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Abstract

We show that a financial crisis depleting intermediary capital can destroy competitive
equilibrium—not merely distort prices—making large-scale asset purchases a neces-
sary condition for market clearing. The central bank acts as a risk-bearer of last resort.
However, QE generates an absorbing QE Trap: if the crisis is sufficiently severe, the
economy converges to permanent asset purchases and depressed output regardless of
how long QE is maintained. Fiscal recapitalisation of the financial sector is the only es-
cape, with the employment multiplier convex in crisis severity. A leverage paradox links
these results: the same leverage constraint that destroys equilibrium simultaneously
eliminates the intermediation gap between market prices and fundamental values. The
model-derived intermediation gap delivers out-of-sample R? for the output gap that
rises from 14% at one quarter to 45% at two years—the opposite of the horizon decay

typical of persistent-predictor overfitting.
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1 Introduction

The 2008 financial crisis depleted the capital of the financial institutions that bear much of
the economy’s aggregate risk, triggering unprecedented central bank asset purchases.! In
the United States, the Federal Reserve expanded its balance sheet from under $1 trillion to
over $4 trillion; the subsequent unwinding took a decade and remained incomplete when the
COVID-19 pandemic necessitated further expansion. Meanwhile, the Troubled Asset Relief
Program (TARP) injected capital directly into the financial sector. Similar interventions
followed in Europe, though with significant delays in bank recapitalisation (Brunnermeier,
James, and Landau, 2016). Two questions arise: when is QE necessary, and how does one
escape the QE trap of permanent asset purchases and depressed output?

We answer both questions in a continuous-time production economy with two types of
agents: financiers, who hold equity and bear all aggregate risk, and households, who save
only through risk-free bonds. Financiers face leverage constraints arising from moral hazard
and prudential regulation—frictions that long predate any crisis. Because households supply
labour, financial frictions affect employment and output directly. The entire economy is char-
acterised by a single state variable: the financier’s share of total wealth, w. When leverage
constraints do not bind, the financier’s wealth share drifts toward the efficient benchmark
and the economy functions well—explaining why crises are surprises, not inevitabilities. We
establish four sets of results.

First, equilibrium failure. When a large shock depletes financier capital and forces lever-
age constraints to bind, competitive equilibrium ceases to exist. The household’s bond
demand is perfectly inelastic, so once the constrained financier cannot absorb the entire
equity supply, excess supply emerges that no price adjustment can eliminate. This is not
a recession or a market crash—the price system itself breaks down. Three ingredients are
required—Ilimited participation, leverage constraints, and depleted capital—and all three
were present in 2008.

Second, the central bank as risk-bearer of last resort. A central bank that purchases the
equity the constrained financier cannot hold, financing these purchases by issuing bonds,
restores market clearing and equilibrium existence. In every existing theory of QE, asset
purchases improve upon a distorted but viable competitive outcome—through portfolio bal-
ance effects (Vayanos and Vila, 2021), credit intermediation (Gertler and Karadi, 2011),
liquidity provision (Cui and Sterk, 2021), or risk redistribution (Silva, 2020). Our result is

1Strictly, quantitative easing refers to expanding central bank reserves, large-scale asset purchases
(LSAPs) to purchasing specific securities, and credit easing to targeting particular credit markets. In prac-
tice, and in academic usage, these terms are used interchangeably. Following common convention, we use
“QE” throughout.



different in kind: without central bank purchases no competitive outcome exists at all. The
central bank acts not as a lender of last resort or a market-maker of last resort, but as a
risk-bearer of last resort.

Third, the QF Trap and fiscal escape. The restored equilibrium has two absorbing steady
states. At the good steady state the financier is fully capitalised, no constraints bind, and the
economy coincides with the frictionless benchmark. At the bad steady state the financier is
minimally capitalised, the central bank permanently holds a large share of the equity market,
and output is permanently depressed. If the crisis pushes w below the bad steady state, the
economy is trapped: it converges to permanent QE and depressed output regardless of how
long the central bank maintains its purchases. We call this the QF Trap—a term introduced
in a policy context by Koo (2014); we provide the first general equilibrium characterisation.
A one-time fiscal recapitalisation—a transfer large enough to push w above the bad steady
state—is the only escape. The central bank prevents market failure; the fiscal authority
breaks the trap.

Fourth, the leverage paradox. Without the leverage constraints imposed by moral hazard
and prudential regulation, the market for aggregate risk always clears. However, equilibrium
asset prices exceed fundamental values—a rational bubble in the sense of Hugonnier (2012)—
creating an intermediation gap that grows convexly as financier capital erodes. Because ours
is a production economy, the intermediation creates an output gap: larger intermediation
gaps signal larger shortfalls in employment and output. Constraining intermediary leverage
eliminates the intermediation gap and hence the output gap. But when leverage constraints
bind, they destroy equilibrium. The constraint that corrects prices and the output gap
breaks the market.

This tradeoff is inescapable: we prove that no economy in this class can simultaneously
deliver a zero intermediation and output gaps and unconditional market clearing. The mech-
anism is that Q = 1/w, the inverse financier wealth share, is a local martingale in all versions
of the model; its classification as a strict local martingale (positive intermediation gap) or
a true martingale (no intermediation gap) is governed by the same boundary behaviour of
the intermediary wealth-share volatility that determines whether equilibrium can fail. The
model-derived intermediation gap delivers out-of-sample R? for the output gap that rises
from 14% at one quarter to 45% at two years—the opposite of the horizon decay typical of
persistent-predictor overfitting.

Severe intermediary capital depletion can eliminate competitive equilibrium; quantitative

easing (QE) restores market clearing, but fiscal recapitalisation is required to escape the trap.



1.1 Related Literature

QE and unconventional monetary policy. The existing literature identifies several
channels: portfolio balance effects on term premia (Gagnon et al., 2011; Krishnamurthy and
Vissing-Jorgensen, 2011; Vayanos and Vila, 2021), credit substitution for impaired inter-
mediation (Gertler and Karadi, 2011; Gertler and Kiyotaki, 2010; Del Negro et al., 2017),
liquidity transformation (Cui and Sterk, 2021), the central bank balance sheet as an inde-
pendent instrument (Cirdia and Woodford, 2011), government debt maturity management
(Greenwood, Hanson, and Stein, 2015), and central bank balance sheet sustainability (Reis,
2016). The closest paper to ours is Silva (2020), who studies a risk channel of QE in a
continuous-time production economy with heterogeneous risk tolerance. In every one of
these models, equilibrium exists with or without intervention; QE is a policy choice. Our
result is qualitatively different: below a threshold, no equilibrium exists without central bank
purchases.

Financial frictions, traps, and recapitalisation. The paper builds on the intermedi-
ary asset pricing literature (Brunnermeier and Sannikov, 2014; He and Krishnamurthy, 2013,
2019; Di Tella, 2017), sharing the feature that a single state variable drives all equilibrium
quantities but generating the additional result that equilibrium can fail entirely. Our QE
Trap differs from existing trap concepts along four dimensions: (i) non-existence of com-
petitive equilibrium, not merely distortion; (ii) scarcity of risk-bearing capacity rather than
safe assets (Caballero and Farhi, 2018), demand shortfalls from balance-sheet deleveraging
(Eggertsson and Krugman, 2012; Guerrieri and Lorenzoni, 2017), or liquidity (Bigio, 2015);
(iii) an absorbing bad steady state requiring fiscal transfer, not self-correcting or escapable
through monetary policy alone (Rognlie, Shleifer, and Simsek, 2018); and (iv) the leverage
paradox linking the trap mechanism to asset pricing. On recapitalisation, Philippon and
Schnabl (2013) and Veronesi and Zingales (2010) study the optimal form of intervention,
taking its necessity as given; we derive the necessity from the absorbing steady state.

Rational bubbles and the intermediation gap. Basak and Cuoco (1998) study the
impact of limited household participation on asset prices in an exchange economy, whereas
we study a production economy with endogenous labor and a central bank. Hugonnier
(2012) proves that portfolio constraints generate rational bubbles in otherwise bubble-free
economies. In our model, leverage constraints can close rather than open the intermedia-
tion gap—Ilinking the rational bubble literature to the equilibrium existence problem. We
derive an exact ODE for the gap in a production economy, replacing the constant-volatility
assumption of Hugonnier (2012)’s exchange setting, and show that the gap-to-price ratio
delivers horizon-stable out-of-sample predictive content for the output gap.

The remainder of the paper is organised as follows. Section 2 presents the model. Sec-



tion 3 establishes the equilibrium failure result. Section 4 introduces QE, derives the two-
steady-state equilibrium, and analyses asset pricing implications. Section 5 establishes the
intermediation gap results. Section 6 links the gap to real outcomes and derives policy im-
plications. Section 7 presents empirical evidence. Section 8 concludes. All proofs are in the

Appendix.

2 Model

2.1 Environment

Time is continuous with ¢ € [0,00). Uncertainty is driven by a standard Brownian motion
{Z:}+>0 on a filtered probability space (€2, F, {F:}i>0, P) satisfying the usual conditions.
The economy is populated by a representative household, a representative financier, and

a continuum of monopolistically competitive firms indexed by f € [0, 1].

Technology and firms. Each firm f produces a differentiated good using the linear tech-
nology Y;(f) = A:Ni(f), where A, is aggregate productivity and N;(f) is labour input.

Productivity evolves as geometric Brownian motion:

dA,
Ay

= pdt + o dZ, peR, o>0. (1)

Households aggregate differentiated goods via the Dixit—Stiglitz aggregator with elasticity
of substitution € > 1. With flexible prices, each firm sets a constant markup over marginal
cost. In symmetric equilibrium, factor shares are constant:

1 Wt e—1

Di=-Y, 2N, =
t p 12) Pt t

Y, (2)

where D, denotes aggregate dividends, W;/ P, is the real wage, Y; = A; N, is aggregate output
and Ny = fol Ni(f)df is aggregate employment.

Preferences. The household has preferences

00 5 Nt1+l,0
U,=E 2t InCy,, — dt, 0>0, p>0. 3
h /0 € (H ht 1_’_%0) Y= ()



The financier has logarithmic preferences over consumption:
Ui = E/ 67& In Ci,t dt. (4)
0
Both agents share the same discount rate 4.2

Financial markets and participation. Two financial assets are traded: a risk-free bond
in zero net private supply paying rate r;, and an equity claim on aggregate dividends in unit
net supply. The household can invest only in the risk-free bond. The financier invests in
both bonds and equity, with portfolio equity share ¢; (the fraction of her wealth allocated

to equity). The household’s budget constraint is deterministic:

%%
dHp, = (TtHh,t + FtNt — Ch,t) dt, (5)

t

where Hj, is the household’s financial wealth. The financier’s budget constraint is:

(6)

dP, D, dt
dH;; = (rH;y — Ciy) dt + ¢ H;y (L — Ty dt) ;

Pp,
where H;, is the financier’s financial wealth and Pp, is the equity price. Since households

cannot hold equity, market clearing requires ¢ H;; = Pp .

2.2 Leverage Constraint

The financier faces a state-dependent leverage limit:

¢ < ow),  dw) =1+ MNw-w), (7)

where w; = H, /Py, is the financier’s share of total wealth Py;, w € (0,1/¢) is the minimum

capital threshold, and A > 0 is the leverage sensitivity.
Assumption 1 (Parameters). e >1,0>0,>0,9>0,0<w<1/e, A >0, and \w < 1.

The constraint combines two frictions that predate quantitative easing. Above the thresh-
old (w > w): following Gertler and Kiyotaki (2010) and Gertler and Karadi (2011), the

financier can divert a fraction of assets for private benefit. Households lend only against

20nline Appendix N shows that the equilibrium failure result extends to CRRA preferences with elasticity
of intertemporal substitution near unity, and to partial household equity participation. Online Appendix O
endogenises the limited participation restriction: with Knightian uncertainty of just 1.2% of the Sharpe
ratio, the household optimally holds zero equity.

10



verifiable collateral: the capital buffer above the regulatory minimum, yielding (7) with A
parameterising enforcement efficiency. In the Appendix (Proposition 24), we show that log
utility generates a closed-form franchise value of intermediation, making (7) a conservative
bound. Below the threshold (w < w): under Prompt Corrective Action, statutory since 1991
(FDIC, 1991), undercapitalised intermediaries face mandatory restrictions on risky asset
holdings, again yielding (7). For the entire pre-crisis period, these constraints existed but
did not bind; what changed in 2008 was the state of financier balance sheets.
The constraint binds when ¢(w) < 1/(ew), i.e., when w < w, where w, is defined by:
_ 1 1

gb(wc) = e_wc — )‘wc(wc - &) = E — We. (8)

2.3 Benchmarks and Baseline Dynamics

When both agents can trade all assets, the economy admits a complete-markets benchmark
in which consumption shares, labour supply, and total wealth are constant, with Py, = Y;/§
(Appendix A).

When only the financier can hold equity but no leverage constraint is imposed, the entire
economy is characterised by w;. Goods market clearing under log utility uniquely pins
consumption: Cp; = (1 —w)Y; and C;; = w;Y;, regardless of asset prices. The household’s
financial wealth is therefore Hy; = (1/¢ —w;) Py, pinned entirely by w;. Since the household

invests only in bonds, her bond demand is

1
Bff,t = (E - Wt) Py, 9)

which is perfectly inelastic with respect to the interest rate. This property is the key mecha-
nism behind the failure theorem.

The inverse wealth share (Q; = 1/w; is a non-negative local martingale, and w; converges
almost surely to the efficient level 1/¢, the complete-markets benchmark, but with infinite
expected hitting time (Appendix B). This “Zeno’s paradox” explains why the economy func-
tioned well for decades before 2008: financiers were sufficiently capitalised that leverage

constraints, though present, never bound.

3 Capital Depletion Causes Equilibrium Failure

We now add the leverage constraint (7) and ask: what happens when a crisis, a sequence of

adverse productivity shocks, depletes the financier’s wealth to the point where the constraint

11



binds? When w falls below w,, the required portfolio share 1/(ew) exceeds the permitted

leverage ¢(w), and the economy’s institutional infrastructure, which functioned seamlessly

for decades, becomes incompatible with equilibrium.

Theorem 1 (Equilibrium failure). Under Assumption 1, with limited stock market participa-
tion and log utility, no competitive equilibrium exists when w; < w. in the absence of central

bank intervention.

The proof is in Appendix D. The key mechanism is that log utility pins the household’s
financial wealth at (1/e — w)Py, a quantity that is perfectly inelastic with respect to the
interest rate (9). Bond market clearing then requires ¢ = 1/(ew), but the leverage constraint
imposes ¢(w) < 1/(ew). There is a residual excess supply that no price adjustment can
eliminate.

The failure requires three ingredients, all present in 2008. First, limited participation:
households cannot absorb equity risk. Second, leverage constraints: from moral hazard and
regulation, limiting how much equity the financier can hold per unit of capital. Third,
depleted capital: a crisis that pushes w below w,, causing the constraint to bind. Remove

any one ingredient and equilibrium survives.

3.1 Which Assumptions Are Essential?

Theorem 1 relies on three modelling choices whose robustness merits scrutiny. Online Ap-
pendices N and O establish that the result is robust along each dimension; we summarise

the findings here.
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Assumption Essential? What happens if relaxed Reference

Log utility For literal non-existence CRRA with ~ near 1: equilibrium Prop. N.6
exists but requires r — —oo, mak-
ing it economically equivalent to non-
existence. For v < 1, failure extends
outright.
Limited participa- Degree does not matter Failure survives for any household eq- Thm. N.1
tion uity share oy € [0,1). The crisis
threshold w.(cay,) falls monotonically in
ap, but remains strictly positive.
Leverage constraint Yes Without the constraint, no failure oc- Thm. 1
curs. But the intermediation gap is
positive and the economy is vulnerable
to explosive dynamics.
Exogenous non- No Ambiguity aversion with x ~ 1.2% of Thms. 0.3, 0.5
participation the Sharpe ratio generates endogenous
non-participation at the bad steady

state; k ~ 4.7% suffices everywhere.

CRRA preferences. The perfectly inelastic bond demand that drives Theorem 1 is a
property of log utility (7 = 1). Online Appendix N shows that for CRRA with + near 1,
bond demand becomes interest-rate elastic, but the sensitivity is of order |y — 1|—too small
to absorb the excess supply without driving the equilibrium interest rate to —oo (Proposi-
tion N.6). For v < 1, the income effect dominates the substitution effect, exacerbating the
excess supply; equilibrium fails outright. Log utility is therefore the boundary of a family of

increasingly pathological equilibria.

Robust failure below w. Perhaps the strongest result is Theorem O.3: for w < w, no
competitive equilibrium exists regardless of the household’s equity share, including oy, = 1.
The leverage constraint forces ¢(w) < 1 when w < w, so the financier cannot even hold her
own wealth entirely in equity. The household’s financial wealth is too small to fill the gap.

This result requires no assumption on household preferences, ambiguity, or participation.

13



4 Quantitative Easing, the Trap, and Asset Prices

4.1 Central Bank as Risk-Bearer of Last Resort

The equilibrium failure of Theorem 1 motivates the introduction of a public sector. Once the
crisis has depleted financier capital to the point where leverage constraints bind, the central

bank purchases the residual equity that the constrained financier cannot absorb.

Assumption 2 (Central bank and fiscal authority). The central bank holds fraction oy of
the equity market:

o — max((), - egz_ﬁ(wt)wt) _ (1) — e (wy)wy Z:;Wt i We, (10)
if we > we.

The central bank finances equity purchases by issuing risk-free bonds. Profits and losses are
remitted to the fiscal authority (Treasury), which may transfer resources to the financial

sector as a recapitalisation (Section 6.4).

4.2 Equilibrium with QE

Proposition 2 (Equilibrium with QE). Under Assumptions 1 and 2, a competitive equi-
librium exists for all w € (0,1). All equilibrium quantities — total wealth Py, = Y;/9,
consumption, employment, and financial wealth — are identical to the unconstrained model.
The only objects that change are the financier’s portfolio share ¢, = min(¢(w;), 1/(ew;)) and
the central bank’s equity holding oy given by (10).

The central bank absorbs exactly the equity that the constrained financier cannot hold.
The household, whose bond demand is perfectly inelastic, is indifferent between lending to

the financier and lending to the central bank, so all real quantities are unchanged.

4.3 Dynamics with the Leverage Constraint

Theorem 3 (Dynamics of w; with leverage constraint). The financier’s wealth share evolves

Ow (Wt)Q

Wy

as

dwt =

dt—i—aw(wt) dZt, (11)
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where the volatility function is continuous on (0,1) and given by

o1+l -www-—w) .
I [ (R R (12)
? o(1+¢)(l —w)(l/e —w) if w> we.

