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Abstract

We model a risk-averse dealer who manages inventory by setting quotes in
multiple correlated assets. In closed form, each midquote equals the fundamental
value minus a linear combination of the dealer’s inventories in all assets, with co-
efficients that form a pricing matrix; its off-diagonal entries capture cross-hedging:
a long dealer quotes to sell correlated assets. Cross-hedging increases with fun-
damental correlation, while own-quote shading weakens, a substitution effect. It
declines with risk aversion, as she mean-reverts each position too quickly for port-
folio rebalancing to matter, and is diluted across many assets. The resulting
transitory price pressure lowers return correlations at high frequencies, a pattern
known as the Epps effect. Ignoring cross-hedging would bias risk-aversion esti-
mates downward: with N perfectly correlated assets the estimate recovers only
a fraction 1/N of the true coefficient. In message-level Toronto Stock Exchange
data, market makers’ quotes display cross-hedging that is directionally sharp and
increases with correlation, yet quantitatively modest, consistent with relatively

high dealer risk aversion in the model.
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“A market maker’s success depends on it posting the best available
prices and accurately responding to relevant market data in similar
and correlated instruments.”

— Virtu Financial, Inc., S-1 Registration Statement, U.S. Securities

and Exchange Commission (2014)

Market makers are the liquidity supply side of financial markets, posting bid and
ask quotes at which other participants trade. On the liquidity demand side, investors
buy and sell assets to form and rebalance portfolios, motivated by differences in views,
information, or endowment. While that demand side has been extensively analyzed
through the lens of Modern Portfolio Theory, the supply side has received comparatively
little attention, especially when the dealer is active in multiple assets simultaneously.
Two questions arise naturally. How does a market maker manage inventory risk when
positions in different assets are correlated? And what effect does this multi-asset risk
management have on prices?

In Modern Portfolio Theory, investors allocate capital across assets to trade off ex-
pected return against risk. Much less is known about the corresponding portfolio prob-
lem faced by the intermediaries who make those assets tradeable. A market maker
typically provides liquidity in many securities at once, and shocks to her inventory
in one security change the risk of her entire portfolio. Virtu Financial, one of the
largest electronic market makers in the world, puts it plainly in its public filings: a
market maker’s success depends on accurately responding to market data in similar and
correlated instruments (Virtu Financial, Inc., 2014). The firm simultaneously quotes
prices for over 25,000 securities across 235 venues in 37 countries, managing inventory
across all of them as a single correlated portfolio. Yet the canonical inventory-based
market-making literature largely analyzes quote setting one traded asset at a time, with
inventory control operating through quote shading in that single asset. Even when a
dealer’s background portfolio risk enters the objective, the theory rarely models dynam-

ically chosen quotes across multiple traded assets that allow active cross-hedging.! The

!The distinction is between a single traded asset with exogenous background portfolio risk, as in
Ho and Stoll (1981) and related work, and a setting with multiple traded assets in which the dealer
jointly sets quotes across all of them and can exploit correlations to hedge inventory actively. The



single-asset framework developed by Ho and Stoll (1981) and extended by Hendershott
and Menkveld (2014) has been very influential, but it is silent on how a dealer allocates
inventory adjustment across correlated assets inside her own portfolio. This cross-asset
dimension is precisely the margin that a portfolio perspective makes natural.

We propose a dynamic model of market making in N risky assets. Each trading
round, a monopolist dealer sets ask and bid quotes in all assets at which investors trade.
The market consists of one risk-free asset and several risky assets, whose fundamental
value evolves according to a random walk with multivariate normal increments. Trading
takes place at discrete dates. After the dealer sets ask and bid quotes, the investors
submit an aggregate market order that is the sum of an inelastic component, an elastic
component linear in the fundamental value minus the quote, and a multivariate normal
noise. The dealer maximizes her expected profit subject to a penalty that is quadratic
in her inventory in the risky assets.

We solve the model in closed form, with a particularly transparent characterization
as the discount coefficient approaches one. Each midquote equals the fundamental
value minus a linear combination of the dealer’s inventories across all assets, with the
coefficients forming an /N-dimensional pricing matrix. Its diagonal entries capture the
familiar own-stock price pressure that pushes a long dealer to lower her own quote,
while its off-diagonal entries capture cross-stock price pressure, the channel through
which inventory in one asset shifts the dealer’s quotes in another. The off-diagonals
are positive whenever fundamental returns are positively correlated: a dealer who is
long in one stock lowers her midquote in correlated stocks, encouraging investors to buy
those stocks from her and thereby building offsetting positions. This cross-stock price
pressure, i.e., inventory cross-hedging, is the central object of the paper.

The model delivers a sharp set of predictions about how cross-hedging varies with
the underlying correlation structure. The off-diagonal entries are increasing in the fun-

damental correlation between two stocks: more correlated assets are better substitutes

important exception is Ho and Stoll (1983), in which competing dealers hold multi-stock portfolios
and reservation quotes respond to the covariance of each stock with the dealer’s inventory portfolio.
Their pricing is myopic mean-variance, however: quote adjustments are proportional to risk aversion
times covariances, so the ratio of cross-stock to own-stock adjustment is pinned down by the correlation
structure and is invariant to risk aversion. In our dynamic model this ratio is endogenous, lies below
the static benchmark, and declines with risk aversion.



for inventory adjustment, so the dealer relies on them more. By the same substitution
effect, the diagonal entries are decreasing in correlation, since the dealer relies less on
the focal asset itself when correlated assets absorb part of the adjustment. In the limit
of perfect correlation, the two assets become perfect substitutes and only the sum of
inventories matters to the dealer.

A further prediction concerns the role of risk aversion. As the dealer becomes more
risk-averse, the pricing matrix approaches a diagonal form. The intuition is that a very
risk-averse dealer mean-reverts each inventory to zero so quickly that cross-hedging has
no time to operate: in the limit, the liquidity shock in each asset is fully reversed within a
single period, pricing discounts are set independently across assets, and the off-diagonal
channels close down. Another comparative static concerns the number of assets: with
many correlated assets, the hedge is spread across all of them, so each pairwise quote
response is inversely proportional to the number of assets.

The final prediction concerns measured return correlations. When the dealer is risk-
averse and the pricing matrix is close to diagonal, quotes in different assets respond
independently to their respective inventories. At high frequencies, this independent
inventory-driven price pressure generates a mean-reverting component that suppresses
comovement; at lower frequencies, the random-walk component of fundamental value
dominates and return correlations converge to their fundamental level. Our model thus
provides an inventory-based theoretical account of the Epps (1979) effect.

We take the model’s central predictions to the complete message-level record of the
Toronto Stock Exchange STAMP feed, covering 45 trading days from January 3 to
March 6, 2006. Every order, cancellation, and trade carries a user identifier, so we
reconstruct each market maker’s inventory trade by trade, in every stock, and observe
the resting quotes she posts alongside it. This combination, the full order lifecycle with
market maker identifiers, is rare in available data and is what makes the off-diagonal
of the pricing matrix observable. We identify 549 market makers and sort them into
three groups: designated market makers with specialist obligations, endogenous market
makers whose two-sided liquidity provision is voluntary, and market makers that do
both.

Our empirical design follows the theory’s main object of interest, quoted prices. For



each market maker, stock, and minute we measure the quoted liquidity imbalance of
her resting quotes, ask depth minus bid depth in dollars. The imbalance is positive
when the market maker supplies relatively more liquidity on the ask side than on the
bid side, shifting her quoted supply schedule toward selling. We then ask whether her
inventory in one stock drives the positive imbalance in the rest of her portfolio, with
inventory preceding the quote by five minutes. When it does, for a sustained run, we call
it a cross-hedging episode, and within each episode an exact covariance decomposition
names the stocks that carry the sell-side liquidity imbalance.

We identify 879,942 episodes, run by 537 of the 549 market makers, and the stocks
chosen as hedges are more correlated with the focal stock than random stocks from
the same portfolio, so the mechanism is widespread and organized by correlation; yet
episodes cover on the order of a tenth of the trading day for the average market maker-
stock pair, and within the median episode the rest-of-portfolio imbalance offsets 13
percent of the focal inventory covariance, so the mechanism is modest, a magnitude the
model attributes to risk aversion and to the hedge being spread across many stocks. A
market maker accumulates a long position in one stock and turns her resting quotes to a
sell-side liquidity imbalance in a few correlated stocks, e.g., banks against banks, energy
against energy. The quoted liquidity imbalance is concentrated, with two or three stocks
carrying most of it: long the focal stock while quoting to sell its correlated relatives is
the opposite of what a common factor produces.

The positive quoted liquidity imbalance increases with cross-pair correlation. The
share of pairs quoted to sell rises with the return correlation of the two stocks, from 0.58
to 0.73 for the most correlated pairs. This finding is in line with the cross-hedging pre-
diction that the off-diagonal grows with correlation. The model’s remaining comparative
statics, the fall of the diagonal as correlation rises and the attenuation of cross-hedging
with risk aversion, are causal claims: testing them requires exogenous variation in cor-
relation and in risk aversion, which a single cross-section does not provide, and we leave
them to future research.

The portfolio dimension of inventory management matters for measurement and
interpretation. In the single-asset literature, including Ho and Stoll (1981) and Hender-

shott and Menkveld (2014), observing an inventory half-life in one asset and mapping it



to risk aversion is equivalent to assuming that the dealer does not hedge through corre-
lated positions. When the dealer is managing a correlated portfolio, any one position is
unwound more slowly because correlated assets absorb part of the adjustment burden,
which weakens the incentive to eliminate the focal position directly. With N perfectly
correlated assets, studying one asset in isolation recovers only a fraction 1/N of the true
risk-aversion coefficient, an underestimation that equals 50 percent for two assets and
approaches 100 percent as the number of assets grows. For imperfect correlation, the
underestimation increases with both the correlation among the assets and their number.
Market makers are therefore more risk-averse than single-asset estimates suggest. More
generally, single-asset measures of price impact, market quality, or inventory adjustment
speed can be systematically biased when dealers manage correlated portfolios, and the
direction and magnitude of the bias vary with the correlation structure in the way our
model specifies.

Our paper contributes to several strands of the literature. The first is the theory of
inventory-based market making. Stoll (1978) and Amihud and Mendelson (1980) estab-
lish the foundational link between inventory costs and the bid-ask spread in single-asset
settings. Ho and Stoll (1981) derive the optimal bid-ask spread for a dealer facing return
uncertainty in a single asset. Ho and Stoll (1983) extend the framework to competing
dealers who make markets in multiple stocks: reservation quotes respond to the covari-
ance of each stock with the dealer’s inventory portfolio, and order flow is won by the
dealers whose inventories make them most competitive. Hansch, Naik, and Viswanathan
(1998) test this framework on London Stock Exchange dealer data and find that rel-
ative inventories determine which dealers obtain trades, while Naik and Yadav (2003)
find that inventory management is predominantly stock-by-stock, with limited support
for the portfolio dimension. Hendershott and Menkveld (2014) bring the single-asset
framework to the data, identifying price pressure as the mechanism by which dealers
restore inventory balance. Our model extends this line of work by solving the dealer’s
dynamic portfolio problem in closed form. The single-asset pricing scalar generalizes
to an N-dimensional pricing matrix whose off-diagonal elements are theoretically disci-
plined and empirically detectable, and its dynamics reconcile the theory of Ho and Stoll

(1983) with the evidence of Naik and Yadav (2003): optimal cross-hedging is attenuated



relative to the static benchmark and declines with risk aversion, so positions can look
managed stock-by-stock even though the portfolio dimension survives in the quotes and
remains first-order for the measurement of risk aversion.

In a related but distinct setting, Daures-Lescourret and Moinas (2023) model im-
perfect competition among two market makers posting prices for the same asset on two
exchanges, focusing on how fragmentation affects liquidity; our focus is instead on how a
single dealer optimally allocates inventory adjustment across correlated assets, and what
that implies for price formation, market quality, and the measurement of risk aversion.

The second strand is the broader literature on market maker behavior. Menkveld
(2013) documents the inventory dynamics of a large high-frequency market maker in
a single asset, and Brogaard, Hendershott, and Riordan (2014) study high-frequency
traders and price discovery across stocks while treating each stock independently. Copeland
and Galai (1983) examine quote-setting under adverse selection, also in a single-asset
framework. More broadly, the literature on dealer networks, including Hugonnier,
Lester, and Weill (2020) and Di Maggio, Kermani, and Song (2017), examines how
intermediaries interact with each other across markets, but does not address how an
individual dealer manages inventory across correlated positions within her own portfo-
lio. Our empirical contribution is to bring the cross-asset dimension into this literature
directly. Rather than studying each stock in isolation, we reconstruct the full multi-
asset inventory position of each identified market maker and measure how shocks in
one stock propagate into quoting behavior across the dealer’s entire portfolio. To our
knowledge, we are the first to jointly derive a multi-asset closed-form pricing matrix for
inventory management and test its cross-asset predictions using message-level order data
with market maker identifiers across a broad equity universe with structurally distinct
market maker populations.

Finally, our model provides a complementary theoretical mechanism for the Epps
effect. Epps (1979) documents that stock return correlations decline systematically
as the measurement frequency increases, a finding replicated across markets and time
periods. The leading explanations attribute the attenuation to nonsynchronous trading
(Scholes and Williams, 1977), bid-ask bounce (Roll, 1984), and differential information

flow (de Jong and Nijman, 1997). Our model adds an inventory-based channel: a risk-



averse dealer who mean-reverts inventory aggressively injects a transitory component
into prices that attenuates measured co-movement at high frequencies, but that vanishes
at lower frequencies where the random-walk component of fundamental value dominates.
This mechanism is complementary to the canonical explanations, and its distinctive
prediction is that the degree of attenuation should vary with the aggregate risk aversion

of the market makers active in a stock pair.

1 Model

1.1 Environment

Our model is close in spirit to the dealer models of Ho and Stoll (1981) and Hendershott
and Menkveld (2014), except that we consider trading in multiple assets, as in Ho and
Stoll (1983), but with quotes chosen dynamically rather than from a myopic mean-
variance criterion. Specifically, the market consists of one risk-free asset and N risky
assets. Trading in the risky assets takes place in a market exchange, at discrete dates
t =0,1,2,..., according to the mechanism described below. There are two types of
market participants: (a) one monopolistic market maker called the dealer (“she”) who
sets ask and bid quotes at which others trade, and (b) traders, who submit market

orders.

Assets. The risk-free asset is used as a numeraire and has a return of zero. Each
risky asset n € {1,2,..., N} has a fundamental value v, that follows a continuous
multi-variate random walk process for which the increments have instant covariance
matrix per unit of time equal to >,. We define the fundamental value v; of the N assets
as the column vector with n’th entry equal to v,;. In Appendix B, we show that v, ,
can be interpreted as the cash value that shareholders receive at liquidation, an event

which may occur in each period with a constant probability.?

