whether they affect model predictions depends on
the choice of solution and estimation method. Global solution methods combined
withnonlinear filters are the most accurate way to solve and estimate such nonlinear
models, but their computational cost quickly becomes prohibitive: estimation can

take days, weeks, or months.?

The methodological contribution of this paper is a computationally efficient and
broadly applicable approach to full-information estimation of nonlinear Dynamic
Stochastic General Equilibrium (DSGE) models. Traditional estimation methods
treat model solution and likelihood evaluation (using a filter) as two separate steps.
Instead, our method characterizes the solution within the filtering procedure. The
approach builds on the observation that even highly nonlinear models exhibit
local behavior that can be well approximated by linear functions, but nonlinearity
implies that these functions vary across the state space. The main idea is that,
for estimation, an accurate characterization of nonlinear model dynamics can be
obtained by repeatedly solving for such local approximations in the regions of the
state space where the data indicates the economy is most likely to be.

Concretely, the method constructs a dynamic sequence of local linear solutions
around the best forecast of the current state, and embeds the resulting policy rules in
a time-varying linear state-space system. Each local solution is fast to compute and
accurate in a neighborhood of the current state. The dynamic implementation of
local linear methods preserves nonlinearities such as state dependence and, despite
the policy functions being linear, yields solutions that are not certainty equivalent.
The linear state-space form enables likelihood evaluation via the time-varying
Kalman filter, eliminating the need for costly nonlinear filters. Theoretically and
through simulation, we show that the proposed procedure closely approximates
the object that would arise if the extended Kalman filter could be applied to the

For example, Stock and Watson (2020); Benigno and Eggertsson (2024); Gitti (2024) examine
nonlinearities in the Phillips curve; Tenreyro and Thwaites (2016) and Barnichon et al. (2022)
analyzes state and sign dependence in the transmission of economic shocks, respectively.

2For example, in Gust et al. (2017), a single solution and likelihood evaluation takes six minutes
in serial. For 100,000 likelihood evaluations, this would imply over a year of computation time.
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true, but unknown, global policy and transition functions. The key advantage
is that this object is obtained without solving the model globally. The method
therefore mitigates the two principal computational bottlenecks in nonlinear DSGE

estimation—global solution and nonlinear filtering-while retaining accuracy.

We benchmark the proposed estimation method using two canonical models. First,
in the Diamond (1982)-Mortensen (1982)-Pissarides (1985)-style labor search model,
we use a global solution as the data-generating process and show that the method
is as accurate as existing nonlinear methods, but at a fraction of the computational
cost. Second, we demonstrate our method to the three-equation New Keynesian
(NK) model (Gali, 2015) with and without the zero lower bound. The proposed
method produces 100,000 posterior draws in under four minutes, which is as fast
as it takes to estimate the log-linearized model and several orders of magnitudes

(500 to 5000) faster than existing nonlinear approaches.

Main Application We apply the proposed estimation framework to study state
dependence in monetary policy transmission within an NK model with labor mar-
ket frictions. In search models, the flow surplus, i.e., the profitability of job creation,
determines how productivity shocks propagate through the economy (Ljungqvist
and Sargent, 2017). We show this mechanism extends to monetary policy shocks.
In linearized models, the flow surplus is fixed, but in the nonlinear model, it evolves
endogenously, giving rise to state-dependent transmission. The method captures
this state dependence by solving the model locally along the filtered state path,
allowing elasticities to vary. While estimation using global solution methods and
nonlinear filters would require several months to generate 100,000 posterior draws,?

we estimate the model in approximately 25 minutes.

Model-implied state-dependent impulse response functions show that monetary
policy shocks affect vacancies and unemployment differently depending on the
state of the economy, varying by as much as a factor of two. This generates time
variation in the ratio of the cumulative impulse response of inflation relative to
unemployment (Phillips Multiplier, Barnichon and Mesters, 2021), which averages
-0.07, but can fall to -0.05 in recessions and rises to -0.09 in expansions. These

results align closely with evidence from reduced-form state-dependent local pro-

3 An estimate, based on our computations for the three-equation New Keynesian model, suggests
it would take at least 41 weeks of computation time.
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jections. More broadly, these results demonstrate that several nonlinear features
highlighted in recent empirical work (e.g., Tenreyro and Thwaites, 2016; Benigno
and Eggertsson, 2024) can arise endogenously in standard macroeconomic models
when solved and estimated nonlinearly — something our method makes computa-
tionally feasible.

Extensions We show how the method can be extended to accommodate two
widely used exogenous processes: (i) stochastic volatility and (ii) regime switch-
ing. The latter includes, for example, models with rare disasters (Barro, 2009).
Additionally, the method is extended to heterogeneous agent models. Unlike exist-
ing full-information approaches (Winberry, 2018; Liu and Plagborg-Meller, 2023;
Auclert et al., 2021), which rely on perturbation and impose certainty equivalence,
our approach accommodates aggregate uncertainty in individual decision rules
while preserving a linear state-space structure. We illustrate this using a simple
heterogeneous household model in which job loss and job finding probabilities are
determined by aggregate productivity. The method captures time-varying precau-
tionary saving motives and reveals state dependence and asymmetry in aggregate
outcomes that are not well captured by perturbation. The resulting filter is more

accurate than the standard Kalman filter applied to the perturbation solution.

Related literature Our methodological contribution is a novel framework for
full-information estimation of nonlinear DSGE models. In representative-agent
settings, a key benchmark is Ferndndez-Villaverde and Rubio-Ramirez (2007), who
introduce the particle filter to estimate nonlinear DSGE models. While broadly
applicable, it is computationally intensive and suffers from the curse of dimension-
ality. Herbst and Schorfheide (2019) propose the tempered particle filter, which
is more stable but at higher computational cost. Farmer (2021) proposes the dis-
cretization filter, which is fast, but is limited to small state spaces due to its reliance
on tensor products. Winschel and Kritzig (2010) use sparse grids solution methods
and parallelization to evaluate the likelihood, but implementation is complex and
the computational burden high. All of these methods apply a filter to a separately
solved model. In contrast, our approach solves the model dynamically, avoids
simulation-based filters, and is both accurate and efficient. Relatedly, Childers
et al. (2022) avoid filtering altogether but are limited to low-order perturbation
solutions.



In heterogeneous agent models, existing feasible full-information estimation meth-
ods rely on perturbation (Auclert et al., 2021; Winberry, 2018; Liu and Plagborg-
Moller, 2023), imposing certainty equivalence. Our framework offers a tractable

alternative that accommodates nonlinearities in the aggregate dynamics.

In terms of solution method, we build on Den Haan et al. (2015), Levintal (2018),
and Mennuni et al. (2024). Levintal (2018) formalizes Taylor Projection, originally
used in Krusell et al. (2002), which computes a locally optimal policy rule at a
given point in the state space. Ferndndez-Villaverde and Levintal (2024) apply this
approach to a heterogeneous agent model. We apply Taylor Projections (Levintal,
2018) and Dynamic Perturbation (Mennuni et al., 2024) dynamically within our
filtering framework, updating the local policy rule at each forecasted state. None
of these papers considered full-information estimation, which is the focus of our
paper.

Our main application integrates New Keynesian and search-and-matching mod-
els, similar to Christiano et al. (2016), Thomas (2011), and Gali et al. (2012). The
model is closest to Krause et al. (2008), but a key difference is that they use a linear
perturbation solution, which fixes elasticities at steady-state values, whereas our
method allows these elasticities to vary over time. This generates state-dependent
monetary policy shock transmission, our main contribution relative to this litera-
ture. We see the mechanism as complementary to alternative explanations of state
dependence based on pricing frictions (Dotsey et al., 1999). Our results also relate
to recent work on the Phillips curve slope (Benigno and Eggertsson, 2023; Gitti,
2024), showing that it steepens in tight labor markets. While those papers impose
explicit kinks to generate this result, we show it can emerge endogenously from a
nonlinear solution.

Outline The rest of this paper is structured as follows. Section 2 presents the
method. Section 3 demonstrates the performance of this method using Monte-
Carlo simulations from the Diamond-Mortensen-Pissarides model and estimation
of the three-equation New-Keynesian model. Section 4 presents the main appli-
cation. Section 5 presents the quantitative model results and supporting reduced-
form evidence. Section 6 discusses extensions with stochastic volatility, regime

switching, and heterogeneous households. Section 7 concludes.



2 Local Linear Solutions and the Time-Varying Kalman Filter

This section presents our main methodological contribution: a novel full-information
estimation framework for nonlinear DSGE models.

2.1 A General Dynamic Stochastic General Equilibrium model

A standard Dynamic Stochastic General Equilibrium (DSGE) model can be repre-
sented as follows (Schmitt-Grohé and Uribe, 2004):

Ey [f(}/t+1,yt,xt+1,xt)] =0, (1)

where y; represents the control variables, and the state variables x; can be parti-
tioned into endogenous variables x1 ; and exogenous variables x; ;. We assume the

exogenous variables follow a stationary VAR(1):

x2,t41 = Axpp + BNjpia, (2)

where 7); is a vector of Gaussian exogenous shocks. Endogenous variables x1 41
depend on x; through an unknown nonlinear mapping. Hence, a solution to (1) is

characterized by two implicit functions,
X141 = h(xt),
which implies the states x; evolve as

h(xt)

Xt+1 =
Ath

" (g) D, 3)

also known as the state transition equation, and the policy function:

v = g(xp). (4)

A and B are assumed to be known functions of structural parameters (that may
have to be estimated), while ¢ and / are the unknown functions to solve for.



2.2 Likelihood Evaluation

Estimating a DSGE model requires specifying an observation equation that maps

the observed variables to the model’s states and controls:
Yy = f(ye, xe) + e = f(g(xr), xp) + e'F = Z(xy) + e}, (5)

iid.
where SNE ~

N(0, Q) is measurement error. To estimate parameters using full-

information methods, we must evaluate the model’s likelihood function:

T
p(vee) = | | pws™lvees)).
t=1

obs
t

) recursively requires a filter, an algorithm

However, evaluation is complicated by the dependence of y;°° on the latent state x;.

obs obs
t | Yl:t—l

that integrates out the latent state.

Computing the sequence p(y

Following Herbst and Schortheide (2016), a general filter can be written as follows.
Initialize p(xo) = p (xolYﬁgs), here, as a Gaussian density with mean % (e.g., equal
to the steady state of the model) and an initial covariance matrix Py. Next, for

t =1,..., T, we iterate between forecasting t given t — 1, using;:

p (xt | Ylfffl) = / p (xt | xt_l,Yﬁ’fl) p (xt_l | Yl":lt’fl) dx;—1 (Transition Eq.) (6)

state-transition kernel

p (yfbs | Yﬁ}t’fl) = / p (yfbs | xt,Yﬁ}t’fl) p (xt | Yﬁ}t’fl) dx; (Observation Eq.) (7)

observation kernel

and updating with Bayes rule:

) _ p (l‘/?bs | xf'YﬁEJ p (xf | Yﬁ?;) (8)

p (v 1Y)

Traditionally, the problem of solving the model, that is, obtaining functional forms

P (xt | Ylo:?s) =p (xt | y?bsfylo:?fl

for the state-transition equation (3) and the policy function (4), is treated separately
from the filtering problem in Equations (6)—(8). However, the choice of solution



method, and in particular the functional forms of ¢ and h, directly affects the
complexity of the filtering problem.

When the functions x1¢4+1 = h(x;) and y; = g(x;) in Equations (3)—(4), together
with the observation equation (5), are assumed to be linear, the state-transition
and observation kernels are Gaussian. In this case, Equations (6)—(7) reduce to
convolutions of normal densities, and the filtering problem simplifies to the Kalman
filter. This corresponds to the standard approach in which a DSGE model is
solved using a first-order perturbation and filtered via the Kalman filter (for a
textbook treatment, see Herbst and Schorfheide, 2016). While easy to implement
and computationally efficient, first-order perturbations have important limitations:
they impose certainty equivalence, assume constant elasticities to shocks, and may

yield poor approximations far from the steady state (Judd et al., 2017).

Higher-order perturbations (Judd, 1998) address some shortcomings of linear solu-
tions but introduce additional complexity, require pruning for stability (Andreasen
et al., 2018), and remain centered around a single expansion point. Global solution
methods, such as those based on projection techniques, provide accuracy across
the entire state space but are computationally intensive. In either case, when the
state-transition function (3) and/or the policy function (4) are nonlinear, likelihood

evaluation requires nonlinear filters, which can be costly for larger models.

An important insight is that although general nonlinear solutions complicate fil-
tering, the Kalman filter remains valid when the state-transition and observation

equations take the form (Hamilton, 1994; Durbin and Koopman, 2012):

xin = o (Y% )+ T (Y, ) i + R, ©)
yr = d (Y5, ) + 2 (e ) oo + ), (10)

where c(-), T(-), d(-), and Z(-) are arbitrary functions of the observed data history

Yl‘ffl. Conditional on data up to t -1, the state-transition and observation equations

are linear and Gaussian. As a result, Equations (6)—(8) reduce to convolutions of

normal densities, and the Kalman filter remains optimal.

Now suppose that, given the data history Yl‘?lt’fl, a state forecast £;;_; is obtained,

and we approximate the functions ¢ and / using a local linear specification, centered



at x and parameterized by © = (01, ©,, O3, By):

3(xt;8) = O1(x) + O2(x)x, (11)
h(x;0) = O3(x) + Oy(x)x:. (12)

Note that © is an implicit function of the point of approximation x. Local lin-
ear model solutions of the form in Equations (11)-(12) arise in Den Haan et al.
(2015), Levintal (2018), and Mennuni et al. (2024), we elaborate on this in the next
subsection. Assume that we approximate the solution at x = £4;_;. Under these
assumptions, the state-space system becomes:

Yo = d; + Zyxy + eME, (13)
O3 (£41-1) Oy (£41-1) 0
Xt = + Xt + , 14
t+1 0 A t B Ni+1 (14)
N——
Ct Tt R

where ¢; = c(®;—1) and T; = T(£;;—1). The coefficients d; = d(%;;_1) and Z; =
Z(%¢¢-1) may include elements of O(%;;—1) as well as other model parameters,
depending on the observables. Since £;;_; is a function of Yﬁlt’fl, Equations (13)-
(14) are consistent with the form in Equations (9)—(10) and the Kalman filter.
While the solution in Equations (11)—(12) and the resulting state-space model are
locally linear, the structure offers greater flexibility than standard linear perturba-
tion methods by allowing model dynamics to vary with the current state forecast.
This enables the system to capture nonlinearities and state-dependent behavior, as
discussed in the next subsection.

