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Abstract

We develop a modular Cardell variance-components framework for panel discrete-choice demand.
By specifying which latent components are shared across products and time, the framework
accommodates rich dependence in unobserved utility while preserving features that make logit
models tractable. The representation extends Cardell beyond nested logit and unifies nesting
structures, persistent match effects, and autoregressive shocks. We develop one specification
in detail: an AR-persistent model in which serial correlation in unobserved preferences arises
from stable consumer-product match quality and transitory shocks that decay over purchase
occasions. We estimate the model with a pairwise composite likelihood that preserves the exact
single-period logit likelihood and requires simulation only for the dependence correction. Monte
Carlo experiments show accurate recovery of parameters and elasticities. We illustrate the
approach by embedding AR-persistent errors in a standard empirical IO demand framework with
endogenous prices, using linked household-panel and scanner data on over-the-counter cough
remedies. Relative to mixed logit benchmarks with and without lagged-choice controls, the
AR-persistent model better matches repeat purchases, returns after stockouts, and long-horizon
out-of-sample prediction. In our application, models that ignore serial correlation in unobserved
preferences overstate price sensitivity and welfare losses in product-removal counterfactuals.
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1 Introduction

Discrete-choice demand models are central for estimating price sensitivities, characterizing substi-
tution patterns, and evaluating counterfactuals involving prices, product availability, and entry.
Many applications now rely on long household or consumer panels in which the same decision-maker
makes repeated choices among a large set of differentiated products. Standard logit-based models
deliver tractability, but they sharply restrict the dependence patterns that can be introduced into
the unobserved component of utility. Nested logit accommodates correlation among close substitutes,
and random-coefficients logit accommodates heterogeneity in tastes for observed characteristics,
but both typically maintain that remaining shocks are independent over time. In long panels, this
restriction is often at odds with observed persistence in choices and can lead to counterfactual
predictions that are sensitive to how persistence is attributed to state dependence, time-invariant
preferences, or measurement error.

We begin by developing a general framework for panel discrete-choice demand in which de-
pendence across products and over time is introduced through layered Cardell (log-positive stable)
components, while conditional choice probabilities remain multinomial logit. The construction ex-
ploits the identity in Cardell (1997) that a Cardell shock plus a suitably scaled type-I extreme-value
shock is again type-I extreme value. This property has primarily been used in the context of the
nested logit model. In our setting, this convolution property allows us to separate the component of
utility that carries correlation and persistence from the component that delivers logit tractability:
the former is represented by a low-dimensional set of Cardell components that are simulated directly,
while the latter is integrated out analytically. The framework extends the role of the Cardell distri-
bution beyond its standard use in nested logit and provides a modular representation of dependence
in panel demand.

We then show that the framework nests a range of familiar and useful models and makes these
cases practical for estimation. Single- and multi-level nested logit, cross-classified within-period
correlation structures, persistent household-product match effects, and finite-memory autoregressive
shocks all arise as special cases of the same representation. A practical obstacle has been that
Cardell draws are difficult to simulate directly. Building on the log-stable representation in recent
work by Galichon (2022), we use a simulation approach for Cardell draws based on fixed underlying
randomness, which yields smooth objective functions in the dependence parameters and is well

suited to standard simulation methods. Because each purchase occasion is standard logit conditional



on these draws, the same computational approach applies across special cases and richer layered
specifications.

To demonstrate the empirical relevance of the framework, we focus on a parsimonious AR-
persistent specification and an estimation strategy suited to long panels. The specification combines
a persistent match component with autoregressive innovations whose influence decays across purchase
occasions, allowing the data to distinguish stable household-product affinity from transitory shocks.
For shorter panels, the model can be estimated by simulated maximum likelihood that draws only
the Cardell components. For longer panels, we use a pairwise composite-likelihood estimator that
preserves the exact single-period logit contribution and identifies the dependence parameters from
low-dimensional intertemporal terms. The key tractability gain is therefore not only that the
remaining integrals are lower dimensional, but also that a large share of the criterion can still be
evaluated analytically. Relative to Gaussian specifications, the computational burden is shifted from
a full-panel integral to a collection of low-dimensional pairwise terms, which makes the AR-persistent
specification practical in applications with large choice sets and long purchase histories.!

We illustrate the practical value of this approach in an application to the over-the-counter
(OTC) cough-remedies category using linked NielsenlQ scanner and household-panel data. In this
setting, consumer choices exhibit substantial persistence, with households repeating their previous
brand-formulation choice on more than half of purchase occasions. Using the approach of Grieco
et al. (2025), we also show that the framework readily accommodates instruments and the joint use
of aggregate shares and micro data. We compare the AR-persistent specification to standard random-
coefficients logit benchmarks, including models with reduced-form lagged-choice state dependence.
We find that standard i.i.d. error models struggle to jointly match observed repeat-purchasing and
return-after-stockout patterns, and consequently overstate heterogeneity in price sensitivity in order
to rationalize unmodeled persistence. By contrast, the AR-persistent model more accurately captures
both short- and long-run persistence.

These differences matter for out-of-sample prediction and welfare analysis. The AR-persistent
model delivers substantially higher predictive accuracy, especially over longer forecast horizons. In
a partial-equilibrium counterfactual that removes the market-leading product, models that rely
on lagged-choice state dependence imply large consumer-surplus losses because the forced switch

mechanically lowers utility. By contrast, when persistence is attributed to stable match quality and

'A small related literature uses pairwise likelihood in probit panel models. See, for example, Tuzcuoglu (2023)
and the overview in Bhat (2014). Relative to the case of Gaussian errors, the Cardell structure preserves exact logit
single-period terms, so the pairwise term is especially tractable.



gradually decaying shocks, the implied welfare losses are substantially smaller and concentrated
among the households most attached to the removed product. Taken together, the results underscore
that flexibly modeling the unobserved error structure is important for reliable welfare and policy

evaluation in panel demand settings.

Related Literature

The Cardell distribution is closely associated with the nested logit model. Cardell (1997) identified
the specific distribution required for the “within-nest” error in nested logit, and subsequent work has
often referred to the distribution as “Cardell.” The Cardell distribution entered applied work mostly
through its existence result rather than through direct simulation. Its CDF does not admit a closed-
form expression, which historically made simulation of the Cardell distribution computationally
inconvenient in practice. As a result, applied work typically exploited Cardell’s construction indirectly
via analytic GEV probabilities (e.g., Berry, 1994).2 A related literature uses the Cardell distribution
in models with costly information acquisition to derive a tractable estimation equation (Brown and
Jeon, 2024; Boehm, 2025; Brown et al., 2026). A literature in matching theory also utilizes the
Cardell distribution for tractability (Galichon and Salanié, 2022).

Recent advances by Galichon (2022) show that the Cardell distribution is the scaled logarithm of
a positive stable distribution. This new insight allows for computationally fast approaches to generate
simulated draws from the Cardell distribution. In prior work, Kaye (2024) uses simulated draws
from the Cardell distribution in a search model to decompose match quality into a visible component
(known pre-search) and a hidden component (revealed through costly search). The ability to simulate
draws from the Cardell distribution makes it practical to use Cardell components in specifications
that still preserve many of the computational benefits of working with EV1 distributions, but go
well beyond standard nesting, which is the focus of this paper.

Our AR-persistent specification contributes to the literature seeking to disentangle the over-
lapping sources of persistence in panel discrete choice data. In many demand settings, repeated
purchasing can reflect stable household—product affinity, reduced-form state dependence or switch-
ing costs tied to past choices, and serially correlated taste shocks that decay gradually. Because

these mechanisms imply different counterfactual responses a broad applied literature has developed

>The Generalized Extreme Value (GEV) family of discrete-choice models delivers closed-form choice probabilities
for static dependence across alternatives within a choice occasion. Our framework instead leverages simulation to
extend this logic to more flexible dependence structures, including dependence over time in panels, while keeping
choice probabilities in a logit form conditional on simulated components.



methods aimed at separating them, often using reduced-form state dependence or distributed-lag
formulations (Dubé et al., 2010; Seetharaman, 2004).

Despite the importance of accounting for these issues, the literature has emphasized the
computational barriers to incorporating serially correlated errors and persistent heterogeneity when
estimating discrete choice models using long panels (Keane, 2015). The likelihood depends on the
joint probability of an individual’s full choice history, so allowing for serial correlation or persistent
heterogeneity typically entails a high-dimensional integral that grows with the length of the panel—
especially in Gaussian (probit) formulations (Keane, 2015; Berry and Haile, 2021). Early parametric
discrete choice work tackled the high-dimensional sequence-likelihood and initial-conditions burdens
of panel choice models using simulation-based estimators and related conditional approaches and
often necessitated significant simplifications (e.g., Keane, 1997; Chintagunta et al., 2001; Cantillo
et al., 2007).% Conditional or matching estimators provide another route under stronger support
conditions on covariates and choice sets (Honore and Kyriazidou, 2000). More recent semiparametric
work avoids specifying the error distribution and instead exploits revealed-preference restrictions to
difference out fixed effects (Shi et al., 2018; Pakes and Porter, 2024), and extends these ideas to
bound state dependence and switching costs in rich panel environments (Pakes et al., 2025). We
provide a complementary, highly tractable parametric solution that preserves exact single-period
logit structure while flexibly capturing both persistent match quality and gradually decaying shocks,
enabling household-specific prediction in long panels.

The remainder of the paper proceeds as follows. Section 2 presents the general framework
and the simulation approach. Section 3 develops benchmark special cases and the AR-persistent
specification. Section 4 discusses estimation and reports Monte Carlo evidence. Section 5 presents

the empirical application. Section 6 concludes.

2 A Generalized Cardell Error Structure

2.1 Panel choice environment

We study demand in a panel discrete-choice setting in which consumers i = 1,..., N make repeated

choices over purchase occasions t = 1,...,T from a set of products j € {0,1,...,J}, where j =0

3The literature has also proposed Bayesian estimation to allow for AR errors in discrete choice models (Lachaab
et al., 2006), as well as GMM or simulated method of moments approaches that match low-dimensional intertemporal
correlations rather than the full sequence likelihood (Keane, 1994; Bertschek and Lechner, 1998). Bayesian methods
have also been used to address related issues with serially correlated errors or persistent unobservables in dynamic
discrete choice models (Norets, 2009; Blevins, 2016).



denotes the outside option. Let aj; € {0,1} indicate whether product j is available at ¢; we take the

outside option as always available ag; = 1. Consumer 4’s utility from choosing j at occasion ¢ is
Uit = 5]75 +N2]t +€ijt7 j:0717"’7J7t:17“’7T7 (21)

where d;; is mean utility common across consumers, f;;; captures consumer-specific taste hetero-
geneity, and €;;; collects unobserved determinants of utility.
For most of the framework we develop below, we simplify by abstracting from taste heterogeneity

and setting

it = 0.

A convenient benchmark is then
00 = Wf — apjr + &, (2.2)

where pj; is price, xj; are observed characteristics, and &; is a product fixed effect (or unobserved
time-invariant quality). The results below do not rely on 15 = 0; we reintroduce f;;; in the empirical
application to accommodate household heterogeneity through random coefficients as in Berry et al.
(1995).

The central object is the joint distribution of ¢;;; across alternatives and time. Our goal
is to allow flexible correlation patterns in ¢;j;, including within-nest correlation, match-specific
persistence, and dynamic dependence over t—while retaining logit choice probabilities conditional

on a low-dimensional set of latent variables.

2.2 The Cardell distribution

Let EV1 denote the standard type-I extreme value (Gumbel) distribution with cumulative distribution

function F(z) = exp{—exp(—z)}. If e ~ EV1, then \e is type-I extreme value with scale parameter

A

Definition 1 (Cardell distribution). Fix A € (0,1]. A random variable v is said to follow a Cardell

distribution with parameter A, written v ~ C(\), if for any independent ¢ ~ EV1,

v+ Ae ~EV1. (2.3)



Definition 1 defines the Cardell distribution through the conjugacy relation that underlies
our construction. The Cardell component v exactly fills in the dispersion missing from the scaled
extreme-value term Ae, so that the sum has a standard EV1 marginal. In the limiting case A = 1,
the only solution is ¥ = 0. Smaller values of A correspond to a larger Cardell component and, in our
applications, greater scope for dependence when v is shared across alternatives or over time. Thus,
shared Cardell components carry correlation and persistence, while the remaining i.i.d. EV1 term
preserves conditional logit tractability.

A second fact used repeatedly below is the composition rule
vy ~ C(\), vy ~ C(\2), vi Ly = v+ Mva ~ C(AA2). (2.4)
To verify (2.4), let € ~ EV1 be independent of (v1,v2). Then va + Aae ~ EV1, so by Definition 1,
v1 + Ao + Mg = vy + A (e + Aog) ~ EVI,

which is precisely the defining property of C'(A1A2). Equation (2.4) is the device behind our layered
error structures: sums of independent Cardell primitives can be collapsed into a single Cardell term,
while (2.3) guarantees that adding the appropriately scaled EV1 remainder restores a standard EV1
marginal.

While C'(X) does not admit a closed-form CDF, historically making it difficult to simulate from
directly, Galichon (2022) show that it admits a convenient representation in terms of a positive
stable random variable, which also gives a constructive existence result. Let z be positive stable

with index A, denoted z ~ P(\), meaning that its Laplace transform satisfies
Ele”]=e", t>0. (2.5)

Then the transformation

v=JMAlogz (2.6)

produces a Cardell draw, v ~ C'()\). This representation is convenient computationally because it

reduces Cardell simulation to simulation of a one-sided stable random variable.?

1Given (2.6), E[v] = (1 — A)v and Var(v) = (1 — )\2)%, where vy ~ 0.58 is the Euler—Mascheroni constant.



2.3 A general Cardell-based error structure

Definition 1 suggests a convenient variance-components representation of EV1 shocks. One can
introduce dependence through shared Cardell components while preserving an extreme-value marginal
by leaving a residual i.i.d. EV1 term with a common scale. We use this idea to parameterize the
joint distribution of €;;; in panels by collecting all dependence-inducing components in a structured
latent term 7;j; and retaining a remaining i.i.d. extreme-value component that delivers logit choice
probabilities conditional on 7;j;.

Specifically, write the total unobserved utility shock as
€ijt = Mijt + Neiji, (2.7)

where & Y EV1 across (4,7,t) and A € (0, 1] is the common residual extreme-value scale passed
to the i.i.d. component. The term 7;;; aggregates the structured (Cardell-based) components that
generate correlation across alternatives and time.” We build nij¢ so that each €;;; remains marginally
EV1, with all dependence governed by which latent components are shared and how they evolve
over time.%

A flexible specification for the structured component is

P P D D 0
Mijt = (Cij + Ti,gu)) + (Cz'jt + Tz;g(j),t) g0 00 (2.8)
-~ 0
i n5 it

where: (i) 775 is persistent (time-invariant) heterogeneity, (ii) ngt is time-varying and serially
correlated heterogeneity, and (iii) n?jt is a collection of within-period nest shocks that generate
contemporaneous correlation across alternatives in the same nest, in the spirit of nested logit. The
notation g(j) denotes a (possibly application-specific) mapping from product j to a nest label. In
practice we allow multiple, potentially overlapping groupings (e.g., brand and category); layering
provides the organization that makes such overlap compatible with a single residual scale A (see
below and Appendix A).