(1+¢)(1-w) = (1/e-w)

The drift relation p, = o2 /w reflects the financier’s excess return from bearing equity
risk: the drift is always positive when the diffusion is nonzero, so the financier’s capital
accumulation is fastest when her wealth share is most volatile.

The sign of o,, determines how the economy responds to shocks (Proposition 21 in the
Appendix). In the crisis regime (w < w), o, < 0: positive productivity shocks reduce
the financier’s wealth share, because the de-leveraged financier holds less equity than her
consumption share warrants. In the recovery regime (w < w < 1/¢), g, > 0: positive shocks

improve financier capitalisation, aiding recovery.

Proposition 4 (Q-martingale preservation). Q; = 1/w; is a non-negative local martingale

regardless of whether the leverage constraint binds.

This is a consequence of log utility: the financier’s consumption-wealth ratio is constant

at ¢, and the linear and quadratic terms in ¢ cancel exactly.

4.4 'Two Absorbing Steady States and the QE Trap

Theorem 5 (Two absorbing steady states). Both w = w and w = 1/e are absorbing states:
if wo € {w, 1/€}, then wy = wy for allt > 0. No other absorbing states exist in (0,1).

At each absorbing state, both drift and diffusion of w vanish simultaneously.

The good steady state (w = 1/¢). The financier holds exactly 100% of her wealth in
equity, no leverage constraint binds, the central bank holds no equity, and the economy

coincides with the complete-markets benchmark.

The bad steady state (w = w). The central bank permanently holds fraction @ = 1 — ew
of the equity market. Employment is depressed:

1—1/e
l—w

Ve = ( y#<1zmua (13)

Both w and 1/e are unattainable in finite time (Appendix G), so no transition between

regimes is possible.
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Theorem 6 (Convergence). For any wy € (0,1) \ {w, 1/€}:

oy oy 12 if wo € (0,w), (14)
1/e ifwy € (w,1).

In all cases, E[T] = oo, where T is the hitting time of the relevant absorbing state.

The almost sure convergence follows from the supermartingale property of @ = 1/w. The
infinite expected hitting time means QE starts with large purchases that taper gradually but

never fully unwind in finite expected time — the QF Trap.

== @onstrained We 1/e 0.00035 - & We 1/e
0.0035 Ty Ynconstrined (b)
a
0.00030 -
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3 00020
3’3/ 0.0020 | 0.00020
° 3
3 5
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Ed
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Figure 1: Phase diagram of the model. (a) Wealth-share volatility o, (w), with constrained

(red) and unconstrained (blue) regions. (b) Drift u, = 02 /w, with arrows showing conver-

gence to absorbing steady states. (c) Simulated sample paths: crisis (red), recovery (blue),

and fiscal escape (green). (d) Employment and central bank equity holdings. Vertical dashed

lines at w = 0.02, w. = 0.078, and 1/e = 0.10. Baseline calibration: € = 10, w = 0.02, A = 5,
—0.15, ¢ = L.
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4.5 Asset Prices and Risk Premia

Theorem 7 (Asset pricing). The market price of risk, equity return volatility, and risk-free

rate are:
. O'w<wt) O'w(wt)
0, = - +U+(1+¢)(1—wt)’ (15)
. O'(,J((JJt)
O-R’t_o-—i_(l—}—gp)(l—wt)’ (16)
re =0+ iy — ory O, (17)

where o, is given by (12) and iy is the drift of output. The equity risk premium is pp—r; =

ORt @t-

The risk-free rate (17) is depressed in crisis through the og; ©; term: as w falls, leveraged
intermediaries amplify return volatility g and the market price of risk ©, whose product
drives r well below the rate of time preference. This balance-sheet channel differs from the
habit and long-run risk mechanisms of Campbell and Cochrane (1999) and Bansal and Yaron
(2004), where r falls because of increased effective risk aversion or precautionary savings;
here the channel is intermediary capital, and it operates even under log utility (constant
individual risk aversion).

In the recovery regime (w < w < 1/¢), o, > 0 and risk premia are above the frictionless
benchmark. Risk premia peak at an intermediate w and decline as w — 1/e, consistent with
the hump shape documented by He, Kelly, and Manela (2017). Positive productivity shocks

raise w and compress risk premia, delivering countercyclicality.

Output gap. The log output gap relative to the frictionless benchmark w,, = 1/¢ is:

1 1—w,
=Y, —Y,, = In W) (18)
’ 1+Q0 1_(JJt

5 The Intermediation (Gap

The inverse wealth share ; = 1/w; is a non-negative local martingale (Proposition 4).
Whether @) is a strict or true local martingale determines whether equilibrium asset prices
exhibit a positive intermediation gap—the component of asset prices above fundamental
value attributable to the concentration of risk-bearing in undercapitalised intermediaries.
The gap is a symptom of intermediary weakness, not monetary accommodation: it is largest

when the financial sector is most distressed.
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5.1 Martingale Criterion

For a one-dimensional diffusion dX = ox(X)dZ starting at X, > 0, X is a strict local
martingale—meaning E[X;] < X, for some t—if and only if (Engelbert and Schmidt, 1985;
Mijatovi¢ and Urusov, 2012):

/dex<oo. (19)

X ox(x)?

When the integral diverges, X is a true martingale and E[X;] = X for all .

5.2 Connection to the Rational Bubble Literature

Hugonnier (2012) proves that in a two-agent economy with a portfolio constraint, equilib-
rium asset prices contain rational bubbles if and only if the weighting process—the ratio of
marginal utilities—is a strict local martingale. In our model the weighting process reduces
to

e (20)

Wy

so A inherits the martingale classification of ). The following equivalence is a direct conse-

quence of Hugonnier (2012, Theorem 1):

Q) = 1/w is a strict local martingale <= intermediation gap > 0. (21)

5.3 The Closed-Form Gap Formula

Proposition 8 (Intermediation gap formula). In the baseline model (limited participation,
no leverage constraint), the intermediation gap on the aggregate stock, expressed as a fraction

of the market price, is:

B,
— = (1 —w)"” 22
PD,t ( wt) ) ( )
where the gap exponent is
14+ /1+86/v?

with v = ||vs|| denoting the volatility of the weighting process.?

The proof is in Appendix D. The exact gap ODE (Remark 3) yields a qualitatively

identical but quantitatively 4-5x smaller solution.

3Formula (22) is exact when vy is constant, as in Hugonnier (2012)’s exchange economy. In our production
economy, vy(w) is state-dependent and the exact gap-to-price ratio b(w) satisfies the ODE b” = (25/02)b
with 5(0) = 1 and b(1/€e) = 0. The approximate formula overestimates b(w) by a factor of 4-5 at typical
w values, but all qualitative properties (existence, monotonicity, convexity, gap elimination by CB) are
preserved. Section 7.3 reports empirical results with the exact formula.
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Volatility paradox. The exponent 7 is decreasing in fundamental volatility v:

oY (24)

v v3y/1 4 89 /v?
Low fundamental volatility is precisely when the gap function is most convex and the am-
plification potential greatest: lower o reduces o, increasing 26/02 and producing a steeper

gap function.?

5.4 The Intermediation Gap with and without Leverage Con-

straints

Theorem 9 (Intermediation gap classification).

(i) Baseline model (limited participation, no leverage constraint): In the controlled
regime (0,1/€), @ = 1/w is a strict local martingale. Equilibrium asset prices

exhibit a positive intermediation gap.

(ii)) Constrained model (leverage constraint, QF active): Q = 1/w is a true martin-
gale in all three regimes, crisis (0,w), recovery (w,1/€), and expansionary (1/e,1).

Equilibrium asset prices are free of any intermediation gap.

The proof is in Appendix I. The entire difference comes from one factor of w in the
volatility function near w = 0. In the baseline, ¢ = 1/(ew) — 00, so the w in o, = w(¢p—1)og
cancels, leaving o, positive at the boundary. With the constraint, ¢ < 1+ Aw — w) is

bounded, so o, x w.

o, near w =0 og near () =oo Integral test Gap?

Baseline 02— >0 co Q? Jq?dg<oo Yes

Constrained |ow| ~ chw @ Jq¢tdg=oc No

5.5 The Leverage Paradox

The intermediation gap classification and the equilibrium failure result are two manifestations

of a single mathematical object: the behaviour of o, at the origin.

Proposition 10 (Leverage paradox).

4The model is silent on reach-for-yield effects: the household’s bond demand is perfectly inelastic (log
utility), so QE has no portfolio rebalancing effect. In richer models, lower safe returns push investors into
risky assets, creating a distinct form of overvaluation not connected to the equilibrium existence problem.
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(i) Baseline economy (no leverage constraint): competitive equilibrium ezists for all
w € (0,1/¢) and Q = 1/w is a strict local martingale—the intermediation gap is

positive.

(ii)) Constrained economy (leverage constraint (7) with QF): Q = 1/w is a true mar-

tingale in all three regimes—mno intermediation gap.

(11i) Impossibility. The combination of gap-free asset prices and unconditional equilibrium
existence (without central bank intervention) is impossible: for any leverage function

¢:(0,1/€) = Ry, if competitive equilibrium exists for all w without intervention, then

a positive intermediation gap exists.

Proof. Parts (i) and (ii) restate Theorem 9.

For part (iii), suppose competitive equilibrium exists for all w € (0, 1/€) without central
bank intervention. Equity market clearing requires ¢(w)w Py = Pp = Py /e, so ¢p(w) =
1/(ew). The constraint cannot bind at any w—otherwise ¢ = ¢(w) < 1/(ew) and the equity
market does not clear—so ¢(w) > 1/(ew) for all w. With ¢ = 1/(ew), the wealth-share

diffusion coefficient is

(1/e —w)og

Du(w) Dy(w) = (1=1) +¢(1 —w) >0,

ou(w) =
giving 0,,(07) = og/(e D,(0)) > 0. Converting to @ = 1/w: 0g = 0, /w? ~ ¢oQ* with
co = 0,(07) > 0. The integral test (19) yields fSEQUQ(Q)_2 dg ~ ¢y [ ¢ 3dg < o0, s0 Q is

a strict local martingale and the intermediation gap is positive. O
Corollary 11 (Impossibility). Within the class of economies in this paper:

(a) Any economy with unconditional equilibrium existence necessarily has a positive inter-

mediation gap.
(b) Any economy with gap-free asset prices is vulnerable to equilibrium failure.

Proof. Part (a) is Proposition 10(iii). Part (b) is its contrapositive: if equilibrium existed
for all w without intervention, Proposition 10(iii) would imply a positive intermediation gap,

contradicting the hypothesis of gap-free prices. O

The policy package of QE plus fiscal recapitalisation resolves the tradeoff: QE restores
equilibrium existence when bounded leverage causes market failure, while the leverage con-
straint simultaneously closes the intermediation gap. The exact gap ODE provides a con-
structive proof of closure: on [w, 1/€], the only solution to b = (2§/02)b with b(w) = b(1/¢) =
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0 is b = 0 (by the maximum principle). Fiscal recapitalisation then moves the economy to
the good steady state where the constraint ceases to bind, the central bank exits, and both

equilibrium existence and correct pricing are achieved without intervention.

5.6 The Gap as a Sufficient Statistic for the Output Gap

Since both the intermediation gap and the output gap are monotone functions of wy, the

gap-to-price ratio is a sufficient statistic for the output gap:

7= i . 1n(11 _‘;’:) — G(b(wy), (25)
for an increasing function GG. Larger intermediation gaps signal larger output gaps. The
approximate formula (1 — w)?, being nearly linear over the empirical range, collapses G
to an approximately linear relationship, discarding the model’s predicted curvature. The
exact formula b(w) preserves it. Empirically, this distinction matters: the exact formula
delivers out-of-sample R? that rises from 14% at one quarter to 45% at two years, whereas
the approximate formula’s out-of-sample R? decays from 19% to below zero at the same
horizons (Tables 2 and 3).

Since 7™ and the benefit-to-cost ratio (32) are also functions of w, the pre-crisis gap-to-
price ratio encodes the fiscal cost of future intervention via wy = b~*(B/Pp). Crucially, this
mapping is available only before QE. Once the intermediation gap vanishes, the policymaker
loses this market-based diagnostic—the same intervention that corrects asset prices destroys

their informational content about the output gap.

5.7 A Three-Act Narrative

1. Before the crisis (w > w,, no binding constraint): Equilibrium exists. Asset prices
exhibit an intermediation gap with gap-to-price ratio b(w). As intermediary capital
erodes, the gap grows convexly—the exact formula gives b(0.05) = 0.19 at a typical
recovery value, rising to 6(0.02) ~ 0.60 in severe distress—partially masking the de-
terioration of fundamental values: market prices overstate the health of the financial

sector (Section 6.2).

2. During the crisis (w drops below w,.): Leverage constraints bind. Without QE, no

equilibrium exists. The question of asset price gaps is moot.

3. After QE (QE active): Equilibrium is restored. The intermediation gap vanishes: the

stock price equals its fundamental value. The sudden disappearance of the gap reveals
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the true severity of intermediary undercapitalisation. The economy may be trapped at
the bad steady state with correct prices but depressed output. Fiscal recapitalisation

must be calibrated to these revealed fundamentals, not to pre-crisis gap-inflated prices.

The three acts trace an information arc: the intermediation gap obscures fundamentals
before the crisis, its disappearance reveals fundamentals during the crisis, and correct post-

QE prices enable—but do not substitute for—fiscal intervention.

6 Real Effects and Policy

6.1 The Unified State Variable

The financier’s wealth share w; simultaneously governs three equilibrium objects:

Asset prices and the intermediation gap:

By /) 20
PD,t b(wt)a b (w) aw(w)Q b<w> ( 6)
Employment:
1
1—1/e\™* , ,
Ny = ,  with N'(w;) > 0. (27)
1— Wt
Output:
1—1/e\t+e
}/;5 - AtNt - At ( /6) . (28)
1— Wt

When intermediary wealth erodes (w; falls), three things happen together: the interme-
diation gap grows (convexly), employment falls, and output contracts. The convexity of
the gap function transmits directly to real variables: when w; is low, small further declines
produce large increases in the gap and large employment losses, creating a fragility trap that

intensifies as conditions deteriorate.

6.2 Phantom Wealth

In the baseline economy, the equity price decomposes into a fundamental value and an

intermediation gap:
Pp=Py+B, Py =Pp[l-bw)], B=Ppbw). (29)

Proposition 12 (Phantom wealth). In the baseline model:
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(i) PMd(w) — 0 asw — 0: at the point of mazimum crisis, the entire equity market value

15 an intermediation gap.
(ii) The fundamental-to-market ratio PR/ Pp = 1 — b(w) is strictly increasing in w.

(iii) The gap ratio B/Pp = b(w) overstates the financier’s equity position by a factor that

grows convexly as the crisis deepens.

Proof. (i) Pp(0) = AN(0)/(e6) > 0 and b(0) = 1, so Pimd(0) = 0. (ii) & < 0 follows from
b>0,0">0,b0)=1,b(1/e) =0. (iii) Convexity: " = (26/02)b > 0 whenever b > 0. [

Part (i) is the key result for policy. A policymaker observing pre-crisis market prices
sees positive equity values and may conclude the financial sector retains substantial wealth.
In fact, as w approaches zero, fundamental value vanishes and the entire observed price is
phantom wealth—value that would disappear if the economy transitioned to a regime with
correct prices. The exact gap formula quantifies this: at w = 0.05, the gap-to-price ratio
is 6(0.05) = 0.19; at w = 0.02, b ~ 0.60. Because the required recapitalisation (31) is
calibrated to the fundamental state variable w, not to market prices that include the gap,
policymakers who rely on market-based measures systematically underestimate the severity

of undercapitalisation. The sufficient-statistic property extends to the fiscal transfer:

B
T*(wo) = Qw) — Qwy), wo=0b"" (—) : (30)

Pp
where b~! is the inverse of the (strictly decreasing) exact gap function. Crucially, this
mapping is available only before QE: once the gap vanishes, the policymaker loses this

market-based diagnostic.

6.3 Large-Scale Asset Purchases

Under Assumption 2, the central bank absorbs the residual equity supply that the constrained
financier cannot hold, preventing equilibrium failure but not altering the economy’s long-run

dynamics.

Proposition 13 (Central bank balance sheet at the bad steady state). At w = w, the central
bank permanently holds equity worth (1 — ew)Y;/(ed) and earns the equity premium o2 on

these holdings.

At the bad steady state, the central bank holds a potentially large share of the equity
market: with w = 0.02 and ¢ = 10, it holds 80%. The equity premium equals its frictionless

value 02 because o,,(w) = 0 eliminates all wealth redistribution dynamics.
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6.4 Fiscal Recapitalisation

Proposition 14 (Recapitalisation). Suppose wy < w (crisis regime). A one-time capital
injection that raises the financier’s wealth share to wo+ > w places the economy in the
recovery regime, which then converges almost surely to the good steady state 1/e¢ without

further intervention.

Remark 1 (Transfer size with general equilibrium feedback). Because total wealth Py (w) =
AN (w)/d is increasing in w, a dollar transfer raises w by less than T /Py (wo). The transfer

required to reach target w* is:

T = ?[w* N(w*) — wo N(wp)], (31)

which exceeds the naive estimate by w*[Py (w*)— Py (wo)], though the correction is small under

baseline calibration (approzimately 1% ).

Employment multiplier. Recapitalisation from wy to wy + A produces an immediate
employment gain of [(1 — wp)/(1 — wy — A)]Y/3+9) — 1, which is convex in crisis severity:
the worse the crisis, the larger the marginal benefit. Under the baseline calibration, the
permanent long-run gain from escaping the trap is 4.3% of efficient employment. The formal

statement and proof are in Appendix G (Corollary 26).

Cost—benefit analysis. The benefit-to-cost ratio of recapitalisation is:

NPV N(1/e) = N(w)
Cost  wN(w) — wo N(wp)’

(32)

Under baseline calibration this exceeds 2: the government spends approximately 2% of total
wealth to permanently raise output by over 4%. The fiscal cost of delay is not a larger
transfer but a larger cumulative output loss; each period in the crisis regime forgoes output

on the steep portion of the employment curve, so delays at the onset are most costly.

Welfare. The household weakly prefers the bad steady state (higher consumption share
1 — w), so recapitalisation is not a Pareto improvement; it involves redistribution from
household to financier. The detailed welfare calculation and moral hazard analysis are in
Appendix F.2.
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6.5 Mapping to Policy

The model rationalises three distinct phases of crisis intervention:

1. Large-scale asset purchases (central bank): when w < w, and leverage constraints bind,
the central bank purchases equity to prevent market failure—corresponding to the

Fed’s emergency facilities in 2008-2009.