Dealer’s Quotes and Objective. Suppose the dealer observes the fundamental

2Suppose there exists 7 € (0,1) such that asset n liquidates in each period with probability 7, in
which case the shareholders receive v, ; per share. Then we show in Appendix B that the expected
profit of a trader with quantities bought and sold at ¢ equal to —Q? and —Q3, respectively, has the
form described in equation (2) with =1 — 7.



value v; before trading at ¢t and sets the ask quote vector a; and the bid quote vector b,.
Let x; be the dealer’s inventory in the risky assets before trading at ¢, which is also a
column vector with N entries. If QU is the aggregate buy market order vector at ¢ and
Q7 is the aggregate sell market order vector at ¢, the dealer’s inventory evolves according

to

Tg41 = Ty — Q? + Q? (1)

For a given quoting strategy, the dealer’s expected utility at 7 =1,2,... is:
E, Z ﬁt_T ((Ut - bt)/Qf + (a; — Ut)/Q? -7 x;vat>7 (2)
t=1

where 3 € (0,1) and v > 0.3 The dealer maximizes expected profit, but at each ¢ faces a
utility loss that is quadratic in the inventory. In Appendix B, we show that the expected
utility of a risk-averse dealer is approximately of the form (2) when her risk aversion

coefficient ~ is sufficiently small.*

Trading. Upon observing the quotes, traders submit at ¢ the following aggregate

market order vectors:

k
@ = Soi—a) e with PN (0,52,

(3)

k .
Q= h—u)+ ey, with & N (0,5/2),
where k and Y, are symmetric positive definite matrices, and ¢ is a column vector.® The

parameter k is the investor elasticity matrix and ¢ is the inelasticity parameter vector.

Dealer’s Information. The main results do not depend on any particular infor-
mation structure, but to obtain explicit formulas we define the dealer’s information set

7, before trading at ¢ as the history of net order flow: 7, = {Q? - T< t}.6

3The equilibrium results are the same in the limit when 8 = 1 if the dealer’s inventory penalty
yxiX,xy in equation (2) is replaced by vy}, ¥, x41; see Proposition A.1 in the Appendix.

4This is done for one asset, but in principle the proof holds also for multiple assets.

°By extending the microfoundations from Rosu, Sojli, and Tham (2021), k can be shown to be
proportional to g3, 1, where g is the informed trader’s risk aversion, v + u is the asset’s liquidation
value, and v is the informed trader’s signal. A similar result obtains from CARA investors with expected
values equal to v, in which case k~! is the conditional variance of v + .

6 Alternatively, the information set could contain both the buy and sell order flow separately, i.e.,
7y ={Q% Q:|r € {0,1,...,t — 1}}, but the formulas would be more complicated.



2 Equilibrium

2.1 Optimal Quotes

In this section, we solve for the dealer’s optimal quotes and show that the results are
obtained in closed form. We fix the dealer’s risk aversion coefficient v, the fundamental
covariance ., the elasticity matrix k, the inelasticity parameter ¢, and the noise covari-
ance Y. The matrices k and ¥, are assumed symmetric and positive definite. Let Iy
be the identity matrix in N dimensions.

Proposition 1 describes the optimal quotes set by the dealer. This result is ob-
tained by applying standard methods in linear-quadratic dynamic programming, see
Appendix A." We fix v, ¥, k, ¢, and X;. The matrices k and ¥, are symmetric and

positive definite. Let I denote the identity matrix.

Proposition 1. If v, is the fundamental value at t and x; is the dealer’s inventory before

trading at t, then the dealer’s optimal quotes att = 0,1,... are:
a; = vy — Axy + h, by = vy — Axy — h, (4)
where h is an N x 1 vector and X is an N X N matriz satisfying:
h = k'Y, A= kA, (5)

where A is the unique symmetric positive definite matrix solving the quadratic equation:

A2+A(S+%IN) — S, with S = k%, (6)

When B converges to 1, the parameter A converges to:

-1

A = % ((52 482 - s). (7)

We consider only the limit 5 = 1 henceforth, in order to simplify formulas.

To get intuition for Proposition 1, suppose there is only one asset (N = 1) and

"For a general treatment of such problems, see Ljungqvist and Sargent (2000).
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the dealer is risk-neutral (v = 0). Equation (7) shows that A = 0, hence the dealer’s
inventory does not affect her strategy. Equation (4) implies that the dealer sets her
quotes at equal distance around the value v;: the ask quote is a; = v; + h and the bid
quote is b; = v, — h, where h is the constant half-spread. The equilibrium value h = ¢/k
in equation (5) reflects two opposite concerns for the dealer: too large a spread would
decrease the profit that comes from the price-elastic investors (with elasticity k), while
too small a spread would lower the profit that comes from the inelastic traders (who
submit a fixed quantity ¢ at both quotes).

If the dealer is risk-averse, equation (7) shows that the dealer’s inventory affects
the quotes across assets in a linear way via the coefficient A, i.e., the midquote price
pr = (ar + b;)/2 satisfies:

Pt = U — ATy (8)

To understand why, suppose before trading at ¢, the dealer has accommodated a positive
net order flow and thus has a negative inventory (z; < 0). To bring back her inventory to
zero, she must encourage new sellers and discourage new buyers, which can be achieved
by raising both quotes at ¢t. Thus, the dealer raises the midquote above the value vy, to
a level equal to p; = vy + A(—x;). For one asset, this is the price pressure mechanism
identified in Hendershott and Menkveld (2014).

Equation (8) characterizes the direction in which the dealer adjusts her quoted sup-
ply schedule in response to inventory changes. Here this adjustment is implemented
entirely through prices. In electronic limit-order books dealers jointly choose prices and
displayed quantities, so the same inventory-management decision appears empirically as
an imbalance in quoted liquidity. Our empirical analysis therefore studies quoted liquid-
ity imbalance, the relative liquidity supplied on the ask and bid sides, as the observable
counterpart of the theoretical quote adjustment.

To get intuition for the case with multiple assets, we analyze in more detail the
formula (7) for A. If C'is an N x N matrix, we denote by |C| the infinity norm of C, i.e.,
the maximum absolute row sum of C. We use the big-O notation extended to matrices

in the standard way, with asymptotic behavior considered near the zero matrix.®

8If X = X(c) is a scalar function with matrix values and f(c) is a positive function (at least for
small ¢), the notation X = O(f(c)) means that there exist M,n > 0 such that for all ¢ € (0,7) the

11



Corollary 1 provides approximations to the equation (7) in two extreme cases, when

the risk aversion coefficient 7 is either very high or very low.

Corollary 1. In the context of Proposition 1, if |(7k2v)*1‘ < 1/4 then:
A=k +ETO((vkS,) 7). (9)

If ‘7k2v| < 4 then?
N = RN 4 O (1k,). (10)

Equation (9) shows that when v is large, A ~ k=1

: the pricing matrix is approxi-
mately diagonal. A very risk-averse dealer is more concerned with minimizing the in-
ventory penalty than with exploiting portfolio correlations. In the limit, she sets prices
so that the inventory in each asset is expected to drop to zero in the next period. Since
the liquidity shocks ¢, are independent across assets, the optimal pricing discounts are

set independently, and A becomes diagonal. A very risk-averse dealer mean-reverts each

inventory so quickly that cross-hedging has no value.

2.2 Two Risky Assets

In this section, we focus on N = 2 with symmetric fundamental volatility and scalar

elasticity to obtain simpler closed-form expressions.

Corollary 2. Let N = 2 and suppose that:

9 1 a k}o 0
Yy =0 , k= . (11)
a 1 0 k’o

ratios | X (c)|/f(c)| are bounded by M. If X = X(C) is a matrix function with matrix values and f(C')
is positive definite for C' positive definite and sufficiently small (in norm), the notation X = O(f(C))
means that the ratios (f (C’))le (C) are uniformly bounded in norm for C' sufficiently small.

9In Appendix B, we analyze the microfoundations of the dealer’s expected utility in the one-
dimensional case (N = 1), and we show that the inequality ko2 < 1 is one of the conditions that are
sufficient to obtain a quadratic penalty as in equation (2).

12



Then the dealer’s pricing coefficient is:

1 my + mo + 2 mi — Mo .
N — ,  with
ko(my + 1)(mg + 1) my—mse My + Mg+ 2 (12)

1 1
m; = (47*1130*10;2(1 —a) '+ 1) fomy = (47*1/@0*10;2(1 +a)t+ 1) g

Moreover, the cross-hedging coefficient Ay o is strictly increasing in a, and equals zero

ata =0. If a € (0,1), then viewed as a function of v € (0,00), A2 has an inverted

U-shape: it vanishes at the two extremes and attains a unique interior maximum.

Figure 1 shows comparative statics of the pricing matrix A with respect to the dealer’s

risk aversion coefficient () and the fundamental correlation coefficient (a).

Figure 1: Dealer’s Pricing Function and Risk Aversion. In the context of Corollary 2,
this figure shows how the coefficients A1 and A2 of the dealer’s pricing function A vary
with the increment correlation between the two components of the fundamental value: a =
corr(Awvy, Avg). The dealer’s risk aversion coefficient is v = 1 in the left graph, v = 10 in the
center graph, and v = 1000 in the right graph. In all graphs, the fundamental volatility is
o, = 1 and the elasticity matrix is k = kglo, with kg = 0.1.

y=1 y=10 y = 1000

10+ 10+ 1 10

Aq
[e}3 Ot 3 |
A2 A2
2f 2
4 ' 4 s
-1 0.5 0 0.5 1 -1 0.5 0 0.5
a a a

As Figure 1 shows, there is significant cross-hedging across the two assets. For in-
stance, suppose the dealer’s risk aversion coefficient is v = 1, the fundamental volatility
is o, = 1, and the elasticity matrix is k = koI, with ko = 0.1.1° Suppose the fundamen-

tal correlation between the two assets is a = 0.6. Corollary 2 implies that the pricing

0We choose a relatively small value of kg to indicate that the order flow is not very elastic in the
dealer’s quotes.
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matrix is:

2.54 0.73
Aa=0.6) = : (13)
0.73 2.54

Suppose the value of both assets is 10 and the dealer’s starting inventory before trading
at ¢t is x; = [—1,+1], i.e., the dealer is short one unit of asset 1 and long one unit of
asset 2. The pricing equation (8) implies that the dealer must set the midquotes at

Dr = Uy — ATy

10 2.54 0.73 -1 11.81
10 0.73 2.54 1 8.19

If instead the dealer had zero units in asset 2, the midquotes would be set at:

10 2.54 0.73 -1 12.54
D = - = : (15)
10 0.73 2.54 0 10.73
Thus, being long one unit of asset 2 helps reduce the pressure to increase inventory in
asset 1, and as a result the dealer sets the midquote of asset 1 closer to the fundamental
value of 10, at a rate equal to 0.73/2.54 =~ 29% of the extra inventory in asset 2. The
rate of cross-hedging increases with the correlation between assets 1 and 2, reaching
100% in the limit when the assets are perfectly correlated.

Another implication of the pricing equation (15) is that, even if the dealer is only
short in asset 1, the dealer also increases her midquote in asset 2, by 0.73. The intuition
for this fact is similar to that of standard portfolio theory, where in order to reduce the
overall risk of a portfolio, it is more efficient to hedge using other assets as well.

If the fundamental correlation were to increase from a = 0.6 to a = 0.8, the dealer’s

pricing coefficient would change to:

2.38 1.06
)\(a=0.8) — . (16)
1.06 2.38

Comparing A with the pricing matrix from equation (13), the cross-hedging coefficient

A1,2 increases from 0.73 to 1.06. The intuition is straightforward: When the correlation

14



between the two assets increases, asset 2 is used at a higher rate for hedging inventory
in asset 1. At the same time, the own-hedging coefficient \;; decreases from 2.54 to
2.38. To understand this result, consider the more extreme case when the fundamental
correlation becomes very close to a = 1, i.e., when the two assets are perfectly correlated.
In that case, the pricing matrix has all entries equal to each other (with a value of 1.79).
Thus, only the sum of inventories matters to the dealer and the assets are almost perfect
substitutes. This implies that, compared to the case when a = 0.6, asset 1 is used less
intensely for hedging, since asset 2 has become a better substitute.

If the dealer’s risk aversion 7 is very large, Corollary 1 implies that A is approximately
diagonal.!* (This can also be seen in Figure 1 when v = 1000.) Intuitively, a very risk-
averse dealer is more concerned about minimizing the inventory penalty than maximizing
the expected profit component. But in the limit, minimizing the inventory penalty
means setting the prices such that the inventory in each asset is expected to drop to
approximately zero in each period. This means that the dealer sets prices such that
the liquidity shock in each asset is expected to be almost fully reversed in each period.
As the liquidity shocks are assumed uncorrelated among the different assets, the pricing
discounts are set almost independently of each other, and therefore the pricing coefficient
A is approximately diagonal. Differently said, a very risk-averse dealer mean-reverts her
inventory to zero very frequently, and hence hedging across assets has little value.

Note that cross-hedging requires intermediate risk aversion. As Corollary 2 shows,
for a in (0, 1) the cross-hedging coefficient A; 5 has an inverted U-shape in v: it vanishes
both as v approaches 0 and oo, and reaches a maximum at an intermediate value of
~. The intuition combines the two limits already discussed: a near-risk-neutral dealer
barely hedges at all, while a very risk-averse dealer mean-reverts each inventory to
zero so quickly that hedging across assets has no time to add value. Cross-hedging is
most valuable in between, when the dealer holds inventory long enough for portfolio
considerations to matter, but is averse enough to want to manage it. This is visible in
Figure 1: at @ = 0.6, the amount of cross-hedging A, 2 is small at v = 1, peaks near

v = 10, and is small again at v = 1000.

1Tn the case of N = 2 assets, this can be proved directly using Corollary 2: When ~ approaches
infinity, m; and mo are approximately equal to 1, and A is approximately proportional to the identity
matrix, i.e., A & ko_1]2.
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2.3 Correlation and the Dealer’s Asset Selection

In this section, we analyze how the dealer chooses in which assets to provide quotes.
For simplicity, we assume that the dealer already provides quotes in one asset and must
choose one more asset, based on the fundamental correlation between them.

To solve this problem, we must calculate the value function of the dealer. The proof
of Proposition 1 shows that in the general case with N risky assets, the dealer’s value

function is a quadratic function of the inventory x:

V(z) = ﬁ(ﬁ'k‘lﬁ— ﬁaoEL> — %m’aw, (17)

where AoB = Zgjzl A;;B;; denotes the Frobenius inner product (or double dot product)
of two N x N matrices A and B, < 1 is the discount rate, a is the N x N matrix
that satisfies equation (A18), and ¥, is the covariance matrix of the liquidity demand
Q- Q.

To simplify formulas, we define the dealer’s normalized value function W (z) as the
limit of (1 — 8)V (x) when § converges to 1. According to equation (17), the normalized

value function is:

W(x) = (k' —aoXy. (18)

Corollary 3 provides formulas for the simpler case when N = 2, as well as asymptotic
limits in the extreme cases when the dealer is either almost risk-neutral or very risk-

averse.