The terms CZ.I; and Ci?t are consumer—product components. The persistent part 5 captures

5This structure also allows for correlation across individuals. For the remainder of the paper we focus on correlation
across products and time.

n the Cardell construction, the degenerate case corresponds to A = 1, for which the associated Cardell component
collapses to zero. Hence, setting all Cardell (layer) parameters to one implies 7;;: = 0 and A = 1, recovering the classic
multinomial logit (McFadden, 1973). Setting only the within-period nest parameters below one (with all persistent
and dynamic parameters equal to one) yields the familiar nested logit model (McFadden, 1978).



D

stable match quality (e.g., long-run household-product affinity). The dynamic part (;;; captures

serially correlated taste shocks or latent state variables that affect utility over multiple occasions

(e.g., drifting tastes). The terms 77

D 0
N, 72 . and 77 . , are consumer—nest components shared b
i,9(7)" Tig().t Tig(G).t 0 otmpo y

i,9(j
all products in nest g(j). They generate cross-alternative dependence because products in the same

nest share the same latent shock. The key distinction is temporal: 7

i,9(5)

. . . . D .

1s time-invariant, 7.~ . , 18
T Tig(d)0t

time-varying with serial dependence, and Tiog(j) '

pattern at time ¢ but does not itself propagate over time).

is purely within-period (it affects the substitution

Our construction relies on the Cardell conjugacy property. By recursively adding scaled Cardell
components and passing forward the remaining EV1 scale, one can build rich variance-components

structures for 7;;; while keeping the marginal distribution of €;;; in (2.7) normalized to EV1.

Layering intuition Layering is an approach for organizing many variance components, including
disjoint and overlapping nests, without losing the single-scale representation in (2.7). Formally, we
introduce an ordered collection of K layers, indexed by £ = 1,..., K, where each layer £ partitions
the alternatives into disjoint nests and assigns each product j to exactly one nest g¢(j) in that layer.
A product can load on multiple groupings by appearing in multiple layers (e.g., one layer for brands,
another for categories). This ensures that every (i, j,t) receives exactly one Cardell contribution per
layer, so the remaining EV1 scale passed to the i.i.d. term stays common across alternatives.
Within a layer, different nests may have different Cardell parameters (and hence different
“amounts” of shared variation). To preserve a common residual scale for all j, we define a layer
minimum parameter, )\,, and add an adjustment shock so that the total layer contribution has the
same Cardell scale for every alternative, even though the shared part differs by nest. For dynamic
layers we also require a common maximum lag length within the layer; this guarantees that dynamic
variance components consume the same amount of EV1 scale for every alternative. Appendix A
provides additional details and shows how this construction delivers a single residual scale A in (2.7).
This layered representation is also a parsimonious way to target correlation patterns. Rather
than parameterizing a large covariance matrix and maintaining positive definiteness as additional
sources of dependence are introduced, the researcher specifies economically interpretable shared
components at the product, nest, and time level. In that sense, the Cardell construction provides a
modular variance-components approach for dependence that is especially useful when persistent,

transitory, and overlapping group effects must be combined in a single specification.



Layering representation. A convenient representation writes 7;;; as a sum of layerwise contribu-

tions,
K Ly
~(¢
mor =3 A YA 29)
(=1 s=0

where L, > 0 is the layer-specific maximum lag (with L, = 0 for purely persistent or purely within-
period layers), A, is the minimum Cardell parameter in layer ¢, Ay_; is the residual EV1 scale passed
forward from earlier layers, and 7() is a layer-¢ adjusted Cardell primitive (all defined in Appendix
A). Equation (2.9) is an accounting identity. The different subsets of layers feed ¢, 7F, ¢P, 7P, and
79 in (2.8), and can be constructed sub-setting the layers in (2.8) (see Appendix A for the specific

constructions of ¢¥, 7F, ¢P, P, and 7).

Outside option. Let j = 0 denote the outside option and normalize its mean utility to do; = 0.

To preserve the same conditional scale A for all alternatives, we represent the outside-option shock as

»
uior = €iot = Vior + A€o, vior ~ C(A), (2.10)

independent of the inside-good components unless otherwise specified. In our applications we assume
{viot} is 1.i.d. over t, but one could analogously introduce persistence or shared components for the

outside option if needed.

2.4 Choice probabilities and simulation-based likelihood

Since the representation (2.7) preserves logit choice probabilities after conditioning on the latent
component, conditional on 7;;¢, the only remaining randomness is the scaled i.i.d. EV1 term Aeg;j,

so conditional choice probabilities take the multinomial logit form with scale A:

eXp<5jt“'/‘\77ijt )

Optt+ns
Zkej At exp( kt A77 kt)

Pr(jit = J [{Nikts Okt res) = (2.11)

where ji; € {0,1,...,J} denotes consumer ¢’s realized choice at time ¢.

This conditional logit structure is the key computational advantage of the Cardell-based
specification: correlation of the latent utility components across products and time enters only
through 7;;;. The scale parameter A enters exactly as in standard logit: smaller A increases the

effective dispersion of d;; + 7;;: and amplifies substitution among alternatives that share common



latent components through 7; ;.
Throughout the paper, we evaluate likelihood and related objects by simulating only the
component 7;;; (constructed from the Cardell primitives in (2.9)) and integrating out the remaining

i.i.d. type-I extreme value term Aeg;;; in closed form.

Advantages of layered Cardell construction This construction also brings several advantages
relative to Gaussian utility-error specifications, such as panel multinomial probit with serially
correlated errors. First, as stated above, once we condition on the structured component 7;;;, we
retain exact logit choice probabilities conditional on the simulated components. Second, the Cardell
normalization fixes the marginal scale of the total shock €;;;: by construction each €;;; = 1;¢ + Aeyj
remains marginally EV1. This normalization keeps the parameters in d;; on a stable utility scale
as we enrich the dependence structure in 7;;;, and it avoids scale drift that can otherwise weaken
numerical conditioning when one changes the covariance specification. Third, the Cardell recursion

delivers a useful closure (or “continuation”) property. For any cutoff layer £, the tail contribution

L
2 14
R%Z = m%-i + At (2.12)
=t
has an EV1 marginal with the continuation scale implied by the recursion after layers 1,...,¢—1.

©)
191

Shared components in the tail can still induce dependence across alternatives and time, so R, need
not be i.i.d. across j, but the extreme-value closure still lets us integrate out blocks of lower-level
primitives analytically once we condition on a reduced set of simulated components. We exploit
this idea to construct likelihood objects with analytic choice probabilities after partial integration
(for example, in our pairwise logit likelihood), and we use the same approach to compute post-
estimation objects such as market shares by averaging closed-form per-occasion choice probabilities
over simulated shared components. Layering plays an important practical role here: it keeps the
relevant continuation scales common across alternatives, which makes these partial-integration steps
well defined. Gaussian constructions do not generally offer an analogous closure: when we integrate
out subsets of normal components, we typically lose the logit/nested-logit choice probabilities and
must rely on higher-dimensional simulation or additional numerical integration.

The same computational advantage carries over to post-estimation objects. Market shares,

elasticities, posterior choice forecasts, and product-removal counterfactuals can be computed by

averaging closed-form per-occasion logit probabilities (or inclusive-value expressions) over the

10



simulated shared components, rather than recomputing high-dimensional Gaussian probabilities
inside each counterfactual loop. This is particularly valuable in applications, like ours, that require

repeated probability evaluations for prediction and welfare analysis.

Simulated Joint Likelihood. In principle, the model can be estimated by simulation over the
Cardell components. Fix the number of simulation draws S. For each draw s = 1,..., 5, one could
simulate the primitive Cardell shocks that enter (2.9) and construct {nz[j]t}”t Conditional on 7*,

one can compute (2.11) exactly. The simulated likelihood contribution for consumer i is then

S T
0:(0) = ;thl_IlPr(jit]nz[‘z]), (2.13)

where ¢ collects the parameters in ¢;;, the parameters governing the Cardell components, and
any parameters determining A. The sample log-likelihood is £(0) = Zf\il log ¢;(6). Relative to
a standard approach with Gaussian errors, the simulation burden is reduced because we do not
simulate the idiosyncratic shock at the alternative—time level.

In long panels, however, the simulated likelihood in (2.13) can be numerically fragile and
sensitive to Monte Carlo error when S is fixed. Section 4.3 develops a pairwise composite-likelihood
approach that mitigates these issues while taking advantage of the fact that (2.11) can be computed

exactly conditional on nls!.

2.5 Simulation of Cardell shocks

Implementing (2.13) requires draws from C'(\) at many candidate values of A. Because A changes
the shape of the Cardell distribution, draws cannot be reused across parameter values by a simple
rescaling. While Cardell (1997) characterizes the family through an EV1-preserving convolution
property and uses it to derive analytic probability expressions, that characterization does not by
itself yield a convenient simulation algorithm. We rely on the representation in Galichon (2022)
linking C'(\) to the log-stable distribution, which permits simulation by transforming draws from
simple base distributions (uniform and exponential) using standard stable-sampling algorithms.

Let v ~ Unif (0, 7) and e ~ Exp(1) be independent, and define

L sin(Av) <Sin((1 - )\)U)> = ' (2.14)

~ (sinv)l/A e

11



Then v = Alogz ~ C()\).” Holding fixed the underlying (v,e) draws across candidate values of
A yields common random numbers, which reduce Monte Carlo noise and smooth the simulated
objective.

When repeated evaluation of (2.14) is costly, we precompute an approximation to the inverse
CDF Q(\,p) = Fy, '(p) on a grid of A values and interpolate in (X,p). Estimation then draws
p ~ Unif(0,1) and sets v =~ @(/\,p). This replaces repeated stable transforms with inexpensive
lookup and interpolation.

The remainder of the paper develops a set of economically interpretable special cases of (2.7)—(2.9)

and discusses identification and estimation in long micro panels.

3 Specializing the Framework

This section specializes the general Cardell decomposition by adapting the structure of 7;;; =
{175, 775757 n?jt} in (2.7) and the scale A of the remaining i.i.d. extreme-value component. We show
that this framework encompasses both standard discrete choice models (e.g. nested logit) with
known analytic likelihoods, and discrete choice models with novel error structures without known

analytic likelihoods.

3.1 Static within-period correlation
3.1.1 Single layer nested logit

A natural baseline is correlation across products within a purchase occasion, without persistence
over time. Let the inside products be partitioned into mutually exclusive nests g € G, and let g(j)
denote the nest containing product j.° We treat the outside option as belonging to its own singleton
nest; this ensures that all alternatives can be handled within a single representation.’

Fix nest-specific parameters A\, € (0, 1] for each g € G, and define A = mingeg Ay. For each

consumer ¢, product j, and period ¢, draw mutually independent primitives

i A
Vig(i)t ~ CAg(5) and VZ%J ~O(-2),
Ag()

"This transform is due to Kanter (1975) and Chambers et al. (1976). In numerical work, we evaluate (2.14) in log
space and bound A away from 0 and 1.

8As discussed in Sections 2.3 and Appendix A , we can accommodate arbitrary nests with layering, which requires
indexing the nests by layer g;(j). In this example we have a single level of mutually exclusive nests, so our notation
can simplify g1(j) = g(j)-

9n practice we can represent the outside option utility as €;or = vior + Acior where vior ud C(A).

12



g=1 g=2 g=3

Figure 3.1: Single-level nesting. Each product belongs to exactly one nest g(j) € {1,2,3}. The
nest-level Cardell shock v; 4(;) ; is shared by all products in the same nest, and the layering procedure
ensures a common A = A across all products.

where v; 4(;)¢ is shared across all products in nest g(j) and u?ﬁj is product-specific. By the the

composition rule in (2.4), their scaled sum satisfies v; ;) + Ag(j) V;ﬁj ~ C(A) for every product j,

regardless of which nest it belongs to. This preserves a common scale A = ) across all products. '’
Mapping the single-layer nested logit into our general framework requires:

P D 0 dj

M =0 Mg =0, M= Vigh)a T A Vg A=A (3.1)
Tt
The total stochastic term is then

dj iid
€ijt = Vig(e + Ag(i) Vigt T XS, e ~ BV (3:2)
which is marginally EV1 by conjugacy (Definition 1). Products in the same nest share v; 4(;y, and

are therefore correlated, while products in different nests are conditionally independent. In this
specification, A = A; when nesting is later combined with persistent or dynamic components, A will
incorporate additional parameters. This construction of €;;; connects directly to the standard nested
logit. By conjugacy, I/fﬁj + (A/Ag(j)) €ijt ~ EV1, independently across products. Conditional on
the nest shock v; 4 ¢+, each product’s remaining error is i.i.d. EV1, which is exactly the standard
nested-logit structure. Evaluating the simulated likelihood from (3.2) via the conditional logit kernel
(2.11) recovers the standard nested-logit choice probability (Cardell, 1997), within simulation error.

To make the connection to our notation explicit, define the within-nest inclusive value

5
IV, = log 3 exp($> . (3.3)
k:g(k)=g, ar:=1 g

"When )y = ), the adjustment draw is distributed C'(1) = 0 everywhere, so only the nest-level shock remains. In
estimation, which nest attains the minimum is determined by the parameter values.
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Then the standard nested-logit choice probability, parameterized by the same A, terms, is

Pr(ji = j) = P 3t/ Ag(5)) - ey TVy)) (3.4)
Ek:g(k):g(j), apy=1 XP (5kt/)\g(j)) Zheg eXp()\h IVht)
within-nest across nests

where the sum in the denominator runs over all nests, including the outside option’s singleton nest.
In the single-layer, purely static case, this closed form is typically preferable to simulation. The
simulated Cardell representation (3.2) becomes useful when one combines within-period nesting with
persistent match effects or serial dependence in unobservables; in those richer specifications, the
analytic expression (3.4) is no longer available, but the conditional logit structure (2.11) remains,

and estimation proceeds by simulating only the Cardell components.'!

3.1.2 Hierarchical tree-type nesting

The single-layer construction and its connection to the analogous closed form GEV version of nested
logit extends to hierarchical nesting with multiple levels, provided the nests at each level are mutually
exclusive. In the layering framework of Appendix A, each nesting level corresponds to a layer [
with lag length L; = 0 (within-period only), its own partition of products into disjoint nests G;, and
nest-specific parameters ;g € (0, 1].

As a hierarchical example, consider two levels: an outer grouping gi1(j) (e.g., product category)
and an inner grouping g¢»(j) (e.g., brand within category), where each inner nest is contained
entirely within one outer nest. Each layer contributes an adjusted Cardell shock 5521 it~ C(N) to
every product in nest g;(j), where \; = mingeg, Ajg is the layer minimum. The layering procedure
(Appendix A) ensures that this contribution has a common Cardell scale across all products within
each layer, regardless of which nest the product belongs to.