2. Recapitalisation (fiscal authority): the Treasury injects capital to push w above w, as
in TARP (October 2008); European recapitalisations followed in 2010-2014, with the
delay producing the persistent stagnation the model predicts.

3. Taper and exit: once w > w and recovery begins, the leverage constraint eventually

stops binding and the central bank’s equity holdings decline to zero.

Phase 1 alone is insufficient: QE maintains equilibrium existence but cannot alter long-run
dynamics. Because employment and the intermediation gap share a common driver, poli-
cies that stabilise w; simultaneously stabilise financial valuations and employment—financial

stability and full employment are complementary objectives.

6.6 Empirical Support

The model’s predictions are supported by the empirical record. In the United States, TARP
injected $245 billion within months of the crisis; Berger and Roman (2017) find it significantly
increased net job creation through the credit-supply channel that raises w in our model. In
Europe, bank recapitalisations were delayed by 2—4 years (Brunnermeier, James, and Landau,
2016), and the euro area experienced precisely the persistent stagnation the model predicts
from Phase 1 without Phase 2. Across 69 systemic banking crises since 1980, Homar and
van Wijnbergen (2017) find that the speed of recapitalisation—not merely its occurrence—
determines recovery duration, consistent with the absorbing steady-state structure and the

convex employment losses from delay.

7 Empirical Evidence

The model is disciplined by a single state variable: the financier’s wealth share w; jointly
determines real activity, asset prices, and central bank risk absorption. This section confronts
the model’s predictions with time-series evidence. Our objective is not causal identification;
the tests ask whether the data contain the predicted state dependence when we map the

model’s objects into observable proxies.

25



7.1 Data

We proxy the financier’s wealth share with the quarterly intermediary capital ratio of He,
Kelly, and Manela (2017), &, = nf%£*/100. Real activity is measured with the CBO out-
put gap, 7; = (Real GDP; — Real potential GDP,)/Real potential GDP,.° QE intensity is
constructed from Federal Reserve SOMA holdings:

N Treasuries; + MBS; + AgencyDebt . re
CB — 13 t t p

= — QEHoldingsToGDP . 33
% max( ’ Nominal GDP; QEHoldingsTo (33)
The crisis threshold @, is calibrated as the average HKM ratio over 2007Q3-2007Q4. For
the intermediation gap tests, the approximate proxy is B/ P, S (1 — @) with v = 2.5,

exact

and the exact proxy E/TDt = b(&w;) solves the ODE in Proposition 8. Baseline Tests 1
and 2 use 1970Q1-2024Q4 (T = 220); Test 4 uses the pre-QE sample 1970Q1-2007Q4
(T = 152). All predictive regressions use Newey—West HAC standard errors; inference
robustness (Hodrick, Stambaugh, Lewellen, Campbell-Yogo, bootstrap) is in Appendix J.2.

Additional data definitions and return construction are in the appendix.

7.2 Test 1: Intermediary Capital Predicts Real Activity

The model implies that the output gap is an increasing function of w; (equation 18). We
estimate:
ft-f—h = ay, + bpo; + Etth, h € {17 2,4, 8} (34)

The model predicts by, > 0.

Table 1: Test 1: baseline

h=1 h=2 h=4 h=8
Constant -0.034%** -0.033*** -0.033*** -0.025%**

(0.007) (0.008) (0.008) (0.009)
OmegaHkm 0.441%%* 0.437%** 0.423%** 0.302%*

(0.095) (0.101) (0.110) (0.136)
Adj. R? 0.231 0.226 0.212 0.105
No. Obs. 219 218 216 212

Table 1 confirms the prediction at all horizons. A one-percentage-point increase in in-

®The model’s output gap (equation 18) is a log deviation from a frictionless reference economy. The CBO
output gap is a related but distinct object; both are increasing functions of w;, preserving the sign prediction.
Appendix Table 9 shows that the results are robust to the unemployment gap, which is closer to a real-time
measure.
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termediary capital forecasts a 0.44 percentage point higher output gap one quarter ahead

(t =4.66) and 0.30 percentage points at the two-year horizon (t = 2.22).

Robustness. The result survives all six inference methods: the Hodrick t-statistic at h = 1
is 8.60, the Lewellen confidence interval excludes zero, and bootstrap p < 0.001 (Appendix
Table 17). It holds in 1970-1999 and 2000-2024 subsamples separately, and survives exclu-
sion of 2008-2009 and 2020 crisis quarters (Appendix Tables 22-24). Adding macro-financial
controls weakens short-horizon coefficients but retains significance at h = 4 and h = 8, con-

sistent with the one-state-variable interpretation (Appendix Table 10).

Out-of-sample performance. Against the prevailing-mean benchmark, expanding-window
out-of-sample R? is 24.8% at h = 1 and 9.3% at h = 4, with Clark-West statistics of 6.62
and 2.97 (Appendix Table 21).

7.3 Test 4: The Exact Gap Formula

The model’s most distinctive testable prediction is the sufficient-statistic property: the in-
termediation gap-to-price ratio b(w) maps one-to-one into the output gap (equation 25). The
approximate formula (1 — w)? treats the weighting-process volatility as constant, while the
exact solution of b = (2§/02) b preserves the model’s state-dependent nonlinearity. We test
both in the pre-QE sample (1970Q1-2007Q4), where the model predicts a positive gap:

aj'\t_t'_h = ap + bh B/Pt + 5t+h' (35)

The model predicts by, < 0 (larger gaps signal lower intermediary wealth and weaker output).

Table 2: Test 4: model-implied proxy (baseline)

h=1 h=2 h=4 h=8
Constant 0.132%** 0.138*** 0.135%** 0.103*

(0.039) (0.042) (0.045) (0.060)
BubbleApprox -0.161%** -0.168%** -0.164%** -0.126*

(0.047) (0.051) (0.054) (0.071)
Ad;. R? 0.201 0.219 0.209 0.118
No. Obs. 151 150 148 144
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Table 3: Test 4 distinctive: exact bubble proxy (pre-QE baseline)

h=1 h=2 h=4 h=38
Constant 0.003 0.005 0.006* 0.009%*

(0.003) (0.003) (0.003) (0.004)
BubbleExact -0.080%* -0.093%%* -0.101%%* -0.107%%*

(0.033) (0.034) (0.031) (0.033)
Adj. R? 0.165 0.220 0.258 0.279
No. Obs. 135 134 132 128

Tables 2 and 3 report the results. Both proxies enter with the predicted negative sign
at every horizon. The critical distinction emerges out of sample: the approximate formula’s
OO0S R? decays from 19.0% at h = 1 to —0.34% at h = 8&—the pattern typical of persistent-
predictor overfitting. The exact formula’s OOS R? rises from 13.6% at h = 1 to 45.4%
at h = 8, with Clark-West statistics between 3.27 and 4.74 at every horizon (Appendix
Table 21).

This horizon stability is evidence of genuine structural content. The approximate formula,
being nearly linear over the empirical range of w, compresses the model’s predicted curvature
into a linear slope and overfits at short horizons. The exact formula, which preserves the
nonlinear mapping between intermediary capital and the output gap, captures variation
that persists at longer horizons. The improvement from R? = —0.3% to R? = 45.4% at
the two-year horizon is the sharpest evidence that the ODE-derived gap function contains

economically meaningful structure.

Calibration sensitivity. Setting v = 4 rather than 2.5 in the approximate formula
rescales the coefficient but leaves the qualitative pattern unchanged: the slope is negative
and significant at all horizons, with adjusted R? between 0.20 and 0.12 (Appendix Table 11).

7.4 QE Trap Evidence

The model’s most distinctive dynamic prediction is the QE Trap: once w falls below w, the
economy converges to a bad steady state with permanent QE (Theorem 6). We present two

pieces of evidence.
Structural break in the mean of w;. The Bai and Perron (1998) procedure applied to

the mean of the HKM capital ratio identifies five breaks (Table 4). The pre-break regime
(1995-2006) has mean w = 0.095; the post-break regime (2007-2015) has w = 0.050, well
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below w, = 0.078. The most recent regime (2015-2024) has w = 0.064, still below w.—a

permanent downward shift consistent with the absorbing bad steady state.

Table 4: Bai—Perron structural breaks in the mean of w;

Regime Start End w Relation to w,
1 1970-03 1978-03  0.0577 <
2 1978-06 1986-06 0.0403 <
Panel A: Estimated regimes 3 1986-09  1995-06  0.0548 < Panel B: Sequential
4 1995-09 2006-12  0.0951 >
5 2007-03  2015-03  0.0498 <
6 2015-06 2024-12 0.0639 <
Test FT(1+41]1) statistic
FT(1—0) 55.54
break tests F1(2—1) 89.85
FT(3—2) 17.27
FT(4—3) 11.26
FT(5—4) 19.64

Notes: Bai—Perron (1998) mean-shift model applied to the HKM capital ratio proxy for w;. Break dates are global least-squares
minimizers with trimming parameter 0.15. The number of breaks is selected by BIC. Panel B reports the exact Bai-Perron

FT(l41|1) statistics. The last column compares each regime mean with the supplied crisis threshold w. = 0.078.

QT1 natural experiment. The Federal Reserve’s first quantitative tightening episode
(2017Q4-2019Q3) provides a natural experiment. During an expansion with unemployment
below 4%, the HKM capital ratio declined from 0.079 to 0.066, at a trend of —0.002 per
quarter (t = —5.06, p = 0.001; Appendix Table 25). The episode ended with the Septem-
ber 2019 repo market disruption, after which the Fed reversed course—consistent with the
model’s prediction that exiting the QE regime without fiscal recapitalisation is dynamically

unstable.

Persistence. The AR(1) persistence of w; drops from p = 0.952 pre-2008 to p = 0.812
post-2008 (half-lives: 14.0 vs. 3.3 quarters; p = 0.053; Appendix Table 26), consistent with

faster mean reversion toward a different, lower steady state.

Caveats. The US provides at most one or two trap episodes, limiting statistical power.
An alternative explanation is regulatory: Basel III and the Volcker Rule structurally re-
duced broker-dealer leverage after 2010. Separating the trap mechanism from the regulatory

channel requires cross-country variation, which we leave to future work.
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7.5 Cross-Equation SUR Test

The single-state-variable restriction implies that the output gap, excess equity returns, and
the intermediation gap proxy should be driven by a common latent factor. Appendix Ta-
ble 28 estimates a three-equation SUR system on the pre-QE sample. The Breusch-Pagan
test rejects a diagonal covariance matrix (x*(3) = 12.03, p = 0.007), confirming shared
residual structure. The first eigenvalue of the residual covariance matrix captures 98.9% of
the variance, consistent with a single dominant factor driving all three outcomes. The pro-
portionality diagnostics are broadly supportive: once the gap proxy is included, w adds only

QHKM

marginal information for output (t = —1.72, p = 0.085), and adds no incremental

power for returns (¢t = 1.47, p = 0.141).

7.6 Calibrated Counterfactual

Table 29 maps the HKM capital ratio to the model’s state variable at four key dates. At
the 2009Q1 trough (w = 0.027), the model implies an employment gap of 3.9% and central
bank equity holdings of 73%—broadly consistent with the Fed’s extraordinary balance sheet
expansion. By 2019Q3 (w = 0.066), the economy remains below w,, with a 1.9% employment
gap and 19% CB holdings, consistent with the still-elevated balance sheet a decade after the

crisis.

Table 5: Model-Implied Quantities at Key Dates

2006Q4 2009Q1 2009Q4 2019Q3
(Pre-crisis)  (Trough) (Post-TARP) (Pre-COVID)

w (HKM capital ratio) 0.0818 0.0265 0.0505 0.0657
¢(w) (leverage) 1.309 1.032 1.153 1.228
N(w) (employment) 0.9900 0.9615 0.9736 0.9815
Employment gap (%) 1.00% 3.85% 2.64% 1.85%
CB equity share a(w) (%) 0.00% 72.64% 41.80% 19.30%
Crisis (w < we) No Yes Yes Yes
Trap (w < w) No No No No
Transfer T (% of GDP) -131.53% 8.89% -52.05% -90.62%

Notes: Model parameters: € = 10, w = 0.02, A =5, 0 = 0.15, § = 0.04, o = 1. w is mapped from
the He, Kelly, and Manela (2017) intermediary capital ratio. Crisis threshold w. = 0.0776. Good
steady state w* = 1/e = 0.10. Employment gap is [N(1/e) — N(w)]/N(1/e). Transfer T* is the
fiscal recapitalisation needed to push w to w + 0.01.

Table 30 compares three counterfactual scenarios from the 2009Q1 trough: without QE
(no equilibrium), with QE alone (permanent 4.2% employment gap and 80% CB equity
holdings), and with QE plus fiscal recapitalisation (full recovery). The benefit-to-cost ratio
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of recapitalisation is 4.3. The model-implied transfer (25% of GDP) exceeds actual TARP
injections (1.7%) by an order of magnitude, reflecting the one-intermediary structure; in

practice, retained earnings and private capital raises partly substituted for public transfers.

Table 6: Counterfactual Scenarios Starting from 2009Q1 Trough

No QE QE Only QE + Fiscal

Long-run w — 0.02 0.10

N (employment) — 0.9583 1.0000
Employment gap — 4.17% 0.00%
CB equity share a — 80.00% 0.00%
PV of output Y/o 0 23.96 25.00
Fiscal transfer (% of GDP) — — 25.39%
Actual TARP (% of GDP) ~ — - 1.70%
Benefit/Cost ratio — — 4.3

Long-run output gain — — 4.35%

Notes: “No QE” scenario: without CB intervention, equilibrium does not exist below w,.; we
set PV = 0. “QE Only”: CB purchases equity to restore equilibrium; economy converges to
bad steady state w with permanent employment gap and CB holding equity. “QE + Fiscal”:
government recapitalises financial sector (w — w + 0.01), economy converges to good steady state
1/e. Benefit = PV(QE+Fiscal) — PV(QE Only). Actual TARP: $245B capital injections relative
to 2009 nominal GDP of $14.4T. Benefit/Cost ratio measures the return on the fiscal transfer in
terms of present value of additional output.

7.7 Assessment

The evidence supports the model’s core implications. Intermediary capital forecasts the
output gap with the predicted sign and survives all inference methods (Test 1). The exact
gap formula delivers horizon-stable OOS R? of 24-26%, providing evidence that the model’s
nonlinear structure captures genuine economic variation (Test 4). The post-2007 structural
break in @ and the QT1 episode are consistent with the two-steady-state mechanism. The

SUR evidence supports the single-state-variable restriction.

8 Conclusion

A financial crisis that depletes intermediary capital can destroy competitive equilibrium—
not merely distort prices. Large-scale asset purchases are a necessary condition for market
clearing: the central bank acts as a risk-bearer of last resort. But QE generates a trap.
If the crisis is sufficiently severe, the economy converges to permanent asset purchases and

depressed output regardless of how long QE is maintained. A one-time fiscal recapitalisation
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of the financial sector is the only escape, with an employment multiplier that is convex in
crisis severity—rationalising the urgency of early intervention documented by Homar and
van Wijnbergen (2017).

A leverage paradox links these results: the same leverage constraint that destroys equi-
librium simultaneously eliminates the intermediation gap between market prices and fun-
damental values. No economy in this class can simultaneously achieve gap-free prices and
unconditional market clearing—a fundamental impossibility that the policy package of QE
plus fiscal recapitalisation resolves.

Several extensions merit investigation: endogenising participation through ambiguity
aversion, extending the exact gap formula to cross-sectional asset pricing, and direct tests of

the fiscal escape mechanism exploiting cross-country variation in recapitalisation timing.
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A Complete-Markets Benchmark

When both agents can trade freely in bonds and equity, markets are dynamically complete

(one risk source, two assets). Equilibrium allocations are Pareto efficient.

Proposition 15 (Complete-markets equilibrium). There ezists a constant A € (0,1) (the
household’s Pareto weight) such that: (i) consumption shares are constant, Cj; = \Y; and
Civ = (1 = N)Y;; (ii) labour supply is constant, N = [(e — 1)/(e\)]Y*+9); and (iii) the

risk-free rate and market price of risk are constants:
r=6+u—o’ 0=o. (36)

The equity price is Ppy = Dy/6 =Y;/(€d) and total wealth is Py, = Y;/9.
Proof. See Appendix A. O

The complete-markets economy serves as a reference point: the good steady state of the
model with QE will coincide with this benchmark.

B Baseline Equilibrium: Limited Participation With-

out Leverage Constraints

We now introduce limited stock market participation, households hold only bonds, but with-
out the leverage constraint (7). This appendix establishes why the economy functioned well
for decades before 2008: equilibrium always exists and the wealth distribution self-corrects

toward the efficient allocation.

B.1 State Variable and Equilibrium Characterisation

Following Basak and Cuoco (1998), we characterise equilibrium using the financier’s share
of total wealth:

H;
w = =2 € (0,1). (37)
Py,

Proposition 16 (Equilibrium with limited participation). With log utility and limited par-

ticipation (no leverage constraint):
(i) Total wealth: Py =Y:;/0. Human capital: Pry = (1 —1/€) Py,.

(i) Consumption: C;y = wYy, Che = (1 —wi)Ys.
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(iii) Employment: N, = (1 — 1/e)Y/0+9) (1 — )71/ (F%),
() Financial wealth: H;; = w Py, Hpy = (1/€ — wy) Pyy.
(v) Portfolio share: ¢y = 1/(ewy).

Three features of this proposition are crucial for what follows.

First, financial wealth levels are uniquely pinned by w. The household’s bond holdings
are Hy; = (1/€ — w;) Py, regardless of the interest rate, risk premium, or any other price.
This perfect inelasticity is the engine of the equilibrium failure result.

Second, the portfolio share is uniquely pinned by market clearing. Since only the fi-
nancier holds equity and the equity market must clear: ¢;H,; = Ppy, so ¢y = Ppy/H; =
(Py+/€)/(wiPyy) = 1/(ewy). This is not a choice variable, it is an accounting identity.

Third, the bond market clears automatically. The financier borrows (¢, — 1)H,;; =
(1/(ewt) — DwiPyy = (1/€ — wy) Pyy = Hp . Everything balances.

B.2 Dynamics of the Wealth Distribution

Theorem 17 (Dynamics of w; without leverage constraint). The financier’s wealth share

evolves according to

0 2
d(,(}t = # dt + Ug(wt) dZt, (38)
t

where the volatility function is

0 () = o(l+ @)1 —w)(1/e ~w)

T T U ) (I —w) = (Te—w)

(39)

The inverse wealth share Q; = 1/w; is a non-negative local martingale.