2.3 Local Linear Solutions

Next, we detail how to obtain solutions of the form in Equations (11)-(12). For
our implementation, we adopt a dynamic version of the Taylor projection method
(Levintal, 2018) because of its computationally efficiency. However, the filtering
framework in this paper is flexible and is also compatible with alternative local
linear solution methods.



First, assume the policy function g(x;) and law of motion h(x;) take the form:
g(xs) =01 + Ooxy,  h(xy) = O3 + Oyx;.

This implies the following for current and future controls and future states:

7t = O1 + Oyx; (15)
B ® Q) 0
Fip1 = 03 + A4 Xt + (B) Nt+1 (16)
Vi+1 = O1 + O2F 41 (17)

The approximate residual function R(x;, ®) is constructed by substituting (15)-(17)
into the equilibrium condition (1):

R(xt, ®) = E; [f(]?tﬂ/ Vt, Xt+1, Xt)] . (18)

The coefficients © are chosen such that the residual (18) is approximately zero
around x, by equating the first-order Taylor expansion of the residual function at x

to zero, which implies:

R(x,©") =0, ViR(x;, ®)

_.=0.
X=X

Solving this system at a given state x yields a set of state-dependent coefficients
©(x), which define the approximate solutions g (x;, ©(x)) and /1(x;, ©(x)). Asnoted
above, we set x = %;_1 to construct a sequence of solutions at the forecasted states
of the filter. These approximations are locally accurate around each x, and, because
the solution is updated dynamically at x = %;;_q for t = 1,...,T, they remain

accurate throughout the sample.

Dynamic Perturbation. An alternative way to obtain local linear solutions of the
form in Equations (11)—(12) is the Dynamic Perturbation (DP) method of Mennuni
etal. (2024). Like Taylor Projection, DP approximates the policy function and law of
motion locally by linear functions. The key difference is that DP does not determine

the coefficients ® by imposing that a single residual function is locally zero and



locally flat at a point x. Instead, DP constructs a sequence of local approximations

along an equilibrium path.

To see this in our notation, suppose that at date t + 1 we have a local linear ap-
proximation characterized by ©(£;,1);). Given a current state x; = x, DP first solves
the equilibrium conditions for the current controls y; and next-period endogenous
states x1 41, taking the next-period local policy rule as given. It then applies the
Implicit Function Theorem to compute the derivatives of y; and x1 ;41 with respect
to x¢. These levels and derivatives define the coefficients ®(x) in Equations (11)-
(12). Repeating this argument along the path yields a time-varying sequence of

local linear decision rules.

Relative to Taylor Projection, DP has two attractive features for our purposes. First,
it allows the local approximation used at date ¢ to differ from the approximation
used at date t + 1, which improves accuracy when the equilibrium path moves
away from the steady state. Second, DP extends naturally to environments with
regime changes or occasionally binding constraints. This is especially useful in our
applications, since it allows the solution to accommodate the zero lower bound and
the associated shift in local dynamics. The potential cost is computational. Taylor
Projection requires a local approximation at only one state, whereas DP constructs
local approximations sequentially along the equilibrium path. We explore these
trade-offs in the applications.

Properties of the solution Any differentiable function can be locally approxi-
mated by a linear function, with coefficients that depend on the point of approxi-
mation. By evaluating these approximations at multiple points in the state space,
the solution captures global nonlinear dynamics. For example, allowing the co-
efficients © to vary with the state enables the model to capture features such as

state-dependent elasticities to shocks.

A second important property of the solution approach is that, unlike standard
first-order perturbation methods, Taylor projections and Dynamic Perturbation do
not impose certainty equivalence. Because the residual function R(x;, ®) includes
expectations over future shocks, the resulting decision rule coefficients depend on
the stochastic properties of the exogenous states, such as shock volatility.

10



One potential computational bottleneck is that the residual function involves ex-
pectations, which would ordinarily require numerical integration. However, when
policies are linear in logs and shocks are Gaussian, these expectations can often
be computed analytically, including in several of our applications.* This yields an
exact nonlinear system, which improves both speed and accuracy: it eliminates
integration error, accelerates residual evaluation, and provides exact Jacobians for

use with nonlinear solvers.
2.4 Time-Varying Kalman Filter

Taking stock, the time-varying linear state-space system in Equations (13)—(14),
together with the local linear solution method outlined in the previous subsection,
give rise to the filtering procedure described in Algorithm 1. In words, Algorithm 1
computes alocal linear approximation of the policy function g and thelaw of motion
h at the forecasted state X;;_1, which represents the best estimate of the current
state x; based on data through period t — 1. This approximation is then mapped
into the linear state-space form given by Equations (13) and (14), and the Kalman
filter is used to generate a forecast for the next state, £;.1;. The procedure is then
repeated: a new local linear solution is computed at £;,1;, mapped into state-space
form, and used to forecast £;,t1+1, and so on.

This filtering approach differs fundamentally from traditional methods, which
solve the model once per likelihood evaluation and then apply a filter. In contrast,
the solution here is constructed dynamically within the filtering procedure at each
forecasted state, providing a computationally efficient means of accurately approx-
imating global model dynamics. Because they are computed only at the relevant
states implied by the data, they eliminate the need for costly global solution and
nonlinear filtering procedures.

The corresponding smoothing procedure is presented in Algorithm 2 in Ap-
pendix A. The Kalman smoother relies on the same sequence of system matrices
computed in Algorithm 1 and therefore does not require re-solving the model.

*When relevant, we provide additional details on this step in the Appendix. For a normally

distributed random variable, E[e“*] = getycio?,
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Algorithm 1 Time-Varying Kalman Filter

Initialize: Set t = 0, start x¢ in the steady state, and initialize covariance Pyo.
whilet < T do

Solution Step: Solve the model using Taylor Projections at £;;_1, obtaining
the state space system in Equations (13)-(14).

Update Step:

Compute the Kalman gain:

F; = ZtPt|t—1Z; +H (19)
Ki = TPy Z, ;! (20)

Update the state estimate using the new observation y;:

v = YOS — ZiRyyo1 — di (21)
Rep = Xyjp1 + Kpoy (22)

Update the covariance:
Py = (I = K¢ Zt)Py—1 (23)

Prediction step:
Compute the predicted state estimate:

o1t = TeRype + 4 (24)
Compute the predicted covariance:
Py = TiPy T/ + RQR’ (25)

Advance time: Set t < t + 1 and repeat.
end while

2.5 Relation to the Extended Kalman Filter

The extended Kalman filter (EKF) provides the natural oracle benchmark for our
approach. Suppose the true equilibrium policy ¢*(x;) and endogenous transition

h*(x¢) are known. Then the nonlinear state-space system can be written as

v = Z(x) + g, (26)
h(x4) 0

= + , 27

Xt+1 sz,t (B) Nt+1 ( )

12



where Z(x;) = f(g*(x¢), x¢) in the notation of (5). The EKF then constructs a time-
varying linear state-space system by taking a first-order Taylor expansion of ¢* and
h* around the forecasted state x:

8 (xt) = g"(x) + Dxg"(x)(xt — x), (28)
h*(xt) = h*(x) + Dxh™(x)(x¢ — x). (29)

Thus, if the true global solution were available, the EKF representation would
be immediate. The relevance of this oracle benchmark for our framework is that
the same first-order objects of (28)-(29) can be recovered from the equilibrium
system itself, if the true continuation policy ¢ were known. Fix a current state
x¢ = (x7,,%;,)", and let ¢ denote a candidate continuation policy for future controls.
Conditional on g, the period-t equilibrium system (1) implicitly defines an implied

current control vector and an implied endogenous transition,

§(xi;9),  h(xig),

with next-period state
h(xi; g)

Xi+1 =
Ath

B

+ (0) feat. (30)

Equivalently, (3, /) is defined by the period-t equilibrium system

E [f(g(xt+1),§(xt;g),xt+1,xt)] =0, x¢+1 given by (30). (31)

Hence any continuation policy ¢ induces a one-step operator
g (8(;8),h(;9))-
Now let (g, h*) denote the true equilibrium policy and endogenous transition. If

the continuation policy used in (31) is the true policy g%, then the induced objects

coincide with the truth:

3x8) =g(x),  h(xy;8") = h'(xy). (32)

13



That is, the true equilibrium pair is a fixed point of the operator induced by the
period-t equilibrium system.

Under standard local regularity conditions, this fixed-point property extends to first
derivatives. Specifically, if the equilibrium system is continuously differentiable
and the Jacobian with respect to the current unknowns (y;, x1,¢+1) is nonsingular,
then the implicit function theorem implies

ng(x/' g*) = Dyg"(x), Dxﬁ(x} g*) = Dyh*(x). (33)

Accordingly, if the true continuation policy were known, the equilibrium system
would recover both the level and the Jacobian of the true policy and transition
functions at the expansion point.

Consider now a first-order local equilibrium solution at a point x, written as

G(xe;x) = ag(x) + bg(x)(x; — x), (34)
hi(xe; x) = ap(x) + b (x)(x; — x). (35)

By (32)—(33), if the continuation policy used to construct the local solution is g~,
then

ag(x) =g"(x),  bg(x)=Dxg"(x),  ap(x)=h"(x),  ba(x)=Dxh"(x). (36)

Thus, in the oracle case, the local equilibrium solution coincides with the first-order
Taylor expansion of the true global solution. Comparison of (36) with (28)—-(29)
therefore shows that the EKF is the oracle case of our framework.

The oracle case is, by construction, infeasible. If g* were known, no solution method
would be required. The role of a first-order local solution method is therefore to
approximate the continuation policy entering (31). This interpretation applies to
both first-order Taylor projection and first-order dynamic perturbation. Taylor
projection closes the local system by restricting future policy to the same local
rule used at the current point. Dynamic perturbation instead closes the system by
constructing the continuation policy along an auxiliary path. In both cases, the
quality of the resulting local solution is determined by the quality of the induced
approximation to g*.

14



This dependence can be stated locally in terms of the operator g — (§(-; g), ﬁ( ;)
If the equilibrium system is continuously differentiable and its Jacobian with respect
to the current unknowns is nonsingular at (x, g*), then there exist a neighborhood
N(x) of x and a constant Ky(x) > 0 such that

13(x;8) = &I + 1h(x; @) = (Il < Ko(x) sup llg(z) =g @I, (37)
zeN(x)
for all continuation policies g sufficiently close to g*. If, in addition, the equilibrium
system is twice continuously differentiable in the current unknowns and the state,
then there exists K1(x) > 0 such that

IDx§(x; 8) = Dxg" ()|l + | Dxi(x; g) = Dxh™(x)|

< Ki(x)| sup lg(z) - g" @Il + sup [|D.g(z) —D:g"@)II|.  (38)
zeN(x) zeN(x)

Thus both level and derivative errors are locally controlled by the continuation-
policy error. This yields the relevant comparison with the EKF. The oracle EKF
presupposes the true global solution and then linearizes it. Our approach instead
solves the equilibrium system locally after closing it with an approximation to
the unknown continuation policy. The oracle case obtains when the continuation
policy used to close the local system coincides with ¢, in which case the induced
linear state-space system is exactly the EKF representation. More generally, when
the continuation-policy approximation delivered by these methods is accurate, the
resulting local linear system is correspondingly close to the oracle EKF.

Our main contribution is that we obtain this object without needing to know or
compute the global nonlinear solution: we approximate the unknown continua-
tion policy, solve the equilibrium system locally, and then apply the time-varying
Kalman filter. In this sense, the method delivers a computationally tractable ap-
proximation to the oracle EKF.

3 Two Canonical Examples

In this section, we compare the performance of our proposed estimation frame-

work to existing methods using simulations of the Diamond-Mortensen-Pissarides
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model, and further demonstrate the method by revisiting the textbook three-
equation New Keynesian model, with and without the zero-lower bound. Both
models are known to be poorly approximated by standard perturbation approaches
(Petrosky-Nadeau and Zhang, 2017; Judd et al., 2017).

3.1 Diamond-Mortensen-Pissarides model

We briefly describe the model environment, which is standard. The only non-
standard assumption is the one made with respect to the timing of separations and
hires. Following the literature on labor search in NK models (Christiano et al.,
2016), we assume workers who lose their jobs at the beginning of the period can

search within the period for a new job.

Firms post vacancies V; to maximize the present discounted value of profit taking

wages as given:

iﬁt{ (ezt - Wt)Nt — KVt}

t=1

Eo subjectto Ny = (1 —0)Ni—1 +q: Vs,

where the flow payoff is output e* N, net of wage expenditures W;N; and vacancy
posting costs kV;, 6 is the job destruction rate, and g; the vacancy filling rate. In
equilibrium, the Nash wage is given by W; = ne* + (1 —n)v, where 1 is the worker’s
bargaining weight, and v is the outside option of the worker. The model consists of
one policy: 0;, the natural log of market tightness, and one state, z;, the marginal

product of labor. Hence, the equilibrium is characterized by two equations:
C —_—
qt
- : : 2
Zt41 = pzt + €141, €41 ~ N (0,07)

=)+ pa- o8 | |
qr+1

We assume the matching function is Cobb-Douglas® which implies

g = xe

5This assumption is typically justified as a way of making low-frequency (quarterly) NK models
conform with labor markets where most unemployment spells last only a few weeks. According to
the estimate of Ahn and Hamilton (2022), two-thirds of workers exit unemployment within the first
quarter of an unemployment spell.

®Note, scaling the matching function by some matching efficiency is identical to rescaling the
vacancy cost c.
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where a is an elasticity, and x matching efficiency. Let
Or = 0 — Oss,

denote the log deviation of 0; from its steady state value Oss. Using this defi-
nition and the functional form of the matching function allows us to rewrite the
equilibrium job-creation condition as:

N z
et_

e = (1-p(1-9))

v .
1-8)E [ “QM] 9
B O |e (39)
Model Solution: Log-linearization and higher-order perturbations The log-
linear solution as well as higher-order perturbations for this model can be computed
analytically. Define x := (1 — 6). The log-linear policy rule for 0; = T'ssz; has

1-x
a(l-v)(1-xp)

I—‘ss =

with a constant elasticity of market tightness to marginal product of labor €(6;, z;) =
I'ss. Derivations are detailed in the Appendix.