Mapping into the general framework:

~(1 ~(2
nh=0,  abi=0, =0 AN e A=A (3.5)

0
Tijt

" Estimating the nested logit via (2.11) allows for a full information approach. When the analytic full-information
likelihood is difficult to optimize, the simulated approach offers a full-information alternative to the two-step estimators
commonly used in practice, which are consistent but asymptotically inefficient.
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Figure 3.2: Hierarchical (multi-level) nesting. Each inner nest go(j) is contained entirely within

;)¢ and layer 2 (inner) contributes 175?2 (it

Products sharing an inner nest are more strongly correlated than products sharing only an outer
nest. As with single-level nesting, this recovers the analytic multi-level nested-logit probability.

one outer nest gi(j). Layer 1 (outer) contributes 171(19)1 ( f

The total stochastic term is

el (2 iid
Cijt = ’/i(,g)l(j)i tA ’/i(,g)z(j),t + A1 Ag €ijts eije ~ BV, (3.6)

which is marginally EV1 by iterated conjugacy. The correlation pattern respects the hierarchy:
products sharing an inner nest go are more strongly correlated than products sharing only an outer
nest gi.

As with the single-layer case, evaluating the simulated likelihood via the conditional logit
kernel (2.11) recovers the standard multi-level nested-logit choice probability within simulation error.
One can construct deeper hierarchies by adding layers, with each additional level contributing one
adjusted Cardell draw per nest and one multiplicative factor )\; to A.

Additionally, the layering framework allows a hybrid strategy: one can simulate layers sequentially
until the remaining tail has a disjoint nesting structure, at which point the rest can be evaluated
analytically via the continuation property (Appendix A.1). For example, in a hotel setting one
might simulate draws for a beachfront layer, and conditional on those draws, evaluate the remaining
quality-tier hierarchy analytically. The simulation dimension is determined by how many layers need

to be resolved before the remainder forms a tree, not by the total nest structure.
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3.2 Overlapping Nests

The specifications in Sections 3.1-3.1.2 require mutually exclusive nests at each level, which matches
the standard nested logit and multi-level nested logit models. Many applications, however, call
for overlapping group structures in which a product belongs to multiple nests simultaneously. For
example, a hotel might belong to both a “waterfront” nest and a “luxury” nest, generating correlation

with other waterfront properties through one channel and with other luxury properties through

ALl Al
Layer 1 — —
(Location)
Product a @ e e @ e

ot o)
)\271 /\272 )\2,3

Figure 3.3: Overlapping nests via layering. Products are partitioned by location (layer 1, top) and by
quality tier (layer 2, ). Within each layer, nests are disjoint, but across layers the partitions
need not align: product 1 (g1 =1, go=1) shares a location shock with products 2 and 3 and a quality
shock with product 4 (g1 =2, go=1). The layering procedure guarantees a common A across all
products despite the overlapping structure.

another.

Existing GEV-based approaches to overlapping nests include the paired combinatorial logit,
the cross-nested logit (Vovsha, 1997), and the generalized nested logit (GNL; Wen and Koppelman,
2001). The GNL assigns each product j an allocation parameter «j; > 0 for each nest k, with
> i 0k = 1, reflecting the degree to which j belongs to nest k. While the GNL provides an analytic
choice probability, the product-specific allocation weights mean that the variance contribution of a
given nest generally differs across products within that nest. As a result, the split between structured
(nest) and idiosyncratic components is product-specific, creating implicit heteroskedasticity in the
residual scale even though the total error is marginally EV1 for each product.

The Cardell construction with layering offers an alternative that avoids this issue. In our

framework, overlapping nests are accommodated by assigning each grouping dimension to a separate
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layer. Within each layer [, the nests are disjoint, and the layering procedure produces adjusted
Cardell shocks Dz‘(,lg)l it ™ C'();) with a common scale for every product, regardless of nest membership.
Across layers, nests may overlap: the same product can belong to different nests in different layers,
generating the desired cross-cutting correlation structure.

For example, suppose products are grouped by location (I = 1) and by quality tier (I = 2), with
each grouping forming its own layer of disjoint nests. A waterfront luxury hotel shares a location
shock with other waterfront properties and a quality shock with other luxury properties. Mapping

into the general framework:

(1 (2
=0 =0 =Tyt Mg, A=Ak (3.7
Tt

The total stochastic term is

~(1 ~(2 iid
it = D o T M e T A e BV, (3.8)

which is marginally EV1 by conjugacy. Products sharing a layer-1 nest (e.g., same location) are
correlated through 7); products sharing a layer-2 nest (e.g., same quality tier) are correlated
through 7®); products sharing nests in both layers have stronger correlation.

Importantly, the residual scale A = A; Ay is common across all products by construction. This
is a structural difference from the GNL and related models, where the product-specific allocation
parameters «;, mean that different products can have different effective residual scales. In the
Cardell approach, the researcher defines which products share correlation (the nest structure across
layers) and conditional on the chosen layer structure, the A, govern the strength of within-period
correlation. The layering procedure handles the variance accounting automatically.'?

Because the Cardell construction enforces uniform within-nest contributions and a common A,
it does not recover the GNL choice probability when nests overlap. The two approaches impose
different variance structures and generate different substitution patterns, even when targeting
the same qualitative pattern of overlapping membership. However, the conditional logit kernel
(2.11) applies uniformly across all products in the Cardell construction, and estimation proceeds by

simulating the nest-level and adjustment shocks.

12Section 2.3 and Appendix A provide the general construction for arbitrary overlapping structures, including the
pairwise case. Additional layers are accommodated by extending the scale recursion A =TT, A,.

17



3.3 Persistent match effects in panels

The preceding specifications generate correlation across products within a choice occasion, this
section introduces correlation across time. In many settings, such as household panels, researchers
observe households making repeated choices over time, and those choices may reflect persistent
latent affinity for particular brands or varieties even after controlling for observed characteristics and
prices. Unlike the familiar within-period nesting structures, this form of temporal dependence has
no comparable closed-form GEV analogue. However, Cardell construction handles this kind of across

time dependence by introducing a time-invariant component at the (i, j) level. Fix Ap € (0, 1], draw

vij ~ C(Ap) (3.9)
independently across (i, ), and set
nG=vi,  mp =0,  my=0, A=Ap. (3.10)
Then
€ijt = Vij + APEijt, (3.11)

which is marginally EV1 by conjugacy (Definition 1). Because the same v;; enters every period,
the dependence between any two trips for a given (i, ) pair is constant regardless of the time gap
between them. This contrasts with the AR(1) specification in Section 3.4, where dependence decays
with the distance between trips.

Conditional on the match effects {v;;};, single-period choice probabilities retain the standard
logit form via (2.11). The persistent draws induce dependence across periods for a given consumer—
product pair, which enters the joint and pairwise likelihoods developed in Section 4.3.

Persistent Cardell match effects serve a similar role to random coefficients on product fixed
effects, capturing unobserved consumer—product affinity that is stable over time. The difference is
that persistent match effects are embedded in the Cardell error structure rather than in the coefficient
vector, which preserves the conditional logit kernel and offers estimation advantages discussed in

Section 4.3.

Extensions. The persistent specification admits several natural generalizations within the same

framework. First, one can add persistence at the nest level rather than (or in addition to) the product
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[ vij ~ C(Ap) } persistent

62]7t4 i-i-d. EVl

time

Figure 3.4: Persistent match effects for a given consumer—product pair (7, ). A single time-invariant
Cardell draw v;; ~ C(Ap) enters every trip with equal weight, generating stable serial correlation.
Each trip also receives an i.i.d. EV1 shock scaled by Ap. The total €;;¢, = v;; + Apeij ¢, is marginally
EV1 at every trip. Unlike the within-period nesting figures, which show the correlation structure
across products, this figure depicts the time-series structure for a single product.

level, so that a consumer’s affinity for a product category or brand persists across trips. Second, the
parameter Ap can be made nest- or product-specific, allowing different groups of products to have
different persistent variance shares. Third, for applications that call for it, Ap can interact with
consumer demographics or be treated as a random coeflicient, generating heterogeneity in the degree
of persistence across consumers. In each case, the layering procedure (Appendix A) ensures that the

resulting error structure preserves EV1 marginals and a common A across products.

3.4 AR(1) Cardell shocks

While (3.11) captures dependence through stable heterogeneity, other applications instead call for
serial correlation in transitory taste shocks. In such settings, a consumer’s utility from a product
at one date is correlated with utility at nearby dates, with the correlation decaying over time. For
example, a household may face a temporary but persistent consumption need that raises the utility
of a subset of products for several periods before dissipating.

We construct this dependence by writing the dynamic component of the error as a weighted
sum of independent Cardell primitives. The conjugacy property (Definition 1) ensures that the full
match quality term remains EV1. We then apply the composition rule in (2.4) to collapse sums
of primitives into single Cardell-distributed blocks, yielding an observed-trip representation that
separates the component of the shock newly realized at any date from the component inherited from

earlier dates.

19



3.4.1 Recursive specification

Let t index calendar time and let tg denote a pre-sample initialization date.'® Define the dynamic

structured component by the recursion

/\an}t,l
t—1
175 =0, 771% = Vit + Z )\tDit/I/ijt/, n%t =0, A= )\tD_tO, (3.12)
H=to+1
¢D

ijt
with v id C(Ap) and Ap € [0,1). In the fully recursive specification, ty is taken far into the past
so that A = )\gto ~ 0 for all observed dates; the dynamic structure carries essentially all of the

variance and the residual EV1 term is negligible. In the finite-memory variant (see below), to =t — L

for finite L, so that A = )\LD > 0 and the residual EV1 term remains active.

Calendar-time representation. Iterating (3.12) forward from ¢ yields

D
AD Cij,(to,t—l]

t—1
t—t’ t—1
€ijt = Vijt + E Ap vy + Ap gt (3.13)
t'=to+1

D — /D
Mije = Cij,(to,t]

with ;5 u EV1, independent of the Cardell primitives.'* As with our other constructions,

eijt ~ EV1 via conjugacy (Definition 1). From the primitives v and Ap, we now introduce an

accumulation term, 2 which we define as:

ij,(a,b]’

b
Chay = D A vige ~ COBY). (3.14)

t'=a+1
Notably, the accumulation term ( Z.? (a,0] is itself Cardell distributed (via the composition rule in
(2.4)). Because accumulations over non-overlapping intervals are built from distinct primitives, they
are independent. This means we can decompose €;j; into independent, trip-to-trip Cardell blocks

rather than tracking every calendar period as in (3.13).

131n the fully recursive version, one can think of ¢ as t — oo.
14 Again, in the fully recursive version, )\E_to — 0, so )\E_to €ijt — 0 and is ignorable.
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Observed-trip representation. Consumers are often observed at irregular intervals, making the
calendar-time representation impractical for estimation, as it requires simulated draws for every
consumer period, meaning the dimension of simulation grows with the span of the calendar panel. As
an alternative, we can iteratively apply our accumulation to construct observed-trip representations
of €j¢. Let T; = {t; <ty <--- < t,} denote the ordered trip times for consumer ¢, with tg < ¢;.
To illustrate the observed-trip representation, consider a consumer with three trips T; =

{t1,t2,t3}. We can construct consumer #’s total match quality term for product j for each trip as:

D —_

€ijt1 = Cij,(to,h] + )\B fo Eigit1> (315)
D to—t D to—t

€ijta = Cij7(t1,t2] + )‘D2 ' Q’j,(to,tl] + )‘DZ ¢ €ijtas (3-16>
D tz—t D t3—t D t3—t

Cijts = Cijv(tz,ts] +Ap ) ij,(t1,t2] +2p ! i7,(to,t1] +Ap ) it (3.17)

In this example, each earlier interval block carries forward with increasing decay, generating
serial correlation in €;;; across trips. More generally, for the kth observed trip at time t;, € T;, we

can construct €5, as

€ij i, Z AT g T AL T S (3.18)
where CU (to1.ts] C()\zj‘_tsfl), mutually independent across s =1,... k.
Because C is itself Cardell distributed, we can simulate each C with a single

15,(te—1,tx]

draw from C' ()\t" b ') for each simulation, so the full dynamic path at observed trip times is built

17, (t—1,tk]

from |T;| draws regardless of how many calendar periods the panel spans. It is worth emphasizing this
benefit as it is common, in practice, for researchers to have long panels with infrequent consumer-trips.
For example, consider a typical consumer observed making 10 trips over two years (104 weekly
intervals). The observed-trip representation requires 10 dimensions of integration rather than 104.'°

As noted above, in the fully recursive case we can drop the inter-temporal EV1 term, €;;; since
)\B“_to — 0 and )\B“_to €ijt, — 0. At the same time, the first trip’s accumulation block becomes

EV1: ¢P ~ C(A\j~") = C(0) = EVL1. So (3.18) reduces to

ij,(to,t1]

tr—ts
€ijty Z)\ y i7, (ts 1,ts]? <319)

15Thig still understates the relative dimensions reduction since alternative calendar formats would also require
additional dimensions of integration to get the initial conditions.
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CP accumulation
i7,(t2,t3] ab <

Cij,(to,tl] CZ ‘,(tl,tg]

blocks

€igity

~~

; - . tr—t.
earlier blocks carry forward with decay A5

Figure 3.5: AR(1) Cardell shocks for a given consumer—product pair (7, ) (fully recursive, observed-

trip representation). Each inter-trip interval produces one accumulation block Cg (te 1 ta]’ Solid

arrows show a block entering its own trip; dashed arrows show the same block carried forward to
later trips with geometric decay )\tD’“_ts. The first block is EV1 (since tg — —o0); subsequent blocks

are C' ()\tDkftk’l). The simulation dimension is |T;|, not the calendar span.

with gg (

D ts—ts—
(o) ~ EVIand Gy~ CAp 1) for s > 2.

In practice, since ( 5 (to,t1]

D
Z]v(t07t1

~ EV1, one can avoid drawing a long sequence of terms over many
pre-periods to initialize I’ and instead draw one term from the EV1 distribution for consumer

i’s first trip.

3.4.2 Finite-memory special case

We can also consider a variant of the fully recursive AR(1) specification above that imposes limited
memory. In this truncated variant, we replace the infinite history with a sliding window of L lags by
setting the initialization date to tg =t — L for each calendar period. The resulting specification is
L-1
eijt = O Abvije—t + Mg, A=Ap. (3.20)
=0
This adjustment to the specification has two notable consequences for the match term construction
and implementation. First, unlike equation 3.19, we don’t drop the inter-temporal EV1 term, €;j;
because A = A 5 > 0, which preserves exact conditional logit choice probabilities at every date.
Second, the memory window [ty — L, tx] may not align with observed trip times, so the window

boundary can fall in the interior of an inter-trip interval.'®

16See Appendix B.1 for the trip representation.
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3.5 Summary and mapping to the general framework

Table 3.1 summarizes how the specifications in this section map into the general decomposition
(2.7). The unifying feature is that the dependence structure is carried by 7;;; through shared Cardell
components, while the i.i.d. extreme-value term Ae;;; preserves logit choice probabilities conditional
on the latent components whenever A > 0.

The specifications fall into three groups. Single-level and hierarchical nested logit with mutually
exclusive nests recover known analytic GEV expressions within simulation error. Overlapping nests
produce a related but distinct model from the GNL, with a common A guaranteed by layering.
Persistent match effects, AR(1) Cardell shocks, and their combination generate temporal dependence
for which no analytic likelihood exists; in these cases, estimation relies on the conditional logit kernel
and simulation of the Cardell components.