The drift relation p, = 02 /w follows from the local martingale property of Q; = 1/w;,
which we establish in Appendix C. This property is the key to the model’s tractability: with
log utility, the myopic portfolio rule ensures that a critical cancellation in the drift of ) holds
for any portfolio share.

The volatility ¢% has a single interior zero at w* = 1/e (where 1/e —w = 0). It is positive
for w < 1/e and negative for w > 1/e, meaning that positive productivity shocks push w
toward 1/e from both sides.

B.3 Two Invariant Regimes and Convergence

Theorem 18 (Regime classification and convergence). The state space (0, 1) partitions into

two invariant regions separated by the absorbing state w* = 1/e:
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1. Controlled regime: w € (0,1/€). The financier is leveraged (¢ > 1) and households
are net lenders (Hy, > 0).

2. Expansionary regime: w € (1/e,1). The financier holds less than 100% equity
(¢ < 1) and households are net borrowers (H; < 0).

For any wo € (0,1) \ {1/€}:

a.s. 1
wp —> —, yet  E[r] = o0, (40)
€

where T = inf{t > 0 : wy = 1/e}.

The almost-sure convergence with infinite expected hitting time captures a “Zeno’s para-
dox” of financial markets: the limited participation friction becomes asymptotically negligi-
ble yet is never eliminated in finite expected time.

At w* = 1/e, the financier’s wealth equals the stock market capitalisation (H; = Pp),
the household has zero financial wealth, leverage is one (no borrowing), and the economy
coincides with the complete-markets benchmark. This is why the economy was fine before
2008: limited participation and leverage constraints coexisted without incident, because
financiers were well enough capitalised that the constraints never bound. What changed in

2008 was the state, financier wealth w, not the rules.

C Proofs for Limited Participation (No Leverage Con-

straint)

Proof of Proposition 16. Optimal policies. The financier’s HJB equation with conjectured
value function V; = §'In H; + g;(w) yields C; = 6H; and ¢ = (ug — r)/c% (the myopic
log-utility rule). The household, with log utility over consumption and total wealth Hy, + Py,
consumes Cy, = 6(Hy, + Py).

Goods market clearing. 0H; + 6(H, + Pr) =Y, so Pr = H; + H, + P, = Y/§. By
definition of w: C;/Y =46H;/Y = H;/Py =w and C},/Y =1 —w.

Employment. From N¢Cj, = (1—1/¢)A and Cj, = (1 —w)AN: N = (1-1/¢)/(1 —w).

Equity market clearing. ¢H; = Pp = Py /€, so ¢ = 1/(ew).

Financial wealth. H; + H, = Pp = Py /e and H; = wPy, so H, = (1/e — w)Py.

Human capital. P, = Py — Pp = (1 — 1/€)Py. Crucially, this holds for any dynamics of
wy, because Py = Y/ depends only on log utility and goods market clearing. O
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Proof of Theorem 17. Step 1: Return volatility. Since Pp = Y/(ed), by Itd’s product rule
applied to Y = AN:

O‘O

w

1+¢)1-w)’

where the second term comes from N oc (1 — w)~/(+%) via Itd’s lemma.

OpR =0y =0 +

Step 2: Wealth-share volatility. From w = H;/Py and Itd’s quotient rule:

Ug:w(qﬁ—l)aR:w(é—l)aR: (%—w) OR.

Step 3: Fixzed-point equation. Substituting into Step 1 and solving:

o1+ ¢)(1—w)
(I+e)(l-w) = (1/e—w)’

OR =

giving 02 = (1/e—w)og, which is (39). The denominator simplifies to (1—1/€)+p(1—w) > 0.
Step 4: Q-martingale. Define Q = 1/w = Py /H;. The drift calculation is identical to
Appendix F and yields pug = 0. By Itd’s lemma on w = 1/Q: p, = (62)*/w. O

Proof of Theorem 18. Absorbing state. At w = 1/e: 0°(1/¢) =0 and p,(1/¢) = 0.
Boundary w = 0 (entrance). As w — 07: 0%(w) — ¢y > 0 (a positive constant). The
scale function density is §'(w) = w3/w? and the speed measure is m(w) = w?/(wd (62)?).

Near w = 0: m(w) ~ w?/(c2w?).

¥(0) = / s'(z)de = wg/ 27 ?dr = 400,
0 0
a T 1 a
N(O):/ s’(:z:)/ m(y)dyde—Q/ rdxr < 00.
0 0 3¢y Jo

Hence > = 0o, N < oo: entrance boundary, unattainable from the interior.
Boundary w = 1/e (absorbing/unattainable). Write 00 = g(w)(1/e — w) with g(1/¢) =
o > 0. By the Engelbert—Schmidt criterion:

1/e 1 1 1/e 1
dw > = = dr= ,
/a (00)? w—g2/a MJe—ap =T

Unattainable from the left. A symmetric argument gives unattainability from the right.
Boundary w = 1 (exit, unattainable). Write 0 = h(w)(1—w) with h(1) = —o(1+¢) # 0.
Engelbert—Schmidt: [ 1(1 — z)"?dx = +oo. Unattainable.

Regime invariance. Continuous paths and unattainable internal boundaries imply (0, 1/¢)

and (1/e,1) are invariant.

39



Convergence. Q = 1/w is a non-negative local martingale, hence a supermartingale. By

the supermartingale convergence theorem, ); — Q) a.s. with (), < oco. Convergence of

0
w

the quadratic variation requires o (wo) = 0, S0 ws € {0,1/€,1}. Since Q < oo implies
Woo > 0, and w = 1 is unattainable: w; — 1/€ a.s.
Infinite expected hitting time. The speed measure satisfies m(w) > K(1/e — w)™2 near

1/e. By the Green’s function formula:
1/e
E[71 /] 26’/ (1/e —y) " dy = +o0. O

C.1 Asset Prices and Real Variables

Proposition 19 (Asset prices and real variables without leverage constraint). In the baseline

economy with limited participation and no leverage constraint, define

Aw)= (1= +p(1-w)>0. (41)
Then:
(i) Market price of risk:
o) = R 2
(#1) Equity risk premium:
Wy — 0 =000l — 02<1+<P)2<1_W)2_ (43)

(7ii) Risk-free rate:

ro(w):5+u—02+g(a%—a)2— : (44)
w

where 0% — o0 = (1/e —w) o | A(w).

(iv) Log employment:

n(w) =N = < i . m(ll__l:; E) . (45)

(v) Log output gap (relative to a reference economy with constant wealth share w,, € (0,1)):

() = n(w) — ny = — 1n<1_°"”), (46)
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1—-1/e

1_wn) 1s log employment in the reference economy.

where n,, = ﬁ ln(

At w = wy,: 2° = 0. At w = 1/¢, the asset-pricing quantities recover their complete-markets

0 2

values: O = o, u — 1 =0, r* =6+ p— o2, and n® = n, (so 2° =0 when w, = 1/¢).

Proof. Throughout, write 0% = (1 + ¢)(1 — w)/A and ¢° = (1/e — w) %, which are
established in the proof of Theorem 17.

Part (i1): Market price of risk. From Proposition 16, ¢ = 1/(ew). The financier’s SDF
is Ay = e7°/C;; with C;y = dH, 4, so op = —¢p 0% (the financier’s wealth volatility). Hence
0% = ¢ 0¥ = 0% /(ew). Substituting gives (42).

Verification: at w = 1/¢, 0% = o and ©° = o/(e - 1/¢) = o, recovering the complete-
markets value (36). v/

Part (i): Equity risk premium. By the standard no-arbitrage relation, u%—r" = 0% g%, =
(0%)?/(ew). Substituting 0% yields (43).

Verification: at w = 1/¢, u% — 7% = 02, as in the complete-markets benchmark. v’

Part (iii): Risk-free rate. The financier’s SDF A; = €7 /(w;Y;) implies 70 = 8+ pin(y) —
1 (092, where ©° = 01,(,y) is the diffusion coefficient established in Part (i).

Step 1: Drift of Inw. From the @-martingale property (Theorem 17):

02 0

(o o
“—dt + = dZ,.
2w? * w

dlnw =

Step 2: Drift of InY. Since Y = A N(w) with N oc (1 — w)~1/01+¢).

— a? (02)? (02)? 0

Step 3: Change of variables. Write ¢ = 0% — 0 = o2/[(1 + ¢)(1 — w)] and 0?0 =
(1+ ¢)(1 —w)é. Summing the drift contributions from Steps 1 and 2:

o2 (14¢) [ 1+p(1—w)? | 52
Hin(wy) = B — 5 + [ 2w2 } )

where the coefficient of 62 follows from (1 + ©)*(1 — w)? + 2(1 + ¢)w(l — w) + (1 + p)w? =

(L+@)[L+ el —w)?.
Step 4: Subtraction. Since (0°)? = [0+ (1 + (1 — w))5/w]*:

ro:(5+u—02+&—2{(1+<p)[1+g0(1—w)2] — [1+gp(1—w)]2}—

1+¢(l-w)|oo
2w? '

w
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The curly brace simplifies to pw?, by the algebraic identity
2
(14 ¢) [1 + (1 - w)Q] = [1 + (1 — w)] = pw?,

which is verified by expanding both sides. This yields (44).

Verification: at w=1/¢,6 =0,s0 " =5+ pu—o% vV

Parts (iv)-(v): Employment and output gap. From Proposition 16, N**% = (1—-1/¢)/(1—
w), giving (45). The reference economy has the same employment formula evaluated at w,:

N, =[(1-1/€)/(1 = w,)]/*9) son, = T In 11:3; Since Y = AN and productivity A, is

common to both economies:

1 1—w,
=Y —-lnY,=InN°—InN,, =n’ —n, = In d ,
1+ l—-w
which is (46). Note that (1 — 1/¢) cancels in the difference n® — n,,.
Verification: 1°(w,) = 0; for w > w,: 2° > 0 (output above the reference); for w < wy,:

2% < 0 (output below the reference). v/ O

Remark 2 (Economic interpretation of the risk-free rate). The risk-free rate (44) decomposes

as TO — TCM + rprecaut + ,rm'sk:’ where:
o M = § 4 1 — 0?2 is the complete-markets rate,

o rPrecout — £(g9—0)? > 0 is a precautionary term from excess return volatility (mediated

by the Frisch elasticity),

o 1"F = —[1+¢(l—w)]o (0% —0)/w <0 when w < 1/e captures the risk-compensation

effect of impaired intermediation.

The risk-compensation term is first-order in 0% — o while the precautionary term is second-

order, so 0 < r“M whenever w # 1/e. The interest rate falls below its frictionless value
when intermediation is impaired, consistent with the empirical evidence on low rates during

financial distress.

D Proof of Equilibrium Failure
Proof that Py = (1 — 1/€) Py regardless of wy dynamics. Human capital is

CAse—1 -1 <A
Pu=E [ 2 vds="FE [ =

—Y.ds.
t At € € t At
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The financier’s SDF satisfies Ay = ¢~ /C;; = % /(§H, ;). Total wealth is Py; = E, ftOO(AS/At)YS ds.
From goods market clearing, Py; = Y;/¢ for any dynamics. Therefore P, = (1—1/¢)Y;/0 =
(1 —1/€¢)Pyy.

The key point is that Py,; = Y;/¢ is an identity under log utility: Py = (C;+C},)/6 =Y/0.

It does not require any specific dynamics for w, the interest rate, or risk premia. n

Proof of Theorem 1. The argument proceeds in three steps.

Step 1: Household bond demand is perfectly inelastic. By Proposition 16 (which holds for
any w dynamics), the household’s financial wealth is Hy; = (1/e —w;) Py,. With log utility,
this is a function of w alone; it does not depend on the interest rate, the equity premium, or
any other price.

Step 2: Equity market clearing pins the portfolio share. Since only the financier and
(potentially) the central bank hold equity: ¢;H;; + owPp; = Pp,. Without central bank
intervention (« = 0), this requires ¢, = Pp/H;s = 1/(ewy).

Step 3: The leverage constraint makes the required ¢ infeasible. When w < w,, the
required portfolio share 1/(ew) exceeds the maximum permitted leverage ¢(w) = 1+ (w—w).
No interest rate adjustment can resolve this: the household’s bond demand is inelastic
(Step 1), so reducing the interest rate does not induce the household to reduce her lending.

There is a residual excess supply of bonds (1/¢ —w — (¢(w) — 1)w) Py, > 0 that no price can

eliminate. No competitive equilibrium exists. O

Proof of Proposition 2. With the central bank holding fraction a; = 1 — eg(w;)w, of the
equity market (Assumption 2), the financier’s equity holding is ¢;H;; = ¢(w;)w;Py; and
the central bank’s is oy, Pp; = (1 — ep(w;)w;) Py/e. Their sum is Pp; = Py,/e: the equity
market clears.

The central bank finances its equity purchases by issuing bonds worth o, Pp,;. The
household’s bond demand is (1/e — w;)Py; (perfectly inelastic). The financier borrows

(¢(w) — 1wy Py Bond market clearing requires:

(1/6 — wt)PKt = ((]B(wt) — 1)thKt + atPD,t-

Substituting oy Pp; = (1/¢ — ¢(w;)w;) Py and simplifying: (1/e — w;) = (¢p(wi)w; — wy) +
(1/€ — ¢(w;)w;) = 1/€ — w;. The identity holds.
All real quantities (consumption, employment, output, wealth) depend only on w; through

the same expressions as Proposition 16, since Py; = Y;/0 is an identity under log utility. [
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E Derivation of o, With Leverage Constraint

Proof of Theorem 3. Step 1: Return volatility. Since Pp = Y/(ed), op = oy. From
Y = AN with N oc (1 — w)~1/0+¢).

Ow

I+l -w)

Oy =0 +
Step 2: Wealth-share volatility. From w = H;/Py and It0’s quotient rule:
o, =w(p—1)og.

Step 3: Fixed-point equation.
Constrained region (w < we, ¢ =14+ ANw —w)):

Ow

A+ -w)]’

0w = wA(w — w) [a+

(14+¢)(1 —w) = dw(w —w)
1+¢)(1-w)

w ] = olw(w — w).

Solving: of, = o(1 4+ @)A1 — w)w(w — w)/De(w), where D, = (1 +¢)(1 —w) — Aw(w — w).
Unconstrained region (w > w., ¢ = 1/(ew)): Identical to the baseline, yielding % =

o1+ ¢)(1—w)(l/e —w)/Dy(w) where D, = (1 +¢)(1 —w) — (1/e — w).
Continuity at we: At we, Awe(we. —w) = 1/€ — w,.. Substituting into ¢ recovers o.
Step 4: Drift. From Proposition 4. O

Lemma 20 (Denominator positivity). D(w) > 0 for all w € [0,1) in both regions.

Proof. For w > we: Dy = p(1 —w)+ (1 —1/¢) > 0. For w € [0,w]: Mw(w—w) <0, so
D.> (14 ¢)(1—w)>0. For w € [w,w.]: D, is concave in w with D.(w) = (14+¢)(1 —w) >
0 and D.(w.) = Dy(w.) > 0. A concave function positive at both endpoints is positive
throughout. O]

Proof of Proposition 21. Consider the volatility function (12) with denominator D(w) > 0
for all w € [0,1) (Lemma 20). All pre-factors o, (1 + ¢), and X are strictly positive.

Zeros. In the constrained region (w < w,), the numerator is o(1+¢)A(1—w) w (w—w). For
w € [0, w.), the factors (1—w) and D.(w) are strictly positive, so o, (w) = 0 if and only ifw = 0
or w = w. In the unconstrained region (w > w.), the numerator is o(1 + ¢)(1 —w)(1/e — w).
For w € [w,, 1), the factor (1 —w) > 0 and D, > 0, so o,(w) = 0 if and only if w = 1/e.
(Note w, < 1/e since ¢(w.) = 1/(ew,) > 1, which requires w, < 1/¢.) Combining: the zeros
of o, in [0, 1) are exactly {0,w, 1/€}.

44



Sign pattern. For w € (O,w): w >0, (1 —w) > 0, (w—w) < 0, and D. > 0. The
numerator has sign (+)(+)(+)(+)(—) < 0, so 0, < 0. For w € (w,w,): (w—w) > 0, so
all factors in the numerator are positive, giving o, > 0. For w € [w,,1/€): (1/e —w) > 0
and (1 —w) > 0, so g, > 0. Continuity of o, at w, (established in the proof of Theorem 3)
ensures consistency across the boundary. For w € (1/¢,1): (1/e —w) < 0 and (1 —w) > 0,
so g, < 0. ]

F ()-Martingale Property

Proof of Proposition 4. Define Q; = Py;/H;; = 1/w;. The financier’s SDF is A, = e %! /C;; =
e °/(6H;;) (the first-order condition for log utility). The volatility of A loading on dZ is
—¢0R, so the market price of risk is ©; = ¢;0r. This holds for any feasible portfolio share
¢, whether chosen optimally or imposed by a constraint.

No-arbitrage for total wealth (which pays continuous dividend yield 0): up, /Py = r +
oy©, — 0. Financier wealth drift: upy,/H; = r + ¢i(ug — 1) — 6 = 1 + ¢20% — §, where we
used g —r = 0ROy = P10%.

By It6’s quotient rule (Karatzas and Shreve, 1991, Problem 3.2.21) applied to @ = Py /H;:

vo _mr _pn (00 _on on
= (r+oy¢or —6) — (r + ¢joy, — 0) + ¢y, — doRoy

=0y Pi0Rr — ?U%WLﬁbeJQ%_thURUY = 0.

The cancellation uses g = oy (since Pp o< Y, the return volatility equals output volatility).
Crucially, every ¢;-dependent term appears in a matching pair that cancels: +oy¢;0r from
total wealth, —¢Z0% from financier wealth, +¢?0% from the quadratic covariation of H;, and
—¢ioroy from the cross-covariation of Py and H;. The result holds for any ¢;, constrained
or unconstrained.

Q is a well-defined local martingale. By 1t6’s lemma applied to @ = 1/w:

0w (W)

th = - 9 dZt7
w

t

where the drift vanishes because jig = 0. To verify this stochastic integral is well-defined:
the SDE (11) for w has coefficients that are continuous on (0, 1) and locally Lipschitz on
every compact subset of (0,1), so a unique strong solution exists up to the first exit time
from (0, 1) (Karatzas and Shreve, 1991, Theorem 5.2.5). On any finite time interval [0, ¢], the
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solution remains in a compact subset of (0, 1) (since the coefficients satisfy a linear growth
bound on compact subsets), so o, (ws)/w? is locally bounded and f; (o, (w;)/w?)?ds < oo
a.s. Therefore ) is a continuous local martingale. Since w € (0,1), we have @ > 0: @ is
a non-negative local martingale and hence a supermartingale by Fatou’s lemma (Karatzas
and Shreve, 1991, Ch. 1).