Model Solution: Taylor Projection The DMP model above has one state (produc-
tivity, z;) and one policy to solve for: market tightness 6; = g(z;). Hence, mapping
this back to our previous notation, our state x; = z; and our control y; = 0;. We

approximate the policy function by:
6 =T +Ia(z — 20) (40)

where local policy coeffients (I';, I'2) implicitly depend on the approximation point
zo and model parameters. Because the exogenous state is a Gaussian AR(1), we can
rewrite

Or+1(z, €) = T1 + Ta(pz + o0&’ - 20)
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The TP method identifies (I'y, I';) by imposing that the equilibrium residual R(z)
of the job-creation condition is locally zero and locally flat:

IR(z)

0z =0.

Z=Zt

R(zt) =0,

The residual function simplifies to:

A z _
R(z) = e?0E) — (1 - 1) 61 ’

- K Et [eaét+1(2,€):|

er —v
1-v

— ea(l"1+l"2(z—zo)) _ (1 _ K) —x Ez’ [ea(l"1+l"z(pz+ag'_zo))|z]

Model Solution: Dynamic Perturbation The Dynamic Perturbation approach of
Mennuni et al. (2024) is also based on a local linear approximation of the policy
rule, but differs from Taylor Projection in how the coefficients are obtained. Rather
than choosing (I'1, I'2) so that the residual of the job-creation condition is locally
zero and locally flat at zg, Dynamic Perturbation computes the policy coefficients
recursively along the equilibrium path. Given an approximation for next period’s
policy rule, the method solves the current equilibrium condition for 0; and then
uses implicit differentiation to obtain the slope of the policy rule with respect to the
current state z;. This yields a sequence of time-varying local coefficients (I'1 +,I'2¢),
indexed by the point of approximation, rather than a single approximation tied
to one state. In the Appendix, we show that for the DMP model this recursion
admits an analytical characterization, so the Dynamic Perturbation solution can be

implemented without numerically solving a nonlinear system at each step.

Model Solution: Global For the global model solution, we solve the model using
time iteration on the job creation condition, using a finely discretized grid of z;.
We use Chevychev interpolation to evaluate the policy in between grid points.
Since the model only has one state and one policy, the global model solution is
computationally inexpensive.

Comparing Model Solutions Figure 1 compares four solution methods: (i) a
global solution that approximates the policy function by projecting onto a poly-
nomial basis, (ii) a dynamic Taylor projection recomputed at each point along the

simulated path, (iii) a dynamic perturbation solution recomputed at each point
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Figure 1: Comparison of log-linear, global, dynamic Taylor projection, and dynamic perturbation
solutions of the DMP model for the same path of productivity z; of length T = 1000.
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along the simulated path, and (iv) a log-linear solution around the non-stochastic
steady state. All methods are evaluated on the same productivity realization (top-
left panel), yet they generate materially different dynamics for market tightness.
The global solution, dynamic Taylor projection, and dynamic perturbation solu-
tions track each other closely throughout the simulation, whereas the log-linear
approximation exhibits sizable discrepancies, with deviations of up to 35% in mar-
ket tightness. Moreover, the dynamic Taylor projection and dynamic perturbation
solutions replicate the time-varying elasticity of market tightness with respect to
productivity, a key nonlinearity of the DMP model; in contrast, log-linearization
imposes a constant elasticity.

State-Space Representation To make explicit how the Taylor projection or Dy-
namic Perturbation solution maps into a linear state space model, assume we ob-
serve market tightness and log wages, with measurement errors. The local linear
solution methods imply a linear mapping of log market tightness 6; to the state,
and wages w; = log W;/W;, can be linearized using a first order expansion around

the current state forecast Z;;_; as:

dw(z)
dz

w(zy) = w (2t|t—1) + (zt = Z4¢-1)-

Z=Z¢t-1
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This implies the following state-space representation:

gobs T1 (246-1) = T2 (2ej0-1) 2o T2 (24-1) E
t = 2 2 2 4 ~
wobs |~ log nelt-14+(-nv | _ Zf|t7177€'z”t’1 + ] ne”tlt-1 zZr + &
t n+(1-n)v ne“tt=14(1-n)v ne“tt=14(1-n)v

2
Zt+1 = P2zt + M1, M ~ (0, 02).

We can then use Algorithm 1 to filter the underlying states and evaluate the likeli-
hood of this model.

Filter Accuracy: Euler Errors To evaluate the accuracy of the solution method,
we compute Euler errors, which measure the extent to which the policy rule ap-
proximates the decision implied by the model’s equilibrium condition, in this case
the job creation condition (39). As per our theoretical framework, the filter accuracy
is determined by how well a policy rule computed at a local point Z;;_ approxi-
mates behavior at the future states, z;+1. To asses this, at each period t, we use the
policy rule computed at Z;;_; to evaluate the expected Euler error implied by the
equilibrium condition at future states z;11 ~ N(Z;41jt, Pr+1)t). Based on a simulation
of T = 10,000 periods from a globally solved model with parameters reported in
Table 2, we find that the average (over time) expected Euler error is —4.46 for Taylor
Projection, and —4.27 for Dynamic Perturbation, with 99% of realized errors below
—3.59 and —3.33 respectively. This indicates that the policy rule remains highly
accurate even when applied one step ahead, before recomputing the solution at the
next forecast.

Table 1: Simulated Euler Errors for log-linear solution and the local linear policy rules of Taylor
Projection and Dynamic Perturbation. For the local linear methods, the policy is computed at Z;;_4

and the Euler error is evaluated at future states zgy1 ~ N(Z441)¢, Pri)e) for a simulation of length
T =10, 000.

Log-Linear Taylor Projection Dynamic Perturbation

Mean -1.74 —4.46 —4.27
90th percentile -1.28 —4.06 -3.83
99th percentile -1.06 -3.59 -3.33

1/52
Note: Calibration: r = 0.04, = (ﬁ) ,a=0.50,1=0.50,v=0.85 0ss =1, gss = 0.5, ugs = 0.1; p = 0.9895, 0 = 0.0034.
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Monte Carlo Next, we evaluate the performance of the various filters in a simu-

lation.

Table 2: Comparison of solution and filtering methods for the DMP model at T = 200. MSE is
scaled by the unconditional variance of the corresponding variable.

Method Particles 100 x MSEy 100 x MSE,, 100x MSE, Time (s)
Global + EKF - 1.53 1.53 0.67 0.081
DP + TV-KF - 1.54 1.54 0.67 0.036
TP + TV-KF - 1.55 1.54 0.67 0.071
Log-linear + KF - 2.42 221 0.89 0.002
200 1.64 1.63 0.75 0.021
2nd-order pert. + PF 2,000 1.53 1.53 0.67 0.086
20,000 1.52 1.52 0.67 0.269
200 1.61 1.62 0.76 0.023
3rd-order pert. + PF 2,000 1.51 1.51 0.68 0.096
20,000 1.50 1.50 0.67 0.311
200 1.61 1.62 0.76 0.035
6th-order pert. + PF 2,000 1.51 1.51 0.68 0.165
20,000 1.50 1.50 0.67 0.501
200 1.61 1.61 0.76 0.111
Global + PF 2,000 1.51 1.51 0.68 0.278
20,000 1.50 1.50 0.67 1.558

Note: Calibration: r = 0.04, 8 = ( ! )1/52

)" 2 =050, =0.50,v = 0.85; Oss = 1, s = 0.5, ugs = 0.1;
p =0.9895, ¢ = 0.0034.

We simulate 1,000 datasets from the DMP model using a global solution method, for
T = 200 which is comparable to the length of a typical macro dataset. We add mea-
surement error of 20% of the true standard deviation to construct observable market
tightness and compare five solution—filtering methods: (i) linear perturbation with
Kalman Filter (Linear+KF), (ii-iv) second, third and sixth order perturbations with
Particle Filter, (v) global solution with Particle Filter (Global+PF), (vi) Taylor Pro-
jection with Time-Varying Kalman Filter (TP+TV-KF), (vii) Dynamic Perturbation
with Time-Varying Kalman Filter (DP+TV-KF), and and (viii) global solution with
Extended Kalman Filter (Global+EKF). We fix the structural model parameters to
their true values (see note in Table 2), and our goal is to assess how well each

method recovers the unobserved states from the simulated data. Table 2 evaluates
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performance by comparing the mean squared error (MSE) of the true and filtered
state. Additionally, the table reports computation times for each approach.

As per Table 2, log-linear+KEF is the fastest method (0.001 seconds for a single
likelihood-evaluation), but it has substantially higher error: the MSE is 2.42 for
tightness, 2.21 for wages, and 0.89 for TFP, compared to roughly 1.50-1.55, 1.50-1.54,
and 0.67 for the nonlinear and locally time-varying methods as well as the higher-
order perturbations. As one would expect, a particle filter with enough particles
achieves the lowest MSEs, but computation time rises sharply with the number of
particles: from 0.1 seconds (200 particles) to 1.6 seconds (20,000 particles). More-
over, with only 200 particles, the particle filter is less accurate than the local linear
alternatives: for example, Global+PF with 200 particles delivers an MSE for TFP of
0.76 versus 0.67 for DP+TV-KF and TP+TV-KF. Consistent with our theory, DP+TV-
KF, TP+TV-KF, and Global+EKF have very similar MSEs at low computational cost.
Note that in this small model, the global solution is fast, so Global+EKF and
Global+PF are not prohibitively expensive; however, in larger and more computa-
tionally demanding models, the local time-varying approaches are more scalable.
A third and sixth order perturbation with enough particles is comparably accu-
rate to the global model, but computationally more intensive than DP+TV-KF and
TP+TV-KFE.

Comparing Likelihoods Next, we compare likelihood functions. Data are simu-
lated from the global solution with measurement error in market tightness (20% of
standard deviation) and wages (20%). We simulate a data set of length T = 5, 000.
Figure 2 shows two times three panels of likelihood functions where all parameters
are kept fixed at their true value, expect for one parameter that is varied on a grid.

We consider matching elasticity «, outside option v and bargaining power 1.

The figure shows that the Log-linear+KF likelihoods lead to inconsistent estimates.
In contrast, TP+TV-KF, Global+PF (2,000 particles), and Global+EKF yield almost
indistinguishable likelihoods around the true parameter values, with maximizers
coinciding with the truth. The second row in Figure 2 shows the perturbation
approaches alongside the global solution, confirming the results of Table 2 that a
third order perturbation is approximately as accurate as the global solution for this
particular model. Second-order perturbations still lead to biased estimates, albeit

with smaller bias than the log-linearization.
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Figure 2: Comparing likelihoods for match elasticity , outside option v and bargaining power 1.
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Note: Calibration: r = 0.04, p = 11? ,a=0.50,17=0.50v=0.85 0ss =1, gss = 0.5, uss =0.1; p = 0.9895, 0 = 0.0034.

Figure compares likelihoods computed based on the time-varying Kalman filter with Dynamic Perturbation and Taylor Projection, the
Particle Filter + global model solution, Extended Kalman filter with global model solution, and the linearized model with Kalman filter
(red solid line). Note that all lines except the log-linear-based likelihood are on top of each other. Dots represent the maximum likelihood
estimate. Based on a simulation of length T = 5000 from the global model solution. All other parameters are kept constant at their true
values.

3.2 Estimating the Three-Equation New Keynesian Model with and without Zero

Lower Bound

Our next example is the canonical three-equation New Keynesian model in Gali
(2015), with and without a zero lower bound on the interest rate. Given the model
is very well known, we leave most model details to Appendix C. A minimal state-
space representation of the model consists of the state variables: productivity a,
discount factor shocks d; and monetary policy shocks m;, all following an AR(1),
collected in x; = (at,ds, m;), and policy functions for inflation and employment
{I1(x:), N(x;)}. These policies are determined by two equilibrium conditions: the
Euler equation (IS curve) and the optimal price-setting condition (New Keynesian
Phillips Curve). An auxiliary Taylor Rule determines the nominal interest rate R;.

Given the minimal state representation, we solve for two policies mi; = log(I1;/IT)

and n; = log(N;/N), that is inflation and employment in log deviations from their
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steady state values:

" (ar, dy, my) = ag + arar + andy + azmy

9" (a¢, d, my) = Bo + Prar + Pod; + Pamy,

where the coefficients ay, a1, az, a3, fo, p1, 2, 3 will differ at each point of the
state-space where the local approximation is computed. In Appendix C, we show
how expectation operators of equilibrium conditions can be solved in closed form,

resulting in large computational gains.

Once we introduce a ZLB into the model the resulting perturbation policies become
regime dependent with j € {C, U} denoting constrained or unconstrained:

i (ar, dr,me) = @o,j + 1, jay + iy + oz jmy

& (ar, dy,my) = Po,j + P1,jar + Pojds + B3 jmy,

State-Space Representation The states of the model x; = (a;, d;, m;) are exoge-
nous, so the state-transition equation is not time-varying, with system matrix

T = diag(pa, pa, pm), and Q = diag(o?2, 02, 02,) determined by the AR(1) parame-

b

ters. Assume we observe detrended log output yf obs

t
terest rates rt"bs. The observation equation, conditional on the solution at x = %;;_1,

®, log inflation 71?°°, and log in-

is:

ytObs ,BO (X) a;
n‘t)bs = Ttss + ap (x) +Z(x)| d; |+ erIE, where
r;)bs rss + Yrao (x) + Yy Po (x) mi
p1(x)+1 B2 (x) B3 (x)
Z(x) = a1 (x) as (x) as (x) ,

Yran (x) + Py (B1(x) +1) Yraz(x) +Pyf2(x) Yras(x)+ s (x) +1

where 155 = log(IT) and 755 = log(R). Note that the bottom row in Z(x) reflects how
interest rates depend on both output and inflation through the monetary policy
rule ry = Y1 + 1,y +my. This linear state-space representation allows us to solve
and filter the model as in Algorithm 1.

24



To filter the model with the ZLB, we assume that it is known to the econometrician
when the ZLB episodes take place. In that case, in periods where the ZLB does not
bind, one uses the unconstrainted (U) policies, and the state space system above.
When the ZLB binds, one uses the constrained (C) policies, and the intercept of the
observation equation for rfbs becomes —7;s and the row of Z(x) corresponding to

rfbs becomes a row of zeros.

Runtime We use Matlab on a standard laptop without parallelization.” We sum-
marize the computation times in Table 3. One thing to note is to get accurate
estimates with the particle filter, one needs about a million particles, despite only
having three states, making the particle filter computationally costly. This is be-

cause the number of particles grows exponentially with the number of states.

Table 3: Computation time (seconds) for a single likelihood evaluation for T = 250.