Corollary 3. Let N = 2 and suppose that:

9 1 a k’o 0 61 1 b
Y, = o L ko= L 0= LY, = L . (19)
a 1 0 k(] 62 b 1

Then the dealer’s normalized value function W (x) satisfies:

vo; Lo

Wi(x) = ko(£? + (%) (ni(1 —b) 4+ no(1+b) + 2(1 + ab)), (20)

where ny = my(1 —a) and ny = mao(1l + a), with my and my as in Corollary 2.
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When v approaches zero or infinity, respectively, the dealer’s normalized value func-

tion satisfies the following asymptotic equations:

1

W(x) = kol + 63) — 72 Looky ? ((1 —a)i(1—-b)+ (1+a)(1+ b)) +0(y

2L
W(x) = ko({7 +(3) — 2yLoo(1 + ab) — k_oo 4 0(7—1)7

2,
(21)

where the first and second equations correspond to v small and v large, respectively.
Moreover, suppose b > 0. When ~y is small, W is U-shaped in a on [—1, 1], with local

mazima at a = +1 and W(—1) > W(+1). Restricting to a € (0,1], W has an interior

minimum at a* = 2b/(1 + b?), so its mazimum is attained at a = 1 if b < /2 — 1 and

ata =0 ifb>+2—1. When v is large, W is strictly decreasing in a on [—1,1].

Corollary 3 shows that asset selection depends on two correlations: the fundamental
correlation a, which enters W through « as a cross-hedging channel, and the liquidity-
shock correlation b, which enters through >, as a liquidity-shocks channel. Throughout
this discussion, we assume b > 0, the empirically relevant case in which liquidity shocks
are positively correlated across the two assets.

The two channels pull the dealer’s choice in different directions. Cross-hedging is
most effective when the dealer can use inventory in one asset to offset inventory in the
other, which requires |a| to be large. But when liquidity shocks are positively correlated,
high positive a causes inventories in the two assets to accumulate together, amplifying
the inventory penalty. This tension resolves differently depending on the dealer’s risk
aversion: cross-hedging dominates when v is small, while the inventory-penalty cost
dominates when + is large. Equation (21) makes this explicit, with the two limits in
giving opposite comparative statics of W in a.

When the dealer is almost risk-neutral, her dominant concern is the ability to cross-
hedge. Cross-hedging is most powerful at extreme correlations, |a| close to 1: at a = 1
the two assets are perfect substitutes, and at a = —1 they are mirror images, so in either
case inventory in one asset can fully offset inventory in the other. The dealer therefore
benefits from extreme |a| regardless of sign, giving the U-shape stated in the corollary
with maxima at a = £1.

The asymmetry W (—1) > W(+1) admits an intuitive interpretation in the basis of
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inventory sum and difference coordinates, s = (21 + 25)/v2 and d = (21 — 3)/V/2.
Both ¥, and ¥, are diagonal in this basis, splitting variance between the two directions
according to a and b respectively. At a = +1 only the sum direction has nonzero
fundamental variance, but that direction also has high liquidity-shock variance when
b > 0. At a = —1 only the difference direction matters, and it has low liquidity-shock
variance. The dealer therefore prefers a = —1, where her cross-hedging operates along
a direction with low inventory accumulation.

In equity markets, fundamental correlations are usually positive, often restricting the
dealer’s choice to a € (0, 1]. Within this range, the corollary identifies « = 0 and a = 1
as the candidate maxima, separated by a threshold b* = /2 — 1 ~ 0.41. The intuition
is a trade-off between two inventory-management strategies: at a = 0 the inventory
penalty is spread evenly across the two assets (no cross-hedging); at a = 1 the assets
are perfect substitutes and the penalty concentrates on a single direction, which has
high liquidity-shock variance when b > 0. Cross-hedging wins when the concentration
cost remains below the spread cost, i.e., when b < b*. Empirically, equity liquidity-shock
correlations typically lie below b* under normal trading but may exceed it during periods
of market-wide stress, predicting a regime switch in the dealer’s optimal asset-selection
strategy.

When the dealer is very risk-averse, the picture changes. The dealer mean-reverts
inventory so aggressively that at each period her inventory consists almost entirely of
the previous period’s net demand shock, x; ~ 5 ; —e? . Cross-hedging plays no useful
role: the dealer is killing inventory too quickly for portfolio considerations to matter.
Instead, the inventory penalty becomes ~ 33,031, which captures the alignment between
fundamental volatilities and liquidity-shock variances, and is increasing in @ when b > 0.
The dealer therefore prefers low (or negative) correlation, behaving like a Markowitz

mvestor.

2.4 Inventory Half-Life and Risk Aversion

In this section, we analyze how the dealer’s inventory evolves over time and how this

evolution is related to the dealer’s risk aversion. To get simpler solutions, we consider the
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particular case with NV = 2 assets. As in Corollary 2, we assume that the fundamental
volatility is the same for both assets and that the elasticity matrix is proportional to
the identity matrix.

We define the inventory half-life as the expected time it takes for the inventory in
one asset to be reduced by half. Corollary 4 provides an approximate formula for the

inventory half-life when the dealer’s risk aversion coefficient is small.

Corollary 4. Let N = 2 and suppose that:

9 1 a k’o 0
Yo, =0 , k= . (22)
a 1 0 k’o

Let my = (47 'kylo,2(1—a)~t + 1)1/2 and ms = (4y kg o 2 (14+a) " + 1)1/2. Then,

for any t € N:
t t t t
(at) () () ()
t 2\ ma+1 2\ m+1 2\ ma+1 2\ m—+1
(I — koA)' = Y R NS Tl (@3
(emt) () () ()
2\ mao+1 2\ mi+1 2\ ma+1 2\ mi+1

m 1" m 1\"
1~ 2 —

= 1. 24
When v is small, the inventory half-life in asset 1 is approximately:

1

T ~ with m = vy 2k, 2o, (25)

(1+a)? + (1 —a)

When assets 1 and 2 are uncorrelated (a = 0), equation (25) implies that the inven-
tory half-life T,_q is approximately m /2. When assets 1 and 2 are perfectly correlated
(a = 1), the inventory half-life is T,—; = m/v/2 = T,—o x /2, which is 41% larger
than the inventory half-life in the uncorrelated case. Intuitively, with correlated assets
it takes longer to reduce inventory to zero, as the other asset can be used for hedging
and the need to reduce the inventory is effectively weaker.

Corollary 4 implies that market makers may appear significantly less risk-averse
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than they actually are. Indeed, suppose we observe a dealer’s inventory half-life of T
Then, using equation (25) we can estimate the dealer’s risk aversion coefficient under
the assumption that a =0 or a = 1:

—1_-9 -1 _—2
kO Oy kO Oy

ar2 0 U T T (26)

Ya=0 =

Thus, if we wrongly assumed that the assets were uncorrelated when in fact they were
perfectly correlated, we would be wrong by a factor of v,—0/v.=1 = 1/2, implying that
we would underestimate the dealer’s risk aversion by 50%.

The two-asset case understates the magnitude of this bias. A market maker typically
trades many correlated assets, and Corollary 5 extends the half-life analysis to N assets

with equicorrelated fundamentals.

Corollary 5. Let N > 2 and suppose that:
Ev = 0-12) |:(1 - a)-[N + a1N1§V:|7 k = kOIN7 (27>

where 1y 1s the N-dimensional column vector of ones and a € (—L 1). Let

N-1°
—17.-1 -2 —1 1/2 —17.-1 _-2 -1 1/2
my = (4 'kyloP(1—a) 1) 7, my = (47 kyto 2 (14 (N —1)a) +l) :
(28)
and denote p; = z;i fori1=1,2. Then, for anyt € N:
t_ ot
(Iv = ko))" = pf Iy + 2P 11, (29)
and the inventory half-life T starting from an inventory xy = [1,0, . ,0], solves the
equation:
1  N—-1 , 1
Bl - - = . 30
When v is small, the inventory half-life in asset 1 is approximately:
N _1
T ~ - m with m = 7_%%20;1 (31)

2((1 + (N =1)a)? + (N — 1)(1 — a)%) ’
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When N = 2, Corollary 5 reduces to Corollary 4. Setting ¢ = 1 in equation (29) also

yields the pricing matrix itself, \ = k;' [(1 —p1)In + 252 lNl’N]: each off-diagonal

entry equals (p1 — p2)/(Nkg), positive for a > 0 and vanishing in inverse proportion to
the number of assets, so with many correlated assets the hedge is spread across all of

them and each pairwise quote response is small. To describe the bias for general NV,

define:

NI

- (1+ (N —1)a) ]—VF(N—l)(l—a)%, (32)

so that equation (31) reads T' &~ m/(27), with # = 1 when a = 0. Repeating the
estimation exercise above, an econometrician who observes the inventory half-life 7" and
inverts the single-asset (uncorrelated) formula obtains v,—o = kg ‘o 2/(4T?), while the
true risk aversion coefficient is v = k; o 2/(4T%7?). The ratio of the estimated to the

true coeflicient is therefore:

Ya=0 _9
= 7, 33
S (33)

which is decreasing in both the correlation a and the number of assets N. Two limits
are instructive. At perfect correlation, 7* = 1/N, so the underestimation equals 1 —1/N
and approaches 100% as the number of assets grows: the 50% figure of the two-asset
case is the most conservative one. For fixed a € (0,1), 7* converges to 1 — a as the
number of assets grows: the underestimation converges to the correlation itself. At a
correlation of a = 0.44, the average correlation among the energy stocks that recur as
hedge pairs in our sample (Table C.4), the bias is only 5% for N = 2, but it reaches 20%
at N = 10 and 27% at N = 25, values that bracket the median and mean number of
stocks traded by the market makers in our sample (Table 1).!? These figures assume a
uniform correlation across assets. With heterogeneous correlations the bias depends on
the whole distribution of pairwise correlations, and it can be larger: hedged combinations
of highly correlated stocks carry little risk and are unwound slowly, lengthening measured
half-lives. The recurring hedge pairs in our sample are such stocks (Table C.4).

The mechanism behind the longer half-life also organizes the inventory facts that

12At exactly a = 1, the half-life defined by equation (30) is infinite for every N > 2: a fraction
(N —1)/N of the initial position lies in directions that the dealer is content to carry, and is expected
never to unwind. The approximation (31) measures the initial speed of reversion, which remains finite,
so the biases computed from it are conservative.
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we document in Section 3. A unit inventory shock to one asset decomposes into a
component 1/N along the average of all inventories, which mean-reverts at the fast rate
associated with mg, and a component (N —1)/N orthogonal to it, which mean-reverts at
the slow rate associated with m;. As the number of assets grows, the net position across

all assets reverts faster, at a rate proportional to (1 4+ (N — 1)a)'/?

, while the position
in any single asset reverts more slowly. Slow inventory reversion in individual assets is
therefore not evidence of low risk aversion: it is what a risk-averse dealer who trades
many correlated assets optimally looks like. Moreover, the ratio of the two reversion

rates depends only on N and a, and not on the risk aversion =, the demand elasticity

ko, or the volatility o,.

2.5 Stationary Equilibria

We define a stationary equilibrium as an equilibrium for which the price covariance
matrix is constant over time. One can show that there is a unique stationary equilibrium
and that any equilibrium converges to the unique stationary equilibrium.

Proposition 2 describes the evolution of the dealer’s inventory and price over time

and provides formulas for various covariances in a stationary equilibrium.

Proposition 2. In equilibrium, the dealer’s inventory and price satisfy the following

formulas:

Ti41 = (IN - k>\)xt — &, (34)
Apt+l = )\Et + A/UtJrl + )\k’)\ﬂjt,

where g, = 2 — &5. Suppose, moreover, that k, ¥,, and ¥, commute with each other.

Then, in a stationary equilibrium, the inventory variance ¥, = Var(z,), price variance
Y, = Var(Ap;), and price autocovariance A, = Cov(Apii1, Apiyo) are constant and

satisfy:

Yo = kTN 21y — kNI,
5, = 20220y — kNS + %, (35)
A, = —kX 20y — kM) IS
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If |(vk,) 7Y < 1/4, we have:

A~ kL
Ex ~ ZLa
(36)
Y, ~ 2k7°%, + %,
Ap = —k’ZEL.
If ‘7k§]v| < 4, we have:
1 11
A~ oyzkT2XR,
1 _1
S, & = (7hS,) 2%,
’ (37)

Y, & (k'S 4 In) Sy,

1 : 1 3
—§fygk’§ZL23.

Q

Corollary 6 focuses on the simpler case in which there are only N = 2 assets and pro-
vides closed-form results. As in Corollary 2, we assume that the fundamental volatility
is the same for both assets and that the elasticity matrix is proportional to the identity

matrix.

Corollary 6. Let N = 2 and suppose that:

9 1 a ko 0 LO 0
S, = o . k= . Y= . (38)
a 1 0 ko 0 Lo

Then, in a stationary equilibrium, the inventory variance ¥, = Var(x;), price variance
¥, = Var(Ap,), price autocovariance A, = Cov(Apii1, Apita), and price correlation
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pp = Corr(Apy+, Apay) are constant and satisfy:

5= Lo m%mz + m1m% + dmima + m1 + mo (m1 —mg2)(1 — mima)
t 8mamy (m1 — m2)(1 — mim2) m2msy 4+ mim? + 4mima +my +ma |
o mi +m3 +my +ma (m1 —ma)(m1 +ma +1)
0
(m1—m2)(mi+ma+1)  mZ+mi+mi+me |1 a
Xp = B 2 to )
kgmima(my + 1)(mz2 + 1) a 1
ol m?+m§+2m%+2m§+m1 + mo (m1—mg)(m%—&—m%—l—le+2m2+m1m2+1)
0
A (m1—mg)(m%+m§+2m1+2m2+m1m2+1) m§+mg+2m%+2m%+m1 + mo
L k%mlmg(ml + 1)2(m2 + 1)2 ’
(m1—mg)(mi+ma+1)
p, = mRlm e T L kg
p m%+m§+m1+m2 ’ 0 2L0

)+Vo

myima(my1+1)(ma+1

1 1
my = (4771k61052(17a)71+1>2, me = <4flkgla;2(1+a)*1+1)2.
(39)

If Ly > koo? > 1/, then my is close to ma, vy is close to zero, and the price correlation

pp between assets 1 and 2 is close to zero.

Thus, when the demand noise coefficient Ly and the dealer’s risk aversion = are
sufficiently high, the asset return correlation is low at higher frequencies. Indeed, a
more risk-averse dealer does less inventory hedging across assets, and thus quotes are less
correlated across assets. If by assumption the noise demand is also uncorrelated across
assets, then the price correlation between assets is also low. In our model therefore we
obtain a theoretical version of the Epps effect. Epps (1979) finds that stock returns
are relatively uncorrelated at high frequencies (less than 10 minutes) but approach a
constant correlation at low frequencies (more than 1 day). In our model, the inventory
effect in prices induces a mean-reverting component at higher frequencies that disappears
at lower frequencies, for which the random walk component of prices dominates. At low
frequencies, the return correlation approaches the fundamental correlation, which is

assumed constant over time.
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3 Empirical Evidence

The model makes one central prediction. A risk-averse market maker who is long an
asset adjusts her quotes to sell correlated assets, so the off-diagonal elements of the
pricing matrix are positive. The theory also says at what scale to look: cross-hedging
declines with the dealer’s risk aversion, and with many correlated stocks the hedge is
spread across all of them (Corollary 5), so each pairwise quote response should be small
and the empirical object must aggregate across the rest of the portfolio.