By Ito’s lemma on w = 1/Q: p, = 02 /w. O

G Boundary Classification

Proof of Theorem 5. At w = w: o,(w) = 0 (Proposition 21), so the diffusion coefficient
vanishes. The drift relation u, = 02 /w then gives p,(w) = 0. Both drift and diffusion
vanish: w; = w is a constant solution to the SDE (11). By pathwise uniqueness (Karatzas
and Shreve, 1991, Theorem 5.2.5), this is the unique solution starting at w. An identical
argument applies at w = 1/e.

For uniqueness: at any other point w* € (0,1)\{w, 1/€}, Proposition 21 gives o, (w*) # 0,

so the diffusion does not vanish and w* is not absorbing. O

Proof of Theorem 22 and Proposition 235. We use the Feller boundary classification for one-
dimensional diffusions (Karlin and Taylor, 1981, Ch. 15), (Borodin and Salminen, 2002,
Ch. II). For a diffusion dX = pu(X)dt + o(X)dZ on an interval (I,7), the boundary clas-
sification depends on the scale function density s'(z) = exp(— [*2u(y)/o(y)*dy) and the
speed measure density m(z) = 1/(c(x)?s'(x)). A boundary is unattainable (entrance or
natural) if ¥ = [ ¢'(x) dz diverges at the boundary, or if N = [ §'(z) [ m(y) dy dz diverges.
A boundary where both Y and N diverge is called natural.

For our diffusion (11), u, = 02 /w, so 2u,, /0% = 2/w. Therefore s'(w) = exp(—2Inw) =
C/w? (normalised at wy: §'(w) = Wi /w?) and m(w) = w?/(Wio,(w)?).

(i) w = 0 (natural boundary). Near w = 0: 0, & -0 \w-w = —cow With ¢y = cAw > 0
(Proposition 21). There exist ¢, ¢ > 0 with cw < |o,,| < ¢w on (0, a] for some a > 0.

3(0) = [; ¢'(x)de = wf [ 2% da = +o0.

m(w) > w?/(wg*w?) = 1/(wjc?) = K > 0. Hence [ m(y)dy > Kz and

a x a , 2 a
N(0) = / 3'(1:)/ m(y)dy dz > K/ w_g cxdr = ng/ z~ ' de = +o0.
0 0 o T 0

Both ¥ and N diverge: w = 0 is a natural boundary, unattainable from the interior.
(ii) w = w (unattainable from both sides). Write 0,(w) = g(w)(w — w) with ¢
continuous near w and g(w) = oAw > 0. There exist g, g > 0 with g < |g(w)| < g for w near
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w.

Unattainability from the right. We show that the speed measure integral diverges,
which forces N(w') = 400 in the Feller classification. Near w from the right: m(w) =
w?/(wig(w)?*(w — w)?) > w?/(wig*(w — w)?). Therefore:

x 2 2
/w m(y)dy > %_Q/W ( L Qdy:wﬁgQ'mic_u—>+oo as 1 — w'.
Since s'(w) = w3 /w? > w3 /b* > 0 for w € [w, b], the Feller integral N (w™) = ff '(x) [Tm(y) dydz =
+00. Hence w is unattainable from the right. An identical argument (repla?:ing (wi w) by
(w—w) in the crisis regime where o, = g(w)(w—w) with g > 0 and w < w so |o,,| = |g|(w—w))
shows unattainability from the left.

(iii) w = 1/e (unattainable from both sides). Write o, = g(w)(1l/e — w) with
g(1/€) = o > 0. The analysis is identical to (ii): m(w) > K(1/e —w)~? near 1/e from the
left, so ['m(y)dy diverges and N(1/e”) = +oo. Symmetrically from the right.

(iv) w =1 (unattainable). Write o, = h(w)(1 — w) with h(1) = —o(1 + ¢) # 0. Near
w=1: m(w) > K(1 —w)™?, giving N(17) = +oo. Unattainable.

Regime invariance. The process w; has continuous paths (it is a strong solution of an
SDE with continuous coefficients). Since all internal boundary points 0, w, 1/¢, and 1 are
unattainable, continuous paths cannot cross them: (0,w), (w, 1/¢), and (1/¢,1) are invariant
sets. [

H Convergence

Proof of Theorem 6. Almost-sure convergence. (); = 1/w; is a non-negative local mar-
tingale (Proposition 4), hence a supermartingale by Fatou’s lemma. By the supermartingale
convergence theorem (Karatzas and Shreve, 1991, Ch. 1), Q¢ = Qo a.s. with E[Q] < Qp <
00, 80 Qoo < 00 a.8. and Wy, = 1/Qs > 0.

The limit is a zero of o,. The quadratic variation of Q is [Q], = [ (0, (ws)/w?)? ds.
We claim [Q]o < 00 a.s. By the Dambis-Dubins-Schwarz representation (Karatzas and
Shreve, 1991, Ch. 3), there exists a Brownian motion B such that Q; = Qo + By, for all
t>0. If [Q]oc = +00, then Q¢ = Qo+ Byg), where B is evaluated at a time tending to infinity;
since Brownian motion does not converge (it is neighbourhood-recurrent on R, Karatzas and
Shreve, 1991, Theorem 2.9.23), this contradicts the a.s. convergence @)y — (. Therefore
Qoo < 00 as.

Since w; — W and the integrand (o, (w)/w?)? is continuous, the convergence [Q]s < 00

requires o, (ws) = 0: if 0,(ws) # 0, then by continuity the integrand would be bounded
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below by a positive constant for all large ¢, and the integral would diverge. By Proposition 21,
the zeros of o, in [0,1) are {0,w, 1/€}. Since wo > 0, we have we, € {w, 1/€}.

Regime-specific limits.

Crisis regime (0,w): w; remains in (0,w) for all ¢ (regime invariance, Proposition 23).
The only zero of o, accessible from this regime is w (since wy, > 0 and 1/¢ ¢ [0,w]). Hence
Wy — w.

Recovery regime (w, 1/€): w; remains in (w, 1/€). Since w is unattainable from the right
(Proposition 23), ws # w. Hence w; — 1/e.

Ezpansionary regime (1/€,1): w; remains in (1/¢,1). Since 1 is unattainable, wy, # 1.
The only zero of o, in [1/¢,1) is 1/e. Hence wy — 1/e.

Infinite expected hitting time. Let w* € {w,1/¢} be the relevant absorbing state.
Near w*: 0,(w) = g(w)(w* — w) with g continuous and bounded between g, > 0 (Proposi-
tion 23). The speed measure density satisfies m(w) = w?/(wic?) > (w*)?/(2wig*(W* — w)?)
for w close to w*. By the Green’s function formula for expected hitting times (Karlin and

Taylor, 1981, Ch. 15):

w*

Ey[re] = / ’ / " 2m(z) () dz [s(y) — s(wo)] dy + / [s(w") — s()) 2mly) dy.

wo

The second integral satisfies faw* [s(w*) = s(y)] m(y)dy > K faw* (w* —y) ' dy = +oo, where
we used s(w*) — s(y) > ¢ > 0 for y near w* (since s is monotone and s(w*) > s(y)) and

m(y) > K'(w* — y)~2. Therefore E[r] = +o00. 0O

I Proof of Intermediation Gap Classification

Proof of Theorem 9. By Proposition 4, Q = 1/w is a non-negative continuous local martin-
gale. By (21), the intermediation gap is positive if and only if ) is a strict local martingale.

We classify @) using the integral test of Mijatovi¢ and Urusov (2012): a non-negative con-

tinuous local martingale Q with d@Q = —(o,,/w?)dZ is a strict local martingale if and only
if N
/ —1_dg<oo (47)
¢ 00(q)

for some (hence all) ¢ > 0, where 0¢(q) is the diffusion coefficient of () expressed as a function

of Q.
Since og = 0, /w? and Q = 1/w, we have 0¢(Q) = Q?|0,(1/Q)|. The integral becomes:

/deq_ /m;dq
e q'ou(1/q)? e ou(l/g)
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(i) Baseline model. Near w = 0 (equivalently, @ — o0), the baseline volatility (39)
satisfies 00 (w) — ¢g > 0 where co = (1 + ¢)(1/€)/[(1 — 1/€) + ¢]. Therefore ¢%(1/q) — ¢y

as ¢ — 0o, and

/0O ! d ! <
=_—— < 0.
. @k 1 2¢¢ 2

By the integral test, ) is a strict local martingale. A positive intermediation gap exists.
(ii) Constrained model. Near w = 0, the constrained volatility satisfies |o,,(w)| ~ cyw

with ¢, = o Aw > 0 (Proposition 21). Therefore |0, (1/q)| ~ ¢{/q as ¢ — oo, and

/m;dq—L/mldq—jLoo
e ¢ (c/a)? (c0)? Je q '

By the integral test, ) is a true martingale. The intermediation gap is zero.

The mechanism is transparent: the leverage constraint forces ¢ < ¢p(w) — 1 — Iw as
w — 0, so the financier is de-leveraged when her capital is depleted. Since o, = w(¢p — 1)og
and ¢ — 1 remains bounded, the extra factor of w survives, driving o, o« w — 0. In the
baseline, ¢ = 1/(ew) — oo: the w cancels and o,, stays positive. One factor of w is the
difference between convergent and divergent integrals, between a positive intermediation
gap and a zero gap.

For the three individual regimes of the constrained model: in the crisis and recovery
regimes, ) ranges over a bounded interval (since w € (0,w) or (w,1/€)), so @ is bounded
and hence a true martingale. In the expansionary regime w € (1/¢,1), @ € (1,¢) is again

bounded. O

J Robustness and Additional Diagnostics

This appendix reports robustness checks, inference diagnostics, out-of-sample evidence, and

auxiliary tests referenced in the main text.

J.1 Alternative Specifications

Test 1. We report the quadratic specification (Table 7), the unemployment-gap specifica-
tion (Table 9), and the control specification (Table 10).
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Table 7: Test 1: nonlinear specification

h=1 h=2 h=4 h=38
Constant -0.058%#* -0.060%** -0.062%* -0.058%#*
(0.018) (0.019) (0.018) (0.019)
OmegaHkm 1.196%% 1.255% 1.342%% 1.316%*
(0.460) (0.490) (0.462) (0.555)
OmegaHkmSq -5.184% -5.618* -6.311%% -6.973%
(2.706) (2.949) (2.896) (3.718)
Adj. R? 0.256 0.256 0.251 0.152
No. Obs. 219 218 216 212

Table 8: Test 1: state dependence (piecewise linear, no controls, low-10% threshold)

h=1 h=2 h=4 h=8

Constant -0.030%** -0.028*** -0.029%** -0.020**
(0.006) (0.006) (0.008) (0.009)

OmegaHkm 0.390%** 0.369%** 0.381*** 0.244*
(0.081) (0.086) (0.108) (0.128)

OmegaHkmxOmegaLowQuant -0.527 -0.706** -0.435 -0.590**
(0.323) (0.324) (0.288) (0.280)

Adj. R? 0.255 0.273 0.228 0.136
No. Obs. 219 218 216 212

Table 9: Test 1: alternative dependent variable (unemployment gap)

h=1 h=2 h=4 h=8

Constant 0.029%** 0.029%** 0.029*** 0.025%**
(0.005) (0.005) (0.005) (0.006)

OmegaHkm -0.348%** -0.347*** -0.355%** -0.286***
(0.065) (0.064) (0.069) (0.082)

Adj. R? 0.243 0.244 0.256 0.165
No. Obs. 219 218 216 212
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Table 10: Test 1: with controls

h=1 h=2 h=4 h=8

Constant 0.012 0.007 -0.005 -0.021
(0.010) (0.011) (0.012) (0.013)

OmegaHkm 0.203** 0.208** 0.246** 0.231*
(0.082) (0.092) (0.111) (0.121)

Yield3m 0.082 0.066 0.038 0.005
(0.065) (0.069) (0.075) (0.079)

TermSpread -0.362%** -0.182 0.145 0.577*F**
(0.128) (0.150) (0.191) (0.210)

CreditSpread -2.245%** -2.350%%* -2.056%** -1.212%*
(0.777) (0.726) (0.715) (0.497)

Spx Vol -0.042 -0.013 0.015 0.030
(0.047) (0.045) (0.049) (0.045)

Adj. R? 0.533 0.431 0.307 0.217
No. Obs. 219 218 216 212

Test 4. We report a control specification for the model-implied proxy, two auxiliary diag-

nostics based on CAPE and credit spreads, and horse-race specifications that include both

the HKM ratio and the intermediation gap proxy.

Table 11: Test 4: model-implied proxy (baseline, v = 4)

h=1 h=2 h=4 h=8

Constant 0.083%** 0.087*** 0.085%** 0.065*
(0.024) (0.026) (0.028) (0.038)

BubbleApproxAlt -0.113%** -0.119%%* -0.116%** -0.090%*
(0.034) (0.036) (0.038) (0.050)

Adj. R? 0.203 0.223 0.213 0.123
No. Obs. 151 150 148 144
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Table 12: Test 4: CAPE proxy (diagnostic, baseline)

h=1 h=2 h=4 h=8
Constant 0.001 0.001 0.001 0.000
(0.002) (0.002) (0.003) (0.003)

BpCape 0.019%** 0.020%** 0.019%** 0.014**
(0.005) (0.006) (0.005) (0.006)

Adj. R? 0.314 0.335 0.299 0.174
No. Obs. 151 150 148 144

Table 13: Test 4: model-implied proxy (with controls, appendix robustness)

h=1 h=2 h=4 h=8

Constant 0.065* 0.069* 0.060 0.041
(0.034) (0.041) (0.044) (0.044)

BubbleApprox -0.035 -0.042 -0.041 -0.040
(0.045) (0.055) (0.061) (0.056)

Yield3m 0.024 -0.064 -0.173 -0.220*
(0.092) (0.117) (0.140) (0.119)

TermSpread -0.281 -0.129 0.163 0.542%*
(0.188) (0.215) (0.234) (0.212)

CreditSpread -3.188%** -2.539%%* -1.746%* -0.555
(0.726) (0.847) (0.820) (0.706)

SpxVol -0.019 -0.039 -0.028 -0.005
(0.060) (0.068) (0.069) (0.047)

Adj. R? 0.578 0.475 0.406 0.406
No. Obs. 151 150 148 144

Test 2 robustness. We report results using the raw HKM ratio (which delivers the pre-

dicted negative sign but weaker precision), the baseline specification using @

shortfall-based predictor.
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Table 14: Test 2 robustness: baseline (Shortfall)

h=1 h=2 h=4 h=8
Constant 0.013** 0.023* 0.052%* 0.120%*

(0.006) (0.013) (0.026) (0.060)
Shortfall 0.687 1.822 3.205 4.912

(0.571) (1.138) (2.006) (4.144)
Adj. R2 0.003 0.019 0.028 0.029
No. Obs. 219 218 216 212

Table 15: Test 2: with controls (QHkm; higher QHkm = lower intermediary wealth share)

h=1 h=2 h=4 h=8

Constant -0.015 -0.032 -0.062 -0.047
(0.018) (0.034) (0.065) (0.145)

QHkm 0.001 0.003 0.006* 0.014**
(0.001) (0.002) (0.003) (0.007)

Yield3m -0.298 -0.603 -0.864 -1.321
(0.213) (0.370) (0.625) (1.089)

TermSpread -0.031 -0.123 0.800 3.420
(0.434) (0.816) (1.618) (3.068)

CreditSpread -0.279 0.661 -1.682 -7.602
(2.547) (3.446) (4.688) (6.984)

SpxVol 0.222%* 0.280 0.583* 0.261
(0.122) (0.199) (0.349) (0.445)

Adj. R? 0.025 0.052 0.089 0.107
No. Obs. 219 218 216 212

Test 3 robustness. We report a control specification and an asymmetric “positive changes

only” version of the QE reaction regression.
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Table 16: Test 3: QE reaction function (with controls, appendix robustness)

h=1

Constant 0.004
(0.009)

Shortfall 0.425
(0.471)

Yield3m -0.166*
(0.101)

TermSpread -0.049
(0.169)

CreditSpread -0.975
(1.162)

SpxVol 0.078*
(0.046)

Adj. R? 0.137
No. Obs. 87

J.2 Inference Robustness

Predictive regressions with persistent predictors are subject to well-known inference chal-
lenges (Stambaugh, 1999; Lewellen, 2004; Campbell and Yogo, 2006). Tables 17-19 report
six inference methods for the baseline specification of each test: Newey—West HAC, Hodrick
(1992) reverse-regression standard errors, Stambaugh (1999) bias-corrected estimates with
HAC t-statistics, Lewellen (2004) conservative confidence intervals assuming a unit-root pre-
dictor, Campbell-Yogo (2006) Bonferroni @-tests, and bootstrap p-values (wild bootstrap
with Rademacher weights and, for A > 1, moving-block bootstrap under the null).

o4



Table 17: Inference robustness: Test 1 (HKM capital ratio — output gap)

h=1 h=2 h=4 h=38
BorLs 0.441 0.437 0.423 0.302
tNw 4.66%** 4.33%%* 3.86G*** 2.22%*
t Hodrick 8.60 5.07 3.30 1.89
Bstambaugh 0.438 0.434 0.423 0.304
tStambaugh 4.63 4.29 3.86 2.23
Lewellen CI [0.25, 0.62] [0.24, 0.63] [0.21, 0.64] [0.04, 0.57]
Lewellen reject Hy Yes Yes Yes Yes
C-Y reject Hy Yes Yes Yes Yes
Wild bootstrap p <0.001 <0.001 <0.001 <0.001
Block bootstrap p — <0.001 <0.001 0.028
R? 0.234 0.230 0.216 0.110
N 219 218 216 212

Notes: tnyw uses Newey—West HAC standard errors with max(h,4) lags. tgodrick uses Hodrick (1992) reverse-regression
standard errors. Stambaugh (1999) bias-corrected coefficient and t-statistic use HAC SE. Lewellen (2004) 95% CI assumes a
unit-root predictor. C-Y denotes the Campbell-Yogo (2006) Bonferroni Q-test. Wild bootstrap uses Rademacher weights under
Hp : 8 =0 (5000 replications). Block bootstrap resamples blocks of length h under Hg (5000 replications) and is reported only
for h > 1. */**/*¥* denote significance at 10%/5%/1%.