The specifications can be combined additively in economically natural ways. In particular, the
model studied in the next section combines within-period nesting, persistent match effects, and

AR(1) Cardell shocks, yielding a flexible yet tractable structure for long household panels.
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Table 3.1: Benchmark specifications within the generalized Cardell framework

Specification i no N5yt A
Analytic equivalence (mutually exclusive nests)

Single-level nested logit 0 0 Vig()t + /\g(j)ufﬁj A
Hierarchical nested logit 0 0 '175,19)1 Gt T A 171,(’2;2(].)’ . A

Related analytic models exist but impose different variance structure

Overlapping nests 0 0 ’175,19)1 Gt TA ;i(iJ)z(jL RED.NP.%
No analogous analytic likelthood
Persistent match effects Vij 0 0 Ap
L—1
Finite-memory AR(1) 0 Z )\1;‘3 Vijt—t 0 )\LD
(=0
k
Recursive AR(1) 0 Z At C’g,(ts—l,ts] 0 -0
s:lk
Persistent + recursive AR(1) v;;  Ap Z A —te Ci?,(tsfl,ts] 0 -0
s=1

Notes: Each row specifies the nonzero components of 7;;; = nf; + ngt + n?jt in (2.7). When A > 0, conditional on
Mij¢ the choice probabilities are multinomial logit with scale A; likelihood evaluation simulates only the Cardell
components and integrates out the i.i.d. EV1 term in closed form. When A — 0 (fully recursive specifications),
the conditional-logit structure given draws is lost, but single-period choice probabilities remain standard logit
since €;;¢ is still marginally EV1; simulation is needed only for the dependence component of the composite
likelihood (Section 4.3). The layering procedure (Appendix A) to ensure a common A across products. The
overlapping-nest entry has the same mathematical structure as hierarchical nesting but with cross-cutting layer
partitions; see Section 3.2.

4 Estimation and Monte Carlo evidence

The preceding section showed that the generalized decomposition in Section 2 delivers a broad
class of correlation structures. We now focus on a parsimonious specification—the A R-persistent
model—that combines (i) persistent match-specific unobservables and (ii) AR(1) Cardell shocks, and

we discuss practical estimation approaches for long consumer panels.

4.1 The AR-persistent specification

The benchmark cases in Section 3.5 isolate two sources of persistence in household purchase histories:
stable household—product match quality and transitory shocks that decay over time. In the empirical
application below both forces are potentially important. We combine a time-invariant match

component as in Section 3.3 with recursive AR(1) Cardell shocks as in Section 3.4.
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Mapping into the general framework, the AR—persistent specification sets

AD ”5,t—1
t—1
P _ D _ t—t/ 0 _ _ t—to
Mij = Vij» Nij¢t = Vijt + E )\D Vijt! s Nijt = 0, A= )\P)\D ) (4.1)
t'=to+1
¢,

with Cardell primitives v;; o (Ap) and vy o (Ap), all mutually independent. Applying the
trip-level representation from Section 3.4 and taking the recursive limit (tg — —oo, so A — 0), the

total error at the kth trip for consumer i is

k
.. — .. — .. tp—ts ~D
Nijr = €ije = Vij + Ap E :)‘D ig,(ts—1, ts]? (4.2)
P s=1
Mgt

where Cil]? ( ~ EV1 and 5 (torits] ™ C()\E 7ts_1) for s > 2 are mutually independent accumulation

(to,t1]
blocks. The continuation scale Ap multiplies the dynamic component because the persistent layer
is ordered first in the layering recursion (Appendix A). Between consecutive trips, n” updates via
n£7tk = Ci? (tortn] T )\B“_tk_l ng,tk,l’ so each trip introduces one new accumulation block and the
transitory component decays more after longer gaps between purchases. Figure 4.1 illustrates the

structure for |T;| = 3. Simulating the full dynamic path requires |T;| draws regardless of the calendar

span (Section 3.4).

[ vij ~ C(Ap) ] persistent

~EV1 ~COAB™T™) ~COAFT™)
D
Cij7(to,t1]

D
0 o o

Figure 4.1: Combined persistent match effects and AR(1) Cardell shocks for a given consumer—
product pair (7, j). The persistent component v;; (orange) enters every trip with equal weight. The

dynamic accumulation blocks ¢ 5 (b ti] (blue) each enter their own trip directly (solid) and carry

forward to later trips with geometric decay )\%45 (dashed). Together, these generate both stable
preference heterogeneity (through v;;) and decaying serial correlation (through the AR structure).

2 o e L.
Cij;(tl ita] dynamic
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The persistent Cardell primitive v;; captures durable household-product affinity: some house-
holds consistently like particular brands or formulations more than others. The dynamic state ng,tk
captures transitory shocks that fade over time. Repeat purchasing can therefore arise either because
a household has a persistently high match value for a product or because a recent favorable shock has
not yet fully dissipated. This distinction matters for counterfactuals: the former source of persistence

survives forced switching, whereas the latter naturally unwinds with time.

Truncated finite-memory benchmark. A truncated version of the AR—persistent model remains

useful as a benchmark. For an integer L > 0, define

L—1
L
ez(jt) =V + Ap Z )\lb Vijt—t +Aj Eijt, AL =\p )\%), (4.3)
£=0
MNijt
with the convention that the sum is zero when L = 0, where the v;;; ¢ i C(Ap) are Cardell

primitives and &;;; “ EV1. Conditional on the latent Cardell components, (4.3) yields exact

multinomial-logit choice probabilities with scale Ay. We use this finite-memory specification below
as a benchmark and as intuition for the recursive model, but it is not the baseline object taken to
the data.

The recursive specification does not leave a positive residual EV1 term after conditioning on
the latent draws. Accordingly, the draw-specific per-occasion choice probabilities are no longer exact
multinomial logits. In estimation we therefore evaluate the recursive model with logit-smoothing
having smoothing scale wgy > 0. We treat wsy, purely as a numerical device that stabilizes simulation

and optimization.

4.2 Likelihood decomposition and estimation

With the error construction in hand, we can turn to estimation. We develop two related criteria: a
full-sequence simulated likelihood and a pairwise likelihood designed for long panels. The Cardell
construction delivers two tractability gains. First, although the total error is serially dependent
across purchase occasions, it remains independent across alternatives within an occasion and is
marginally EV1, so per-occasion choice probabilities are exact multinomial logit. Second, whenever
a positive residual EV1 layer remains after conditioning on the structured component, draw-specific

joint probabilities are again logit. The truncated AR—persistent benchmark has this property exactly;
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the fully recursive specification is the limiting case with A — 0, so there we use logit smoothing for
the dependence term. These features let us separate the criterion into an analytic marginal term
and a dependence correction handled by simulation. We first derive the decomposition and the
full-sequence criterion, then show how the same structure leads to a more stable pairwise estimator

for long panels.

4.2.1 Log-likelihood decomposition

Let 6 = (05, A), where 05 collects the parameters entering mean utility and A = (Ap, Ap) governs
the dependence structure. Fix (i,t;). By construction, €;;, is marginally EV1 for each j, and the
underlying Cardell primitives are independent across j, so the single-period choice probabilities are

standard multinomial logit:

. Aj,ty, eXp((SJ}tk (05))
14 21{1:1 A t), exp(émtk (95))
- 1

L4 S Gty xXD(Onr, (65))

o, 09) =l

p?o,tk (96)

These depend only on 65. Let pgtk (0s5) = Zj:o Yij b pgj’tk (65) denote the exact logit probability of
the realized outcome. The dependence parameters A affect the likelihood only through intertemporal
dependence in {jiz, }pi ;.

The log-probability of consumer 4’s observed sequence can therefore be written as

i
log Pr(jity, - ditn,) = Y _logply, (05) + Ri(0), (4.5)
k=1

where R;(6) collects the contribution of dependence across occasions. The first term is exact
and depends only on 65. Under the recursive AR—persistent specification, R;(f) is not available

analytically and must be approximated by simulation.

4.2.2 Full-sequence simulated likelihood

For each simulation draw s = 1,..., 5, simulate the structured components nl[;]tk from the AR-
persistent specification (4.2) and draw 5%] ¢, ~ EVI for the outside option. Because the recursive

specification has A — 0, we evaluate the draw-specific choice kernel using logit-smoothing with scale

27



Wsm > 0:

(5%% (05) + nz[;!tk )
@j.¢, €XP

Pi["g]t (6) = e , j=1,...,J,
o exp <€£g]tk> + zJ: A t,, €XD <5m’tk )+ nz{i’tk>
Wsm 1 ok Wsm
4.6
(5£'(S)]7tk> ( )
exp| —*
[s] B Wsm
PiO,t,xC (9) - 5]

J (] '
= 5m 0 m
exp (lo’t"’ > + E Qm, t), €XP ( 1 (05) +n it )
W,

sm Wsm
m=1

Let P

4,0k

0) = Z}]:o Yijitr ]Di[;]tk (0) denote the probability assigned to the realized outcome at

occasion t;. The simulated sequence likelihood is

S g N
1 s
650 = < TIPSO, £750) = Y log15(6). (4.7)
s=1 k=1 i=1

If one instead estimates the truncated benchmark (4.3), the remaining EV1 term is positive
and the draw-specific probabilities are exact conditional logits with scale A;. The recursive and
truncated models therefore differ only in how the draw-specific kernels are evaluated, not in the

underlying economic interpretation of (Ap, Ap).

Computational considerations. It is useful to contrast the full sequence likelihood (4.7) and its
decomposition (4.5) with a Gaussian specification that allows the same persistent and autoregressive
match-quality terms. In that case, the likelihood contribution of an observed sequence { jit}thl is a
multivariate normal probability over the region defined by the inequalities u; j;, ¢ > u; for all k& # ji
and t =1,...,T. Before differencing, the latent Gaussian representation has dimension on the order
of J x (T'+1); after the usual differencing normalization, the problem still involves a (J —1) x (T'+1)
integral, with a covariance matrix that is dense across t because of the persistent and autoregressive
components. Likelihood evaluation therefore relies on high-dimensional simulation methods such as
GHK and repeated factorizations of large covariance matrices as parameters change, making the
objective increasingly noisy and numerically fragile as either J or T' grows.

The Cardell specification changes the nature of the problem. Conditional on the simulated latent

components that generate persistent match quality and serial dependence, the remaining idiosyncratic
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shocks are i.i.d. EV1, so the conditional choice probabilities in (4.6) are exact multinomial logit. The
panel likelihood is therefore an average of products of logit choice probabilities rather than a single
high-dimensional multivariate normal probability. The key gain is not merely lower-dimensional
simulation, but that a large share of the likelihood is handled analytically. Only the shared latent
components require simulation. This substantially reduces Monte Carlo noise and yields a better-
behaved criterion. In the pairwise criterion developed below, the same logic implies that the
single-period term is exact logit and each dependence contribution simulates only the components
shared across two occasions, which is the main computational shortcut relative to Gaussian pairwise

alternatives.

4.3 Pairwise likelihood for long panels

For long panels, the full sequence likelihood can be numerically fragile because the effective dimension
of the latent state grows with T" and the draw-average likelihood can become dominated by a small
subset of simulations.'” We therefore implement the computational shortcut through a pairwise
likelihood, a composite likelihood method that approximates joint distributions by multiplying pairs
of marginal likelihoods (Varin et al., 2011). The idea is to separate the component already pinned
down by exact single-period logit probabilities from the component that identifies persistence. Rather
than evaluate the full sequence likelihood, we use pairwise dependence terms that simulate only the
latent components shared across two purchase occasions, yielding a more stable criterion in long
panels.

Our combined specification implies that the marginal choice probability at a given purchase
occasion has a simple closed form. Fix (i,t). By construction, €;;; is marginally EV1 for each j and
the vector {Q‘jt}}-]:() is independent across alternatives because the primitive shocks {v;;, vijt, €45+ } are
independent across j. Consequently, the probability that consumer ¢ chooses product j at occasion ¢

is the standard multinomial logit probability,

0 — N o ajtexp(djt(e(;))
pijt(0s) = Pr(ju=3410) = Zk:aktzlexp((sk’t(eé))’ (4.8)

which depends only on the parameters that enter ¢;;. In contrast, the dependence parameters
(Ap, Ap) affect the likelihood only through intertemporal dependence in {jy}L_;.

We therefore estimate (Ap, Ap) using a pairwise (composite) likelihood that targets serial

1"This issue is often referred to as weight degeneracy or particle degeneracy. See, for example, Keane (1994),
Fernandez-Villaverde and Rubio-Ramirez (2007), and Berry and Haile (2021).
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dependence while retaining the analytic logit likelihood for 65. Similar approaches have been shown
to be effective in complex panel discrete choice settings where standard simulated maximum likelihood
fails (Bhat, 2014; Tuzcuoglu, 2023), however the pairwise approach is particularly attractive in
our framework. In a Gaussian panel model, even the single-occasion term is a multinomial-probit
probability and the pair term is a multivariate normal probability, so both parts of the composite
likelihood require numerical integration. Here, by contrast, the singleton term in (4.8) is exact logit
and only the dependence correction needs simulation.

Using the observed-choice indicator, define the exact logit probability of the observed outcome

at occasion t by

pzt 05 Zyl]t pUt 95

Let Pi[f] (0) denote the draw-specific probability of the realized choice under logit-smoothing

(4.6). For a given (i,t), define
1

¢ [s]
P26
S ()7

s=1

pir(0) =

and for any pair t < t/, define
]/)\itt’ Z Zt’ )7

where the product inside the sum follows because, conditional on a simulated draw of the full
latent path, the remaining draw-specific probabilities factor across occasions. Let P; denote a set of

within-consumer period pairs (potentially a random subset of all ( ) pairs). Our pairwise criterion is

itt! 0
ZZIOngt (65) + wz > o (pztp ;it,)(e))- (4.9)

i=1 t=1 (tt)EP;

The first term in (4.9) remains the exact marginal logit likelihood and depends on 5. The
second term is a dependence correction: it is the weighted (by w) log of the ratio between the joint
probability of the realized pair and the product of the corresponding marginal probabilities. When
the latent components generate no intertemporal dependence (e.g., as Ap and Ap approach one so
that the Cardell components degenerate), p;w (0) =~ pit(0)Dir (0), the ratio inside the logarithm is
close to one, and the correction term contributes little. The weighting term, w, can be selected by
the researcher. For our application, we set w = Negses/(2|P|) where Negses is the number of choice
situations, and |P| is the number of pairs sampled.

This decomposition in (4.9) makes use of the same tractability advantage emphasized above.
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Because the remaining within-period shocks are marginally i.i.d. EV1, each observed outcome
contributes the exact logit probability p,(6s), so no integration over Cardell components is needed
to recover the marginal likelihood. Simulation enters only through the dependence correction, where
Dite (0) and Dy (0) average over the low-dimensional latent components relevant for that pair of
occasions. Relative to Gaussian pairwise alternatives, which still require repeated evaluation of
Gaussian probability as parameters vary, the Cardell structure leaves within-period substitution in

closed form and confines simulation to the source of serial dependence.