Method No ZLB With ZLB
Loglinear + KF 0.002 0.002
Global + PF (1,000,000) 244.8 248.6
Global + PF (100,000) 24.52 26.10
DP + TVKF 0.002 0.044
TP + TVKF 0.007 —

Comparing Likelihoods As in the previous subsection, Figure 3 compares the
likelihoods implied by the different solution methods and filters, for both the
model with and without the ZLB. To do so, we simulate a series of length T =
3,000 from the global model solution. The top row of Figure 3 shows that, for
the three-equation New Keynesian model, using a log-linearization introduces
no bias, which is unsurprising given that the functional forms make the model
essentially log-linear. For the model with the ZLB, however, the log-linear model
solution, which ignores the ZLB, generates substantial bias. Interestingly, if one
uses the log-linear model and treats the ZLB dates as missing, this bias disappears,
but this approach discards approximately 10% of the data. By contrast, dynamic
perturbation combined with the time-varying Kalman filter uses all the data and
closely matches the likelihood produced by the global method with the particle
filter.

’Computations are done on a Apple Macbook Pro with an Apple M3 Max processor and 64GB
RAM.
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Figure 3: Comparing likelihoods for the Phillips curve slope «, weight on output in the Taylor rule
¢y, and inverse Frisch elasticity 1 in the Three Equation New Keynesian Model
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Note: Calibration: T =1, = 0.9971, R* =1.0088, y = 0.1, =2,k = 0.07, ¢ = 2, ¢y, = 0.5; p, = 0.85, 0, = 0.005, p; = 0.92,
o4 = 0.012, pyy = 0.7, 0,y = 0.007. Figure compares likelihoods computed based on the time-varying Kalman filter with Dynamic
Perturbation and Taylor Projection, the Particle Filter + global model solution, and the linearized model with Kalman filter. Based on a
simulation of length T = 3000 from the global model solution. All other parameters are kept constant at their true values.

4 A New Keynesian Model with Labor Search

We present a New Keynesian (NK) model with Diamond Mortensen Pissarides
(DMP) labor market frictions, where monetary policy transmission depends on
firms’ flow surplus, leading to state-dependent effects.

41 Model
Overview The economy consists of households that consume and supply labor,
intermediate-good producers that set prices and hire in a frictional labor market,

and final-good producers that aggregate intermediate goods while taking prices
as given. Wages are determined by Nash bargaining between the representative
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household and intermediate goods firms, and the government sets the nominal

interest rate according to an inertial Taylor rule.

Timing We follow the same timing assumption as the DMP model in Section 3.
Each period consists of four stages: (i) separations, (ii) search and matching, (iii)

bargaining, and (iv) production and consumption/saving.

Households Households are composed of a continuum of membersi € [0, 1] who
derive utility from consumption c;(i) and supply one unit of labor n;(i) € {0, 1}
if employed. Members perfectly insure each other against income fluctuations.
Defining aggregate consumption and employment as C; := f ci(i)di and Ny :=
f n¢(i) di, the household maximizes utility:

°° C/7" -1
Bo |, B D],
t=0

s.t. P;C; + By = PyW;N; + Pt(l - Nt)b + R;1Bi1 + T3,
N = (1= 6¢)Ni1 + qi Vi

Here, § is the discount factor, D; is a preference shock, 1/7 is the intertemporal
elasticity of substitution, P; is the final good price, B; are one-period risk-free
bonds with gross return R, and T; are lump-sum taxes net of firm profits. W; is
the real wage, b is the value of non-employment, 0; is the separation rate, V; is the

number of vacancies, and g; is the vacancy filling rate.

The first-order condition for consumption yields the marginal utility
Ay = DiC/T,

and the stochastic discount factor is given by

The saving Euler equations is:

Dt+1 Ct+1 o Pt Rt
1 =8E; |R =E
B t[ D, ( C, ) ] tth,Hl ],
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where I'l; = P;/P;_; is inflation. The household surplus from employment, using
the envelope condition, is

Sth =W;-b+E; [Qt,t+1(1 - 5t+1)5f+1] ’

representing the present value of a marginal employed household member.

Search and Matching Aggregate hires are determined by a constant-returns-to-
scale matching function M; = A;M(V;, S¢), where A; is matching efficiency, V; is
the number of vacancies, and S; is the mass of unmatched workers. Given the
timing, unmatched workers are given by:

St =1—(1—06¢)Ni-1,

which includes workers who were not matched previously and those who separated
at the start of the period. Market tightness is defined as ®; = V;/S;, and the vacancy

filling rate is:
- M

9= = AM (1,071).

Final Goods Producers Final-good producers aggregate intermediate goods Y;(j),
j € 10,1], using a CES aggregator:

1

1 T—y
Yt:( / Yt(j)l—ydj) -

They take input and output prices as given and maximize profits. Optimality

implies the demand for good j:

)= (552) v

Intermediate Goods Producers A continuum of identical monopolistic producers
j € [0, 1] produces using the linear technology

Yt(]) = Zth(j)/
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where Z; is aggregate productivity. Firms face quadratic Rotemberg price adjust-
ment costs,

¢

Ac)= 5 [

Pi_1(j)

and hire labor in frictional markets by posting vacancies at cost c. Each firm chooses

2
—1| v,
2 )t

N¢(j), Vi(j), and Py(j) to maximize:

() = o ) e |22~ Wi NG - Vi) - ACH)|
t=0

subject to:

ZiNi(j) = (P;(t])) ; Yi, [wi]

Ni(j) = (1 = 0p)Ni-1(j) + q: Vi (G). el

The multiplier w; captures the implicit cost of hiring due to downward movement
on the demand curve, while y; denotes the marginal value of employment to the

firm.

Wage Bargaining The wage is determined by the Nash sharing rule
nue = (1 =S,
where 17 is the worker’s bargaining weight. This implies the real wage is
Wi =1n(1 — w)Z + (1 = 1)),

where b is the flow value of non-employment and w; is the implicit marginal cost
of hiring.

Government Monetary policy is determined by a Taylor rule for the nominal

R—RE%E%
t — I Y ’

interest rate:
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where R; is the systematic component of the policy rule and m; is an inertial
monetary policy shock, IT; = P;/P;_; is inflation and Y; is output. The government
balances the budget period by period using lump-sum taxes or transfers.

Exogenous States The discount factor, d; = In D;, productivity, z; = InZ;, and
the monetary policy shock, m;, follow AR(1) processes in logs. The separation rate,
0t = 6e°t, and the matching efficiency, A; = Ae*, also include log-linear stochastic

components that follow AR(1) processes:

d
Zp = Pr2i-1 + 0367, dy = padi_q + 0q€f, My = ppmi_q + opef,

— S — a

Equilibrium Conditions We assume that vacancy posting and price adjustment

costs are rebated to households in lump sum, so market clearing implies:
Ct = Yt = ZtNt.

The household Euler equation becomes:

Di+1 (Ytl) R; ]
1 =8E .
p fl D\ Y| oo

In a symmetric equilibrium, all firms set the same price Py = P;(j) and choose the
same level of employment N;(j) = N; and vacancies V;(j) = V;, which yields the

pricing equation:

D Y,
% =1—¢(Ht—H)Ht+¢ﬁEt t+1( t+1

D; \ '\

1-7
) (41 — H)Ht+1] :

Combining the vacancy posting condition with the Nash wage expression yields
the job-creation condition:

c _ Dt+1 Yt+1 o ¢
= (=) (- w02 -]+ B [<1—5f+1> D, ( Y, ) qml'

The Taylor rule for the nominal interest rate and the law of motion for employ-
ment complete the system. The model admits a minimum state variable rep-
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resentation with state vector x; = (N_1,z¢,d¢, ms,s¢,a¢), and policy functions
{T(x¢), w(xt), O(xt)}.
4.2 State Dependence

The quantitative results section will examine the state-dependent effects of mon-
etary policy shocks. As a preliminary step, analyzing the log-linearized system
helps clarify the model’s propagation mechanisms.

We study the perfect foresight response to a one-time monetary policy shock,
e =1, ¢" =0Vt > 0, using the log-linearized system. Focusing on two key

equations:
e A A 1,
Phillips curve: 7ty = ffty41 — ga)t
. . (1-B(1-9)) . . L.
Job creation: §; = (1)/_ 77)£ v b)a)t +(1-0)p [qt+1 + 7 = 7'ct+1]

The job-creation condition shows that the sensitivity of the vacancy-filling rate (i.e.,
market tightness) §; to a cost shock @; increases as steady-state flow profits, given
by (1 —n)(1 —y —b), decline. This mechanism relates to the fundamental surplus
concept in Ljungqvist and Sargent (2017), but here in the context of monetary policy.
Smaller flow profits amplify the effect of a monetary shock on market tightness,
employment, and output. Since 7t; loads on @; in the Phillips curve, this channel
also governs the inflation response. The degree of price stickiness, ¢, determines
the strength of this pass-through.

In the log-linearized NK-DMP model, elasticities to shocks are constant and pinned
down by steady-state values. In contrast, a nonlinear solution allows flow profits

to vary with the state, generating state-dependent monetary policy transmission.

4.3 Solution and Estimation

We solve the model locally by expressing states and policies as log-deviations from
their steady-state values, e.g., 0; = In(©;/0) and z; = In(Z;/Z). We assume the law
of motion for employment 7, and policy functions for inflation m;, marginal cost

w¢, and market tightness 0; are linear in the state vector x; = {n¢_1,z¢, d;, ms, s¢, as}.
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This yields the following linear functions:

6; = bg + Bext, T = bg + ant/

wt = bg) + wat/ ng = bg + ant/

where each Bl is a 1 X 6 vector. Expectations in the equilibrium system can be
solved in closed form (see Appendix D), and coefficients are recovered using both
the Taylor projection and dynamic perturbation methods.

We map the model to data using six observables: market tightness Gfbs, the sep-
aration rate sfbs, employment nfbs, inflation (GDP deflator) n}’ObS, inflation nf’(’bs

(CPI) and the Federal Funds rate r;’bs. Measurement equations incorporate error:

i, ob i )
nios:nss+nt+a7¥f£fz, i=1,2
nos =y + oMEen, 0> = 0, + obFef,
o = ro + 1 + oMEeT, s =g + oMEes,
. l,0bs _ 2,0bs b b b b b: : =
Letting v, = (77, mPos, mPts, 0708, 1%, s7°°), and solving the model at x =

X¢-1, the state-space system matrices become:

Tiss + b (x) B™(x) bg(x) B"(x)
Ttss + b (%) B™(x) 0 0p: 0000
i = 0 ,thlOOOOO,Ct_ 0 ,Tt:OOdeOO,
b8 (x) BY(x) 0 000 py 00
rss + by(x) B"(x) 0 0000 ps O
0 000010 0 00000 pg

We estimate the model using full-information Bayesian methods over the 1984:Q1
—2007:Q4 sample, that is, post Great-moderation and pre-ZLB. Appendix Table B1

summarizes the data and transformations.

4.4 Empirical Framework: State-Dependent Local Projections

While the model yields state-dependent responses to monetary shocks by imposing
a full structural framework, it remains an open question whether such state depen-

dence is present in the data without structural restrictions. To address this, we
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turn to model-free reduced-form evidence to assess whether such state-dependent
effects are empirically relevant. We use the state-dependent local projection (LP)
approach of Cloyne et al. (2023), which extends Jorda (2005). For a policy shock s;

and state variable x;, we estimate:
Yish = O + PuSt +ﬁ§lst(xt -X)+ W Yn + &, h=0,...,H, (41)

where w; includes controls. The state-dependent response is fj, + ﬁA’h‘(xt — ¥). We
estimate the model using IV, interacting the shock and state with external instru-
ments. While causal interpretation requires exogeneity (Gongalves et al., 2023), our

goal is to show this reduced-form evidence coincides with our model output.

Outcomes variables include unemployment, market tightness, CPI, and vacancies,
using JOLTS and the Help-Wanted Index from Barnichon (2010) pre-2001. Controls
include CPI, unemployment, PPI, the excess bond premium, and 12 lags of policy
and outcome variables (as in Bauer and Swanson, 2023). As a proxy for the state,
we use the unemployment rate. As the shock series, we use the narrative shocks of
Romer and Romer (2004) (extended by Wieland and Yang 2020).

5 Model Results

We present quantitative results from the model solved via Taylor projections, using
a time-varying Kalman filter to infer latent states. This approach yields time-
varying impulse response functions and other policy-relevant objects, enabling a

quantification of state-dependent monetary policy transmission.

5.1 Parameter Estimates

Some parameters are calibrated (Table 4), while the remaining parameters are
estimated in a Bayesian framework using a Random-Walk Metropolis-Hastings
(RWMH) sampler; priors and posterior estimates are reported in Table 5. The table
also reports computation times, and shows that it would take approximately 25
minutes to obtain 100,000 draws from a RWMH sampler using Dynamic Pertur-
bation + TV-KFE. All three solution methods—log-linear + KF, Taylor projection +
TVKE, and dynamic perturbation + TVKF—are estimated on the common sample
1984Q1-2007Q4.
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The resulting parameter estimates are generally quite similar across methods. The
main difference is that the log-linear specification implies a substantially larger
measurement error for market tightness than the other two approaches. This is
consistent with the fact that the key nonlinearity in the model stems from the job-
creation condition: the log-linear approximation appears to match the data with
similar structural parameters, but at the cost of attributing more of the discrepancy

to measurement error in market tightness.

Table 4: Calibrated parameters

Parameter Calibrated value
n: bargaining weight 0.5
T: risk aversion 2
y: inverse elasticity of substitution CES aggregator 0.1
qss: steady state vacancy-filling rate 0.6
Oss: steady state market tightness 1
nss: steady state employment 0.945

qss Oss(1-1s5)

0: exogenous job destruction rate (=00 0m)es

sss: steady state separation rate log 6
ass: steady state match efficiency log g5
A=m-y—v)qss

¢: vacancy cost 1-p(1-0)

Figure 4: State-Dependent Policy Coefficients for DP (no ZLB), computed at filtered states
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Table 5: Prior distributions (reported by mean and standard deviation) and posterior means with
standard deviations for the log-linear, DP+TV-KF, and TP+TV-KF specifications. The estimation
sample is 1984Q1-2007Q4 for all methods.