We take this prediction, direction and magnitude, to message-level exchange data.
In the stylized model environment, the dealer’s quote is one-dimensional, so inventory
management operates entirely through the midquote. Modern electronic limit order
books, however, allow market makers to manage inventory along two dimensions. They
jointly choose the prices at which they stand ready to trade and the quantities dis-
played at those prices. Both margins determine the probability that incoming order
flow executes against the market maker and therefore both are instruments for inven-
tory management. A market maker seeking to reduce a long inventory may lower ask
prices, increase displayed ask depth, reduce bid depth, or combine these actions. Each
shifts expected executions toward selling and serves the same inventory-management
objective as quote shading in the model.

Our empirical analysis, therefore, focuses on the market maker’s quoted liquidity im-
balance, measured as resting ask depth minus resting bid depth in dollars. This measure
captures how the market maker shifts her quoted supply schedule toward selling or buy-
ing. It is the empirical analogue of the inventory-driven quote adjustment in the model
because it reflects the direction of the market maker’s inventory-management decision
whether it is implemented through prices, displayed quantities, or a combination of the
two. The theory predicts a directional change in the dealer’s quoted supply schedule,
and the data allow us to observe that direction through the imbalance of posted liquid-
ity. We show that such cross-hedging is widespread across market makers, concentrated
in a small number of correlated stocks, and modest in intensity, the profile the theory
assigns to risk-averse dealers trading many correlated assets. Position-based tests of the

portfolio dimension, such as Naik and Yadav (2003), find inventory management that
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is predominantly stock-by-stock; the theory explains why one should look in the quotes
instead, since a quoted imbalance becomes a position only as order flow arrives to fill it.

The model features a single market maker (the “dealer”), while the data feature
multiple market makers. The theory should be read as each market maker’s best re-
sponse to the order flow she faces. The elastic component k is then the slope of her
residual demand, the additional flow she executes per unit of quote improvement given
the quotes of the other market makers, and the inelastic component is the flow routed to
her by obligations and client relationships. Three assumptions make this reading exact:
the residual order flow is locally linear in her quotes, which is a good approximation
because optimal inventory-induced quote adjustments turn out to be small; inventories
are private, so the other market makers’ quotes do not respond to her inventory and
only add noise to her order flow; and each market maker is small enough to take the
flow schedule as given. Under these assumptions, each market maker’s optimal policy
retains the form of the model, a midquote equal to v; — Ax;, with the pricing matrix A
of equation (7) evaluated at her own risk aversion and residual elasticity. Competition,
as in Ho and Stoll (1983), operates through the allocation of order flow across market
makers rather than through the mapping from each market maker’s inventory to her
own quotes. It changes the levels of spreads and price impact, but not the signs and
comparative statics of A that we test. Accordingly, all our tests relate each market

maker’s quotes to her own inventory.

3.1 Data and Market Maker Identification

We obtain detailed audit trail data from the STAMP 4.0.3 internal feed of the Toronto
Stock Exchange over 45 trading days from January 3 to March 6, 2006, a subset of
the sample used by Anand and Venkataraman (2016), AV16 hereafter. The TSX is an
electronic limit order book market. The data is a message-level record of every order,
cancellation, and execution for all TSX-listed securities time-stamped to millisecond
resolution. Each message carries information on the member firm (e.g., TD Bank) and
the user identification (ID) within a member firm participating on the active and passive

side of each trade. Traders at the member firm are uniquely assigned a user ID (UserId),
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and this is the port through which orders are submitted to TSX. Traders place orders on
behalf of their own proprietary (principal) account or serve as brokers and enter orders
on behalf of their clients. The TSX data identify whether an order is submitted on
behalf of the proprietary account or the client. However, individual clients within a user
ID are not identified in the data. We keep all messages related to a principal’s activity
and reconstruct, from the signed flow, the full intraday inventory path of every user in
every stock, which is a continuous signed position carried across days. We restrict our
analysis to the exchange’s Regular Trading Hours (09:30-16:00 Eastern).

The exchange assigns one member firm as the Designated Market Maker for each
stock. A designated market maker that auto-participates is allocated a fixed share of
small incoming orders, and the auto-participation flag is recorded in the feed (but not
shown to the market). Following AV16, we read the designation from the specialist
account type (AccountType=ST) and the auto-participation (RTAutofill) flag. We sort
principal users into three groups. A Designated Market Maker (DMM) is a user that is
designated and trades only its assigned stocks. An Endogenous Market Maker (EMM)
is a user that carries no DMM designation and provides liquidity through sustained two-
sided market participation, with a minimum of ten trades and both buys/sells in at least
three separate five-minute windows. A user that is designated in some stocks and quotes
voluntarily in others is Both, the counterpart of the specialist trading in non-assigned
stocks in AV16. Our EMM group is broader than the AV16 algorithm-free construct,
because we identify it from market activity rather than from designation alone. The
universe is 549 users, 69 designated, 252 endogenous, and 228 Both. Throughout, we
refer to each of these users as a market maker.

We provide a description of our universe of stocks and market maker activity in
Table 1. In Panel A of Table 1, we describe the universe of stocks included in our
analysis. A median of 1,183 stocks trade each day, with 219 trades and CAD 4.0 million
of volume per stock-day, at a price of CAD 15.2 and a relative spread of 2.15%. The
spread and the price are in line with AV16. Our per-stock trading activity is lower,
because we keep a broader and thinner tail of the market, 1,183 traded stocks a day
instead of 900. The daily average return is also higher, 0.25% as opposed to -0.02%,

because the first quarter of 2006 was a stronger market than the full year AV16 covers.
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Table 1: Sample Characteristics

The table presents characteristics for our Toronto Stock Exchange sample. Panel A presents the stock
characteristics across stock-days for stocks matched to Canadian Financial Markets Research Center
(CFMRC) data. Panel B presents the market maker-trading day characteristics across the 549 iden-
tified market makers. Market makers are split into three groups: DMM defined as market making in
designated stocks only that carry formal specialist obligations; FMM defined as voluntary two-sided
quoters endogenously market making in stocks with no obligations; and Both defined as market makers
that endogenously quote two sides in some stocks while carrying market making obligations in others.
Panel A reports means, medians, and quartiles across days; Panel B reports means with medians in
parentheses. The sample period is January 3 to March 6, 2006. All variables are defined in Table C.1.

Panel A. Sample Stocks

Mean Median P25 P75
Number of stocks 1,182 1,183 1,176 1,190
Trades per stock 222.6 218.7 211.5 238.7
Share volume per stock 233,139 232,540 219,881 251,367
Dollar volume per stock (CAD) 3,960,111 3,963,908 3,648,858 4,336,689
Closing price (CAD) 15.2 15.2 15.0 15.4
Quoted spread (CAD) 0.191 0.191 0.177 0.208
Relative spread (%) 2.191 2.152 2.101 2.228
Daily return (%) 0.254 0.381 -0.080 0.681

Panel B. Market Makers

All DMM EMM Both

Trading days 41.0 44.2 37.3 44.1
(45.0) (45.0) (42.0) (45.0)

Distinct securities (sample) 244 17.1 18.4 33.1
(13) (10) (7) (17)

Stocks traded per day 15.3 12.5 11.0 20.9
(8) 9) (3) (12)

Trades per day 383.0 431.2 343.5 412.1
(117.9) (268.2) (41.5) (241.7)

Dollar volume per day (CAD) 4,163,182 2,740,359 3,600,163 5,216,058
(1,098,522) (1,330,043) (425,832) (1,845,646)

Net portfolio zero reversions 1.858 3.625 0.970 2.305
(0.622) (1.419) (0.250) (1.100)

Days ending flat (%) 2.805 0.000 5.371 0.817
(0.000) (0.000) (0.000) (0.000)

Passive-fill share (%) 47.3 30.9 58.8 39.6
(47.8) (30.8) (58.6) (38.2)

Panel B of Table 1 provides market maker characteristics at the market maker level.

The median market maker trades 118 times a day and turns over CAD 1.1 million, near
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the specialist averages in AV16, 143 trades and CAD 1.5 million, though our pooled
mean of 383 trades reflects a thicker tail of highly active market makers their specialist
sample lacks. Participant groups exhibit distinct behaviors. The median DMM trades
268 times a day and fills passively 31% of the time, while crossing zero-inventory multiple
times a day. The median endogenous market maker trades 42 times a day and rarely
crosses zero inventory. They mostly fill their orders passively, 59% per day. Designated

market makers turn inventory, while endogenous market makers post and wait.

3.2 Inventory Management

Market makers manage the inventory they carry, and that inventory moves their quotes,
as shown for NYSE specialists by Hendershott and Menkveld (2014) and Comerton-
Forde, Hendershott, Jones, Moulton, and Seasholes (2010). We document inventory
management on the TSX at two levels, the position in a single stock and the net position
across the whole portfolio, in Table 2. Every statistic is built from minute-level positions.

Index a market maker by m, a stock by s, a trading day by d, and a one-minute
bin of the trading day by 7 € {0,...,389}. Let ¢ysq¢- be the market maker’s signed
share position in stock s, cumulated from her fills and carried across days, and ps4, the
prevailing mark price; the stock-level, mark-to-market inventory in dollars is I ,s4r =
Qmsdr Psdr- Summing across the stocks held on a day gives the two portfolio-level series,

the net portfolio and the gross portfolio,

deT = Z[msdﬂ-a Gde = lemsd7—|-

Every stock-level statistic is formed per stock-day and averaged equal-weight across
the market maker’s stock-days D,,; every portfolio-level statistic is formed per market-
maker-day and averaged across her days. We write M,,sq for the minutes of day d
in which stock s carries a recorded position and 7,,,q = max M, for its last such
minute, with M,,4 and 7,,4 the analogues for the portfolio. Each cell of Table 2 is the
cross-maker mean of the per-maker statistic, with the cross-maker standard deviation
in parentheses, reported for all market makers and separately for the DMM and EMM
roles. We also present the median statistics in Appendix Table C.2. The role groups
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DMM and EMM are fixed per market maker over the sample; the 228 makers who do
both are included in All but not reported separately.

We start with intraday dispersion of positions held. Within a stock-day the range and
volatility are the maximum minus the minimum and the population standard deviation
of the signed inventory, each averaged over the market maker’s stock-days. The net
portfolio’s range (CAD 794,000) and volatility (CAD 207,000) are a small fraction of
the gross portfolio they sit on. This implies that the position the market maker actually
bears during the day is far smaller than the gross inventory she intermediates.

Moving on to the end-of-day inventory positions, the stock is the snapshot at the
day’s last minute, 19, = msdr, .., and the mean signed and mean absolute inventories

msd —

are the daily averages across market makers

1 ]eod |Ieod |

|D | msd) |D | msd|*
™ (s,d) €D M (s,d)€Dm

The signed mean is near zero when the market maker carries no standing directional

position. At the portfolio level the signed mean uses the end-of-day net N°°4 = N, 4

eod

0. Therefore, the absolute mean is

and the absolute mean uses the end-of-day gross GG
the position in one stock at the stock level and the gross inventory at the portfolio level.

The single-stock position is carried, not cleared. Endogenous market makers hold
the heaviest positions in individual stocks, a mean end-of-day absolute position of CAD
544,000 against CAD 158,000 for designated market makers, with means far above the
medians (CAD 179,000 and 35,000) because a few market makers carry large portfolios.
At the portfolio level the gross position is an order of magnitude larger, a mean of
CAD 12.7 million, while the net is near zero at the center of the distribution: the mean
signed net is CAD —3.7 million, a handful of directional makers, but essentially flat at
the median (CAD 6,000). The market maker intermediates a large gross position while
bearing only a small net inventory. This observation indicates that market makers are
holding offsetting positions within their portfolio.

Zooming into the end of day held inventory, we analyze the long and short held
positions. On day d let H,,q be the number of stocks the market maker holds and L,,4

(Spma) the number whose end-of-day position is long (short), sign ¢®°, > 0 (< 0); the

msd
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Table 2: Inventory Dynamics

The table describes inventory dynamics at two levels: the single stock (the market maker’s position in
one name) and the portfolio (her net position summed across all names). The stock level is the market
maker’s signed mark-to-market dollar position in a single stock, I sir = @msdrPsdr; the portfolio level
is the net inventory Nyar = Y Imsdr, and the gross inventory is Gpar = > |Imsdar|- Panel A:
mean signed and mean absolute are the end-of-day position (last-minute snapshot) and its absolute
value averaged over days, the absolute row using the gross portfolio at the portfolio level. Intraday
range and volatility are the within-day maximum-minus-minimum and population standard deviation
of the signed series (stock inventory at the stock level, net portfolio at the portfolio level), averaged
over days. Zero-reversions per day counts within-day zero inventory touching or crossing; minutes
between reversions is the mean gap between consecutive reversions. Share long/short is the percent of
held stocks ending the day long/short. Stock-level statistics are per stock-day averaged equal-weight
across the maker’s stock-days; portfolio-level per market-maker-day averaged across days; dollar rows
in thousands of CAD. Panel B pairs each market maker’s portfolio and stock zero-reversion rates and
tests 6, = By, — Sy with a paired t-test, t = 0/(ss//n) on n — 1 degrees of freedom (two-sided), with
the Wilcoxon signed-rank test as the skew-robust companion. Parentheses are standard deviations in
Panel A and the standard error of ¢ in Panel B. Columns are All, DMM, and EMM. All variables are
defined in Table C.1.

Stock Portfolio
All DMM EMM All  DMM EMM

Panel A. Inventory dynamics

Intraday dispersion (000s CAD)

Intraday range 69.5 47.6 79.6 794.1 277.9 568.1
(122.4) (58.2) (153.9)  (2,349) (344.1) (1,193)
Intraday volatility 17.6 11.6 20.2 207.3 65.6 143.0

(33.6)  (145)  (41.7) (646.9) (92.0) (303.3)
End-of-day position (000s CAD)

Mean signed -49.8 -19.1 33.1 -3,729  -218.1 -109.6
(1,113)  (146.5) (1,034) (41,013) (1,327) (5,211)
Mean absolute 459.1 157.7 544.4 12,729 1,556 6,923

(1,334)  (621.0)  (1,141) (65411) (6,302) (18.873)
End-of-day sign mix (portfolio, %)

Share long 46.2 49.2 43.1
(22.0) (14.8) (27.6)
Share short 40.6 48.0 39.3
(21.9)  (14.0) (27.6)
Turnover
Zero reversions per day 0.61 1.13 0.38 1.86 3.62 0.97
(1.09) (1.64) (1.14) (3.31)  (5.60) (2.47)
Minutes between reversions 62.4 71.2 59.7 43.8 414 51.1
(29.6) (28.7) (36.0) (42.1)  (29.9) (55.0)
Panel B. Portfolio vs single stock: paired test of zero reversions per day
All DMM EMM
Mean difference (portfolio — stock) 1.25 2.49 0.59
(0.11) (0.53) (0.10)
Median difference 0.29 0.86 0.06
t (df) 11.6 (548) 4.7 (68) 6.1 (251)
p-value 0.00 0.00 0.00
Wilcoxon p 0.00 0.00 0.00
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end-of-day share long and short are 100 L,,q/ Hnq and 100 S,,q/ Hpna, averaged over the
market maker’s days and defined at the portfolio level only. Long and short need not
sum to one hundred because some held stocks end flat. At the close the portfolio is
roughly balanced, 46% of held stocks long and 41% short (49% and 48% for DMMs).
The inventory is two-sided, long in many stocks and short in others, with a net that is
small and worked around zero rather than parked at it.