Identification. The structure of (4.9) clarifies the sources of identifying variation. The marginal
logit term depends only on 85 and identifies mean-utility parameters from within-occasion variation
in availability, prices, and product characteristics, exactly as in standard logit. The dependence
correction depends on the full parameter vector § = (65, A) and provides additional information
about 65 while being the sole source of identification for A, which is pinned down by within-consumer
serial correlation in choices. The overall strength of serial correlation informs the scale of dependence,
while the way that dependence attenuates with the gap |ty — tj/| is informative about Ap. Persistent
components remain relevant even at long gaps, whereas the AR component contributes primarily at

short gaps.
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Table 4.1: Monte carlo design

Value Description
Inside products J 5 Inside options (outside option j = 0)
Consumers N 1,000 Per replication
Purchase occasions T 10 Potential periods per consumer
Markets M 10 Market-level price/attribute draws
Trip probability 0.9 Pr(consumer shops in t)
Availability rate 0.8 Pr(ajim = 1) for j > 1
Replications R 25 Monte Carlo replications
Estimation draws S 1024 Latent draws per consumer (scrambled Sobol)
Evaluation draws S°a! 256 Draws used to compute elasticities/probabilities
Pairwise pairs |P| 20,000 Subsampled within-consumer period pairs
Pairwise weight w Neases/ (2|P|) Neases 18 # choice occasions
Smoothing scale wgm 0.02 Logit smoothing for PJ;;(Q)
Price coefficient « 1.0 In pmjt = & — aPmjt + BTmjt
Characteristic coefficient S 0.2 Coefficient on
Product effects ¢; Unif[2, 5] Drawn once per replication
Persistent parameter Ap 0.3 Match effects v;; ~ C(Ap)
Autocorrelation parameter A\p 0.6 Recursive AR(1) Cardell shocks in (3.12)

4.4 Monte Carlo design

We assess the finite-sample performance of the pairwise likelihood estimator in Section 4.3 using
Monte Carlo experiments. Each replication simulates a panel of N = 1,000 consumers observed over
T = 10 potential purchase occasions, choosing among J = 5 inside goods and an outside option. We
incorporate market-level variation by drawing M = 10 markets and allowing prices and observed
characteristics to vary by market—product—period. In each period, consumer 4 has a choice occasion
with probability 0.9; conditional on making a choice, each inside product j > 1 is available with
probability 0.8 in market m. The outside option is always available, so the realized choice sets vary
across consumers and time, similar to the scanner data we use in Section 5.

For the mean-utility component we specialize (2.2) to homogeneous tastes with a single observed
characteristic,

5mjt = —QPmjt + mejt + £ja Hijt = 0,

with a common price coefficient o > 0, characteristic coefficient /3, and product fixed effects {;}.
We set (a, 3) = (1,0.2) and draw &; i Unif(2, 5] once per replication. We draw (pmj¢, Tmje) at the

market—product—period level and introduce a modest positive correlation between prices and mean
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Figure 4.2: Example of total match quality with AR-persistent error
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Notes: The chart shows examples of how the total match quality term varies over 15 periods. Each line
shows the match quality for one product and one consumer given the Monte Carlo parameters described in
Table 4.1.

utility by shifting prices upward when ¢; is higher.

Unobserved utility follows the AR-persistent model. We draw persistent Cardell primitives v;; ~
C(Ap) and generate the dynamic component 77515 via the AR(1) recursion in (3.12) with parameter
Ap and i.i.d. innovations v;j; ~ C(Ap). We set (Ap,Ap) = (0.3,0.6) and form €;;; = v4; + )\png»t.
To allow for outside choice, we include an i.i.d. EV1 shock in the outside option. This design
preserves the extreme-value normalization marginally while inducing serial correlation within each
consumer—product match.

Figure 4.2 provides an illustration of the simulated total match-quality term for product 1. The
gray lines plot this term for a set of consumers, while the thick black line highlights a focal consumer.
Two features of the Monte Carlo design are evident: (i) substantial cross-sectional heterogeneity,
with some consumers exhibiting persistently high (or low) match quality for the same product, and
(ii) time-series persistence within consumer, as individual trajectories evolve smoothly rather than

jumping sharply from period to period.

Pairwise estimation. In each replication we estimate (65, \p, Ap) by maximizing the pairwise
criterion in (4.9). The dependence term is evaluated on a random subsample of |P| = 20,000 within-
consumer period pairs. Let N¢ages denote the number of observed choice occasions; we set the weight
w = Neases/(2|P]) so that the dependence correction is of comparable magnitude to the marginal
logit likelihood. We compute pi(0) and pj (6) using S = 1024 common-random-number Sobol
draws for the latent Cardell components. Because the recursive specification in (3.12) corresponds

to the limiting case in which there are no analytic logit choice probabilities conditional on draws,
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Table 4.2: Finite-sample performance: AR-persistent model estimated via pairwise likelihood

True Mean Bias Std. dev. RMSE 95% cov.

Panel A: Structural parameters

Price coefficient « 1.000 0.979 -0.021 0.016  0.026 1.00
Persistent Cardell \p 0.300 0.337 0.037 0.034 0.050 1.00
Autocorrelation Cardell Ap 0.600 0.520 -0.080 0.180 0.193 1.00
Panel B: FElasticities and choice probabilities

Mean own-price elasticity -4.036 -3.938  0.098 0.152 0.120 1.00
Mean cross-price elasticity 0.687 0.674 -0.013 0.098 0.017 1.00
Mean choice probability (product 1)  0.115 0.115  0.000 0.024  0.003 1.00
Panel C: Repeat and transition probabilities

Repeat choice probability 0.545 0.543 -0.002 0.038 0.007 1.00
Transition prob. P;_q 0.539 0.537 -0.003 0.046 0.009 1.00
Transition prob. P;_.o 0.110 0.111  0.001 0.026 0.003 1.00
Transition prob. P;_.3 0.110 0.110  0.000 0.029  0.004 1.00
Transition prob. P;_4 0.122 0.123 0.001 0.034 0.003 1.00
Transition prob. P;_5 0.119 0.120 0.001 0.028  0.004 1.00

Notes: Each replication follows the design in Table 4.1. Parameters are estimated by maximizing (4.9) using
S = 1024 quasi-Monte Carlo (scrambled Sobol) draws and |P| = 20,000 within-consumer pairs per replication.
Panel B objects are computed by integrating simulated choice probabilities over an additional S = 256
draws and averaging across choice occasions. “95% cov.” reports two-sided 95% Wald coverage based on the
inverse-Hessian approximation. Panel C shows inside choices only.

we evaluate the draw-specific probabilities Pl (0) via logit smoothing with fixed scale wgy, = 0.02

ijit
(see the discussion around (3.19)). We initialize 65 at the multinomial logit estimates and set
(Ap,Ap) = (0.5,0.5).

We report mean, bias, standard deviation, RMSE, and coverage for (a, Ap, Ap) as well as for
several nonlinear objects implied by demand: the mean own-price elasticity, the mean cross-price
elasticity, and the mean predicted choice probability of product 1. Elasticities and choice probabilities

are computed by simulating choice probabilities under the estimated parameters using an additional

set of S¢V& = 256 draws and averaging across choice occasions.

4.5 Monte Carlo results

Table 4.2 summarizes the finite-sample performance of the pairwise likelihood estimator for the
AR-persistent model in the baseline panel environment described above. Panel A reports results
for the structural parameters (o, A\p, A\p). The estimator recovers the price coefficient accurately:
the mean estimate of a is 0.979 against a true value of 1.000, implying a small bias of —0.021 with

standard deviation 0.016 and RMSE 0.026. The persistent Cardell parameter Ap is also estimated
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precisely, with mean 0.337 relative to the true value 0.300 (bias 0.037; standard deviation 0.034).
The autocorrelation parameter \p is less precisely estimated in this design: the mean estimate is
0.520 versus a true value of 0.600, with substantially larger sampling variability (standard deviation
0.180). Nonetheless, the estimates remain in a reasonable neighborhood of the truth and the reported
Wald intervals are conservative here (coverage is 1.00 across parameters).

Panel B reports performance for implied demand objects computed from the estimated model.
The mean own-price elasticity is close to its true benchmark (mean —3.938 vs. true —4.036), with
modest bias and tight dispersion. The mean cross-price elasticity and the mean choice probability
for product 1 are essentially unbiased (biases of —0.013 and 0.000, respectively). Two features are
worth emphasizing when interpreting dispersion in Panel B: first, the “true” elasticities and choice
probabilities vary across replications because they are evaluated at replication-specific simulated
covariates and availability patterns; second, the RMSE therefore isolates how closely the estimator
tracks the replication-specific benchmark, whereas the standard deviation of the estimates reflects
both this estimation error and cross-replication variation in the underlying environment. Panel C
shows that the repeat-choice rate and a set of transition probabilities out of product 1 exhibit
negligible bias, indicating the estimation approach can recover these key objects.

Overall, the Monte Carlo evidence shows that the proposed AR—persistent specification can be
estimated in panel settings using a computationally stable pairwise approach and can recover key

demand objects while capturing meaningful intertemporal dependence.

5 Empirical application: OTC cough remedies

To illustrate the practical value of this approach, we apply our framework to the over-the-counter
(OTC) cough remedies category using linked NielsenIQ scanner and household-panel data. Like
many settings, consumer choices in this category exhibit substantial persistence, with households
repeating their previous brand-formulation choice over half of purchase occasions. We compare our
AR-persistent specification to standard random-coefficient logit benchmarks, including models with

reduced-form lagged-choice state dependence.

5.1 Data

Our empirical application combines NielsenIQ Retail Measurement Services (RMS) scanner data

with the NielsenIQ household panel (Homescan) over 2011-2013. RMS provides weekly UPC-level
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sales and prices at the store level, while Homescan follows a panel of households and reports detailed
shopping trips with UPC purchases and store identifiers. We study an over-the-counter (OTC)
drug category—cough syrups and tablets—that features repeated purchases and meaningful brand
differentiation. This provides an interesting setting to examine persistence in within-category choices.

To keep the choice problem tractable while retaining key substitution patterns, we aggregate
UPCs to a moderate number of alternatives. Specifically, we pool RMS quantity sold to identify the
top ten non-private-label brands, and we treat each brand—formulation pair among these leading
brands as its own alternative. All remaining products, including private labels, are grouped into a
single composite alternative, denoted j = 0 (All Other). Rather than define the outside option as
not purchasing, we define the outside option in terms of this composite alternative. This provides a
stable set of alternatives over time and provides a convenient within-category normalization for the
mean utilities in the empirical analysis.'®

We define a market as a store-week—year cell and index markets by m € M, where m = (y, s, w)
collects calendar year, store, and week-ending date. Alternatives are indexed by j € {0,1,...,J},
where j = 0 denotes the composite “All Other” base alternative. Because package sizes vary

substantially across the category, we standardize quantities to construct unit sales g, and compute

within-category market shares as

[ p— qim
i a— :
Zk:() qkm
Here J,, € {0,1,...,J} denotes the set of alternatives treated as available in market m.!’

Prices are constructed as standardized unit prices rather than package prices. We impute
missing unit prices using average prices at the chain by Nielsen DMA level.? As a standard control
for price endogeneity, we construct a Hausman-style instrument equal to the quantity-weighted mean
unit price of the same alternative in all other areas during the same week.

The household panel data allow us to observe repeated purchase decisions and incorporate
observable heterogeneity to discipline the demand model. We treat each shopping trip containing a

category purchase as a purchase occasion. For household ¢, let 7 =1,...,T; index category purchase

8While much of the empirical literature defines the outside option as not purchasing, we argue this assumption is
reasonable given our focus is on persistence in brand choice conditional on purchase, not on autocorrelation in whether
a household purchases the category at all. Because category purchase is infrequent, the implied outside share would
be close to one for most store-weeks and would mechanically dominate the variation in the data.

19Because scanner data can exhibit episodic sales and measurement noise, we assume an alternative is in the choice
set in a store-week if it registers positive sales in at least two weeks within a 17-week centered window and appears in
at least four weeks annually.

201f this is missing, we impute prices using averages at the Nielsen DMA level, then the national week-level averages,
followed by linear temporal interpolation within the store-by-alternative series.
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occasions, and let m denote the market.?! The realized choice is denoted by ji; € {0,1,...,J}, and

vijr = Wjir =3},  7=0,...,J.

Each trip is linked to an RMS market by matching the store identifier and week-ending date,
and the choice set is expanded over the carried alternatives in that market.

We form the micro estimation sample by cluster sampling households: we draw a subset of
households without replacement from those with at least two category purchase occasions in the
sample window, and we retain all eligible trips for each sampled household. We then ensure that the
RMS store-week market set used on the macro side includes every market visited by these sampled
trips.

We present summary statistics for the resulting macro and micro samples in Appendix Tables
E.1 and E.2 respectively. The aggregate market-level data (Appendix Table E.1) consist of 278,159
store-week-alternative observations. The average standardized unit price across the sample is
$10.93. There is sizable variation in the Hausman instrument. The household-level estimation
sample (Appendix Table E.2) encompasses 27,228 category purchase trips made by 14,611 distinct
households. After applying our rolling carried-indicator screen, households face an average of 9.9
inside alternatives per trip. Appendix Table E.2 also details the demographic variation—such as
household income, head age, and the presence of young children—that serves as the empirical basis

for identifying observable heterogeneity in price sensitivities and brand preferences.

5.2 Demand specifications

We estimate four demand models that differ in how they capture persistence in household choices.
The first two models are standard approaches in the applied literature, while the third and fourth
models incorporate AR—persistent unobservables.

The sections above specialized to p;;: = 0 in order to simplify notation. We now reintroduce
consumer-specific taste heterogeneity through a household-specific price coefficient. For household ¢

on purchase occasion 7, let m = my,. Utility is

Uijr = Ojm + Hijm + €ijr-

21Technically, mir € M denotes the market faced by household i on occasion 7 since the market varies by household
and occasion. We suppress subscripts for ease of notation.
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We allow for heterogeneity in price sensitivity in the usual way by assuming
ftigm (9) = pjm(dis; ) = =i pjm,  dom =0, (5.1)

where dj,, is alternative-by-market mean utility, p;,, is price, and «; > 0 is a household-specific

marginal disutility of price that is persistent over time. We parameterize
o; =log(1 + exp(a+djm + 0 z)) , zi ~ N(0,1), (5.2)

so that price sensitivity varies with observed household shifters d; and an unobserved component
that is constant within household, while constraining the coefficient to be positive. In our AR-
persistent specifications (Models 3 and 4) we set o = 0 for tractability and focus on persistence in
the unobservables.

As usual in demand applications, we specify the alternative-market mean utility as

where x,, includes product-characteristic indicators (in practice, formulation measures) interacted
with local market demographics, while ; denotes alternative fixed effects and &y, is the remaining
unobserved mean utility. Thus price enters separately through the household-specific term —a;pjm,

whereas 0, absorbs the usual observed and unobserved nonprice determinants of demand.