Table 18: Inference robustness: Test 2 (Q75M — excess returns)

h=1 h=2 h=4 h =28
Bors 0.001 0.003 0.006 0.009
tNw 1.32 1.75%* 1.71* 1.33
tHodrick 1.22 1.63 1.52 1.14
Bstambaugh 0.001 0.003 0.005 0.009
tStambaugh 1.26 1.73 1.71 1.33
Lewellen CI [-0.00, 0.00] [-0.00, 0.01] [-0.00, 0.01] [-0.00, 0.02]
Lewellen reject Hy No No No No
C-Y reject Hy No Yes Yes Yes
Wild bootstrap p 0.246 0.046 0.014 0.008
Block bootstrap p — 0.040 0.059 0.119
R? 0.010 0.028 0.041 0.050
N 219 218 216 212

Notes: tnyw uses Newey—West HAC standard errors with max(h,4) lags. tgodrick uses Hodrick (1992) reverse-regression
standard errors. Stambaugh (1999) bias-corrected coefficient and t-statistic use HAC SE. Lewellen (2004) 95% CI assumes a
unit-root predictor. C-Y denotes the Campbell-Yogo (2006) Bonferroni Q-test. Wild bootstrap uses Rademacher weights under
Hy : 8 =0 (5000 replications). Block bootstrap resamples blocks of length h under Hy (5000 replications) and is reported only
for h > 1. */** /*** denote significance at 10%/5%/1%.
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Table 19: Inference robustness: Test 4 (model-implied gap proxy — output gap, pre-QE)

h=1 h=2 h=4 h=38
Bows -0.161 -0.168 -0.164 -0.126
tNw -3.39%*x* -3.30%** -3.02%** -1.77*
tHodrick -6.53 -3.87 -2.57 -1.50
Bstambaugh -0.157 -0.166 -0.164 -0.126
tStambaugh -3.32 -3.26 -3.01 -1.78
Lewellen CI [-0.25, -0.06] [-0.27,-0.07] [-0.27,-0.06] [-0.27, 0.01]
Lewellen reject Hy Yes Yes Yes No
C-Y reject Hy Yes Yes Yes Yes
Wild bootstrap p <0.001 <0.001 <0.001 <0.001
Block bootstrap p — <0.001 <0.001 0.060
R? 0.206 0.225 0.215 0.125
N 151 150 148 144

Notes: tnyw uses Newey—West HAC standard errors with max(h,4) lags. tgodrick uses Hodrick (1992) reverse-regression
standard errors. Stambaugh (1999) bias-corrected coefficient and t-statistic use HAC SE. Lewellen (2004) 95% CI assumes a
unit-root predictor. C-Y denotes the Campbell-Yogo (2006) Bonferroni Q-test. Wild bootstrap uses Rademacher weights under
Hp : 8 =0 (5000 replications). Block bootstrap resamples blocks of length h under Hg (5000 replications) and is reported only
for h > 1. */**/*¥* denote significance at 10%/5%/1%.

Table 20: Inference robustness: Test 3 (shortfall — QE response)

h=1
BOLS 0.525
tNW 2. 27
tHodrick 2.03
BStambaugh 0.531
tStambaugh 2.29
Lewellen CI [0.08, 0.99]
Lewellen reject Hy Yes
C-Y reject Hy Yes
Wild bootstrap p 0.015
Block bootstrap p —
R? 0.092
N 87

Notes: tnyw uses Newey—West HAC standard errors with max(h,4) lags. tgodrick uses Hodrick (1992) reverse-regression
standard errors. Stambaugh (1999) bias-corrected coefficient and t-statistic use HAC SE. Lewellen (2004) 95% CI assumes a
unit-root predictor. C-Y denotes the Campbell-Yogo (2006) Bonferroni Q-test. Wild bootstrap uses Rademacher weights under
Hy : 8 =0 (5000 replications). Block bootstrap resamples blocks of length h under Hy (5000 replications) and is reported only
for h > 1. */** /*** denote significance at 10%/5%/1%.
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J.3 Out-of-Sample Evidence
Table 21 reports recursive expanding-window forecasts for Tests 1, 2, and 4. For each
horizon h and forecast origin ¢, we estimate

Ys+h = At h + bt,hzs + Ustp, s = ]-7 S A h7 (48)

using all observations available up to ¢ and an initial training window of 60 quarters. The

resulting model forecast is:
:/y\tj‘fhﬁ = &\m + bcht. (49)

For Tests 1 and 4, the target is the future output gap, y;. = Ty4n. For Test 2, the target is the
cumulative excess return ﬁff ¢+, defined in Section K.1. The predictor z; is, respectively, the
HKM capital ratio &, the capital scarcity measure Q#5M | the approximate gap proxy (1 —
)7, or the exact gap proxy b(iw;).

We compare the model forecast with two recursive benchmarks. The prevailing-mean

benchmark is

N 1
ytlj—%t = N, Z Ys- (50)

s<t

The AR(1) benchmark is obtained by estimating

Ysr1 = Ct + Pels + Vsr1 (51)

on the benchmark series available at forecast origin ¢ and iterating the fitted law of motion

forward:

T
L

@\tﬁ};ﬁt =t ﬁtj + ﬁthyt- (52)

<
Il
=)

For Tests 1 and 4, the AR(1) benchmark series is the output gap itself. For Test 2, it is
the aligned h-quarter excess-return series, using only observations realized by the forecast

origin.
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Forecast performance is summarized by

2
) Zt <yt+h - ytj\fhﬁ)

2
> <yt+h - yt§h|t>

For the prevailing-mean benchmark, we report the Clark—West statistic based on the adjusted
loss differential

~ - 2
Ji= ‘923715 - [eﬁu - (ytﬁg—hlt - ytﬂfhu) ] : (54)

For the AR(1) benchmark, we report the Harvey—Leybourne-Newbold-adjusted Diebold—
Mariano statistic based on the loss differential

dy = 62B,t —Cmp (55)

with the one-sided alternative that the model forecast has lower MSPE than the benchmark.

58



Table 21: Out-of-sample predictive performance

h=1 h=2 h=4 h=28
Test 1: HKM Capital Ratio — Output Gap
R% ¢ vs. prev. mean  0.248 0.181 0.093 -0.092
CW stat 6.62%F* 4 ATRFE D QTHEE 1.60%*
R% s vs. AR(1) -1.548 -0.721 -0.212 -0.078
DM stat -4.54 -2.64 -0.87 -0.34
Test 2: @HKM — Fzcess Returns
RQOOS vs. prev. mean  -0.008 -0.015 -0.034 -0.114
CW stat -0.02 0.38 -0.07 -0.91
R% 55 vs. AR(1) -0.001 0.038 0.090 0.044
DM stat -0.05 0.43 0.68 0.28

Test 4: Approzimate Gap Prozy (1 —©)*® — Output Gap (pre-QE)

R%,g vs. prev. mean  0.190 0.101 -0.074 -0.339
CW stat 5.02%H% 3 ER¥HK 9 gk 1.39%
R%,s vs. AR(1) -7.039  -3.050 -1.070 -0.339
DM stat -7.34 -4.21 -2.01 -0.63
Test 4: Exact Gap Proxy b(&) — Output Gap (pre-QF)
RQOOS VS. prev. mean 0.136 0.160 0.222 0.454
CW stat 4.74%%% 4 00K 3.55%H* 3.2k
R% 55 vs. AR(1) -7.058  -2.515  -0.483 0.423
DM stat -6.67 -3.22 -0.91 2.16%*

Notes: Out-of-sample R? from expanding-window recursive OLS with minimum training window of 60 quarters. “Prev. mean”

benchmark uses the historical average of the dependent variable. “AR(1)” benchmark uses a recursive AR(1) forecast. CW stat
is the Clark—West (2007) MSPE-adjusted test statistic for the prevailing-mean benchmark. DM stat is the Harvey—Leybourne—
Newbold-adjusted Diebold-Mariano statistic for the AR(1) benchmark; */**/*** denote one-sided significance at 10%/5%/1%.

J.4 Subsample and Outlier Robustness

Test 1 robustness. We report control-heavy specifications, subsample splits (1970-1999

and 2000-2024), outlier exclusions (dropping 2008-2009 and 2020 crisis quarters), nonlinear,

state-dependent, and alternative dependent variable specifications.
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Table 22: Test 1: subsample 1970-1999

h=1 h=2 h=4 h=8
Constant -0.030%*** -0.032%** -0.035%** -0.036***
(0.009) (0.010) (0.010) (0.012)

OmegaHkm 0.420%** 0.464%** 0.530%*** 0.561%**
(0.112) (0.123) (0.140) (0.180)

Adj. R? 0.215 0.253 0.280 0.221
No. Obs. 119 118 116 112

Table 23: Test 1: subsample 20002024

h=1 h=2 h=4 h=8

Constant -0.044%** -0.037#%* -0.032%* -0.023
(0.011) (0.011) (0.013) (0.014)

OmegaHkm 0.545%** 0.446%** 0.365* 0.223
(0.155) (0.164) (0.193) (0.199)

Adj. R? 0.284 0.193 0.129 0.041
No. Obs. 99 98 96 92

Table 24: Test 1: excluding outlier periods

h=1 h=2 h=4 h=S8

Constant -0.0317%** -0.032%%* -0.0317%%* -0.024**
(0.007) (0.008) (0.008) (0.010)

OmegaHkm 0.403%** 0.424%** 0.416%** 0.304**
(0.095) (0.103) (0.112) (0.143)

Adj. R? 0.210 0.233 0.226 0.118
No. Obs. 213 212 210 206

J.5 QE Trap Additional Tests

QT1 episode study. Table 25 reports the simple descriptive evidence for the Federal

Reserve’s first quantitative tightening episode. In addition to the start and end values of the

HKM capital ratio, it estimates the within-episode linear trend

wy = a + bt + uy,
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over 2017Q3-2019Q3, where b measures the average quarterly drift in intermediary capital
during QT1.

Table 25: QT1 episode study

Estimate

w at QT1 start (2017Q3)  0.0791
w at QT1 end (2019Q3)  0.0657

Change in w —0.0134
Quarterly trend (OLS) —0.0022
t-statistic —5.06
p-value 0.001

Notes: QT1 is the Federal Reserve’s first quantitative tightening episode (2017Q4-2019Q3). The reported start level uses
2017Q3, the last quarter before runoff began. The quarterly trend is an OLS regression of wy on a linear time index over
2017Q3-2019Q3.

Persistence analysis. Table 26 compares persistence before and after the Global Financial

Crisis using separate AR(1) regressions of the form
Wy =+ pwi_1 + Uy (57)

The table reports p, the implied half-life, and the difference ppost — ppre With its associated

test statistic.

Table 26: Persistence of w; before and after 2008

Pre-2008 Post-2008 Difference

AR(1) coefficient p  0.952 0.812

Half-life (quarters) 14.0 3.3

Ap -0.140
t-stat (Ap =0) -1.94
p-value 0.053

Notes: AR(1) models are estimated separately before and after 2008Q4. Half-life is —log(2)/log(p). The final column reports

the difference ppost — ppre and its normal-approximation test.

Threshold autoregression. Table 27 estimates a Hansen (1996) threshold AR(1) in
which the law of motion for intermediary capital is allowed to differ across low- and high-

capital states:

Wy — pr + prwe—1 +ug, i w < w? (58)

pr + prwi—1 +ug,  ifwi > w”
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The threshold w* is estimated endogenously, and the table reports the corresponding sup-

Wald statistic together with its wild-bootstrap p-value.

Table 27: Threshold autoregression for wy

Below threshold Above threshold

AR(1) coefficient 0.943 0.060
Half-life (quarters) 11.9 0.2
N 203 16
Estimated threshold 0.0952

Model w, 0.0776
sup-Wald 15.98
Bootstrap p 0.239

Notes: Hansen (1996) threshold AR(1) estimated on w¢. The threshold grid combines a percentile grid with a finer grid around
the model-implied crisis threshold. The sup-Wald p-value is based on a wild bootstrap. Half-life is —log(2)/log(p).

J.6 Cross-Equation SUR Test

Table 28 reports the three-equation SUR system used in the main-text discussion of the
model’s single-state-variable restriction. Equation 1 regresses the four-quarter-ahead output
gap on the HKM capital ratio; Equation 2 regresses cumulative four-quarter excess equity
returns on Q#EM: and Equation 3 regresses the model-implied intermediation gap proxy
on the HKM capital ratio. Panel A reports equation-by-equation OLS with Newey—West ¢-
statistics, Panel B reports the iterated SUR estimates with both standard and HAC-robust
t-statistics, Panel C reports the SUR residual correlation matrix, and Panel D reports the

Breusch—Pagan, joint Wald, proportionality, and eigenvalue diagnostics.

J.7 Calibrated Counterfactual

We map the HKM capital ratio to the model’s state variable w; at four key dates and com-
pute model-implied quantities under the baseline calibration. Table 29 reports w, leverage,
employment, central bank equity holdings, and the required fiscal transfer at each date. At
the 2009Q1 trough (w = 0.027), the model implies an employment gap of 3.9% and central
bank equity holdings of 73%—broadly consistent with the Federal Reserve’s extraordinary
balance sheet expansion. By 2019Q3 (w = 0.066), the economy remains below the crisis
threshold, with a 1.9% employment gap and 19% central bank equity holdings, consistent
with the Federal Reserve’s still-elevated balance sheet a decade after the crisis.

Table 30 compares three counterfactual scenarios starting from the 2009Q1 trough. With-

out QE, equilibrium does not exist (w < w.). With QE alone, the economy converges to
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Table 28: SUR Cross-Equation Test: Single State Variable Restriction

Eq. 1 Eq. 2 Eq. 3
OutputGapy+4 ExcReti—ir4 BP_Model;

Panel A: OLS (equation by equation)

Predictor OmegaHkm QHEM OmegaHkm
b 0.3616 * *x 0.0033 —2.2280 * *x
tNW 3.004 * 0.910 —175.302 * #x
R? 0.2101 0.0183 0.9995
Panel B: SUR (feasible GLS, iterated)

bsur 0.3597 0.0037 —2.2280 * *x
tSUR 6.252 1.840 —536.021
tSUR-HAC 3.065 * *x 0.990 —175.276 * xx
Ry 0.2101 0.0181 0.9995
Panel C: Residual Correlations (SUR)

é1 1 0.151 —0.241

€9 1 —0.030
é3 1
Panel D: Cross-Equation Tests

Breusch-Pagan x2(3) 12.028 [p = 0.0073]

Joint Wald y2(3) 303374.790 [p = 0.000000]
Proportionality C: § (t-stat) —7.0921 (t = —1.722, p = 0.0851)
Proportionality D: 0 (¢-stat) 0.0057 (t = 1.473, p = 0.1408)

3. eigenvalue shares 0.989, 0.011, 0.000

T 148

Sample 1970Q1-2007Q4

Horizon h 4 quarters

Notes: This table reports SUR estimates for a three-equation system testing the single-state-variable
restriction. Eq. 1 regresses future output gap on the HKM capital ratio (&). Eq. 2 regresses
cumulative 4-quarter excess equity returns on QXM = 1/&. Eq. 3 regresses the model-implied
intermediation gap proxy BPuodert = (1 — @)% on @;. Panel A reports OLS with Newey—West
t-statistics (h lags). Panel B reports iterated feasible GLS (SUR) estimates with both standard and
HAC-robust t-statistics. Panel C shows the SUR residual correlation matrix. Panel D reports: the
Breusch—Pagan test for diagonal ¥ (significant = SUR is more efficient than OLS); a joint Wald
test for all slopes equal to zero; proportionality tests C (OmegaHkm incremental to BPpsoder in Eq.
1) and D (QPEM incremental to OutputGap in Eq. 2); and eigenvalue shares of 3 (dominance of
first eigenvalue supports single-factor structure). ***, **, * denote significance at 1%, 5%, 10%.
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Table 29: Model-Implied Quantities at Key Dates

2006Q4 2009Q1 2009Q4 2019Q3
(Pre-crisis)  (Trough) (Post-TARP) (Pre-COVID)

w (HKM capital ratio) 0.0818 0.0265 0.0505 0.0657
¢(w) (leverage) 1.309 1.032 1.153 1.228
N(w) (employment) 0.9900 0.9615 0.9736 0.9815
Employment gap (%) 1.00% 3.85% 2.64% 1.85%
CB equity share a(w) (%)  0.00%  72.64% 41.80% 19.30%
Crisis (w < we) No Yes Yes Yes
Trap (w < w) No No No No
Transfer T* (% of GDP) -131.53% 8.89% -52.05% -90.62%

Notes: Model parameters: € = 10, w = 0.02, A =5, 0 = 0.15, § = 0.04, p = 1. w is mapped from
the He, Kelly, and Manela (2017) intermediary capital ratio. Crisis threshold w. = 0.0776. Good
steady state w* = 1/e = 0.10. Employment gap is [N(1/¢) — N(w)]/N(1/e). Transfer T* is the
fiscal recapitalisation needed to push w to w + 0.01.

the bad steady state with a permanent 4.2% employment gap and 80% central bank equity
holdings. With QE plus fiscal recapitalisation, the economy recovers to the efficient bench-
mark with zero employment gap. The benefit-to-cost ratio of the fiscal transfer is 4.3: every
dollar of recapitalisation generates $4.30 in present value of additional output.

The model-implied fiscal transfer (25% of GDP) is an order of magnitude larger than
actual TARP injections (1.7% of GDP). This gap reflects the model’s stylised one-state-
variable structure, in which a single intermediary must absorb all equity risk. In practice,
the financial sector’s capital was partially replenished through retained earnings, private
capital raises, and portfolio rebalancing, reducing the required public transfer. The key
qualitative prediction—that the fiscal return on recapitalisation is large and that delay is
costly—is robust to the quantitative mapping.

Figure 2 plots the HKM capital ratio alongside the model’s regime boundaries and the

implied employment gap over the sample period.
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Table 30: Counterfactual Scenarios Starting from 2009Q1 Trough

No QE QE Only QE + Fiscal

Long-run w — 0.02 0.10

N (employment) — 0.9583 1.0000
Employment gap — 4.17% 0.00%
CB equity share a — 80.00% 0.00%
PV of output Y/o 0 23.96 25.00
Fiscal transfer (% of GDP) — — 25.39%
Actual TARP (% of GDP) ~ — - 1.70%
Benefit/Cost ratio — — 4.3

Long-run output gain — — 4.35%

Notes: “No QE” scenario: without CB intervention, equilibrium does not exist below w,.; we
set PV = 0. “QE Only”: CB purchases equity to restore equilibrium; economy converges to
bad steady state w with permanent employment gap and CB holding equity. “QE + Fiscal”:
government recapitalises financial sector (w — w + 0.01), economy converges to good steady state
1/e. Benefit = PV(QE+Fiscal) — PV(QE Only). Actual TARP: $245B capital injections relative
to 2009 nominal GDP of $14.4T. Benefit/Cost ratio measures the return on the fiscal transfer in
terms of present value of additional output.