We finally turn to the within day behavior. We measure the number of time the
stock and portfolio inventory reaches or crosses zero within the day in Zero-reversions
per day. Zero-reversions per day averages over the market maker’s stock-days; Minutes
between reversions averages the gaps 7, — 7x_1 over the reversion minutes of a day, over
the days on which the maker that reverses back to zero at least once. The portfolio-level
counterparts apply the same two definitions to the net portfolio N,,4..

The net portfolio reverts to zero far more often than any single stock, and this is
an important contrast. A position in one stock reaches or crosses zero 0.61 times a day
(1.13 for DMMs, 0.38 for EMMSs), while the net portfolio does so 1.86 times (3.62 for
DMMs, 0.97 for EMMs), and the gaps between reversions are shorter for the portfolio,
44 against 62 minutes.

We test the stock and portfolio zero reversion difference within market maker. Writ-
ing S,, and B,, for market maker m’s stock- and portfolio-level zero-reversion rates
as just defined, both observed for every maker, we compare them on the difference
Om = Bm — Spm and test Hy : E[),,] = 0 against a two-sided alternative with a paired
(one-sample) t-test. With § = n='Y" 6,, and s5 = [(n —1)7' >, (6, — 5)2}1/2, the
statistic is the standardized mean difference

J

b= —— ~ t,
85/\/ﬁ Hop !

p=2PT,_1 >|t]),

with s;5/4/n the standard error of § and n — 1 degrees of freedom.

The net portfolio reverts to zero 1.25 more times per day than a single stock (§ =
1.25, t = 11.6, p = 0.00), and the gap holds within DMMs (+2.49, p = 0.00) and
EMMs (+0.59, p = 0.00). Because the paired differences are right-skewed (median 0.29)

we confirm the result with the Wilcoxon signed-rank test, which ranks the absolute
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differences and refers the signed-rank sum to its null distribution. The rank test also
rejects the null of no difference in every group. A sum can return to zero more often than
its parts only if the parts offset: a short built in one stock pulls the net through zero
while each stock continues to be carried in the portfolio. The market maker manages
inventory across stocks, not stock by stock.

A position that is carried, only partly turned over, and offset by opposite positions
elsewhere is inventory managed across the portfolio. The near-zero net portfolio inven-
tory is not an empty portfolio; it is opposite positions held at once, long in some stocks
and short in others. The offsets do not arrive on their own: customer flow in correlated
stocks moves together, if anything, and flow that moves together leaves behind posi-
tions that move together, a one-sided portfolio. A portfolio that is long some stocks and
short others, with the net worked through zero while every stock is carried, has to be
built. This is the pattern the theory assigns to a risk-averse dealer who cross-hedges:
the net portfolio inventory reverts fast because it is expensive to hold, and the stocks
revert slowly because, hedged against one another, they are cheap to hold (Corollary 5).
Which stocks carry the offset, and whether it tracks return comovement, is the subject

of the cross-hedging analysis that follows.

3.3 Cross-Hedging

So far, we have provided evidence on inventory management within a stock and across
the portfolio. Our theoretical object is the dealer’s quoted supply schedule. In the
model this schedule is represented by the midquote because price is the only strategic
variable. In the data, market makers jointly choose prices and displayed quantities, so
the same inventory motive is reflected in the balance of liquidity supplied on the two
sides of the market. We therefore study the directional imbalance of the market maker’s
quoted liquidity rather than price alone.

Specifically, for each market maker, stock, and minute we measure the quoted lig-
uidity imbalance as imb; = rest_ask — rest_bid in dollars, the resting ask depth minus
resting bid depth. Positive values indicate that the market maker is supplying relatively

more liquidity to buyers than to sellers, making future executions more likely to reduce
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a long inventory position. A market maker who is long in stock ¢ and tries to hedge
by selling a correlated stock j should therefore shift the quoted liquidity in j toward
the ask side, producing a positive imbalance. We define the rest-of-portfolio imbalance
as the sum of these imbalances across all other stocks traded by the market maker:
imbyees = > i imb;.

To investigate whether a market maker’s position in ¢ is related to the ask-side
imbalance in the rest of her portfolio, we compute thirty-minute rolling correlations (rc)
between imb,.;(t + 5) and the market maker’s inventory in ¢ at time ¢, so inventory
precedes the quote response by five minutes. With a single regressor the sign of rc is
the sign of the response. A cross-hedging episode, or simply an episode, is a run of at
least five consecutive minutes with r¢ > 0 for a given market maker, day, and focal
stock. We retain episodes whose covariance between the lagged focal inventory and the
rest-of-portfolio imbalance is positive, in agreement with the selection; about 11 percent
fail this check and are excluded. Within an episode we decompose the covariance of the

same two series, which share that sign, into named hedge stocks,

cov(invy, imbye) = Z cov(inv;, imb;).
J#
This setting allows us to analyze not only the imbalance of the whole portfolio, but also
which stocks carry it. Throughout, we call stock 7 the focal stock and a stock j whose
imbalance covaries positively with the focal inventory a hedger; a focal-hedger pair is
one such combination.

We identify 879,942 cross-hedging episodes, run by 537 of the 549 market makers
over 12,645 market maker-stock pairs (Table C.3). Table C.4 presents the list of the
most common stock cross-pairs. The intensity of cross-hedging is limited, however.
The median episode lasts 26 minutes, so episodes cover on the order of a tenth of the
trading day for the average market maker-stock pair, and within the median episode
the rest-of-portfolio imbalance offsets 13 percent of the focal inventory covariance, with
69 percent of episodes below 30 percent. The imbalance is also concentrated. In the
median episode the top three hedge stocks carry 86 percent of the positive covariance.

That pooled figure hides the structure. For the DMM and Both groups the imbalance
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is tight, the top three stocks carrying 100 and 99 percent over a median of four and six
contributing stocks. For endogenous market makers the top three carry 62 percent over
a median of 24 stocks.

The key empirical distinction between the model’s cross-hedging mechanism and the
market maker’s own-inventory response is directional. The own-inventory response oper-
ates through inventory accumulated in the hedger itself, whereas cross-hedging operates
through inventory accumulated in the focal stock. Table 3 exploits this distinction.
When customers sell in a sector, the market maker becomes long both the focal stock
and the hedger together, and her quoted liquidity in the hedger tilts toward the ask side
through the own-inventory response, the diagonal of A\. Because correlated stocks tend to
receive correlated order flow, this mechanism also predicts that the fraction of positive
focal-inventory /quoted-liquidity responses should increase with the return correlation
between the two stocks, even in the absence of cross-hedging. The two mechanisms
differ in one observable implication: whether the market maker’s inventories in the fo-
cal stock and the hedger move together. The own-inventory response requires the two
inventories to be positively related, whereas cross-hedging does not.

Table 3 separates these two mechanisms using two different correlations. The rows
sort focal-hedger pairs by their intraday return correlation, computed on 30-minute re-
turns for the full sample period, the empirical counterpart of the fundamental correlation
that determines the strength of cross-hedging (Corollary 2). Measured at this horizon
the correlation is attenuated by the Epps effect of Section 2.5, so sorting on it if anything
flattens the gradients the table looks for. The columns instead classify pair-episodes,
one focal-hedger pair on one market maker-day, by the correlation between the market
maker’s inventories in the focal stock and the hedger over the episode.

Inventory correlation is the Pearson correlation between the market maker’s minute-
level signed dollar inventory in the focal stock, lagged five minutes, and her contempo-
raneous inventory in the hedger, over the minutes of the episode window in which both
positions are observed (at least twenty overlapping minutes; pair-episodes with fewer
overlapping minutes, or with no inventory variation, are undetermined and enter only
the All column). A pair-episode is Negative if the inventory correlation is at or below

—0.1, Near-zero if strictly between —0.1 and 0.1, and Positive if at or above 0.1. Within
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each inventory-correlation group, the table reports the share of pair-episodes in which
the covariance between the focal inventory and the hedger’s quoted liquidity imbalance
is positive. The final row (“Gradient”) summarizes the increase in this share from the
lowest to the highest return-correlation row within each inventory-correlation group, as
the difference between the most negative and most positive return correlation within the
portfolio correlation. It therefore measures how much more likely the market maker is
to increase quoted liquidity on the ask side of the hedger as the two stocks become more
highly correlated, holding fixed the relation between her inventories in the two stocks.

If the quoted imbalance is driven primarily by the own-inventory response, it should
be strongest when the market maker’s inventories move together (the Positive column)
and should weaken or disappear when they are unrelated or move in opposite directions.
In the Negative column the own-inventory account in fact predicts a share below one half,
and it predicts a flat row: once the two inventories move against each other, the return
correlation between the stocks has no remaining channel through which to act. In con-
trast, the model predicts that the increase in positive focal-inventory/quoted-liquidity
responses as return correlation rises should persist even when the market maker’s in-
ventories are uncorrelated or negatively correlated.

The increase in ask quoted liquidity is present in every inventory-correlation group.
Indeed, it is strongest when the market maker’s inventories move in opposite directions,
rising by 0.14 across the return-correlation rows, compared with 0.11 when the inven-
tories move together, the group in which the own-inventory response has the greatest
scope to operate. The level of the share sits above one half in every cell, including where
the theory predicts a buy-side imbalance. Two forces, common to all cells, set the level:
the episode screen, which selects on a positive relation between the focal inventory and
the rest of the portfolio’s imbalance and so nudges every hedger’s share upward; and a
sample-wide ask-side stance, consistent with market makers leaning against the quarter’s
rising market (Table 1) and with the negative mean signed positions in Table 2.

Neither force can produce a gradient: the theory’s content is the gradient, not the
level. A quoted liquidity imbalance that becomes increasingly tilted toward the ask
side as return correlation rises, even when the market maker’s inventory in the hedger

is unrelated to or moving opposite the focal inventory, is inconsistent with the own-
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inventory response and is the signature of the off-diagonal response the model predicts:
the market maker’s quoted liquidity in the hedger responds to inventory accumulated
in the focal stock rather than to inventory accumulated in the hedger itself.!* This
distinction between the off-diagonal and diagonal responses is the empirical content of
the model’s central prediction. The two exhibits divide the labor: Table 2 establishes
that inventory is managed across the portfolio, and Table 3 establishes that the quoted
response is driven by the focal inventory, which separates the off-diagonal of A from a
long-short portfolio selected on relative prices.

To test whether the gradient is different from 0, we re-estimate the gradient market
maker by market maker. The resulting gradient is the increase in her share quoted to
sell per unit of focal-hedger return correlation, and is defined whenever she has episodes
in at least three of the five correlation bins, so fewer market makers enter than the full
sample. We then treat each market maker’s gradient as one observation and report,
across market makers, the mean and median gradient, a two-sided t¢-test against zero,
and the Wilcoxon signed-rank test. Every market maker enters the cross-maker test
equally.

The gradient is positive and highly significant in every inventory-correlation group:
Negative +0.136 (¢ = 7.0), Near-zero +0.133 (¢t = 7.2), and Positive +0.075 (¢t = 4.9), all
p = 0.00 across roughly 390 market makers. The share quoted to sell therefore rises with
the focal-hedger return correlation not only where the two inventories move together,
but at least as steeply where they move independently or oppositely, the opposite of

what a pure own-inventory response would produce.

13 A quote rule that tracks returns rather than inventories would also inherit the pair’s return corre-
lation. Its natural sign runs against the pattern: a market maker who quotes to sell into strength while
accumulating a long position on weakness generates a negative covariance between the focal inventory
and the hedger’s ask-side imbalance.
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Table 3: Cross-Hedging and the Hedger’s Own Inventory

The table separates cross-hedging from the market maker’s own-inventory response. Each pair-episode
is classified by the correlation between the market maker’s inventory in the focal stock and her inven-
tory in the hedger over the episode window. In Panel A, we report the fraction of pair-episodes with
a positive covariance between the focal stock inventory and the hedger’s quoted liquidity imbalance,
by inventory and return correlation. Inventory correlation (columns) is the Pearson correlation be-
tween the market maker’s minute-level signed dollar inventory in the focal stock, lagged five minutes,
and her contemporaneous inventory in the hedger, over the minutes of the episode window in which
both positions are observed (at least twenty overlapping minutes; pair-episodes with fewer overlapping
minutes, or with no inventory variation, are undetermined and enter only the All column). A pair-
episode is Negative if this correlation is at or below —0.1, Near-zero if strictly between —0.1 and 0.1,
and Positive if at or above 0.1. The own-inventory response can mechanically raise the share quoted
to sell only where the two inventories move together, the Positive column. Return correlation (rows)
is the 30-minute intraday stock-return correlation between 7 and j, a single pairwise value estimated
once over the full sample, so it does not vary across a pair’s episodes. Bins are left-closed: < —0.1,
[-0.1,0), [0,0.1), [0.1,0.3), and > 0.3. The gradient is the difference between the top and bottom bins.
In Panel B, we report a market maker-level version of the Panel A gradient that uses the full return-
correlation profile rather than only its endpoints. For each market maker and inventory-correlation
group (Negative, Near-zero, Positive), we take her share quoted to sell in each of the five 30-minute
return-correlation bins and fit a weighted least-squares line of that share on the bin midpoint (—0.2,
—0.05, 0.05, 0.20, 0.40). The slope is the gradient in the market maker’s share quoted to sell per unit
of return correlation between the focal stock and the hedger; it is defined for a market maker whenever
she has pair-episodes in at least three of the five bins. We report, across the market makers for whom
it is defined, the mean and median per-market-maker slope, an exact two-sided t-test against zero, and
the Wilcoxon signed-rank test, as in the paired test of Table 2. The sample period is 3 January to
6 March 2006.