Model 1: Random-coefficient logit (persistent heterogeneity in price coefficient). We

start by estimating a standard random-coefficient logit model. We assume i.i.d. extreme-value errors,

iid
€ijr = Eijr gijr ~ EVI,

so conditional on «; the sequence {y;;}, is independent over 7 and choice probabilities take the stan-
dard form. Any persistence in observed brand choices is therefore driven by persistent heterogeneity

in a; and by persistence in observed covariates (prices and mean utilities).
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Model 2: Random-coefficient logit with lagged-choice state dependence. We augment
the utility index with an indicator for repeating the previous choice,

. . iid
Ujjr = 5jm + Hijm + K ﬂ{ji77_1 = ]} -+ €ijry  Eijr £ EVl, (5.3)

with the convention that 1{j;,—1 = j} = 0 on the first observed occasion for each household. The
parameter x captures structural state dependence (habit persistence, switching costs, or inertia).??
This is a standard approach in empirical work to capture persistence in choice in a reduced-form
manner. Like Model 1, we still allow persistence in the random coeflicient, however the presence of

lagged choice in utility more directly allows for persistence in choice. However, the model does not

allow serial correlation in €;;.

Model 3: AR-persistent unobservables. Model 3 imposes the recursive AR—persistent specifi-
cation in Section 4.1 and sets kK = 0. The application-specific extension is that persistence in the
transitory state depends on the elapsed time between purchase occasions. If A;; denotes the number

of weeks between household i’s purchases 7 — 1 and 7, we set
Pir = A%”

Hence repeat purchasing can arise either from stable household—product affinity or from transitory

shocks whose influence decays more after longer gaps between purchases.

Model 4: AR-persistent unobservables with lagged-choice state dependence. Model 4
augments Model 3 with the lagged-choice term x1{j; —1 = j}. This lets the data distinguish
persistence generated by the recursive AR—persistent unobservables from reduced-form state depen-
dence. As before, variation in product availability across trips is informative because it shifts the

lagged-choice regressor but not the latent AR—persistent component.

5.3 Endogenous prices and estimation: panel-CLEER

Our panel specification fits naturally within the standard micro-BLP framework treatment of

endogenous prices (e.g., Petrin, 2002; Berry et al., 2004; Conlon and Gortmaker, 2025). For any

22Lagged-choice specifications can raise the classic initial-conditions concern that initial choices are correlated with
persistent unobserved heterogeneity (Heckman, 1981). We use these models as reduced-form benchmarks. Our main
results emphasize that allowing for AR—persistent unobservables reduces the estimated role of lagged-choice state
dependence.
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candidate value of the nonlinear parameters governing preference heterogeneity and persistence, the
model delivers individual choice probabilities and implied market shares, which in turn pin down the
vector of market-specific mean utilities through the usual inversion. We then estimate the remaining
parameters using a panel analogue of the CLEER approach in Grieco et al. (2025), combining the

micro likelihood with product-level exogeneity restrictions to address price endogeneity.

Macro shares and IV restrictions. For any candidate nonlinear parameter vector 9, let a(d; )

denote the implied price coefficient for household type d, and write
Lim(d;0) = —a(d; 9) pjm.
The model-implied share in market m takes the mixed-logit form

; R N . . .
56, 9) = By | —am P Qim T pym(d0) | L= am &P jm + (i V)

Zi:o Afm, eXp(ékm + Mk:m(d; 19)) R r=1 Zi:o Afm, eXp((Skm + Mkm(dr; 19)) '
(5.4)

The usual inversion for mean utilities therefore remains available.
Let N;2" denote the aggregate counts used in the macro likelihood (either total counts or total

counts net of the micro panel). The macro contribution is

J
Lunacro(6,9) = D> > Njolog sm(8, ). (5.5)
meM j=0
To address price endogeneity, we follow Grieco et al. (2025) and combine this macro term with a

product-level moment penalty based on excluded instruments, as we describe below.

Micro panel likelihood and persistence. The micro panel is indexed by within-household
purchase occasions 7, ordered by purchase date. Let P; denote the set of within-household occasion
pairs used in the dependence correction. For each observed household—occasion pair (i,7), let
Dir(0,7) denote the simulated probability of the realized choice, and let p;;,/(d,9) denote the
corresponding simulated pair probability. In Models 1-2 these objects are computed from standard
logit probabilities averaged over the distribution of the household-specific price coefficient. In
Models 3—4 they are computed by simulating the recursive AR—persistent specification in Section 4.1,

allowing purchase-occasion decay p;r = )\g”, and evaluating draw-specific probabilities.
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The panel-CLEER micro criterion is

Pirr (0.9
Eonee(0) =3 D08 Piclb0) o Qo) D 1"g<p”<§ =D

i T€T; i (T

where w = Ngases/(2|P]) is the same normalization used in (4.9). The first term is a singleton
micro likelihood term. The second term is the dependence correction that uses within-household
dependence in choices to identify (Ap, Ap). As discussed in Section 4.3, this correction remains
comparatively tractable because it simulates only the low-dimensional latent components shared
across two occasions rather than a full sequence likelihood. Appendix C provides implementation

details and our baseline weighting scheme for Qgep.

Panel-CLEER estimator. Let ¢ collect the low-dimensional nonlinear parameters. In Models 1—
2, ¥ contains the price-coefficient parameters (and x in Model 2); in Models 3-4, 9 contains the
price-coefficient parameters together with (Ap, Ap) (and & in Model 4). Let Z denote the matrix
of excluded instruments after demeaning within product and standardization, and let § denote
within-product deviations in mean utility. The product-level moments are m(9) = 7’8 and the PLM

penalty is xprLm(6) = & m(8)'W m(8), with W positive definite. The panel-CLEER estimator solves

~

(S\, ) € arg H;%X {ﬁmacro((sa 79) + £micro(5a 19) — TPLM XPLM (6)} . (57)

with 7prar > 0. Appendix C provides additional details, and Appendix C.5 describes standard
errors for this composite-likelihood objective.

An advantage of building on the Grieco et al. (2025) approach is that it is a “conformant”
estimator that attains the fastest feasible convergence rates given the identifying variation in the
data. Our panel extension maintains a similar structure. Relative to Grieco et al. (2025), the
macro term and PLM penalty are unchanged, while the panel extension only adds the dependence

correction in (5.6).

5.4 Estimation results

Table 5.1 reports demand estimates for Models 1-4. Under the two benchmark specifications with
i.i.d. extreme-value shocks (Models 1-2), the estimated dispersion in household price sensitivity is
large. The implied distributions of household-specific price coefficients are very similar across these

benchmarks, with E[a;] ~ 0.36 and SD[a;] ~ 0.87 in both cases.
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Table 5.1: Demand estimates under alternative persistence mechanisms

Model 1 Model 2 Model 3 Model 4
AR-
RC RC Logit AR- Persistent
Logit + lag Persistent + lag
Est SE Est SE Est SE Est SE

Price-sensitivity index
Price index mean (&) -4.133  (0.871) -4.057 (2.868) -2.197 (0.281) -2.195 (0.696)
Std. dev. of price coeff. (o) 3.656 (0.750) 3.553  (3.323)
Price sensitivity shifters
Log income 0.916 (0.720) 0.884 (1.849) 0.202 (0.471) 0.199  (0.044)
HH head age 0.821 (0.427) 0.855 (0.705) 0.290 (0.089) 0.297 (0.037)
Household size 0.871 (1.118) -0.980 (2.422) -0.153 (0.486) -0.153 (0.281)
Has young child 0.656 (1.037) 0.737 (1.885) 0.009 (0.590) 0.015 (1.307)
2+ working adults 0.345 (0.356) 0.409 (0.749) 0.083 (0.738) 0.084 (0.290)
Persistence parameters
Previous choice (k) 3.280 (0.222) 0.236  (0.263)
Persistent parameter (Ap) 0.124  (0.055) 0.129  (0.073)
AR decay parameter (Ap) 0.512 (0.078) 0.473 (0.037)
Mean price coefficient (E[a;]) 0.358 0.361 0.113 0.113
Std price coefficient (SD[e;]) 0.865 0.861 0.043 0.043
Objective: Macro 127,503.2 127,453.0 127,486.8 127,484.7
Objective: Micro (singleton) 3,156.9 2,854.4 3,265.6 3,231.3
Objective: Micro (dependence) -214.0 -228.8 -698.6 -670.6
Objective: PLM 3.286 3.590 0.010 0.007
Objective: Total 130,449.4 130,082.2 130,053.7 130,045.4

Notes: The table shows demand estimates for the OTC cough/cold category using linked NielsenIQ RMS
(store—week) and Homescan (household-panel) data. The base alternative is “All Other” (mean utility normalized
to zero); prices and instruments are relative to the base within market. Column (1): random-coefficient logit
with persistent household price sensitivity. Column (2): Column (1) plus lagged-choice state dependence (k).
Column (3): AR-persistent unobservables per equation (4.2), estimated using a pairwise likelihood correction.
Column (4): Column (3) plus lagged-choice state dependence. Standard errors in parentheses.

Model 2 augments the baseline random-coefficient logit with a lagged-choice indicator and
estimates a very large state-dependence coefficient, x = 3.280 (s.e. 0.222). Holding contemporaneous
utilities fixed, this increases the odds of repeating the previous purchase by a factor of exp(k) ~ 27.
At the same time, the price parameters in Model 2 remain close to those in Model 1, indicating that
the lagged-choice term primarily absorbs persistence in observed sequences rather than changing
contemporaneous substitution patterns.

Models 34 instead allow persistence through AR-persistent match-specific unobservables.
In Model 3, the estimated dependence parameters (Ap, Ap) = (0.124,0.512) imply that repeat

purchasing is generated by both a persistent household—product component and an innovation that
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decays across purchase occasions. Relative to the i.i.d. benchmarks, introducing AR-persistent
unobservables is accompanied by a substantially smaller mean price coefficient (E[o;] ~ 0.11 rather
than 0.36) and a much tighter implied distribution of price coefficients (SD[a;] &~ 0.04 rather than
0.87), reflecting that less persistence needs to be rationalized through persistent price heterogeneity
once match-level shocks are allowed.

Finally, Model 4 adds the lagged-choice regressor on top of the AR—persistent structure. The
estimated coefficient on previous choice becomes small (k = 0.236, implying an odds ratio of
exp(k) ~ 1.27), and the remaining parameters—including the price coefficient and (Ap, A\p)—are
similar to Model 3.

Taken together, these estimates suggest that, allowing for AR-persistent match shocks meaning-
fully reshapes the other estimated parameters relative to the benchmark models. Once persistent
match quality and serially correlated taste shocks are accounted for, reduced-form state dependence
(i.e., switching cost) plays little role in this setting. These results complement earlier work by Pakes
et al. (2025), who use a moment inequality approach and also find that standard models overstate

true state dependence in the context of health insurance.

5.5 Consumer-specific predictions and counterfactuals

An advantage of our approach is that it is straightforward to construct household-specific predictions.
We use the estimates from Models 1-4 to construct household-specific posterior-predictive choice
probabilities and evaluate how well each specification captures persistence in observed purchase
sequences and predicts choices out of sample.

For each household, we construct weights over simulation draws proportional to the household’s
in-sample likelihood contribution. For the AR—persistent specifications (Models 3-4), these weights
can be interpreted as an empirical-Bayes approximation to the posterior distribution of the latent
Cardell components given the household’s observed purchase history. We then form posterior-
predictive choice probabilities and welfare objects for each subsequent trip by integrating draw-specific
logit probabilities (and inclusive-value surplus expressions) with respect to these household-specific

weights.

Repeat purchasing. Table 5.2 summarizes several measures of persistence in the household panel
and their posterior-predictive analogs. In the data, households repeat their previous within-category

choice on 58% of purchase occasions, and the fraction matching the product chosen two purchases

43



Table 5.2: Repeat purchasing and return after stockouts: observed vs. household-specific predicted
probabilities

Model 1  Model 2 Model 3 Model 4

AR-

RC RC Logit AR- Persistent
Actual  Logit + lag Persistent + lag
Repeat choice fraction 0.581 0.152 0.558 0.550 0.567
Repeat choice fraction (t =t — 2) 0.555 0.145 0.375 0.537 0.531
Repeat choice fraction w/ stockout (t =¢—2)  0.579 0.126 0.234 0.513 0.496

Notes: “Actual” reports the fraction of trips for which the household chooses the same alternative as on its kth
previous category purchase, E[1{yit = yi 1« }]. Model columns report the mean posterior-predictive probability
assigned to the lagged choice, E[pi:(ys,t—k)], where posterior weights are constructed from the household’s
in-sample purchase history. “Stockout” conditions on the product chosen at ¢ — 2 being unavailable at t — 1 and
available again at ¢.

earlier is nearly as high (55%).

The baseline random-coefficient logit (Model 1), where unobserved shocks are i.i.d. over time
and persistence can only arise through persistent heterogeneity and observed covariates, dramatically
understates this persistence: it assigns only 0.15 probability to repeating the last choice and 0.14 to
matching the choice two purchases earlier. Adding a lagged-choice indicator (Model 2) increases
the one-lag repeat probability to 0.56. While this is close to the actual probability, it improves the
two-lag repeat probability only modestly (to 0.38) which is still far from the actual value.

In contrast, the AR—persistent specifications (Models 3-4) come much closer to the data. Model 3
predicts repeat probabilities of 0.55 (one-lag) and 0.54 (two-lag), and Model 4 delivers very similar
predictions (0.57 and 0.53). The similarity between Models 3 and 4 is consistent with the small
estimated lagged-choice coefficient in Model 4 (Table 5.1): once persistent match quality and serially
correlated shocks are present, adding an additional last-choice “bump” does not materially change
the predicted persistence moments.

The last row in Table 5.2 focuses on “return after stockout” conditioning on the product
purchased at ¢t — 2 being unavailable at ¢ — 1 but available again at ¢, households return to the earlier
product with probability 0.579 in our sample. Both i.i.d. benchmarks substantially underpredict
this behavior (0.13 in Model 1 and 0.23 in Model 2). The lagged-choice specification does not help
much for this moment because the forced switch at ¢ — 1 mechanically resets the lag indicator. The
AR—persistent model does substantially better, predicting a return probability of 0.51, and again
Model 4 is similar.

We next evaluate how these persistence mechanisms translate into out-of-sample predictive

performance.
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Table 5.3: Household-specific out-of-sample fraction correctly predicted by forecast horizon

Forecast horizon for held out sample

Model 1 2 3 4 5 Avg.
Panel A: Fraction correctly predicted

Random-coefficient logit 0.474 0488 0.504 0.446 0.405 0.463
Random-coefficient logit + prev choice 0.584 0.466 0.408 0.353 0.322 0.426
AR~persistent 0.507 0.537 0.507 0.545 0.457 0.511
AR-persistent + prev choice 0.507 0.529 0.496 0.540 0.452 0.505
Panel B: Mean predictive probability of realized choice

Random-coefficient logit 0.284 0.298 0.298 0.278 0.255 0.283
Random-coefficient logit + prev choice 0.371 0.305 0.274 0.250 0.225 0.285
AR-persistent 0.402 0.421 0.400 0.418 0.346 0.397
AR~persistent + prev choice 0.399 0412 0.392 0.419 0.344 0.393

Notes: The table reports trip-level out-of-sample predictive performance for the first h = 1,..., H out-of-sample

trips after each household’s last in-sample purchase (“horizon” is the index after the last in-sample trip).