Parameter Prior Distr. Posterior
(Mean, Std.) Log-linear DP+TV-KF TP+TV-KF

Economic parameters

x: slope Phillips curve B(0.15,0.02)* 0.08 (0.02) 0.08 (0.02) 0.10 (0.02)
¢r: inflation Taylor rule G(1.75,0.10)"  1.87 (0.08) 1.88(0.09) 1.83 (0.09)
¢y: output Taylor rule G(0.50,0.10)  0.24 (0.03) 0.22(0.03) 0.23(0.03)
v*: normalized flow value unemployment B(0.90,0.02) 0.98(0.01) 0.98(0.00) 0.98 (0.01)
Exogenous process parameters
100 X o;: std. TFP shocks IG(1.00,2.00) 0.22(0.05) 0.23(0.05) 0.25(0.06)
100 X 04: std. DF shocks 1G(1.00,2.00)  0.65 (0.14)  0.66 (0.16) 0.72 (0.17)
100 X o5: std. separation shocks 1G(1.00,2.00) 4.62(0.35) 4.59(0.36) 4.50(0.32)
100 X 04,: std. MP shocks 1G(1.00,2.00) 0.30(0.03) 0.30(0.03) 0.29 (0.03)
100 X o, std. matching efficiency shocks IG(1.00,2.00) 3.58(0.30) 3.71(0.32) 3.48(0.30)
pz: persistence TFP B(0.50,0.15)  0.97(0.01) 0.97(0.01) 0.98 (0.00)
pa: persistence DF B(0.50,0.15)  0.86(0.03) 0.86(0.03) 0.85(0.04)
ps: persistence separations B(0.50,0.15)  0.87(0.02) 0.87(0.02) 0.87(0.02)
Pm: persistence monetary policy B(0.50,0.05) 0.58 (0.04) 0.57(0.04) 0.59 (0.04)
pa: persistence matching efficiency B(0.50,0.15)  0.84 (0.02) 0.84(0.02) 0.87(0.01)
Measurement error

100 x oME: ME GDP Deflator 1G(0.50,5.00) 0.06 (0.01) 0.06 (0.01) 0.06 (0.01)
100 x 07’\{15: ME CPI Inflation 1G(0.50,5.00) 0.31(0.02) 0.31(0.02) 0.31(0.03)
100 x OME: ME employment 1G(0.50,5.00) 0.11(0.03) 0.13(0.02) 0.14 (0.02)
100 x G%E: ME tightness 1G(0.50,5.00) 1.88(0.71) 0.15(0.07) 0.13(0.07)
100 x o?AE: ME FFR 1G(0.50,5.00) 0.06 (0.01) 0.06 (0.01) 0.07 (0.01)
100 x oME: ME separations 1G(0.50,5.00) 0.29 (0.27) 0.29 (0.30) 0.51 (0.54)
Log posterior kernel at posterior mean 1952.7 1961.5 1945.5
Computation time (seconds, 1000 likelihood evals.) 1.3 14.1 24.6

Notes: “ The prior for « is a Beta prior truncated from below at 0.005. ° The prior for ¢ is a shifted
Gamma prior with support on ¢ > 1. B denotes Beta, G Gamma, and IG Inverse Gamma. The reported
posterior for v* refers to the normalized parameter estimated in the sampler; the model-implied flow value is
v=v(1-y-0.01).
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5.2 Time-Varying Impulse Responses

A key feature of the method is that it solves the model at each point in time. Shock
propagation varies with the underlying state of the economy through the local
policy coefficients, which are constant in a log-linearized model. Figure 4 plots a
subset of these policy coefficients with 68% credible intervals. Since all variables
are in log-deviations from steady state, these coefficients are elasticities. They
vary systematically: the elasticities of market tightness, inflation and employment
to productivity and monetary policy shocks increase in absolute value during

recessions when surplus is small.

Time-variation in policy rules leads to time variation in impulse responses, shown
in Figure 5 for unemployment, market tightness, and vacancies at two dates based
on filtered states: 2000Q4 (high-surplus, weak propagation) and 1992Q2 (low-
surplus, strong propagation). We compare model-implied IRFs to those implied by
state-dependent local projections. The model IRFs are comparable with the local
projections for unemployment, vacancies and market tightness, though they lack
hump-shaped dynamics which would require additional model features like habit

formation.

Figure 5: Impulse Response Functions over Time: 1992Q2 (blue dash-dot) and 2000Q4 (red solid)

(a) Nonlinear model (Dynamic Perturbation — No ZLB)
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(b) State-Dependent Local Projections with Romer and Romer (2004) shocks and Unemployment Rate
State Proxy
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5.3 Phillips Multiplier

A key concern for policymakers is the unemployment-inflation trade-off, which
captures the nominal effects relative to the real effects of a monetary policy shock.
However, state dependence in impulse responses alone does not necessarily imply
variation in the unemployment-inflation trade-off; this depends on whether the
real versus nominal effects differ in relative magnitude across states. To illustrate
that the unemployment-inflation trade-off is state dependent, we use the concept
of the Phillips Multiplier (PM), as in Barnichon and Mesters (2021), motivated by
Mankiw (2001). The PM quantifies this trade-off by measuring the average change
in inflation caused by an interest rate change that reduces the unemployment rate

by one percentage point over / periods:

— 81=A[i.‘:t+h

T
"= IR,

/aat:Hh
Et aRt

Et

Here I,y is the average over variable I'T over h time periods, and ¢; is the exoge-

nous change in the interest rates. The statistical counterpart of T}, is the PM:
Pr=RI/RY, 1h=01,2,..,

that is, the ratio of the cumulative impulse response function (up to horizon h) of

inflation over unemployment. We use & is 16 quarters.

We compute time-varying impulse responses to monetary policy shocks using the
model’s filtered states to construct a PM series and validate these results with the
state-dependent local projections using unemployment as a proxy. Figure 6 shows
the PM for our estimation sample. The PM ranges between -0.09 and -0.05 in
both the model and the data, and is countercyclical — flattening in recessions and

steepening during expansions.
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Figure 6: Time-variation in the Phillips Multiplier
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6 Extensions

This section considers three extensions that our framework can accommodate.
6.1 Stochastic Volatility

A common extension of DSGE models introduces time-varying volatility in ex-
ogenous shocks, typically modeled as stochastic volatility (SV). For instance, total

factor productivity z; may follow:

2t = pazic1 + ey, & = (1 - pe)ug + pe&ioq + vt

where ¢&; governs the volatility of u; and follows an AR(1) process with Gaussian
innovations. In this case, the state vector x; is augmented to include &. In Ap-
pendix E, we show how the Taylor Projection method accommodates SV, using
a stochastic growth model as an example. Unlike perturbation methods, which
require higher-order expansions to capture risk effects, Taylor Projection yields
non-certainty-equivalent linear policy rules that load directly on the volatility state.

Stochastic volatility complicates filtering due to the nonlinear transition equation:
xe = Txp—1 + ¢ + R(xe)n,

where R(x;) depends on the state, preventing the use of a standard Kalman filter.
In Appendix E, we discuss two approaches: (i) the Extended Kalman Filter (EKF),
which linearizes R(x;) around £;_1, or (ii) discretization of &; using finite-state
Markov-chain approximations, yielding a discrete process &. Conditional on &;,
the system is linear and allows for Kalman filtering, while & ¢ itself is filtered using
the Hamilton (1994) filter. This approach is related to Friedman and Harris (1998).

6.2 Regime Switching or Rare Disasters

Another common extension is the regime-switching DSGE model, e.g., Liu et al.
(2011), which underlies frameworks such as the rare disaster model (Barro, 2009).
Here, the exogenous process departs from a stationary VAR(1), with dynamics
instead governed by a latent discrete state s; € {0, ...,S} evolving via a Markov
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chain with transition matrix I'l:
Xop = A(St)th_l + B(St)nt, where sy ~I1.

In Appendix E, we show how the Taylor Projection method can accommodate
regime switching by assigning regime-specific local linear policy functions, y; =
9s,x(x¢), and transition functions, x;+1 = hs x(x;) for each s € {0, ..., S} where the
subscripts indicate the policy rules depend on both regime s and states x. Agents
form expectations accounting for regime-dependent shifts in policy rules. The
resulting model has a linear state-space representation conditional on regime s,
allowing likelihood evaluation via the Kalman filter. The latent regime s; is inferred
using the Hamilton (1994) filter, making the filtering step exact.

6.3 Heterogeneous agents

Recall the notation for a standard Dynamic Stochastic General Equilibrium (DSGE)
model in Equation (1):
E; [f(ym, Yt, X1, xt)] =0.

Heterogeneous agent models can also be written in this form, but the key challenge
is that the state vector x; includes an infinite-dimensional object: a measure p; over
all idiosyncratic states. For example, in the heterogeneous household model of
Krusell and Smith (1998), u; is the joint distribution over individual assets a and
idiosyncratic efficiency units of labor ¢. A common solution is to approximate
using a finite-dimensional object. Examples include histograms (Reiter, 2009), or

moment-based polynomial expansions (Winberry, 2018).

For illustration, we focus on a simple heterogeneous household model; a detailed
description is provided in Appendix F. In brief, the model features households

i € [0, 1] with preferences over consumption c;;, represented by

0 Cl—c -1

B ) B

t=0

where f is the discount factor and 1/o¢ is the intertemporal elasticity of substitution.
Households supply labor inelastically with employment status ¢;; € {0,1} (unem-

ployed or employed) varying stochastically, and receive income w;[(1—1;)&;s +b(1—
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¢it)], where w; is the wage, 7; the labor tax rate, and b denotes the replacement
rate of unemployment benefits. Assuming a balanced government budget in every
period implies that the labor income tax rate satisfies 7; = b(1 — L;)/L;, where L;
is the aggregate employment rate. Households save in uncontingent assets a;41
earning a return r;, subject to a borrowing constraint 4,1 > 0. The probability of
finding employment f; = p(&i+1 = 1|€i ¢ = 0) and separating into unemployment

st = p(&it+1 = 0l = 1) are given by:
fi = fe*, s, = 5™,

where 75 and 7 are parameters, and z; is aggregate productivity (TFP), evolving
as an AR(1). This implies aggregate employment L; follows the law of motion:

Lis1 = fi(1 = Lt) + s¢Ly.

Within this model environment, employment transitions depend on the aggregate
state, making recessions periods of heightened unemployment risk (as in Krueger

et al.,, 2016), leading to time-varying precautionary saving motives.

A representative firm produces output using capital and labor Y; = e*K*L}~*, with
a the capital share. Capital depreciates at rate 6. The firm maximizes profits so that
factors are paid their marginal products r; and w;, respectively. The model is closed
by market-clearing conditions that equate aggregate capital demand and supply.
Since prices depend on the cross-sectional distribution of assets and employment,
¢ enters the equilibrium conditions, requiring households to forecast this distribu-
tion. As a result, u; is a state variable. Similar to Winberry (2018), we approximate

¢, which is infinite-dimensional, with the maximum entropy distribution:

g
Pet(a) = gg,t exp {Z gé/tal} , for e € {0, 1}, (42)

i=1
with g; coefficients, chosen by matching a finite set of moments m;.

In addition to approximating the cross-sectional distribution p;, to map this model
into a standard DSGE model form, we need to approximate the decision rules of the

household, which follow from the household Euler equation and the borrowing
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constraint. Following Winberry (2018), we approximate the expected marginal
utility from saving using Chebychev polynomials:

ny ‘
E [B(1+ria)ena (e, af(e, @) ] ~exp Y 6] Tia(E(a) p, (43)
j=1

with 7y the number of Chebychev nodes, T; denotes the jth-order Chebychev
polynomial, Gé,t are the coefficients, and &(a) = 2% — 1. The approximation (43)
holds exactly at Chebychev nodes {a j}?il.

This results in a minimal state-space representation of the heterogeneous house-
hold model with state vector x; = (z¢,m¢, L;) and controls y; = (6;,8:). The
equilibrium conditions take the form of Equation (1), with the full system detailed
in Appendix F. Rather than perturbing this system (Winberry, 2018; Reiter, 2009)
or solving it under perfect foresight (Auclert et al., 2021), we use Taylor Projections.
In what follows, when states and policies are expressed in log-deviations from
steady state, they are denoted by *, and ~ denotes a steady state value. In the Tay-
lor Projection approach, we use two moments to approximate the cross-sectional
distribution p, (a), so the local linear policy functions take the form:

/
—54b5 1+ RS2 1 1 2 2
g =8g+b,+B [zt My, My, m mllt]

0; = 0_+bg + B [it mé/t ml . m? m%
where g; and 6; are vectors, so BS and BY are matrices. Note, these equations are
of the form y; = i/ + B X (1, x;)’, such that the Taylor projection is centered at the
steady state value when B = 0. Thus, the unknown policies are linear deviations
from the steady-state value. In addition to the local linear policy rules, the Taylor
Projection solution yields linearized laws of motions for endogenous states, i.e.,

moments i = 1,2, ¢ € {0, 1}, and aggregate employment:

. /
i — i m,e,1 m,e,i |2 1 1 2 2
My, =M, +by"" +B [zt My, My, Mg, My, Lt] , (44)
/
_f.nl.nrl|s 1 1 2 2
Liy1=L+by;+B [zt My, My, Mg, my, Lt] . (45)
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Under dynamic Taylor Projection, solving the model locally at different points in the
state space yields different policy coefficients, allowing the solution to capture state
dependence with respect to the current aggregate state x;. Such state dependence
has been shown to be empirically relevant. For instance, in heterogeneous firm
models, Ottonello and Winberry (2020) argue that monetary policy transmission
varies with the distribution of firms’ distance to default. Dynamic Taylor Projections

can accommodate this type of state-dependent shock transmission.

In Appendix F we derive the approximate linear mapping of output ¥; = In(Y;/Y)
to states. This allows us to map the model into a linear state space form. The
state transition equation follows from Equation (44)-(45) and Z; being an AR(1).
For the measurement equation, assume, for example, that we observe deviations
of aggregate output. Then, our measurement equation is given by
yo =ty (o md, wd, w3, wd, L e, M NO,Q)

It is also possible to incorporate micro-level data, such as repeated cross-sections,
into the estimation procedure, following the approach in Liu and Plagborg-Moller
(2023). This involves evaluating the cross-sectional data points using the density
in Equation (42) evaluated at many draws from the model-implied distribution of
the smoothed states m; and g;. The resulting micro log-likelihood can then be
combined with the macro log-likelihood derived from the filtered states.

State Dependence We use the dynamic Taylor Projection (TP) method to show
that even a relatively simple heterogeneous household model exhibits nonlinear-
ities that standard perturbation methods fail to capture. We compare impulse
response functions from the TP and perturbation-based solutions,® evaluating re-
sponses to a one-standard-deviation negative TFP shock under two initial con-
ditions: (i) a good state (TFP one standard deviation above steady state for five
periods) and (ii) a bad state (TFP one standard deviation below). As shown in Fig-
ure 7, perturbation significantly understates state dependence. Impulse response
functions differ not only in magnitude but also in shape and timing. For exam-
ple, TP produces a hump-shaped investment response only in the bad state, while

perturbation predicts a similar response in both. Similar discrepancies arise in

8Following Levintal (2018), first-order TP converges to a perturbation solution as g, — 0.
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the consumption paths of employed and unemployed households. Appendix F
further shows that sign-dependence in shock transmission is similarly understated
by perturbation.