Panel A. Cross-hedging and inventory

Inventory correlation

Negative Near-zero Positive All
Return correlation
Below -0.1 0.603 0.566 0.624 0.583
-0.1t0 0 0.644 0.602 0.642 0.623
0 to 0.1 0.667 0.624 0.659 0.647
0.1t0 0.3 0.714 0.673 0.698 0.694
Above 0.3 0.743 0.699 0.730 0.728
Gradient +0.140 +0.133 +0.106 +0.145
Pair-episodes 10,277,451 3,636,413 10,707,063 27,628,075

Panel B. Gradient statistics

Mean 0.136 0.133 0.075
Median 0.123 0.109 0.085
t-stat. 7.0 7.2 4.9
p-val. (0.00) (0.00) (0.00)
N 389 377 392

4 Conclusion

We develop a model of market making in many correlated assets. A risk-averse dealer

sets quotes in every asset through a pricing matrix A, which maps her inventory in one
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asset into the quotes she posts in all of them. The diagonal of A is the familiar own-
inventory price pressure. The off-diagonal is cross-hedging: long one asset, the dealer
adjusts her quotes to sell the assets correlated with it. The off-diagonal is positive
and rises with fundamental correlation, the diagonal falls as closer substitutes become
available, and a more risk-averse dealer holds a more diagonal matrix and hedges less
across assets. Reading risk aversion from a single-asset inventory half-life, as if the
portfolio were one asset at a time, ignores this structure and understates risk aversion:
with N perfectly correlated assets the estimate recovers only a fraction 1/N of the
true coefficient, and with imperfect correlation the bias converges to the fundamental
correlation itself as the number of assets grows.

We take the central prediction to message-level data from the Toronto Stock Ex-
change. Market makers manage inventory within a stock but rarely clear it, carrying
the position across days. Their portfolios are large and two-sided, and the net position
is worked through zero while each stock is held, so the stocks offset one another across
the portfolio. In identified episodes the mechanism is direct: a market maker accumu-
lates a long position in a stock and shifts quoted liquidity toward the ask side in a few
correlated stocks, selling them against the long. The pattern is widespread, present for
537 of 549 market makers, yet modest in intensity, covering about a tenth of the trading
day and a minority of the inventory covariance even within episodes, and concentrated,
a portfolio-wide imbalance carried by two or three correlated stocks: the profile the
theory assigns to risk-averse dealers trading many correlated assets. The direction is
the identification. Long the focal stock while quoting to sell its correlated relatives is
the opposite of what a common factor produces, and it is what the theory places in the
off-diagonal of A\. The sell-side liquidity imbalance varies with stock-pair correlation.
The share of pairs quoted to sell rises with the return correlation of the two stocks, from
0.58 to 0.73 for the most correlated pairs, the sign the theory gives the off-diagonal.

The theory carries the economics, and the data provide evidence that the mechanism
it describes is present and operates through the quote. The comparative statics of A,
the fall of its diagonal as correlation rises and the attenuation of cross-hedging with
risk aversion, are sharper predictions that a single cross-section cannot identify, since

correlation and risk aversion are chosen by the market maker or unobserved. Testing
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each at the standard the theory sets requires its own source of exogenous variation, which
we leave for future research. In the meantime, the portfolio dimension already matters
for measurement: single-asset estimates understate dealer risk aversion, the more so
the larger and the more correlated the portfolio, and market makers are therefore more

risk-averse than existing estimates suggest.
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Appendix A. Proofs

Proof of Proposition 1. Denote by Z; the dealer’s information just before trading at
t and by E; the expectation operator conditional on Z;. The dealer’s strategy is a set of
quotes (ay, b;) adapted to the filtration Z; for ¢t € N, where a; and b, are N x 1 vectors.
Equivalently, the dealer chooses (h, d;), where h; is the (quoted) half-spread and & is
the price discount:

a; — by a; + by

ht = B s and 5t = V¢ — 9 . (A]_)

We show that hy = h and 6, = Azy, where h and A are defined in equation (5).
Equation (3) implies that traders’ buy and sell demands at ¢ are given, respectively,
by Q% = (k/2)(vi —a;) + €+t and QF = (k/2)(by —v;) + L +¢5, with €2, & ~ N(0,31/2).

Define n; to be the net demand noise at t:
n = &?f - 5?7 (A2>

which is uncorrelated with the past information and has a multivariate normal distri-
bution N'(0,3,). If z; is the dealer’s inventory before trading at ¢, equation (1) implies

that z; evolves according to zy,; = z; — Q¥ + Q3, which translates into:
: 11D
Ti41 = T — /{35,5 + U with n ~ N(O, ZL) (AB)

Substituting Q% and Q3 in the dealer’s objective function from (2), we get:

o |

- /k / / /
E Z /Bt Et <—(6Lt — Ut) §(at — Ut) — (Ut — bt) ('Ut — bt) ‘I— 2£ ht — 7$t2v$t> . (A4)
t=0

With the notation in equation (A1), we compute E;(v; —a;) k(vi—a;) = (64— hy) k(5 —hy)
and E; (v, — by)'k(vy — by) = (6 + hy)'k(0; + hy). Thus, the dealer solves:

(h?(lsa;}io E Z 6t (—5211'(515 - h;kht + 2‘€/ht - ’Y.T;EULL}), (A5>
0t )t> -0

where the inventory z; evolves according to equation (A3). Using the Bellman principle

of optimization, we reduce the dynamic optimization in (A5) to finding a value function
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V' that solves the static optimization problem:

V(z,) = max (—5;1<;5t — Bikhy + 20N, — 72 Sz + BE; V(xt+1)>, (A6)

ht,6t

We guess that V : RV — R¥ is a quadratic function of the form:
V(z) = Wy — 2’ Wax, (A7)

where W is a scalar and Wj is a symmetric N x N matrix. If A and B are two N x N
matrices, denote their Frobenius inner product (or double dot product) by Ao B =
Zgjzl A;;B;j. A direct calculation shows that E; (77£W277t) = W5 03 . Substituting x; 4

from equation (A3), the problem becomes:

V(z,) = max ( Uk, — kg - 20y — N@l Sy, + BW,
o0t (A8)
— B Wazs — BOkWaks, + 286 kWazs — fWs o 2L>.

The first order condition with respect to h; implies that the equilibrium half-spread
satisfies hy = k~1¢, which is the same as the constant h in the first part of equation (5).
The first order condition with respect to d; is —2kd; — 2BkWokd; + 28kWsoz, = 0,

which implies that the equilibrium price discount is:
8 = Ary, with X = (k+ BkWLk) ' BEW,. (A9)

The second order condition with respect to ¢d; is that the symmetric matrix Iy + SWsk

is positive definite, which we denote with an inequality sign:

Combining equations (A7) and (A8) and identifying the quadratic coefficients (of the

form z(...)x;), it follows that W, satisfies:

Wy = 4%, + BWa — BWak(k + BEWak) ™ kW, (A11)
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or, equivalently, after multiplying by £ on both sides:

1—
—ng = wg(IN—f—wQ)_le, with Wy = /BkWQ (A12)

’ykzv -
g

Denote by:
Z = (IN + wg)_le. (A13)

Simple matrix manipulation shows that wy = (Iy — Z)~'Z. Multiplying equation (A12)
by (Iy — Z) on both sides, we obtain:
1-p

(In — 2)S — TZ = 7%, with S = k%, (A14)

This is equivalent to Z2+7 (S —i—%[ N) = S, which is the same equation as (6). Following
the existence and uniqueness of the square root of a symmetric positive definite matrix,
it is straightforward to show that this equation has a unique solution in symmetric
positive definite matrices. Thus, Z = A. Moreover, equations (A9) and (A13) imply
that:

A = (k+ BEWLE) ' BEW, = k1A, (A15)

This proves that A = k~'A, which is the second part of equation (5).
For future use, we identify the constant terms (independent of z;) in equation (A8),

and we obtain:
1
1-8

When 3 converges to 1, equation (6) becomes A? + AS = S. This equation has a

W, = <€’kz‘1€ — BWao ZL). (A16)

unique symmetric positive definite solution:
1
A= ((52 482 - s). (A7)

This proves equation (7).
In the same limit § — 1, setting @« = W, in equation (A9) implies ¥, =
ak(I + ak)la, which using the identity k(I + ak)™' = (k™' 4+ a)~! is equivalent to
(k' +a)™ = ya 'S0 (A18)
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Proposition A.1. Suppose the dealer’s objective in equation (2) is modified by replac-
ing the inventory penalty v, X,z with vy, 1 Xxep1. Then, for any fized B € (0,1), the
dealer’s dynamic optimization problem is equivalent to the original problem in Proposi-
tion 1, with the same primitives except that the risk-aversion coefficient v is replaced by

v/B. Consequently, the equilibrium quotes remain of the form
Ay = V¢ — Al't + h, bt = Ut — )\.I‘t - h, with h = k_lg, A= k_1A7 (A19>

where A is the unique symmetric positive definite solution of

A2+A<%k2v+ 1;61@ - %k:EU. (A20)

In particular, when B — 1, the limiting equilibrium is identical to the one in Proposi-

tion 1, namely

-1
A= %((52+4S)1/2—S>, with S = vk, (A21)

Proof. Let I1; = (v; — b;)'Q¢ + (a; — v;)' QY denote the dealer’s period-t expected profit

term. Consider the modified objective

E. Z BT (Ht — ’yq;QHEUxtH). (A22)

t=1

Fix the state x,. Re-indexing the penalty term yields

o0 o0 1 (o @]
Zﬂt’TﬂvQHvatH = Z BT S, = 3 Z [CARRE S YN (A23)
t=T7 s=7+1 s=7+1
Hence
= 1 & 1
Z BT Sy = B Zﬁs_Tx;vaS — ExlTvaT. (A24)
t=1 s=T
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Substituting into (A22), we obtain

E- Z 5t_T (Ht - 7I2+12v$t+1) =E; Z 5t_7 (Ht - %xévaJ + %JC;ZMT‘ (A25)
t=1

t=r1

The last term depends only on the current state x, and not on the dealer’s choice
variables at dates t > 7. Therefore, for every fixed § € (0,1), maximizing (A22) is
equivalent to maximizing the original objective (2) with ~ replaced by ~/8.

Proposition 1 then applies directly, with S = %kZU. Thus, the optimal quotes are
again linear and we get the same formulas as in equations (4) and (5): a; = vy — Az + h,
by = v — Axy — h, h = k710, and A = k~*A, where A solves equation (A20).

Finally, when § — 1, we have (v/5)kX, — vkX,, so the limiting matrix equation
becomes

A2+ AS=S,  S=nk%,, (A26)

which is exactly the limit equation in Proposition 1. Therefore the limiting equilibrium

when 8 — 1 is the same under the two specifications of the inventory penalty. O

Proof of Corollary 1. First, assume that |S~'| < 1/4. The Taylor series for (1+x)"/2
is 14+ 2/2 —2?/8 + -+ and converges when |r| < 1. A similar analysis for matrices
shows that the Taylor series for (1 +4S71)Y/2 is 14+ 257! — 2572 4 ... and converges
when |S™!| < 1/4. Equation (7) implies that the matrix A = k) satisfies:

S IRTSY, S o _ _ _
A= S((x+as) = 1y) = Z(257 - 2572+ 570(57Y)). (A27)

Thus, A = Iy — S+ O(57%) = Iy + O(S™"), which proves equation (9).

Now, assume that |S| < 4. Rewriting equation (7), we obtain that:

2\ = <4S<1+§>)1/2—S - 251/2(1+§+O(82)> e

S (A28)
_ oal/2(1_c12_ 2 2
251/2(1— 512 4 2 +0(s )).
Thus, A = S¥/2 4 O(S), which proves equation (10). O
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Proof of Corollary 2. 1f we denote by

po Lt (A29)
V2|1 21|

then P diagonalizes the matrices >, and k = kols:
PSP = o?diag(l+a,1—a), PkP = kob. (A30)
If we denote the eigenvalues of S = vk, by
sy = koo (1 +a), 5. = vkoo(1 —a), (A31)
equation (A30) implies that
P'SP = vkyo?diag(l1+a,1 —a) = diag(sy,s ). (A32)
The matrix A = kXA = ((S% +45)/? — S) /2 has eigenvalues

1
fy = 5(\/51+45+_5+) and p_ = —(y/s* +4s- —s_), (A33)

and is also diagonalized by P. Using the identity

N | —

SV ) = (A34)

2
14+ /1+4/s

we obtain

9 9 . 4 1/2 4 1/2
My = et H_ = il with m; = (1“‘;) , Mo = <1+_) 5

(A35)
which are the same formulas for m; and my as in equation (12). Therefore,
PAP — diag<mj+1, ﬁ) , (A36)
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and rotating back gives

mi1 4+ mo + 2 mi — mo

_ . 2 2 _ 1
A = Pdlag(m2 e +1) P = s (A37)
mip — ma mi1 +ma + 2
Since A = k~'A = k; ' A, this finishes the proof of equation (12).
It remains to establish the comparative statics of A\; 5. Recall that
i — Mo 1 1
koo = = — , A38
04,2 (m1+1)(m2+1) m2+1 m1+1 ( )
where m; and ms satisfy
mi; = 1+ $ and my = 1+ , with & = 4y 'k lo, 2 (A39)
1—a 14+a v

Let a € (—1,1). We prove that A is strictly increasing in a. Differentiating m?

and m3 with respect to a for fixed &, we get

Bml f Omg f
= >0 = —— < 0. A40
da 2(1 —a)*my ’ da 2(1+ a)?mgy (A40)
Differentiating equation (A38) with respect to a, we calculate
OA12 _ Omi/0a Oma/d0a 13 £
kZO 8;2 = (mlil)g - (m22+1)2 - 2(170‘)2m1(m1+1)2 + 2(1+a)2m2(m2+1)2 > 07 (A41)

which proves that Ao is strictly increasing in a. Moreover, when a = 0, we have
mi = mg and A = 0.