Predictions are household-specific posterior-predictive objects obtained by integrating over simulation draws

using empirical-Bayes (posterior) weights constructed from in-sample choices. Panel A reports the fraction of

trips for which the modal predicted alternative equals the realized choice. Panel B reports the mean predictive

probability of realized choice. The “Avg.” column averages over all out-of-sample trips within the horizons

shown.
Out-of-sample prediction. Table 5.3 reports trip-level out-of-sample performance by forecast
horizon, using household-specific posterior-predictive probabilities. The lagged-choice specification
(Model 2) performs best at the one-step-ahead horizon: the fraction correctly predicted is 0.584 at
horizon 1, compared with 0.474 in the baseline random-coefficient logit (Model 1). However, its
performance deteriorates quickly as the forecast horizon increases (falling to 0.322 by horizon 5),
and its average over the five horizons is lower than the baseline (0.426 versus 0.463). This pattern is
consistent with the lagged-choice indicator capturing very short-run repetition but providing little
guidance once several purchase occasions have elapsed.

By contrast, the AR—persistent model delivers consistently strong performance across horizons.

It attains the highest average fraction correctly predicted (0.511) and assigns substantially higher
probability to the realized choice on held-out trips (Panel B average 0.397, versus about 0.28 in
Models 1-2). Model 4 again tracks Model 3 closely. Overall, allowing for persistent match quality
and serially correlated shocks improves household-level forecasting in a way that remains robust at

longer horizons, while adding an additional lagged-choice term on top of this structure yields little

incremental predictive gain.
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Table 5.4: Change in consumer surplus from removing the highest-share product

Model 1 2 3 4 5
RC logit -4.045 -4.252 -3.900 -3.905 -3.340
RC logit + prev choice -9.766 -9.694 -8.936 -8.207 -7.330
AR-persistent -1.123  -1.130 -1.158 -1.129 -0.942

AR-persistent + prev choice -1.138 -1.158 -1.265 -1.172 -0.971

Notes: The counterfactual removes the inside alternative with the highest observed in-sample share from the
choice set, holding prices and mean utilities fixed (partial equilibrium). Each cell reports the trip-weighted mean
change in expected consumer surplus, E[ACS;;], among out-of-sample trips at horizon h after the last in-sample
purchase (h = 1,2,...). Consumer surplus is computed from the log-sum inclusive value and converted to
monetary units using the household-specific marginal disutility of price; in the AR—persistent model the inclusive
value is additionally scaled by the implied logit scale factor (see Appendix D). Predictions and welfare objects
are household-specific posterior-predictions constructed from in-sample choices. Negative values indicate welfare
losses from product removal.

Welfare from product removal. Table 5.4 reports the mean per-trip change in expected consumer
surplus from a partial-equilibrium counterfactual that removes the highest-share inside product from
the choice set, evaluated on the first five held-out purchase occasions after each household’s last
in-sample trip. Across all specifications and horizons, removing the category leader reduces consumer
surplus, but the implied magnitude is highly sensitive to how persistence is modeled.

Under the baseline random-coefficient logit (Model 1), the mean welfare loss is on the order of
—3.3 to —4.3 per trip across horizons. Introducing a lagged-choice term (Model 2) roughly doubles
these losses: the mean loss is —9.77 at horizon 1 and remains around —7 to —9 through horizon 5.
In contrast, the AR—persistent model (Model 3) implies much smaller losses, around —1.1 per trip
across horizons. Adding the lagged-choice regressor on top of the AR-persistent structure (Model 4)
has only a minor effect: the implied losses are very close to Model 3 at each horizon.

These patterns highlight that welfare counterfactuals involving product availability depend
not only on contemporaneous substitution patterns, but also on how the model attributes repeat
purchasing—to a last-choice utility “bump” versus persistent match quality and serially correlated
shocks that are not mechanically tied to the most recent observed choice. In this setting, once
AR-—persistent unobservables are allowed, the additional lagged-choice term is small and does not

meaningfully change predicted behavior or welfare.

6 Conclusion

Discrete-choice demand models are widely used in a variety of settings in which persistence is a

first-order issue, yet flexibly modeling serially correlated unobservable preferences in long panels
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has historically been hindered by the computational burden of high-dimensional integration. In this
paper, we develop a tractable panel discrete-choice framework that introduces correlated unobserved
utility across products and over time via simulated Cardell variance components. By exploiting the
convolution property of the Cardell distribution, we simulate low-dimensional latent components
while integrating out the remaining extreme-value term analytically. This approach yields closed-form
logit choice probabilities conditional on the simulated latent components, accommodating complex
structures like overlapping groupings and serial dependence.

The framework naturally nests standard static models, such as single and multi-level nested logit,
while providing a foundation for more flexible specifications. We specifically highlight a parsimonious
AR-persistent specification that separates stable match-specific quality from autoregressive taste
shocks that decay over time. Estimation in long panels is feasible when the model is estimated
using a pairwise composite likelihood. Our Monte Carlo experiments confirm that this estimator
accurately recovers structural parameters, produces reliable elasticity estimates.

We illustrate the empirical relevance of the framework in the over-the-counter cough-remedies
category using linked NielsenlQ household-panel and scanner data. To combine flexible micro-
level unobserved heterogeneity with aggregate share information, we use a panel adaptation of the
CLEER estimator. In this setting, the AR-persistent specification provides a substantially better
account of observed behavior than standard random-coefficients logit and lagged-choice models. In
particular, it more accurately matches repeat purchasing and return-after-stockout patterns, and
it avoids attributing persistent behavior to spurious state dependence or excessive heterogeneity
in price sensitivity. These differences matter quantitatively. The AR-persistent model delivers
better out-of-sample predictions and implies materially different substitution and welfare patterns in
counterfactual exercises.

More broadly, the paper shows that richer serial dependence in demand can be incorporated
without sacrificing the tractability that makes logit-based models useful in practice. While multino-
mial probit models with Gaussian errors offer extensive flexibility through a largely unrestricted
covariance structure, that flexibility typically comes at the cost of evaluating high-dimensional
multivariate normal probabilities, which becomes burdensome in long panels and large choice sets.
Our approach instead uses simulated Cardell variance components to accommodate economically
interpretable dependence patterns while preserving exact logit marginals conditional on simulated
dependence terms. This is useful not only for the applications studied here, but also for a wider

class of demand settings in which choices reflect durable attachments, evolving match quality, or
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repeated exposure to product-specific shocks. We therefore view the approach developed here as
a practical foundation for future work on richer panel demand models with correlated preferences

across products and over time.
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Appendix

A Variance component layering and Cardell primitives

This appendix section provides details about the layering approach for the Cardell errors and practical

strategies for constructing these layered representations that allow for flexible substitution patterns.

Layers and nests. Let / =1,..., K index ordered layers. Each layer ¢ defines a partition of the
alternatives J into disjoint nests G, = {1,..., Gy} and a mapping g, : J — Gy that assigns each
product j to its unique nest gy(j) in that layer. Across layers, nests may overlap: the same product
can belong to different nests in different layers. Within a layer, nests are disjoint by construction.
It is sometimes convenient to index a variance component by k = (£, g), i.e., the gth nest in

layer £. We write Agy € (0,1] for the Cardell (layer) parameter associated with nest g in layer .
Layer minimum and common scale. Define the layerwise minimum parameter

Ay = min Ay,.
¢ 9eGe Y
Layering enforces a common EV1 scale across alternatives by ensuring that every alternative receives
a layer-£ contribution with the same Cardell scale \,. When A\yy > ), for some nests, we achieve this

by adding an adjustment primitive.

Adjusted Cardell primitives. For each consumer i, nest g € G, and (when relevant) time ¢,

draw mutually independent primitives

‘ dj, (¢ Y,
1/2-(92 ~ C(Agg) and V?gtj @~ C<)\@> ,

with the understanding that persistent layers suppress the time index ¢. Define the adjusted Cardell

shock

SO — 0y, 0,

Vigt - Vigt g “igt

By the Cardell recursion, 7 ~ (1) is degenerate at

igt
~(¢ ¢
Z€ero, So 1/592 = Vi(gz.

~ C()Ay) for every g. If Ayg = Ay, then V;ij’(é)
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Dynamic lags and scale recursion. FEach layer / is assigned a maximum lag length L, €
{0,1,2,...}, shared by all nests in that layer. For layers used only in persistent or within-period
components, set Ly = 0. For layers used in dynamic components, Ly can be positive. Define the

residual scale passed forward across layers by
Ao=1, A=A N =1, L
The common residual EV1 scale in (2.7) is A = Ak.

Layer contribution. For any (i, 7,t), define the contribution of layer ¢ as

SNE
n = A Z)\ B s (A1)

~(0)

This expression induces serial dependence when Ly, > 0 because the same primitive Vi g €nters

utilities at multiple dates via t — s.

Allocating layers to persistent, dynamic, and within-period components. Let K¢r, K p, Kep, K op, K0 C
{1,..., K} denote the subsets of layers feeding each term in (2.8). These sets are typically taken to
be disjoint and to form a partition of {1,..., K}.

Using 77@(2 above, define

z] = Z %t (Ly =0, no t dependence),
teL.p

= Z nm (Ly =0, no t dependence),
LeL +P

= Z 77Ut (Ly >0, lags t — s),
ZE[:CD

§ = Z 772 (L >0, lags t — s),
Lel +D

Z 77”75 (Ly = 0, within-period only).
Lel 0

Finally, the three blocks in (2.8) are

P _ P P D _ ~D
Mij = Cij T TigGys Mgt = Sijt T TigGyer Mgt = Tig()e:
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Remark (EV1 normalization). Under the mutual-independence assumptions on the primitives

across distinct indices and the Cardell conjugacy recursion, the layered sum n;;; = Zle 7752 is
marginally distributed as C'(A). Consequently, €;;; = 1;j: + Aeij; is marginally standard EV1, as

stated in (2.7).

A.1 Layer ordering and continuation scales

Cardell conjugacy and continuation scales. Given that Cardell conjugacy implies v+Ae ~ EV'1

and yields the closure recursion used in the layered construction, this allows us to introduce structured

dependence through 7;;; while preserving an extreme-value marginal for €;;; = 1;¢ + Agjji.
Layering implements this recursively. With residual-scale recursion (illustrated in Appendix A)

the remaining EV1 scale after processing layers 1,...,¢ is

Ao=1, A=A\ A=Ay, (A.2)

()

and each layer contributes Nijt scaled by Ay_1. A useful closure implication is the continuation

property: for any cutoff layer ¢, the tail

L
2 ‘
RS = 3 0l + Ay (A.3)
=0
is again extreme value, with continuation scale given by the recursion after layers 1,...,¢ —1 (i.e.,

A7_;). Importantly, Rgg need not be i.i.d. across j if the tail still contains shared (nest/group)
components, but the EV1 closure is what enables analytic integration of blocks of lower-layer

primitives once we condition on a reduced set of simulated components.

Why ordering matters: which layers should be “high” vs “low”? Layering is organizational:
each layer is a partition of products into disjoint nests, and products can “load” on multiple (possibly
overlapping) groupings by appearing in multiple layers (e.g., brand in one layer, category in another).
The practical reason to be deliberate about the ordering is computational: the continuation property
only becomes useful for objective construction if the set of layers you want to integrate out corresponds
to a tail of the ordered list.

A simple rule of thumb is:

e Put within-occasion dependence layers early (high layers). These are the layers that
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create contemporaneous correlation across alternatives inside a choice set (e.g., within-period
nest—time components). Because these terms couple utilities across j at time ¢, they are
typically the terms that force simulation or numerical integration in per-occasion probabilities.
Putting them early keeps them “exposed” in any partial-integration scheme and, because
layering maintains a common continuation scale across alternatives, the remaining tail still

slots into a well-defined logit choice probability after conditioning.

e Put i.i.d.-within-occasion layers late (low layers). These include alternative-time
components that are independent across j within a given (i,t) choice situation—even if they
are persistent or serially correlated over t for a given product. When such terms sit in the
low layers, they can often be absorbed into the EV1 “tail” and integrated out analytically
(or, in some special cases, disappear entirely from marginal per-occasion choice probabilities),

reducing how much simulation is needed for the objective.

e Put dynamic layers with long lags in the lowest layer. Dynamic layers with multiple
lags tend to multiply the continuation scale many times, driving their associated A, close to
zero. This is not problematic so long as the dynamic component is placed in the final layer
immediately above the marginal i.i.d. term Ae, so that any near-degeneracy is confined to the

last continuation scale and does not distort the scaling of higher layers.

A.2 Layering with Truncated AR(1) Cardell shocks

The motivation for (??) is that it preserves the EV1 marginal while generating serial dependence.
To see this, define a sequence of intermediate shocks constructed from the oldest to the newest
innovation:

(0)

Wi =eije, WP =vie-rim + Ao W), m=1,...,L. (A4)

Because each vjji—r+m ~ C(Ap) is independent of Wi(]T_l) and Wi(jT_l) ~ EV1 by induction,
the Cardell property implies WZ(]T) ~ EV1 for all m. Expanding I/Vz(ﬁ) yields exactly (?7), so
eijt ~ EV1 for each (i,j,t) even though the same innovation v;;; enters multiple periods and

generates intertemporal dependence.
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B Special Case Details

B.1 Finite-memory trip representation.

In the finite-memory variant, the memory window [t — L, tx] may not align with observed trip
times, so the window boundary can fall in the interior of an inter-trip interval. Let s*(k) denote the
trip index at which this occurs:

tor 1 <tp— L < tg.

Blocks for trips s > s* fall entirely within the memory window and are retained in full. The block
for trip s* is split at the boundary: only the primitives arriving after t; — L are retained, giving

a truncated accumulation Cg( ~ C()\E* 7t’°+L). Blocks for trips s < s* fall entirely outside

(te—L, ts*]

the window and are absorbed into the residual EV1 term. The resulting expression is

k

S tr—ts D th—tes D L

Cijtr, = E AL T Gt T AL G et D i (B.1)
s=s*+1

When t;, — L coincides with a trip time ¢4+, the truncated block vanishes and the expression reduces

to a sum over full blocks from s* + 1 onward.

C Panel-CLEER estimation details

This appendix provides implementation details for the panel-CLEER estimator summarized in
Section 5.3. We follow Grieco et al. (2025) in (i) using an aggregate-share likelihood in the
high-dimensional mean utilities § and (ii) enforcing instrumental-variables restrictions through a
product-level moment (PLM) penalty. The extension specific to this paper is the treatment of panel
micro data under the AR-persistent specifications: we exploit market-level choice probabilities on
the macro side and append a pairwise (composite-likelihood) correction that uses within-household

dependence to identify persistence parameters.

C.1 Data structure, indices, and market-level choice probabilities

Let m € M index markets, where a market is a store-week—year cell, and let j € {0,1,...,J} index
alternatives, with the composite base alternative j = 0 normalized to dgn, = 0 and pgy, = 0. Let

ajm € {0,1} denote availability in market m.
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On the household side, let 7 =1,...,T; index household ¢’s category purchase occasions after
sorting trips by purchase date, and let m(i,7) € M denote the market visited on occasion 7.