Figure 7: State-Dependence in a Heterogeneous Household Model: Perturbation versus Dynamic
Taylor Projection
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Comparing Filters We compare our filtering approach to a standard Kalman filter
applied to a perturbation-based solution using simulated data (T = 200) from the
dynamic Taylor Projection solution. Log output is assumed to be observed with
measurement error equal to 10% of its standard deviation. As shown in Table 6,
TP combined with a time-varying Kalman filter yields substantially lower mean
squared errors (MSEs): for TFP z;, the MSE is less than half that of perturbation;
for employment L;, nearly one-third; and for average unemployed wealth, over 25
times smaller. The final rows show that this gap reflects increasing inaccuracy of
the perturbation solution away from steady state: the correlation between z? and
squared filtering error exceeds 0.38 for TFP and 0.60 for unemployed wealth.

Overall, the results in Figures 7, F1, and Table 6 demonstrate that even a simple
heterogeneous household model exhibits nonlinearities that are poorly captured by
perturbation-based solutions. This suggests that full-information estimation meth-
ods relying on such approximations may yield inaccurate results. Our proposed

approach offers a more accurate alternative.
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Table 6: Mean squared error of filtered state versus true value and correlation between squared error
and squared TFP. All MSE’s are normalized by the unconditional variance of the relevant state.

Statistic Method zz  m} m2 m} m? L
MSE TP + TV-KF 0.026 0.004 0.018 0.016 0.061 0.008
KF 0.0568 0.111 0.140 0.036 0.067 0.024

MSE ratio  KF/TP + TV-KF 23 253 7.7 2.3 1.1 2.8
Corr(z2, 2) TP + TV-KF 0.048 0.039 -0.097 -0.028 -0.139 -0.020
tr-t7  KF 0.377 0.602 0.545 0.146 0.023 0.408

7 Conclusion

This paper presents a computationally efficient framework for full-information es-
timation of nonlinear DSGE models by integrating the model solution directly
into the filtering step. This eliminates the need for global solution methods and
simulation-based filters, enabling accurate estimation of models with rich nonlin-
earities. We demonstrate the method on two canonical models, achieving estima-
tion speeds of orders of magnitude faster than existing nonlinear approaches. In
our main application, we show thatlabor market frictions generate meaningful state
dependence in monetary policy transmission, with impulse response functions and
the Phillips Multiplier varying substantially over the cycle. The framework also
extends to models with stochastic volatility, regime switching, and heterogeneous
agents, offering a general and tractable approach to estimating nonlinear macroe-
conomic models.
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A Smoothing Algorithm

Algorithm 2 Time-Varying Kalman Smoother with Taylor Projections

Initialize: Sett =T, r7 = 0 and Nt = 0.
whilet > 1 do
Update Step:

ri-1 = Z,F; op + Ly (A1)
Nio1 = ZJF;'Zy + LINi Ly (A.2)

where Ly = T; — Ky Z;, and T;, Z¢, K¢, v and F; were stored from the filter output
in Algorithm 1.

Smoothing step:

Compute the smoothed state estimate:

1 = Xpjp—1 + Pre—17i-1 (A.3)
Compute the smoothed covariance:
Pt|T = Pt|t—1 - Ptlt—th—lptlt—l (A4)

Set back time: Set t < t — 1 and repeat.
end while




B Data

Table B1: Data details: estimation and filtering

Variable Details Transformation Source
Employment nfbs, Percent, Quarterly, log and Hamilton filtered UNRATE (FRED)
one minus unrate Seasonally adjusted
Market tightness Gfbs Vacancies over unrate, log and Hamilton filtered Barnicon (2010),
Quarterly JTSJOL, UNRATE (FRED)
Nominal rate 7% 3-Month Treasury Bill ~ Quarterly”, log DTB3 (FRED)
Secondary Market Rate,

Discount Basis

Inflation n‘l)bf’ Gross domestic product Quarter-to-quarter P;/P;_q,log GDPDEF (FRED)
(implicit price deflator)

Inflation n‘l)bf Consumer Price Index  Quarter-to-quarter P;/P;_q1,log CPIAUCSL (FRED)
(implicit price deflator)

Separation rate s Implied job-finding rate Quarterly average, log UEMPLT5, URATE (FRED)
Shimer (2005) and Hamilton filtered

Notes: (*) 3-month treasury bill (R3M) converted to a quarterly interest rate (100 * (1 + R3M/100)(1/4) — 1)),

C Textbook New-Keynesian Model

C.1 Households

There is a infinitely lived representative household that maximizes:

00 Cl_T -1 N1+17
t t o
Eo Z‘BDt 1-1 X1+r] ’
t=0
where d; = log(D;) is an intertemporal preference shock and follows an AR(1):
dt+1 = Pddt + gtd/ ‘Sf ~ N(O, O—g)/

subject to a sequence of budget constraints:

PiCt + By = Ry—1Bi—1 + P{WiN; + T3,



where C; is consumption of the final good, B; is an uncontingent nominal bond,
R¢-1 is the nominal interest rate, W; is the real wage, and T; contains dividends

from firms net of taxes and transfers from the government.

The optimal consumptions/saving and labor supply decisions are given by

XN/
ct’

Dty (Ct+1)_T R l W,

1=8E
P tl D; \ G Il

-7
whereIl; ;1 = Pt The stochastic discount factor is defined as il = Din (Cen)
2 , D: \ G

C.2 Firms

A competitive final good firm combines a continuum of intermediate goods j €
[0,1]. Intermediate good j is produced by a monopolist with technology Y;(j) =
ZiNy(j) where Z; is an aggregate technology process common to all firms. These
firms choose prices P;(j) and labor inputs N;(j) to maximize the present discounted
value of profit:

Eo

o (i 2
Qo,t { ;D(Z)Zth(j) — WiNi(j) - % (Ptiij(;) B H) Yt}

subject to a sequence of constraints:
L (P
ZiNi(j) = (;—]) Y.
t

Optimal choices of N¢(j) and P;(j) lead to the following optimal price-setting con-

dition:
o ZND) ( Pi) H) Y1 (P_U) . M) (Pt_U))‘” 7y
P Pi_1(j) Pi1j y\ Pt Zy Py Py
+ ¢QE; th,Hl (PI:—;](;) - H) I;t:(—lj()]g t+1l .



In a symmetric equilibrium P;(j) = P and Y;(j) = Z;N¢(j) = Z;N; for all j, so this
simplifies to:
1 Wi Y

) PRSI T AR 1) A M1 — D) IT .
7/( Zt) ¢ (1 —IDIL + By | Qp tr1 (Heva — ID I Y.

C.3 Government

The government levies lump-sum taxes and runs a balanced budget. The monetary
authority follows a Taylor type rule:

Re _ ()™ ()™
R \II Y ’
where m; is an exogenous monetary policy shock that follows an AR(1):

. , 2
M1 = puiny + €7, €' ~ N(0, 07,).

C.4 Steady State

We focus on a non-stochastic steady state with inflation IT equal to the monetary
authority target which implies R = 1/, and the parameter y normalizes steady
state output Y (which equals N) to be unity: x = 1 - 3. Note, the first-order
condition for labor supply implies W = yx, so y is the steady state wage markdown.

C.5 Equilibrium

The equilibrium conditions for market clearing in the labor and goods markets are:
Urals N+t
Yt:Ct:NtZt, Wt:(l_V)NtCt :(1—)/)Nt Zt'

A minimal state representation consists of states x; = (z;,d¢, m;) and policies
{T1(x¢), N(x¢)} defined through the equilibrium conditions (substituting market
clearing conditions where appropriate). Using the steady state relations and let-
ting lower case letters denote log-deviations from steady state values e.g. n; =



In N; — In N, the equilibrium conditions become:!

Euler/IS : 1 — Et [e(Pd_l)dt"'ng_T(”t+1_"t+(P2_1)7~'t+€tz+1)+"t_7'(t+l]
NK-Phillips : & (1 - 1012 ) = (¢ — 1) ¢
+ ﬁEt [e(Pd_l)dt+ff+1+(1_7)(”t+1—”t+(Pz_1)Zt+€tz+1) (eTle _ 1) ent+1]

Taylor Rule : 7t = ¢nmt; + ¢y(ns + z¢) + my.

C.6 Local Approximation

The first step is to assume the policies are linear in logs:

T = Ao + a1z + ardy + azmy

ng = b() + b1zt + bzdt + bgmt.

This implies the future policies are of the form:

d .

T4l = Ao + A10zZ¢ + ll1€f+1 + ﬂzpddt +axé; 1 taspmms + ﬂgéﬁl
. . .

ni+1 = by + blpzzt + b1étz+1 + bzpddt + bzét+1 + bgpmmt + bgéﬁl.

Moreover, it implies:

m

nip1 — ny = b1(pz — D)zp + bref  + ba(pag — D)d; + bzefﬂ +b3(pm — 1)my + bzeL,.

The goal of the local approximation method is to solve for the policy coefficients a

and b at a given state x; = (z¢, d;, my).
Euler equation Consider the Euler equation with the policies substituted:
1 :e(pd—l)dt—f[b1(pz—1)zt+bz(pd—1)dt+b3(pm—1)mt]—T(pz—1)2t+rt—a1—a1pz2z—azpddt—aspmmt

d _ z d m \_;oZ _ z d _ m
-Ey et T(bref, +hoef, +bael ) —Tef  —aref  —arep  —azel, .

. 1-
IWe define x = (,*:H_;/y



Collecting terms in the expectation yields:

By esfﬂ—T(bl£f+1+b26f+1+b3£f11)—’csf+1—alstzH—azstH a3et+1l :Etl (1-tby— ”2)€t+1 (t(b1+1)+ar)ef, ’l’(b3+l]3)€t+1

For a mean zero normal random variable X, and constant ¢, the expectation satisfies:
E [ecX] _ e%czazl
so the Euler equation simplifies to:

1=exp {(pg — 1)di — 7 [b1(pz — D)zt + ba(pg — s + b3(pm — Vmy] = 1(pz = Dz + 14 — a1 — a1pzz¢ — a2pady — azpmmy }

exp{ {(1—Tb2—a2) 02+ (2(by +1) + 1) 02 + 12 (b3 + a3)? om}}

Note, by taking logs and substituting the Taylor Rule, this is equivalent to:

0 =(pa — Dds + 7 [b1(1 = p=)z¢ + ba(1 = pa)ds + b3(1 = pp)my | + (1 = p2)zs
+ ¢rlaog + a1z; + azd; + azmy) + Py (bo + b1z¢ + bady + bymy + z4) + my

—(ap + a1pzz¢ + azpad; + azpmmy)

+ % {(1 = tby — a2)* 02 + (2(b1 + 1) + a1) 02 + 72 (b + a3)° 02,

which implies the variance terms show up in the Euler equation, but not the
partial derivatives of the Euler equation with respect to the states, leading to a
sparse Jacobian.

Pricing equation Now consider the pricing equation with the policies substituted:

1- )4 (1 _ e(n+T)(b0+blzt+b2dt+b3mt)+(1—l)zt) — _62(a0+alzt+a2dt+a3mt) + eao+alzt+a2dt+a3mt
gy

(pa=1)dr+(1=1)Q b1(pz=1)zt+b2(pa—1)dr+b3(pm—1)mi+(pz—1)zs } +2(ao+a1pz 21 +a2pds+azpmmy)
+ ,Be

d
By |e el +(A=0){bref, +bael, +b3e]l +e t+1}+2(“15t+1+”25t+1+a35t+1)]

- B e(Pd_l)dt+(1_T){bl(Pz_1)Zt+b2(Pd_l)dt+b3(Pm—1)mt+(Pz_1)Zt}+a0+alpzzt+ﬂzpddt+‘13pmmt

z z d m
By |e el g +(1=0{bref, +hae],  +bae]l e t+1}+“15t+1+“25t+1+“35t+1] .



Focusing on the expectation terms, we have the following;:

E, [eefﬂ+<1—r>{blsfﬂ+bzef+1+bae:':1+sf+l}+2<alef+l+azef+l+aasz’:1 ]
_ e%{(1+(1—T)b2+2a2)20§+((1—T)(b1+l)+2a1)20§+((1—T)b3+2a3)20%1
4
el +(1—T){b €2 +bye? +bze™  +eF }+a &2 +apet +aze™
E; |eft+ 164 T028 1 TU3E 1 TE 164 TH2E, T3S

— o311+ (1=0)b2+a2)* 03 +(1-1)(b1+1)+a1) o2 +((1-D)bs+as)* o7,

which implies the pricing equation simplifies to:
K (1 _ e(77+’c)(b0+b1zt+b2dt+b3mt)+(’[—1)zt) — _62(a0+alzt+a2dt+a3m,) + ea0+alzt+a2dt+a3mt
+ ﬁe(Pd_l)dt+(1_T){bl(Pz_1)Zt+b2(Pd_1)dt+b3(Pm_1)mt+(Pz_1)Zt}+2(a0+‘11pzzt+’12Pddt+a3pmmt)
) e%{(1+(1—’l’)b2+26l2)20§+((1—’c)(b1+1)+2a1)20§+((1—’[)b3+2a3)2051
_ ﬁe(Pd_l)dt"‘(l_T){bl(Pz_l)zt+b2(Pd_1)dt+b3(Pm_1)mt+(Pz_1)Zt}+ﬂ0+alpzzt+ﬂ2,0ddt+ﬂ3pmmt
) e%{(1+(1—T)bz+a2)za§+((1—T)(bl+1)+a1)Za§+((1—r)b3+a3)zag1}/
1- . ) .
where k¥ = = Here, the derivatives of the residual function and elements of the

oy
Jacobian are more elaborate, but given that this is an analytic expression we can

rely on symbolic differentiation to obtain the results.