Let a € (0,1). We prove that \; 5 has an inverted U-shape in £ = 4y~1ky o2, with
zero limits at the extremes. Since a > 0, we have my; > my > 1, and \; 5 > 0. First, we
show that A, has zero limits when £ converges to 0 or co. Indeed, when £ — 0 (i.e.,
¥ — 00), my,mg — 1 and A2 — 0. When { — oo (i.e., v — 07), for i = 1,2, one sees
that m; — oo, so each 1/(m; + 1) — 0, and thus A\; » — 0. Next, we prove that A\, » has

an inverted U-shape in £. Differentiating m? = 1+¢/(1Fa) in &, for i = 1,2, we obtain

r 8m1 . 1 r 8m2 B 1
= oc 21 —a)ymy’ M2 = o¢  2(1+a)ymy’ (A42)
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Differentiating equation (A38) with respect to &, we calculate

Mo om m/ _ G(&)
o 622 N (mlJFll)2 N (m2+21)2 T 2(1-a)(1+a) mi(mi1+1)2 ma(ma+1)27 (A43)
where
G(&) = (14 a)ma(my+1)% — (1 —a)my(my + 1), (Ad4)

When ¢ = 0, we have m; = mg =1 and G(0) = 8a > 0. A direct computation gives

oG . h(mg)—h(ml) . . 1
o 5 ,  with h(m) = 3m+4+m, (A45)

which is strictly negative because h is strictly increasing on [1,00) and m; > mg > 1.
Hence G is strictly decreasing on (0,00), so it has at most one zero. If G had no zero,
then G > 0 throughout and A\, 2 would be strictly increasing on (0, 00), contradicting
A2 — 0as & — oo. Therefore G has a unique zero £*, with G > 0 on (0,£*) and G < 0 on

(£*,00). Hence A; 2 has a unique interior maximum, attained at v* = 4(*koo2)~t. O

Proof of Corollary 3. Let P be defined as in equation (A29). By the proof of Corol-
lary 2, P'Y,P = o2diag(1+a,1 —a) and P'kP = kyl,. Similarly, we also have

PSP = Lodiag(l+b,1—b). (A46)

Let A = '3 1k~ If we denote by

IS B "

T kot ta)’ Yhoo?(1 = a)’

the matrix A = !X 1k is also diagonalized by P:
P'AP = diag(a,,a_). (A48)
Equation (18) implies that for every z € R?,

lim(1 —pB)V(z) = k4 —aoX;. (A49)

B—1
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From the proof of Proposition 1, « = limg_,; W satisfies equation (A18): (k~'+a)~! =
ya~'¥,a~!. Taking the inverse of both sides, we get k™' +a = 7y 'a¥, 'a. Multiplying
on the left by 77 '¥ 1 and setting X = ~7'¥ ', we get the quadratic equation
A+ X = X2 Since « is positive definite, so is X, hence we get

X = L (L+ (I +44)'7). (A50)
The matrix X is also diagonalized by P, with eigenvalues
vy = 20+ (1+4a)"?) = Hm2 o p = (14 (1+40)"?) = Em (A51)

where the second equalities use the definitions of m; and ms in Corollary 2. Since

a = 72, X, the matrix « is also diagonalized by P, with

PaP = 2% diag((1 + a)(1 4+ ms), (1 — a)(1+my)) (A52)

o2 .
= 2% diag((1+a) + no, (1 —a) +ny),

where the second equality uses ny = mi(l —a) and ng = ma(1 + a). Since the

Frobenius product is invariant under orthogonal changes of basis,

aoYy = (P'aP)o(P'YLP)
— WT%(((1+a)+n2)(1+b)+((1—a)+n1)(1—b)) (A53)
— 29550 (1, (1 — b) 4 ny(1 4 b) + 2(1 + ab)).

Substituting this identity into equation (A49) proves equation (20).

For asymptotics, from Corollary 2 recall that, for i = 1, 2,

o 4 _ 2 YykooZ(1Fa)
m; = 1+ vkooZ(1Fa) ’Yl/zk(l)/ZO'v(l:Fa)l/Q 1+ 4 . (A54)

When v — 0, m? — oo, and factoring out the dominant term gives

mi = 2y 3k tor (1F a) " + O(v}). (A55)

v
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Multiplying by (1 F a) yields

N[
N|=

_1 _1
o= 2y 2ky 2oy (1 —a)? + O(y2), ny = 2y 2k 20, (14a)? +O(y2), (A56)

which substituted into equation (20) yields the first line of equation (21).

When v — oo, m? — 1, and using the Taylor expansion for the square root gives

1 2

_ _ -2
m; = 1+m = 1+m+0(’7 ). (A5T7)

Multiplying by (1 F a) yields
= (1- O(y2 = (1 O(y2 A58
mo= =0+ 200, m = (4 e+ 00 (A

which substituted into equation (20) yields the second line of equation (21).

Finally, we derive the comparative statics for b > 0. In the small-vy regime, equa-
tion (21) gives W(a) = Cy — 2Dy f(a,b) + O(1*?), where Cy and Dy > 0 are
independent of a, and f(a,b) = (1—a)"?(1—b)+(1+a)"?(1+b). Direct computation
gives

f'a) = =21 —a) 21 -b)— i1 +a)**(1+b) <0, (A59)

so f is strictly concave on (—1,1) and W is convex (U-shaped) with local maxima at
a = £1. Since f(—1,b) — f(+1,b) = —2v/2b < 0 when b > 0, W(—1) > W(+1). On
(0,1], setting f'(a) = 0 gives the unique interior critical point a* = 2b/(1+ %), which
is a local maximum of f and hence a local minimum of W; the maximum of W on (0, 1]
is therefore at an endpoint. Comparing f(0,b) = 2 and f(1,b) = +/2(1 +b) gives the
threshold b* = +/2 — 1 at which the two endpoint values coincide.

In the large-y regime, equation (21) gives 9W/da = —2yLoo2b+ O(y~ ') < 0 for v

sufficiently large, so W is strictly decreasing in a. O]

Proof of Corollary 4. Let P be defined as in equation (A29). By the proof of Corol-
lary 2, the matrix koA is diagonalized by P and satisfies

2 2
P'(ko\) P = di . A
(ko) dl&g( T 1+1> (A60)
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Therefore,

1oy —1
PVT%MW:&%CM m >

m2+1’m1+1

Taking the t-th power and rotating back, we obtain

—1\" [(mi—1Y'

I — ko))’ = Pdiag | { — (2 >
(Y lag<(m2+1) (2

t t

| (e) i (mn)

t t
1 [ mo—1 _ mi—1
2 mo—+1 mi1+1

which proves the first displayed formula.

—_

N[—= N
N[—= N

/N N
3 33
[V V)
+1
e
N—
I
N[— D=
S
3B
+|1
==

3
g™
+11
—
N—
+

If 2o = [1,0)', then the expected inventory after ¢ periods is (I —

expected inventory in asset 1 is reduced by half exactly when

(A61)

koA)izg, so the

1 /my—1\" 1 (/m—-1\" 1
- — = A62
which is equivalent to
m1—1 T+ m2—1 T_1 (A63)
my + 1 mo + 1 -
This proves the equation that characterizes the inventory half-life.
Finally, suppose that 7 is small and let m = y~/2k; /201, Then
my = 2m(1 —a)"? + O(m™), my = 2m(1 +a) Y2 +O(m™). (A64)
Moreover,
m; — 1 2
o8 (B ) =~ 2+ om®). i1 (A65)
Hence the half-life equation becomes
2T T 2T T
exp(——+0(—3)> +exp(——+0<—3>> = 1. (A66)
Keeping the first-order terms in 1/m; and 1/my, we obtain
2T 2T
- = 4+1- " ~1, (A67)
ma mo
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so that
1 m
T ~ = ) A6
2(m1_1+m2_1) (1+a)/2+ (1 —a)l/? ( )

This proves equation (25). O

Proof of Corollary 5. The vector 1y is an eigenvector of ¥, with eigenvalue o2 (1 +
(N — 1)a), and the orthogonal complement of 1y is an eigenspace of ¥, with eigenvalue
02(1 — a); the condition a > —+ ensures that X, is positive definite. Let P be
an orthogonal N-dimensional matrix whose first column is 1y/v/N. Then P'S,P =
oZdiag(1+ (N —1)a, (1 —a)Iy_1) and P'kP = koly. Since equation (7) expresses A as
a matrix function of S = vkyX,, the matrix kg is diagonalized by the same P, and the

eigenvalue of kg that corresponds to an eigenvalue s of S equals

%((52 +4s)1/2 - s) = mLH, with m = (457" + 1)1/2, (A69)

where the equality follows from s(m? — 1) = 4, as in the proof of Corollary 2. Applying
this to the eigenvalue s = 'yk:oag(l + (N — l)a) on the span of 1y and to the eigenvalue

s = vkoo?(1 — a) on its orthogonal complement, we obtain:
P'(Iy = koA) P = diag(p2, p1Ix-1), (AT70)

with p; and ps as in the statement of the corollary. Taking the ¢-th power and rotating
back,

(In—koN)" = Pdiag(ph, ptIn )P = pb In+(ph—pt) Pdiag(1,0,...,00P" = pt JN+p5 ;[pi 1x1Yy,
(AT1)
where the last equality uses the fact that Pdiag(1,0,...,0)P’ is the outer product of
the first column of P with itself, which equals 1151} This proves equation (29).
If zg = [1,0,...,0], then, as in the proof of Corollary 4, the expected inventory after

t periods is (In — koA)'xg, so the expected inventory in asset 1 equals the (1, 1) entry of

1

the matrix in equation (29), which is %pg + %pﬁ Setting this expression equal to 3

proves equation (30).
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Finally, suppose that + is small and let m = v~ 4/2k; 1 071, Then
my = 2m(1 —a)" 2+ 0(m™), me = 2m(1+ (N — 1)a)_1/2 +0(m™), (A72)

and, as in the proof of Corollary 4, log p; = —% + O(m;?) for i = 1,2. Keeping the

first-order terms in 1/my and 1/may, the half-life equation (30) becomes
1 2T N -1 2T 1
L2y N Ty A
+( + > (AT3)

so that

T ~ N — Nm . (AT4)

4(my" + (N = 1)my") 2((1 + (N = Da)” + (N = 1)(1 - a)1/2)

This proves equation (31). O

Proof of Proposition 2. Proposition 1 implies that p; = v; — Az, hence v, —p; = Ax;.
Also, Q¥ — Q3 = k(vy — pt) + & = kAx; + ;. As the dealer’s inventory changes by the
amount of the net order flow, z;,1 = 2, — (Qf — Q) = x; — kAxy — €, which proves the
first part of equation (34).

Denote by Y = kA. At t+ 1, the equation p; = vy — Ax; becomes p;i1 = vy — Axyyq,
hence Apiy1 = Avgpy — M@y — x4). As x4y — 2y = —Yxy — &4, we obtain Apy =
Aviyq + Aep + AY xy, which proves the second part of equation (34).

In a stationary equilibrium, the inventory variance remains constant, i.e., Var(z;1) =
Var(z;) = ¥,. By assumption, k£ and ¥, commute with each other, hence equation (7)
implies that & and A also commute with each other (they are also both symmetric). The
equation z;11 = (Iy —Y)z; — e, implies that ¥, = (Iy —Y)2,(Ix —Y)+X,. Hence, %,
satisfies the linear matrix equation Y, +>,Y —Y X, Y = 3¥;. If k and X, also commute
with 3z, ¥, satisfies the equation Y (2Iy — Y)Y, = X7, hence ¥, = Y1 (2Iy —Y) 713,
which proves the first part of equation (35).

The price increment at ¢t +1is Apyy1 = Avey +Aer +AY 2y, hence X, = X, +AX A+
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AY 2, YA Using the formula Y.V =YX, + 3. Y — ¥, we compute:
Y, = X, +AYE, +X.Y)N, with YV = kA (AT5)

If ¥, commutes with k and ¥, equation (A75) becomes ¥, = %, + 2kX’%E, = X, +
2)\2(2Iy — kX\)~13, which proves the second part of equation (35).
The price increment at ¢ + 2 is Ap;io = Avyyo + Aepy1 + AY 2y = Avgyo + Aepyr +
AY (In —Y)z; — AYe,. Thus, the autocovariance A, = E((ApHg) (Apt+1)’) =Y (Iy —
Y)E. YA = AYY N = )\Y((IN - Y)X, Y — EL))\. Using the equation X, Y — YX, Y =
Y —YY,, we compute A, = —AY2¥ )\ If ¥ commutes with k& and Y, we compute
A, = —k*\'3, = —kX3(2Ix — kX)7'3 ., which proves the third part of equation (35).
O

Proof of Corollary 6. Let P be defined as in equation (A29). By the proof of Corol-
lary 2, the matrix A is diagonalized by P and satisfies

2 2
P'\P = dia , . A76
! g(k’g(mg—f-]_) ko(m1+1)) ( )
1 a
Since ¥f = Lol and X, = o2 , we also have
a 1
PSP = Lyls, P'S,P = diag(o2(1 4 a),0.(1 — a)). (AT7)

We now apply Proposition 2 in this diagonal basis.
First,

Y

L 12 [ 1)2
P/przk()_l(P/)\P)_l(QIQ—kQP/)\P)_lL()]Q:diag( 0(m2+ ) 0<m1+ ))

4m2 4m1

(AT8)
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Rotating back gives

L 12 L 1)2
5, — Pdiag( Lolm2 £ 17 Lolmi £ V7Y
4m2 4m1
L m2msy + mym3 + 4mymsy +my + mo (my — ma)(1 —mymsy)
8mims (my —ms) (1 — myms) m2msy + mym3 + 4myms + my + my

This proves the formula for >J,.

Second, Proposition 2 implies

4L 4L
P’Z—ZUP:2P’>\P22[—kP’)\P‘1L]:dia( 0 , 0 )
(2p=2) ( ) (2h—ko )7 Lol & k¢ma(ms + 1) k2my(my + 1)
(A79)
Hence
4L 4L 1 a
Ep:Pdiag( 5 0 - 0 )P/+ag
komg(mg + 1) koml(ml + 1) a 1
B 2Ly mi + m3 +my + mo (m1 —ma)(my +mg + 1)
kgmama(ma + 1) (ma+ 1) | (1 —mo)(my +ma+1)  m2 +m2 +my +my
1 a
+ 05
a 1
This proves the formula for >J,,.
Third,
4L 4L
P'A,P = —ko(P'A\P)3(2L,— ko P'AP) ' Lo, = — di ’ L
P ol ) (2L—ko )7 Lol 148 kdmo(ma + 1)27 k2my(my + 1)2
(A80)
Therefore,
o AL, AL, , 2L,
4= ‘Pdlag(k3m2<m2 07 R (ma + 1>2> B T Rmmatmn + D%0ms + 12
y m3 +m3 + 2m? + 2m3 + my + mo (my —ma)(m? +m3 + 2my + 2mg + mymg + 1)
(m1 —ma)(m? +m3 + 2mq + 2mg + myma + 1) m3 +m3 + 2m? + 2m3 + mq + mo .
(A81)

This proves the formula for A,.
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Finally, the matrix X, has the form , hence p, = v/u. Using the formula
vou

for ¥, above, we get

2L 2 2
kO mlmg(ml + 1)(m2 -+ 1)

u =

_ 2L0 (ml — mg)(ml + mo + 1) 9

. A83
kﬁg mlmg(ml + 1)(m2 + 1) @ ( )

Dividing numerator and denominator by 2Lg/kZ and using vy = kZo2/(2L¢) proves the

stated formula for p,. O

Appendix B. Expected Profit under Liquidation

We consider the case in which there is a single risky asset, i.e., N = 1. For simplicity,
we assume that the bid-ask spread is zero and trading in each period takes place at the
same price. At each time ¢ € N, the asset liquidates with a probability 7 € (0,1). If the
asset does not liquidate at ¢, the investor trades Az, = x;,1 — x; at a price p;. If the
asset liquidates at ¢, the investor receives a cash amount of v; for each of the x; shares

and thus realizes the following profit:**
t—1 t—1
M = 20— Y pldae = xove+ Y (05 — pa) A, (B1)
s=0 s=0

Define § € (0,1) by:
g =1-—m. (B2)

14We use the convention that a sum from a larger to a smaller index is zero, e.g., Zt;lo peAxy = 0.

o8



The investor’s expected profit at ¢ = 0 is:!'°

II = E0<7TH0+(1—7T)7TH1—|—"'+(1—7T)t7THt—|—~")
=0

- Eo( (1—6)Btﬂt> = EO<§:5th_Zﬁt+1Ht> (B3)

t=0 t=

= Eo (Ho + Z B (Mg — Ht));
t=0
Equation (B3) shows that the expected profit can be considered as the expectation
of a sum of discounted instantaneous profits: Allyy; = ;41 — II;. From (B1), the

instananeous profit at t satisfies:

AHt+l = T41V41 — TV — pAzr, = 33t+1AUt+1 + (Ut - Pt)A-fUt- <B4>

Thus, the update in realized profit at ¢ + 1 has two sources: an inventory component,
x;Avgyq, and a trading component, (v;11 — py)Axy. The inventory component measures
the reevaluation of the existing inventory, and can be thought as a stochastic dividend
paid at t 4+ 1. The trading component reflects the cash payment made for trading at ¢,
but with a gain estimated at the value v;.