For the empirical specification, utility is
Uijr = Ojm(ir) + Mijm(ir) + €ijrs Higm = —QiPjm, o = log(1+ exp(a +dim)),

with ¢ = 0 so the price coefficient varies only with observed household characteristics. In Model 4,
the lagged-choice term k 1{y; ,—1 = j} is added on the micro side; it does not enter the macro shares.
Let ¢ collect the low-dimensional nonlinear parameters. For the macro component, ¥ enters

through the price-coefficient parameters, and we write
Lim(d; V) = —a(d; 9) pjm.
The model-implied market share is therefore

Ajm exp(éjm + ij(d§ 19)) ~ i 4 Qjm exp((sjm + ij(dr; 19))

Zi:o Afm, exp(ékm + Mkm(d; 19)) R r=1 Zi:() Afem, eXp(ékm + Mkm(dr; 19)) .
(C.1)

sim(0,9) = Eq

Serial dependence in household unobservables affects joint choice probabilities across purchase

occasions, but it does not alter (C.1): the macro component depends only on market-level marginals.

C.2 Macro likelihood from aggregate shares and micro—macro accounting

Let N]t%t denote aggregate counts for alternative j in market m (or the implied counts from scanner

shares and category size). Define

micro — § : § : _ .. rem — prtot micro
ij = ]l{m”— — m} yl]‘l’? N]m = N N]m .
i TET;
If one instead treats the macro and micro samples as disjoint, set Nf™ = Ntot 23 The macro
) jm gm

contribution is

Lonacro(5,0) = > ZN;:? 10g 8 (6, 9). (C.2)
meM j=0

2%In the application, NielsenIQQ Homescan purchases are not a strict subset of RMS store transactions. In our
baseline implementation we subtract micro counts as an approximate “no double counting” correction, and we verify
that results are similar when setting Njo* = Niov.
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Together with the singleton part of the micro criterion below, (C.2) reconstructs the population’s
cross-sectional likelihood: the micro panel contributes the observed households, while the aggregate
shares contribute the remainder (Grieco et al., 2025). The remaining identifying content of the panel

for persistence parameters comes from within-household dependence over purchase occasions.

C.3 Micro panel likelihood: simulation and pairwise sequence correction

The micro data are a panel of households i € Z observed on purchase occasions 7 € 7;, with
realized choices j;; and markets m;,. Because unobservables are serially dependent, the exact
sequence likelihood is high-dimensional and does not factorize over 7. We therefore use the pairwise
correction described in Section 4.3, evaluated using simulated probabilities under the AR—persistent

specification.
[s]

i [s] from Section 4.1. In

For simulation draw s = 1,...,5, simulate 7 -

and the recursive state 5:]’
the NielsenlQ implementation, the purchase-occasion persistence parameter is p;r = )\%”, where A;;

is the number of weeks between purchases. The draw-specific latent component entering utility is

A=) apfh
Let
aij7(67 19) = 5]m + Hijm + K ]l{j’iﬂ'—l = .7} ) m = Myr,

with the convention that k = 0 in Model 3 and that the lagged-choice indicator is zero on the first
observed occasion for each household and for the base alternative.

Because the recursive AR specification does not yield a closed-form conditional on shocks, we
evaluate draw-specific choice probabilities using logit-smoothing (4.6) with smoothing scale wgp,.
Let 5%]7 ~ EV1 denote the draw-specific base-alternative idiosyncratic shock and normalize the
deterministic utility of the base alternative to zero. For j > 1, define

_[s] Uijr(6,9) + Vz[js}f - 5%]7
u; - (6,9) = .

Wsm

9T
Then the smoothed choice probabilities are

1
1+ 35, Ak,m(i,r) €XP (ﬁEﬂT(é, 19))

A m(i,r) €XP (171[;]7(6, 19))
L+ 3251 Ghmir) ©XP (ﬁE‘Z]T(& 19))

, P[S]

P’LBSJ'(57 19) — 107'(57 ’19) =
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Using common random numbers across occasions, define the draw-specific probability of the

observed outcome by

J
Py (05) = Y, +(05) = > Uijr P (05).
j=0

and hence the simulated singleton and pair probabilities

S S
. 1 s . 1 s s
Pr0,0) = g SPEG0),  Bien(60) = 2 Y0 PEG0) PLG,0).

s=1 s=1

Let

Girr! (57 19) = log < Dire (67 79) )

Pir(6,9) pir (9,7)

denote the pairwise dependence log-ratio. We evaluate the dependence correction on a random
subsample of within-household pairs P; C {(7,7") : 7 <7/, 7,7" € T;}. Let Neases = ;| Ti| denote
the number of observed micro choice occasions and let |P| = >, |P;| denote the total number of

sampled pairs. We rescale the pooled pair sum by

Ncases
21P|

w

which keeps the dependence term on an O(Ncases) scale even though the number of candidate pairs

grows quadratically in |7;].

Micro-to-macro expansion weight for the dependence term. The dependence correction is
a per-household object: in a full-population panel it would be summed over all consumers whose
repeated choices generate the macro shares. Extending the micro-macro pseudo-likelihood logic in
Grieco et al. (2025) to panel micro data, we therefore scale the dependence term by an expansion

factor that maps the micro panel to the underlying population. Let

J
tot tot _ tot
Nit=>"Nir,  OPP = 3 Nt
7=0 meM
Under the approximation that the average number of observed purchase occasions per consumer is
similar in the micro panel and in the underlying population, a convenient empirical proxy for the

expansion factor is
Opop
NCE‘LSBS

Qraw (C.3)
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Because (), can be large in applications and the dependence correction is itself a composite-
likelihood object, our baseline implementation uses a conservative expansion weight that leaves the

in-sample micro dependence term at unit weight and down-weights only the extrapolated portion:
Qigep =146 (Qraw — 1), ¢ =0.01. (C.4)
Putting these pieces together, the micro component used in estimation is

Lonicro(8,0) =3 > 10ghir(5,9) + Qacpw > > girrr(8,9).

i T€T; v (1,7)EP;

C.4 Instruments and the PLM penalty

To address price endogeneity, we impose orthogonality between excluded instruments and the
within-alternative component of mean utility. Let z;,, denote a Hausman-style instrument (the
mean price of the same alternative in other markets in the same week), and let Z denote a matrix
collecting polynomial transforms of z;,, after demeaning within alternative and standardization. Let
gjm = Ojm — Sj denote within-alternative deviations in mean utility, so alternative fixed effects are
treated as included controls. Stacking § and Z over observed (j,m) cells, the sample moments are
(8) = Z'6 and the PLM penalty is

xpLm(0) = o m(0)' W i(d), (C.5)

DO | =

with W positive definite (we use a first-step weight based on (Z2/2)™1).

C.5 Standard errors for panel-CLEER with AR—persistent errors

This appendix describes inference for the panel-CLEER objective in (5.7). Because the micro
component (5.6) is a composite (pairwise) likelihood, the information matrix equality generally fails
(Varin et al., 2011). Furthermore, both the micro panel and the macro data exhibit within-cluster
dependence. We therefore rely on a cluster-robust Godambe /sandwich variance estimator, following
recent applications to autoregressive panel probit models (Godambe, 1960; Huber, 1967; Tuzcuoglu,

2023).
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Objective and cluster-robust variance. Let ¢ = (5’, 9’)/ with 8 = (Ap, Ap)’, and denote the
sample objective as Q(¢) = Lmacro + Lmicro — TPLM XPLM. Let H= —V?Z)Q(zz;) be the observed

Hessian. The clustered Godambe variance is given by

~

Var(p) =H ' JTH™',  J=)Y 33 (C.6)

where 3, is the cluster-level score evaluated at 1Z

Cluster score contributions. For the micro component, we cluster by household ¢ to account for
overlapping within-household pairs. For the macro and PLM components, we cluster by store rather
than by market cell: all store—week contributions belonging to the same store are aggregated before
forming the outer product of scores. Let My = {m € M : store(m) = s}. Then the macro/PLM
score contribution for store s is obtained by summing the corresponding market-level macro and

PLM score contributions over m € M. The sandwich matrix is therefore
J= § :(/S\Zr'mcrot/gzmcro/ + § :3\2/1+P§2/I+P/.
7 S

To reduce the computational burden of inverting the full high-dimensional matrix H , one can
use the Schur complement to concentrate out the mean utilities § and directly obtain the variance
block for the low-dimensional parameters 6 (Conlon and Gortmaker, 2020; Grieco et al., 2025).
Finally, given the estimated variance for ;5\, the variance for the linear parameters B\ (including the

price coefficient @) is obtained via the standard delta method.

D Welfare analysis in the AR-persistent specification

This appendix describes how we compute changes in consumer surplus for counterfactuals in the
AR-persistent specification in (4.2). The key observation is that, conditional on the simulated latent
Cardell components, each purchase occasion is a standard multinomial logit with scale parameter A;

therefore the usual inclusive value formula applies inside each simulation draw.

D.1 Setup and notation

Let r € {0,1} index two environments (e.g., r = 0 baseline and r = 1 counterfactual). At purchase

occasion t, consumer ¢ faces availability indicators {a;t}jzo and systematic utilities {V;’]"-t};]:() (which
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may differ across r because prices, availability, or product characteristics differ). Utility is
u:jt: i§t+€ijtv ] € {0717'--)‘]}3 te {LaT} (D]')

In the AR-persistent model, the unobserved component is (restating (4.2))

L
¢ — L
€ijt = Vij + )\PZADVij,t—Z + AEijt s A= >\P>‘D7 (D.Q)
y =0 y
persistent _ i.i.d. EV1 shock

truncated AR component

where € 4 EV1 and Vij ¥e; (Ap), Vijt ¥el (Ap), mutually independent across all indices.

Define the structured latent component (the part we simulate)

L
nijt = Vij + )\p Z )\%l/ijﬂg_g, SO that Eijt = T]z’jt + Agijt- (DB)
=0

D.2 Change in consumer surplus conditional on latent shocks

Fix (i,t) and condition on a realization n;; = (niot, - - -,7ijt). The only remaining randomness in
{uj;i}; is {Aeije};, which is ii.d. EV1 with scale A. Therefore the conditional expected maximum

utility is given by:

. V;gt + Niji
E max gy ‘ nit| = Alog g exp| ———— + A, (D.4)
jraj,= Nl
].ajt—l

where ~ is the Euler constant.

Define the (conditional) inclusive value

r ,L'r +T/lt
Vi) = log| 30 exp(ﬂA]) . (D.5)

j:a;tzl

Then (D.4) becomes E[max ufj, | n;it] = AIVji(nit) + Av. Let a; > 0 denote the marginal disutility of

price. Hence, conditional on 7);;, the per-occasion change in consumer surplus from moving from
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environment 0 to 1 is

1
ACS;(ni) = w (E jmlaxluzljt ‘ Uit] —E ]maxl uz]t Uzt])
(2 :ajt: t
A 1
~ o (IVit (ie) = TVig (1ir)) - (D.6)

D.3 Simulation over the persistent and AR components

Because n;;; in (D.3) is random and serially correlated over ¢, we compute ex-ante expected surplus
changes by simulation over the Cardell components, using the same integration over logit choice
probabilities as in the likelihood.

For each consumer ¢, draw s = 1,..., 5 realizations of the primitive shocks {VZJ , E]t} and

construct

oy = vl +APZADVUM, t=1,...,T, j=0,1,...,J.

For each draw and each environment r € {0, 1}, compute the inclusive value

VA [5}
IVZZ’[S] = log Z exp(”tA Ut)

VE agtzl
Then the simulated per-occasion welfare change is

S

BCS = >0 o (vt - vt (0.7

s=1

[s]

In practice, we use the same underlying random draws to construct Nij¢ N both environments
r = 0 and » = 1. This delivers a low-variance estimator of the difference in (D.7) and corre-
sponds to holding fixed the consumer’s latent tastes and idiosyncratic history when evaluating the

counterfactual.

E OTC cough remedy summary statistics
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Table E.1: Summary Statistics for NielsenlQ Scanner Data Cough Medicine Sample

N  Mean SD P25 P50 P75 Min Max

Share 278159  0.103 0.098 0.038 0.071  0.132  0.004  1.000
Price 278159 10.930 4.781 7.490  9.990 12.990 0.010 51.990
Price (relative to base) 278159  3.442 4.867 0.000 2.500  5.750 -13.280 47.470
Hausman IV 278159 10.771 3.866 7.382 10.101 13.947 0.393 25.348
Hausman IV (rel) 278159  3.437 3.892 0.000 2.848 6.644 -7.524 19.595

Notes: This table reports summary statistics for the market-level scanner data sample (NielsenIQ RMS) for
the years 2011-2013. An observation is a store—week—alternative. The choice set consists of the top ten
brand—formulation pairs and a composite “All Other” alternative that aggregates remaining products and private
labels. Share represents the within-category market share, as the model conditions on category purchase. Prices
are standardized unit prices. The Hausman IV is the quantity-weighted mean unit price of the same alternative
in all other Nielsen DMAs during the same week. Variables denoted “relative to base” are differenced from the
composite alternative.

Table E.2: Summary Statistics for Household Survey Data Cough Medicine Sample

Mean SD P25 P50 P75 Min Max

Price 10.935 4.780  7.490  9.990 12.990 0.010  51.990
Price (relative to base)  3.451  4.865 0.000 2.509 5.754 -13.280  47.470
Share 0.101  0.096 0.038 0.071 0.129 0.004 1.000

Product Characteristics x Demographics (Mean Utility Shifters)

Liquid x older 0.345 0.461  0.000 0.000 1.000 0.000 1.000
Liquidx younger 0.017  0.127  0.000  0.000  0.000 0.000 1.000
Lozenge x older 0.010  0.098  0.000  0.000  0.000 0.000 1.000
Lozenge x younger 0.000  0.019 0.000  0.000  0.000 0.000 1.000
Tablet x older 0.006  0.050 0.000 0.000  0.000 0.000 0.400
Tablet x younger 0.000  0.010 0.000  0.000  0.000 0.000 0.400
Household Characteristics (Price Sensitivity Shifters)

Log income 10.865  0.658 10.532 10.915 11.350 7.824 11.631
HH head age 56.968 12.790 48.000 57.000 66.000 19.000 111.000
Household size 2.538 1.293  2.000  2.000  3.000 1.000 9.000
Has young child 0.447  0.328 0447  0.447  0.447 0.000 1.000
2+ working adults 0.066 0.164 0.000 0.066  0.066 0.000 1.000
Households 14,611

Trips 27,228

Avg alts per trip 9.891

N 269,310

Notes: This table reports summary statistics for the household-level sample (NielsenlQ Homescan) for the years
2011-2013. The sample includes 27,228 category purchase trips made by 14,611 distinct households. The choice
set for each trip is defined by the alternatives available in the linked store—week, utilizing a rolling carried
indicator. Mean utility shifters consist of product formulations interacted with local market demographics.
Household characteristics serve as price sensitivity shifters in the demand model. While we use standardized
measures in the model, they are reported here in their unstandardized form. Summary statistics for prices and
shares are computed across all inside alternatives presented in the consumers’ choice sets.
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