D NK-DMP Model

Here we describe the additional details of the NK-DMP model. Collecting the

equilibrium conditions together we have:

Diy1 (NisiZes) ' Ry l
1 =8E
P tl Dy ( NiZ; ) I 41
1-1
Qy Diy1 (Nis1Zis
—=1-0II; -TDII E T, —IDII
) ¢ (I )11 + PBE; D, ( N.Z, ) (I 41 )i

o = (=M (- Qe™ —v) + B, [(1 ~0141)
t

Dy (Nt+1Zt+1)_T c ]
Dy N:Z; Q1



with auxiliary equations

Ri _ (&)‘” (Ntzt)%

I N

Nt = (1= 06¢)Ni-1+ Q1O (1 = (1 — 6¢)Ni-1)

Qr = A0, 7, O = oe’, Ap = Ae™

zr=pozia €, di=padia+el, mp=pumi+ e,

— S — a
St = PsSt—1t &, Ar = Palt-1 1 &

where z; = InZ; and d; = InD;. A minimal state representation has six states
xt = (N¢-1,2¢,ds, my, ¢, a¢) and three policies {O(x;), IT(x¢), w(xt)}.

D.1 Steady State
We focus on a non-stochastic steady state where inflation is at the monetary author-

ity target I1. This implies f = I1/R and w = . In the labor market, we normalize
0 =1,and g =0.7,and N = 0.945. This implies A = 0.7 and 6 ~ 0.1358.2

D.2 Local Approximation

In what follows it will be useful to write variables in terms of log deviations from

their steady state values, e.g., n; = In N; —In N. This yields an equilibrium system:

1= Et [edt+1_df—T(i’ltJrl+Zt+1—nt—zt)+rt—nt+1]
ﬁ (¥t —1)=—(e™ —1)e™ + BE; [edt+l_dt+(1—T)(7’lt+l+Zt+l—nt—Zt) (e™+ — 1) enf“]

e—qt — Q(lc_ n) ((1 _ 7/ewt)ezt _ V) 4 ﬁEt [(1 _ 6eSt+1)edt+1—dt—T(nt+1+2t+1—71t—zt)—11t+1]

1
e = (1= be) + QO™ | e — (1-6e™) |,

2The value of 6 is implied by the law of motion for employment 6N = g0 — g0(1 — )N = § =
1N 1% ~0.1358
N 1-q6 ~ -



where

O = bio + b1ins—1 + b1ozs + bads + bramy + bissy + bieay
Ty = boo + bo1ny—1 + baozy + bozdy + bogmy + bossy + boeay
wt = b3g + ba1ny—1 + b3pzs + bzady + bagmy + basst + bzeay
ny = bgo + ba1ns—1 + bypzy + byzds + bagmy + byssy + basa;
qr = a; — a0

Prt + Py(ny + z4) + my.

Tt
This implies:

Nps1 — 1y = by (ny — 1) + bap(ze1 — 2¢) + bas(drsr — dp) + baa(mpeq — my) + bas(sp41 — St) + bag(ar1 — ar)
= by1bao + ba1(byy — D)1 +bap(pz — 1+ ba1)zt + baz(pg — 1+ bar)ds + baa(pm — 1 + ba)my

d
+ b45(ps -1+ b41)St + b46(pg -1+ b41)at + b42€tz+1 + Z’J438t+1 + b44€ﬁ1 + b458?+1 + b46€?+1

The change in employment, #;,1 — 7, consists of a deterministic component known
at time t and a stochastic innovation realized at t + 1, and can be written as:

Nigy1 — Ny = Bg + BTxt + Bg€t+1-
Similarly, 7441 and the exogenous shocks can be written as:

Tti+1 = boo + bo1ny + boozi1 + bozdisn + boamips + bosseyq + boears
= boo + b21(bao + baani—1 + bapzy + bazdy + baamy + bass; + bagay)

+ boopzzt + bazpads + bospmmy + baspssy + bagpaar

a

z d m s
+bopeg,y +boey, +boaely +bosey + bosey

= Bg + B7fxt + B§8t+1

ziy1 — 2t = (pz — Dzt + /4

d
t+1°

diy1 —dy = (pg — 1)d; + ¢



Finally, 0;+1 and g;4+1 can be written as:

Ot+1 = bio + buing + b1ozes1 + bizdis + b1amis + b1sse1 + biear
= b1o + b11(bao + barng—1 + baozs + basd; + baamy + basst + baeay)

+ b12p2z¢ + b1zpads + brapmm; + bispssy + bispaay

a

z d m s
+biefy + b3y, +buagly +bisel, +bieey,

= By + BYx; + Bl &1
= paar + €', — aBY — aB%x; — aBYe
Jt+1 = Palt f+1 0 1At 2 Ct+1-.
Euler Equation Consider the Euler equation:

1=FE [edHl_dt_T(”Hl"'ZHl_nt_zt)"'rt_ntﬂ] )

Using the previous expressions, we can write the Euler equation compactly as:

.d 8 8 .
1 = elpa=Ddi=t(p:~1)zi—B} ~tB{x+r~Bf ~Blxig, [ eém—wgém—ufﬂ—BgéM] ,
and the expectation can be expressed in closed form as:

d _.pn 7+ eZ _RT
E; [egtﬂ By err1—Tel 325”1]

d -z .d m .S A4 \_reZ .z .d m .S .a
= Et I:eétJrl T(b‘*zétﬂ+b43ét+1+b446t+1+b45ét+1+b466t+1) T (b226t+1+b235t+1+b246t+1+b25ét+1+b26ét+1 ]

= E, [e(l—Tb43—b23)€f+1—(T(b42+1)+b22)€f+1—(Tb44+b24)€t"i1—(Tb45+b25)€f+1—(Tb46+b26)€?+1]
— e%((1—Tb43—b23)26§+(T(b42+1)+b22)205+(’5b44+bz4)26%1+(’L’b45+bz5)265+(’fb46+b26)265).

Pricing equation Consider the optimal price-setting condition:

quZ (e —1) = — (™ — 1) ™ + BE, [edHl_dt+(1_T)(nt+1+Zt+1_nt_zt) (e™ —1) eﬂz+1] _
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The continuation value can be solved in closed form given the linear policies, first

note:

E; [edHl_dt+(1_T)(nt+1+Zt+1_7’lt_zt) (e™+ —1) eﬂt+1]

=, [edt+1—dt+(1—T)(nt+1+Zt+1—nt—Zt) (62ﬂt+1 _ eﬂm)]

7

— e(pd_l)df+(1_T)[(pZ_l)Zf+B8+BTxt]E [e f+l+(1 T)(B €t+1+8t+l) (ezni”rl _ ent+1):|

and the remaining expectation term can be written as:

.d . . .d . .
E, [ eét+1+(1—T)(Bgét+1+étz+1)+27'(t+1] _E, [ eét+1+(1—T)(Bgét+1+étz+1)+7'(t+1] ,

where
E, [e 44 (1- T)(B”ét+1+ét+1)+27'(t+1] — 2Bj+2B{x g, [e A (1-7)(BY ers1+¢7,,)+2BT em]

E; [e t+1+(1 7)(B} st+1+£t+1)+m+1] — eBg+B’fxtEf [e t+1+(1 T)(B”et+1+£t+1)+B’27£H1] )

Expanding the expectation terms and solving yields:
E, [e 4 +(1=T)(BYersr +el, )+ 2B g,ﬂ]
=E, [6 4 +(1- T)(lhmm+b43st+1+b44£t+1+b45et+1+h4égt+l+ét+l)+2(bzzét+1+b238td+1+b248ﬁ1+b255f+1+b268f+1)]

- E, [e<1+(1 Dbaz+2b)ef, +(1=T)(bar+1)+2b22) 7, +H(1=1)bag+2bsa) et +(1-T)bas+2bzs) s, +((1- z)h46+2b26>a,+1]

= ez((1+(1—1)h43+2bz3)20§ +((1=7)(bao+1)+2b22)* 02 +((1-7)bag+2b24)* 02 +((1=T)bas+2b25)*02+((1-7)ba6+2b26) 02 )

E; [e er1+(1 T)(B er1t+€f,,)+B] eHl]
=F; [e g+ (1= T)(h42{t+1+h43{t+l+b44éﬁl+b45ét+l+b46ét+1+‘El+1)+h22‘(’t+l+h23ét+l+h248;'jrl+h256t+1+h26{t+1]
-, [ (1+(1=0)bgs+b23)el, | +(1=0)(baz +1)+b22)eZ,  +(1-T)bag +bag)el’ +(1- T)b45+bz5)at+l+((1—T)b46+h26)£f+1]

— ez((1+(1—T)b43+b23) 02 +((1-1)(bap+1)+b22) az+((177)b44+b24)203,+((1J()b45+b25)Zo§+((171)b46+b26)2U%).
Job creation condition Consider the job creation condition:

et = Q( ) = Y- yewt)em V) + BE; [(1 _ 665t+1)edHl—dt_T(”Hl+Zt+1—"t—zt)_l7t+1] )
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The continuation value can be solved in closed form given the linear policies, note:

E; [(1 _ 685t+1)edt+1—dr—T(nt+1+2t+1—m—2t)—m+1]
— Et [(1 — §est+ )edHl—dt—T(Bg%—B;’xﬁBgst+1+zt+1—zt)—paa,—sf+l+aBg+aBlexf+aBzesH1]

— e(pd—l)d,—T(pz—1)zt—TBg—TBq'xt—pﬂat+aBg+anxtEt [(1 _ 6es,+1)eef+1—T(Bg£t+1+efﬂ)—£f+1+aBge[+1]

The remaining expectation term can be written as:
E, [(1 — dest )ptinT(Byernter, ) =€, vaBy fm]
= B, [ectar(Bieeaseia)-cyrobficn]

— SePs5t B, [e‘gfﬂ"'g:in_T(B;€f+1+€fz+1)_€f+1+“B§£f+1] ,

where

Ao _ n, .z _a 0.
E; [eénl 1(Byersi+e,;) ét+1+0‘Bzét+1]

& —T(b €% +byzed Abgge™ +bysed  +byoel, +er )—e” +a(b €2 +bized  +bige™ +bised, +bige” )
= Et e+l 42641 TVA3E, 1 TUAAE, 1 TUASE, 1 TV6C 1T 611 )T S 1284 TVI8E TH14E TUI5 € TUL6E
2 2 2 2 2

— e%((ab13—’[b43+1) O'§+(0(b12—’[b42) a§+(ab14—’cb44) 0%1+(ab15—’cb45) o§+(ab16—1b46—1) G%)

s d _ n z _a 0
E; [egt+l+gt+1 t(Bjerate],,) gt+1+“325“r1]

.S d .z d M .S .a .z _a .z d m .S .a
E; [eét+1+ét+1 T(b42ét+1+b43ét+1+b44‘(‘t+1+b45ét+1+b46ét+1+ét+1) éH—l-"_Ot(buétﬂ+b13ét+1-"_b14ét+1_‘_bl5ét-*—l-"_bl6ét+1)]

_ o3 ((abrs—tbis+1Y 03 +(abia—1ha2) 03+ (ab1a=1baa) 0 Habis—bas+1) % +(abi—this=1)03) |

So, the expectation term becomes:

_ $r41) 5 €1 —1(Bepiq+e7, )% +aBPer4q
E¢ [(1 = oe’+1)eft 2 t+1) € T,

— (6%(011115—’[1)45)20? _ 6epsst+%(ab15—7?b45+l)20'§)

% ((ab13—Tb43+1)20§+(ab12—’5b42)203+(0(b14—’£b44)20'2m +(ab15—’[b45+1)20§+(0(b16—’[b46—1)20§)
e

Law of motion for employment Taking the law of motion for employment and

substituting the expressions for the policies yields:

pba0+(bar=1)n-1+bsozi+bagdi+baam +bassi+basar

—ni-1
1= Sest + QQeﬂt+(1_a)(b10+bllnt—l+b122t+b13dt+bl4mt+b155f+b16at) e 1 + Sest

12



E Stochastic Growth Model with Alternative Stochastic Processes

We illustrate how to accommodate two alternative stochastic processes within our
methodology: (i) stochastic volatility and (ii) regime-switching.

E.1 Basic stochastic growth model

To simplify exposition, we work through a small example: the stochastic growth
model. For any exogenous driving process for total factor productivity, the equi-
librium for this model can be summarized as:

Ci* =B [Crf (ae™KPH +1-0)]

t+1

Ki1 = €Ztha + (1 — 6)Kt - Cy.

In a deterministic steady state, z = 0, and the solution is:

1

a-1

K:ll(l—1+6)l , C=K*-5K.
a \p

In what follows we consider log deviations from steady state value ¢; = log(C;/C)
and k; = log(K;/K), so that C; = Ce® and K; = Ke*t. Substitution of this change of

variables into the equilibrium gives:
e~ = [e—TCm {(1 _ 13(1 _ 5)) pztrit(a=Dke ‘3(1 _ 5)}]

r+1_l 1_ _ zi+ak; _ ke _ l 1_ _ _ Ct
ek _a(ﬁ (1 5))e +(1-0)e (a(ﬁ (1 5)) 5)e.

E.2 Stochastic Volatility

Stochastic volatility models introduce an exogenous shock process that no longer
maps into a VAR structure as in Equation (2). While (dynamic) Taylor projection
methods remain applicable, as discussed below, the filtering procedure must be
adapted. A key advantage of dynamic Taylor projection in this setting is that time-
varying risk directly influences the policy functions, as the solution is not certainty
equivalent. By contrast, under perturbation methods, such effects require at least
a fourth- or sixth-order expansion for the variance of volatility shocks to enter the
decision rules (De Groot, 2016).

13



Consider the standard stochastic growth model augmented with a stochastic volatil-
ity (SV) shock. Productivity z; follows an AR(1) process with SV:

2zt = pazi1 + e 2uy,
&= (1= pelpe + pe&i-1 + 00;.

The state vector x; contains capital k;, productivity z;, and volatility ;. Assume

the policy rules for consumption and capital accumulation take the form:

Cy = ap + arky + arzy + asés,

kt+1 = b() + b1kt + bzzt + b35t.
Expectations Returning to the previous expectation terms in the Euler equation,
we have the first term:

E; [e_TCt+l+Zt+l+(a_1)kt+1] =& [e—’f(ﬂo+ﬂ1kt+1+ﬂ22t+1+ﬂ35t+1)+2t+1+(a—1)kt+1]
— e_T(’ZOJ”“k”1)+(0‘_1)k”1Et [e—T(ﬂ22t+1+ll35t+1)+Zt+1]

= ¢~ taotarka)Ha-Dknp, [e_T{QZ(PzZt"‘eé“'l/zut+1)+a3((1_p§)‘ué+Pégt+O§Ut+l)}+PzZt+€5t+l/2ut+l] .