We model risk aversion by having the dealer incur each period a penalty proportional
to the variance of the instantanteous profit. Thus, the dealer’s expected utility is of the

form:

iﬁt<Et(AHt+1) — ~y Var, (AHtH)), (B5)

where «y is the dealer’s risk aversion coefficient. As in equations (Al) and (A2), we

define:

a;—b a;+0b <
hy = ! t7 Py = ! t; 0 = v — Py, ﬂtzgt_5§~ (B6)

15Note that the discount factor at t is #**!. Indeed, by convention, trading starts at ¢t = 0, and
even though the first instantaneous profit occurs at zero, it must be still discounted by §. This can be
reconciled easily if the time before trading is denoted by ¢ = —1.
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Equations (1) and (3) imply that:

CLt+bt
2

= _k(st + T,
Al = T Ave — (Ut - at)Q? + ("Ut - bt)Qf

= .',Ct+1A'Ut+1 — k6t2 — k’h? + thf — (5t + ht)Ef + (6t — ht)f‘:?.

Az, = k( —vt>—€f+ef

(B7)

At the optimum (see the proof of Proposition 1), we have:

1 4
b = Az, with A = —(—y+y/12+ ),
! ' (B

hy = h = —
t ka

where A is computed in the limit case when § = 1. Equation (B7) becomes:

Tep1 = (1= EXN)xy + 15,
2 (B9)

14 14
AHt+1 = I’t+1AUt+1 — ]{?AQZL'? + E — )\xtm — E<€f + 52)

As z; and v, are in the dealer’s information set at ¢, so are a; = vy + h, by = v; — h, and

0 = vy — (ay + by) /2. Therefore, the variance of All;,; conditional on the information

at t is:
Var, (All;, ) = Vart(((l — kX)zy + ) Avgr — Az — g(sf + 6?)) (B10)
If we define:
02 = Var(n,) = Var(el —¢) and o2 = Var(Avy,), (B11)
we have:

Var(((l — kN)zy + nt)Ale) = ((1 — kX)?2? + 037)05,

Var(Azyn) = )\21’?0727, (B12)
S €2
Var(h(s} +&b)) = EUE"
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Equations (B10) and (B12) imply:

2

4
Var,(Alliy) = (1 —kN?*ziol + o) (03 + N2 + p) + correlation terms.  (B13)

We consider the case in which kv is very small:

1> k. (B14)

We compute:

~

—ky + /(k7)? + 4k
o= VPR AT ) ~ Vi
2 (B15)
)\2

%
=12

Equations (B13) and (B15) imply:

2

4
Var,(Ally) = (1—/ky)zio, + o, <0‘g + %xf + E) + correlation terms. (B16)

Therefore, if v and o, are sufficiently small, we obtain:
Vary (All,,,) ~ 2?02 (B17)

This shows that when the dealer’s risk aversion is sufficiently low, the expected utility

in (B5) can be approximated by:
E Y 5 (Et Al — ’yx?) , (B18)

t=0

where we have replaced yo2 by 7. Thus, we can replace the quadratic utility term,

v Var(AIl;, ), by the quadratic inventory penalty, yx?.
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Appendix C. Additional Figures and Tables

Table C.1: Variable definitions

Table Variable Definition

Primitives Inventory (shares) Signed share position of a market maker in a stock,
cumulated from her fills and carried across days.

Primitives  Inventory (CAD) Inventory in shares marked to market at the last trade
price.

Primitives Quoted liquidity imbal- Resting ask depth minus resting bid depth, measured

ance in dollars. Positive values indicate that the market
maker supplies relatively more liquidity on the ask
side than on the bid side.

Primitives Market maker group DMM, EMM, or Both, fixed per market maker over
the sample. The universe is the 549 market makers
active in at least two securities.

1, Panel A Number of stocks Distinct stocks traded that day, matched to CFMRC.
All Panel A variables are CFMRC stock-day values,
averaged across stocks each day, then across days.

1, Panel A Trades per stock Number of trades in a stock-day.

1, Panel A Share (dollar) volume Share volume, and closing price times share volume,

per stock per stock-day.

1, Panel A Closing price Closing price in CAD.

1, Panel A Quoted (relative) spread Closing ask minus closing bid in CAD, and the same
divided by the quote midpoint, in percent.

1, Panel A Daily return CFMRC daily return, in percent.

1, Panel B Trading days Days on which the market maker trades.

1, Panel B Distinct securities Securities the market maker trades over the sample.

1, Panel B Stocks traded per day Distinct stocks the market maker trades that day,
averaged over her days.

1, Panel B Trades (dollar volume) Trades, and gross dollar volume, per trading day.

per day

1, Panel B Net portfolio zero rever- Times per day the market maker’s net portfolio, the

sions sum of signed positions across stocks, reaches or
crosses zero: a nonzero net moving to zero, or to the
opposite sign, at the next minute.

1, Panel B Days ending flat Percent of days with zero end-of-day inventory.

1, Panel B Passive-fill share Percent of fills where the market maker’s resting order
is executed.

2 Inventory, stock (CAD)  Signed share position in one stock marked to market
at the prevailing price, per market maker, stock, day,
and minute.

2 Net portfolio (CAD) Signed sum across stocks of the stock inventory

(CAD), per market maker, day, and minute.
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Table

Variable

Definition

2, Panel B

C.3,C.4

C.3,C4

C.3,C4

C.3,C4

Gross portfolio (CAD)

Zero reversions per day

Minutes between rever-
sions

Mean signed (end of day)
Mean absolute (end of

day)

Intraday range (CAD)

Intraday volatility
(CAD)
End-of-day share long
(short)

Paired  portfolio—stock
difference
Rest-of-portfolio quoted
liquidity imbalance
Rolling correlation rc

Cross-hedging episode

Retained episode

Sum across stocks of the absolute stock inventory
(CAD).

Number of times within a day the signed position
reaches or crosses zero. Stock level on the stock inven-
tory, portfolio level on the net portfolio. Computed
per day, then averaged (stock: equal-weight across
the market maker’s stock-days; portfolio: across the
market maker’s days).

Mean number of minutes between consecutive rever-
sions within a day, averaged over days with at least
one reversion; days and market makers that never
revert are excluded.

Signed position at the last minute of the day, aver-
aged over days; net portfolio at the portfolio level.
Near zero means no standing directional position.
Absolute end-of-day position at the stock level; end-
of-day gross portfolio at the portfolio level; averaged
over days.

Within-day maximum minus minimum of the signed
position (stock inventory at the stock level, net port-
folio at the portfolio level), averaged over days.
Within-day standard deviation of that same signed
series, averaged over days.

Percent of a market maker’s held stocks that end the
day long (short); the remainder end flat. Portfolio
level only. Computed per day and averaged over days.
Per market maker, its portfolio zero reversions per
day minus its stock zero reversions per day.

Sum of the quoted liquidity imbalance over all stocks
except the focal one, per market maker-minute.
Thirty-minute rolling correlation between the rest-of-
portfolio quoted liquidity imbalance and the market
maker’s inventory in the focal stock five minutes ear-
lier.

Run of at least five consecutive minutes with rc¢ > 0
for a market maker, day, and focal stock. Episode
length is the number of such minutes.

Episode whose covariance between the lagged focal
inventory and the rest-of-portfolio imbalance is pos-
itive, in agreement with the selection; about 11 per-
cent fail and are excluded.
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Table

Variable

Definition

C.3,C4

C.3,CA
C.3,CA4
C.3,CA
C.3
C.4

C4

Covariance contribution

Positive covariance share
Top-1/3/5 share
Positive contributors
Covariance offset ratio

Pair episodes (market

makers)
Mean p;

Pair-episode

Inventory correlation

Return correlation

Gradient

Covariance of lagged focal inventory with a single
hedge stock’s quoted liquidity imbalance. Summed
over stocks it reproduces the rest-of-portfolio covari-
ance exactly.

A positive contributor’s covariance as a share of the
episode’s total positive covariance.

Summed positive covariance share of the largest one,
three, and five contributors.

Number of hedge stocks with positive covariance con-
tribution.

Share of the focal inventory covariance offset by the
rest-of-portfolio imbalance within the episode.
Number of episodes, and distinct market makers, in
which a focal-hedger pair appears.

Mean return correlation between the focal stock and
the hedge stock.

One focal-hedger pair on one market maker-day; the
covariance between the five-minute-lagged focal in-
ventory and the hedger’s quoted liquidity imbalance
is computed over the day’s episode minutes.
Correlation between the market maker’s five-minute-
lagged inventory in the focal stock and her contem-
poraneous inventory in the hedger over the episode
window; pair-episodes with fewer than 20 overlapping
minutes, or with no inventory variation, are unclassi-
fied. Negative if at or below —0.1, Near-zero if strictly
between —0.1 and 0.1, Positive if at or above 0.1.
Correlation between the 30-minute returns of the fo-
cal and hedge stock, a single pairwise value over the
sample; the same correlation used in Table C.4. Rows
bin it left-closed at —0.1,0,0.1,0.3.

Increase in the share quoted to sell from the bottom
to the top return-correlation bin within an inventory-
correlation group. Panel B re-estimates it per market
maker across bins, over market makers with episodes
in at least three bins.
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Table C.2: Inventory Dynamics (medians)

Median version of Table 2. We report the median across market makers, with the standard deviation in
parentheses. Definitions, construction, and columns are as in Table 2. The paired test (Panel B there)
is a single test per group and is not repeated here.

Stock Portfolio
All DMM EMM All DMM EMM
Turnover
Zero reversions per day 0.27 0.56 0.14 0.62 1.42 0.25
(1.09) (1.64) (1.14) (3.31)  (5.60) (2.47)
Minutes between reversions 59.7 64.2 54.4 32.1 31.7 34.0

(20.6) (28.7) (36.0)  (421) (29.9)  (55.0)
End-of-day position (000s CAD)

Mean signed 1.08 -0.32 0.08 6.38 -2.26 0.66
(1,113) (146.5) (1,034) (41,013) (1,327) (5,211)
Mean absolute 63.5 347  178.6 575.6  349.2 820.0

(1,334) (621.0) (1,141) (65,411) (6,302) (18,873)
Intraday dispersion (000s CAD)

Intraday range 31.7 22.8 37.3 189.2 132.0 131.4
(122.4)  (58.2) (153.9) (2,349) (344.1) (1,193)
Intraday volatility 7.39 5.35 8.51 41.4 34.2 29.5

(33.6) (145) (41.7) (646.9) (92.0) (303.3)
End-of-day sign miz (portfolio, %)

Share long 47.9 49.6 44.3
(22.0) (14.8) (27.6)
Share short 41.0 48.0 39.5

(21.9)  (14.0)  (27.6)
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Table C.3: Episode Population Characteristics

Cross-hedging episodes over the 45 trading days. An episode is a run of at least five consecutive
minutes in which the thirty-minute rolling correlation between the rest-of-portfolio quoted liquidity
imbalance and the market maker’s five-minute-lagged inventory in the focal stock is positive. Panel A
counts episodes, market makers, and market maker-focal cells. Panel B reports the concentration of
the episode’s positive covariance across hedge stocks. Panel C reports the strength of the association
within episodes and the covariance offset ratio, the share of the focal inventory covariance offset by
the rest-of-portfolio imbalance. Variable definitions are presented in Table C.1. The sample period is
3 January to 6 March 2006.

All DMM  EMM Both

A. Coverage
Episodes 879,942 58,634 449,107 372,201
Market makers 537 68 242 227
Market maker-focal cells 12,645 1,074 4,484 7,087
Episodes per market maker (median) 742 764.5 281 1,140
B. Concentration
Top-1 cov share (median) 0.489  0.806 0.305 0.669
Top-3 cov share (median) 0.857  1.000 0.615 0.989
Top-5 cov share (median) 0.962 1 0.773 1.000
Share top-3 >= 0.80 0.548  0.966 0.314 0.764
Positive contributors (median) 13 4 24 6
C. Strength
Episode length in minutes (median) 26 24 26 25
Covariance offset ratio (median) 0.130  0.096 0.131 0.133
Share cov-offset < 0.30 0.690  0.701 0.694 0.683
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Table C.4: Recurring focal-hedger pairs

The thirty most frequent focal-hedger pairs across episodes. Episodes and Market makers count the
episodes and the distinct market makers in which the pair appears. Med. share is the hedge stock’s
median positive covariance share within those episodes. Mean p; is the mean return correlation between
the focal and the hedge stock, computed on 30-minute returns over the sample period. Tickers are TSX
symbols. The recurring pairs are energy and resources stocks, with a mean pairwise return correlation
near 0.44.

Focal Hedge Episodes Market makers Med. share Mean p;

ECA CNQ 4,878 70 0.060  0.446
CNQ ECA 4,792 68 0.088  0.446
PCA ECA 4,242 53 0.074  0.445
PCA CNQ 4,206 59 0.061 0.423
ECA PCA 4,143 55 0.043  0.436
TLM CNQ 4,023 51 0.060  0.448
AL  ECA 4,017 48 0.066  0.438
TLM ECA 4,005 51 0.072  0.452
CNQ PCA 4,003 59 0.049  0.422
CNQ SU 3,087 57 0.083  0.431
SU  CNQ 3,935 54 0.063  0.446
ECA SU 3,917 52 0.077  0.429
AL  CNQ 3,804 44 0.054  0.437
ECA TLM 3,887 53 0.042  0.423
TLM SU 3,831 47 0.076  0.443
CNQ TLM 3,785 51 0.044 0418
SU  ECA 3,781 49 0.071 0.451
PCA TLM 3,655 52 0.041 0.421
TLM PCA 3,639 49 0.040  0.436
SU  TLM 3,628 48 0.043  0.430
PCA SU 3,533 50 0.060  0.429
CCO ECA 3,301 33 0.066  0.447
CCO CNQ 3,378 37 0.055  0.451
AL  PCA 3,351 38 0.036  0.424
ECA AL 3,328 48 0.020  0.415
G ECA 3,243 34 0.067  0.460
SU  PCA 3,242 A7 0.040  0.436
PCA NXY 3,202 41 0.026  0.415
NXY TLM 3,176 37 0.036  0.438
ABX ECA 3,140 38 0.063  0.455
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