HKM Capital Ratio and Model Thresholds

0.16 1 —— w (HKM capital ratio)
—=~ Wmin = 0.02 (bad SS)
0.14 1 —.— wc = 0.0776 (crisis)

2006Q4 Pre-crisis --- 1/ = 0.10 (good SS)

2019Q3 Pre-COVID

2009Q1 Trough|

w (financier wealth share)

4 ---- Gap at Wpin = 4.2%

Employment Gap (%)

1970 1975 1980 1985 1990 1995 2000 2005 2010 2015 2020 2025
Date

Figure 2: Calibrated counterfactual: HKM capital ratio mapped to model regimes. Left
panel: HKM capital ratio with model thresholds (w = 0.02, w. = 0.078, 1/e¢ = 0.10).
Shaded regions indicate crisis regime (w < w.). Right panel: model-implied employment
gap. Baseline calibration: € = 10, w = 0.02, %5: 5,0=0.15,0=0.04, p = 1.



J.8 QE Program Timeline

Figure 3 plots Federal Reserve SOMA holdings by asset class as a share of nominal GDP
and marks the main QE-era policy events. The purpose is descriptive: it connects our QE
intensity proxy in equation (33) to the sequence of FOMC announcements and the evolution

of balance-sheet composition.

0.35 A

I Agency i
B MBS =
0.30 1 mmE Treasuries %i

|

0.25
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0.15 A

Share of GDP
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0.00
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Figure 3: Evolution of Federal Reserve SOMA holdings by asset class (Treasuries, agency
MBS, and agency debt) as a share of GDP. Vertical lines mark major LSAP and maturity-
extension announcements, the 2013 tapering episode, the end of net purchases in 2014, the
start of balance-sheet normalization in 2017, and the pandemic LSAP restart in 2020.

LSAP1 (2008-2009). On November 25, 2008, the Fed announced LSAP1, authorizing
purchases of up to $100 billion in agency debt (Fannie Mae, Freddie Mac, and Ginnie Mae)
and $500 billion in agency mortgage-backed securities (MBS). On March 18, 2009, the FOMC
expanded LSAP1 to a total of $200 billion in agency debt, $1.25 trillion in agency MBS,
and $300 billion in longer-term Treasury securities, with purchases completed by the end of
2009. By the end of the program, the Federal Reserve owned more than 20% of the agency
MBS market. On August 10, 2010, the FOMC announced a reinvestment policy intended to
maintain securities holdings by reinvesting principal payments from agency debt and MBS

into longer-term Treasuries and rolling over maturing Treasury holdings.
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LSAP2 and maturity extension (2010-2012). On November 3, 2010, the Fed an-
nounced LSAP2, purchasing an additional $600 billion in longer-term Treasury securities at
a pace of about $75 billion per month through 2011Q2. On September 21, 2011, the FOMC
announced the Maturity Extension Program (MEP), selling $400 billion of Treasury secu-
rities with remaining maturity of three years or less and purchasing an equivalent amount
of Treasuries with remaining maturity of six to thirty years by June 2012, while continuing
reinvestment of principal payments from agency debt and MBS. On June 20, 2012, the Fed
extended the MEP through the end of 2012, purchasing longer-term securities at a pace of

$45 billion per month while selling or redeeming equal amounts of shorter-term Treasuries.

LSAP3 and tapering (2012-2014). On September 13, 2012, the Fed announced LSAP3:
open-ended purchases of $40 billion per month of agency MBS. Combined with the MEP,
net purchases of longer-term securities were about $85 billion per month. On December
12, 2012, after the end of the MEP, the FOMC announced it would continue purchasing
$45 billion per month in longer-term Treasury securities, maintaining the overall pace of
longer-term purchases. As economic conditions improved, the Fed began communicating and
then implementing a gradual taper, officially announcing the start of tapering on December
18, 2013 and concluding net purchases in October 2014 while maintaining reinvestment of

principal payments.

Normalization and the pandemic restart (2015-2021). On December 16, 2015, the
FOMC raised the federal funds rate target range off the effective lower bound. On June 14,
2017, the FOMC announced it expected to begin balance-sheet normalization later that year
and initiated the program in October 2017. After returning rates to the zero lower bound in
response to COVID-19, the Fed announced LSAP4 on March 15, 2020, entailing purchases
of $200 billion in agency MBS and $500 billion in Treasury securities; on March 23, 2020, the
Fed expanded the program, making purchases effectively open-ended. On June 10, 2020, the
FOMC set monthly purchase guidance of at least $40 billion in agency MBS and $80 billion
in Treasuries. The Fed began tapering again on November 3, 2021 and doubled the pace of
tapering on December 15, 2021.
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Online Appendix

Market Failure, the QE Trap and Fiscal Escape
Harjoat S. Bhamra  Nicolo Ceneda

Not for publication

This online appendix contains supplementary proofs, derivations, and empirical results ref-

erenced in the main text.

A Proofs for the Complete-Markets Benchmark

Proof of Proposition 15. The social planner maximises A(In Cj, — N'*¢/(1+¢))+(1—)) In C;
subject to Cy, + C; = AN. The first-order conditions of the Lagrangian yield C;, = A\Y and
Ci=(1- Y.

From the decentralized equilibrium, the household’s intratemporal optimality condition
is N¥C), = W/P. Substituting Cj,; and W/P from (2), and re-arranging yields N = [(e —
1)/(65\)]ﬁ, which is independent of A;.

The SDF is A; = 7% /C); = e % /(AA;N). Applying It6’s lemma, dA; ' /At = (—p +
0?)dt —odZ; and dA;/A; = —(6+p—0?)dt —o dZ;,. Thisyieldsr = §+u—o0? and © = 0.

The equity price is Pp; = E; ftoo(As/At)Ds ds. Using A,/A; = e °¢"DA, /A, and D, =
AsN/e from (2) yields Pp; = %. Similarly, total wealth is Py; = E; ftoo(AS/At)Ys ds =
Y; /9. O

B Propositions from Section 4

The following results are referenced in the main text but their formal statements are included

here for completeness.

B.1 Properties of the Volatility Function

Proposition 21 (Zeros and sign of o). The function o, has exactly two interior zeros:

ou(w) =0 and 0,(1/€) = 0. In addition, 0,(0) = 0. Its sign pattern is:

<0 forwe (0,w),
0u(W)§ >0 forwe (w,1/e), (59)
<0 forwe (1/¢1).
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The proof is in Appendix E. The sign pattern determines how the economy responds
to productivity shocks. In the crisis regime (w < w), o, < 0: positive productivity shocks
reduce the financier’s wealth share, worsening the crisis. This occurs because the de-leveraged
financier (¢ < 1) holds less equity than her consumption share warrants, so her wealth grows
more slowly than the economy in a boom. In the recovery regime (w < w < 1/¢), g, > 0:
positive shocks improve the financier’s capitalisation, aiding recovery. The zeros at w and

1/e mark the absorbing steady states where all fluctuations cease.

B.2 Three Invariant Regimes

Theorem 22 (Regime classification). The state space (0,1) partitions into three invariant

TegIons:

1. Crisis regime (w € (0,w)): the financier is severely undercapitalised, ¢ < 1 (de-
leveraged), and the central bank holds a majority of equity.

2. Recovery regime (w € (w,1/¢)): the leverage constraint may or may not bind, risk
premia are elevated, and the economy is in the basin of attraction of the good steady

state.

3. Expansionary regime (w € (1/¢,1)): the financier is “too large,” households are

net borrowers, and the economy converges toward the good steady state from above.

No transition between regimes is possible.

B.3 Boundary Classification

Proposition 23 (Boundary classification). (i) w = 0: natural boundary (unattainable).

Near w =0, |o,| ~ odw - w.
(ii) w = w: unattainable from both sides. Near w, o, = g(w)(w —w) with g(w) = cAw > 0.

(11i) w = 1/e: unattainable from both sides. Near 1/e, o, = g(w)(1/e — w) with g(1/€) =
o> 0.

(iv) w = 1: unattainable. Near 1, o, = h(w)(1 —w) with h(1) = —o(1 + ¢) # 0.

The proofs (Appendix G) use the Engelbert—Schmidt criterion. “Unattainable” means
that the economy perpetually approaches but never reaches a boundary in finite time, a
continuous-time analogue of Zeno’s paradox. Combined with regime invariance, this means
the economy’s long-run fate is determined entirely by its initial condition: starting below w,

it converges to the bad steady state; starting above, it converges to the good one.



C Proof of Asset Pricing Formulae

Proof of Theorem 7. Step 1: Return volatility. Since Pp, = Y;/(€d), the equity return has
the same volatility as output: or = oy. Output is Y; = A;N; where A; follows geometric
Brownian motion with volatility o and N; = [(1 — 1/e)/(1 — w,)]Y/+9). By Ité’s lemma
applied to N(w) (a C? function on each regime interior):

dN 1

= wdZ, drift t dt.
N (1+90)(1—W)0 ¢ + (drift terms)

By Itd’s product rule for Y = AN, the volatility of Y is oy = oa+0oy = o+0.,/[(1+¢)(1—w)],
which establishes (16).

Step 2: Market price of risk. The financier’s stochastic discount factor is Ay = ¢ 7% /C;; =
e /(6H;;) (the first-order condition for log utility). The financier’s wealth volatility is
on,/H; = ¢10R, so the volatility of A loading on dZ is —¢;0r. The market price of risk, de-
fined as the Sharpe ratio ©, = (ug—7¢)/0r = ¢10r, follows from the financier’s intertemporal
Euler equation. From o, = w(¢; — 1)og (Appendix E, Step 2), we have ¢, = 1+ 0,/ (wog),
SO

O,=¢ y 0 % oy Ow
= g = 0 _—=— g y
PTRER TR T w (1+¢)(1—w)

which is (15).
Step 3: Risk-free rate. Total wealth Py, = Y;/d is a claim on aggregate output, paying
a continuous dividend yield of § (since aggregate consumption C; = Y; = dPy,). By the

no-arbitrage pricing condition for this claim (Karatzas and Shreve, 1991, Ch. 5):

0%

PY +6:Tt+UY@t-

Since Py =Y/0, we have up, /Py = p1y. Rearranging: r, = § + piys — og+ ©y, which is (17).
The equity risk premium pp — 1, = ory ©; follows from the standard no-arbitrage condition
for the dividend claim. O

D Intermediation Gap Formula Derivation

Proof of Proposition 8. We derive the infinite-horizon gap-to-price ratio by taking the limit
T — oo in Hugonnier (2012), Proposition 6.

Step 1: Hugonnier’s finite-horizon formula. For a finite-horizon economy [0, 7]



with discount rate p = ¢ and weighting process volatility ||vy|| = v, the gap-to-price ratio is:

H(T —t,s;;1),

where n(t) = (1/p)(1 — e ?T71) s, = N/(1 + A;) = 1 — w; is the constrained agent’s
consumption share, and a; = /1 + 8p/v2. The function H is:

H(r,s;a) = "2 0(dy (1,57a)) + 5102 @(d_(7, 570)),

with di (7, s;a) = (Ins)/(vy/T) £ (a/2) vy/T and P the standard normal CDF.

Step 2: Limit of 7(¢) and 7/(t). As T — oo: n(t) = 1/p and 1/(t) = —ePTH — 0.

Step 3: Limit of H(7,s;a) as 7 — oo. For fixed s € (0,1) and a > 0: since Ins < 0,
we have d (1) — 400 and d_(7) — —oo. Therefore ®(dy) — 1 and ®(d_) — 0, giving
lim, o0 H(T,5;a) = s(H0)/2,

Step 4: Combining. The first term converges to (p/(1/p))~"- stz — tan/2 ppe

second term converges to zero. Substituting s; = 1 —w; and v = (1 + a1)/2:

B 1+ +/1+85/v?
= = (1 —w)7, v = * + 80/ : —~
Pp4 2

Remark 3 (Exact vs. approximate formula). The derivation above treats v = |lvy| as

constant, following Hugonnier’s exchange economy. In the production economy, vy(w) =
0u/lw(l —w)] is state-dependent. Defining b(w) = B;/Pp; (the gap-to-price ratio) directly
and substituting into the Feynman—Kac equation for the fundamental value yields the exact

ODE:
20

Ou(w)?

W (w) = bw),  b0)=1, b(1/e)=0. (60)

The approximate formula (1 — w)? is the limiting case when o,(w)/w(l — w) is constant;

see the empirical section for the derivation, numerical solution, and comparison (Tables 2

and 3).

E Franchise Value and Dynamic Incentive Compatibil-
ity

Proposition 24 (Dynamic incentive compatibility). With log utility, the dynamic IC con-

straint reduces to

¢ < %exp(é}"(wt)) = M (wy), (61)



where the franchise value of intermediation is

1 (o)
Flw) = 25]E / e e dt > 0. (62)
Proof. Step 1: Value function decomposition. A log-utility agent with wealth W,
access to a risky asset with return pugr dt + og dZ and a risk-free bond at rate r;, consuming
C; = 0W,; and holding portfolio share ¢;, has value function:

In(oW, 1 >
H( t) + _Et/ 6_6(U_t) (Tu + ¢u(,uR,u - Tu) ¢20_Ru o ) du. <63)
t

V. =
' 5 5
Step 2: Intermediary’s value. The financier is the marginal investor with ©; = ¢,0r
and fig — 1 = ¢op. Substituting: ¢(ur —r) — 30%0% = 302
Step 3: Autarky value. A financier in autarky holds only bonds (¢ = 0): no ©? term.
Step 4: IC constraint. Under diversion, the financier obtains wealth 8¢ H; and enters

autarky:
In(69)
5

This yields (61). O

VM (H w) > V(0o H; w) <= F(w) >

Proposition 25 (Properties of the franchise value). (i) F(w) > 0 for all w € (0,1).
(it) F solves the Feynman—Kac equation 102F" + (o2 Jw)F — 6F + ©%/(26) = 0.
(iii) At both absorbing steady states: F(w) = F(1/e) = 0%/(26?%).

(iv) In the recovery regime: F(w) > 02/(26%) (the franchise value is elevated when frictions

are strongest).

Proof. (i) The market price of risk satisfies ©; = ¢,0r > 0 whenever ¢, > 0 and o > 0,
which holds on a set of positive Lebesgue measure a.s. (since the economy starts in the
interior of (0,1)). Therefore F(w) = (1/(20))E, [, e 07 dt > 0.

(ii) Since © is a continuous function of w on each invariant regime, and w, satisfies the
SDE (11) with continuous coefficients, the Feynman—Kac representation theorem (Karatzas
and Shreve, 1991, Ch. 4) applies: the function F(w) = (1/(26))E,, [~ e % f(w,) dt with
f(w) = O(w)? solves the elliptic equation 302 F” + p,F' — 6F + f/(28) = 0 on each regime
interior, provided the solution is well-defined (which follows from ¢ > 0 ensuring exponential
discounting). Substituting ., = 02 /w yields the stated ODE.

(iii) At w = w (absorbing), w; = w for all t > 0, so O, = O(w) = o (since o, (w) =
gives © = o by Theorem 7). Therefore F(w) = (1/(20)) [~ e o dt = (0%/(20)) - (1/6) =



02/(26%). Equivalently, at the absorbing state the Feynman-Kac equation (ii) reduces to
—6F 4+ 02/(26) = 0, giving F = 02/(26%). The same argument applies at w = 1/e.

(iv) In the recovery regime (w,1/€), o, > 0 (Proposition 21), so O(w) = 0 + 0, /w +
0./[(1 4+ ¢)(1 —w)] > o by Theorem 7. Paths from wy € (w,1/€) spend positive time in
the interior before converging to 1/e, during which 6, > ¢. Therefore E,,, [~ e 07 dt >
Eu, [, e *o? dt = 0?/6, giving F(wo) > 0 /(20%). O

F Employment Multiplier and Welfare Analysis

F.1 Employment Multiplier of Recapitalisation

Corollary 26 (Employment multiplier of recapitalisation). Let wy < w and suppose recapi-

talisation raises w to wy+ = wo + A > w.

(i) Immediate gain. Employment jumps from N(wg) to N(wo + A). The percentage

gain 1s

N(wo +A) = N(wo) _ ( 1—WOA)”1“” ~ 1

N(u}o) 1— Wy — <64)

(ii) Long-run gain. Asw, — 1/€, employment converges to the efficient level N(1/€) = 1.

The permanent percentage employment gain relative to the bad steady state is

N(1/)) = Nw) [ 1-w \%
N@) (1—1/e> . (65)

(i1i) Convexity. The employment gain (64) is convexr in the crisis severity 1/e — wy: the

worse the crisis, the larger the marginal employment benefit of recapitalisation.

Proof. Parts (i) and (ii) follow from the employment formula (27). For part (iii), the function
N(w) is convex in w on (0,1): N"(w) = [(24+9)/(14+¢)?)](1—1/€)Y/ 1) (1 —w)~C+e)/(+e) >
0. Convexity of N implies the gain N(wy+ A) — N(wp) is increasing in the shortfall 1/e —wy

for fixed transfer size A. O

F.2 Welfare Analysis

The household’s utility depends on consumption Cj; = (1 —w;)Y; and labour supply N;. At
the bad steady state (w = w), the household has a higher consumption share (1—w > 1—1/¢)
but employment is depressed. The household therefore weakly prefers the bad steady state:



the increase in consumption share more than compensates for the lower output, because
utility is logarithmic and the consumption share effect dominates.

Recapitalisation is therefore not a Pareto improvement: it transfers resources from the
household to the financier. However, the employment gains are convex in crisis severity
(Corollary 26), while the moral hazard cost is bounded by the leverage constraint (Propo-
sition 24): the financier cannot divert more than 6 per unit of assets under intermediation.
For any crisis severe enough to trigger QE (w < w.), the benefit-to-cost ratio exceeds 2
under baseline calibration. A utilitarian social planner with equal weights would favour

recapitalisation whenever w < w.