Since k41 is known at time ¢, it can be factored out of the expectation. The relevant

expectation thus reduces to:

E; [e‘T{”2(Pzzt+eéf”/2“t+1)+“3((1-P£)H5+PeEt+U-£Ut+1)}+pz2t+eét+1/Zum]

(I-pelug+pe&p+ogvpyq
2

— e(l—mz)PzZt—Ia3((1—P§)H§+p55t)Et lexp {(1 — T(Zz)e Ups1 — TﬂBUcEUHl}l .

Terms known at time t can be factored out of the expectation. The remaining
expression involves an expectation over v41 and u¢41, which can be evaluated by
applying the law of iterated expectations. Conditional on v;,1, the expectation over

14



Gaussian 141 can be computed analytically:

Aopete+pgét+os0iey

E; [exp {(1 —Tay)e Upyl — Ta3agvt+1H

(A-pelug+pg&p+0g0s4q

o
o

[ 1 - 7ay)?
exp{—Ta30:0¢11} exp {(Tﬂe(l‘f’é)“é’rpé&*“é”f“ }]

=Ey,., |Bu [exp {(1 — Tap)e U] — w3agvt+1}

=E

[ 830V (I=pgug+peép+og0p4q
o | € B, lexp $(1 — tag)e 2 Up1

=E

Ut+1

=E

Ut+1

[ 1 - tap)?
exp {—Ta3050t+1 Lo 5 2)” p(1=pelus+pesi+ocoin

2

% (1= Pg)H£+Pé<5t+mUr+1} - dth

1 /"" {
= — exp { —Tazoglt4+1 +
V2711 Joo P ’

Although the expression does not admit a closed-form solution, it can be accurately

approximated using Gauss-Hermite quadrature over v;,1, yielding:
N
(1-1a)* (. -
Zl exp {—wgogvi e ellmpeluctpelitocoit o
1=

where {v;, a)i}f\i , denote the nodes and weights of the Gauss-Hermite quadrature.
The second expectation term is:

E; [e"™+1] = B, [e—T(ﬂ0+ﬂ1kz+1+azzt+1+ﬂ3€t+1)]

e~ Taorake) g, [e—T(ﬂzzt+1+tl3<§t+1)]
— e_T(aO'Hllkt+1+112PzZt+a3[(1_P§)V§+P£Et])Et [e—wzegfﬂ/Zut+1—w305vt+1] _
Applying iterated expectations as above:
2

Ta
Et [eXp {_Ta2eét+1/2ut+l _ T113U§Ut+1}] — Ele l{ﬁ (1=pe)us+pelt+0evis1 _ Ta3a§vt+1}l ,

which can be approximated by:

N

Z {(T@) (I=pugtpeértogvi _ Ta3057’z}

i=

15



State Space Form Assume we observe both output, given by y; = z; + ak;, and

consumption. In that case, we obtain a measurement equation:

ke
0 1 0
[yt]_ + ¢ ze|+e, & ~N(©OH),
Ct ap a1 dz das E
t

with H measurement error variance. Labeling x; = (k¢, z¢, &), and ny = (us, v4)/,

the state transition equation of the form:

bo by by b3 0 O
Xy = 0 +{0 p. O |xi—1+|e 0O|n, nt~N(O,diag(au,ov)2).
(1—-pous] [0 0 pg 0 1
|
R(&r)

Filtering The only deviation from our baseline filtering framework is that R(&;)
is now a nonlinear function of the volatility state. A simple approach is to apply
the Extended Kalman Filter (EKF), which replaces R(&;) with R(gt“_l), a zeroth-
order Taylor approximation around the predicted state. That is, e in R(&;) is
approximated by eéf\f—l. Note that the observables directly load on volatility, which
identifies the system. An alternative is to discretize the stochastic process for
&t using a finite-state Markov chain, as in Friedman and Harris (1998), with the
method of Tauchen (1986). Conditional on &;, the model is linear and Gaussian, and
the likelihood can be evaluated using the filter of Hamilton (1994). This approach
is not discussed further, as it is subsumed by the regime-switching specification
considered below.

Parameters We use p, = 0.95, us = —12.5, ps = 0.975, ¢ = 0.02 for the exogenous
process. For the economic parameters, we set risk aversion to 6, f = 1.0471/4,
a =0.36 and 6 = 0.05.

Demonstration Figure E1 compares the performance of the two filters using sim-
ulated data on output and consumption of length T = 250. For the discretization-
based filter, we apply the Tauchen method with 250 grid points. We assume in

the simulation that consumption is measured with a noise level of 0.01% of the
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standard deviation, and output with measurement error 0.05% of the standard
deviation. As the figure shows, both filters track volatility, capital and TFP closely.

Figure E1: Filtered States and Fitted Values

(a) Filtered States: Extended Kalman filter

Volatility k Z
12.3 004
o 0.01
0.02
124
0
0
125
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1126
-0.04 -0.02
12,7
50 100 150 200 50 100 150 200

——Filtered = = True

(b) Filtered States: Discretized volatility following Friedman and Harris (1998)

Volatility k z
0.04
-12.3
0.01
0.02
2124
0
0
-12.5
-0.01
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126 0.02
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——Filtered - - True
(c) Fitted Values: Extended Kalman filter
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0.02 0.01 -

0k

-0.01 +
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(d) Fitted Values: Discretized volatility following Friedman and Harris (1998)
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E.3 Regime Switching

A common extension in macroeconomic models allows exogenous state dynamics
to follow a regime-switching process. This class includes models with rare disasters
and other forms of time-varying volatility. Specifically, lets; € {0, 1} denote a latent

regime indicator that evolves according to the transition matrix

s ~T, 1=| P 1Py
1-p1 m

where p(si41 = 1| s¢ = 1) = p1 and p(s¢+1 = 0 | sy = 0) = po. Although the
framework extends naturally to multiple regimes, we focus on the two-state case

for exposition. The latent state s; governs the evolution of productivity z;:

0zt + oone41 if s =0,
2 =47 ' Nt ~ N(O,1). (E.1)

p1zt + o141 if sy =1,

As before, let y; = z¢ + ak, and define the state vector as x; = (k¢, z;). The policy
function for consumption and the law of motion for capital are regime-dependent

as denoted by:

Ct =ajo+ llj1kt +apz,

ki1 = bjO + b]'lkt + b]'zzt
so the coefficient vectors a; and b; are assumed to vary with the regime j = s;.

Expectations The regime-switching policy rules imply that the realization of con-
sumption at time t + 1 depends on the state sequence s;, s¢41:

Ct+41 = {ajo +ajibio + ajbinks + (ajibia + ajopj)ze + ajpojneer, if sy =1,5141 =7

Using iterated expectations, the expectation terms in the Markov model can be

written as:
Et['] = Esm [Ezt+1['|5t+1/ St/Zt]lst]-
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Applying this to the first expectation term in the Euler equation yields:
Ezt ; [e—TCt+1+Zt+1+(0‘_1)kt+1|St+1 S Zt] —
+ 7Oty

exp {—T({Z]'o + 11]'1191'0 + llj1bi1kt + (11]'1191'2 + [ljzp]')zt) +pjzt + (@ = 1)kssq + >

if s; = i and s¢41 = j. Here, k41 is determined by s; and other known variables at

time ¢. Similarly,

(Tajz)zﬁf}

Ezm [e—TCH—l] =exp {—T(ll]'o + a]'lbio + ajlbﬂkt + (11]'1191'2 + ajzp]')zt) + >

These expressions show that the regime-switching model also allows expectations
to be evaluated analytically under the Taylor projection approach, without numer-

ical integration.

State Space Representation Conditional on sy, this is simply a linear state space

system, with, for s; = j, a measurement equation

o1kl

and, again for s; = j, the state transition equation is given by

ks _
Zt+1

Filter To initialize the filter, set x1)9, P1)o, and £1|0, where él|0 contains the regime

ke

Zt

+ &, €t~N(O,H).

kt

0
Zt i

0j

+ Ne, Mt NN(O,l)

b]‘() 4 bjl bjz
0 0 pj

probabilities P(s; = j) prior to observing any data. These can, for example, be
initialized using the stationary distribution implied by I1. Solve the model at xy)g
using Taylor projection. Then, for each regime j € {0, 1}, perform the update and
prediction steps of Algorithm 1.

For each regime, compute the regime-specific likelihood contribution ¢ t(j ) by evalu-

ating the forecast error v; under a normal distribution with mean zero and variance
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F;. The regime probabilities are then updated as:

(7 £
& gt|t—1
1,00 G 7
j’=0€t '5t|t—1

é(j) ) obsy —

t|t = P(St =j | Y1 jE {O/ 1}

Following Hamilton (1994), the predicted regime probabilities are:

Erjp—1 = 11+ &poqp-1,

£(i) ' b
where 5;_1“_1': P(st—1 =1 | y?:ts—l
period, and éﬁg_l

) is the filtered probability from the previous

is the forecasted probability of regime 7 at time ¢.

Latent variables are then filtered and forecasted via regime-weighted averages. For

1 1
5 _ () () 4 _ Z 2(7) 2 ()
2t = Z ét|t TZypr RS Et+1|t RIS
j=0 j=0

instance:

where 2:{ t)

re-solved using Taylor projection at %;,1};, and the Kalman update and prediction

denotes the filtered state conditional on regime j. The model is then

steps are repeated.

Parameters We use the following parameterization: po = 0.97, po = 0.8, o9 = 0.01,
p1 = 0.95, p1 = 0.95, g1 = 0.002, risk aversion 7 = 2, § = 1.04"1/4, a = 0.36 and
0 = 0.025.

Demonstration To illustrate the performance of the filter described above, we
simulate a dataset of length T = 250 from the dynamic Taylor Projection model
solution. We assume measurement error is 10% of the standard deviation of the
observed data in the simulation below. We then recover the latent states using the
filter. Results are visualized in Figure E2. As we can see in this figure, the filtered
states track the true values used in the simulation closely. It takes about 1.3 seconds
to run the filter 100 times on a dataset of length T = 250.

F Heterogeneous Agent Models

Equilibrium The aggregate states of the model are x; = (z¢, u¢), with u; the
distribution of households over employment and assets, i.e., (¢, a). The equilibrium
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Figure E2: Fitted values (top) and filtered and true states values (bottom)
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unknowns are next period’s assets, a’(¢, a; z, 1), interest rate r(z, 1), wages w(z, 1)
and distribution p’(z, 1), which have to satisfy three sets of conditions:

1. For given prices and law of motion of the distribution, household optimization sat-

isfies: c(e,a;z, 1) > BE [(1 +r(z/, p'(z, w))c(e’, a'(e, a5z, p); 2/, 1 (z, 1) °le, z, )]
with equality if a’(e,a;z, u) > 0. Here c(¢,a;z, u) = w(z, p)(1—1)e +b(1 —¢)) + (1 +

r(z,u))a —a’(e, a;z, 1) is optimal consumption.
2. Interest rate and wages satisfy:
r(z,u) = ae*K* 1L -5
w(z,pu) =(1—-a)e*KL™
where K = 3}, f adu(e, a).

3. Law of motion for the distribution: for all measurable sets A,,

W (e, Ad) = Y mlel 2, 2) / a'(8,0;2, 1) € Aq}p(E, da)

g

Computation The state space representation closely follows Winberry (2018). Af-
ter dimension-reduction, the model has six states: x; = (zt, mét, mgt, m}t, m%t, Lt)/.
These include aggregate productivity z;; the first and second moments of the wealth
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distribution for unemployed households, (m

1
1t7

also includes 24 control variables:

ét, mgt) ; the first and second moments

for employed households, (m],, m?,); and aggregate employment L;. The model

’
_(n1 9 Al 9 o0 1 2 0 1 .2
Yr = (QO,t""’QO,t’Ql,t""’Ql,t’gO,t’gO,t’gO,t'gl,t’gl,t’gl,t) :

Here, Qi for j =1,...,9 are the Chebyshev coefficients used to approximate the
continuation value, and gf ; for k = 0,1,2 are the coefficients that parametrize the

density function of wealth for each employment status.

We approximate the moments using ny = 15 Gauss—-Legendre nodes and weights
{ag, we},L,, where the implied density at each node is given by:

¢ _ 0 1 2 2
h,, =exp (gg,t T 8l + gs,taé’) we.

We also use ny = 9 Chebyshev nodes {ai}?:“”l to approximate the unconstrained

expected marginal utility.

We can write the approximate equilibrium conditions compactly as:

Et [f (ytlyf+l/xt,Xt+1)] =

Zt41 — PzZ2t — OeMt+1

x p(el0,20)(1=Le) Tefar 0,0y hf +p(el1,20)Le Tefara(Lao)y n
M1~ eLrn+(1-&)(1-Li1)

exp {214, 00, T (8@ = B+ 11e1) Doy, plevsle, et (evsn,ar (¢,0)
-2 hﬁ,t

my, — Lelac*hy,

Liy1 = frf(1 = Li) = (1 = s¢)Ly

for k = 1,2 moments, ¢ = 0,1 employment states, and i = 1,...,9 asset grid

points, leading to 30 = dim(x;) + dim(y;) total equilibrium conditions. For the
Taylor Projection solution we define R(x;, ®) = E; [ f (yt, Yiel, Xt, Xp41 ;@)] using
the equations described in the main text.
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Parameters The discount factor is set to f = 0.96, and the inverse IES is ¢ = 1.
Unemployment benefits are set to b = 0.15. The steady-state separation and job-
finding probabilities are set to § = 0.038 and f = 0.5, respectively. The elasticities
of the job-finding and separation rates with respect to aggregate productivity z; are
nf = 15 and 15 = —9. The production function features a capital share of a = 0.36
and a depreciation rate of 6 = 0.10. TFP follows an AR(1) process with persistence

pz = 0.859 and innovation standard deviation ¢, = 0.01.

Asymmetry Figure F1 plots the responses of aggregate variables to a +1 standard
deviation productivity shock at the steady state x; = ¥, expressed as log deviations
from steady-state values. Because the perturbation solution is linear in levels, the
log transformation introduces mild asymmetries. In contrast, the dynamic Taylor
projection solution produces more pronounced asymmetries across all aggregates.
To aid visual comparison, the response to a positive shock is multiplied by minus
one. For variables such as output, employment, and consumption, asymmetries
show up through magnitude. For other variables, such as investment, they affect
the shape: investment exhibits a hump-shaped response to negative shocks that is
absent following a positive shock. This notable asymmetry is not captured by the

perturbation solution.

Figure F1: Asymmetry in a Heterogeneous Household Model: Perturbation versus Dynamic Taylor
Projection, response to a one-standard deviation change in z;.
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