G Proofs of Policy Results

Proof of Proposition 13. At w = w, d(w) = 1 + Aw —w) = 1. By (10), a(w) =1 — ¢
l-w=1—ew > 0 (since w < 1/e by Assumption 1). The central bank’s equity holdings
are aPp; = (1 — ew) Y:/(ed). Since w = w is absorbing (Theorem 5), these holdings are
permanent. For the equity premium: at the absorbing state, o, (w) = 0 (Proposition 21), so

Theorem 7 gives ogp = 0 and © = o. The equity excess return is ur — r = cg© = o O

Proof of Proposition 14. Define Q(w) = w Py (w) = wAN (w)/6, the financier’s dollar wealth
as a function of the state. Since N > 0 and N’ > 0, we have Q' (w) = (A/J)[N(w)+wN'(w)] >
0, so 2 is strictly increasing and continuous with (0) = 0 and Q(w) — 0o as w — 1. A fiscal
transfer of ' > 0 dollars raises the financier’s wealth from Q(wp) to Q(wo) +7'. Because total
wealth adjusts to Py (wo+) = AN (wo+)/0, the new wealth share wy+ is the unique solution
to the fixed-point equation

oT
Wo+ N(W0+) = W N(WO) =+ 7,

ie.wor = Q1 (Q(wo)+T). For any target w* € (wp, 1/€), the transfer T* = Q(w*)—Q(wp) > 0
achieves wy+ = w*. Choosing w* > w places the economy in the recovery regime (w, 1/¢). By
Theorem 6, wy — 1/€ a.s. from any initial condition in the recovery regime. The convergence

requires no further intervention because the recovery regime is invariant (Proposition 23)

and the drift p,, = 02 /w > 0 pushes w toward 1/e. O

H Translation of Hugonnier’s Results

This appendix states the results of Hugonnier (2012) that we use, first in his original notation,

and then translates them into the notation of our model.



Hugonnier’s notation

Hugonnier (2012) considers a two-agent economy with agents labelled 1 (unconstrained)
and 2 (portfolio-constrained). The agents have utility functions u; and wus defined over
consumption. The weighting process \; is the ratio of their marginal utilities:

A = 5(Cca)
t

1lere)

where c;; and ¢y are the agents’ equilibrium consumption rates.

<

(66)

S

Hugonnier’s Theorem 1. In the economy with a portfolio constraint on agent 2, equi-
librium asset prices contain rational bubbles if and only if ); is a strict local martingale

(equivalently, E;[Ar] < A for some T' > t).

Hugonnier’s Proposition 6. In a finite-horizon economy [0, 7] with log utility, discount
rate p, and weighting process volatility ||vy|| = v, the gap-to-price ratio (which Hugonnier

calls the bubble-to-price ratio) is:

' (1)

1
b(t,s;) = —— H(T —t,sa1) + (@)

pn(t)

H(T —t,s;1), (67)

where n(t) = (1/p)(1 — e ?T=1), s, = X\ /(1 + \;) is agent 2’s consumption share, a; =
V1+8p/v2, and H(t,s;a) = sUH920(d,) + sU=920(d_) with de = (Ins)/(vy/T) £
(a/2)v/T.

Translation to our notation

The correspondence between Hugonnier’s notation and ours is:

Hugonnier This paper

Agent 1 (unconstrained) Financier (7)
Agent 2 (constrained) Household (h)

Ci,t Cz‘,t = w Yy

Cat Chi=(1—-w)Y;

uj(c) = 1/c (log utility) — 1/Cj;

A = uy(cz) /uy(cr) Cit/Chp = wi/(1 — wy)
se=M/(1+N\) (1 —wy)

P 0




Important note on the labelling convention. In Hugonnier’s framework, agent 2 is
portfolio-constrained. In our model, the household (agent h) faces the participation con-
straint (she cannot hold equity), so the household corresponds to Hugonnier’s agent 2.
Hugonnier’s weighting process Ay = u5(ca)/u)(c1) = C;4/Chy = wi/(1 — wy) is then related

to our (Q; = 1/w; by
Wy 1

:1_wt:Qt_1‘

The constrained agent’s consumption share is s; = A\/(1 + A\) = 1 — w;, which is the

At

household’s wealth share. In Section 5.2, we instead use the equivalent formulation \; =
Cht/Cit = (1 —wy)/wy = @ — 1, which is a monotone transformation of Hugonnier’s A and

inherits the same strict/true local martingale classification.

Translation of Theorem 1. The intermediation gap is positive if and only if Q; — 1
(equivalently, (; = 1/wy) is a strict local martingale. This is the criterion (21) stated in
Section 5.2.

Translation of Proposition 6. Taking 7" — oo: n(t) — 1/9, ' (t) — 0, H(oco, s;a1) —
S 1 or s € . dubstituting s = 1 — w an = + o with a; = + v
(1+a1)/2 f, (0,1). Substituting 1 dy=(1 )/2 with 1+ 86/v2
yields the intermediation gap formula (22):

B, . 1+ /1+83/02
E:(l—wt) S 5 :

The full derivation is in Appendix D.

I Online Appendix N: Partial Participation and CRRA

Robustness

This appendix extends the model to address robustness along two dimensions: partial house-

hold equity participation and CRRA preferences.

1.1 Extended Model

We allow the household to invest a fixed fraction «y € [0,1) of her financial wealth Hj; in
the equity market. When «j = 0, we recover the main paper.

All identities from the main paper that depend on log utility and goods market clearing



continue to hold:

Ci,t = wYy, Ch,t = (1 - wt)Y;ta (68)
H’i,t = thY7t7 Hh,t = (1/6 — wt) Py’t. (69)

Equity market clearing with household participation requires:

bw) = ap + ——2h (70)

€W

1.2 Robustness of Equilibrium Failure

Theorem 27 (Robustness of equilibrium failure). For any oy, € [0,1), no competitive equi-
librium ezists when w < w.(ayp) in the absence of central bank intervention, where w.(ayp) > 0

1s the unique solution to
1-— ayp,

ap + =1+ Mw, —w). (71)

€W,
Proof. The required portfolio share ¢(w) = ap + (1 — ay)/(ew) is strictly decreasing and
(w) — 00 as w — 0T for any aj, < 1. The leverage constraint ¢ < ¢(w) = 1 + \w — w)
is bounded. There exists a unique w.(ay) > 0 at which ¢(w.) = ¢(w.). For w < w.(ay,), the

argument of Theorem 1 applies verbatim. O

Proposition 28 (Comparative statics of the crisis threshold). w.(ay,) is strictly decreasing

m Qyp.

dwe 1—1/(ew,)
dap, A+ (1 —ap)/(ew?)

The crisis threshold satisfies w.(0) = w. (the main paper’s threshold) and w.(ay) — 0 as

< 0. (72)

ap — 1.

Proof. Tmplicit differentiation of (71). Since w. < 1/e, the numerator 1 — 1/(ew.) < 0 and

the denominator is positive. ]

Quantitative illustration.

ap  welap) CB equity at w Interpretation

0.00 0.078 80% Main paper

0.10 0.076 2% Modest participation
0.30 0.073 56% Substantial participation
0.50  0.068 40% Equal risk sharing
0.80 0.054 16% Mostly direct

0.95 0.037 4% Near-full participation

10



I.3 Dynamics and Preservation of Results

Proposition 29 (Dynamics with partial participation). The financier’s wealth share evolves
as dw, = (02 Jw) dt + o, dZ; with:

U(l‘i‘@@))\(l—w)w(w_g) ‘
(Wi ap) = I+ ¢9)(1-w) = Iw(w—w) if w < we(an), .
wl(W; o, o(l+¢)(1—ap)(l —w)(1/e—w) Foo > o)

(1+)(1—w) — (1 —ap)(l/e —w) = We(Qh)-

The constrained-region volatility is independent of ay,.

Corollary 30 (Preservation of main results). For any oy € [0,1): (i) Q; = 1/w; is a non-
negative local martingale; (ii) o, has exactly two interior zeros at w and 1/e€; (iii) the state

space partitions into three invariant regimes; (iv) the QFE Trap survives.

1.4 Bubble Classification

Theorem 31 (Bubble classification with partial participation). For any ay € [0,1): (i) in
the baseline model (no leverage constraint), Q = 1/w is a strict local martingale and rational

bubbles exist; (ii) in the constrained model, Q is a true martingale and no bubbles exist.

Proof. The bubble classification depends on o, near w = 0. In the baseline: o, — (1 —
ap)cg > 0 for ap, < 1, giving a convergent integral (strict local martingale). With the

constraint: |o,| ~ cyw, giving a divergent integral (true martingale). O

1.5 CRRA Preferences

Proposition 32 (CRRA perturbation). Fiz w < w. and o, = 0. In a CRRA economy with
risk aversion vy, if equilibrium exists, the interest rate satisfies r(y) — —oo as v — 1. More
precisely:

r(y) =rt— ——= (74)
where r* is the log-utility benchmark rate and A(w) > 0 is the excess bond supply.

The interest-rate sensitivity of the household’s consumption-wealth ratio is of order |y—1|
near v = 1, while the excess bond supply is of order 1. Clearing the excess requires r to fall
by an amount of order 1/|y — 1|, which diverges as v — 1. For v < 1, the income effect
dominates and equilibrium fails outright. Log utility is therefore the boundary of a family

of increasingly pathological equilibria, not a knife-edge.

11



J Online Appendix O: Endogenous Non-Participation
via Ambiguity

This appendix provides a microfoundation for limited stock market participation via Knigh-

tian uncertainty.

J.1 Household Preferences under Ambiguity

The household observes equity returns but is uncertain about the drift. She considers alter-
native probability measures {P” : |v| < k} and evaluates portfolios under worst-case beliefs
(maxmin expected utility with rectangular priors, following Chen and Epstein 2002). The

parameter x measures ambiguity.

Proposition 33 (Household optimal portfolio). The household’s optimal equity share, as a
fraction of financial wealth Hy, subject to ayp, € [0, 1], is:

O-l—u)—oxl =Yg}

or(l/e —w)

ay (w) = maX{O, min{l, (75)

The optimal portfolio has two opposing components. The speculative demand (© —
K)(1 —w)/[or(1/€e —w)] reflects the ambiguity-adjusted risk premium. The hedging demand
—(1—1/¢)/(1/e —w) < 0 is negative: the household’s human capital (1 — 1/¢) Py gives her

substantial implicit equity exposure, so she reduces financial equity to manage total risk.

J.2 Robust Equilibrium Failure

Theorem 34 (Robust equilibrium failure). For w < w, no competitive equilibrium exists for
any oy, € [0,1], regardless of k.

Proof. When w < w: ¢(w) = 1+ Aw — w) < 1. The total private equity demand is
d(w)wPy + ap(1/e — w)Py. Even at oy, = 1, this equals [¢p(w)w + 1/¢ —w|Py < Py /e = Pp
because ¢(w) < 1 forces ¢p(w)w < w. The gap is structural: Pp — max private demand =
—dw(w—w)Py > 0. O

Corollary 35 (Conditional failure). Forw € |w,w,.), equilibrium is restored iff the household

participates with oy, > oM™ (w) =1 — dw(w —w)/(1/e — w).

12



J.3 Endogenous Non-Participation

Define the participation threshold function:

i (w) = O(w) — ZBWI = 1/e) (76)

1l—w

The household holds zero equity iff £ > £k*(w). In the unconstrained region:

1 —ew

K (w) = or(w) - (77)

ew(l —w)’

Key properties: £*(1/€) =0, k*(01) = 400, and x* is strictly decreasing.

Theorem 36 (Endogenous non-participation). Forx > 0, let w,(x) € (0,1/€) solve k*(w,) =
k. Then:

(i) For w € (wy(k),1/€): the household holds zero equity.
(11) For w € (0,wy(K)): the household’s optimal equity share is positive.

(111) wy(k) is strictly decreasing in k, with wy(0) = 1/€ and wy(k) — 0 as k — 0.

Quantitative thresholds. With baseline parameters (¢ = 10, w = 0.02, ¢ = 0.15):
o At w., ~ 0.078: K*(w.) ~ 0.047. Complete non-participation everywhere requires
Kk > 0.047 (4.7% of the Sharpe ratio).
e At w = 0.02: k*(w) ~ 0.012. Non-participation at the bad steady state requires
k> 0.012 (1.2% of the Sharpe ratio).
Both thresholds are well within empirical estimates (Ilut and Schneider 2014: x ~ 0.03-0.05).

Corollary 37 (Recovery of the main paper). For k > £*(w.) =~ 0.047, o (w) = 0 for all w:

all results of the main paper hold exactly.

J.4 QE Trap and Bubble Classification

Proposition 38 (Preservation). For any x > 0: (i) Q+ = 1/w is a non-negative local
martingale; (ii) w and 1/e remain the only absorbing steady states; (iii) the QE Trap survives;
(iv) in the baseline, Q is a strict local martingale (bubbles exist); in the constrained model,

Q is a true martingale (no bubbles).

Proof. The Q-martingale property depends on p, = 02 /w, which holds for any ¢. In the
constrained region, ¢ = ¢(w) regardless of ay, so o, is independent of x. The zeros of o,

and the Feller boundary classification are unchanged. O

13



J.5 Three-Region Equilibrium

For k € (0, K*(w.)), the economy has three regions: (i) robust failure (w < w); (ii) endogenous
participation (w < w < wy(k)); (ili) non-participation (w,(k) < w < 1/e, identical to the
main paper). The effective crisis threshold w.(k) is increasing in s, with w.(0) = w and
we(k) = w, (main paper) for k£ > K*(w,).

The ambiguity parameter x nests all models:

K Household behavior Model recovered

0 Full participation Online Appendix N with endogenous aj,(w)
(0,0.047)  Participates in some states Three-region model (this appendix)
[0.047,00) Never participates Main paper

K Additional Empirical Tests

K.1 Test 2: Capital Scarcity Predicts Equity Risk Premia

The model predicts that risk premia depend on the intermediary state through the market

HKM —
t

price of risk (Theorem 7). We define the capital scarcity proxy @ = 1/&; and estimate:

Ry = ap + by Qf{KM + Etth, (78)

where ﬁte .+ 18 the cumulative excess equity return. The model predicts by, > 0.
Table 31 shows that the slope is positive at every horizon but precision is modest:
marginally significant at h = 2 and h = 4, imprecise at h = 1 and h = 8. The evidence is

directionally consistent with the model but remains suggestive.

Table 31: Test 2: baseline (QHkm; higher QHkm = lower intermediary wealth share)

h=1 h=2 h=4 h=8

Constant -0.004 -0.018 -0.022 -0.006
(0.017) (0.033) (0.063) (0.143)

QHkm 0.001 0.003* 0.006* 0.009
(0.001) (0.002) (0.003) (0.007)

Adj. R? 0.005 0.023 0.036 0.045
No. Obs. 219 218 216 212

The contrast between strong real-economy predictability (Test 1) and weaker return pre-

dictability is consistent with three model features: (i) the equity risk premium is a nonlinear,

14



non-monotone function of w; (ii) risk premia reverse sign across crisis and recovery regimes;

and (iii) measurement error attenuates the coefficient more severely for a nonlinear function.

Inference robustness. Hodrick t-statistics are below Newey-West values at all horizons.
The Lewellen confidence interval includes zero at all horizons. The Campbell-Yogo test

rejects at h > 2, providing partial support. See Table 32.

Table 32: Inference robustness: Test 2 (Q#5M — excess returns)

h=1 h=2 h=4 h =38
Bors 0.001 0.003 0.006 0.009
tNw 1.32 1.75% 1.71* 1.33
t Hodrick 1.22 1.63 1.52 1.14
ngmbaugh 0.001 0.003 0.005 0.009
tStambaugh 1.26 1.73 1.71 1.33
Lewellen CI [-0.00, 0.00] [-0.00, 0.01] [-0.00, 0.01] [-0.00, 0.02]
Lewellen reject Hy No No No No
C-Y reject Hy No Yes Yes Yes
Wild bootstrap p 0.246 0.046 0.014 0.008
Block bootstrap p — 0.040 0.059 0.119
R? 0.010 0.028 0.041 0.050
N 219 218 216 212

Notes: tyw uses Newey—West HAC standard errors with max(h,4) lags. tmodrick uses Hodrick (1992) reverse-regression
standard errors. Stambaugh (1999) bias-corrected coefficient and t-statistic use HAC SE. Lewellen (2004) 95% CI assumes a
unit-root predictor. C-Y denotes the Campbell-Yogo (2006) Bonferroni Q-test. Wild bootstrap uses Rademacher weights under
Hyp : 8 =0 (5000 replications). Block bootstrap resamples blocks of length h under Hp (5000 replications) and is reported only
for h > 1. */**/*** denote significance at 10%/5%/1%.

K.2 Test 3: QE Reacts to Intermediary Capital Shortfall

The model predicts that central bank risk absorption activates when intermediary capital

falls below the crisis threshold w,.. We estimate:
AGSE = a+ bShortfall, + ., (79)

where Shortfall, = max(0, &, — &) over 2003Q1-2024Q4. The model predicts b > 0.
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Table 33: Test 3: QE reaction function (baseline)

h=1

Constant -0.001
(0.001)

Shortfall 0.525**
(0.232)

Adj. R? 0.081
No. Obs. 87

Table 33 shows a positive and significant coefficient: b = 0.525 (¢ = 2.26). However,
adding macro-financial controls reduces the coefficient to 0.425 and renders it insignificant
(t = 0.90; Table 34). The QE reaction function is observationally difficult to distinguish

from a broader response to macro-financial conditions.

Table 34: Test 3: QE reaction function (with controls, appendix robustness)

h=1

Constant 0.004
(0.009)

Shortfall 0.425
(0.471)

Yield3m -0.166*
(0.101)

TermSpread -0.049
(0.169)

CreditSpread -0.975
(1.162)

SpxVol 0.078*
(0.046)

Adj. R? 0.137
No. Obs. 87

Inference robustness. The baseline specification survives all six inference methods (Ta-

ble 35).
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Table 35: Inference robustness: Test 3 (shortfall — QE response)

h=1
BOLS 0.525
tNw 2.27F*
tHodrick 2.03
BStambaugh 0.531
tStambaugh 2.29
Lewellen CI [0.08, 0.99]
Lewellen reject Hy Yes
C-Y reject Hy Yes
Wild bootstrap p 0.015
Block bootstrap p —
R? 0.092
N 87

Notes: tnyw uses Newey—West HAC standard errors with max(h,4) lags. tgodrick uses Hodrick (1992) reverse-regression
standard errors. Stambaugh (1999) bias-corrected coefficient and t-statistic use HAC SE. Lewellen (2004) 95% CI assumes a
unit-root predictor. C-Y denotes the Campbell-Yogo (2006) Bonferroni Q-test. Wild bootstrap uses Rademacher weights under
Hp : 8 =0 (5000 replications). Block bootstrap resamples blocks of length h under Hg (5000 replications) and is reported only
for h > 1. */**/*¥* denote significance at 10%/5%/1%.
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